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TMpokaTapkTIKA.

To avTikeiyevo auToU Tou PBiPAiou eivan o1 TrpayMaTiKol apifpol KAl Ol TIPAYMOTIKES CUVXPTOELS
Mlas TTpayMaTIKNS MeTAPANTNS. AQou avagepBouv o1 Paoikés 1810TNTES Twv (TrpaypaTIKOY) ap1fucoy,
dnAadT N I1816TNnTa Zuvéxsias Kol Ta ToplopaTd TNS, EI0XYOVTOl Ol €vvoles Tou opiou axoAoubiag
Kal Tou oplou ouvdpTnomns, 7 €vvolx TN§ CUVEXOUS CUVAPTTONS KL Ol EVVOIES TNS TTAPXYWYOU Kal
Tou oAokAnpwpaTos. AkoAouBel 1 peAétn Twv oelpwv oplfuwy, Twv akoAoubidy cuvapThoswy, Twv
OEIPWY CUVOPTNOEWY KAl TWV YEVIKEUMEV®WY OAOKANpwudTwy. To PiPAio TeAeiwovel pe To (NTNUX TNS
a§lwpaTIKNS Bepediwons TwY TPAYUATIKOY aplBuddv.

To mpdypaupa omoudwy Tou Tufjuatos MabnuaTtikewy Tou TTav/piou KpAtns mepidouPdver Tpia
paBfjpoTa oxXeTIK& pe Ta TTapoTave Bépata. To éva gival To pdbBnua mpwTou e§aufivou AmeipooTikos
Noyiouds I, éva "UTToAoy10TIKO" pdBnNua pe EUPaoT OTOV YEIPIOPO TWV OpiwV, TWV TOPAYWYwY KOl
TwV OAOKATNPWHUATWY, Kol T GAAx Suo gival Ta pabfjpata TpiTou Kol TéTapTou efaurfivou Elcaywyn
otny Avaduon | koa I, duo "BewpnTikd” pabnuarta pe éupaon oTn BepeAiwwon Twv €VvVolV KOl OTIS
BecopnTikés amodeifels. To PiPAlo auTd ameubuveTal oToUs GOITNTES TWV dUo TeAsuTaiwy pobdnudTowv.

To emimedo Tou PiPpAiou Sev eivon oToixelcddes, d1O0TI aoXoAeiton pe TN PoabuTtepn 1B1OTNTX TWV
TPXYPaATIKOV aplfucdy, Ty I816TNTa Zuvéxelas, kol aTTodelkvUEl OAX T BOCIKE ATTOTEAECUATO TTOU
oTtnpifovtor oty 1316TNTa auTr. [a Top&derypa, amodeikvuovTal 1 UTapén pilov Twv BeTikov
ap1Bucv, To Becpnua Twv Bolzano - Weierstrass yiax axkoAoubies, Ta Paoikd fewpnuaTa yio ouveyeis
ouvapThoels, BepeAicoveTal 1) €Vvold TOU OAOKATPWUOTOS KOl ATTOBEIKVUETAL T OAOKANPWOIHOTNTA TWV
OUVEYXWY OUVOPTTOEWY.

To emimedo Tou PiPAlou Sev eivar oUTe eUkOAO; eival CPKETA TTUKVOYPOUUEVO KOl QTTAITEL OUYKE-
vTpwon Kal emigov). Ol poITNTES TPETTEL VX SWOOUY PEYAAN €UaoT OTNY aKPIPn dSATUTTWOTN Twv
EVVOLY, OTNY KATAVONOT KL, KUPIwS, OTNV aQVaTapay®yn TwV aTodeifewy Twy KUPLOTEPWY XTTO-
TEAEOUATWY KAL, OTTWOONTOTE, 0T pafnuaTik& auotnpt emiAuon BewpnTikwy aokhoswy. Ze TOAAES
amd TI§ GOKNOELS, Kol Kupiws oTis o BewpnTikes, umdpyxouv utrodeifels, dAAoTe AiTés ko &AAOTE
ekTevels. O goitnTns Ba amogaoiler k&be popd av ko oe Tolo Pabud Ba kKaTageUyel o' auTss.

Oa ffeAa va k&vw K&TTola OXOAIX yla TO TEPLEXOUEVO.

1. H I8iwtnTa Zuvéxeios mapouoidleTal, kaT apxds, TNV &TAOUCTEPT) - KOl 100BUVOMT - HOPGN
NS av €xouue SUO un-KEVA UTTOOUVOAQ Tns TPayuaTikns eubeias, amo Ta omola To éva PpiokeTou
apIoTEPA Kol To aAdo Se€id, TOTe UTTQp)El KaTrolo onueio Tns eufleias avausoa oTa duo auta ouvola.
O Adyos eivar 6T1 auTr) N pop@T| elval TTOAU Trio €UANTITN KO WUXOAOYIK& OTTOJEKTT OTTO POITNTES
Xwpls TponyoUueyn euTrelpia o€ TETOloU €idous €vvoles. e auTN TN popdt) Tns I816TNnTas Zuvéxelas
Booilovton o1 amodeifels Tns Apxiuhdeias 1810TNTaS, TNS UTapéns pllwv, TOU OpIoPOU BUVEMEWY UE
appnTous ekbéTes kan Aoyapifuwy. QUoiKE, €l0&yETal KOl T) €VVOld TOU EAXYIOTOU QVW PPAYUCTOS
Kal oTrodelKVUeTal 1 1ooduvopia Tns 1810TnTas Zuvéxeias ye Ty 1810TNTar Supremum: kabe un-kevo
KQl Qoo Ppayuévo ouvolo Exel EAGYIOCTO AV PPAYUA.

2. TovileTon m évvola TN TEPLOXNS O OXEOT He TNV €vvolx Tou oplou axoloubBias. Emions, Siveton
101 TEPT) EMPAOT) OTIS EKPPACELS "OTTO KATTOIOV 71 KOl TEPa” Kal "yla &TEIPOUs N KAl 0TI OXETIKES
Mpotdoeis 2.2, 2.3. AvtioTolxws, SiveTon tupaon oTis ekppdoels "kovtd oTo £ kal "ot onuela doo
Béhoupe kovTd oTo " o oygomn ue TNV évvola Tou oplou cuvdpTnomns kol oTis oXeTikEs TTpoTdoels
3.5, 3.6.

3. O1 avaAuTikol opiouol TwWV TPIYWVOUETPIKWY CUVAPTHOEWY, UEOW BUVAPOOEIPWY GAAK KOl UECW
oAokANpwuaTwY, TTapoucidlovtal oto KepdAato 10 kol amrodeikvUovTal o1 yvwoTes 1810TNTES AUTWY
Twv ouvapTnoewy. Ol TPLYwVOUETPIKES CUVAPTNOELS XPTOIUOTTOIOUVTAL, Ouws, eAsUbepa oTar Tpon-
youUueva KEQAAXIX ws TTapadelyuaTa.



4. To olokAfpwua Riemann opiletal, kot apxds, uéow Twv ofpoioudtwy Darboux kou Pdoer auToU
TOU OPLOUOU ATTOJEIKVUOVTOL Ol JI&POPEs 1310TNTES Tou. KaToTiy, TTapouoidleTal Kol O Oplopds Béow
Twv abpolopdTwy Riemann kou amodsikvleTar 1 1coduvauia Twv duo oplopwy. Tlapd To OTI Ta
afpoicuaTa Riemann cuvdéovTal To GuECK Kal PUOIOAOYIKG WE TIS EPAPUOYES TWV OAOKANPWUATWY,
TpoTdoow Ta ofpoicuata Darboux 816T1 pou gaiveTtal OT1 ol atmodeiels Twv TreplocdTepwy 1810TH-
TwWV TOU OAOKAMPOUXTOS givan Alyo amAoUoTepes av BacioTouv oTa afpoicuaTta Darboux am’ 611 av
BaoioTouv oTa afpoicparta Riemann.

D. ZTTN VEAETN TWV YEVIKEUMEVWY OAOKANPWUATWY UE TTAPAUETPO YPEIXLOVTOL UEPIKES EVVOLES OXETIKES
ME OUVAPTNOEIS dUO TrPayUaTIKWY PeTaPAnTov. Mo Toapdderypo, n €vvola Tns CUVEXEIQS Kal TTS
OHOLOUOPPT)S CUVEXELDS CUVEPTNOTS dUO TIPAYUATIKDV UETAPANTWY Kal 1 €Vvola TTS MEPIKNS TTOPO-
yoyou. ‘OT1 Xpel&leTal avaTmTUCCETAL TTOAU GUVTOUX KAl UOVO YIX TOV €TISIWOKOUEVO OKOTO (Kol
TPOXEPQ, glval aAnbeia), cAA& auoTnPA.

6. Eivor BéPaio 6T1 o ypodvos Bev emopkel yia va 8i8ayxTouv Ao Ta BépoTa Ta omola TepiéyovTal
o' autoé To PiPAio OTws eivor PePalo OTI TPETEL va YiveEl TPOCEKTIKT €mMIAoyn) Trolwy, aTd 4o
B1daxTouy, Ba yivouv o1 amodeifels oTov Tivaka). MaAoTo, pepik& TéTolx Bépara (k&mola {NTHUSTS
KUPTWV OUVapThoewy, N avicdTnTa lensen, 1 diadoyikn &bpolon dimAwy oeipwv, To Becpnua Tou
Riemann yia avadiordéels ogipcov, To peyoAUTEPO PEPOS TOU KEPAAQIOU Yl TO YEVIKEUHEVA OAOKAM-
popata, N olwuaTikn BepeAicwon KAT) Ta cuptepléAafa povo Kol povo Yl va T O€l Kal va T
diaPdoel oTolos golTnTNs deifel evdiagépov. TTpoPANUATIOTNKA YiX TO Qv TPETEL V& TTAPOUCIAOTEL
TO KPITNPLO OAOKATPWOIUOTNTOS: UIQ CUVAPTTIOT) VAl OAOKATIPWOIUT) oV KAl LOVO Qv TO OUVOAO Twv
OTNUEIV CUVEXEIAS TT)S EXEl UNSEVIKO UeTPO. ATTOQAO1IoX OTL TO KPITNPIO QUTO Kol 1) aTrodelén Tou eival
KATTwS "eKTOS KAlpaTos” kol dev To oupTepléAaPa.

6. 210 TeAeuTado KePEAAo TTOPOUCIALETAL AETTTOMEPWS T) OEIwUATIKT) Beuedicoon Twy TPAYUATIKOY
apibucy Becpawvtas Sedougvous Tous puoikous kal Ta Aéicduata Tou Peano. Autn gival, KoTd TN yvoun
pou, M Quololoyikn uébodos. H Topouciaon PBacileTar oTto PiAio Foundations of Analysis Tou E.
Landau pe ToAAés Sikés pou TapepPdoels kol pooappoyes. H petdBaon amd Tous (BeTikous) pnrous
oTous (BeTikoUs) TpaypaTikoUs yiveTal ue TN uéBodo Twv Touwy Tou Dedekind. Tlapouoi&{ovTal, dpws,
Kal ol pefodor Twv akoAoubicov Cauchy ko Twv eyKIPwTIoUEVWY SOCTNUATWY, GAAK CUVOTITIKA Kal
¥wpls atmodeifels.

TTapouoi&leTal, AETTTONEPS, KAl | avTioTpogn peBodos: EEKIVAVTAS pe T a§LOUOTA TWV TTPAY UATIKWY
oap1Bucov, amodeikvuovTal ol Baoikés oAyePpikés 1810TNTES ToUs Kal opileTal TO CUVOAO TwV QPUOIKGWV
WS TO EAGYIOTO ETAYWYIKO CUVOAO TIPXYUATIKWDY opiBucov.

7. Ma opketd Gépata mopoucidlovtal apkeTés atmodeifels eiTe oTo Kupiws kelpevo Tng Bewplas eite
UTTO pop@T ocoknoewy. [a Toapdderypo, yia To Kpithplo Tou Cauchy yiax oUykAion axoAoubicov
UTTPYOUV TEéooePls aTodeiels.

8, Téos, umdpyouv pepik& Bépata, Ta omola SUokoAa PBpioker kovels oe PiPAia kal, u&AloTa, TETOLOU
emITEdOU. Mepik& amd auTd eival: 1) okpIPns ATIOAGY o Tou OTL dev opilovTal SUVANELS APVUTITIKWY
apiBucv pe pn-oképaious ekBéTes, 1| oUVdECT) AVAPETO OTIS €VVOLES TNS MECTS TLUTNS CUVAPTNONS KOl
s péons Tipfs optBucy, pia d1e€odikn avdTTuén TNS OAOKATNPWONS PNTWY TAPAOTACEWY TPLYWVO-
METPIKWY CUVOPTNOEWY KAl T TTPOTYOUUEVws avapeplieica evaAAaKTIKN Kol "oTrAoUoTePN” pYopT TS
[B16TNTOS ZUveyeias.

Ta TapakdTw PipAia Siapdppwoay, dAAo AlydTepo Kol GAAO TEPIOCOTEPO, TNY &TOYT HOU YIX
T BépaTa auTou Tou PiPAlou Kol KOT' €TEKTAOT TT) HOPQPT) TTOU QUTX THpay o' ouTd To PipAio:
Mathematical Analysis, T. Apostol.

Differential and Integral Calculus, R. Courant.
The Theory of Functions of Real Variables, L. Graves.



Foundations of Analysis, E. Landau.
Principles of Mathematical Analysis, W. Rudin.
A Course of Higher Mathematics, V. Smirnov.
Calculus, M. Spivak.
The Theory of Functions, E. C. Titchmarsh.
ATS TNV GAAN pePLE, UTTAPXOUV OPKETX GAAX TTapa TTOAU KoA& RiPAla ye TTapopolo TreEPIEXOUEVO,
OTTWS TX
Calculus, T. Apostol.
Introduction to Calculus and Analysis, R. Courant - F. John.
Kal, OO TO eAANVIKE, TX
AmreipooTikds Noyiouds, A. Mavvdtoudos (http://users.uoa.gr/~apgiannop/).

AmeipooTikos Noyiouds, 2. Neypemovins - E. NMovvakovAias - Z. MeTdTOUAOS.

[Ma va waper Ty Topoloca poppn) Tou To PiPAio auTO €xel yPa@Tel, Ye TO XEPL KOl e TOV
utroAoyloTr), dropbwbel kal §avadiopbwbel &eipes Popés KAl CUUTIUKVGOVEL EXIPETIKE TTOAU KOTIO.
Eme1dr), opws, elval cogés OTL KI QUTN T MOPQPT| OTTEXEL OPKETR OO TO va elvon PEATIOTN, eivan
ATEIPWS EUTTPOCDEKTES OTTOIECONTOTE eTMIoNUAVOEls Aafoy oAA& Kol TTapaTnPT|oEls WS TTPOS TO OTUA
Tapousiaons N TNV emiAoyT) Twv BepdToov.
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Me¢pog |

H évvoix Tou opiou: Ta Paocika.






KepaAaio 1

O1 TrpaypaTikol apifuoi.

1.1 To R.

To oUvolo Twv TpaypaTikwy apifucy To oupPoliloupe R. Ta oUvola Twy pUOTKOY, TwVY oKepaicoy
Kol Twv pnTwv Ta oupBolMloupe, avtioToixws, N, Z ko1 Q. ‘Otov Aépe "apiBuds” 1 "ouvoro” Ba
gvvooUpe "TpoypaTikds opiBuds” 1) "umoouvolo Tou R”, avtioToiyws.

Ae Ba aoyoAnBolpe pe Tis oTOLXEIWMDELS 1810TNTES TV TP&Eewy Kol Twv ovicoTnTwy oto R olUTe
pe TNV avamapdoTacn Twv apiBuwy ws onuela eubeias, Tng Aeyduevns TrpaypaTikns eubeias. Me dAa
QUTA €lpaoTE €EOIKEIWUEVOL ATTO TO YUMVAOTIO.

Opiouds. To ouUvolo
R =R U {—00,+00}

ovopdletal emekTeTapivo R. Ta oUyBola +00, —00 ovoudlovtal ouv &Treipo Kai TTANV &Trelpo,
QVTICTOIXWS.

Twpa fa opiooups TTPOCEKTIKA TI§ €MEKTACELS TWV TPAEEWY KAl TWV OVICOTNTWY OTO OUVOAO
R. Mtropei o1 opiopoi Tou akolouBouv va gaivovtonr auBaipeTol, oAA& Bev eival. ‘Olor avéyovtal
OTNV eUTTEIPIKT) aVTIANYT) pos yix Tis évvoles Tou "ueydAou” (BeTikoU © apvnTiKoU) Kol Tou “pikpou”
(BeTikoU 1) cpYNTIKOU) KAl yiax Tis METAEU Tous oxeoels. [a Tap&derypa, 1 euTelpia UTTayopeUsl OT1
To &fpoioua duo TOAU peydAwv BeTikwV TOCOTHTWY eival TOAU peydAn BeTikf) TOoOTNTA QUTO
artiodoyel To (+00) + (+00) = +00. Ao TNV eumelpia pas, Ko TEAL yvwpiloupe 6T N Slopopd
duo TOAU peydAwy BeTiKwY TTOCOTNTWY pTropel va eival eiTe TOAU peydAn BeTik) ToocoTnTa €iTe
TTOAU PEY AT OPVYNTIKT) TTOCOTNTA €1TE OTOIXSNTTOTE EVOIAUETT) TTOCOTNTA: AUTO d1KaloAoyel To OTL dev
opiletan To (+00) — (+00) ka1 Tov XIPAKTNPIoUS Tou ws aTTpocdidpioTn uopgr. Etions, To ywduevo
pios TOAU pey&Ans BeTikNg TTooOTNTAS KAl Mg TTOAU pikpT)s TToooTnTas (BeTikng 1 apynTiKnS) ptopet
va gival giTe TOAU peydAn BeTikr) TooOTNTA €iTe TOAU pEY&AT) XPVNTIKT TOCOTNT €iTe OTOIQdNTOTE,
akdpn ko TOAU pikpn, evdidpeon ToodTNTa: auTSd Sikatoloyel To éT1 Sev opileton To (+00)0 Kot
TOV XOPAKTINPIOWO Tou, €Tioms, ws ampoodiopioTn uop@n. Oa douue apydTepa OTL AUTO OKPIPWS TO
VONUA TWV ATTPOCIIOPIOTWY HOPPWY CVTAVOKAATAL OTNY €UPEVIOT] TOUS KAl 0TOV POAO TOUS GTNV
¢vvola Tou oplou.

Opiopoi. Kat' apydas, dexopaoTe OT1 To +00 givan peyaAuTepo omo k&be apiBud, 611 To —00 eivar
pikpOTEpo oo Kafe opiBud kot 0TI To —00 elvanl pikpoTEpo oo To +00. AnAadh:

—00 < 7, T < 400, —00 < +00.

Opiloupe T avTifeTa



Opiloups Ta afpoiocpaTa
(+00) + & = +o0, z + (+00) = +o0, (+00) + (4+00) = 400,

(—o00) + 2 = —o0, T+ (—00) = —00, (—00) 4+ (—00) = —o0.

‘Opws, Ta afpoicpota
(+00) + (—0o0), (—00) + (+00)

dev opifovTan Kot XxopokTnpilovtal atrpocdiopioTes Mopeés. Opiloupe Tis Siapopés
(+00) —z = +00, @ (=00) =00,  (+00) = (=0) = +ox,

(—o0) — 2 = —o0, z — (00) = —o0, (—00) — (+00) = —o0.

Aev opilovTor o1 diapopss
(+00) = (+00),  (—00) — (—00)

Kol xopakTtnpilovtal atrpoodiopioTes Moppés. Opiloupe Ta yivopeva
(foo)r = o0, x(fo0) = +o0 (x > 0),
(£oo)z = Foo, x(fo0) = Foo (x <0),
(£o0)(£00) = 00, (£00)(Foo) = —o0.

Ta ywoueva

(+00)0, 0(£00)

dev opilovtan kol xoapokTnpilovtal atrpocdiopioTtes Mopeés. Opiloupe Ta avTioTpopa

To avTicTpogo

dev opileTan ko xopakTnpileTal atrpoodiopicTn Mopen. O1 TapakdTw Adyol opilovrtan B&oel Twv
av&AOY WY TTOAAATTACCIACUWY KOl TWV AVTICTPOPWY.

+o00 +o00 T

TZZEOO (x > 0), — = Fx (x <0), 520.
O1 Adyor
T +oo +o0 +oo
0’ 0’ +oo’ Foo
dev opifovTal Kol XapokTnpilovTal atrpocdiopioTes poppés. To % =zt Bev opileTon 8316T1 dev opileTan
ToO %. Ta i#” = (:I:oo)% Bev opilovTar 81611 Sev opileTar To (l), Ta £2 = (:I:oo)ﬁ = (£00)0 ko
T % = (:I:OO):F% = (£00)0 Bev opilovTton 18T KATAAYOUV Of XTTPOCBIOPIOTES HOPPES.

TéMos, opiloupe Tis ATTOAUTES TIUES

| + 00| = 400, | — 00| = +00.



Inuetawoelg. |. 'Otav ypaoupe, Xwpls K&TOIX 181aiTEPT ETMIOTUAVOT), OTTOIABNTIOTE UIKPA YpP&u-
pata (@, u,z,m,n,E, e KAT) N kau pepiké& kepoAada (M, S kAm) Ba evvoolps apiBuols, dnAadn
oTtoiyela Tou R. ETrions, pe kepodaia ypdupata fa Snhwvoupe, ev yével, ouvola, dnAadn utrocuvola
Tou R. Av 8éloupe va dnAcdcoupe OT1 Pl ueToPANTT uTropsl va Tépel Kol K&Tola amrd Tis Tiués 00
M OTl éva oUvolo uTropel va Trepiéyel kKol k&molo amd Ta £00, fa To emionuaivoupe 181c1Tépws. MNa
Tapdderypc: a € R, € € (a,+oc], ACR, AC [—o00,3].

2. Aeyxopoote 6Tt N ={1,2,3, ... }. AnAadn), o axépaios 0 Bev Becopeiton puoikds.

AoxnoeLc.

I. ArTiodoymioTe GAous Tous oplopoUs Kal TOUs un-oplopous (XTrpoodioploTes HopPEs) Twy TPAEewY
Twv £00 peTagy Tous Kal pe Tous apiBuous P&oel TNS ePTTEIPIKNS pos avTIANYNS yia Tis €vvoles
Tou "peydAou” (BeTikoU 1) apynTiKoU) Kot Tou “pikpou” (BeTikoU ) apvnTikoU) Kal yia Ti§ YeTagU
TOU§ OXEOEIS.

2. Amodeifte 611 M peTaPoTikny 1816TNTA TS avicdTnTos oto R 1oylUel kan oTo R. Etrions,
amodeiéte OT1 o1 Paoikés 1816TNTEs (UETABETIKOTNT, TPOCETAIPIOTIKOTNTS, ETIUEPIOTIKOTNTY)
s Trpdofeons kar Tou ToAamAcciacpoU oto R 1oxlouv ko oTo R, oM& pe TNV €éng
eTionuavon: "opkel va opilovton Ta cucTaTiké Tous pépn”. Mo Tapdderyuc: oyvel (Ty)z =
z(yz) yio k&e 7,9, 2 € R, apkel va opiovron Ta 2y, ¥z, (zy)2, 2(y2).

3. Avz <y <0 kat z <w <0, ammodeifre 611 0 < yw < z2.

(i)Ave <y, z<w t<skox+z+t=y+w+s, omwodeifte dST1 T =y, 2 = W K1 t = 8.
(7 )Av0<£€<y 0<z<w 0<t< s ko 22t = yws, omodeifTe 6T1 T =Y, 2 = W KX
t=s

5. (1) Amodeiéte 6T |z| < a av kon pévo av —a < z < a.
(i7) AmodeitTe 611 || < @ av o1 pdvo av —a < = < a.
(i7i) ATrodeifTe TNV TPrywVIKY avicdTnTa: Ha:| — |y\| <l|lzty| <l|z|+|y|
(iv) AmodeiéTe oM |z + y| = |x| + |y| av kou pévo av z,y >0 A 2,y < 0.
(v) Amodeitte 611 |[x+y+2| < |x|+|y|+]|z|. Emions, amwodeifre o1 [z +y+2| = |z|+]|y|+]z]
av kot povo av x,y,z > 07 z,y, 2z < 0.

6. Amodeitte 61, av a < x < b kan a <y < b, o1 [ — Y| < b —a.

7. (i) Mo xofepd omd Tis TOPOKETW OVICOTNTES YPAWTE Of HOPQPT BLACTAUCTOS 1 EVewons
81cchnpo'<Toov TO OUVOAO TWV T YIX TOUS o-rroioug sivou adnbhs: |+ 1] > 2, [z —1| < |z +1],

3 (z=1)(z+4) (z—1)(z—3)
5>, (=2 >4, |2 =T > 2® — T, D >0, =7 <0.

(77) Mo koféva omd To eTOUEVS oUVOAa PpeiTe pior aVIcOTNTA pe PETARANTT T OOTe TO TUVOAO

auTd va gival To oUVoAo Twv T yix Tous oTrolous 1 avicdTnTa eivon adndrys: (—oo, 3], (2, +00),
<3a 7)’ (_007 _2) U (174) U (7a +OO)’ [_274] U [67 +OO)’ [_L 4) U (47 8]’ (_007 _2] U [17 4) U
7, 4+00).

1.2 H IS iotnTa Zuvéxeias.
Topa o yvwpicouue T onuovTikdTepn kKo PabuTepn 1816t Tou R, 1w 1816mnTar Zuveyeios.

H 1316tnTa auTn), Omws Ba PAéToupe Siopks ammd €8¢ Kol Tépa, eivar n Baon yia va amodel(Touy
oda Ta ONUAVTIKG QmoTeAéouaTa Tns AvaAuons Kol TepLypa@eTal ws e€ns: 1 TPXyUaTiKn eubeia “"Sev



éxel x&opota”, "elvon ouvexns”, "dev SrakdmTeTan”. Tho ocuykekpipéva, av Ta A, B elvon uo un-kev
oUvola onpeiwy Tavw oTny TpaypaTikh subsia kou av To A elvan apioTepd Tou B, TéTE umdpyet
ToUA&)loTOV €vax onueio Tng eubeias avdpyeoa oTa duo cUVoA: ov Bev UTITPXE TeTolo omuelo, TOTE
Ba utpxe "X&oua" avdueca oTa duo TUVOAC.

H I816tnTa Zuvixaias. ‘Eotew un-kevd ouvoda A, B wote a < b yia kdbe a € A, b € B. Tére
urépyet £ wote a < E < b yia kdfe a € A, b € B.

MMpeTrel va emionpdvoupe 611 1 I1B1dTNTa Zuveyeias elvor 1816t Tou R ko 611 uttdpyouv oUvola
Ta omoia dev €xouv autn TNy 1310TNT. [N Tapdderypo, B dolue petd amd tnv Tpdtaon 1.5 6T
To Q Bev éxar T 1816TNTO Zuvéyeios.

To Oedpnua 1.1 Ader 611 dev umdpxel Kavels ap1Buds o omoios va elvan peyaAUTepos amd Kabe
QUOIKO.

O:zwpnua 1.1. [a kébs b urrdpysr n € N ore n > b.

Amoédeién. As umofécoupe - yia va koTaAnfoupe oe &tomo - OT1 udpyel b woTe 1 < b yio k&fe
n € N. Téte To
B ={b|n <bx&be n € N}

Bev elvan kevd. TTpogavess, 1oxvel n < b yiax x&be n € N, b € B. ZUpgwva pe tnv 1816 Tar Zuvéyetas,
uTTdpxel § woTe

n<&<b (neN,be B).

Emwadn € — 1 <& o & — 1 8ev avnkel oto B. Apa umdpxet n € N wote n > & — 1 ko, emopéves,
n+1>¢& Autd elvar &toto, 8ot n+ 1 € N, Il

H Apxiundeia [B16TnTa Adel 611, av gvas apifuods eivarl pikpoTepos oo kafe avTioTpogo QuoiKoU,
T6Te 0 apiBuds auTds eivar < 0.

Apxipndaia IS16TTa. [a k&be a > 0 vmdpyer n € N woTe % <a.

Amddeién. Epopudloupe To Oecopnua 1.1 pe b= % O
H TlpdTtoon 1.1 Ader oT1 k&Be apiBuds PpiokeTar avdpeoa oe duo dladoyikous akepaious.

TMpétaon 1.1. Mo k&fe x umdpyer povadikés k € Z dote k < x < k 4+ 1.

Amodeln. Zuppwva pe To Oewpnua |.1 umdpyer n € N cwote n > = ko1 umépyxer m € N wote
m > —x. Opiloupe | = —m, omdTe
[ <z <n.

O1 [, n elvan axépaiol.

As utrofiéooupe 0TI, yia k&b k € Z, amd v k < x owemdyetan n k+ 1 < x. Toéte amd Ty apyn
NS emaywyns kar omd 1o o7l [ < 2, ouptepaivoupe 611 kK < o yia k&be k € Z, k > [. Autd, dpws,
Bev elvan owoTd 81611 N > | oMA& N > x. Emropévews, N apxikt pas utdBeon dev elvor ocwoTr, omdTe
utdpxel k € Z wote k < ko1 k+ 1 > 2, dnhadn

k<z<k+4+1.
Towpa fa dolue 6T1 o axépaios k pe Ty 1816t b < & < k 4+ 1 eilvon povadikods. ‘Eotw

kE<z<k+1, EF<z<k+1



yio k&motous k, k' € 7. Téte
k<K +1, K <k+1,

oToTE
1<k —-k<l.
Emaidn k' — k € Z, ouvemdryeton
K —k=0,
omédte k' = k. O
Opiopos. O povadikds k € Z wote k < x < k+ 1, n Umapén Tou omolou efacparileTon amd Tnv
MpdTaon 1.1, ovopdleTan axépaio pépos Tou & kou cuUpPoAileTan [z].
AnAod), slvan
[z] < < [z] +1, [z] € Z.

To emoduevo amoTéAsoua eivar 611 To ouvoro Q eiven "mukvd”. Me auTd evvooulue OT1 k&fe avoikTd
J1&OTNUC, OCOJMNTOTE HUIKPO, TEPLEXEL TOUAXYIOTOV €vay pNTO.

TMukvéTnTa Twv pnTwv. o kdfs a,b, a < b urdpyer r € Q wote a < r < b.

Amodeln. Zuppwva pe To Oswpnua 1.1, umépyer n € N woTe

1
n>m.

OswpoUpe ToV aKEpalo

m = [na] + 1.

ToTe
na < [nal+1=m<na+1<nb

Kat, emopévas, a < ™ < b. Apa yiax Tov pnTé T = " 1oxUet a <1 < b. [

Eivan, Topa, eUkoho var Ser kavels 0T kafe avoikTd Si&oTnua Teplexel &melpous pnTous. [Ma-
PEUTTITITOVTLOS, TIPETIEL VA TTOPATNPNOOUHE OTI, UEXPL TWPX, OV €XOUUE WIATIOEL YIX OPPTTOUS: OV
yvwpiloupe (oxdun) av umdpyouv 1 Ox1 &ppntol apifuoi. Autd Ba To fekaBopicoupe oTny emduevn
EVOTNTA.

AoxnoeLc.

1. (7) Av a <€ yia x&8e € > 0, amodeiéte 611 a < 0.
Ymobeién: 'Eotw a > 0. Bpeite ouykekpipévo € > 0 wote € < a.
(17) Av a < b+ € yio k&b € > 0, amodeitte 611 a < b.
(i7i) Av |a —b] < € y1x k&fe € > 0, amodeifTe 611 a = b.

2. AmoBeifte 611 To SidoTnua [a,b) Bev éxel péyloTo oToixelo kan 611 To SidoTnua (a, +00) Bev
EXEl YEY10TO OUTe eA&XIOTO oTOIXElO.

3. Aeite 6T T oUvoha A = (—00,0], B = [0,400) kavomooUv Tnv umdfeon Tns 1816TNTOS
Suvéxeios Ko Ppeite dAous Tous € pe Ty 18106TTa: 0 < € < b yax k&be a € A, b € B. Kbvte
To {810 y1x Ta A = (—00,0], B = (0,400), yiax a0 A = (—4,-2), B = (—2,400) xo1 yia
Ta A = (—00,0), B=][1,13].



Eotw pn-kevd otvoda A, B cwote ANB =0, AUB=R ka1 a < b ya k&8s a € A, b € B.
ATrodeifTe 611 uTdpxer £ cote A = (—00,&), B =[{,+00) ) A= (—00,&],B = (§,+0).

(1) Eotw un-kevd olvoda A, B cote a < b yix k&fe a € A, b € B kot éoTw 671 yio kdbe
e >0 umdpyouv a € A, b € B oote b— a < €. Amwodeifte dT1 utdpyEl axpiRads évas & woTe
a<&<byaxdteac A be B.

(17) EoTw pn-kevd otvora A, B wote 0 < a < b yix k&fe a € A, b € B kau ¢0Tw 6Tl yix
k&fe € > 0 umdpyxouv a € A, b € B ooTe g < 14 ¢e. Amodeifte 6T1 uTTdpyel akpiPs evas &
wote a < E<b yiakdbe a € A be B.

(i) Av a < 1 yio k&fe n € N, amodeiére 611 a < 0.

(1) Av a < b+ % yia k&fe n € N, amodeifre 611 @ < b.

(1ii) Av |a —b| < % yia k&fe n € N, amodeite 611 @ = b.

Na avTirapadieTte pe Ty &oknomn |: yiax va AUcoupe Tnv doknon | xpelialopoaoTe Yovo Tig
oyeppikeés 1816TNTES Tou R eved €8 peraldpaoTte TN [816TNTR ZUVEXEias.

. Aeite 6T Tt oUvora A = {—%|n € N}, B = {% |n € N} kavotrolotv tnv umébeon Tns

[316TNTas Suvéyelas kou Ppeite dhous Tous € wote a < € < b yiax k&fe a € A, b € B. Kbvte
1o 1810 yia Ta A={reQ|r <0}, B={reQ|r >0}

(i) Av z < a yx x&fe & < b, amodeiéte 611 b < a.

(17) Av r < a yx k&fe 7 € Q, r < b, omwodeifre 411 b < a.

(tii) Av {r € Q|r > a} = {r € Q|r > b}, amwodeifre éT1 @ = b.
(iv) Av {re Q|r <a}n{reQ|r>0b} =10, amodeifte 411 a < b.
(v) Av {reQlr <a}u{reQ|r>b} =Q, omwodeitre 411 b < a.

. (1) Amodei€te T1 To &Bpolopa, N Siapopd, To ywduevo Koi o Adyos pnTev eivan pnTol. Boet

auToU oTrodeifTe 0TI To &Bpolopya PMTOU Kol apPNTOU &ival &PPNTOS KAl TO YIVOUEVO PNTOU
=# 0 ko1 oppfToU elvan &ppnTos.

(17) ATodeifTe OT1, av éva BrdoTnUa TEPLéXEl vaw &ppnTo, TOTE TrEPIEXEl KTTEIPOUS OPPTTOUS.
i) ExgpdoTe ouvopThoel Tou [b] Tov eAdyioTo N € Z oTte n > b.
i1) ExppdoTe cuvapTnoet Tou [b] Tov eAdyioTo n € Z wote n > b.

(
(
(1ii) ExppdoTe ouvapthoel Tou [b] Tov eAdyioto n € N wote n > b.
(1v) ExgpdoTe ouvapThoel Tou [b] Tov eddyioto n € N cote n > b.
(

v) Av a > 0, skppdoTe cUVOPTHOEL TOU [%] Tov ehdyioto n € N doTe % <a.

. Av k € Z, amodeigte éT1 [v + k| = [z] + k.

. AmoBeitte 0T [z +y] =[] + [y] N [z +y] = [z] + [y] + 1. Amodeifte avdhoyo cupTépacua

yia 1o [T+ Yy + 2].

. AmoBeifte o [z] + [r 4+ L]+ 4 [z + 2] 4 [z + =] = [na] yia k&Be n €N, n > 2.

n

. 'Eotw k € N, a < b. Bpelte Tnv aobevéoTepn yevikhy ouvbnkn yia Tov b —a, n otmola eyyudTtan

ot umdpxer 7 € (a,0) wote r =", mn €Z 1 <n<k.



1.3 Avuvapses ko piles.

1.3.1 Avuvépes pe aképaious ekféTes.

Opiopds. Mvwpiloupe 611, av n € N, T6Te 1 SUvapn a” pe P&on a koi ekbétn N opileTar ws e€ns:
a"=a---a (n € N),

OTTOU TO YIVOUEVO EXEL 1L OPOUS 10OUS Ue Q.
Emions, av a # 0, n € Z, n < 0, 16Te o1 duvdpels a’, a” opilovtal ws &&ngs:

1 1
=1 a"=—= (a#0,n€Z,n<0),
a~™ a---a
bTou To ywduevo éxel |n| = —n épous icous ue a.
To
00

Bev opileTan kol XopakTnpileTal aTrpocdiopioTn Hope.

Mpogawess, av o n € Z eivon &ptios, T6Te (—a)” = a” kon, av o n € Z elvon TeprTTos, TOTE
(—a)® = —a". Ewions, av o n € Z eivon &pTios, 16T @ > 0 yix k&be a # 0. Av o n € Z eiven
Tep1TTOS, TOTE ¢ite @ > 0, av @ > 0, eite @™ <0, av a < 0.

2tny TlpdTaon 1.2 diatumwvovtal OAes o1 Paoikes 1810TNTes Twv duvdpewv. H amddeién) Tous
aTrolTel uovo cwoTd pETpMual

TMpéTaon 1.2. (1) O mapakdTw 100TNTES 10XUOUY QpKel UOvo var opi{ovTal Ta OUCTATIKA TOUS UEPT):
a®b* = (ab)*, a*a¥ = a™V, (a®)¥ = (a¥)* = a™ .
(2) Av 0 < a < b, téte (i) a® < b°, av >0, (i1) a® =" = 1, (i) a® > b*, av x < 0.
(3) Av x <y, té1e (i) a®* < a¥, av a > 1, (17) 1" =1Y =1, (i) a® > a¥, aow 0 < a < 1.
Amobeién. (1) TMpwtn iwootnra: Av x> 0, 1Te
a®b®* = (a---a)(b---b) = (ab)--- (ab) = (ab)”.
O1 &N\eg TrepiTTwOoEls TpokUTTTOUV amd TNy TepimTwon £ > 0.
Aeutepn 1w0étnTa: Av z,y > 0, T6TE
a¥a¥ = (CL"'CL)(CL"'CL) —a---q=a*"t¥.
O1 &NAgs TrepimTwoels TpokUTTTOUY amd Tny mepimTwon T,y > 0.
Tpitn wotnra: Av x,y > 0, To6TE
(ax)y:az.--ax: (a..-a)-..(a---a) :a..-a:azy.
O1 &AAes TEPITTITAOOELS TIPOKUTITOUY oTrd TN TrepimTwon Z,y > 0 kaa 1 (a¥)” = a™ mwpokUmTel amd
™y (a*)Y = a®™ pe svodayn Twv T, Y.
(2) (i) TMoAamAcc1&ovTtas TNy a < b pe Tov eaquTd NS T Qopés, Ppiokoupe TNV
a*=a---a<b---b=>b".
H (ii7) wpokUmTel amd tnv (i) kon m (i7) eivon Tpopavns.
(3) (i) oA amAaci&lovTas TV 1 < @ pe Tov eauTd TNns Y — & @opés, Ppiokoupe
a:l? fry (&...a)(l...l) < (a...a)(a...a) :a/y.
H (iit) wpokUmTel amd v (i) ko n (i7) eivon Tpopawns. [
LxOXLo. Agou oplooupe Tis duvduels pe pn-axépaious ekBétes, Ba amodeifoupe 611 n IMpdtaon 1.2
1oXUel, yevika, yia Suvduels pe ekfétes oto R xar y1 autd oTn BlaTUmwot) Tns dev ovogépeTal
TEPLOPIOUOS OXETIKG pe To av ol ekbéTes eivon axépator. TIavTws, péxpl autd To omnueio, €xouue
amodeifer Tnv TlpdTaon 1.2 povo yia aképalous ekBeTes.



1.3.2 Pilss.

TTpwv Trpoywpnooupe, TPooelTe 13101TéPWS Tis aoknoels | kor 6 Tng evotnras 1.2, H ma dev
TpoUToféTel TNV I1810TNTA TN Zuvéxelas evad 1 GAAN Tnv TpoUTrobéTel.

AvicétnTa Tou Bernoulli. Av a > —1, 167¢

(I+a)">1+na

yia kd0e n € N. Av a > —1, a #0 1 av a = —1, n > 2, 101 n anodTnTa 10(Vel WS YVHoIX
avicoTnTA.
Amédeién. Me Ty opyn TN emaywyms. [

To Oewpnua 1.2 Aée1 611, av o 1 elvon guotkds, TOTe yix k&be a > 0 n eflowon 2™ = a éxe
UN-oPYNTIKT AUon Kol 0Tl N AUoTn auTh elval povadikr).

Ozwpnua 1.2. o kdbe n € N, a > 0 urrdpyer povadikos x > 0 wote " = a.
Amodeén. Av a = 0, 1éTe, Tpogavays, N " = a éxel povadikn Avon Tov 0.

‘Eotw a > 0. Av umdpyet k&molos £ > 0 wote £" = a, T6Te, TPOPaVCdS, Bax elvon & > 0.
Oewpolpe Ta oUvoAa

Y={yly>0,y"<a}, Z={z]z2>0,2">a}.
Opiloupe
Yo = min{a, 1}, 2o = max{a, 1}.

Eivar elkolo va atodeiyfel 611 Yo € Y ka1 209 € Z, omdte T Y, Z Bev elvan kevd. Mo kébe y € Y,
z € Z woyva Yy < a < 2" omdte Yy < 2" ko, emeadn y, 2z > 0, ovvewrdyeton y < 2. Béoer Tng
[816TNnTOs Zuveyelas, uTtdpyel € woTe

y<&<z (yeY,ze Z).

Oa amodeifoupe 611 £ = a.
Eotw 0<e <& Emadn é—e<E o0& —c devoviket oto Z. Apa E —e <07 (£—¢)" <a. To
TPWTO Oev 10XUelL, OTOTE

(£ —¢e)" <a.

At v avicdTnTa Tou Bernoulli cuveTayeTan

Y

E>(1-9)">1-n

o)

AuTé 1oxUel yia k&Be € > 0, € < &, omdTe 10xUel yia k&Be € > 0. Apa

oTroTE
¢" <a.

Eotw € > 0. Emadn { +¢ > & o {+¢ 8ev ovfiket 010 Y. Apa £+ <01 (§+¢€)" > a. To
TPWTO dev 10XUel, OTTOTE

(E+¢e)" >a.
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Ao Ty avicdTnTa Tou Bernoulli cuvemdyeTan

€ (&) = (- ) 2 1-n

a E4e Ete E4e
oTroTE
a=¢" £ €
na < E+e < 13
Kal, TEAIKY,
na
AuTo 1oxUel yia k&Be € > 0, omdTe
£(a—€") 0
na -
KO, ETTOPEVWS,
&> a.

ATéd Tis avicdtnTes £ < a kon £ > a ouvemdysTon
& =a.

Mével va atrodeifoupe TN povadikdTnTa Tns BeTikAs AUons € Tns 2" = a. Av &,& > 0, £ = a ko
€2n = qa, TOTE éln = £2n’ oTroTE 61 = £2 . O

Oa dolpe wia deUTepn amddeén Tou Oewpnupatos 1.2 otny evdtnTa 4.4.

Opiopos. Av n € N, a > 0, téte TN povadikt) un-cpvntiky) Aom Tns eflocwons £ = a, n UTopén TNs
oTrolas TpokUTTTEL amd To Oevpnua 1.2, TV ovoudloupe n-ooTh pila Tou a ko TN cupPoAriloupe

Ya  (a>0,n€eN).

Etropévws, sivan W =0 ko \"/5 >0, av a > 0.

To Oswpnua 1.2 avagépeTar oTn pn-apvnTikh AUon Tns eiowons =" = a. H TlpdéToon 1.3
SITPOyUOTEUETOL OAES TIS TEPITITWOELS; Ba amropUyoupe TNy omwodelln Tns S160TL givarl TOAU oTAN,
avayeTal oto Oepnua 1.2, eivarl aAyePpikns puons Kot gival yvwoTr) omd To yupvdolo.

TMpdTaon 1.3. Av o n € N eivan Gptios, T6Te 1) efiowon 1" = a éxer eite arpiPcds Suo Avoers, Tnv {/a
koo Ty —Va, av a > 0, eite axpiPfcds pia Avon, Ty V0=0, av a=0, eire kauia Avon, av a < 0.
Av o n € N eivon mepiT1ds, T6TE 1) £fiowon T = a éxer axpifdds wa Avon, eite v Va, av a > 0,

gire v V0 =0, aw a =0, eire T —/—a, av a < 0.

Ag douUpe Twpa €va Xpnolpo - kKal Pabu - kpiThplo yix To av pia pila givar pnTods 11 &ppENTOS.
To TepiAauPBavoupe av kal 1 amodelfn Tou eival kabapd alyePpikns puoTs.

TMpotaon 1.4. Eotw guoikol n, k. Tote o Uk eivou pNTOS av kou uovo av o k eivar m-ootn Suvaun
QUOIKOU.

Amdédeién. 'Eotw 611 0 k elvon n-ooth dUvaun guoikoy, dnAadth 611 utdpyet m € N woTe
kE=m".

Tote o

Vk=m
elval QUOIKOS KO, ETTOMEVXS, PMTOS.
AvTioTpdws, €0Tw OTL O Vk eivon pNTOS. Apa

V=1,
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émou m,l € N ka1 éoTw - petd amd amlomoinon - &1i o1 m,l Bev éxouv kowd dioupétn > 1.
Yrrof¢Toupe - kou fa kaToAfSoupe o &Toto - 6T1 | > 1, omwdTe UTTdpXEl TPTOS ap1fuds p o oTolos
n

Sicupel Tov [. Emeidn o1 [, m Bev éxouv kowod Siupétn > 1, o p B Sioupetl Tov m. Eiven k = G-,
oTroTE

"k=m".
O p diaupel Tov [, omwdTe Bioupel Tov "k ka1, emopévws, diaupel Tov M. MNvwpiloupe 611, av évas
TpwTos op1Buds diaxipel To YIvdUEVO KATTOLWY QUOIKWY, TOTE Blalpel TOUA&XIOTOV €vay omd quToUs
Tous apiBuous. Emeidn o p Sicipel Tov m" = m - - - m, ocuvemdyeTal 6T1 diaipel Tov M Kal KATAAN youpe
os avTipaon. Apa [ =1, owdTe ©

k=r"=m"

elval n-00TN dUvoun euoikou. L]

Towpa fa SoUye, emiTédous, 6Tt To R Bev amoTtedeitan poévo amd pnrous. TMapoatnpnoTe 6T1 7N
UTtopén £0Tw Kal gvos oppfTou Paciletar oto Oswpnua 1.2 Tou omolou n omodeén PooileTol, e
N oep& Tns, oTny IdidTnTa Zuveyeias.

TpéTaon 1.5. To R\ Q 8ev eivon xevd.

Amodeln. Emeidf) o 2 dev elvar TeTpdywvo guoikoy, amd tny Tpdtaon 1.4 cuvemdyetor 6T 0 V2
dev elval pnToS. ]

MopepmmTévTwS, emionuaivoups, ko TéAL, 611 To Q Bev éxer TN 1816TNTar Suvéxeias: Seite TNV
&oknon 2. Emonuaivoupe oxépn 611 To Oedpnua 1.2 dev 1oxUel oto Q: yia op&derypa, n efiowon
22 = 2 Bev éya1 Ao oto Q.

IR

TéMos, B Solpe OT1 To OUVOAO TwV XPPNTWV elval, OTTWS TO OUVOAD TWV PNTWY, Kl qUTO "TTUKVO”:
K&fe avoikTd BidoTNUa, OCOJTTTOTE WIKPO, TTEPIEXEL TOUAGXIOTOV €vav &PPTMTO.

TTukvéTnTa Twv appnTwv. [a kdbe a,b, a < b urdpyer © € R\ Q core a < z < b.

Amdsen. Emadh a+v2 < b+/2, urdpyer 7 € Q wote a+V2 < 1 < b+V/2. Téte (7"—\/§) € R\Q
xar a <1 — /2 <b. [
1.3.3 Auvépeis ps pnTous skBiTes.
Mppa 1.1. Eotw a >0, m,k € Z, n,l € N dote 7 = % Tére (Va)™ = (Va)* .
Amodeién. Eivon

((%)m)nl — (%)mnl — ((%)n)ml — aml) ((\V&)k)nl — (\Va)knl — ((\V&)l)kn — (Lkn.
Ewady ml = kn, sivar a™ = a**, omdte (({/a)™)™ = ((Va)*)™ . Apa, emeidhy (/a)™ > 0 ka
(WVa)k > 0, cuverdyetan ({/a)™ = (V/a)* . O

Opiopds. Topa, éotw a > 0, 7 € Q. Ymépyouv &meipa Lebyn apibuwv m € Z, n € N dote r = .
‘Ouods, oUppwva pe To Afuua 1.1, o apiBuds ({/a)™
pTropoupe va opicoupe kol opiloupe

eival o 18105 yix k&fe TéTolo (eUyos. Emopgvas,

a” = (a)" (a>0,r="2 meZmneN).
Téhos, av r € Q, r > 0, opiloupe
0"=0 (reQ,r>0).
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Eivor cagés, ammd Tov opioud tou 07, 611 07 = ({l/ﬁ)m av = % m,n € N. Emions, elvar cogés
1
611 yix k&8 n € N eivan an = {/a (a > 0,n € N). Téhos, oxeTik& pe To Tpdonuo Tou a’, eivot
Tpogavés 611 a’ > 0 yix k&fe a > 0, r € Q.

Amodeién tns Tpotaons 1.2 yia pnrous exbétes. Oa Bewpnooupe yvwoTés kol Ba xpnoipoTrolfjcoupe
Tis id1€5 1010TNTES Yia akepaious ekbeTes.

STa TopakdTw Bewpoupe T = Tt kot Y = % o6mou m,k € Z, n,l € N.

Tpw Tpoxwpnooupe fa amodeifoupe TNy 106TnTa (@*)" = @™ ToU Bar pos pavel Xpfon TopakdTw:

(1) Mpcd1n 10étnTe: 'Eotw a,b > 0. Tote
(@) = (@) ()" = a5 = (ab)” = ((ab)*)"

ko, emedh) ab” > 0 kou (ab)® > 0, ouvemdryeron ab® = (ab)® . H omwddeibn otis weprmradoes a = 0
N b= 0 elvor Tpogowns.

Aettepn 10étnTa; Even @ 4y = Mtk

nl

(e = (@) (@) = (@))(@))" = @) ()" = a™a™ = @ = (@

. 'Eotw a > 0. TéTe

kat, eme1dn a®a? > 0 kan a®Y > 0, ouvemdyetan a®a? = a*tY . H amddealn oty mepimTwon a = 0
elval Tpogavts.

, . e _ mk .
Tpitn 1wdéTnTa: Eiven zy = =% . 'Eotw a > 0. Tote

(@) = ((@)))" = (@) = (@) = (@) =" = @)

ko, emweldh) (a*)Y > 0 kan @™ > 0, ouvemdyeton (a*)Y = a™ . H (a¥)* = @™ mpokUmTel amd TNy
(a®)¥ = a™ pe evaMayn Twv T,y. H amddeifn otny Tepimtowon a = 0 elvon Tpogpavns.
(2) (i) Emwedn x > 0, efvea m > 0. TdTe

()" = @™ < b = (b")"

ko, emeldh) a® > 0 kou b* > 0, ouvemwdyeton a® < b*. H (iii) mpoximTer amd tnv (i) xou m (44)
glval TPoQaVTs.
(3) (i) Eiven

(™)™ = ((@)")' = (a™) =a™, ()" =((a"))" = (a")" = a™".

Emeidh & < y kaa n, 1 > 0, elvaa ml < kn. Apa a™ < a*™ | ométe (am)"l < (a¥)™ . Emaidh a® > 0
ko a¥ > 0, ouvemdyetan a® < a¥. H (iii) mwpoxumTel amd v (i) kou n (i7) eiven mpogovns. [

1.3.4 Auvépes pe adppnrous exféTes.

Eotw a > 1. Mo k&b 1,5,t € Q, s <1 <t 1oxve a® < a” < a’. Av eiyaus opiosr Tis Suvdpeis
pe &ppnTous ekbeTes €TO1 OOTE va 1oXUOUY Kol Y1 auTes ol ouvnBiouéves 1010TNTES TwV DUVAUEWY e
pnToUs exBéTes, TOTe yiax kébe 5,6 € Q, z € R\ Q, s < x < t B foxue a® < a® < a'. Ztn SimAf
auTh avicdTNTa o1 a® , a’ eivar Hdn oplouévol vy o a® Bev éxel ardun oploTel. ‘Ouws, N avicOHTTA
ouUTT) oTroTeAel Tov "08Mnyd” yla To Trws TPETEL va OploTel Kol o a”: TPETEL V& OPIOTEL peE TETOLO
TPOTO WwoTe va 1oyUel af < a” < a' yix k&be 5,6 € Q, s < x < t.

Appa 1.2, Eotw a > 1.

(1) Mo k&fe b > 1 vmrapyxer n € N dore b" > a.
1

(2) Av b < an yia kdfe n € N, 167e b < 1.



Amdédeién. (1) Ymépxer n € N woTe

Téte, amd TNV avicdTnTa Tou Bernoull,
V'=(1+b-1)">1+nb-1)>a.
(2) loodUvapo pe to (1). ]

Ozwpnpa 1.3. (1) Eotw a > 1, x € R\ Q. Téte umdpyer uovadikds & cote a® < £ < a' yia xdfe
s, teQ, s<x<t

(2) Eotw a > 1, x € Q. Téte umdpyer povadikds & wote a® < & < a' yia k&be s,t € Q, s <x <t
Kar o povadikds autds & elvar o Nén opiouévos a” .

Amédeén. (1) Eotw z € R\ Q.
Opiloupe Tar ouvora

S={a’|seQ,s <z}, T={d"|teQ,t>uz}

Ta S, T 8ev elvon xevd, didém umdpyouv s,t € Q wote s < o < t. Ewions, x&fe oToixelo Tou S
glvon pikpoTEPO amd k&fe oToixeio Tou 1. Tlpdypoatl, omd Ty 8§ < o < t ouvemrdyetonr s < ¢ Ko,
emeidn a > 1, s,t € Q, mpoxutTel a® < a'. Apa Ta S, T KavoTrolouv Tis utToBécels TN 181dTNTAS
Suvéyelas, ordTe uTtdpyel € woTe

a® <E<a (s,t €Q,s <z <t).

Eivon eUkolo va SoUue OT1 1oXUel T 1oXUPSTEPT SITTAT avicdtnTa @ < & < a'. TTpdypoty, Adyw Tns
TTUKVOTNTOS Twv pnTey, uttdpyouv 't € Q woTe

s<s <x<t <t,

OTTOTE
/ /
af<a® <£<ad <d
K1, ETTOMEVS,
o <é<a (s,t €Q,s <z <t).
(2) Eotw = € Q. Oewpolpe Tov £ = a®, yia Tov omoio yvwpiloupe 6T1 1oxUel a® < & < a’ yix
kdBe 5,1 € Q, s <z <t
As Beifoupe, os omoiadnToTe amd Tis TepimTdoels (1) ko (2), TNy povadikéTnTa Tou £ pe TIS
Topatdve 1816tNTes. ‘Eotw 611 umdpyouv &1,& dote af < & < a' ko a® < & < a' yio kdde
s,t €Q, s <x <t Zuvemdyeto

% <at™s, Sy

yia k&fe 5,1 € Q, s < x < t. Ndyw Tns mukvdTnTOS Twv pnT@y, yia k&be n € N umdpyouv 5,1 € Q
WOoTE
T— g <s<z<t<z+5.

Tote t — s < % KO, ETTOUEVWS,

& . & -
& <an, 2 <an.
Eweidn oautés o1 avicdTnTes 1oxUouy yia k&fe n € N, amd to Afppa 1.2 cuvemdystan
& 3
&1 <1 &2 <L
Apa &1 =&z [



Opiopds. Av a > 1, x € R\ Q, opiloupe Tov a” va eivon axpiPcds o opiBpds € Tou avagépeTar oTo
TPWTO WUEPos Tou BeswpnuaTos .3,

a" =¢ (a>1,z€R\Q).

ATré Tov opioud Tou, Aotrdy, o a” ikavoTrolel Tn SITAN avicdTnTa @ < a” < a’ yix ke st € Q,
s < x <1 ko glvar o povadikos opiBuods e auThy TNV 1B10TNTA. ZUUPWVA UE TO JEUTEPO WEPOS TOU
OewpnuaTos 1.3, akpiPws Ta idia 1oxUouy kar oty TepimTwon a > 1, € Q yia Tov 180 oplouévo
ap1fpo a” .

Aeite v &oknon 9 Tns evdtnTas 1.5 yia évav evoAAakTIKO 1008Uvopo oplopd Tou a’, oTav
a>1kamzeR\Q.

Opiopds. Av a =1, x € R\ Q, opifoupe

=1 (x € R\ Q).

AvO0<a<l xeR\Q, 16te - > 1, omdTe éxet opiobei o (%)x Opiloupe

o 1 a x
a = Moy (0<a<l,zeR\Q).

Téros, av x € R\ Q, z > 0, opiloupe

0°=0 (x e R\ Q,z > 0).

Etmouévws, ouvutroloyilovtas Tous Trpomnyoupevous oplopous, PAémoupe 6T1 o a® opileTor dTaw
a>0 6tav a=0, x>0 ka1 étav a < 0, x € Z. loodUvapa, o a® dev opiletar étav a =0, x <0
kou 6Tav @ < 0, z € R\ Z.

Lyorito. Ztny evotnTa 4.3 fa oulnTriooupe S1e€odIKA Yl Tous AGYoUS yla TOUS OTTOIOUS aTTOQEeU-
youpe va opicoupe Ty duvopn a® 6tav a < 0 kou o T dev eivar aképaios.

Ze oxéon pe To Tpdonuo Tou a° éxoupe Ta eéhs. Eotw a > 0. Av & € Q, TéTe yvowpiloupe 6T1
a® > 0. Av z € R\ Q, 1éte, Pdoer Tou opiouol Tou a’, 1oxve a® > a® yx k&be s € Q, s < 7,
omdTe, emedn a® > 0, ouvemwrdyetar a® > 0. Apa a® > 0 yix k&be a > 0 kon k&fe .

Mppa 1.3, (1) Eotw s,t € Q, s < x+y < t. Tére umdpyow s, 8" /1" € Q dote s’ < x <1,
s'<y<t',s=8+5,t=t+1".

(2) Eotew x,y >0, 5,t € Q, 0< s < xy <t. Tore umdpyow ', " t/, 1" € Q dbore 0 < &' < x <1,
0<s" <y<tl' s=5¢",t=1tt"

Atédeién. (1) Bdoe tns ukvdTnTas Twv pntov, utdpyel s € Q doTe
s—y<s<ux

Kal opiloupe
'=5—-5€Q.

Tote s’ <z, s =5 +5" xu s =5 — 5 <y. Opolws, uTdpyer t' € Q wote
r<t <t—y

Kot opiloupe
t"=t—t €Q.
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Tore v <t t=t+t"kany<t—t =t".
(2) Ymépxet s € Q woe

s <d <
y
Kal opiloupe
s'=%5ecQ.
Tote 8" <, s =5's" xan 8" = 5 < y. Opolws, umdpyer t' € Q woTe
r<t <i
y
Kol opiloupe
t"=1%eqQ.
Tote o <t/ t=1t"t" ko y < 5 =1". O

Amodeién tns Tpotaons 1.2 yia appnrous ekfétes. Oa Bewpnooupe yvwoTés kol Ba xpnoiuoToln-
oOUE TIS 101€5 1810TNTES Yla pMTOUS eKBETES.
(1) Mpdytn 1w0étnTa: Eotww a,b > 1. Ta k&be s,t € Q, s < = < t 1woxvea a® < a® < a' xa«
b® < b* < b, omwdTe

(ab)® = a®V® < a"b* < a'b' = (ab)".

Emeidf o a®b” eivan avdueoa oTous (ab)®, (ab)! yix xdbe s,t € Q, s < x < t, amd Tov oploud Tou
(ab)® ouvemdryeTon

a®b® = (ab)”.
O1 &Ahes TreplTTOOELS TIPOKUTITOUV - pe aAyePpikd TpdTO - atd TNy TrepimTtwon a,b > 1.
Aeutepn 10étnTa: Eotw a > 1. Na kdbe 5,1 € Q, s < x4y <t vmdpyouy, cUupwva ue To /\ﬁp\p\ol(
1.3, ," ', t"eQoore s’ <z <t s <y<t' s=s+s", t=t+t". Tore a® <a® <a'
ke a® < a¥ < a'” xo, emwouves,

* =a"a” <ad®a? <a'd =d.
Emeidf) o a“a¥ eivon avdueoa oTous a, a' yia k&b s,t € Q, s < x +y < t, amd Tov oplopd Tou
a”Y ouvemdyeTtan

a*a? = a""v .

O1 &AAes TrepITTTWOELS TTPOKUTITOUY oTrd TNy Tepimtwon a > 1.
Tpitn 1w0étnTa: 'Eotw a > 1, z,y > 0. Ta xdBe s,t € Q, s < xy < t Bewpolpe évav emimTAfov
s1 € Q wote 81> 5, 0 < 51 < xy < t. TUugwva pe 1o Afuua 1.3, utdpyouv ', " 1/, 1" € Q doTe
0<sd <<t 0<s"<y<t! s; =68, t=0t" Téore 1 < a® < a® < al' ka, ETTOUEVWS,

< (@) =d'.

Emeidh o (a”)? eivon avdueoa otous a®, a' yia k&be s,t € Q, s < xy < t, amwd Tov opioud Tou a*V

/ " 1" t//

a® <a®t = (a”)" < (a®)® < (a")? < (a”)

OUVETTQYETAL
(a®)Y = a"™.

O1 &g TrepITTTOELS TTPOKUTITOUY oTrd TNy TepimTwon a > 1, z,y > 0 xou 1 (a¥)* = @™ mpokUmTel
amwd v (a®)? = a”™ pe evodhayn Twv T, Y.
(2) (i) Ywdpyxer s € Q cote 0 < s < x, owdTE, emMeardn 1 < S, OUVETT&YETAL



Etropévos,
a® < a®(2)" = (a2)" =b".
To (ii) eivon Tpogawés kon To (7it) TpokUTTEL amd To (7).
(3) (1) Ymépxer 7 € Q wote x <1 <y, omwdte a* < a” < a¥. To (ii) eivon Twpopavés kon To (1ii)
TpokUTTEL od To (7). O

To (2) s Tlpdtaons 1.2 Aéer 611 N a® ws ouvaptnon Tou a elvan eite yvnoiws atfouoca oTo
(0,400), av & > 0, eite oTafepny 1 oTo (0,400), av = = 0, eite yvnoiws gdivousa oo (0, +00),
av < 0. To (3) tns TpdTaons 1.2 Aéer 611 n a” ws owvdprnon Tou T eivan eite yvnoiws auvfouvoa
oTo (—00,400), av a > 1, eite otabepny 1 oto (—00,+00), av a = 1, eite yvnoiws @bivousa oTo
(—00,+00), av 0 < a < 1. MwopoUpe va cupmAnpcdooupe 6Tt N a° ws ouvdpTnon Tou G eivan
yvnoiws avéouca oto [0, +00), av & > 0.

Opiomos. As avagépoupe, TéAos, OT1 opilovTon o1 duvdpels

at* =0 (0<a<l), at® =+oc0 (a>1),
a® =400 (0<a<l), a®=0 (a>1),
(+00)" =400 (b>01 b= +o0), (+00)' =0 (b<0hb=—00),

EVW, OTTWS 1 duvaun 0%, o duvapels
lztoo 7 (+OO)O 7 0~
dev opilovTar Kol XopoKTnpilovTal aTTpocdioploTes MOpQEs.
AoxnoeLc.

1. SZupmAnpwoTte TV amwddeién tns avicdtnTas Tou Bernoulli kou atmwodeiéte tnv TlpdToon 1.3.
ZUPTTANPWOTE TI§ XTTOJElEELs OAWY TwV UTTOTEPITTTWOoEwY TNs TTpdTaons 1.2, Tis ooles apnoaue
AVATTODEIKTES.

2. OewphioTe Ta ovora S = {s € Q|s < V2} ka T = {t € Q|t > 2}. TopatnphoTe 4TI
S, T CQ kou s <t yiax k&fe s € S, t € T. Amodeifte 611 Bev umrdpxel kavévas € € Q woTe
s <EL<tyaxdfe s €S, t €T. Supmepdvate 611 To Q Bev éxer Ty I8 idTTa Suvéyetas.

3. ArTiodoyfioTe GAous TOUS OPIOPOUS Kal TOUS Un-oplopous (aTrpocdloploTes Yop@es) Twy duvd-
pEwY Twy 00 peTafU Tous Kau pe Tous apiBuous Baoel TN epTrelpikns pas avTiAnyns yix Tig
¢vvoles Tou “peydAou” (BeTikoU 1 apvnTiKoU) Kot Tou “pikpou” (BeTikoU 1) apvnTiKoU) ocAA& Kot
Tou "kovTd& oTo 1" kau yia Tis peTaU Tous oxéoels. Tows XpelaoTEITE UTTOAOYIOTT) TOETINS YIX
T TEIPAUATE TOS.

4. (i) Av a < € yia x&Be € > 0, amodeifte 611 a < 0.
(ii) Av a <1+ €+ € yix k& € > 0, amodeire 611 a < 1.

5. Eotw 0 < a < 1. ATro8eifte 6T1 0 a” eivar o povadixods € cwote af < € < a® yix k&be s,t € Q,
s<x <t

6. Mo k&fe n € N omodeiére 611 (1 +a)” > 1+ na + nn=l) 2 yiox k&Be @ > 0 ko 6T

2
(1+a)">1+na+ n(n2_1)a2 + n(n_lg(n_Q) a® yia k&8 a > —1. MevikeVoe.




7. Av o n € N elvon mepiTTos, amodeiéres 611 " < Y av ka1 wévo av T < Y. Av o n € N elvan
&pTios, amodeifTe 6T1 ™ < Y o kou pévo av |x| < |y

8. Amodeifte 61, av n €N, n > 2, 171

n—2

=yt = (=)@ T " Py Y Ty

kat, av o n € N, n > 3 elvan ep1TTOS, TOTE

"4yt = (zFy) (e — 2"y 4 =y ).

9. Av o1 x,y 8ev eivan kau o1 duo 0, amodeifre 61 22 +ay+y? > 0 kan 2t +2dy+ 22y +ayd+yt >
0. TTowx eivonr m yevikeuon auUTY Twv avicOTATWY; Tl MTTOPeiTe Vo TEITE YIX TIS QVICOTNTES
23+ 2%y +xy? + 2 > 0 ko 2° + 2ty + 23y + 2%y + 2yt + 5 > 0; Towx elvan 1 yevikeuot
TOoUs;

10. Ta k&Be n € N opiloupe To TrapayovTiké n! =1-2---n ko 1o 0! = 1. Opiloupe ko1 Tous
SuwVupIKOUS CUVTEALOTES (::1) = #lm), yiax k&be m,n € Z, 0 < m < n.
(1) MeAethoTe TN povoTovia Tou (:1) og oxéon pe Tov N € Z, n > M Kou TN povoTovia Tou
(:1) og oxéon pe Tov m € Z, 0 <m < n.
(ii) Amoseigre o1 (M) + (")) = (") yia k&8 m,n € Z, 1 <m < n.
(791) ATrodeiéte Tov Suwvupiké TUTo Tou Newton: yia ké&fe ,y xkou k&Be n € N 1oylel

n __ n n n n—1 n n—1 n n _ - n n—k,_ k
(z+y) —(O)x +(1)x Y+ +(n_1)xy +(n>y ;(k)x T

Ymodekn: Apxn Tns emaywyrs.
(iv) Mo k&Be n € N omwodeifre 611 ), (Z) =2", 3", (Z)(—l)k = 0.

1'1. Xpnoipotoiwvtas Tov opiopd Tns pilas, amwodeifte oTI:

(1) /a/b = Vab xa Y/ ¥/a= /a= "a, o a>0,n,meN.
(ii) Va< Vb, wvn €N, 0<a<b.

12. Av o n € N eivon &pTios, omodeifte 6T V/a™ = |al.

13. Amodeicte o1 Va+b < Ya+ Vb yia k&e n € N, n > 2, a,b > 0. Amodeicte 6T

Va+b= /a+ Vb av kon pévo av a =014 b=0.
14. Amodeifte 611 01 \/3 V129, \/§—|— \3/5 Kal \3/§+ \/5 glval &ppnTot.

15. Na ouyxpivete Tous 'V/105 ko1 'V/106 .

1.4 Aoya&pifuor.

To Oeswpnua 1.4 Aer 611, av a > 0, a # 1, 167 yiax k&fe y > 0 n eflowon a” = y éxar Aon
Kal OTL 1) AUom ouTh eival povadikiy.

Ocwpnua 1.4. Eotew a > 0, a # 1. Tote yia kdfe y > 0 umrdpyer povadikds x wote a® = y.



Amddeién. 'Eotw a > 1, y > 1.
Oewpolpe Tar cUVOAX

U={ula" <y}, V=A{v]a" 2y}
Mpogaveds, 0 € U. Etrions, oUugpwva pe To Afjupa 1.2, utédpxet n € N wote a” > y kau, emopévws,
n € V. Apa ta U, V 8ev eivan kevd. Ta kédbe u € U, v € V woyler a* <y < a, omwdte a” < a’ kay,
emeildn a > 1, ouvemwdyeton u < v. Apa Ta U, V' 1kavotrolotv Tis utroféoeis tns [816TNnTas Zuveyeias,

omdTE UTTAPYEL € woTe
u<é<w (ueUwelV).

Oa amodeifoups o1 a® = y.
‘Eotw n € N. Tote £ — % <&, omdte 0 € — % 8ev avnkel oto V. Apa

af_% <.

Ouolws, & < &+ % omdTe 0 5—1—% Sev avnikel oto U. Apa

y < attu.
Apc
y 1 af 1
e <an, E<CL"

yiax k&be n € N omdte, olppwva pe To Afppa 1.2,
v<y, €<,
P <

Apa
at =y.

O1 amodeifels oTis GAAES TEPITITWOELS AVAYOVTAL OTO GTTOTEAECUX TNS TPWTNS TEPITTWONS!
Ava>1 0<y<l1, 1éte ee1dn i > 1, umdpyxer 1 wote al = i Kal, €TOpEVWS, yiax Tov & = —n)
oyvel a® = a”" = y.

Av 0 < a < 1, 1oTe, eme1dn i > 1, umépyer n woTe (%)77 = gy, omdTe yiax Tov £ = —1n 1oXUEl
at=a""=y.

TéMos, Ba amodeifoupe 611  Aon £ Tns a® = ¥y elvan povadikn. Av at = 1, a®? = 1Y, TOTE af = a?,
omdTe & =& [

Etropévess, av @ > 0, a # 1, o1 cuvoptnoels a* kol lo glval avTioTpodes.
u pPTN 9 poe

Opiopds. Av y > 0 koa a > 0, a # 1, n povadixfy Aon Tns a® = y, n UTopén Tns oToias
efaoparileTan amd To Oewpnua 1.4, ovopdleTor AoyépiBupos Tou Yy pe Péon a kal cuuPolileTal

log, y-

Av y <0 ko1 a >0, a # 1, elvan wpogavés &1L N a” = y Bev éxel Aom.
Aeite TNV doknon 9 Tns evotnTas 1.5 yiax €vav evaAAokTIKO 1008Uvauo oplopd Tou log, Y.
H TTlpdtaon 1.6 meprypdger OAes Tis PBaoikés 1810TNTES Twv AoyoapiBucv.

MpéTaon 1.6. Eotew a,b >0, a,b # 1.

(1) log,(yz) =log, y + log, z yio k&be y,z > 0.

(2) log, 4 = log, y — log, z yia k&b y,z > 0.

(3) log,(y?) = zlog, y yior k&fe y > 0 xar kdbe z.

(4) log,y = EZZZ yia k&fe y > 0.

(5) log,1 =0, log, a = 1.

(6) Eotew 0 <y < z. Tére (i) log, y < log, z, av a > 1, kai (i) log,y > log, z, av 0 < a < 1.
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Amobeién. (1) Opiloupe £ = log, Yy, w = log, 2z, omwodTe a* =y, a¥ = z. Toéte a”
omdTe log,(y2) = & + w = log, y + log, Z.

(2) Eivaa log, % +log, z = Ioga(gz) = log, y, omoTE Iogag =log, y — log, 2.

(3) Opifoupe = = log, y, omwdte a® = y. TéTe a** = (a®)* = y* ke, emopévaws, log,(y?) = zx =
zlog, y.

(4) Opiloupe = = log,y, w = log, b, ométe b* =y, a¥ = b. Apa a¥* = (a¥)* = b" = y. Apx
log, ¥y = wz = log, blog, y.

5) H log, 1 = 0 wpokdmrrel amd tnv a® = 1 ka1 1 log, @ = 1 amwd ™y al = a.

(5) H log, P n n log, n

= a"a"¥ = yz,

(6) Opiloupe * = log,y, w = log, 2, omdTe y = a*, z = a“. Téte a” < a¥ xa1, av a > 1,

ouverdyetan T < w eved, av 0 < a < 1, ouvemdyetanr z > w. [l

To (6) Tns TpdTaons 1.6 Ader dT1 ) ouvdpTtnon log, ¥ eivoa eite yynoiws avgouosa oto (0, +00),
av a > 1, eite yvnoiws efivouca oto (0,+00), av 0 < a < 1.

AoxvoeLc.
1. Thoti 8ev eetdloupe Ty eiowon a® =y oTis meprmrtwoes a <0, a =1, y < 0;
2. YmohoyioTe To ywopevo logy 3 - logy 5 - logs 7 - log; 10 - logy 8.
3. Eivanr o logy 3 pnTds;

4. Eotw a >0, a # 1. Amwodeiéte 611 log1 y = —log, ¥ yiox k&fe y > 0.

5. Eotw a >0, a # 1. Amodeifte 6Tt log,. (y*) = log, ¥ yiox k&fe y > 0 kou z # 0.

1.5 Supremum xai infimum.

Opiopods. Eotw pn-kevd oclvoro A. To A yapaktnpileTtar dvw @paypévo ov UTEPYEL U WOTE U > @
yia k&fe a € A 7, 1008Uvopa, A C (—o0,u]. K&fe u pe v 1&816TTa quTh) XapakTnpileTon dve
ppéypa Tou A. Opolws, To A XopakTnpileTor k&Tw Qpaympévo av umdpxel | woTte | < a yia k&be
a € A 1, 100dUvape, A C [I,+00). K&Be [ pe T 1816TnTa auTr| XapakTnpileTol K&Tw @pdypa Tou
A. Tédos, To A xapoxtnpileTan ppaypévo av sivar &vw Pparyuévo Kal K&Tw Qpoypévo, dnAadn ov
utépxouv [, u wote A C [1,ul.

Av o u glvon dvew ppdypa Tou A, TéTE K&Be U > U lvo, emions, dvew epdypa Tou A Ko, av o
[ eivan kdrw ppdryua Tou A, T6Te K&Be 1! < glvon K1 auTd KdTW Ppdypa Tou A.

Hopadeiypota. (1) Ta dvw pdypoaTta Tou StaoThuatos [a,b] eivon dAot o1 u > b kon Kowévas
&Mos. To 1810 1oyUel kou yio T Sroothpota (a,b], [a,b), (a,b), (—o0,b], (—o0,b). TTapoaTnehoTe:
Ao QUTE Ta BIOOTHUATA €XOUV KATTOI0 Ad)IoTO Guw @p&ypo, Tov b.

(2) Ta k&Tw gpdypata kofevds omd Ta Siaothuara [a,b], (a,b], |a,b), (a,b), (a,+00), [a,+00)
glvor dhot o1 | < a kon kavévas &Ahos. TlapatnpfoTe ko AL OAa oUTS Ta SlaCTAHUATO €XOUV
KATIOIO UEYIOTO KATW PPAYNA, TOV a.

(3) Tpogaweys, Ta draoThpata (a, +00), [a,+00), (—00,+00) Bev elvon dvw Ppayuéva Kol T
SiaotuaTa (—00,b), (—00,b], (—00,+00) Bev eivon k&Tw Pporypéva.

(4) To otvoro N eivar k&Tw @paypévo kai, emedn o 1 elvan To eAdyioTo oToixeio Tou, T K&Tw
ppdypota Tou N eivanr Aot o1 [ < 1 kon kowevas dAos. AnAadt), o 1 elvor To uéyioTo k&Tw ppdypa
Tou N. Ao Tty &AAn pepi&, to Ospnua 1.1 Ader, akpiPads, 611 To N Bev elvan dvw ppaypévo: Sev
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UTT&pXEl U Tou va elvar dvw epdypa Tou N agol yia k&fe u umédpxer n € N wote n > u. ‘Ooco
Trepiepyo K1 ov gadvetal, 1 amwdden Tou 611 To N Bev elvon dvw ppayuévo Paciletor oty 18dTNTA
Zuvéyelos!l!

O:wpnua 1.5. Eotw un-kevd ouvodo A.

(1) Av To A eivai dvw @payuévo, TOTe amd Ta dvw @pdypaTta Tou A umrdpxel éva To ofroio eivou
eAayioTo.

(2) Av To A elvon k&Tw @poyuévo, TOTE amd Ta K&Tw Ppdyuata Tou A umdpyer éva To omoio elvai
UEYI0TO.

Amobeién. (1) Opiloupe To cuvolo
U= {u|u dvw epdyua Tou A}.

To U Bev elvan kevd agol umdpyel TouddyioTov éva dvw epdypa Tou A. Tlpopavess, oylel a < u
yix k&fs a € A, u € U. ZUppwva pe TNy 1816TTar Zuvéyeias, umdpyel € woTe

a<t(<u (a€e Ajuel,).

Emeidn a < € yix ks a € A, o € elvan dvw gpdypa Tou A. Emadn € < u yio k&fe u € U, o &
glvar To eAdyioTo dvw ppdypa Tou A.
(2) Opoiws: avti Tou U, Bewpotpe To ctvoro L = {l |l k&Tw epdypa Tou A}. ]

Opiopds. To eA&xioTo &vw @pdypa £vds pn-kevol, &vw gpayuévou cuvdlou A ovoudletonr kot
supremum Tou A kou cupPoAileTan
sup A.

To Méy10TO K&TW PP&yMa £VOS un-KevoU, KATw @payuévou ouvélou A ovoudletar kai infimum Tou
A ko1 ocupPolileTon

inf A.

Nopédetypo. ‘OAa Ta BrooThpara [a,b], (a,b), (a,b], [a,b) (—o00,b], (—o0,b) éxouv To 1810
supremum, Tov b. Opoiws, dAx Ta SiaoThuaTa [a, b], (a,b), (a,b], [a,b), (a,+00), [a,+00) éxouv To

id10 infimum, Tov a.

Opiopds. To péyloTo oToixelo, av uTdpyel, evds cuvdhou A ovopdleTor ko1 maximum Tou A ko
oupPoAileTal
max A.

Etrions, To eAdyioTo oToixelo, av utdpyel, Tou A ovoudleTor ko minimum Tou A kot cupPoAileTon

min A

MpéTaon 1.7. (1) Av umdpyer To max A, 161e sup A = max A.
(2) Av urrdpxer To min A, 161e inf A = min A.

Amddeién. (1) To max A elvan dve ppdypa Tou A. As pmopel va umdpyer dvw gpdypa Tou A
HIKpOTEPO amd To max A, apov To max A elvor oToixelo Tou A.

(2) Opoiws. [
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Hoapadeiypota. (1) To A= {0} U[2,3] U {4} éxer min A =0 kou max A = 4. Apa infA =0 ko
sup A = 4.

(2) minN =1, omére infN = 1.

(B)To A={L|neN}={1,5,3,1, ...} éxat maxA =1, omwdTe sup A = 1. Ouws 1o A Bev éxer
gA&xioTo oTolxelo. Oa Ppolpe To infA.

Mpogavas, k&fe | < 0 elvon k&Tw gpdypa Tou A. Av [ > 0, T6T¢, Pdosr Tns Apxipndelas 18i16TnTos,
umépxet n € N woTe % < I, omdTe o | Bev elvan x&Tw gpdypa Tou A. Apa Ta K&Tw PpdrypoTa
Tou A elvan axpiBas o1 pn-opvnTikoi apifipol, omwdTe To peycAUTepo omd Ta K&Tw PpdypaTta Tou A
glvon o 0. Emopévas, infA = 0.

Opiopds. Av To pn-kevd oUvolo A Bev eivon dvw ppaypévo, opiloupe
sup A = 4o00.
Opolws, av To pn-kevd olvoro A Bev elvan k&Tw Pporyuévo, opiloupe

infA = —o0.

AiTiohoyoupe Tov oplopd. Av To A Bev elvan dvw ppoyuévo, Bev éxel ws Avw Ppayua Kavévaw
opifud. Opws, To +00 cupPolilel pia "TocdTNTA” peyoAUuTepn omd K&be opibud, omdTe propel va
Bewpnbel ws To povadikd, kal, eTopévas, To eAdyioTo, "dvw epdypa” Tou A.

Nopdderypo. To N 8ev elvar dvw gpaypévo, omdte sup N = +o00.

Inueioon. Ao 8w ko Tépa, 6Tav yp&eoupe sup A, xwpls 18iaitepn emiofuavon, Ba evvoolpe 6T1
auTd elvon opiBpds 1) +00. ‘Otav, dpws, ypdeouue sup A = u () Ao yp&upa) Ba evvoolpe 6T1 To
sup A elvan o apiBuds u, exTds av avapépoups OTL sup A = u € R N K&TL Topopolo. Ta avdloya
1oxUouy ka1 yia To inf A,

TMpéTaon 1.8. K&fe un-kevd ouvolo A éxer supremum ka1 infimum ko
inf A < sup A.

Amédeaén. Av To un-kevd olvolo A elvon dvw ppayuévo, TOTE, cUpewva pe To Osdpnua 1.5, utrdpyxet
To sup A kot glvan op1Buds. Av o A Bev elvan dvw ppoaypévo, TOTE, €€ opiopoy, sup A = +00. Opoles,
av To pn-kevd A elvan k&Tw epoypévo, TOTE UTpyel To inf A xou elvan apiBuds, eved, av To A Bev
glvon k&Tw Ppoypévo, To6TE inf A = —00.
TéAos, éotw a € A. ToTe

inffA<a<supA,

omdTe inf A < sup A. O]

Mia omAfy Trapathpnon. Av to A éxel éva pdvo oToixelo, TéTE Ta infA, sup A TauTilovTon
pe autd To oTolxelo Kau, emopdvws, infA = sup A. Av To A éxe1 TouldyxioTov Suo oTolxela, TOTE
infA < supA.

H TpoTtaon 1.9 eival, oucloo Tk, uia avadloTUTTWoT TwY OPIoU®Y TWY supremum Kol infimum.

TMpétaon 1.9. Ectw un-kevd ouvolo A.

(1) loxver a < sup A yia k&8s a € A. Emions, yia kdfe u < sup A umdpxer a € A dote a > u ko,
emopévas, u < a < sup A.

(2) loxver a > inf A yia k&0 a € A. Emions, yia k&be | > inf A umdpyer a € A doote a < | ko,
emouéveos, infA < a < L.
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Amédeaén. (1) Av 1o A elvor dvw ppaypévo, TéTe To sup A elvon éva (To eAdyioTo) omd To dvw
ppéypata Tou A, omdTe 1woxlel a < sup A yia k&fe a € A. Av To A Bev elvon dvw pparypévo, TOTE
sup A = 400 ka1, Tpogavws, 1oxUel a < sup A yix k&be a € A.

Téos, éotw u < sup A. Emeidn 1o sup A elvor To eAdyioTo amd Ta dvw gpdypata Tou A, o u Sev
glvon dvw ppdypa Tou A, omdTe umdpyer a € A woTe a > u.

(2) Opoiws. ]

To éva amd Ta duo "ouppeTpika” pépn Tou QswpnuoaTtos 1.5 diaTuTrwveTal ws €.
H 1810t Supremum. Kafle un-kevo, avw @payuévo ouvolo éxel EAQXIOTO Avw PPAYUA.

‘Otrws eidape, n amwddeign tns [816TNTas Supremum Pooiletar otny 18iwtnTar Suvéyeias. AvTi-
oTpéews, N MpdTtaon 1.10 amodeikviel tTnv I8idTnTar Zuvéxelas amd Ty 1816TNTa Supremum. Apa 7
1&1oTnTa Swvéxeias kar ) 1610TNTA Supremum eivon 1008UVQUES.

TMpéTaon 1.10. ‘Eotw 611 k&fe un-kevo, dvew ppayuévo ouvolo éxel eAGxioTo dvew Ppayua. ToTe 1oxUel
n I&ioTnTan Zuvéxeias.

Amddeién. Eotw A, B un-kevd cUvola wote a < b yiax k&fs a € A, b € B.
Mpogaves, k&Be b € B eivor dvw gpdypa Tou A ko, emeldf) To B 8ev elvan kevd, To A elvan dvew
ppaypévo. Apa To A éxel ehdxioTo dvw ppdyuo, évav opifud Tou cupPoliloupe sup A. To sup A
glvan dvw ppdypa Tou A, omdTe

a<supA

yix k&fe a € A. K&be b € B etvon dve gpdypa Tou A kou 1o sup A elvan To eAdyioTo dve @pdypc
Tou A, oméTe

sup A <b

yia k&fe b € B. Apa, ov opicoupe £ = sup A, T6TE
a<§<bh
yia k&fe a € A, b e B. O]

Ymépyel, puoikg, kot 1 I810TnTa Infimum, TTou Adel OT1 kABe un-kevo, KATw PPAyuEVO oUVoAo Exel
uéyroTo KaTw @paypa. Ki auth amodesikvietor oto Qewpnua 1.5 Baoel tng [idtnTas Zuvéxeloas.
'Omrws oty Tpdtaon 1.10, pmopolue va amodeifoups 6Tt amd TNy IS1d6TNTa Infimum atrodsikvisTon
n 1816TnTa Zuvéyelas. Agite Tnv &oknon 5.

To Tedeutaio amoTéAsopa elval €vas XapPoKTNPEIoUOS Twy dlaoTNUaTwy. [MeVvik&, ov €youue o
OUAAOYT) OTTOLVITTIOTE QVTIKEIMEVWY KOl K&bBe avTIKEIUEVO TNS CUAAOYTS QUTNS EXEL M1 CUYKEKPIHUEVT)
1B10TNTA - TNY 181 Y1 OAX Ta avTiKeipeva TNg cUAAOY TS - TOTe Aéue OTL M IBI0TNTA QUTT) XAPOKTTPILE!
T QVTIKEIpMEVX TN OUAAOYTS av Kaveéva GAAO QVTIKEIUEVO Bev €xel TNV 18IOTNTA QUTT €KTOS OO TX
QVTIKEIYeVA TNS CUAAOYTS.

‘Eotw 411 To olvoro A eivon omoiodfmoTe Sidornua. Mvwpiloupe 611 To A éxel Ty £€fs 18idTnTa:
yia k&fe x1, 29 € A, 11 < Ty ko1 yix k&fe T woTe T < & < T woxUel £ € A. Me &\ Adyia:
gva S1doTnua TepiExel kKabe oTolxelo Tou givan avapeoa oe duo oToixela Tou. H Tlpdtaon 1.11 Ader
4T, amd Ta un-kevd utooUvola Tou R, m 186TnTa auTh) XopokTtnpilel Ta SiaoThpaTA.

Mpotaon 1.11. Eotw un-kevd ouvolo A ue v eéns 1B16TnTa: yia k&be 1,19 € A, x1 < Ty ki yia
K&Bs x cdoTe X1 < & < Xy 1oxvel x € A. Tote To A elvar Sidotnua.
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Amrdbeién. 'Eotw
u = sup A, [ =infA,

omdte —00 < [ < u < 400. ToTe, Tpogawvs, slvat
A C [l ul.

Eotw x € (l,u). TéTe 0 = Bev eivan kdTw @pdypa oUTe dvw epdyua Tou A, omwdTe umdpyouv
T1,Ts € A, doTe
T <T<Ty.

B&oer Tns umdbeons, ouvemdyston & € A. Emougvas,

(I,u) C A.
Ao TN BimAn oxéon
(lou) CAC [l
TpokUTTTOUY akplPws Téooepis TeptmTaoes: A = (l,u), A = [l,u], A = (l,u] xea A = [l,u). e
k&Be TepiTTwon To A elvar SidoTnua. L]
AoxnoeLc.

. JupmAnpwoTe Tis amodeiels Tou OewpnuaTos 1.5 kot Twv TpoTtdoswy 1.7 ko 1.9.

z+y+|z—y| r+y—|z—y|
2 2 :

2. Amodeifte 6T max{z,y} = koa min{x,y} =

3. (i) Amodeitte oMt <z, t <y kon t < 2 av kon pévo av t < min{z,y, z}.
(17) AmodeifTe dT1 t > 2, t >y wou t > 2 ow kou pévo av t > max{x,y, z}.

4. Toti T k&Tw Ppdypata Twv (a, +00), (a,b), (a,b] evor uévo o1 I < a;
5. (i) Bpeite To infima kan suprema Twv {—1,0,2,5}, [—1,5], (—1,5), (—1,0]U(2,5]. Tt Topa-

TnPeEiTe;
(i7) Eotw infA = inf B kon sup A = sup B. Suvemdyeton A = B;

, . . n (=) |, 1—(=1)"
6. Bpeite Ta infima kou suprema T(;:V ouwohwv {(—1)"n|n € N}, { +(2n) + (2 )" |n € N},
()" +Ln e N}, (=00 1y e N}, {2+ Lnom e N}, {2~ Ln,m e N},

2n n m
{x+—|—yl\0 f y<ld<z<bh{r—yl0<y<1,4<az<5} U020 1,2n]
TL:l[%’ 2n—1]'

7. 'EoTtw un-kevd olvvoro A. TeprypdyTe To oUvolo Twv dvw ppoyudTtwv Tou A, SiokpivovTas
Tis TepimTToels: sup A = +00, sup A < +00.

8. Eotw a <bxar A= {reQla<r <b}. Bpeite Ta infA xoa sup A.

9. (1) Av a > 1, amodeifte o1 sup{a’|s € Q,s < z} = a* = inf{a’ |t € Q,t > x}. Mia amd
Tis dUo 106TNTES - ouvNBws M TTPWTN - XPNOIMEVEL WS EVOAAAKTIKOS 1003UVOpMOs Oplopds Tou
a® ya dppnro . Ti ylvetanav a =11 av 0 < a < 1;

(i) Av y > 0, a > 1, amodeiére 611 sup{u|a” < y} = log,y = inf{v|a” > y}. Mix omd
Tis duo 106TNTES - ouvNBws M TTPWTN - XPNOLUEUEL WS EVOAAAKTIKOS 100BUVOMOs Oplopds Tou
log, y. T yivetan av 0 < a < 1;
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10.

Exovtas umdyn Ta mopadetypata A = [0,2], A =1[0,2), A =[0,1] U {2} xoa tnv TpdToon
1.9, ommavthoTe, yevikg, oTa eéns. 'EoTw pn-kevd olvvoro A kon u = sup A.

(i) Eivon cwotd 611 AN (u—€,u] # 0 yio x&8e € > 0;

(i1) Eivar owoté o1t AN (u—e,u) # 0 yrx ke £ > 0;

Moia eivor 1 ammdwvtnon oTa 1dix epwThpoaTa av, emimAdoy, u & A;

MpocappdoTe dAa Ta TponyoUpeva oTn TepimTwon Tou | = inf A.

. 'EoTw pn-kevd ouUvolo A.

(i) Amodeitte 6T sup A < u av kou pévo av a < u yix kdbe a € A.
(i7) Amodeiéte 611 u < sup A av kan pévo aw yia kdbe v < u umdpyxel a € A, a > 7.
TMpooapudoTs A Ta TponyoUpeva oTny TepimTwon Tou inf A.

. 'EoTw pn-kevd ouvora A, B.

(1) Amodeiéte 611 sup A < infB aw kon pévo av a < b yix k&be a € A, b € B.

(17) 'Eotw a < b y1x k&be a € A, b € B. Tleprypdyte To cUvoho dAwv Twv & wote a < & < b
yiax k&fe a € A, b e B.

(171) Eotw a < b yiax k&be a € A, b € B ko éotw 6T1 yix k&Be € > 0 umdpyowv a € A,
b€ B wote b—a < e. Amodeifte 611 sup A = inf B. ZuoyetioTe pe To (i) Tns &oknons 5 Tns
evotnTas 1.2.

. 'EoTw pn-kevdk octvoha A, B, A C B. Amodeiére 6T1 inf B < infA <supA <supB.

Ymédeién: To sup B elvan dvw ppdypa Tou B, omdTe eivar dvw @pdypa ko Tou A.

. 'Eotw pn-kevd oclvora A, B. Amodeiéte 611 sup A < sup B av kou pévo av yia k&fe a € A

ko1 k&fe 7 < a utdpyet b € B, b > 7.

. Amodeifte Ty I1816TNTO ZUvéxelas uTrobéTovTas Ty [SidTnTa Infimum.

. 'EoTw un-kevd otvoha A, B. Amodeiéte 6T sup(AUB) = max{sup A, sup B} ko1 inf(AUB) =

min{inf A, inf B}.

. (7) Mo 1o un-xevd cuvoro A opiloupe —A = {—a|a € A}. Amodeiéte 6T sup(—A) = —infA

kot inf(—A) = —sup A.

(77) To pn-xevd oUvoha A, B opifoupe A+ B = {a+bla € A)b € B}. Amwodeiéte ém1
sup(A + B) = sup A+ sup B xou inf(A + B) = infA + inf B.

(131) Mo un-kevé otvora A, B C (0,400) opifoupe A- B = {abla € A,b € B}. Amodeite
611 inf(A - B) = infAinf B xou sup(A - B) = sup Asup B.

. TTow& TioTeveTe OTL elvan Ta K&Tw PP&ypaTa Kal Ta v pdypata Tou {); Emopéves, wos

opilate Ta infl), sup ); Oa ioxue T6TE M avicdTnTa inf () < sup ;
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KepaAaio 2

AxolAoufiss ka1 opra akoAoubiwv.

2.1 Axoloufiss.

2.1.1 Axoloubics, povoToves akoloubics, ppaypéves akoloubiss.

Opiopds. Xopaktnpifoupe akoloubia (TrpaypaTikwv apifpwy) omoladnwoTe cuvdpTnon
r:N—=-R

pe Tedio opiopol To N ko Tpoypatikés Tipés. Mo kébe n € N n avtiotorxn Twn x(n) Tns
ouvdpTnons oupPoAileTal, Tapadoolokd, Ty, . AnAadm),

xn, = x(n) (n € N).

ATmAoik& uiAwvTas, akoloubia eival otroladnToTe &relpn eMAOYT) ap1BUDY UE CUYKEKPIUEVT OEIP&
o kabévas: o TpwTos apiBuds Xy, o SeUTepos Ty, o TPiTos Ty KAT. O1 emiAeyuévor apibpoi, SnAad
ol Tipés TNs akoloubias/cuvdpTnons ovoudlovtal opor Tns akoloubias. O 6pos Ty 11 YapokTnpEileTal
£TTOMEVOS TOU T, KAl O Ty 1 TIPONYOUMEVOS TOU Ty . H awefdptntn petaPAntf) M, 1 omola dia-
Tpéxel To N, ovoudleTton SeikTng Kou Seiyver TN oelpd emMAOYNS Twy Opwy Tns okolouBias. Avti Tou
ouvopTnolakoU ocupPdrou = : N — R ypnoipotololpe Ta

(T1, @9, .. Ty o), (), (z,),25 .

MTropoUpeg, PUOIKE, VX XPNOIUOTIOOUME Kl GAAX YPAUMATA, €KTOS TWV I, 7, YlX va oupBoAicouue
akoroubies: (Yn), (Tk), (2m) KA.

Nopodeiypora. (1) H akoroubia () A (1,5,5,...,5,...).
(2) H oxoroubia (n) 1 (1,2,3,4, ... ,n, ...).

(3) H akoroubia (1) 7 (1,1,1, ... ,1,...).

(4) H axkotoubia ((—1)" 1) # (1,—-1,1,—1,...,1,—1,...).
(5) H axohoubia (#) 7 (1—10,1%,# ,10%, c)

1

5
(6) H akoloubia pe n-ooTd 6po ico pe To TANBos Twv BeTikwy SiaxipeTdv Tou N, dNAadn 1 akoAoubia
(1,2,2,3,2,4,2,4,3,4,2, ...).

(7) H axoroubic (m —n)iX 4 (m—1,m—2,m—3,... , m—n,...).

(8) H axoroubia (m —n)t 4 (1—-n,2—n,3—mn, ..., m—mn,...).

2T duo TeAsuTala TTopadelypaTa PAETTOUNE OTL UEPIKES POPES XPEIALETAL VO XPTOIUOTTO|COUNE TO
oUuBoro (z,))2, avti Tou amloloTtepou (), yia va SnAdcouus Tolds - avdusoa ot S1dQopa
YPAUPOTa - glvan o BeikTng Tns axoAoubias.
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TTpooe€te: piax akoAoubia gival ouvapTnon kal Ox1 To oUvoAo Tigwv Tns. Me mio amA& Adyia, pix

akoloubBia eivon dradoxikn emiAoyn apibucov, dev eivar To ouvoro Twv apiBucy auTwv. To cluvodo Twv

—+00

dpawv Tns oxoloubias (1) givar To povoouvoro {1} . H oaxohoubia, duws, eivon n iadoyikr emidoy

n=1
(1,1,1, ...). To TwAHBos Twv dpwv pias akoloubios eivon TvToTe &elpo, eved &MAes oxohoubies
£XOUV QTTEIPO OUVOAO OpwV Kol GAAes €xouv TeTTEPAoUEVO oUvolo Opwv. Etrions, duo diapopeTikés
akoloublies pmopel va éxouv To 1810 oUvolo dpwv. Mo mopdderypa, ot (1,—1,1,—1,1,—1,...),
(1,1,-1,1,1,—1,1,1, -1, ...) elvor SropopeTirés akoroubies aMA& éxouv cUvolo dpwv To {—1,1}.
AMo Topddetypa: o1 akohoubies (1, % , % , i , % , % s ) (% 1, i , % , % , % , ... ) elvon SropopeTikés
oM& £xouv oUvolo dpwv To {1,%,%,%,%,%, )= {%|NEN}

Opiopds. Mia axohoubia () xapoxTnpileTon avfouca av X,1 > T, yix k&Be n € N, yvnoiws
avfouca av T,y1 > T, yiax k&fe n € N, efivovca av z,11 < x, yiax k&fe n € N, yvnoiws
pfivouca av T, < T, ylx k&b n € N. H (z,,) XapoktnpileTor povéTovn av eivar alfouca 7
pbivouca, yvnoiws povéTovn av eivar yvnoiws alfouca 1) yvnoiws ebivouca. H (x,) yopaktnpeileTo
oTaflepny av OAol o1 Opol Tns eivan icol peTalU Tous, dNAXST av UTTAPXEL C WOTE Ty = C Yyia K&be
n € N.

Duoikd, i oTabepn akoroubia eivar avfouoca kan phivouca. ATd Ta TponyoUpeva TTapadelyuaTa,
N TPWTN, 1 TEUTTN Kal 1 €BSoun akoAoubia eivar yvnoiws ¢bivouces ko n deuTepm kal 1 Oydon
akolouBia eival yvnoiws auvouoess. H Tpitn axkoloubia eivor oTafepr) kol 1 TETaPTN Ko M €KTN
akoloufia dev eivonr povoToves.

Opiopds. Mia akoroubia (x,,) xapokTnpileTor &vw @paypévn av To ocUvolo Twv dpwv Tns eivon dvw
PpaypEvo, dnAadnh ov uttdpxel U woTe T, < U yia k&Be n € N. Kdfe tétolos u xapaktnpiletar &ve
ppdypa s (2,). H (z,) xopoxTnpileTon k&Tw @paypévn av To cUvolo Twv dpwv NS elval K&TW
pparypévo, dnAadn av umdpyxel | wote x, > | yia k&Be n € N. KéBe téToros | yapaktnpiletan ké&Tw
ppaypa s (x,). H (x,) xopaktnpileton ppaympévn av eivor dwew Ko K&Tw poyuévn, dnAadn av
uttdpyouv [, u wote | < x,, < u yia k&be n € N.

MoapaTtnpolpe 611, ov o U elvan dvw @pdypa Tns akoloubias (x,), TéTe K&Be u' > u elvan dvw
Ppdypa Tns Kat, av o [ eivan kdTw ppdyua s (x,,), TéTe kdBe ! < [ elvon k&Tw @pdypa TNS.

HMopoadeiypoto. (1) Kéfe otabepn axoloudia (¢) eivon pparypévn.

2) O1 akoloubies (1), (Gab i (2= (=)™ 1) elvan pparypéves apol GAot o1 dpol Tous avfiKouv
oTo didkotnua [—1,1].

1 (1+(—1)"_1)?’L 1 ' 1 I Lo I
(3) H akooubia (T) 1 (1,0,3,0,5,0,7,0, ...) eivan k&Tw pparypévn ocdA& oyt &vw ppory-
pévn. TTpogaves, k&fe | < 0 elvor k&Tw gpdypa Tns akohoubias. Eotw - yiax va kaToAnoupe ot
n—1

wguyla k&fe n € N,

omdTe, dokiudlovTas Tous TepttTous N = 2k — 1, woxvel 2k — 1 < u yix x&be k € N. Apa k < “T'H

&TOTTO - OTL UTTAPYXEL Avw PpAypa U Tns akoloubias auTrs. ToTe

yix k&8e £ € N. AtoTo.

(4) H axohoubia (—1,0,—3,0,—5,0,—7,0, ...), dnAadn n avTifeTtn Tns TponyoUpevns, eivar dvew
Pparypévn oM& Ox1 K&Tw ppoypévn. Av k&molos | fiTav k&Tw gpdypa Tns, dnAadn ov dAot ot dpol
™s fitaw > [, TéTe SMot o1 dpol Tns TponyoUuevns akoloubias fa ftav < —I, owdTe M TTPOMYOUNEVT)
akohouBia Ba fTav dvw eparyuvn.

(5) H axoroubia ((—1)""In) f (1,-2,3,—4,5,—6, ...) Sev eivar dvew ppayuévn oUTe K&Tw Ppay-
uévn. Tlpdypaty, éo0Tw OT1 umdpyel U 1 [ doTe, avtioToixws, (—1)"'n < u yiax k&8s n € N 7
[ < (=1)""'n yia k&8s n € N. KataMjyoups o &romo, SokipdlovTas TepitTous A &ptious n € N,
AVTICTOIXWS.
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Eotw 411 N oxoloubia (x,,) eivar pporypévn, dnAadn &1L utdpyouv [, U woTe
[ <z,<u

yix k&be n € N. Av opicoupe
M = max{u, —(},

T6Te M > u vou —M <[ kou, emopévws, —M < x, < M 1, 100dUvaua,
|z, | < M

yia k&8s n € N. Anhadh, av pia axohoubia (z,) eivon pporypévn, téTe udpyert M oote |z, < M
yia k&fe n € N. loxUel ko To avtioTpogo: av umdpyer M coTe

|z, | < M

yia k&fe n € N, 161¢
—M<z, <M

yia k&e n € N, omdte o M eivan dwew ppdrypa kon o —M eivon k&Tw ppdyua s (2,). Emwouévess:

H axoloubia (x,,) elvon ppayuévn av xai uévo av umépyer M cote |x,| < M yio k&fe n € N.

2.1.2 "Tehik&” 1 "amwd k&moov n € N ko mépa”. T &maipous n € N”.

Ag umroféooupe OT1 KATTOIX CUYKEKPIUYEVT) 1B10TNTX 1oXUEL 1) OX1 QVAAOYX Pe TIS TIYES TTOU Traipvel

o n € N. INa mopdderypc: "o n Sixipel Tov 234" 1 "o 4 Sicupel Tov N N "loxver N2 —n > 8" 7
"loxUel Ty < Tpp1” Y10 KETTOLX GUYKEKPLPEVT akoAouBiar ().

Op1opods. Néue OTL pla CUYKEKPLUEVT 1B10TNTA 10XUEL TEMKE 1), 1000UVapQ, OTl 10KUEl &XTTO K&TTO10V
n € N ka1 mépa ov uttdpyet ng € N wote va 1oyUel n 1816nTa autn) yix k&be n € N, n > ng .

Av o 1 eivar o BeikTng pias cuykekpiuévns akorouBios () kon M 1816TNTA yic TNV oToio wiAdpue
avapépeTan oToUs 6pous s (), TOTe Aéue &1 ) (x,) éxer TeAkd Tnw 1610TNTA QUTA 1), 100UV,
amé kamowov 1 € N kai mwépa. TéToles 1816TNTES elvan yix Tap&detypa on: Tyt < T, Tyl > Lo,
Ty, < U, T, = ¢ KAT. Av pia ot auTés Tis 1810TNTeS 1oyUel TeAikd, Adue 611 1) () elvon, cvTioTolyws,
TeAka @Bivouca, TeAIKAQ yvnoiws auéouoa, TEAIKA Qvaw PPAYUEVT) UE AV PPAyUa Tov U, TEAIKa oTafepn
C KAT.

HMopade iypota. (1) H oxohoudia (1, % V2,-2,—1,—1,—1,—1, ...) eivor TeAik& oTobeph), B16T1
givol oTofepn) aTrd TOV TTEUTITO OPO KOl TrEPAL.

(2) H axoroubia (n? — 14n + 8) efvon TeAik& yvnoiws atfousa. Mpdyuaty, To n? — 14n + 8 =
(n— 7)2 — 41 aubdveton yvnoiws yia n € N pe n > 7 evd, avtiBéTws, o1 apyikoi emTd dpot ¢bivouy
YVNoies.

‘Eotw o 18161nTar ou e€aptdTon omd Tov 1 € N Av umdpyer ng € N wote 1 1816TnTa0 vex
1oxVet yio k&fe n € N, n > ng kan fewprficoupe omorovdnmote ng’ € N, ng’ > ng, 161¢ elvan powepd
611 1 181 1816 T 10)VEl yiax k&fe n € N, n > ny’ .

Twpa, é0Tw duo 1816TNTeS Tou efopTdvTan amd Tov n € N. YmoBéToupe 611 uTdpyouv ng', ny” €
N doTe va 1oxUel 1 TN 1816TTA Yix k&Be 1 € N, n > ny’ kan va 1oxUel n SeUtepn 1810TNT
yia k&fe n € N, n > ny” . Oewpolpe Tov

no = max{ng’,ng"} € N.
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Emaidf) ng > ng’, n mwpotn 18161 1oKUel yix k&be n € N, n > ng. Emions, emadn ng > ng”, n
BeuTepn 1816TNTA 1oXVel yiax k&Be n € N, n > ng. Apa 1oyUouv kai o1 duo, TauTdxpova, 1816TNTES
yiax k&be n € N, n > ng. To oxfua Tou Teptypdyape dlaTuTtveTal ws eENg:

Av uio 1810TnTO 10)UEl TEAIKG Kal pior GAAN 1810TNTa 10xUEl TEAIKX KI QUTT), TOTE 10XUOUY TEAIKA KOl Ol
Suo, TauToxpova, 1ISIOTNTES.

Napdderypa. loxver n? — 3n > 37 yix k&8s n € N, n > —”52”3 7, 10odUvapa, yia k&fe n € N,
n > 8. Ewions, 1oyUet 2;:11 > 2—3 yiax k&be n € N, n > 12 1}, 1008Uvapa, yia k&be n € N, n > 13.

Apa 1oyUer n? — 3n > 37 ka 27?:11 > % yio k&be n € N, n > max{8,13} = 13.

AuT& 10¥U0OUY KOl Yia TPElS 1) TEOOEPIS 1), YEVIKE, TETEPAoUeves 1816TNTES: avTi va Bewpriooupe
Tov péyloTo omd Buo @uoikoUs, Tous Mg ,ng”, Ba Becwphiooupe Tov péyioTo amd Tpels 1) Téooepls
avTioTOLXOUS QUOIKOUS, évav yla K&fe 1810TNTa. Ae YmopoUue, OUwS, Vo ETTEKTEIVOUNE TO TTAPATTAVL
eTIXelpNUa o€ &TrelpES 1810TNTES SIOTI KTEIPOL PUOTKOL UTTOPEL var umv €xouv péyloTol

Opiopds. To vonua Tou OT1 pix 1B16TNTa 1oxUel yia &meipous 1 € N eivan ocagés.

Nopadetypa. loxver (—1)"!1 > 0 yia &meipous n € N, agol 1oxUel yia k&be mepirté n € N.
Opolws, 1oxUel kou 1 avtiBern 1816t (—1)"71 < 0 y1a &mepous n € N, apou 1oyUsl yio ké&Be
4dptio n € N. To mapdderypa autd Seixvel 11 pmwopel piax 1816TNTa vax 1oxUel yia &meipous n € N
oM& va un givar cwoTd OT1 1oyUel amd k&motov 1 € N kou Trépa.

‘Eotw pa 18161nTar Tou e€optdTon amd tov 1 € N. Ag utrofécoupe OT1 1 1816TNTA auTr) 1o Uel
yia &meipous 1 € N kou o5 Bewpfiooupe omorovdAmote kB € N. O1 opifpol n € N, n < k elvan
TETEPACUEVOL, OTTOTE UTtdpXel k&molos 1 € N, n > k yia Tov omolo 1 1816mnTa 1oyUel. Apa yia
k&fe k € N umdpyer n € N, n > k yia tov omoio n 1&816TnTa 10XUel. AvTioTpdpws, €0Tw OTI
yia k&be k € N umdpxer n € N, n > k yia Tov omolo n 1&16tnTa 1oyVel. Av 1 181dTnTa 10) Vel
yia To oAU Tremepoopévous 1 € N, 16Te Becopolpe ws kK € N Tov peyadUtepo ammd auTtoUs Tous
mremepaopévous N € N, omdte dev umdpyer kavévas 1 € N, n > k yia Tov omolo n 1816TnTa 10K Vel
Kol KaTaAnyoupe os &tomo. Apa m 1810TNTa auTh loxuel yix &mepous 1 € N. Amwodeifaue, Aotrodv,
™V &&ns 1coduvapia:

Mia i&i6tnTa 1oxUer yia ameipous 1 € N av kou uovo av yia kébes k € N umdpyer kdmoios n € N,
n > k yia Tov omoio n i&i16TNTA 10)VEL

‘Eotw wia 18161t Tou e§optéTan amd tov n € N. Ag utroféooupe 6T1 1 1816TNTA 10XVl TEAIKY,
SnAadn 611 umdpxel Ny € N woTe 1 1816TNT v 1oxUel yia k&be n € N, n > ng. ToéTte n avtifetn
1316TNTA 1oXUEL To oAU yia k&Totous 1 € N, 1 <n < ng— 1, nAadn yia To TOAU TreTepacuEvous
n € N. Avtiotpdows, ¢oTw 611 1 avTifetn 1816TNTO 10K Vel yix To TOAU TeTrepaopévous n € N. Tote
uttdpxel o € N wote 1 avtifetn 1816TNTA v pn 1)Ul yix kawvévay 1 € N, n > ng kai, emopévws,
n 1816TNTa va 1oyUel yia k&fe n € N, n > ng. Apa éxoupe Ty €8s 100duvauia:

Mia 1&10TnTa 1oxver TEAIKG av Kal povo av 1 avTiBeTn 1810TNTO 10XUEl TO TOAU YIQ TIETTEPACUEVOUS
n € N av ka1 uévo av eivar AdBos 611 n avtifern 1810TNTO 10XUel Yiar &mrepous N € N.

Quoikd, To TeAeuTalo pTTopoUps V& TO SIXTUTTWOOUME KOl w§ &ENs:

Mia i&i6mnTa 1oxUer yia ameipous . € N av kai povo av eivor AdBos 611 1 1816TNTA 10XUel TO TOAU yia
memepaouévous N € N av kai pdvo av eivar AdBos o111 avtifern 1B16TNTO 10)UEl TEAIKS.

AoxnoeLc.

1. O1 €61 mpwTol dpot pias &yvwoTns akoloubias eivar: 1,4,9,16, 25,36. O ¢RSopos eivan: o 49;
o 24; omoloodNToTe ap1Buds;
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(1) Bpeite To oUvolo Twv dpwv Tns aKoAoubias (%’ + (—1)"‘”7_17).
(77) Av m € N, Bpeite To cUvolo Twv dpwv TN aKkoAoubias (n — m[—])

Yrodeiln: OewpNoTe TpwTa TIs TEPITTTWOES M = 1,2, 3.

(1) Av pio akoroubia eivon ai€ouca kan @Bivouca, omodeite 4TI elvon oTabepn).
(77) Amodeifte 6T kdfe alouca akolouBia eivan K&Tw epaypévn kan 6TL K&Be @fivouca
akoloubBia givan dvw pporypév.

. To &bpoioua Suo oxoAoubic () ko (yy,) eivar n oxoroubia (X, + Yy ).

(1) ATrodeifTe 411 To &Bpoioua uo aufouccv 7 Suo PBvouccY arohoubicw eival, avTioTolyws,
aubouoa 1 gpbivouca akoroubia.

(17) ATrodeiéte 6T1 To d&Bfpoiopa Buo dww pparyuévev 7 Buo KETw Ppaypévwy aKkooubic eivay,
QAVTICTOIXWS AV PPAYUEVT) 1) KATW Ppayuevn akoloubia.

TToiés ammd Tis akoAoubiss ((—1)”_171), ((_1)%1), ( 1=8n ) (m) (7;—::)) (2[%]) (n—S[%D

n n24+n+1 n!
elval TEAIKA HOVOTOVES; TEAIKE AVw PPOYHEVES; TEAIKA KATW PPXYMEVES;

ATrodeifTe 0TI, av pla okoAouBia glvan TEAIKE Avw QPOYHEVT) 1) TEAIKE KATW QPAYUEVT), TOTE
elval, avTIoTolXWS, AV PPAYUEVT) 1) KATW PPOYUEVN.

‘EoTw 6T1 To cUvolo Twv dpwv pioas axkooubias (z,) elvan Temepaouévo. ATodeiéTte 611 UTTEPYEL
T WoTE T, = X Yyl &mepous N € N.

Fpappikoi avadpopikoi TUTol SsUTespou Pabuol. Eotw apifuol a,b,p,q, émou o1 p,q dev
givar kon o1 Buo 0. EoTw axolouBia (z,) Trou opileTon omd Tous Suo TPEOTOUS GPoUs TNS Kol
Ao avaSPOUIKO TUTTO WS €ENS:

T =a, xo=2>0 Kol Tpio = PTpy1 +qr, (n €N).

Oa Teprypdipoupe yevikr) péBodo uToAoylouOU TOU 71-00TOU OPOU Ty, .

Mepimreoon 1: p # 0,q = 0. Amodeifte e TV apyh Tns emaywyhs o1l T, = bp" 2 yia k&Be
neN, n>2

Mepimrtowon 2: p = 0,q # 0. Amodeiéte 611 T, = aan_l yia k&fe meprttd N € N ko
Ty = baniz yiox k&fe &ptio n € N.

TMepirtewon 3: p # 0,q # 0. Qewphiote T efiowon 22 = px + q.

(i) Av A = p* +4q > 0, urrdpyouv Suo AUogls, o1 p; = pJE/Z, P2 = Z%K. Bpeite K, A woTe
K+ A=a, kpy + Apy = b. Amodei€te 611 T, = k1"t + Apa" ! (n € N).

(i1) Av A = p? +4q = 0, udpyel wia Abon, | p = L. Bpeite K, A wote k= a, kp+ Ap = b.
Amodeifte 611 2, = kp"t + A(n —1)p" ! (n €N).

(iii) Av A = p?> +4q < 0 (omdte ¢ < 0), umdpyouv duo culuyels uryadikés Aoels, o

p1 = % VoA py = % V=2 Mépte p = 1/—q > 0, omdTe (2%)2—1— (—V;,DA)2 = 1 ko1, eTopévaws,

uTrépxel povadikds 6 € [0,27m) woTe cosl = 35 sint = —V;pA. Suvemrdyeton p; = p(cosf +

isinf), pa = p(cosf — isinB). Amodeifte 611 p? cos(20) = ppcos + q, p?sin(20) = ppsinb.
Bpeite K, A wote k = a, p(kcos@+ Asinf) = b kou amodeifte 611 1, = Kp" L cos((n—1)0) +
Ap"Lsin((n —1)0) (n € N).

YmoAoyioTe Tov n-00Td dpo kabepids amd Tis Téooepls akoloubies TTou opilovTal pe TPWTOUS
dpous T = To = 1 Kal ye TOUS QVABPOWKOUS TUTIOUS Tpio = 3Ty, Tpia = Tpil + Ty,
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Tpto = 2Tp41— T, Tpao = Tpy1 — Ty . H 8eUTepn akoloubia ovopdleTar akoloufia Fibonnaci
Kol ol gpT& apyikol opor Tns eivar o1 1,1,2,3,5,8,13.

9. Tlolol cpyikoi 6pol - kau pe Ti TreplopiopoUs - xpeiklovTal yix va opioBel n akoloubia ()
Me TOV avadpopikd TUTO Tpi1 = T1 + -+ + o, (n € N); 18 i epdTnon yiax Tov avadpopikd

TUTIO Ty = % (n € N).

2.2 'Opiax akoloubicwv.

Opiopds. Aépe 611 ) akoouBia (T,) ouykAiver oTov apiBuéd = 7 611 n (x,) Teiver oTov = 7 6T O
T eivar To ép1o Tns (T,) av yix k&be € > 0 umdpyet ng € N wote va 10xUel

|z, — 2| <e

yia k&fe n € N, n > ng. Tho ouvorrtiké: 1 () ouykAivel oTov & av yix k&be € > 0 10yUel Tehk&
|z, — 2| <e.
To 611 n (x,) ouykMivel oTov = To cupPoAilouue

Ty — T 0 limx, =2 0l anoo T, = .

Av n (x,) 8¢ ouykAivel ot kavévay opiBud, Adue 611 1 (x,) arrokAiver.

MTropoUpe va ekppdooupe T TrpomyoUpeva AéyovTas Tio ofAd: m oakolouBia (z,) cuykAiver
OTOV T aV 1 aTTOCTOCT] TOU 1-00TOU OPOU Ly OO Tov & elval TeEAIKA UikpOTepn omd Kabe BeTikod
ap1Bps. 'H oAiws: n akoroubia (x,) cuykAivel oTov T av o n-ooTds dpos T, TANc1&lel amepidpIoT
Tov & OTaw o M YyiveTal KATAAANAQ pey&AosS.

Lyoxto. lNa va omodeifoupe 611 T, — T, Bewpoupe évav TuydvTa € > 0 ki TpooTabolue va
atrodeifoups TNV Utrapén evos ng € N - o omroios e€apTdTan amd Tov € - TéTolou woTe "amo n € N,
n > ng va owendyeron (=) |z, — x| < " 1, 100dUvapa, woTe "va 1oxUel |T, — x| < € apkel (<)
va 1oxver n € N, n > ng". Aeite: 10 Noyikd oxnua

(meN,n>ny) = J|z,—x[<¢

elval TauTdOMUO pE TO
|z, —x| <e <« (neN,n>ny).

Nopodeiypota. (1) H axoloubia (+) cuykhiver otov 0. AnAadh = — 0.

Mp&ypoaty, éotw € > 0. Oa amodeifoupe 6T1 uTdpxel Ny € N woTe va 1oyUel \% — 0] < € y1o kdbe
neN n>ng. NaneN, woxte |2 —0] <e opkel va 1ox0er = < £ opkel va 1ox0er 1 > 1. Me
oUupoAa:

1-0l<e <« <e <« n>1.

o= 3=

To Gewpnua 1.1 Acer 611 umdpyer ng € N, ng > = . Tpogavs, n ovicdTnTar N > % 1oYUEL OX1 pOvo
yix Tov g oAA& kau yiax k&fe n € N, n > ng. Apa urdpyer ng € N wote yix k&be n € N, n > ny
Vo 1oxUel > é KOl, ETTOPEVWS, |% — O] < €. Mg oUppola:

meN,n>n) = n>1 = 1< = |L-0<e

MTropoUpe - av kot dev elvon uTroXpewTiKd - va Ppolpe ouykekpiuévo ng € N.
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Appa 2.1. Av a >0, o ng = [a] + 1 elvon 0 erdyioros n € N, n > a. Av a <0, o ng =1 etvon o
eAaxioros n € N, n > a.

Amobeién. Tlpogavns. ]

Ma Tapd&derypa: o ehdxiotos n € N, n > —3 elvan o 1, o eAdyiotos n € N, n > % glvor 0 3 = [%] +1
ko1 o eAdyioTos n € N, n > 2 eivar kou méh 0 3 =2+ 1 = [2] + 1.
MMow oTo Tap&derypd pas. O

no=[2]+1
eivar o eddyiotos n € N, n > 1. Apa, pe autév Tov ng € N, 1oyter [£ — 0| < € yiax k& n € N,
n>ng.

(2) H oTafepny axoroubia (¢) ouykhivel otov ¢. Anhadn
c— c.

Eotw € > 0. Oa omodeifoupe dT1 umdpxer ng € N doTe va 1oylel ¢ — ¢| < € yix k&8s n € N,
n > ng. loyte |c — | < & apkel va 1oxUer 0 < €. Tpogavas, n 0 < € 1oxUel yio k&be n € N. Apa
uTrpXel o ouykekpiuévos ng = 1 € N cote va 1oyUel [¢ — ¢ < & yiax k&fe n € N, n > ny.

(3) H axotoubia ((—1)"71) 8¢ ouykAivel oe kavévay apiBud, SnAadh amrokAivel.

EoTw - yia va katodhfoups ot &tomo - 611 i ((—1)"7!) cuykhiver oe k&molov . TéTe yio kébe
e > 0 umdpyet ng € N cwote va 1oxvel |[(—1)"! — 2| < € yix x&8e n € N, n > ng. ‘Opos,
4Tolos K1 av glval o ng, umdpyouv dptiol kai mepitTol 1 € N, n > ng. Amd Tous dptious n € N,
n > ng ouvemwdyeton | — 1 — x| < € xou omd Tous TepiTToUs m € N, n > ng ouvemdyeTton
1 —x| <e. Amd 1o | — 1 — 2| < & cuvemdyeton ¢ € (—1 —e,—1+4¢€) xou amd 1o [l — 2| < ¢
ouvetdyetan = € (1 —¢,1+¢). Apa, yia k&b € > 0, o & TpéTrel va awriKel Kou 0T dUo Bl THPATA
(—1—e,—14¢) kan (1—¢,1+¢). Av, dpws, eivan 0 < & < 1, 16T Tax BraoTpoTa QUTS lvan Eéva,
OTOTE KATAANYOUUE OE ATOTIO.

Opiopds. Népe 611 1 okorouBia (z,) amokliver oTo +00 71 6Tt N (2,) Teiver oTo 400 1) 6T1 To
+00 giver To dpro Tns (7,) av yix k&Be M > 0 umdpyer ng € N doTe va 10xUel

Ty > M

yio k&8e n € N, n > ng. Tho ouvontiké: n (2,) omwokAivel oTo +00 av yix k&e M > 0 1oyva
TeMKS X, > M.
To 611 1 (xn) atokAivel oo 400 To oupPoAiloupe

X, — +00 1 limx, = 400 1 lim z, = +00.
n—-+o0o

Emrions, Aédue 611 n akoloubia (,) amrokAiver oto —00 1) 411 N (T,) Telver oTo —00 1) 6T1 To —00
givar To opio Tns (T,) av yiax k&fe M > 0 umdpyer ng € N dote va 1oyUet

T, < —M

yia k&be n € N, n > ng. Tho ouvomrtikd: n (z,) amoxAiver oTo —00 av yix k&Be M > 0 1oxva
TENKE X, < —M.
To 611 1 (2,) amokAivel oTo —00 To cupRoAifoupe

T, — —00 1N limz, = —00 | lim z, = —00.
n—-+oo
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MTropouue va ypnolpotolficoupe kai dAAes ekppdoets: M akoloubia (,) amokAivel oTo +00 av
0 n-0oTds 6pos T, eivon Tehikk BefldTepa ke BeTikoU apifuoy. Emrions: n akoloubia (x,,) omrorAiver
0TO +00 AV 0 N-00TOS OPOS Ty, TANCIALEL ATEPIOPIOTA TO +0OO OTAV O N YiveTal KATAAANAX pey&AOS.
Avdhoyes ekQPAOELs UTTAPXOUY Yla TNV AOKAIOT) 6TOo —OQ.

Aeite Tis aoknoels 6, 7 kal 8 yla 1000UVOUES DIATUTIWOELS TWV OPICUWY TwV oplwy Kabws Kal
Yo SIATUTIOELS TWV CPYTOEWY TwY opicwv.

Nopadeiyuoto. (1) H oxoloubia (n) omokhivel oto +00. AnAadh) 1 — +00.

‘Eotw M > 0. Oa amodeifoupe 611 utdpyer ng € N wote va 1oyver 1 > M yia ke n € N,
n > ng. ZUugwva pe To Oswpnua 1.1, utdpxet ng € N, ng > M. Tlpopavas, n avicétTnTa n > M
1oYUeL OX1 pOVo yia Tov 1y aAA& ko yia k&be n € N, n > ny.

MTropouUpe - xwpis va gival UTTOXPEWTIKO - va Bewpmnoouue ToV oUyKeKPIUEVO

7’L0=[M]+1€N

KOL, ME QUTOV TOV Mg, loxvel n > M yix k&be n € N, n > ng .

(2) H axoloubia (1/n) amokAiver oto +00. Anhadn /1 — +00.

Eotw M > 0. Oa Solpe 611 umdpxer np € N woTte va 1oxUel \/n > M yio k&8e n € N, n > ng.
Eweidn M > 0, 1oxUe1 /1 > M opkel va 1oxtet n > M?. Me oUuPola:

vn>M <« n>M?.

Mvwpiloupe oT1 udpxer ng € N cwote ng > M? ko, TOTE, yix k&be n € N, n > ng woyler n > M?
Kal, emouéveds, /1 > M. Me oUuPola:

meNn>ny) = n>M = n>M.

(3) Me Tov 810 TpdTO, SNAadH peAeTOVTAs Tis avicdTnTes —n < —M ko —y/n < —M, BAémroupe
&1 —n — —00 Ko —y/n — —00.

(4) H axoroudia ((—1)""In) 7 (1,-2,3,—4,5,—6, ...) 8ev amorhivel oTa F-00.

‘Eotw - y1a va katodfi§oupe o &toto - 4Tl 1 okolouBia atrokAivel oTo +00. TéTe yia k&be M > 0
uttdpyet Ny € N wote va 1oxUer (—1)" " 'n > M yia k&8s n € N, n > ng. ‘Omolos k1 av eivar o
ng, umdpyouv &ptiol kou mepitTol N € N, 1 > ng . Amd Tous &ptious n € N, n > ng ouvemdystan
—n > M xa1 améd Tous mepittous 1 € N, n > ng ouverrdyeton n > M. ‘Ouws, To —n > M eivan,
TPOPAVES, ABUVATO, OTIOTE KATAATYOUUE 0 &XTOTO.

Ouoiws, To 0TI N akoloubia atrokAivel cTo —00 odnyel oe &ToTO.

Ag Boupeg, TQPQ, UEPIKA Alyo TrIO YEVIKA KOl OTUAVTIKA TTOPadElyUaTa.
Nupodeiypora. (1) Mevikeuon Tns axooudios (). O omrodeifoupe o1

1
— =0 > 0).
- (a>0)

Eotw € > 0. Oa Ppolue ng € N coTe va 10yUeL ]n—la —0| <e yiax&e n € N, n>ng. Nan €N,
1oXUEL |# — 0] < € apkel va 10xUEL # < € apkel va 1oxvel Nt > % opkel va oxvel N> (%)%
Mvwpiloupe 611 uTtdpyel Ny € N cwoTte ng > (%)% Kal, TOTe, yix k&fe n € N, n > ng woxver n > (%)
KO, ETTOMEVAS, |n_1a -0 <e.

Q=

(2) Tevikeuon Twv akohoubicov (n) kou (y/n). Oa amodeifoupe dT1
n® — +oo (a>0).
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Eotw M > 0. Nan € N, woxte1 n* > M opkel va ioxter n > Ma . Mveopiloupe OT1 utdpyer Ny € N
WoTE Ng > M% omdTE yia k&fe n € N, n > ng 1oxver n > M ka1, eTopévws, n® > M.
(3) Oa amodeifoupe OT1

log, n — +00 (a>1).

Eotw M > 0. Na n € N, 1woyber log,n > M opkel va 1ox0er n > a™ . Tvepiloupe éT1 uTdpyel
no € N wote ng > aM |, omwdre yix k&8s n € N, n > ng woyler n > aM kan, eTopéves, log, n > M.
(4) TewpeTpikf Tpdodos. Oewpolpe Ty akoloubia (a,a®,a®,a*, ...), dnAadh v (a™). H ako-
Aoubia auTr) gival yvwoTn amd To AUKEIO: EIVal T) YEWMETPIKT Trpoodos e Adyo a.

Av a = 1, wpoxumTer N oTabepn axolouBia (1) m omoia ouykAiver otov 1. Emions, av a = 0,
TpokUTTEL T oTaBept| akorouia (0) m omoia cuykAiver oTov 0.

Av a < —1, o1 dpor s (a") etvar a < —1, a>>1 a>< -1 a*>1,.... Ox omwodeifoupe 611
n (a™) Bev éxer xovéva bpro. Kat' opxds, éotw 611 n (a™) ouykMiver oe k&molov x. TéTe yiox kébe
e > 0 umdpxer ng € N wote va 1oxer [0 — x| < 1 yix x&8e n € N, n > ngy. Suvemdyeton
x>a"—12>0 yra k&fe dprio n € N, n > ng kv £ < a” +1 < 0 yix k&be meprrd n € N,
n>mng. Apa £ > 0 kau z < 0, To omolo elvon &Toto. Katdmiv, éotw 611 M (a") aTTOKAIVEL OTO
+00. Tote yia k&Be M > 0 umdpyer ng € N wote va 1woxter a” > M yia x&Be n € N, n > ny.
AuTé eivar oduvato yia meprtTous n € N, n > ng. Ouolws, n (a”) Sev amoxAiver oTo —00.

Av 0 < |a| < 1, Ba Bovpe 611 n (a”) ouyxAiver otov 0. Eotw € > 0. Tdte, 10xva |a” — 0] < € opkel
va 1oyvel |a|™ < € opxel va 1oxvar no> Iogla‘ . Mvwpiloupe 611 uttdpyer ng € N wote ng > log‘a| €
Kal, TOTe, yia k&fe n € N, n > ng 1oxver n > log), € xau, emTopEvas, la" — 0] < e.

Av a > 1, 8o amodeifoupe 11 N akolouBia amokAivel oto +00. 'Eotew M > 0. ToTe, 10%0e1 @™ > M
opkel va 1oxUel 1 > log, M. Mvwpiloupe 611 udpyel g € N cwote ng > log, M «ai, T6Te, yiox ké&be
n €N, n > ng woxber n > log, M ko, emopévws, a” > M.

Apa
— +o00, av a>1
o — 1, av a=1
— 0, av —1<a<l1

dev €xel oplo, av a < —1

Oa doups oty evéTnTa 2.4 Ko oTnY doknon 7 TNs evotnTas 2.5 ki dAes ammodeifels pepikoov
amd TA OPIX TNS YEWHUETPIKNS TPOODSOU.

LxOrLo. e Tpia ammd Ta TTPOMYOUNEVD TTAPODElYUOTA XPEIXCTNKE v ATTOdeifoupe OTL KATTOIX KO-
Aoublia dev €xel oplo. Oa yvwpiocoupe Alyo apyoTepa duo TpodTous - Paciopévous oTis TpoTdoels
2.3(3) ko 2.23 - yix va amodelkvUoupe OTL WX OUYKEKPLuEVT akoloubBia Bev éxel dplo, Taparu-
TTOVTAS TOUS OPlopoUs TwV oplwv.

Inueiwon. XpnolyotoloUpe Tn Aéén “6p1o” ko1 T oUpPora —, lim, lim,_ 1o o€ OAes TIS TrEPL-
TTWoels Tou T akolouBia €xel dplo, eite ocuykAiver oe oapiBud eite amokAivel oe éva amd Ta F£00.
XpnolyomoloUpye To pMua "cuykAivel” éTov To oplo eivarl opibuds kol To prua “"atmokAivel” os k&be
&AAn TepiTTwon, dNAadT) éTav To Oplo dev umdpxel 1) elvan fva amd Ta 00, ‘OTav ypdgoupe
My 400 Tn, XOPIs &AAN emiofuavon, evvooupe OTL To Oplo eival oToiyelo Tou R. 'Otav, buws,
YP&Poupe limy_ytoo Ty, = T () &GAAO yp&uua), evvooUpe OTL To limy, oo Ty €lvor o opiBuds T, eKTOS
av yp&woupe limy 00 Ty = € R N K&TL avdAoyo.

AoxnoeLc.

n2

. B&oel TopodelyudTwy Tng evoTNTAs QUTTS PPeiTe, ov UTT&pYouy, T Opla: limn_>+oo\/—ﬁ,

. (=nmsn . . (—1)n22n
llmn_H_OO —3on |lmn_>+oo [093 n, llmn—)—‘roo —
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A

e

; . . (z+1)2"
[Mo Troles Tipes Tou T uTTapyeEl TO limy 400 ;

et
' ' ' ' . 1 3n+1 3 1
. XpNOIUOTIOIVTAS TOUS OPLoMOUS, oTrodeifTe Ta Oplat: i 0, 22+5 — 5., Tnts — 0,
2 n —n 3+logy 1 1
n® — T — +oo, 2" + 27" — 400, TH3log,n 3
(1) ATodeifte 61 % — 0, 6m % > 0 yix k&8s n € N kou 611 1 akolouBia (—3+(2;1) )

dev eivar gbivouoa.

B=(=D" " "n

2 (=)

(17) Amrodeifte o1 — +00 ka1 6Tl N akoAoubia Sev eivan avgouoa.
(i) Eotw x, — x. Na kébe € > 0 ¢oTw no(€) o eAdyioTos ng € N woTe va 1oyler |2, —x| < €
yio k&fe n € N, n > ng. Amodeiéte 611, av 0 < &’ < g, TéTE Mp(£") > Mg (2).

(17) 'Eotw x, — +00. MNa k&fe M > 0 éotw ng(M) o eddyioros ng € N coTe va 10x0e

Ty > M yia k&8s n € N, n > ng. Amodeitte 611, ov M’ > M > 0, 161 no(M') > no(M).

. ATrodeifTe TIS "apvnosls” Twv opiwy:
(1) H axoroubia (x,) 8 ouykMivel oTov & av kar pévo av umdpyel &9 > 0 woTe va 10xUel
|z, — x| > &g yra &meapous n € N.
(i7) H oxoroubia (z,) Sev amorAivel oTo 400 av kan pévo av umdpyet My > 0 doTe va
woyvel T, < My yix &mepous n € N,
(14) H oxoroubia (x,,) Sev ormokAivel oTo —00 av kou pdvo av utdpyer My > 0 woTe va
1oyVel T, > —Mjy yra &reipous n € N.

. ATrodeifTe Tous TOPAKATW 100dUVPOUS OplopoUs TwV opiwv.
(i) Av g > 0, T6Te T,y — & av kaa wdvo av yia k&fe £, 0 < € < g 1oxUel Tehkd |z, — x| < €.
(73) Av My > 0, T67¢ T, — +00 av ko1 pévo av yiax k&Be M > My 1oyl Tehikd x, > M.
(1i) Eivon x,, — 400 ow xo1 pdvo av yia k&be M - ywpls kovéva Teplopiopd - 1oxUel TeNK&
T, > M.

. EoTw @ xo1 oxohoubia ().

(i) Tpopawas, av yia k&mowov € > 0 1oxVel TEAKS |x, — | < €, TéTe yia Tov 1810 € 10YUsl
TEANKS |2, — x| < £. To avtioTpogo Sev oAnbever. TToapdderype: =, = (—1)" 1, 2 =0, e = 1.
ATrodei§Te Tov M5 1008Uvapo oplopd oplou: T, — T av Kal pyovo av yix k&fe € > 0 1oxUel
TeNKS |z, — x| < €.

(17) Tlpopaweds, av yia kdmoiov M > 0 1oylel Tehik& x, > M, 16Te Yo Tov iS10 M 1ox0e
TeEMK& T, > M. To avtioTpogo Bev oAnfeler. Toapdderypa: x, = 1, M = 1. Amodeifte Tov
gffs 1008Uvauo oplopd opiou: T, — +00 av kai pévo av yiax k&Be M > 0 1oyler TeAk&
T, > M.

. 'EoTw 6Tt y1a Tnv akoloubia (x,,) kan Tov = 1oxUel 671 udpxel Ng € N oTe y1o kébe € > 0
va oyvel T, — x| < € yix kdfe n € N, n > ng. Ti ocupmepaiveTe yia Tnv axolouBio; No
AQVTITTAPAPAAETE Ye TOV OPlOUO TOU Xy — .

. 'EoTtw 611 To olvolo Twv dpwv Tns akoroubias (x,) eivor Temepoouévo. Amodeiéte 611, av
Tn, — T, T6Te N (X,) elvon Tehik& oTabepn kon &T1 0 T elvon €vas ommd Tous dpous TTs.
Ymodeién: Eotw A To ouvolo Tov dpwv s (z,) kot éotw d > 0 n eddyiotn amdoTaon
avépeca ot duo omoladnToTe oTotxeia Tou A. Ymépyer ng € N wote |z, — x| < g yia kabe
n €N, n>ng. Tote yia k&e n € N, n > ng elvoa |2, — T, | < |2n—2|+|2p,—2| < 44 =d.
SUVETTAYETAL Ty = Ty, YI& K&Be 1 € N, n > ng.
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I'l. Eotw akoroubia (z,) wote x, € Z y1o xk&fe n € N. Av x,, — x, amodeifts 611 n (T,,) eivon
TeMik& oTafepn) Kaa 6T1 X € Z.
Ymodeiln: Agite v umddegn Tns &oknons 10: n eA&yioTn améCTAOT AvdUECT OF dUO OTTOIX-
dNmoTe oToixela Tou Z eivan iom pe 1.

2.3 Tleproyxés.

Oa favadiaTuTooupe Tous oplopous Tou opiou axkolouBias ue SiapopeTikd TPOTTO, CPoU El0A-
Y&YOUHE HEPIKOUS VEOUS OPOUS.

Opiopds. ‘Eotw € > 0. To didotnua (z — €, + €) ovopdleTon £-Treproxm Tou T Kol cuuBoAileTon
N.(e)=(x—e,x+¢).

Av B¢ Béloupe va aVOPEPOUPE TOV CUYKEKPIUEVO €, XPNOLMOTIOIOUUE TOV OPO TreploxXy TOU T Kol
To oUpPoro N, . Mo mopdderypo, dtov Adue "umdpyel k&mowa meptoxt) NV, Tou T woTe va 1o)Uel
" gvvooUpe "utrdpyel k&molos € > 0 oTe yia Tnv Treploxn N, (€) Tou T va 1oUet ... " ko1 dTaw
Adue “yiax k&Be Teploxh) N, Tou z 1oxUet ..." evwoolpe “yia k&Be € > 0, yia v meproxny N, (g)

"

TOU T 10¥UVEL ... "

Opiopds. Eotw € > 0. To (%, +00] ovopdleTon e-Treproxn Tou 400 Kol To [—00, —%) ovop&leTal
g-Treproxn Tou —OO. ZupPoAiloupe

Niso(e) = (£, 400], N_(e) = [ — 00, —1).

£

Av Bev avo@époupe TOV CUYKEKPIMEVO £, XPNOLUOTIOIOUPE TOUS OPOUS TTEPIOXT) Tou —£0O0 Kal T
avtioTorxa oUpPora Ny . Méow Twv avtioTpopwy TUTwy M = % €= % Ta SaoThuata (M, +o0]
(M > 0) eivon ot au@ipuovocTiuawTn avTioTolia pe T (%, +0o0] (€ > 0) ko1 Tax [—00, —M) (M > 0)
glval o op@IMOVOCTUOVTN avTioTolyia pe To [—00, —%) (e >0).

Efvan onpovTikd va KaTavofooupe 6Tl STaw ukpadivel o € Kol To & € R péver aueTGPANTO, TOTE N
avtioToyn mepoxf) N, (€) pikpodver. Asite Tnv doknon 1. O £ amoTedel To "uétpo” TNs eyyUTnTOS
oTo T Twv oToielwv Tng meproxhs NV, (€). ‘Oco o pikpds givar o € Téoo Tio KovTd oTO T elvan
T oToiyela s IV, (€).

TMopatnpnoTe 611 1 ouvBhKn

|z, — x| <e

OTOV OPIOUO TOU Ty —> T YPAPETAL, 100SUVAUQ,
r—e<xT,<xT+c¢€

1), 100dUvaua,
T, € (r—e,x+¢)

1N, 10oduvapa,

x, € Ny(e).

Opoiws, ot
T, > M, Ty < —M

TTOU AVOPEPOVTAL OTOUS OpIoUoUs TwV Ty — £00 ypdeovTtal, 100dUvaud,

z, € (M, +00], T, € [—00, —M)

37



1), 10oduvaua,
Tn € Nioole), T, € N_(€),

, _ 1
OTI'OUS—M.

MTropoUye, Twpo, va DIATUTIWOOUYE KAl TOUS TPEIS OplopoUs oplwy ws évav oplopd, ws Ens.

Opiopds. Eotw = € R. Téte 2, — T ow yio k&Be € > 0 umdpyxet ng € N cote va 1oylel
T, € Ni(¢) yia x&8e n € N, n > ng 1), 10080vopa, av yiax k&be £ > 0 1oxler Tehik& x, € N, (g).
Axdun o CUVOTITIK: T, — T v yla k&Be meploxn N, Tou T 1oxUsl TEAK& Ty, € N, .

Eivar kaAd va yvowpiloupe OTL pye TNy €vvolx Tns TEPIOXNS UTTOPOUHE VX EVOTIOIT|OOUPE TOUS
TpEls oplopoUs opiwy ot evav. Ay, 0 HIX CUYKEKPIUEVT] KATAOTOOT), 1| QUOT TwV ETIXEIPNUATWY Bev
oTronTel vor Slokpivouus TrEPITTTWOELS ws TTPOS TO av £vax Oplo eival apiBuds 7 éva ord Taw 00, TOTE
Ba xpnolpoTroloUpe Tis Treployes. K&mws o onuavTikd poAo fa maifouv or Teploxés oTo eTTOUEVO
KEQAAQLO OE OYEOT) UE TA OPIX CUVOPTNOEWY, OTTOU Ol TEPLTITWOELS opiwy eival TTOAU TTePlOCOTEPES.

AoxnoeLc.

I. Eotw x € R.
(1) Atrodeiéte 611, av 0 < g7 < &9, T6TE N,(£1) C No(e9).
(17) ATodeifTe 4Tt Y1 k&Be € > 0 umdpyer 1 € N coTe Nx(%) C N,(e).

2. Eotw = € R.
(1) ATrodeifte o1 ﬂ5>0 N.(g) = {z} N, pe &\ Ady1a, To povadikd oTolyelo TTou avnkel of

OAes TIS TrEPlOXES TOU X €ivan To idlo To .

(i1) Amodeicre o1 ()25 N, (%) = {z}.

3. Eotw 7,y € R, 2 # y. Amodeifte 6T utdpyel € > 0 dote N,(¢) N Ny(g) = 0.

2.4 1616TNTES OXETIKES ME Oprax akoAoubhwv.

MpéTaon 2.1. Eotw 611 o1 axodoublies (x,,), (Yn) TauTifovtar amd rdmroious Spous Tous kou Tépa. Av
N Mo akoAoubia €xel KATToI0 OplO, TOTE KAl 1) AAAn €xel To idlo dplo.

Amédeién. To éti ot (x,,), (Yn) TauTilovTan amd k&molous dpous Tous Kol Trépa onpaivel OT1 UTT&PXOUV
ko, mg € N woTe
xk’o = y’mo ) xk’o-‘rl = ym0+1 ) xk’o-‘rQ = ym0+2 g e ee e

YtoféToupe 611 T,, = a € R ko1 fo amodsioupe OT1 Y, — a.
Eotw € > 0. TéTe umdpyer ng € N wote va 1oxUer T, € N,(€) yix k&be n € N, n > ng. Oewpolpe
Tov

n0/ = max{no, ]{30} e N,

omdTe Ny’ > ng kaa ng' > ko, Emadn ng > ng, woyxte x, € Ny(e) yrx k&b n € N, n > ng'.
OtswpoUpe TOV aKEPALO
" /
g = Ny —I—mo—k’o.

Emeidh) ng’ > ko, eivon ng” € N. Téte yia k&fe n € N, n > ng” 1ox0e1 n > my, omdte
/
Yn = Tn—mo+ko » n—mqg—+ kO > ng .

Apa yia k&8e n € N, n > ny” woxver y, € Ny(€). Apax y,, — a. O
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Nopadeiypotoa. (1) Aeite Tis akoloubies (1,%,%,1—1,%,%, ) (—2,5,}1,%,%, .

ykAivel otov 0. H 8eUtepn TauTileTar, amd Tov TpiTo Opo TNng Kol TEPA, Pe TNV TPWTN, XTO TOV

.). H mpin ou-

TETAPTO OpO TNS KAl TEPQ, OTdTE Kl auTh ouyKAivel otov 0.

(2) Eotw 611 m akoloubia () éxer dpro. H (z,) ypdoeton (z1,x2,Z3, ...). TéTe n axoloubi
(2, T3, 24, ... ), INAG®N N (Ty41), éxer To 1810 bpio pe TV (2,). To 1810 10xUel yio TNV akoloubia
(3, T4, x5, ... ), INAGON TNV (Tpy2). evikdTepa, av m € N,

xn%xeﬁ av Kol yovo av xn+m—>x€@.

Mo Topdderypa: n+r3 — 0 kot logy(n + 8) — +o0.

‘O)es o1 TpoTdoels auThs TNs evdTnTos eivarl yprotpes. Opws, ol amAgs TlpoTtdoels 2.2 kar 2.3
elval TTOAU OTMUAVTIKES yla TNV KXTAVONOT TS €WVolas TOU opiou.

H TlpdTtaon 2.2 Aéel &T1 av To Oplo pias akoloubias ikavotolel pia yviola (amAn) avicdTnTo,
TOTE Kol Ol 6pol TNs akoAoubiag 1kavoTolouy TEAIK& TNy 181 yvholx avicoTnTa.

MpéTaon 2.2. Eotw T, — ¢ € R.

(1) Av & > u, 10TE 10)UEl TEAIKE Ty > U.

(2) Av x < I, 161¢ 10(Uel TEAIKS Ty < .

(3) Av u < & < [, T6Te 10)Uel TEAKSE U < Ty < L.

Amdébeién. (1) Eotw z, — T ka1 & > u. Emwadn x —u > 0, 1oyver TeAik&
|z, — 2| <z —u

Kal, ETTOUEVWS, 10YUEL TEAIKA
Tp>2— (T —u)=u.

‘Eotw 7, = +00. Oswpolpe ¢vav M > 0 wote M > u. TodTe 10xUel TeENK& X, > M Ko, emmopévos,
1oXUEL TEAIKE Ty, > U.

(2) Opoiws.

(3) loyler TeMk& T, > u ko1 1oyUel TENKSE Ty, < [. Apa 1oxUel TEAKE T, > U Kat Ty, < . ]

H Tlpdtaon 2.3 Aéel 6T1 av &melpol 6pol plas akoAouBias ikavotolouy pia pn-yvnola (atrAn)
AVIoOTNTY, TOTE KAl TO OP1O - AV UTTAPXEL - TNs akoAouBiag 1kavoTolel TNy 181 un-yvhola avicoTnTa.
Emions, n TlpéTtaon 2.3 Trepiéxel éva XPMOIMo KPITHPIO UN-UTTopEns oplou: av duo CUYKEKPIYEVOL
ap1fpoi ywpilouv k&molous &Trelpous Opous plas akoAoubias ammd k&Tolous GAAOUS KTTEIPOUS OPOUS
s 1815 akoloubias, ToTe 1 akoAouBiar dev €xer Opro. TTapeuTITTOVTWS, KAl TO AVTIoTPOPO QUTOU
Tou Kpitnplou gival cwoTo. [Na duo amodeiels Tou avTioTpogou deite TNy doknomn 14 Tns evdTnTas
2.7 ko1 Ty &oknon |2 1ng svotnTas 2.9.

Tpétaon 2.3. (1) Av woxver x, > | yia dmeipous n € N kou z, — v € R, 167 7 > [

(2) Av ioxver x, < u yia amepous n € N kou z, — v € R, 1é1e © < w.

(3) Av u < I kon 1oxUet T, < u yiox dmepous n € N kou x, > | yia dmeipous n € N, 161e n (2,) Sev
ExEl OplO.

Amodeén. (1) Av ftav = < [, 8a loyxue Tehk& z, < [, omdte Ba ioyue T, > | yia To TOAU
TeTrepoopévous n € N.

(2) Opoiws.

(3) Av n (z,) eixe dpio, To dplo autd Ba HTaw < u koa > I, omdTe | < w. 0
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Nopadeiypata. (1) Av 2, = € R ko1 1oyVe z, € [I,u] yia &mepous n € N, t61e 7 € [, u).
(2) Av a < —1, 16Te 1 yewpeTpikn Tpdodos (a™) Bev éxel 6plo, apol 1oylet a” > 1 yia Tous &pTious
n € N ko a" < —1 yia Tous mepittous n € N.

"ln > 1 yio k&8s meprttéd 1 € N kan

(3) H axooubia ((—1)"7'n) 8ev éxer pio, oot 1oyvel (—1)
—1)"n < —1 yia k&8s &ptio n € N.

( Y

(4) H axodoudia (n — 3[%]) Sev éxer dpio, apou 1oxver n — 3[%] = 0 yia n = 3k (k € N) kau

n—3[5]=1ywan=3k+1(keN).
H TpoToaon 2.4 ekppdlel TN povadikéTnTa TOou opiou.
TMpéTaon 2.4. Kauid axkolouliar Sev exer Suo SiapopeTikd dpia.

Amodeién. 'Eotw 611 n akoloubia (z,) éxer Suo SiagopeTikd dpia. Oewpolpe oolovdhToTe @ yynoiws
avapeoa oTa duo auTd opila. Ad Ty TlpdTaon 2.2, woxUel TeEAIK& T, > @ Kal, €Trions, 1oXUel TEAIKA
Ty < a. Apa 1oxUel TEAIKE Ty, > @ KOl T, < G. ATOTrO. ]

H TlpoTaon 2.5 eivan, ouctlaoTika, pia TapoAAayn tns TTpdTaons 2.3. Aéer 611 av &Telpol 6pot
duo akoAouBidy IKaVOTTOIoUY P UN-YVNolx peTalU Tous avicOTNTa, TOTE KOl TX Opl& TOUuS - Qv
UTTGPXOUV - IKAVOTIolouV TNv idiax pn-yvnola avicodTnTa.

TMpétaon 2.5. Av woyve x,, <y, yix amepous n € N keu x,, = € R, U —> Y € R, té1e & < Y.

Amodeién. 'Eotw x > y. Oswpolpe a woTe T > a > Y. ToTe 1o Vel TENKE T, > @ KOl 10KUEL TENKK
a > Y, . Emopévws, 1oxvel TENIK& T, > a Kol @ > Y, . Apa 1oxUel TENIK& Ty, > Yy KOL, ETTOPEVWS,
loxVel T, < Y, Yl To oAU memepaopévous n € N. AtoTro. O
Mopdde L ypo. loxver —% < % yia k&fe n € N ko —% — 0, % — 0.

To mopdderypa autd Beixver 6T, av oxvel T, < Y, yix &mepous N € N ke z, — = € R,
Yn — Y € R, TéTe 8¢ ouvemdyeton ¢ < Y. Amd To OTL oxlel T, < Y, Yyl &mepous 1 € N
ouveTtdyeTan 6T 1oXUEL Ty < Yy, yia &relpous n € N, omwdte < ).

O1 TpoTdoeis 2.6 ka1 2.7 gival oAU Xpnolpes yix TN amodelfn UTapéns aAA& Kol TOV UTTOAOYIoUO
Tou opiou pias akoAoubias: 1 peBodos cuvicTaTal oTNY KAaTAAANAN cUykplon Tns akoAoubias pe GAAes
akoloublies Twv oToiwy yvwpiloupye Ta Opla.

TMpéTaon 2.6. ‘Eotw OT1 1oxUel TEAKS Ty < Yy, -
(1) Av x,, — 400, 10T Y — +00.
(2) Av y, — —00, TOTE T) —> —O0.

Amodeén. (1) Eotw M > 0. Toéte 1oxUer Tehik& x, > M ko, emeidn oxlel TeAK& Y, > Ty,
ouveTdyeTan OTL 1oXUel TEAKK X, > M ko Y, > T, . Apa 1oxUel TEANKE Y, > M ko, emopgvws,
Yp — +00.

(2) Opoiws. [

Nopadeiypata. (1) loxve n+(—1)""1 > n—1 yia k&be n € N. Emweidh n—1 — +00, ouverdyetat
n+(=1)""! = +oo.

n24+2n+1 n24+2n+1
n+2 n+2

(3) loyvet [v/n] > v/n — 1 yix k&fe n € N kou /n — 1 — +00. Apa [\/n] — +00.

(2) Eme1dn 1oxuet > n yix k& n € N kou n — +00, ouverdyeTton — +00.

H TTpdtaon 2.7 ekpp&lerl Tn Aeyouevn 1810TnNTa TrapeMPBoAns.

TMpéTaon 2.7. Eotw OT1 1oxUel TEAKA Ty < Yy < 2. Av T, — @ ko1 2, — Q, TOTE Yy, — Q.
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Amodeén. 'Eotw € > 0. Tote 10Ul TeAKS |7, — a] < € ko, emwions, woxUer TeEAKS |2, — a| < €. Apa
1oXUEL TEAIKK

’CL’n—CL|<€, |Zn_a‘<57 xnsyngzn
Apa 1oxUel TENIK&
Ty > a0 — €, Zn < a+e, Ty < Yn < Zn
Apa 1oyUel TEAIKE @ — € < Y, < G + € 7, 100dUVapQ, Iyn - a| <e. Apa Yy, — a. ]

Nopadeiypoato. (1) loxve —% < (Gab i < % yia k&fe n € N. Etreidn —% — 0 ka % — 0,

n

, (_ 1)77.71
ouvemdyetar —— —> 0.

(2) Opolws, 10xUel —% L L % yix k&be n € N, omdre 0 — 0.

n

TMpéTaon 2.8. Av uia akodoublia cuyklivel, TOTe QuTn) €ivon PPy uEvn.

ATédeaén. Eotw x, — x. Ymdpyxea ng € N wote va 1oyve |z, — 2| <1 yix x&be n € N, n > ng.
Atd ™y |z, — x| < 1 ouvemdyeTon

|n| = (20 — @) + 2] < g — 2| + || <1+ [zl
Apa 1oyUet |2, < 14 |z| yix k&8s n € N, n > ng. Opiloupe
M = max{|z1], ..., |Tne_1|, 1 + |2|}

kou PAéoupe OT1 woyUel [T, < M yiakdfe n € N, 1 <n <mnyg—1 ka |2,] <1+ |z| < M yia
k&Be n € N, n > ng. Apa oytel |2,] < M yio k&be n € N, omwdte n (x,,) elvon pporypévn. ]

NopddeLypa. Asv alndelel To avtioTpogo Tns Mpdtaons 2.8. H akohoubia ((—1)""1) eivar ppay-
pEVT) cAA& Be oUYKAIVEL.

TMpéTaon 2.9. (1) Av wa axkolouia amrokAiver oTo +00, TOTE QUTT) elval KATw QEAYUEVT aAAG Ox1

Qv PPaYUEVT).
(2) Av o akoldouBior amokAivel 0To —00, TOTE QUTT €lvon Avew PPAyUEVT) AAE OI KATw QPAYUEVT.

Amédeén. (1) Eotw x, — +00. Tote umdpxel ng € N wote va 1oyver x, > 1 yix k&fe n € N,
n > ng. Opiloupe
= min{xl, «o o3 Tng—1, 1},

omdTe oxUel Ty, >l yiakde n €N, 1 <n<nyg—1xa z, >1>1 yraxdfe n € N, n > nyg.
Apa oxlel T, > | yix k& n € N, omwdte n (x,,) elvon k&1 pporypévn. Topa, yiax k&Be M > 0
loyUel TeNk& T, > M. Apa kovevas M > 0 Sev elvan dve ppdypa Tng (xn) OTOTE 1 (:Cn) dev elvan
AVW PPAYUEVT).

(2) Opoiws. U

MopadeLypo. Ta avrtioTpopa Twv (1), (2) Tns TTpdToons 2.9 dev aAnbevouv. MNvwpiloupe 6T1 N oKo-

(W) dnAadh 1 (1,0,3,0,5,0,7, ...), elvor k&Tw pparypévn Ko 1 &vw POy pév.

A+(=1)" " Hn
2

NouBia

‘Opws, n axoloubiar dev ammokAivel oTto 400 B16TL 1o)UEL < 0 ywx &mepous n € N.

Opoiws, n axoroubia (—1,0,—3,0,—5,0,—7, ...) elvon &vw porypévn, Oxt K&Tw Ppaypévn Kot Sev
atrokAivel oTo —00.

H avtifetn axoloubia wpios akoroubios (z,) elvor n akoroubia (—z,). H TlpéTtaon 2.10 Ader
OTl To Oplo Tou avTiféTou eivarl ioo pe To avtifeto Tou opiou.

MpéTaon 2.10. Av z,, = x € R, 1616 —1,, — —1.
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Amédeén. 'Eotw x, — x. 'Eotw € > 0. TéTe 10xUel Tehk& |z, — 2| < €. Apa 1oxUs1 Tehk&
(=) = (=2)| = |zn — 2| <e.

Apa —xz, — —.

‘Eotw x, = +00. Eotw M > 0. TéTe 1oyUer TeAk& x,, > M, owdTe 1oxUel Tehik& —2, < —M xaq,
ETTOPEVWS, — XLy — —O0 = —(+oo).

Opolws, ammodsikvueTon 0TI, Qv T, — —00, TOTE —Xy,, — +00 = —(—oo). L]

To &Bporopa Suo akorouthwv () kau (y,) sivor n akooubia (x, +yy,). H Tlpdtaon 2.11 Aéa
OTlL To 6plo Tou afpoiopaTos eival oo pe To &Bpolopa Twv opiwv.

MpéTaon 2.11. Av x, - x € R kai Yp — Y € R kai av To dbpoioua T + 1y Sev eivar ampoodiopioTn
HopPn, TOTE Ty + Yp — T + Y.

Amédeaén. Eotw T, — T, Y, — Y. Eotw € > 0. Tote 10xUel TeAk& |z, — x| < % Kal 10YUel TEAIKK
[Yn — y| < 5. Apa 10x0el TENKS |2, — 7| < 5 ke [y, — y| < 5. Emoutves, 1oxUer TENK&

(@0 +yn) = (@ + ) = (@0 —2) + (Yo —y)| < |z —2l+ g —yl <5+ 5 =¢

Kal, ETOUEVWS, Ty + Yy — T + Y.

Eotw T, = +00 ka1 Y — Y N Y — +00. H (yp) elvan k&Tew ppoypévn, omdTe umdpxel | doTe

Yn > 1 yro &8s n € N. 'Eotewo M > 0. Oewpolpe évav M’ > 0 cote M > M — . Téte 1oylea

TeNk& X, > M, omwdTe 10Ul TeNk& X, > M — 1, owdTe 10Kl TEAKS Ty + Yy, > (M —1)+1 = M.
(+00) +y }

+00) + (+00) J

O1 uTrOAOLTTES TTEPITITAOELS EXOUV TTOPOUOLX OITIOASYNOT). [

Apa xn+yn—>+OO:{(

Mopade i ypota. (1) % — 0 xau % — 0, omdTe %%— % —0+0=0.
(2) —n — —0o0 kau %—)0, oToTE #:—n+%—>(—oo)+():—oo.
(3) n — +00 ka1 /1 — +00, omdTe N + /N — (+00) + (+00) = +00.

180U pepik& TapadelypaTa yio TNV ampocdidplotn popen (+00) + (—00), éou Suo axoloubies
gxouv Opla 400 ko1 —00 Kol To &Bpoloud Tous prropel va éxel omolodnToTe dptlo oto R 1 ko v
pnv éxel oplo:

Napoadeiypata. (1) n+c— +o0o, —n — —o0 ka1 (n+¢) + (—n) =c — c.
(2) 2n — 400, —n — —00 ka1 2n + (—n) =n — +o0.

(3) n — +00, —2n — —00 ka1 N+ (—2n) = —n — —o0.
BHn+(—1)"1—= 400, —n = —o0 ka1 1 (n+ (—1)"7) + (—n)

(=)™ Bev éxa Spro.

H Siapop& Suo akohoubcww (z,) kou (y,) evonr m akodoubia (x, — y,). H mepimTwon Tns
(Ty, — Yn) owyeTon oTIS TEPITTTWOELS Tou abfpoiopaTos akoAoubicoy kot Tns avTifeTns oxoloubias,
a@oU Ty —Yn = Tn+ (—yn). H TTpdToon 2.12 Ael 411 To dpio Tns diaxgopds eivan ico pe TN Siopopd
TwV opiwv.

MpéTaon 2.12. Av x,, > = € R kai Y — Y € R «ar av n Slapopa T — Y Sev eival ampoodopIioTn
HoPP1, TOTE Ty — Yp — T — Y.

To ywoépevo Suo akohoutwv (,) kot () eivon n axoroubia (x,y,). H Tlpdtoon 2.13 Aéer
0Tl TO OPIO TOU YIVOUEVOU Eival {00 UE TO YIVOUEVO TwV opiwv.
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MpéTaon 2.13. Av x,, = = € R xou Y — Y € R xai av 10 ywouevo 1Y Sev eivonr ampoodiopioTn
UopPQPT], TOTE TpYy — TY.

Amédeén. Eotw T, — T, Yy — Y. Eotw € > 0. TéTe 1001 TeAKS |7, — 7| < ﬁ Kal, emwions,

1oxvel TEAKS |y, — y| < min{ﬁ,%}. Apa 1oxUel TEAKG |z, — x| < kot |y, —y| <

_&

3ly[+1
. 13 1 1 ’ 1 1

m|n{3|x|+1, 3}. ZUVETTAYETOl OTL 10XUEL TEAIKK

\Tnyn — xy| = [(2n — 2) (Yo — ¥) + (Y — y) + y(z, — )|
< |wn = |y — yl + |2llyn — yl + |yl|zn — 2|
1 _
< spiFas T ‘x|3\x8|+1 + |y‘3|yT+1 <jtiti=ce

KO, ETOPEVWS, TpYp — TY.

Eotw xp, = +00, Y =y > 0 1 y, = +00. Oewpotpe évav | wote 0 <[ < y. 'Eotwwo M > 0. ToTe

1OXUEL TEAIKK T, > % Kat, emions, oxUel TeEAKE Y, > [ Apa 1oyUst TeNk& T, > % Kol Yp > L.
(+00)y }

Tl= +00)(+00)

SuvemdyeTtal OTL 1oYUEL TENKE Ty Yy, > M «ou, eTopévews, Ty, — +00 = {(

‘OAes o1 UTTONOITIES TTEPITITCOELS EXOUV OUCIOOTIK& TNy id1a ciTioAdynom.

Mopadeiypata. (1) L1 — 0 ko CU 50, omore &8 =1 0.0 =0.
n n n n n

(2) =L 51k 2 =0, omére Bt =21l 1.0=0.

n n n n n
(3) n — 400 ka1 1 —n — —o00, owéte n—n? = n(l1—n) — (+00)(—00) = —o0. MapaTnphoTe 6T1
dev eQapuoleTal 0 KavOvas TN dlopopds oTny akoAoudia (n—nQ) B10TL KATOATNYEL O XTTPOCOIOPICTN
popQn.
(4) Eotw opiBpds ¢ ka1 z, = = € R ko éotw 6T1 To ywduevo cx Bev eivon omrpoodioploTn popor,
BnAadn Bev eivan, ouyxpovws, ¢ = 0 ka1 © = £oo. ToTe, emedn ¢ — ¢,

cT, — Cx.

TM&vTws, av ¢ = 0, TéTe, OO0 K1 AV €lvan To T € R, oxvel cx, = 0z, =0 — 0.

(5) Eotew a > 0. Av ¢ > 0, té1e cn® — ¢(+00) = +00. Av ¢ < 0, TéTe n® — ¢(400) = —0o0.
(6) Av a > 0, toTe cn™* — c0 = 0.

(7) TMMoAvuwvupikn Trap&oTacn Tou N. EoTw ToAuwvupo ag+a1x+- - A+ apzt TOUA&XIOTOV TTPWTOU
BoBuoy, dnAcdt ap # 0, k > 1.

ToTe yp&pouye

F=gpnf(lode 48l 4oy Btlg gy

ak ag n ar n

ap+an—+---+agn

To dpio Tns mapévBeons eivar 1, 81611 k&Be Opos Tng ekTds Tou TeAeuTadou éxel dpto 0. Eriong,
arn® — ax(+00). Apa

400, ar >0
ap + ayn + -+ + agn® = ax(+00)1 = o
—00, av ap <0

TMapaTnenoTe 0T N TiuN Tou oplou efopTATal POVO oTrd Tov peyloToPdbuio opo Tou TToAuwvUpou.
AnAa®h, limy, s oo (ag + ain + -+ - + apn®) = lim, 4 o0 azn® .
Ma mapddetypa: 3n? — 5n + 2 — +00 kal —%ns +4nt —n3 — —o0.

(8) TMewpeTpik& abfpoicpaTta. H akoloubic Twv yewpeTpikwy afpoiop&Twv pe Adyo a sivor 1
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(1+a+a*+---+a" ' +a"), dmadfhin (1+a,14+a+a*,1+a+a*+ada®,...). To amotéAeoua
elvau:
— +o00, av a>1
l+a+a+ - +a" ¢, w—-l<a<l
Bev éxel oplo, av a < —1

To amoTéAcoua aUTSO TPOKUTITEL ATTO TO OPLO TNS YEWMETPIKTS TPOOSOU.

Ava>1 1éte l+ata®+ - +ar =21 Bl oy

Ava=1 téte l+a+a’+---+a"=n+1— +o0.

Av —l<a<l tote l4a+a?+ - +q =292 401 1

Eotw a < —1.

ﬂpw'rn amddein: loxvel A =1+(@-1)1+a+a*+--+a") yiak&be n € N. Av 1 +a+

a?+ - +a* =z €R, 161 a" — 1+ (a — 1)z, ‘Opws, 1 (a™1) 8ev éxer pro.

AEUT&‘pT] omrodein: loyuer 1 —lk a+a+---+a* = % > 1TQa vyl Kdes dptio n € N kau
n+1l_
l+a+a®>+ - +a" = “a—_ll < 0 yx k&be meprrtéd 1 € N Emaidn 0 < =, n oxoloubia Bev

EXEL OpIO.

Mpétaon 2.14. Av 1, = 7 € R kau k € N, 161 2,8 — 2.

Amédeén. x,f =, xp > x-x =", O
Hocpoc&svyporcoc (1) 2= =1, omoére (1) - 1P =1

2)n®—=2n>+n-—7 —> +00, omédte (n° —2n% +n —7)% = (+00)® = +o00.

(3) —n3+2n — 1 — —o0, owdte (—nd +2n —1)° — (—00)® = —o0.

Oa Boupe Twpa pepIKS TopadelypaTa yia TNy ampoodidpiotn popen (+00)0, émou Suo ako-
Noublies exouv dpiax +00 koa 0 kar To ywduevd Tous ptopel va €xel omolodnToTe dp1o oo R 7 kot
VO MY EXEl OplO:

Napadeiypata. (1) n — 400, = = 0 ko ne =c—c
(2) n? = +00, £ — 0 kan n?L =n — +o0.

(3)n2—>—{—oo,—l—>01<oun( L) =—n— —oo.

(1)n1

(4) n — +oo, % — 0 cM& n n = (—=1)""! Bev éxer Spio.

To avTioTpogo pias akoloulias (,) elvar n oxoAoubia (xl) H TlpdTtoon 2.15 Aéer 611 ToO
n
Oplo TOU ovTIoTPOPoU tival 100 pe TO avTioTPOPO Tou opiou.

MpéTaon 2.15. Eotw T, 75 0 yio k&e n € N. Av x,, = x € R xai av 10 % Sev elval aTpoocdIopioTn
uopen - dnAadn, av x # 0 - TTE % — %

Amdédeién. 'Eotw x, — x > 0. Oewpolpe | wote 0 < [ < x. ToéTe 10%0el TeMik& T, > . EoTw
e > 0. Tote 10Ul TeNk& |2, — | < lxe. Apa 1oxUel TeAiK& X, > | ot |2, — x| < lze. Emopévas,

10xUel TEAIKK
1 1

Tn—T xe
Tn x

TnT lx

omdre — — 1.
Tn T

‘Eotw x, = +00. Eotw € > 0. Té-rs 1o Uel TE?\le Ty > % O'rré-rs 1oxvel Tedika 0 < IL < € Ka,
n

ETTOMEVLOS, 1OYUEL TEAIKK ’IL — O’ — < €. Apa x— — 0= +oo )

Opolws, av To opio eivar opvnTIKOS qplﬁpog 7 —00. O
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Mopadeiypwata. (1) Av a > 1, 1616 —— — - = 0.

log, Foo
(2) O kawdvas Bev 1oyvel av x, — 0. Na Tap&deryua, # — 0, aM\& n (71)% =(=1)""'n

dev €xel opro. [ auTdév Tov Adyo 1 % elvol aTpoodioploTn HoPPT.

To mpoPANua oTo TeAeuTaio Tap&delypa gival n evoAAayT) TTPOCTiHOU TwV Opwv TN akoAoubias.
Av dev ugpioTaTon evadAayT) TPooTMoU, TOTE €XOoUpe DeTIK& oTOTEAéopOTa; T KATAOTOOT QUTT)
meptypageTal oTny TpdToon 2.16.

Mpoétaon 2.16. Eotw x, # 0 yiox k&b n € N kou ,, — 0.
(1) Av ioxuer Tedike x,, > 0, 1OTe xi — +00.

n

(2) Av ioxuer Tehika x, < 0, TOTe xl — —00.

n

Amodeén. (1) Eotw M > 0. Téte 1oyver Tehikd |z, — 0] < ﬁ Emeidn 1oxver tehik& z,, > 0,

ouverdyetan 611 1oXUel TeAk& |z, — 0] < % kol T, > 0. Apa 1oxvel Tedikd 0 < x, < ﬁ Apa
1o} UEL TEAIKK % > M, omdTe xl — +00.
(2) Opoiws. ]

O Adyos Suo akorouthwv (,) ko (Yn) eivar n akoloubia (;—”) Ta amoTeAdéopaTa yia TN (i—")
n n
TPOKUTITOUV aTO TAX OTOTEALCUATA YIX TO YIVOUEVO akoAoubiv Kol yia TNy avTiocTpogn akoloubia,

ZIn — 1

apou = Ty H TlpéTaon 2.17 Aéer 6T1 To Oplo Tou Adyou givan ico pe Tov Adyo Twv opiwy.
n n

Tpétaon 2.17. Eotw yp # 0 yia kée n € N. Av z,, = 2 € R xou 4, — y € R kot av o Adyos %
Sev eival aTTPocSIOPICTN UOPPT], TOTE % — % .
aptaizt--+agzh

bo+bra+- bz » OTOV

Mopadeiypata. (1) Pnth TrapioTacn Tou n. Eotw pntf TapdoTaon

ar # 0, by, # 0.
Ip&goupe
bobuntFbmn™ T b S0 o MLy 2Ly

Kal, OTws €xouue del, Ta Opla Tou oplBunTr) K&l ToU TapovouaoTr) Tou TeAeuTaiou Adyou elval ioa

k
pe 1. Emadn 2o = s—ink_m, TPOKUTITEL OT1
k E(+00), v k>m
agp +a1n—+ -+ apn am
- Qi av k=m
bo + bin + -+ + byyn™ m
0, av k< m

BAémroupe 6T1 N Tipr) Tou opiou e€apTdTal povo aTrd Tous peyloToPdbulous dpous Tou ap1funTr) Kot
TOU TTPOVOUOCTH.

Mo wapdBeryuor “ERiit — o0, SRt = —00, S — 1 ke G — 0.
(2) —_anif;nﬂ — —00, oToTE (—_2”32";:f;'"+1)7 — (—00)" = —o0.
(3) gy b omtme ()" (P = 4
TeéMos, B SoUue TopadeiypaTa yla TS ATPOCIIOPIOTES UOPPES % Kol % oTou duo akoloubies

¢xouv opla eite 0 kar 0 elte 400 ka1 +00 kar o Adyos Tous utopel va €xel oTTolodfTToTE Oplo €iTe
oto R, oty mpdTn TepimTwon, eite oto [0, +00], oTn BeUTepn TepimTwON, £iTe Ko var pmu éxel
oplo:
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Mopadeiypata. (1) € =0, £+ =0 ka (£)/(L)=c—c
(2) L =0 5 =0k (2)/(5) =n— +o0.

(3)n—12—>0,%—>0}<0(1 (n—lg)/(%) Lo
(5) Eivan % < w < % yia k&fe n € N, omwoTe w — 0. ETriong, % — 0 ko
(w)/(%) =2+ (=1)"! Bev éxe1 dpio, 816711 oyUer 2+ (—1)"! < 1 yix k&8e &ptio n € N

n

kot 2+ (—=1)""1 > 3 yia k&8s mweprtTé N € N.

(6) Oewpwvtas Ta Tapadeiyuata (1) ye ¢ > 0, (2), (3) xar (5) pe Tis avTioTpoges Twv akoroubicov
() ko1 TIs oWTioTPOPes Twv avTioTorywy okolouthow (y,) Ppiokouue axoAouBies TTou atroxAivouv
oTo 00 ka1 o0 Adyos Tous pTopel va éxel omolodmoTe dpto oo [0, 00| | ko va pny éxel Spto.

H amwéAutn Tipn pras axohoubias (z,) eivor n axohoubic (|x,|). H Tpdtoon 2.18 Ader 411 To
oplo TNS aTTOAUTNS TiPTs elval ioo pe TNV ommoOAUTN Tiurn Tou opiou.

Mpétaon 2.18. Av 2, — = € R, té7e |z,| — |z].
ATédeén. Eotw T, — . 'Eotw € > 0. Tdte 1oxve Tehk& |z, — 2| < £. Apa 10Ul TEAIKS
[ea] = fo] < [20 — o] < ¢

Ko, eTopéveds, |T,| — |z
Eotw x, = 400 1 z, = —00. Eotww M > 0. Téte 10ox¥er Tehk& 2, > M 1 x, < —M,
avTioTolxws. e K&fe TepimToon, 1oxVel Tehkd |x,| > M, oméTe |x,| — +00 = | £ 0. ]

[opdderypa. To avrioTpogo Tns TpdTtaons 2.18 dev 1oxUel. Ma Tapdderyua, |(—1)"71‘ =1—1
eveo n (—1)""! Bev éyer Spro.

Ag doupe Twpa Tpia Alyo o SUoKoAx - 0AA& XpMolpa - TapadelypaTa opiwy.
Mapadeiypota. (1) Eotw a > 0. Oa omodeifoupe 6T
Va—1 (a>0).

H mepimtwon a = 1 evan amdn; V1 =1 — 1.
‘Eotw a > 1.
TMpcotn amddeén: 'Eotw € > 0. MNa va 1oxUe | Va—1| < € apket (81611 /a > 1) vaoxlel Va—1 < e

apkel va 1oVl Va < 14+¢ opkel va 1oyUel % < loga(l—i—s) apkel va 1oyvel 1 > m . Mvewpiloupe
a

! I U 1 ! ! ’ 1

611 umdpyel g € N cote ng > o (15) Tote yix k&8s n € N, n > ng oxver n > oo (i3e) K

Va—1| <e. Apa Va— 1.

Aeutepn amodeién: Amd Ty avicoTnTa Tou Bernoulli cuvedyeTan

ETTOPEVWS,

a—1 a—1 __
(1 4—'—;—)n 22 1 %—71—zf-—— a
Kal, €TTOUEVWS,
n a—1
1< fa<1+%=
yia k&8s n € N. Me mopeuporn ouvemdyeton /a — 1.
Av 0 <a<l, T6T8%>1, oTTOTE \%: 1 —>%:1.

N/1/a
Un — 1.

(2) Oa amodeifoupe OTI
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ATté v avicdTnTa Tou Bernoulli,

1+ > 1 4 pl =/

L< /< (14842 < (14 =)

yia k&fe n € N. Apa, pe mopeuPory, Vn — 1.
(3) Eotw a > 1. Oa amodei§oupe 41

n

— = Foo (a>1).
n

TMTocdtn amodeién: Amd Ty avicdtnTa Tou Bernoulli,

(Va)' = (1+va—1)" > 1+ n(ya—1) > n(y/a—1)

KO, ETTOUEVWS,
<> n(ya—1)2

yiax k&8e n € N. Apa % — +00.
Aeutepn omddeén: Oewpolpe b wote 1 < b < a. Ad Ty ovicdtnTa Tou Bernoulli cuvedyeton

P=(1+b-1)">1+n(b—-1)>nb-1)

yix k&8e n € N. Apa

n

L= > b= 1)(E)”

n n
yia k&Be n € N xou, emadn § > 1, ouvemdyetan % — +-00.
(4) Oc BoUpe akdpn Tpels amodeilels Twv opiwy TN yewpeTpikns Tpoddou (a™) oTis Paoikés Trepl-
TTooes a > 1, |a| < 1.
‘EoTtw a > 1.
Aeutepn amddeién: Oswpolpe Tov b =a — 1 > 0. Awd 1Tv avicdTnTa Bernoulli,

a"=(140b)">1+nb>nb

yia k&fe n € N. Eweidny nb — 400, ouverrdyeton a” — +00.
Tpitn amddeén: Atmodeikvloupe &AL Ty Trponyoulpevn avicdtnta a” > nb. 'Eotw M > 0. TéTe,
1oyUel a” > M apkel va 1oxUet nb > M apxel va 1ox0er n > %. Mvwpiloupe 611 uTdpyer Ny € N
WoTE Ng > % Toéte yix k&be n € N, n > ng 1oyver n > % kau, emopévws, a > M. Apa
a" — 400.

Téraptn amddeaén: Av sixaue omodeifer TpmdTa To bplo oTn TepimTTwon |a| < 1, TéTE B Adyarpe:
givanr 0 < % < 1, omdTe aln = (%)" — 0 ko, eTopévews, a’ — 400.

Eotw |a] < 1. H mepimTwon a = 0 eivon mwpogavrs, omwdTe fotw 0 < |a] < 1.
AeUtepn omddeln: Eiven = > 1, omwdTe, amd Ty TPOMNYOUUEVT TrEPITTWON, L — (

L 1
lal |af™
Apa |a|™ — 0. ‘Opws,

|a]

)" — +oo.

—la|" <™ < al”

yix k&be n € N, omwdre a” — 0.
Tpitn amddeién: Oswpolpe Tov b = ﬁ — 1> 0. Awd v avicéTnTa Bernoulli,
1 1

la" = T = b <

1
nb
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yix k&8e n € N. Apa

—L<a"< %
yiax k&be n € N, omwdre a” — 0.
Téraptn omddeén: 'Eotw £ > 0. Apou amodeifoupe v |a|” < % PAéToupe 671 1oyUel |a" — 0| < e
apkel vo 1o UEL % < € apkel va oyvel n > é. Mwpiloupe 611 uTdpxer ng € N wote ng > é.
ToTe yia k& n € N, n > ng woxve n > ﬁ ka1, emopévess, |a” — 0] < €. Apa a™ — 0.

Oa doUpe TAPOKATW CPKETES aKOUN aTodeifels TwV TTPONyoUuevwY opiwy.

TéAos, 8o droTtumwooupe Tty TlpoTaon 2.19, ocAA& Ba Tnv amodeifoupe otnv evoTnTa 4.3. H
TUTKN Béon Tng elvar €3, cAA& 1 arodelér) Tns - av kal fa ymopouce va yivel oTo onugio auTod -
Toup1&lel KOAUTEPO 0TO TAGICIO TWV EVVOLV TOU Oplou Kal Tns cuvéxelas ouvaptnons. As Buunboupe
amd Ty evdtnTa 1.3 Tis ampoodidploTes wopgés Tns Suvauns a’. Autés eivan o1 00, 11 17
(+00)?, 07°°.

H 8uvaun pias oxkohoubias (z,) pe ekBétn Tnv axoloubia (y,) eivor 1 akoroubic (:L“ny")

Mpétaon 2.19. Eotw z, > 0 yix ké0s n € N. Av x,, = © € R kat Yy = y € R kau av 7
Suvoun x¥ Sev eivar ampoodidpioTn popen, ToTE T,V — xY . Akdun, av x, — 0 kou Y, — —00, TOTE
Tp¥" — +00

n )

Nopadeiyuata. (1) B&os tns MpdTaons 2.19, umopei va amodeiybei To dpio {/a — 1 étav a > 0.
MpdypoTt, Becpolpe Tn oTabfepn) oxoloubia (a) xor TNV axoAouBic (%) Tote a = a ka % — 0,
omdte Va=an —a® = 1.

(2) H yewpetpikf Tpdodos (a") oTis weprmTdoeis a > 1, 0 < a < 1 ptmopel, emions, va evtayfel oTo
TAaiolo Tns TMpdTtoaons 2.19. Oswpolpe Tn oTabepn axolouBia (a) kan Tnv oxoloubiar (n). Etredy
a — a ko1 n — 400, cuvedyetar a” — aT, To omolo eivan ico eite pe +00, av a > 1, eite pe
0, v 0<a<l1.

(3) To dpto {/n — 1 Sev amodeikvleton pe v TMpdtaon 2.19. Av Becwpnooupe Tis axohoubies (n)
ko (1), T61e 1 — 400 ko1 L — 0, A& N SUvapn (400)° eivor aTpooBidpioTn HOPEN.

Topa Bo dolpe TapadelypoTa yia TI§ XTTPOCIIOPICTES MOPPES (—I—oo)o ka1 00, &1rou Suo akohou-
Bies éxouv Opiax eite 400 ka1 0 eite 0 kou 0 kan M avTtioToiyn dUvaun ptopel va éxel oTol0dMTTOTE
dpto oTo [0, +00] 1 ko va pny éxel Spto.

Napodeiypota. (1) n— +00, = — 0 ka nw = 3/n — 1.

(2) Av a > 1, 1é1e " — 400, = — 0 Kk (a™)% = a — a.
(3) Av a > 1, t61e a” — 400, —2 = 0 xan (@) n =1 -

a

Q=

(4) n* — 400, £ = 0 ka (n")n = n — +0o0.

(5) n"™ — o0, —% — 0 ke (n”)_% = % — 0.

(71)71—1

(6) n" — +oo, # — 0 om& n (n") 7w = D" sey éxer dpro. Tpdypatt, 1oyl

nCUT = > 1 yia k&Be wepitTé N1 € N ke nUTT = % < % yix k&Be &ptio n € N.

(7) Oewpolpe TN Ta 1810 TTapadelypara, cAAG ws akoAoubies Bdons (T, ) Taipvoupe Tis avTioTPOPES
Toov Tponyoupévay. ETor Ppiokoupe Topadetypota émou x, — 0, ¥, — 0 ocAA& 1 axohoubic (,Y")
uTopel va éxel omolodnmoTe dpto oo [0, 00| ) ko va pmy éxel Spto.

H tedeutaia mepimTwon tns TTpdTtoons 2.19 Ba utmopouse va AslToupymoel ws alTIOAOYNoT TNS
wotnTas 07 = 400, 1 omola, opws, Bev eivon ev yéver omodektn. Ta emdueva TopadelyuaTa
oxeTilovton pe TNV ampoodidpioTn popen 0.
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Mapodeiypota. (1) £ — 0, —n — —00 ka1 ()" =n" — +00. To TeheuTado 10xUel 16T 10XUEL
n"™ > n yix k&e n € N.

(2) =1 =0, —2n— 1 — —o0 ke (—1)72"7t = —p?"H - —0.
(3) (*Tll)" — 0, =n — —00 ka1 7 ((72)")—71 = (=1)""n" ev éxer dpro, agoy 1oyuel (—1)"n" =
n" >4 yix k&fe &ptio n € N xon (— )"271" = —n" < -1 y1x x&fe meprr16 N € N

Mo Tis udves ammpoodidploTes pop@és Tou éxouv amopeiver, Tis 17°° ko 17°°, Ba Solue Tapa-
delypoTa otny evdTnTa 2.5.

AoxnoeLc.

. SupmAnpwoTe TIs amodeifels Twv Tlpotdoeswy 2.2, 2.3, 2.6, 2.9, 2.10, 2.11, 2.12, 2.13, 2.15,
2.16 ka1 2.17.

—n2+(-1)"n+ L n(n n
). (). (S - ). (-

2. Bpeite Ta Opiax Twv axkoroubicov ( ntd 211
_ 3 3N (—2)"
o ) (G, (). (Ve 1= Vs 1)

3. Bpeite - av umdpyouv - Ta dpia Twv akohoubicoy (1 —2 422 + -+ (=1)"2"), (1+2+ 2%+
7 8 n+6 n n+1 2n
o2, (T+3+ ), (BAE+ o+ Es) a3

1 1 ’ I 1] X X
4. Eotw x, # —1 yia k&be n € N, & # —1. Amodeifre 6T1 2, — T av Kan pévo av %~ — 1.
5. Tlowax eivon Tar miBowd dpiax Tns akoroubias (x,) av 1kavoTolel oToloVENTTOTE OTd TOUS TP~
KETW aVaBPoUIkoUs TUTTOUS: Tpi1 = —Tp+2, Tnig = Tn—3, Tnil = Tn’ —3, Tpyo = —2,2+3,
2 _ 3.
Tp4+1 = Tp + 3: Tn+2 = Tn+1 + Tn™ s

6. Bpeite To 6pio Tns akoroubias (x,)
n2+3n

(1) av 1oytel Tehk& 1 <z, <

n2+1 -
.. logig n—2
’ ' 91 34+n
(17) av 1oxUel TEAIKS %logmnﬂ <Tn < 15, -

(i17) ov 1oxUel TENKE T, < 15n + 6n? —n?.

7. AmodeifTe, ouyKpivovTas ue amovoTepss akohoubies, 611 2n+(—1)""n — +oo, 2n+nsinn —
+00, 1 y 0.

2—sinn

n3
8. Bpeite Tt dp1a Twv akoAouthcdv: (@) ([3”2_”+1D, ([":21]+1>.

n n+2 nlv/n]+2n
400, av x>0 400, avzT >y
9. Amodeifte 6T [nx] — < 0, av z =0 [nx]—[ny] = {0, av T =1y
—00, avx <0 —00, oavr <Y
— +00, av T >y
— 0, owr=Yy€EL
nx — [ny]
— —0Q, av T <Yy

Bev éxet dplo, av x =y € R\ Z

10. Me v 1816TnTa TTapepPoArns amodeiéTes Ta Opia: 9 2n+(=)"n _y () (% + #)n — 0.
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20.

21.

22.

23.

24.

; , n n L
. AmroBeifte oT1 ), nQL_,'_k — 1 ke ) 4 meh L.

r . 1 r n n n n I
Ymobein: Atrodeite o1 Mo < Zk:l 2k < Ny Y kébe n € N.

. Av 1oyUs tehik& n?r? — 2n(n — 1)z, +n? —2n — 3 <0, amwodeifte 6T 1, — 1.

. Av oyte tehika 0 < a < " < b, amodeiéte 611 2, — 1.

Eotw 0 <a <b<c Amodeifre 611 vVa™ +b* — b, vVa™+b*+c* — c.
Ymodeén: b < a™ + b < 20" .

. Amodeifre dTi: Vnd = 1, Uni+3n2+n+1—1.
I ! ]. k
. AmoBeifTe oT1 — S k= 1

. YmoAoyilovTas opia, O(Tl'O(VTT’]O'TE OTA TTAPOKATW EPWTTUATA:

) 1oxvel Tehik& —n® + 4n? < —100;

i1) 1oxver n” — 35n° + n® — 47n < 84 y1a &mepous n € N;

(i

( ,

(13i) 10x0er TEAIKS % < % <2
(

(

oant—n347 _ Q.
iv) 10xUel TEAIKS s < T8
o2n3—n24+7n+1

v) 1oyUEL a3

<1 yiwx &mepous n € N;

. B&oer s TlpdTaons 2.3, amodeifte 6T1 Sev umdpyouv Ta Oplat Twv akoAoubicov (2(_1)%1),

((L+ E5=)), (0 38). (1))

. Av |z,| — 0, amwodeiéte 611 x,, — 0 pe Buo TPOTOUS: pe Tov oploud Tou opilou Kol pe TNV

1010TNT TTapePPoAns.

Av z, = T ka1 Yy, — Y, OTTOU T,y € R, amodei€te 6Tt max{x,, Yy} — max{z,y} xo
min{Zn, Yy, } — min{z, y}.

(1) Bpeite To Adbos: n%Z%—i-----i—% —+0+4+---4+0=0.
(i1) Bpeite To AdBos: (14++)"=(1+2)---(1+L)=1---1=1.
TMowx eivar np oxéon Twv duo “opiwv” pe Tis TlpoTdoes 2.11, 2.13, 2.19;

Eotw T, — = € R xa Yn — Y € R.Avz< Y, atmodeifte OT1 1oXUel TEAIKE Tp < Yy,

Mvepiloupe 671, av 1oxUel Z, € [I, u] y1a &meipous n € N kan x,, — x, 161 € [I,u]. Ywdpyxer
Tapdpolo ocupTépacpa yia To dpto T s (T,), av woxlel x, € ([,u) yix &mepous n € N;
Tolo elvan To Yevikd cupTépaocpa o' auThy TNy TEPITTWON;

(1) Av x,, = +00 kau 1 (yp) elvan k&1 @parypévn, amodeifte 611 )y + Yy — +00.
(i7) Av x, — —00 kau 1 (Yn) elvon dvew gpoypévn, amodeiéte dT1 ) + Yy — —OO.
(731) Av x, — 0 kaa n (yp) elvon pporypévn, omodeiéte 11 Yy, — 0.

w) Av z, = 400 1) —00 ka1 ov 1oxUel TEAKS Y, > | > 0, amwodeifre 611 2,y, — +00 1
—00, QVTIoTOIXwWS.
(v) Av z, — 400 | —00 ko1 av 10XVl TeEAK& ¥, < u < 0, omodeifTe 6T Tp Y, — —00 7

+00, avTioTolYwWsS.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

(1) Av a < 1 kan av 1oxUer TeAKS |2,11| < alz,|, omodeiére 11 2,y — 0.

Ymodeikn: Av |Tpi1| < alx,| yia k&Be n > ng, TéTE |2,] < %a" yia k&8s n > ng .
(17) Av a > 1 xo1 o 1oxUel TENK& Ty y1 > T, > 0, amodeifte 611 2, — +00.

(i) Av ‘w”“} — a < 1, amodeigre 611 ), — 0.

(iv) Av 5 — a > 1, amodeifte 6T 2, — +00 N T, — —00.

nt)?
2n)!

v) AWOS&I&TE ot av a > 1, TéTe a— — 400. Emions, amodeifre 411 — 0 kaa fo! — 0.
(1) Bpeite axoroubies (), (y,) Tou Sev éxouv dpio coTe N (T, + Ypn) v éxel dpio.
(17) Bpeite (), (Yn) Tou Bev éxouv bplo &oTe N (TnYn) Vo €xel dpio.

(1) Av n (2, + yn) éxer opro kou pio amd T1s (X4,), (Yn) éxer Opio, amodeifTe 6TL, UTTS K&TTOIX
TpouTdheon, kal n &AAn €xel dplo.
(17) Av n (zpyn) éxer Opro kan pia amd Tis (T5,), (Yn) €xel Opio, amodeifte 611, UTS K&TTOIX
TpoUtdleon, kal 1 &GAAn €xel Oplo.

Bpeite axohoubies (), (yn) woTe v 10xUel Ty, Yp > 0 yiax k&0e n €N, z, — 0, y, — +00
kot M (Tpyn) va pny éxel Opto.

Eotw 1 > 0 kot Ty > 21+ -+ 2, yia xk&be n € N. Av 0 < a < 2, amodeifte 611
o — 400. E&eTdoTe TV axoloubia (2") oxeTikd pe TNV TepimTwon @ = 2.

(1) AmrodeifTe 6T1 yicx k&Be T uTdpyel akoloubia (1,) woTe va 1oxUel 1, € Q yix k&fe n € N
KO Ty — .

Ymédein: ATd TukvoTNTR Twv pnToy, yia k&fe n € N umdpyer 7, € Q dote = — % <r, <
r + % :

(17) ATrodeiéTte 6T1 yia k&Be = uTdpyel axoloubia (,) woTe va woylel t, € R\ Q yiox kdbe
n €N ko t, = T.

(i71) ATodeifTe 6T1 yia k&Be & uTTdpyEl yvnoiws avéouoa akooubia (r,,) kot yvnoiws ebivouca
akolouBia (s,) doTe va 1oXUel Ty, Sp € Q yiax k&fe n € N xou 7, — = Kot s, — .

(1) Av z,, =& & xo1 T, < & yix k&Be n € N, amodei€re 611 sup{z, |n € N} = x.
(i7) Av x,, & <y yx k&8s n € N kan z,, — , omwodeifte 6T sup{z,|n € N} <y.

Av z, — z, omodeifte 611 y1a k&b k € N eiven inf{x, |[n € Non > k} <z <sup{z,|n €
N,n > k}.

(1) Av x,, = T kan o, < T yia k&8s n € N, amodeiéte 11 1 oKoNoubia () Bev €xel péyioTo
opo.

(i7) Av xz, — = ko umépxel k € N dote x > x, amodeite 611 n akoloubia (x,) éxel
HEYIOTO OpO.

2.5 MovoToves akoloubics. O apifpol e, .

To Oswpnua 2.1 gvar éva omd T onuawvTiKOTEPA TNs AvdAucns. To KupldTepo cupTTEépacud Tou

eivar 611 k&bBe povoTovn akoloubia €xer dplo Kou OTI, av emimAéov 1 akoloubia eivar ppayuévn, TOTE

To 6p16 TNs eivon apiBuds. TéTolo cupmépaocpa Sev 1oxUel yia un-povoToves akoAoubies: n akoAoubia

((—1)”_1) av Kol glval ppaypévn dev €xel Oplo.
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Ozwpnpa 2.1. Kabe povotovn akoloubia éxer opio. TTio ouykekpluéva:

(1) Av n axodoubia (x,,) eivon avéouoa, TOTe limp 100 Ty = sup{x, | n € N}, Edikcdrepa: n () eite
Sev elval Qv PPAYUEVT), OTTOTE QTOKAIVEl OTO +00, EITE €lval QVew PPAYUEVT), OTTOTE OUYKAIVEl KOl TO
OpIO TNS €lval 100 UE TO EAQYIOTO QYW PPAYUA TOU CUVOAOU Twv OpwV TTS.

(2) Av n axoloubia (x,,) eivon @Bivouca, TéTe limy,—s 100 Ty, = inf{z,, |0 € N}, EibikcdTepo: n () eite
Sev elval KATwW PPAYUEVT), OTTOTE ATTOKAIVEL OTO —OO, EITE €IV KATW PPAYUEVT), OTTOTE OUYKAIVEl KAl TO
OpIO TS €lval i00 UE TO UEYIOTO KATW PPAYUA TOU OUVOAOU TwV OpwV TIs.

Amodeén. (1) Oswpolpe To un-kevd ouvoro {z, |n € N}. Av autd eivon dve gpaypévo - SnAadn
av N akoloubia eival dvw parypévn - TOTe €xel supremum aplBud v, av dev eival &vw Pparyuévo -
dnAadn av 1 akoloubic dev eivan Guw Ppaypevn - TOTE TO supremum Tou gival To +00.

‘EoTw 611 n oxkohoubia () Bev elvon dvew pparypévn. ToTe sup{x, | n € N} = +00 ko1 Ba amrodeifoupe
61t x, — +00. Eotw M > 0. Emwaidf o M 8ev sivan dvw gpdypa Tou {z, |n € N}, umdpye
no € N wote x,, > M. Emwaidf) n (2,,) eiven ab€ouca, 1oyUe

Ty 2> Xy > M

yix k&be n € N, n > ng. Apa , — +00.

EoTw 411 N akoroubia (x,,) elvar dvew pparypévn. Opiloupe © = sup{x, | n € N} xon o omodeifoupe
611 &, — 2. Eotw € > 0. Emaidf) £ —€ < 2, o & — € ev elvon dvw gpdypa Tou {z, |n € N}. Apa
utépxet ng € N wote & — & < Ty, . Emwaidn n (x,,) elvon ab§ouoa, 1oxUe

T—<Tp, <Xy
yia k&8s n € N, n > ng. Emadn o = eivan dvew epdypa tou {x, | n € N}, 1oyte
T, <x<zr+e

yia k&fe n € N. Apaoyler ¢ — e < 2, < T+ € yla k&be n € N, n > ng kau, emwopévws, T, — .
(2) Opoiws. [l

As Boupe éva xpriolpo oupTAfpwua Tou Oswphuatos 2.1. Av pa axoloubia (x,) eivon alfouca
Kol & ppoypévn, TOTE, oUupwva pe To Oemdpnua 2.1, n (x,) cuykAivel kou To 6p1d TN, €0TwW
T, €lval To EAGXI0TO Avw QPAYUa TOU OUVOAOU Twv Opwv Tns. ETmopévws, 1oxvel z, < = yix kabe
n € N. Ay, emmAdov, 1 (z,) elvon yvnoiws alfouca, TéTe elvan T, < Ty < T KA, ETOUEVWS,
Tp < T yax k&fe n € N. Ta avddoya 1oxvouv yia efivouoes kor yvnoiws ¢bivoucess akoloubies.
AnAadi:

Av n axkolouBia (xn) elvar aufouoa kou T, — X, TOTE 1oXUel T, < T yiax k&Be n € N. Av, emimriéov,
n (x,) elvon yvnoiws avéouoa, TéTe 10 Uel T, < T yiox k&fe n € N.
Av n akoloubia (xn) elvou @bivouca kou T, — X, TOTe 10XUel Ty > T yio k&Be n € N. Ay, emimiéov,
n (z,) eivon yvnoicws ebivouca, TéTe 10XVel X, > X yia k&Be n € N.

To Oewdpnua 2.1 eivar ToAUTIHO. Bdoel auToU utmopolue va CUPTTEPAVOUME YI1X Ml SOCUEVT) OKO-
AoubBia OT1 €xel Oplo opkel povo va eEAeyEoupe OTL €ival YOVOTOVT), XwpPIls VX XPEIA(ETAL V& UAVTEWYOUUE
amd mpw To mMifowd 6p1d Tns. Tlpooefte: yia va amodeifoupe, pe Tov oplopd Tou opiou, OTI HIa
akolouBia €xel Oplo TPETTEL VX yVwpiloUupe ) VO POVTEWOUUE TO UTTOWNPIO OP1d TNS WOTE, KATOTLY,
va omrodeifoune pe UTTOAOYIoPOUS OTL 1) XTTOOTACT) TOU 7-00TOU OpoU TNg amd auTo eival TeAK&
pIKPOTEPT OTrO K&Be BeTikd apiBud. To Oswpnua 2.1 epopudleTal oe TEPITTTWOELS TTOU O UTTOPOUUE
VO POVTEWYOUME TO Oplo pias okoAoubias kal TTou B¢ pmropolpe Vo EQAPUOOOUUE TOUS SlAPOPOUS
Kawvdves uToAoylopou opiwv (Tpdéels, TapeyPoAn KAT), opkel pdvo va utmopéooupe va atrodeifoupe
oTL N akolouBia eivar povoTovn.
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To Oewypnua 2.1 dev Tapexel TPOTTO UTTOAOYloMOU Tou oplou povoTovns akohoubias. ‘Opws, ekue-
ToAMeudpevol TNy TANpogopia 6Tl yia akoAoubia €xer Oplo, UTTOPEl VO KATOPEPOUME Pe KATTOIO TPOTTO
- avdAoya pe TNV TEPITTWON - va uToAoyiooups Kol Tny Tiyf) Tou oplou. Acite, yia mop&deryua,
TNV Goknon 3 Tns evotnTos 2.4.

Mo Ty amddeén Tou Oswpnuotos 2.1 ypnolpomoimoope Tnv 1816TnTar Supremum Tou R 7,
100dUvapa, TNV 1810TNTar Zuvéyelas. TTpétmel va avagépoupes OTL OTTO TO ATOTEAEOUA Tou OgwphuaTos
2.1 kal, p&AloTO, yovo amd To OTL "Kdbe aufouoca Kol dvw gpaypEvn akoloubia cuykAivel” prropei
va amrodelxTel 1 1816TNTa Supremum. Me &AAa Adyia, 1 IS1oTnTa Supremum eivar 1coduvaun pe To OTI
"kafe auéouoa ko avw @payuévn akoloubia ouykAiver”. Mo tnv amdden deite Ty &oknon | 2.

Nopadetypa. Eotw akoloubia (z,) dote 1 =1 kot T,11 = /27, yix k&8 n € N.

O1 opyikol dpotl Tns (z,,) eivoa 1,\/5, 1V 2\/5, ... . Mavtetoupe 611 1 akolouBia sivan auouoca
Kal TO QTOJEIKVUOUME HE TNV apyf TNs emaywyns. TTpogavas, T; < To KAl €0TW Tp < Tpyl YA
k&molov n € N. Kot' opyxds 6ot o1 dpot eivor > 0 81611 o TpwdTos eivar 1 kar Aot o1 &Ahor eivan

TeTpoywvikés piles. Eopévws: x, < 41 ouvemdyeton 2z, < 22,11 cuvemdyeTton /22, < /2,41
CUVETTAYETAl Tpi1 < Tpao. Apa toylel T, < Tpyq yix k&be n € N, omdte 1 (z,) elvon a€ouoa
Kal, ETTOUEVWS, EXEL OPIO.

AT ™Y T,y < Tyl KAl TOV Qadpouikd TUTTO ouveT&yseTol Ty, < /2%, , omwoTe 10XVl T, < 2 yla
k&Be n € N. Apa 1 (z,,) elvon ko1 &vew pporypévn ko, eTopévws, cuyKAivel ot apifud.

‘Eotw z, = x. Emwadn 1oxvel xn+12 = 2z, ya k&be n € N, cuvemrdyeton 2?2 =2z, ométe £ =0 4
r = 2. Ewadn n (z,) svor alfouca xou x1 = 1, 1woxver x, > 1 yix k&be n € N. Apa > 1 xau,
eTOpéVWS, T = 2.

Ymdpyel kon SeUTepos TpdTOS va amodeiyfet o111 (2,) elvon albouca ko dww epoypévn. H ,, < 241
elvon 1008Uvoun pe Ty T, < /22, ko (emedh) x, > 0) auth pe v x, < 2. Apa, av amodeifoupe
611 1oybel o, < 2 yia k&Be n € N, o éxoupe amodeifer é11 1 (2,,) elvon ad§ouoar aMA& kor 6TL glvon
Avw ppaypévn pe Gvw pdypa Tov 2. AuTd yivetar pe Ty opyf) Tns emoaywyns. H x1 < 2 evan
Tpogavws ocwoTrh. Eotw x, < 2 yia k&moiov n € N. Téte 241 = V22, < V22 =2, omdTe
1oyVel T, < 2 yia k& n € N.

MpéTaon 2.20. H axoAoubia ((1 + %)") gival yvnoicws auéouoa Kai Qv QPAYUEN.

) < ()

n_(n+l\n+1 n+2\n+1 ! n n24+2n \n+1 ; n - 1 n+1
n+1( =) < <n+1) KL QUTT) pe v o7 < (n2+2n+1> KL QuTT pe Tnv = < (1 n2+2n+1)

n omola gival &ueon ouvETElX TNs avicoTnTas Tou Bernoulli. TlpdypoT, eivon

Amddeién. H ovicdtnTa (1—}-%)” < (1+n+r1)”+1 1coduvopet pe Ty ( Kl QUTT) PE TNV

_ 1 n+1 _ n+1 _1__1 _ n
(1 n2+2n+1) >1 n242n+1 1 n+l = n+l

yix k&be n € N.

Oa amodeifoupe 611 1oyUel (1 + %)” < 4 7, 10odlvauo, % < (\/\T{%)n yia k&e n € N. Amwéd v

avicoTnTa Tou Bernoulli eivan

( NAD )”:(1_\/m—\/ﬁ)”21_n\/m—\/ﬁ>1_n\/m—\/ﬁ

Vn+1 v+l v+l vn
—1—Va(VnFT—yn)=1—- = >1- 30 =
yix k&be n € N. [

Opiopds. SUppuva pe To Oecdpnua 2.1 kan Ty TlpdTtaon 2.20, n axorouia ((1 + %)") €XEl OplO,
To oTolo cupPoAiloupe pe To ypdupa €. AnAadn, opilouue

1\"
e= lim <1 + —> )
n—+oo n
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Emeidn n axoroubia ((1 + %)") elvon yvnoiws atouoa, 1oxler (1 + %)" < ey kdfe n € N. O
ap1Buos e eivanr dppnTos. AuTd Ba To amodeifoupe opyodTepa oTny TpoéTaon 8.8.

Op1opoés. Ovopdlouue puoikous Aoyapifipous Tous Aoyapifuous pe P&on Tov € Kol XPNoluoTToloUE
yia k&e y > 0 Ta amlovoTepa oUPPOAX

logy 7© Iny
avTi Tou log, .
H TlpoTtaon 2.21 eival, puoikd, e&eidikeuon tns TpodTaons 1.6.

MpéTaon 2.21. (1) log(yz) = logy + log z yiox k&fe y, z > 0.
(2) log? =logy — logz yix kdfe y,z > 0.

(3) log(y?) = zlogy yiax x&be y > 0 kou ke 2.

(4) log,y = :Z%Z yio k&b y > 0 xou k&be a > 0, a # 1.

(5) logl =0, loge = 1.

(6) Av 0 <y < z, 1oT1¢ logy < logz.

Oa SoUpe TWPX TOPABElyHOTA OYETIK e TIs OTPOodIdpIoTes poppés 17°° ko 17°°, dmou Suo
okoloubies éxouv Spiax eite 1 kou +00 eite 1 ko1 —00 ko1 1 avtioToixn SUvapn pmopel va €xel
oTrolodfoTe 6pto oTo [0, +00] 7 kou var unv éxer dpio.

Nopadeiypota. (1)1 =1, n = 400 kan 1" =1 — 1.
(2) Eotw a > 1 xau b = loga. Tote 1—}-% — 1, bn — 400 kan (1+ %)bn = ((1+ %)")b — et =a.
(3) /n— 1, n— 400 kau ({/n)" =n — +o0.
(4) Oewpoovtas Ta TponyoUueva TapadelypaTa e Tis avTioTpoees Twv axkooubiwy Péons (T,) ko
Tis 18165 oKoNoubies (y,) Ppioxoupe Tapadetypata dmou x,, — 1, ¥, — 400 ko 1 oxohoubia (x,Y")
pTopet va éxel omolodnmoTe dpio oto [0, 1].

n—1 n—1

=1
(5) Eivan #ﬁ <n n < {Yn ya kdbe n €N, owdte - » - — 1. Emions, n — +00 ka1 n
nrTt

(=n""'\n _qyn—1 , , , , _
(n n ) = n(=Y dev €xel Oplo, DIOTL 1oYUEl n( =
_l)n—l

S|

< % yia k&fe dptio n € N ke
n( =n > 1 yix k&be meprtté 1 € N,

(6) Oewpovtas dAa Ta TponyoUpeva TapadelyuaTa pe Tis idies axoAoubies Pdons () xou T
avTifeTes axoloubies (y,) Ppiokoupe mapodetypota émwou =, — 1, Yy, — —00 ka1 M akolouBic

(x,Y") pmopel va éxer oTolodnoTe 6p1o oTo [0, +00] 1) Kou var unv éxer dpio.
Kar Tpia onuovTikd TopadelypoaTa.

Nopadeiypata. (1) Eotw n okodoubia (z,), émou @, = 1+ L + 4 + -+ & (n € N). O«
amodeioupe 6Tt N () oUyKAivel Kat, O CUYKEKPIMEV, OTL
1 1 1 1
+ﬁ+ﬁ+"'+m—>€.

Eivon @avepd 6T1 10)Uel

Tor1 = L+ g+ 3+ + 5+ gk = T+ oy > O

yia k&b n € N, omwdre n () elvan at€ouoa. loxuer k! > 2771 yia ké&be k € N. Autd eivan mpogavés
vyiack=1c¢evm yo ke N k>2woxta k! =1-2-3--- k> 1-2-2---2 =21 Emouévas, 1oxUel

_(Lyn
R I T e T T e Dt RS E

N
|

54



yix k&fe n € N. Apa 1 (z,) eivan, ekTds ammd alfouca, dvw PPoypévn Ko, ETTOUEVS, GUYKALVEL
Twpa, ¢otw t, = (1 + %)n (n € N). Béoer Tou Buwvupikou TUou Tou Newton (Beite Tnv &oknon
10 s evotnTas 1.3), elvan

=L () + () bt ()t ()

B
4+t 1(1_l)...(1_n_—1)‘

n! n n

Etreidn OAes o1 mopevbioeis eivor > 0 kan < 1, 1oyver

th <1t g+t =1

nl

yia x&fe n € N. Av k,n € N, 1 < k < n, mopadeimovtas Tous (BeTikols) dpous petd omd Tov
k-ooTé, Pplokoupe

th>1l+s+2(1 -4+ L1 -H-2)...1- £
TMaipvovtas opia kaBows 1 — 400, Ppiokoupe
eZl—F%—i—%—i—--'—l—%:xk
yix k&be k € N ko, ye aMhoyn ocupPoliopoy, € > x, yia k&fe n € N. Apa 1oxUel
t, <z, <e

yix k&be n € N kau, emweaidn ¢, — e, ouvewdyeton &, — €.

Oa doupe TN idiax akoAoubiar oTo KepdAaio 8 ko pia yevikeuot) tns oto KepdAaio 10.
(2) Eote n akoroubia (), émou x, =1+ % + % +---+ 1 (n€N). Oa amwodeifoups &T1

n

11 1
L4zt ot~ = oo

2 3
Eivaa 1 — 2 = %H > 0 yix k&8s n € N, omwdte n (x,) eivan av§ouoa. Tapatnpolpe 6T
=1 4 ..y 1 > 1 4 4 1 _ n _1
xQn_xn_n—l—l_'_ +n+n2n+n+ +n+n_n+n_2

yia k&8e n € N. Emropéves,
Lo — 1 > 2, T2 — 9 >3 293 — 12 > 1 x - > g —x > 1
2 1 25 42 2 25 42 2 2+ b2kl 2k—2 9y L2k 2k—1 2 -
TpooBéTovTas KaT& péAN Tis avicOTNTES QUTES, Ppiokoupe Tor — T1 > g oTroTE

yia k&e k € N. Apa n (x,) Bev eivor dvw gpoypévn. Tlpdypotl, ov utfipxe U woTe va ioyue
Tn < Uy k&8 n € N, 1616 B ATaw Tor < U y1x k&Be k£ € N. Apa o ATaw g +1 < u Kka,
emopéveds, k < 2u — 2 yix k&Be k € N. Atomo. Apa 1 (x,,) eivan afouca kou dx1 & pporyuévn.
Apa x, = +00.
Mo duo akoun amodeifels Tou opiou auTtou Beite TNV &oknon 5 Tns evotnTas 2.7 Kol TNV &oKNom
I 1ns evotnTos 2.8.
(3) Eotw n axoroubia (z,), émou x, = 1 + 2% + 3% + -+ # (n € N). Oa amodeioupe 411 1
() ouyxAiver
Eivea xpy1 — 2 = m > 0 yio k&be n € N, omwdte n (x,,) eivor a§ouoca. TTopatnpolpe &1

1 1 1 11,1 1 1 1 _ 1

InS1+§+2f3+"'+m—1+T—§+§—§+"'+m—;—2—ﬁ<2

yiax k&8s n € N. Apa 1 (z,,) eivon ab€ouoa kon dve @parypévn Ko, eTTOpévws, ouyKAivel.
Mia axopn amddeln udpyel otny evoTnTa 2.8.
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To emouevo amoTéAeoPa Agel OTL, AV TTAPOUME Pla akoAoubia KAEIGTWVY KOl PAYUEVLIV DIACTNUATWVY
€Tol woTe K&be didoTnua va TrePlEXEl TO €MOMEVO TOU, TOTE UTIAPXEL TOUAGXIOTOV Eva Omueio To
oTroio TeplExeTal o€ OAX QUTA Ta dlaoTNUaT Kabs Kol 0Tl UTTAPXEL €V HOVO TETOLO OTMuEio av Kal
uovo av n okoAouBia Twv pnkwv Twv dacTnuaTwy £xel opto 0.

EykipwTicpéiva Siaotipata. EoTw avéovoa akoloubia (a,) ko pbivouca oxoldoubia (b,) woTe va
1oxUet a, < b, yiox k&fs n € N. looduvaua, éotw axodoubia SiaotnudTev [ay, by], [ag, bal, ... dote
var 1oxUel [anit, bna1] C [an, by yia kée n € N. Tére:

(1) o1 axodoubies (ay,) xau (by,) ouykAivou.

(17) umdpyer TouddyioTov évas T WoTe va 1o Uel G < T < b, yia kdBe n € N.

(1ii) umdpyer uovadikds x ue TNV 1B16TNTA TOU awagépeTtar oto (ii) av kai udvo av b, — a, — 0.
Sty mepimtwon autn, ot (a,), (by,) éxow To i8io dpio kou o povadixds X eivar To Kowd dpio Twv Suo
akoAouthc.

Amddeién. Emaidh n (by,) eivon pbivouoa, 1oxlel a, < b, < by yix k&fe n € N, omédte 1 (a,,) evon,
ekTOs amd alfouoa, dvw ppaypévn. Apa n (a,) ouykMvel kol éoTo

a, — a.

Opoiws, emeidh) 1 (a,) eivon avfouca, 1oxlel a1 < a, < b, yix k&be n € N, ométe n (by,) eivon,
ekTds amd ebivouca, k&Tw epoypévn. Apa 1 (b,) cuykAivel kon éoTw

b, — b.
Emeidny 1oxvel a, < b, yia x&be n € N, cuvemwdyetan a < b. Apa 1oxUel
a, <a<b<b,

yix k&be n € N.

Mo k&be = € [a,b] 1woyter a, < a <z <b<b, yia k&be n € N. AvTioTpdows, av yia K&Toov T
woyvel a, <z < b, yia k&8s n € N, 161 0 < x < b, dnhadh x € [a, b].

Apa o1 T yla Tous omolous 1oxlel a, < T < b, yix k&Bes 1 € N elvor akpipds Ta oTorxeia Tou
SrooThpaTos [a,b]. Emopéves, utrdpyel povadikds TéTolos T ov kon pwovo ov a = b 1, 1008Uvaua,
b, — a, — 0. SN TepimTwon auTrh o povadikds auTds T elvar o & = a = b. 0

Mo pio deUTepn omoddelén Tou pépous (i) Tns TPOTAOTS Yix To eyKIPWTIOUEVE BIOCTAPATA, 1
oToia glvan Gueon epappoyt Tns I1816TNTas Zuvéxelas, deite TNy &oknon | 3.

Mopadeiypata. (1) To Tapdderypa auTd €xel 10TOPIKT, TEPICCOTEPO, onuaoia.

‘EoTw xUkhos K pe aktiva 1 kan, yiax k&8s n € N, n > 2, évax kavovikd oAUywvo pe 2" TAeupss ey-
yeypauuévo otov K kai éva kavovikd ToAUywvo pe 2" mAeupés mepryeypauuévo otov K. ZupPolifoupe
Dn KAl @p TG PNKT TOU €0WTEPIKOU KAl TOU €EWTEPIKOU, QVTIOTOIXWS, TOAUYWVOU. ZynuaTilovTal,
Aotrdv, ot duo akoloubiss (pn); 25, (44),25 .

Eivar po = 4\/5, G2 = 8 KAl ATTOBEIKVUOVTAL - YEWUETPIKE - Ol avadpopikol TUTOL

pn+1:2pn(2+(4_%)%)_%a QH+1:4QR(2+(4+%)%)_1 (HGN,TLZQ)

kaBos kot 1 peTaU Twv duo akoloubiwdy oxéon

_1
G=pa(l—25)"2  (neN,n>2)
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H (pn) elvon atfouoa kar n () ¢Bivouca, 81611 10y Vel

D=

Puit = 290 (24 (4 20)%) > 2p, (24 43) F =,

Ka
it = 40a(2 (4 5)1) T < a2 +45) " =
yiax k&be n € N, n > 2. Emiong, 1oyUel

2 (1

dn :pn(l_ 4&%) 2 > Dn

yiax k&be n € N, n > 2.

Bdoel Tns mpodTaons pe Ta eykiPwTiouéva diacthpata, ot (p,), (¢n) cuykAivouv kot é0Tw P, — P

2 (1
Kal g, — q. Emedn woyva q, = pn(l — 411"“) ? yix k&be n € N, n > 2, ouvemrdyston

q=rp(l —sz)_% =p.

Apa g, —pp, — 0, odTe, Poer NS iB1as TPOTOAOTNS, UTTAPXEL HOVABIKOS T WO Te va 1oXVel Py, < T < @y,
yiax k&8e n € N, n > 2. Autds o x elvan To kowd épio Twv duo akoouthwy: p = ¢ = .

Mia amd Ti1s yalnuaTikés Tapadoxés 1 SiaTioTwoEls TNS KAACTIKTS apXXIOTNTAS NTAV OTL TO UNHKOS TS
TepIPEPELas Tou KUKAou K, To otrolo, Tapadooiokd, cupPolileton 27, éxel Tnv ididtnTa: Py, < 27 < @y
yiax k&8e n € N, n > 2. Apa

lim p, = lim ¢, =27.
n——+oo n—-+0o

Eivar yvwoTd 611 0 opiBuds T eivar dppnros. Na pia amddeién deite Ty doknon 20 Tns evdTnTOS
7.3.
(2) p-adikés Tpooeyyices. Eotw = € [0,1) kau p €N, p > 2. Opiloupe

Ty = [p"x] — p[p" ' a]

yiox k&fe n € N.

Eivor povepd oT1 1oyl o, € Z yix & n € N. Awé v [p" ] < p" o < [pilz] +1
ouverdyetan p[p" x| < pa < p[p" iz + p ouvemdyetan plp™la] < [prx] < pp"Tia] + p, omdTe
0 <z, <p ka, eweldn x,, € Z, ocuvemdyetat

0<z, <p—1

AnAodn, yix k&be n € N o z,, eivon évas amd Tous akepadous 0,1, ..., p— 1.
Towpa opiloupe

Sp=H 4.4 o tn:ﬂ+...+$_;t—|—# (n € N).

Eivan

_ Tp41 _ Tn41 1 1 p—1 1 1
Spr1 = Sp T pZH > Sp, lpy1 =1t + pZ+1 + gl <t,+ T + T o ty

yia k&fe n € N. Apa 1 (s,,) eivor ab€ouca keu n (t,) @bivouca. TTpopaveds, 1oyUel

yix k&fe n € N, omdTe o1 duo akoloubies ikavoToloUy Tis UTToBEoEIS TNG TPOTOONS ME T EYKIPWTL-
ouéva draoThuora. MaAloTa, sival



omdTe ot (Sy,), (tn) ocuykMivouv oTov {810 op1Bud. Tloto eivan auTd To KoOWd dpio;
BA¢mroupe oT1

so = (2 ) 4 (B lemly (e ey el By ) ]

P p p pn—t " " pnt
Emopéveds, amd v [p"z] < p'z < [p"z] + 1 ouvemdysTton
sn§x<sn+#:tn.
Apa S, = = ka1 t, — .

Opiopéds. H (s,) ovopdleton akolouflia Twv p-adikwv Trpoceyyicewy (kaf' éAAewyiv) Tou T Kot 1
(t,) axolouBia Twv p-adikev Trpoceyyictwy kaf utrepoxnv Tou . H (x,) ovoudleTan akolouBia
TwV P-ad1kwV Yyneiwv Tou .

H oxolouBiar Twv p-adikwv yneicwv Tou x € [0,1) éxar v efhs 1816TTO: Sev efvon TEAKS
otafepr) p — 1. Ag umoBéooupe - yix va kaTtaAnSoupe oe &tomo - OTL umdpxel Ny € N woTe va
1oyUel T, =P — 1 yiax k&fe n € N, n > ng. ToTe 10xUe

tppt = to + o+ ey — L =t I e — =t
yiax k&8s n € N, n > ng. Suvemdystan 11 1 () elvon Tehikd oTabepn kou, emeldn t, — , 10xVel
TeEAK& t, = 2. AuTo ovTipdokel pe To OT1 loyVel S, < & < t, yioa k&Be n € N.
Mepikés orAés TeplmTooels elvar: 1 p = 2 ye Ta duadikd ynoia 0,1, 1 p = 3 pe T TPradik&
ynoia 0, 1,2 ko1, puoikd, n p = 10 pe T Sekadik& yneiax 0,1, ... ;9.
O1 akoloubies Twv p-adikwy Tpooeyyioewy Ba ueAetnBouv TAnpéoTepa oTo KepdAaio 8.

AoxnoeLc.
1. ZupmAnpwoTe TNy omddeln Tou OswpmnuaTos 2.1.

2. (i) AmoBeicte ot (1+ )" = e, (14 25)%0 =€, (1-1)" =1, (14 2)" = €,
(1-2)"— 5.

i1) Amodeitte 611 (1 + £)" — €F yia x&be k € Z.
n Y

3. AmodeiéTe OT1 M axoloubia ((1 + %)”“) elvon yvnoiws ebivouca, 611 ouykAivel oTov € Kot
o (14 %)"H > e yix k&be n € N.

4. Botw 1 =1 ko1 Ty = T + x% yia k&be n € N. Amwodeiéte 611 1 axoloubia () eiven
n
auouoa Kal Ppeite TO Op1O TNS.

5. Eotw TTpi1 = > + 6 yix k&Be n € N. Amodeire 611, avddoya pe v Tiuh Tou Ty, 1
akoloubia () eivon alfouca 1y eBivousa kon Ppeite To dp1d Tns.

6. Eotw 21 > 0 ka1 Tpy1 = 6716;”’" yia k&8s n € N. AmoBeifte 611, avdoya pe TNy Tiun Tou
n

x1, N akoloubia (z,) elvon alfouca N eBivouca kou Ppeite To dp1d TNs.

7. (i) Av a > 1, amodeifte 611 M akorouBia (a”) elvan alfouca kol XPMOIMOTTOIOVTAS TNV
a"t = aa” (n € N), 6T a" — +00. MedetnoTe pe Tov 810 TPdTO kKau TNV TepimTTLOON
0<a<l1

.. B ' ' a™ ’ ' ' .
(i7) Av a > 1, amodeifte 6T1 N axolouia (7) glval TeEAIK& aUfouoa Kal, XPTOIUOTIOLWVTAS
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a™l _ an a” ! a™
™MV 5 = i n (n €N), 611 % — +o0.

(it) Av a > 1, amodeifTte 611 M akolouBia ({/a) eivon gBivouca kol K&Tw @poyuévn Ka,

2
XPTOIUOTIOIVTAS TNV (2" a) = {/a (n € N), 611 {fa — 1. T1 yiveton oTIs TEPITTOOELS
a=10<a<l;

(Z) Av a,x1 > 0 ko Tpyq = %(xn + ﬁ) yiax k&fe n € N, amwodeiére 11 1 akolouBia (xn)
glval KATW PPaypevn Kal, atmd Tov deUTepo Opo Kal Tépa, gfivouca kot PBpeite To 6p1d TNS.
(i3) Av Tpyyn € Z yia k&8 n €N, 21 = y1 = 1 ka1t Zpi1 + Yns1V2 = (2, + ynV2)? yia
k&fe n € N, amodeifte o1 Z—: — \/5

. 'EoTw gpoypévn axooubia (z,) cdoTe va 1oxUel 22,11 < Ty + Tppo yia k&fe n € N. Opiloupe

Yn = Tp — Tpi1 yio k&Be 1 € N. Amwodei€re 611  akoroubia (y,) eivon povdTovn kou paryuévn
Kot o611 Y, — 0.

(1) Av 0 < 1 < Y1 KA Tyl = /Tnln KX Ypi1 = x”;yn yia k&b n € N, amodeiéte 611 1
() elvonr abouoa, N (Y,) ebivouca, ét1 1woxlel T, < Y, yia k&be n € N kaa é11 o1 (z,),

(Yn) ouyKkAivouv oTo 1810 Spio.

2TnYn

ortys KA Yng1 = \/Tnln VIO k&fe n € N, omodeiéte 6T1
N (x,) elvor atfouoa, 1 (y,) @Bivouca, 611 1oxver x, < Y, yix k&fe n € N xou 611 01 (),
(Yn) ouyKkAivouv oTo 1810 bpio.

(17) Av 0 < 7 < Y1 KU Tpyq =

. 'Eotw Sikomnpa [ koa f 1 I — R ko éotw 611 yix k&Be © € I umdpxer 09 > 0 woTte va

woyver f(2') < f(x) < f(2") yra k&be 2/, 2" € (x — dp, & + ) NI, o' < x < x”. Amwodeifre
6Tt n f elvon ab€ouoa oo I.

Ymésakn: Eotw a,b € I wote a < b, f(a) > f(b). Av f(a) > f(%2), mwépre a1 =
a,by = aTer KO, Qv f(aT“Lb) > f(b), mépte a1 = “T"'b by = b. Atodeicte o1 f(ay) > f(by).
ETavaAapBavovTas auTtny Tny diadikacia e’ &melpov, dnuloupynoTe akoloubia SiaoTnuaTwy
[ay, by], [ag, bs], ... woTe va 1ox0el [Any1, bug1] C [an, by], f(an) > f(bn) xaa by —ay, = b;—f
yia k& n € N. Apa umdpyer § wote a, < & < b, ya k&e n € N xau a,, = &, b, — &.

OewpwvTas Tov avtioToro dy yia Tov &, kaToAéTe ot avTipaon.

. Eotw 611 k&b avfouca kor dvw @payuévn okolouBic cuykAivel. Amodei§Te OT1 1oXUEl 1

[16TNTOr Supremum.
Ymodekn: Amodei§Te 6T kdBe pbivouoca ko k&Tw Ppaypévn akoAoubia ocuykAivel. AmodeifTe
oTl 2%, — 0. Topa, ¢oTw pn-kevd kol dvw gpaypévo cuvoro A. OewpfioTs T3 € A Ko dvw

ppdypa Y1 Tou A. To [x1,y1] Tepiéxel éva oTorxeio Tou A kan éva dvew epdyua Tou A. Av
14yl z1+y1 T14y1

2 2 2
Yo = Y1 . ATodeiTte OT1 To [X2, yo| Tepiéxel éva oTolElo Tou A kan fva dvw pdypa Tou A.

TO glvon dvw @pdyua Tou A, TépTe T = Ty, Yo = , av Oxl, TAPTE Ty =

ETTavaAapBavovtas auTtny Tny diadikacia e’ &melpov, dnuloupynoTe akoloubia SiaoTnuaTwv
I I _ Yyi—x1 1

(21, 91], [22, 2], - .. @oTE va elven [Trp1, Yng1] € [Ty Yn) KOO Y — 20 = L= yiakéBe n € N

Kol @oTe K&Be [T, Yn] va Tepiéxel dva @, € A kan éva dvew pdyua U, Tou A. Amodeifte 4T1

UTTAPYEL U WOTE Ty — U, Yp — U KA, ETIONS, Ap — U, Uy — U. ATTodeiéTE OT1 0 U elvon TO

gA&yioTo dvw ppdypa Tou A.

. EoTw alfouca axoloubia (a,) ko @bBivousa oxorouBia (b,) cwoTe va woyler a, < b, yix

k&fe n € N. Amodeire ém1 Tt oUvoha {a,|n € N} kau {b,|n € N} kavomworotv Ty
uttofeon Tns [B16TNTOS Zuvéyelas KoL, €TOMEVAS, OTL UTTAPXEL TOUAXYXIOTOV €Vas T (WOTE VO
woyvel a, < < b, ya x&be n € N.
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14. As BupnBolpe 611 éva olvoho A - éx1 kar avdykn umooUvolo Tou R - yopakTnpileTton
&rreipo-apifpnoipo av umdpyel ouvdptnon a : N — A n omola elvan évo-trpos-évar ko eTri.
XpnoipoTolevtas Tov Topadosiakd cuuPoliopd a, = a(n), pmwopolUpe va TroUpe 6TL To A
elvan &melpo-opiBpniolpo av pmopei va ypoagtei A = {a,|n € N} 7, 10080vaue, av 10 A
elval To oUvoAo Twv Spwv KA&TOolas akoloubias pe diapopeTikoUs ovd dUo Opous. Télos, éva
oUvodo A yopoktnpileTon apifpnoipo ov elvar eite TemTepacuévo eite drelpo-opifunioio kot
utrepapifunoipo av dev eivar opiBunotpo.

ATrodeifTe 611 k&Be BidoTtnua [ (6x1 povoouvolo) eivar utepapiBurfoiuo.

Ymddeén: ‘Eotw I = {a, |n € N}. Oswptiore [21,y1] C I dote yy — 21 > 0 kon ay & [21, 1]
OewpnoTe [T2,Ys] C [T1,y1] woTe Yo — 23 > 0 xou ay & [, Ys]. EmavodouBdvovtas autnyv
v S1odikacia e’ &meipov, dnuioupynoTe akoloubia SiaoTnudTwv [T1, Y1), [Te, ya2], ... doTe
va etvat [Tpa1, Ynst] C [Tn, Un] kot @y € [T, Yn] yia k&8s n € N. Amodeifte 11 udpyet £
&oTe va 1oxUel € € [Ty, Yn| yia k&Be n € N kau, emopéveds, £ # a,, yia k&fe n € N. KaroAngte
oe avTipaom.

2.6 Supremum, infimum ko1 akoloubiss.

Eotw oUvoro A. ‘Otav Aépe 611 n axoloubia (x,) eivar oTo A evvoolpe 6Tt T, € A yia x&Be
n € N, 8nAadt 411 Aot o1 dpot Tns () avfikouv oto A.

Até Tt TlpdToon 2.22 TPoKUTTEL Yia XAPAKTNPIOTIKN 1810TNTA TOU supremum Kol gl ovTi-
oTolyn 1814TNTa Tou infimum evds pn-kevol cuvdlou: To sup A elvan To péyioTo dplo akoloubias oTo
A xau To inf A elvor To eAdyioTo plo akoloubias oTo A.

TMpdéTaon 2.22. Eotw un-kevd ouvolo A.

(1) Ymdpyer axodoubio oTo A pe dpio To sup A kou Sev urdpyer axoloublia oo A ue dpio ueyaAuTepo
amd 1o sup A.

(2) Ymdpyxer axoloubio oto A e Spio To inf A kou Sev umdpyer axoloubia oto A ue Spio uikpdTEPO
omd 70 infA.

Amédeaén. (1) Eotw 611 To A elvon dvw gpayuévo, omdte To = = sup A elvon opifuds. Mo kdbe
neNox— % Sev elvon dvw @pdyua Tou A, omdTe UTtdpXEl T, € A doTe
L <
r— o <z, ST

Apa uTrépxel akoroubia (z,) oto A wote X, — .
Katémw, éotw 611 To A Bev elvon dvw ppoypévo, omdte sup A = +00. Téte kavévas n € N Sev
glvan dvw ppdypa Tou A, omdTe yia k&be n € N umdpyer z, € A doTe

Ty > M.
Apa uTépyel akoroubia (z,) oto A woTe X, — +00.
TéNos, éoTw akoroubia (z,) oTo A. Av n (x,,) éxea dpio, auTd eivan < sup A, &16m1 10xver x, < sup A

yia k&fe n € N. Apa 8ev umdpyel akoloubia oto A pe dplo peyolTepo omd To sup A.
(2) Opoiws. ]

AoxnoeLc.

1. ZupmAnpwoTe Ty amddeén tns TlpdTaons 2.22.
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2. Mo kaBéva omd Ta [0,2], [0,2), {2}, [0,1] U {2} Ppeite S14popes oxoloubies oTo olvolo o1
oTroies ouyKAivouv oTo supremum Tou cuvoAou. TTapaTnpefoTe 6Tl yia TO TPWTO, TO TPITO Kol
TO TETOPTO CUVOAO UTTEPYEL WS ETIAOYN 0 XTTAoUCcTEPOS TUTTOS akoloubias (SnAadr) pia otabept
akoloubia) n otoia, duws, dev uploTaTar ws emAoyN yla To deUTepo ouvolo. TTopatnpnoTe,
eions, 0Tl ylx To TpiTo CUVOAO UTTGPYEl Ui povo emiAoyT) akoloubics, evwd yliax To TETOPTO
oUVoAo o1 poves TIAOYES eivan ol TeEAIkG oTabepes axoloubies.

3. Ma kobéva amd 1a N, Z, Q, {% |n € N} Ppeite 8uo doo To Suvard Tio amAés akoloubies,
pia pe Oplo To supremum Kol pia pe Oplo To infimum Tou ouvoAou.

4. 'EoTw pn-kevd ouvoho A ko u &vew @pdypa Tou A. Amodeifte 6Tt u = sup A av kou pdvo av
uttdpyxel akolouBia oTo A e bpio Tov u. TlpocapudoTs Ta TopoTdve yia To inf A ko yia
K&Tw epdypa [ Tou A.

5. Eotw un-kevd ouvoro A. Av sup A € A Ppeite pia doo To duvatd Tio amAf okolouBia oTo
A pe 6pro o sup A. Av sup A ¢ A, omwodeifTe 611 UTdpXEl yvnoiws auvéouoa axohouBia oTo
A e 6p1o To sup A. TlpooopudoTe Ta TponyoUueva yia To inf A.

6. Eotw f:1]0,1] = R atéouoa oto [0,1] wote f(0) > 0 ken f(x) # & yx x&8e x € [0, 1].
Av A={x €[0,1]] f(x) > x}, amodeitre 61 sup A € A ken 611 f(1) > 1.

2.7 YTtroakoloubiss.

Opiopds. ‘Eotw oxoloubia (). EmAéyoups &meipes Tipés ny, Na, N3, ..., Nk, ... Tou deiktn N,
dNAadn Quoikous, woTe N < Ng < -+ < N < Ny < + -+ . KaToTv emiAéyoupe Tous avTioTolxous
Opous TTS (In) AnAadt) amwd TOUS L1, T2, ..., Ty, ... ETAEYOUPE TOUS Lpy y Lpy, --- 3Ly s - - -

. AuToi o1 opiBuoi aoTeAoUy pla &relpn €TIAOYT) OPIBUOY HE CUYKEKPIUEVT) OEIp&: TTPWTOS O Tp, ,
BeUTEPOS O Ty, Kol oUTw Kaf' e€Ns. Apa o1 ap1Buoi auTol atroTedoUv Tous dpous pias véas akoAoubias,
™s (ﬂfnk) Emeidr) o1 opor Tns véas akoAoubBias eivar Opol Tng apyikms, 1M (a:nk) XopakTnpileTon
utroaxoloufia tns (z,). Ké&Tws o auoTned, umopolue va Trolpe 6TL n akodoubia (mnk) elvar 1
owdptnon xon : N = R pe timo (x on)(k) = z(n(k)) = T = Tn,, N ool TpOKUTITEL 05
ouvBeon Twv owaptioewy Nt N — N ko1  : N = R, o1 omoles elvar, avtioTolyws, ma yvnoiws
alouca akoloubior (ny) pe Tipés puoikoUs kou M opXikT oxodoubia ().

Tovifoupe 611, Adyw Tng cuvbnkng Ny < ng < « -+ < N < N < -+, 1 OEIPA& ETIAOYNS TwV
opwV Tns utroakoAoubBias elval oudppomn pe TN oelpd& €TMIAOYT)S TOU €xouv auToi ol Opol ws 6pol
NS akoAouBias.

Mapade i ypota. (1) EmAsyovtas Tous ny = 1, ne = 3, ng = 10, ny = 11, pmopoupe va opyicoupe
ma utroakoroutiar s () pe Tous dpous Ty, T3, T1g, T11 -

(2) EmAéyovtas tous ny = 2, ng = H, ng = 6, ng = 9, n5 = 13, umwopolpe va opyicoupe pix
uTrookohoubiar Tns (Z,,) ue Tous dpous Tg, Ty, Tg, Lo, T13 -

(3) Oucws, pe Tous Ny = 2, ng = H, ng = 6, ng = 10, ny = 8 Bev emTpémeTON VX OXNUATIOTEL
uTrooxohouia Tns (z,). H oeipd emtoyns Twv Ty, T5, T, T1g , Ty OV Elvol oudppPOTM pe TN Celpd
€TIAOYTS TToU €xouv ws 6pot s () : o x1p axohouBel Tov g oty (z,) - pe evdidpeco Tov Ty -
omdéTe 0 X1y TPETEL va akolouBel Tov Tg Kal oTnv uttoakoAouBia.

[opoadeiypato. Mepik& o ouykekpluéva TopadelyuaTa utroakoAoubicv.

(1) Me ny = 2k (k € N), pridyvoupe v umookohoubia (x9r) 1 (T2, x4, Te, Ts, T10, --.) TIOU
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ovopdleTor utroakolouBlia Twv &pTiewv SeikTwv Tns (T,,).

(2) Me ny =2k —1 (k € N), pmidyvoupe Tnv umoakoroubia (z2x_1) N (21, T3, x5, L7, Tg, ... ) TTOU
ovoudleTal utroakohouBia Twv Trep1tTTROV SetkTwdw NS (T4,).

(3) Me n, = k (k € N), pmidyvoupe v umoakoroubia (%) 1y (21, X2, T3, T4, X5, ... ), SNACON TNV
i1 v (). Apa, wia amd Tis uToakoroubies Tns () elvon m 181 M ().

(4) Me ny, = 21 (k € N), gmidyvoups v utoaxoroudia (Tor—1) N (21, T2, Ty, Tg, T1g, - - - ).

(5) Me ny, = k? (k € N), gmidyvoupe v umoaxoloubia (zx2) 1 (1, T4, Tg, T16, Tas, - - . ).

TTpétel va BupdpaoTe 611 0 deikTns pias utroakoAoubiag (xnk) givon o k. KabBaws o k petapdMeton
BiaTpéyovTas dAous Tous guoikous 1,2,3, ... , o avTioToixos Ni PeTaB&AAeTOL yvnoiws au§avduevos
BlATPEXOVTOS KATTOIOUS OO TOUS JelkTes TNg apXIKTs akoAoubiag (In)

Mppa 2.2, ‘Eotw ng € N kot ng, < ngyq yia kébe k € N. Tote woxver ny, > k yia kéfe k € N.

Amédeén. Hny > 1 elvan owoth 81611 g € N. 'Eotw ng > k yia k&mowov k € N. Ewetdf) ngq > nyg
Kol Nk, N1 € N, ouvendyeton ngq1 > ng + 1, omdte gy > k+ 1. Apa oxter ng > k yix ké&be
k e N. l

TMpoéTaon 2.23. Av wia akoloublia éxer Opio, TOTe kAabe uToakoloubliar Tns exel To 610 Opio.

Amééeién. 'Eotw T, — T € R ko1 utroakolouBia (Tn,) ™S (2,). Oa amodeioupe 6T1 T,, — .
Eotw € > 0. TéTe umdpyxet ng € N wote va 1oyver &, € Npy(€) y1x k&fe n € N, n > ng. Topa,
yiax k&be k € N, k > ng ouvemdyeton ng > ng, ogou, Adyw Tou AfppoTos 2.2, ng > k. Apa yix
k&be k € N, k > ng ouvemdyeton x,, € N,(¢). Apax Ty, — T. O

H TTpoTtaon 2.23 xpnoipotroleital, ouvhfws, ws e&fs: av piax akoloubia éxel duo umoakoAoubies pe
SlapopeTikG Opla, TOTE 1 akoloubia dev €xel Oplo. O avTioTpoPos 1oxUplouds eival KI aquTos aAnbrs
- yia duo aTrodeifels Tou deite TNV &oknon 14 auTns Tns evdTNnTas kol TNy Goknon 2 Tng evdtnTas
2.9.

Nopadeypa. H akoroubia ((—1)"1) Sev éxer dpro. TTpdyuati, yia Tnv uroaKkolouBia Tev TEPITTWY
Seiktov 1oxvel (—1)ZF D71 = 1 5 1 ka yia v umookolouBia Twv &pTiev BeikTdv 1oYUel

(-1 = 1 —» 1.
H TlpéTaon 2.24 eivonr Xpnoiun oe apKeTES TEPITITWOELS.
Mpétaon 2.24. ‘Eorw x € R kot Top — T, Top_1 — . TéTe T, — T.

Amodeién. 'Eotw x € R kot Top — T, Top_1 — 2. Eotw € > 0. ToTe uttépyet ko' € N cwoTe va 1oy Uel
Tor, € Ny(g) yix x&be k € N, k > k¢’ . Emions, umépyer ko’ € N wote va 1oxver xop_1 € Ny(€)
yia k&fe k €N, k > ko . Oewpolpe Tov

ng = max{2/€0/, Qkoﬂ — 1}
Téte ng € N kau eivan eUkoho va Betl kawels 611 1oyUer o, € N,(g) yix k&fe n € N, n > ng. OJ
To emopevo TOPASelyua MEAETE U1 XAPOKTNPIOTIKT akoAoubia.

NoupédeLypo. Eotw n axoloubia (z,) pe 2, =1 —34+3 — 1+ +(=1)"'L (n € N). O«
Soupe 6Tt M (X,) ouyKAivel
Eivat

1 1
Tok+2 = Tok = 3557 — 2pgz > U
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yia k&fe k € N. Emrions, eiven

)_._'_(1 1) 1<1

— 1 1
rop =1- (53 —3) — % w1 T

=
ot

yix k&be k € N, 81611 k&fe mopévheon eivon BeTikh). Apa n uToakoloubia (X9x) eivon alouca kou
AV PPAYUEVT) KL, ETTOMEVAS, OUYKAIVEL

Eivan

1 1
Tokt1 — Tok—1 = —3; + 557 <0

yia k&fe k € N. Emions, slven

ka_l:(1_%)_’_(%_%1)—1—'“4_(2;—3_2k1—2>+2k1—1 >0

yia k&8s k € N 81611 k&b mapévBeon eivon BeTikn. Apa n uooxoAoubia (Tox_1) elvon pbivousa kan
KATW PPAYMEVT) KL, ETTOUEV®S, TUYKAIVEL
TéNos,
- _ 1
Lok Tog—1 = 2%k — 07

oTroTE O1 (azgk) (ngk_l) ouykAivouv oTo 1810 6plo. Apa n (xn) OUYKAIVEL.
Mo pio axopn amodeén deite TNy &doknomn 2 Tns evotnTos 2.8.

Mvwpiloupe 6T1 K&Be ouykAivouca akoloubia eivar gpoayuévn. To avTioTpogo Bev 1oyxuel. [Na

"_1), TapdAo

TapdSerypa, n axoloubia ((—1)"1) eivan pparyuévn ol 8¢ ouykAivel. ‘Opcos, 1 ((—1)
TToU d¢ OUYKAIVEL, €XEl TOUAXKIOTOV pia uTroakoAouBia Trou cuykAivel: 1 utTroakoAouBia Twv TEPITTWVY
BeikTwv ouykAivel oTov 1. Oa Bolpe Twpa OTI QUTO TO PAIVOUEVO TIOPATNEEITAL OXl povO OTNV
axolouBia ((—1)"71) cdAd Kot oe k&Be ppayuévn akoloubia. AuTé givar To TreEplEXOUEVO TOU ETTOUEVOU

BewprfuaTos, evos amd Ta onNUavTIKOTEpa Bewprpata Tns AvdAuons.

Ozwpnupa Twv Bolzano - Weierstrass. Kafe ppayuévn axoloubia éxer TouAdyioTov wmia ouykAivouoo
vrroakoAoutia.

ATrédeén. 'Eotw oxohoubia (,) ko [, u dote vaioyter | < x, < u yia kdbe n € N. O amrodeifoupe
4Tt uTdpXel K&Tola uTroakoAouBiar Tns (x,) M ool cuykAivel, TeptypdgovTas évav “adydpifuo”
ETIAOYTS TWV SIXBOXIKWY Opwy Tns uTtoakoAoubias: TTeplyp&Poups TGS ETTIAEYOUNE TOV TIPWTO OPO
NS utTroakoAouBias, KaTOTIY Trws eMIAEyoupe Tov OeUTEPO OPO TNS, KATOTIV TS ETIAEYOUUE TOV

TpiTOo OpO TNS Kol oUTw KaB' &ns.
2 2 0
dpot s (x,,) avfikouv oTo [l,u], TouhdyioTov éva omd To Buo uTOSlOCTAUAT TEPiéxel &TTEIPOUS

Briua 1. Xwpiloupe To [I, u] oTa duo 1copnxn daoTthuoTa [, u]. Emaid1) éAor o1 (&mepor)

dpous s (). EmiAéyoupe éva TéTolo umodidoTnua kar To cupPoAiloupe [l1,uq]. TTo ouykekpi-

péve, av To [, HT“] TrepLéyel &melpous Gpous Tns (T,) Kou To [HTU,U] TEPIEXEL MOVO TIETTEPAOUEVOUS
dpous, TéTE oupPohiloupe [l1,u1] To [, H'T“] Av TO [H'T“,u] TEpIEYEl &TTEIPOUS Gpous kan To [1, H'T"]
TepIéYEL YOVO TreTepaoUévous dpous, ToTe cupPoAiloupe [l1,u;] To [HT“,U] Av, Télos, ka1 Ta Suo

UTTOB10THHOTO TrEPLEXOUY &Trelpous dpous, ToTe cupPoliloupe [I1, u1]| éva omolodfmoTe amd auTd.
Apa [l1,u] C [lu], uy — 1 = “771 Ko To [y, u] Tepiéyer &meipous dpous Tns (). Emidéyoupe
KATo10V Opo TTS (In) amd auToUs (Tous &TTEIPOUS) TTOU QVTIKOUV OTO [ll,ul]: E0TW Ty, € [ll,ul].

Briua 2. Xwpiloupe To [l1,u1] oTa Suo 1copnkn Sraothuara (I, HTM] [HTM,ul]. Etre1dn to [I1, uq]
Trepiéxel darelpous dpous s (Ty,), v ToUAdyIoToV omd To U0 UTTOBIXCTANATY TrEPIEXEL GITELPOUS
dpous Tns (). EmiAéyoupe éva TéTolo umodidoTnua kou To oupBoAiloupe [la, Us] - axpiBcds &S
oTo TpwTo Phpa. Apa [la, us] C [l uq], ug — ly = ul;ll

ko1 To [lo, ug] Tepiéxel &TelpoUs Spous
™s (a:n) EmiAéyoupe k&tolov 6po Tng (xn) oo auTOUS (TOUS KTTEIPOUS) TTOU QVTIKOUV OTO [lg,Ug]:
€0Tw Ty, € [lo, us]. Tpooéyouue, duws, wote va evar Ny > ny. AuTd eivar e@ikTd, aKpiPods emeidt
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uTrdpyouv &elpol épot s () oTo [lo, us).

Brua 3. XwpiCoupe To [l2,us] oTa Buo 1counkn SlaoTHUCT [lg,lZJrT“Q], [MTW,UQ]. Emraidf To
[la, us] mepiéxer &meipous dpous s (Zy,), éva TouAdIoTOV aTrd T BUO UTTOBLOCTHUCTO TEPIEXEL
&rreipous dpous TN (x,). EmAéyoupe éva TéTolo umodidoTnua kot To oupBoAiloupe [l3, uz]. Apa
I3, us) C [lo,us), ug — I3 = ”2;2 ko1 To [l3, ug] Tepiéxer &reipous dpous s (). Emidéyoupe
k&tolov 6po s (&) omd auTous (Tous &meipous) Tou avfikouv oTo [l3, us): éoTw X, € [l3, us).

TTpooéyoupe, Ouws, WoTe va elvar Ng > No .
Suvexifoupe authy TN Siodikacia em’ &mepov. Emidéyoupe 1ol SioBoxikéd Sioothporta [lk, Uy
(k € N) cwoTe va 10x0el

L T | R T R

yio k&be k € N. Emions, emAéyoupe dpous z,, (k € N) 1ns (x,,) woTe va 1oxUer N1 > Ny Koa

yix k&fe k€ N.

ATod To 611 1oXUEL Uptq — L1 = ui—l

2

yia k&fe k € N mpokUtrTer 611 10%Uel

u—l

up =l = S5

yia k&fe k € N, omdTe
U — lk — 0.

SUppwva pe TNV TPoTaon pe To eykiBwTiopéva diaothpata, ot (lg), (ug) ouyxkAivouv oTov {810
apibpd. ‘Eotw [ — o kon u, — x. Tdpa, emeldn 1oxVel ngi1 > Ny yiox k&be kb € N, n (z,,) elvea
uTroakoouBia Tns (x,,) ko, emeldn 1oyUel

Iy < apy, S uy
yia k&fe k € N, ouverdyeton z,, — . [

2tnv doknon 8 Ba Ppeite pia deuTtepn amddeifn Tou OswpnuaTos Twv Bolzano - Weierstrass.

Mvapiloupe 0T1 k&be akoAouBiar TTou atrokAivel oTo +00 dev glvan Gvw ppaypévn. To avTioTpogo
Sev 1oyvel. Mo mopdderypa, n (1,0,3,0,5,0,7, ...) Sev eivon dvew @paypévn A& BSev orrokAivel
oTo +00. 270 1810 Top&derypa, TapdAo TTou 1 akoloubia Sev amrokAivel oTo +00, UTGPYEl KATTOLX
utrookoAouBia Tng TTou amokAivel oto +00: deite TNV uTToakolouBia Twv TEPITTWY SelKTwWY, TNV
(1,3,5,7,...). Autd To pouvdpevo 10xUel YeVIKOTEPQ.

TMpoéTaon 2.25. (1) Kabe axolouia mou Sev eivon dveo ppayuévn éxer TOUAGIoTOY pia utroakoAoubdia
Tou amokAivel oTo +00.

(2) Kafe axoloubliar mou Sev eivar kATw @payuévn éxel TOUAGioTov uia umoakoAouBia TTou amokAivel
oTO —00.

Amédeaén. (1) Eotw axoloubia (,) ox1 dvw epoypévn. Oa amodeifoupe 6T1 uTépyel uTToakoAoubia
NS Tou oTokAivel oTo +00. AuTod Ba To TeTUXOUPE TIEPLYPAPOVTOS Evaw “cAyopiBuikd” TpoTro
ETIAOYTS TWV Opwv TNs uToakoAoubias.

Bruo 1. Eraidfy n (x,,) Sev eivan dved pparypévn, utrédpyet k&mrolos dpos Tns Tou eivon > 1. EmiAéyoupe
gvay TéTOlO OpO: €0TW Tp, > 1.

Brjua 2. Emaidn n (x,) Bev elvon dvw pparypévn, umdpyouv dmepor dpot Tns Tou eivon > 2. Mot
uTtdpyouv &melpol 6pol > 2; ‘EoTw - yia va kataAn§oupe o &TOTTO - OT1 lval To TOAU TrETEPAOUEVOL
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dpot s (x,) peyoAUtepol oamd Tov 2. Todte umdpyxel ng € N dote va 1oxUel T, < 2 ylo kdde
n € N, n > ngy. Opiloupe
u=max{x1, ... ,Tpy_1,2}

kar 16Te elvan T, S u yix k& n €N, 1 <n<nyg—1«ku 2, <2< u yix k&e n € N, n > nyg.
Apa 10XVt T, < u yix k&be n € N, omdTe 0 u elvon dvw @pdypa s (7,) ko KoToAfyoupe of
&romo. Emidéyoupe, Tdpa, évav 6po s (T,) peycAUtepo amd Tov 2: éoTw Tn, > 2. Ppovriloupe,
opws, va eivar Ny > ny. AuTd elval £ikTd akpiPs S16T1 uTdp)ouy &Telpol dpotl > 2.
Brua 3. Emaidfy n () dev eivon dve pporypévn, utrdpyouv - &Trws Tpiv - deipor dpol Tng Trou eivat
> 3. EmiAéyoupe évav dpo tns () peyoAUTtepo amd Tov 3: éoTw X, > 3. Ppovriloupe, duws, va
glval ng > No.
Suveyifoupe auTry TN diadikacia em’ &mepov. Bpiokouue étor Biadoxikd dpous x,, (k € N) Tng
(:L‘n) WOTE VX 1OXUEL Nj41 > N KA

Ty, >k

yio k&fe k € N. Apa 1 (2, ) elvon utroakotoubio s () kou x,, — +00.
(2) Opoiws. [l

H TlpoéTaon 2.26 TpokuTTel amd tny Tpdtaon 2.25 ko To Oswpnua Twv Bolzano - Weierstrass.
TMpoéTaon 2.26. Kafs axkoloubia éxer TouAayioTor wia utrookoloutiar 1 omrola éxel opio.

Amédein. Av n axoloubia (x,) eivan @paypévn, éxel ouykAivouoa utoakoloubic. Av n (z,) Sev
elvon &vw gporyuévn, éxel utoakoouBia Trou amokAivel oo +00. Opolws, av 1 (z,) dev elvon K&Tw
PPOYHEVT), €XEl UTToakoAouBia TTou aTrokAivel oTo —O00. [

AoxnoeLc.
1. SupmAnpwoTte TNy ammodeién tns TpoTtaons 2.25.

2. Eotw a < b < ¢ < d. Bpelte pix TOAU amAn akolouBia TTou va éxel Téooepis utToakohouies
WOTE M TPWTN va cUyKAvel oTov a, 1 deUTepn oTov b, n Tpitn oTov ¢ ki 1 TéTapTn oTov d.

3. 'EoTw 6T1 N akoloubia () éxel i ooiadnToTe omd Tis 1816TNTES: (Yvnoiws) avfouoa, (yvn-
oiws) ebivouoa, dvw paypévn, K&Tw ppayuévn, ppayuévn. Amodeifte oT1 k&Be uTToakoAoubia
(wnk) ™s (2,) éxet Ty 181 18161 TC.

4. Eotw = € R ka T3 — T, T3p_1 — T, T3p_o — Z. llpooappolovtas Tnv amwoddeén Tns
TpoTaons 2.24, amodeiére 611 T, — T.

5. (7) EoTw 6T1 n axoloubia (x,) éxer dpro kou 6TL uTrdpyel uTrookoroubiar (T, ) doTe T, —
r € R. Amodeiérs 611 T, — 7.
(i7) EoTw 6Tt M akoloubia (z,) elvor povdTovn kou &T1 umdpxel uookoloubia () woTe

Tp, — T € R. AmoBei§te 611 7, — 2.
(i11) Eotw & =14+ 3 +35+ -+ + (n€N). Amé Ty evdmnTax 2.5 yvwpiloue 6T 10xUeL

Tok > g + 1 yrx x&fe k£ € N. A'ITOSE?ETE OTl Xy, — +00.
(1v) Amrodeifte pe TNV apxh) Tns emaywyns 6Tt woylel (1+a1)(1+az) - (1+a,) > 14+a;+
as + -+ a, ya k& n € N kou k&be a,...,a, > 0.
(v) EoTw 611 0 b 8ev elvon apynTikds aképatos. AtoxpivovTas Tepimtadoels a = b, a > b, a < b,

(a+1)(a+2)---(a+n)
(b+1)(b+2)---(b+n) -

utroAoyioTe To limy 400
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. Eotw 1 > 0 kot 1 =1+ H—Lx yiox k&fe n € N.

(1) Amodeifte 6T1 o1 uTroakoAouBies (Xar), (Tor_1) elvon povdToves Kou @poryuéves.
(77) AmodeifTe T1 N oxoloubia (x,,) cuyKAivel kou UToAoyioTe To 6p1d TNS.

Eotw a,b,7 € R, a # b. 'Eotw O6T1 Top, — a, Top_1 — b kou &T1 uTdpyel uTToakoAoubic
(@n,) woTE Ty — T

(Z) ATrodeiéTe 6T1 M ($nk) €XEL ATTEIPOUS OPOUS KOLVOUS EITE Ue TNV (:L’Qk) giTe pe TV (xgk,l).
(17) Amodeirte ST x =a 1) x =b.

(1) 'EoTw omoiadnmoTe akoloubia (x,). Evas dpos &, XapoxTnpeileTon dpos-okids av uT&pyEl
m €N, m >n &ote Ty, > T, . ATodeifTe 611, av 1 () éxer &TElpoUs dpous-okids, TOTE o1
dpot auTtol oxnuaTifouv yvnoiws aufouca utooxoloubia Tns (x,) ko1 &T1, av 1 (Z,,) Bev éxel
ATTEIPOUS OPOUS-OKIAS, TOTE eivan TeAik& @bivouoa.

(77) XpnoiwoTolwvTas To omoTéAeopa Tou (i) dwoTe deUTepn omdBelfn Tou OewpNPaTos Twv
Bolzano - Weierstrass ka1, yevikdtepa, tng TTpdTaons 2.26.

. ATo8eifTe éT1 pio oxolouBia (x,,) éxer pia 1BOTNTA yix &mepous 1 € N ow ko pévo av

uTrdpyel utrookoloubia (T, ) M omola éxel TV 181 1816TTA y1ox k&b k € N.

. Av To oUvolo Twv Opwv pias akoloubias eival Temepaouévo, amodeifTe OTI UTTGpyel oTabepn

utroakoAoufia Tns.

. AmroBeifTe 411 1 akohouBia (z,) éxel dplo T € R av kan pévo v k&Be utroaxoroubia Tns ()

€xel utrookoAoubia pe oplo .

. Eotw T, < = yix k&be n € N. Amodeire 611 sup{x, |n € N} = 2 av kon pévo av umépye

uTrooxohoubiar Tns (Z,,) Tou cuykAiver oTov .

. Eotw oxoroubia (z,,) ko1 umookoroubia (T, ). ATodeifte 611 kdbe urooxoroubia Tns (T4, )

glvan uTroakoNouBia kor Tns (Zy,).

. (1) ATodeiéte 11 1 axohouBia () Bev éxel dpio av kou pdvo av uTTdpyoUY Buo uTroakoAoubies

ns pe dragopeTikd opia. No avtimopoPdiete pe tny TlpoTaon 2.23.

(17) AmrodeifTe 6T1 M akohoubBic (x,,) Bev éxer dpio av kar pévo av umdpyouv [, u, u < I doTe
va 1oxUel T, < U yla &mepous € N kot x, > | yia &meipous n € N. Na avtimapodiete
pe v TTpodTaon 2.3(3).

. (1) 'Eotw m, = x ko1 T, # T yx k&8s n € N. Amodei€te 11 M oxohoubia () Bev éxet

kopld otafepn utToakoAoubia.
(17) Eotw @poyuévn oxolouBia oxolouBia (r,) xwpls kaud otabep?) utoakoloubic, doTe
rp = Z—” Gn € Z, pn, € N yra k&8s n € N. Amodei§te 611 p,, — +00.

(791) 'Eotw dppnTos = kou oxohoubia (r,) wote 7, — T ko 1, = %, Gn € Z, pp, € N yix

k&be n € N. Amodeiére 611 @), — +00 Kau eite P, — +00, av & > 0, elte p, — —00, av
x < 0.

. (i) XpnowomoidvTas Ta omoTeAéopaTa Tns &oknons 2 Tns evotnTas 2.5, omodeiére é11 (1 +

%)" e, (1+ 3%)" — €5 Ka, yevikéTepa, 611 (1 + 2)" — € yia kée 7 € Q.

‘EoTtw &ppnros .
(17) 'Eotw € > 0. Bdoel Tou opilopol Tou € amodeifte &1 umdpyouwv S, t € Q, s < x < ¢
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woTe ¥ —e < e <el <e¥+e.
(#41) Béoer Tou (i), oroBeifte 611 10 Uel Tehkd €7 —e < (142)" < (14+2)" < (14+1)" < e"4e.
Zupmepdvate 611 (14 2)" — €.

2.8 H I&ioTnTa TTAnpoTNTCS.

Opiopéds. H axoroubia (x,) yopoaxtnpileton akohoufia Cauchy av yia k&fe € > 0 umdpye ng € N
WOTE VX 10YUEL
|zn — x| < e

yix k&be n,m € N, n,m > ng. Mepikes popés auTtd To SioTuTrdvoups ws 7S

lim (2, —xm,) =0.
n,m—-+oo

Me &M Adyie: n () eivan okoloubiar Cauchy aw ot dpot Tns TANCI&{OUV OTTEPIOPIOTA O évas
Tov &AAo OTaw ol JeikTes Tous yivovTal KAaTGAANAG peydAol.

TMpéTaon 2.27. Av n akodoubia (x,,) ouyrivel, TéTe eivon axodoulior Couchy.

Amddeién. 'Eotw 1, — x. Eotw € > 0. Téte umdpxer ng € N dote va 1ox0a |2, — 2| < § yI1a
k&be n € N, n > ng. Emopévas, oAA&lovTas omrAcds To oUuBolo omd n ot m, woylel |z, — x| < 5
yiax k&8e m € N, m > ng. Apa 1oyvel

Tn = Tn| = [(2 —2) = (T — 2)| < |ap — 2| + |20 — 2| <5+ 5 =¢
yia k&8s n,m € N, n,m > ng. Apa n (x,,) eivan akoloubio Cauchy. [

Afppa 2.3. Av n (z,) eivar akoouBliar Cauchy, ToTe elvon pporyuévn.

Amodeén. Ymdpxer ng € N oot v ioxlet |2, — 2| < 1 yia ke n,m € N, n,m > ng. EidikoTepo,
yio k&fe n € N, n > ng woyber |z, — Tp,| < 1 xou, emopévoss,

[Zn| = |(Tn — Tng) + Tnp| < [Tn — Tg | + [T < 1+ [2,].

Opiloupe
M = max{|z1, .-, [ng 1], 1 + |2ns|}-

Téte 1woyler |2, < M yiakde n € N, 1 <n <ng—1 ko |z, <1+ |2, < M yro x&fe n € N,
n > ng. Apa woxvel |2,] < M yix k&8s n € N, omwdte  (,,) eiven pporypévn. ]

To kprtfiplo Tou Cauchy eivar To avtioTpogo Tns TpodTaons 2.27.
Kpitnpio Tou Cauchy. Av n (z,,) eivar akoouBia Cauchy, ouykAiver.

Amodeén. H (x,) eivon ppoypévn ko, oUugwva pe To Oscpnua Bolzano - Weierstrass, €yl utrooko-
Aoubia (x,,,) n omola cuykAvel. ‘EoTw x,, — =. Oa amwodeifoupe éT1 T, — .

Eotw € > 0. Yudpxer ng € N dote va 1oxlel |z, — 2| < § yia k&be n,m € N, n,m > ny.
Emions, uttépyer kg € N wote va 1ox0er [T, — 2| < § yix k&e k € N, k > k. Oa ouvBudoouue
QUTES TI§ dUO QWICOTNTES TXIPYOVTOS KATAAANAO Ny, O OToios va ptropel va xpnoipotoinfel oTn
deuTepn avicoTNTa cAA& kol oTn Béon Tou m oTny TPWTN avicdTnTa. [Na va yivel auTd TrpéTel
va elvor k > kg (i ) SeUTepn aviodTnTa) Ko 1y > g (yie Ty wpadTn avicdtnTa). Mo va efven

nk > ng, opkel (emerdh ng > k) va glvor k > ng. Opiloupe

k = max{ko,no} € N.
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Tote k > ko, omdTe 100el [T, — 2| < 5, ko1 ng > k> ng, omdTe 10xUel [Ty — Ty, | < 5 yiox ke
n €N, n > ng. Apa 1oxlel

|0 — 2 = (@0 — Tn) + (T, — T)| < o0 — T | + w0, —2[ <5+ 5 =¢
yix k&be n € N, n > ng. Apa z,, — . ]

Agite Tis aoknoels 5 ko 6 kabos ko TNy doknon 11 g evdTnTas 2.9 yia Tpels akoun oamodeifels
Tou Kprtnpiou Tou Cauchy.

H ypnowédtnTa Tou kprtnpiou tou Cauchy eivar Topdpola pe TN xpnolpdTnTa Tou OgwprfiuaTos
2.1. Av 8éoupe va amodeifoupe &t 1 axohouBiar () ouykAivel kou Be yvwpiloupe To UTTOWNPIO
dp1o = 1ns (), owtl va peAeTnooupe Tis oTmooTéOoElS [T, — | Twv dpwv Tns akoloubias oo Tov
&yvwoTo T, peEAeTAUE TIS QMOOTAOELS | Ty — Xpy| METOEU Twv Spwv Tns akoloubias. TTpémel, BéPaic,
va A&Poupe utt own 611 To Kpithplo Tou Cauchy dev Trpoodiopilel To Oplo wpias akoloubias Cauchy.

Nopadetypo. Eotw n axohoubia (z,,), 6oy &, = 1+2i2 +3i2 +et n_lg (n € N). Oa orodeifoupe

611 N (x,) ouykAiver
Eotw n,m € N, n < m. TéTe

|$n_$m|:m+m+”'+m+#

1 1 1 1
< n(n+1) + (n+1)(n+2) toee Tt (m—2)(m—1) + (m—=1)m
_ 1 1 1 1 1 1 1 1 _ 1 1 1
Tr T Ta e T TR T RA T e T m T e m S

Topa, ¢otw € > 0. MNvwpiloupe éT1 utdpxel Ny € N doTe va 1oyUel n—lo < e. ToTe yx k&e n, m € N,
1 1
=< = <e.

n — mng
Apa 1 () elvon akorouBia Cauchy kai, eTopévws, cuyKAivel.

no < n < moyle |z, — Ty <

To kpithplo Tou Cauchy ekpp&lel tnv I816TNTa TTANpdTNTOaS Tou R.
18101 TTAnpoTNTAS. Kdbe axoloubia Cauchy ouykAiver.

H [816tnTa TTAnpdTNnTas amodeixbnke Paoel Tou OewpnuaTtos Twv Bolzano - Weierstrass, n amddeién
Tou oToiou avdyeTal, TEAIKE, oTny I1816TNTa Zuvéyelas. Apa atrd TN IB16TNTA ZUVEXEIRS CUVETTAYETAL
n [BidtnTa TTAnpdTHTas. To avtioTpogo dev eivon axpifws ocwoTd. H I1816TnTa TTAnpdTNTOS Sev €lvan
aPKeTT yia va atmodeixfei n 1816TnTa Zuvéxeias. Av, opws, utobécoupe Ty I8i1dTNnTa TTAnpdTNTOS Hadi
pe TN Apyiundeia 1816TNTO, TOTE UTTopoUpe va atrodeifoupe TNy 1816TNT Zuvéxelas. Me dAAa Adyia:
n 1&ioTnTa Suvéxeias eivon 1ooduvaun pe Ty ouleuén Tns IGiotnTas TAnpornTas kou Tns Apxundeias
16ioTnTas. Mo Ty amwddeién deite TNV doknon 4.

Aoxknoeic.

1. Avze, =1+ % + -4 % (n € N), amwd v evdnTa 2.5 yvwpiloupe 6TL Tg, — Ty > % yio
k&Be n € N. Eivoa n (z,,) axorouio Cauchy; ATodeiére o611 2,y — +00.

2 Eotw o, =1—Li4 11 4 GO () e N).
m—n—1
(1) Amodeiéte o1 |T)y — Tpy| = ‘L S W I )

1 '
ol — ni3 — < Y k&fe n,m € N,
n <m.

(17) Amodei€Te 11 M () elvan akorouBiar Cauchy.
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3. (i) Eotw axoroutia (x,,), 0 < p < 1 ko ot 811 1oxUel TEAKS [T, — Tpi1| < cp™ . ATrodeife
ot umdpxet ng € N oote [T, — 2| = [(Tn—Tn1) H(Tpns1 —Tpio) + -+ (Tmo1—Tm)| < cl"Tnp
yia k&8s n,m € N, ng < n < m. Amodeifte 611 1 () eivon axoAouBia Cauchy.

(1) Eotw akoroubia (x,,), 0 < p < 1 kon éoTw OT1 1oXUel TENKS | Tyt — Tpsa| < plTn—Tni].
Atrodeiéte 611 ) (x,) elvon akorouBia Cauchy.

(7i) Eotw 1 > 0 ko1 Tpyy = 1+ ﬁ (n € N). Amodeitte 11 1 oxoroubia (x,,) cuykAiver
Kal Ppeite TO Op1O TNS.

4. 'Eotw 611 1oxUsl n Apxipndeia 1816tnTa kot 1 1816TnTa TTANpdTNnTas. ATodei§te Ty 1816TNnTCH
Supremum.
Ymodeién: 'EoTw un-kevd Ko dvw ppoyuévo ouvoro A. TlapodsimovTtas To apyikd Priuc, dnAadt
¥wpls va arodeifeTe 0TI k&be @pbivouca kon k&Tw Pparyuévn akoAoubia cuykAivel, va eTava-
A&PeTe SAa Ta emixelpfipaTa TN &oknons |2 Tns evdtnTas 2.5, moapaTtnpwvTas 4TL ot (T,),
(yn) elvor oxoloubies Cauchy.

5. AxolouBvTtas (av BéAeTe) TNy Topak&Tw UTTOdeISN, amodeifTe ue deUTepo TPOTTO TO KPITNPLO
Tou Cauchy.
Ymodeién: 'Eotw oxoloubia Cauchy (x,). Amodeifte 611 umdpyel didotnua [ay, by] woTe by —
a; < 1 xou woTe va 1oxUel TEAKE T, € [ag,b1]. Kotdmw, omodeiéte 11 umdp)el SidoTnua
[az, bs] C [a1,b1] dote by—as < % Kol OOTE Vo 1ogUel TEMKK Ty, € [ag, by, ETravodaupdvovtas
authy TNV Siadikacia e’ &meipov, dnuioupynoTe SaoThuata [ag, bx] (k € N) cwote yio x&Be
k € N va etvan [agi1, bgy1] C [ag, be), b — ap < % KOl GOTE v 1oXUel TENKE Ty, € [ag, by).
Etropéveds, uTrdpyel & coTe va 1oxUel & € [ay, by yio k&fe k € N. Eotw £ > 0. Amodeiéte 671,
av % < g, 1oTe [ag, by C (x —e,x+¢), omwdTe 10¥0al Tehk& X, € (X — &, x4 ¢). SupmepdvarTe
OTL Ty, —> .

6. AkoloubBawvTas (av BéAeTe) TNy TapoakdTw uTddeiEn, oTmodeifTe pe TpiTo TPOTO TO KPITHPLO
Tou Cauchy.
Ymédeén: 'Eotw oxoloubia Cauchy (z,,). @ewpnote I, = inf{zy |k € Nk > n} ko u, =
sup{zi |k € Nyk > n} yx k&be n € N. Amodeiéte 611 1oytel 1, < uy, I, < lyy1 ko
Upp1 < Uy yix k&Be n € N Amwodeiére o1 up, — [, — 0 xkau, emopéves, uTdpyel T oTe
l, = x ko u,, — x. Amodeifre 611 10YVel [, <z, < Uy, yia k&Be n € N, owdTE T, — T

2.9 limsup kat liminf akoAoufias.

Mo v evdéTnTa autn KoAd Ba ftav va EavaBuunfoupe Ty uvmosvdtTnTa 2.1.2 Kot €181k T
TeAeuTala oupTTEpAOUATA.

OtwpoUpe omoladnTToTe akoloubia (z,) ko1, Péoel auTns Tns akoloubias, opiloupe Ta e€fs Suo
oUvola:

U' = {x |oyva 1, > = yia &mwepous n € N}, U = {z |oxva tenxé z, < z}.

1 I I I ’ / ! 1 1 1
Eivor avepd 611 o1 kavdves Tou opilouv T ouvora U’ kan U eivar o évas avtifieTos Tou &Ahou kat
OT1 Ké&Be op1Buds 1kavoTolsl évav omd Tous duo kavdves. Apa Ta U’ U elvon Eva kon 1) évewot) Tous
elvan {on pe To R:

UnU=90, UUU=R,

2e Myo Ba SoUue ouykekplpéva TapadeiypaTa, ocAA& as ey XyoUps TTPWTA UEPIKA YEVIKA CUUTTE-
pPAOUATA.
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KaT' apxés éxoupe Tis Suo "oxpaies” TEPITTWOES TOU €va amd T SUO CUVOAX €IVl KEVO.
Anhadh, v mepimtwon U =0, U =R xoa v U’ = R, U = (). 'Exoupe, dpws, kar Tny "evdidueon”
TrepiTTwon Tou kavéva amd Ta U, U Sev eivan kevd. ToTe

/ !/ !/

u <wu (W eU,uel).

MpdypaTy, éotw v € U', u € U. Téte 1oyter Tehikd x, < u. Av fTov v < o/, Ba loyue Tehik
n < ', omdTe Ba NTav w' € U. Autéd given &totro, omdTe U’ < u.

Apa oty TepimTwon mou kawvéva amd Ta U U Bev eivan kevd, yio Ta Suo auTtd oUvoda 1oUel 1

utréBeon Tns 1i16TNnTas Zuvéxelas. Apa UTTGpyEl T WOTE

v <z <u (W eU ,uel).

Sty {81 mwepiTTwon, N "ekdva” cupTAnpdveTal ws e&hs. Emadh U NU = () koo U UU = R,
OUVETTQYETAL OTI

U'=(-00,7], U=(@,+00) 1n U =(-00,7), U-=][T, +00).

Oa fovayupicoupe oTis duo aplesg "akpades” nsprrrroocslg Av U = 0 ka1 U = R, Bewopolpe
T = —00, omdTe ka1 TOM 1oxUel v < T < u yix k&be v’ € U', u € U «aen, emions,

U =(-00,7], U= (T,+00).

MpdypaTy, To 611 T < u yix k&fe u € U elvan cagés. To 611 v/ < T yia k&be v’ € U’ elven, emions,
cagés, 316T1 dev umépyel kavévas v € U (emeidn U = () yia Tov omoio va pnv 1oyxver u' < T.
Téros, n U = (T, +00) etvan pogowtis, oAA& kou U’ = (—00, T] elvon Tpopavns, agol kar Ta Suo
oUvola eival Kevd.

Av U =R keu U = (), Bewpolpe T = +00, oToTe - pe Ta id1a emiyelpfuaTa - oA oxvet v/ < T < u
yia k&be v € U', u € U o, emions,

U =(-00,7), U=]IT,+00).

Opiopds. Apa os k&fe TepimTwon uTTdpyel éva T € R pe 115 Tapamdvew 1816TNTES OF oxéomn pe TNV
akolouia (). Autd To T ovoudleTan avewTaTo 6pto s (T,) kau oupPoAileTon

lim sup x,, n lim sup &, n limz,, .
n——+0o0o

H TTpdTtaon 2.28 meprypdgel TARpws Tis 1816TNTes Tou lim 22y, .

MpéTaon 2.28. Eotw omoiadnimote oaxoloubiar ().

(1) limx, = +00 av ko uyévo av n (x,) Sev eivon dvew ppoaryuérn.

(2) limx, = —00 av ka1 udvo av T, — —Q.

(3) Mo kabe x> lim z,, 10Uel TEAIKQ X, < T. Emions, av woxver teAdika T, < T, TOTE T > lim 2, .

(4) MNa xkébe x < lim x,, 10xver T,, > = y1a dmepous n € N. Emrions, av ioxVel T, > T yia &meipous
n €N, ére  <limuz,, .

ATédeifn. Oa ypnoiuotorfiooupe T ouvoha U', U amd Ta omola opiotnke To limz, =T .

(1) Eotw limz, = +00. Téte U =R ken U = ). Apa yia x&Be = 1oxUel T, > T yia &TElpoOUs
n € N, omwdte kavévas & Sev elvan dvw epdypa s (Z,). Apa n (x,) Sev eivan dvw @poryuévn.
AvTioTpdpws, é0Tw 6T M (Z,) Bev elvan dvw pporypévn. ToTe yia k&fe & 10xUel T, > T Y1 &TTelpous
n € N. Autd 1o eldaue yia Tov & = 2 (ka1 Tov & = 3) oTo Brpa 2 oty amdden 1ns Tpdtaons
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2.25 al\& To 1810 emiyeipnua epapudleTar yia omotovdnToTe . Emopévas, © € U’ yia kédBe x. Apa
U =R ka1 U = 0, owdre limx,, = +00.

(2) Eotw limx, = —oo. Téte U' = () xou U = R. Apa yix k&8s M > 0 woyter —M — 1 € U,
omoTE 1oYUel TEAKE Ty, < —M — 1 < =M. Apa x,, = —00. AvTioTpdpws, €0Tw T, — —00. ToTe
yia k&fe z 1oxUel TEAKS T, < —|z| — 1 kou, emopévaws, T, < . Apa x € U yix k&fe T, omwdTe
U =0 ka U =R. Apa limz,, = —00.

(3) Eotw x > limx, . Oswpolue évav ' dote limx, < 2’ < x. Téte &' € U, omdTe 10xUel TeNK&
T, < &', Apa 1oylel TeNkS& T, < . Twpo, éoTw OTL 1oXUel TEANKE T, < X. TéTe 1oxUel TENK&
T, < 2, owdte x € U. Apa x> limz,, .

(4) Eotw x < limx, . Tote © € U’', omwdte 10XVel T, > = yia &meipous 1 € N. Kotdm, éotw 6T
1oxVel T, > = yix &mepous n € N. Tote © € U, omwdte 2 < limx,, . O]

Nopadeiypota. (1) lim+ =0. Awn U' = (—00,0] xou U = (0, +00).

(2) im(=1) = 0. Mdm U' = (—00,0) kan U = [0, 400).

(3) im0 =0. Awvnt U’ = (—00,0) kea U = [0, 4+00).

(4) Tm E — 0. A U7 = (—00,0] xoa U = (0, +00).

(5) im(=1)"t =1. A1 U’ = (—00,1) ken U = [1, +00).

(6) limn = +o0. At U’ = (—00,+00) ka1 U = (). Emions, umopoUpe va wolpe 4T1 1 akoloubic
(n) dev eivon dvw @payuévn, omdTe limn = 400.

(7) lim(—n) = —oc0. ATt U’ = ) kea U = (—00, +00). Emrions, pmopoUue va oUpe 6Tt —n — —00,
omdTe lim(—n) =
(8) lim(—1)"" ln = +o00. Aibm1 U’ = (—00, +00) ko = 0. fons, pTTopoUps va TToUPe OTL 1)
axoloubia ((—1)"7!n) Bev eivan dvew @payuévn, omdTe llm( 1)” n = 400.

(%) W%n =0. Adv1 U' = (—00,0) xou U = [0, 4+00).
(10) m%n = +00. Awdtt U’ = (—00,+0) ka1 U = (). Emions, pmwopolue va mouue 4T1 1
akoAouBia (%n) dev elvanl Guw QPOYUEVT, OTTOTE m%n = +00.

Topa Ba weprypdyoupe cuvoTTIKE TN “ouppeTpIKh” KatdoToot. Opifouue Ta €6l oUvola:
L = {z | woxber tehk& ,, > z}, L' = {z |wylea x, < x yia &mweipous n € N},

ToTe o1 kKavdves TTou opilouv Ta ocUvoAa L kou L' eivar o évas avTifeTos Tou dAAou kan k&be opifuds
o 1 I 1 ! ! 1 1 1 1 1
1KavoTrolel évav aTrd Tous duo kavodves. Apa Tta L, L' sivan Eva xou 1 évwotn) Tous elvar ion pe To R:

LNL =0, LUL =R.
Ocswpolpe TNV TePiTTTwon TTou kavéva atmd Ta L, L' Sev elvon kevd. ToTe
I<l (leLlel).

MpdypaTy, éotw | € L, I' € L. Té1e 10xUer Tehik& ,, > 1. Av firaw I < [, Bax loyue Tehik& x,, > I/,
omoTe Ba ftaw ' € L. Autd eiven &toto, omodTe [ < .
Apa otnv TepiTTwon Tou kavéva omd Ta L, L’ Sev elvon kevd, yiax Ta Suo auTd ouvola toylel M
utéBeon Tns 1S16TNTas Zuvéxelas. Apa UTTEpYEL £ WOTE

[<z<Ul (le Ll el).
Sty S mepimTwon, eweldh) LN L =0 koo LU L = R, ouvemdyetan 611

L=(-oc0,z], L' =(z,+00) # L=(—o0,z), L =]z,+0).
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Av L =0 kan L' =R, fewpolpe x = —00, omdTe kan wéAL oyet [ <z <! yiaxdbe [ € L, I' € I/
Kal, emions,

L= (—o00,z], L = (z,+).

Av L =R ko L' =), fewpolpe x = 400, omdte wéh 1oyvel | < x < I yiaxdbe l € L, ' € I/
Ko, emions,

L= (-o00,2), L' =]z,+).

Opiopds. Apa os k&fe TepimTwon uTdpyel éva = € R ME TIS TTOPATIAV® 1S10TNTES O OXEOT UE TNV
(). Autd To X ovoudleTon KaTWTATO 6pto TNS (X,) Kol cUpPoAileTon
liminf x, N liminfz, 1 lim x,, .
n—-+0oo
TMpétaon 2.29. Eotw omoiodnmote akodoutia ().
(1) limz, = —00 av kou udvo av n (x,) Sev eivon kdTw Ppayuévn.
(2) limx,, = +00 av kai yovo av T, — +00.
(3) Na kafe x < lim z,, 1oxver TeAdikd x,, > x. Emions, av ioxver Telika T, > x, 10Te T < lim ), .
(4) Na kébe x > lim x,, 1oxver x, < T yia amepous n € N. Emions, av woxver T, < T yia &ireipous
n €N, téte x > limx,, .

Amddeifn. Oa ypnoiyotolfiooupe Ta oUvoda L, I/ amwd Ta omoia opioTnke To limx, = .

(1) Eotw limx, = —00. Tote L = ) ko L' = R. Apa yix k&be x 10xUel T, < T yix &TEIPOUS

n € N, omwdte xovévas & dev eivon kdTw opdypa s (). Apa n (T,) Bev elvan k&Tw @poryuévn.

AvTioTpdpws, éoTw 6Tt M (T,) Bev eivan k&Tw epayuévn. ToTe yio kdbe = 1oxlel T, < T Yy

&maipous n € N. Emopévas, © € L' yiax kébe z. Apa L = () ke L' =R, omdTe lim x,, = —00.

(2) Eotow limx, = 400. Téte L =R wo1 L' = 0. Apa yio k&be M > 0 woyver M + 1 € L, omwdTe

1oyUel TEAK& T, > M + 1 > M. Apa z,, = +00. AvTioTpdews, ¢0Tw T, — +00. ToéTe yiox k&be

T 1oyUel TENk& T, > |z + 1 ko, emopévess, x, > x. Apa = € L yia kédfe z, ométe L = R ko

= (). Apa limx, = +00.

(3) Eotw = < limx, . Oswpolpe évav ' wote & < &’ < limx, . Tote &' € L, omdte 10xUel Tehik&
n > ' Apa 1oyl TEAIKE T, > x. KaTdmw, foTw OTL 1oxUel TEMK& T, > . ToTe 1oyUel TeEAKS

Ty > x, omdte £ € L. Apa z < limzx, .

(4) Eotw x > limx, . Téte v € L', omdTe 10yl x, < = yix &meipous n € N. Tédos, ot 611

1oxUel T, < T ylo &mepous n € N. Téte © € L', omwdte > limxy, . O

Mopade iypata. (1) lim = 0. Awn L = (—o0,0] xea L' = (0, +00).

(2) ll_m(—%) =0. Aidm1 L = (—00,0) xea L' = [0, +00).

(3) im0 =0. Awémt L = (—00,0] ke L' = (0, +00).

(4) lim (_12:171 =0. Awdv1 L = (—00,0) xea L' = [0, +00).

(5) lim(—1)" ' = —1. Aidm1 L = (—00, —1] ken L' = (—1,+00).

(6) limn = +oo. ATt L = (—00,400) ko L' = (). Ewions, pmopoUue va olue 611 n — +00,
omoTe limn = +00.

(7) lim(—n) = —o0. Awdvtt L = ) ken L' = (—00, +00). Emrions, umopoUpe va oUue 6T1 1 akoAouBia
(—n) dev elvon k&Tw @poypévn, omdTe lim(—n) = —o0.
(8) lim(—=1)""'n = —oco. Awdtt L = ) xen L' = (—00,+00). Emions, umopolue va Tovue &Ti 1
axorouBia ((—1)""'n) Sev elvan k&Tw @payuevn, omdTe lim(—1)""tn = —oo.

-1
(9) ll_m(l)Tln = —00. Awdtt L =) xou L' = (—00,400). Emions, pmopoUue va oUue 6T1 M

(-1
2

(10) h_m%n =0. Aidm1 L = (—00,0] kea L' = (0, +00).

(1"t

akolouBia ( n) dev elval KATW Pparyuévn, omoTe lim n = —0o0.
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['veopiloupe OT1 dev €xouv OAes o1 axoAoubies opio. TIpetel, Ouws, va TovioTel OTI, CUUPWYA HE
60 €XOUHE TEL G QUTNV TNV EVOTNTC
KdaBe axoloubiar éxel avadTaTo OPIO KAl KATWTATO OPIO.

Ma évav SeuTepo 1008Uvauo TPOTo oplopwoy Twv lim ko lim Ssite Ty &oxnon 13.

MoapatnpnoTe Ta idia Tapodeiypara petd amd Tis TlpoTtdoes 2.28 kon 2.29. (1) Ze x&be Topd-
Berypa To KaTwTaTo dplo dev eivan peyodUTepo amd To aviToTo dpto. (ii) Ze dmolo Toapdderypa To
QAVAOTATO KAl TO KATWTATO Oplo gival ioa 1 akoAouBia €xel Oplo kol o1 TPEls auTes TTOCOTNTES gival
iogs. Xe OO0 TTAPABELYUA TO CAVWTATO KAl TO KATWTOTO Oplo dev eivan loa 1 akoloubicr Sev €xel
dpro. (ii1) Se k&Be mopdderypa uTTdpYel uTTookoAouia pe dplo To AVOTATO bplo Kol uTTookoAoubia
pe oplo To KatwTaTo oplo. ‘OAa auTd Ba Ta yeviKeUooOUpe OTIS ETTOUEVES TTPOTAOTELS.

TMpéTaon 2.30. Eotw omoiadnmote oxoloubiar ().

(1) limz, <limzx,.

(2) H (x,,) éxer dpio av xau pévo av lim x,, = limx,, . Emions, oty mepimteon mou n (x,,) éxer Spio,
elvar lim x,, = lim x,, = lim z,, .

Amédeén. (1) Eotw limx, < limz,. Oswpolus oTolovdfmoTe T woTe limx, < T < lim z,,. ATd TNV
limx, < x ko1 Tnv TpdTaon 2.28 cuvemdyeTon OT1 10XVl TEAIK& T, < T Kou ammd Ty = < lim 2, ko
v TpdToon 2.29 cuvemdyetal 6Tl 1oxUel TEMKE T < Ty, . Apa 10XUel TEAKA Ty < T Kal T < T, .
AuTo elvon aToTro.
(2) Eote 611 1 () éxer opio.
Av lim z,, = 400, Té1¢ lim x, = +00 kau, amwd To 6T 1 (T,,) Bev elvon dvw Ppaypévn, cuveTdyeTal
limx,, = +00.
Av lim x,, = —00, TéTe limx, = —00 ka1, owd To &1 1 (2,) Bev elvan kK&Tw Ppaypévn, ouveTdyeTat
lim x,, = —o0.
‘Eotw limz, = 2. Eotw € > 0. TéTe 1oxVel Tehik& & — € < T, < & + €. Ao 15 Tlpotdoeis 2.28
kol 2.29 ouveTdyeTal

r—¢e<limx,, limz, <z+e.

Emeidn) autd 1oxvouv yia k&Be € > 0, ouvemrdyeTtan

r <limx,, limz, <.
Emed?y lim x,, < lim x,,, oupmepaivoupe 611 lim z, = limz, = £ = limx,, .
AvTioTpdows, ¢oTw limx, = limz,, .
Av limx, = limx, = 400, TéTe amwd T limx, = +00 ouverayetat lim x, = +00.
Av lim x,, = limz, = —00, TéTe amd T limx, = —00 cuvemwdyeTan limz, = —00.
TéAos, ¢oTw limx, = limxz, = . Na k& € > 0 sivar limxz, < T + €, owdTe, Pdoer s MpdTaons
2.28, 1oxUel TEAIK&

Tn < X+ €.

Opoiws, yiax k&be € > 0 eivor x — € < limx,,, omwdTe, P&oer Tns TpdTaons 2.29, 1oxUel TEAK&
Ty > T —E.
Apa 1oxlel TeEAk& & — € < X, < T + €, omdTe limz,, = . O

Opiopds. 'Eotw x € R. To XopokTnpileTon utroakoloubiakd épio Tng akoloubias (x,) av utrdpyel
uTroakoAouia (&, ) Ts (X,) pe éplo T: T, — .
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HMopadeiypotoa. (1) Av n axkodoubia (x,) éxel dplo, TOTE K&Be UTToaKoAoUBia Tns éxel To id1o bpio,
oTroTE TO Op1d TN eivanl To povadiké utroakoAoubiokd Tns opto. Mo Tapddelypa, 1 akoAoubia (%)
éxel povadikd utroakoloubiakd bpto Tov 0 kou n axoroubia (—n) To —o0.

(2) H axoroubia ((—1)"71) éyer TouhdyioTov Suo uToakohoubiokd dpia, Tous 1. SUugwva pe TNV

&oknomn 7 Tng evotnTas 2.7, Sev uTdpxel dAAo utroakoAoubiokd oplo.

(=D"t41

3 n) éxel povadik& utoakoloubiakd épiax Tov () ko To +00.

(3) Opoiws, N akoroubia (

ZUpgwva pe TN TTpdTaon 2.26, k&Be akoloubia €xel TouAdyloTov éva uTToakoAouBiakd oplo: av
elval ppaypévn, TOTe €xel TOUAGXIoTOV €va utTtoakoAoubiokd Oplo To oTroio eival apiBuds evw, av dev
elvon pparypévn, TOTE éva TouAdyloTov amd Ta 00 eival uTroakoloubiakd 6p1d Tngs.

Av uia axkolouBia éxel Suo diopopeTik& utroakoAoubiakd Opla, dnAadn exel duo utToakoAoubies e
dlapopeTIKG Opla, TOTE dev exel Oplo. H TTpdtaon 2.31 eoopaiilel duo ouykekpiuéva uTroakoAoubiokd
opla plas otolaocdNToTe akolouBias - T omoia pmopel va TauTilovTan.

MpéTaon 2.31. Eotew omoiadrmore axoloubia (x,,). Tdte Ta oToi el lim x,, xar lim x,, Tou R efvan
To eAXIOTO Kal TO WéyIoTO, QVTICTOlXWS, UTrookoAoubioxd Spio Tns ().

Amédeatn. Ma ouvtopia, éoTw T = limz, € R.
Av T = +o0, 16T N () Bev elvon dwew ppoypéun, omdTe €xel To +00 ws uTooaKohoubiakd bpto.
Apa To T = +00 elvor To péyloTo umoakoAoubiokd dpto Tns (2,).
Av T = —00, TéTE T, — —00, omdTe K&t UTToakoAoubia Tns () éxel Oplo —00. Apa To T = —00
elvol To povadikd - kau, eTouévws, To PéyloTo - utrooakoAoubiokd dpio Tns (T,).
TéMos, éotw T € R. Eotw v/, u woTe

v <T <u.
Téte, Péosr Tns TpdTaons 2.28, woylel Tehik& T, < U Ko, eTrions, woxvel x, > U yla &meipous
n € N. Emopévws, 1oxUel

<, <u

yia &meipous n € N.

Apa utmépxert 11 € N wote T — 1 < z,, < T+ 1. Katdmw, umdpyert ne € N, ng > ny ooTe
T — % < Ty, <T+ % . Kotdmw, umdpyet ng € N, ng > ny dote T — % < Tpy < T+ % uveyilovtas
e’ &mrelpov, opiloupe umookoroubia (2, ) Tns (Z,,), woTe va 1oKUel

= _ 1 = 1

T— 7 <Tp, <TH+ 3
yio k&fe k € N. Apa z,,, — T, omdTe 0 T elvon utrookoroubiakd dpio s (Zy,).
‘Eotw umoakoroubiakd dpio & € R s (z,). AnAadn, umdpyer uToakohoubia (T, ) ©oTe Ty, — .
‘EoTtw - y1a va katadnfoupe oe &rotro - 611 T < x. 'Eotw T woTe

rT<t<uw.

Emeidn @, — x, 1oxlel Tedk& t < T, . Apx 1oxUel t < T, yia &meipous N € N. Ouws, emedn
T < t, 1oxUel TeEAK& T, < t. KataAnyoupe oe avTipaon, omdTte © < T. Apax o T eival To péyloTo
uTroakoAoubiakd épto s (T,,).

Ouoiws, To lim x,, elvon To eA&yioTo utTroakoAoubiokd 6plo Tng (In) ]

MpéTaon 2.32. ‘Eotw omoiecdnmoTte akoloubies (xn) (yn). Av 1oxver TeEAKG Ty, < Yy, TOTE liMm T, <
limy,, ka1 limx,, <limy, .

Amédeién. Eotw u > limy, . Améd v TpdTtaon 2.28 cuvemwdyeton OTi 10YUel TENKE Yy, < U. Apa
1oYUel TENK& T, < U, oToTe, TEN amd Tty Tpdtaon 2.28, sivar u > lim z, . Ewadf autd 1oylel
yia k&8s u > limy,, , cuumepaivoupe o1 limz, < limy,, .

Ouolws amodeikvietan é11 lim, < limy, . ]
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AoxnoeLc.
. ZupmAnpwoTe Tis amodeifels Twv TTpotdoewy 2.31 kot 2.32.

. Eotw a < b < ¢ xou o1 oxoroubies (a,b,a,b,a,b,a,b,...) ke (a,b,c,a,b,c a,b,c,...).
Bpeite Ta lim ko lim Twv akoAoubicdy autwy kafows kol OAa Ta utTtoakoAoufiakd opi& Tous.

. Bpeite, péow Teov opiopcv Tous, To fim, lim Tev axolouticv: (), (2=1), (27), (27™), ((—2)"),

ED (D" ) (D ) (D) = )

. (i) AmroBeifTe 411, aw Bev TPOKUTITEL aTrPocd1dploTn pope, TOTe lim 'y, +lim vy, < lim (2, + Yn)
kot lim(x, + ypn) < limx, + limy, .

(17) ATrodeifte &T1, av 10¥UEl TENKE Ty, Yy, > 0 kot eV TPOKUTTTEL OTTPOCBIOPIOTN HOPPT), TOTE
lim x, limy, <limz,y, ko limz,y, < limx,limy, .

(i71) AmodeiéTte 611, av t > 0, TéTe limtx, = t limx, ko limtz, = tlimx,. Tt yiveton ov
t<0;

. (i) Amodeifte 611, av uTdpyel To limy, ko Bev TPOKUTTOUV OTPOCBIOPIOTES HOPPES, TOTE
lim(x, + yn) = limz,, + limy, ko lim(z, + y,) = limx,, + limy, .

(77) ATrodeifte 611, av ioxUel TEMK& T, Y, > 0, umdpxet To limy, Ko Bev TpokUTTOUV
aTTPOoCBIdPIoTES YOPPES, TOTE |im X, Yy, = lim 2, lim y, ko lim 2,y,, = lim z, lim y,, .

. Eotw m € N. Amodeiéte 611 o1 (x,,), (Tpim) éxouv Ta 81 urooKooubakd Spic.

1 1 2 3 2 1 1 2 3 4 5 4 3 2 1
75707375717171717075757575717678787676707"')

Kol oTrodeléTe OTL To oUVoAo Twv UToakoAoubiakdy opiwv s eivar To [0, 1].

. (i) OewptioTe TNV axoroubia (0, 1

(17) Ymépyer oxohouBia (z,) pe oclvoho utoakoroubioxwy opiwv To (0,1) % 10 (0,1] % TO

0, 1);

. (i) Amodeitte 61 0 T € R eivan uoakolouBiokd dpto s axoloubias (,) av ki pévo av
yia k&be € > 0 1woyel , € N,(g) yio &meipous n € N.

(77) Eotew X C R To olUvolo Twv uookoloubiakdy opiwy Tns akoloudias (zn). Av (yn)
elvar otoladfoTe axkoloubia oto X ka1 Yy, — Yy € R, amodeiéte 6T y € X.

(17i) Eotw a < b < ¢ < d. AmodeifTe 611 Bev umdpyel akoloubia (x,) pe ouUvolo uTrooKo-
Aouthakav opiwv To [a,b) U [c,d] % To [a,b] N Q.

. (1) Amobdeiéte To @zcopnpa Tou Cesaro: Av x,, — T, TOTe W —T.
Ymodeién: Mvepiloupe 611 utdpyer M cote va woylet |2,| < M yix k&be n € N. ‘EoTtw € > 0.

Ymdpyer ng € N dote v oxter ¢ — e < 2, < T+ ¢ yux k&be n € N, n > ngy. Amodeifre
ml—‘,-n—}—g;n — xl+"'+1'n0—l + -Z’n0+n+33n S (no—n].)M + (TL—’I’L[)-;I].)(CC-‘FE) S (’I’L()—n].)M _|_ T _|_ £ Kal,

o1l
opolws, % > —M + 2 —¢ ya k&be n € N, n > ng. Bdoa s TMpdTaons 2.32,
aTrodeifTte oT1 & — € < h_mm% Kal m% < x4+ ¢e. Arodeifte om1 & < h_m%
KOl W% < z. ZupmepavaTe OTL % — .

(4) Av x, = (=1)"" yix k&Be n € N, amodeifte 6T BE=FHe — (. Apa Bev 10xUel To
avTioTpogo Tou OewpruoaTtos Tou Cesaro.

(zu) AtodeiéTe 6T, av X, — F00, TOTE xﬁ% — 100, avtioTolxws.

() Av 2, > 0 yia k&8e n € N kau x, — = € [0, +00|, amwodeifre 11 Y/I1 - - - T,y — T
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10. AkolouBwvTas (av 8éAeTe) TNV Topak&Tw UTTOdeIEN, aTTodeifTe pe TETOPTO TPOTTO TO KPITNPLO

Tou Cauchy.

Ymé8eiEn: ‘Eotw akoloudia Cauchy (2,). Eotw z = limz, € R, T =limz, € R. H (x,) v
ppaypévn, omoTe 2,7 € R. Eotw < T. Oewpnote [, u dote £ < | < u < T. Téte 10xUel
T < | y1a &mepous m € N koa x,, > u yiox &rmeipous n € N. Apa ioylel T, — Ty, > u—1 yicx
&mepous n, m € N. Aodeiéte 611 auTd elvan &totro. ZupmrepdvaTe OTL T = T Kal, ETTOUEVS,
611 (x,) ouykAiver

. AwoTe deuTepn AUon Tns &oknons 14 1ns evotnTas 2.7.

. Eotw oxoroubia (z,,).

(1) To k&fe n € N opifoupe u, = sup{zi |k € Nk > n}. (a) Av n (z,) Bev elvan dvw
pparypévn, amodeifte 6TL U, = +00 yix k&be n € N. () Av n (z,) elvon dveo @parypévn,
omodeifte 611 Uy, € R yix x&fe n € N koa 611 10xUel Upy1 < Uy yia k&Be n € N, omdTe 1
(uy,) éxer 6pio oTo [—00, +00). ATodeifTe 611 U, — lim 2y, .

(17) Ta x&Be n € N opifoupe I, = inf{zy |k € Nk > n}. (a) Av n (z,) Bev elvan x&Tw
pparypévn, amodeifte 611 [, = —00 yix k&fe n € N. () Av n (z,) elvon k&Tw @paypévn,
amodeifte 611 [, € R yix k&be n € N ko 611 10yUet I, < 11 yix k&fe n € N, omwdte 1 (1)
éxel 6plo oTo (—00, +00]. Amodeifte 611 I, — limz, .

(1ii) Amrodeitte 6Tt I, < u, yix k&fe n € N,

(1v) Ymofétoupe &T1 Bev éyoupe opioel T lim z,, kau limx,, . B&oel Tou (1), opiloupe limx, =
+00 oty mepimTwon () kot limx, = limu, otnv mepimTwon (3). Opoicws, Bdoet Tou (ii),
opiloupe lim x,, = —00 oTny TepimTwon (@) ko lim ,, = lim [, otnv mepimTwon (F).
Atrodeifte Tis TTpoTdoels 2.28 - 2.32 ¥pNOIUOTOIOVTAS QUTOUS TOUS OPIlopoUs Twv lim &, kai
limx,, .

. (i) Eotw s, € Q wote s < x < t. Tote wyver (1+2)" < (14 2)" < (14 )" yix

1
n
k&Be n € N. XpnowomoiwvTas To omotéAeopa Tns doknons 16(i) tns evéotnTas 2.7 ko TN
' ' ' . x T T t
TMpéTaon 2.32, amodeigre 611 €® < lim(1 + 2)" <lim(1 + £)" < e’
(i) Avarpéxovtas oTov oploud Tou €7, amodeifte 611 (1 + £)" — € yia k&be dppnTo 7.

. 'Eotw akoroubia (x,) dote Ty — T, — 0. Eva Topdderypa TéTolas akoloubias xwpis dpto

glvol oTny &oknon 8, éva Tapdderypa TéTolas akoAoubias pe dplo +00 elvar 1 akoAoubia pe

n-ooTtd 6po 1 + % + -+ % Kol €va Tapadelypa TéTolas akoAouBias mou ouykAivel eivar m
I Lo 1 n—1 1

axohouBia pe n-00Té dpo 1 — 5 + -+ (—=1)" 71

(1) ATodeiEte T1 To cUvolo Twv uTroakoAoubiokwy opiwy Tns (T,,) eivor oAdKANPo To SidoTNu

i 2, T 2] C R.

(u) Bpeite akoroubia (ZEn) WOTE Ty — Ty — 0 Kot oTe TO cUvolo Twv uTroakoAouBaKY

opiwv Tns va eivar To R.
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KepaAaio 3

'‘Op1ax ocuvapTnoswy.

3.1 Tlsproxés ka1 onpElx CUCOWPEUONS.

3.1.1 Tleproxés. Znueia ocUCCWPEUTTS.

Ag ovaBuunBolpe amd Ty evdTnTa 2.3 TIS TrEPLOXES TwV ompeiwov Tou R. Av EeER §>0,
oupPolifoupe Ne(0) = (£ — 0, +6). Av € = £00, § > 0, cupPorifoupe N (0) = (%,—i—oo] Kol
N_(0) = [—o0, —%). Se k&Be TepimToom, To oUvolo/Sidotnua Ne(d) ovopdleTtan d-mepioxn Tou
EeR
Opiopos. Mia TapoAAayt) TN TEPIOXNS Eival 1) TPUTIMMEVT Treploxm

N¢(0) = Ne(6) \ {¢}-
AnAadt), av £ € R, 16T

Ne(0) = (€ =06,6+0)\{&} = (€ =0,§) U (5, +9),

av § = +o00, ToTE
N1 (0) = (5, +00] \ {+00} = (5, +0)

ka1, av & = —00, TOTE
N* () = [~00,—5) \ {—00} = (—00, —3).

Opiopds. To & € R XOopoKTNPileTon onpeio ouoowpeuons Tou cuvdlou A av yia k&be § > 0 elvan
AN NE©) # () 9, 1008Uvapa, av To A Téuvel k&Be TpuTNUéVT TEplOXT) Tou &.

Mo ocuykekpipéva: (1) o & € R elvan onpelo oucopeuons Tou A av yix x&fe & > 0 eiven
AN((E=6,§)U(EE+0)) # D 1, 1008Uvape, utdpyer © € A wote 0 < |x — &| < 6, (i1) To 400
efvan onueio ouoowpeuons Tou A av yia k&Be N > 0 eivor AN (NN, +00) # 0 1, 1008Uvaua, uTdpyel
r € A wote x > N «au (1i1) To —00 eivon onuelo ocucowpeuons Tou A av yia k&fe N > 0 elvon
AN (—o00,—N) # D 1, 1008Uvaua, utdpyel © € A wote © < —N.

Me &M\ a Adyie, To € € R 8ev eivan onuelo ocucodpeuons Tou cuvdhou A av udpyet & > 0 woTe
AN Ng(5) = (). Tho ouyxexpipéva: (i) o & € R 8ev eivon onpeio ocucompeuons Tou A av umdpyet
d >0 wote AN((E—0,£)U(E,£+0)) = 0, SnAadn To povadixd mbavd onueio Tou A oTo SidoTnua
(£ —6,£+0) elvan 0 &, (i1) To +00 Bev eivon onpeio ousowpeuons Tou A av umdpxet N > 0 coTe
AN(N,4+00) =0 ke (7i1) To —00 Sev eivan onpeio ocucompeuons Tou A av umdpyet N > 0 doTe
AN (—o0,—N) = 0.

77



Moparnenote o1, av § ¢ A, 61e ANNE(5) = AN Ne(6), omdTe To va umdpyer & € AN N (9)
elvon 1008Uvapo pe To va uttdpxel © € AN Ng(0). Av, dpws, £ € A - x&T1 Tou ptopel va cupPaivel
povo av § € R - 161e To AN Ne(6) éxer axpipads éva emimAéov oroyeio amd o AN N (J), Tov &,
omdTe To va umdpyel ¥ € AN N (F) eiven 1008Uvapo pe To va utdpyel T € AN Ne(6) wote x # &

MeTd omd auTd, ptropouue va Trouue 611 To & € R eivan onuelo oucopeuons Tou cuvdrou A
av utrdpyouv onuela Tou A BiagopeTikéd amd To & of oocodnTwoTe pikpn Teptox) Tou &. 'H, oAAwws,
671 To € € R elvon onuelo ouoodpeuons Tou ouvdlou A v utrdpyouv onuela Tou A SiapopeTik
amd To € Ta omoia TAnoi&louv aTepidploTa TO £.

TMpéTaon 3.1. (1) To +00 eivon onueio cuoowpeuons Tou A av kai uévo av 1o A Sev eivar dweo

PPAYUEVO.
(2) To —0 elvar onueio ouoowpeuons Tou A av kai udvo av 1o A Sev eivar k&Tw Ppoaryuévo.

Amddeién. (1) To 400 elvan onuelo cucowpeuons Tou A ov kou pévo av yia k&fe N > 0 umdpye
x €A >N av kau pévo ov kovévas N > 0 dev elvon dvw ppdypa Tou A ov kou pévo av To A
dev glval Guw ppayuevo.

(2) Opoiws. ]

[Topadeiypato. ZTNY KATAVONOT TWV TOPAKATWw TapadelypdTwy o Bonbrioel n TpooekTik oXe-
dloon Twv d1aPdpwy CUVOAWY Kal TTEPIOYWV.

(1) Eotw a < b. To olUvoro Twv onueiwv cucompeuons kafevds amd Ta (a,b), (a,b], [a,b), [a,d]
efvan To [a, b].

Ag BpoUpe Ta onueia cucodpeuons Tou [a,b). Ta 00 dev eivan onueia cucowpeuons, 16Tt To [a, b)
glvor ppayuévo. Av € < a, Tradpvoupe

0=a—¢
kot T6Te [a,b) N N¢ () = . Opoiws, av § > b, maipvoupe

§=E—b

ko1 TOTE [@, b) N Ng(é) = (). Apa, o' auTés TIs TEpITTMOELS, 0 & Sev elvan onueio cucowpeuons Tou
[a,b). Av € € [a,b], 61 yia k&8 & > 0 ebvan [a,b) N N} (5) # 0. Eidikarepa, av a < & < b, 1oTe
o [a,b) N NZ(d) mepiéxer To BidoTnua

(&, min{€ +6,b})

kot, av @ < § < b, 161 T0 [a,b) N N{(0) mepiéyer To BidoTnU

(max{& — d,a},§).

Apa k&Be & € [a,b] eivan onueio oucowpeuons Tou [a, b).

MopaTtnenoTe 6Tl Ta drpa a, b elvon onueia cucompeuons Kou Twv Teoodpwy diaoTnudTwy (a,b),
(a,b], [a,b), [a,b].

(2) To olvolo Twv onueiwy cucowpeuons kafevds omd Ta (a, +00), [a, +00) evor To [a, +00].
Opoiws, To oUvolo Twv onueiwy cucompeuons kabevds amd Ta (—00,b), (—00,b] evar To [—00, b].
TéNos, To oUvolro Twv omnpeiwy cusompeucns Tou (—00, 4+00) elvan To [—00, +00].

(3) Eotw a < b. To olvodo {a,b} Bev éxel kavéva onuelo cucowpeuons.

To {a,b} eivor ppayuévo, omdTe Ta 00 ev eivan onpeia cuoowpeuohs Tou. Av € < a f £ > b 1
a < & < b, walpvoupe, avtioTolyws,

S=a—¢ 4 6=E6—b 7 6=min{€—ab—¢E}



TéTe, o k&b mepimTooon, etvon {a, b} N Ng‘(5) = (. Téros, av £ =a f € = b, Tadpvoupe 6 = b —a
kot 16Te WEN {a, b} N NE(6) = . Apa kawévas € Bev eivan ompeio oucodpeuons Tou {a, b}.

(4) Av a < b < ¢, TéTE To oUVoNo Twv onpeiwy oucodpeuons Tou [a,b) U {c} eivar 1o [a, b].

(5) To povadikd onueio oucowpeuons Tou N eivon To +00.

To N 8ev elvar dvw gpoypévo, omdte To 400 elvar onuelo cucowpeuons Tou. To —o0 dev elvan
onueio cucowpeuons Tou N 81611 To N elvan k&Tw ppayupévo. Av € € N, Becopolpe 6 = 1 kon T6TE
NANg(9) = 0. Av § < 1, madpvoupe 6 = 1 —§ ko t6te NN N () = 0. Av € > 1 ken € ¢ N, 167¢

o £ elvon avdpeoa oTous guotkoUs €], [€] + 1, omdTe Taipvoupe

0 = min{§ — [¢] [§] +1 - ¢}

ke oTe NN N (6) = (). Apa kavévas & Sev elvan onueio cucodpesuons Tou N.

(6) O 0 elvan To povadikd onueio cucowpeuons Tou A = {% |n € N}

Mo k&be 0 > 0 umdpyer 1 € N woe % < 0, omdTE % € AN N;(0). Apa o 0 eivor onpeio
oucoopeuons Tou A. Ta £00 8ev eivan onuela ouoopeuons Tou A 81671 To A elvan pporypévo.
Av € < 0, Bewpoutpe 6 = [€] reu ToTE AN NZ(6) =

ANNEG) = 0. Av € € (0,1] \ A, T67e elven %
n<i<n4l Tére n+r1 <é< % ko1 Bewpolpe

3
d = min{{ — %H,%—g}

Me autdv Tov O éxoupe AN Ng(5) = (). Téhos, éotw £ € A. Av € = 1, T6Te pe 0 = % éxoupe
ANNF(0)=0. Av € = % émou n € N, n > 2, 161e Becopoulpe

0. Av € > 1, Becopotpe 0 = & — 1 ko1 TOTE
> 1 ke % ¢ N, omdre umdpyxar n € N wote

ko1 To61e AN N7 (6) = 0. Apa kawévas € # 0 Sev eivon onpeio oucoddpeuons Tou A.

To Oewpnua 3.1 Bivel évav XapakTnplopd TNs €vvolas Tou onueiou oucowpeuons Paolopévo oTny
¢vvolax Tou oplou akolouBias. TTponyoupéves, eixaue el 6T1 To £ € R eivon omnuelo ocuocowpeuons Tou
ouvélou A av utdpyouv onueia Tou A BragopeTikd amd To € Ta omoia TANc1&louy aTepLdpITTA TO
& To Oecopnua 3.1 Aéer 611 ommd Ta onueia Tou A Trou elvan SragopeTikd omd To € kou TANc1&louv
oTreplopioTa To € pmropoupe va emiAé€oupe pia akolouBia o1 dpot Tns oTrolas eival SiapopeTikol amd
To & ka1 TAnoi&louv amepidpioTa To € OTaw o BelkTng Tous yiveTor KaTEAANAa peydos.

Otwpnua 3.1. Eotw £ € R. To & eivon onueio oucowpeuons Tou ouvdlou A av kar udvo av umdpyet
axodoubia (x,) oto A dote T, — £ xkai doTe va 10xUer T, # £ yiax k&be n € N.

Addeién. 'Eotw 611 To € elvon onueio cucompeuons Tou A. ToéTe yia k&be n € N elvan AﬂNg(%) £ ),
OTTOTE UTTAPXEL

T, € ANN{(3).
Apa utrdpyxer oxohoubia (x,) oTo A yix TV omola 1w0xUel T, # £ yix k&be n € N. Emions, éoto
0 > 0. Téte 10xUsl TeNK& % < ), omdTE 10K Vel TEMKK Ng(%) C N¢(9). Apa 1oxUer TeEAiK&

Ty € Ng(é)

KL, ETTOMEVES, Ty — &.

AvTioTPOQwS, é0Tw OTL uTtdpyel akoloubia (x,) oTo A doTe T, — £ K1 OoTe va 1oxVel Ty 7 €
yio k&be n € N. Ewaidfy z, — & yx k&fe 6 > 0 oxver TeAk& T, € N¢(J) kon, emeidf) oyve
Tn 7 & yia k&e n € N, 1ox0er ek 1, € N (6). Apa yiax ke § > 0 elvoa ANNE(J) # 0, omore
To & eilvan onuelo cucopeuons Tou A. [
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Nopadeiypoto. (1) Eotw, méA, To [a,b). Av a < £ < b, Bewpolpe Tnv oxoloubia (€ + %) oTO
[a,b) pe 6pro € Tns omoias dAot o1 dpot eivor # €. Opoiws, av a < & < b, Bewpolpe TN axoAouBic
(= 5_Ta) oTo [a,b) pe dpro & Tns omoias dAot o1 dpot eivon # £. Apa k&be & € [a,b] eivan onpeio
oucowpeuons Tou |a,b). Emions, yvwpiloupe 6Tt kovéva £ ¢ [a,b] Bev eivan dpio akoloubias oTo
[a,b) ou, emopéves, oUTe onueio cucowpeuons Tou [a,b).

(2) Av a < b, To {a,b} Bev éxa kavéva onpeio ocucowpeuons. O b Bev eivon onpeio cucowpeuons
Tou {a,b}, 81611 1 povadikn oxoloubia oTo {a,b} pe Shous Tous dpous Tns # b eivon N oTabepn
(a), n omola, duws, éxel dplo a kou dx1 b. Ouoiws, o a Bev eivar onueio cucompeuons Tou {a,b}.
TéMos, éotw £ € R\ {a,b} To omolo eivon onpeio cucowpeuons Tou {a,b}. ToéTe uTdpyxer axoroubia
() oto {a,b} wote x, — & ko1 T, # £ yrx k&be n € N. Av n (x,,) éxe1 &meipous dpous icous
pe @ ko1 &meipous dpous icous pe b, TéTE N () Bev éxear dpio. Apa 1oUsl Tehk& T, = a 1) 1oyUel
TeMik& T, = b kou, emopévws, x, — a 1 T, — b. AtoTo.

(3) To +00 eivan To povadikd onueio cucowpeuons Tou N. H akoloubia (1) oto N éxer dpio +00,
oTéTE To 00 efvon onueio cuoodpeuons Tou N. Twpa, éotw & € [—00, +00) To oTolo eivon onpeio
oucowpeuons Tou N. TéTe umdpyer axoloubia (z,) oto N wote x, — & ko x, # £ yia kdbe
n € N. Eweaidn woxver x, > 1 yia k&8s n € N, ovvemdyeton € # —00. Emopévws, £ € R. Emadn
T, — &, 1oxvea TeAk& T, € (£ — %,{ + %) ‘Ouws, To avoikTd didotnua (€ — %,{ + %) €XEL UMKOS
1, omdTe Tepiéxel To TOAU évav @uoikd. Apa m (T,) eivor Tehik& oTabepn. Emeidn x, — £, 1oxUel
TeMik& T, = &. AToTro.

(4) O 0 eivon To povadikd onuelo cucowpeuons Tou A = {% |n € N}. H axoloubia (%) elval oTo
A, éxe1 6p1o 0 xau dAot o1 6por Tns eivan # 0. Apa o 0 efvar onueio cucopeuons Tou A. Tdpa,
éoTw £ € R, & # 0 o omolos eivan onpeio oucompeuons Tou A. TéTe umdpyel akoroubia (,) oTo
A wote z, — £ ko1 T, # € yia k&Be n € N, Ewaidn woxver x, # 0 yia x&fe n € N xen £ # 0,

1 1

ouveTd&yeTan xi — % Emions, 1oxUer xi €N kar = # % yia k&fe n € N. Apa o ¢ elvan onueio

oucoopeuons Tou N, omdTe, ocUppwva ue TO TPOTYOUNEVO TTOP&dELy O, % = 4-00. AtoTro.

Opiopods. Av £ € R, § > 0, cupPoriloupe
Ne(0)=(6-0,8), NS(0)=(5E+9)
Kal QUTE Ta SlooThHuoTa Ta ovoud{oupe aploTept O-Treproxm Kot 8e§1& O-treproxm Tou &, avTioTolyws.
TTopaTnpnoTe TS XTTAES OXECELS:
N (6) UNZ(6) = NZ(9), N (8) NN (6) = 0.

Opiopds. O & xopakTnpileTol ammd apioTepd Tou onpeio ocucowpeuons Tou cuvdlou A av yia k&be
0 >0 elvan AN Ng((S) # () 1y, 1008Uvaua, uTdpyel © € A wote £ —d < x < &.

O & yopoktnpileTar amd 81k Tou onueio ocucowpeuans Tou cuvdrou A ov yia k&be 6 > 0 elvan
AN Ngr((;) # () 1, 1008Uvaua, uTdpyel T € A wote £ <1 < £+ 0.

MTopoUpe va Trolpe 611 o & eivon amd Befi& (aploTepd) Tou omueio oUCCWPEUOTS TOU CUVOAOU
A av umépyouv onuela Tou A Ta omola TANCI&louy amepidpioTa Tov € kol PplokovTon SAa oTNV
Be1& (oproTepn) pepi Tou &.

Oa amodeifoupe To TEPiTOU TPOPAVES:
O ¢ elvon onueio cucowpeuons Tou ouvdlou A av kai udvo av eivair eite aTrd oPIoTEPS ToOU &iTe Ao
b1 Tou onueio ouoowpeuons Tou A.

MpdypoTy, éo0Tw 611 0 € Bev elvon omd oploTepd Tou oUTe amd Befik Tou onuelo ouoowpeuons Tou
A. Emopévas, utdpxer 6y > 0 wote AN N (0p) = 0 xaa umépyer oy > 0 wote AN NS (7) = 0.
Ocewpoupe Tov

do = min{dg, &g }
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omdTe 9y < 0y kan 6y < &y . Emeisy AN N (0p) € AN N, (6p), cuveworys'rm AN N (60) = 0 xon,
emaidh AN NS (0) € AN NS (07), ouverdyeran AN N (dg) = 0. Apc
AN N () = (AN Ng (00)) U (AN NS () =0

ka1, eTTopévas, o & dev eivar onueio oucowpeuons Tou A.

AvTioTpdews, é0Tw 0Tl o & elvon amd dei& Tou ompelo cucowpeuons Tou A. ToéTe yia k&be 0 > 0
etvar AN N (0) # 0 xon, emardn, AN N (5) € AN NE(S), ouverdyeran AN NE(J) # 0. Apa o §
elvan onuelo ouocompeuons Tou A. Opoiws, av o £ elvon amrd aploTepd Tou onuelo cucopeuons Tou
A, ouvemdyeTtan 6T o & elvon onuelo ocucopeuons Tou A.

Nopadeiyuota. (1) Kébe £ oto (a,b] eivar amd apioTepd Tou onuelo cuoowpeuons Tou (a, b) ko
k&Be & oo [a,b) elvan amd Sefi& Tou onueio cucowpeuons Tou (a,b). Apa ké&be € oto (a,b) eivan
amd opioTepd Tou kau amd de€ik Tou onueio cucowpeuons Tou (a, b).

(2) O b eivor atmd aploTepd Tou kat otrd Be€i Tou onpeio cucadpeuons Tou (a,b)U (b, ¢), eivon pévo
amd aploTepd Tou onpeio cucodpeuons Tou (a, b) kot eivon pévo amd Sefid Tou onpeio cucopeuons
Tou (b, ¢).

(3) O 0 elvon pévo ommd Be§i& Tou onueio CUCCWPEUCTS TOU {% |n € N}, eivan pdvo ommd opioTepd
Tou omuelo ocuoowpeuons Tou {—% |n € N} ko eivan amd aplotepd Tou kot omd defik Tou onpeio
OUCCWPEUCT)S TOU {—% |n e N}U {% |n € N}.

To Oewpnua 3.2 xapakTtnpilerl Tis évvoles Twv "amd deik (aploTepd) Tou onueio cucowpeuons”
B&oel Tns évvolas Tou opiou axkoloubias.

O:wpnua 3.2. Eotw £ € R.

(1) O & elvar amd beé1& Tou onueio ouoowpeuons Tou ouvdlou A av kai udvo av uTdpyel akoAoubia
(x,) 010 A dote T, — £ kai ddoTe va 1oxUeL T, > € yia k&be 1 € N.

(2) O £ elvar omrd apioTepd Tou onueio ocuoowpeuons Tou ocuvdlou A av kai udvo av utrdpyer akoloubia
() oto A dote X, — £ Kou oTE v 10YUEL Tpy < € yiar kK&Be € N.

Amddeién. (1) Eotw 611 0 & elvan amd 8e&1& Tou onuelo cucowpeuons Tou A. TéTe yia k&be n € N
uTtdpyxel T, € A woTe
1
§<wy <§+ .

Apa uTrépyel akoroubia (z,) oto A woTe X, — £ Ko WwoTE va 1oXVel T, > € yix k&Be n € N.
AvTioTpdpws, éoTw 6T uTtdpyel akohoubia (z,) oTo A woTe T, — £ ko GoTE va 1oYUEl T, > &€
yiax k&8s n € N, Eweidn x, — &£, yio k&fe 6 > 0 1oy0er Tehik&

E—o0<x,<&E40
Kal, emeldn 1oxvel T, > & yia k&be n € N, 1oxUe1 Tehk&
E<x, <E&E+6.

Apa yio k&Be 0 > 0 umdpxet © € A woTe £ < & < £+ 0 Ko, emopévess, o € elvan amd Sefik Tou
onueio ocucowpeuons Tou A.

(2) Opoiws. ]
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3.1.2 "Kovtd& oto £". "Ze onpsia 6co Biéloupe kovtd oo &

‘Eotw pa 1816TnTar n omoia 1oxUel f) Ox1 avdAoya pe TIS TIMES Trou Taipvel T peToPANT T
oe k&molo oUvoro A. Me &M Adyia, 1 cUyKeKplpévn 1816TNTA éxel vomua oTo ouvoho A kon yla
k&molous & € A n 181dTNTa 10XUEl gvd yiax Tous umdrotmous & € A n 1didtnTa Sev 1oylel. Na
Topdderypa, pia TéTolx 1816TNTa prropel va givan  f(x) > 01 n f(x) # —7, émou f: A — R eiven
MIQ CUYKEKPIYEVT) CUVAPTNOT. X' QUTHY TNV TEPITTWOT T 1810TNTA EXEL VOMUX OKPIBWS Yla Tous &
Tou avfkouv oTo Tedio opiopou A Tng f. Eva &lo mopddelyua sivar m X, < Tpyq, Omou ()
elval pia ouyKekplugévn axkoAoubia. 2" auThy TNV TepiTTwon 1 1310TNTA €XEl VONUA aKPIBWS Y1 Tous
n mou avfkouv oTo N, dnAad” oTo Tedio oplopou Tng cuvdptnons x : N — R.

Hopsdetypo. H 1816mTa < /T éxel vomua oTo Sidotnua [0, +00), 1oyxter oto [0,1] xor Sev
1oxUel oo (1, 4+00).

Opiopds. Eotw & € R ko pio 1810TNTa TTou €xel vénua oTo cuvoho A. Aéue éTi m 1810TNTA 10KUE
kovT& oTo £ av To & elvon onueio ouoowpeuons Tou A kou umdpxel 6y > 0 doTe M 1816TNTA v
oyUe yio k&Be € AN N (dp) 1, 1008Uvape, yia k&8s 7 € Nf(Jp) oTov omolo éxer vonpa.

o ouykekpipéve: (i) av & € R, n 1&161nTa 10yUel kovtd oTov € aw o & elvon onueio oucopeuons
Tou A kan uttdpyer dp > 0 doTe M 1S1OTHTA va 1oXUel Yo kdfe £ € AN ((€ — g, &) U (&,€ + o)),
(77) m 1816TTa 1oKUEL KoVT& 0To +00 av To +00 elvon onuelo ocucowpeuons Tou A kon uTdpyel
Ny > 0 wote n 1816TnTa v 1oyUel yio k&Be & € A N (Np, +00), (i74) n 1816TnTax 10K Uel KOVT& GTO
—00 av To —00 glvor onuelo oucowpeuons Tou A xar umdpxet Ng > 0 coTe 1 1816TNTa vax 10X UEL
yix k&fe © € AN (—oo0, —Np).

Hopadeiypota. (1) H 18id6mTa © < /2 10Ut kovTtd otov 0, 81671 o 0 eivan onpeio cucowpeuons
Tou [0, 400) ka1 n 1816TT 1oYUEl yix k&Be x € (0,1) = [0, +00) N NG(1).

1
149
1816 T 1oXUel kovTd oTov —1, agol o —1 Bev eivan onueio cuoowpeuons Tou (0, +00). H 1&16TnTa

(2) H 181612 \/LE > T éxer vonua oto (0, 400) xou 1oxUel oto (0, +5). Aev elvan cwoTd 411 7
1oxUel kovtéd oTov 0 81611 o 0 eivon onueio cuoompeuons Tou (0, +00) Kkou n 1BLOTNTA 10XVEL Yia
x&Be x € (0,400) N NS(%). Aev glvor 0woTO OTL M 1816TNTA 10XUEL KOVTA O0TO +00 B10TI, Qv Kal
To +00 elvon onuelo oucodpeuons Tou (0, +00), dev utdpyel kavévas Ny > 0 doTe va 1oyvel 1
1B16NTa yix k&be 2 € (0, +00) N (No, +00) = (Np, +00).

Opiopds. ‘Eotw, T, € € R ko1 wia 1816TTa TTou éxel vonua oto ouvoro A. Aéue 6T1 1 181dTNTA
10XVl ot onueia 600 Bihoups kovTd oTo & av To & slvon omueio cucodpeuons Tou A ko ylo k&fe
6 > 0 n 1816 Ta 10YVEL Yia TouddyioTov évav © € AN NE(9) 1, 1008Uvapa, yio TouldyioTov évaw
z € Nf(0) yra Tov otolo €xet vonua.

Kat' apyxas mopatnpoipe OT1
Av uia 1816TnTO 1o)Uel kKovTa oTo £, TOTE QUTT) IoXUel kai o€ onueia doo Béloupe kovtd oo &.

Mpdypoty, éotw & onuelo ocuoowpeuons Tou A kar dg > 0 woTte n 1B1d6TTA va 1oxUel Yo k&b
€ AN N{(dp). Eotw § > 0. Oecopolpe

& = min{d, dp} > 0.

Tote o' < &, omdte NE(0') C NE(do) wou, emopévess, n 1&16mTa 1oxVel yia k&be x € AN NF(d).
Emeidn To £ eivan onuelo oucowpeuons Tou A, umdpyer ' € AN Ng(5/) Ko, OTTws HOAS eidape,
N 1816TNTa 1o)Vel yix Tov &' Tédos, &' < 6§, omdTe AN Ng(d’) C AN Ng((S) KO, ETOUEVES,
' € AN NE(0). Apa yia k&be 0 > 0 n ididtnTa 1oxUel yia TovhdyioTtov évav @ € AN NE(J) (Tov
x'), omdTe M 1816TNTA 1) Vel o onpela doo Béhoupe kovTd oTo €. To avTioTpogo Bev 10xUel ev yével.
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Nopadelypo. Eotw n 18161nTa (—1)[’”} > 0 n omola éxer vonua oto R. Mo k&be n € Z n
Top&oTOON (—1)[”5] eivor otaBepn) (—1)" oto [n,n+1). Apa To clvolo oTo omoio 1 1814TNTA 10X Vel
eivar 1o [,z [2F, 2k 4 1) kan To olvodo oo omolo 1 1&16TNTa Bev 10KVer efvon To | Jy o, [2k — 1, 2k).
Etropévas, n 1810TNTa 10)Uel o¢ onueia 600 Bédoupe KovT& 0TO +00 CAA& dev elval cwoTd OTL 10K UEL
KovT& oTo +00.

‘Eotw Buo 1816TnTes o1 oToies éxouv vémua oTo 8o oUvodo A aAd& 1oyUouv of, Tifovs,
SrapopeTiké utooUvola Tou A kot éotw € € R onuelo ocucowpeuons Tou A.

Av n uia 1818TnTa 1o)Uel KovTS oTo € Kkai i GAAn 1810TNTa 10X Vel eTrions, kovTa oTo &, TOTe ioUouY
kou o1 Suo, TauTdxpova, 1810TNTES KovTd oTo &.

Mpdypat, umdpxer 6y’ > 0 doTe 1 PO 1BOTNTA var 1oUel yia k&Be 7 € ANNE(Jo') e udpyet
90" > 0 woTe n BeUTepn 1B16TTA vax 10)Vel yix k&be © € AN Ng(éo”). Otewpolpe

50 = min{50/, 50”} > 0,

omédTe g < 0y’ wen dp < 6" Apa N (d) C NE(d') xen NE(do) € Ni(d0"). Apa toxtouv kot ol
Buo 1B1oTTes Y1 kabBe x € AN N (dp).

To TponyoUuEVO CUUTTEPACUX 1OXUEL KOL YIX TPELS 1) TECOEPILS 1) KAL Y1 OTTOLOVINTTOTE TTETELACUEVO
ap1Bud 1810THTWY.

‘Eotw, Twpa, yia 1816TNTa 1 oTola éxel vonua oTo oUvolo A, omdTte ko m ovTifetn 1816TNTC
éxel vénua oTo 1810 ouvoro A. EoTw, emions, éva & € R onuelo oucompeuons Tou A. Tdpa, n
1316TN T 1o)Uel KovT& oTo € av Kol pévo av utdpyel 0y > 0 woTte 1 1816TNTa vax 1oxUel yio K&Be
T € AﬂNg((SO) oV Kal pévo av uttdpxel 0g > 0 woTe n avTifletn 1810TNTA va pny 1oxUEL Y1 Kavéva
re AN Ng (0p) av Kou pévo av eivon AdBos &1L M avTifleTn 1816TNTA 10X Vel ot onueia doo BéAouue
kovT& oTo &. ATrodeifaue, Aorrdv, &T1

Mia 18160TnTOr 10X Uel KovTd 0To € av Kol uovo av eivon Adfos o611 n avTifeTn 181I0TNTA 10(Vel o€ onueia
600 Bélouue kovtd oo £.

AuTO prropoupe var To SIOTUTTWOOUUE Kal ws £ENS:

Mia 1&161nTa 1oxUel o onueia doo Bélouus kovTd oTo & av kai pdvo av eivor AdBos STi n awTifeTn
1B1I0TNTA 10YUEl KOVTE oTO €.

2TO ETTOUEVO OMUAVTIKO TTopaderypa Ba SoUue pia oUvdeon aVaUesa OTIS €VVOIES TN UTTOEVOTNTAS
2.1.2 xou oTIS €vvoles auTng Tns UTTOevoTnTas. Méow autns Ba dolpe Alyo apydTepa Tn oxéon
avdueca OTI§ €VVvoles TOU oplou ouvdpTnomns Kal Tou opiou akoAouBias.

MopddeLypo. Eotw ma 18161nTa n omola éxel vomua oto N - yia mapdderypa, pa 181d6tnTa TOU
utropel va éxouv 1) Ox1 o1 opol pias akolouBias. Mvwpiloupe 611 To +00 eivar (To povadikd) onueio
cucowpeuons Tou N,

‘Eotw 611 1 1816TNTa 10KVel TeAikE. ToTe umdpyel ng € N coTe 1 1816 Ta v 1oyUel yia k&fe n € N,
n > ng. Apa utdpxet No > 0 (to Ny = ng) wote n 1816TTa v 1oyUel yiax kdbe 1 € NN (Ng, +00).
Apa 1 1816TNTA 10XUEL KOVTE 0TO +00.

AvTiIoTPOQWsS, ¢0Tw OTL N 1816TNTA 1oYVel KovT& oTo +00. TéTe umdpyet Ny > 0 wote 1 18dTNTA
va 1oxvel yiox kéfe n € NN (N, +00). Mwpiloupe 611 umdpyet ng € N wote ng > Ny (yix
Topddetypa, o ng = [No] + 1). Tote n 18161 10%Uel yix k&Be n € N, n > ng. Apa n 1&16TnTa
10XUEL TEAIKA.

ATrodeifape, Ao1rdv, OTI

‘Eotw o 1810TnTa 1 omola éxel vonua oto N. ToTe autn 1oxUel TEAIKG av kai uovo ov 10XUel KOVTA
oTo +00.

Opolws, ammodeikvueTal - deite TNV Goknomn 9 - 6T
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‘Eotew po 1816TnTa 1) omola éxel vonua oto N. Tote autr) 1oxvel yia dmepous N € N av kai yévo av
1oxUel o€ onueia oo Bédouue KovTa oTo +00.

Opiopds. Eotw & € R kan pia 18161mnTa N omoia éxel vénua oTto cuvoro A.

Aépe 6T1 M 1816TNTA 10XUeL KOVT& oTov & amrd apioTep& Tou av o & elval amd aploTepd Tou onueio
oucowpeuons Tou A kar utdpyel dg > 0 doTe n 1816TTA Vo 1oyUel yiax k&Be x € AN (€ — o, &)
1), 1008Uvape, yia k&fe x € (£ — g, &) yix Tov omolo éxel vomua.

Népe 611 M 1816TNTA 1oXUEL KovT& oTov & amd 8§ idk Tou, av o & elvanr amd Befidk Tou omnueio
oucompeuons Tou A kan utdpyer dp > 0 woTe N 1B16TTA Vo 1oyUel yix k&Be x € AN (€€ + dp)
7, 100dUvopa, yia k&Be © € (&,€ + dp) yix Tov omoio é€xel vomua.

Opiopds. Eotw, TEAL € € R kou pia 1816TnTa ) oTroia €xel vonua oo olvoro A.

Aépe 611 1 1816TNTA 10XUEL 0¢ onueia 600 Bédoups kKovTd oTov & atrd apioTepd& Tou av o & sival aTrd
oploTepd Tou onuelo cucompeuons Tou A kai yia k&fe § > 0 n 181dTnTa 10KUEL Yia TouA&yloTOV
dvov € AN(£—0,€) N 1008Uvopg, yia TouhdyioTov évaw = € (£ — 9, &) yia Tov omoio éxer vénua.
Népe 6T1 M 1816TNTA 10XVl o onpeia 600 BéAoups kovTd oTov & amd Se§ik Tou av o & elvon amd
Sefi&k Tou omuelo ouoopeuons Tou A kar yia k&b § > 0 m 181d6TNTA 10KUEL Y1 TOUAGXIOCTOV Vo
r € AN (€ +0) 7, 100dUvopa, yia TouddyioTov évav x € (£,€ +J) yia Tov omoio éxel vdnuc.

‘Ol T oupTrepdopoTa yla To "kovTd oTov " ka1 yla To "og onuela doo BéAoupe kovTd oTov
&" TpocapudlovTal KaTd Tpogavt TPOTTO Kal oTo TAalolo Twv "kovtd oTov £ amd defid (apioTepd)
Tou" ko1 "ot onuela doo Béhoupe kovTd oTov € amd Se&id (opioTepd) Tou”. AnAadn:
Av wia 1&16TnTa 1oxUel kovTd oTov € amd Seid (apioTepd) Tou, TOTE QuTT IoXUel Kal o€ omusia 6oo
Bédouue kovTd oTov € amd Sefid (apioTepd) Tou.
Av uia 1816TnTa 1o)Uel kovTd oTov & omrd Sefid (apioTepd) Tou kou i dAAN 1810TNTA 1o)X Uel, TTioTs,
kovTd oTov € atrd Seid (apioTepd) Tou, TOTe 1o UoWY Kai ol Suo, TauTdypova, 1810TNTES KovTd oTov €
oo Seia (opioTepc) Tou.
Mia i&i6mnTa 1oxUel kovtd oTov € omrd Se€id (apioTepd) Tou av kou uovo av elvar AdBos o1 n avtifetn
1810TNTO 10)Vel o onueia doo Bélouue kovtd oTov € amd Sebik (apioTepd) Tou.
Mia 18161nTa 1oxUel oe onuela oo Gélouue kovTd oTov £ amd Sefid (opioTepd) ToUu av Ko UOVo av
elvon Adbos 611 n avtifeTn 1810TNTO 10XVEl KOovTa oTov € amd Seid (apioTepd) Tou.

Oa atodeifoups, Twpa, To ££M)s ATOTEAsCUA.
Av o & elvar amd apioTepd Tou kai amd Sefik Tou onueio oucowpeuons Tou ouvdlou A kai av uia

1S16TNTA éxel vonua oto A, ToTe 1 1810TNTA 10X UEl KOovTG oTov £ av Kau uovo av 1oXUel KovTd oTov &
Qo APICTEPE TOU Kau KovTd oTov & atrd 861k Tou.

MpdypoTy, éoTw 6T1 1 1816TTa 1o)Uel KovTd oTov &. TéTe umdpyet g > 0 doTe 1 181dTTO vax
1oyvel yio kébe & € AN((§— 00, &)U (E,E+0)). Apa n 1816TNTa 10%VeL yiax k&be & € AN (£ — by, &)
ka1, eTrions, 1woyUel yio k&fe © € AN (§, €+ dp). Apa n 1816TNTa 10KUel KovTd oTov & amd opioTepd
Tou Kol KovT& oTov & amd defik Tou.

AVTIoTPOQWS, ¢0Tw OTL N 1816TNTA 10KVl KovT& oTov € amd oploTepd Tou Kol KovTd oTov & otrd
8ef1& Tou. TodTe udpyXet 6’ > 0 woTe n 1816TTA var 1oyUel yia ke © € AN(E =0y, €) ken 6" > 0
woTe M 1B16TNTA va 1oXUel yia kdfe x € AN (€€ + 6y”). Oewpolpe Tov

50 = min{50/, 50//} > 0,

omdTe g < dp’ kor Jp < Gp” . Apa n 181dTTA 1o)Vel yia k&b © € AN ((§ — 0o, &) U (&, + o)),
omoTE 1oYUel KovT& oTov &.
Oa atodeifoups ko To £&Ns.
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Av o £ elvar pdvo amd 8e&id (apioTepd) Tou onueio ocucowpeuons Tou ouvdlou A ko av pia 1816THTA
éxe1 vonua oto A, 0T 1 1816TNTA 10)Uel KOVTS oTov & av Kou udvo av 1o Uel kovTd oTov € amd Seéid
(apioTepd) Tou.

‘Eotw 611 0 £ elvan pévo amd Be€i& Tou onueio cucowpeuons Tou cuvdrou A.

‘Eotw 611 n 1810TNTa 1o)Uel kKovTd oTov £. ToTe umdpyer I > 0 doTe M 1816TNTa v 1oXUEL Yl
k&Be x € AN ((§£—00,&) U (§,€+dp)). Apa n 1816TnTax 10XVel i k&bBe x € AN (§,€+ dp). Apa n
1316TNTO 1oYW Vel KovTd oTov & amd defid Tou.

AvTioTPOPWS, 0Tw 4TI M 1816TNTA 1oXUel KovTd oTov & amd Sefik Tou. Todte umdpyet 0y’ > 0
ooTe M 1816TNTA Vo 1oyUel yia k&Be £ € AN (E,€ 4+ §’). O £ Bev elvon amd apioTepd Tou ompeio
oucompeuons Tou A, omdTe umdpyxer 0" > 0 wote AN (§ — 6", &) = (). Oewpolpe Tov

(50 = min{50/, 50”} > O,

otdTe g < do kan dg < 0" . Emropéveds, AN((§—00, E)U(E,E+60)) = AN(E, E+60) T AN(E, E+60),
oéTe M 1B1OTNTA 1o)Vel yia k&be £ € AN ((§ — 00, &) U (§,€ 4 do)). Apa n 1&16TnTa 10yUel kovT
oTtov €.
H amddeifn eivar dpoia av o £ eivan poévo omrd apioTepd Tou onuelo cucowpeuons Tou A.

Me Trapduola eTTIXEIPNUOTA ATTOBEIKVUOVTOL KOl Ta €61)S.

Av o & elvar amd apioTepd Tou kar amd Sefik Tou onuelo ouocowpeuons Tou owvdlou A kai av uia
1S16TNTA éxel vomua oto A, TOTe 1 1810TNTC 10XUEl o€ onueia doo BéAouue KovTd oTov £ aw kal udvo av
1o Uel eiTe o onueia doo Bédoupe kovTd oTov £ oTrd aploTepd Tou eiTe o€ onuela ooo Bélouue KovTa
otov & amd Seéid Tou.

Av o & elvar udvo améd Se€ic (apioTepd) Tou onueio ouoowpeuons Tou ouvdlou A kai av pia 1B1I6TNTA
éxel vonua oto A, T0Te N 1816TNTO 10)Vel o onuela doo BéAouue kovTa oTov £ av Kai pdvo av 1oXUEl
oe onueia doo Béloupe kovtd oTov £ amd Seik (apioTepd) Tou.

To Oecpnua 3.3 xopoaktnpiler Tnv évvola Tou "o onuela doo Béloupe kovTd oTo &" Pdoel TN
gvvolas Tou oplou akolouBias.

Ozwpnua 3.3. Eotw £ € R kar i 18161010 TOU €61 VONUQ 0TO ouvodo A. Tote n 1&i1dTnTA 10X Vel
oe onueia doo Bélouue kovtd oTo € ow Kkou udvo ow umdpyxer akolouBia () oto A wote T, — &,
WoTe va 10 Ul Ty # € yio k&Be 1 € N kat ddote n 1810TNTX VX 10YVEL Yiox k&Be X, (n € N).

Amddeién. Eotw 611 1 1816TNTa 1oKUel o¢ onuela doo Béhoupe kovtd oTo &. ToTe yix k&be § > 0 n
1816TN T 1oKVel yia TouhdyioTov évav x € AN Ng (0). Emopéves, yio k&be n € N umdpye

T, € ANN{ (1)

OoTe M 1B1OTNTA v 1oYUeL i Tov Xy, . Apa uttépyet akoroubia (x,) oTo A yia Tnv oToia 1oyUel
T, £ € yiax k&fe n € N xou wote 1 1816TnT vex 10YUeL yia k&Be x, (n € N). Ewions, éotw 0 > 0.
ToTe 10xUe TeNk& + < 4, omdTe 10xVel Tehikg Ne(2) C Ne(6). Apa 1oxer Tehikd

Tn € Ng((S)

KL, ETOMEVWS, Ty — &.

AvTioTpoQws, ¢0Tw OT1 uTdpXel akooubia (x,) oto A wote T, — &, woTe va 10XVel T, # € yix
k&Be n € N ko1 wote n 1816TTA VX 10¥VEL Yicx K&Be x, (n € N). Emadn z, — &£ yix k&fe § > 0
1oxUet TEAKS T, € Ne(9) Ko, emaidn woxler T, # € yix k&e n € N, 1ox0er Tehike 2, € N (9). Apa
yia k&8e § > 0 n 1816 Ta 1oxUel yia TouddyioTov évav & € AN NE(5) ko, emopgves, 1 1816TNT
loxUel ot onueia doo Béloupe kovTd oTo &. O

85



Ym&pyer mapoMayn) Tou Oswpnuatos 3.3 oTny omoiax To "ot onueia doo Bedoupe KovTd oTO &

peTaTpETETOL ot "ot omuela 600 BfAoupe KovTd oTov £ omd Befik (apioTepd) Tou” Ko To T, F &

peTaTpéTeTal ot Ty > & (X, < &). Astte TV &oknon 1.

AoxnoeLc.

. 2upTmrAnpwoTe TNV amddeién s TMpdTtoons 3.1 kar Tou OswpruaTos 3.2 Kal TPooapudoTe TO

Ozwpnua 3.3 oTo TAaiolo Twv "ot onuela doo Bloupe KovTd oTov € amd Ta defik (aploTep)

"

TOU .

BpeiTe T onpeiac cusodpeuons Twv ouvdAwy (a,b)U(b, ¢), (a,b)U{b+1|n e N}, {a—1|n €
N}U (a,b), {4+ L |n,meN}, {(-)"'(1+1)|neN}

. Atrodeifte éT1 k&t TeTEpaopévo cUvodo A Bev éxel kavéva onueio cucowpeuoTs.

Eotw £ € R. Amodeiére 611 0 £ elvan onuelo cucowpeuons Tou cuvdlou A av kai pdvo av
glvan onuelo cuoompeuons Tou A\ {£}.

. ATodeifte 611 To £ € R elvon onuelo cucowpeuons Tou cuvdlou A av ko1 poévo av kdBe

meptoxn Ne Tou & Trepiéxel &melpa otolyela Tou A. Bdoer autol, favadeite Ty doknon 2.

Eotw £ € R, A C B. Av 710 £ eivan onueio ocuoompeuons Tou A, omodeifte 611 elvon onpeio
oUCOMPEUOTS Kol Tou B.

(1) Amodeifte 6T k&Be £ € R eivan onpeio ousowpeuons Twv cuvdrav Q ko R\ Q.
(17) Bpeite Ta onpeia oucowpeuons Twv ouvddwy (a,b) NQ xa (a,b) \ Q.

‘Eotw pn-kevd ouvoro A. Amodeiéte 41, ov To sup A dev avflkel oTo A, TéTE elvon omnuelo
ouoowpeuons Tou A. Opolws, yia To inf A.

‘Eotw 18161nTa 1 oTroia exel vomua oto N. Amrodeite 611 1 1810TNTa auTn) 10K VeL yla &Trelpous
n € N av ko1 pdvo av 1oxlel oe onuela doo Béloupe KovTd oTo +00.

(1) Tloto eivor To oUvolo oTo omoio éxsl VoMU Kdl TOl0 TO OUVOAO 0TO OoTolo 1oyUel KabBeui&

C o 1 2t 1
amd Tis: -5 > 100, 1] 1000, 100 <3 < 100,

kovtd otov 0, n BeUTepn kovT& oTov 1 kou 1 TpiTn KoVTd oTa +o0.

Atodeifte 6T1 N TPWTN 1B10TNTA 10X UEL

(1) Tloto elvon To oUvodo oTo o-rroio EXEL VOTUA KAl TTO10 TO OUVOAO 0TO oTroio 1oyUel Kabfewd
amd T (— 1)[ I <0, sinz > , sin% < 0; ATodeifte 0TI N TPWTN 181O6TNTA 1oXUEL O onueia
600 Béhoupe kKovTd oTov 0, M SEUTspn oe onuelax doo Béloupe KovTd oTOo +00 Kal 1 TpiTn ot
onueia oo Béhoupe kovtd oTov (. Amodei§te OT1 eivon A&Bos o611 1 TPTN 1B1OTNTA 1o)UEL
kovT& otov 0, n BeUTepn kKovT& oTo +00, N TpiTn KovTd oTov 0.

. O & xapaktnpileTon pepovwpévo onueio Tou cuvdlou A av € € A kon uttdpyel Iy > 0 doTe To

povadikd oToixeio Tou A Tou avrker oty Ne(dp) eivon o &, dnhadny (£ — o, E+09)NA = {&}.
(1) Amodeitte T k&be £ € A elvan eite onuelo cuoowpeuons Tou cuvdlou A eite pepovwopévo
onueio Tou A kau 611 kavévas € € A Bev elvan onuelo cuoompeuons kar pepovwuévo onueio
Tou A.

(77) 'Eotw £ € A. Amodeiéte 6T1 0 £ eivon pepovwpévo onueio Tou cuvéhou A av kot pévo av
k&Be oxoloubia (x,) oTo A pe dpio £ eivan Tehikd oTabepn).
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12.

Eotw otvoro A kou A_ = AN (—00,&], Ay = AN, +00). AmodeifTe 611 0 & elvon amd
Se€i& (oploTepd) Tou onuelo cucowpeuons Tou A av ko pévo av elvon onpelo cucowpeuons

Tou AL (AL).

(1) Amrodeitte 411 To € € R elvan onuelo ouoodpeuans Tns évwons A U--- U A, ov ka1 pévo
av elvon onuelo ouoowpeuons evds TouddyioTov ammd Ta ouvora Ay, ..., A, .

(17) AmodeifTe 611, av TO & € R evoa onueio ocuocowpeuons TNS TOUNS CUVOAWY, TOTe elval
onuelo oucowpeuons kabevds amd autd. O 0 eivor onpeio cucopeuons Twv [—1,0], [0,1]

aM& oyt s [—1,0] N[0, 1].

(1) ATrodeifTe To : Kdfe dmeipo kat pporyuévo ouvolo éxer TouAdyioTov éva onueio ouoowpeuons
oto R.

Yroédeén: '‘Eotw &melpo kou ppaypévo olvoro A. Amodeifre 411 umdpxel axkohoubia (z,) oTo
A wote T, # Ty yia k&8s n,m € N, n # m. ZUpgpwva pe To Oecdpnua Twv Bolzano -
Weierstrass, utrépyxet utroakoloubia tns (x,,) n oTola cuyKAiver: éoTo Tp, —> T. ATTodeiéTe OT1
o x elvar onuelo cucowpeuons Tou A.

(77) AmodeifTe dT1 K&Be &Telpo cUvolo éxel TouhdyioTov éva onuelo cuoopeuons oo R.

To oUvoro A xopakTnpileTor kKAe1oTo av Tepiéxel OAx Tax onuela cucoWPEUoTs Tou Ta oTrola
elvon ap1Bpoi (kar dy1 £00).

(1) ATodeifte 6T1 k&t KAeloTS BidoTnua (Pporypévo ) Ox1) kot Ta cuvola N, {% |n € N}u{0}
kol k&Be Temepoouévo oUvolo elvar KAeloT& oUvoAa koa 6TL T ouvoda {%|n € N} ko
k&Be un-kevd avoiktd Sidotnua # R Bev elvon kAeioTd cUvola.

(i7) Amodeifte 4T1 To oUvolo A elvon KAeloTS v kou pévo o To plo K&fe akoroubias ()
oto A, n oTmoix OUYKAIVEL, QUnKeEL OTO A.

(791) ATrodeifte 4TL M évwon TeTepaouévou TANBOUS KAEIOTOV GUVOAWY eival KAEloTO oUvolo
KOl OTL T} TOYN KAEIOTWY oUVOAWY eival KAsloTO ouvolo.

(1v) Av To um-kevd KAeloTSd cUvodo A eivon dvw pporypévo, arodeifte 6T1 éxel péyioTo oToiyelo
Kal, oV gival KATw @payuevo, atrodeifTe OT1 €xel eEA&yIOTO oTolXElo.

(v) Amodeiéte Tnv Mevikeuon Tou BewpruaTos Twv Bolzano - Weierstrass: ‘Eotw kAsioTd kou
ppayuévo ouvolo A. Tote kdfe axoloubBia oTo A éxel TouddyioTov piax ouykAlvouoa UToako-
Aoubia ue dpio oTo A.

(vi) ATodeiéte To avTioTpopo Tou (v): av k&fe oxolouBia oTo cUvoro A éxel TouhdyioTov
pla ocuykAivouoa utroakolouBia pe 6pto oTo A, T6Te To A elvon KAeloTd Ko pparypévo.

To cUvolo A xopakTnpileTor avoikTd av yiax k&fes x € A umpyxel Tepioxny N, Tou T woTe
N, C A, 8nAodn utdpyxet dg > 0 cwote (2 — 0o, x + dp) C A.

(1) ATrodeifte oT1 kdbBe cqwoikTd BidoTnua eivan avoikTd oUvolo kot 611 T oUvoha N, Q,
{% |n € N}, k&fe pn-xevd kheiotéd Sidotnua # R xou k&fe Temepoacuévo olvolo Sev eivan
QVOLKTA OUVOAQ.

(77) ATrodeiéte T1 M Toun TeTepaCUévou TATBOUS QVOIKTAOY CUVOAWY eival avolkTd cUvolo Kol
OTL T €VWOT] QVOIKTWY CUVOAWY €lval OVoIKTO cUVOAO.

(171) ATrodeifte 6TL k&fe awoikTd cUvolo Bev éxel péyloTo oUTe eAdyIOTO OTolyElo.

(Zvvéxsia Twv ackfoswy 15, 16.) Amodeiéts 6T1 To ouvoro A elvor avoikTd clvolo av Kol
povo av To R\ A eivan kAeio16d civodo.

(Zuvéxeia Twv aoknoewy 15 - 17.) Me Ta mapakdTw emixelpfyaTe, omodeifte o1, av éva
oUvolo elvar KAeloTd Kan avoikTd, TOTE eivan eite To () ite To R.
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Eotw A# D, A#R xo éotw 611 To A eivon KAeloTd ke avortd. Ymwdpyow a € A, b ¢ A
Kol ¢0Tw a < b. Amodeiéte 411 To pn-kevd AN (—00,b] = AN (—00,b) elvanr KAe1o TS, avorkTd
Kol dvw ppoypevo. Katodnéte ot avtipaon. Opolws, av b < a.

19. (Suvéxeia Twv aokfoewy 15 - 18.) Eva oUvoro A xopaktnpileTonr ouvekTikd av éxel TNy e€ns
1B6tTec av Ay U Ay = A, A1 N Ay = ) xou kowvéva omd Tta Ay, Ay Sev Tepiéyel onpeio
oucowpeuons Tou &Mou, ToTe eite A; = A, Ay = 0 eite A; =0, Ay = A.

Xpnotpotroiwvtas TNy TTpdTaon 1.11, amwodeiéte 611 éva oUvoro A eivar ouvekTikd Qv Kol UoéVO
av givar didoTnpaA.

20. AtroBeifte 611, av amd Tov oploud TNs évvolas Tou "KovTd oTo &' Tapodslyoups To OTI
To & elvon onueio cucodpeuons Tou A, TOTE, oTnY TepiTTwon Tou To & Bev elvon omueio
oucowpeuons Tou A, kdbe 1816TNTa N oTroia éxel vonua oTo A 1oyUer kovTd oTo &. AvTiBéTws,
arodeiéTe 6T1 0 oplouds TN évvolas Tou "ot onueia doo BéAoupe kovTd oo " Bev aAdolwveTal
ov Tapadeipoups To 6T1 To € elvon onuelo ocucowpeuons Tou A.

3.2 'Opiax cuvapTnoewy.

3.2.1 'Opia.

Oeswpoupe cuvopTnoels f ue Tedia oplopol Kar oUvoAa Tigwv Ta oTrola elvon utTrooUvoAa Tou R.
Oa ypnoldoToloUye ToV YVwoTO cUUBOAIoHO

f:A—=R,

édmou A C R eivon To edio opiopou s f. Av yvewpiloupe Tov TUTo f(2) Tns f kou Bev avagépeTon
To Tedio opiopou Tns, o ypdeoupe “n ouvdptnon f(x)" kau Ba Becwpolpe s Tedio oplouol To
u€Y10TO GUVOAO TO OTroio elval cUMBOTO e ToVv TUTIO TNS OUVEPTNOTS, dNAGBT To oUVoAo OAwV Twv
T yix Tous omolous éxel vénpa o TUTos f(z).

Ag BupnBolpe, TapeumITTOVTWS, UEPIKES AT TIs “oTolXElWdELS” ouvapTnoels. O1 1816TNTES TwV
duvapewy, Twv ekBETIKWY CUVOPTNOoEwY Kal Twv Aoyopifpikoy ouvapTnoewy Tou fHa avagépoupe
TAPOKATGW €XOUV OUCIACTIKA aTodelXTel 0TO KepdAaio .

(1) Supporitoupe ¢ : R — R 1n oTabepny ouvéptnon pe TUmO () = C.

To ouvolo Tl TN ¢ eivor To povoouvoro {c}.

(2) SupBohiloupe p, : A — R 1N ouvédptnon SUvapn pe TUTO p,o(T) = 2°.

(1) Av a € N, 1618 A = (—00,+00). Av 0 a eivor Tep1TTds, TOTE M P, elvon yvnoiws alfouca oTo
(—00, +00) Kot éxer oUvoro Ty To (—00, +00). Av o a elvan &pTios, TOTE M P, elvar yvnoiws
pBivouca oo (—00, 0] pe avtioTorxo cUvoto T To [0, +00) kan yvnoiws avfousa oto [0, +00)
e avtioTolxo oUvolo Tipmv To [0, +00).

(17) Av a € Z\ N, 161e A = (—00,0) U (0,400). Av @ = 0, T6Te 1 P, elvan oTafepty 1 oTo
(—00,0) ko1 oTo (0, +00) ko éxel oUvoho Tipwv To {1}. Av o a eivon mepiTTds < 0, T6TE M P, elven
yvnoiws efivousa oto (—00,0) pe avtioTorxo clvolo Twew To (—00,0) ko yvnoiws edivouca
oto (0,400) pe avtioToiko cUvoho Tipwy To (0,+00). Av o a eivan &ptios < 0, TéTE N P, elven
yvnoiws atéouca oto (—00,0) pe avtioTolxo cuvoro Tipmv To (0, +00) kou yvnoiws edivousca oTo
(0, +00) pe avtioToixo clvoro Tipwv To (0, +00).

(7ii) Av a € R\Z, a > 0, 161e A =[0,+00). H p, elvor yvnoiws atouca oto [0, +00) pe oclvolo
Ty o [0, 4+00).

(1v) Téros, av a € R\ Z, a <0, té1e A = (0,4+00). H p, eivon yvnoiws ebivouca oto (0, +00) pe
ouvodro Ty To (0, +00).
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Mpocééte: n po : R\{0} — R éxe1 wedio opiopot To R\{0} eveo n otabepn ouvdptnon 1 : R — R éyar
medio opiopol To R. Extds amrd Tov & = 0, o1 Suo cuvapTnoels éxouv Tis idies Tipés: po(z) = 20 =1,
1(z) = 1. Stov 0 1 pg Bev opiletar: To 0° elvar ampoodidploTn popeh.

(3) Eotw a > 0. Zupporiloupe exp, : R — R tny exbeTikfy ouvéptnon ue tUmo exp, & = a” .

Av a > 1, n exp, eivan yvnoiws avfouca oto R pe ctvoro Tipcv To (0,+00). Av 0 < a < 1, n
exp, elvar yvnoiws ebivousa oto R pe otvoro Twcv To (0,+00). Av a = 1, ) exp, elvor oTobepn
1 oto R pe oUvoro Ticv 1o {1}.

Av a = e, ouvnBws ouuPoliloupe exp avTi exp, . Anhadn exp T = €* yix k&be T.

(4) Eotw a >0, a # 1. H hoyapiBpikn ouvéptnon cupRolileTan log, : (0, 4+00) — R.

Av a > 1, n log, eivon yvnoiws atfouca oo (0, 4+00) pe ovvoro Tipwy To R. Av 0 < a < 1, 1 log,
elvon yvnoiws ¢Bivousa oto (0, +00) pe oUvolo Tiwwy To R.

Av a = e, ouvnBws ouuPolifoupe log 1) In avTi log, .

Av a >0, a # 1, o1 cuvapTnoels exp, , log, elvor avTtioTpopes. AnAad), yia ké&be x € R, y € (0, +00)
loXUEL: i = exp, & av Kal povo ov & = log, ¥.

(5) Ymdpyouv kai o1 Téooepls TPlywvoueTpikés ouvapThoes cos ¢ R — R, sin : R — R, tan :
R\{%—I—kﬂ\kEZ}—)R ki cot : R\ {kw |k € Z} — R.

O1 ouvopThoels auTes elval yvwoTes amd To AUKEIO KAl E€XOUV OPLOTEl PE "YewUeTPIKS TPOTO”.
O "yewpeTplKOS" OplonOs TwV TPLYWVOUETPIKWY ouvopThoewy dev fewpeiTal amodekTds omd TN
Avdduon ko 8o Solpe oTo KepdAaio 10 Tov "awoAuTikd” oplopd Tous. Méxpt TOTE prropoupe va
XPTOIUOTIOIOUHE S TTOPABELYHATA TI§ CUVAPTTOEIS QUTES Pe TIS YVWOTES ATTO TO AUKEIO 1O10TNTES
Tous. 2710 Kegpdhato 10 Ba ammodeifoupe ko auTés Tis 1816TNTES.

Twpa Go Solpe Tov CUVOTITIKO KOl €/1Qi0 OPIOPO TOU Opiou GuvapTnons Kol koTomiy, fa Tov
eEe1d1keUoOUYE OTIS DIAPOPES TEPITTWOELS TTOU TTAPOUCI&{ovTAl.

Opiopds. Eotw f: A = R xa &, € R ek Twv omolwy To € elvon onueio cusodpeuans Tou A.
Népe 6T f éxer dpro 1) oTo & aw yia k&b € > 0 umdpxel §p > 0 woTe va woyvel f(x) € Ny(e) yo
k&be x € ANN{(do). Tho ouvorrtikd: n f éxer dpto 1) oo § av yiax k&Be € > 0 10xver f(x) € Ny (e)
kovT& oo &. ZupPoAiloupe

f@) —=n o fl@)—=n (x—=§) 1 lim f(x) =1n.

z—¢ =€

" ’

ExTds amd tny ékppaon “éxel Oplo 1)°, xpnolpoTroloUpe TNV €KppooT “Teivel oTo 1) Kabws Ko Tig
ekppdoels "ouykAivel oTov 7)", av o 1) elvon apifBuds, ko "arrokAiver oTo 1", av 1) = £00.

MTropoUpe va ekppdooupe Tov oploud Tou oplou pe ommAovoTepar Adyla ws eéns: n f Telver
oto 1 o1o & av o f(x) MANo1&lel amepidpioTa To 1) STaw o T EpxeTan KaTdAANAax KovTtd oTo &
TOPAUEVOVTOS BIAPOPETIKOS oTtd To &.

Ag Boupe, Twpa, Tov oploud Tou opiou ouvapTNons eEelBIKEUNEVO OTIS DIAPOPES TTEPLTITWOELS.
MMeptmrewon 1: €,n € R.

H f éxe 6pro 1) oTov € av yia k&Be € > 0 umdpyer dp > 0 doTe va 1oxUe | f(z) — 1| < € yro x&Be
reA 0<|z—¢ <d.

Mepirtowon 2: € € R, n = +o0.

H f éxea dplo +00 oTov € av yiax k&fe M > 0 utdpyxer dg > 0 wote va woyxler f(z) > M yio x&Be
reA 0<|zr—¢ <d.

Mepimtowon 3: £ € R, n = —o0.

H f éxer dpio —00 otov € av yiax k&fe M > 0 umdpyer 09 > 0 wote va 1oyvea f(z) < —M yx
k&fe x € A, 0 < |z —&| <.

MepimTowon 4: £ = 400, n € R.
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H f éxa épio 1) oTo +00 av yix k&fe € > 0 umdpyert Ny > 0 dote va woyve |f(z) — 1| < € yx
k&be t € A, x > Ny.

Mepirtowon 5: € = +00, n = +00.

H f éxe épio +00 oto +00 av yix k& M > 0 umdpyer Ny > 0 cote va woyter f(z) > M yx
k&be t € A, x > Ny.

MMepimTowon 6: & = 400, N = —00.

H f éxe1 dplo —00 oTo +00 av yia k&be M > 0 umdpyxer Ny > 0 dote v oyta f(z) < —M yia
k&be z € A, x> Ny.

Mepirtowoon 7: £ = —oo, n € R.

H f éxe1 dp1o 7 oTo —00 av yia kdbe € > 0 umdpyer Ny > 0 wote va 1oyle |f(z) — 1| < € y1a
kdbe v € A, v < —Nj.

Mepirtowon 8: £ = —o0, ) = +00.

H f éxel 6pro +00 oto —00 v yiax k&be M > 0 umdpyer Ny > 0 oote va woyvel f(z) > M yix
kdbe v € A, v < —Nj.

MepimTawon 9: £ = —00, 1 = —00.

H f éxa 6plo —00 oto —00 aw yiax k&fe M > 0 umdpyer Ny > 0 oote va 1oyvar f(x) < =M yix
kdbe v € A, v < —Nj.

Inueiwon. ‘Otov ypdgoupe lim, ¢ f(x) xwpls &AAn eTionuavom, evvoolue 6Ti To bplo elvar oToryelo
Tou R. 'Otaw, duws, ypapouue limg_¢ f(z) =n (h &\ o ypdupa), evvoolpe &T1 To dpio eivar o apifuds
N, ekTds av ypdyoupe lim,_¢ f(x) =n € R 1 x&11 avdoyo.

Lyorva. I. Mo va éxel vonua n Umopén 1) n pn-utopén tou opiou lim,_¢ f(z) mpotmotiferon 6T
To £ € R eivan omueio cucodopeuons Tou Tediou oplopoy Tng f.

Tpémel va TToUue OTL Ol TEPIOCOTEPES CUVOPTNOELS TOU eppavifovtal oTny Tpdén €xouv ws Tredio
oplopoU KATOlo JI&oTNUY, To oTolo dev elval povoouvolo, 1] KATTOIX TETTEPOOUEVT) EVWOT TETOLWY
SrooTnNudTwy. e pia TéTola TepimTwon évas & amoTelsl onuelo ocucowpeuons Tou Tediou opilouoU
av elval €0wTEPIKO omnueio 1| AKPo €vds TOUAGYKIOTOV Ao TX JIACTNMATA TTOU amoTeAouv To Tredio
oplopou Tns ouvépTtnons. Mo Topdderypa, av To medio oplopol pias ouvdptnons f eivar To (a,bl,
TéTE M UTtapén 7 Ox1 Tou limy_e f(x) éxer vonpa pévo yia Tous € Trou avrikouv oo [a, b]. Avédoya,
av To Tedlo opiopoy was feivon To (a,b) U (b, +00), TéTE M UTapén 1 dxt Tou limg ¢ f(x) éxar
vénua povo yio Ta £ Tou awnkouv oTo |a, +00| - edikedTEpa, o b eivon omuelo cucompeuons Tou
mediou opiopol. Ko, av To medio opiopol pias f eivan To (—oo, b U {c} U (d, €], émou b < ¢ < d,
T6Te M UTapén N 6xt Tou limg_ye f() éxer vénpa pdvo yia Ta € Tou awnkouv oo [—00,b] U [d, €]
Kol Ol yl Tov ¢, o oTrolog dev gival onueio cucowpeuons Tou Tediou oplouou.

2. Oa xd&voupe pia TapaThpnon avdAoyn ekeivng Tou eiyape K&veEl Yl Tov oploud Tou opiou
akoAoutias. Mo va arodeifoupe OT1 lim,_y¢ f(z) =1, Bewpolpe évav TuxdVTa € > 0 kot TpooTafolue
va atodsifoups TNy UTropén evds 0y > 0 - o oTrolos efapTdTan amwd Tov € - TETOlOU WOTE "amrd
re A 0<|r—¢ < va owemdyerar (=) |f(z) —n| < €" 1, 1008Uvope, doTe "va 1oxUel
|f(x) —n| < e opkel (<) vaoxver v € A, 0 < |z —&| < dp". Ta avdAoya pumopoUpe v TToUpe Ko
yia k&fe &AAn TepiTTwon opiou. Ouunbeite: To Aoyikd oxhHua

(weA0<|r—E<d) = |f@)—nl<e
glvol TQUTOOMHO pe TO
lf(x)—nl<e <« (xeA0<|x—¢E <.

Hopadeiypoto. (1) Oa amodeifoupe dT1 lim,_y4(3z + 2) = 14.
Eotw € > 0. Oa Bpolpe dp > 0 doTe yix k&be , 0 < |x — 4| < 0y vo 1oyxva |(3x +2) — 14| < e.
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loxUer |(3x +2) — 14| < € apxkel va 1oyver |3z — 12| < € opxet va 1oxler |7 — 4] < 5. Me oUppola:
|(Br+2) —14[<e <« [Br—-12]<e <« |z—4[<3.

TMpogavas, av Bewphiooupe Jp = 5, TOTe yix k&be x, 0 < |7 — 4| < dg 1oxver |x — 4| < § ko, Aoyw
TV avTioTpopwy cuveTaywywy, |(3x 4+ 2) — 14| < . Me oUuPoAa:

O<|r—4<dy = |rv—4<; = Pr-12/<e = |[Br+2)-14<ec
(2) ‘Eotw 1 oTabep? ouvdptnon c. Mo kébe & € R,

lim ¢ =c.
=€
Eotw £ > 0. BAémoupe 611 yix kdfe = 10xUel |¢ — ¢| = 0 < &. Emopéveds, umopoupe va eTiAégoupe
otrolovdfoTe dp > 0 (yix mapdderypa, dp = 1) ke ToTE Y1 k&8 x € RN N (dp) = N (do) roxuer
lc—c|=0<e.
(3) Oa amodeifoupe OT1
lim [ — £ =0 (a > 0).
r—E

Eotw € > 0. Oa Ppoupe dy > 0 wote yia k&be z, 0 < |x — &| < Jp va 10yxUeL Hx —&* - O| <e.
loxuel “:13 — &l — Ol < £ apkel va oylel | — €% < £ apkel va woyta | — €] < £a . TMpogavds,
av emAé€oupe g = 6%, TéTE Yo ke x, 0 < |z — &| < &g 1woxva |z —&| < ca KQl, ETTOUEVAS,
||x—§|“ —0‘ <e.
(4) O £ eivan onuelo cuoowpeuons Tou R\ {£} kou o ammodeifoupe 61

lim |z — &7 = 400 (a>0).

T—E
Eotw M > 0. Oa Ppoupe dy > 0 cdote va 1oyber [ — &7 > M yix k&be z, 0 < | — | < .
loyUer |z — &7 > M apxel va 1oxUe |z — &| < M~a . Apo, madpvovtas §p = M ™4, TTe yio ke
2, 0 < |z — €| < 8 woyler |# — & < M~a xou, emopdvess, | — &[> M.
(5) Oa amodeifoupe OT1

lim |z|* = 400 (a>0).

r—+o0

Eotw M > 0. Oa Bpoupe Ny > 0 wote va 1oyver |z|* > M yix k&be > Ny xon k&be © < —Np .
loyer |z|* > M opket va 1oyler |z| > M . Apo, av emiAé€oupe Ny = M, ToTe yia k&be x > Ny
ko1 ke x < —Nj 1oyva || > M xou, emopdvass, |z|* > M.
(6) Oa amodeifoupe OT1

lim |z|7* =0 (a>0).

r—F00

Eotw € > 0. Oa Ppovpe Ny > 0 woTe va 10yUel ||$|*a — O‘ < € yix k&be x > Ny ko k&be
xr < —Ny. loxve ||x\_a — 0| < € opkel va 1oyva |x| > e7u, omdTe, ov emnéboupe Ny = e« , TOTE
yix k&8s x > Ny xou k&fe © < — Ny woyve |z| > £7a Ka, ETTOUEVS, Hx|_“ — 0| <e.

(7) 'Opra akolouthwv. Kéfe akoloubia (x,) eivan, €§ opiouol, ouvdptnon = : N — R pe medio
opiopoU To N, émou, cupPaTixé, ypdeoupe T, ovti z(n). Mvwpiloupe, emions, 6Tt To +00 evon (To
povadikd) onuelo cuocopeuons Tou N.

MTropoupe, Aormdy, va dlaTuTTwoouUhe Tov oplopd Tou oplou Tns cuvaprtnons T ot1o +00 ws &&Ns:
limy,—ioo2(n) =N € R av yia k&be € > 0 1ox0a x(n) € Ny(e) kovre oto +00. AT ™Y &M
pep1d, o oplopds Tou opiou Tng akoloubias (In) SratuTtteoveTar ws €Ns: limy, 100 Tp =1 € R av yia
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k&Be € > 0 1oxver TeAkd T, € Ny(e).

O1 mpotdoes z(n) € Ny(e) ko x, € Ny(€) elvon, puoikd, Tautéonues. Koa oto Tedeutado Tapd-
Setypa TN utroevdTnTas 3.1.2 eidope yia pia 18161 Ta TToU ¢xel vonua oTo N 6T1 To var 1o)Uel KovT&
oTo +00 elvan 100BUVaNO Pe TO VO 1oXUElL TEAIKY. ZupTrepaivoupe, AolTTov, OTl

H éwoia Tou opiou akoloubias ws akoloubia sivar ibia ue Tnv éwoia Tou opiou akolouBias ws ocuvdp-
TNon Kal, ETONEVAS, 1) éwola Tou opiou akoloubias mepidauBaveTal, ws €10IKT) TEPITTWOT, OTNY EWOIX
TOU oplou ouvapPTnoTS.

TMapatnenoTe 6T pix akoloubia eival Tapdderyua cuvapTnons Tns omoias To medio opiopoy,
SnAadn To N, Sev mepiéxer oAdkAnpo Sidotnua (a, +00) péxpr To +00, SnAadn péxptl To onueio oTo
omolo efeT&loupe TO OplO TN CUVAPTNOTS.

3.2.2 TTAsupika opia.

Opiopds. Eotw f: A — R, € amd apiotepd Tou onueio ousodpeuons Tou A koa ) € R. Adue 411
n f éxe1 apioTepo TAsupikd Opro 1) oTov £ av yix k&fe € > 0 umdpyer g > 0 woTe va 1oyUel
f(x) € Ny(e) v k&@e © € AN N (do). Tho ouvorrrikd: n f éxer aploTepd TAsupikS dplo 1) oTov
€ av yix k&fe € > 0 1oyter f(x) € Nn(E) kovT& oTov & amd apioTepd Tou. ZupPoAiloupe

f@) —n n fl@)on (e—=E&-) 0 lim f(z) =n.
T—E— T—E—
Eotw f: A= R, € amd 8:61& Tou onuelo cusodpeuons Tou A ka1 1 € R. Adue 11 n f éxer 8e1d
Aeup1kd Sp1o 1) oTov & av yia k&Be € > 0 utdpxer dg > 0 doTe va woxvea f(z) € Ny(e) yro kébe
re AN N;(&)). Tho ouvorrTikd: 1 f éxer 816 TAeupikd p1o 1) oTov € av yiax k&be € > 0 1oxUe
f(x) € Ny(g) xovtd oTov £ omd Be€id Tou. ZupPoriloupe

f(x) ——n 1 flz) =>n (z—&+) 7 lim f(z)=mn.
T—E+ z—E+
Me &M Adyto: m f Teiver oTo 1) oTov € omd Ta Befid (opioTepd) Tou av o f() TAnocikla
OTEPIOPIOTA TO 1) OTAV O T £PXETAl KATAAANAX KovTd oTov & Trapapévovtas oTny de§i& (aploTepn)
pepid Tou &.

Lxoxto. MNa va éxel vonua n Uopén 1 N pn-Utoapén Tou lim,_ ¢4 f(z) mpoumoTifeTar 611 0 £ elven
amd Sefi&k Tou onpelo cucowpeuons Tou Tedlou opiopoy TS f eved yia TNV UTapén N TNy un-Utoapén
Tou limg ¢ f(z) mpoumotiferan 611 0 & eivan omwd opioTEPE TOU onueio cucowpeuons Tou Tediou
opiopou Tns f.

Oa favatolpe OTL Ol TEPICOOTEPES CUVOPTNOELS TOU eupavifovtar oTny mpaén €xouv ws Tedio
oplopoU KATolo JIAoTNUY, TOo oTolo dev elval yovoouvolo, 1] KATOIX TETTEPOOUEVT) EVWOT TETOLWV
SrooTnNudTwY. Ze wia TéTolx TepimTwon évas € elval amd Se€ik Tou onuelo cucowpeuons Tou Tediou
OpIoPOU Qv ElVOL E0WTEPIKO ONUEIO 1) APICTEPO GKPO €VOS TOUAKYXIOTOV OTTO TO OIXCTNUXTA TTOU
oTroTeAoUv To Tredio oplopoU eve évas & elvar ommd opioTep& Tou omuelo cucowpeuons Tou Trediou
oplopoy av glval eowTepiko onueio 1 Se€16 dkpo €vds TOUAXKIOCTOV AT TX SIAOTHUATA TTOU XTTOTEAOUY
To Tedio opiopol. Mo Topdderypa, av To Tedio opiopou pias cuvdptnons f eivan To (a,b], TéTE M
UTrapén M ox1 Tou limy_ey f(2) éxer vémua pévo yia Tous € Tou avfikouv oTo [a,b) kor N UTrapén
1 6x1 Tou limy e f(2) éxer vénua pévo yia Tous £ Tou ovfikouv oo (a,b]. Avddoya, av To Tedio
opiopoy s f elvan To (a,b)U (b, +00), T6Te 1 Utropén 1) dx1 Tou limy ey f(2) éxer vémuoa pévo yia
Tous & Trou avnkouv oTo [a, +00) kar N UTrapén 1 dx1 Tou limg e f(x) éxer vomua pévo yia Tous
¢ mou avfikouv oTo (@, +00) - e181kdTepe, o b glvan omd Befik Tou kou oS oploTepd Tou ompeio
oucowpPEUoTS Tou Tediou opiopoy. Kai, av To medio opiopol pioas f eivar o (—o0, bl U {c} U (d, €],
émou b < ¢ < d, TéTe N UTrapén N xt Tou limy_ey f(x) éxer vomua udvo yia Tous & ou avrkouy
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oTo (—00,b)U[d, €) kan n UTrapén 7 éx1 Tou lim,_e— f(x) éxer vonua pdvo yia Tous £ Tou avfikouy

oTo (—00,b] U (d,€].
\

HNapadeiypota. (1) Eotw n ouvdptnom pe medio opiopol To (—00, &) U (&, +00). Oa oo-

deifoupe 611
=€ =
lim —— > = 1, lim > =
T—E— ZE-& T—E+ .T—f
Eotw € > 0. Oa Bpolpe dy > 0 woTe va 1oxUel |% — (—l)‘ < € yio k&be T, £ — 0y < x < &.
‘i:? = —1, omoTe ||i—:§ + 1‘ = (0. EmAéyoupe omoiovdnmote dp > 0 ko1 T6TE

yia k&fe z, £ — 0g < & < £ 10xUel ‘%—i—l‘ < €.

‘Opws, av = < &, elvan

Eotw € > 0. Oa BpoUue dy > 0 doTe va 1oyUet ‘% — 1‘ < €y k& z, £ < & < €+ dp. 'Opos,
el _
z—§

k&fe 7, £ <z < &+ 0y 10oxUe |%—1‘ < €.

av & > &, elvan 1, omdre ’% — 1’ = 0. EmAéyoupe omoiovdnmore dp > 0 xon T6TE Y

(2) Eotw m ocuvéptnon (r_—lg)n ue medlo opiopoy To (—00,&) U (£, +00), émou o n € N eiven
Tep1TTOs. Oa arodeioups OTI

l ! l ! + (neN 5)

im ———— = —00 im ———— = +00 n n mwePITTSS).

el G IR S CRST o
Eotw M > 0. Oa Bpolpe dy > 0 woTe va 1oyUel ﬁ < =M yix x&be x, £ — 0y < x < &

: 1

]GXUEI W
E—0dp <x <& royla & — \ﬁ < x < € ka1, ETOPEVWS, ek g)n < —M.

‘Eotw M > 0. Oa Ppolpe dy > 0 woTe va IO'XUEI ﬁ > M yx ke z, £ < v < £+ .

< —M opxkel va 1oxUel € — % <z <E& @soopofjpe 0y = V;M Kol TOTE ylo K&Be 1,

" 1 It '
loxver o=gm > M opxel va 1oyler £ <z < £ + W GEwpoupe 0y = var Ko TOTE yix ké&Be

5)"
§<x<£+5olcxue1§<a:<f+n Kal, ETOPEVES, —gym ) > M.

TMpdéTaon 3.2. Eotw f: A —= R kat £ € R amd apiotepd Tou kou amd Se€id Tou onueio oucowpeuons
Tou A. Téte, umdpyer 1o limy_¢ f(2) av kou uévo av umdpxowr o limy_e— f(2), limy_er f(2) Kou
elvar ioa. Emions, otnv mepimTwon mou utrdpxer To limy_y¢ f(), ToTe elvon

li x) = li )= li ).

lim f(z) = lim f(z)= tim f(z)
Amésan. 'Eotw lim, ¢ f(z) = 1 € R. Eotw € > 0. Téte woyvar f(z) € N,(g) kovt& orov €.
Apa oxuel f(x) € N,(g) kovtd oTov £ omd aploTepd Tou kot kovTd oTov § omd Sefik Tou. Apa
lim, e f(z) =10 ko limy_eq f(2) = 1. _
AvTioTpdgws, éotw limye_ f(2) = limyoer f(x) =1 € R. Eotw € > 0. Toéte 1oxver f(z) € N,(e)

KovTd oTov £ amd apioTepd Tou Kol KovTd oTov & amd ek Tou. Apa woxvel f(z) € Ny (e) kovt&
otov £. Apa lim,e f(x) = 1. O

Mopade it ypatoa. (1) To I|m$_>5 | Sev uTrdpyel, S10T1, 0TS eidape, Ta TAEUPIK& Opla givan Siapo-

PETIKA.

(2) Oupoiws, av o n € N elvon wep1TTds, To limy_ye @ Sev UTT&PYEL.

(3) Av o n € N elvor &pTios, €xoupe ommodeifel oT1 Iimmﬁgw = +00. Apa limg_¢_ @ =
lim, et @ = +00.

(4) Av n € N, eldape 61 limy_e(z — &)™ = 0. Apa limye(x — &)" = limyeq (. — )" = 0.
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TMpétaon 3.3. Eotw f: A — R kat £ € R.
(1) Eotw 611 0 § elvon udvo amé Se€id Tou onueio ouoowpeuons Tou A. Téte, umdpyer To limy_¢ f (x)
Qv Kai povo av utrdpxet To limg ey f(z) kou, o aurny v MepiTTWOON,

lim f(x) = Ilim xT).

i 7(z) = i f(2)
(2) Eotew 611 0 £ elvar udvo amd opioTepd Tou onusio ouoowpeuons Tou A. ToTe, umdpyer To
limg ¢ f(x) av ko uévo av umdpye To limy_e f(x) kou, o’ outry Tnw TEpimTWON,

lim f(z) = lim f(x).

=€ r—E—
Améesn. (1) Eote limy ey f(z) =n € R. Eotw & > 0. Tote woyver f(z) € Ny(e) xovtd otov &
améd Sefik Tou. Apa oyxuel f(x) € N, () kovtd otov &, omdTe lim,e f(z) = 1.
AvtioTpdgws, éoTw limy_e f(x) =n € R. Eotw € > 0. Téte 10oxvea f(z) € N,(g) xovt& oTov &,
omdTe woyver f(x) € Ny(e) xovtd oTov € amd edid Tou. Apa limyer f(2) = 1.

(2) Opoiws. ]
Mopadeiyuata. (1) Av a > 0, éxoupe et OT1 limy_¢ @ = +00. XuvemdyeTal limg, e ﬁ =
limx_>5+@ = +o00. Apa limx_>§+@ = 400. Emouévws, av o a > 0 Bev elvar axépaios,
ouveTT&yeTal limy ¢ ﬁ = 0.

(2) Av a > 0, eidope 611 limy_e |2 — £|* = 0. Apa limy_e— |z — &% = limzoer |2 — £]* = 0. Apa,
lim, et (x — &)* =0, omdTe, av 0 @ > 0 Bev elvan aképanos, ouvemdyeTon lim,_¢(x — &) = 0.

3.2.3 'Opia, ypapiuaTa, docUMTTTWTES cubsics.

Eotw 6m £,1 € R xoa 611 limy_ye f(z) = 0. TéTe, KBcds 0 T €pxeTor KaTEANAC KOVT& GTOV
& Topapévovtas SiagopeTikds amd Tov &, To onpelo (x, f(z)) Tou ypagnuatos Tns f TAnoi&ler
amepidpiota To onuelo (€, 7)), omdTte TANCI&El amepidpioTa Kou ot Uyos 1) TNy KoTakdpuen subsia
ue eflowon r = &, Tapauévovtas ekTds TNs eubelas auTns.

Eotw 611 £ € R ko1 671 limye f(x) = +00. TéTe, kabds o & €pxeTor KATEANAa KovTd
oTo & Tapopévovtas SiagopeTikds amd To &, To onuelo (z, f(r)) oveBaiver omepidpioTa WnAd,
omoTe MANO1&lel ot amepldploTa peydAo BeTikd Uyos Ty kaTokdpuen eubeia pe eflowon T = &,
TopopévovTas ekTos Tng eubeias autns. Ouolws, €0Tw OT1 limy_e f(x) = —00. ToTe, kabws o x
€pXETON KATEAANAC KovTd oTo & TrapauévovTas SiagopeTikds omd To &, To onueio (z, f(x)) xorePaiver
ATEPLOPIOTA XAUNAL, OTTOTE TANOI&(EL OF ATTEPIOPICTA PEYAAO CPVYNTIKO UYos TNV KATAKOpUen subsia
pe elowon x = &, TapapévovTas ekTOs TNS eubelas auThs.

=115 Buo TeAeuTales TepITTTOOEL, dNAadh av £ € R kot lim,_e f(2) = 00, 1 KoToKSpUT eubeia
pe eflowon & = £ XopoKTNPIleTal KATAKOPUPT XCUMTITWTN TOU ypaghuaTtos Tns f.

‘Exoupe avdhoyes BlaTuTwoels yia T TAEUPIK& Opia oTov §. ZTny TepimTwon Tou limy_ey f(z)
N poévn oMoyt oTa TpomyoUpeva eivon 6Tt To onuelo (x, f(7)) Topopével Sefi& Tns kaTakdpuens
eubelas pe elowon T = § evdd oty TepiTTwon Tou limg e f(z) o onueio (z, f(x)) Topopéver
oploTepd TN KaTakdpugns cubelas pe eflowon x = €. MevikdTepa:

Opiopoés. H eubeia pe efiowon & = £ yapoakTnpileTal KXTAKOPUPN ACUMTITWTN TOU YPOPNUATOS
s f ot omoadNToTE amd TIs TéooEpls TepITTTROGEL limy ey f(2) = fo0.

TMopepmmTOVTWS, PTTOPEl KaAvEls va dgl OTO YPAPNUA TNS CUVAPTNONS YlaTi, OTav T Opix
limy et f(2) kan limg_e f(x) elvon BiagopeTird, Sev umdpxer To lim, ¢ f(2).

Eotw Topa 611 1) € R xot limyy 400 f(2) = 1. ToTe, kaBds 0 T amropakpUveTon KaTdANA TTPOS
Ta 8ef1&, To onuelo (z, f(x)) Tou ypaghipaTos Tns f oTopakpUVETAL aTrEPIOPIOTA TTPOS T Befld Kot
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TANo1&el amepidploTa TNV oplldvTia eubeia pe e€icwon y = 7. Opolws, av lim, o f(x) = 1. ToTe,
koflids o T aTopaKpUveTanl KaTEAMNA Trpos Ta apioTepd, To onpeio (z, f(x)) Tou ypagnuaTos Tng
f omopakpUveTon amepidpioTa TPos Ta aploTepd Kai TANoi&lel amepidpioTa TN opildvTia sufsia
pe eflowon y = 1.

Opiopds. Av limy oo f(2) =1 1 limuy_oo f(2) = 1, T6Te N 0p1ldvTiar eubeiar pe eficwon y = 7
XOPaKTNpileTal 0p1lévTia GCUMTITWTN 0To +00 1) 6To —00, AVTIoTOlXWS, Tou ypaghuaTos Tns f.

Toopa, av limyy 400 f(2) = +00, TOTE To onueio (z, f(x)) ammopoxplveTan amepidpioTa TPOS T
Be€id kou MV Ka, ov limy—s o0 () = —00, TéTe To onueio (x, f(x)) amopokplUveTan omTepidpioTa
Tpos To Bef1d kot k&Tw. Tédos, av lim, o f(2) = 400, TéTe To onuelo (z, f(2)) omouakpiveTon
aTTEPOPIoTA TTPOS T aPLoTEP Ko TV Kal, av lim, 1o f(z) = —00, TéTe TO onpelo (x, f(x))
ATTOUAKPUVETAL ATTEPIOPLOTA TIPOS TX APIOTEPA KAl KATW.

‘Evas TpdTos va Solpe oTo yp&enua Tns [ TNy TOCOTIKN £KPPOACT) - pE TOUS € Kal Og - TNS
gvvolas Tou opiou lim, ¢ f(z) = n elvon o e€hs. To bplo auTd eivon 1008Uvapo pe To 4TI Yix
k&fe € > 0 umdpyer k&molos dyp > 0 woTe To pépos Tou ypagnuaTos Tns f TTou avTicTolyel oTo
AN ((€ = 00,8) U (&€ + b)) va mepiéyetan oty opildvTia {wvn Tou PpiokeTan avduesa oTis
op1lévTies eubeles ue eflowoels Yy =1 — € ko Yy =1 + €.

Me Topopolo TPOTTO UTTopoUpe va douUpe Kafe &AAN TepimTowon oplou. [Na Tapddelypo, To
limg 100 f(2) = —00 elvan 1008Uvapo pe To 611 yia k&Be M > 0 umdpyxer k&molos Ny > 0 coTe To
pépos Tou ypoghuartos Tns f Tou avtioToixel oto AN (Ng, +00) TepiéyeTon oTo NuieTiTE o K&TW
od TNy opildvTia eubeia pe e€lowon y = —M.

Opiopos. Mia euBela [ pe eflowon y = px + v xopoxktnpiletor (TrAdy1a) aoUpTTTwTn tufsia oTo
+00 Tou ypognuaTtos Tns f av

Mia euBeia | pe eflowon y = uxr + v yapaktnpiletar (TAdyia) acUptrTwTn suftia oTo —00 Tou
ypoagriuatos Tns f av
lim (f(z) — pz —v) =0.
T—r—00

AuTd onuaivouv 411 To onueio (z, f(x)) Tou ypoehuoTos Tns f kau To avtioToixo omueio
(z, pxr + v) s | TAnowdlouv To éva To &AM KaBds KivoUvTol amepldploTa TPos Ta Be€ld 1) TPOS
T aploTepd, avTioTolxws. Mo amAd: To ypdenua Tns cuv&pTtnons Tpooeyyilel Tny eubeia [ kovtd
oTo +00 1) 0TO —O00.

TMapoTnpnoTe 6T o1 0plloVTIES aoUUTITwTES gubeies eival, amAcs, TAKYlEs aoUUTTTwTeS gubeies e
ouvteAeoTn) 1 foo pe 0.

2Ny emopevn evotnTa fBo uaboupe évav TpdTO va Bpiokouug, av UTTEPXOUV, Ti§ TAGY1ES AoUu-
TTwTes eubeles oTo ypdPnua plas cuvdpTnomns.

Aoxknoeic.
1. SupmAnpwoTe TNy amwddeién s TpdTaons 3.3.

2. 'Exouv vénua Ta dpia limy yq \/ﬁ, limg 0 v/ —22, limg 51 log(z? — 1), limg_14 V1 — 22,

EET 6
limz o 272, limyy_oo( + 2)7, limyy g V2,

3. Exouv vonua ta dptar limy_ oo -

. 1 . . . .1
o limgo Pl limg— 400 logsinx, limg_o logsin o ;
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4. Amodeite Rdost Twv opiopcv 6T limy 0 3x = 6, Iimx_ﬂ(i +1) = 2, limg 22 = 1,
. 3 o . T . z—3 __ 1 . 2 _
limg_s1 m = +00, I|mx*>2+ 57 — —00, limy 400 et 2 |lmx4>ioo(3l' + I’) = +00.

5. Eotw A C B ko1 £ € R onuelo cucohdpeuons Tou A, oméTe (&oknon 6 Tns evétnTas 3.1)
To & elvon omuelo cucodpeuons kar Tou B. Eotw g : B — R xa lim,eg(x) =1 € R.
Eotw f: A— R o mepopiopds s g oto A, dnhadt) f(z) = g(z) (x € A). Amodeifte 6T
limg_e f(z) = 1.

6. Amodeifte Tis €N "opvroels” Tou oplou:
() To limgy_¢ f(x) = 1 elvon A&Bos av kan pévo av utrdpyxel € > 0 doTe va oxver f(z) ¢ N,(e)
ot onuela doo BéAoupe kovTd oTo £.
(17) To limy_ye f(z) =1 elvan Ad&Bos av ko1 pévo av utdpyel € > 0 woTe yiax k&be dy > 0 va
utdpyel © € AN N (do) dote f(x) & Ny(e).

(1i1) E€aidiketoTe (ue awiocdtnTes KAT) Ta (1), (i1) oTis evvéa TrepiTdOEls opicov.

7. Amodeifte Tov £€fis 1008Uvapo oplopd Tou oplou. Eotw f 1 A — R ka1 & € R onuelo
cucowpeuons Tou A kot éotw 9 > 0. TéTe limy_e f(x) = 1 av ko1 pévo av yia k&be €,
0 < e <egpoyva f(x) € Ny(e) xovtd oo &.

8. Eotw f: A —= R xa £ € R onuelo ousocpeuons Tou A. EoTtw 611 utdpyel §g > 0 dooTe
yia k&8 € > 0 va woxter f(7) € Ny(e) yrax kébe © € AN NE(dp). T oupmepaivere;

9. Eotw f: A= Rk A. = AN (—00,¢], AL = AN[{,40) xau f_ : A. — R ka
fr AL — R o1 mepropiopot s f ota A- ko A, ovTioToixws. Eotw 611 0 & elvon atmd
Be€1& (apioTepd) Tou omueio cucompeuons Tou A 7, 1008Uvaua, onuelo cucowpesuons Tou A
(A_) (&oxnom 12 evétnTos 3.1). Amodeifte 611 To limyer f(2) (limye— f(2)) umdpxer ow
ko1 pévo av To limy_ye fi(z) (limy_e f-(2)) umdpyxer ka1 o' auThy TNV TepimTwon Ta Suo
opla slvan ioca.

3.3 1810TNTES OXETIKES ME OPIX CUVOPTNOEWV.

Mo OAes Tis 1816TNTES Ooplwy akoAoubBidr UTTGpyouv avTioTolXes 1810TNTES Oplwy CUVAPTNHOEWY.
AuTo eivorl povepd pe plo oA avTITTaPOPoAr] auThs Tns evoTnTas pe Ty evdtnTta 2.4 Ko dev
amoTeAel €kTANEN agou, Omws eidape otny umoevdTnTa 3.2.1, M évvolx Tou opiou cuvdpTnomns
TePIAaUPAVEL W €181KN TePITTTWO™N TNV €vvolx Tou opiou akoAoubBios.

TMpétaon 3.4. Eotw f,g9: A — R ka1 £ € R onueio ouoowpeuons Tou A. Eotw, emions, 611 ot f, g
Tauti{ovton kovtd oTo . Av umdpyel éva amd Ta limy_e f(), limy_e (), TTe UTdpPYE! KA1 TO dAo
kar Tax 8uo opia eival loa.

Amésen. Eotw limye f(¥) = n € R. Eotw € > 0. Téte 1woxva f(z) € N,(e) xovtd oo &
Emions, woxter f(z) = g(z) kovt& oo & ométe 1w0oyver f(x) € Ny(e) kan f(x) = g(x) xovtd oTO

€. Apa 1oxve g(x) € Ny(g) xovtd oTo £ kan, emopévess, lim, e g(x) = 1. ]

272, w0<|z] <&

Nopadeiypoto. (1) Eotw n ouvdprnon f(z) = OewpoUpe Kal TNV

T, av x =01

ouvptnon |z 2 . Ewadh f(z) = |22 yia kdbe z € (— +,0) U (0, 35) ke limy_ z)"2 = +o0,
ouveTdyeTat lim, o f(z) = +00.
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7, >4

(2) Eotw n ouwdptnon f(x) Emadh f(z) = |z|7' oto (4,+00) ko

—x, avax<
limg s 100 |2| 72 = 0, elvan limy sy o0 f(z) = 0. Emardn f(x) = |z| oto (—00,4) ke lim,, o |2]| =
+00, ouvemdyetat lim,_, o f(z) = +00.

O1 Tlpotéoseis 3.5, 3.6 civarl amd Ti§ IO CTUGVTIKES YIX TNV OUCIOTIKT KATAVOMOT TNS €Vvolas
Tou oplou. H TIpdtaon 3.5 Aéer 611, av To 6plo oo € € R pias ouvdptnons tkovoTtrotel pia (orrAn)
yvhola aviodTnTa, TOTe Kal Ol TIYES TTS CUVAPTNOTS IKavoToloUuy kovtd oto & Tny 8 yvfola

aVIoOTNTA.

MpéTaon 3.5. Eotw f: A = R, £ € R onueio ouoodpeuons Tou A ko lim,—¢ f(z) =n € R.
(1) Av > u, Téte 10)Ver f(x) > u koVT& O0TO €.
(2) Av n < I, 1671 1oxva f(x) < kovrd oTo0 &.

Amddeén. (1) Eotw limy_e f(x) =10 kou 1 > w. Eivoa n —u > 0, omwdTe 10%0eL
[f(z) =nl <n—u

kovTd oTo &. Apa 1oxUel
fl@)>n——u)=u
kovTd oo €.
Eotew lim,_¢ f(x) = +00. Oewpolpe omorovdimore M > 0 wote M > u. Téte 1woyver f(x) > M

ka1, emopgvess, f(x) > u kovtd oo &.
(2) Opoiws. [

H TTpoToon 3.6 Aéel OTL, av 01 TIPES UIAS CUVEPTNOTS IKAVOTTOIOUY pla pn-yvnola (ammAf)) avicdtnTa
ot onuela 600 BéAoupe KovTd oTo & € R, T6Te kou To 4pto - av utépxel - oTo € TNS oUVAPTNONS
1KavoTrolel TNy id1a un-yvnoia avicotTnTa. Emions, uTdpyel éva xproigo Kp1Tnplo un-Uutapéns opiou:
av uTrapyouv duo apifpol Tou xwpilouv Ti§ TIYES HIOS OUVEPTNOTS Ot K&TTolx onueia 6co Bélouue
KOVT& oTo & amd TIS TIWES TNS oUVEPTNOTS ot k&Trola &AAa onueia 6co Béhoupe kKovTd oTo &, TOTE
N ouvépTtnomn dev éxel dpio oTo &.

TpéTaon 3.6. Eotw f: A — R ka1 £ € R onueio ouoodypeuons Tou A.

(1) Av ioxver f(x) > | oe onueia éoo BéAoupe kovTd oTo & kou lim,_e f(x) =1 € R, té1e n > 1.
(2) Av ioxve f(x) < u oe onueia doo Bélouue kovtd oTo € kau limy_ye f(z) =1 € R, té1e ) < .
(3) Av u < | ket 1oxver f(x) > | oe onueia doo BéAoupe kovtd oto & kau f(x) < u oe onueiar doo
6éAouue kovTd oTo &, TOTE Sev umdpyer To limy e f().

Atédeaén. (1) Av fitav 1 < [, Ba foyue f(x) < | xovtd oto &, omdte 8¢ o pwopolcs va 1oy Uel
f(z) > 1 o= onpela doo BéAoupe kovTd oo &.

(2) Opoiws. B
(3) Av utpye To limy_ye f(z) =n € R, 6a firav n > [ kou 1 < u kou, emopévads, | < w. ]
Nopadeiypota. (1) Av lim e f(z) =1 € R weu av 1oyter f(z) € [I,u] oe onpeic doo Béhoupe

kovT& oTo &, TéTe M) € [l ul.

(2) Aev umtdpyel To Iimx_>+oo(—1)["”] . TTp&ypoTl, OTws oUoIaAoTIKG eixaue del kKol oTny evdTnTa 3.1.2,
1oXUEL (—1)[9”] > 1 ot onuela doo Bloupe KOVT& 0TO +00 Kal, cUykekplpyevo, ot k&be &ptio € N
Kal, €Tions, 1oXUeL (—1)[95] < —1 oe onpeia doo Béhoupe KovT& 0TO +00 Kal, OUYKeKplpEva, o K&Be
Tep1TTo * € N,

Opoiws amodeikvieTor OTL eV UTTAPYEL TO lim$_>_oo(—1)m )

(3) Aev utrdpyer To limy_y oo sinz. A6T1 10Uel sinx > 1 oe k&Be v = T + 2nm (n € N) ko 10x0e1
sinw < —1 oe k&8e v = —5 +2n7 (n € N).

Opoiws amodeikvieTon 6Tl eV UTTAPYXOUV Ta liMg_s oo SIN T Kal limy_y 1o COS .
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H TpoTtaon 3.7 ekppdlel TN povadikoTnTa TOU opiou.

MpéTaon 3.7. Eorw [ : A — R ka1 € € R onueio ouoowpeuons Tou A. To limg_e f(2), av urdpyer,
elval ovadiko.

Amédefn. ‘EoTw 611 umdpyouv Buo SropopeTikd Spia lim, ¢ f(2). Oswpolpe a yvnoiws avépeoa
oTa duo auTd dpia. TéTe 1oxver f(x) < a xovtd oTo & kou toxUer f(x) > a xovtd oTo €. Apa
woytel f(x) < a keu f(x) > a kovtd oTo &. AToTo. [

H TlpoTaon 3.8 Adel 6T1 av o1 Tiyés dBuo CUVAPTNOEWY IKAVOTIOlOUY ot onuela oo Béloupe KovTd
oto £ € R i pn-yvnoia petofy Tous aviodTnTa, TOTE KAl Ta Opl& Tous oTo £ - av UTTEPYOUV -
1KavoToloUV TNy 181 un-yvnoia avicOTnTa.

Mpétaon 3.8. Eotw f,g: A — R kar & € R onusio ovoodpeuons Tou A. Av woxver f(z) < g()
oe onueiar 600 Béoupe kovtd oo & ko limye f(x) =1 € R, lim,e g(x) = € R, 1616 < (.

ATédeén. 'Eotw ( < 1. Oewpolpe a wote ( < a < 1. Tote 1oytel g(x) < a kovtd oto € ko 1oy Vel
a < f(z) xovtd oTo & Apa oylel g(x) < a xou a < f(x) xovtd oto £. Apa oyva g(z) < f(z)
kovT& oTo &. AtoTro. [

O1 emropeves duo TPOTATELS TEPLYPAPOUV Wi ¥pTolun péBodo atmddeiins Utapéns opiou cuvdp-
TNOMS Kal UTTOAOYIoUOU TNG TIUNS TOU: KATGAANAN oUYKPIOT TNS OUVAPTNONS e GAAES CUVAPTNOELS
TwV oToiwy yvwpiloupe T Opla.

MpéTaon 3.9. Eotw f,9: A — R kau £ € R onueio ouoowpeuons Tou A. Eotw, emions, o1 1o Uel
f(z) < g(x) xovrd oT0 &.

(1) Av limy_¢ f(x) = +o00, T6TE limye g(2) = +00.

(2) Av limy_¢ g(x) = —00, T6Te limy_e f(2)

) > M xovt& oTo £ xou, emaidf) woyvel g(x) > f(x)

Amddeién. (1) Eotw M > 0. Téte 1oyter f(z
> f(x) kovtd oTo £. Apa 1oxUer g(x) > M kovtd oo

kovtd oo &, woyle f(z) > M ko g(z)
Ko, eTopéves, limy e g(z) = +o0.
(2) Opoiws. 0

x+ml>

Mopadeiypata. (1) Emedn ioyver = 2y ke & € (1,400) kou emwerdt) limy_y 00 & =

2
+00, ouveTd&yeTal limy 40 +Tx1 = +oo

(2) Emeidfy 1oxver 5 +1 > 5 — L =L yia ke € (—1,0)U (0, 1) ke emerdn lim,_y0 25 = +00,
ouvetdyeTan lim,_o(5 + =) = +00.

H TTpdtaon 3.10 ekppdler Tn Aeyouevn 1810TNTa TrapepPoAns.

Mpétaon 3.10. Eorw f,g,h: A — R xau & € R onueio ouoowpeuons Tou A kou éoTw OTI 1o)Uel
f(z) < g(z) < h(x) kovtd o1o €. Av limy_e f(2) = 1 ko limy_ye h(z) =1, 76T limy_e g(x) = 1.

Amddeifn. ‘Eotw € > 0. Téte 1oxbe |f(x) —n| < € kovtd oo £ xou 1woyer |h(z) — 1| < & kovrd
oTto &. Apa 1oyUel

[f(x) =nl <&, fhle) —nl<e  flz) <g(z) < h(z)

KovT& oTo &. Apa 1oxUel

n—e<flx), hx)<nte  flz)<glx)<hr)

kovté oTo §. Emopévaws, 1oxvel n — e < g(x) < 1+ € kovtd oTo & omdTe limy_e g(z) = 1. [
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Nopadeiypata. (1) Eotw —2% < f(z) < T yix k&8 & > 3. Emeadfy limyyyo0(—25) = 0 kau

Iimxﬁﬂx,% =0, ouveTdyeton limy 100 f(2) = 0.
(2) loyuet _l?l\ < iz ﬁ yio k&fe © € (—00,0) U (0,400). Emeidn limI_H_oo(— ﬁ) =

limg 400 Igl‘ =0, ouvemrdyeton limz— 100 5';95 =0.

Me Tov {810 TpéTO amodeikvUeTon OTL limy oo 28 = 0 kot limy 100 2% =0,

MpéTaon 3.11. Eorw f: A — R ko &€ € R onueio oucodpeuons Tou A. Av 1o lim, ¢ f(x) evou
apiBuds, T0Te N f elvon ppoayuévn kovrd oto &.

Amédeén. Eotw limy_e f(x) = 1. TéTe 10x0er | f(x) — 1| < 1 kou, emopévess, | f(x)] < ||+ 1 kovtd
oto &, omdte n f elvon ppaypévn kovtd oo &. O

Nopadeiypoato. (1) MNa v cuvdlp'rncn % 1o Vel limz_>+oo% = 0. Apa % eilvou PPAYMEVT) KOVTX
oTo +00. AuTé 8¢ onuadvel 0TI n - elvon pparypevn oTo Tedio opiopou TNg; M o Bev elval pparypevn
oto R\ {0} oute xow oTo (0,4+00). Ymdpyet, dpws, didotnua (N, +00) oTo omoio n % givau
ppaypévn. MNa mopdderypo, oyver 0 < % <1 yix xébe = € (1, 400).

' . 541
(2) EoTtw n O'UVGp:l’T]O‘T] WM
TO liMy_s_ o m = % Av dexTolpe auTO TO Oplo, CUUTTEPAIVOUYE OTL 1) CUVAPTNOT Eival

Oa u&foupe Alyo opydTtepa va utroAoyiloupe Opla ST

ppaypévn kovtd oTo —00. AnAadt, utdpyel SidoTnua (—oo, —Ny) oTo omoio n cuvdpTnon eiven
ppaypévn. ‘Ouws, To va Ppebel ouykekpiuévo TéTolo didoTnua KaBs KAl CUYKEKPIUMEVO GVw PP&y P
KOl KATW QPAyUa 0TO JIACTNUX aQUTO Jev elval €UKOAO aoU 1 ouvapTnom dev €xel ATAO TUTIO!

MpéTtaon 3.12. Eotw [ : A = R kau € € R onueio ousowpeuons Tou A.

(1) Av limg_e f(x) = 400, 1616 N [ elvan KdTw Ppayuévn kovtd oto & ald eivar Adbos 1 efva
dvew ppoyuévn kovtd oto &.

(2) Av lim,_¢ f(x) = —00, T6Te 1 f elvon dvew pparypévn kovtd oTo € oA eivar AdBos 611 elvar k&Tw
ppayuévn kovtd oto §.

Amodeén. (1) loxter f(x) > 1 kovtd oto &, omdTe 1 f eivan kdTw @paypévn kovté oTo &.

Av n f eivan dve ppoaypévn kovtd oTo &, TéTE UuTtdpyel U € R wote va 1oxtel f(x) < u xovtd oTo
€. Emaidn limy_¢ f(z) = 400, ouvemdyetan +00 < u. AtoTro.

(2) Opoiws. ]

Nopadeiypatoa. (1) Eotw n ouvdptnon = — % Av BexToUpe 6T limy 4 o0 (T — %) = 400, oupTepai-
VOupe OTL 1 OUVAPTNOT Eival KATw gpayuévn KovTd oTo +00. TTpdyuaTtl, n ouvdpTnon sival K&Tw
ppaypévn oto (1, +00), yio Topdderypa, kou 1oxUel T — % > 0 yi x&8e > 1.

(2) Eotw n ouvdpTnom \/% — ﬁ + 1. Av BexTtolpe o611 limy_ (\/% — ﬁ + 1) = —00,
ouptepaivoupe OTL M cuvdpTnoT elvan dvw gpaypévn kovtd otov 1. Apa umdpyet 0y > 0 coTe
ouvdpTnon va elvon dvw epaypévn oto (1, 1+ dg). Emedn o TUmos tns cuvdptnons Sev eivan otrAds,

Bev elvon elkolo va Ppedel ouykekpiugvos dy Ko cuyKekpiuévo dvw epdypa Tns oto (1,14 dp).

H avTifetn ouvéprnon was cuvdptnons f : A — R eivan n ouvdptnon —f : A — R pe 1Umo
(—f)(x) = —f(x) yra x&fe x € A. H Tlpdtoon 3.13 Ader 11 To 6pio Tou ovTiBéTou elvan ico pe
To avTifeTo TOU Opiou.

MpéTaon 3.13. Eotw [ : A = R ka1 € € R onueio ouoodpeuons Tou A. Av lim,_e f(z) =n € R,
1676 limye(— f(2)) = —n.

Amédeén. Eotw limy_e f(x) = 1. Eotw € > 0. Téte 1oyver | f(x) —1n| < € xovtd oo £. Apa 10%Ue1
((=f(2)) = (=n)| = |f(z) =nl <

99



kovT& oo £. Apa limy_e(—f(x)) = —n.

Eotw lim f(z) = +00. Eotw M > 0. Téte 1oxve f(x) > M kovtd oto £. Apaioyvea —f(x) < —M
Kovtd oTo &, omdTe limye(—f(2)) = —00 = —(400).

Ouolews, av lim,_¢ f(x) = —00, Té1e limy_ye(—f (7)) = +00 = —(—00). L]

To &Bpoicpa Suo cuvapthioeswy f,g : A — R eivar n ouvdptnon f+¢g: A — R pe TUmmo
(f+9)(x) = f(z)+9(z) yro k&be x € A. H TlpéTaon 3.14 Aéer 611 To dpio Tou abipoicpaTos eivan
ico pe To &Bpolopa Twv opiwv.

n+¢.

Amédeifn. ‘Eotw limy_e f(2) = 1, limye g(2) = (. Eotw € > 0. Tote 1woyve |f(x) —n| < § kovrd
oo £ ket 10yUel [g(x) — (| < § Kovtd oo £ Apa oyl |f(z) —n| < § ke [g(z) — (| < § kovr&
oto . Emopévws, 1oxUel

|(f(2) +9(x)) = (n+ Ol = [(f(2) = n) + (9(x) = Ol < [f(x) —nl +]9(z) = (| <5+ 5=¢

kovtd oTo £. Apa lim,e(f(x) + g(x)) =1+ C.

Eotw limy_e f(x) = 400 kau lime g(x) = ¢ A limyoeg(z) = 400, Téte n g elvor k&Tw
ppaypévn Kovtd oto £, omwdTe umdpxel | woTe va 1oxver g(z) > | kovtd oto . ‘Eotw M > 0.
Oewpotpe omotovdimote M’ > 0 wote M’ > M — [. Téte 1woyva f(x) > M’ ko, emopéves,
f(x) > M — 1 xovt& o1o £. Apa 1oyt f(z) + g(z) > (M —1) +1 = M xovtd oto & omdte

, +00) + (¢
imse (f(2) + 9(z)) = +o0 = {(—|—<oo) +) (+00) J
O1 uTTOAOITTES TTEPITITAOELS EXOUV TTOPOUOIX OITIOASYTOT). ]

Nopadeiypoato. (1) limy1 1 =1 kaa limy_yy ﬁ = 400, omoTE limy_yy (1+ |$_i1\> =14 (+00) =
+00.

(2) limgsyoo(—1) = —1, limz_>+00% =0 kat limy— 400 \/LE =0, omwdTe limy— 400 ( -1+ % + \/L:E) =
-1+0+0=-1

[SoU pepikd TapadeiypaTa yia TNy TEPITTWON XTPOTIIOPICTNS MOPPTS.

NMopadeiypoto. (1) limxﬁo(w—l2 +¢) = +o0, |imH0(—xi2) = —00 Kot limy_sq ((a:l2 +c)+ (_iz)) —
lim;_oC = c.

(2) limg—o |%‘ = 400, lim;_g \__9; = —00 Kal limg_q (% + ﬁ) = limz_s0 ‘?1| = +4-00.

(3) limz—o z% = 400, limz_o ;—22 = —00 Kol Iimx_,o(é + ;—22) = lim,_sg ;—21 = —00.

(4) Iimxﬁo(—x%) = —00, Iimgcﬁo(g%2 + %) = 400 ka1 To limg_s0 ((g%2 + %) + (—x%)) = Iimmﬁoi Sev
UTTAPXEL.

H 8iagopd Suo cuvapthoswv f,g : A — R elvou n owéptnon f—¢g : A — R pe 1Umo
(f —9)(x) = f(x) — g(z) yrax x&fe x € A. H mepimTowon tns f — ¢ awdyeTor oTis TEPITTOOELS
Tou afpoicuaTos cuvopTHcEwY Ko TS avTifetns cuvdptnons agol f— g = f + (—g). H TlpdToon
3.15 Aéer 611 To Splo TNs draxpopds eivan oo pe TN dlapopd Twv opiwy.

n—¢.
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To ywoépevo Suo cuvaptroewv f,g : A — R evon n ouwvdptnon fg : A — R pe 1Mo
(f9)(z) = f(x)g(x) yra x&be © € A. H ﬂpOTO(Gn 3.16 Aée1 611 To dplo Tou youévou eivan ioo pe
TO YIVOUEVO TwV opicwv.

MpéTaon 3.16. Eorew f,g: A — R kai € € R onueio oucodpeuons Tou A. Av lim,—e f(x) =n € R,
limy—¢e g(2) = ¢ € R kot To ywdpevo n¢ Sev eivan ampoodidpiotn popen, Tote limy_se f(2)g(z) = nC¢.

Amédeén. Eotw limy_e f(x) =1, limye g(z) = (. Eotw € > 0. Téte woyve |f(x) —n| <

«
A
+

—

kovT& oTo & xau 1oyvel |g(x) — (| < min{glfm, %} kovT& oto &. Apa 1oxva |f(x) —n| <

=
LA
+

—

ke [g(z) — (] < mi“{gmsm, 5} xovtd o0 £. Apat 10%UEl

|[f(2)g(z) = ncl = |(f(z) =n)(g(z) = O) +n(g(z) =€) + C(f(z) =)l
<|f(z ) nllg(x) = ¢l + Inllg(x) = ¢l + ICI[f () =l

< 3|<|+13 + ‘77|3\n|+1 + ‘C|3\§T+1 <jtsts=c¢

KovTd oTo & kan, emopévess, limy,_e f(2)g(x) = nC.
Eotew limy_e f(2) = +00 ko limye g(z) = ¢ > 0 1 limy_e g(x) = 400. Oewpolpe évav | doTe
0 <! <limg_e g(x). Eotw M > 0. TéTe 10xver f(x) > % kovT& oTo & kan 1oyVel g(x) > | kovt&k

oto . Apa oxvel f(z) > A ko g(z) > 1 xovtd 010 £ Apat 1oxUel f(z)g(x) > Hl = M xovtd
; . +00

oTo £ ko, emopévass, lim,_ye f(2)g(z) = 400 = {(+(OO)(liO)}

‘Oes o1 UTTOAOITTES TTEPITITWOELS €XOUV OUCIXOTIKE TNy 181a aiTIoAdynoT). 0

Nopade i ypata. (1) limy oo = +00 kot limy sioo(7 — 1) = 400, omwdTe limy s o0(2? — 2) =
limg 100 Z(x — 1) = (+00)(+00) = +00. TapaTnenoTe OTL N €pOPUOYT) TOU Kavdva S10popds oTo
Iimx_>_~_oo(x2 — ) KaToAfyel og ampPocdidploTn Hopen.

) =limgy0 25 (2 +2) = (+00)2 =
) B316T1 dev U'ITGpXEl TO |lmx_)0%

(2) limg_s0 x% = 400 kat limg_0(2 4+ x) = 2, omdTE Iimgcﬁo(g%2 +

1
X
+00. O kavévas abpoicpaTos dev epapudleTor oTo Iimm_)o(xl2 + %

Oa doUpe TWPA HEPIKA TTAPABELYUATA YIX TEPITITWOELS ATTPOCOIOPIOTNS MOPPTS.

Mopadeiypoato. (1) liMysioo = +00, limgio i =0 o limg_y 100 wg = limgz— 400 C = C.
. 1 . . 1 . 1

(2) limg—0 -7 = +00, limg o 22 =0 ko limg_ x—4:r2 = limz—0 7z = +00.
. 1 . . 1 . 1

(3) limg_y0 71 = +00, lim,_0(—2%) = 0 xau lim,_yo x—4(—x2) = limgy0(—23) = —00.

(4) limy_o |71\ = 400, limy_o 2% = 0 kot limy_so ﬁxz = lim,_o|z| = 0.

(5) limz—o x% = 400, limg_ox =0 ko1 TO limy_sg x—gx = limx_>0% dev utapyet.

MpéTtaon 3.17. Eorew f: A — R kau € € R onueio ouoowpeuons Tou A. Av lim,e f(x) =1 € R
kat k € N, 167¢ lim,_¢ f(z)F =1n".

Amoseitn. limg e f(z) = limase f(z) - flz) =n--n=n". .

Nopade iypota. (1) Eotew k € N xen € € R. Emeidy) lim, ¢ v = & elvan lim, e 2% = EF .

(2) Eotw k € N. Eme1dn limy— 100 & = +00, ouvetrdyseTton limy_ oo ok = (+oo)k = +4o00.

Eweadn limy oo & = —00, TOTE, av 0 k elvon &pTios, ouvemdyeTon limy o k= (—oo)k = 400
ka1, ov o k elvar mep1TTdS, ouverdyeTon limy o k= (—oo)k = —00.

To avtioTpogo pias cuvdptnons f : A — R yia v omoia 1oxvea f(x) # 0 yix k&8s z € A
elvar 1 ouvdpTnon % : A — R pe tUmo (%)(SC) = ﬁ yia k&Bs x € A. H Tlpdtaon 3.18 Aéer 611
TO OplO TOU QVTIOTPOPOU givan ico pe To avTioTpopo Tou opiou.
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Tpétaon 3.18. Eotw f: A — R kai £ € R onusio oucodpeuons Tou A. Eote, emions, f(x) # 0
yioa k&be v € A. Av limy_e f(z) =0 € R kau 70 % Sev elvar amrpoodidpioTn uopen - Snladn, av

n#0 - 1éte Iimxﬁgﬁ:%.

Amédeén. Eotw limy_e f(x) =1 > 0. Oewpolpe évav | dote 0 < | < 1, omdte woyvea f(z) > 1

kovTd oTo £ Eotw € > 0. Tote wyva |f(z) — n| < Ine xovtd oto . Apa 1oxve f(z) > [ o
|f(z) —n| <Ine xovt& oto &. Emopéves, 1oyUel

11 f@-nl e
o =her <E=e

. N 11
KovT& oTo &, omdTe limy ¢ oREE

Eotw limy_¢e f(x) = +00. EoTtw € > 0. TéTe 10x0ar f(2) > % kovT& 070 &. Apa toyvel 0 < ﬁ <e
KOl, ETTOUEVWS, |ﬁ —0| = ﬁ < € kovt& oTo §. Apa limg_e ﬁ =0= ﬁ

O1 mep1TTOOoEls TTOU TO Oplo gival opvnTIKOS apifuds 7| —00 ival TOPOUOIES. ]
11

z+1 2

(2) limx_>_~_oo(:1€2 + x4 1) = 400, omwdTe limyyi0o m = ++.o = 0.

(3) Eotw k € N kou £ € R, € # 0. Eme1dy) lim, e 2 = €, ouvemdyeran lim, ¢ wik = gik

(4) O xovovas Bev 1oxUel oTNY TEPITTWOT ToU To Oplo pias ouvdpTnomns eivar 0. Mo Top&derypo,

Mopade iypoto. (1) limg_i(x 4+ 1) =2, omdTe lim,_y

limz—o® = 0 aAA& Sev udpyel To limg_0 % )

To TPoPANUa oTo TeAeuTalo ToP&delypa eival OTL 1) CUVEPTNOT €XEl Kol DETIKES Kl qpunTIKES
Tipés ot onueia doo BéAoupe kovTd oTov 0. Av i cuvdpTtnon éxel Tipés oTabBepol Tpoonuou, TOTE,
oTTws Ba doupe apéows, exoupe BeTikA ammoTeAéouaTa.

Mpétaon 3.19. Eotw f: A — R ki £ € R onusio ouoowpsuons Tou A. ‘Eote, emions, f(x) # 0
yia k&b x € A.
(1) Av limy_¢e f(x) = 0 kon 1oxver f(x) > 0 kovrd oo &, TOTE limy_y¢ ﬁ = +o00.

(2) Av limy_e f(2) = 0 xair 1oxver f(z) < 0 kovrd oTo &, T6Te limy_ye ﬁ = —00.

Amoseign. (1) Eotw M > 0. Téte woxver |f(z) — 0] < 55 xovtd oTo €. Emadn wyve f(z) > 0
kovTd oTo &, ouvemdyetan ot woyvel |f(z) — 0] < % ko f(x) > 0 xovtd oto £. Apa 1oyUet
0< f(x) < % KOL, ETTOPEVAS, ﬁ > M xovtd oto £. Apa limg_¢ ﬁ = +00.

(2) Opoiws. ]

Nopdde L ypo. limg_ oo % =0 ka1 limg_ 400 1—12 =0, omodTe Iimz_,+oo(% — m%) =0—0=0. Emions,
% — m% > 0y k&8s > 1. Apa limys 400 W = +400.

10K UEL

O Adyos 8uo cuvapTthoewv f,g: A — R, 6mou g(x) # 0 yix k&be = € A, eivon n ouvdptnon
5 : A —= R pe tUmo (5)(:@ = % yia k&fe € A. Ta amoTedéopata yia TN ouvdpTnom 5 = fé
TPOKUTITOUV OO TOV KavOva YIopévou Kal Tov Kovova avTioTpdgou. H Tlpdtaon 3.20 Ader 611 To

oplo Tou Adyou glval ioo pye Tov Adyo Twv opiwv.

Mpétaon 3.20. Eotw f,g: A — R kou £ € R onuelo ouoowpeuons Tou A. ‘Eotew, emions, g(x) # 0
yio ke v € A Avlim,_e f(x) =1 € R, limy¢ g(z) = ¢ € R ko1 0 Adyos g Sev elval amrpooidpioTn

pop@n, TOTE limy_¢ % = g

Nopadeiypata. (1) limy (22 +2) = 124+ 1 = 2 ka1 limy (v —2) = 1 — 2 = —1, omwdte
limgyy &4 = 2 = 2,
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(2) limy s poo (1= 24+ L) = 1-040 = 1 kou limy oo (14+21) = 140 = 1, omére lim, o0 T2t =

r+2
_ 2
liMg—+00 x% = (—i—oo)% = +00. TlopatnpnoTe 6T N Gueon epapuoy” Tou Kavdva Adyou

z2—z+1
42

(3) TTA&y1es aoupTrTwTes eubeies. Eotw o611 n eubela pe eliowon ¥y = pxr + v elvar aoUpmToTn

oTo limy— 100 KATOANYEL O OTTPOCDIOPIOTT HOPPT).

gubeia oTo +00 Tou ypaghuatos Tns f, omwdTe limy oo (f(2) — px — v) = 0. Zuvemwdyeton

. fl@)—pz—v _ 0 __
limz 400 p = Fo 0
KQl, ETTOPEVS,
_ f(z)
po=1limg 400 -

AuTo, QuUOoIKE, onuaivel 0TI, oV dev UTTAPXEL TO Op1o limy_ioo @ N ov uTédpxel ocM& eivan 00,
TOTe dev UTT&pYXEl aoUUTTTwTN eubeia oTo +00. Ag utroBéooupe OT1 UTTGPYXEL To Oplo QUTO Kal gival
ap1Buds, omwdTe N TIPN Tou eivar T {nToUpevn TiPN Tou K. Topa, N {nToUpevn Tiuf) Tou U diveTon
amd TNV 160TNTX

v = limy o0 (f(2) — pz),

oTNY oToix XPNolyoTToloUpe TNV T Tou [ TNy oTroia poAls Trpoodiopicape. TTapatnpolue Kol TEAL
&11, av Bev uTtdpyel To 6pto limy oo (f(2) — ) 1 av uTdpxel adA& eivon 00, TéTE Bev uTTdpEYEL
aoUpTTTwTn eufela oTo +00.

Me tnv id1a diadikaoia Bpiokoupe, av UTT&PYXEL, TNY TAXYIX aoUPTTTWTN eufeia oTo —00.

[Ma Tapdderypo, €oTw N ouvapTnon T + % Bpiokoupe diadoyika Ta b = limy_yyoo %(:1: + %) =1
kot ¥V = limg_yq00 (T + % — 1) = 0. Apa n A&yl aoUpTTWTN 0To 400 elvan n eubela pe efiowon
y=1lxr+ 0=z Emions: p = lim,_o %(m + %) =1 ka1 v = limgy_oo(z + % — 1z) = 0. Apa n
TA&Y1IX aoUpTTTwTN eubela oTo —00 elvar &AL N eubBeia pe efiowon y = 1o + 0 = z.

[Sou pepikd TapadeiypaTa yia TS OTTPOCIIOPIOTES UOPPES %, %
Nopadeiypoto. (1) limy_ocx =0, limz_ox = 0 ko limg_ % = limg_gc=c.
(2) limg_o |2] = 0, lim,_0 2% = 0 kau limg_g L%‘ = lim,_yg ‘—916| = +00.
(3) limz—o 22 =0, limg_ox = 0 kau limg_yg % = limy_ox = 0.
(4) limg_so || = 0, limy_0(—2%) = 0 ot limy_so _‘ix'Q = limxﬁo(—‘;ll) = —00.
(5) limg—ox =0, limz_0 22 =0 xou To limz_so ﬁ = Iimxﬂoi BeV UTTAPXEL.
(6) BEotw ¢ > 0. limy 00 €T = +00, limy s 400 & = +00 ka limy 100 < = limy 4o ¢ = C.
(7) limysyoo @2 = 400, limy_s oo & = +00 kat liMy_y oo % = limg— 400 T = +00.
(8) liMyy o0 @ = +00, liMyyoo T2 = +00 ka1 limy_syo0 5 =limg oo % =0.

(9) loyver (24sinz)x > x yix k&8s = > 0, omdTe limy 100 (24sinx)x = +00. Emrions, lim, 0o & =

+00. ‘Opws, To limg_ 10 W = limy100(2 + sinz) Bev umdpyer, &16T1 1woyUer 2 +sinx < 1 o¢

onueia oo BéAoupe KovTd oTo +00 Kat oxUel 2 +sinx > 3 o onuela doo Bédoupe kKovTd oTO +00.

H oaméAutn Tipn pias ouvéptnons f : A — R elvon n ouwdptnon |f] : A — R pe TUmo
|f|(z) = |f(z)] yro x&Be x € A. H TlpéTtaon 3.21 Aet 11 To plo Tns améAUTnS Tiufs eivon ioo ue
TNV amoOAUTN Tiun Tou oplou.

Mpétaon 3.21. Eotew f: A — R kar £ € R onusio ousodpsuons Tou A. Av lim,_¢ f(x) =n € R,
70T7e limge | f ()] = [n].

Amddein. ‘Eotw lim f(z) = 1. Eotw € > 0. Téte 1woxve |f(x) — 1| < € xovtd o1o £. Apa 10yUet
1f @) = [nl] < |f(2) —nl <e
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KovT& oo & kau, emopévads, limy e | f(x)] = |n).
Eotw lim f(z) = 400 1 lim f(z) = —00. Eotew M > 0. Téte wyva f(x) > M 1 f(x) < —M,

avTioToiyws, KovTd oTo &. Kot oTis uo mepimtadoets, woxVet |f(x)] > M kovtd oto € xou, emopéves,

limg_e | f(2)] = 400 = | £ 0. O
Hopadeiypoto. (1) lim,i(z —2) =1—2 = —1, omdTe limyyy |z — 2| =| = 1] = 1.

(2) limx_m(—ﬁ — x—12) = (—00) — (+00) = —00, omdTE lim,_y0 ‘ — ﬁ — x—IQ‘ = | —oo| = +o0.

(3) Aev 1oxUe1 To avTioTpogo Tns TlpdTaons 3.21. Eivea lim,_¢ ’ﬁ‘ = limy¢ 1 = 1. 'Opws, To

limg e ﬁ Sev uTdpxel.

H ouvBeon Suo cuvaptrotwv f: A — B ka1 g : B = R evan n ouvdptnon go f : A — R
pe TUmo (g o f)(z) = g(f(z)) yrx x&fe x € A. H Tlpdtaon 3.22 exgpdler Tov Asydpevo kavéva
ouvfeons ka1 Adel OT1 To Oplo TNns ouvfeons duo cuvopThHoewy eival {oo pe To Oplo TNS TeAsuTaios
oUVAPTNOTS.

TpéTtaon 3.22. Eotw f: A —= B, g: B— R, £ € R onueio ouoodpeuons Tou A kan 1 € R onueio
ouoowpeuons Tou B. Av lim,_¢ f(2) =1, av 1oxUer f(z) # 1) kovtd o710 € kar av limy_,, g(y) = ( € R,
167 limye(g o f)(z) = C.

Amédeén. Eotw limy_, g(y) = ¢ € R. Eotw € > 0. Tote uttdpxel 0g > 0 oTe va 1oxUel
9(y) € Ne¢(€) yra k&8e y € BN N (o). Emaidn lim, e f(z) =1, 10xva f(z) € Ny(do) xovi& oTo
€. Ewadn, emions, woyber f(z) # n xovtd oto € kau f(z) € B yix x&8e © € A, ouvemdystan 6t
wyver f(x) € BN N} (d) xovtd oto £ Apa 1oxler (go f)(x) = g(f(x)) € Ne(e) xovtd oto &,
omdTe limye(go f)(z) = C. ]

Mo wia &GAAN popemn Tou kovdva ouvBeons deite Tnv evoTnTa 4.2.
Epapuodlovtas Tov kavova ouvbeons, ouxv& XpmMOlUOTIOIoUUE TNV EKPPAOT] "KAVOoupe OAAXYT) Ue-
TaBAnThs omd x o y = f(2)" xou ypdooupe

;@gg(f(:v)) = lim g(y).

(Vz+1)*
)B+(Vz+1)1245
Eivaa limgo(v/Z+1) =1 kou v/Z+1 # 1 y1a k&Be x > 0. Apa, kévovtas ocAAayn ueTaBAnThs omrd

. , . (vz+1)4 ) 4 1
T oe Yy = /T + 1, éxoupe limy_o TSI ATDEE = imy—1 m =z.

(2) ©a umoloyicoupe TO limy_yq (\/x;fl - ﬁ + 1).

Eme1dn limx—)l\/% = +00, ye cAAayn PeTaPANTNS amd T o€ Y = \/5% glvar limg_yq (ﬁ -
ﬁ +1) =tlimy o0y —y° + 1) = limys 10 y* (=1 +y° +y7%) = (+00)(=1+ 0 +0) = —oc.
(3) Oa U'rro7\oyicoulue To lim”:ﬁ*wl((x?i_z?l)_z + Exﬁ;}l)%) L 1

Eivot limy— 400 225mrg = liMasioo 3 (1= 3)/(1+ 7 + 55) = 0555 = 0 xou 55— # 0 yio ke
x> 1. Me aMoyn petoPAnTns omd T os Yy = #;1“ glvan limg 100 ((%)_2 + (Iﬁ;lﬂ)_‘l) =
limy—0(y 24+ y~*) = (+00) + (+00) = 0.

(4) Z10 Topdderypa autd Ba Soupe OTi otny Tlpdtaon 3.22 n umdbeon OT1 "loxUel f(x) # 1

0, awy#0
1, awy=0

Mopadeiypatoa. (1) Oéloupe va uohoyicoupe To limy_yo WS

sin T

kovT& oTo " elvon amapaitnt. Eotw o1 ouvapthoers f(r) = L ka1 g(y) =

Eivaar limy—yoo f(2) = 0 ko limy0g(y) = 0. Aev elvor owotd 611 1oxver f(z) # 0 kovtd oTo
+oo, 81611 1oxUet f(x) = 0 oe onuela doo Béhoupe kovT& oTo +00 KL, CUYKekpluéva, oe K&Be
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0, ovy#nm yaxdeneZ\{0}

x =nm (n € N). Topo, & of)(z)=
( ). Tépay etvan (g0 f) () 1, ovy=n7m y k&mwowov n € Z \ {0}

Etrouévos,

To limy—4o0(g 0 f)(x) Bev utdpyer, 816 10xUer (go f)(x) =0 y1a k&be v = 5 +nm (n € N) xa
woyver (go f)(z) =1 yax x&fe x =nmw (n € N).

TéMos, Ba diaTutrwooupe T TlpdTaon 3.23, cAA& 8o tnv amodeifoupe oTny evotTnTa 4.2.
H 8Uvapn pias owvdptnons f @ A — R, émou f(z) > 0 yix k&fe x € A, pe exBétn v
ouvdptnon g : A — R eivar i ouvdptnon f9: A — R pe oo (f9)(z) = f(2)9® (z € A).

Mpétaon 3.23. Eorw f,g: A =R, f(z) >0 yix kde v € A kau £ € R onueio ouoowpsuons Tou
A Avlimge f(z) =n € R, limyse g(x) = ¢ € R kat n Stvoun n° Sev eivar ampoodidpiotn popen,
167¢ limg ¢ f(7)9®) = ¢ . Axdun, av lim,_¢ () = 0 ka1 lim,_¢ g(x) = —o00, 767¢ lim,_¢ f(2)9®) =
+00.

Lyorto. Oa k&vouue Pl TEAEUTOIO TTOPATNPNON YIX TX CUUTTEPAOUOTA QUTTNS TNS EVOTNTOS OF
OXEOT Pe TAEUPIKA Opla: OAES Ol TPOTACES QUTNS TNS EVOTNTAS 10XUOUV YId TTAEUPIKA OpIX apou
SraTutwBouy KaTdAANAa. ATrAws oAA&{oupe To “onueio cuoowpeuons” o "amd de§id (apioTepd) ToUu
onueio ouoowpeuons”, To limy ¢ oe limg,_eq (limfpﬁg,), To "kovTd oTo &" ot "kovTd oTov & amd
8e1& (aproTepd) Tou” ka1 To "ot onuela doo BEAoupe kovTd oTo £ o "oe onuela doo BEAoupe KovTA
otov & omd Befik (apioTepd) Tou”. Ag BolUue duo evdeikTikg Trapadeiypata. H Tlpdtaon 3.6(3)
yiveTan

Av f: A= R, av o & elvon amd 8e€id Tou onueio oucowpeuons Tou A, av u < | kai 1oxver f(x) >1
oe onueia éoo Bélouue kovtd oTov € amd Seéick Tou kou f(x) < u o onueia doo Bélouue kovTd oTOV
€ amd Sefid Tou, TOTE Sev umdpyer To limy ey f(2).

Etions, n TlpdTaon 3.14 yivetow

Av f,g: A= R, av o  elvou amd apioTepd Tou onueio ouoowpeuons Tou A, av lim,e_ f(x) =
n € R, limg e glx) = ¢ € R ko1 70 d&Bpoioua 1 + ( Sev elvonr ampoodidpioTn HopPPn, TOTE
lime e (f(2) +9(2)) =n+¢.

Mévo piax iAoy emionpavon xpeidleton n Tpdtaon 3.22. O al\ayes o oxeon ue Tov € ylvovton
OTTwS Teplypdyape TopaTdvw. Ouws, oXETIK& ye Tov 1) TIpETel va TTpooefoupe To €éns. Av utrofé-
ooupe OTL 0 ) elval amd dedik (opioTepd) Tou onueio ocuoowpeuons Tou B, TéTE, ekTds ard TO OTI
n f ouykhAiver oTov 1), Tpémel va utoBécoupe kan 611 1oxUel f(x) > 1 (f(x) < n) kovtd oTo £. MNa
Tap&derypu:

Av f:A— B, g: B— R, av o £ eivon amrd Seéid Tou onueio oucowpeuons Tou A kai o 1) elvar amrd
apioTepd Tou onueio oucowpeuons Tou B, av lim, ey f(x) =0, av woxve f(x) < n kovrd oTov £
amd 8e&id Tou kan av limy_y,— g(y) = C € R, téTe lim, et (g o f)(z) = C.

AvTipeTwTioTe TANPWS To TPOPANUa TNy &oknomn 2.
AoxnoeLc.

1. SZupmAnpwoTe Tis amodeifers Twv TlpoTdoswy 3.5, 3.6, 3.9, 3.12, 3.13, 3.14, 3.15, 3.16, 3.18,
3.19 kaa 3.20.

2. TlpooapudoTe, S1aTUTTWOTE Kol aTrodeifTe OAes TIS TTPOTACEIS QUTTS TNS EVOTNTAS YIX TTAEUPIKA
opla cuvapTnoewy. AwoTe peyoAUTEPT TPOCOXT OTIs didpopes popgés Tns TTpdTaons 3.22.

3. YmohoyioTe Ta dpiax limy—sot f(), lime—is f(2), limzstoo f(2) yia T1s cuvopThoss f(z) =
r+1, awxz>0 |x—1|_i7 awr<0fz>1
L keu flw) = L av 0< <1

x xz

av x <0
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. YmoAoyioTe Ta opia limy_y 10 [ﬂ limxﬁ\ioozv[—}.

Mo ké&be £ € R umoloyiote Ta dpiax limy_eq [x]. T orous € utrdpyer To limy,_e[z]:

1
T

1ta 14zt : -1 -1
. YWO?\oyloTs To opia: limy_yo Toata? - |lma;_>1:|: - 3 , limgz_so Tro—252-3 lim, 0+ (x + |£L‘| 2),
z341 . 2z% 43z
limz 0 J:2—|ac| ,limg 1 (( - ) +’$_1‘ ) ) lm"x%ioo(w—i_;)x liMmz— 400 2241 ° limz—+o0 2241 °
. (22+1)3(322+2)2 (z+4)13
limg 400 220 .

AvnE€Z -k §#0 btav n < 1 - omwodeifte 611 lim, e 2 — et

£

2041 4 2.7:+1+1

241 . z
) —'I_ 3( 512)4 + 1), |lmx—>1 \/2x+11+\/2x+1+1

Bpeite pe Tov kavova ouvBeons Ta limg_q ((

limz—o \3/2( 2] + 1)3 = 3(y/]z] + )2+ 17.

. YmoloyioTe Tis mifovés Tipés Tou limy_s oo f(Z) av yvepiloupe 611 To dplo auTd UTEPXEL Ko

611 oyl f(vz) = =3(f(2))* + 1 yiax x&be z > 0.

. YmoloyioTe Ta Opia:

(i) limg—y f(x), v 1ox0a © — |z — 1|% < flz)<z+|z— 1|% yix k&8s x € (0,1) U (1, %)
(i1) limyos—oo f(), cv 10x0a1 2t < f(2) < 2’;;11 yia k&fe & < —T.
(131) limgz—1+ f(2), v woxter (x — 1) f(z) > 1 y1x x&8e x, 0 < |z — 1] < i.

. XpNOIYOTOIVTAS TNV OVICOTNTX [a] < a < [a] + 1, umohoyioTe Ta dprc: limy_to0]T],
My —too 5 My—otoo s Mr—stoo iMg1+ 1

. Av a,b > 0, urohoyloTe Ta dpiax limy 0+ f[%] limg,_s0+ g[%]

Eotw f,g: A — R ko &€ € R onpelo cuoohpeuons Tou A.

(1) EoTw limy_e f(x) = +00 kot éoTw 6TL N g elvon k&Tw pparypévn kovTd oo &. AtrodeifTe
61 limy—e(f(2) 4+ g(x)) = +o0.

(17) EoTod limg ¢ f(z) = —00 kan éoTw 671 N g elvon dvw Ppoypévn kovTd oTo . AmodeifTe
611 limye(f(2) + g(2)) = —o0.

(117) Eotod limy_e f(x) = 0 o1 é0Tw 6T1 M ¢ elvon ppaypévn kovtd oTo §. Amodeifte 6T1
lim,—¢ f(x)g(z) = 0.

(iv) Eotw limy_e f(2) = 400 ff —00 Ko €oTw 6TL M g €xel BeTIKS KATw Pp&ypa KOVT& GTO
€. Amodeite 611 lim, ¢ f(7)g(z) = +00 | —00, avTioTolXWsS.

(v) Eotw limy_e f(2) = 400 ) —00 kan €0Tw 6T1 T g €xel XPYMTIKG &vw Ppdypa KOVTE GTo
€. AmoBeifte 6Tt limy_e f(x)g(z) = —00 N +00, owTicTOlKW0S.

. YmoAoyilovTas kKaT&AANAa opia, deite:

: 3224+ 7z+1 301 .
(i) ow P —Batl < Tgp KOVT& 0TO +00.

8 ! 14 r !
( m > % ot onpela doo Behoupe kovTd oTov 1.
(i17) av 2° — 723 + 2% < 107 o¢ onuela doo Béloupe kovTd oTO +00.
. _1n-8 2441323 +25224-33
(iv) av —107% < P

i) av

<1077 kovtd oTO —O00.
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I5. Eotw f,g : A = R, £ € R onueio oucodpeuons tou A e lim, ¢ f(7) < lim, ¢ g(x).
Atrodeiéte 611 10)Vel f(x) < g(x) kovTd oTO €.

! r 1 ! 1 U 27
16. Ymohoyilovtas kaTdMnAa épia Bpeite Toles amd Tis ouvopThoels — , Lrt2 Ll 1
x 41 T /|x\

8=

elvon Ve PPy UEVES 1) KATW PPOYHEVES

, av z <0 L1 wr<0
flz) =497, f(x) v
NGE av x>0

N pparypéves kovtd otov (.

x, av T >

17. Bpeite Tis aocUpTrTwTes eubeies - KATAKOPUPES KOl TTAXYIES - TWV YPOPNUATWY TWV CUVXPTHOEWY

1 9 1 )z, av x >1
;:1:\/5 1_x2’f($)_{3—x oav <1

r—1"7

18. Eotw f,g : A = R £ € R onueio oucodpeuons tou A. Av lim,¢ f(z) = n € R
kot limye g(x) = ¢ € R, 16Te amodeiére 6T limy_e max{f(z),g(x)} = max{n,(} xm
=mi

¢
limg e min{f (), g(x)} = min{n, C}.

19. Eotw f: A— R, ¢ €R onpelo oucodpeuons Tou A kot lim,—e f(x) =1 € R. Av 1oyvel
f(7) >0 y1a k&be v € A, amodeifre 611 limue v/ f(2) = /7.

20. (i) Adote Tap&derypa omou umdpyxel To limue(f(2) + g(z)) xou oy T limy_e f(2),

limy_e g().
(1) AwoTe Tapdderypa dou uttdpxetl To limy_e f(2)g(z) kou ox1 Ta limye f(), limgy_e g().

21. Eotw f: A = R & € R onuelo cuoohpeuons Tou A, lim,—e f(z) =1 xau f(z) <N yax
k&Be x € A, x # £ Amodeifre i sup{f(z) |z € A,z £ &} =n.

22. Eotw f: A= R, £ € R onueio ousodpsuons Tou A kar lim, ¢ f(z) = 1. Amodeitte 611, yia
k&be § > 0, elvon inf{f(x) |z € A,0 < |[x—&| <} <n<sup{f(x)|z € A0<|r—& <}

3.4 'Opiax cuvapTnoswv ko1 akoloubiss.

O:zwpnua 3.4. Eotew f: A — Rk & € R onueio cucowpeuons Tou A. Oewpouue kou Tis akoloubies
() oto A e Tis 1&16TTES: (1) 10XVEl Xy F € yiox k&Be M € N ke (i7) x, — €.

(1) Av umrépye 1o lim,_¢ f(x) =1 € R, 1716 yia k&Be axodoubia (1,) oto A ue mis &i6TNTES (1),
(11) 1oxver f(x,) — 7.

(2) AvtioTpdpws, av yia k&be axodoubia () oto A pe Tis 18161nTes (1), (ii) n avrioToyn axoloubia
(f(2,)) éxer dpio ato R, 161 UTdpXEr TO limy e f ().

Amédeén. (1) Tpddtos Tpomos: Eotw lim,_e f(z) =1 € R. EoTtw oxohoubia (r,) oto A pe Tis
1816mTes (i) kou (44). Eotw € > 0. Téte umdpyer 6p > 0 dote va woxver f(x) € Ny(e) yra xéde
r € AN N{(d). Emaidn z, — & 10xVel Tehik& T, € Ne(dp). Emeidny z, € A xan 1, # § yiax ke
n € N, owvemdyetan 6T 1oxUer Tehika ¥, € AN N (0p). Apa 1oxVer tehika f(x,) € Ny(e). Apa
f(zn) = . o

Aeutepos Tpomos: ‘Eotw limy_e f(z) = n € R. Eotw akohoubia (z,) oto A e Tis 18161nTes (i)
kou (i1). Oswpolpe Ty () ws owdprnon = : N — A, omdte opileton n olvfeon fox: N - R
pe TUTTO

(fox)(n) = fz(n)) = f(rn)
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yia k&8s n € N. Téte amd v TlpdToon 3.22, k&vovtas cAdayh peToPAnTns amd n oe ¢ = x(n) =
Ty, OUVETTQYETAL
limn s oo f(Tn) = limn oo (f(2(N)) = limg—s¢ f(x) =n.

(2) Eotw 611 yia k&be axooubia (xn) oto A pe mis 1&16171Es (4), (44) M awTtioToryn oxoAoubic
(f(zn)) éxer épro oto R. Eotew Tuyoloes akodoubies (), (2,") oto A pe mig 1dromres (7)),

(77), omdTe o1 avtioTorxes akoroubies (f(z,')), (f(x,")) éxouv dpra (mbavdy SiapopeTikd) oto R.
Oewpolpe TN "WKTN" akoloubia

/! " !/ " / "
(1'171'1 , L2 , X2 , T3 , X3 7"')7
n omola éxel Tis 18161Tes (7), (i7). Apa n awTioTorn akoloubio

(f(ﬂﬁl), f($1//)> f(le)a f(952//)a f(l’sl)a f(953//)a e )

EXEl OPlO OTO R. Apa o1 (f(z."), (f(z,")), s uTroakoroubies Tns TeAeuTadas akoloubias, éxouv To
i10 opio. Zupmepaivoupe OTL UTT&PYEL 1) € R ¢ote yix k&fe (2,) oto A pe Tis 18161TES (), (90) vax
woyver f(z,) —n.

EoTw - yia v kaTodfoupe ot &ToTrO - 6T Sev 1oXUel limy e f(x) = 1. TéTe umdpyer €9 > 0 woTe
va glvon Adbos To oT1 1oxvel f(z) € Ny(ep) xovtd oTo €. Autd onpadver 611 1oyxUer f(x) ¢ N,(go)
ot onuela 6oo Béhoupe kovTd oTo €. STUppwva pe To Oswpnua 3.3, umdpyer oxoloubia (,) oTo
A n omola éxet Tis 1®16TES (0), (19) kon oTe va woxUer f(z,) € Ny(eo) yx x&be n € N.
‘Opws, To Tedeutado ouvemdyetonr 611 Sev 1oxVel f(T,) — 1) ko KoToAfyoups ot &ToTo. Apc

limg_e f(z) = 1. O

Nopadeiypata. (1) Ao To limy so+/T = 0 TpokUTTEl TO \/iﬁ — 0. Ai16T1 1 axoloubia (%) eivon
oTo Tedio opiopoU TNns cuUVPTNONS /T, 1oYUel % # 0 yiax k&8s n € N xan % — 0.

(2) AT6 To lim, e (1422 —32°) = 14-€*—3€® mpokimrrer To 1+ (1+1)2"=3(1+1)3" — 142 -3¢,
Ai16T1 1 akolouBia ((1 + %)”) eivor oTo Tedlo oplopol Tns ouvdptnons 1 + 22 — 373, 1oyvel
(1+ )" #e ya ke n € N xon (1+2)" — e.

(3) Twpa Ba BolUpe 6T1 oTo Oewpnua 3.4 m umdbeon 6Tt "oxlel T, # £ yx k&Bs n € N”
0, avax#0

ko1 1 akoroubia (x,,), émou T, =
1, avzx=

elvar amopaitnTn. Eotw n ouvdptnon f(x) =

1+(=1)n—1
n

yio k&fe n € N, 81611 10oxUer 2, = 0 yix k&be &pTio 1. Towpa, woxver f(z,) = 0 yiox k&be mep1T16

yix k&8s n € N. Eivea lim, o f(z) = 0 xou 2, — 0. Aev elvon cwotd 611 10x0el 2, # 0

n xoa f(x,) =1 yio k&8s &pTio n kon, emopévas, n axohoudia (f(z,)) Bev éxea Spto.

Ymépyouv kat ol TTapaAdayés Tou OewpnuaTtos 3.4 6Tou To "onueio cucowpeuons” YeTATPETETAL
oe "amd 8e1& (opioTepd) Tou onueio cucopeuons”’, To X, # & peTaTpémETan ot T, > & (r, < &)
Kal To limy ¢ peTaTpémeTon ot lim,_eq (limy_e_). Aeite Tnv doknon 1.

To Gewpnua 3.4 xpnoipoTtoleitar ouvhfws pe duo TpdTous. ‘OTrws k&vape oTa duo TTPonyoUuEVa
TapadelypoTa, yvwpifovTas 10N KATOIX Opla CUVOPTNOoEwY, PByd{oupe CUMPTIEPACUATX Yia OplX
akolouthwv. Etrions, éoTw 0TI 8¢ yvwpiloupe av udpxel To limy ¢ f(z). Av Bpoupe pic oxoloubia
(x,) oTo Tedio opiopol Tns f m omoia éxel dpio &, SAot o1 dpor Tns eivan # £ Kou 1 akolouBia
(f(zy,)) Bev éxer Spio, cupTrepadvoupe 6T1 oUTe To limy_e f(z) umdpxer. 'H, av Ppouue duo axohoubies
(z,"), (") oTo Tedio opiopou Tns f o1 omoies éxouv dpio &, Shot o1 dpot Tous eivar F# & Kou o1
akotoubies (f(x,')) kan (f(x,")) éxouv BiragopeTivd opia, cupmepaivoupe 6T To limy_e f(z) Sev
UTTAPYEL.
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Mopade i ypota. (1) Oa avaamodeifoupe 411 To limy_yoo(—1)F Sev umdpyer.

H oxoloutia (n) eivan oTo medio opiopol Tng cuvdpTnons (—I)M Kal N — 400 oAA& 1 axkoloubia
(=) = ((=1)") Bev éxer dpto. Apa 0UTe To limy_ioo(—1) UTdpyeL

Me v akolouBia (—n) amodeikvietar 11 To lim,_y oo (1)) 8ev utrdpyer.

(2) Oa favaamodei§oupe OTL TO liMy_s4 o SiNT SeV UTTAPXEL

H axolouBia (% + n7) elvon oTo Tedio opiopoy TNs cUVPTNOMS Sin T Kol 7 +nT — +00 oA& 1
axohouBia (sin(§ +nm)) = ((—1)") Bev éxer pro. Apa oUTE To liMy_ oo SIN T UTTEPXEL

Me tnv oxoloubia (2 — nm) omodeikvleTon 6TL To limy, o sin & Sev UTApPYXEl Kot pe Tis aKohoubies

2
nm) ko (—nm) amodsikvUeTan 6T T lim cos I dev uttdpyouv.
r—+o00

AoxnoeLc.
|. TlpooapudoTte To Oewpnua 3.4 oTo TAaiclo Tou de§loU (aploTepoy) TTAcUpikoU opiou.

2. Me xat&MnAes akooubies, amodeifte 0TI dev uTTApPYXOUY T IimzaOi(—l)[i], limg 400 (2 —[2]),

limg_so4 sin % , limg_o4 cos % .

3. Botwo f: A= Rk & € R onueio oucowpeuons Tou A. Eotew, emions, akoloubia (z,) oTo
A woTe va 1oylel T, # € yia k&fe n € N ko1 z, — &.
(1) Av umépxer To limy_e f(x) xou 1woyxer f(z,) > | yix &mepous n € N, amodeiére o1
limx_>§ f(l’) 2 [.
(i1) Av umépyer To limy_e f(x) kou 10oxver f(z,) < u yia &mwepous n € N, omodeitte 611
limg_e f(z) < u.
(1ii) Av u < [ kon 10xUer f(z,) > | yio &meapous n € N ko f(z,) < u yrx &mepous n € N,
amodeiéte 1 Sev umdpyer To lim,_e f(2).

4. (i) Eotw f: R — R mepiodikr| pe mepiodo 7 > 0, dnAadn éotw f(z + 7) = f(z) yrx x&Be
x. ATodeiTte 4TI, av UTTdpXEl éva amd To limyytoo f(2), TOTE N f elvon oTaBept) ouvdpTnon.
YmodeiEn: Eotw limy_s o0 f(2) =1 € R kot éo1e0 &T1 utrdipxer 1o wote f(20) # 1. OewpdovTas
v axohoubia (zo+nT), KaToAnETe ot avTipaomn. Suptmepdvate 6T1 1) € R koa é11 10y0er f(z) =
N yix k&8s x. TTowd axoroubia Ba xpnoipoTomoeTe oty TepimTwon Tou lim,__o f(2) =
neR;

(17) Ymdpyouv To limy yioo cOS T, limy s to0 sin @, lim, yooo(z — [2]);

5. Xpnotpotoiwvtas To Oewpnua 3.4 oAA& kar Tat Oswprfpoarta 3.1 kar 3.3, amodeifte OAes Tig
TPoTAoElS TNS evoTNTAS 3.3 Pooloyévol oTis avTioTolyes TPOTAOELS TNS evoTnTas 2.4.

3.5 TlapadsiypaTta opiwv.

3.5.1 PnTés ocuvapTrosis.

‘Eotw n ToAuwvupikn cuvdptnon p(z) = ag+ a1z +- - -+ a,x"™ . Téte limy_e p(x) = limy_e(ag+
a4+ 4 a,x") = ag+ € + -+ a, " = p(§).

lim p(z) = p(§).

r—E
Eotw 6T 1 p elvon Pobuoy > 1, dnAadn n > 1, a, # 0. TéTe pmwopolpe va ypdyoupe

p(x) = apa™ (22 L+ - 4 2=l 4 ),

an "
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oTroTE liMyyto0 P(T) = liMyyt00 A" . Apa

n Y n >
im () =an(too), i pla) = { PP SIS gz
z—-+00 z——00 an(—00), ov n mep1TTSS

MopatnenoTe 6Tt T limy 100 P(T) e€opTdvTOn pévO ammd Tov peyioToPdbuio dpo. Mo Topdderypa:

limg s oo (=523 + 2% — 4z — 12) = —00, limy_oo( =023 + 22 — 4z — 12) = +00, limy_ 100 (72* +
3 —x45)=+00.

Eotw pnthy ouvédptnon r(x)

_ agtaiz+-tanz”

bty OTTOU Ay, by # 0. TéTe ypdooupe

O T

7“(1]) _ anT an z™

m
bma™ 20 Lty ’glm1%+1

oToTE
du(400), ovn>m
n b ’
. . anx o
lim r(z)=lim =94 av n=m
T—+00 T—+00 bm.’L'm m
0, av n<m
fn(400), av n—m &ptios > 0
bm ’
. o apa” in(—00), oav n—m meprrtds > 0
lim r(z)=lim =4 ™
T——00 z——00 b, x™ =, av n=m
m
0, av n<m

Ta limg 100 7(Z) e€opTidvTan pdvo omd Tous peyloToPdbuious dpous Tou opiBunTyh Kol Tou Ta-

; ' o x3—x244 _ 1 . —z344 . 32242
povopooTr). Mo Tapdderypo: limg_sico ronaie 5,3l|mx_>+oo Prei —cxi, liMz—+o00 2 0
: 3244 _ 3 x3—4 : —x3-1 _ : 3zt-2
Mgy o0 5277 = 5 IMas—o0 oas = 0, limg_—_ oo et = — 00 limyy oo 5277 = —00.

Av £ € R, 16T y1 o limy_ye (), éxoupe Tis €€fis TEPITTTOOEIS.

Av by + 1€+ - - + b, " # 0, T6TE limye () = % =r(&). Anhad,

lim r(x) = r(&).

r—E€
, o 3z—2  __ _ 31-2  __
Mo mopaderypa: limg_yg 951 = T id — —1.

Av by +b1E+ -+ by ™ =0, 161e To T — & Sroupet 1o by + by + -+ bpa™ . Av (2 — €)F elvea 1
péyloTn duvaun tou x — £ m omola dioapel To by + bix + - - - + by 2™, TOTE uTopoUpe va ypdyouue

b+ bix + -+ bpa™ = (x — §)kq(:v),

étou ¢(z) eivon k&olo ToAumvupo To oTrolo Bt dicipeitan omwd To T — & kau, emopévas, q(€) # 0.
Topo, eite To  — £ Broupel To ag + a1 + -+ - + a, 2™ eite o1, pTopoUpe va yp&youpe

ap+a1x + -+ azz” = (z — §)lp(a:),

émou | > 0 kar p(x) eivon k&mrolo ToAuwvupo To oTroio B¢ Sloupeitan amd To T — £ Ko, ETOUEVWS,

p(§) # 0. Zuvohikd, Aordy, éxoupe 6T r(x) = (z — {)l*k% Ko, emeldr) limg_ye qg; = p(g) # 0,
CUVETTQYETAL
0, av [ >k
— p®) —
= 550 av =k
fim r(z) ¢ 8
3 = 0 (+00), ov k—1 &ptios >0

Sev umdpyel, ov k — [ wepitTds > 0
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EidikwTepa, av o k — [ elvan mrepittds > 0, Td7TE

i = ——=(— im r(x :]ﬁ o0
Jim r(x) = q(f)( ) im (@) q(@(+ )-

23 —a?—z+1
z4—2224+1
1o 2t — 22% + 1 Sicupeitan omd To  — 1. TlapayovToToloUps ite ue Tov ohydpifuo Tns sukheiSeias
Siadpeons eite, mo amAd: 2t — 222 +1 = (22 —1)? = (x — 1)*(z + 1)?. O 1 elvau pila ket ToU
3 2 . | 2 _ 2 _ 2 ' a3 —a?—a+1 __
0 —x?—z+1 ométe 2 — ' —x+1=(z-1)2° - (v —1) = (z - 1)* (2 +1). Apa T 00F =
(=141 _ 1 e e’ a4l _ o 1 1 _ 1
(z—1)2(z+1)2  z+1 12241 Ma—=107 = 141~ 2
3

Nopadeiypota. (1) Oa umroroyicoupe To limy_yq . 0 1 eivan pila Tou 2t — 222+ 1, omdTe

yia k&Bs x # 1, —1. Emropéves, lim,_;

3 2 —6 ! I ! ! 1
(2) Tha 70 limg_yq % PAémoupe 6Tt o 1 elvar pila Tou 2% — 2% — 2 + 1 ka1, dmws Tpw:

-2t —z+1=(z—1)*(x+1). O 1 eivan pila ke Tou 2® +42? +x —6, omwdre: 23 +4a? +2—6 =

23— 2?4+ 522 —5r+6r—6=(z— 1)z + (v —1)bz+ (z—1)6 = (r—1)(2® + 52 +6). Tox —1 &¢
2

Stoapet To 22+ 52 +6 51011 0 1 Bev efvon pila Tou. Apa Lythrtr=6 _ (rDle t5046) 1 2?+50+6

x3—z2—x+1 (z—1)2(z+1) z—1 z+1
3 2 _ 2k, . 3 2 _ 245,
:;3—54;2;1—;+16 — (—f-OO)l —iii%—s—ﬁ — +OO Kal ]|mx_>1_ z°+4x“+x—6 — (—OO)I +5-1+6 __

T 5 —22—z+1 i+ ¢
, , . z°+4x°+1—6
Etropévws, dev umdpxel To limg_yq s "

Apa: limg 14

3.5.2 Avuvépss.

To Tedio opiopol Tns cuvdptnons P, mepiéxel To (0, +00). To TpcdTo dpto Tou B arodeifoupe
elvon To

lim 29 = € (€ > 0).

r—E
Kot' apyds éotw a > 0. Eotw € > 0. Oa Bpolpe dy > 0 woTe va 1oytel |2 — % < £ yix k&fe
z>0,0<|z—¢| <dy. Opioupe Tov

&' = min{e, £} > 0,

omote €' < & kan & < £ loyva |x% — £ < £ apkel va oylel |2 — % < & apkel va 1oyUel
€0 —¢ < 1% < 94 ¢ apxel va 1oyUe (€% —€')s < 1 < (£2+¢')e . TlapornpoUue oT1 o £ BpiokeTan

1
a

avépeoa oTous (€9 — &')a, (£ +¢')a . Emiléyoupe
Jo = min {€ — (£ — &')a, (€% +€)a — €}

ToTe yia kdde x, 0 < |z — | < 0 10xUer (£% — 8/)% <z < (£%4¢€")a ko, emopdvas, |z% — £ < e.

M= Qe
~—

|

IS]

Av a <0, T6Te —a > 0 kau, eTopévws, limy_e ¢ = Iimx_%(%)_“ = ( =&,
Télos, av a = 0, TéTe lim,_¢ 20 = lim,el =1= 0,
Ta op1x
0, av a >0 400, ava>0
lim 2% =<1, av a=0 lim % =<1, av a =0
z—0+ T—+00
400, ava<0 0, av a <0

gxouv Mdmn amodeixfel ws TopadelypaTa.

Av Béloupe va pedeTriooupe To Opto limy_e 2% pe § < 0 koBws ko1 Ta Opia limg oo T¢ Kl
limg_0— %, B Tpémel To Tedio opiopolU TNS CUVEPTNONS Py V& TrePLEXEL Kou To didoTtnua (—o0,0),
SNAadh o a va elvor aképaros. X' auTny TNy TepimTwon To 6pto lim, ¢ % epmimTel 0To TAaiclo
TNS TTPOTYOUUEVTS UTTOEVOTNTAS.
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Hopadeiypota. (1) limy i vVe+1=lim, /Yy = —+00.
(2) Oa amodeifoupe To lim, i oo(vVZ + 1 — /x) = 0. Ad To amoTéAeopa Tou (1) paivetan 611 To
4plo auTS ePTIITITEL oY KaTnyopia Tev ompocdidpioTwy popewy (+00) — (400). XpnoipotoimvTas

_ a?-b?
™mva—b=*%7-,

. . rx+1)—x .
i oe (VI T = V/E) = Mgy o0 7 = iMoss o0 s = Gt = O

. [ x4+l | _ 5/2
(3) llmxﬁg ¥ m—hmyﬁgé/g—\/;.

3.5.3 ExfeTikn ko1 Aoyapifuikn) cuvdaptnon.

Oa peAeTnooupe Ta Opiax Tns ekBeTikns ouvapTnons exp, . Kat' apxas:

lim a® = a°.
r—E
Eotw a > 1. Eotw € > 0. Oa Ppovue dy > 0 doTe va toxvel |a® — af| < € yix k&be z,
0 < |z —¢| < dp. Opiloupe Tov
¢ = min{e, X} >0,

omote € < € kau & < ab. loyUa |a® — a®| < & apkel va oyxUel |a® — af| < & opxel va 1oyvel
a® — & < a® < a® + ¢ apkel va 10Ul log,(at —&') < z < log,(a* + €'). O & BpiokeTan avdpeoa
otous log, (a® — €’), log,(a® + €'). Av emiNé€oupe

o = min {€ — log, (a° — &), log, (a + &) — €},

T6TE yia ke 1, 0 < [ —E&| < Jg 1oxUet log, (a® —¢€') < x < log, (a®+€’) ko, emopévess, |a®—al| < e.
Av 0 <a<l, tote % > 1, omwdTe limye a® = limg_¢ W = W =af.
Télos, av a = 1, 1671¢ limy_¢ 17 = lim, ¢ 1 =1 = 1¢.

To emdpevo oplo eivarl To

400, ava>1
lim a* =41, av a=1

T—+00
0, av O0<a<1

‘Eotw a > 1. Eotw M > 0. Oa Bpotpe Ny > 0 wote va 1oxver a* > M yia x&fe > Ny . loyver
a® > M opxel va 1oxUel & > log, M. EmAéyoupe omolovdfymote Ny > 0 wote Ny > log, M. ToTe
yia k&Be © > Ny 1oyver © > log, M ke, emopévews, a® > M.

' 1 ' . T __ 1 _ 1 _
Av 0 <a <1 71ote ; > 1 xou, emopévods limy 100 a% = limy 10 e = Foo = 0.

Téhos, av a =1, 167e limy 100 1P = limp 1001 = 1.
Axkopn:
0, av a>1
lim a* =<1, av a=1
T——00

+o00, avO0<a<1

Ta opra auTd ptropouy va atroderxfouv BAoel Twv oplopwy, dAAX Kal OO TA TTPONYOUHEVX 0PI HE
Tov kawdva ouvbeons. Ma mapdderypa, av a > 1, 16Te limyy oo a* = limy_ 1o ™Y = limy_, 4 o0
L — 0. H amdédeatn evon 1o 1810 amdj av a =140 < a < 1.

—+00

1=
a¥y
Topa Bewpolpe TN AoyapiBuikr| cuvdptnon log, . To TpwTo dp1o eivar TO:

lim log, z = log, & (£ > 0).
x—¢
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Eotw a > 1. Eotw £ > 0. Oa Ppolpe §y > 0 woTe va 10xUel |log, & —log, &| < € yiax k&be x > 0,
0<|z—¢| <. loxe |log, z —log, £| < € apkel va 1oyUet log, & — € < log, = < log, & + ¢ opkel
va toyvel a7 < x < a®. O € elvan avdpeoa otous £a™°, £a® . Av emihéoupe

dg = min {f —&a %, &a” — 5},

ToTE Y1 k&Be x> 0, 0 < |2 — &| < g 1woxvea Ea ¢ < x < £af, omdte |log, x — lo <e.
Y X Ya 9a

! 1 14 . .
Av 0 <a <1, téte ; > 1, omwdte limy_¢log, ¥ = — lim;_y¢log, ), & = —logy /, § = log,, .
Kotom,
400, oava>1
lim log,r =
x—+00 —o0, av0<a<l1

Eotw a > 1. Eotw M > 0. Oa Bpotue Ny > 0 cwote va woxvel log, > M yix x&be £ > Nj.
loUet log, © > M opxkel va 1oxUer © > a™ . Apa, av emié€oupe Ny = a™, té1e yia k&be x > Ny
loxvUel T > aM ke, eTTopevws, log, T > M.

1 N o N
Av 0 <a <1 7ote ; > 1, omwdte limy o0 log, T = —limy 10 logy /, @ = —00.
TeAos:
i —00, ava>1
lim log, x =
=0 400, awl<a<l1
Ao Ta mwponyoUpeva, av a > 1, ToTe limy 04 log, T = limy_s o0 loga% = —limy_4olog, y =

—(400) = —00. Opoiws, av 0 < a < 1.
Agiler va ypayoupe EEXwPloTA T Opla QUTNS TNS EVOTNTAS OTNY TEPITTWON @ = €, dnAadn yix
TN ouvnfn ekbeTikn ko1 TN ouvnfn Aoyapibuikn cuvapTnon:

lim e = €%, lim e* =0, lim e* =400
z—E T——00 T—+00

lim logx =log& (£ >0), limlogx = —00, lim logz = 4-00.
T—¢ z—0 z—+00

TéAos, B Bolpe €va oNUaVTIKO TTAPADELYUC.

Hopaderypo. Eotw n ouvdptnon (1 + %)” ue medio opiopol To (—o0, —1) U (0, +00). Oa atro-
deioupe OT1

1\ =z
lim (1 + —) =e.
T——+00 €T

Mvewpifoupe ém1 (1 + %)” — e. ZuvemdyeTon

I+ )t =0+ 7)™+ 7)) = §=e

Kai
L+ = (A et =

‘Eotw € > 0. Téte umdpyxer ng € N cote va 1oyUet
e—e<(l4+7)" <e+e, e—e<(l+i)tl<ete

yix k&8s n € N, n > ng. Téte yix ké&Be (6x1 kot ovdykn euoikd) & > ngy ouvemdysTon [x] > ny,
OTTOTE . -
1 T 1 1 x|+
e—£<(1+m) §(1+5)x§(1+m) <e+e.
Apa yix k&fe € > 0 umdpyer ng > 0 woTe va woylel e —e < (1 + i)“” < e+ € 7, 100dlvaua,
[(1+ 1) —e] <& yiox k& > ng .
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3.5.4 TprywVvousTpikéS CUVAPTNOEIS.

Até Tty |sinz| < |x| koa TV cosx — cos & = —2sin 25 sin x—+§ , Bpiokoupe

|cosz — cos&| = 2’sin fogHsin mTJrg‘ < 2|sin %75‘ < 2|fo£} = |z —¢|.

Topo, éotw € > 0. EmAéyoupe dp = € ka1, TéTe, yix kdfe x, 0 < |x — & < Jp 10xUer
|cosx — cos&| < |z —&| < e. Apa

lim cosx = cos€&.
z—E

2% cos “H qaroBekvioupe 611 |sinz—sin&| <

Me Tov 1810 akpiPcds TpdTo, atd TNy sin L—sin & = 2sin & 3 3

| — &| xou, emopévas,

lim sinx = sin&.
z—E

Amé Tov kavdva Adyou:

lim tanx = tan (f#%—i—kﬂ,kGZ),

r—E&
lim cotz = cot§ (£ # km, k € Z).

r—E&

Eival elkolo va atrodeiyfei, emions, pe Tov kavova Adyou OTL

lim tanx = 400, lim tanz = —00 (gzg—i—kﬂ',k}EZ),

T—E— &+
lim cotx = —00, lim cotx = 400 (& =km k €Z).
r—E— rz—E+

Mopdderypo. Ailer va amodeifoupe akdpax duo TTOAU XpTolua Opla:

_sinx o 1l—cosz 1
lim =1, lim ————— = =
z—0 X z—0 xT 2

Kar T Suo opia evtdooovTal oTNY KATNyopia TwV XTTPocdlopiocTwy HoPPeV 8.

Zuvdudlovtas Ty avicdtTa [sinz| < |x| ke T |z < |tanz|, n omola wyla dTav |z < T,
PAéTroupe OT1

cost < % <1
yix k&8e x € (—3,0) U (0,3). Emadh lim,gcosx = cosO0 = 1, pe mopeuPoln ouvemdyeran

sin & — 1

limz 0
[Na To SEUTspo oplo ypapouue

1— co i 2 . 1/si 1
]Imxﬁo 5T — |Imx*>0 3 (Sna(;/:é )) == |lmy*>0 5(%)2 = 5 -
i 1 ;
Nopade Lypoata. (1) limy_o F = 1, lim,_0 Coiz =1 =1k =% = ”;x — nE —
1-1=1.
(2) Mo va U'l'ro?\oyicoup\e TO limgz_y0 z::gg YP&POUUE :282; = %—::gi;;g g Eivea limg_y0 Sinéim) =
in(2 siny ' . in(3 1 3
=1 KOl lll’\"]l,_>0 s ( 33) = ||my_>0 = 1 E-n'o“gvoog, [|mx_>0 zing2z; — 5 1 = 5

AoxnoeLc.

! . 4 3 . 2241 . zi—z+1 . 234222 —x—2
I. Bpeite TO‘4 llmm%ioo( — 4z ), l|m$~>ic;o xs_zz+_1 B 1) PPRIRERNS yer S limg 14 P S S
limg 14 = 373—1 2+5x - , limg 14 — e 7903 7I+% .
4’ —4x’+ax+1 x°—3x*+6x3—102°+92x—3
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6 3 6
, . . _1 _2 . —3x2 5 — . 2 —2x5
Bpeite Ta limy_s; (2% — 1)\/5, limg—0(2273 —273), limysi0o —8z7"+2s5 -4 limgz—st o0 z2 25
. ) 5 —2x842 4x3 42
. 4 —x3
lim - I—l5
roteo z243x8
:E O Y 7\ ' ! | 1 ] 1 l I3a71
oTW A % . I'TTOAOYIO0TE T OPIX [IMg_y14+ a1 My m, My a1 -

Yroroyiote 6 6pia limy s soe VE(VE + 1 = VE), liMesyo VI (VI + 1 = 2VF +Va 1),
e+ 2275 2T ), s V5T - ).

, , , . . 2_ .
Me Tov kawdva oUvbeons, Bpeite Tar limy o V22 + 1, limy st00 1/ % limg o+ v/ 1 — % + zi
1 _q4/ztl 3/atl _q5/atl
5—1_3 §—1+1 ﬁ—1_3 5—1"'1

, limg g .
2, /&ty /bl g 23/t 7 /el

3 -
, , , 2" \% n34n+1)V2 4/ nb4nd41 5/_2n—4n
Bpeite Ta dpra Twv akorouthcwv <(—4n+1) ) (( 52T ) : 3621 |- 3773 |-

“mxﬂl

Bpeite Ta limyytoo(€” — €2 + 1), limy_sioo e?;;—ff{l Iimx_&m(e% + e‘i), limg—_sot ez%l
“mazﬁO m’ “mm%Jroo((IOg SC)2 - |Og l’), limx%O :Zzgg , “mxﬁioo %, “mxﬁli $,
im0 3o iy soo 3o it log £

, , , =n3 1 24 (log ——)2—log ——+2
YTmoloyioTe Ta dpia Twv akoAoubicov (e nt1 ) (Iog "nig) (Iog ‘;:1 ) (—(Iog 22{1)44 Iog%_o

1
T e
(17) AmodeifTe &T1 limy s y0o(l + i)z = ¢, Biaxpivovtas TepimToes t >0, t =0, t < 0.

(i) Amodeitte &1 limy_yoo(l — 1) =

i : ' i lcosz i l-cosz . 1—cos(13m)+a? . tan(3z)
Bpeite Ta opia limy,_o @ cotx, lim,_q pryengmalil |11 PG Gno)Z limg_0 ENIEE limgz_o ol
. cos(8x)—cos(15z) . 1. sin(3x) . cos T
|Imwﬁ0 - 2 |Imx%ioo Z sin T llmxﬁﬂ— “anz [Imxﬁg E .
0, av a > —1
ATtrodeiéTe 611 limy oy 2%sinx = 1, av a=—1

400, ava<—1
Av a > 0, omrodeifte pe Topeuport o1t limy o ¢ sin% = 0.

Eotw T, — 0 ka1 T, # 0 yix k&fe n € N. Amodeigte o1 82 — 1 K 1_;;52”3" — %
n n

Ymooyiote To Spiar Twv axoroubicv: (nsin Z), (y/nsinZ), (n?(1 — cos T)), (& cot 5).

(1) OewpnoTe TN ouvdpTnon Tsinx ko oxedidoTe To ypdenud Tns. TMoaparnpfoTe 6TL ToO

YP&pnua PBpiokeTor avaueoa oTis eufleies ¥y = —& ko1 Yy = & ko OT1 OTIs AUCELS NS e§lowons
sinz = 1 To yp&enua "akoupt&” Tny eubeia Yy = & eved oTis AUoels Tns efiowong sine = —1
To ypapnua “akouptd” Tny eufela ¥y = —x. e Tola onueia To ypAPNUA TEMVEL TOV T-&§ova;

ATrodeifte 0T1 Sev umapyouy Ta limy_yto0 X Sin .

(17) OewpnoTe TN ouvdpTnom sin% Kal oXedldoTe TOo Ypdenu& Tns. TopatnpnoTe oOT1 TO
yp&onua PBpioketon avdueoa oTis eubeles ¥ = —1 kan y = 1. Bpeite 115 AUoeis Twv e§lowoewy
sin% =1 ko sin% = —1. TlapatnpnoTe 6T o1 AUoels Twv eflowotwy auTwy Kaopilouv &melpa
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S1o8oyiké umodiacThpata Tou (0, +00) ko1 Tou (—00,0) Ta omoia “cucowpelovtar” oTov 0
Kol oTa oTrola M sin% eivanl evoAAG&E yvnoiws auvouoa ko yvnoiws ¢bivousa. TTapatnproTe,
etions, 6T1 oTis AUoels Tns €lowons singl—C =1 To yp&onua "akoupt&” Tnv eufelax y = 1 eved
oTIs AUoels Tns eélowong sin% = —1 10 ypdonua "akoupmd” Tnv eubela y = —1. e Toix

onueia To ypaenua Téuvel Tov T-&fova; ATrodeifTe OT1 Sev umdpxouv T limy_,o4 sin %
1
xr
UTT&pYouUV T limg 1 2% sinz, lim \/Esin:c Kot limg o4 Lsind

r—+o00 , r—400 z—0% T

(171) Exed14oTE T YPOPNUATA TWV CUVOPTHCEWY 2% sinz, VZsinz, = sin % ATrodeifte o1 Bev

1 ] ] 1 . a - l r
I5. Amodei€te o1, av a < 0, ToTe Bev umdpyel To limg oy 2sin . Na avTimopoPcdete pe v
aoknon 2.

3.6 MovoToves ocuvapTnoELs.

To Oewypnua 3.5 eivan 181aiTepa oNUOVTIKG; TOCO 600 Kal To avTioTolxo Oewpnua 2.1 yla povod-
Toves akoloubies. To Oewpnua 3.5 ouoclaoTiK& Aéel OTL Pl POVOTOVT) CUVAPTNOT) €XEL OTTWOONTIOTE
Oplo KOl OTL, Qv €TMITTAEOV 1| CUVAPTNOT elval payuévn, TOTE To 6p1d Tns eival apiBuds.

O:wpnua 3.5. (1) Eotw £ € RU {400}, A C (—00,§), f: A— R kou éotew 611 TO £ elvan onpeio
ouoodwpevons Tou A. Av n f eivon avouoa, TéTe limye f(x) = sup{f(x) |z € A}. Eiikcdtepa, To
limy ¢ f(z) eivon ette apiBuds, av n f eivar dvw ppayuévn, eite +00, av n f Sev eivar dve pparyuévn.
(2) Me Tis uroBéceis Tou (1), av n f eivan pbivouoa, TéTe lim, ¢ f(x) = inf{ f(z) |z € A}. EidikedTepa,
70 limy_¢ f () elvou eite apiBuds, av n f elvar k& pporyuévn, eite —00, av n f Sev eivon k&t pparypévn.
(3) Eotw £ e RU{—00}, A C (§,400), f: A— R kou éotew 611 TO £ elvon onueio oucowpeuons
Tou A. Av n f elvar atéouoa, T6Te limy_e f(x) = inf{f(z) | x € A}. Eibixcdrepa, To limy_y¢ f(x) elvan
eite apiBuds, av n [ elvar kdTw ppayuévn, site —00, av n f Sev eivon k&Tw @poryué.

(4) Me Tis uroBéoeis Tou (3), ow n f efvou pbivouca, TéTe lim, e f(z) = sup{f(z) |z € A}. EidikedTepa,
70 limy_y¢ f(2) elvon efre apibuds, av n f elvon dve ppayuévn, eite +00, av n f Sev eivar cvew pparypévn.

Amddeién. (1) Eotw 11 m f eivon dvw ppoypévn. ToTe To un-kevd olvodro Tipaw { f(x) |z € A} eiven
dvw pparypévo, omdTe To 1) = sup{ f(x) |z € A} elvan apifpds. Oa amodeifoupe dT1 lim, e f(x) = 1.
Eotw € > 0. O n — ¢ Bev elvon dvw epdyua Tou {f(z) |z € A}, omdre umdpyer 9 € A doTe
n—e < f(xg). Emadn n f eivor afouoca, yiax x&be x € AN (z0,§) 10xVel

f(@) = f(zo) >n—e.
Emeidf) o 1) elvon dvew gpdypa Tou {f(z) |z € A}, 1oxva
n—e<flx)<n<n+e

yio k&be © € AN (20,&). Apa 1oxvel |f(x) —n| < € xovT& oo &, omdTe limye f(x) = 1.

Eotw 611 n f Bev elvan dvw pparyuévn. ToTe To pn-kevd {f(z) |z € A} Bev eivan dvw pparyuévo,
omdTe sup{f(z) |z € A} = 4+00. Oa amodeifoupe 6Tt lim, ¢ f(x) = +00. Eotew M > 0. O M 8ev
elvan dvw epdypa Tou {f(z) |z € A}, omdte umdpxa Tg € A wote f(xg) > M. Emadn n f eivea
atgouoa, yia k&fe © € AN (20, &) 10ox0a

f(x) > f(xg) > M.

Apa woyvel f(z) > M kovtd oto £, omwdTe limy_e f(2) = +00.
(2) — (4) Opoticss. ]
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Mia emonuovon. Zta (1) ko (2) Tou Bswpnuatos 3.5, av £ € R, T61e propolpe var ypdyoupe
limg_e— f(x) ovtl limy_e f(x). Opolws, oTa (3) ko (4), av & € R, TéTe pmopolpe va ypdyouue
limg_er f(x) avti limy_e f(2).

Ag TroUe K&TL Tapamavw oXeTIKE pe To Oswpnua 3.5. EoTtw 611 éxoupe tnv mepimTwon (1) Tou
Becopruaros. Eidope 611 To 1) = lim,_,¢ f() elvan To eAdyioTo &V Ppdypa TOu GUVSAOU TwV TIHWY
s f, omdTe woxUel f(x) <N yix k&Be x € A. Av utroBéooupe 611 ) f elvan yvnoicws alfouca oTo
A, T6T¢, ee1dt) 10 € elvan onpelo cucowpeuons Tou A, yia k&b T < € pwopoUue va TTépoups K&TTOL0
¥ € A dote x <2’ <& kan téTe f(2) < f(2') < 1. Apa, v n f elvon yynoiws alfouca oo A,
woyvel f(z) <N yix k&fe © € A. Tlopduola cUPTTEPAOUATE €XOUME KAl OTIS GAAES TTEPLTTWOELS TOU
OewprpoaTos 3.5. Zuvoyiloupe:

Av n f etvar avéovoa (pbivouca) oto A C (—00,&) kou 1) = limye f(), 167 f(2) <1 (f(2) > 1)
yio kabe x € A. Av, emmAéov, n [ etvau yvnoiws avéouca oTo A, 1T f(a:) <n

k&be T € A.

Av n f etvor avéovoa (pbivouca) oo A C (€, 4+00) kou 1) = limye f(2), 161 f(2) > 1 (f(2) < 1)
yio kabe x € A. Av, emmAéov, n [ elvau yvnoiws avéouca oTo A, 1T f(m) >

K&be T € A.

Nopadelypo. Av a > 0, o amodeifoupe Ta limy_ 100 ¢ = +00, limgz_os 2% = 0, yvowpilovtas 6T
N ouvdptnon % eivar alouca oo (0, +00). H povoTovia eyyudtar Tny Umopén Twv duo opiwvy
KaBws Kol 0TI To TpwTOo sival apiBuds 1 +00 ka1l OT1 To deUTepo eival apiBuds 7 —o0.

EoTw - yix va koToAfoupe ot &ToTmo - OT1 limy oo 2% = 7). Zuvemdyeton lim,_ o (22)" =
limy 400 Y* = 1 Ka, €TOUEVWS,

N =My t00(22)% = limg 100 272% = 2% limy_y 0o 4 = 290).

Apa 1 = 0. Atoto, 81611 1oxver 2% > 19 =1 yia k&be x > 1, omwdTe ) = limps100 2% > 1. Apa
limg 100 T = 400.

Emweidn) 2% > 0 yix k&Be z > 0, ouverrdyetan limy_o4 % > 0 ko, emouévws, To deutepo Oplo eival
apiBuds pn-apynTiKSS: limy o4 2% =1 > 0. 'Omes mwpw, limy_o4(22)* = limy_0+ y* = 1. Apc

N = limz_0+ (22)% = lim, o4 2°2% = 2%

Kal, emopévas, 1 = 0.
AoxnoeLc.

I. Eotw a > 1.
(i) Amd v log,(ax) = 1+ log, T kou Tn povoTovia Tns log, uToAoyioTe Ta limy 4o log, ,
limg_0log, .

(i1) Amd v a®!

= aa” ko1 TN povoTovia TNg exp, utoloyioTe Ta limy 400 a” .

2. (i) Eotw f:[l,400) = R atéouca oTo [1,+00) woTe va woxver f(y/n) > logn yix x&be
n € N. Ymdpyet 1o lim; 100 f(x) av val, uTroAoyioTe To.
(i1) Eotw f :(0,2) — R gbivouca oTo (0,2) dote v 1oxver f(2) =1 — \/%7 yio ké&be
n € N. Ywdpyet 1o limy—o f(x); av ven, umodoyicTe To.
Ti oAA&el ws TTpos To oupTepdopaTta av dev uToBécoupe &1 ol cuvapTthoels f ota (i) Ko
(77) eivon pwovdTovEs;
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3. Botw f: A — R atéouca o1o A ka1 £ € R omd opioTepd Tou kau amd Sefid Tou onueio
oucowpeUcns Tou A.
(1) AmoBeifte 611 udpyouv Ta ) = limye_ f(2), ¢ = limy_er f(x), éT1 elvon apiBuol koa 6T1
n<q.
(17) Amodeitte 6T1 o1 y pe Tnv 18dTTa f(2) <y < f(2") yi k&b ' € A, &' < £ xoa kdbe
" € A 2" > £ elvan okpiPads Ta oTotgela Tou SraoThpaTos [1, (.

4. Eotw £ € RU{+00}, A C (—00,¢), f: A — R ko ¢oTw 671 To £ eivon onpelo cucodpeuons
tou A. Eotw 611 n f elvan yvnolws atéouca oto A xar 1 = limy_e f(z) € R U {+o00}.
Mvepifoupe 611 oxvel f(2) < 1 yix k&Be € A. Eropévas, To olvoro Tiwaw B = {f(x) |z €
A} eivar C (—o0,7m). Emweadn n [ elvar yvnoios atfouca oto A, opileton m avtioTpogn
owdptnon f~1: B — A ko sivan yvnoiws avfouca oto B.

(1) Amodeifte 6T1 To 1) elvan onuelo cuoowpeuons Tou B.

(ii) Amodeifte o1 limy—, [ 1 (y) = &.

TMpooapudoTes Ta TpoMyoUpeva oTny TrepimTwon mou 1 f elvon yvnoiws eBivousa oto A ko
ko1 oTny TepimTwon Tou evon A C (£, 400), To £ € RU {—00} eivan onpeio ocucopeuons
Tou A ko1 n f elvor yvnolws povétovn oto A.

5. limsup, liminf ka1 opiakés Tiués cuvdptnons. Eotw [ : A — R ka1 € € R onueio ousodpeuons
Tou A.
(o) Eotw 611 f elvon dvew gpayuévn xovtd oto &, dnAadt) éT1 umdpyer &' > 0 wote n
[ va evan qve ppaypévn oto AN N (d'). Opifoupe ouvdpTnon u : (0,80'] = R, u(d) =
sup{f(z) |z € ANNE(6)} (0 <6 <dy'). Tote amodeifre 611 n u eivan awgouoa oo (0, do']
Ka, eTopévas, utdpyxel To lims_o u(d). Opifoupe lim, ¢ f(2) = lims_o u(0).
Eotw 611 8ev 1oxUel 611 ) f elvan dvw pparypévn kovtd oTo &, SnAadn yia k&fe & > 0 elvan
sup{f(7) |z € ANNZ(0)} = +oo. Téte opifoupe lim, ¢ f() = +o0.
(B) Eotw 6T n f elvon k&Tw @poypévn kovtd oTo & dnhadh umdpxer dp” > 0 dote
n f va evan k&Tw @payuévn oto AN Ng(éo”). Opiloupe ouvéptnon [ : (0,00"] — R,
1(0) = inf{f(x) |z € ANNZ(0)} (0 < < 6p"). Amodeiete 6t n [ eivan gBivouoa oo
(0, 00"] Ko, emopévass, umdpxer To lims 0 1(J). Opiloupe lim, . f(x) = lims_0 1(5).
‘Eotw 611 8ev 1oxUel 61 1 f elvon k&Tw @parypévn kovtd oTo £, dnAadn yia k&be 0 > 0 elvon
inf{f(z) |z € ANNZ(6)} = —o0. Tote opiloupe lim, . f(7) = —oo0.
(i) Amodeigte 61 limyye f(2) = +00 av ko1 pévo av Bev 1oyxUel 6T1 1 f elvon dvw pporypévn
KovT& oTo & Kan 671 limye f(2) = —00 av kot wévo aw lim,_¢ f(x) = —o0. Amodeifte oT1
lim,, ¢ f(x) = —00 av ko1 pévo av dev 1oylel 6Tt N f elvan kdTw @payuévn kovtd oTo &
kon OTL lim, . f(x) =400 av ko1 wdvo av lim,_¢ f(z) = +00. Amodeifte 61 lim, ¢ flz) <
im ¢ f ().
(i1) Amodeifte 6T1 yior k&Be Y > lim,e f(2) 10x0ar f(2) <y xovTd oTo § Ko OTL oW 1oYUEL
f(x) <y xovtd oto &, TéTE Y > limyse f(2). Amwodeiéte 611 yia k&8e y < lim,_ye f(2) 10%0e1
f(z) > y ot onueia doo Béhoupe kovTd oTo & kon OTi, av woylel f(x) > y og onuela do0
8éoupe kovTd oo &, TéTE Y < limy_e f(2).
ATroBeiéTe 0T yia k&Be y < lim, . f(7) oxver f(r) > y kovtd oTo & kau OTL av 1oxUel
f(x) >y kovtd oo &, téTe Yy < lim,, . f(7). AmoBeifte 6Tl yia k&Be y > lim, . f(7) 10xUer
f(z) < y ot onuela doo Béhoupe kovTd oTo & kan &1L, aw 1oxUel f(x) < y oe onueia doo
Béhoupe kovTd oo § TOTE Y > lim, . f(x).
(#1) Amodeiete 6T uTdpyer To lim, e f(7) av ke pévo aw eiven lim, . f(z) = lim, ¢ f(2)
kot 611 T6TE limy e f(2) = lim, . f(2) = lim, ¢ f(2).

(iv) To n € R yapaxtnpiletar opraxs Tips s f oTo & av yia k&Be £ > 0 10x0er f(x) € N,(e)
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oe onuela doo BfAoupe kovTd oTo &. Amodeiéte &1 To 1) elvan oplakh T TN f oTo € av
Kol pévo av utrdpyel oxkohoubia (x,) oto A oTe va 1oxUel T, # € yia k&fe n €N, z,, — &
kot f(x,) — 1. AmoBeifte 61 o lim, e f(7) elvar n péyrotn kaa o lim, . f(2) 1 AdyioTn
oplakn Twf tNs f oTo &.

(v) Av uTrdpyouv Ta TAsupikd Spia limy et f(x) = Ny ko limy_e— f(2) = 1_, omwodeifTe OT1
lim,_,¢ f(x) = min{n_,n.} xan limye f(z) = max{n_,n.}.

(vi) Ymohoyiote Tax lim,_,o[x], limy—o[z], lim, o2&, limyso /2, lim, sin%, lim, 0 sin%,

li_mx_m(% sin %)2 WI_)O(% sin %)2 .

3.7 To kpitipio Tou Cauchy.

Kpitpro Tou Cauchy. Eotw f: A — R kou £ € R onueio ouoodpeuons Tou A. ToTe To limy_¢ f(z)
UTrdpxel Kkat elvon apifuds av kai pdvo av yio kdfe € > 0 umdpyer 6y > 0 dore va 1oxver |f(z') —
f(@")| < e yia k& ', 2" € AN N (o).

Amédeén. Eotw limye f(z) = n € R Eotw € > 0. Téte umdpyer dp > 0 doTe va 10yxUel
|f(z) =l < § yix k&Be x € AN N{ (). Apax yia k&be 2/, 2" € AN N (dg) roxder

[f(@) = f@) < [f@) =nl+ ") —nl <5+ 5=¢

AVTIoTPOPwS, é0Tw 6T1 yiax k&Be € > 0 umdpyer dp > 0 woTe va woyver |f(2') — f(2”)| < € ya
k& o', 2" € ANN{(do). Eotw axoloubia (x,) oto A pe Tis 181otTes: (i) 10XVl Ty, # § yio ke
n € N ko (i1) x, — £. Eotw € > 0. Oswpolpe Tov avtioTorxo . TéTe umdpyel g € N doTe va
woxet T, € NZ (o) N A yio k&8 n > ng . Apa yia k&8e n,m € N, n,m > ng 1ox0er

[f(@n) = flam)] <e.

Apa 1 (f(z,)) elvor akorouBia Cauchy, omdTe ouykAivel. Amodeifope o1 yiax k&be (x,) oTo A pe Tis
18161NTes (1) kou (i4) M avtioTokn akoroubia (f(x,,)) éxer dp1o oto R. SUpewva pe To Oswpnua
3.4, 1o lim,_,¢ f(z) umdpyer kan eivon opiBpds. [

To "yiax k&be € > 0 umdpyer dp > 0 wote va wyve |f(2') — f(2")] < € yx x&8e 2/, 2" €

AN Ng(éo)" To ekpp&loupe Kol ws €&Ms:
lim (f(z) — f(z")) = 0.
o'z —E€

H xpnowotnta tou Kpitnpiou Tou Cauchy, 6mws kar Tou avdAoyou Kpitnpiou Tou Cauchy
yia axkoloubies, eival 6T Topexel €vav TPOTTO amodelfns Tns oUYKAIOTS MIXS CUVAPTNOTS OTaV Of
Yvwpilouye €K TwV TTPOTEPWY TNV TIYT TOU UTToYTplou opiou Tns. AvTi va HEAETTICOUNE TIS XTTOOTACELS
|f(x) —n] Twv Tipey s f omd Tov &yvwoTo 1), peAeTdpe Tis amooTdoels | f(2)) — f(x")] peTafy
Ty Tiwov s f.

AoxnoeLc.
I. Eotw f: A — R, £ € R onuelo cusowpeuons Tou A koa 09 > 0, M >0, p > 0 woTe va
woyel |f(2')— f(2")] < M2’ —2"|P yia xée 2/, 2" € A, 0 < |2/ —&| < b, 0 < |2"—&] < .

ATrodei€te 011 TO lim, ¢ f(z) umdpyer kan eivon opiBuds.

2. AmodeifTe 611 To KpiThplo Tou Cauchy yiax akoloubies eivar €181k TepimTwon Tou KpiTnpiou
Tou Cauchy yia cuvaptnoels. TTapatnpnoTe, eTopévws, 0TI Ta duo KPITHpla gival 100dUvapa.
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3. TlpoocapudoTe To Kpitfiplo Tou Cauchy oTo mAaiolo Tou de§lol (aploTepol) TAsupikoU opiou.

4. Tah&vTwon ouvéptnons ot onueio. Eotw f: A = R, € € R onueio ousodpeuons Tou A.
(o) Eotw 6m1 m f elvan ppaypévn xovTd oTo &, dnAadh utdpyet dp > 0 wote n f va eivon
pparypévn oto AN N (do). Amodeitte ot 0 < sup{f(z') — f(2") |2’ 2" € ANNZ(0)} < +o0
yiax k&8s § € (0,0g). Opiloupe ouvdptnon w : (0,00 — Ry pe tUmo w(d) = sup{f(z') —
f(@") 2’2" € ANNE()} (0 <6 < dp). Amodeifre 0T n w elvan avgouoa oo (0, dg], omdTe
uTrépxet To lims_ow(0) kou eivan apifuds > 0. Opiloupe w(f; &) = lims_ow(d).

(B) EoTw 611 8ev 1oxUel 6T1 1 f elvon ppaypévn kovtd oo £. AmodeifTe 4TI yix kB § > 0
etvor sup{ f(2') — f(z") [2',2" € AN N{(6)} = +00. Tote opifoupe w(f;§) = +o0.

Se k&be mepimTwon, To w(f;E) ovoudleTan TahdvTwon s f oTo &.

(i) AtrodeifTe 6m1 To limy_e f(x) umdpxer oo R o kan pévo av w(f;€) = 0.

(1) 'EoTw 611 umtdpyouv Ta limy_er f(2). AmodeifTe 6T1 éva TouAdIoTOY OTd Tat limyyer f(2)
Bev elvan apiBpds ov kan pévo av w(fi€) = +00 ka 6T Ta limyey f(2) elvon kou Ta
Suo apifuol av kar pévo ov 0 < w(f;€) < +00 ko TéTE o' auThY TNV TepimTwon eivan
A 36) = [imaes £(z) —limae F(2)]

(ii7) Amodeifte 6T1 évar ToudyioTov amd Ta limy_e f(), lim, ¢ f(x) (doxnon 5 evéTnTas
3.6) Bev eivon ap1Buds av kor pévo av w(f;€) = +00 kar 11 Tox limye f(), lim, ¢ f(x) eiven
kot Ta duo apifuol av kar povo av 0 < w(f;€) < 400 kan TOTE O qUTNV TNV TEpiTTWOM
ctven w(f3€) = |Tm e £ (@) — lim, ¢ £(2)].

(iv) Bpeite Tis ToAawTdoets w(f;0) Twv ouvaptioswy [z], /T,

8] =

, m% sin% kot (sin %)2
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Kepalaio 4

ZUvEXELS CUVAPTNOELS.

4.1 Zuvexsis cuvapTnoOELS.

4.1.1 Opiopoi.

Opiopds. Eoto f: A = R £ € A H f yopoxtnpileton ouvexns otov £ ov yio k&fe € > 0
uttdpyxel g > 0 doTe va 1oxUeL

[f(z) = f(E)l <e

yia k&be & € A, |[x—E| < o 1, 10080vaua, woTe vawoxel f(r) € Nye)(e) yio kdbe x € ANNe ().

Me mio omA& Adyt: n f elvon ouvexfis otov £ av o f(x) mAnci&ler amepidpiota Tov f(€)
OTaw 0 T epyeTal KATEAANAQ KovT& oTov &, YXwpls TOV TEPIOPIOUO VO TTAPAUEVEL BIOPOPETIKOS T
Tov €. 'H, xo1t&lovTtas To ypdenua Tns f, Adpe: n f elvon ouvexfis oTov € av, kafms o ' épxeTan
KoT8MNAa kovTé oTov &, To onueio (z, f(x)) Tou ypagnuotos Tns f TAncidlel amepidpioTa TO
onueio (£, f(£)).

Oa diokpivoups duo TEPITTTWOELS.

TMocdtn TepimTwon: O £ elvar onueio cucowpeuons Tou A.

Eotw 611 1 f elvon ocuvexns otov €. Anhodn, yia x&fe € > 0 umdpxel dg > 0 woTe va 1oyUel
|f(z) — f(&)| < € yia k& © € A, |x —&| < dy. Tpogawcds, ouvemdyeTtar dT1 yiax k&fe £ > 0
utdpxet 0g > 0 oote va oxUet |f(x) — ()] < & yia ke x € A, 0 < | — &| < dg. Emopévens,
ime e £(2) = £(6).

AvTioTpdgws, éoTw lim,_e f(x) = f(£). Andadn, yia k&Be € > 0 umdpyer dp > 0 doTe va 10xUer
|f(z) — f(&)] < e ya k&be x € A, 0 < |[x —&| < dp. TlapoTnpolpe 6T, av & = &, ToTe 1oXVEL
|f(x) = fO)] = (&) — f(&)] =0 < e. Apa yrx k&8s € > 0 umdpxer Jy > 0 doTe va 10xVel
|f(z) = f(&)| <& yaxk&be x € A, |z —&| < dy. Apa m f elvon cuvexns otov &.

Aeutepn mepimrwon: O € Bev elvon onueio oucowpesuons Tou A. Anhadn, umdpyer 9y > 0 oTe
AN(E— 00,4 00) = {£}. Me &\ Adyra, o € eivon pepovwpévo onpeio Tou A. Asite Tnv doknon
1l s evéTnTas 3.1.

ToTe, yiox k&Be £ > 0 Bewpolue Tov ouUykekpipévo Jp Kon TOTE, TTPoaeds, yia k&be & € A, |[x—E| < dy
oytel & = &, omdte wyve |f(x) — f(&)] = |f(&) — f(§)| =0 <e. Apan f elvor ouvexfis oTov &.
Suvowyiloupe: av o £ elvon onuelo ocucowpeuons Tou A, TéTe ) f elvon ouvexns oTov € av kon pdvo
av

lim f(z) = f(¢)

z—E
kal, av o & dev elvan onuelo cucowpeuons Tou A, TéTe N f elvan, auTopdTws, cuvexns oTov &.
LxOxto. Tlpémel va TovioTel 6T1 ylx va €xel vénua m ouvéxela N 1 pn-cuvéxela tns [ oTov &

TpoUTToTifeTal 6T1 0 & avnkel oTo Tedio oplopoy Tns, dnAadt dTi opileton o f(§).

121



Opiopods. Eotw f: A— R, &€ A

H f yopoxtnpileton apioTep& ouvexns otov & av yia k&be € > 0 umdpxel dg > 0 doTe va 10XUeL
|f(z) = f&)| <e yaxkdbe x € A, £ — 3y < <E.

H f xapoxtnpiletan 8e§1& ouvexns otov £ ov yia xé&be € > 0 umdpyer dp > 0 woTe va 1oyUel
|f(x) = fé)| <eyaxdbe x € A E<x<E+ ).

Mpooapudlovtas KaTd Tpogavt) TPOTO Ta TPOTYOUHEVE, pTropoUue va atodeifoupe o1 av o &
elvan omrd Befid (oploTepd) Tou onueio cucowpeuons Tou A, T6Te N f elvon ek (apioTepd) ouvexns
otov & av kar pévo av limyey f(2) = f(€) (limymee f(2) = f(£)) xou 611, av o & Bev elven
otd Se€id (apioTepd) Tou onpelo cucodpeuons Tou A, ToTe N f elvan, auTopdTws, 8edid (apioTepd)
ouvexfis otov &.

Atéd Tis Tlpotdoes 3.2 wou 3.3 mpokUmTouv To e€fs ouptepdopota. (i) Av o & elvon oamd
oploTEPS Tou Kol amrd Befik Tou onueio cuoowpeuons Tou A, Téte 1 f elvon ouvexns otov € av kaa
povo av eivon aploTepd kon Be€id ouvexns otov €. (1) Av o € elvan pdvo amd apioTepd Tou omueio
ouoowpeuons Tou A, TéTe 1 f elvon ouvexfs oTov € av ko pdvo av slvar oploTepd cuvexns oTov €.
(13i) Av o & elvan pdévo amd defi& Tou ompeio cucompeuons Tou A, TéTE M f elvon cuvexns oTov §
ov Kal pévo o elvar Bei& ouvexns otov &.

Napoadeiypata. (1) H ouvdptnon 22 elvar ouvexhs otov 3, 81611 lim,_y322 = 9 = 32,

(2) H ouvéptnon v/ eivar ouvexns otov 0, 81611 lim, 0/ =0 = V0.

(3) Eotw n ouvéptnon [z]. H cuvdptnon eivon otaBepr) 0 oto Sidotnua (0,1) opioTepd Tou 1,

otdTe limyy1-[x] = limy1- 0 = 0 # [1]. Ewions, eivon otabfepn 1 oto Sidotnua (1,2) de&i& Tou

1, omwdte limyyy[z] = lime1p 1 = 1 = [1]. Apa n [z] eiven 8efik ouvexfis ocdA& dx1 oaploTepd

ouvexr)s otov 1, omdTe dev eivon ouvexns otov 1. Akoun, n ocuvdptnon eivar otalepn 0 oty évwon

(0, %) U (%, 1), ométe lim,_2[z] =lim,_20=0= [%] Apc n [x] eivon cuvexns oTov %
3 3

(4) H ouvéptnon v/ —2%(x + 1) éxer mwedio opiopoy To A = (—o0, —1] U {0}. O 0 8ev eivon onpeio

oucowpeuons Tou A, omdTte M cuvdpTtnon eivon ouvexns otov 0.

(5) H oTaBepny ouvdptnon ¢ eiven ouvexris oe k&Be £ € R. TTpdyparty, lim,_e ¢ = c.

Opiopds. H f: A — R yopoxtnpileton ouvexns oto A 1), ommAms, ouvexns av eivar ouvexns o kdbe
& oo Tedio oplopoy Tns A.

Nopadeiypota. (1) Kébe moAuwvupikh cuvdptnon p() eivon ouvexrs, apol, yia ke £ € R, eivan
limg¢ p(x) = p(E).

(2) Ké&Be pnth cuvdptnon r(x) = % glvan ouvexrs. TTpdypoTl, yia k&fe £ oto Tedio opiopou
s ouvdpTnons, dnAadn yia k&bBe £ € R o omolos 8ev elvon pila Tou TroAuwvlpou ¢(x), eiven
limg_e (x) = 7(§).

(3) O cos, sin givar ouvexeis, 81071 limg_,¢ cos T = cos &, limy¢sina = sin§ yix k&be § € R. Opoiws,
ol tan, cot elvon ouvexels. Na k&Bes £ oTo medlo opiopol Tous 1oxUel limzsetanz = tan Ko
limg_¢ cotx = cot§.

(4) H p, elvan ouvexns; yia k&Be  oTo medio opiouoy Tns 1oxUel limy_,e 2% = £

(5) Av a > 0, n exp, eivar ouvexns, agoy eivan lim, ¢ a® = a® yio k&fe £ € R,

(6) Mo kd&Be a > 0, a # 1, n log, elvan cuvexns. Tlpdypot, yia k&be & € (0, +00) eivou lim,_¢ log, = =
log, €.

Opiopds. Eotw f: A — R kou BC A H f yopoxtnpileton ouvexns oto B av o meplopiopds s
f oto B, dnAadn n g : B — R pe 1imo g(z) = f(x) (x € B) eivon ouvexfis oto B.
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. ) ) 1, aw0<x <1 ) ,
Hopadetypo. Eotw n ouvdptnon f(z) = ' ue Tedio opiopol R. H f Bev
0, aowvz<0nz>1
glvan ouvexfis oo R agol Bev eivon ouvexns otous 0 kan 1. TTpdeypart: lim,_o— f(x) = limy_0- 0 =

0# 1= f(0) kou limg_oy f(z) = limyyor 1 = 1 = f(0). Ana®h n f eivon 8e§id ouvexns oMK
o1 aploTepd ouvexfis otov 0. Opolws, n f elvar apioTepd ocuvexfs oM& ox1 Sei& ouvextis otov 1.
Toopa, Bewpolue Tov meplopiopd s f oo [0, 1], SnAadn Tnv otabepn ouvdptnon ¢ : [0,1] — R,
g(x) = 1. Elvon cagés 611 g eivon cuvexns oto [0, 1]. Apa n f elvon ouvexfis oo [0, 1].

4.1.2 Eidn aouvexsiwv.

Opiopds. Eotw f: A= R, &€ A Avn f elvor ouvexns oTov &, Aéue 671 o € elvan onueio ouvéxsias
™s f. Av n f Bev elvon ocuvextis otov &, Aépe &1 o € elvon onpeio acuvixsias Tns [ 1) oTi N f éxer
() Trapouci&lsl) acuvéxsia oTov &.

Sty mepimTwon Tou o € elvon onueio oucowpeuons Tou A kou onueio acuvéxeias tns f Ba Tov
KATOT&EoUUE 0 OKPIPS TPELS KATTYopies Ye TPElS avTioTolXoUS OplopoUs.

Opiopds. Eotw o1 umdpyer To ) = limy_y¢ f(2) ko elvan apiBpds aMd& 1 # f(§). Téte Aépe 611 o

¢ elvon onpeio &poiuns aouvixsias tns f N 611 N f Topoucidlel &poiun acuvéxsix oTov &.

Av o & elvon onuelo dpoiuns acuvéyeias Tns f, pumopolpe va oMA&oupe Tnv Tiun Tns f oTov &
Kal poévo oTov & £Tol oTe va dnuioupynel pa véa ocuvdptnom ocuvexfs otov €. TTo ouykekpiuéva,
opiloupe TV g : A — R pe TUmO

flz), acwaxeA x#¢

g(z) = " w = ¢

H g éxer To id10 medio oplopol pe T [ kon Srogépel amd Ty f povo otov £. Emadh g(x) = f(x)
yix k&fs © € A, x # £, ouvemdysTon
lim, e g(2) = limy_e f(z) = 1.

Emropévess, emweidn (&) =7, ouvemdyeTon

lima—e g(x) = g(&),
omdTE M g elvon ouvexns oTov .

, , e+l waF0 , ,
Nopadeiypoto. (1) H ouwdptnon f(z) = 0 0 éxel &potun aouvéxela otov 0, 81611
; v T =
To limg—o f(z) = limeso(x + 1) = 1 elvon opiBpds kan 1 # 0 = f(0). H ouwdptnon g(x) =
r+1l, wwr#0 , o , ,
1 0 elvar ouvexns otov 0. TlapaTnpfioTe 6T1 g TauTi(eTan pe TN ouvdpTnon - + 1
; oV T =

oto R, ev> n f TouTileTon pe T ouvdptnon = + 1 oto R\ {0}.

r, av x>0
(2) Mo 1 ouvdptnon f(z) = I/_ 1o limy_o f(x) = limy_0 v/Z = 0 eivar ap1Bpds ko
, v T =
r, av x>0
0# 1= f(0). Apa n f éxe1 &poipn aouvéyeia otov 0. H ocuvdptnon g(z) = (\]/_ 0 elvan
, av T =

ouvexfs oTov 0 kol TauTileTan pe T ouvdpTnon /7 oTo [0,400). H f TauTileTon pe T cuvdpTnon

Vi oto (0,+00).
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Opiopds. Eotw eite 611 umdpyer To lim,_¢ f(2) ko elvon ico pe +00 ) —00 elte 6T1 UTT&pPYOUY Tax
limg et f(z) xo limg e f(z) aM\& elvon SropopeTikd. ToTe Adue 6T1 o € eivon onpeio aocuvixsias
mpwTou £idous Tns f 1) 6T1 N f Topoucidlel acuvéxsia TrpwTou £ious oTov £. ZTn BelTepn
uToTepiTTwon 1 diagopd limy_ey f(x) — limy_e— f(2), n omola eivon # 0, ovopdleTan &Apa s f
oTtov €.

) ) L war#0 ) ) )
Hopadeiypota. (1) H ouvdptnon f(z) = 8 o EXE aouvéxaia TpdToy eidous oTov 0,
, av T =
1
—, avx <0
81671 lim,_0 f(2) = 4+00. To {810 10YVel yiax T ouvdpTtnon f(z) = Vo
0, av x =0
. zy v # 0 . ' . : .
(2) H owéptnon f(x) = I 0 Tapouol&lel aouvéysla TpwTou eidous oTov 0, 16T
, oI =
limg 04 f(z) = 400 kan lim,_o_ f(x) = —00, pe &Aua otov 0 ico pe +00 — (—00) = +o0.
) r+1, owax>0 ) ) , ) )
(3) H ouvéptnon f(x) = Tapoucidlel aocuvexeia TpwTou eidous otov 0, apou
x, av T <

im0+ f(z) = 1 kaa limg—o— f(2) = 0. To &Auax otov 0 eivor ico pe 1 —0 = 1. H f elvon Se&i&
ouvexns oA& ox1 aptoTep& ouvexns otov 0.

Opiopds. Av Bev udpyel €va ToudyioTov omd Ta limyer f(x), limyoe_ f(x), TOTE Mépe 6T1 o
¢ elvan onueio acuvéxsias SeUTespou eiSous 1) onueio ouciwdous acuvixsias Tns f N OTi N f
Topoucidlel aouvéxsia SsUTepou eidous 1) ouciwdn acuvéxsia oTov .

IxeTIKA pe Tov TeAsutado oplopd, Bev mpémel va Eexvdue 6T1 o & elvan onuelo cucowpeuons Tou
Tediou opiopoy Tns f.

sint o a>0
x

Hopadeiypota. (1) H ocuvdptnon f(z) = éxel aouvéyela SeUTepou eidous oTov

x, av x <0
0, 81611 1o limuor f(z) = lima_oy sin% = limiyo00sint 8ev umdpyel. Emedn lim,o_ f(z) =
limgo— 2 =0= f(0), n f elvon cpioTepd ouvexns oTov 0.
1
sin~, av x#0
1

uTtdpyel Kavéva omd Ta TAeupik& opia otov 0.

(2) H ouwvdptnon f(x) = £xel aouvexela deuTepou eidous oTtov 0, S1dTi Bev

) av x =0

sinl, av x>0
x

(3) H ouwépmon f(z) = €xel aouvexela deuTepou eidous oTtov 0, d1dTL Bev

1, av z =0
utdpyel To 8ef1d TAeupikd Spro oTov 0.

Av o £ elvan onpelo acuvéyeias TpwTou 1) SeUTepou eidous Tns f, TOTe 0 & B¢ popsl va peTaTpanrel
ot onuelo cuvéyelas pe amAf oMayn s Tiphs f(§). AuTd yivetan udvo oTny TepimTwon Tou o
elvon onpelo &poiuns aouvéxelas. Agite Tny &oknon 7.

Mo TNY KoAUTEPT KATAVONOT) TwV TapakaTw Ga Bonboloe éva TPOTEKTIKO OXEDIO TOU YPOPTIUATOS
™s [ oTis Si&kgopes TEPITTWOELS.

TMpéTaon 4.1. Eotw f: A — R povétorn oo A xou £ € A.

(1) Eotw 611 0 £ elvar amd apioTepd Tou kai amd Se€id Tou onueio ouoowpeuons Tou A. Tote o &
elvou eite omueio ouvéxelas eite onuelo acuvéxeias TpeToU idous Tns f. ZTn Seutepn mepimTowon n f
éxel eite BeTikd dAua oTov &, av elvon aufouoa, eite apvnTIKO dAua oTov £, av eivon gbivouoa.

(2) Eotw o611 0 & elvar udvo omrd apioTepd Tou 1) uovo amrd Sefid Tou onueio cucowpeuons Tou A.
Téte 0 & elvar eite onueio ouvéxeias eite onueio &poiuns acuvéxeias Tns f.
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Amddeién. (1) Eotw f atfouca oto A,

Téte n f elvan alfouca oo A N (—00,&) Ko dvw epayuévn oTo oUvolo auTd, ool 1oyUel
f(x) < f(&) yio x&be © € AN (—00,§). Zupgwva pe To Oeddpnua 3.5, umdpxer To limy_e— f(x)
Ko elvon apiBuds kan, pdhioTe, limy_e— f(z) < f(£). Opolws, n f elvan a§ouca kan k&Tw Pporyuévn
oto AN (&, 4+00), agou 1oxver f(z) > f(§) yro k&be © € AN(E, +00). Apa urdpyer To lim, et f(2)
ko elvon apiBuds ko lim,_er f(z) > f(§).

Apa uttdpyouv To limye f(), limy_er f(2), elvon apifuol ko

limg e f(ZE) < f(g) < limg et f(ZL’)

Topa Biakpivoupe Buo TepimTdoEls. TNV TPWTN TepimTwon ever limy_e— f(2) = limyes f(2),
omdTe limye— f(x) = f(§) = limy_er f(2) wou, emopévads,  f elvon cuvexns otov €. Ztn SeUTepn
TepimTwon elvon limye f(2) < limy_er f(2), omdTe n f Topoucidler acuvéxela TpTou eidous
otov & pe dApa limy_er f(x) — limye— f(x) > 0.

H amddeln eivon 181 av n f elvan gfivousa oto A: amAds, T6Te dAes o1 TTpoTyoUEVEs avIoOTNTES
aM&louv gopd kan Ppiokoupe 6T lim,e— f(z) > f(§) > limyer f(2).

(2) Eotw [ atfouca oto A kou & pdvo amd Se€id Tou onueio cucowpeuons Tou A.

‘Otrews mpw, To lim, et f(2) udpxer kan elvon opiBuds kaa lim, et f(x) > f(£). Apa To limy_e f()
UTTapYEl Kal givarl apiBuds kot

|imx_>§ f($) > f(f)

TTéAL éxoupe Suo TepimTaoEs. TNy TpoTn evan limy,e f(2) = f(§) xon, emopdvads, n f elvea
ouvexns otov . ZTn SelTepn TepimTwoon evan limy_e f(2) > f(£), omdTe 0 £ elvon ompelo &potuns
acuvéxelas s f.

H amoddeiln eivan idix oe kafe &AAN TrepimTTwon. [

Ag peAeTriooupe Alyo TOPOTTAVE TNy KOTAOTAOT Tou Teplypdgel 1 TlpdTaon 4.1, emipevovtas
o€ €va TTPOOEKTIKO OXEBl0 Tou ypognuaTos Tns f.
(1) Eotw 611 f : A — R elvan atéouca o1o A, 0 £ € A elvan amd apioTepd Tou kot omd dedid
Tou onuelo cuoowpeuons Tou A ko 1 f Sev elvan ocuvexfis oTov &, omdTe o € elvan onuelo aouvéyeias
TpddToU idous. Av - = lim,_e— f(2) xoa 1y = limyes f(x), TOTE To &Aua s f oTov € elvan ioo
pe Ny —1n— > 0. Eidape 611 - < f(§) < ny . Emions, emwaidn n f eivon ab€ouoa, 1woyve f(z) < n-
yia k&be x € AN (—00,§) ko Ny < f(z) yrx k&e © € AN (E,+00). Apa N povadikn Tiuf) Tns
[ n omola evdéyeTar va avnikel oTo awoikTd Srdotnua (n_, 1) eivar n f(£). Tho ouykekpiuéva, ov
F(€) =n_ 4 [(€) =y, 167 10 Bibomuc

(n_,ny)

Bev Tepiéxel kowd Tiph s f kan, ov - < f(€) < my, TOTE M vodon

(n—, £(£)) U (f(&);n4)

Bev Trepieyel kopid Tiwn Tns f.

Me 115 18165 uTroBéoeis oM & pe Ty [ va elvon gBivouca avti alfouca, TOTE elvon My < - Ko
Ny < f(§) < M- xou éxoupe duola omoTeAéopaTa: £iTe To BidoTnua (74, 7)—) Bev TePIEXEL Ko Tium
s f eite n dvovon (e, f(§)) U (f(§),n-) dev mepiéxer ko Tph s f.

(2) Eotw 611 f : A = R elvan atéouca o100 A, 0 £ € A elvon pdvo amd Be€id Tou onpeio
oucowpeuons Tou A xau n f Sev elvon ouvexns oTov £, omdTe 0 € elvon onuelo &poiuns acuvéyeias.
Av 1y = limger f(), eidape 61 f(§) < 1y . Emadn n f elvon atfouca, woyver f(z) < f(§) ya
k&Be x € AN (—00,&) kan Ny < f() yix k&be © € AN (£, 400). Apa To awoikTd SidoTnu

(f(§>7 77+)
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Bev mepiéxel kop& TN s f.

Me Tis i81es utroféoels oMA& pe TV f va eivon pBivousa avti alfouca, cuverdyeton 1y < f(€) kan
To Sotnua (14, f(£)) dev mepiéxear kopd Tpn s f.

Av n f eivar povdTovn oto A kot o € € A elvan pévo omd apioTepd Tou onueio cucowpeUons Tou
A, 161e pe - = limy_e_ f(z) oupmepadvoupe 611, av 1 f elvor avfouca, To SrdoTnpa (17—, f(§)
Sev Tepiéxel ko Tpn s f kon, av n f eivon gfivouca, TéTe To Sidornua (f(€),n-) dev Tepiéyel
ko Tiph s f.

TeAikd oupTTépaopa:

‘Eotew oTin [+ A — R elvon povétovn oto A, o £ eivar TouAdyioTov améd apioTepd Tou 1) amd Sefic
Tou onueio oucodpeuons Tou A ko n f Sev evan ouvexns otov €. ToTe avdueoa otis Tés Tns f
TapeuPBdAeTar TOUASXIOTOY éva awoIkTS SIGoTNUA - Tou oTrolou éva amd Ta drpa eivai o f(§) - To
otroio Sev TEPIEXE! KAUIA TIUT TT)S.

AoxnoeLc.
1. AmodeiéTte Pdoel Tou opioyoU OTL o1 ouvapThoels T, 2T — 3, x2, % \/E :’fjll elval ouveyxels
otov 1.
L oy x £ 0 locosz 2 £ 0 22, awax#0
2. 'Eotw o1 f(x) = v’ 7 f(l’) = e 7 f(:l:) = , 4
1, ov x =0 1, oav x =0 1, awax=0
2 _
e +1 av z <0 z, avz <0 0 av x =0
f(z) = : f(x) = 1 ’ - flx)= 17 Toies oTrd
ver+1l, awz>0 <, awxr>0 EE av x #0

oauTés elvon ouvexels N de§i& ouvexels 1) oploTepd ouvexeis otov 0;

3. OswphoTe TIs ouvopThoels (], © — [z, © —[z] — % |ZL‘ — [z] —% . 2& Trola onueia glvan ouveyeis
1 de§1& ouvexels N aploTep& CUVEXElS; ZXESIAOTE T YPAPTUOTA TOUS.

Izl vz #0 2?2, avz#0 L war#0

4. 'E w 1 i = z x — ! €T — ‘xlj
ote o f(2) 0, av x =0 /(@) 1, oawax=0 /(@) -1, acwax=0

x, avzx<O0 sinl, waz>0 B ow £ 0
€Tr) = - €T = T xTr) = T X 1-
/(@) i, av z >0 /() 1, av <0 /() 0, av z =0 cpaeTRt

oTe To €1dos aouvéxelas TTou Tapouoidlouv oTov (. Ze TepimTwon &poiuns acuvéxelas aAA&ETE
v T s f otov 0 doTe va yivel cuvexfis otov 0. Ze TrepimTwon &ApaTos uToloyioTe TO.

5. Eotw a <& <bxa f:(a,b) = R
(1) ATrodeiéte 611, av m f elvan ouvexns otov &, T6Te limpo(f(E+h) — f(E—h)) = 0.
0, z#0
(77) Ao v f(x) = ) o T F kor Tov € = 0 Ti ocupTépacua TPOKUTTEL yia TNV 10U
, Qv T =

Tou avTioTpdpou Tou (i);

6. Eotw f: A= R £€Axau dy>0 M2>0 dote va 1oxUer |f(x)] < M yix k&fe x € A,
|zt —¢&| <dp. Eotw g: A= R, g(x) = (x—&) f(x). Amodeiéte dT1 1 ¢ elvon cuvexns otov &.

7. Botw f: A— R, £ € A onueio ouocowpeuons Tou A kot éotw 611 0 € elvor onuelo aouvéyelas

flx), acwvxeA x#¢ )

7, oav x=¢
elvon ouvexfs otov &, amodeiéte 611 0 € elvon onuelo &poiuns acuvéyeias Tns f.

s f. Av umépxet ) € R wote n ouvdpTnon pe tUTo g(z) = o
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(1) Botw f: A= R €€ Ak dp >0 M >0, p>0 wote va 1oxler |f(x) — f(§)] <

ATrodeifTte oTI:
1, awrxeZ
0, cwz e€R\Z

glvar aocuvexfs ot k&be = € Z ko1 ouvexns o

k&fe © € R\ Z.
, av x €Q
0, awaxzeR\Q

(77) n ouvédptnon f(x) = elvon aouvexns oe kabe .

(1) n owdéptnon f(x) = {
1, cwwze@Q
z, owzx €R\Q

(7ii) m ouwvéptnon f(x) = elvon aouvexns ot k&Be x # 1 ko ouvexns

oTov 1.

=, oz =""(m€Zn€N,gd(m,n)=1)
0, awzeR\Q

k&Be x € Q xou ouvexns oe k&Be x € R\ Q.

(1v) n owvdpTnon f(x) = elvan aouvexns o

. Eotw, yia k&be n € N, éva memepacuévo ouvoho A, wote A, N A, =0 yia k&8s m,n € N,

1, wzeA,(neN)

0, ovzxe R\U:zAn
cuvexns ot k&Be 7 € R\ |J'2 A, ke aouvexns o kéde z € JI2] A, .

m # n. Opiloupe TN ouvéptnon f(x) = ATrodeiéTe 61 1 f elvan

SuvfiBws, Adpe 6T1L To va elvan pia cuvdpTtnon [ ouvexns otov € onuaivel 6T1 To yp&enud Tns

"Sev SiaxdmTeTon” N “eivar ouvexés” oo onueio (€, f(£)). Auth n iaTUTwon sivar aoagns. EoTo
1

r(-DE sz #£0

0, av x =0
SroothpaTa (1, +00) Kot (%ﬂ, %] (n € N) kot T ouppeTpixd Tous ws Tpos Tov 0. Amodeifte

6Tt n [ elvon cuvexfis otov 0 kou acuvexhs ot onuela 6co BéAoupe kovTd oTov 0.

n ouwvéptnon f(z) = SxedidoTe To ypdonua Tns f, BewpwvTas T

Mz — &P yia k&fe x € A, |[x —&| < dp. Amodeiéte 6T n f elvan cuvexns otov & Av n f
IKavoTrolel Ti1s TTopoTdvw uTrobéoels, TOTe Yapaktnpileton Holder ouvexns otov £ pe exbéTn
Holder p. Stnv eidikf) mepimtwon p =1, n f xopoxtnpileton Lipschitz ouvexns otov €.

(i) AmroBeicte 61 o1 ouvapthoeis 7, ||, \/|z], +/]| elven Holder ouvexeis otov 0 kan Bpeite
Tous avTioTolyous ekBétes Holder. Atrodeiéte OT1 o1 id1es ouvapThoels eivon Holder cuveyeis oe
k&fe & # 0 xan Ppeite Tous avtioToryous ekBétes Holder. TlapatnpfioTe 6T1 yia Tis Suo TeAsuTades
ouvapThoels elvan &Ahos o ekBétns Holder yiax Tov & = 0 ka1 &\Aos yla Tov oTrolovdnoTe

£#0.

.Eotw ACB, (€A g:B—Rkaéotw 6111 f: A— R elvon o meplopiouds Tns g oTo

A. Amrodeiéte 611, av M g elvon ouvexns oTov &, TéTE kau M f elvan cuvexns oTov &.

. 'EoTw pn-kevd otvoro B xou f: R — R pe timo f(z) = inf{|z — b| |b € B}. Amodeifre ém1

n f elvon cuvexns.

Ymddeén: Amodeigte 6T woxUa f(x) — |z —y| < v —b| — |z —y| < |y — b] yr1x k8&Be z,y
ko1 k&Be b € B kan, emopévas, 611 woyxlel f(z) — |z —y| < f(y) yrox k&Be z,y. AmodeifTe 6T
wyver [f(2) — f(y)] < |z —y| yix ke 2,y.

SxedidoTe TO Ypdonua Tns f oTis TEPITTAOES TTou To B elvon éva ord Tox ovvora {a}, [a, b),
(a,+00), [a,b] U[c,d].
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14.

4.2

Eotw f: A= R €Ak A =AN(—0,&, Ay = AN, +00) kan f-: A- — R xa
fr: Ar — R o1 mepropiopol s f ota A- ko Ay, ovTioTolxws. Eotw 611 0 & elvon atrd
Se€i& (aproTepd) Tou onueio cucompeuons Tou A 7, 1008Uvaua, onuelo cucowpesuons Tou Ay
(AL) (4oxnon 12 evétnTas 3.1). Amodeiéte éT1 1 f eivon 81 (apioTepd) cuvexns oTov & av
kal povo av n fi (f-) elvor ouvexns otov £.

. (Zuvéxsia s &oknons 5 Tns evéotnTas 3.6.) Eotw £ € A, f: A — R,

(1) H f xopaxtnpiletan &vew mupiouvexns otov £ ov yix k&be € > 0 umdpye g > 0 doTe
va woylel f(x) < f(§) +¢€ yax x&fe © € A |z — ] < &y. Amodeibre 611, av o & elven
pepovwuévo onuelo Tou A, T6TE M f elvon, auTopdTws, dvw muicuvexhs oTtov € kai, av o &
elvan onuelo ocucowpeuons Tou A, TéTE M f elvon dvw muiouvexns oTov € av ko1 pdvo o
img e f(x) < f(8).

(17) H f xopaktnpiletan k&Tew nuicuvexns otov & av yia k&be € > 0 umdpyxer dp > 0 doTe
va woylel f(x) > f(§) — € yix x&fe x € A |x — ] < dy. Amodeifre 611, av o & elvon
pepovwuévo onueio Tou A, TéTe 1 f elvar, auToudTws, K&Tw Muicuvexhs oTov € ka, av o &
elvor onuelo cuocowpeuons Tou A, TOTE M f elvon k&Tw mMuiouvexfis otov € ov Kol povo av

lim, ¢ f() > £(€).

o , 0, awvar<0 | . . ,
(17i) Amodeifte 6T1  ouvdpTnon f(x) = glvor k&Tw nuiouvexns otov 0, eved
1, avx >0
0, awax<0 , )
n f(x) = glvon dvw mpiouvexts otov 0.
1, acvz >0

(1v) AmodeifTe 1 M f elvon cuvexns oTov £ av Kot pévo av eivan K&Tw MupiouvexHs Kon dwe
Nuiouvexns oTtov £.

. EoTtw didotnua [ kau f: I — R atvfouvoa o1o 1.

(i) Ava,bel xon a <z < -+ <xp <bxa i = limg_yy+ f(2) = limg_y,— f(2) elvon To
dhpa s f otov x (K =1,...,n), amodeifte 611 j1+- -+ 75 < limyyp () —limyay f(2).
(77) Av a,b € I xoa k € N, amodeiéte 611 To TANB0s Twov onueiov x € (a,b), oe kabBéva omd
To ool To dAua s f eivon > 1, eivor < k(limgp- f(2) — limg_yar f(2)).

(171) ATrodeifte 6TL To oUvolo Twv onpeiwy acuvéxeias Tns f oto I elvon apiBpnoipo.
Ymddeifn: OewpnoTe oxoroubies (), (by) oto I wote M (ay,) va evon yvnoiws ¢fivouca
pe dplo To oploTepd dkpo Tou I, M (by,) va elvan yvnolws alouca pe pio To Be€ld kpo
Tou [ kot wote a1 < by . ApifufoTte T onueia Tou (ag,b1) oTa ool To dAua Tns f efvan
> 1. Korémw apiffufioTe To onuela Tou (ag, be) oTa omoia To dApa tns f eivon < 1 xou
> % TopaAeiTovTas T onueia TTou exeTe 1dN apibufoel. Katdmy apiBunoTe T onueia Tou
(ag,b3) ota omola To dAua Tns f evon < % Kan > %
1dn oplfunoel. Zuveyilovtas e’ &melpov, amodeiéTe 6TL To OUVOAO TwV ONueiwy aoUVEXEITS

TopaAeiTToVTas T oNueia TTou €xeTe

™s f, Ta omola elvon ecwTepikd onuela Tou I, elvon opiBunoipo. Apa To cUvolo Twv onueiwv
acuvéxelas s f oto [ elvor apiBunoipo.

I810TNTES oUVEXWY cUVaPTNOEWY.

TMpéTaon 4.2. Eorw f,9: A — R ki £ € A onueio ouoowpeuons Tou A. Eotw f(£§) = (&) ko

éotw oT1 o1 f, g TauTi{ovtai kovTd oTov €. Av n wia amé Tis f, g elvar ouvexris otov &, To 110 1oxUel

Kal yio TNy aAAn.

Amédeén. Eotw T f elvon ouvexhs otov £. Téte limye f(x) = f(€). Emadn o1 f, g TauTifovTan
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kovT& oTov &, elven limy_e () = limy_e f(x), oméTe limye g(z) = f(€) = g(§). Apa n g elvea
ouvexfs otov &. [

. ) 1+z, awar<l1 ) ,
Hopadetypo. H ouvdptnon f(x) = kal N log TauTilovTol oTo di&oTNUX
logz, ovl<xz<4

[1,4). H log eivon cuvexns oTov 2, omdTe kan 1 f eivan ouvexfis otov 2. To 1810 1oyUel kon yix kébe
&M\o £ oto avoiktd didotnua (1,4). Emions, n f kou n ouvédptnon =+ 1 TauTifovton oto (—o0, 1).
H 2+ 1 eivan ouvexhs oe k&fe £ oo (—00, 1), omdTe ko1 M f elvan ouvexhs oe k&fe TéToto &.

H TpdTaon 4.3 Ader 611, ov Tipn Tns f oe éva onpeio ouvéyeids Tns ikavoTolel pia yvioia (amrin)
aviodTNTa, TOTe 1 f 1KavoTrolel KovT& oTo onuelo autd Ty dia yvioia ovicdTNTC.

TMpéTaon 4.3. Eotw f: A — R, £ € A onueio ouoodpeuons Tou A kou éotw o611 n f elvar ouvexns
otov €.

(1) Av f(&) > u, Té1e 10xVer f(x) > u kovTd oTOV &.

(2) Av f(&) < I, T6Te 1oxUer f(x) <l kovrd oTov &.

Amédeén. Amd tny Tlpdtoaon 3.5 kou amd To lim,_e f(z) = f(§). O]

x84ad41 1841341
o+3zt—z2+1 1543-14—1241

8 3
d9 > 0 woTe va 10xUEL % < % < % yia k&8s x € (1 — g, 1 + dp).

Noupdaderypoa. H ocuvdptnon elvar ouvexns otov 1 kot = %. Apa uTtdpxel

H TpoéTtaon 4.4 Aée1 61, av 1 f 1kovoTroiel oe onueia 600 Béloupe KovTd ot éva onueio cuvéxelds
s pia pn-yviola (amAf) ovicdTnTe, TOTe Kar 1 Tiph) Tns [ oTo onuelo autd 1kavoTtolel TNy id1a
uN-YVNOIX aVICOTNTA.

TpdéTaon 4.4. Eotw f: A— R ki £ € A onueio ouoodpeuons Tou A.
(1) Av n [ elvon ouvexnis otov & kot 1oxver f(x) > | oe onueic doo Bélouue xovrd otov &, TOTE

f&) =1

(2) Av n [ eivar owvexnis otov & kai woxver f(x) < u oe onueia doo Bélouue kovtd oTov &, TOTE

f§) <.
(3) Av u < | ka1 1oxve f(x) > | oe onueia doo 6éAoupe kovtd otov & kar f(x) < u oe onueia doo
Bédouue kovtd oTov &, TOTE N f elvan aouvexns otov &.

Amédeén. Amd tny TlpdTtaon 3.6 koa amd To lim,_e f(z) = f(§). l

Mpoétaon 4.5. Eotw f,g: A — R ka1 £ € A onueio ouoowpeuons Tou A. Av o1 f, g eivar ouvexeis
otov & kou 1woyver f(x) < g(x) oe onueia doo Bédoupe kovtd oTov £, TéTe f(£) < g(§).
Amddeén. Amé tny Tlpdtaon 3.8 kan amd Ta lim,_e f(x) = f(§), limye g(x) = g(£). O]

s

Mopédetypa. Eotw f:[0,7) = R ouvexns otov 0 kan ¢otw f(2) < sinz yia k&be © € (0, 7).
Téte f(0) <sin0 = 0.

TMpéTaon 4.6. ‘Eotw f,g,h: A — R ki £ € A onueio ouoowpeuons Tou A. Av o1 f, h eivar ouvexeis
otov &, av woyver f(x) < g(x) < h(x) oe onueio doo BéAoupe kovtd otov & kat aw f(&) = g(&) = h(§),
TOTE KU 1) g €lvon ouvexns oTov €.

Amédeién. Amd tny Tlpdtoaon 3.10 kan omd To limy_ye f(2) = f(§), limyoe h(z) = h(E). ]

TMpétaon 4.7. Eotw f: A — R ka1 £ € A onueio ouoodpeuons Tou A. Av n f elvar ouvexns oTov
&, T0Te elvar ppaypévn kovtd oTov €.
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Amddeén. Amd v Tlpdtoon 3.11 xoa omd To lim,_ye f(z) = f(§). l

)

Do

%, OTTOTE €lval QPAYHUEVT) KOVT& OTOV

Topd To 4TI Bev elvon ppaypévn oTo Tedio opiouol Tns oUTe kaw oTo didoTtnua (0, 1).

[Mopddetypo. H ouvdptnon ﬁ glvanl ouveyrs oTov

TMpéTaon 4.8. Eotw f,9: A = R, £ € A ka1 éotw 611 01 f, g elvon ouvexeis otov €. Tote kou o
f+a.f—9 fg,1f] : A= R eivon owvexeis otov €. Av, emmaéov, 1oxver g(x) # 0 yia kdfe © € A,
TOTE Kol 1) rE A = R eivar ouvexnis otov €.

Amédeaén. Av o & Bev elvon onuelo cucodpeuons Tou A, TOTe dAes o1 ouVoPTNOELS elvon cuveyels
otov & Av o & eivan onuelo oucocpeuons Tou A, TOTE amd TN Tlpdtaon 3.14 ko omd Ta

lim,—e f(2) = f(£), limy_e g(x) = (&) ouvemdyeton 61 n f + g elvon ouvexns otov €. H omddedn

elvan 181 oTis TepITTTMOES TRV f — g, [, g, | f]- H
. , VT +e® 22z, ;
[MopddeLypo. O1 cuvaptnoels 271097 KO Gnifeoss EIVOUL OUVEXES.

TMpéTaon 4.9. Eotw f: A— B, g: B— Rkt £ € A. Av n [ etvar ouvexris otov £ ko n g eivou
owexns otov ) = f(§), éte n go f 1 A — R eivar ouvexris oTov &.

Amddeién. Eotw € > 0. Ewadn n g elvon ouvexns otov 7, umdpxer &y’ > 0 oTe va 1oyle
lg(y) — g(n)| < € yia k&b y € B, |y —n| < d'. Emaidn n f eivon ouvexfis otov & umdpye
dop > 0 oote va woyver |f(x) —n| = |f(x) — f(&)] < & yrax x&be © € A, |[x — €| < . Topa,
yia k&8s x € A, |z — &| < g ouwvemdyetan |f(z) — 1| < d' ko, emwardn f(z) € B, ouvewdyetan
(g0 1)(@) — (g0 NE)] = [9(7(2)) — 9(m)] < =. Apw 1 g o f civea urerls oTov & .

Nopaderypa. O ouvapThoels sin /2, v/sin T elvan ouvexeis.

‘Eva Bépa apepgepés pe tnu TIpdtaon 4.9 adA& kai - iows o ToAU - ye tnv TlpdTtaon 3.22
elvar o uTohoylopds Tou opiou Tng oUBeons g o f oTny TepimTwon Tou To 1) = limy_e f(z) even
apiuos kal n g eivon ouvexns oTov 1.

TpéTaon 4.10. Eorw f: A — B, g: B — R kot £ onueio ouoodpeuons Tou A. Av lim,_¢ f(z) =
N € B ka1 n g elvar ouvexns oTov 1), TOTe

lim (g 0 f)(z) = g(n).

z—E
Addeién. 'Eotw € > 0. Emadn n g elvan ouvexns otov 7, umdpyxer 0y’ > 0 doTe va 1oyUe
lg(y) — g9(n)| < € ya xk&0e y € B, |y —n| < 0. Ewadn lim,_¢ f(z) = 1, umépxer d > 0
wote va oyvel |f(x) —n| < 00 yiax k&8s x € A, 0 < |x —&| < dp. Twpo, yo k&fe x € A,
0 < |z—£| < g ouvvemrdyetan | f(z)—n| < 0y’ xon, emardt) f(x) € B, cuvemdyetou |(gof)(x)—g(n)| =
l9(f(x)) — g(n)| < e. Aporoxver |(go f)(x) — g(n)| < € yio k&be x € A, 0 < |z — & < 0y xon,
emopuévaws, limy_e(g o f)(x) = g(n). O]

‘Otov epopudloupe Tov kavdva ouvBeons, cuxvd XPNOIUOTIOIOUNME TNV €KPPaoT “K&voupe aAAaym
peToPANTNS amd = o y = f(x)" kou ypdgoupe

;ng(f(:v)) = lim g(y) = g(n).

(va+1)!
(/a1 2F5 -

[Mopadeiypata. (1) Oa umoloyicoupe To limy,_so NS
4

Eivaw lim, s0(v/2 + 1) = 1 kau n ouvdptnon m glvor ouvexns otov 1. Apa, pe oMayn
(Vaz+1)* 14 1

HeToPANTHS amd = ot y = /o + 1, Ppiokoupe lim, o A DS = TG = 7
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2 z—1
(EL) E (2 2=t

(2) Oa umoloyicoupe To limy_; oo A y1( T Eivar limg— 400 m =0 o1 1
z24z+1 2+z+1
, y2 +y +y+1 , , ' s s ' _ x—1
ouvapPTNoN =——3— €lval ouve otov 0. Apa, pe oA\ eTaAPANTNS aTd X oOf =
AL i o XNs pa, YN peToRANTNS Y= mart
— b 2 z—1
: . (z2+z+1) + 2+z+1) 2+z+1+1 03 +02+0+1 -1
exoupe limg_sy oo T P s0b L
3(12+z+1) + (z2+z+l) + 30 + 0 +

(3) O« umoAoyicoupe To limg ;4o ((%)3 + %)
Elvea limy 400 s';z = 0 ka1 1 ouvdptnon y> + ¥y elvar ouvexfis otov 0. Apa, K&vovTas oMayn

peToPANTRAS OTd T ot Y = % Bpiokoupe limy oo ((M)?’ + S'”x) =024+0=0.

T

Ymdpyouv Siagopés avdpeca oTis TpoTdoels 3.22 kan 4.10. (i) Ztnv TMpdTtaon 3.22 To dpto Tns
f 8¢ yper&leTon va elvan opiBuds eveo otny TlpdTtaon 4.10 To dpio Tns [ Trpémel va elvon apifuds.
Apa n TlpdTaon 4.10 8ev epapudletan oTo deUTepo Tapdderypa petd v Tpdtoon 3.22. (ii) Av
limy_e f(z) =1, wa amwd 115 UTToBEsELs TNS TTpdTaons 3.22 eivon d11 1oxUer f(x) # 1 kovtd oTo &.
2ty Tlpdtaon 4.10 umdpyer n umdbeon 611 n g eivar ouvexns otov 7). Apa n TpdToon 4.10 dev
epapudleTal oTo TpiTo Tapdderyua wetd Ty TpdTtaon 3.22, 51611 n ouvdpTnon Y~ > +y~* Bev elvan
ouvexns otov 0, kou n TTpdToon 3.22 Bev epapudletan oo TpiTo Tapdderyua petd tnv TpdTaon
4.10, 8161 dev umdpyel kKavévas Ny ¢oTe va oxUel 22 £ 0 yia k&Be © > Ny. Téhos komd otmd
TI§ dUO TTPOTAOELS deV EQPAPUOLETAL OTO TETAPTO 'ITGpGSEIY(Jd peta tnv Tpdtoon 3.22, 81611 1 g dev

’ ; ' ' I3 . ' sin I
elvon ouvexns otov 0 kon 16T Sev umdpxel kavévas Ny @doTe va 1oxUel > # 0 yiax x&be © > Ny .

AmdseiEn tns TMpdtaons 3.23. Opiloupe T ouvdptnon h(z) = f(2)9%) ko ¢otw limy_e f(z) =1
kot limg e g(x) = C.

YmoBétoupe 611 0 < 1 < 400, —00 < ( < 400 ko Ba omodeifoupe OTL lim,e h(z) = ne .
SUupwva pe TN Tpétaon 4.10, evan lim,_¢log f(x) = logn ko, emopéves, lim,_elogh(z) =
lim, ¢ g(7)log f(x) = (logn. Tl&N amwé v Tpdtaon 4.10, eivar lim, ¢ h(x) = lim, ¢ 9@ =
elloan = S

Mo Tis TEPITTWOELS TTOU aTropévou epapuoloupe Tis TTpoTdoels 3.22 kon 4.10.

0<n<l1 (= —o00 167 limy_¢log f(z) = logn, limy_¢logh(z) = limy_¢ g(z)log f(x) = 400,
omdTe limy_ye h(x) = limy_y¢ eloah(@) — 4o = ne .

0<n <1 (=400 16T limy_¢log f(z) = logn, limy_¢logh(x) = limy_¢ g(x)log f(x) = —o0,
omdTe limy_ye h(x) = limy_y¢ eooh(@) = () = e .

n>1 (=—o0: TéTe Iimxﬁg log f(x ) log7, limz—¢logh(z) = limy_¢ g(x)log f(x) = —00, oméTe
Iimx_>§ h(I) = Iimm_>5 elogh(x) — =0= T]

n > 1, ¢ = +o0: TéTE limy_y¢ log f(x ) = log1, limy_¢logh(z) = lim,_¢ g(x) log f(z) = +00, omwdTe
limg e h(x) = limy_¢ eo9h®) = oo =nS.

n =400, 0 < { < +00: 167e limy_¢ log f(x) = +00, limy_,¢ logh(z) = lim,_¢ g(x) log f(z) = +o0,
omdTe limy_e h(x) = limy_y¢ o) — 40 = 77<.

n =400, —oo < (¢ < 0: TéTe Iimmﬁg log f(x) = +00, limy_¢ log h(z) = limy_¢ g(x) log f(x) = —
omdTe limy_ye h(x) = limy_¢ eoah(@) — (0 = nt.

n =0, ( =—o00: 16T lim;_¢log f(x) = —00, limy_¢logh(x) = lim;_¢ g(x)log f(x) = 400, omdTe
Iimxﬁé h(iL‘) = |imxﬁ\§ €|Ogh($) = +00. [

AoxnoeLc.

r ' It , 2 & _3 —
I BpElTE T ansla OUVEXEIDS TWV CUVOPTNHOEWY Enogﬂ 71 (log x)Q(““"r—cm log(z%+2),

sin £—cos :D)2 ’ sin x)272sin x+1"°

e sin(logx), /1 —cosz, (z* — b + 6)‘/5, log(z* — 5x + 6), e, log(sin x),
(1 cosx)
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2. (i) Eotw f,9: A — R cuvexels otov £ € A xau éotw f(2) > 0 y1x k&8s © € A. Amodeiére
omin f9: A — R elvon ouvexns otov £.
.. z—2
(i1) Amodeifte 611 o1 ouvapThoels %, (22 — 3)=+2, (logw)°9? eivon ouveyels. Toia eivan Ta
Tedia oplopyoU Tous;

(xz—1)sin xil ‘

3. Bpeite Pdoer ns TpodTaons 4.10 ta dpia: im0 sin \/%T: , limg_y o cos

sin &
x

Jlimg e
2e mola amd auTd epoppdletan n TpodTaon 3.22;
4. Atrodeite 6T umdpyel dp > 0 doTe va 1oyUEl % < % <

ko1l 611 utdpyel 0g > 0 woTe va 1o)Uel 1<

2
1‘6(1-(50,1—{—50)

yia k&8s x € [0, dp)

e’ —2%

3
2
x8—2543 3
< < Tx—3

4z1-1 2

1 1 .
Kal & < 7 yw kaBe

5. Amé mis f,g : A — R opifoupe v max{f,g} : A — R pe timo max{f,g}(z) =
max{ f(x),g(z)} kou v min{f,g} : A = R pe 4mo min{f,g}(z) = min{f(z),g(x)}.

ATroBeifTe 671, av o1 f, g eivan ouvexeis otov € € A, TéTe kot o1 max{ f, g} kou min{f, g} eiven
ouveyxels oTov &.

6. Eotw f: A — R dvw gpayuévn oto A. Opiloupe g : A — R pe 1Umo g(z) = sup{f(t)|t €
At <z} (x€A).
(i) Amodeifte 6T1 n ¢ eivon agouoa oto A kou 6T f(x) < g(x) yix kdBe x € A.
(17) ATrodeifte 611 av i ouvdptnon h @ A — R eivan afouca oo A kan woyver f(z) < h(z)
yiax k&8s & € A, téTe 10KVl g(x) < h(x) yix k&8s x € A.
(1i1) Amrodeifte 611, av m f elvon ouvexfis otov £ € A, TOTE Kou M g elvon cuvexns oTov &.
Ymddeikn: Av 1,19 € A, 11 < Ty, amodeifte 611 0 < g(x9) — g(x1) < sup{f(x) — f(x1) |z €
Az <x < xo}.

4.3 Xuvexeis ocuvapTnoEls Kol akoAoufiss.
To Oswpnua 4.1 yapoktnpilel TNy évvola Tns ouvéxelas Paoel Tns €vvolas Tou opiou akoloubias.

O:wpnua 4.1. Eotw f: A= R, € A H f eivar ouvexris otov € av kou uovo av yia k&fe axoAoubia
() oto A ue v 1&16TNTA Ty, — € 10XV f(2,) — f(E).

ATédeén. 'Eotw 6T n f elvan ouvexns oTov € kon éoTw oxohouBia (z,) oto A pe Tnv 181d4TNTC
T, — & Eotw € > 0. Téte umdpyer dy > 0 cote va woytel |f(z) — f(§)] < € yix x&Be © € A,
|z —&| < . Emadn z, — & woxbe Tehkd |z, — &| < dp. Apa 1oxter Tehké | f(x,) — f(E)] < €
Ko, emopéves, f(x,) — f(£).

AVTIoTPOPwS, ¢0Tw OT1 Yl k&Be okoroubia () oTo A pe Ty 16T XYy — € 10XV f(2,) —
f(&). Eotw - yia va kataAfoupe oe &tomo - 411 M f Bev elvon ouvexns otov £ TéTe umdpyel
g0 > 0 wote ylx k&Be § > 0 va umdpxer = € A, [z —&| < 9, wote |f(x)— f(&)| > ¢ . SuvemdyeTton
o1 yix k&Be n € N umdpyet 2, € A, |z, — & < L dote |f(x,) — f(€)] = 0. Etor Snuioupyeitan
akoloubia (z,) oto A pe TV 16T T, — € Yl TV omola, dpws, dev woxUer f(z,) — f(§).
AToTro. ]

Hopadeiypoto. (1) Av p(x) elvan ToAuwvupikf ouvdptnon ko &, — &, 16Te p(T,) — p(§).

(2) Av n r(x) = % elvon pnth) ouvdptnon, av q(§) # 0 xon q(x,) # 0 yix k&8s n € N xou ow
T, — &, 1éTe (7)) — 7(E).

(3) Av x,, = &, T6TE cosx,, — cos € ko sinx, —> sin €.
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(4) Av o £ ko1 dMot o1 dpot Tns () elvon BeTiol ko av X, — £, TOTE T, — £°.
(5) Av a > 0 ka1 z,, — & TOTE A% — ab .

(6) Av o £ ko1 dMot o1 dpot Tns () elvon BeTikol ko1 av X, — &, T6TE log, T, — log, €.
O1 oxéoels iMoo Tn = &, liMpyi00 f(T0) = f(§) ouvdudlovton oy

im f(an) = f(nfjjoo ).

Aev Tpémel va Eexvdpe OT1 auTh 1 "evaMayn” Twv cupPOAwv lim, s s Kou f ioxUel pe TNV
TpoUTéheon &1L N f elvan ouvexns oTov &, dnAadh oTo Spto s (T,).

Ymapyel kar N avdAoymn TapoAdayt) Tou OswpnuaTtos 4.1, 6Tou 1 cuvéxela avTikabioTaTal e
™ Befi& (apioTepn) ouvexela kKol uTtdpxel T emimAfov umdbeon éT T, > € (7, < &) yia k&b
n € N. Aelte Tnv doxnon 1.

To Oswpnua 4.1 oxetifetar pe To Oewpnua 3.4. TlapaTtnenoTe 611, €ved oTo Oewpnua 4.1 de
¥petaleTal va utroféooupe TiTTOTA Yia Tous Opous Tns akoAoubias - Teépa amd To ST1 AViiKouv OTO
medlo oplopoU Tns ocuvdpTnons - oto Oswpnua 3.4 Tpemel va utoBéooups, emimTAfoy, OT1 OAoL o1
dpot1 Tns eivon # .

1+(-1)"~

1
. Eta1d1)

14+(—1)"! .
% — 0 koa 1 sin given

[TopddeLypo. Oa utmoroyicouue To lim,_s 4 sin

1+(71)n—1
n

ouvexfis otov 0, ouvemrdyeTal sin — sin0 = 0. Aev epopudletor To Oewpnua 3.4, 816T

1+(71)n71
n

1oy Vel =0 y1a &mepous n € N.

Amddeaién tns Tpdtaons 2.19. Opiloups 2, = T, ko1 éoTw Ty — T KA Yy —> Y.

Ymobeétoupe 611 0 < & < 400, —00 < y < 400 kal B amodeioupe 6T1 2, — Y. SUppwva pe
To Oswpnua 4.1, elvar logz,, — logx ko, emopévws, logz, = y,logz, — ylogx. TT&A amd To
Occopnua 4.1, z, = €°9%n — V9% = gV

Mo Tis TEPITTTWOELS TTOU aTTopEvouY epappoloups Ta Oswpnuata 3.4 kot 4.1.

0<z<1, y=—o00 16T¢ logx, — logz, logz, = Yy, logxz, — +00, owoTE 2, = €°9*" — 400 =
Y.

0<xz<1, y=-+o0: té1e logx, — logx, logz, = ¥y, logx, — —00, omwdTe 2, = €°9*" — () = ¥ .
r>1, y=—o0: 161¢ logx,, — logw, log 2z, = ¥y, logx, — —00, omdTE 2, = €°9" — 0 = Y.
x> 1, y = +00: 1é1e logx,, — logx, log 2, = Yy, logx, — +00, owdTE 2, = €°9*" — 400 = 2V .
r =400, 0 <y < 400: 16T¢ logx,, — +00, logz, = y,logz, — +00, omwdTe 2, = €°I —
+o00 = 2Y.

r = +00, —00 <y < 0: 161¢ logw,, — +00, log 2, = Y, logz, — —00, oWoTE 2z, = €°9*n — () =
Y.

r=0, y=—o00: 161 logx, — —00, log z, = Y, logx, — +00, owdTE 2, = €°9*" — +00. ]

4.3.1 Avuvdpsis apvnTikwv apifpwv.

2710 onueio auTd Ba doUue yiaTi aTToPeUyoups va opicouue Tis SUVAUELS APVNTIKWY aplbumy e
pn-oképaious ekfétes. Oa doupe oTI, yix a < 0, dev elvar duvaTd va opiooupe Tnv Suvaun a® yia
k&fe Tuf Tou T ot k&mwolo cUvoro A, av BéAoupe va ikavoTroloUvTan K&Tola eA&YIoTa “KpiThpla”
ka1 av Béloupe To cuvoro A va elvor oToixelwdcs “peydAo”. Oa Béhape, yia Tapddeiyuo, To A va
glvor peyoAUtepo amd To Z - B16T1 £xoupe 1B oploel Tov a® yix k&fe x € Z - kou To embBuunTd
fa fitov To A va glvar TouddyioTov To Q 1, axdun KoAUTEpa, va glvon oAdkAnpo To R.

ZTa TapokdTw fa given a < 0.
Mia mpwTn Aoyikf) omaitnon woTe va oplooupe Tov a® yio k&fe & oTo ocuvoro A elvon va
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Y yia kéBe x,y € A. Autd ouvemdyeTal,

IKavoToleiTar 1 ouvhing oAyePpikn 1816TTat a¥a? = a
e181kwTepa, 6T1 To A Trpémer va éxel TV 1816TT  + Y € A yix kdBe x,y € A.

Eotw 7 € Q. ToTe, dTows yvwpiloupe, utdpyouv povadikoi m € Z, n € N pe ged(m,n) = 1 dote
r = % AuTn N ypagn Tou T ovopdleTal avaywyn uop@n Tou. TMapoakdTw Ba xpelaoTouue Ta €€ns
Suo amAd amoTteAéopaTa: (1) Av r = ™ eivon M avdywyn popen Tou I Kol o N givon &pTios, TOTE O
m eiven meprtTéds. (i0) Av = 7;:‘—,/ émou m’ € Z xou ' € N, 161 1 awdyoyn popen 7 = " Tou 7
TPOKUTITEL e aTTAoTroinom Tou Adyou 7;—,’ Apa o m elvar Sicapétns Tou M’ kKot o N glvar SroupéTng
Tou 1’ . Apa, av o M’ eivan TEPITTSS, TOTE Ko o M elvan TeplTTOS Kal, av o 1 eivan TepITTdS, TOTE
Kol o N slvon TepiTTOS.

‘Eotw, Aoy, 7 € Q koa r = % N av&ywyn popen Tou 7. ‘Omws K1 av opicoupe Tov @, TpETEL -

Aoyw Tns avaykaias oAyePBpikng 1810TNTAS - va 10KVEL
(@) = (@) (@) = a™+*" = @ = a",

omdTe o a’ eivar AUon Tns eiowons " = a™ . TlapaTtnpoUues 6T, av o N sivonr &pTios, TOTE 0 M
glvan Tep1TTOS, omdTe (a)” = @™ < 0, To oTolo eivan &Toto. Apa, av M avdywyn popen Tou T
£XEl &pTIO TTapovopaoTh, TOTE dev elvan duvatd va opiobei o a” . Katdtmv, Tapatnpoupe 11 av o n
elvar Tep1TTOS, TOTE 1M eflowon " = a’™ éxer akpiPaws wia AUon: n AUon auTh eival giTe Jam, av
o m glvar &pTios 81611 TOTE @™ > 0, eite 1 —/—a™, av o M elvar TeprTTOS B16T1 TOTE @ < 0.
Zuvoyiloupe: av n avdywyn HOPPN TOU T €XEl QPTIO TTAPOVOUAOTT], TOTE Oev eival duvaTo va oplobel
o a” ko1, av N Avdywyn popen T = % TOU T €X€l TEPITTO TAPOVOUACTT), TOTE UTTopEl va opioBei o a”
ws n povabikn Auon Tns eéicwons T = a™ .

Twpa Bewpolpe ws A To olUvolo SAwv TwV PNTWY Twv oTolwy T avdywyT Hopen éxel TEPITTO
TrapovopaoTh. To A Trepiéxel dAous Tous oxepaious, 816T1 av m € Z, ToTe elvan capés 6T1 1 avdrywyn
popet Tou m elvar n M = kau o 1 eivan meprTds. Apa Z C A, Amd Ty &Mn pepid, To A eivan
yvfiolo utooUvolo Tou Q, 81671, yia TTap&derypa, o pnTOS % Bev avfikel oto A. To A éxe1 xau TNV
1816TNTO TToU eTmionpdvaue Tponyoupévws. Anhadt, av r,s € A, téte 7+ 5 € A. TlpdypaTl, é0Tw

r,s € A ka éoTw T = = okal s = LA avdywyes HoppEs Twv T, S, omdTe ol n,l elvor mepiTTOl.

1
Tote r+5 = MER wo1 6 1l elvan TEPITTOS. ApQ, CUUPWYX UE PIX TTPOTYOUNEVT] TTOPATNHPNOT Uas, T

nl

avd&ywyn popet) Tou 7+ S (TTou pTropel va pnv elvar n 74§ = %) EXEl TIEPITTO TTAPOVOUACTT,
omdTe '+ 5 € A Efvon elkolo va atroderxBel 611, av opiooupe Tov a” yia k&Be r € A pe Tov TpdTTO
TTOU TrEPLYPA&WOE TTPOTyOUpEéVwS, TOTe 1oxUel | adyePpikh 1816TnTa a'a® = a'T* yia kébe 7,5 € A.
Oa mopadeiyoupe TNy amddelfn. MaAioTa, ptopsl va arodeixfel oxeTik& eUkoAa OTL av opicoupe,
oTeds Topamdvw, Tov @’ yia kdfe a < 0 ka1 kdfe 1 € A, T6TE 1o0yUouv Kou o1 Tpels oAyeRpikés
1810TNTES Tou pépous | Tngs TlpdTaons 1.2.

To ocUvoho A Bev elvon PéPaia boo "peyddo” Ba BéAape: elven yvfiolo umoouUvoro Tou Q. TTévTews,
glvar yvfiolo uTrepoUvolo Tou Z kal fa Tpooépepe YIa IKAVOTIOINTIKT ETEKTACT) TOU OplopoU Tou a”
of €va OUVOAO peYaAUTEpO Tou Z o, eKTOS omrd To "oAyePpikd KPITAPLO” IKAVOTIOOUVTAY Kol €V
amapaitnTo "avaAuTiKd KpiThpto”. To KpiThplo auTod eival: n cuv&pTnon a® Tpemel va elval ouvexns
oto Tedio opiopol Tns A. Oa Bolpe 6T1 | ouvdpTnon a’ pe medio opiopol To A Bev elvon ouvexns
Kal, péAloTa, slvan aouvexns ot kdbs onuelo Tou A.

Eotw 1 € A ka1 foTw - yla va katoMnfoupe os &Tomo - 611 M a” elvan cuvexhs oTtov 1. ‘Eotw

r =" 1 avdywyn popen Tou 7. MNa k&be k& € N opifoupe

t — 2km _ 2km41
k= Skpii Sk = 9Fpi1 -

Eme1d) o mapovopacThs 2°n + 1 elvan TepitTds, o1 AVAYWYES POPPES TwV T, S EXOUV TEPITTOUS
TrapovopaoTes, oTdTe Ty, Sk € A yix k&Be k € N. Eions,

tp — T, S —T.
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Noyw ouvéxelas Tns a* oTov T, ouveTdyeTal OTL
a* —a”, a’* —a".

k k , ,
Zntl — ¢%'™m > (), omdte att > 0 yio k&Be

O opiBuds a* elvan n povadikfy AUon Tns eflowons &
k € N. Zuvemdystan
a” > 0.

k k
O op1Buds a’ eivar 1 povadikh Abon T flowons z2 "t = a2 ™t < 0, omdTe a*F < 0 yia k&Be
k € N. Zuvemrdyeton

a” <0.

Etropévws, a” = 0. AuTto sivan aduvato 81671

a'a”" =a T = ¢ = 1.

lows avapwtndel kavels av etvan Suvatd (pe a < 0) va opioBel o a” yia k&fe = oe éva cUvoho A To
oTroio, ekTdS, aTrd Tous akepalous, TePIEXEL Kal Tous apprTous. Kat TaAL oucws, PAsToupe OT1 auTd dev
yivetan, 81611 8ev B ikavoToleiTonr TouAdyioTov To "oAyeBpikd KpiThplo”: dnAadn 611, av x,y € A,
ToTe x +y € A. Tlpdypaty, éotw 6T1 1oyler: av 2,y € A, té1e * +y € A. EcTw omwoloodfymoTe
pnTéds 7. Emaidh) To A Tepiéyel Tous oppmTous, TPETEL v glvon T — \/§ € A ka \/§ € A omdTs
r=(r— \/5) +v2€ A Apa 10 A TrepiExel GAous Tous pnTous. AuTd elvar &too, 81611 eldape 611
Bev elvon BuvaTd va opiobel o a” yix k&be x € Q.

Apa, agou dev propel va utrdpyel ocuvoro A, To omolo va elvon oToixeiwds “ueydAo”, oTo oTolo
va opileTarl n duvapn a®, To pdvo Trou oTropével elvan va oplofel o a® yla pepovwuévous "Aiyous”
opifuols T Tépay Twv okepaiwv. AuTo, Ouws, Ba fTov oUCIAOTIK& &XPNOTO, OTTOTE TOPAUEVOUUE
OTOV OPIoUO TOU A° HOVO Y1 AKEPAIOUS T.

AoxnoeLc.

. AlatumtwoTe kal amodeiéte To Oswpnua 4.1 oT1o TAaiolo Tng dedids (opiloTepts) ouvExelas
otov &.
="
2. YmoloyioTe Ta Opla Twv akoAoubiwv: ((1+%)8+4(1+%)5—|—7), (eH o ) (tan 2%) (Iog(l—i—%)),

3n4+n—4

(27555 sin(§ — 7)), (nlog(1 + 1)), ((£5555)2 log(cos 1)).

3. Eotw Si&otnua I To omolo Bev eivor povoouvoro kou f @ I — R ouvexns oto 1.
(1) Av f(r) =0 y1o k&Be pntd 7 € I, omodeitte 611 f(r) = 0 yix kdfe x € [.
(17) Av f(r) > 0 yio k&be pnTd 7 € I, amodeifre 611 f(x) > 0 yicx k&be z € I.

4. 'Eotw f : [a,b] = R ocuvexns oto [a,b]. Eotw 611 yix k&Be x € [a,b] umdpxe =’ € [a,b]
oote |f(2)] < @ ATroBeifte o1 uTtdpxer & € [a, b] woTe f(£) = 0.
Yroédeén: OewphioTe omwolovdnmoTe T € [a, b] kou foTw Ty = 71, T3 = x5’ KA. 'ETo1 opileTon
akoloubia (x,) oTo [a,b] doTe | f(2n11)] < M yio k&be n € N. Amodeitre 11 f(2,) — 0

Kal epoppooTe To Oswpnua Twv Bolzano - Weierstrass.

5. Eotw f: R — R dote va woxver f(z1 + x2) = f(x1) + f(22) yro x&Be 1,22 . Amodeite
611, av n f éxer TouldyioTov éva omueio ouvéyelas, TOTe o TUTOs Tns eivan f(x) = cx yix
KaTolx oTafep& C.

Ymodeikn: Amodeire 11 f(0) = 0 xou 611 10)Uear f(m) = f(1)m yix x&Be m € N. Amodeife
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6t woyva f(r) = f(1)r yix k&8s r € Q. Taparnenote 611 1woyver f(x) = f(§) + f(zo) —
flzo + & — x) ko omodeiéte 611, av M f elvon ouvexfis oTov T, TOTE eivon ouvexns oe kdbe
¢ € R. Epapudlovtas To amoTéAeopa Tns doknons 3 otnv cuvdptnon f(z)— f(1)z, amodeifte
6T woyvel f(x) = f(1)z yio xébe .

6. Eotw f: R — R wote va woytar f(xy + 22) = f(21) f(22) yrx x&be x1, 29 voa f(0) # 0.
ATrodeite 6T, av 1 f éxel TouAdyioTov évax onueio ouvéyelas, TOTe o TUTTOS TN elvon f () =
yix k&molx oTtabepd c.

Ymodeikn: Amodeifte 611 f(x) > 0 yio k&be T kan epapudoTe To oTOTéAESP TNS doknons 5.

7. Mia ouvdptnon f : A — A yopoxtnpileton yvfiolx ocucToM oTo A av umdpyel p woTE
0 < p <1 ka wote va woyver |f(2') — f(2")] < pl’ — 2"| yra k&be 2/, 2" € A. Béoea s
doknons 11 ns evédtnTas 4.1, pa yvhola cucTtol oto A elvan cuvexfis oto A.

Eva onpeio £ € A xapaktnpileton oTafepd onueio tns f oto A av eivan f(§) = &.

Aeite TNV doknon 15 s evotnTas 3.1 yix Tov oploud Tou KAEICTOU GUVOAOU. 2T TTAPOKATG
utropeiTe va BewptioeTe Tis e18ikés mepimTwosls A = R 11 A va givor omolodfToTe KAg10TO
draoTnua (aKOUN KOl UN-ppaypévo).

ATrodeifte To @swpnua ZTabepou Inpeiou: Av n f elvar ouoToAn oTo KAs10TS ouvodo A, TOTe
éxel povadikd otabepd onueio oo A.

Yroéden: OewpnoTte omolovdfmoTe 77 € A kau v akoroubia (x,) oto A Tou opileTon ue
Tov avadpopikd TUTo Tty = f(2,) (n € N). Epapudots To omoTéAeopa Tns &oknons 3(ii)
s evdtnTas 2.8 yio va amodeifete 11 uttdpyel £ € A dote f(§) = & Téhos, omodeifre 411
o & elvor povadikos.

To Tponyouluevo Becvpnua eival pia amd Tis TapaAAayeés BewpnuaTwy oTabepoy onueiou. Mix
&AAN TapoAAayn gival oTny &oknon 13 Tns evotnTas 4.4.

4.4 Ta Tpia Pacik& fewpnuaTa.

2Ny evoTNTa auUTT) Ba UEAETTIOOUUE TIS TPELS TIIO CTUOVTIKES ISIOTNTES TWV CUVEXWY CUVOPTTOEWY.
Oa TopaTnEfoeTE OTL KOl Ol TPELS 1O1OTNTES AVOPEPOVTAL OE CUVOPTNOELS OUVEXEIS o8 KAEIOT Kol
PPayEVa SIOCTHUATA.

To mpwTo Becdpnua Adel OTI CUVEPTNOT) CUVEXTS OF KAEICTO KAl PPAYHEVO DIACTNUX EXEL PPAYMEVO
oUVOAO TIUWV.

O:opnua Ppaypévns Zuvdptnons. Eotw [ : [a,b] — R ouwvexris oto [a,b]. Téte n f eivar ppayuévn

oo [a,b].

Amédeén. 'EoTw - yio va kataAnfoupe s &tomo - 11 1 f Bev elvon ppaypévn oTo [a, b]. TéTe, yiax
k&Be n € N umdpyer ,, € [a,b] wdoTe

| (n)| > n.

TpokUTTel, Aorméy, axoroubia (z,,) oto [a,b] wote |f(x,)] > n yio k&8s n € N xou, emopévons,
[/ (n)| = Fo0.

SUppwva pe To Oecdpnua Twv Bolzano - Weierstrass, utdpyel utrookoroubia (x,,, ) Tns (,) n omoia
ouykAivel. ‘EoTw
T, — &
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Emeidh) woyxver a < z,, < b yx k&8 k € N, ouvemwdyeran a < € < b. Emaidn € € [a,b], n f v
ouvexfis oTov &, OTOTE OO TO Ty, — & OUVET&YETAL

fan,) = F(€)

ko, emopéves, |f(zn, )| = [f(€)]. Ouws, |f(zn,)] = +00 ko xoTodfyoups ot &roTro. [

Mo pio SeUTepn amddeén Tou BewprjuaTtos Ppayuévns Zuvaptnons deite TNy doknon 24.

, awl<zr <1

1
x dev elvan ouvexTs oUTE PPOYUEVT
0, awz=0

HMopadeiypota. (1) H cuvdptnon f(z) =

oto [0,1].
z, aowl<z<l1

elvan aouvexns kon gpayuévn oto [0, 1].
1, acwz =0

(2) H ouvéptnon f(x) =
(3) H ouvéptnon ﬁ glvan ouvexns adA& oxt gpoaypévn oto (0,1).
(4) H ouvéptnon x eivon ouvexns kou ppayuévn oto (—1,1).
(5) H ouvéptnon x eivon ouvexns aAd& ox1 ppayuévn oto R.
(6) H ouvé&ptnon w%ﬂ glvon ouvexns kou ppayuévn oto R.

(7) H ouv&pTtnon e9sin(@*) —log(e” 1)

elval PPOYUEVT) OE OTTOIOBNTIOTE KAEIOTO KAl QPPXYUEVO UTTODIA-
omnua Tou (0, +00), 81411 elvan ouvexns oto (0, +00).
(8) Ymdapyel u woTe va opileTar n ouvdpTnon log (u—egsm(xz)_'og(ez_l)) oTo d1doTNUa [l 7]. Tlpdy-

5
9sin(x2)—log(e®—1)

PaTl, | OUVEPTNOT| € WS OUVEXNS OTO [%, 7] eivon ppaypévn oTo [%, 7], omédTE UTTdPYEL

u dote 2@ —logle™=1) g yia k&be T € [%, 7].

To BeUTepo Becopnua Aéel OTI TO CUVOAO TIHWV CUVAPTNOTS OUVEXOUS OF KAEIOTO KAl PPOYHEVO
BIACTNUX EXEL UEYLOTO KOl EAXYICTO OTOIXEIO 1), 100dUvaua, OTL 1) CUVAPTNOT) €XEL HEYIOTT Kal EAGXIOTN
Tipf). Me &AAa Adyla: 0TO YP&PMUS CUVAPTNOTS OUVEXOUS OF KAEIOTO KAl PPOYHEVO BIAOTNUA UTTAPYEL
onueio péyloTou Uyous Kal omueio EA&YICTOU Uyous.

O:wpnua Méyiotns - EAdxiotns Tipns. Eotw [ : [a,b] — R ouvexns oto [a,b]. Tote umdpyouv
¢,n € [a,b] woTte va 1oxve

f(Q) < fz) < fn)
yio k&bs © € [a, b].
ATodeién. SUppwva pe To Oewpnua Ppaypévns Suvdptnons, 1 f elvan ppaypévn oTo [a, b], SnAadn
To otvoro Twew {f(z)|a < x < b} eivon pparypévo. Apa Tar infimum Koi supremum Tou cuvdAou
{f(x)]a < x <b} eivor apifuoi. Ectw
u=sup{f(z)|a <z <b}.

Mo kéBe n € N o u— L 8ev evon dvew gpdypa Tou {f(2) |a < 2 < b}, owdte umdpxer z,, € [a, b]
WoTE U — % < f(x,). Emadn o u elvon dvw gpdypa Tou {f(x)|a < x < b}, ouvemdyeton

u—1< fz,) <u
Apo TpoxUTTEL okoAoubia (z,) oTo [a,b] dote u — + < f(z,) < u yia k&Be n € N, omwdTe
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SUupwva pe To Oempnua Twv Bolzano - Weierstrass, urdpyel utrookotoubia (1, ) n omola cuykAiver.
‘Eotw

Ty, — 1.
Emeidn a < 7, < b yix k&Be k € N, ouvvemdyeton a < 1 < b, omwdte n [ elvon ouvexfis oTov 7).
ATté TO Xy, —> 1) oUVET&yETAl
Emaidn f(2,,) — u, ouvemdysTan

fn)=u

Ko, emeldn o u eivon dvw epdypa Tou {f(x)|a < x < b}, cuvemdysTtan

f(x) < f(n)

yio k&be T € [a, b].
Me Tov {810 TpdTo, omwd To infimum Tou {f(z)|a <z < b}, wpoxUmTel 0 (. [

Mia deuTepn amoddeln Tou Oewpnuatos Méyiotns - EAdyioTns Tiyfs umdpxel oTny &oknon 23
Kol pia Kotvn amddelén twv OswpnudaTtwy Ppayuévns ZuvapTtnons kot Méyiotns - EAdxiotns Tiuns
UTT&PYEL OTNV &oknom 25.

Mpeel va Topatnpfooupe 6T o1 (, 1) oTo Ospnua Meyiotns - EAdyiotns Tiuns umropel va unv
elvan povadikol. MTropel va uttdpyouv TepiocdTEpol amd évas ( oTous omolous N f éxer Ty (1810
EA&YIOTT) TIUM TNS Kl TEPIoodTEPOL amd ¢vas 1) oTous oTrolous 1 f éxel v (181) uéyrotn Tipn
tns. Emrions, To Osdpnua Méyiotns - EAdyiotns Tiuns Sev avagépel TpdTo eUpeons Twv (, 1) oTous
omolous N f éxel TNy eAdyioTn Kau TN péyloTn Tiuf TNs oUTe TpOTTo eUpeons Tns eA&XIoTNs Kal
pEYloTNS Tiuns Tns. [Na TéTolous umoAoyiouous Ba yvwpicoups didgopes pebddous oto KepdAato 5.

r+1, aw—-1<2<0

Nopadeiypota. (1) H ouvdptnon f(z) =<0, av =0 Sev elvan ouvexns oTo [—1, 1]
r—1, awO<zx<1

Kol Bev éxel péyloTn oUte eAdxiotn Tipn. Eivan, duws, epayuévn oto [—1,1].

0, awv—-1<2<0

Bev elvan ouvexrs oto |—1,1| cdA& éxer péyloTn
. wo<e<l X [—1,1] XEl Méy

(2) H cuwvéptnon f(x) =

Kal €AGXIOTT Tiuf.
(3) H cuvdpTnon z eivon cuvexns (kou ppoypévn) o1d (—1,1) cAA& Bev éxer péylotn olUTe eAdyioTn
T o6 (—1,1).
r+2, aw-2<z<-—1
(4) H owéptnon f(z) = —=, av —1 <z <1 elvon ouvexns oTo (—2,2) kon éxer péyloTn
r—2, awl<z<?2
Kal €AGXIOTT Tl

(5) H ouvéaptnon ;;'fl glvor ouvexns (kar gpaypévn) oto R oMA& Bev exel péyloTn oUTe eAdyioTn
T,
, o owlrl>1 , o ,
(6) H ouvéptnon f(z) = ¢ * elvan ouvexfis oto R kon éxer péylotn kon eAdyioTn
r, ov|z]<1
T,

(7) As Boupe A To Tapdderypax (8) peTd TO eE('bp‘gpd Ppaypévns Zuvaptnons. Asv utdpyel
eA&X10TOS U WoTe va opileTal 1 ouvdpTnon log (u—egs'"(’” )—log(€’ _1)) oTo Si&o TN [%, 7]. Tipdyporti,

9sin(22)—log(e®—1)

eTre1dn 1 ouvdpPTNo™ € elvan ouvexns oTo [%, 7], umépyer ) € [%, 7] wote f(z) < f(n)
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yix kafe T € [%,7]. Apa ws U pmopoUpe va Bewpnooupe kdfe opifud peyadUtepo Tou f(1) adA&
éxt Tov f(n).

O:wpnua Evdidpeons Tuns. Eotw [ : [a,b] — R owexrs oto [a,b]. Tote, yia kdfe \ ue tnw
sonra f(a) < A< f(b) 7 f(b) <A< f(a) umdpya € € [a,b] wote f(§) = A

Amédelén. Eotw f(a) < A < f(b).

Oewpolpe T 100UMKN BlacTHpaT [a, “TH’] [%’,b] ko1 Topoatnpovpe 6Tl gite f(a) < A < f(“TJ’b)
eiTe f(aTer) < A < f(b). Emv mpddtn TepimTwon oupBoAiloups a1 = a, by = %’. Sn SeUTepn

TepiTTwon cupPoliloupe a1 = “TH’, by = b. e k&be mepimTwon, eivan [ag, by] C [a,b], by —ay = IFT“

kau f(a;) < A < f(by). Kordmw, fewpolpe Ta icounkn SlaoThpoTa [al,%;bl], [‘”241)1,61] Kol

Topatnpovpe 6Tl gite f(ag) < A < f(%) elte f(%) < A< f(by). S mpdTn TepiTTwON
ai1+b1
2

. STn SelTepn TepimTwon cupPoliloupe ay = UEBL by = by . Se

cupPoAiloupe as = aq, by = 2

k&Be mepimTon, elvon [ag, by| C [ay, by], by —as = bl;‘“ koa flag) < X< f(ba).
Suvexifoupe authy Tn Siodikacia em’ &meipov. AnuioupyoUpe €Tot S1080xIKS Sl TAUOTS [dy, by

(n € N) aote va 1oyUet

[an—l—l; bn—i-l] g [aTH bn]; bn—i-l — Qp4y1 = %%7 f(an) S A S f(bn)

yia k&fe n € N. Ad 1o 611 byyyp — Apyy = b”;“" yix k&fe n € N ouvemdyetan

b—
bn — Qp — 2_(1
yiax k&b n € N xai, emopévws,

b, — a, — 0.
SUppwva pe TNy TPOTOOT Yl To eyKIBwTiopéva diacTthpata, ot (ay), (b,) cuykAivouv oto {810
opto. Eotw

an — &, b, — €.

Emeidh) an, b, € [a,b] yia k&Be n € N, cuvemdyeton £ € [a,b], omdTe n f elvon ouvexns otov &.
Emopévws, amd ta a,, — £ kou b, — £ ouvvemdyeTon

flan) = f(&),  f(ba) = f(&).
Téhos, emwe1dn f(a,) < A < f(by) yrx x&e n € N, cuvemdyeton f(§) < A < f(€) o, emopévoss,

f&) = A
Av f(b) <A< f(a), n amddeln eivon Tapduola. [

Mo duo okopn amodeifels Tou OewpruaTos EvBidpeons Tiuns deite Ty &oknon 22 auTths TN
EVOTNTAS Kol TNV &oknon 12 1ns evotnTtas 4.6.

MopatnpfioTe T e€fs oe oxéon pe To Oewpnua Evdidueons Twns. Av f(a) = f(b), ToTe,
avaykaoTikd, A = f(a) = f(b), omwdte n e€lowon f(x) = A éxer Suo Tpogavels Aoeis: Tis € = a,
€ =b. Emions, av f(a) # f(b) xa A = f(a) n A = f(b), Té1e M efiowon f(z) = A éxa ma
Tpogav? AUon: TNy £ = a N T £ = b, avTioToixws. Apa, pdvo av utoBécoupe 6T f(a) < A < f(b)
A f(b) < A < f(a), To cupmépacpa Tou OswphuaTtos EvBidpeons Tiuns omokTd evdiagépov. Puoikd,
T61e o1 a, b Bev eivan AUoeis s f(z) = A, omwdTe To oupTrépaoua eivon 1 uTdpyxer € € (a,b) doTe
f(&) = \. Apa éxoupe kan TNV e€hs 1008Uvaun SloTUTwon Tou OswpripaTtos Evdidueons Tiums:
Eorew f : [a,b] — R owexns oto [a,b]. Tére, yia k&b A pe o &iotnra f(a) < A < f(b) 1
f(b) <A< f(a) vmépye € € (a,b) dote f(§) = A

To Oedopnua Evdidueons Tiuns dev utodeikviel s umoloyiloupe Tov £. Etrions, o & ptmopel va
pny elvar povadikds: ptropel va uttdpyouv TepioodTepol otd vas € oTous omolous N ouv&pTnoT Exel
™V 181 Tiph A
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1, awlO<zx<1

Hopadeiypotoa. (1) H ouvdptnon f(z) = Bev elvon ouvexns oto [0, 1]. Kowévas

0, acwz=0
A oto &dotnua (f(0), f(1)) = (0,1) dev eivon Tipn s f.
x aw0<zr<i
(2) H owdéptnon f(x) = ’ 1 p 2 Bev eivon ouvexfis oto [0, 1], oMA& Kk&be A oTo
r — 9 av 3 S Xz S 1

Sionue (f(0), f(1)) = (0, 3) eiven Tty g f.
Oa doupe, TWPA, TPELS TUTTIKES epappoyés Tou Oewpnuatos Evdidueons Tiums.

Mopadeiypata. (1) Oa omodeifoupe 6T1 N eflowon cosT = T €xel TOUAXXIOTOV Ui AUCT) OTO
Siotnua [0, 5.

H ouvdpTnon cos x— eivar ouvexns oo [0, 5. Eivar cos0—0 =1, cos 5 —F = —F ko1 —5 < 0 < 1.
Apa uTtépyel TouhdyioTov évas & € (0, ) dote cos — & = 0.

(2) Oa amwodeifoupe &T1 1 eficwon 2 — 512 — 182 +7 = 0 éxer TouhdyioTov pia AUom. Ae yperdletan
va ammodeifoupe OTI UTTAPYEL AUCT) OF CUYKEKPIUEVO DIAOTNUC.

Eotw n ouvdptnon f(x) = 2% — 5x2 — 18z + 7. Bpiokoups pévol pas a,b wote a < b ka o 0 va
elvan awdpeoa otis Tiwés f(a), f(b). Aoxipdloupe Alyo - woAd oty TUXN: f(0) =7, f(1) = —15.
Apa utdpyet € € (0,1) wote €3 — 562 186+ 7= f(£) = 0.

Md&AioTa, dev givan avaykn ouTe kav va Bewpnooupe ouykekpipevo didoTnua. AuTo yiveTan - 6X1 OTNY
TUXN! - ws e€ns. Emaid lim,_,_ o () = —00, umdpyel apkeTd peydhos a < 0 - Bev eivon avdyrn va
Bpoupe ouykekpluévn Tih - oote f(a) < 0. Emions, emwedn lim, 100 f(T) = 400, umdpyel opreTd
peydros b > 0 oote f(b) > 0. Apa umépyet & € [a,b] dote &3 — 52 — 186+ 7 = f(£) =0.

(3) 'Ymrapén n-ootns pilas Oswpoupe omolovdfimote Yy > 0. Emeidr) limy 100 " = +00, umdpyxel
b >0 wote V" > y. AM& ko1 xwpls avapopd oTo Oplo, umopolpe va Bewprooupe oTrolovdnroTe
b>1+ nyl Kal 16Te, Pdoel Tns avicdTnTas Tou Bernoulli, eivan

0> (122" > 1+ nlt =y,

H cuvdptnon 2" eivon ouvexns oto [0,b] kan eivan 0" < y < b". Apa umépyer © € (0,b) woTe
2" = y. Amodei§ape, Aoirdy, To ouclaoTIKS pépos Tou OewptpaTos 1.2 yia k&Be y > 0 umdpyel
x>0 wote 2" = y.

180U, Téhos, Buo TropiopaTa Tou OswpnuaTos Evdiduesons Tiuns.

Ozwpnpa Tou Bolzano. Eotw f : [a,b] — R ouwvexnis oto [a,b]. Av f(a)f(b) < 0, 1é1e umdpxe
€ € (a,b) dore f(€) =0.

Amddeén. Amo f(a)f(b
€ € (a,b) mote f(&) =

18161 T ZTabepov TMpoomipou. Eotw Sidornua I kot f: I — R ouvexns oto I. Av ioxver f(x) # 0
yia k&fe x € I, T61e eite 1oxUer f(x) > 0 yia k&fe x € I eite 1oxver f(x) <0 yior kdbe x € 1.

) < 0 ouvemdyetan f(a) < 0 < f(b) o f(b) < 0 < f(a). Apa umdpyxel
0. 0

Amddeién. Eotw 611 To ouptépaoua Bev eivon owoTd. ToTe umdpyouv a,b € I dote f(a) < 0 ko
f(b) > 0. Emweidn 1o [ eivon Sr&otnue, To Sidotnua [a,b] 9 [b,a] eivon umooUvoro Tou I, omdTe
N f elvor ouvexfis oTo SikoTnua autd. Apa umdpyet £ € [a,b] 1y [b,a] ko, emopévess, € € T doTe
f(&) =0. Autd eivon &ToTro. [

ATtrodeifape To Oswpnua Tou Bolzano Paosl Tou OswpnuaTtos Evdidpeons Tiuns. MTropoupe, opws,
va Kavoupe kol To avTioTpogo. TlpdyuaTl, éoTw OTL 1oxUel To Oewpnua Tou Bolzano ko éoTw
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f :]a,b] = R ouvexns oto [a,b] ko A pe v i&6tTa fa) < A< f(D) 4 f(b) <A< f(a). Av
A= f(a) § A= f(b), T6Te, Tpopawcds, umdpxer & € [a,b] wote f(§) = A 0 a B o b, avTioTOlKWS.
Eotw, hormdy, f(a) <A< f(b) 1 f(b) <A< f(a). Oswpolpe Tn cuvdptnon g : [a,b] — R,

gle) = flx)=A  (z €la,b]),

Téte g eivon ouvexfis oto [a,b] o etvon g(a)g(b) < 0. Apa umdpxer & € (a,b) wote g(§) =0
ko, emopéveds, f(€) = A. Apa amodeifope To Oedpnua EvBidueons Tipms.

Etropévws, To Oscdpnua Evdiaueons Tiuns kar To Oscdpnua Tou Bolzano eivai icobuvaua.

MTropei, emions, va amodeiytel 611 To Oecdpnua Evbiaueons Tiuns eivar wooduvauo ue tnv 1SiotnTa
2tabepou Tpoonuou. Agite Tnv &oknon 20.

Lyorto. Oa k&voupe KATTOla OXOMA OXETIKA PYe TO EUPOS EPAPUOYTS TWV TPIWY PAcIKwY BewpnudTay
o€ oUVapTToEls ouvexels o oUvoAa Ta oTroia dev gival KAEIOTA Kal QPOYHEVD SO TNHATC.

. ZxeTik& pe Ta Oewpnuota Pparyuévns ZuvdpTtnons kot Méyiotns - EAdxiotns Tiuns, umapyel
peyoAUTep eAeubepia. To Tedlo opiopoly A Tns cuvexous cuvdptnons f : A — R Sev elvan avdyxn
Vo glval KAEIOTO KOl POYpEVO SioTnua. 2Tny &oknon 15 Tng evdotnTas 3.1 opileTar n évvoix Tou
KAeloTOU ouvdlou kou oTny &oknom 9 auThs Tns evOTNTas UTopeiTe va amodeifete 611, To A elvan
KAE10TO Kol ppaypévo oUvolo av kai povo av k&fe f: A — R, n omola elvan cuvexfis oto A, elvan
PPAYMEVT) Kal €XEL PEYIOTN Kol eAGXIOTT Tipr). TIpéTel, etmions, va TTouue OTL 1| CUAAOYT) TWV KAELO TGV
KOl QPayuévwy ouvOAwy glvar TOAU Tio TAoUola amd TNy oUAAOYT) TwV KAEICTWY KAl QPAYUEVWV
draoTnuaTwy. H BabBiTtepn 1816TNTA Twv KAEIOTOV KOl QPAYHEVWY OUVOAwY, TNy oTroiax opeideTan
OT1 K&Be oUVEXTS CUVEPTNOT OTA CUVOAX QUTX Eival QPPOYMEVT) KO EXEL MEYIOTT KAl EAGXIOTT TIWT),
ovopaleTal oupTtrdyseta. H 1&16tnTa auth elval 6w amd To TAaiolo autou Tou PiPfAiou.

2. ZxeTik& pe To Oewpnua Evdidpeons Tiuns, n eAeubepia eivon oAU pikpdTepn. Ao TN pio pepld
MTTOPOUME VX KAVOUPE TNV €EN§ QTTAT) KOl XPMO1uN Yevikeuo:

‘Eotew Sidotnua I ko [ : 1 — R owexns oro I. Av kdmoios A\ eivon avduesoa oe Suo Tiués 1ns f,
TOTe ka1 0 A\ eivon T Tns f.

Mpdypott, éotw f(a) < A < f(b) yrx k&motous a,b € I. Emeidn to [ eivan S14oTnue, To SidoTnua
[a,b] 7 [b,a] eivan uTrooUvolo Tou I, omwdTe M f elvon ouvexfs oTo SidoTnua auTd. Apa UTTAPXEL
€ €la,b] N [b,a] ke, emopévas, £ € I wote f(€) = A ko1 o A elvon Tipfy s £

AT TNV &AAN pep1d, Suws, dev uTtdpxel &AAo TreplBcplo yevikeuons. OewpnoTe OTTOIOBINTTOTE UN-KEVO
oUvoro A To omolo Sev elvan SidoTnua. ZUugpwva pe Ty Tpdtoon 1.11, umdpyouv a,b € A woTe
a < b xou x&motos £ ¢ A wote a < £ < b. Topa fewpnote Ty ouvdptnon f : A — R pe tUmo
flz) =2 (x € A). H f elvon cuvexns oto A, o1 a,b eivar Tipés s f, &16m @ = f(a) xea b = f(b),
ko1 o & elvon avdpeoa oTis Tiwés @, b, aAdd o & Sev eivan Tipn TS f.

Eidope, Aortdy, 611, ov éva pn-kevd ouvoro A Bev elvan Sikotnua, t6Te Uudpxel f 1 A = R oty
omoia dev epoppdleTar To Oewpnua Evdidueons Tipfs ) n Toapamdvw oAl yevikeuon) Tou. H
BabBuTepn 1810TNTa Twv SlooTNUATWY, TNV oToia oeiAeTal OTL yla K&fe ouvexm ouvapTNOT OTX
oUvoAa auT& Kol yia K&bBe ap1fud o omoios eival avdueoa o€ duo TipéS TNS CUVAPTNONS CUVETTXYETAL
OTL 0 apifuos eivar K auTds TIPT TNS CUVAPTNOTS, ovoudleTal ouvekTIKOTNTA. AgiTe TNV doknon 19
NS evoTnTas 3.1 OXETIKX pe quTTy TNy 1810TNTA. 2TNY idia &oKNoT OTOdEIKVUETAl OTL T} CUAAOYT
TWVY OUVEKTIKOV OUVOAWY TAUTI(eTal e TNV oUAAOYT TwV SICTNUATWY Kol auTod - Kabws kal To
Top&delypa Tou eidape - eEnyel Ty aduvapia epapuoyts Tou Oswpnuatos Evdidueons Tiuns o
YEVIKOTEPX GUVOAQ.

AoxnoeLc.

. ZupmAnpwoTe Tis amodeifels Twv OewpnudTtwy Méyiotns - EAdxiotns Tiuns kor Evdidueons
Thts.
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. 'Exouv o1 ouvapthoels 2 — x + 1, sin(7z), cot(mz), sin(2mx) péyiotn fi eAdyioTn TR oTo
Sidotnpa (0, 1);

. Zovadeite Ty doknon 14 Tng evotnTas 3.5.

(1) Amodeiéte 611 | ouvdpTnon sin% éxel péyroTn ko ehdyiotn Th oto (0,+00) kou 6T
Todpvel kan TN péy1oTn Kar TNV eAdyioTn Tih Tns ot &metpa onpeia Tou (0, +00). Tlowa eiven
auTd Ta omnueia;

(77) Amrodei€Te 6T1 01 CUVCPTNOELS T Sin T, %sin% Bev elvan AV PPAYHEVES OUTE KATW PPAYUEVES
oto (0,400).

(1ii) Amodeifte 611 N cuvdpTnON H% sin% elval pparypévn aAA& Sev €xel puéy1oTn OUTE EAGXIOTN
Tiun oo (0, +00).

. Eotw f,g: [a,b] = R cuvexels oto [a,b] kan f(z) > g(x) yix k&8s x € [a,b]. Amodeifte éT1
utrdpyel p > 0 wote va woyel f(z) > g(z) + p yia xé&8e x € [a,b].

. OewpivTas TN ouvexh) ouvdptnon |f| : [a,b] = R, 8cote SeuTepn AUon Tns doknons 4 Tns
gvotnTas 4.3.

. Eotw a,b €R, a < b xan f: (a,b) = R ouvexhs oo (a,b). Amodeifte &1, av UTT&pYOUY
Tot limgyq f(), limgop f(x) xou umépyxer zp € (a,b) dote f(xg) > limy, f() kou f(z0) >
limg_yp f(), TOTe M [ éxer uéyrotn Twn oo [a, b].

Ymédeién: TMpwdTos Tpdmos: Amodeiéte éT1 umdpyouv a’, b dote a < @’ < b < b kou doTe v
woytel f(z) < f(xg) yra k&be x € (a,a’) ko yio k&fe x € (U, b). Epapudlovtas To Oemdpnua
Méyiotns - EAdyiotns Tins oto [a, ], amodei€te 611 n f éxer péyrotn Tuh oto [a, b].
Aevtepos Tpomos: 'Eotw u = sup{ f(z) |z € (a,b)}, éwou u € RU{+o0}. Téte umdpyer ()
oto (a,b) dote f(z,) — u. B&oe 1ns TpéTaons 2.26, utépyxel utroakoroubia (2, ) Tns ()
ka1 € € R doote Tp,, — €. ToTe elvan € € [a, b] xon amodeifte ém1 € € (a,b). TéAos, omodeitTe

ot f(&) = u.

. 'EoTtw didotnua [ keu f: 1 — R ocuvexnis oto I. Eotw 611 yia x&be z € I, § > 0 umdpye
¥ € (x—9,2)NI wote f(2') < f(x). Amodei€re é11 n [ elvon ab€ouoa oto 1.

Ymddeén: ‘Eotw a,b € I wote a < b xon f(a) > f(b). Eotw £ = inf{z € [a,b]| f(x) < f(b)}
omdTe umdpyxel (z,) oto [a,b] wote x, — & xou f(x,) < f(b) yio k&be n € N. Amwodeifre
dmia <& <bxa f(x)> f(&) = f(b) yia k&be = € [a,§) kot kaTaAETe ot avTipaon.

, , x, av 0 <z <1 ,
No avTiropaRdiete pe To Tapdderypa s f(x) = kaBos ka1 pe TNy
r—1, awl<z<?2

qoknon 1 T1ng evotnTos 2.5.

. Mppa Tou AvaTillovtos HAiou. Eotw f : R — R cuvexfis oto R. O = yapaktnpileTan
onueio ords s f av umdpyer &' > x dote f(2') > f(x). EoTtw 6T x&be x € (a,b) eivou
onuelo okids Tns f eved o1 a,b Bev elvon ompela oxids s f. Amodeifte o1 f(x) < f(b) yx
ké&be = € (a,b) xou 611 f(a) = f(b).

. (Suvéxeix s &oxnons 15 s evdtnTas 3.1.) (i) EoTw kAeloTd Kou ppaypévo olvoro A kot
f:A— R ouvexns oto A. Amodeifte o1 1 f elvon pparypévn xou éxel péyloTn Ko eA&XIoTN
Tiun oto A.

(17) Av To A Bev eivon pporypévo, omodeifTe dT1 M ouVdpTnON T elvon cuvexTs OAAG Un-Pporypévn
oo A. Av To A Bev eivan kAeloT6, TOTE UTtdpyel £ ¢ A, To omolo Bev eivon onueio cucopeuons
Tou A, omwdTE M cUVEpPTNON ﬁ glvon ouvexfs aM\& pn-gparypévn oto A.
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10. (Zuvéxeia tns &oknons 15 tng evotnTtas 3.1 ko tns &oknons 15 tns evotntas 4.1.) Eotw

17.

KAeloTd ko1 ppaypévo ouvoho A kar f @ A — R. Amodeiéte 611, av n [ elvan dve (kdTw)
nuiouvexfs oto A, TéTe elvon dvw (k&Tw) pparypévn ko €xel péyloTn (eAdyioTn) Tipn oto A.

) A'rro&c_i&'re OTL

) n a" — 325+ 52° + 132* — 2% — 1222 — 52+ 1 = 0 éxer TouA&yioToV Wi AJon oTo [0, 1].
i)yne'=x + 2 EXEI TOU?\GXIO‘TOV duo Auoels.

0.1), (1,2 2.3

¢
(i
(13i) m § + =5 + - + 25 = 0 éxe1 TouAdyioTov pia AUon o koféva amd T oo THUAT
(0,1

(iv) n tanz =  éxer TouhdyioTov W Aon ot k&be (—5 + km, 5 +kr) (k€ Z).

. Eotw f:(a,b) = R ocuvexns oto (a,b) ko éoTw é11 10xVer f(2) € Q yrx x&be x € (a,b).

ATrodeifte 611 1 f elvon oTaBepn oTo (a,b).

. (i) Eotw f,9: [a,b] = R ouvexels oto [a,b]. Av f(a) < g(a) kon f(b) > g(b), amodeitTe

611 umtépyel € € [a,b] wote f(§) = g(&).

(17) Amodeite To O@swdpnua ETafepou Enpeiou: Av n f @ [a,b] — [a,b] eivon ouvexns oTo
[a,b], 10T n f éxear oTaBepd onueio oTo [a,b], SnAadnh umdpxer £ € [a, b] dote f(§) = &.
(i7i) Eotw f : R — R ouvexns oto R xou 611 Sev 1oxver limy_oo f(z) = —00 oUTe
limy s 100 f(T) = +00. AmodeifTe d11 uTdpxel £ € R oote f(£) = €.

. Eotw f,g: [a,b] — [a,b] ouvexels oto [a,b]. EoTw é11 1 ¢ elvon atfouca kan fog=go f.

ATodeiéte 611 o1 f, g éxouv kowd oTabepd omuelo.

Ymodeiln: SUupwva pe TNy doknon |3, umdpyxe o1 € [a,b] wote f(x1) = z1. Oewphote TNV
akoloubia (z,) oTo [a,b] Tou opileTon pe Tov avadpouikd TUTO THiy = g(z,) (n € N).
Atodeiéte 611 (x,) elvon povdTovn kan 4T, av & elvan To dplo TN (T,), TOTE 10)Uel

f(&) =g() =¢

. Eotw 8idotnua [ xou f,g : I — R ocuvexeis oto I dote va 1oyvea f(x) # g(x) yix kdbe

rel.

(1) ATodeitte o1 efte 10xUel f(7) < g(x) yix x&Be = € I eite 10oxUer f(x) > g(x) yrox k&b
x el

(17) 'Eotw wxou h : I — R ouvexns oto I. Av woxtet h(z) = f(x) 7 h(z) = g(z) yro kdbe
x € I, amodeifte o1 eite 10oxUer h(x) = f(x) yix k&8s x € [ eite 10xva h(x) = g(x) yia
k&Be x € 1.

. (i) Eotw Sidotnua I xar f,g : I — R ouvexels oto 1. Av 1oyxvea g(z)? = f(2)* > 0 yia

k&Be x € I, omodeifTe dT1 eite 1woyva g(x) = f(x) yx k&8s x € [ eite 1woyva g(z) = —f(x)
yia k&fe © € 1.

(i7) Eotw Sikotnua I C [0,400) f [ C (—00,0] keu f : I — R ouvexns oto I. Eotw 611
woyvel f(z)? = 22 yia k&8s x € I. Amodeifte o1 eite 10xUel f(z) = 7 yix k&Be 1 € [ eite
woyve f(z) = —x yix k&fe x € I.

(i17) Tlooes ouvexels f: R — R umdpyouv woTe va oyuel f(z)? = 2° yia k&be x;

(iv) Eotew Sidotnpa I C [—1,1] ken f : I — R ouvexhis oto I. Eote o611 1oxUel 22+ f(x)? = 1
yia k&8s © € [. Amodeifte 6T eite woyva f(r) = V1 — 2?2 yia x&be x € [ eite 10xUea

flz) = —v1—2% yrax x&8e x € I.

[evikeUoTe TNV doknon 15 ws =&ns.
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20.

21.

22.

23.

(1) Eotw dikotnua I kan fi1, ..., fn i I — R ouveyeis oto I. Eotw 611 01 f1, ..., fn ot
k&Be x € [ ¢xouv n SiapopeTikes Tipes. T oupmepaiveTe oxeTIKA pe TN d1&Taén ueyeBous auTwmv
TWV CUVAPTHOEWY;

(77) EoTw, emmAéoy, 6Tt n h @ I — R elvan ouvexns oto [ koa 6T oe k&fe © € I n T
s elval ion pe Ty Tir (oTov idlo x) was amd TIS N OPXIKES CUVAPTNOELS 1), 10oduvaua, OTl
woyver (h(z) — fi(z)) - (h(z) — fu(z)) = 0 y1a &8s © € I. Ti cupTepaiveTs yiax T oxéon
m™ms h e is fi, ..., fn;

(i71) Eotw &dotnpa I C [1,400) f I C [0,1] xea h : I — R ouvexns oto . Ectw 611
woyver (h(z) — z)(h(z) — 2?)(h(z) — %) = 0 yia k&8 = € . Amodeifte 611 eite 10yUel
h(z) = x yix k&8e & € I eite 1oxUer h(z) = 2?2 yia k&fe © € I eite 10oyver h(z) = 2° yia
k&be x € I.

(iv) Av I = [0,+00), T6Te - pe Tis idies koTd Ta &M uTroBéoels Tou (ii) - Troles eivan o1
SuvaTdTnTes yia Ty A

. ATodeiére 0T av n f 1 I — R elvar owvexris kai éva-mrpos-éva oto Sidotnua I, TéTe N f elvan

yvnoicws uovotovn oto I.

Ymédeén: '‘Eotw a,b,c € I wote a < b < ¢ ke f(a) < f(b) xoa f(c) < f(b). Oewpcovras
otolovdnmoTe A cote f(a) < A < f(b) xou f(c) < A < f(b), xoaToAhETe o8 avTipaon. Opoiws,
av f(b) < f(a) xea f(b) < f(c). KaroAnéte 611 M [ elvan yvnoiws wovétovn oto 1.

. 'Eotw didotnua I (6x1 povoouvoro) kan f @ I — R wote yia k&Be A n efiowon f(z) = A eite

éxel okpIPods duo AUoels elTe Bev éyxel kauid AUom. ATrodeiéte 611 n f Bev elvon ouvexns oto 1.

ATtrodeitte 0TI 1 1816TNTar SToBepou TIpoofuou slvar 1008Uvaun pe To Oswpnua Evdidusons
Tipns.

Eotw f:]a,b] = R povétovn oto [a,b] kou éoTw 6T1 yia Ty f 10XUel To ouPTépacua Tou
OewpnpaTtos Evdidueons Tipns, dnAadn 6Tt yia k&Be A pe v 18wdtnTa f(a) < A < f(b) 7
f(b) < X< fla) vmdpxa € € [a,b] cote f(§) = A\ Amodeiéts é11 n f elvon ouvexms oo
[a,b].

Ymobeién: Acite Tnv TlpdTtoon 4.1 ko T oulfiTnon peTd omd aQuThyv.

AkolouBwvTas (ov BéAeTe) TNV TopakdTw uTodelln, dwoTe SeUTepn amddelén Tou OswpruaTos
Evdidueons Tiuns.

Ymodeikn: ‘Eotw f : [a,b] — R ocuvexnis oto [a,b] ken f(a) < A < f(b). Oewpnote ToO
A ={zx € [a,b]| f(z) < A} xou TapotnenoTe 611 To A elvan pn-kevd ko dvw pporypévo.
Eotw & = sup A, omdte £ € [a,b] ko umdpyxel (x,) oto A wote x, — £ Amodeifre 6T
f(&) <\ omdte € < b. AmoBeifte 611 1oxUel f(x) > A yia k&Be x € (€, b] xou, emopévads, 6T

(&) >\ Apax f(€) = A

AkolouBwvTas (ov BéAeTe) TNV TopakdTw uTTodElln, dwoTe deUTepn amddelén Tou OswpruaTos
Méyiotns - EAdyiotns Tiums.

Ymodeikn: Eotw f : [a,b] — R ouvexhs oto [a,b]. H f eivor ppaypévn, omdTe To olvolo
Twow {f(z) |z € [a,b]} elvan ppayuévo. Eotw u = sup{f(x) |z € [a,b]}. TéTe umdpyer ()
oto [a,b] wote f(z,) = u. Av f(2) < u yx x&fe = € [a,b], TéTe N g : [a,b] = R pe TUTO
g(x) = u_;(x) glvar ouvexfis Ko, eTTopévws, ppaypévn oTo [a, b]. KotoAhéte o avtipaon. Apa
udpxet 1 € [a,b] wdote f(n) = u, omwdTE 0 U elvan M péyrotn TN s f. Opolws, yix TN
EAGXIOTT TIPT).
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24. AxolouBovTtas (av BéAeTe) TNV TapokaTw UTTOBEEN, SwoTe deUTepn amoddelén Tou OewpnuaTos
Ppaypevns ZuvdpTnons.
Ymodeikn: '‘Eotw [ : [a,b] — R ouvexns oto [a,b]. Eotw 611 n [ 8ev eivon ppoypévn oTo
[a,b]. Téte n f Bev elvon ppaypévn oo [a, aT'H’] f oTo [aT'"b,b}. Eotw [a, b;] éva amd Ta Suo
utrodiaoThuoTa oo otolo 1 f Bev elvon pparypévn. Emmavadappdvovtas authy Tnv Siadikacia
e’ &meipov, dnuloupynoTe mia aKkohouBia SiacTNUETWY [Gn, by oTe, yia k& n € N, va
givar [Gpi1, bni1] C [an, by, bn —a, = b;—na kou n f va pmy eivan ppoypévn oTo [ay, byl.
Emopéveds, umdpyxet € € [a,b] wote a, — & xou b, — & H [ elvon ouvexnis otov &, omdTe
glvar ppaypévn kovtd oTov €. Amodeifte dT1 umdpxel ng € N ote n f va elvan ppaypévn

070 [Any, bpy). ATOTO.

25. AxolouBvTas (av 8éAeTe) TnY TopakdTw UTEdEIEn, dwoTe TAUTOXPovn aTrodelln Twv Oswpn-
puatwy Ppayuévns Zuvdptnons kot Méylotns - EAdyiotns Tiungs.
Ymodeikn: 'Eotw f @ [a,b] — R ocuvexns oto [a,b]. Eotw u = sup{f(x)|x € [a,b]}, émou
u € RU{+o0}. Téte umdpyer (z,) oto [a,b] wote f(x,) — u. Emions, umépyel ocuykAivousa
uTroakorouia (z,, ) s (z,). Eotw x,, — 1, omwdte 1) € [a,b] kau n f elvon ouvexns oTov
n. Apa f(n,) = f(n) ko, emopéves, f(n) = u. Supmepdvate 6Tt u € R kan 611 0 u elvan
péyrotn T s f oto [a,b].

4.5 Zuvolo Tipwv. AVTioTpodn ocuvdpTnom.

Efvor onuovTtikd va yvwpiloupe To oUvolo Tipcov pias ouvdptnons [ agol autd upos Siver T
SUVOTOTNTA VO XTTOVTNOOUUE OF EPWTNHOTA OTTWS, YIX TTOPABELY U, AV Y1O CUYKEKPLuEvo A 1 eéiowon
f(z) = X éxa Aon 1 ox.

Kat’ apyds éva yevikd kal ommAd amroTéAeoua.

TMpéTaon 4.11. Av pia ouvdptnon eivar ouvexrs oe SIGOTNUA, TOTE TO OUVOAO TIUCV TT)S €IVOL KI QUTO
diaoTnua.

Amédeén. 'Eotw didotnpa [ xou f: I — R cuvexns oto I. Eotw A = {f(x)|x € I} 1o clvolo
Tigov s f ka1 éoTw Y1,y € A kau y; < y < yp. TéTe 0 Y elvar avdueoa oTis TIUES Y1 Kol Yo

™s f, omwdTe Ko 0 Y elvan Twh TNs f, dnAadh y € A. Zlpewva pe Ty TpdTtaon 1.11, To A evan
di&oTNC. [
Ag Boupe Alyo Tio TpooekTikd TNy TlpdTtoon 4.11 oe ocuvduaopd kar pe tnv TlpdTtoon 1.11.

Eotw f: I — R ouvexfis oto 8idotnua I ke | = inf{f(z) |z € I} xoa u = sup{f(x) |z € I}.
Topa éxoupe Tis e€Ns Téooepis epimTwoels. Eite n f éxel eAdyiotn Tipn (8nAadty eAdyioTo oToixelo
TOU OUVOAOU TluwV) Kol peyloTn Tipr (SnAadn péyloTo oTorxeio Tou ouvdlou Tipwy) omdTe o | elvan
N eA&XIOTN T Kol o U M péyloTn T Tns [ Kol emopéves, To oUvolo Tipcwv eivan ioo pe To
[[,u]. Eite n f 8ev éxer eAdyiotn Tign oUTe péyloTn Tipf, omwdTe To cUVolo TiuwY eival ico pe To
(I,u). Eite  f éxe1 ehdqiotn Tipny oAA& oyt péytoTtn Tipn, omdTe o [ eivon m eAdyiotn T s f
Kal, ETTOpEVES, To oUVolo Tiucw elvon ioo pe To [, u). Eite m f éxer péylotn Tium oAA& oyt ehdyioTn
Tiuf, oTdTE 0 U elvar M péyroTn T TS f Ko, emopgves, To ouvolo Ty eivon ico pe To (I, ul.

MTropei var Sofel o AeTrTopepT|S TTEPIYPOPT) TOU CUVOAOU TIMWV CUVAPTNOTS CUVEXOUS OF d1d-
oTNUx oTroloudnmoTe TUTOU. AgiTe oXeTIK& Tnv &Goknon 8. ZTa emdpeva Ga doUpe pepikeés XPTOIUES
XOPAKTNPIOTIKES TEPITITWOELS OTIs OTroles To TPOPANUA TOU TPOCIIOPIoUOU TOU GUVOAOU TIUWV
ouvdpPTNONS €XEl ATTAT - TOUA&XIoTO BewpnTiKA - AUoT.

MpéTaon 4.12. Eorw [ : [a,b] — R ouwexns oo [a,b]. Tére To ouvoro Twdw {f(x) |z € [a,b]}
elvon To KAeloTO Kou Qpayuévo SidoTnua ue dkpa Tnv eAdyioTn kai T uéyiorn Tun 1ns | oto I.
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Amodeién. Apeon ouvémeix Tns TpodTaons 4.11 ka1, guoikd, Tou OswpruaTtos Méyiotns - EAdxiotns
Tiungs. [

Apa yia va BpoUpe To GUVOAO TIUWY CUVAPTNOTS OUVEXOUS Ot KAEIOTO KOl PPOYUEVO SIACTNUX
elval opkeTd va uTToAoyiocouue TNV €A&YIOTN KAl TN PEYLOTN TIY TNs 0To didoTnuax autod. AuTd
dev eival TavToTE £1KTO. 2T0 KepdAaio 5 Ba yvwpicoupe, ye TN Ponbeia Twvy Tapayywy, YepIKES
peBddous UTTOAOYIoUOU QUTWV TWY TIUWV TNS CUVAPTNOTS. TTAVTWS, Ot UEPIKES QTTAES TTEPITITCOOELS Ol
uTtoAoylopoil auTol gival Kol TwPX EPIKTOL.

Napoadeiypata. (1) H ouvdptnon 22 sivar alfouca oTo SidoTnuc [1,4], owdTe N eAdyioTn TN
s oTo [1,4] eivan o 12 = 1 kou 1 péytotn Tiph s o 42 = 16. Apa To cUvolo TiuV TNs TTOU
avtioTorel oTo [1,4] eivon To SrdoTnua [1,16].

3] etven

3], omwdTe M A&y IOTN TIPN TNS OTO [%,

3] etvan To

(2) H ouvaptnon % eivan @pbivouoca oTo didoTnUa [%,

o % Kol N péytoTn T TS o 2. Apa To oUVoAo TIYWV TN§ TTOU QVTIOTOIXEl oTo [%,
Bi&oTnua [%,2].

(3) Oewpolpe TV ouvdptnon f(z) = 22 —6x +5 = (x — 3)? — 4 o1o Swdotnux [—1,6]. H f
elvar @Bivouca oto [—1, 3] kan alouca oTo [3,6]. Apa n eAdyxioTn T s f oto [—1,6] elvon o
f(3) = —4 xaa n péyrotn T s o max{f(—1), f(6)} = 12. Apa To clvolo Tipwv Tns f Tou
avTioTorel oTo [—1, 6] eivon To SdoTnpa [—4, 12].

Oa BouUue, TWPA, TN ONUAVTIKN TEPITTWON UTOAOYIOUOU TOU OUVOAOU TIUWV TTOAUWVUPIKTS
ouv&pTtnons. H Tepimtwon auth dev epminTer oty TlpdTtaon 4.12.

MpéTaon 4.13. Eotw n owdptnon p(x) = ag + a1z + - -+ + a,x™ .

(1) Eotw 611 n p eivar mepirTou Babuou, dnradn n =2k — 1, k € N, a,, # 0. Tdte To oUvolo Ty
s P eivar To (—00, +00).

(2) Eotew 611 D elvar dpTtiou Babuou, dnradn n = 2k, k € N, a, # 0. Av a, > 0, 61e  p éxa
eAdxioTn Tiun, éoTw I, ka1 To ouvoldo T Tns evar To [I,+00). Av a, < 0, TéTe n p éxea péyioTn
TN, é0Tw U, Kol TO OUVOAO Tiudy Tns elvar To (—00, u).

Amodeién. (1) ‘Eotw a, > 0, omwdTe
limz—y— oo p(T) = —00, limz 100 P(T) = +00.

Apa 1 ouvdpTnon P Bev elval KATW PPAYUEVT) OUTE AVw PPAYUEVT), OTTOTE TO CUVOAO TIHWV TNS P

€xel ¢ infimum To —00 Kol ws supremum To +00. ZUpewva pe TN Tpdtaon 4.11, To ocuvolo Tipwv
s p eivan To (—00, +00).
Av a, <0, ToTe limyy oo p(x) = +00, limgy 0o P(T) = —00 ko1 M amwddeiln eivon B

(2) EoTw a, > 0. Emeidh

limg;__ oo p($) = “mm—)-l—oo p(ZE) = +00,

utdpxet a < 0 wote va 1oxler p(z) > p(0) yiox x&Be = € (—00,a) xou umdpxer b > 0 woTe va
oyvel p(x) > p(0) yix x&be x € (b, +00). H p eivon ouvexfis oto [a,b], omdTe éxel eAdyioTn Tium,
¢otw [, oTo BidoTnua autd. Emadh 0 € [a,b], evoa | < p(0), omdte 1woyxer | < p(x) yia kdBe
x € (—00,a) kou k&be x € (b, +00). Apcx o [ eivan 1 eddyiotn Tipn Tns p oTto R. Emrions, oA amd
T limy oo P(T) = limy 100 P(T) = 400, N p Bev eivan dvew Pporypévn.

Apa To oUvolo Ty Tns P €xel ws eAdyloTo oTolxelo Tov [ kar ws supremum To +00. Apa To
oUvolo Tiuc Tns p eivan To [I, +00).

Av a, <0, n amddeién sivar Topduola. ]

Mo pia Gueon yevikeuon Tns Tpdtaons 4.13 Seite Ty &oknon 7.
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Napadeiypata. (1) To olvodo Tipcv Tns ouvdptnons —22°+4x1—323 —2%2—1 eivar To (—00, +00).
(2) Eotw 1 ouvdptnon p(z) = ot — 42® + 42 — 7 = 22(2x — 2)2 — 7. Tlpogawdss, 1oxvel p(z) > —7
yia k&be = kar —7 = p(0) = p(2). Apa 0 —7 elvon 1 eAdyioTn T TNS P Kot To cUVOAO TIUWY TNS
elvon To [—7,4+00).

Towpa fa efeTdooupe TN ONUOVTIKY EIBIKT TEPITTTWOT TTOU T} CUVAPTNOT EKTOS XTTO CUVEXNS Elval
Kal yvnoiws povotovn ot didoTnua. O1 péfodor Tou Kepoadou 5 emiTpémouy va Xwpilouue Ta Tedia
oplopoU TWV TEPLOCOTEPWY OUVAPTNOEWY TTOU gupavifovTtal oTny Tpaén ot SlAOTHUXTA OTA OTrolx
auTés glval yvnoiws HoVOTOVES.

Mpw Biatumtwooups Ty Tlpdtaon 4.14 aos BuunBolpe 611, oclpgwva pe To Oswpnua 3.5, av
Ml oUVEPTNON glvar povdTovn ot BIAoTNUE, TOTE UTTapXouv Ta (TTAEUPIKE) Opl& TNS OTA GKPX TOU
S100 THUATOS.

Mwpifoupe, emions, 6Tl pla yvnoiws povdTovn cuvdpTnomn eivar éva-mpos-éva. EidikwTepa, av n
f i1 — J elvan yvnolws povétovn oto Sidotnua I pe oUvolo Tpwv éva didotnua J, TéTe opileTon
N avtioTeogn ouvdptnon f 1 :J — I ue medio opiopou To J kar ouvodo Tiweov To I. M&hioTa, av
n f evar yynolws atouca 1 yvnolws efivouca, TéTe 1 f71 etvan, avTIoTolXWS, yvNnoiws aufouoa 0
yvnoiws ¢bivouca. To emimAéoy oToixelo, To oToio gicdyeTan oTny TTpdTaon 4.14, elvan n owéxeia
™s f ko s [T

TpéTaon 4.14. (1) Eorew [ : [a,b] = R ywvnoiws avéovoa kai ouvexns oto |a,b]. Téte To ovvolo
e s f efvar o [A, B, émou A = f(a), B = f(b). Emions, n f~: [A, B] = [a,b] eivar yvnoicos
avéouoa kau ouvexns oto [A, B].

(2) Eotw a,b € R, a < b ka f : (a,b) = R yvnoiws atfovoa koau ouvexris oto (a,b). Tére o
ouvolo Twaw s f eivar To (A, B), émou A = limy_q f(z) € R, B = lim,_, f(z) € R. Emions, 1
71 (A, B) = (a,b) eivar yvnoicws avéovoa kai ouvexnis oto (A, B).

(3) Eotwo a €R, a < b kot f: (a,b] = R yvnoiws avéovoa kar owvexris oto (a,b]. Téte To ovvolo
Tiwc s f eivar To (A, B), émou A = lim,_,q f(z) €R, B = f(b). Emions, n f~: (A, B] — (a,b]
elvon yvnoiws avfouoa kou ouvexns oto (A, Bl.

(4) Ectwo bER, a < b kat f :[a,b) = R yvnoiws avfovoa ka1 ouvexris oto [a,b). Tére To ouvolo
Tiwcv s f eivar To [A, B), émou A = f(a), B = lim,_, f(x) € R. Emions, n f~': [A, B) — [a,))
elvon yvnoiws avéouoa kau ouvexns oto [A, B).

Ta ouutrepdopata Towv (1) - (4) woxvouw kai oTny TepimTwon mou n [ elvar yvnoiws ebivouca kai
ouvexns. H udvn Siopopd eivon &1 Tar drpa A, B oAA&lowv SidTaén. Mo mapdderypa, orny mepimTwon

(1) mpémer va eivan [ B, A] ovri [A, B].

Amodeén. (1) ZUppwva pe Tnyv Tlpdtoon 4.12, To olvoro Tipwv Tns f evan 1o [A, B, 6mou
A= f(a), B= f(b), ométe n f1: [A, B] — [a,b] elvan yvnoiws atouca oo [A, B] pe otvolo
Tipcov To [a,b]. Mével va amoBeifoupe 1 n f! elvan ouvexhs oe k&b 1 € [A, B.

‘EoTw

A<n<B, &=["'n),

omdTe a < & < b. 'Eotw € > 0. Oswpolpe x1, Ty € |a,b] doTe
€—€§$1<€<(L’2§€+8.

Opiloupe ToUs

oTo [A, B], oméTe
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Opiloups kau
6 = min{n —y1,4y2 — n} > 0.
TéTe yio k&8s ¥y, |y — 1| < 0, ouvemdyeTton

n<n-0<y<n+i<uys,

E—e<az=f"n)<f 'y <[ ') =12<E+e

xka, emopéveds, | Hy) — f7Hm)| = |fHy) — €] < e Apan [ elvon ouvexns oTov 1.

Eotw n = A, omdre £ = f71(n) = a. Eotw € > 0. Oewpolpe T2 € [a,b] dote a < 29 < a+e.
Opiloupe Tov Yo = f(x2) oTo [A, B], ométe A < ys. Opiloupe kot 6 = yo — A > 0. TéTe yia
k&be Yy, A <y < A+ =y, owemdyetan a = fHA) < fHy) < ) = 29 < a+ ¢ ke,
emopévads, |f1(y) — f7HA)| = |fHy) —a|l <e. Apan [ elvan cuvexhs oTov 7 = A.

Av n = B, ue mopduolo TpdTo amodeikvueTal 611 n f L elvar ouvexfis otov 0. Apa n f1 efvan
ouvexfis oto [A, Bl.

(2) At To Oewpnpa 3.5 kot T oxdAIa peT& ammd auTd yvwpiloupe 6TL To infimum ko To supremum
Tou ouvddou Tipwy Tns f elvar Ta dpra A = lim,y, f(z) ko1 B = lim,_p, f(), avTioTolyws, ko 611
A < f(x) < B yiax x&be x € (a,b). Apa, Béoer tns TTpdTaons 4.11, To clvoro Tiucw s f elven
ico pe To (A, B).

Ma va amodeifoupe &1 n [~ elvan ouvexhs oe kébe n € (A, B) emavalouBdvous, omAds, Ty
amodein Tou avtioToixou pépous Tou (1).

(3) Atéd To Oewpnua 3.5 kol T oXOAIa peT& oTmd auTd yvwpiloupe 6TL To infimum Tou cuvdAou
Tiwwy s f elvon To dpro A = lim,y, f(x) ko1 d11 A < f(2) yra k&8 x € (a,b). H Ty B = f(b)
glvar To péyioTo oToixelo cuvdrou Tiuwv. Apa, amd Tnv TpdToaon 4.11, To olvoro Tipcv s f
glvan ioo e To (A, Bl

Mo va amodeifoupe 611 1 f 1 elven ouvexfs ot k&Be 1) € (A, B] emavadopPdvoupe Ty amddeién Tou
avTioTorxou pépous Ttou (I).

(4) 'Omrws oTo (3).

TéAos, o1 aAdayés TTou Tpémel va yivouv oty mepimTwon Tmou n [ elvan yvnolws ebivouca elvon
TPOQAVEIS.

2710 onueio autod Ba dolpe o Seutepn omodeln TNs CUVEXEIRS TNS avTioTpoens ocuvaptnons. Tlo-
poTnpnoTe 6Tl ot koBewd od Tis ToPATdVe TreplTTwoels uttoBéToupe 6T1 1 f elvon ouvexns kou
yvnoiws povdTovn ot va didotnua I kar amodeikvUoupe Tp@Ta OTL To GUVOAO TIMwY TNS elval éva
Sikotnua J (Topdpolou TUTOU pe To I). Emopéves, n f 1 I — J elvon éva-mpos-éva kan eTri, omdTe
opiletan n f71: J — I kot elvan k1 auth yvnoiws povédtovn oto J. Ag umoBéooupe 6t n fL Sev
elvor ouvexns oe k&molo 1) € J. Ewadn 1o J elvan 8idotnue, To 1) elvan TouAdyioTov otrd opioTepd
Tou 1y amd Sefi& Tou onueio ocucowpeuons Tou J. Emaidh n [T elvan povdTovn, TéTE, cUupwva ue
™ oulfitnon uetd omd tny TTpdtaon 4.1, avdpeoa oTis Tipés Tns f 1 TapeuPdMeTar TouA&YIoTOY
EVO QVOIKTO JIACTNUA TO OTrolo BV TEPIEXEL KAWIX TIWT TNS f1. Autd, bduws, glvon &rotro, 81611 To
oUvodo Tipeov s [ elvar oAdkAnpo To Sidotnua I. Apa n f1 efvan ouvexhis oe k&8s n € J. [

Nopadeiypata. (1) Eotew f:(1,3) = R pe tumo f(z) = 222 + 1. H f eivor yvnoies atfouca
xou ouvexns oto (1,3) xoa limg—yq f(2) = 3, limz—3 f(x) = 19. Apa To clvoro Tipcwv Tns f eivan To
S1&oTnua (3,19). H ft: (3,19) — (1,3) eivan yvnoiws abfouoa kou cuvexfis oto (3,19). Emaidh n
1 etvan yvnolews avfouoa kar ouvexhs oTo (3,19), To cUvolo TipmY TNs elvan To Biko TN pe dKP
limy 3 [ (y) kot limy_y19 71 (y). ‘Opods To olvoto Tipew Tns etvar To (1, 3). Apa lim, 3 f~H(y) =1
xka limy 19 f 7 (y) = 3.

Eivar ekolo va Ppouue Tov TUTo Tns [~ 1. Autds sivar: f1(y) = \/g ATtéd Tov TUTTO TS f 1
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emPeParwveTan N ouvéxeld Tns Kabws kal T duo 6p1& Tns oTov 3 kai oTov 19.

(2) Eotw [ : (1,+00) = R pe t0mo f(z) = % H f elvan yvnolws ebivouca kon ouvexhs oTo
(1, 400) kaa limg—1 f(x) = 400, limy—s 100 f(2) = 1. Apat To cUvodo Tipewv Tns f eiven To (1, +00).
H f~': (1,400) = (1,400) elvan yvnoics ebivousa kot ouvexns oto (1,+00). Emedh n [
elvan yvnoiws efivousa kar ouvexfis oto (1,400), To cUvodo T Tns elvor To SidoTnua pe dkpa
limy— oo fH(y) wou limy—1 f71(y). E'rr&l&'] To oUvolo T Tns eivon To (1, +00), ouvemdyeTon

R e

O tumos s [ eivan f(y) = yH 'ApO( ETnBechonETm 1 ouvéyela Tns f 1 kou Ta Suo dpi& TN

oTtov 1 ka1 oTO +00.

(3) Eotwn f : [1,400) = R e 0o f(x) = log = . Ymoroyilouye: f(1) = 0, limy o0 f(x) = —00.
Emeidn n f eivon yvnoiws ebivouoa kon ouvexns oo [1, +00), To olvodo Tipav Tns eiven To (—00, 0].
H f1: (—00,0] = [1,+00) eiven yvnoics ebivousa kou cuvexfis oto (—o0, 0] ko, dTws oTa Suo
TponyoUpeva TopadeiypaTa, Bpiokouue amd To cUVOAO TiHwY TN OTL limy fﬁl(y) = +00.

O tumos s f ! evon fTH(y) =e7V.

2TQ TIPOMYOUUEVD TTAPOBEIYUOATA O UTTOAOYIOUOS TOU TUTIOU TTS f71 elvan amds. Ad Tov TUTO
s f! TpokuTTEl apéows 611 auTh elvar ouvexhs. ‘Ouws, 1 ouvéyela Tns [ TpoKUTTTEl Kal aTrd
v TpdTaon 4.14 kou auTd glval XPMOIHO O€ TEPITITWOELS TTOU eV MTTOPEL V& UTTOAOYIoTEl © TUTTOS
s [

(AHHf:R = R u wmo f(zr) = 2% + 1 elvar yvnolws avfouca kot ouvexfis oto R ko
limys oo f(T) = —00, limyyi0o f() = +00. Apa To cUvoho Tiwew Tns [ elvar To R - To yveo-
pilape, 81611 1 f elvan ToAuwvupikh cuvdptnon TepiTToU Rafuol. Apa m f1:R = R eva
yvnoiws atouoa ko ouveyns oto R. Emions, amwd To oUvoro Tiucwwv Tng f! utroAoyifoupe Ta Opix
limy oo fH(y) = —00 ®at limy_ 400 1 (y) = +00.

Mmropeite va Seite &T1 Bev elvan eUkolo va Ppebei o TUTOs TN [T .

B5) H f :]0,400) = R pe 10mo f(z) = —ze” + 1 elvon yvnoiws ofivousa ko ouvexns oTo
[0,4+00). Eivan f(0) = 1, limz 100 f(x) = —00, omdTE TO oUvoho Tipwy Tns f eivan To (—o00, 1]
kar n f71 (=00, 1] = [0, 4+00) eivon yvnoiws @bivousa kot ouvexris oto (—o0,1]. TéAos, amd To
cUvolo Tiudoy s f 1 utroAoyiloupe To 6pl1o limy fﬁl(y) = +-o00.

Efvan aBuvaTo va Bpebei o TUTos Tns f 1, agou Sev utdpyel TUTTOS yia T AUon & s —zre’+1 = y.

[SoU pepik& o oNUAVTIKE TTapadelypaTa.

Napadeiypoata. (1) H AoyapiBuikn ouvdptnon. H ekBetikn ouvdptnon exp : R — R eivar yvnoieos
avéouoa kai ouvexns oto R. Eiven lim,_oexpx = 0, limy_ 1o expr = 400, omdTe To oUvolo
Tiwwy Tns exp eivar To (0, +00). Emions, n avtioTpoen cuvdptnom, dnAadn n log : (0, +o00) — R,
elvon yvnoiws atéouca ko ouveyrs oto (0, +00).

‘Exoupe 181 ommodeifer 411 1 log elvon cuvexns oo (0, +00). Eivan, dpws, evdiopépov 6T1 N cuvéyeix

ns log TpokUTTEl Kol ws queon ocuvémela Tng TTpdTtaons 4.14. Emions, 11dn yvwpiloupe T dpix
limy_0logy = —00, limy_, 1, logy = +00. Ki auTd, ouws, 6Tws oTA TTPONyoUUEVa TapadelyuaTa,
TPOKUTITOUV s d&ueon ouvémelx Tns TlpdTtaons 4.14. Tlpdyuati, emedn n log eivar ouvexns kat
yvnoiws avfouca oo (0,400), To olvolo T Tns elvor To Si&oTnua pe dkpa Ta limy_glogy
Kat limy_, 4 o0 logy. Emeidn to olvolo Tiwwv Tngs log, dnAadn To medlo opiouol Tng exp, eivar To R,
ouvemdyetan limy_9logy = —00 kau limy_,,  logy = +00.
(2) O n-ootés piles. Eotw n € N. H p, : [0, +00) = R eivan yvnoics alfouca kot ouvexnhs oTo
[0, +00). Eivoar 0" = 0, lim,_s 400 " = 400, omdTe To oUVoAo TV TNS Py, elvon To [0, +00) Ko 1
avtioTpoen cuvdptnon p1 : [0, +00) — [0,400) eivon yynoiws alouca kor ouvexrs oTo [0, +00).
Emions, emeidn to GCJvo?\onTlpd)v ™s pL eivar To [0, +00), cuveTdyeTon limy, 0 VY = +00.

(3) O1 avTicTpoges TprywvopeTpikés cuvapThosets. (i) Eotw o meplopiopds tns cos oto [0, 7]. H
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cos : [0, 7] = R elvan yvnoiws ¢bivousa kor cuvexns oto [0, 7]. Emeidn cos0 = 1, cosm = —1, T0
oUvoho Tipew eivan To [—1, 1]. Apa opiletan n avticTpoen cuvdpTnon Téo-cuvnuiTovo, TNV oTroia
oupPoAiloupe

arccos : [—1,1] — [0, 7]

Kol eivan ouvexns kot yvnoiws efivouca oTo [—1, 1] pe olvoro T To [0, 7.

(ii) ‘EoTtw o meplopiopds s sin oo [—5,5]. H sin @ [=7, 5] = R eivar yvnoiws alfouca ko
ouvexfs oo [—7, 5], Emeidn sin(—F) = —1, sin§ = 1, To olvodo Tipcw elver To [—1,1]. Apa

opileTar 1 avTioTpogn cuvdpTnon Toéfo-nupiTovo, Tnv omoix cupPoAiloupe

arcsin : [—1,1] — [ u W}

272
Kal elvar ouvexrs koan yvnolws atfouca oto [—1, 1] ue odvoro Tipdv To [T, 7).
(7i1) 'EoTtw o Treplopiopds Tns tan oTo (—%, g) H tan : (—%, %) — R eivan yvnolws at§ouoa kou

ouvexfs oTo (—%,%) Emeidn lim,,_z4tanz = —00 kot limy_,z_tanz = 400, To oUvolo Tiuwv

glvon To R. Apa opiletar n avtioTpogn cuvdpTnom Téo-tpamrTOMEVT, TNV oTroia cupBoAiloupe

T
arctan : R — <— —, —)
2°2
Kol glvon ouveyrs kau yvnoiws auvfouca oto R pe oUvodo Tipcv To (—%, %) Bpiokoupe, etrions, Ta
opla:
limy , o arctany = —7, limy oo arctany = 7.

(1v) TéMos, Bewpoupe Tov Treptopioud s cot oo (0, 7). H cot : (0,7) = R eivon yvnoiws pbivouca
ko ouvexns oto (0, 7). Emeadn lim, oy cotx = 400 ko lim, ,_ cotz = —00, To cUvolo TIH®Y
givon To R. Apa opileton n avtioTpogn ouvdptnomn Té§o-cuvepamToMevn, TNV oTroia cupBoAiloupe

arccot : R — (0, 7)
Kol glvon ouvexns kou yvnoiws @bivousa oto R pe ouvoro Tiucw to (0, 7). Erions, eiven
limy_ o arccoty = m, limy— 400 arccot y = 0.
AoxnoeLc.
|. Tlolx elvan T cUvOA TIHWY TWV CUVAPTTCEWY —203 422 —5x+6, x*—222+7, 26 —3x*+32%2—1;

2. Bpeite Tat cUVOAX TIPWV TWV CUVAPTTOEWV:

(i) sinx ko cos(5x) oo [—F, §].
(i1) x + % ot (—00,—1], [-1,0), (0,1], [1,+00).
(iii) " + 2 ka1 17 oTo R.
3. Tléoes axpifeds AUcels exel n e§iowon %—1— IQTl + ﬁ + % = ¢; H amwdvtnon mlavov va

e€oPTATOL OO TNV TIYN TNS TOPAUETPOU C.

1 , .
—257 070 [0, +00). Amodeitre o
eival yvnoiws povoToves Ko BpeiTe Ta oUVOAQ TIMGV Tous. Tl oUUTTEPQiVETE Yl TI§ AvTioTPO-

4. Eotw o1 ouvapThosis 2 + 2z oto [0,1], £ oTo (0, 1] xen

Pes ouvapPTNOEls; TEAos, PpeiTe Tous TUTTOUS TwV OVTIOTPOPWY CUVAPTTNOEWY KXl eAeyETe T
TPOTYOUUEVX CUUTIEPAOUOTA COS.
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5. EoTtw n ouvédptnon p(x) = ag+ax+- -+ a,z" . Av aga, < 0, omodeifte 611 uttdpyer £ > 0
oote p(§) = 0.

6. Eotw o1 fi : (—oo,—1] = R, fo : [-1,1] = R, f3 : [1,400) = R pe Tov id10 TUTO
filz) = folz) = fa(z) = 2° - 3.
(1) ATodeiéte 611 o1 f1, f3 elvon yvnoiws alouces kou n fo yvnoiws ebivouca kon Ppeite Ta
oUvoAa Tiuwv Tous. T1 cupTrepaiveTe yia Ta Tedix oplopoy, T GUVOAQ TiUwY, T povoTovix

Kot TN ouvéyelx Tev fit, foob, f3l;

1 3

(i1) ATodeifte oT1, av 1 g eivon omoladAToTE amd TIs f17 Y, foot, f37!, ToTE 10xve g(y)? —

39(y) =y yra k&fe y oTo Tedio opiopoy TNs.

(#ii) Eotw Bidotnpa I ko1 g : I — R ouvexfis oto I wote va 1oxver g(y)* — 3g(y) =y
yia k&8s y € . Av I = [—2,+00), amwodeifre 611 g = f3~!. Av I = (—00, 2], amodeifte 611
g=fi'. Av, buws, I = [—2,2], amodeifte o1 eite g = f1 ! eite g = fo o elte g = f37'.
(1v) SxedidoTe Ta YPo@NUOTA GAWY TWV CUVOPTNHOEWY TNs JOKNOTS.

7. Eotw a,b €ER, a < b ket f: (a,b) = R cuvexis oo (a,b).
(1) 'Eotw limgq f(x) = limgp f(z) = —o00. SUppova pe Tnv doxknon 6 Tns evoéTnTas
4.4, n [ éxar péyrotn T oto (a,b). Av u elvan m péyiotn T s f, amodeilfre om
{f()]z € (a,b)} = (—o0,ul.

(17) Tloto elvon To cupmépacua o lim,_, f(2) = limu—y f(z) = +00;

8. Eotw a,b € R, a < b ka1 f : (a,b) — R ouwvexs oto (a,b). Eotw 611 umdpyouv Ta
A =limy_q f(2) €ER, B =limy_y f(z) ER ka1 A < B.
(i) Avioxvar A < f(z) < B ywx k&8s = € (a,b), amodeiéte 61 {f(z)|a < x < b} = (A, B).
(17) Av woxter f(x) < B yix x&8e x € (a,b) xou umdpxer o € (a,b) wote f(xg) < A,
amodeifte 611 N f éxer eAdyioTn Twh oto (a,b). Av [ elvon m eAdyioTn Tiuh, amodeifte 4TI
{f(x)]a <z <b}=][l,B).
(1ii) Av woxtar A < f(x) yix x&fe © € (a,b) xou umépyer z9 € (a,b) wote B < f(x0),
amodeifte 6T1 N f éxer péylotn Twh oto (a,b). Av u elvan M péyioTn Tn, omodeiTe 4TI
{f(z)|a <z <b} = (A ul.
(1v) Av umépyowv x¢', z¢” € (a,b) wote f(xy) < A kan B < f(x0"), amodeiéte 611 1 f éxar
eA&10Tn Kau péyioTn Tiph oto (a,b). Av [ elvan n eAdyioTn kon u M péyloTn Tium, amodeifTe
o {f(x)|a <x <b}=]l,ul.
(v) Towx eivon Tar avTioTorye cupmepdopota av A > B A = B; Tt yiveton av To Sidotnua
etvan (a,b] N [a,b) avti (a,b);

4.6 OpoildpopPa cuveXELS CUVXPTHOELS.

Eotw f: A— R Kar' oapxds as fupnfolpe Tov opioud Tns cuvéxeias tns f otov £ € A. H f
XopokTNpileTon ouvexns oTov £ av yia k&be € > 0 umdpyel dp > 0 dote va woyva |f(x)— f(E)| < e
yia k&be © € A, |x — £| < g . TTpémer va TapaTnpefooupe 6TL 0 Oy efapTdTon amd Tov € Kar QTrd
Tov €. AuTd To ekppdloupe cupBolikd ws e€ns: 0y = do(e, ). TpdypaTt: (i) emAéyoupe Tov &, oTov
oTrolo Béhoupe va efeTdooupe av T f elvor ouvexns, eTIAéyoUNE TOV € KO, MET& XTTO TIS CUYKEKPLUEVES
emAoyés Tov &, €, emAéyoupe Tov KaTdMnAo dg, (i7) av emAééoupe BropopeTikd & 7 €, TOTE pTopei
Vo TIPETTEL va eTIAECoUpE BlaQopETIKO Jy oTtd Tov TrpomnyoUuEvo.

SNy Tapoloa evdTNTA pas evdiagépel N e€dpTnon Tou Oy otd Tov &.
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Nopédetypa. Eotw n f: (0,+00) = R pe tomo f(z) = 1.

Mveopiloupe 611 ) f elvon ouvexns oe k&b € € (0, +00). E'rrxops'vcog, yia k&b € € (0,400) ko1 yia

k& € > 0 umdpyer 0y > 0 doTe va 1oxUel [+ — %\ <€y k&Be x > 0, |[x —&| < dp. O SoUpe

6T Sev uTtdpyxel emAoyT Tou Oy owefdpTnTn Tou .

‘EoTtw - yia va katoAf§oupe oe &ToTro - 0TI, ue TPOETIAeypévo Kol oTabepomomuévo € > (), umdpyel

do > 0 wote y1x kcbe £ € (0, +00) va 10¥UeL |% — %| <€y k&Be x > 0, |[x — | < dg. ToTe,

yia kde € € (0,400), o x =& + %0 ikavotrotel Tis & > 0, | — &| < Jp kan, emopévws, TpéTel v
1

IKavoTrolel Kol TNy ‘E — %\ < e. Apa (peTd amd Tp&éels)

do
@EraE < &
Suvoyiloupe: yia kdfe & € (0, +00) mpémel va 1o Vel (251—050)5 < € ue Tous idous dg, €. AuTtd elvan

, . 5o , . ,
i —%0 __ :
aduvaTtoll Av o & TAncialer Tov 0, o 2E+00)E auEAVEl ATTEPIOPIOTA: TPAYHUATL,

ime—0+ Ggpsge = 10O

Etrouéveos, Be ptopel va 1oxUel (2§i—06o)5 < gy x&e € € (0, 400).

Oa mpoomalfoouys, TWPA, VA KWOIKOTOIOOUYE OE POPPT) OPIOHOU TNV KATAOTACT) TTOU MIX
ouvdptnon f: A — R elvan cuvexts oe x&be & € A ka1, emimAéor, oTov oploud TNs ouvéyelas o dg
Bev e€opTdTar amd Tov £ oAA& pévo otd Tov €. H kaTtdoTaon auth mpétel va dlaTutwdel ws e€ns:
yia k&fe € > 0 umdpyer g > 0 doTe yix kdbe £ € A va 1oxva | f(x) — f(€)] < € y1x k&fe x € A,
|z — &| < dp. Tpdypaty, owd T aTUTwon auTh TPOKUTITEL 6TL 0 J efapTdTan pdvo ommd Tov £:
emAéyoupe € > 0 kou KoTdmw Bpickoupe KaTdAANAo dp > 0 woTe n oviodtnTa |f(2) — f(§)] < €
va 1o Uel, pe Tov 1810 dg, yia kdbe & € A kon k&fe € A, |[x —&| < Jg. 180U wa pikpn omAoToinomn
omn SatUmwon: yio k&fe € > 0 umdpyer dg > 0 wote va woxlea |f(x) — f(§)] < € yx ke
r,§ € A |x—E| < dp. Téhos, xpnoipoToiwvTas To 1810 cUpPoro yia Tis Tiés &, & Tns aveEdpTnTns
peTAPANTTS, draTuTTCVOoUpE Tov €€Ns oplopd.

Opiopds. Eotw f: A — R H f xapaktnpiletor opordbpopea cuvexns oto A ov yia x&fe € > 0
uttdpyet 0p > 0 doTe va 1oxUe

|f(@) = fa")] <e
yia k&fe ' 2" € A, |2 — 2| < dp.

Eivon cogés 611, av n f 1 A — R elvon opoidpopea cuvexfis oto A, 16T elvan ouvexns oe k&Be
& € A 'Opws, Bev 1oxUel To avTioTpogo.

Napodeiypota. (1) H f:(0,+00) = R pe tumo f(z) = 1 evan ouvexns oto (0, +00) oM Syt
opotdpopga cuvexs oto (0, +00).

(2) Eotwo n f: R — R pe timo f(z) =3z — 2. Eotw £ > 0. loyta |f(2') — f(2")| < & apxkel va
wyver |(32" —2) — (32" — 2)| < € apxel va 1woxver 3|2’ — 2| < & apkel va 1ox0a |2 — 27| < 5. Me
oUupoAa:

|f(2") = f(a")] <e <= |32 —=2) = (32" = 2)| <e <« 32’ —2"|<e & |2 —2"| < 5.

Opilouue g = 5 > 0. Tote, y1a kébe 2/, 2" € R, |2" — 2| < dg 10xver |2 — 2"| < § kou, emougves,
') — f(2")] <e. Apan f elvan opoidpopea cuvexns oto R. Me cupRola:
! " A i Spope X7 R. Me oUpRoA

o — 2| <8y = |0 — | < = 3l —a'|<e = |3/ —2) - (32" —2)| <e

= |f(a) - f@")] <e.
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O:wpnua 4.2. Eotw f : [a,b] — R ouwexrs oo [a,b]. Téte n f eivou opoiduoppa ouvexns oo [a, b].

Amoédeién. 'Eotw 6Tt n f Sev elvon opordpopea cuvexfis oTo [a,b]. Apa umdpyert €9 > 0 doTe yia
k&fe 0 > 0 va umdpyouwv 2/, x” € [a,b], |2 — 2"| < § wote |f(2") — f(a")] > €o. Apa yio kébe
n € N vrépyxow =)/, x," € [a,b] dote

|20 — 2, < % ’ f (@) = f(za")] = €0

H oxohoubia (z,/) elvan gpoypévn, omdte, olupwva pe To Oecdpnua Twv Bolzano - Weierstrass,
uTrdpyel utrookoloubia (2,,') Tou ouykAiver. 'Eoto

T, — &

Emeidh) woyber a <z, < b yia x&be k € N, ouverrdyeton a < £ < b. Emaidn woyve |z, — z,,"| <
1

1 : ,
. < 5 Y k&be k € N, CUVETTAYETAL

/

I
T, — Tp, — 0.

Ze ouvBuaopd e To Tp,' —> & TpokUTTEL

"

I'nk = (ﬂj‘nk” — Jlnk/> + .fl:nk/ — 0 -+ § = é-

Emeidh) € € [a,b], n [ eivon ouvexns otov €. Apa, omd Tax T, — € ko x,," — £, ouvemdyeTon

flan,) = £, flan") = £(8).

Etrougvos,
f(xnk,) - f(xnk”) — 0.

AuTé, Suws, avTipdokel pe To 611 woyvel |f(2,,) — f(2n,”)] > €0 i k&be k € N. O

To Ospnua 4.2 fa Taifel onuavTikO PpOAO 0TO KEPAAXIO 6 Tt OXECT) HE TO OAOKANPWUX TUVEXOUS
ouvdpTnons. Tépa oo 1o Oedpnua 4.2, éva XPNOIMO KPITHPLO OHOLOUOPPTS OUVEXEIRS - OAAL ue
Xpnomn Tapaywywy - eupavifetar otny &oknon 20 Ttng evdtnTas 5.5. Emions, pepik& evdiopépovTa
KpITHpla uTtdpXouv oTis acknoels 3, 7, 8, 10, 11 o 16.

AoxnoeLc.

I. ATodeifte T1 01 oUvapPTNOoEsS X, || elvon opordpopea cuveyeis oto R, 611 n \/ elvan opoldpopea
ouvexfis oto [0, 4+00) kot éT1 M 2% Bev elvan opoldpopea ouvexns oto R.

. . 0, awzel01) , . ,
2. Amodeifte éT1 n ouvdptnon f(z) = glval ouvexns cAA& OXl OHOLOUOPP
I, awzxze(l,2

ouvexfis oto [0,1) U (1,2].

3. EBotw f: A= Rk p>0 M2>0 dote va 1oyver |f(2') — f(2")] < M|z" — 2"|” ya
k&be ' 1" € A. Amodeifre 6T1 1 f elvan oporduopea ouvexfis oto A. Av m f ikavoTrolel Tig
Trapamdvw utobéoes, yopoktnpiletan Holder ouvexns oto A pe exBérn Holder p. Eidikd, ov
p=1n f xopaxtnpileton Lipschitz ouvexns oto A.

4. Eotw AC B, f: B — R. Av n f elvor opoidpopea ouvexns oto B, amodeits 611 elvon
opoldpoppa cuvexns kai oto A.
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. Eotw f:A— B, g: B—R. Avn f slvan opoidpopga cuvexns oto A ko1 1 g opoidpopea

ouvexns oTo B, omodeiéte 611 m go f 1 A — R elvor opordpopea ouvexns oo A.

. 'Eotw f,9: A — R opoiduopea cuvexels oto A.

(1) Amodeiéte 61 f +¢g: A — R eivon oporduoppa cuvexns oto A.

(77) Av utoBéooupe, emiTAéov, &1 o1 f, g elvon pporypéves, amodeifte 6Ti M fg: A — R evan
opolduoppa cuvexns oTo A.

(1ii) Bpeite A kau f,g : A — R opoidpopea cuvexels oto A dote 1 fg va uny evon
opoiduopea cuvexns oTo A.

Eotw a < b <¢ f:(ac)— R Avn f elvor opoidpoppa cuvextis ota (a,b] xea [b,c),
amodeiéTe 6T elvon opoiduopea cuvexns kar oTo (a,c).

Eotw f: A— R Amodeiére 611 1 f elvon opordpopea cuvexns oto A av kot pdvo o yio K&Be
Suo akoroubies (x,,'), (x,”) oto A pe v 1i®idmTa 2, —2," — 0 10xve f(x,))— f(x,”) — 0.

(1) Eotw f: A — R opoidpopea cuvexhs oto A. Av 1 (z,) oto A eivan axoroudioar Cauchy,
amodeitte 611 (f(2y,)) elvon k1 auth oxolouBiar Cauchy.
(77) Ti popoUpe va cupTepdvoupe ord TN CUVEPTNON x? OXETIKS pe To avTioTpogo Tou (1) ;

. Eotw b € RU {400} kau f: [a,b) = R ocuvexns oto [a,b).

(1) Amodei€Tte &T1, av uTdpxel To lim,_yp f(x) ou elvan apiBuds, T6Te M f elvon opoiduopea
ouvexfis oo [a,b).

Ymodeign: ‘Eotw lime_yy f(2) = 1. Eotw € > 0. Ymwdpyer ¢ € (a,b) wote [f(z) —n| < § y1a
k&Be = € [c,b). H f elvon opoiduopea cuvexns oTo [a,c] omdte BewpnoTe évav dy > 0 Tou

va avTioTolel oTov £ Pdoel Tou oplopoy Tns ouoldpopens cuvéxelas oTo [a, ¢|. ATodeiéte 611

g
woyve | f(z') — f(:p”)2| < € yix k&b ', 2" € [a,b), |2' — 2"| < 0. TIpooéETe TNV TepimTwon
ou o évas omd Tous &', & elvon oTo [a, c] xou o &Mos oTo [c, b).

(17) ATrodeifTe 611, av, emimAéov, b € R kou av n f elvon opordpopea cuvexhs oto [a,b), ToTE
uTépxet To limy_p f(2) kan eivan opiBuds.

Yroéseén: Oecdpnua 3.4 kon doknon 9(7).

(13i) ATrodeite 611, aw, emmAéon, b € R, TéTe 1 f €elvon opordpopea cuvexns oTo [a, b) av ko
povo av umdpyet g : [a,b] — R ouvexns oto [a,b] wote g(z) = f(x) yia ké&be x € [a, ).
Ymddeikn: 'Eotw 611 umdpyel ¢ : [a,b] — R ouvexns oTo [a,b] wote g = f oto [a,b). Béoa
Tns &oknons 4, n g Ko, emouévads, n f elvan opoidpopea cuvexfis oto [a,b). AvTioTpdws,
éotw 6T M f elvon opoiduopea cuvexns oto [a,b). Béoe Tou (ii) umdpxer To lim,_yp f(x) kon
eivan op1Buds. No opicete ¢ = f oto [a,b) xoa g(b) = lim,_p f(x) xou v omodei€ete 611 1 g
gfvan ouvexns oo [a, bl.

T yivetan o éxoupe Sidotnua (a,b] B (a,b) ovti [a,b).

. 'Eotw f : R — R cuvexfis oto R ko meprodikny. AnAadt) umdpxet 7 > 0 woTe va 1oyUel

flz+7) = f(z) yia x&Be x. Amodeiéte éT1 M [ elvon opordpopea cuvexns oto R.

Ymodeién: H f eivan opoidpopea cuvexns oto [0, 27]. ‘Eotw € > 0. OswphioTe évaw g > 0 Tou
VX QUTIOTOIYEl 0TOV € PAOEL TOU OpIloPOU NS ouoldpopens ouvéyelas oo [0, 27]. Amodeifte 611
yix k&be o', 2", |2' — 2| < §g umdpxouv ', t" € [0, 27| wote |t —t"| < & xea f(2) = f(¥'),

f(x//) — f(t”)

. AkolouBwvTas (av 8éAeTe) TNy TopakdTw uTddeEn, dwoTe TpiTn amddeén Tou OswpruaTos

Evdi&ueons Tiurs.

154



Ymodeikn: '‘Eote f @ [a,b] — R ouvexns oto [a,b] xoa f(a) < A < f(b). o k&be k € N
BecwptioTe évav Jy > 0 Trou va avTioTolxel oTov £ = % Bdoel Tou oplopoU TS OHOLOPOPPNS
ouvéyelas. XwpioTe To [a,b] pe onuelc a = 29 < 27 < ... < Ty_1 < T, = b og BooTHPaTA
pfkous < 0p. EoTw mg o peyoAUtepos amd Tous 1,....n — 1 wote f(x,,) < A Toéte
f(@n,) <A< f(zn+1). Apc |f(zn,) — Al < % Ko, emopévws, f(x,, ) — A EpapudoTe To
Oswpnua Twv Bolzano - Weierstrass oTtnv (:Enk) ko1 ormodeiéte T umdpyer € € [a,b] doTe

f&) = A

. (Zuvéxsia Tns doxnons 15 s evétnTas 3.1.) Eotw KAeloTé kou gpaypévo olUvoro A kau

f A — R ocuvextis oto A. TTpocopudlovtas Tnv omédeién Tou OswpnuaTtos 4.2, omodeifTe
6t n f elvon opordpopea cuvexns oTto A.

. 'Eotw f : R — R opoibpopea cuvexnis oto R. Amodeiéte 11 umdpxouv a,b > 0 woTe va

woyve |f(z)] < alz| 4+ b yia x&8e z € R.
Ymodeién: OewpnoTe évov 0y > 0 Tou va avTioTolxel oTov € = 1 P&oel Tou opiopoU TN

opo1dpopens cuvéxelas. Mo k&be x umdpxer n € Z wote ndy < & < (n + 1)dy xou TTE
amodeigre 6T1 | ()| < |f(ndo)| +1 < [n|+[f(0)| +1 < 5]z +]£(0)] + 2.

. Eotw gpayuévo olvoro A xau f: A — R opoiduopea cuvexns oto A. Amodeitre 1 1 f

glvan pporyuévn.

Ymodeién: Oszwpnote fvav Oy > 0 mou va avTioToixel otov € = 1 Pdoer Tou opiopoy
TNS opolduopens ouvéxelas. ATodeiéTe 6T1 uTdpyouv TETEpaouéva onuela Ty, ..., T, € A
ooTe: yio k&be x € A umbpyxet £ € {1,...,n} dote |r — zx| < dy. OswphoTe TOV
M = max{|f(z1)|, ..., |f(z,)|} xou omwodeitre 6T |f(2)] < M + 1 yix xd&8e x € A.
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Mc¢pog I

H ¢vvoia Tou opiou: Trapaywyotr kai
OAOKANPWMATA.
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KepaAaio 5

Mapaywyor cuvapTnoewy.

5.1 Tlapaywyol cuvapTnoewy.

5.1.1 Tlapdaywyorl.

Opiopés. Eotw f: A — R, & € A Téte opileton n owvdptnon g @ A\ {{} — R pe tUmo
g(x) = %:2‘(5) YrroBéToupe 611 0 € elvon onuelo cucodpeuons Tou A, dnAadn 611 yia k&Be & > 0
utépxet € A, 0 < |z — &| < 0. Emaidn, mpogpavéoTaTe, K&Be TéTolos T elvan # &, oupmepaivouue
6Tty ké&Be 6 > 0 umdpyer £ € A\ {&}, 0 < | — &| < J. Apa o & eivan onuelo cuoowpeuons Kot
Tou A\ {{}. Emopéves, éxel vomua va efeTdooupe Ty Utrapén Tou opiou limg, ¢ g(x), dnAadh Tou

limg ¢ %g(g) To 6p1o auTo, av UTTEpPYEL, ovopdleTal Trapdywyos Tns [ oTov & xai oupPolileTon

(6) = m L@ =IO

T—E x—§

ATt6 Tov opioud s ws Spio, 1 Tapdywyos f'(€) elvar otoixelo Tou R. Av f(€) € R, TéTe Mpe
6Tt n [ elvon Tapaywyiciun 1 Siapopiciuyn otov .

Inueiwor. Otav ypdgoupe f'(§) xwpls 6AAN emenynomn, Ba evvoolpe 611 n f/(€) eivan oToiyelo
Tou R. ‘Otaw, buws, ypdeoupe f'(§) = n (f &\ho ypdupa) o evvoolpe é1t 1 f(§) elvon opiBuds

I

eKTOS av SMAwoouE S10QOPETIKY, OTrws yia Tapdderyua f/(£) =n € R.
ExTds amd To oupRoro f/(€) xpnoipotololvton Kon Ta cUpPoA

daf

dy
LS L (9

D.f(©), -

310 TpiTo cUUBoNo evvoeiTan &TL oyUel M oxéon ¥ = f(x) avdupeoa oty awefdpTnTn pPETORANTT
T Kol oTNV eapTnuévn peTaPAnTh ¥. Av, avTi Tng Tipfs NS Tapayyou oTov &, Bewpnooupe TNV

TIUT TS O €vow yevikd &, TOTe, ovTi Towv oupBdrwv D, f(z), %(1’) Kol %(x), XPNOLUOTIOIOUYE T
ATTAOUCTEPT
D, f df dy
TJ dl’ ) d.r Y

eTeld1 NON eppavileTon o aUTE To oUpPoro T Tns aveSdpTnTNS HETAPANTNS.

Hopadeiypota. (1) Eivor po'(1) = limy % = lim,_1(x+1) = 2. Apa 1 P eivon Taparywyioiun
oTov 1.

z—0

3/ 3
(2) Eivan p%’(O) = limy 0 Voo Vo limz—0 {3/;—2 = +00. Apa Py éxel Tapdywyo otov 0 ocM& Bev
x
elvon Topaywyiown otov 0.
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F@) -1 ) f(&)

Mepikes popes To Opio lim,_e TO YPAPOUUE
@O S - 1@
x—& xTr — § h—0 h ’

K&vovTas oMayn peTaPAnThs omd * oe h =z — €.
f(@)—f(&) ) f(é)

TapovopaoTn eivan 0. EidikwTepa, av n [ elvan ouvexns oTov £, T6TE TO Splo Tou opiBunTn elvon ki

Mopatnefiote 611 TO limy_y¢ elvol TAVTOTE OTTPOCdIOPIOTN HopPn S1OTI To Oplo Tou

auTtd 0 Ko TPOKUTITEL OTPOCTBIOPICTN pOPRPT| §

Opiopods. Eotw f: A = R, &€ A Av o £ elvon amd apioTepd Tou onuelo cucowpeuons Tou A
f@)—f(€)
z—¢
f oTov &, Opomog, av o & elvon amd defik Tou onuelo cucodpeuons Tou A kon uTdpyxel To bp1o

limg et f(z; 1) , TOTE auTd ovoudleTton 8e§1& (TrAsupikn) Trapdywyos Tns [ oTov . SupRoAiloupe

P (€0 (13 NS (€ B (13}

T—E— x—& m%£+ x—&

KOl UTTGpXEL TO Oplo limy e , TOTE auTO ovoudleTal apioTept (TTALUpIKT)) TTap&ywYyos TNS

Ta TopakdTw eivar mpogavt). (i) ‘Eotw 611 0o & elvan omd opioTepd Tou kan amd defik Tou
onpelo ouoodpeuons Tou A. TéTe umdpyer n f/(§) ov kan pévo av umdpxowv o1 fL(§), f(€) xa
elvon {oes ko, o authy Y TepimTwon, f(§) = fL(€) = f.(€). (i) EoTw 6T o & elvon pévo amd
aploTepd Tou onuelo cucompeuons Tou A. Téte umdpyet n f'(§) av koa pévo av umépyet n f ()
ka1, o' autnv TV Tepimrwon, f'(€) = f1(€). (ii) Eotw 6T o £ elvan pdvo amd Se&i& Tou ompeio
cuoohpeuons Tou A. Toéte umdpxer n f'(§) av kou pévo av umdpxer n [ (§) o, o auThy TNV
mepimron, f(§) = f1.(£).
|z[—0] _

Nopadeiypota. (1) Eotw n cuvé(p'rncrn f(z) = |z|. Eivea f1(0) = limyy04 == = limgop 2 =1
koa f"(0) = limgz—0— % = limy0- = = —1. Apa n f 8ev éxel TrO(pcxyooyo otov 0.
(2) Eotw M ocuvdpTnon f = /|z|. Topa f1(0) = limy_o4 \/E = limg_o4 \/L:E = 400 Ko

£1(0) = timy o YV e

= —00 Kal, ETOUEVWS, N f Bev éxel Topdywyo oTov 0.

b

av x>0

(3) Eotw n ouvéptnon f(z) = <0, av . =0 Bpiokoupe f(0) = limg_ o4 \f:oo =
—v—x, avzx<0

Iimxﬁ(pr\/i5 = +o0. Emions, f(0) = Iimxﬁo,% = Iimx%o,ﬁ = 400. Apa n f éxa
Tapdywyo otov 0 fon pe f/(0) = f.(0) = f.(0) = +o0.

1
, rsin-, avaxF#0 _ . sinL—0 _ .
(4) Eotw 1 f(z) = 0 e’ o =0 Twpa, n f1(0) = |lma¢*>0+m:t+0 = limz_04 sm% Sev
inl_
umépyel. H f/(0) = limy_o_ xs';_’“‘o L limg_y0— sin%, ewions, dev umdpyel. Apa n f Bev éxel defik

oUTe aploTept) Top&ywyo otov 0.

(5) H p1 opiletan oo [0, 4+00). Apa p%’(()) = péﬁr(()) = limg—o0+ @:3@ = limgy_0+ \/LE = +o0.

Opiopds. Eotw f: A — R kot B C A Av yix k&8s £ € B umépyet 1 f'(§), 1618 Aépe émi 1y f
éxel Tapdywyo oT1o B. Av yia k&fe & € B umdpxet n f'(§) kon elvon opiBuds, T6Te Adpe o f
sival Tapaywyiociun oto 5.

Opiopds. Eotw f: A — R. Oewpolpe To clvoro B = {£ € A| f'(§) € R}, dnhadh To clvoro
SAwv Twv £ oTo medio opiopoU TN f oTous omolous auTn elvan Tapaywyioipn. TéTe opileTon 1
TTap&ywyos ocuvéptnon Tns f ue medlo opiopol To B kou cupPolileTan

f':B—R.
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5.1.2 E@atmrtopeves subeiss.

2TNY uttoevoTnNTa auTr) Bo dolue KATTWS TTPOCEKTIKA TO YEWUETPIKO TIEPIEXOUEVO TNS EVVOlas
s Tapaywyou. H TrpooekTikn oxediaon oyxnuaTtwy fa Ponbnoel onuavTik& oTny KATAvonomn Twy
ETIIXELPNUATWV.

Opiopods. Eotw f: A — R. Mwpiloupe 611 To umocUvolo

I={(z f(z)) |z e A}

TOU KapTEClavoU €TITTESOU OVOUA(ETOl Yyp&PNUa T) YPaQIKT Trapd&oTacn Tns f.

Av £ € A, 161 To onpelo (€, f(£)) xwpiler To I' oe Buo pépn, Ta

Po={( fe)|zeAdz<g},  Ty={(z[f(@)|recAr>L]

To I'_ elvon To pépos Tou ypaogmfpatos Tns f To omolio éxer dxpo To onpeio (&, f(£)) xon BpiokeTon
apiotepd Tou (&, f(€)) eved> To I'y efvan To pépos Tou ypogfiuatos Tns f To omoio éxel dkpo To
onueio (&, f(§)) kou PpiokeTon de&i& Tou (€, f(§)).

‘EoTtw 411 o € elvor amd Beid Tou onueio cucowpeuons Tou A ko éoTw 0TI N f elvan Befik
ouvexfis otov &, dnAadn 6T, kabBws o T €pyeTon KoTdAMNAx KovTd oTov € atmd 8efid Tou, To omnueio
(z, f(x)) TAnc1&ler omepidpioTa To oTaBepd onueio (€, f(€)). Mo k&be v € A, © > £ Becpolpe
™V nuievbeior l,  pe &xpo To onpelo (&, f(£)), n omola BidpxeTan omd To onueio (x, f(x)). Autn
7 nuieuBeia PpiokeTon Sefik Tou (€, f(£)) Ko kabBopileTon omd To dkpo TNs Kou oS TNV KAom T,

dnAadh amd To onueio (&, f(§)) xou amd Tov Adyo % . Topa Sraxpivouys Tis €fs TEPITTWOELS.

(1) Av n fjr (&) = limg_et % glvor op1Buds, TéTe Bewpolpe TNy nuieuBeia [, n omoia exer dxpo
To onuelo (&, f(£)), khon f1 (&) ko Pploketon degik Tou (&, f(£)). Kabds o 2 épyxeTon KoTdMAnAa
KovT& oTov § omd dei& Tou, TOTe 1 KAlom Tns peToPAnTiis nuieuBeias [, - TAnoi&lel amepidpioTa
TNy KAon Tns oTabeptis nuieubeias [ ko, emeadh o1 nuieubeies éxouv To 1810 dkpo, N MuieuBeia [, 4
TAno1&lel omepiopioTa TNV Nuieubeia [ . Oa Solpe Twpa 611 N nuieuBela [ epdmTeTar O0TO pPEPOS
'} Tou ypagnuatos Tns f. Oa Soupe, dnAadt, &T1 o Adyos Tns améoTaons Tou onuelou (z, f(z))
amd v nuevBeia [ mpos Ty amdoTact| Tou amd To onueio (£, f(&)) éxear Be&16 mAsupkd dpio 0
otov . Tlp&ypati, uToloyileTar eUkoha pe amAés ueBddous avaduTIKhs yewpeTpias 6T1, av o & elvan
KovT& oTov £ omd Befi& Tou, TOTE auTds 0 Adyos atooTdoewy elvar foos pe

= A0

V (02) (1 (£2209)")

oTroTE TO Op1d Tou glval ioo pe

liMgoses [0 r) _ L©-1O1 _
o I X N )
Y (o) (1 (12212)") !
(i) Av f-/‘r(f) = limg ey _f@z:g(@ = 400, T6Te Bewpolpe TNV KaTakopuen muieubeia [, N oTola

éxel dkpo To onueio (&, f(§)) xou PpiokeTan v omd To (£, f(£)). KabBids o  épxeTan koTdAAnAa
KovT& oTov & amd Be§i& Tou, TOTE M KMomn Tng peToPAnThs muieuBeias [, 4 yiveTon amepidpioTa
peydAn BeTikm ko, emedn or nuieuBeies [, kau [y €xouv To 1810 &kpo, N Muieubeia [, TANCIALEL
amepidpioTa TNV Nuieubela [ . H nuievBela [ epdmreTon oo I'y . Anhadn, o Adyos Tns amdoTaons
Tou onueiou (z, f(x)) amd v nuieubeia [ Tpos TV amdoTacn Tou amd To onueio (£, f(&)) éxa
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8e&16 mAsupikd Opio 0 oTov €. TlpdypaTy, dws e, umoloyiloupe &TL, av o T eivar KoVt oTov &
amd Jefl& Tou, TOTE QUTOS 0 AOYO§ ATMOOTAoEwWY gival 100§ e

1

fir ( f(m;:é‘(&))2 ’

oTroTE TO Op1d Tou glval ioo pe

Iimm_>§+ S S 0.
2 +oo
1+(f(z)—f<§>)

z—¢

(iti) Av fL(§) = limgoey % = —00, TéTE Bewpolpe TNV KaTakdpuen nuieubeia [, N oToix
éxel dkpo To onueio (&, f(§)) kou PpiokeTon k&Tw amd To (&, f(£)). KaBos o  épxeTan KoTdAANAa
KovT& oTov & amd Be§i& Tou, TOTE M KMomn Tng peToPAnThs muieuBeias [, 4 yiveTon amepidpioTa
peydAn apvnTIKY Ko, Teldn, o1 nuieuBeles [, 4 ko {4 €xouv To 1810 dkpo, n nuieubeia I, 4 TANC1&LEL
amepidpioTa TNV Nuieubela [ . H nuievBela [ epdmrreTon oo I'y . Anhadn, o Adyos Tns amdoTaons
Tou onueiou (z, f(x)) amd Tnv nuieubeia [ Tpos TV amdoTacn Tou amd To onueio (€, f(&)) éxa

8e€16 mAeupikd dpio 0 oTov . O1 umohoyiopol sivar oxpiPads 18101 dTews otn TepimTwon (it).
f(z)—f(&)

w—¢ » TOTE dev UTTapXEL

Ouoiké, oTis TepiToEls (1) - (4i1) av Sev uTTdpxel To Splo limy et
oUTe Ko epaTrTOpeVT MuteuBeia oo 1 .
As e€eTdooupe CUVOTITIKA Kal TN "cUPUETPIKN) KaT&oTaon otmd TNy oapioTept) pepid Tou &.
‘Eotw 611 0 & elvanr omd opioTepd Tou onuelo cucowpesuons Tou A kar éoTtw 6T M f elvan
aploTepd ouvexns oTov £ MNa k&be v € A, © < £ Bewpolue Ty nuievbeior |, _ pe dkpo To ompeio
(&, f(£)), n omola SiépxeTtan amd To onpeio (z, f(x)), omdre M KAiom Tns eivon iom pe Tov Adyo
f(@)—f(&)

z—¢
(i) Av m (&) = limgpe_ %ﬁ(f) glvar apifpds, ToTe Bewpolpe Ty muieubeia [, 1 omola €xel

dkpo To onpelo (€, f(£)), khion f(§) xou PpiokeTtan apioTepd Tou (€, f(£)). KabBos o = épyeTon
KATGAMNAS KovTd oTov § amd apioTepd Tou, TOTE 1 KAlon Tns peTaPAnTns nuievbeias [, — wAnoi&ler

. Alokpivoupe TTGAL Tpels TTEPITTTWOELS.

oTep1oploTa TNV KAlon Tns oTtafephis nuieubelas [ ko, emeidn o1 nuieuBeies éxouv To 1810 &kpo, 1
nuieubeia [, — TAnowalar amepidpioTa TNy nuieuBeia [ . H nuevBeia (- epamrreTon oTo pépos I'_
Tou ypoghuaTtos Tns f. AnAadn, o Adyos Tns amdoTaons Tou onueiou (z, f(x)) amd Ty nuieubeia
[_ mpos v améoTacn Tou omd To onueio (&, f(€)) éxar apioTepd MAeupikSd Spto 0 oTov £ Ot
UTToAoy1opol aQUTOU Tou AOYOU OTTOCTACEWV KOl Tou opiou Tou eival akpiPcs 18101 6TTws oTnv
TrpomyoUpevn TepimTTwon (i) Kot Sev eivon avdykn va Tous eTavoA&Boupe.

(17) Av [ (&) = limgy_e_ % = 400, T6TE Bewpolpe TNV KaToakdpuen nuieubeia [, n oToia
éxel dkpo To onueio (€, f(§)) xou PpiokeTan k&Tw amd To (&, f(£)). KabBeds o = épyeTon KoTdAANAx
KoVT& oTov § amd aploTepd Tou, TOTE 1) KAlon Tng peToPAnTis nuieubelas [, — ylvetor amepidpioTa
peydAn BeTikn ko, emedn, o1 nuieuBeies [, — xou [_ éxouv To {810 &kpo, M mMuieuBeia [, _ TANc1&LEL
amepidpioTa Y Nuieubela [— . H nuievBeia [ epdmreTon oto I'_ . Anhadn, o Adyos Tns amdoTaons
Tou onpelou (z, f()) amd v nuieubsia [ Tpos Ty amdoTact Tou omd To onueio (&, f(£)) éxer
oploTepd TAeUpikS Opto 0 oTov €. O1 umoloytopoi eivon 18101 dTrws oIy TTponyoUpern TepiTTwon
(id).

(i13) Av (&) = limg_e_ % = —00, TOTe fewpolpe TNV KoTakOpuen Muievlela [, n oTrola
éxel &xpo To onueio (€, f(&)) ko PpiokeTtan v amd To (&, f(£)). KabBedxs o = épxeTan koTdAMnAa
KovT& oTov £, T6Te 1 KAlon Tns peToPAnTrs nuieubeios [, — yiveton omepidpioTa peyddn opvnTiki
Ko, emeidr), o1 nueuBeies [, — kan [_ €xouv To idlo &kpo, n nueubeia I, — TANC1&LEl amepidplOTA
™ nuievBeia [— . H nuievBeia [ epamretar oto I' . Anhadn, o Adyos Tns ammdoToons Tou onueiou
(z, f(x)) omd v nuevbeia [ Tpos Ty omdoTach Tou amd To onpeio (&, f(£)) éxer apioTepd
TAeupik6 6pto 0 oTov €. Ot uToloyiouol eivan 18101 6Teds oTn TPOMyoUpevn TepiTTwon (i4i).
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Av, oTis TepirTaoels (1) - (i4i), ev uTdpyer To Spro limy e % TOTE Bev UTTAPXEL OUTE Kal
epamTOpevT Nuieufeia oo ' .

‘EoTw, Tdpa, 6Tt 0 € elvan ommd aploTepd Tou kot amd e€id Tou onueio cuoowpeuons Tou A kau
¢oTw 611 M f elvor ouvexns otov €. ZuvBudlovTas TO TPOTYOUPEVd, UTTOPOUNE V& CUUTIEP&VOUE OTL,
av o1 Buo TAeupikés TTap&ywyol elvar {oes, T6TE o1 epamToueves nueubeies [ xon [ ota pépn ' kan
'y Tou ypaghuoTos I' elvan avtifetes ko, emopévws, oynuatifouv pwia euBeia, Tnv eubeia | n otroia
gpdmTeTon oTo ypdonua I tns f oTo onuelo (&, f(£)). Av o1 Buo TAeupikés Tapdywyol uTdpyouv
oAAG Bev givan ioes, TOTE o1 duo epaTrToueves nuieubeies Sev eivon awTifeTes Kal, eTouéves, dev UTTEPYEL
epaTrTOpEVT) eubeia. QuoiKE, av pia ard Tis dUO TTAEUPIKES TTOPAYWYyoUs Oev UTIAPYEL, TOTE OUTE 1

avTioTolXN €@aTTTOMEVT MuleuBeiar UTTAPYEL KA, ETTOUEVS, eV UTTAPYEL eQTTOMEVT eubeia.

Nopadeiypoto. (1) To ypdonua tns cuvdptnons f(x) = |z| éxer Buo epomTdpeves nuieubeies oTo
onpeto (0,0). H ma éxer &xpo o (0,0), xMon f1(0) = 1 ko1 Bpioketon 8efi&k Tou onpeiou (0,0).
H &AAn éxet dkpo To (0,0), kAion f'(0) = —1 kon Ppioketon apiotepd Tou (0,0). O1 Suo auTés
nwieuBeles Bev elvan avTiBeTes, omdTe Bev UTTpPYEL epaTTTOMEVT eubeia oTo ypdenua Tns f oTo onuelo
(0,0).

(2) To ypdenua Tns cuvdptnons f(z) = \/m EXEL KI QUTO duo epamTOpeves Muieubeies oTo onueio
(0,0). Emeidfy f1(0) = 400, n o éxer &xpo To (0,0) ko PpiokeTan wévew omwd To (0,0). Opoiaws,
emeidn [ (0) = —o0, n &AM nuieubeiar éxer dxpo To (0,0) ko PpiokeTon k1 auth) Tdwew amd To (0,0).
O1 duo epamTopeves nuieubeies TauTilovTal, oTdTe dev UTTAPXEL e TOUEVT eubleia oTo ypdenua Tns
f oto onueio (0,0). MTopoUpe, BéRoic, va ToUpe OT1 To ypdonuo €xel epaTTOpeVn nuieubsior oTo
onueto (0,0).

Vi, av 0 <z

(3) To ypdenua Tns cuvdptnons f(x) = éxel duo epaTrTOMEVES MuieuBeies oTo
—/—x, awzx <0

(0,0). Ewadn f,(0) = +00, n wa €xer dxkpo To onueio (0,0) kou Ppioketon mwdvw amd To (0,0).
Opoiws, emeidn [’ (0) = 400, n &AAn nuieuBeia éxer dkpo 1o (0,0) kou PpiokeTon k&Tw amd TO
(0,0). O1 Buo nuieubeies eivar avTifeTes kan oxnuoTifouv TNV epaTdpevn eubeicc oTo onueio (0,0),
n omola eival, Tpogavws, kaTakdpuen: eival n eubela pe efiowon z = 0.

ZTnv TepimTwon Tou o £ ivar pbévo ard defid Tou N YOVO AT aPICTEP TOU OTuElo CUCTWPEUCTS
Tou A ka1 n f elvor, avTioTolxws, Befik cuvexfis N aploTep& cuvexns oTov &, pmopoUpe vo wiAdpe
HOVO Yl pio epamrTouevn Mpieubeia oTo ypdenud Tns oTo onpeio (€, f(£)).

Hopaderypo. To ypdenua Tns ouvdptnons f(z) = /T éxel udvo wia epamTouevn nuieubeic oo
onueto (0,0). Emeaidn f_’F(O) = +00, n nueuBeic auTh éxel dkpo To (0,0) ko PpiokeTon TEVW aTrd
To (0,0).

Eotw f: A — R ka1 £ amd apioTepd Tou kan omd de€id Tou onueio cucowpeuons Tou A kau
¢oTw 0TI M f elvon ouvexns kon TTapaywylioipn otov € - oe Alyo, otny TTpdTaon 5.3, fa ammodeioupe
611 To BeUTepo ouvemdyeTol To TpwTo. OTws eidope, n KAiomn Tns spamTouevns subeias | oTo
ypd&enua Tns cuvdptnons oo onueio (&, f(&)) eivan ion pe f/(§), omdTe n eicwon Tns epomTdpEvns

eubeiag sivar 1
y=f =&+ [

TéNos, av n f elvon ouvexns otov € kar f'(§) = +oo 7 f/(§) = —o0, TéTE N epamTOUEVT eubeia
oto (£, f(£)) elvan kaToxdpuen ko éxel efiocwon

xr=E.

Mopadeiypata. (1) H efiowon tns epamtopevns subeias oTo ypdenua Tns cuvdpTnons 2% oTo0
onpeio (§,£?) even n y = 2§(x — &) + &2,
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(2) Av £ > 0, n egiowon Tns epamToOpevns eufelas oTo yp&enua TNs cuUVEPTNONS T3 oo omnueio
1 2 1 1

(£,€3) elvon n y = %575(1’ — &) + &3 . T va Bpolpe oe Troto onuelo (€,£3) n epomrTdpevn eubeia

elvor TOPAAANAN otny eubeia pe efiowon Yy = x, efiowvoupe Tis KAloels Twv duo auTtwv subelwv,

12 . 1
3§73 =1, ken mpoxUTTE § = 5 -

win

5.1.3 ATreipooTd, Sixqopikd.

Ag k&voupe Twpa éva oxOAlo yia To cUuPolo Z—Z NS Tapaywyou. Av cupBoAicouue

Ar=x—¢
TN S1@opd dUO TIHWY TNS AveEAPTNTNS METAPANTNS Kal

Ay=y—n=f(x)— f(§)

f@)—=F(©)

N J1aQopd TwV aVTIoTOIXWV TIUWY TNS eapTNUEVNS PETAPBANTNS, TOTE 0 AOYOS SlapopwV s

YPAPET
Ay _ f&) = f(§)
Az x—-¢&

' . . / ! . Ay , '
Otav pedetdpe TV Tapdywyo f/(€), 16T oTnv TopdoTaon R, © TapovopooTns eivol pio pn-

undevikn ToocdTNTa M otola TANoi&kler Tov 0 81611 0 T elvan # £ kon TANo1&lel Tov &.

Opiopods. Ta moAidTepa Xpdvia o1 pabdnuaTikol, o1 omoiol TTOAU cuxvd fTav kol prAdcogol, ouvhBilov
va fBecwpolv pia - avUTTapKTN OTNY TPAYUATIKOTNTA - TTOCOTNTX 1) oTroia eivan uikpoTepn ot uéyebos
oo K&Be un-pndevikd opifud oAA& Ox1 KaT' avdykn iomn pe undév kor TNV ovoualay oTrELpOsTO
(uéyebos).

TNV KaT&oTooN ToU peAeTAue Bewpoloay TTahdTepa 6T1 ) PeToPANTA ToodTnTa Ax Trpoceyyilel
oxt kat' awdykn Tov 0 cM\& éva atmelpooTd Tou To cupPdMilov dr kai, oTny TepiTTwomn Tou 1
y = f(x) elvon ouvexns otov £, &Tt kau M avtioToiyn Sagopd Ay = f(z) — f(£) mpooeyyiler To
atelpooTd dy. Emropévws, Bewpoloov 611 o Adyos i—g Tpooeyyilel Tov Adyo g—g. Tpétrel va TovioTel
OT1, av dg BeXTOUME TNV QXUTOVOUT UT-UNDEVIKT) UTTaApEN TWV XTTEIPOCTWY, 0 AOYOS Z—Z elvor oupBoAikos
Kal OTL Jev €XEl TPAYMATIKN uTdoTaon Adyou apifucdry d16TI M povn TeéTolx umdoToon Ba fTav
ui ampoodioploTn popet pe Tov 0 ws mTapovopaoTr). Oa dolpe, duws, oTa eTopeVa 0TI Ot TTOAAES
TEPITTTWOELS UTTOPOUUE VO XEIPIOTOUUE TOV OUUPBOAIKO Adyo % oav va nrav Aoyos apifuwy €xovTas
€TO1 TNV EUXEPEIX VO XPTOLUOTTOINOOUNE XTTAES 1D10TNTES TWV AdYwV.

Ag Bdolpe, opws, Alyo o TPooeKTIK& To oUpBoAo i—z Kol To 6pid Tou, TO f’(f) = %, oTnv
mepimtwon mou f'(§) € R xou n f eivon cuvexns otov £. Eimape 611 or Az ko Ay mpooeyyilouv
Ta atelpooTd dT kot dy. AuTd, duws, Ta ATEIPOoT elval oKETX CUUROAX Kal OTNY TPy MOTIKOTTTA
ot Az xou Ay Trpooeyyilouv kou o1 Suo Tov 0. Apa, ov BéAoupe va Scdooups KO0 TTPOYUOTIKO
vonua ota oUpPoAa dr kan dy, Bo Tpémel va deyxToupe 6T1 dr = dy = 0. Me authy TNV Tapadoyn,
n oxeon

@=1
dev €yel vonuo, d10TL g—z = %. ‘Opws, n oxéon
dy = f'(§)dx

éxer vonua, 816T elvon n oxéon 0 = f/(£)0, dnradh n 0 = 0, n omoia efvon ocwoTh. TlopaTnpnoTe
611 n oxéon 0 = f/(€)0 1oxber dmolos k1 av elvor o apiBuds f/(€), Tpdypa To omoio avTavaxAk
Kal To OT1 o "Adyos” % elval ampoodloploTn popet), dNAXST pTropel va €xel omoladnmoTe "Tium’".

164



Mpétrel, dpws, va TovioTel 611 1 oxéon dy = f'(§)dx Sev eivan, amAas, 181 pe T oxéon 0 = f/(£)0.
Anhodn, Ta oUpPora dr kon dy Bev elvar, omrAcs, Buo undevikés ToodTNTES OAAG €XOUV Kal £V
ETLTALOV VOMUQ, QUTS TTOU dNAGVETAL OTTd TO oUyKeKplpéva oUpPola: To dT elvon To atrelpooTd Tns
ueTafAnTns T kou To dy slvor To aTrelpooTd TNs meTaBAnTrs Y. AuTd To vonua kabBopilel ka1 éva
BeUTepo O oNuavTIKS véNua péow s oxéons dy = f'(£)dx: To ameipooTd Tns ¥ eivan f/(€) popés
To amelpooTd TNS . Kot amd auTd TPoKUTITEL TO TPITO KAl OUCIACTIKO VO TWV dUO OTTEIPOCTWV:
To 671 To dy sivan f'(§) gopés To dx onpaiver éT1 n Srapopd Ay eivar mepimou f'(€) popés n Siapopd
Az 7, 1008Uvapa, o Adyos % T Siapopaw Ay kon Ax eivar wepimou f(€). TlpdypoTt, dAa opyilouv
atd To limg_ye % = f'(§). Suvoyiloupe:

H oxéon dy = f'(§)dr avdueoa ota amepootd Twv duyKerz,uévoov ueTaBAnTOY T ka1 Y SnAcwver -
TEPA QTTO TO npogvaveg 0 =0 - ap” evés Tn ouyBolikn IO'OTT)TO( = f'(§), a@’ eTépou TNV MPOyUATIKT
106TNT llmx_>§ = f1().

TMpooé€te TN oupPolikn "ammAotoinon” n otola evuTTdpyel oTNY 106TNTX
— 4y
dy = Zdx

TTOU TPOKUTITEL aTrd TIS dUO OXEoEls d = f'(§) xoa dy = f'(§)dx
Av avti Tns Tiphs TS Tapaywyou oTov € Bewpfiooupe TNy TP TN oTov yevikd T, dnAadh TNy
f'(x), ToTe ypdgoupe
dy = f'(x)dz

Yio TN OX£0T QVAHESH OTO OTEPOCTA TNs UETOPANTNS T kau TS peTaBAnths y - émou y = f(x)
€lval 1 OXEOT) TTOU OUVOEEL TiS dUO PETOPANTES.

Opiopos. Kafe moAuwvupike) ocuvdptnon 1o moAU TpwTou PaBuol ovopdleTol Kol ap@Lviky cuvdp-
Tnon.

ETropévas, o1 a@pivikeés cuvopTnoEls EIval QUTES TTOU €XOUV TUTTO
l(z) = pz + v.

["'voopiloupe TOAU KOAG OTL Ol AQPPIVIKES CUVAPTTNOELS £lval aKkpiPws Ol CUVOPTNOELS TWV OTTOIwY T
YPAPNUaTS glval un-KaTakopues eubeies.

Opiopds. Eotw f: A — R ko1 £ € A onuelo ouoompeuons Tou A. Av uttdpxel o@evikny cuvdpTnon

@) i)

€ :L‘—g

[ &oTe va 1o)Ue

= O’
T6Te 1 | ovopdleTan Srapopikd Tns f oTov .

MpéTaon 5.1. Eorw f: A —= R, £ € A onueio ouoowpeuons Tou A kou f ouvexris otov €. Ymdpyet
Siapopikd Tns f otov & av kou udvo av n f elvar mapaywyiown otov €. Emions, To Siagopikd tns f
otov &, av UTTdpxel, elval povadiko Kou elvai ekelvn n O@PQWIKT) cUVAPTNOT TNS OTrolas To ypd@nua eivai
n epamTouevn eubsia oTo ypdenua tns f oto onueio (&, f(£)).

Amédeén. 'Eotw 611 1 f eivan mapaywyion otov §. TéTe lim,_e (x) f(g = f'(&) xau f'(§) € R.
ZUVETTQYETOL

]imxﬁg

f@)=f(&)= J;’( )@=§) _ .

Apa av Bewpnoouys TNV CPPLVIKT oUVEPTNOT



z)=l(z)

TOTe €xoupe OTI lim,_¢ f(zT = 0 kou, emopéves, N | elvan Siagopikd tns f oTov &.

AvTioTpdpws, é0Tw OTL pia apeiky cuvdptnon [(z) = ux + v eivon Sagopikd s f oTov &, omdTe

i g L8122

Eweidn limy_e f(2) = f(§), ouvemdyetan
f§) —p§—v=0.

Apa o TUTos s | ypdeeTton I(z) = p(x — &) + f(§) von ToTE

g e LE1O

Apa n f elvon Tapaywyiown otov € ko f'(§) = p, omwdTe 0 TUTOS TNS [ €ivon

l(x) = )z = &)+ f(&)-

AuTé aTrodeikvUsl Kal TN MovadikdTNTa Tou diagopikou Tns f oTov &. [

H TpdéTtaon 5.1 Ader 6T1 To Sragopikd Tns [ oTov & elvan ekelvn oxpifcds n apeivikh ocuvdpTtnom
[ pe Ty 1816TT T ypogruoTa Twv f kar | SiépyovTton kou T Suo amd To onueio (€, f(€)) ko
EQATITOVTOL OTO omnueio auTod.

Av ypnoipotorfiooupe T oUpPora Az =z — & kar Ay =y —n =y — f(£), 16T pmopolpe
vo K&voupe Tis aAdayés peToPAnThs omd T os Ax ko amd y os Ay. Autd onuaiver 11 kd&voupe
TopdAANAN peTapopd Twv ofévwy amd To onueio (0,0) oto onueio (&, f(£)) kon 6Tt peToPaivoupe
amd TO KOPTEOIAVO oUCTNUO ye Tov ZT-&fova Kol Tov Y-&fova OTO KOPTEoIavd CUCTNUX Ue TOV
Azx-&€ova kon Tov Ay-&€ova. TéTe m efiowon y; = f(x) Tou ypagnuotos s f ypdeeton Ay =
y1—n = f(x)—f(&) = f(E+Ax)— f(§) o n efiowon y2 = [(z) Tou ypagruaTos Tou Siapopikou
™s f otov € ypdeetar Ayz = yo — 1 = l(x) — f(§) = f(§)(z — &) = f'(§)Ar. AnAadh oTis vées

OUVTETOYUEVES Ol EEICOELS TWV YPOPNUATWY TWV dUO CUVAPTNOEWY YPAPOVTAL

Ay, = f(E+ Ax) — f(§), Ay = f'(§)Ax.

Oa ouvexiooupe auThy TN oulHTnon oTny umoevoTnTa 5.9.2.

AoxnoeLc.

I. Eotw o1 ouvapthosis f(x) = 2, f(x) = 32 — 5x + 3, f(x) = Vo, f(z) = i—jrg
f(x):{o’ av  #0 f(x):{2x’ av x <0 f(g;):{2$2’ av x <0 o) =

1, cwax=0 3z, avax >0 312, awax>0

=l 0 —2y/— <0 >
po T f(z) = TeowE= flz) = Ve, ave2 BpeiTe, av utép-
0, av z =0 Vi, av x>0 -1, awax<0
xouwv, 115 f(0), fjr(O) f-(0).
922 1, <0
2. Eotw n ouwvdptnon f(z) = SR W= Bpeite Tous a, b woTe va umdpyxel N
axr + b, av x>0

202+ +1, owa<0

"(0). K&vte To {810 yiax T cuvdptno T) =
f'(0) yia ™ ptnon f(x) {erb’ wz>0

166



w

. Eotw ¢ : (a,&] = R, h: [£,b) = R &ote g(&) = h(§) xau ¢'(§) = M(§) ka o1 M

g(x), v a<TSL e om F'(§) = g'(§) = W' (8).

f:(a,b) = R pe tumo f(z) = h(z), aw <z <b

4. Se o1& onuela eiven Tapaywyioipes o1 cuvapThosts (], © — [7], |$ —[z] - §|, (x —[z] - %)2 ;

Atodeiéte 611 f/(0) = 0. ZyedidoTe

9]

. 'EoTtw n owdptnon f(z) = {
TO Yp&onuo s [

6. Eotw f: R — R cuvexns otov 0 koa 0 < pp < 1 xan limy_y0 w =b e R. Amodeite
ot f'(0) = 2.

1-p
Ymodeién: 'Eotw € > 0. ToTe umdpyet g > 0 doTe va 1oyUel ‘M—b’ < (1—=p)5 yro ke
r, 0 < |z| < do. Apatroylel |f(x)— f(px)—bx| < (1—p)5|z| yic k&e 7, 0 < |z| < 0 ‘EoTw
0 < |z| < d. Tote 0 < |ux| < &, omére |f(ux) — f(px) — bux| < (1 — p)sulzl.
Ouoles, | f(pF~ta) — f(pfe) —buFta] < (1 — p)5p" | yia kéde k € N. Suvemdyetan
|f(:1}) — f(prz) — blTi’L—nx‘ < (I = p")5lz] y1a x&8e n € N. Amd 1 ouvéxeia s f oTov

0, ouvemdyetan |f(x) — f(0) — ﬁx{ < £la|, omsre ‘f(w);f(O) _

limz—o f(oc);_f(o) =1

b '
E| < § < e. Emopévas,

5.2 TlapadsiypaTta TTapaywywyv, l.

As BupnBoulpe 611 Suo cuvaptnoes f: A = R, g: B — R xapaktnpilovtan ioes xan ypdgoupe
f=gav A= B xa f(z) = g(z) yia x&be z € A = B.

(1) Mo ™ otabBepn ouvdptnon ¢ eivar

(&) = limge % = limgy¢ 1=¢ = limye 0 =0

yix k&Be €. Emopévas, n map&ywyos ouvdptnon eivon 1 otofept) 0
d=0.
Me Ta oUpPola Twv oTrelpooTay, gival % = 0.

(2) H mapdywyos tns p1 ot k&be & eivan

o' (€) = lima_e pl(x;:?(i) = lim, ¢ i_:g -1

AnAadt), n Top&ywyos cuvdpTnon eivar n otabepn 1:
pll =1.

Me Ta oUpPoAa Twv aTrelpooTwy, eival g—z = 1.
X

(3) Oa amodeifoupe 611, yia k&be a € Q, a # 1,
Pd =apar (e €Qa#1).

Mpooééte: amopeUyoupe va ypdyoupe Tov TUTO P, = ap,_1 otnv mepimtwon a = 1. O TUTOoS
p1’ = 1pg Sev eivon oxpiPcds cwoTds. To aploTepd péAos eivar  otabepny ouvdptnon 1 kor opileTon
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oto R eved To 8616 péhos eivon m ouvdptnon po kou opiletan oto R\ {0}. O1 Suo cuvopThoers
TouTi{oVTOl OTO KOO UEPOS TwV TrEdiwy oplopol Tous oAA& dev éxouv 110 Tedio oplopou.
‘Eotw, ka1’ apxés, a € N, a > 2. Téte a—1 € N, omdte ka1 o1 duo ouvapTHoEls Py KAl Py EXOUV
medio opiopou To R. ToTe, yia k&be &, elvan

pa,(g) - “mz—>§ mzig - limm—>£<$a_1 + xa—2§ +eeet ‘Iga_Q + éa_l) = aga—l :
Apa 1 ouvdpTnom p, elvar Tapaywyliown os k&be &, omwdTe To Tedio opiopoU TN P, elvon To R.
Apa o1 cuvapThoEls P,/ Kot ap,_1 éxouv To 810 edio opiouoy R kot Tis 181es Tipés al? ! oe kdde
&, omdTE elvan loes.
Av a = 0, T6Te o1 cuvapThoels Py Kot p_1 éxouv Tredio opiopol To R\ {0}. Mo k&be £ # 0, eivon

xO_&-O

p0,<€> = “m:tﬁf T—¢ “mxag 910;—2 = “ma}*)é 0=0.

Apa 1 cuvdptnon Py’ éxel medio opiopoy To R\ {0}, dnAadt To id10 pe To Tedio opiopol Tns Op_q
ka1 o1 duo cuvopThoels éxouv Tis idies Tipés 0 oe k&fe & # 0, omdTe elvan ioes.

Kotomw, éotw a € Z, a < —1. Topa o1 cuvopThoels P, Kl Pa_1 éxouv Tedio opiopoy To R\ {0}.
Mpdgoupe b= —a € N xou Toopa, y1o k&fe € # 0, elvon

a__¢a . —b_s—b ) b b
pa,(é-) = ]|maz—>§ xx_g = |lmx_>§ % — l'ma:—>§ %(i_f)
. b—1 b—2 b—2 b—1 b b—1 B B
= lim e T EE S = M = g = ag

Apa n cuvdpTtnon p,’ éxer medio opiopoy To R\ {0}, 8nAadn To 1810 pe To Tedio opiopol TN apa—1
Kal Ol dUO OUVapPTTNOElS €XOUV Tis 1d1€S TIUES af“_l oe k&fe & # 0 ko, emopévws, elvan ioes.
ATropével va eeTdooupe TNV TeEPITTwoN Tou o a eival pnTos aAA& Ox1 oképatos. ToTe To Tedio
oplopoU TNs P, eivar eite To [0, +00), av a > 0, gite To (0,+00), av a < 0.

Eotow, kot apyds, 0 < a < 1, owdTe To medio opiopol Tns P, eivar To [0, +00) kot TS Pa_1 elven
To (0,400). TéTe

a

pa,(o) = “mcpﬁ\O :tacTO = “mcpﬁ\O ml%a = +OO,
omdTE N Py Bev elvan mMapaywyioun otov 0. Katém, ypdgoupe a = 2 omou m,n € N ka1 m < n.
Ocwpolpe & > 0 ko1 XpnoipoToloUpe TNV cAAayn peToPAnThs amd = o y = {/x. Tote 2% = y™
ka1 opiloupe N = /€, omdre £¢ = ™. Tote

/ L xaiéa 0 yminm L ymfl+y7n72,,7+.__+y,’7m72+nm71
p(l (5) - ||m$—>§ :Efé. - hmy—m yn—nn - I|my—>77 yn—1+yn—2n+...+ynn—2+nn—1

m—1 —
= mrl mpnen — m(E)"™ " = gL

Apa ol ouvapTACELS P’ KAl ap,_1 éxouv kowd medlo opiopoy To (0, +00) kou Tis 18165 Tipés als!
oe k&be €& > 0 ka1, emopévws, elvan ioes.
Av a > 1, To medio opiopol TNns P, Ko TNS Pa—1 eivan To [0, +00). ToTe

/ T z4—0% __ . a—1 __
Pa’(0) = limg_s0 “—- = limy 2%~ = 0,

OmoTE M P, elvor Tapaywyiown otov 0. Katdmw, ypdgoupe a = * omou m,n € N ko1 m > n.

Otwpotue & > 0 Kai, k&vovTtas Tov {810 e TP uTToAoyloud, Ppiokoups &T1 p,’(€) = a&® . Apa o1
ouvopTNoets P,/ Kar ap,_1 éxouv kowd Tedio opiopoy To [0, +00) Kou Tis idies Tipés a1 oe k&b
& >0, owdTe glvan ioes.

m

TéAos, av a < 0, To medio opiopol Tns Pa kot NS Pa—1 elvan To (0, +00). Kardmw, ypdgouue a = =

émou m € Z, n € N kau m < 0. Opiloupe k = —m € N. Qezwpotpe & > 0 ka1 ypnoipoTToloUpe
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™V aMayn WeToPANTAs omd = ot y = {/x. Tote 2% = y™ = y % keu opiloupe n = /€, omdte
£ =nm =n7F Tote
/ . wa_ﬁa . y—k_,,?—k: 3 yk_nk
= lim — = lim f———— = [|im —
DPa (5) r—E& z—¢& Y= yn_pn Y—=n Zykpk(yn—gn)
k=1, k-2 . k-2, k—1
= |[m — kyk n—t?{ 73,77—"_2 tur :_—WQ n—1
Y= —ykpk(yn—l4yn =24 ynn 24—l
knk71

ko —k_ _ m—n _
= Sphaper = = T = (VG = ag

Apa o1 cuvapThoels P, ko ap,_1 éxouv Kowd Tedio opiopol To (0, +00) Kou Tis i1S1es TIpES ag®!

oe k&be & > 0 ko, emopévws, elvan ioes.

Me T oUpPora Twv oTelpooTwY, eival % = az® . H oyéon auth 1oxver eite yia z € R, av
a€N, a>2 ¢ere yiax € R\ {0}, v a €7Z, a <0, eite yia x € [0,400), av a € Q\ Z, a > 1,
gite yio x € (0,+00), av a € Q\ Z, a < 1.

(4) ©a umoloyicoupe Ti§ TOPAYWYOUS CUVEPTNOELS TwV Sin T, Cos .

Eivan .
. xr—
I¢ s cosx—cos& . sin == . gp4f .
cos' & = lim,_,¢ el limg e ——%sin == = —sin§
2
Kol .
. xTr—
. . i —si . sin —5—~
sin’ € = limy_¢ % = limy_,¢ ——% cos xzig = cos &
2
yia k&b £. Apa
/ . . !
cos’ = —sin, sin' = cos .
Me Ta oUUROA TwV OTTEIPOCTOY, eivan 5L = —sin g ko1 L2 = cos .
[ P
dx dzx
Aoxkvoeic.
. AVote Ti5; sin’x = —1, sin’ z +sinz = \/§ cosxsin’ ¥ —sinz cos’ z = 1.
2. Bpeite Tis Tapaywyous cuvopThoEls TwY CUVPTNHOEWY x° 4 322 — 4, ;—ﬂ (sin x)z, (cos :E)S,

sin(2x), cos(7x).

5.3 I810TnTEs TV TTapaywYywV.

MpéTaon 5.2. Eotw f,g: A — R kou & € A onueio oucowpeuons Tou A. Eote, etrions, f(§) = g(§)
kai éotw OT1 o1 f, g TauTifovTon kKovTd oTov €. Av utrdpxer n i ad Tis Tapaywyous f(€), ¢'(€),
T6TE UTTdPXE Ko 1 SAAn kaa f1(§) = ¢'(§).

Amdédeién. Emadn o1 f, g Tautilovtan kovtd oTov &, 1oyUel f(miig(g) = 9(92:5(&) kovTd oTtov £. Apa
lima_se f(xgzig(f) — limaose 9(2:2’(5)' ]

Stnv Tpdtaon 5.2, av utofécoupe éT1 o1 f, g TauTilovtonl kovtd oTov & amd defid Tou 1 amd
oploTep& Tou, TOTe loxUel To {810 ammoTéAeoua yia Tis avTioTolyxes TAeUpikés Tapaywyous. ‘OAes
Ol ETTOMEVES TIPOTACEIS WTTOPOUV va dlaTuTwbouv pe TPOTO OTE Va 10XUOUV KOl Y1 TTAEUPIKES
Tapaywyous. Oa Tapaleiyoupe, ws TPoPavels, TIs OXETIKES SIATUTTWOELS.

||

=, avx#0

HMopadeiypota. (1) H cuvdptnon f(x) = kol 1 otafepny ouvdpTtnon 1 TauTilo-

0, avzx=0
vton oto (0, +00). Apa f'(§) = 0 yix x&Be € € (0, +00). Opoiws, n f kot n oTabepn ocuvdptnon
—1 TauTifovton oto (—00,0). Apa f'(§) =0 y1x x&8e & € (—00,0).
(2) H owéptnon f(z) = \/|z| TauTileton oTo [0, +00) pe TN cuvdpTnon p1- Apa /(&) = p%’(g) -
ﬁg yia k&be £ € (0,400) ken f(0) = p%’(()) = +o00.
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MpéTaon 5.3. Eortw [ : A — R ka1 £ € A onueio ouoowpeuons Tou A. Av n f elvar maparywyioun
otov &, 6nAadn av f'(§) € R, té1e n f evar owvexris oTov €.

Amodeién. Emedn 1oyuer
fla) = 12218 @ — &) + £(¢)
yix k&fe © € A, x # &, elvan

limg—e f(z) = f(§)0+ f(§) = (&)
O
HMopadeiypota. (1) H ouvdptnon |z| elvan ouvexfis otov 0 oAA& dx1 Topaywyioiun otov 0. Apa
To avTioTpogo Tns TpdTaons 5.3 dev 1oxUel €V yevel.
(2) Sy Tlpdtaon 5.3 umobétoupe 611 f(§) € R. Av f/(§) = too, n f Bev efvan kot avdyxn
2l o 2 #0

ouvexns otov £. H ouvdptnon f(xz) =< ¢’ dev elvan oUTe Be§I& oUTE aPIOTEPA CUVEXNS

0, av x =0
otov 0. ‘Ouws, f4(0) = limy_04 ﬁ = 400 kou f'(0) = limg_0— Il o = too, ométe f'(0) = +oo0.

TMpéTtaon 5.4. Eotw f,g : A — R ka1 & € A onueio ouoowpeuons Tou A. Av o1 f,g eivou
moapaywyioiues otov &, ote o1 f + g, f — g, fg: A — R evon mapaywyiowes otov €. Av, emmAéor,
g(x) # 0 yiox k&b x© € A, 1616 1 g : A — R elvon mapaywyiown orov . Emions:

F+a©=1O+d©O,  (F-0'©) =1,
(56O = F©9(©) + @) (L) 1= TOXLZTETE)

9 (9(€))?
Amdédeién. To v f + g éxoupe
(f + g)(€) = limy_se (f(z)+g (ﬂﬂ)gz éf( )+9(€) _ limg_ e (f( 2)=f(©) | g(ﬂﬂ) g( )) = (&) + ¢ (€).

Ouolws yia v f — g.
Mo v fg evou:

(f9)'(€) = tim, ¢ LSOOy (L) g () 4 f(g)2Lrlale))

= [(€)9(&) + f(£)g'(£)-
TéMos, yia TV 5 elva:
i@ _1Q
N () — i (@) : fl@)—f(€) 1 f(&) g(@)—g(&)
(5)(6) = lima g #28 =time e (F5=22 00 — Gt - e )
_ f&) [ (€)9(&)—f(£)g' ()
=g~ word © = "o
[
Me Ta cUpROAX Twv OTEIPOCTWY Kal agoU cupPolicoupe ¥y = f(x) kou Yo = g(x), ypdpoupe:
d(yl+y2):@+@ d(yl—?h):%_@
dx de  dx’ dx de  dv’
dyiye) _dyr, o diyi/y2) _ Bve— P
dx dx ot dr’ dx a2 ’

O1 cupPolikés ouTes oxeoels pe "amodolpn” Tou dr cuveTdyovTal Tig

d(y1 + y2) = dyr + dys , d(y1 — y2) = dy; — dya,

1
d(y1y2) = yody1 + 1dys d<&> = —dy; — y—gdyg :
Y2 Y2
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Nopadeiypota. (1) Eotw f: A = R ka1 £ € A onuelo ouocodpeuons Tou A. Av 1 f elvan
Tapaywylon otov € ko ¢ € R, 161e ko ) ¢f 1 A — R elvon mapaywylion otov € ko

(cf)'(€) = cf'(&).

MpdypoTt, eeldn n oToBept) ouvdpTnon ¢ éxel Tapdywyo undév, (cf)' (&) = (&) f(&)+c(&) f'(§) =
0f(&) + cf'(§) = cf'(&).

(2) Eotw n owéptnon p(r) = ag+ a1z + - - - +a,z" . Téte p'(z) = ay +2a9x + - - - + na,z" ! yia
k&Be . Apa 1 Tapdywyos TOAUWVUHIKTS ouvdpTnons PoabBuol 1 > 1 eivar ToAuwvupikr) ocuvdpTnon
BaBuou n — 1.

(3) Eotw pnth cuvdptnon r(x) = :;%. Tote, yix k&fe x oTo Tedio oplopoy Tng 7, dNAADT Yyix
k&fe x dote g(x) # 0, eiven 1/(z) = L (x)q((z)(;ﬁgx)q (@) Apa N Tap&ywyos pNTNS cuvdpTnons eival
PNTTN ouvV&PTNOT.
(4) Eivan

tan,x — sin’ x cos t—sinx cos’ x __ 1

2 2

(COS :E) - (COS 1')

yix k&8 x # 5+ km (k € Z). Emiong, eivoa

! pe _ cos’xsinw—cosxsin’xz 1
cot r = Ginz)2 = T Gno)?
yia k&8s x # km (k € Z). Apa
/ 1 / 1
fan = —, cot = ——.
cos sin
Me Ta cUpBoAa Twv amrelpooTooy, elvan 4ane — L yoq deote — 1
M P ’ de (cos :13)2 de (sin I)2 .

H emopevn 1816TNTa €ivan 18100TEPWS OTMUOVTIKY YIX TOV UTOAOYIOHO Trapaywywyv. /gl OT1 M
Tap&ywyos Tns ouvfeons duo cuvapTNoEewY Eival 10T UE TO YIVOUEVO TWV TTOPAYWYWY TOUS.

Kavévas Alucidas. Eotw f : A — B, g : B - R, £ € A onueio ouoowpeuons Tou A kai
n = f(§) € B onueio oucodpeuons Tou B. Av n f eivon apayeyion otov £ kou n g mopaywyion
orov 1), 01e n gOo f : A = R elvar mapaywyioun orov & ko

(g0 f) (&) =g f' (&) =g (&)

g(y):i(n) . wyEB y#n

Amédeén. Opiloupe G : B — R pe Um0 G(y) = { Y H G elvan cuvexns

/

g, wy=7n

oTOoV 1) B10T1

limy—y G(y) = limy_, gllsl) g'(n) =G(n).

y—n
Emeidn n f elvan mopaywyion otov &, elvan ouvexns otov &, omdTe ku n Go f 1 A — R elvan
ouvexfis otov £. Apa
lime—e G(f(2)) = G(f(£)) = G(n) = ¢'(n).
ETiong,
9(y) —g(n) = Gy)(y —n)

yia k&Be y € B. Tlpdypott, oav y € B, y # 1, T6Te 1 106TTA 10XVl Adyw Tou opiopou Tou G(y)
Kal, av Yy = 7, TO6Te Kol Ta duo péAn Tns 1wooTnTas civar ioa pe 0.
Apa

(g o f)/<§> _ |imm%§ (gof)(x;:égof)(f) — “mxﬁﬁ g(f(m);:g(f(f)) — |imm*>5 G(f xig

= limy—e G(f(2)) limy_e %g(g) =g'(n)f'(§)-
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SuppoMlovtas y = f() kau z = g(y), ypdeoupe pe Ta cUUBOAX TWV OTTEIPOCTOV: Z—; =4'(n)

K G4 = f'(€). Emions, emeidt) 2 = g(y) = g(f(2)) = (g0 f)(@), evon = (g0 f)'(€). Emopévass,
n oxéon (go f) (&) =g (n)f'(§) ypdoeTan, pe Ta cUPROAX TwV OTTEIPOCTWY:

dz dz dy
dr  dy dr
, " . . : d . "
MpooééTte TNy "omAoToinon” Tou evuTtdpXel oTOV TUTTO % = g—z d_Z' MpooééTe ka1 TNy "ammodoien

Tou dx Tou KaToAnyel oTov TUTO d2 = %dy.

Nopadeiypata. (1) Eotw n ouvdptnon h(z) = sin(2?+3). Oa uroroyicouus tnv 7/ (2). Oswpolue
Tis ouvapTthoets f(z) = 2243 ko g(y) = siny. Téte h = gof wau, emopévass, ' (2) = ¢'(f(2)) f'(2) =
g (1) f'(2) =4cosT.

Feviké: N'(z) = ¢'(f(x))f'(x) = cos(f(x))f(z) = 22z cos(x? + 3) yia k&Be .

TTpooé€Te TS epyalOUAOTE Y& TAX ATTEIPOOT: YPAPOUNE Y = 22+ 3 ko1 2 = sin(a:2 +3) =siny ko

TOTE % = g—; % = cosy - 21 = 2x cos(z? + 3).

(2) Eotw n ouvdptnon h(z) = (sinz)"™, émou n € N, n > 2. Oewpolpe Tis cuvopTioels f(x) = sinx
ka1 g(y) = y". Téte h = go f ko, emopéveos, I (z) = ¢'(f(2))f'(x) = n(sinx)" ' cosz yra k&Be
x.

Mo pe To omelpooTd, ypdgoupe ¥ = sinx xou z = (sinz)” = y" kou TOTE % = Z—z fl—gyg =

n—1

ny" ! cosz = n(sinz)"!

cos .

Oa k&voupe pla TopaThpnon oXeTiK& pe Tov Kavéva AAucidas. Oa umoféooupe emmAcor OT1
n f elvon évo-Trpos-éva kon Ba SoUue pia Seutepn amddeién Tou kavéva. Av m f elvor éva-Trpos-éva,
TéTE, av = # &, ouvemdyetan f(x) # f(€), omdTe pwopolpe va ypdywouue

(90f)(x)7290f)(5) — g(f;x)gfg(f(i)) f@)=f&) _ 9@)—g(n) f(2)=f(E)

—g
(z)—f(&) z—¢ y—n z—¢

Toopa, emedh) n f eivan ouvexns oTov & elvaa limg_¢ f(z) =n, omdTe, kdvovTas oAy peTaPANTMS
amé x oe y = f(x), uoAoyiloupe To dpio

(90 f)(€) = limg_ye CDO=DE — jiy | 900y SO — 1) fg).

Oa TopaTnpnooups, 6Tl pe Ta oUpPora y = f(z) kan z = g(y) n oxéon w -

9(y)—g(n) f(w)*g(ﬁ)
y—n z—

yP&peTan
Az _ Az Ay

Az — Ay Az
oTOTE, TAIPVOVTOS 0PI, KATOANYOoUUE OTT CUUPOAIKT) OXEOT HE TA XTEIPOOTA:

dz _ dz dy

dx dy dzx °
AuTth) n amddealn sivarl TeAeins “Sragavng” ws TPOS TNV TPAYUSTIKN OXECOT] AVAUYECTD OTIS OIAPOPES
TWVY TPV UETAPRANTWV T, Y KAL 2 KAl TNV CUVETTAYOMEVT) OXEOT] AVAUECK OTX AVTICTOIXX ATTEIPOOTA
TV TPV PETAPANTY. AUcTUXwS, 1 AT auTh amodeén Ot AeiToupyel oTn Yevikn TepiTTWON,
81671, av 1 f Bev elvan éva-mrpos-éva, TOTE M Srogopd Ay =y —n = f(z) — f(£) pmopel va elvan
ion pe 0.

Eotw f: A— R ka1 £ € A onueio cucowpeuons Tou A. Ag utrofécoupe 611 n f elvan avéovoa

oto A ko 611 uttdpyel n f'(§). Emadn n f eivon a§ouoa, 1oxUet

1@-1© <

r—¢
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yia k&fe © € A, x # £ ko, eTopévs,
F1(€) = limg_e f(xa)::g(i) > 0.
Opoiws, av n f elvon gfivouca oTo A kou umdpyxear n f/(€), té1e eivan f/(§) < 0.
Av n ouvdptnon eivor povédtovn oto AN (—00,&] | oto AN [, +00), ToéTE éxoupe avdoya
cupTEpdopaTa yia To Tpdonuo Twv avtioTorxwv f (&) 7 fL(£).
H emouevn 1810TnTa Adel 0TI 1] TTaPAywYos TNS AVTIOCTPOPNS CUVAPTNONS €ival ion e To avTi-
OTPOPO TNS TOPAYWYOU TNS CUVAPTNOTNS.

Kavovas AvtioTpogns Zuvéptnons. Eotw Sidornua I, £ € I, f: I — R yvnoiws avéovoa ka
owexns oto I kou m = f(&). Mvewpifouue 11 To owodo Tiwdw Tns f evar Sidornua, éotw J, o,
puoikd, 1 € J ka1 611 n avtioTpogn owvdptnon f 1 J = 1 evan yvnoicws auouoa Kai CUVEXT)S OTO
J. Av umépxer n f'(€), Té1e Udpxer kar 1 (f71) () Kou

Ao v [6) €R F(E) >0

(S =50, a f(&)=+oo
+oo, av f'(§)=0

Av n f elvai yvnolws @bivouca, TéTe 1oyvowr Tar 161 ye < 0 avri > 0 ka1 —00 owti +00.
Amédeén. Eotw f'(€) € R, f'(€) > 0. Ao 1 ouvéxeix s f~! oTov 7, eivan limy—y, [ (y) = &,
odTe, kdvovtas aMayt peTaPAnThs amd y o * = f1(y), Ppiokouue

-1 — €)Y R £ _ i L1
(7 () = limyy === = iMoo 555 = Mt 770 = 770 -

T —

Av f'(§) = 400, TdTe To TeAeuTado dplo eivan oo pe %w =0, owdte (f71)(n) = 0.

+
f@)=f(

Téros, av f/(§) = 0, ToTe, emardn) 10xVel o 950 yia k&b © € I, x # &, To TeheuTado Oplo

elvon ico pe +oo, omwéte (f71) (1) = +oo. O

2tnv doknon 10 umdpyel pia GAAT HOPPT TOU KAVOVA QVTICTPOPNS CUVAPTNOTNS.

Oa dlaTuTtwooupe TN OXEOT (ffl)’(n) = f’L(g) pe T oUpPoAa Twv amelpooTwy. [ pdeoupe

y = f(x) kxu = = f_l(y). ToTe elvan % = f'(§) km 3—; = (f_l)’(n). Etouévads, n oyéon
(f71)'(n) = 7g yedgeran

dr ) /(dy)

dy dx/’
TapatnpenoTe 6T1 1 oxéon autr dev eival TimoTe &AAo amd To Oplo TNS TPOPAVOUS OXECTS

=1/

n omola xpnoipotrolfifnke otny amodeén Ttou Kavova AvtioTpoens Zuvaptnons. TlapatnpnoTe,

etrions, TNV "amrAotoinon” Tou evutrdpyel oTov TUTO 3—;” =1/(%).
Nopadeiypata. (1) H sin @ [=5, 5] — [—1,1] eivor yvnolws atfouca kar ouvexhs oto [—7, 7]
ue oUvodo Tiwew To [—1,1]. H avtiotpopn ouvdptnon eivar 1 arcsin @ [—1,1] — [, J] ke elven

yvnoiws avfouca kal cuvexns oTo [—1, 1] pE OUVOAO TIUWV TO [—%, g}

Oa umoloyicoupe TNV ToP&ywyo ouvEPTNOT TNS arcsin.

Eotw £ € [—%, g] ne[—1,1], n=sin& £ = arcsinm.
Av /1 —n? >0, téTe

. !
arcsin' 1) = L= = 1 =

sin’ € cos & \/1—(sin§)2 - \/1_772 ’




MopatnenoTe 6Tt omd Tis Tipés cosE = +4/1 — (sin&)? emAé€ape authy pe To + 81611 cos > 0
s ﬂ']

yia k&e § €[5, 5
Av /1 —n? =0, té1e arcsin’n = +00. Apa

1
—, av -1l <<l
arcsin'n =V 1=
+00, av = =1
To medio opiouol Tns arcsin’ eivar To (—1,1) ko o TUTOS TN eivan
[ )
1

N

Epyalouevol pe T amelpooTd, yp&@oupe Y = sin & Kol T = arcsin Yy, omoTe

(-l<y<).

!
arcsin’ y =

darcsiny __ dx __ 1

1 _ 1 _ 1
dy dy % cos T \/1—(sin )2 \/1—y2 )

(2) H cos : [0,7] — [—1,1] eivon yvnoiws eBivousa kan ouvexns oto [0, 7] pe oUvolo Tiucw To
[—1, 1] xou n avTioTpopn cuvépTnon eivan n arccos : [—1, 1] — [0, 7], yvnoiws eBivousa xon cuvexts
oto [—1,1] pe olvoro T To [0, 7.

AkpiPs OTTws 0TO TPONYOUUEVO TTAPAdELy U, UTToAOYilouue OTI

— =, aw —l<n<l

!/ —
arccos 1) = 1=n

—0Q, oav ==+l

To Tedio opiopol Tns arccos’ eivon To (—1,1) ko1 o TUTOS TNs eivon
, 1
arccos' Y = ———— (—l<y<1).
1—y2

Epyalouevol pe Ta amelpooTd, YPAPOUUE Y = COS L KXl XL = arccos Y, OoToTE

daccosy _ de _ 1 _ 1 _ L — __ 1
dy dy 27 —sinT \/lf(cosx)2 \/l—yQ ’
(3) H tan : (—%, %) — R elvar yvnolws at§ouoa kou ocuvexhs oTo (—%, %) ue ouvoho Tiwwv To R.
H avtioTpogn cuvdptnon eivon n arctan : R — (—%, %) kol elval yvnoliws aUfouoa kai ouvexns oTo
R ue ovvoro Tipdw to (—7, 7). , X
! v ™ 1 1
Eotw £ € (—5,5), 1 €R, n=tan§, { = arctan7. Eivon tan’{ = 3L # 0, 400, omdTe
P 1 _ 2 _ 1 _ 1
arctan 1) = = = (cos&)” = T d? = 7

Apa

arctan’ n= # .

To Tedio opiopoU Tns arctan’ eivan To R ka1 o TUTos Tns eivat
1
L4y

!/
arctan' y =

Epyalouevol ko TEAL ye Ta OTTEIPOOTY, YPAPOUNUE Y = tan T ko1 & = arctan Yy, oToTe

darctany _ dz __ 1 __ 2 _ 1 _ 1
dy — dy % - (COS x) T 1+(tanz)? T 1442

174



. ATS v wédtnra x F a2 =

AoxnoeLc.

. Bpeite Tis Tapaywyous cuvapTtiosls Twv sin(sinx), arcsin(cos ), arcsin(sinx), cos(arcsin x),

sin(arcsin z);

1
rsins, avz#0

(1) 'Eotw n ouvdptnon f(x) = Bpeite Ty f'.
0, av T =
N 22sinl av 2 #£0 ,
(17) 'Eoto  ouvdptnon f(z) = 0 x Bpeite Ty f’ xou deite av elvon ouveyns.
, oV T =
.. , ) , r%sind | av 2 #£0 ,
(i) TevikeUoTe. OewpnoTe TNV cuvdptnon f(z) = z Mo Trotés Tiués Tou

0, av x =0
a eivar n f ouvexns; elvon n f Tapaywyiown; sivon n f ocuvexns;

xn+171 ’ v 1
S — 1 Ppeite avddoyes 106TNTES Y ToX

aBpoiopara x + 222 + 323 + - -+ na”, x4+ 42® + 923 + - + n2".

. Eotw fi,...,fn : A = R, £ € A onuelo ocucowpeuons Tou A. Av o1 f1, ..., f, elvaa

mopaywyioipes otov & f1(§) #0, ..., fu(§) #0 koa g = f1--- fn: A — R, amwodeite 611
gE _ [ 4 ... O
Tt

g(&) — fi(&)

, , . zr'(z) _ Q.
[Ma Toles pnTés ouvapTroels 7 1oxUel limy_y oo @) 0

. ATrodeifte 411 Bev umdpyel kowéva Sidotnua (a,b) kar kowd pnTh oUVEPTNOM T WOTE VA

woxvel 1’ (2) = 1 yio k&Be = € (a,b).

. (i) ATrodeite 411 M TTapdywyos &pTias cUVEPTNONS Elval TEPITTH CUVEPTNOT Kot 1) TAP&YwWYOs

TMEPITTNS OUVAPTNONS elval dpTia ouvdpTnom.

(77) AmoBeifTe 4TI M Topdywyos TePIoBIKNS oUVEPTNONS elval Tep1odikn cuvdpTnon.

. Eotw f: A — R ouvexhs oto A dote va oyuet (f(x))2 +4f(z) = 2% — 52% — 5z + 21 yia

k&Be T € A. Amodeifte o1 1oyUer (2f(x) +4)f'(z) = 32? — 10z — 5 yiax k&b € A oTov
omolo n f elvor Topaywyiociun. Bpeite To péyioTo duvatd clvolo A, omodeifte 6T1 uTTEpyOUY
Téooepis TéToles f kau PpeiTe Tous TUTTOUS Tous Kol Tous TUToUs Twv avTioTorxwv f.

. 'Eotw n owdptnon f(z) = 23 + 322 + 32+ 7. Amodeifte (ue oTorye1odN TPSTO) 611 1 f €lvan

yvnolws atvfouca oto R. Tlowo efvonr To oUvoro Ty Tns f; Xwpls va Ppeite Tov TUTO NS

1
= , 6
F1, amodeitre ém (f1) (y) = { 30wz XY 7
00, ovy =06

To Tedio oplopoU TNS KAl TO GUVOAO TIMWV TN§ KAl eTTaAnfBeUoTe Ty Topamdvew 100TNTA.

TéAos, Bpeite Tov TUTO TN [,

. Eotw f : A — B éva-mpos-éva oto A ka1 emwi Tou B kau 1 avtiotpoen f!: B — A.

Eotw & € A onuelo ouoowpeuons Tou A. Téhos, ¢oTw 6T N f elvon Tapaywyiocin otov &,

(&) # 0 ken é11 n [ elvan ouvexhs oTov 7.

(1) ATrodeiéte 611 0 ) = f(&) eivan onuelo oucowpeuons Tou B kon 611 1 f=1 evan TOPAYw-
yiown otov i xeu (f1)(n) = %
(ii) Mepixés popés ouvavTd kavels Tnv e€s "amddan” tou (1) (n) = % . AT To OTI 10)UE!

F7Uf(x))) = 2 y1a kde © € A kot amd Tov Kavdva Aducidas owverrdyerar (f~1) (n) f/(€) = 1.
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Apa utdpxer n (f71) () xkoa (f71) () = f%(g) . MewobnTe 6T1 UTTAPXEL Aoy1kd AdBos oTny oTro-

deién autn. H amoTuxnuévn autn omodeén Asitoupyel povov av umobéoouue TNy UTTapén Tns

(f~H(n) xen, T67e, amodeviel Ty wotTa (1) () = f/L(g)

5.4 Tlapadsiypata Trapaywywv, ll.
Oa PBpoulpe Tis TAPAYWYOUS CUVOPTHOELS TPLWOV OTUAVTIKWY CUVAPTNHOEWV.
(1) Eote a >0, a # 1 ko1 n cuvdpTnon log, : (0, +00) = R. Oa amodeioupe 611

1

Tloga

(x > 0).

log, 'v =

) , . . t ,
Extds amd To yvwoTd Oplo im0 (1 + %) = ¢, Ba pos xpelaoTel Kol TO

. 1\t _ 1 _ 1 _ 1
limg s oo (1 t) = lim; 100 I+t — lim¢— 400 ) (L) el

1
c -

Emeidn n log, sivan ouvexns, cuvemdyetal

1

. t
lim¢— 40 log, (1 + %) =log, € =

loga
kaBws kot
. 1\t _ 1 _ _ 1
lim¢— o0 log, (1 — ?) =log, ¢ = —log, e = — .
' I ) ' _x ’ _ T ’ 1
Topa, oM&lovTas peTaPAnTh amwd h oe t = & KOl Qo h oet = —3 , uTohoyiloupe, avTioToiyws,
. log, (z+h)—log, x . 1 z+hY __ 1. 1\t __ 1
l|mh%0+ % = ||mh%0+ 5 |oga<7) =z |Imt%+oo loga(l + ?) = Zloga

KOl

. log, (x+h)—log, x __ . 1 z+h\ 1 1\ 1

limp_o_ e = limp_o_ & loga(T) =—3 limey 400 loga(l — ?) = Tioga
Apa

P log, (z+h)—log, x 1
log, " = limp_ " = 2oga
E181k1) TepimTwon:
1
log' . = — (x > 0).

' . ' dlog,x 1 dlogz __ 1

Me Ta oUpPola Twv amelpooTwy, gival = Kol == yix z > 0.
dx zloga dx x

Nopaderypo. Eotw n ouvdptnon f(z) = log|z| pe medio opiopot 1o R\ {0}. Oa amodeifoupe
ot f'(z) = L yia k& © # 0. Tpdypomt oto (0, 400) elvan f(z) = logz, owéte f/(x) = 1 yic
k&8s © > 0. 1o (—00,0) elvar f(x) = log(—2) kou, emopévess, f'(x) = —log'(—z) = -+ =1

—x T’

) . ; dloglz| 1
Me T oUpPoAa Twv amelpooTwy, glven — = = - yia ¥ # 0.

(2) Eotw a >0, a # 1, n exp, : R = (0,+00) o1 n avtiotpoen log, : (0, +00) — R. Tpdgouue
Y = exp, T kal T = log, y ka1l ommd TOV Kavdva Tns avTioTpoens ouvdpTnoms:

expa/x: =yloga = loga exp, x

1
log, 'y

yia k&Be x. O TUTOS auTds 1oKUel kK oTny TepimTwon a = 1, 81611 1 ouvdpTnon exp; elvar oTabept
1 ko éxer mopdywyo ouvdptnon Tn otofept) 0 kou 81611 logl = 0. Me &M Adyra:

exp,’ = loga exp, (a>0).
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Eidikn) mepimTwon;:
exp’ = exp.

' : ! da® _ _x de® _ _x
Me Ta oUpBoAa Twv amelpooTwy, glvonr - = a”loga ko1 - =e

(3) Téros, éotw a € R\ Q kou n ouvdptnon p, . Oa amodeifoupe 611

pa/ = aPg—1 -

H iSix 106mnTa éxel M8 amodeixBel otny mepimTwon a € Q, a # 1.

Oa XpnolpoTIoIooUpE ToVv Kavdva Tns oAucidos kar TNy 10dTnTa Po(x) = 2% = exp(log(xz®)) =
exp(alogz) yio x> 0.

Eotw a € R\ Q, a > 1, omwdte o1 cuvapThoels P, Kt Pa_1 éxouv medio opiopol To [0, +00). Av
x >0, ToTe

po(z) = exp’(alogz) - a - log v = exp(alogz)at = z%at = ax"".
Av x =0, sivan
/ : h®—0 . 1
Pa (0) = |lmh_>0 =0 |lmh_>0 h® = 0.
Apa o1 cuvapThoels P, Kot ap,—1 éxouv To 1810 Tedio opiopou [0, +00) Ko ioes Tipés ar® ! yio

k&fe © > 0 kau, eTopévws, elval ioss.
Eotw a € R\ Q, 0 < a < 1, owdte n p, éxer medio opiopou To [0, +00) ke n pa_1 10 (0, +00).
Av x > 0, TéTe, dTws Tpw, Ppiokoups P’ (x) = az® !, Av x =0, elvan

/ . he—0 _ . 1
Pa’(0) = limp, 0 =5 = limp0 57=2 = +00.

Apa ol cuvapThoels P, Kal ap_1 éxouv To 1810 medio opiopoy (0, +00) kan foes Tiwés az® ! yix
k&Be x > 0 ka1, eTopévws, slvar ioss.
TéNos, éotw a € R\ Q, a <0, omwdTe o1 p, Kot Pa_1 éxouv medio opiopou To (0, +00). Av z > 0,
T6TE, ST TPW, po’ () = az® . Apa ot p, ke ap,_1 éxouv Tedio opiouol To (0, +00) Kot ioes
Tipés ax® ! yia k&fe x > 0 ko, emopévws, eivar ioes.
Me Ta oUpBola TwV OTEIPOOTWY, Eival ‘ili = az® ! eite yia x € [0,4+00), aov a € R\ Q, a > 1,
gite y1o x € (0,+00), av a e R\ Q, a < 1.

Mia 8eUTepn - Kou Tr10 GTOIKEIOONS - ammddein TN P’ = ape—1 umdpyel oty &oknon 4.

AoxnoeLc.

I. Bpeite Tis Toparyyous cuvapTiosts Twv & log(x log(z log(zlogx))), log (6312+4 + sin (:L'_i))

2x2+1 logg(sin l’), 3~ sin(log ) _sin (6 Iog(m2+1)) .

et — -1
2. ( ) TMapaTtnpnoTe 611 T Spic limg—1 =7 logz , limg_g &=, limgy_q & —1 ElVal YVWOTES TTAP&ywyol
OUYKEKPIYEVWY CUVAPTNOEWY OF GustKplpsva O‘T]IJEIO( KOl w§ 'rs'rozsg U1To7\oy10're TQ.
e b
( ) B&ost towv Trponyouuevoov oplwv Ppeite Ta opiax I|mx_>1 Ilmx_>1 , limg Iog:f ,
CL‘ ar __ bx axr —e —ax
limg 0 “—, limz_o NiMy 0 ey eman -

3. (i) Eotw f,9: A = R £ € A onuelo ouoocpeuons Tou A kar f(z) > 0 yio k&fe x € A.
Av o1 f, g elvan TTapaywyioipes otov &, amodeifte 611 ko 1 [ A — R elvan mopaywyioiun
oTov & ko1 umohoyiote Ty (f9)(&).

(i1) Bpeite Tis Tapaywyous cuvapThoels Tewv 7, (2 + 1)*%, |z — 1]" 2|z — 2|71,
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4. ATodei€Te pe oToiyEIOBN PéBodo OTL P,/ = ap,_1 oTNY TEPITTTWON &PPNTOU G, XPNOIUOTTOIVTAS
NV id1x oxéon yix pnTod Q.
Ymédein: Eotw € > 0. Eotw aj,az € Q dote a1 < a < az ka1 az —a; < 5. Emwadnh
Pay' (1) = a1pa,—1(1) = a1 xou pa,'(1) = a9pa,—1(1) = az, vmdpxer § > 0 doTe va 10YUeL

%1 —1 € z92 -1 € . '
| —a1| < § xa [T —ag] < § yix kabe Ia> 0, Oa< |z —a1| < 0. Apa, av
_ ' _ _ € 91 -1 z¢—1 z%2—1 €
r>00<|z—-1<drea-—c<a—-—5< "7 <EF <7 <at<
' x®—1 ' . -1 _ It ' . r?—£2
a+e omdte |T= —al < e Apa limyy1 T5 = a. Téhos, av § > 0, 16TE limy_e =

1. —1 1. a_ —
Sa 1 Ilmz_>§ —((Z//gf))—l = 50‘ 1 l|mt_>1 _tt—ll = aga 1 .

5.5 Téiocoepa onpavTika fswpnuaTa.

Opiopds. Eotw f : A - R £ € A O £ yopoxtnpileton onueio TomkoU peyioTou Tns f av
uTrdpyel 0p > 0 dote va oyber f(x) < f(€) v k&be © € A, |z —&| < dy. O & xapakTtnpileTon
onueio TomikoU eAaxioTou Tns f av umdpxel dp > 0 doTe va woxUer f(x) > f(&) yix k&Be x € A,
|t — & < do. O & yopaktnpileTon onpeio TomkoU akpoTdTou Tns f ov eivor onuelo TomiKoU
peyloTou 1 eAayioTou.

Eivon Tpogavés OTI, av oe KATOl0 OMuEIO pla CUVAPTNOT EXEL UEYLOTN TiuT, OTMOTE AUTO XOPA-
kTNpileTor onueio (oAikou) MeyioTou, TOTe auTd eivan ko onueio TomikoU peyioTou. Opoiws, av
0€ KATOlO ONUEIO I OUVEPTNOT EXEl EAGXIOTN TiuT, OTMOTE QuTod XopakTnpileTar onueio (oAikou)
eAaxiocTou, TOTE QUTO eilvan Kol onueio TOTIKoU gAaxioTou.

O:wpnua Tou Fermat. Eotw f: A — R kot £ € A amd apiotepd Tou kar amd Se€id Tou onueio
ouoodpeuons Tou A. Av o £ elvou onueio TomikoU akpotdTou Tns f, TéTE eite Sev umdpxear n f'(€)

eire f'(§) = 0.

Amodeén. 'Eotw 611 o € elvan ompelo TomikoU peyioTou s f. AnAadn woxler f(x) < f(§) xovtd
otov £.

Eotw 6T umdpxel n f/(§), omwdTe fL(E) = fL(&) = f'(§). Emeadn oxve % < 0 xovtd oTov
& amd Be&ik Tou, elvan

J(&) = F1(€) = limppey 1210 < g,

Etions, emeidr) 1oyvet %g(g) > 0 kovt& oTov & omd aploTepd Tou, elvat

(&) = fL(€) = tim, e {0218 >0,

Apa f'(£) = 0.
Av o £ elvon onuelo TomikoU ehayioTou, TOTE emavoAauPdvoupe Tous i81ous ouMoyilopous pe > 0
avti < 0 ko1 awTIoTPOPWS. OJ

To Oecopnua Tou Fermat Ader 611, av 1 f éxer Tapdywyo ot onuelo TomkoU akpoTdTou Tns To
oTrolo elval amd oploTepd Tou Kol oo defld Tou omnueio cuocowpeuons Tou Tediou opiopol T,
TOTE 1 £paTTOUEVT eubeia oTO avTioTolXO ONUEIO TOU YPaPruaTos Tns eival opllovTia.

Emionuadvoupe 611, oTo Oecdpnua Tou Fermat oAA& xon TowvToU addoy, éTav ypdgoupe f/(€) 1
Stov Adpe 611 f/(€) umdpyer evvoolue 6T M Tiuf TN pTopel var glvon kon F00.

Suvfbws, To Oswpnua Tou Fermat epapudleton pe cuvdptnon f opiouévn oe Sidotnua A. ToTe
o & Tpétel va elvon ecwTepIkd omueio Tou BlACTHUATOS OTE va elval oTmd aploTepd TOU Kol Ao
de€1&x Tou omueio cuoowpeUoNs TOU dIACTHUXTOS.
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Nopadeiypoto. (1) O 0 elvon onuelo (oAikoU) gdoxioTou Tns cuvéptnons f(z) = |z| ocdA& Bev
umépxer n f7(0).
(2) O 0 eivan onpeio (oAikoU) edayioTou Tns pa kaa po’(0) = 0.

To Oewpnua Tou Fermat pos divel To €€ TpakTikO Toplopa. Av Bédoupe va Ppolpes T onueia
TOTIKOU OKPOTATOU YOS OUVAPTNOTS Ot KATOIO dl&oTNua, TOTE opkel va T wafoupe avdpeoa 0T
TapokdTw onueia: Ta (Tiavd) dkpa Tou diaoTHUaTOS, T onueiat oTa oTroia 1 cuvdpTnomn dev €xel
Top&ywyo Kal Ta onueia oTa otoia n Topdywyos Tns cuvdptnons eivar ion pe 0. Kavéva &Ao
onueio dev elvar uTToWnNPlo omMueio TOTIKOU AXKPOTATOU.

Nopadeiypa. Eotw n f : (0,4 — R pe tvmo f(z) = 223 — 922 + 120 + 5. Tote f'(z) =
622 — 18z + 12 = 6(z — 1)(x — 2), omwdTe Ta pwdva urowneia onueia ToTkoU aKkpoTdTou TNS f
glvar To dkpa 0, 4 Tou [0, 4] kabcds kon o1 1, 2 oTous omoious undevileton n f’. O1 Tipés s f oTa
onueia autd eivan 5, 37, 10, 9, avTioTolixws.

H f eivon cuvexns oto [0, 4], omdTe éxel omwodfmoTe onpeic oAikoU peyioTou kan ehayioTou. AuTtd
elvol oTTWodNToTe KATTOIX OO TA TTAPOTAVW Téooepa onueia Kal, emouevws, o 0 siven To omnueio
oAhikoU ghaxioTou, omdTe N eAdxiotn Tiwn TN f elvar 5, ko1 o 4 elvor To onuelo oAikoU peyioTou,
omdTe 1 péyroTtn Tiph s [ elvan 37. Méver va Solpe av o1 1, 2 efvon onuela TomikoU akpoTdTou 1
oxl.

H f eivon ouvexns oo [0,2], omdTe éxel onueia oAikoU peyioTou kat ohikoU ehayioTou oto [0,2].
AuTd sivar kdmola amd Ta Tpla onueia 0, 1, 2 - Ta dkpa ko To onueio oTo oTrolo undevileTon n
f'. O1 avtioToies Tipés tns f eivan 5, 10, 9, omdTe o 1 elvon To omuelo ohikoU peyioTou oo [0, 2]
KoL, eTTOUEVes, elvan kan ompelo ToTikoU peyioTou oto [0,4].

Oupoiws, emerdn o1 Tipés otous 1, 2, 4 eivan 10, 9, 37, avtioToixws, o 2 eivon onueio oAikou elayioTou
oTo [1,4] xou, emopévas, eivor onpeio ToTikoU eAayioTou oTo [0, 4].

To Toap&derypa autd Ba To avadolue Alyo TTOPAKATW Pe XTTAOUCTEPO TPOTIO.

To Oswpnua Tou Fermat €xer To €€fs XPNOLUO CUPTIATIPWUC.

TMpétaon 5.5. (1) Eotw f: A — R ka1 £ € A amd 8e&i& Tou onueio ouoowpeuons Tou A. Av o &
elval onuelo TomikoU ueyioTou 1) edayioTou Tns f, TOTe eite Sev umdpyel N fjr(ﬁ) eiTe fjr(f) <017
f1(€) > 0, avrioToixews.

(2) Eotw f: A— R ko £ € A amd apioTepd Tou onueio cuoowpeuons Tou A. Av o £ eivar onueio
TOTIKOU UeyioTou 1) edayioTou Tns f, TéTe eite Sev umdpxar n f1 () eire fL () >0 71 f(€) <0,
QVTIO TOIXCOS.

Amodeén. (1) ‘Eotw & onueio TomikoU peyioTtou s f, omdTe woyter f(z) < f(§) kovtd oTov €.

YmoféToupe OT1 UTTApPXEL N fJ’r({) Emre1d1) 1oxuel %:g(é) < 0 kovtd oTov £ omd Ta defi& Tou, lvan

Fi(8) = limyeq {E=LE <0,
H trepimTwon TomikoU eAayxioTou oTo (1) kabs kar 1o (2) éxouv idia amodderln). ]

YrrevBupiloupe 671, ypdpovtas [ (§) <01 f.(§) > 0, wephapBdvoupe Ty TepimTwon f1(§) =
—o0 7y f1(§) = 400, avTioToixws. Ouoiws yix v f (£).
Nopadeiypata. (1) H p:[0,2] = R éxer onueio TomikoU eAayioTou Tov 0 xan i/, (0) =1 > 0.
H p1 éxer onpeio TomikoU peyioTou Tov 2 kan py’ (2) =1 > 0.
(2) H py: [0,2] = R éxe1 onpeio TomikoU eAayioTou Tov 0 ket péﬁr(()) = 400 > 0.

O:wpnua Tou Rolle. Eotw 611 n f @ [a,b] = R eivar owexns oto [a,b] kou éxar mapdywyo oto

(a,b). Av f(a) = f(b), 1oTe umdpxer & € (a,b) wote f'(§) = 0.
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Amodeén. 'Eotw éTi m f elvan oTafepny oo [a, b], dnhadh f(x) = f(a) = f(b) yx x&8e x € (a,b).
Téte f/(€) = 0 yrax ké&be € € (a,b).

Eotw 6T n f Bev elvon oTabepn oTo [a, b]. ToTe eite (i) n f éxer ma TouddyioTov Tiwhy > f(a) = f(b)
eite (i1) n [ éxer i Touddiotov T < f(a) = f(b). E€etdloupe Tis Suo TePITTAOELS EEXWPIOTA.
(1) SUppwva pe To Oedpnua Méyiotns - EAdyiotns Tiums, umdpxet £ € [a,b] o omoios eivan
onueio ohikoU peyiotou Tns f. AgoU umdpyer T Tns f peyodUtepn amd f(a) = f(b), elvan
f(&) > f(a) = f(b), omwdTe € € (a,b). Bdosr tng umdheons, umdpyer n f'(§) kon, cUpewva pe To
Oewpnua Tou Fermat, f'(§) = 0.

(17) SUppova pe To Oswpnua Méyiotns - EAdyiotns Twns, umdpyet € € [a,b] o omoios eiven
onueio oAikoU ehayioTou Tns f. Agou umdpxet T Tns f wikpdtepn omd f(a) = f(b), evan
f(&) < f(a) = f(b), omdte € € (a,b). Béoa s umdbeons, umdpyer n f/(§) ko, ocUppwva pe ToO
Oewpnua Tou Fermat, f'(§) = 0. ]

To Oecopnpa Tou Rolle Ader 611, pe Tis kaTdMnAes umobéosis, av f(a) = f(b), TéTe UTdpxar
¢ € (a,b) wote n epamTépevn eubeia oTo ypdonua s f oTo onueio (&, f(£)) va elvon opildvTic.

Mopadetypa. H f:[—2,v/3] = R e 0o f(x) = 2° + 222 — 37 — 5 elvan ouvexhs oo [—2, /3],
utdpyel n f'(z) = 322 + 42 — 3 yia k&be x € (—2,V/3) ka1 f(—2) = f(V/3) = 1. Apa utrdpxel
e (-2 \/3) Gote 362 +4€ — 3 = 0. Mo va Ppouue Tov € Avouus T efiowon 322 +4x — 3 = 0.

—24+13
3

O1 ANoteis elvan ot Kol avfKouy Kal ol 8uo oTo (—2,1/3).

2e oxéon pe 1o Oewpnua Tou Rolle Topatnpolpe Ta e§fs. Kat' apxds to Becopnua dev avagepel
TpdTO eUpeoms Tou & yiax Tov omolo woyver f/(€) = 0. Katédmw, av n f 8ev éxer mopdywyo foTw
Kol e éva pévo omueto Tou (a,b), TOTE uTmopel va unv umdpyer kavévas € € (a,b) wote f(€) = 0.
TéNos, o1 utroféoels Tou BewprjuaTos emiTpéTouy va elvar 1 Tapdywyos ion pe £00 og onuela Tou
(a,b). To cupmépacpa fakoroudel va 1oy Vet

Hopadeiypoto. (1) H f @ [-1,1] — R pe 1timo f(z) = |x| elvan ouvexfis oto [—1,1] ko
f(=1) = f(1) = 1. Opaws, dev umdpye kavévas & € (—1,1) wote /() = 0.

VT —, aw 0<z <1
(2) Eotw n owdptnon f(z) = ¢ 0, av x =0 omére f(—1) = f(1) = 0. H

——r—z, av —1<x<0

ﬁﬁ_L av 0<o<1
Topdywyos ivar f'(x) = < +oo, av =0 omote f(§) =0 yia & = j:i.
7= —1, aw-1<z<0

O:wpnua Mions Tiuns Tou Alagopikol AoyiopoU (Lagrange). Eotw 11 n f @ [a,b] — R eivou
owvexns oto |a,b] kai éxel Tapdywyo oto (a,b). Tore umdpyer £ € (a,b) cote

f(b) — f(a)
b—a

Amédeién. Opiloupe v A : [a,b] — R pe TUMO
h(z) = (b—a)f(z) = (f(b) — fla))z  (z € [a,b]).

H h elvon cuvexns oto [a,b] xou éxer mopdywyo oto (a,b). Emions, h(a) = h(b). Apa umdpyxet
¢ € (a,b) wote h'(§) = 0. SuvemdyeTton

(b—a)f'(§) = (f(b) = f(a)) =0

K1, ETTOUEVES, f(bl);a(a) = f'(§). -

= f'(&)-
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To Oewpnua Méons Tipfs Tou Alagopikou NoylopoU (Lagrange) Aéer 611, pe Tis KATEAAANAES
utrobéosts, udpyel € € (a,b) doTe n epoamTdpEVn eubsicr oTo ypdenua Tns f oTo onueio (&, f(§))
Vo €xel TN 181 KAIoN - Kal, €TOpEVws, var eival TapAdAANAN - ue TNy euBela n oTrola SiépxeTon amod

To onueia (a, f(a)) ke (b, f(D)).

O:opnua Méong Tipns Tou Awagopikou AoyiopoU (Cauchy). Eotw f, g : [a,b] — R ouveyeis oo
[a,b] kou Tapaywyioes oo (a,b). Tore umdpyer £ € (a,b) wote

(f(b) = f(a))g'(&) = (g(b) — g(a)) f'(&).

Amodeén. Eotw h: [a,b] = R pe tUmo

W) = (9(b) = g(a)) f(x) = (f(b) = fla))g(x)  (z € [a,b]).

H h eivon ouvexns oto [a, b] kan Tapaywyioin oto (a,b) kea h(a) = h(b). Apa umépxa & € (a,b)

owote h'(§) =0, omdte (g(b) — g(a))f'(&) — (f(b) — f(a))d' (&) = 0. u

Mapatnpnote 611 To Oewpnua Tou Rolle eivar amAn epapupoyn Tou Oewpnuatos Méons Tiuns
(Lagrange) ka1 611 To Oswpnua Méons Tiwuns (Lagrange) eivar oAl epappoyt) - pe TN ouv&pTnom
g(x) = x - Tou Oswphuatos Méons Twhs (Cauchy). ATd Tny &AM pepid, To Oswpnua Méons
Tipfs (Cauchy) amodeixtnke ws epapuoyn Tou OewpnuaTtos Tou Rolle. Zuptmepaivoupe 6T Tar Tpia
BecopruaTa eivar 10obuvaua.

TToAAés gopés To Oewpnua Méons Tipns (Cauchy) epoppdleTar pe k&moles emimAéoy utrobéoels.
Suykekpipéve, ov g(a) # g(b) ko av dev woyvar f(z) = ¢'(z) = 0 yia xovéva = € (a,b), TéTE
utrdpyxer € € (a,b) wmoTe

f0) = fla) _ ()

(
g(b) —gla) g€
Mpéyport, amws (f(b) — f(a))g'(§) = (9(b) — g(a))f'(§) mpokumTe % '&) = f'(§). Ao

authy ouvemdyeTton 6T1, ov ¢'(€) =0, 161 f'(£) = 0, To omolo eivan &romo. Apa ¢'(€) # 0, omwdTe

fO)—f(a) _ (&)
g(b)—g(a) g’ -

Me auTés Tis emiTTAéoy UTTOBECELS, YTTOPOUNE V& YP&WOUUE TNV 100TNTX g%:g((s)) = 58 s
f1€) _ (f(0)—f(a))/(b—a)
g'(€) (9(b)—g(a))/(b—a)’

oméTe To Oecdpnua Méons Tiufs Tou AiaxgopikoU Aoyiopoy (Cauchy) Aéer 611 umdpyer € € (a,b)
woTe 0 AOYos TwV KAloewv Twv epoammTopevwy subeicov oTa ypaehuata Twv f kol ¢ oTo onuela
(&, f(£)) ko (£, 9(§)) va elvan icos pe Tov Adyo Twv kAioewv Twv gubeicov o1 oTroies SiépyovTol amrd

To onueia (a, f(a)) ke (b, f(b)) kou omd Tat onueia (a, g(a)) xea (b, g(b)).

AoxnoeLc.
) ) rsint, avx#£0 , ) ,
I. 'Exer n ouvdpTtnon f(x) = 0 z Tov 0 ws onuelo TomikoU akpoT&TOU;
, oy T =

2. (i) Bpeite oAy ouvédptnon f: R = R wote f/(0) =0 kot o 0 ve unv eivon onpeio TomikoU
okpoTdTou s f.
(77) To (i) eivon o SUokoho av Béhoupe M f va elvan kou dpria. Agite TV ocuvdpTtnon
2
o |

1
r°cos—, av x #0

0, av x =0
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sinb—sina

. EoTtw a < b. Amodeifre 6T umdpyer § € (a,b) dote Tyt = cos€ ko & € (a,b) woTe

sinb—sina __ _—¢&
T _ea — € COS§.

Mmropei n 3 — 122 = ¢ va éxgl Suo Aoeis oo [—2,2]; oTo (—o0, —2]; oTo [2, +00);

(1) Me To Oecdpnua Tou Rolle ko1 Ty apyn NS emaywyts, omodeifte 6T K&Be TOAUGVUUO
BaBuou N €xel To TOAU N SropopeTikes piles.

(i7) Eotw a3 < --- < a, o1 M owdptnon p(x) = (x —ay)--- (v — a,). Amodeire éT1
n P éxer oxpiids n — 1 piles. TlpoodiopioTe Tn féon Twv pilcv Tns p’ oe oxéom ue Tous
A, ... ,0yn.

. ATrodeifte é11 n 2% = xsinx + cos T éxel akpiPos duo AUoels kol TrpoodlopioTe TN Béomn Tous

oe oyéon pe Tov 0.

MMooes AUoeis éxern e =1, ne* =14+, ne* =142+ %; MevikeUoTe pe TNV opymh TNS

$n

2
emaywyts: Tooes Aoels éxer n € = 1+ 57+ 5 + -0+ T

! ! 2 n ! I U I ! !
. Amrodeifte 611 1+ % + 2—, 4+ 4 % = 0 éxea eite akpiPads yia AUom, av o N eival TEPITTOES,

giTe KoUI& AUom, av o T eival apTios.

. Ay o Oncd + 4+ G +ag =0, amodeigTe 11 1 2™ + 12" P+ ax+ay =0

n+1 n
éxel ToUAdYIoTOV Hix AUom oTo didoTnua (0, 1).

. Eotw Sidotnua I, f: I — R ouvexns oto [ kon f/'(x) # 0 yio x&Be & eowTepikd onueio Tou

1. Amrodeifte 611 1 f elvon éva-Trpos-éva oo .

. 'Eotw m > 0, Sidornpa I, f: 1 — R ouvexns oo I ko éoTw 611 utdpyer n f'(7) yio kdBe

T eowTepikd onpeio Tou I. Eotw X1, 29 € I kan |f(xg) — f(x1)] = d.

(1) Av |f'(z)| = m yix k&Be & eowTepikd onpeio Tou I, amodeifte 611 |19 — 21| < %
(77) Av |f'(x)] < m y1o x&Be = eowTepikd onueio Tou I, amodeifTe o1 |19 — X1| > 7%

. Eotw 6m m f : [a,b] = R elvon ouvexns oTo [a,b] kou éxer Tapdywyo oTo (a,b) ko

f(a) = f(b) = 0. AmodeifTe 61 Y1 ®K&Be A umdpyer € € (a,b) wote f/(§) = MNf(&).

. (i) Eotw &idotnua I, f,g : I — R wapaywyiowes oto I xou f(x)g' (x) — f'(z)g(x) # 0

yia k&8s & € I. Amodeifte 6T1 avdpeoa ot Suo oTrolecdnToTe AUoeis Tns f(x) = 0 PpiokeTon
TouAdyioTov i Abon s g(x) = 0 kot avTioTPdPwsS.
Yroédeaén: Eotw a,b € I, a < b xeu f(a) = f(b) = 0. YwoBéore 611 g(z) # 0 yix x&Be

z € (a,b). Mropet va eivan g(a) = 0 1 g(b) = 0; Katdmw, BewpnoTe Tnv g [a,b] = R xou

[~

KoToANéTe og &TOTTO.

(17) Toupr&ler To cuptépacua Tou (i) pe To leuydpl Twv cos,sin : R — R;

. (@) Av m f :[a,b] = R eivan ouvexns oto [a,b] ke av f'(a) < 0 < f'(b), amodeire 6T

oTrol08fToTe onueio ToTikoU eAaxioTou Tns f oTo [a,b] (v UTopén evds TéTolou eyyudTot
To Oswpnua Méyiotns - EAdyiotns Tiufs) ovfikel omwodfmore oto (a,b). Tlowo eivar To
ouptépacpa av f'(a) > 0 > f'(b);

(17) Amodeifte To @zwpnua Tou Darboux: ‘Eotew 611 1 f : [a,b] — R eivar ouveyns kou éxer
mapdywyo oto [a,b] kou f'(a) < A < f'(b) 4 f'(a) > X\ > f'(b). Tére vmdpxer £ € (a,b)
wore f'(&) =\
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20.

21.

22.

23.

. Eotw f : (0,400) = R mopaywyiown oto (0,4+00) xea |f'(z)] <

To amoTéAeopa auTd gival KATL ooy “Bewpnua evOIGUEOTS TIUNS" YIX TNV TXPXYWYO Xwpis,
OuwS, Vo TPoUTTOTIBeTal 1 CUVEXEIX TNS TTAPXYWYOU.

Ymddeién: EpappdoTe To amotéAeoua Tou (i) otny g(x) = f(z) — Az.

(791) Eotw didotnua I kan f: I — R mopaywyion oto I. Av n f’ eivon povdTtovn oto 1,
amodeifTe 6T1 elvan ouvexfs oTo 1.

. Eotw f:[§—h, &+ h] = R ouvexfis oto [§ — h, & + h] ko1 Topaywyiown oto (£ — h, &) U

(&€ +h).
(1) Atodeiéte 611 umdpyel ¢ € (0,h) woTe w = [+ Q)+ f'(€ = Q).
(77) AmodeifTe T utdpyxet ¢ € (0,h) cwoTe f(§+h)_2f}5£)+f(§_h) = f'(€+¢) — f(€— Q).

1

T

yia k&fe x > 0.
ATrodeieTte 611 lim, oo (f(z + V2) — f(z)) = 0.

. Eotw f:(0,400) = R wapaywyion oto (0, +00) kot limy—sioo f/(2) = 0. Amodeifre 6T

limg 100 (f(z+ 1) — f(z)) =0.

. Eotw f : [£,0) = R ouvexns oto [£,b) ko Tapaywyiown oto (£,b). Av umdpxer To

limg et f(x), omwodeifre 11 UTTdpPyEL Ko1 M fjr(f) kol glvon lon pe Ty TIpn Tou oplou. Tlolo
elvon To awddoyo amoTéAeopa yix To limy_e— f/(z) kou v f7(£):

. Eotw M >0, &wdomua I, f: 1 — R ouvexns oto I ken |f'(2)] < M yio xéBe eowTepixd

onueio = Tou I. Amodei€te 611, aw 1 (x,,) eivon oxohoubiar Cauchy oTo I, T6TE N (f(xn)) elvon
akoAouBia Cauchy.

(1) Kpitnpilo opordpopens ouvéxsias. Eotw M > 0, didotnua I, f: I — R ouveyxns oto
I xaa |f'(2)| < M yix k&8s ecwtepikd onpeio = Tou . Amodeiéts 611 f elvon opoidpopea
ouvexfs oto 1.

(i1) E@opudleton To TponyoUpevo Kkpithplo oTn ouvdptnon /Z oto Sidotnua [0, 1]; Eiven
n ouvdptnon auTnh opotdpopga cuvexfs oto [0, 1]; Tt yiveton pe Ta Sroothuara (0, 1] xoa
1, +00):

Eotw f:]a,b) > R, M >0 xe |f'(z)| < M yrx xé8e x € [a,b).

(i) Amodei€te 6T1 To limy—yp f(2) uTdpyer ko eivon opiBuds.

(i1) AmodeifTe 6T1 umépxer ¢ : [a,b] — R ouvexns oto [a,b] wote g(x) = f(x) yio x&be
x € [a,b).

Ti yiveton ov éyxoupe Sdotnua (a,b] 1y (a,b) avti [a,b).

Eotw [ : [a,b] = R mopaywyiown oto [a,b] kea 611 n f/ eivon ouvexris oto [a, b]. Amodeifte

2)

4Tl ya k&be € > 0 umdpyxer 0g > 0 doTe vo 1oy Uel ‘f(w%g(y)—f’(y)‘ < €y kéBe z,y € [a, b,

0<|z—y| <.

(1) Amodeitte Tnv Mevikeuon Tou O:wphpaTos Tou Rolle: ‘Eotw f : [a,b] — R cuvexns oto
[a,b], f(a) = f(b) ke éotw 61 01 [/ (2), fl(2) udpxouv yia k&be = € (a,b). ToTe uTTdpxer
§ € (a,b) dote efte f7(£) <0< fL(E) efre f1(E) <0< fL(8).

(17) Amodeiéte Tnv Mevikeuon Tou OswpnpaTtos Méons Tiuns: Eotw [ : [a,b] — R ouvexns
oo [a,b] ka1 éoTw 611 o1 f(2), fL(x) udpyouv yia k&Be = € (a,b). TéTe udpyer £ € (a,b)

WoTe €iTe f/,(g) < w < f/+(§) elTe fjr(g) < W < f/—(f)
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5.6 Egoapuoysis.

‘Eotw Sidotnua [ omoloudfote TUTou. To Bidotnua To omoio TrpokUTrTel av omd To [
0PAIPECOUNE TO &KPa Tou - OTrola avfikouv oTo [ - dnAadn To oUvolo Twv e0WTEPIKWY oTueiwy
Tou I, ovoudleTan sowTep1kd Tou [.

5.6.1 AxkpéTaTa ka1 povoTovia.

H TTpdTaon 5.6 Aéel - To kaBidhou Trpogaves - OTL, av OAes ol epamToOueves eubeles oTo ypaenua
MIOS OUVAPTNONS O€ éva JIACTNU elvan opllovTies, TOTE TO YPAPMUX TNS CUVEPTNONS elvanr opi{ovTio,
dnAadn n ouvapTnon eivar oTabepn. Emions, Aéel OT1 av OAes o1 epamTOpeves gubieies oTO YpAPMUX
MIOS OUVEPTNONS Of €va dl&oTnua €xouv un-opvnTikh (un-8eTikn) kAlomn, TéTE n ouvdpTnon eival
avgouoa (pbivouca).

TMpéTaon 5.6. Eotw Sicotnua I kai éotw i n f: 1 — R elvan ouvexnis oto 1 kou éxer Tapdrywyo
oTo €0wTEPIKS Tou 1.

(1) H [ eivar oTabBept) av kon udvo av woxver f'(x) =0 yiax k&fe x oT0 e0wTEPIKS TOU .

(2) H f eivar atéouoa ow kon udvo ow oxver f'(x) > 0 yia kdBe x oo eocwtepixd Tou I.

(3) H f eivar pbivouca av kai udvo av ioxver f'(x) < 0 yio k&b & oTo e0wTepikd Tou 1.

Amodeén. (1) Av n f elvan otaBepn, yvwpiloupe 611 1oxver f'(z) = 0 yio x&Be & oTo gowTepikd
Tou 1.
AvTioTpdews, éoTtw f'(x) =0 yia k&Be © oTo eowTepikd Tou . 'Eotw 1,29 € I, 11 < Xy, dTou
K&TTO10§ OTd ToUs I, To WTopel va eivar dkpo Tou 1. H f eivon ouvexns oto [, xa] ko umdpyel n
f'(x) yra k&8s x € (x1,22). Apa utdpyxer € € (1, X2) Ko, eTopévws, & oTo e0wTePIKS Tou I, woTe

J@a)—f(x1) _ priey

=1 =0

Apa f(x1) = f(x2). Autd onuaivel 611 dAes o1 Tiués Tns [ eivan ioes peTa€U Tous, omdTe M f elven
oTabepm.
(2) Av n [ elvon abéouoa, TOTe, dTTws amodeifaue Tpwv amd Tov Kavédva AvtiocTpogns SuvépTtnoms,
wyver f'(x) > 0 yix k&fe & oTo e0wTePIKS ToOU 1.
AvTioTpdews, ¢otw f() > 0 yia k&fe & oTo eowTepikd Tou I. Eotw 1,29 € I, 1 < xo. 'OTwods
oW, utdpyel £ € (1, Ta) Ko, eTouévads, £ oTo eowTepikd Tou I, doTe

f(xa)—f(z1) _ g

=1 =0

Apa f(z1) < f(x2) kou, emopéves, n f eivar al§ouoa.
(3) 'Otmws oTo (2). [

TMpw amd Ty TlpdTaon 5.6 eimope OTL T CUNTTEPAOPOT TNS dev elvan Tpogavn. Ag TTolue duo
Aoyt y1 autd. Av yvwpiloupe 6T1 1 f elvon oToBepny oTo didotnua I, T6TE TO Ypdonud Tns elvan
op1OVTIO Kal, £TTOUEVWS, Elval oaPés OTL ol epaTmToueves eubeies oTa didpopa onueia Tou eivor OAes
op1ldvTies, dNAadT o1 KAioels Tous eivan dAes 0. BAémwoupe 611, yvwpilovtas Tnv ouv&pTnom, €Xoupe
&ueon Kol aTrTh TAnpogopia yia Tis KAioels Tns. ‘Ouws, To avTioTpogo dev eival amoAlTws cagés. Av
yvwpiloupe OT1 ol epamToueves eubieies oTa Sidgopa onueia TOU YPOPTUATOS TNSG CUVAPTNONS Eival
OAes op1loOvTies - Xwpis va €xoupe Kopld GAAN TAnpogopia yia Tny idia Tn ouvdpTnon - dev eival
TO00 EekabBapo OT1 To ypaenud Tns eival opifdvTio. Eivan pev avauevopevo oAA& ox1 mpogaves. H
oucia Tou TpPoPAfuaTos eival 1 e§Ng: puropoupe va kaBopicoupe Tis KAioels (dnAadt), TNV Tap&ywyo)
plas ouvdpTnNons omd TNV ouvdpTnot, oAAX dev eival cagns o kaboplopds Tns ouvdpTnomns oo
TIs KAIoEls TNns. ZTo TPOPANUS QUTO ATOAVTR OE TPWTN OTAN popen To Osuehiwdes Oswpnua Tou
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AmeipooTikou Noyiopou Tou fa dolpe oTo KepdAaio 7 Kal o€ o TEPITTAOKES TEPITITWOELS O KAXSOS
Towv Aagopikey E§lowoswy. Ze dAa autd n TlpdTaon 5.6 mailer 18iaitepo pdho.

Aile1 va diaTutrdooupe pia TTapoAAayn Tns TTpdTtoons 5.6. H TlpdTtaon 5.7 Adel 611, av OAes o1
epamTOueves eubeles oTo ypdnua pias ouvdpTnons ot éva dikoTnua éxouv BeTikn (apvnTiki) KAiom,
TOTE M ouvdpTnom eival yvnoiws atvfouoa (yvnoiws ebivouca).

Mpétaon 5.7. Eotw Sidotnua I kai éotew o1 n f: 1 — R elvar owvexris oto I kai éxer mapdywyo
o0To €0wTePIKS Tou 1.

(1) Av ioxuer f'(x) > 0 yiax ks T oTo eowTepikd Tou I, 16T 1 f elvan yvnoiws avéouoa.

(2) Av ioxuer f'(x) < 0 yia k&dBe T o0 eowTepikd Tou I, 10T M [ elvan yvnoics gbivouoa.

Amodeién. 181 pe TNy amodeién Tou avtioTorxou pépous Tns TpodTaons 5.6. [

f'(x) > 0 meprAouBdvoupe kon TNV
f(x) < 0 meprAouBdvoupe kor TNV

S115 TpoTdotis 5.6, 5.7 ko1 5.8 6tav yphooupe f'(x) >
mepimTwon f/(x) = +00. Ouolws, dtav ypdeoupe f'(z) <0
mepimTwon f/(x) = —o0.

MMpémel va emionpdvoupe 611 dev 1oxUouy Ta avtioTpopa Twv (1), (2) tns Tpdtaons 5.7. Av n

07
1

[ elvoaa yvnolws avéouca, TéTe To pdvo yevikd cupTépaoua slval autd Tou 1oxUel emeldh) n f elven
atgouoa, dnAadn f/(z) > 0 yia kébe = oTo cowTepikd Tou [. Avddoyo cuuTépacpa 10xUel av M
f etvan yvnolws ebivouca. Etrions, oTis TpoTdosis 5.6 ko 5.7 o1 umoBéosls Kau Ta cUPTEPAOUATO
loxUouv ot didoTnua. Av ol umoBéoels 10XUOUV OE EVWOELS DIXOTNUATWY, TOTE TX CUUTTEPACUCT
ptopel vor uny 1oXUouUY Kl QUT& OTIS EVROELS DT TNUATWV.

Hopadeiypota. (1) H ps eivor yynoiws avfouca oto R odA& Sev eivar cwotd dT1 1oyUel ps'(x) > 0
yia k&8 x € R. Tlpdyuati, eivan ps’(z) = 322 > 0 yia k&Be x # 0 oA p3'(0) = 0.

(2) Eotw n ouwvdptnon f(z) = li—l loyter f'(x) =0 yi k&8e x € (—00,0) U (0, +00), aM& 1 f
Sev elvan oTaBept) oto (—00,0) U (0, +00). Eiver otaBepty —1 oo Sidornua (—00,0) kou otabepn
1 oo &idornua (0, +00).

(3) Eivan p_4/(z) = —w—12 < 0 yx x&e z € (—00,0) U (0, +00). ‘Opws n p_1 Sev eivor yvnoios
pBivouca oto (—00,0)U(0, +00). Eiven yynoiws ¢fivousa oo Sidornua (—00,0) ko1 oTo SidoTnua
(0, +00).

To eTOueVO OTTOTEAECUO Elval XPNOIUO YIX TNV aVayvPIoT TWV ONUEIY TOTIKOU OKPOTATOU
plas ouvapTnons.

Tpétaon 5.8. Eorw f: A— R, (a,0) CA a<&<b ko éotw 61 n [ eivon ouvexns oro (a,b).
(1) Av f'(x) > 0 yrax k&b x € (a,&) kou f'(x) < 0 yio k&be x € (€,b), T6TE 0 & eivon onueio TomIKOU
ueyiorou s f.

(2) Av f'(x) <0 yia kdfe x € (a,§) kar f'(x) > 0 y1ax k&be x € (€,b), T6TE 0 £ elvan onueio TomIKOU
eAayioTou s f.

Amodeén. (1) H f elvon abfouoa oto (a,&] kan gbivousa oto [€,D), omdTe o f(&) elvon M péyroTn
Ty Tns oTo ddotnua (a, b).
(2) Opoiws. [

Mapatnefiote 671, oty TpdTaon 5.8, de ypei&leTar va éxel mopdywyo n f oTov &; apkel udvo
va elvar ouvexns otov €.

[80U pia cuvnbiopévn TepimTwon epappoyts Tns Tlpdtaons 5.8. Eotw ouvdptnon f ouvexns oe
Sidotnua kot totw &1,&9, ..., &, oTa omola mepihapPdvovtal Ta (Tfavd) dkpa Tou SlACTHMTOS
oTe o kaféva amd Ta evdidpeoa avolkTd uTodlaoThuaTa M f éxel oToBepd Tpdonpo. ToTe (i)
Ta (mBavd) dkpa Tou SlaoTHuaToS eivan onpeia ToTikoU akpoTdTou, (ii) k&be & To omoio ywpile
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utrodlooThuoTa oTa otoia 1 f éxel SixopeTikd Tpdonuo eivar onueio ToTiKOU akpoTdTOU Ko
(1i1) x&Be & To omolo Xwpiler uTodiaoThpaTa oTa otoia 1 f éxel 1810 Tpdomuo Bev elvon onpeio
TOTIIKOU OKPOTATOU.

Nopadeiypoto. (1) Eva omd Ta mopadetypora tns evédtnTas 5.5. H f : [0,4] — R pe tUmo
f(x) = 223 =922+ 122 +5 elvan ouveyhs oo [0, 4] kot eivar f/(z) = 622 —182+12 = 6(z—1)(x—2)
yio k&8e x € (0,4). loxber f/(z) > 0 y1x x&8e x € (0,1) xou x&fe x € (2,4) xou f'(z) < 0 y1x
k&fe € (1,2). Apa n f elvan yvnoiws atfouca oto [0, 1] kou oTo [2,4] kou yvnoiws efivouca
oTo [1,2] xa1, emopéves, ot 0, 2 eivan onueia TomikoU gAaxioTou Tns f kan o1 1, 4 onueia ToTiKOU
peyioTou.

(2) H ouvdptnon f(z) = z*(z—1)* eivan ouvexhis oto R. Emions, f/(x) = 423 (z—1)*+4at(x—1)3 =
8z3(x —1)3(z — ) yio k&Be © € R. Eivon f(z) > 0 yio kébe = € (0, 3) xou x&be © € (1, +00) ken
f'(z) <0 yio k&Be z € (—00,0) Kot k&be z € (3,1). Apa n [ efvan yvnoiws avouca ota [0, 3,
[1,4+00) ka1 yvnoiws edivousa ota (—o0, 0], [%, 1]. Emropéves, o1 0, 1 eivon onueia TomikoU eAayioTou
Kal o = onuelo TomikoU peyioTtou. Elvar f(0) = f(1) = 0 xa, emeidhy f(z) > 0 yix k&be z, o1 0, 1

2
elvon onpela oAikoU eAayioTou. O % Bev eivon omueio oAikoU peyioTou, 81611 limy 1o f(2) = F00.

(3) Eotw n ouwvdptnon f(x) =z + % H f etvor ouvexns oto R\ {0}. Emions, f/'(z) =1— x% yix
k&fe x € R\ {0}. Eivan f'(x) > 0 yix k&be © € (—00, —1) kan k&Be = € (1,400) keu f'(z) <0
yio ke @ € (—1,0) kon k&be z € (0,1). Apa n f eivon yymoiws atovoa ota (—oo, —1], [1, +00)
ka1 yvnoins ebivouca ota [—1,0), (0, 1] ko, emopévas, o —1 eivar onpeio ToTiKoU peyioTou kon o 1
onueio TomikoU gAayioTou. MdAioTa, o —1 elvon onueio oAikoU peyioTou yia To dikotnua (—o0,0)
kar o 1 eivan onpeio oAikoU edaioTou yia To Sidkotnua (0, +00).
x, aww 0< 2 <1
(4) Eotw n owdptnon f(z) = ¢2—xz, av 1 <2 <2 H f evon ouvexns oto [0,3] ko eivan
r—2, aw?2<x<3
fl(x) =1 yia x&8e € (0,1) xaa = € (2,3) ko f'(x) = —1 yix k&b = € (1,2). Apa n [ eiven
yvnoiws atfouca ota [0, 1], [2,3] xou yvnoiws ebivousa oto [1,2]. Emopéves, o1 0, 2 eivon onpeia
TomikoU eAayioTou kan ot 1,3 onuela TomkoU peyioTou. Emadn f(0) = f(2) =0, f(1) = f(3) =1
kaw 0 < f(z) <1 yrx k&be = € [0,3], T 0,2 eivon onpeia oAikoU gAayioTou kon T 1,3 onpueia
oAlkoU peyioTou.
MapepmimTévtws, n f Sev éxel Tapdywyo otous 1 kar 2.

5.6.2 loéTnTes, avicoTNTES.

Me TN Bonfela Twv OswpnuaTwy Méons Tiuns Tou Aiagopikot Aoyiouou 1) Twv TpoTdoewy 5.6
ko1l 5.7 atmodeikvUovTal Sid@opes 106TNTES Kol aviodTNTes pe peTaPAnTés os diaoTtnuata Tou R.

Mopadeiypoata. (1) Xpnowomoidovtas Tis Topaywyous cos’' & = —sinz xou sin'x = cosz fa
amodeifoupe 6T eivan (cosz)? + (sinz)? = 1 yix k&b .
‘EoTtw 1 ocuvépTnon

f(z) = (cosz)? + (sinx)?.

Eivat
f'(z) = —2coswsinx + 2sinx cosz = 0

yia k&fe z. Apa 1 f elvan oTaBepty oo R, omdTe elvan
(cos ) + (sinx)? = (cos 0)? + (sin0)* =1

yia kabe .
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(2) Oa amodeifoupe 611 eivar € > x + 1 yia k&be x # 0.
TMowtn amddeaién: 'Eotw 1 ocuv&ptnon

flx)y=e"—x—1.
Eortw = > 0. Ywépxet € € (0,7) doTe

e“”—;c—l _ f(lgig(ﬁ) = f'(&) = S 1.

Ewadn & > 0, ouverdyesTton e —1> 0 ko, emopévws, ¥ —x—1 > 0. Katomw, éotw = < 0. Ymdpyet
¢ € (x,0) o

e—z—1 _ f(O—f(z) _ F1(€) =et —1.

T 0—=z
Emeidh € < 0, ouverrdyetan €5 — 1 < 0, omdTe, kou WA, €% — 1 — 1 > 0. Apa yia k&be = # 0 10xUel
e’ >x+ 1.
Aevtepn amddeién: 'Eotw 1 181 f. Eivon f/(x) = e —1 >0 yia k&fe © > 0 ke f'(x) =" —1<0
yia k&fe 2 < 0. Apa n f eivan yynoiws abéouoa oo [0, +00) ko1 yvnoiws eivousa oo (—00, 0].
Apc

e*—x—1= f(z)> f(0) =
yia k&fe x # 0.

AoxnoeLc.

1. Bpeite Tar SlooTHUOTO povoTovias Kal Ta onueiat TOTTKOU Kal OAIKOU OKPOTATOU TWV OUVap-
: 2 _ 3 _ 1542 2?2043 VT 2 @ oo sin(3z)
THoswv ° —x — 1, T 15:U —|—|72jv+7, Tonts apic LTUeTT, sinz —cosx, 3 cos ,
z—1

T +sing, o+ |sinz|, 2L, |z|e , arctan — log(1 + z?).

2. Bpeite Tt onueia TOoTKOU aKpOoT&TOU
(1) Tns ouvéptnons (z — 1)|z| oto [—1,3].
(i) s |2 — 3z + 2| oo [—3,10].
(i13) ™ Tx) oto [1,3].
(v) s x —|— ~ oTO [5,3]‘
(v) s e*sinz oo [0, 27].

3. Bpeite Ta onueia ohikoU gAayioTou Twv ouvapThoswy (T —ay)? + -+ -+ (z —a,)?, |z —ay| +
A | — ay).

4. Amodeiéte 611 M ouvdpTnon (1 + %)‘T elvor yvnoiws avfouca oTo (0, +00).

5. Bpeite v TR Tou @ > 0 yla TNV omola m W€yloTN TiUN TN CUVEPTNONS %" 1o

[0, +00) eivan n eAdxioTn SuvarTh.

6. (i) Eotw f: A — R £ € A onueio cusompeuons tou A kor f/(§) > 0. Xpnowpomolwvtas
Tov opiopd Tou f(§), amodeifTe 611 woxver f(x) > f(§) yx k&Be & € A kovtd oTov € ord
8e€ik Tou ko f(x) < f(§) yrx k&Be € A kovtd oTov £ amd apioTepd Tou. Mopel va givon
o & onpeio TomikoU axpotdTou s fi Tt yivetan av f/(§) < 0;

x+2x25in%, av x #0

Amodeitte o1 f'(0) = 1. ATro-
0, av T =

(77) EoTtw m ouwéptnon f(z) =

Bei€te 611 Bev uTdpyel kavévas a > 0 woTe N f va elvor afouca oTo Sidotnua (—a, a).
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(1) Eotw f: A — R, £ € A onuelo oucompeuons Tou A ko éotw 6T 1 f elvon Holder
ouvexfis oTtov & e ekfetn Holder p > 1 (8eite v &oxknon |1 1ns evdtnTas 4.1). Amodeifte
om J(€) =

(77) Eotw S1domua I, f: I — R kou éotw 6T n f elvon Hélder ouvexns oto I pe exBétn
Halder p > 1 (8eite Tnv doknon 3 ns evédtnTas 4.6). Amodeite 611 1 [ elvan oTabepn oTo 1.

Eotw f: I — R cuvexns oto Sidotnua 1. Av kavéva eowTepikd onpeio Tou I Bev elvon onuelo
ToTikoU peyloTou 1y eAaxioTou Tns f, omodeiéte 611 n f elvon yvnolws povédTovn oto 1.

Eotw Sidotnua I, f: I — R ouvexris oto I kan f'(z) # 0 yix k&be = oTo e0wTepixd Tou 1.
ATéd Ty &oknon 10 Tns evéTnTas 5.5 yvwpiloupe 611 1 f elven éva-rpos-éva oo 1. AtrodeifTe
ot n f elver yvnoiws povdtovn oo 1.

Ymobeién: Tlpcwtos Tpomos: Asite Tnv doknon 18 tns svotnTas 4.4. Asutepos Tpomos: Ao
To Oswpnua Tou Fermat kou TNy umdBeon, omodeite o1l yia k&fe x1, 29 € [, 1 < T2 Ta
Hovadik& onuela peyioTou kar gdayiotou Tns f oTo [r1,Xs] elvon Ta X1,y . Tpitos TpdTOS:
Suvémeia Tou (i4) TTou aKoAouBei.

(17) ATodeiéte 6T eite f'(x) > 0 yix k&fe & oTo eowTepikd Tou [ eite f'(2) < 0 yiox kdbe
T oTO £0WTEPIKO Tou 1.

Ymodeibn: IMpcdtos Tpdmos: Suvémela Tou (i). AeUtepos Tpdmos: Agite tnv &oxnon 14 Tng
gvotnTas 5.5.

(1) Eotw f,g:1]0,b] = R cuvexeis oto [0, b] xou mapaywyioues oto (0,b), f(0) = g(0) =0
koa (), g (x) > 0 yrx x&8e x € (0,b). Av n % eivar a€ouca oto (0,b), omodeiére 611 M

g efvan agouoca oto (0, b).
1/2)x 1/6)a® , ;
© -, (1/&)”6 , %, elvar a§ouoes oto (0, %).

i) ATrodeifte 4TI o1 ouvapThoEls 9

. (i) Eotw n ouvdpTnon f(x) = arccosx + arcsinx. Amodeiste éT1 f'(z) = 0 yrx ke x €

(—1,1). Amodei€re 611 arccos T + arcsinw = 3 yla k&be © € [—1,1].

(77) 'EoTtw n ouvdptnon f(z) = arctan x+ arctan ~ . Amodeiéte o1 f'(x) = 0 y1x x&Be = # 0.
ATrodeifte 6T1 arctan x + arctan ; = 7 vl k&be :U > 0 ko arctanz + arctan% = —75 vl k&be
x < 0.

Eotw f,g: (a,b) = R mopaywyiciues oto (a,b), a < 0 < b. Eotw, emions, f'(x) = g(x),

g (x) = —f(x) yra k&e x € (a,b) xoa f(0) =0, g(0) = 1. Mvwpilete k&molo (euydpt TéToOV

oUVaPTNOEWY;

(i) Amodeitte om1 f(2)? 4 g(x)* = 1 yix k&be @ € (a,b).

(17) Av o1 F,G éxouv Tis i8ies 1816TnTeS, amodeiéte o F () = f(x), G(z) = g(x) yro kdbe
€ (a,b).

Ymodeién: Xpnowomomote T ouvdptnon (F(x) — f(x))2 + (G(z) — g(w))2 )

) A'rr08£i§'re OTL:

(i) 2z <sinz <z ylo< k&Be x € (0, 7).

(#1) log T2 > 2z 4 2= yio KO(GE xz € (0,1).

(vi1) Iog 1” < 2x 4 == h + £ 7 yia k&fe z € (0, 3.
(iv) et <14 Y KCXGE x> -1

v a:>arctana:>91:——3 1a k&Be & > 0.

(v) Y
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20.

21.

. (i) Eotw 0 < z < y. Amodeiere 6T eite az® ' < L= < ay

. Eotw é11 n f:[a,b] = R elvon cuvexns oto [a,b] kan éxer mapdywyo oTo (a,b).

(i) Av f'(z) > p yra k&be x € (a,b), amodeiére o1 f(a)+pu(z—a) < f(z) < f(b)+p(x—>b)
yio k&be T € [a, b].
(17) Av f'(z) < p yro k&8s © € (a,b), amodeitte 611 f(b)+pu(z—b) < f(z) < f(a)+p(z—a)
yio k&be T € [a, b].

. Eotw f : [1,4] — R ocuvexns oto [1,4], f(1) = =7 xea f'(z) > 3 yx x&8e x € (1,4).

ATrodeifte 611 f(4) > 2. Mo k&fe 1 > 2 Ppeite ouykekpluévn f ue OAes Tis TaPOTTdVe 1810TNTES
oote f(4) = .

= ol qvoa > 1, ete ay® !t <
yr—z° a—1
yT<CLZE ,ov 0 <a <1,

(17) Eotw x <y, a >0, a # 1. Amodeiéte 11 ¥ loga <
(17i) Eotw 0 < z < y. AmodeiTe 611 % < yi—m log(¥) < 1.
(

iv) Amodeifte 611 |arctanx — arctany| < |z — .

a¥—a”®
y—z

< aYloga.

. Amodeifte 0T e > 1+ 7, ¥ > 1+%+§, er > 1+%+§+§—? yix k&fe > 0. TToiax glvon

N YEVIKN popen auTwy Twv avicoThTwy; KaTtom, amodeifte 611 yia x < 0 1oxUel n mpwTn,
n TPiTN, N TEUTTN KAT ovicdTnTa Kabws kot 1 avTioTpoen Tns deUTepns, TNS TETAPTNS KAT
AVICOTNTOS.

£E3

3 5 R ,
1, sine > — 5, sine < i — 5+ 5 yix k&Be > 0 kon 611 01

avicoTNTES AUTES avTloTpépovTal yix T < (.

(i) Amodeitte 6T sinx <

.. , , 2 2 4 2 4 6 ,
(17) AmodeifTe 6T1 cosx > 1—%, coso <1—%5 + %, cosw > 1— 5 + 9 — 4 yx k&be z.

TToix gival 1 yevikn popen auTwy TwV AVICOTNTWY;

. Eotw M >0, f:[a,b] = R ouvexns oto [a,b], f(a) =0 ko |f'(x)] < M|f(x)] yrox x&Be

z € (a,b). Amodeitte 4T f(x) =0 yix k&8s x € [a, b].

(1) Eotw ag,...,a, >0 ke n f:(0,4+00) = R pe tUmo f(x) = W‘% Bpeite
Y eAdyioTn TipN Kot SAa Ta ompeia oAikoU gAayioTou Tns f.
(17) Amodei€te Tnv AvicéTnTa Tou Cauchy: Av ay,...,a, > 0, T6Te
ar+---+a
Y al PPN an S —n .
n
ATrodeifte 0TI 1o0)UEl N 10OTNTA AV KA POVO OV 4] = ... = Ay .

Yddeién: Xpnoipomorote To (i) kau TNV apym TNs eTaywyns.

Eotw a1, . 00,01, ... bp, 1, ..oy iy >0 ka1 o + -+« + p, = 1. Emrions, éotw 0 <t < 1
kot a,b > 0.
(1) Amodeiets Tnv AvicéTnTa Tou Young:

a7t < (1 —t)a+tb

ATrodeifte 611 10KUel N 100TNTA Qv Ko povo ov a = b.
YméSeiEn: Mehetfiote v f @ (0, +00) — R pe tUmo f(2) = 2' —tx +t xou BecwpnoTe & = g.
(77) Amodei€te Tnv AvigdTnTa Tou Holder:

all_tb1t + -4 anl_tbnt < (a1 Tt a”)l_t(bl +-t b”)t
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ATrodeifte OT1 10)UEl M 10OTNTX AV KOl uOVO v %’“ = %’“ yiax k&be k, émou A =a; +---+a,
ket B=b;+---+b,.

Ymodeiln: EpopudoTe TNV avicdTnTa Tou Young ot K&Be (eUyos %’“ %.
e 1
(1ii) Amodei€re 6T f : R\ {0} = R pe t0mo f(z) = (1a1™ + -+ - + ppa,”) = eivor ab€ouvoa

oto R\ {0}.
Yrodeiln: EpapudoTte kKaTdAANAa Ty avicoTnTa Tou Holder.
(1v) AmoBeifte 61

1
|irﬂmg)0(,u1al“C R /I/na/nx>z = a/lﬂl c. aan .

1
T

ogg(z) glz)-1

Ymoseign: Oewpriote Tw g() = prnar” + -+ + fnan” ke ypayte log(g(z))= = FFH 5

(v) Av £ <0 < 2, amodeiére 611

-

(ar® + -+ pnan”)s < @’ ap < (nar” -+ pan”)

Agite 6T1 N avicdTnTa Tou Cauchy Tns &oknons 20 eivon 181kt TrepiTToon.

5.7 Aeutepn TTapAywyos§ KOl EPAPMOYES.

Opiopds. Eotw f: A = R kan B = {x € A|f'(x) € R}. 'Omwws éxoupe 10N el opiletar n
Topdywyos ocuvdptnon f' 1 B — R. Oewpolpe, Twpo, £ € B onuelo cuoodpeuons Tou B ko
e€etdloupe av umdpxel 1 (f')'(€), dnAadh To Spio limy_e f’(x;%g'(g) Av umépxet n (f')(€) ™
oupPoAiloupe, o OTTAL,

f//(éu) — Iim f’(l’) — f/(f) ’

=€ xr — f

ko1 TNV ovopdloupe 8sUTepn Trapdywyo Tns [ oTov &.
Ouoiws, opileTar M TPITN TOP&YWYOs WS N TPWTN TAPAYWYOS TNG OeUTEPTS TAPXYWYOU KA,
ETAYWYIKY, UTTOPOUpE Vo 0picoupE TNV N-00TH TOP&YwWYo WS TNV TPWTN Tapdywyo Tns (n — 1)-
0oThs Topaywyou. H Trpdtn Toapdywyos tns f oTtov & cupPolileTon kot f(l)(ﬁ) Kal 1 OeuTepM
Tap&ywyos cupPBoAileTal Kal f(2) (€). Mo Ty TpiTN TaP&ywyo XPNOHOTTOIOUHE Kol Tt dUo GUpBOAX
™€), fO(€) ke yia peyodiTepns T&ENs Tapaydoyous XpnotuoToloUpe To oUuBoro (M (€).

Toviloupe 671, P&oel Tou opiopoy, N N-ooTh Topdywyos Tns [ oTov & elvor To 6plo

£ (e) — i £ = 10O

r—E .Z'—f

TéNos, avagépoupe OTL pepikés popes To f(£) ouuporitetan f(O(€).

Nopadeiypota. (1) Av n € N, 1é1e o1 Topdywyol cuvapTnoels NS Py, elvat 2o = np,_1,
P =nn—Dp,a, @ =nn—1)(n—-2)pps3, ..., 0.V =n(n—1)---2p; xa p,™ =
nn—1)---2-1=mnl. Ewadn n pn(") elvor oTabepr), k&Be Topdywyos peyadlTtepns TAENS eivar
otabepn 0, dnAad p, ™ =0 yiax k&be m € N, m > n.
(2) Av a ¢ NU {0}, o1 Tap&ywyor cuvapThoes s po eivar: Pt = apa_1, pa® = ala — 1)pa_s
KA, YEVIKE,

p™ =a(a—1)(a —m+ 1)pem (m € N).

MapaTnpfioTe 6TL 0 CUVTEASSTAS TNS Pa_m elvar 7# 0 ko1, eopévws, Kauid Topdywyos ocuv&pTnon
dev eivon oTabepn 0.
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(3) Av a > 0, o1 Tap&ywyol cuvapThoels TNS exp, eival exp, M) = loga exp, . exp, 2) = (loga)? exp,
Kal, YEVIKS,

exp, ™ = (loga)™ exp, (m e N).

Eidikdtepa: exp™ = exp yia k&be m € N.

2) _ )

(4) O1 Tap&ywyol cuvapTnoels Tng sin eival sin) = cos, sin! —sin, sin® = — cos, sin® = sin.
ATé To onueio auTd Kol TEPA o1 BIABOXIKES TTAPAYWYOL CUVAPTNOELS eTTavaAouBavouy Tov “KUKAO":

sin, cos, — sin, — cos. MTopoupe, emions, v ypdyoupe
sin) = (—1)¥sin,  sin@®*D = (—1)¥ L cos (k € N).

Oupolws,
cos?k) = (—1)* cos, cosPF1) = (—1)* sin (k € N).

YT&pxel Kol eVaAAOKTIKO oUMBOAO peE OTTEIPOCTA Y1 TIS TTAPAYWYOUS AVWTEPTS TAENS:

d™y
da™’
Oa acuTioAoyticoupe auTd To cUPPoAo oTnY TePITTWo™ TN deUTEPNS TAPAYWYOU. ZTNY &OKNOT
I'1(i3i) Tns evéTnTas 5.8 eupavileTon To dpio

im0 f(§+2h)—2}{2(§+h)+f(£) = f(¢).

Av ypdyoupe y = f(E+h), n = f(§) kon Az = h, té1e elvan Ay =y —n = f(E+h)— f(§). Topa,
ekTos amd TN dagopd f(§+ h) — f(€) Bewpolpe kou TNy 81 Sropopd oAA& oTov § + h avTi oToOV
& dnAadh v f(E+2h) — (€ + h). Mo va koToA&Poupe kaAUTepa TNV KaTdoTaon, as Béocouue

9(&) = F(E+h) = (&) = (Ay)(E).

TéTe siven
g(§+h)=[f(+2h)— f(E+n)=(Ay)(+h)

KOl UTTOPOUUE VO YPXYOUE

FE+2h) = 2f(E+h)+ f(§) = g€+ ) — g(&) = (Ay)(§ + h) — (Ay)(&) = A(Ay).

AnAodny n mapdoToaon f(§ + 2h) — 2f(£ + h) + f(§) mpoxUTTel omd uo B1oBoXIKES EPOPUOYES
™s "mTp&éns” Tns diogopds. M autd n TopdoToon auTh ovoudleTan SeuTepn Srxpopd Tns f kot
oupBoriletar, A(Ay) 1, mo ouvtoua, A%y. Mopolue, eTouéves, v ypd&youus To TapaTdve 4pio
ws e&ng:

2
limas0 54 = f"():

ATo auTd TO Oplo TPOKUTTEL TO oUPPoAo
2y _ o

OTws otrd To limag—so i—g = f(§) mpoxUmTel TO % = f(&).

Oa doUye TWPA HEPIKES EPAPUOYES TN DEUTEPTS TTAPAYWYOU.
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5.7.1 Tomik& akpéTATC.
H mpo™n epoppoyn eivar éva ammAd KpITHPIO TOTIKOU AKPOTATOU.

MpéTaon 5.9. Eotw Sidotnua I, f: 1 — R, éotew 611 n [ elvar ouvexris kau éxer mapdywyo oto |
kai éotw 6T utrdpxer n f"(§) oe kdmroiov £ oTo 0wTEPIKS TOU .

(1) Av f'(€) =0 kar f"(&) > 0, 161¢ 0 £ eivar onueio TomiKoU edayioTou Tns f.

(2) Av f'(€) =0 kar f"(§) < 0, T61e 0 £ elvar onueio TomiKoU peyioTou TN f.

Amodeén. (1) Emadh o £ eivan oo eowTepikd Tou I, umdpyxer dg > 0 wote (£ — &/, &+ ') C 1.

Emions, emeidfy f(§) = limy_¢ ﬂ(x;—:g'(g) 1o UeL

KovT& oTov £, omwdTe uTdpxel Oy’ > 0 woTe vo 1oyUEr fl(zi—:g/(é) >0vyaxdfexel, 0<|z—¢& <
do” . Opiloupe 09 = min{dy’, 0o }. ToTe eivan dg < o' xou Jp < 0g” . Apax (£ — g, & + o) C I ket
1oy UEL L:g(g) >0 yix k&fe x € I, 0 < |z — &| < Jp ko, emopéveds, 10xUel L@ - yio

T z—&€

K&Be T € (g - 50,5) U (§,§ + 50)

Apa1oylel f/(x) < f/(&) = 0 yra kdbe x € (§—0¢,&) ko f'(x) > f(€) = 0 yrx x&be z € (£, £+00).
H f elvon ouvexns oto (§ — do, &] ke oTo [€,€ + Jp), omdTe elvan yvnoiws ebivousa oTo (€ — dy, &]
kot yvnoiws atouca oto [£,€ + dp). Apa o £ eivan onueio ToTikoU eAayioTou s f.

(2) Opoiws. [

Mia yevikeuon Ttns TTpdtaons 5.9 umdpyxer otny &oknon 10 tng evdtnTas 5.8.
Hopadeiyuoto. (1) Eivar po’(0) =0, py”(0) = 2. Apa o 0 eivan onueio TomikoU eAaxioTou TN Pa .
(2) Eiven py/(0) =0, ps”(0) = 0. 'Opws, o 0 eivor onueio TomikoU eAayioTou TN Pg. Apa Bev 10xUel
T0 avtioTpogo Tns TMpdTaons 5.9.
5.7.2 KupTtis ka1 koide§ ocuvapTroEls.

Opiopds. Eotw didotnua I ko f @ 1 — R H f yopoxtnpileton kupth oto [ ov yio xébe
x1,x9 € I, 11 < 9 kan x&Be t € (0,1) 10xUet

F(1 =tz +twg) < (1 —¢)f(x1) +tf(x2).

Av n ovicdTnTa auTh elvan yvhole, T6Te N f XopaktnpileTor yvnoiws kupth oTo .
Opolws, n f yopaktnpileton koikn oto I av yia k&be 1,2 € I, 11 < T9 ko k&Be t € (0, 1) 1oyta

(I =t)xy +tag) > (1 —t)f(x1) + tf(x2).
Kat, av auth) n avicdtnTa elvan yvola, téte 1 f yapoaktnpileTtan yvnoiws koikn oto /.
Mapadeiypota. (1) H ouvdptnon puz + v eivon kupth kar koidn oto R. Tlp&ypaTty, 10xUel
p((1 =)z +tag) + v = (1 — t)(uxy + v) + t(puxs + v)

yia k&8 1,29 € R, 21 < xg xou k&fe t € (0,1) .
(2) H ouvdpTnon z? elvar yvnoiws kupth oto R. AdTt yia k&Be 71,72 € R, 71 < 79 kou k&Be
t € (0,1) oyva
(1 =)oy +tze)? = (1 —t)%2% + 2t(1 — t) 129 + 225
< (T=t)%2] +t(1 — t)(af + 23) + t?25 = (1 — t)a] + tas.
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(3) H owvéptnon |z| eivon xupTh oto R. AdTi yix x&Be 1,29 € R, 21 < 29 wou kébe t € (0, 1)
10X UEL

|(1 —t)zy + tas| < |(1 —t)xy| + |tzo| = (1 — t)|21] + t|z2].

Oa dolpe é11 n avicdTa f((1 — t)ay + twg) < (1 — t)f(z1) + tf(x2) ypdoeTon pe évov
B10POPETIKO - OAAX 100BUVANO - TPOTIO.

Eotw x1 < @9 xou f((1 — )z +txo) < (1 —t)f(21) + tf(x2) yrx x&8e t € (0,1). Mo x&be
x € (x1,T3) opiloupe

t=
ométe t € (0,1), 1 —t = T Kal (1 —t)xy +tre = x. Apa

f(@) = f((L =)z +tao) < (1 —1) f(21) +1f(x2) = 255 fn) + 258 f ().

AvTioTpows, toTw f(x) < 2= f(x1) + 22 f(22) yia k& @ € (21, 22). Na xéde t € (0,1)
opiloupe
r=(1—1t)x) +tas,

omdTe T € (71,12), ri =1 —1 ko =2 =t. Apa

S =) +twg) = f(x) < 225 fon) + 2250 fwe) = (1 —8) fz1) + Lf (22).

r2—T1

MTropoupe, Aoy, va molpe o1t N f 1 [ — R elvan kupth oTo Sidotnua I av ka1 pévo av yix
k&Be 1,29 € I, 1 < Ty o1 k&be = € (11, x2) 10YUeL
To — T r — T
f@) < ——fla) + —— f(22).
T2 — I T2 — X1
Me Tov 810 TpdTO PAéTroUpE OTL M [ elvan yvnolws kupTh oTo Sidotnua I av ko pdvo av oxUel M
Sl aVICOTNTA WS YVNOIX AVICOTNTA.
Ouolws, N f elvon koiAn oTo didotnua [ ov kot pévo av yio k&fe 1,29 € I, 1 < T9 ko k&be
x € (21, 13) 1w0yxUel
Ty — T T — I

p—— xlf(ld) + p— mlf@z)'

fx) =

Kar n f elvor yvnoiws koidn oto Sidotnua [ av ko pdvo av 1oxvel N 181 avicdTnTa ws yvHolx
avicoOTNTA.

AT ouTés TIS avIoOTNTES TTPOKUTITEL TO YEWUETPIKO TEPIEXOUEVO TWV EVVOIWV TNS KUPTOTNTAS

Kal TNs KoIAOTNTAS ouvapThoewy. TlopatnpnoTe OTL 1

v = BE )+ fe) = 1y Il

elvar m eflowon TN eubeias Tou BiépyeTon amd To onpeia (xq, f(x1)) xou (a2, f(22)). Emopéves,
To 6T n f elvan kupTh (koiAn) oTo Sikotnua [ onuadver 611 yiax k&be 1,20 € [, 1 < T3 TO
uépos Tou ypaghuaTos Tns f Tou eivar avéueoa oTa onpeia (21, f(x1)) xou (w2, f(x2)) BpiokeTon
k&Tw (Tavw) amd N el Tou euBuypdupou TunpaTos pe dkpa auTd Ta duo onuela. To 6T m f
glvor yvnolws kupth (koiAn) oto didotnua I onuaiver éT1 yix k&be 21,29 € I, 1 < Ty TO pépos
Tou ypoghuaTos Tns f Tou eivon avéueca ota onpeia (x1, f(21)) o (2, f(z2)) PplokeTon K&TwW
(Trévw) amd To eubBlypappo TUNUX pe &Kpa auTd Ta duo onpela.

MpéTaon 5.10. Eotw Sicotnua I xar f: I — R xuptr) i) xoidn oo I. Téte n [ elvar ouvexns oto
gowTepikO Tou 1.
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Améden. Eotw £ oTo sowTeplkd Tou [, omdTe umdpyouv a,b € I wote a < £ < b. 'Eotw 611 1 f
elvon kupTn oTo 1.
Eotw z € (a,§). TéTe elvan

flo) <EEfla)+ 2218, f(&) < E5f(w) + 5221 (b).

ZUVETTQYETOL

bz (€) + 2L £ (b) < flo) < E25f(a) + E2().

Me TropepPolt), ouvemdyeTan lim, e f(x) = f().
Eotw x € (£,). ToTe eivan

ZUveTTayeTal

2 f(a) + 2 1(6) < f(x) < EEF(E) + 51 (b).

Me TropepPold), ouvemdyeTan lim, ey f(2) = f(£).
Apa limy_e f(x) = f(§) kan n f elvon cuvexns otov &.
H oamddeién eivan 181 av 1 f elvon koidn oto 1. ]

TMpétaon 5.11. Eotew Sidotnua [ ke f: I — R
(1) Av n [ eivai kuptr) oo I, T6Te (1) Y1 kdBe £ oTO e0cwTEPIKS ToU I 1) apioTEPS dikpo Tou I utrdpyer

n fL(§) kar woxver fL(§) < f(r) ( ) yia k&8s x € I, © > € ko (i1) yia k&fe £ oTO €00TEPIKS TOU
I 1) 8¢&16 drpo Tou I umdpyer n f_(f) Kol 1o UElL (;_5 © < fr(§) yoo kdbe x € 1, © <&,

Av n [ elvon yvnoiws kuptr) oto I, 6T 01 SUo TOPATTAVW AVICATNTES 1ICXUOUY (S YVNOIES QVICOTTTES.
Tédos, eivor —oo < f/ (&) < f1(§) < +00 yia kdbe £ oTo eowTepikd Tou I.

(2) Av n [ eivon koidn oTo I, 1612 (1) yiax ke € oTo eowTepiKd Tou I 1) apioTepd drpo Tou I utrdpyet
n fi(§) xan woxver f1(§) > f(x) f( ) yia k&be x € I, © > £ xkar (i) yiax k&fe & oTO £00wTEPIKO TOU
I 1) 8¢&16 drpo Tou I umépyer n fﬁ(ﬁ) Ko 1o UEL %55) > (&) yia kdbe x € I, x < &.

Av n f elvar yvnoiws koidn oto I, T6Te 01 Suo TapaTTdvew aVioOTNTES ITXUOUY S yVNIOIES QVICOTNTES.
TéAos, eivor —o0 < f1.(§) < fL(§) < +00 yia kdbe £ oTo eowTepikd Tou I.

Amdédeén. (1) 'Eotw f kupth oto I.
Eotw & eowTepikd onpeio 7 apiotepd dxpo Tou I. Eotw 1,29 € I, £ < 1 < x9. TéTe f(21) <
T2=TL £ () 4 T £ (1)) ko, eTopévas,

xo—E€ x2—§

f@1) (&)  flz2)=f(E)

r1—€ — r9—&
Apa n ouwéptnon h: {x € I'|z > £} — R pe tUmo h(x) = % elvar av€ouoa. Etropévas,
oUppwva pe To Oewpnua 3.5 kal Ta oXOAa eT& amd aQUTO, UTTAPYEL TO

limg et () = limg ey f(x; = f+(f)
Kal givar < 400 Kau, €Tions, 1oYUEL
JL(&) < lw) = H=EE

yiax k&be x € I, x > €.
Av n f elvar yvnoiws kupth oto I, 16T, dmMeds Tpw, N h elven yvnolws alfouoa, omdTe 10yUel
fi(§) < h(x) = f(m) () yio k&fe © € I, x > .
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Eotw £ eowTepikd onueio 7 8e€1d drpo Tou [. Eotw x1,29 € I, 11 < 9 < £ Toéte f(x9) <
S f(a1) + B2 (€), omoe

f@1) (&) ~ flz2)=f(E)

z1—¢ —  w2—§
Apang:{zel|lr <& - R pe tomo g(z) = % elvar aufouca. Emropévws, umapyer To

limg e g(x) = limg e z) f(g = fL(§)

Kal gival > —00 Kal, €mions, 1oxUel

yiax k&be x € I, x < €.

Av n f elvor ynoiws kupTh oTo [, TéTe, dTws e, M g elven yvnoiws aufouca, omdTe 10XUEl
(&) > g(x )—f(‘r) /() yio k&8s x € I, x < &.

TéNos, éotw & oTo eowTepid Tou [. Eotw a,b € 1, a <& <b. Amd v f(&) < Ef(a) 4 i:_gf(b)
OUVETTQYETAL

=) ~ fO=f(©)
e ST
Apc
FL(E) = limgye LOZIE <im, e JOLE = g1 (¢),
(2) Opoiws. U

MopotnehoTte pia cuvémela s Mpdtaons 5.11. Av 1 f elvan kuptf 1) koidn oTo BikoTtnua [
Kol éxel Tapdywyo oe k&molov £ oTo eowTepikd Tou I, TéTe eivan f/(§) € R, omdTe n f elven
Tapaywyioipn otov &.

2Tn ouvexela B SouUpe duo PaciKA KPITHPIX Ye TA OTTOIX MTTOPOUUE V& XTTOQACICOUME QU I
ouv&pTtnon slvar KupTh 1) KolAn oe k&molo didoTNUC.

MpéTaon 5.12. Eotw Sicornua I kai éotw oTin f 1 I — R elvar ouvexns oo I kai éxer mapcywyo
0TO €0wTEPIKS Tou 1.

(1) H f eivou (yvnoiws) kuptn oto I av ka1 pévo av n ' eivon (yvnoicws) avéouca oTo eowTepikd Tou
1.

(2) H f eivon (yvnoiws) koidn oo I av xai udvo av n ' eivon (yvnoicws) pbivouca oTo eowTepikd ToU

I

Amdédeién. (1) Eotw 611 n [ elvon kupth) oto I. Eotw 21, T2 oTo sowTtepikd Tou I, 27 < To.
2Uppwva ye Ty TTpdtaon 5.11,

) < 2l < ey,

Apa f'(z1) < f(x3), omdTe N f’ elvon a€ouoa oTo eowTepikd Tou 1. Av n f elvon yvnoiws kupTh,
TOTE Ol TPONYOUUEVES AVICOTNTES 1OXUOUY WS YVToles aviodTnTes, omoTe N f’ elvan yvnoiws abéouoa.
AvTioTpdows, éotw 6Tt 1 f elvan av€ouca oTo eowTepikd Tou I. Eotw x1,19 € I, 1 < Ty ko
T <Tr<xy. YTdeXOUV gl, 52 woTe T < 51 <x < £2 < T9 KOl

fofal = ple), L2 = o).

Eivon f/(&1) < f'(&2), oméTe
f@)=fle) o fle2)—f(z)

r—x1 — To—T
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Apa

f(o) < 225 (@) + = fw2).

2
Apa n f elvan kupthh oto I. Av n f' elvon yvnolws alfouca, TOTE o1 TponyoUueves ovIcOTNTES
1oYUOUY WS yvnoles avicdTnTes, omdTe N f elvan yvnolws kupTh.
(2) Opoiws. [l

Atmé Ty TlpdTaon 5.12 TpokUTTEL €vas aKOUT YEWUETPIKOS XAPOKTNPLOMOS TWV EVVOLLY TN
KUPTOTNTAS KAl TNS KOIAGTNTAS Yl ouvopThoels f ol omoles eivor ouveyels o éva Sidotnua I kau
Tapaywyliolpes oTo gowTepikd Tou [. To 611 n f elvon kupTh (koidn) oTto I onuaiver éT1 1 KAion
NS epamTopevns eubeias oTo ypdoenua Tns f oe éva eowTepikd Tou omuelo - SnAadt dx1 &kpo Tou
- aufdveTton (pelddveTar) OTav To onuelo emagns Kwelton Tpos Ta 8efid. Opolws, To ém1 1 [ elvan
yvnolws kupTh (KoiAn) oto [ onuaivel 611  KAlon Tns epatrTdpevns eubelas oTo ypdonua Tns [ o
gV ECWTEPIKO Tou omueio aufdveTtan (peiwveTan) yvnolws étav To onuelo emagrs KiveiTal Tpos Ta
debia.

222, ow <0 , 4dr, av x <0
’ T éyal T) = ’ - H
22, aw 0<z xer f'(x) 2¢, av 0<«x /

glvar yvnoiws atvfouca oto R, omdTe n f elvon yvnolws kupth oto R. TlaparnpnoTe, ev dyel TN

Hopadeiypota. (1) H cuvdptnon f(z) =

MpdTaons 5.13, 611 8ev umdpyer n f”(0).
(2) Eivaa p,/ = np,_1 oto R. Apa, av o n € N eiven &pTios, 1 pr_1 elvan yvnoiws avfouca oto R,
omdTE M Py elvan yvnoiws kupth oto R.

B&oer tns oxéons avaueoa oTn povoTovia ouvdpTNomNs KAl 0TO TPOCTUO TNS TTOPAYWYOoU TTs,
gxoupe TNy €§hs TapoAAayn Tns MpoéTaons 5.12.

TMpétaon 5.13. ‘Eotw Sidornua I kou éotew 611 n f @ 1 — R elvon ouvexris oto I xou éxer Seutepn
TAP&ywyo OTO €0WTEPIKO Tou 1.

(1) H f eivon kupth) oto I av xai uévo av f"(x) > 0 oTo ecwtepikd Tou I. Av ioxver f"(x) > 0 oro
eowTepikd Tou I, 1616 M f €lvon yvnoiws kuptr) oto 1.

(2) H f eivar koirn o1o I aw ket uévo av f"(x) < 0 oTo eowtepixd Tou 1. Av ioxvea f”(x) <0 oTo
eowTepikd Tou I, T0Te M f elvan yvnoiws koidn oto 1.

Nopadeiypoata. (1) Eotw n ouvdptnon f(x) = z(z — 1)(z — 2). Eiven f'(z) = 322 — 62 + 2 xau
f"(z) = 62 — 6 y1o k&8s x. Apa 10xUel f(x) < 0 yio k&fe & € (—00, 1), owdTte  f elvan yvnoicos
koiAn oTo (—o00,1]. Emions, woyver f’(z) > 0 yix k&8s = € (1,400), omdte n f elven yvnoicws
xupTh oTo [1, +00).

(2) Eivaa p," = n(n—1)pp_o oto R. Apa, av o n € N eivon meprtts, 1 p,, elvon koidn oo (—o0, 0]
ko1 kupTh oTo [0, +00).

(3) Eivar p.”(z) = ala — 1)2°72 yia k&8s = > 0. Apa n p, elvar gite yynoiws kupth oto (0, +00),
av a < 0, eite yvnoiws xoiAn oto [0,4+00), av 0 < a < 1, eite yvnoiws kupth oto [0, +00), av
a> 1.

(4) Eotw a > 0, a # 1. H exp, elvon yvnoiws kupth oTo R 81671 1oxUet exp, "z = (loga)? exp, © > 0
yia kabe x.

(5) Eotw a > 0, a # 1. Eivan log, "z =
koiAn oto (0,+00), av a > 1, eite yvnoiws kupth oo (0,+00), av 0 < a < 1.

~ Piega Y@ k&Be x > 0. Apa n log, elvor eite yvnoiows

(6) H ouvépTtnon 2t elvoa yvnoiws kupth) oto R 81671 n Topdywyos cuvdpTtnon 423 elven yvnoios

avfouoa oo R. ‘Opeos, elvar A&Bos 611 1 BelTepn Tapdywyos ouvdpTnon eivar BeTikn ot k&be onueio
Tou R: 1oxUe 1222 > 0 yia k&be x #£0, cM& 12 - 02 =0.
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5.7.3 Znusia kopTNs.

Opiopods. Eotw f: A — R ko € amd opioTepd Tou kan omd Be€id Tou onuelo cucowpeuons Tou
A. O & xapoaxktnpiletor onpeio kapms Tns [ ov 1 f elvon Tapaywylown oTtov € ko eite 1oxUel
f(x) > f1(§)(x—=&)+f(§) yrx k&be  kovTd oToV £ ord apioTtepd Tou ko f(x) < f'(€)(z—E&)+f(€)
yia k&Be T kovtd oTov £ amd Befi& Tou eite, avmiBéTws, woxvar f(x) < f1(&)(x — &) + f(§) yx
k&Be & kovTd oTov & omd apioTepd Tou kor f(x) > f(&)(x — &) + f(§) yro k&Be = kovTd oTOV &
atrd B Tou.

Av o1 TponyoUpeves aviodTNTES 1oXUOUV s yVvholes aviodTnTes, TOTe o & Xapaktnpiletol yvnioio
onpeio kaptrns Tns f. Emions, o £ xopoxtnpileTon yvholo onueio kapThs TS f Ko 0TiS TEPITTTWOELS
£1(8) = £oo.

Se k&be mepimTwon, To (&, f(§)) xopoxTneileTan onpeio kapTrHs Tou ypagnuoTos Tns f.

MTopoUpe va ToUpe 611 To (&, f(£)) elvon onpeio xopTns Tou ypagnuoaTos Tns f ov Kot apyds
uTtdpyel epamrTopevn eubeia oTo ypdenua Tns f oTo onueio (&, f(£)) kon koTéTW Ta pépm Tou
YPAPNUATOS, TX OTrola glval KOVT& 0TO onueio auTd Kal OTis dUO JIAPOPETIKES UEPLES Tou, BpiokovTal
TO €V OTO €va KAl To &GAAo 0To GAAo aTrd Ta duo nulemTimeda TTou opilovtal omd TNY EPATTTOPEVT
eubeia.

MpéTaon 5.14. Eotw &idornua I, f: 1 — R, £ oto eowtepixd Tou I kou f'(§) € R. Av umdpyoww
a,b € I dote a < § < b ka1 wote n f va eivon kuptr) o070 (a,&| Kot koidn oTO [€,b) N, CvTIBéTCOS,
xoidn oo (a,&| kat kuptn) oTo [€,b), T6Te 0 £ eivar onueio kowtns Tns f.

Av 10 "kUpT" yiver "yvnoiws kupTn” kai To "koiAn” yiver "yvnoiws koidn’, T0Te 0 & elvon yvnoio onueio
KQUTTTS.

Amédeién. 'Eotw 6T n [ elvan kupTh) oo (a, ] kou koidn oTo [€,b). SUupwva pe Tv TpdTaon 5.11,
1o UeL % < f(€) yx k&be x € (a,&). Opoiws, 1oyUel %:g@ < f1(€) o k&be x € (€,D).
Moo 1oximn 1(x) > () — €) + F(€) yio w8 7 € (a,€) wen [(x) < S — ) + £(€) o
k&fe z € (€,b). [

Epopudloupe T did@opa KPITHpla KUPTOTNTAS 1) KOIAOTNTAS Ot JIACTNHATS OF OUVBUOOUO e
v TlpdToon 5.14 yia va Siakpivouye av k&molos apifuds eival onueio KAUTTS HIXS CUVEPTNONS.

MpéTaon 5.15. Eotw Sidotnua I, f: 1 — R, £ oto eowrepikd Tou I kar f'(§) € R. Av 1oxve
eite f"(x) > 0 kovrd oTov & amd apioTepd Tou kou f(x) < 0 kovrd oTov £ omd Seik Tou eite
f"(x) <0 kovrd oTov £ amd apiotepd Tou kau f'(x) > 0 kovrd oTov £ amwd Seid Tou, TéTE O &
elvon onueio kautns Tns f.

Av o1 TTponyoUuEVeEs QUICOTNTES 10XUOUY S yVioles avicOTnNTeS, TOTe 0 & elval yviiolo onueio KOWTTS.

Hopadetypo. Eiven p3’(0) = 0 € R. Emions, woyxte p3”(x) = 62 < 0 y1x k&be x € (—00,0) xou
p3”’(x) =62 > 0 yix k&fe x € (0,400). Apa 0 0 eivon yviiolo onueio kopThs NS P3 .

5.7.4 Eufeies otrpiins.

Opiopds. Eotw f: A = R ka1 £ € A, Mia eufela | xopaktnpileton subeia oTnpifns amo ké&Tw
Tou ypoghuatos Tns f oTo onuelo (&, f(§)) av n [ BidpyeTon omd To onuelo auTd ko Sev uTTdpyEl
Kovgva onuelo Tou ypagnuaTos k&Tw omd TNy [. Andadn, av y = px + v elven n eflowon s [,
1é1e 10xvar f(€) = p&+v kan f(x) > pxr+v yix kébe x € A. Av, emmAéov, woyva f(x) > pr+v
yix k&8s © € A, x # £, TéTe 1 eubeia oThPIENS oS K&TW XapoakTnpileTan yvhola.

Ouolws, N eubela | xapaktnpileTton subeia oTNpifns ammd TTdvw Tou ypaenuatos Tns f oTo onuelo
(&, f(§)) av n | BidpxeTon amd To onpeio quUTS Kou Bev UTEPYEL KOwéva OMpeio Tou ypagnuoTos
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Tévew omd v [ AnAadn, av y = px + v elvoa n eflowon s [, téTe 10xUa f(§) = pé + v ko
f(z) < pux 4+ v yra k&8s © € A. Av, emméov, woyler f(x) < pz + v yix k&fe © € A, © # &, TdTE
n eubela oTNPIENS oo TAVW XoPaKTNPIleTAl YVNola.

Béoer s f(§) = p& + v n efiowon s eubeias otnpitns | ypdeeton y = px + f(§) — ué 1,
1008Uvapa, y = p(z — &) + f(§). Apx pia eubeic [ eivon eubeia oThpIEns omd K&TW TOU YPO@hUaATOS

s f oto onueio (&, f(£)) av éxa eiowon y = pu(x — &) + f(§) ko yia k&Be x € A 10yUet
f(@) = ple =) + £(8)

Opoleos, piar euBeiar | elvon euBeiar oThpiEns amd Tévw Tou ypagnuotos Tns f oTo onueio (&, f(§))
av éxel efiowon ¥y = p(z — &) + f(&) ko yix k&fe x € A 10xUs

f(@) < ple =)+ £(8)-

Emopévaws, To va Ppoupe av uTrdpyel kou Trolx eivon m euBeia oThpigns eivor To 1810 pe To va
TPOodlopicoUYE TOV CUVTEAEOTN .

TMpoéTaon 5.16. ‘Eotw Sidotnua I, f: 1 — R kar £ € 1.

(1) Av n [ evou (yvnoicws) kupth oto I, 1é1e n eubeia pe efiowon y = u(x — &) + f(&) eiva
(yvioia) eubsia oTrpiéns amd k&Tw Tou ypoagruatos Tns f oto onueio (€, f(§)) ov kou udvo av eite
p < (&), av o & eivon apioTepd dxpo Tou I, eite f' () < p1, aw o € efvar 8e&i6 drpo Tou I, eite
L&) < < fL(§), av o £ elvar 010 eowTepikd Tou 1.

(2) Av n [ eivar (yvnoiws) koidn oto I, 1é1e 1 evbeia e efiowon y = p(r — &) + f(&) evan
(yvioia) eubeia oTrpiéns amd mwdvw Tou ypagruatos Tns f oto onueio (&, f(£)) av kar udvo av eite
(&) <, av o £ etvor apiorepd drpo Tou I, eite 1 < f1(§), av o & elvar 8e&16 cwpo Tou I, efte
FL(6) << fL(€), av o £ eivar oTo eowTepikd Tou 1.

(3) Emouéveos, av n f elvar kuptn 1 koidn oto I kau mapaywyioun oTo eowTepikd onueio € Tou I,
TOTE 1) povadikn) eubela oTNPIENS QTTd KATW 1 aTd TTavw, avTioTolXws, Tou ypagnuatos Tns [ oto
onueio (&, f(§)) etvon n eubeia pe efiowon y = f'(§)(x — &) + f(§), SnAadn n epamrduevn eubeia oo
ypdgnua s f oo onueio (&, f(§)).

Amédaén. (1) Eotw 611 n f elvon kupth oTo I. ZUpgwva pe Ty TpdTaon 5.11, n f1(§) vmdpxe
yio kdBe e0wTepIKS onueio ) aploTepd dkpo & Tou I kou n f(€) udpyel yia ke eowTepikd onpeio
N 8816 dkpo & Tou I.

EoTw 611 1 eubeia pe efiowon y = p(x—&) + f(€) elvon euBeia ohp1ENs ammd k&Tw ToU YPo@HUaTOS
s f oto onueio (&, f(£)). Av o £ eivon ecwTepikd onpeio N apioTepd drpo Tou I, 1woyler f(x) >
p(e — &)+ f(&) v k&be x € I, x > &, omdTe 10Us1

f(wfzié”(f) > 1

yia k&fe T kovTd oTov £ amd Befi& Tou Ko, ETOPEVWS,

FL(E) = timg ey TOZHE >

Opoiws, av o & eivon ecwTepikd onpeio N 8e€1d dkpo Tou I, 1woyver f(z) > u(x — &) + f(£) yra xdbe
x €l x <& omdre 10)Uel
f@)—£(©)
=& < H
yix k&Be T kovT& oTov £ ommd aploTEPE TOU KAl, ETTOHEVWS,

FL(E) = limge %g(é) <.
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Topa Ba Solpe To avtioTpogo. ‘Eotw 611 0 £ eivon eowTepikd onpeio Tou I kan éote f/(€) < pu <
fL(€). Zoupwva pe Ty TlpdTaon 5.11, 10x0el

EAGESL =L

yiax k&be x € I, x > & ko

H&JE < #(¢) <

yia k&8s x € I, x < €. Apa 1oxUel f(:L’) — f(&) > pulx —E) yiax k&8s x € I, x # €. Apa 1
eubeia pe e€iowon y = p(x — &) + f(€) elvon eubeia othpEns omd K&Tw Tou ypaghuaTtos Tns f oTo
onueio (&, f(£)). Av n f eivan yvnoics kupth oTo I, T6Te o1 aWIodTNTES QUTES 10XUOUY S YVHOIES
avicoTNTES Kal 1 eubela eival yvnola euBela oThpiéng.

‘Eotw 611 0 € elvan apioTepd drpo Tou [ kan fotw p < f;(g) ZUppwva pe v TlpdéToon 5.11,
woyver u < fi(€) < [@)-1E) ) ( ) yia k&8 © € I, x > £ Apa n eubela pe eiowon y = p(z — &) + f(§)
elvon eufeia oThp1ENS O('ITO K&Tw Tou ypaghuatos Tns f oto onueio (&, f(£)). Av n f eivar yvnoios
KupTh) oTo I, TOTe o1 anodTNTES 1oKUOUY ws YVToles aviocdTNTes Ko 1 eubeia eivar yvnoia eubeia
oTNHPIENS.

H omddeén eivar i8ia otny mepimTwon Tou o £ elvon 8e€1d dkpo Tou 1.

(2) Opoiws.

(3) Eotw 611 N f elvan kupth 1) koidn oTo [ kou Tapaywylolun oTo eowTeplkd onueio € Tou I,
omdte evar fL(§) = fL(&) = f'(§). Amd Ta mponyolueva ouverdyeTan OT1 M eubela pe egiowon
y=p(r—&)+ f(§) elvan euBeia oThpiENs omd K&Tw 1 oMd TMaVW, AVTICTOIKWS, TOU YPOPTUATOS

s [ oto onueio (&, f(§)) av kon poévo av = f/(§). H

Nopadeiyuata. (1) H ouvédptnon f(x) = |z| elvea xupth. Eivar f7(0) = —1 koa f4(0) = 1. Mia
eufela efvan eubela oThPIENS ammd K&TW Tou ypagnuatos Tns f oo onueio (0,0) av kou pdvo ow éxet
gflowon y = px, dmou —1 < < 1. Emriong, eivon f/(2) = 1, omwdTe 1 povadixn eubeia otnpiéns amd
K&Tw Tou ypagnuatos Tns f oTo onuelo (2,2) elvon n eubeia pe efiocwon y = (x — 2) + 2, dnAad
y = x. Téos, eivon f'(—3) = —1, omwdTe n povadikf eubeic oTHPIENS TS KEATW TOU YPOPHUATOS
s f oTo onueio (—3,3) eivan n eubeia pe efiowon y = —(z + 3) + 3, dnhadh y = —

(2) H py eivar yvnolews kupth oto R. Apa, yia kébe & n eubeia pe efiowon y = 2&(z — &) + &2
elvan 1 povadikr eubeia oTNPIENS ATTO KATW TOU YPOPMUATOS TNS P2 OTO OTuEio (5,52) Mdé&AioTa,
1 eubela auTh eivan yvhola eubeia oThpiEns. AnAadty, 1oyl 22 > 2&(x — &) + €2 yix k&be © # &.
AuTo eivar omAd va emiRePaiwbel pe adyePpikd TpoTIO.

(3) H ouvdptnon €* eivar yvnoiws kuptt) oto R. Etropévas, To yp&enua tns € éxel povadikn eubeia
oThpIEAs Tou amd k&Tw oo onueio (0,€°) = (0,1) v eubela pe efiowon y = = + 1. M&NioTa,
guflela auTn elvon yvnola eubela oThpiEns. AnAadn, oyler €¥ > = + 1 yia k&Be x # 0.

H TIpdTaon 5.17 divel évay akoun YEWHETPIKO YXOPAKTNPIOUO TwV EVVOLOY TNS KUPTOTNTAS KOl
NS KOIAOTNTOS Pdoel Tns évvolas Tns eubeias oThpiéns.

Mpétaon 5.17. ‘Eotw Sidotnua I kar f: 1 — R.
(1) H f eivau (yvnoicws) kuptr) oto I ov kai udvo av yia k&be £ oto eowTtepikd Tou I umdpyer (yvioia)

eubsior oTRPIENS oS KT ToU ypagruatos Tns f oo onueio (€, f(£)).
(2) H f eivon (yvnoiws) koidn oto I av kou udvo av yia k&be £ o1o eowtepixd Tou I umdpyer (yvioia)

eubsia oTnpPIENs amd Tdvw Tou ypaghuatos Tns f oo onueio (€, f(£)).

Amédeaén. (1) Av n f elvoa (yvnolws) kupth oto I, T61e amd Ty Tpdtoon 5.16 cuvemwdystan 6T
yix k&Be & oTo eowTepikd Tou [ umdpyel (yvhoia) sufeio oTthpEns ommd K&TW Tou ypo@HuaTos NS

f oo onueio (&, f(€)).
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AvTiIoTPOQWS, ¢0Tw OTL yia k&fe & oTo eowTepikd Tou [ umdpyxel eubeia oThpiEns omd k&Tw Tou
ypognuatos s f oto onuelo (&, f(§)). Eotw x1,29 € I, 11 < Iy ot éoTw & € (21, 23). TdTe 0
& elvan eowTepikd onuelo Tou I, omdTe UTdpyEL eubela oTNPIENS oS K&Tw Tou ypagnuaTtos Tns f
oTo onueio (&, f(§)) ko éotw y = p(x — &) + f(§) n e€lowon pas TéTolas eubeias. TdTe eivan

fl@n) 2 play =) + f(&),  flaz) = plza — &) + f(E)

ZUVETTAyETOl

KQl, ETTOMEVS,

FE) < 225 () + 222 f(w).

2
Apa 1 f elvan xupth oTto I. Av 1 euBsia elvan yvfola euBela oThpins, TOTE o1 TrpomyoUpeves
aviodTNTES 1oXUOUY WS YVToles avicdTnTes, omoTe 1 f elvan yvnolws kupth oto 1.
(2) Opoiws. [l

5.7.5 AvicéTnTss.

Oa Boupe TWPa KATOLES £PAPUOYES TNG JeUTEPTS TTapaywyou ot amodeifels avicotnTwy. Ot
EPOPUOYES AUTES €IV, OUCIOOTIKE, OTTAES EQAPUOYES TWV EVVOLWY TNS KUPTOTNTAS KAl TNS KOIAGTNTAS
ot amodeifels aVICOTNTWY.

Mopadeiypoata. (1) loxve
elDottes (1 _ )t | g2

yia k&be 11, X9, T1 < Ty kou k&Be t € (0,1). AuTd eivan oA epoppoyt) TNS yVACIAS KUPTOTNTAS
s exp oto R. EidikewoTepa, pe t = % N avedTNTa yiveTon 6¥ < %
(2) loyuer

(1 —t)xy +tag) log((1 — t)z1 + txo) < (1 — )z logxy + taglog xe
yia k&8 1,29 > 0, 1 < X9 ko k&be t € (0,1). Tpdypoty, n f(x) = zlogz eivon yvnoiws kupTh
oto (0,400), 81611 elven f"(x) = % > 0 yix k&fe z > 0.
(3) Oa oamodeifoupe OT1 1oYUEL z1 < %(w — 1)+ 1 yx x&fe © > 0, z # 1. TpdypaTy, 1 p3
glvar yvnolws xoidn oto [0, +00), omdTe, olugwva pe Tnv TlpdTtaon 5.16, sivan zi = p%(x) <

ps'(1)(z = 1) +ps(1) = J(x = 1) + 1 yio k&8 2 > 0, v # L.
AoxnoeLc.

i av x>0

I. Eotw n f(z) = { X

6mou k € N. Ta k&be n € N, Ppeite Ty f).
-z, av <0
2. (i) EoTw n ouvdptnon p(x) = ag+ai(z—E&)+- - -+ a,(z— &)™ . Amodeicre 611 p*)(€) = Klay
yiak&be k €Z, 0<k <nxa p®(£) =0 yia k&be k € Z, k>n+ 1.
(17) Eotw apiBuol Yo, Y1, .- .,Yn . Bpeite ToAuwvuuiky cuvdptnon p(z) Pobuol < n dote
pF(€) = yp yia k&Be k € Z, 0 < k < n. Tldoes TéTolES TOMWVULIKES GUVAPTATELS UTTAPXOUV;

3. (i) Eotw ¢ : (a,&] — R n gopés mopaywyion oto (a,&] ku h : [£,b) — R n ¢opés
Tapaywylown oTo [€,b) kau ¢otew gF (€) = AP (€) yia k&be k € Z, 0 < k < n. Amodeitte
g(x), awa<xz<E

étin f:(a,b) > R pe tomo f(z) = hz), avE<z<b

glvol N popés Tapaywyioiun
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oto (a,b) ke 611 fF (&) = g® (&) = hP)(€) yia x&be k € Z, 0 < k < n.
(17) 'Eotw f : [a,b] — R n gopés mopaywyiown oo [a,b]. XpnowomoidvTtas Ty &oknon
2(i1), Ppeite ToAuwvuuiKés cuvopThoels g ¢ (—oo,a] — R xoa h @ [b,400) = R dote 7
g(x), awz<a
ouvéptnon k(z) =< f(z), av a <x <b va elvan n popés Tapaywyiociun oo R.
h(z), ovb<ux

. Eortw n €N, Sidotnua I, f: 1 — R. Amwodeicte 611 f(™(2) = 0 yia x&Be © € I av ka1 udvo

av 1 f elvan ToAuwvupik cuvdptnom Pobuolt < n — 1.

(=1)"n!

. 'Eote n ouvdpTnon f(z) = 2. AmoBeite 6T f0(z) = 2 (logz — > 1_ 1 1) yia ke

n € N.

. Eotw f:(a,b) = R xea f(x)f"(z) > 0 yrx x&be = € (a,b). Av oo (a,b) mepiéxovTan duo
=0,

Aotis tns e€iowons f(x)f/'(z) otodeifte 611 N f elvor oTafepn) avdpeoa oTis duo auTEs

AUoeis.

. Eotw f :[—1,1] = R ouvexns oto [—1,1], Tpeis popés mopaywyion oo (—1,1) xoa

f(=1) = f(0) =0, f(1) =1, f/(0) = 0. Amodeitte &T1 udpyer & € (—1,1) wote f3)(€) = 3.
Ymodeién: Bpeite Tohucvupo p Tpitou PaBuol wote p(—1) = p(0) =0, p(1) = 1 ke p’(0) =0
Qeswpnote TV g = [ — p.

Eotw [ : [a,b] = R ocuvexns oto [a,b] xou 8uo gopés Tapaywyiown oto (a,b). Av n
eubeiac  omrolar SiépyeTon amd To onpeia (a, f(a)) kea (b, f(b)) Téuver To ypdenua Tns f o
k&Toto omnpeio SiopopeTikd amd auTdk T duo onpeia, amodeifTte 11 uTtdpyel € € (a,b) woTe

f"(€) =0

. 'EoTtw avoiktd Sidotnua I xoa f: I — R tpeis popés Tapaywyion oo 1. Av f(z) > 0 yia

k&be x € I xou 1oxver f(x) = 0 yiax TouldyioTov duo SiagopeTikés Tiués Tou & € I, amodeifTe
611 umépyet € € I oote f(€) = 0.

(i) Eotw k €N, k > 2. Amodeifte 411, av éva oAuvupo p(r) Sranpeitan amd o (x — £)F,
TéTE To ToAudvupo P'(1) Siaupsttar amd To (7 — &)L,

(i1) 'Eotw n € N ka1 1 ouvdptnon f(z) = (22 — 1)". Amodeifte 611 1 efiowon f(z) =0
éxel oKPIPCS N AUoEls Kou 6TL OAes avfikouv oto (—1,1).

. Eotw [ 8Uo gopés mapaywyicwn oto (0,4+00), uy = sup{|f(z)]|0 < z < +oo}, uy =

sup{|f" ()| |0 < & < 400}, uy = sup{|f"(x)||0 < & < +oo}. Amodeifte ém1 u? < dugus .

Ymodeiln: Eqapuodlovtas duo @opés To Oewpnua Méons Tipfis Tou Cauchy, amodeifte 611 yix
k&fe x,h > 0 umépxar & € (0,h) cote f(Hh)*];(f)*hfl(x) = %f”(:c + ). SuvemdysTan
|F/(@)[h < |f(z+h)| +|f(@)]+ 3] f"(x + &|h? < 2up + 2ush?, omdre uth < 2ug + Sush?

yic k&8 h > 0. Amodeifte T u? < dugus .

. 'EoTtw f 8Uo popés Tapaywyion oto R, ug = sup{|f(x)| |z € R}, uy = sup{|f'(z)| |z € R},

uy = sup{|f"(z)|| x € R}. Amodeite 11 u? < 2ugus .
Ymobeién: TlpooopudoTe TN uTtodeién 1ng doknons 1 1.
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13.

14.

20.

. Eotw n owdptnon f(x) =

ATtrodeifte Tov TUTrOo Tou Leibniz:

n

(f)™ =D~ () FPg" .

k=0

Eotw n ouwdptnon f(z) = e

(1) AmoBeifTe pe TNV apyM NS eToywymhs OTL f(”)(x) = x_Q”pn(w)efi yia k&be x > 0,
4oy py,(x) elvon ToAuwvupo Babuoy n — 1. Mo wapdderypo: pi(x) = 1, po(x) = 1 — 2z,
p3(z) =1 — 62 + 62% .

(41) Mopaywyiote v [ (2) = :L’_Q”pn(a:)e_i Kol arodeifTe OTL 10KUEl O AVABPOUIKOS TUTTOS
Pri1(z) = 2%p,/ () + (1 — 2nz)p,(z) yia k&b z > 0.

(i17) Amodeicte 611 22 f(z) = f(x) yia k&fe z > 0 ko1 Topaywyilovtas n popés e Tov TUTO
Tou Leibniz Tns &oxnons 13, amodeifte 611 prio(x) = (1—-2(n+1)2)ppii(z) —n(n+1)x*p,(v)
yix k&be x > 0.

(iv) Amodeifte 6Tt 0 cuvTeAeoThs Tou = oTo pu(z) eivon o (—1)" Inl.
(v) Amodeitte o1 22p,”" (1) — (2nx — 22 — 1)p,./(z) + n(n — 1)p,(z) = 0 yia k&8s z > 0.

22

. Eotw n ouwdptnon f(z) =ez .

22

(1) Amodeifte pe Ty apxh s emaywyns ot [ (z) = p,(2)eT yia k&Be , dmou p, ()
givon ToAUGVULO Babpoy n. Mo moapdderyua: pi(z) = x, po(r) = 1 + 22, p3(x) = 3z + 23
KATT.

(i7) Amodeire 611 Pri1(T) = pr'(x) + xpn(x) yro kdbe .

(1ii) Amodeitte om1 f/(x) = xf(7) yrix k&Be & kou ToapaywyioTe N Popés pe Tov TUTO Tou
Leibniz tTng &oknons 13 yia va amodei§ete 6T1 Ppryg (33) = :Epn(x) + npn_l(a:) yix k&be .
(1v) AmoBeifTe 6T1 0 ouvTEAeoThs Tou " oTo Pp(T) elvon o 1.

(v) Amodeigte T p," (x) + xp,/(x) — np,(z) = 0 yio ké&Be .

3 2 1 _ 1
) , .z 2 2 1 z 1 1 1 —x 1
. OswpnoTe TI§ CUVAPTNOEIS: iz T (:E—l) N 21 sttt ¢ , €z, e 22
1 1
er —e T . —x . 1 ' ’ ' 1 '
S——1, sinx + cosx, € Tsinx, = . Bpeite Ta SraoTpaTa oTa oTrola eival povodToves, Ta
er+e T logx

dlaoThuaTa oTa oTola slval KupTEs 1) KolAss, T onueiar TOTIKOU OKPOTATOU Kol Ta onueic
KOWTITS TOUS.
x .
l‘z(u + sin l), av z #0
xT x A 8 i r 0 1] ]
TodeiéTe o011 o 0 elvonr onueio
0, av x =0

koptfs s f. Mmopolv va epappocTolv ot Tpotdoeis 5.14 koa 5.15;

(1) Amodeiéte 611 m f elvon kupTh o k&Tolo BidoTnua av Kot pévo av n —f eivon koiAn oTo
id10 didoTnua.

(77) Amodei€Tte 61 M f elvon KupTH Kou KoiAn o K&Tol0 B1dCTNUA QV Kal udvo av éxel TUTO
f(z) = ax + b oTo BrdoTnua auUTS.

T2—xo

. 'Eotw f xupth oTo dikotnua [ kou x1, 20,2 € I, 1 < 29 < x2. Av f(z0) = (x1) +

T2—x]

W= f(wa), amoBeigte om f(x) = 225 f(w1) + S22 f(22) yia kébe 7, 71 <z < 2.

Eotw Sikotnua [ xan f: [ — R. Amodeifte é11 n f elvon kupTth) oTo I ov Kou pédvo av yix
f(x)—f(&)

¢ &lvon adfouca ouvdpTnom Tou T oTo I'\{¢}

k&Be & € I n ouvdptnon
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

‘Eotw Sidotnua [ ko1 [ : I — R. Amodeiére 611 n f elvan xupth) oto I av ko pévo av
[®)-fla) < f(bl)):(]:(a) yix k&8s a,a’,b,b €1, a' <a, U/ <b ko, puoikd, a # b koa a’ # b,

v —a/

Eotw [ : (a,b) = R mopaywyiown oto (a,b), a < & < b. Av f'(x) > f'(§) yx x&be
z € (a,b) n f'(z) < f(§) yra x&Be = € (a,b), amodeiéte 11 0 £ elvon onueio xopmns Tns f.

‘Eotw didotnua [ kaa f: 1 — R kupth oto [. Amrodeiéte 611, av k&Tol0 £0wTEPIKS omueio
Tou [ elvan onuelo peyloTtou s f, 16T N f elven oToBepny oo 1.

Eotw a,b € R pe a < b xau f (a,b) — R kupth oTo (a,b). Amodeiéte 611 UTTdpyOUY O1 EENS
mepimToels. Eite n f elvon yvnolws avfouca oTo (a,b) eite n f eivan yvnoiws eBivoucsa oTo
(a,b) eite umépyet ¢ € (a,b) wote n f va eivor oTaBepny oTo (a, ¢] kan yvnoiws avfouca oTo
[c,b) eite udpyer ¢ € (a,b) woTe 1 f va eivan yynoiws ebivouca oto (a, ¢| ko oTabepn oTo
[c,b) eite umdpyouv ¢, d € (a,b) pe ¢ < d wote n [ va elvar yvnoiws ebivouca oto (a,cl,
oTafepny oTo [c, d] xou yvnoiws aléouca oto [d,b).

Eotw a,b €R pe a < b xea f: (a,b) = R xupth oto (a,b).

(i) Amodeitte 6T1 udpyouy T limyp— f(2), limg_ayr f(2).

(77) Av, emmAéov, b € R kou n f eivon opiopévn oto b, omodeiéte 61 n f elvon kupTrh oTo
(a,b] ov xou pévo aw lim,_p— f(z) < f(b).

(17i) Av, emmAéor, a € R xou n f eivan opiopévn oTo a, omodeiéte 611 n f eivan kupTh oTO

[a,b) av kou pévo av limy_sat f(z) < f(a).

(1) Eotw didotnua I kan f,g : I — R xuptés oto I. Amodei€re é11 o1 f+¢g: 1 — R
max{f, g} : I — R eivan xupTés oTo I.

(17) Eotw daothuota I, J kou f: I — J xupth oto [ o1 g : J — R xupth oto J. Av n
g glvar auéouca oTo J, amodeifre 611 M go f : I — R elvan kupth) TO .

(791) 'Eotw Sidotnpa I kan F éva oUvolo, k&be oToixelo Tou oTolou elvon cuvédptnom f :
I — R xupth oto [. Tha k&be © € I opiloupe F(z) = sup{f(z)|f € F}. Av umobécoupe
61t F(z) € R yix k&fe x € I, amodeiére 6mi n F : I — R eivon kupth oto [.

Eotw Sidotnua I kou f: I — R cuvexfis oto I. Amodeifre 611, av yix k&Be a,b € I, a < b
utdpyer t € (0,1) owote f((1—t)a+tb) < (1 —1t)f(a)+tf(b), TdTe m [ elvon xupTh oTo 1.

Atrodeifte 611, av 1 f elvon kupTr) Kau dvw gpaypévn oto R, ToTe elvan oTabept) oTo R.
Yoédeaén: 'Eotw f(x) < u yia k&fe . Eotw 1 < Tz. Av T > Ty ocuvdudoTe i avicdTNTX
OXETIKN pe TNV Tp1éda T, Lo, T pe TNy f(2) < u, wépTe dp1o kabids T — +00 Ko omodeiTe
611 f(22) < f(x1). Tapopoiws, epyaoTeite pe & < 1 kou omodeifte 611 f(22) > f(21).

Eotw a<0ha>1.

(1) Amodeitre om1 ((1 — t)xy 4+ tx2)® < (1 — £)21® + tae® yix k&fe x1, 29 > 0, 1 < T3 Ko
kabe ¢t € (0,1).

(i) Amodeitte 611 2% > al? (1 — &) + €7 yia k&Be ,& > 0, T # &

ATrodeiéTe 6T1 o1 avicdTNTES auTes avTioTpépovTal ov 0 < a < 1.

Eotw a > 0.
(1) ATrodeifTe 41 q(-tarttrs - (1—t)a™ +ta™ yro k&e 1, To, 1 < To kan k&be t € (0, 1).
(ii) Amodeifte 611 a® > abloga (z — &) + a® yia k&be , &, x # .
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31. (1) AmodeifTe 611 log ((1 — 1)z +tx2) > (1 —t)logxy +tlogxs yia k&Be x1, 22 > 0, 11 < o
ko1 kéfe t € (0,1).

(i7) Amodei€Te 6T1 logx < %(x — &) +logé yix k&be x,€ >0, v #E.

32. Amodeifte Ty avicdTnTa Tou Young otny &oknon 21 Tns evdtnTas 5.6 pe duo TPOTOUS:
XPMO1HOTIOIYTAS To 6T1 1 log elvon yvnoiws koidn oto (0, +00) kot To &T1 N Py elvon yvnoiws
koiAn oTo (0,400) étaw 0 < ¢t < 1.

33. (i) Eotw S1botnua [ kar f: I — R kupth oto I. Me Tnv cpyn Tns eTaywyms ws TPos Tov
n, amodeiéTe OTI

oV Ti,..., Ty €1 kot g, by >0, g + -+ py = 1.

(17) XpnowoTolwvtas To 6TL 1 Py elvor yvnoiws koidn oto (0, 4+00) étav 0 < ¢t < 1 xou

BewpwvTas T = b R I oo weq P = %,...,,un: QZ" omou A =a1+ -+ a,,

ay’ Qn
amodeiéte TNy avicotTnTa Tou Holder otny &oknon 21 1ns evotnTas 5.6.

(791) AmroBeifTe TNV avicdTNTA oY doknon 21 (v) Tns evdtnTas 5.6 xpnoipomolwdvTas To 4Tl
7 log eivon yvnoiws xoiAn oto (0, 400).

34 Avn €N, ay,...,a, > 0, amobeifre om (Zhotlh)Zimt @ < [0 qae.

35. Av n f: I — R elvon kupTh) 1) Koidn oTo BidoTtnua I, amwodeiéte 6T1 To oUvolo Twv onueiwv
oTa omola 1 f Bev elvan Tapaywyiown sivan apiBpfioipo.

36. ZXOAMAOTe AETITOUEPWS TO YEWMETPIKO Treplexopevo Tns TpdTaons 5.11.

5.8 Ytroloyiopos aTrpoodiopioTwy HOpPwV.

2Ny evoTnTa auTh Ba peAeTTICOUNE EQAPUOYES TWV TAPAYDYWY OTOV UTTOAOYIoUO oplwv TTou
KATOATYOUV O€ XTTPOODIOPICTES HOPPES % Kol % O1 epappoyes auTes eKPpAlovTal YEow TwV dUO
Kavovewy tou |I” Hopital.
5.8.1 'Opia cuvapThoewv.

O TlpwTos Kavévas Tou I Hopitdl avagépeTarl otny ompoodiopioTn popen g.
MpwTos Kavévas Tou I' Hopital. ‘Eotw f, g : (£,0) — R moapaywyiowes oo (€,0) ket g(x), ¢ (x) #
0 y1ar k&b © € (€,b). ‘Eote, emions, limy et f(2) = limy—er g(z) = 0. Av umdpxer To limy e %,

. X ' 1
TOTe UTTGPXE! Kol TO limg_yeq % kol Ta duo auTa opia elvail ioa:

lim M: lim J'x)
e—ét g(x)  amer g'(x)

‘Ola T Tponyouueva 1oXUOUY UE TIS TTPOPAVEIS TTPOCOPUOYES Kal yia k&be GAAn TrepiTwon opiou:
r—=&—, = v — 400 ka1 T — —00.

Amédeaén. O f, g 8e BewpoUvTan kaT' apxds oplouéves oTov &, aM& Todpa Tis opiloupe ka1 oTov & :
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Emeid) limyeyr f(2) = limgey g(x) =0, o1 f, g elvon, Tdopa, ouvexels oto [€, ).
‘EoTtw

hm:v%éJr fg 3 =1

Eotw € > 0. Téte umdpyet g > 0 woTe va 1oyUel

110 ) <

g'(z)

yia k&be z € (£,b), £ < x < £+ 0. Amod To Oewpnua Méons Tiufs Tou Atogopikol Aoyiopou
(Cauchy) ouvemdyetan 611 yix k&8s x € (€,b) umdpyer ¢ € (§,7) woTe

f@) _ f@)=f©) _ (O
g

9(2) ()-9(&) — 9O~

Topa, yia k&fe = € (£,b0), £ < x < £+ §y ouwvemdyetan ( € (£,b0), £ < ( < £ + 0y, omdTe
|L8 — 77‘ < € KQl, ETTOPEVAS,

f(z)

g(m) —n| <e.

ATrodeifope, Aorov, 611 1oYUEL |% — 77‘ < ey k&8s x € (£,b), £ <x <&+ dy. Apa
. flx)
limg et % =.

H amddeifn eivon mapduola ko oTIS TEPITTTWOELS limg ey L@ — 4o Emions, n omddailn sivan

Tapduola Kal oTis TepITTTwoels & — E— kal & — &. 7w
Topa avdyoupe Tnv TepimTwon £ — +00 oty mepimTwon T — 0+ .

Eotw a > 0, f,9 : (a,+00) = R mapaywyioces oto (a,+00), g(x),¢' () # 0 yrx xdbe
r € (a,+00) ko limgyyioo f(2) = limgi00 g(z) = 0. Eotwd 611 TO limx_>+oo% uTépyel. Oa

€T 1 /] 1 ’ 1 I ’
amodeioupe OTI Kal TO Ilmg[;_>+oo % UTT&PXEL Kol OTL Ta duo opla gival ioa. KavovTas Tny oAAaym

METORANTAS Tt T ot t=1 < opiloupe F, G : (O, %) — R pe TUTTOUS
F(y=1(})=f), Gt)=g(})=glx) (te(0,1).

Tote
G(t)=g(x) #0,  G'(t)=—-3g(3)=—2%¢(x) #0
yia k&8e t € (0, %) Emions, To

. Fr) —2?f(x) _ | f'(x)
limi—0+ Gy = IMa—stoo —zgm) = Mastoo
uTtdpxel. Apa Kal To
fx) F(t
limg 400 Yy = Mo+ G
. ; , . " I flx) I fl(z
UTEpXel Kan lvat {00 pe To TpomnyoUpevo. Apa limg oo iy = iMe s oo oy
Oupolws, n TepimTwon r — —00 avdyetol oTny mepimTwon £ — 0—. [

Noupaderyua. Oa U'l'ro?\oylcoupe TO limgz_y0 :n_wl .

loxuer sinw # 0, sin’z = cosw # 0 y1a k&be v € (—F,0) U (0, 7). Emiong,

27
Iimxﬁo(efc — 1) = limy_gsinz = 0.

YmoAoyiloupe To Oplo Tou AOYOU TwV TTAPAYWYWV:

e’ 1
llmz_>0 sz 1 L.
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Etropévos,
. e*—1 __
Ilmxﬁo anz 1.

2TO OUYKEKPIUEVO TTPADElyHe, aAAG Kol ot GAAX TTOPOUOIX, MTTOPOUUE V& AEITOUPYT|OOUME KOl ME
&AAo TPOTTO, OTOV OTroio, OuWS, KOl TTAAL AVOKATEUETOL T €Vvolx TN§ TTapaywyou. H mopdywyos Tns
ouvdpTtnomns e otov 0 eivan €¥ = 1. Apa

x 0

. er—1 _ . et—e” __
limz o = =limz—0 =5 =1

Emions, To 611 n Tapdywyos Tns cuvdptnons sinz otov 0 elvar cos0 = 1 mpoxumTel amd To

. sinx—sin0 __ . sint __
I|m;,;_>0 “a—0 llmx_>0 = 1.
Apa
. e—1 _ | (e"=Djz _ 1 _
limz—0 sinxz limz—0 (sinz)/z — 1 L.

O Aettepos Kavovas tou I Hopitdl mou okolouBel avagépetal oTtny omrpoodiopioTn poper i%
T, KOAUTEPQ, OE PIX YEVIKEUGT TTS.

AsUTtepos Kavévas Tou I' Hopital. ‘Eotw f, g : (£,b) — R mapaywyioues oto (€,) kou g(x), ¢'(x) #

0 yia k&0 = € (£,b). ‘Eortw, emions, limy_e+ g(x) = 400 71 —00. Av umrdpyer To limy e g,gg , TOTE
UTapxer Kar To limg_eq % kal Ta duo auTa opla eival ioa:

lim @: lim f(z)
e—ét g(x)  a—er g'(z)

‘Ola To TponyoUueva 1oXUOUY UE TIS TTPOPAVEIS TTPOCOPUOYES Kal yia k&be GAAn TrepirTwon opiou:

=&, —=E v — 400 ka1 T — —00.

Amddeién. 'Eotw ,

Eotw £ > 0. Tote umdpyer ' > 0 woTe va 1oyUe

['(z)
}g’(ac) _77’ < %
yia k&fe x € (£,b), E <z <&+ .
EmiAéyoupe
zo € (,b), E<zog <&+

Emeidn lim,_ey |g(2)| = 400, umdpxer dp” > 0 woTe va 10xUer

lg(x)| > max {|g(z0)|, 2| f (zo), 22 |g(z0) |}

yix k&8s & € (£,b), € <z <&+ 0.
Towpa opiloupe
(5(] = min{ﬂfo — g, 50//}.

K&Be x € (£,0), € < x < £+ Oy wavorrotel Tis £ < < 29 < £+ 0 v & < & < &+ 6.
SUpgpwva pe To Oewpnua Méons Tiuns Tou Aagopikou Aoyiopou (Cauchy), yia k&Be Tétoov =

uépyxet ¢ € (z,x0) ooTe
f@)—f@o) _ FQ
9(x)=g(zo) — g'(Q) "
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Apa ( € (£,b), E < (< &+ 0y, omoTe

[y —nl =15y —nl <.
ZUVETTQYETOL
|f(x) = f(zo) —n(g(x) — g(x0))| < Elg(x) — g(xo)],
oTroOTE

|f(x) = ng(@)| < §(lg(@)] + lg(zo)l) + £ (x0)| + Inllg(xo)]

KQl, €TTOUEVS,

10) | < g(1+ ileall) o UGl 4 pilatedl 2 (1 4 1) 454+ ¢ =

ATodeifope, Aormdy, éTi umdpxel 0y > 0 doTe va 1oyUel |% — nl < € yx k& = € (£,b),
E<x <&+ 0. Apx Iimw_>§+%:77.

O1 mepimrTodoels limg ey % = 400 kafds ka1 o1 TepiTTWwOoElS £ — E— Ko T — & aTmodeikvUovTal

pe Topdpolo TpdTo. O1 TepiTTMOoEs & — 00 ovdyovTtar oTis T — 0F Omws oty amwddein Tns
MpwTou Kavdva. [

Tpéter va Tapatnpriooupe 611 oTis uTroféoels Tou Aeutepou Kavdva Tou I' Hopital dev avogépetal
Qv UTTAPYEl TO Oplo limy eq f(z) olute - av autd uTdpyxel - To Told aKPIPWS glval T T ToU.
Etropévws, o1 amrpoodiopioTes HOpQEs i% elvon €1d1kés TrepimTwoels Tou Aevutepou Kawova Tou I
Hopital, 6Trews Tov €xoupe d1aATUTTGOEL.

Mopadeiypata. (1) Oo amwodeifoupe 611
xb
lim — =0 (a>1,b>0).
z—+oo a*
Eotw, kat' apxds, a > 1, b = 1. Oa amodeifoupe oT1 limy s o0 o5 = 0. T ™ ouvdpTnon oTov
TAPOVOUOCTN Kal TNV TAP&ywyo TNs ival

limg 100 ¥ = +00

kar a® # 0 ko a” loga # 0 yiax k&Be x. To dplo Tou Adyou Twv TTapAywywy lval

Apa
Téos, éotw a > 1, b > 0. Emeidn al/t > 1, efven liMz—s 400 W = 0. Apa

. b . b

||m$4>+oo ;C_z = ]Imx*)+oo ((aléfb)z) = O = O
(2) Oa amodeifoupe OTI

logz)®
lim &:0 (a>0,b>0).
z—+00 xe

Eotw a >0, b = 1. Oa amodeifoupe o1 limy oo [%x = 0. MNa TN curdpTNon OTOV TTAPOVOUATTT

Kal TNy Topdywyd Tns elval
liMmg 100 2% = 400
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kot 7% # 0 ka1 az® ! # 0 yia k&fe x> 0. To plo Tou Adyou Twv Tapaywywy eival

1
. = T 1
limg 400 ax;g__l = limz 100 s 0.
Apc
. logx
|Imw*>+oo e 0.

Topa, éotw a >0, b > 0. Emadh § > 0, elvar limg oo ;’%ﬁ = 0. Apa

. Iogxb_. logx b_ b __
|Imz*>+oo ( xa) - |lmx*>+oo (z“?/b) == 0 = O

£=2E amoTedel MepITTWON AMPOCSIOPIOTNS pHOPPTIS 1%2 Eivat

(3) To limy— 400
liMg— 400 T = +00.
Emions, emeidn woxler £ — cosx > = — 1 yia k&Be z, eivon

IimzﬁJroo(x — Cos JJ) = +00.

2TO OUYKEKPIMEVO TIOPADELypa TO PXIKO Oplo UTTOAOYileTal TTOAU €UKOAX Ywpis KATAQuyt) oToV
cos T
x

| < % yia k&be x > 0, ouvemdyeTtat lim,_ oo <=5 =

AeUTepo Kavova Tou |' Hopital: emeidn 1oyuel -

0, omwdTe

iMoo Z=2L = limy 400 (1 —<2) =1-0=1.

Edw, paMiota, o Asutepos Kavovas dev epapuoleTar kav! Agv utmdpxer 1o limy oo HST'”I B10T1L dev
UTt&pyel To limy_y 40 Sin .

To Topd&derypa auTd Beiyxvel, emions, OTL dev 1o)Uel To avTioTpopo Tou Kavéva Tou | Hopital.
TMp&ypaTl, oTo TaAP&delyud aUTO UTTAPYEL TO OPlO TOU AOYOU TwV CUVOPTNOEWY OAAK deV UTTAPYEL
TO 6pl0 TOU AGYOU TWV TTAPXYWYwWV TOUS.

Ym&pxouv, Ouws, Kol GAAES ATTPOCIIOPIOTES POPPES TIEPAY TWV % Kal % 2e k&Be TepimTooN
peTaoxnuaTifouye TNV AmPOodIOPIOTN MOPPT| TTOU CVTIMETWTI{oupe o€ pia amd TS POOIKES QUTES
XTTPOCOIOPICTES HOPPES Kal KATOTIY epapudloupe Tov KaTtdAAnAo Kavéva tou I Hopitdl. Oa reprypd-
YOUE, TEAEIWS OXMUOTIKY, TS TEPITTOU XEIPI{OUAOTE TIS SIAPOPES TEPITITOELS.

(1) Eotw limy_e f(x) = 0 ko limy_e g(x) = £00 kou 611 wpémer va Ppolpe To lim,_e f(x)g(x),
SnAadh ampocdidpiotn popen 0(£o0). TéTe peToTpémoupe

imse £ (@)g(@) = lim,e o2

dnAad1 oe aTTPoodIOPIoTN HOPPT| %. MTropouye, emrions, Vo pHETOTPEWOUE

limg—se f(2)g(x) = limg_¢ 1%”2&) :

dNAad™) og ATTPOodIOPIoTN HOPPT| % . BéBaia, otny deuTepn TepiTTwOT XPEIA(ETAL KATTOIX ETITTAEOV
uttdBeon yia To Tpdonuo s f.

(2) Eotw limye f(z) = 400 ko limye g(x) = —00 ka1 6TL éyoupe va uToAoylocouue To
limz—e(f(2) + g(x)), dnhadt) ampocdidpioTn popen (+00) + (—00). TéTe peTaTpémoupe

|immﬁé<f($) + g(x’)) = “mzﬁf ($ + ﬁ)f(fﬂ)g(l’),
SnAad o ampoodidpiotn popen 0(—00). 'ETor avayduaoTe oTny TponyoUueyn TepiTTwon.
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(3) Eotw limy_¢ f(x) = 0, émou f(z) > 0, ko limy_e g(z) = 0 xou 611 éxoupe va uToAoyicoupe
To limg_¢ f(x)g(x), 8nAadh ampoadidpioTn wopety 00, TéTe peTaTpémoups

|Imx*>£ f( ) = ]|m eg(x) log f () .

SnAadn oe ampocdidpioTn popet) 0(—o00).
(4) Eotw lim,_e f(x) = 400, limy—e g(x) = 0 kon 671 éyoupe va uToAoyicoupe To limy_e f(z)9@,
dNAadT aTTPoodlOPloTn YOPPN (—I—oo)o. MeTaTpeToupe

||m$_>§ f(]j)g(‘r) = ]|m$_>£ eg(x) log f () ,

SnAadh o ampoodidpiotn popen 0(+00).
(5) Téhos, éoTw limy_ye flz) = 1 ka limg_y¢ g(x) = 00 ko 6T1 éxoups va umoAoyicoupe To
limg ¢ f(x)g(x), SNAadn ampoadidpioTn pwopeh) 15 . MetaTtpémouue

IImI_>§ f( ) = ]|n’]z geg(z) log f () ,
SNAadn oe ampocdidpioTn popet| (£00)0.

Nopadeiypata. (1) Oa umoloyicoupe ToO limy_ o4 T logx, To omoio eivar O(Trpocr&c')plcr'rn HopPQPN

' . lod ' . 1 ' 1
0(—00). MeTtaoxnuaTifoupe ot lim, o1 %, émou limy 04 + = +00. Elvar - # 0 ka1t —= 7& 0 yix
k&fe x € (0,+00). Emions, limy o4 % = —lim, 04 2 = 0. Apa lim,_oy Tlogx = l|mgc_>0Jr ';/j =
0.

T logx

(2) To limy_so4 2% eivon ampoadidpiotn popeh 0°. Mpdgoups 2% = e , OTTOTE TO OPIO METAOXN-

xlogx

poTifeTal oTo Tponyouuevo opto. Apa limy_op ¥ = limy_o4 € =1 81671 n exp eivar ouvexns

otov O.
(3) To limyyio0 (14 T2

avayduaoTe 010 limy_ 400 T 10 ——), To omolo elvan ampocdidpioTn popen (+00)0. Mpdgoupe
Y li t+oo Tlog (14 5 S o1y (+00)0. Mp&e

2
& log (1 + 1fo2) — '°9(1+§§S+m Dy ¢XOUUE OTTPOoBIOPITTN HOPPT 8. Eivaa % # 0 ko —m% #0

2.2
yia k&8s & € (0,400). To pio Tou Adyou Twv Tapaywywv sival Iimx_H_m% =

2 T
1. Apa lim;_ 100 T log (1 + 1+x2) = “mﬂf—>+oow = 1. Apa My st (1 + 1+I2) =
exlog(1+1+z )

)x elvan arpoodiopioTn wopeh 17°° . Eivan (1 + 1+x2)$ — &0 Lo

Mz 400 = e agou n exp eivan ouvextfs oTov 1.

5.8.2 'Opiax akoloutwv.

Oa epapuodooupe Tous Kavoves tou | Hopitadl otov utoloyioud opiwv akoAoubicov.
Tpeotn spappoy. 'Eotw axotoubies (ay,), (by) wote b, # 0 yio kébe n € N xou oo limy o0 G =
limy— 100 b = 0. ZTdX05 €lvar o uTToAoyIoMOS ToU limy, 1 oo ‘;—Z oV QUTO UTTAPYEL.

Mo va epappoooupe tov Tlpwto Kavéva tou I' Hopitdl, mpémel va Ppolue ouvapTnoels

frg:[1,+00) = R
WOTE VX 10YUEL
f(n)=a,, g(n)="0, (n € N).

O1 f,g mpémal va eivon Topaywyicipes oto [1,+00), meémel va 1woxvel g(x), ¢’ (x) # 0 yro k&b
€ [1,4+00) ko
limy s 100 f(2) = limy 100 g(z) = 0.

209



!
Av uTroBécoupe 6T éxoupe Rpel Tis f, g ko1 o uTtdpxel To limy 4 oo %, CUUTTEPAIVOUPE OTI UTTAPYEL

z)

Kal To limg_y 1o % Kol €xel TNy idia Tipf) pe To Tponyoupevo. Twpa, epapudlovtas To Oewpnua

3.4 oy g ko oTny akolouBia (1), oupTepaivoupe 6T1 Kou To
. an s f(n)
limy— +o00 i = limp 400 9(n)

UTTAPYEL Kal €xel TNV id1a TP pe Ta TTPOTYOUUEVa dUO Opia.

. ' . 1 s 1
[TopddeLypo. Oa U'rrol7\oy1croups TO liMp—s 400 arctaiw = tan(§ - E)'
Etreidr| limy, o0 arctan = = 0 kou limy, o tan(% — ;) = 400, TO OpIO EUTIITITEL OTNV KATNYOoPix TwV

ampocdidpioTwy popecv 0(+00).

p&oupe arctan % tan(% — %) = arctan % cot% = % Kol peTabéToupue To Oplo oTNY KaTnyopia
%. Opiloupe f, g : (%, +00) pe TUTOUS
f(z) = arctan % , g(x) = tan % .

O f,g éxouv &Aes Tis amouToUpeves 1816TNTES, OTOTe UTTOAOYiloupe To Oplo

1y2
) ) . a?(cos 2)* 22 1