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Κεφάλαιο 1

.

. . . , , , . . .

1.1 .

. , , .
x+ y, x− y, xy x

y (y 6= 0) x, y . (, .) .

. , , , .

1, 2, 3, . . . , 0, 1,−1, 2, −2, 3,−3, . . . , m
n , m,n n 6= 0. :

±m
±n ,

±2m
±2n ,

±3m
±3n , . . . . m

n m n , . , 4
−3

−4
3

−4
−3

4
3 .

, m m
1 , .

. , . , , , .

. · , .
R . , N, Z Q , , . : 0, N 0, 1, 2, . . . N∗ 1, 2, . . . .

. , .

. .

1.1 (1) x ≤ y y ≤ z, x ≤ z. , .
(2) x ≤ y, x+ z ≤ y + z x− z ≤ y − z.
(3) x ≤ y z ≤ w, x+ z ≤ y + w. , .
(4) x ≤ y z > 0, xz ≤ yz x

z ≤ y
z .

(5) x ≤ y z < 0, xz ≥ yz x
z ≥ y

z .
(6) 0 < x ≤ y 0 < z ≤ w, 0 < xz ≤ yw. , .

x |x|

|x| =
{
x, x ≥ 0,
−x, x ≤ 0.

, .
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1.2 (1) |xy| = |x||y|.
(2) .

∣∣|x| − |y|
∣∣ ≤ |x± y| ≤ |x|+ |y|.

(3) y 6= 0,
∣∣x
y

∣∣ = |x|
|y| .

(4) |x| ≤ a −a ≤ x ≤ a.
(5) |x| < a −a < x < a.

x, y max{x, y} min{x, y}. : max{x1 , . . . , xn} min{x1 , . . . , xn}.
A R , A A, maximum A maxA. , A , minimum A
minA.

. R.

. , 0, , 1. . , x , x > 0,
, x < 0, |x|. , . .

Σχήμα 1.1: .

x . « x» « x». , « » « » .
x 0 |x|. , , x, y |x− y|.

, : x < y x, y 0, 1, . , 1 0, : x < y y x.
1 0, : x < y y x.

: 1 0. , ( , ) 1 0.

. ±∞.

R. a < b, (a, b) = {x : a < x < b}, (a, b] = {x : a < x ≤ b}
[a, b) = {x : a ≤ x < b}. a ≤ b, [a, b] = {x : a ≤ x ≤ b}. a, b. (a, b)
[a, b] . (a,+∞) = {x : x > a}, (−∞, b) = {x : x < b}, [a,+∞) = {x : x ≥ a}
(−∞, b] = {x : x ≤ b}. ( ) ( ) ( ). , (−∞,+∞) = R, .

+∞,−∞ · ±∞ . +∞ «» «» −∞ «» «»
. < > , x

−∞ < x, x < +∞, −∞ < +∞.

, , «» «» +∞ −∞ – .
±∞ .

. .

1 b, , , . . . , , . ( ). :
b > 0 n n · 1 > b. b ≤ 0 , :

1.1 b n > b.
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Σχήμα 1.2: n > b.

1.1 . n b, n+ 1, n+ 2, n+ 3, . . . b. :

,
.

b = 1
a , a > 0, 1.1 :

1.3 . a > 0 n 1
n < a.

Σχήμα 1.3: n 1
n < a.

, 1
n a, 1

n+1 ,
1

n+2 ,
1

n+3 , . . . a. .

,
.

1.1 .

1.4 x k k ≤ x < k + 1.

x [k, k + 1), k . . . . , [−3,−2), [−2,−1), [−1, 0), [0, 1),
[1, 2), [2, 3), . . . (−∞,+∞).

k k ≤ x < k + 1 x [x].

: [3] = 3, [−4] = −4, [ 85 ] = 1, [ 23 ] = 0, [−8
5 ] = −2.

1.1 1.3 1.4 ΄ ..
. , .

1. r a , r + a .

r 6= 0 a , ra .
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2. a , p, q, r, s p+ qa = r + sa, p = r q = s.

. , .

1. x ≤ y < 0 z ≤ w < 0, 0 < yw ≤ xz.

2. x ≤ y, z ≤ w, t ≤ s x+ z + t = y + w + s, x = y, z = w t = s.

0 < x ≤ y, 0 < z ≤ w, 0 < t ≤ s xzt = yws, x = y, z = w t = s.

3. |x+ y| = |x|+ |y| x, y ≥ 0 x, y ≤ 0.

|x+ y + z| ≤ |x|+ |y|+ |z|. , |x+ y + z| = |x|+ |y|+ |z| x, y, z ≥ 0
x, y, z ≤ 0.

4. t ≤ x t ≤ y t ≤ min{x, y}.
t ≥ x t ≥ y t ≥ max{x, y}.

5. max{x, y} = x+y+|x−y|
2 min{x, y} = x+y−|x−y|

2 .

6. ;

[a, b], (a, b), [a, b), N, Z, Q,
{ 1

n
: n

}
.

. .

1. 1.1 1.2;

2. .

a ≤ x ≤ b a ≤ y ≤ b, |x− y| ≤ b− a.

.

3. , x, y, x+ y, x− y, xy x
y .

( xy : x, y > 0. 0 . ΄, ΄ 1, y, . ΄ ΄, .
, ;)

. .

1. x .

|x+ 1| > 2, |x− 1| < |x+ 1|, x

x+ 2
>

x+ 3

3x+ 1
, (x− 2)2 ≥ 4,

|x2 − 7x| > x2 − 7x,
(x− 1)(x+ 4)

(x− 7)(x+ 5)
> 0,

(x− 1)(x− 3)

(x− 2)2
≤ 0.

2. x x .

(−∞, 3], (2,+∞), (3, 7), (−∞,−2) ∪ (1, 4) ∪ (7,+∞),

[−2, 4] ∪ [6,+∞), [−1, 4) ∪ (4, 8], (−∞,−2] ∪ [1, 4) ∪ [7,+∞).
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. .

1. x [−x] = −[x] ;

2. k , [x+ k] = [x] + k.

(: [y] = m m m ≤ y < m+ 1.)

3. [x+ y] = [x] + [y] [x+ y] = [x] + [y] + 1 .

[x+ y + z].

4. , 0 < x ≤ 1, n 1
n+1 < x ≤ 1

n n x.

5. b n > b. n b;

b n ≥ b;

a > 0. n 1
n < a. n a;

6. [x] + [x+ 1
2 ] = [2x], [x] + [x+ 1

3 ] + [x+ 2
3 ] = [3x] , , [x] + [x+ 1

n ] + · · ·+
[x+ n−2

n ] + [x+ n−1
n ] = [nx] n ≥ 2.

1.2 .

. .

an ( ) n

an = a · · · a︸ ︷︷ ︸
n

,

n a. a 6= 0, a0 an n

a0 = 1, an =
1

a−n
=

1

a · · · a︸ ︷︷ ︸
−n

(a 6= 0).

(−a)n = an , n , (−a)n = −an , n . , , , n , an > 0 a 6= 0
, n , (i) an > 0 a > 0 (ii) an < 0 a < 0.

1.5 .

1.5 n ≥ 2,

xn − yn = (x− y)(xn−1 + xn−2y + · · ·+ xyn−2 + yn−1).

, n ≥ 3,

xn + yn = (x+ y)(xn−1 − xn−2y + · · · − xyn−2 + yn−1).
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n 1 · 2 · · · (n− 1) · n n! .

n! = 1 · 2 · · · (n− 1) · n.

: 1! = 1, 2! = 1 · 2 = 2, 3! = 1 · 2 · 3 = 6, 4! = 1 · 2 · 3 · 4 = 24.

,
0! = 1

n
n! = (n− 1)!n.(

n
m

)
m,n 0 ≤ m ≤ n( n

m

)
=

n!

m!(n−m)!
.

:
(
n
0

)
=

(
n
n

)
= 1,

(
n
1

)
=

(
n

n−1

)
= n,

(
n
2

)
=

(
n

n−2

)
= n(n−1)

2 .

1 ≤ m ≤ n, , , ( n

m

)
=

n(n− 1) · · · (n−m+ 1)

m!
.

1.6 Newton. x, y n

(x+ y)n =
(n
0

)
xn +

(n
1

)
xn−1y + · · ·+

(
n

n− 1

)
xyn−1 +

(n
n

)
yn .

: Newton . n = 1 (x + y)1 =
(
1
0

)
x1 +

(
1
1

)
y1 ,

(
1
0

)
=
(
1
1

)
= 1. n

x+ y.

(x+ y)n+1 =

(
n

0

)
xn+1 +

(
n

1

)
xny + · · ·+

(
n

n

)
xyn

+

(
n

0

)
xny + · · ·+

(
n

n− 1

)
xyn +

(
n

n

)
yn+1 .(

n
0

)
= 1 =

(
n+1
0

) (
n
n

)
= 1 =

(
n+1
n+1

)
. , m- (1 ≤ m ≤ n)

(
n
m

)
xn−m+1ym +(

n
m−1

)
xn−m+1ym =

(
n+1
m

)
xn−m+1ym ( 4 ) , ,

(x+ y)n+1 =

(
n+ 1

0

)
xn+1 +

(
n+ 1

1

)
xny + · · ·+

(
n+ 1

n

)
xyn +

(
n+ 1

n+ 1

)
yn+1 .

n+ 1 n.

:
(x+ y)1 = x+ y ,

(x+ y)2 = x2 + 2xy + y2 ,

(x+ y)3 = x3 + 3x2y + 3xy2 + y3 ,

(x+ y)4 = x4 + 4x3y + 6x2y2 + 4xy3 + y4 ,

(x+ y)5 = x5 + 5x4y + 10x3y2 + 10x2y3 + 5xy4 + y5

Newton.

1.7 .
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1.7 (1) .

axbx = (ab)x , axay = ax+y , (ax)y = (ay)x = axy .

(2) 0 < a < b, (i) ax < bx , x > 0, (ii) a0 = b0 = 1 (iii) ax > bx , x < 0.
(3) x < y, (i) ax < ay , a > 1, (ii) 1x = 1y = 1 (iii) ax > ay , 0 < a < 1.

: 1.7 · ! , .
(1) : x > 0, axbx = a · · · a︸ ︷︷ ︸

x

b · · · b︸︷︷︸
x

= (ab) · · · (ab)︸ ︷︷ ︸
x

= (ab)x .

x < 0, a, b 6= 0 axbx = 1
a · · · a︸ ︷︷ ︸

−x

1
b · · · b︸︷︷︸

−x

= 1

(ab) · · · (ab)︸ ︷︷ ︸
−x

= (ab)x .

x = 0, a, b 6= 0 axbx = 1 · 1 = 1 = (ab)x .
: x, y > 0, axay = a · · · a︸ ︷︷ ︸

x

a · · · a︸ ︷︷ ︸
y

= a · · · a︸ ︷︷ ︸
x+y

= ax+y .

x < 0 < y x + y > 0, 0 < −x < y, ay = a · · · a︸ ︷︷ ︸
y

= a · · · a︸ ︷︷ ︸
−x

a · · · a︸ ︷︷ ︸
y−(−x)

= a · · · a︸ ︷︷ ︸
−x

a · · · a︸ ︷︷ ︸
x+y

=

a · · · a︸ ︷︷ ︸
−x

ax+y , , axay = 1
a · · · a︸ ︷︷ ︸

−x

ay = ax+y .

x < 0 < y x + y < 0, 0 < y < −x, a · · · a︸ ︷︷ ︸
−x

= a · · · a︸ ︷︷ ︸
y

a · · · a︸ ︷︷ ︸
(−x)−y

= ay a · · · a︸ ︷︷ ︸
−(x+y)

, ,

axay = 1
a · · · a︸ ︷︷ ︸

−x

ay = 1
a · · · a︸ ︷︷ ︸
−(x+y)

= ax+y .

x < 0 < y x+ y = 0, y = −x, axay = 1
a−x ay = 1

ay a
y = 1 = ax+y .

y < 0 < x x < 0 < y.
x, y < 0, axay = 1

a · · · a︸ ︷︷ ︸
−x

1
a · · · a︸ ︷︷ ︸

−y

= 1
a · · · a︸ ︷︷ ︸

(−x)+(−y)

= 1
a · · · a︸ ︷︷ ︸
−(x+y)

= ax+y .

x = 0, axay = 1 · ay = a0+y = ax+y . y = 0 x = 0.
: x, y > 0, (ax)y = ax · · · ax︸ ︷︷ ︸

y

= a · · · a︸ ︷︷ ︸
x

· · · a · · · a︸ ︷︷ ︸
x︸ ︷︷ ︸

y

= a · · · a︸ ︷︷ ︸
xy

= axy .

: x < 0 < y, y < 0 < x, x, y < 0, x = 0 y = 0.

(2) (i) a < b x , ax = a · · · a︸ ︷︷ ︸
x

< b · · · b︸︷︷︸
x

= bx . (iii) (i): ax = 1
a−x > 1

b−x = bx . (ii) .

(3) (i) y− x > 0, , 1 < a y− x , ax = a · · · a︸ ︷︷ ︸
x

1 · · · 1︸ ︷︷ ︸
y−x

< a · · · a︸ ︷︷ ︸
x

a · · · a︸ ︷︷ ︸
y−x

= ay . (iii) (ii) .

1.7 . , · .

. .

1.2 , · , . 1.2.

1.2 n a > 0, xn = a x > 0.

1.2 xn = a a > 0 . 1.8, , . ( 1.2) .

1.8 (1) n , xn = a (i) , , a > 0, (ii) , 0, a = 0, (iii) , a < 0.
(2) n , xn = a (i) , , a > 0, (ii) , 0, a = 0, (iii) , , a < 0.
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n , a xn = a n- a
n
√
a .

n , a ≥ 0 xn = a n- a n
√
a .

, , n
√
0 = 0 n n

√
a > 0 a > 0 n. , a < 0 n

√
a < 0 n n

√
a n.

n = 2, 3, 4, . . . , n
√
a , , , . . . a. n = 2 2

√
a

√
a , , a. n = 3

3
√
a a.

: (1) x4 = 16 , 4
√
16 = 2 − 4

√
16 = −2. , x4 = −16 .

(2) x5 = 32 , 5
√
32 = 2. x5 = −32 , 5

√
−32 = −2. 5

√
−32 = −2 = − 5

√
32.

− 5
√
32 x5 = −32, 5

√
32 x5 = 32. , , :

n
√
−a = − n

√
a (n ).

.

1.9 n, k. n
√
k k n- .

: . k n- , m k = mn . n
√
k = n

√
mn = m , , .

, r =
n
√
k r = m

l
, m, l > 1. l > 1, p l. l,m > 1, p m.

k = rn = mn

ln
, lnk = mn . p l, lnk , , mn . , , . , p mn = m · · ·m, m

. l = 1, r = m , , k = rn = mn n- .

: (1)
√
2 , , m m2 = 2. : 12 < 2 22 > 2. , 3

√
5 m m3 = 5.

(2)
√
2 +

√
3 . , r, (

√
2 +

√
3)2 = r2 ,

√
6 = r2−5

2 , ,
√
6 . m

m2 = 6.

. .

΄ ar r .
r r = m

n , m , n , , m,n , 1. r .

: 16
10

8
5 . , −6

4
−3
2 .

r , r = m
n ,

ar = ( n
√
a)m

: (i) a > 0, n
√
a , (ii) a = 0, n

√
0 = 0, m > 0 , , r > 0

0r = ( n
√
0)m = 0m = 0 (iii) a < 0, n n

√
a . :

ar (i) a > 0, (ii) a = 0 r > 0 (iii) a < 0 r .
ar (i) a = 0 r ≤ 0 (ii) a < 0 -
r .

: (1) 2
3
4 = ( 4

√
2)3 , 2

6
8 = 2

3
4 = ( 4

√
2)3 , 2−

3
4 = ( 4

√
2)−3 = 1

( 4√2)3
, 2

6
2 = 23 = 8

2−
6
2 = 2−3 = 1

23 = 1
8 .

(2) 0
3
4 = 0 0

3
5 = 0. 0−

3
4 , 0−

3
5 00 .
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(3) (−2)
5
3 = ( 3

√
−2)5 = (− 3

√
2)5 = −( 3

√
2)5 , (−2)

10
6 = (−2)

5
3 (−2)0 = 1.

(−2)
5
2 (−2)−

14
4 .

n 1
n .

1
n

1
n . a

1
n ( n

√
a)1 = n

√
a :

a
1
n = n

√
a .

, ar a < 0 : r. , , , . ar a < 0 r .
ar > 0 r a > 0. , m

n r, n
√
a > 0 , , ar = ( n

√
a)m > 0.

, 1.7, .

1.7 : 1.7 , . x = m
n

y = k
l

x y. (ax)n = am :
(ax)n = (( n

√
a)m)n = (( n

√
a)n)m = am .

(1) : a, b > 0. (axbx)n = (ax)n(bx)n = ambm = (ab)m = ((ab)x)n , axbx, (ab)x > 0,
axbx = (ab)x .

a = 0, x > 0 axbx = 0 · bx = 0 = 0x = (ab)x . b = 0 .
a < 0, n . (axbx)n = ((ab)x)n , n , axbx = (ab)x . b < 0 .

: x+ y = p
q

x+ y. a > 0, (axay)nl = (ax)nl(ay)nl = ((ax)n)l((ay)l)n = (am)l(ak)n =

amlakn = aml+kn = (( q
√
a)q)ml+kn = ( q

√
a)q(ml+kn) = ( q

√
a)pnl = (( q

√
a)p)nl = (ax+y)nl ,

axay, ax+y > 0, axay = ax+y .
a = 0, x, y > 0 axay = 0 · 0 = 0 = ax+y .
a < 0, n, l . (axay)nl = (ax+y)nl , nl , axay = ax+y .

: xy = p
q

xy. a > 0, ((ax)y)nl =
(
((ax)y)l

)n
= ((ax)k)n = ((ax)n)k = (am)k = amk =

(( q
√
a)q)mk = ( q

√
a)qmk = ( q

√
a)pnl = (( q

√
a)p)nl = (axy)nl , (ax)y , axy > 0, (ax)y = axy .

(ay)x = axy .
a = 0, x, y > 0 (ax)y = 0y = 0 = axy . (ay)x = axy .
a < 0, n, l . ((ax)y)nl = (axy)nl , nl , (ax)y = axy . (ay)x = axy .

(2) (i) x > 0, m > 0. (ax)n = am < bm = (bx)n , ax, bx > 0, ax < bx .
(iii) (ii) .

(3) (i) x < y n, l > 0, ml < kn. (ax)nl = ((ax)n)l = (am)l = aml < akn = (ak)n =
((ay)l)n = (ay)nl . ax, ay > 0, ax > ay .

(iii) (ii) .

. .

, ax a ≥ 0 x .
΄ a > 1.
, s, r, t s < r < t, , , as < ar < at . , , , s, t

x s < x < t, as < ax < at . , as , at ax . , «» ax :
as < ax < at s, t s < x < t. .

s < x t > x. s, t , , s < t a > 1, as < at . , , , as , , at ,
– . . , ξ, as at :

Σχήμα 1.4: ax .
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as < ξ < at

s, t s < x < t. , ξ′ 6= ξ as < ξ′ < at s, t s < x < t. , , .

1.3 (1) a > 1 x. ξ as < ξ < at s, t s < x < t.
(2) a > 1 x. ξ as < ξ < at s, t s < x < t ξ ( ) ax .

a > 1 x , ax ξ 1.3. , , ax

as < ax < at

s, t s < x < t . 1.3, x .
a = 1 x , :

1x = 1.

, 0 < a < 1 x , 1
a > 1 −x . ( 1a )

−x :

ax =
(1
a

)−x

.

, x ,
0x = 0.

, , , x , ax (i) a > 0 (ii) a = 0 x > 0. ax (i) a < 0 x (ii)
a = 0 x < 0. ,

ax (i) a > 0 x , (ii) a = 0 x > 0 (iii) a < 0 x .
ax (i) a = 0 x ≤ 0 (ii) a < 0 x .

ax : x a > 0 ( a < 0), , ax , ax > as s < x, , as > 0,
ax > 0.

, , 1.7, . , ..
. .

1. n .

n , xn < yn x < y.

n , xn < yn |x| < |y|.

2. x, y 0, x2 + xy + y2 > 0 x4 + x3y + x2y2 + xy3 + y4 > 0. ;

x3 + x2y+ xy2 + y3 > 0 x5 + x4y+ x3y2 + x2y3 + xy4 + y5 > 0; ;

3. n

(i) 1 + 2 + · · ·+ n = 1
2 n(n+ 1),

(ii) 12 + 22 + · · ·+ n2 = 1
6 n(n+ 1)(2n+ 1),

(iii) 13 + 23 + · · ·+ n3 = 1
4 n

2(n+ 1)2 .
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4. Newton Pascal;
1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

· · · · · · · · · · · · · · · · · · · · · · · ·

1 ≤ m ≤ n,
(
n+1
m

)
=

(
n
m

)
+

(
n

m−1

)
. Pascal;

5.
(
n
m

)
n m ;(

n
m

)
m 0 n;

Pascal;

6. n . (n
0

)
+
(n
1

)
+ · · ·+

(
n

n− 1

)
+
(n
n

)
= 2n ,

(n
0

)
−
(n
1

)
+ · · ·+ (−1)n−1

(
n

n− 1

)
+ (−1)n

(n
n

)
= 0.

. .

1. n , n
√
an = a.

n , n
√
an = |a|.

2.
√
a+ b ≤

√
a+

√
b a, b ≥ 0.

√
a+ b =

√
a+

√
b a = 0 b = 0.

3. :
n
√
a

n
√
b =

n
√
ab ,

n

√
m
√
a =

m

√
n
√
a = nm

√
a .

; a < 0 b < 0 ;

4. n 0 ≤ a < b, n
√
a < n

√
b .

n a < b, n
√
a < n

√
b .

5. (∗) 105
√
105 106

√
106 .

6. 7
√
129 , 3

√
5 +

√
2 3

√
2 +

√
5 .

7. a > 0,

√
a
√

a · · ·
√
a
√
a = a

2n
√
a

n .

8.
√
a.

(: 1 < a. , 0, 1 a, . x , x2 = a.)
4
√
a 8

√
a .
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. .

1. (−2)0 , 00 , (−3)
7
3 , (−2)

16
12 , (−2)−

10
12 ;

(−8)
4
3 , (−1)

14
6 .

2.
(
(−1)

2
3

) 5
2 = (−1)

2
3 ·

5
2 ; ; 1.7;

3. r (−2)r < 0;

. .

1. 2−
√
2 , (−2)

√
2 , 0−

√
2 , 0

√
2 ;

2. ( 17
√
3)24 < 3

√
2 < ( 17

√
3)25 .

3. 2
√
3 3

2√
5 .

4. [10 · 2
√
2] [100 · 2

√
2].

5.
(
(−1)2

)√3
= (−1)2

√
3 ; 1.7;

x
(
(−1)x

)√3
= (−1)x

√
3 ;

1.3 .

a > 0 6= 1. : y ax = y ( x) ;
x ax > 0, , ax = y, y > 0. 1.4, , , , y.

1.4 a > 0 a 6= 1. y > 0 x
ax = y.

1.4 ax = y. . , x1 , x2 ax = y ( y) 1.7 , x1 6= x2 ,
ax1 6= ax2 .

a = 1, ax = y, . , 1x = 1 x, y 1 ΄ : . a = 0 .
0x = y y = 0 ΄ : . a < 0 ax x ax x .

ax = y y a
loga y.

, :

x = loga y ax = y.

1.10 a > 0 6= 1.
(1) loga(yz) = loga y + loga z y, z > 0.
(2) loga

y
z = loga y − loga z y, z > 0.

(3) loga(y
z) = z loga y y > 0 z.

(4) loga 1 = 0 loga a = 1.
(5) 0 < y < z. (i) loga y < loga z, a > 1, (ii) loga y > loga z, 0 < a < 1.
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: (1) x = loga y w = loga z, ax = y aw = z. ax+w = axaw = yz, loga(yz) = x + w =

loga y + loga z.

(2) loga
y
z
+ loga z = loga(

y
z
z) = loga y loga

y
z
= loga y − loga z.

(3) x = loga y, ax = y. azx = (ax)z = yz , , loga(y
z) = zx = z loga y.

(4) loga 1 = 0 a0 = 1 loga a = 1 a1 = a.

(5) 0 < y < z. x = loga y w = loga z, y = ax z = aw . ax < aw , a > 1, x < w ,

0 < a < 1, x > w.

1.11 a, b > 0 a, b 6= 1.

logb y =
1

loga b
loga y

y > 0.

: a, b > 0 a, b 6= 1. x = logb y w = loga b, bx = y aw = b. awx = (aw)x = bx = y.

loga y = wx = loga b logb y..
1. log2 4, log 1

2
2, log 1

2
4.

2. log2 3 log3 4.

3. log2 3 · log3 5 · log5 7 · log7 10 · log10 8.

4. a > 0, a 6= 1. aloga y = y y > 0.

5. log2 3 ;

6. a > 0, a 6= 1. log 1
a
y = − loga y y > 0.

7. a > 0, a 6= 1. logaz (yz) = loga y y > 0 z 6= 0.

1.4 . .

. .

1 , ΄ ( ) ΄ ( ). x |x|, , x > 0, ( )
x < 0. x , : x , .

π 1. , π
2 Β, π ΄, 3π

2 ΄ 2π . x [0, 2π] ΄΄
x 2π . x [k2π, (k+ 1)2π], k : 2π. , x, x
( ) 2π.

.
x , ,

1. ΄.
cosx = ±

+ , , − , .
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Σχήμα 1.5: .

2. ΄.
sinx = ±

+ , , − , .

3. ο .
tanx = ±

+ , , − , .

4. ο .
cotx = ±

+ , , − , .

tanx ΄ , , x = π
2 +kπ (k ∈ Z). , cotx ΄ , , x = kπ (k ∈ Z).

(cosx, sinx) ΄ ΄ . cosx, sinx, tanx cotx , , , , x.
x. , .

: (1) cos 0 = 1, sin 0 = 0, tan 0 = 0. cot 0.

(2) cos π
2 = 0, sin π

2 = 1, cot π
2 = 0. tan π

2 .

(3) cosπ = −1, sinπ = 0, tanπ = 0. cotπ.

(4) cos 3π
2 = 0, sin 3π

2 = −1, cot 3π
2 = 0. tan 3π

2 .

cosx > 0, x (−π
2 + k2π, π

2 + k2π) (k ∈ Z), cosx < 0, x
(π2 + k2π, 3π

2 + k2π) (k ∈ Z). , sinx > 0, x (k2π, π + k2π) (k ∈ Z),
sinx < 0, x (π + k2π, 2π + k2π) (k ∈ Z).
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, ,
−1 ≤ cosx ≤ 1, −1 ≤ sinx ≤ 1

x. 1.12 · .

1.12 (1) (sinx)2 + (cosx)2 = 1.
(2) tanx = sin x

cos x , cotx = cos x
sin x .

(3) cos(−x) = cosx, sin(−x) = − sinx, tan(−x) = − tanx, cot(−x) = − cotx.
(4) cos(π2 −x) = sinx, sin(π2 −x) = cosx, tan(π2 −x) = cotx, cot(π2 −x) = tanx.
(5) cos(x+ π) = − cosx, sin(x+ π) = − sinx, tan(x+ π) = tanx, cot(x+ π) =
cotx.
(6) cos(x+ y) = cosx cos y − sinx sin y, sin(x+ y) = sinx cos y + cosx sin y.
(7) cosx− cos y = −2 sin x−y

2 sin x+y
2 , sinx− sin y = 2 sin x−y

2 cos x+y
2 .

(8) k . (i) cosx > cosx′, k2π ≤ x < x′ ≤ π + k2π, (ii) cosx < cosx′,
π + k2π ≤ x < x′ ≤ 2π + k2π.
(9) k . (i) sinx < sinx′, −π

2 + k2π ≤ x < x′ ≤ π
2 + k2π, (ii) sinx > sinx′,

π
2 + k2π ≤ x < x′ ≤ 3π

2 + k2π.

: 1.12 .
(1) .
(2) , = , , tanx = sin x

cos x
. , , = , , cotx = cos x

sin x
.

(3) x,−x ΄.
(4) x, π

2
− x .

(5) x, x+ π .
(6) , x, −y x+ y. ( ) ( ) . , ,√

(cos(x+ y)− 1)2 + (sin(x+ y)− 0)2 =
√

(cosx− cos(−y))2 + (sinx− sin(−y))2 .

, (1) (3), (6). , (3) (4):

sin(x+ y) = cos
(π
2
− (x+ y)

)
= cos

((π
2
− x

)
+ (−y)

)
= cos

(π
2
− x

)
cos(−y)− sin

(π
2
− x

)
sin(−y)

= sinx cos y + cosx sin y.

(7)

cosx = cos
(x+ y

2
+

x− y

2

)
= cos

x+ y

2
cos

x− y

2
− sin

x+ y

2
sin

x− y

2

cos y = cos
(x+ y

2
−

x− y

2

)
= cos

x+ y

2
cos

x− y

2
+ sin

x+ y

2
sin

x− y

2
.

,

cosx− cos y = −2 sin
x+ y

2
sin

x− y

2
.

(7).

(8) k2π ≤ x < x′ ≤ π+k2π, , ΄ x, x′ ΄, cosx > cosx′ . π+k2π ≤ x < x′ ≤ 2π+k2π,

, ΄ ΄, cosx < cosx′.

(9) −π
2
+ k2π ≤ x < x′ ≤ π

2
+ k2π, , ΄ x, x′ ΄, sinx < sinx′. π

2
+ k2π ≤ x <

x′ ≤ 3π
2

+ k2π, , ΄ ΄, sinx > sinx′ .

. .

. . .
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1. y [−1, 1]. ΄ y ΄ ΄ .

arccos y

[0, π] , .

2. y [−1, 1]. ΄ y ΄ ΄ .

arcsin y

[−π
2 ,

π
2 ] .

3. y. ο y. ΄.
arctan y

(−π
2 ,

π
2 ) .

4. y. ο y. ΄.
arccot y

(0, π) .

: (1) arccos 1 = 0, arccos 0 = π
2 , arccos(−1) = π.

(2) arcsin 1 = π
2 , arcsin 0 = 0, arcsin(−1) = −π

2 .

(3) arctan 0 = 0 arccot 0 = π
2 .

arccos y, arcsin y, arctan y arccot y , , -, -, - - y. y.
y [−1, 1] arccos y [0, π] cosx = y.

x = arccos y cosx = y 0 ≤ x ≤ π.

cosx = y [−π, 0], − arccos y. cosx = y R arccos y + k2π (k ∈ Z)
− arccos y + k2π (k ∈ Z).
, , y [−1, 1] arcsin y [−π

2 ,
π
2 ] sinx = y.

x = arcsin y sinx = y − π

2
≤ x ≤ π

2
.

sinx = y [π2 ,
3π
2 ], π − arcsin y. sinx = y R arcsin y + k2π (k ∈ Z)

π − arcsin y + k2π (k ∈ Z).
y arctan y (−π

2 ,
π
2 ) tanx = y.

x = arctan y tanx = y − π

2
< x <

π

2
.

tanx = y R arctan y + kπ (k ∈ Z).
y arccot y (0, π) cotx = y.

x = arccot y cotx = y 0 < x < π.

cotx = y R arccot y + kπ (k ∈ Z).
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1.13 (1) −1 ≤ y < y′ ≤ 1. arccos y > arccos y′ arcsin y < arcsin y′.
(2) y < y′. arctan y < arctan y′ arccot y > arccot y′.

: (1) , ΄ ΄ y, y′ , ΄ ΄. ΄, Μ΄ , , arccos y > arccos y′ .
, , ΄ ΄ y, y′ , ΄ ΄. ΄, ΄ , , arcsin y < arcsin y′ .

(2) , ΄ y, y′ , ΄ ΄. ΄, ΄ , , arctan y < arctan y′ .

, ΄ y, y′ , ΄ ΄. ΄, ΄ , , arccot y > arccot y′.

. ( ) . , , . , . . : cosx
sinx 8 10.
, , .
. π 1. 2 « » π. π 8 10..

. .

1. π
6 ,

π
4

π
3 .

2. .

cosx =
1

2
, sinx = −1

2
, cosx = − 1√

2
, sinx =

√
3

2
,

tanx = 0, cotx = −1, tanx = −
√
3 , cotx =

√
3 .

3. |a cosx+ b sinx| ≤
√
a2 + b2 .

4. a, b a2 + b2 = 1 q [0, 2π)

cos q = a sin q = b.

5. a, b 0. , p > 0 q

a cosx+ b sinx = p cos(x− q)

x.

(: a cosx+ b sinx =
√
a2 + b2

(
a√

a2+b2
cosx+ b√

a2+b2
sinx

)
.)

6.

(i) cos y = cosx y = x+ k2π y = −x+ k2π (k ∈ Z),

(ii) sin y = sinx y = x+ k2π y = π − x+ k2π (k ∈ Z),

(iii) tan y = tanx y = x+ kπ (k ∈ Z),

(iv) cot y = cotx y = x+ kπ (k ∈ Z).

7.

1 + (tanx)2 =
1

(cosx)2
, 1 + (cotx)2 =

1

(sinx)2
.
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8.

tan(x+ y) =
tanx+ tan y

1− tanx tan y
, cot(x+ y) =

cotx cot y − 1

cotx+ cot y
.

9.
cos(2x) = (cosx)2 − (sinx)2 = 2(cosx)2 − 1 = 1− 2(sinx)2 ,

sin(2x) = 2 sinx cosx,

tan(2x) =
2 tanx

1− (tanx)2
, cot(2x) =

(cotx)2 − 1

2 cotx
.

10.

cosx =
1− (tan x

2 )
2

1 + (tan x
2 )

2
, sinx =

2 tan x
2

1 + (tan x
2 )

2
,

tanx =
2 tan x

2

1− (tan x
2 )

2
, cotx =

1− (tan x
2 )

2

2 tan x
2

.

11.

2 sinx sin y = cos(x−y)−cos(x+y), 2 cosx cos y = cos(x−y)+cos(x+y),

2 sinx cos y = sin(x− y) + sin(x+ y).

12. ,

cosx+ cos(2x) + cos(3x) + · · ·+ cos(nx) =
sin(nx2 ) cos( (n+1)x

2 )

sin x
2

,

sinx+ sin(2x) + sin(3x) + · · ·+ sin(nx) =
sin(nx2 ) sin( (n+1)x

2 )

sin x
2

.

(: sin x
2 .)

. .

1. 0, ± 1
2 , ±

√
2
2 , ±

√
3
2 ±1.

2.

arccos y + arcsin y =
π

2
(−1 ≤ y ≤ 1), arctan y + arccot y =

π

2
.

3. y y = cos(arccos y) y = sin(arcsin y);

y y = tan(arctan y) y = cot(arccot y);

4. arccos(cosx) = x x [0, π].

, arccos(cosx), x [kπ, (k + 1)π], k ;

arcsin(sinx), arctan(tanx) arccot(cotx);
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Κεφάλαιο 2

.

(). , . : « ε n0» , . . . . . . e π.

2.1 .

( ) : , , . · 1, 2, 3 . :

x1, x2, . . . , xn, . . . , y1, y2, . . . , yn, . . . , z1, z2, . . . , zn, . . . .

(xn), (yn), (zn).

n (, ) , : , ΄ . xn+1 xn xn−1 xn .

: (1) ( 1n ), 1, 1
2 ,

1
3 , . . . ,

1
n , . . . .

(2) (n), 1, 2, 3, 4, . . . , n, . . . .

(3) (1), 1, 1, 1, . . . , 1, . . . .

(4)
(
(−1)n−1

)
, 1,−1, 1,−1, . . . , 1,−1, . . . .

(5)
(

1
10n

)
, 1

10 ,
1

102 ,
1

103 , . . . ,
1

10n , . . . .

(6) n- n, 1, 2, 2, 3, 2, 4, 2, 4, 3, 4, 2, . . . .

. «» : , ΄ . , «»· – – n- .
(, ) . , , ( , ).

, . {1} . , , · 1, 1, 1, . . . . , , (, ,
) ( ).

(xn) xn+1 ≥ xn n. (xn) xn+1 > xn n. (xn) xn+1 ≤ xn n. ,
(xn) xn+1 < xn n. . : , .

(xn) , c xn = c n. . .
(xn) , u xn ≤ u n. , (xn) , l l ≤ xn n. (xn) ,

l, u l ≤ xn ≤ u n , , [l, u].
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: (1) (c) , , . [c, c].

(2) ( 1n ) [0, 1].

(3)
( (−1)n−1

n

)
[−1

2 , 1].

(4) (n−1
n ) [0, 1].

(5)
(
(−1)n−1

)
[−1, 1].

(6)
( (1+(−1)n−1)n

2

)
, 1, 0, 3, 0, 5, 0, 7, 0, . . . , . ≤ 0 . , , u .

(1+(−1)n−1)n
2 ≤ u n, , n = 2k− 1, 2k− 1 ≤ u k. , k ≤ u+1

2 k, 1.1.

(7) −1, 0,−3, 0,−5, 0,−7, 0, . . . , , · l , ≥ l, ≤ −l,
.

(8)
(
(−1)n−1n

)
, 1,−2, 3,−4, 5,−6, . . . , . u l (−1)n−1n ≤ u

n l ≤ (−1)n−1n n, , n, .

(xn) , xn [l, u]. (xn) 0. [−M,M ] [l, u],
M = max{u,−l}. , (xn) , M |xn| ≤ M n.

u (xn), > u (xn). , , . , l (xn), < l (xn). ,
, .

. . (xn) , , n , xn «» . , (xn) , xn «» .

Σχήμα 2.1: .

Σχήμα 2.2: .

(xn) , , 0. n xn. (n, xn) (xn). , xn

, (n, xn) . , «» : n , (n, xn) . , (xn) , , n , (n, xn) ( ).
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, (xn) , (n, xn) ( ). , (xn) , (n, xn) ..
. .

1. .(2n− 1

3n+ 2

)
,

( √
n

n+ 1

)
,

(1− (−1)n

n3

)
,

(1
2
+

1

4
+

1

8
+ · · ·+ 1

2n

)
,

(2n!),
( (−1)n+1

n!

)
,

( (−1)n−1

2 · 4 · 6 · · · 2n

)
,

(n2 − 3n+ 1

2nn!

)
,( (2x)n−1

(2n− 1)5

)
,

( (−1)n−1x2n−1

(2n− 1)!

)
,

( (−1)nx2n−1

1 · 3 · 5 · · · (2n− 1)

)
.

2. :
1, 4, 9, 16, 25, 36.

, ; (i) 49. (ii) 24. (iii) .

3. .

(n), (−n),
(
(−1)n−1

)
,

(1 + (−1)n−1

2

)
,

(a+ b

2
+ (−1)n−1 a− b

2

)
.

(: .)

4.
(
n− 2[n2 ]

)
,
(
n− 3[n3 ]

) (
n− 4[n4 ]

)
. , m ,

(
n−m[ nm ]

)
.

5. . a, b, p, q, p, q 0. (xn) :

x1 = a, x2 = b xn+2 = pxn+1 + qxn (n ≥ 1).

n- xn .

1: p 6= 0, q = 0. xn = bpn−2 n ≥ 2.

2: p = 0, q 6= 0. xn = aq
n−1
2 , n , xn = bq

n−2
2 , n .

3: p 6= 0, q 6= 0.
x2 = px+ q.

(i) ∆ = p2 +4q > 0, () , ρ1 = p+
√
∆

2 ρ2 = p−
√
∆

2 . κ, λ κ+λ = a
κρ1 + λρ2 = b .

xn = κρ1
n−1 + λρ2

n−1

n ≥ 1.

(ii) ∆ = p2 + 4q = 0, , ρ = p
2 . κ, λ κ = a κρ+ λρ = b .

xn = κρn−1 + λ(n− 1)ρn−1
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n ≥ 1.

(iii) ∆ = p2 + 4q < 0 ( q < 0), () , ρ1 = p+i
√
−∆

2 ρ2 = p−i
√
−∆

2 .

ρ =
√
−q > 0

(
p
2ρ

)2
+
(√

−∆
2ρ

)2
= 1, θ [0, 2π) cos θ = p

2ρ sin θ =
√
−∆
2ρ .

ρ1 = ρ(cos θ + i sin θ) ρ2 = ρ(cos θ − i sin θ). ρ2 cos(2θ) = pρ cos θ + q
ρ2 sin(2θ) = pρ sin θ. κ, λ κ = a ρ(κ cos θ + λ sin θ) = b . ,

xn = ρn−1
(
κ cos((n− 1)θ) + λ sin((n− 1)θ)

)
n ≥ 1.

n- ( )

x1 = x2 = 1

.

xn+2 = 3xn (n ≥ 1), xn+2 = xn+1 + xn (n ≥ 1),

xn+2 = 2xn+1 − xn (n ≥ 1), xn+2 = xn+1 − xn (n ≥ 1).

, x1 = x2 = 1 xn+2 = xn+1 + xn (n ≥ 1), Fibonnaci
1, 1, 2, 3, 5, 8, 13.

. .

1. (xn) , .

2. (xn) (−xn) , .

3. ; ;

, , · .

(n),
(
(−1)n−1

)
,

(
(−1)n−1n

)
,

( (−1)n−1

n

)
,

(
2n

)
,

( 1

2n

)
,

( 8n− 1

n2 + n+ 1

)
,

((
n+ 15

16

))
,

(8n
n!

)
,

(
2
[n
2

])
,

(
n− 3

[n
3

])
.

. .

1. ; ; ;

2. – – – .

3. (xn) (−xn) , .
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2.2 .

: (1) ( 1n ).

1,
1

2
,
1

3
,
1

4
,
1

5
, . . . ,

1

100
,

1

101
, . . . ,

1

100000
, . . . ,

1

100000000
, . . . .

, n « », 1
n « ». , , , , n « », 1

n « » 0. ( ).

(2) , , (n−1
n ) :

0,
1

2
,
2

3
,
3

4
,
4

5
, . . . ,

99

100
,
100

101
, . . . ,

99999

100000
, . . . ,

99999999

100000000
, . . . .

n « », n−1
n 1 « ». , n−1

n 1 |n−1
n − 1| = 1− n−1

n = 1
n , ,

n , 1
n . ΄ , , , n « », n−1

n « » 1.

(xn) :

n « », xn

x « ».

, / . , ( ) . , , ( ) ,
«» .

xn x « » |xn − x| « ». « n » « n ». , , :

|xn − x| n .

. :

: ( 1n ).
1
n 0 | 1n − 0| = 1

n , , n . ; , 0, 000132.
1
n 0, 000132 n ; : n 1

n 0, 000132; : 1
n < 0, 000132

n > 1000000
132 . n > 1000000

132 ; 7576 > 1000000
132 ( 7575 ≤ 1000000

132 ) , , n
≥ 7576, 1

n < 0, 000132. , 0, 0000000000132. , n ≥ 75757575758,
1
n < 0, 0000000000132. , , : ( 0, 000132 0, 0000000000132) (
7576 75757575758). , , . . , , . , ε,
, n0 , , n ≥ n0 , 1

n < ε. , , : ε > 0, , n0
1
n0

, 1
n0+1 ,

1
n0+2 , . . .

< ε. ( ε ) n0 ε. n0 ( ε) 1
n < ε ; , . 1

n < ε n > 1
ε (,

n) :

> a n0 = [a] + 1, a ≥ 0, n0 = 1, a < 0.

: > −1 1, > 8
3 ( 2 < 8

3 < 3) 3 = [ 83 ]+1 > 2 3 = 2+1 = [2]+1.

( 1
ε ≥ 0) n0 n0 = [ 1ε ] + 1. ε, ( ) n0 ε, ε n0 .

. (xn) x x x (xn) |xn − x| ε > 0 n n0 , , ε > 0
n0 |xn − x| < ε n ≥ n0 . (xn) x

xn → x limxn = x lim
n→+∞

xn = x.
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. (xn) x ε > 0 n0 |xn − x| < ε n ≥ n0 , , ε > 0 n0 n ≥ n0

|xn − x| < ε , , ε > 0 n0 n ≥ n0 |xn − x| < ε.

Σχήμα 2.3: x− ε < xn < x+ ε n ≥ n0 .

(xn) , (xn) .
limn→+∞ xn = x ; n, n (, ), limn→+∞ xn = x xn , ,

x n .

: (1) , limn→+∞
1
n = 0 limn→+∞

n−1
n = 1.

(2)
(
(−1)n−1

)
.

1,−1, 1,−1, . . . , 1,−1, 1,−1, . . . .

n , (−1)n−1 «» 1 −1 1 . ,
(
(−1)n−1

)
. «» (, ,

) 1 «» (, , ) −1. (
(−1)n−1

)
.

, ,
(
(−1)n−1

)
. , ,

(
(−1)n−1

)
x. ε > 0 n0 |(−1)n−1−x| < ε

n ≥ n0 . n0 n ≥ n0 n ≥ n0 . , n ≥ n0 | − 1 − x| < ε n ≥ n0

|1− x| < ε. ε > 0 | − 1− x| < ε |1− x| < ε. , | − 1− x| < 1
2 |1− x| < 1

2 .
, , x !

(
(−1)n−1

)
x 2.15 ≥ 1 ≤ −1.

(3)
( (−1)n−1

n

)
, 1,− 1

2 ,
1
3 ,−

1
4 , . . . . n- 0

∣∣ (−1)n−1

n − 0
∣∣ = 1

n , , , ε > 0

n0

∣∣ (−1)n−1

n − 0
∣∣ = 1

n < ε n ≥ n0 . , limn→+∞
(−1)n−1

n = 0.

(4) (c), c, c, c, c, . . . .

lim
n→+∞

c = c.

, c |c− c| = 0. , ε > 0 n0 = 1 |c− c| = 0 < ε n ≥ n0 = 1.

(5) ( 1n ). a > 0 ( 1
na ), 1, 1

2a , 1
3a , 1

4a , . . . .

lim
n→+∞

1

na
= 0 (a > 0).

ε > 0 n0 | 1
na − 0| < ε n ≥ n0 . | 1

na − 0| < ε 1
na < ε na > 1

ε

n > ( 1ε )
1
a . ( 1ε )

1
a ≥ 0, n0 = [( 1ε )

1
a ] + 1, n ≥ n0 n > ( 1ε )

1
a , , | 1

na − 0| < ε.
: limn→+∞

1
n2 = 0, limn→+∞

1√
n
= 0, limn→+∞

1
3
√
n
= 0.

limn→+∞ xn = x , . ε > 0 «» , |xn − x| < ε n > a
. : « 1 2» , , « 1 ⇐= 2». n > a n0 = [a] + 1, a ≥ 0, n0 = 1,
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a < 0, n ≥ n0 n > a , , |xn − x| < ε.

: (1) limn→+∞
1

n2+n = 0.
ε > 0 n0 | 1

n2+n − 0| < ε n ≥ n0 . | 1
n2+n − 0| < ε 1

n2+n < ε

n2 + n − 1
ε > 0 n > −1

2 + 1
2

√
1 + 4

ε n < − 1
2 − 1

2

√
1 + 4

ε (: n )

n > − 1
2 +

1
2

√
1 + 4

ε . −1
2 +

1
2

√
1 + 4

ε ≥ 0. , , n0 =
[
− 1

2 +
1
2

√
1 + 4

ε

]
+1,

n ≥ n0 n > −1
2 + 1

2

√
1 + 4

ε , , | 1
n2+n − 0| < ε.

. | 1
n2+n − 0| < ε 1

n2+n < ε ( 1
n2+n ≤ 1

n )
1
n < ε n > 1

ε .
1
ε ≥ 0, n0 = [ 1ε ] + 1, n ≥ n0 n > 1

ε , , | 1
n2+n − 0| < ε.

(2) (xn), xn = 3+(−1)n

2n =

{
2
n , n ,
1
n , n .

1, 1, 1
3 ,

1
2 ,

1
5 ,

1
3 ,

1
7 ,

1
4 , . . . .

limn→+∞ xn = 0. ε > 0. |xn − 0| < ε ( xn ≥ 0) xn < ε ( xn ≤ 2
n )

2
n < ε n > 2

ε .
2
ε ≥ 0, n0 = [ 2ε ] + 1, n ≥ n0 n > 2

ε , , |xn − 0| < ε.
(xn) , > 0 0· 1 .

(3) limn→+∞
sinn
n = 0.

ε > 0. | sinn
n − 0| < ε | sinn|

n < ε ( | sinn|
n ≤ 1

n )
1
n < ε n > 1

ε .
1
ε ≥ 0, n0 = [ 1ε ] + 1, n ≥ n0 n > 1

ε , , | sinn
n − 0| < ε.

(4) . (an), a, a2 , a3 , a4 , . . . . a.
a = 1, (1) 1. , a = 0, (0) 0.
a ≤ −1 ( : a = −1 ), a ≤ −1, a2 ≥ 1, a3 ≤ −1, a4 ≥ 1, . . . . , ≥ 1

≤ −1 , 2.15, .
0 < |a| < 1, 0. a = ±1

2 a = ± 1
10 . a = 1

2 ,
1
2 ,

1
22 ,

1
23 ,

1
24 , . . . ,

a = − 1
10 , − 1

10 ,
1

102 ,−
1

103 ,
1

104 , . . . . , 0.
, , 0 < |a| < 1 ε > 0. |an−0| < ε |a|n < ε n > log|a| ε. , log|a| ε ≥ 0,

0 < ε ≤ 1, log|a| ε < 0, ε > 1. , n0 = [log|a| ε] + 1, ε ≤ 1, n0 = 1, ε > 1,
n ≥ n0 n > log|a| ε , , |an − 0| < ε.

a > 1. ..
1. (xn), xn = 3+(−1)n

2n , . xn > xn+1 n xn < xn+1 n ≥ 3.

2. . ε n0 .

lim
n→+∞

3

4
, lim

n→+∞
n− 8

3 , lim
n→+∞

1

n
√
n
, lim

n→+∞

3n

4n
, lim

n→+∞

(−1)n8n

32n
.

3. :

lim
n→+∞

n− 2

3n+ 4
=

1

3
, lim

n→+∞

3n

n+ 3
= 2, lim

n→+∞

√
n

n+ 1
= 0.

; , n- n . , , «» n ( ,
n = 1000, 10000 ). ε n0 .
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4. (, ε > 0 n0 ε, ), .

lim
n→+∞

1√
n
= 0, lim

n→+∞

1

n5
= 0, lim

n→+∞

1

10n
= 0, lim

n→+∞

(
− 1

3

)n

= 0,

lim
n→+∞

1

n+ 1
= 0, lim

n→+∞

3n− 1

4n+ 5
=

3

4
, lim

n→+∞

1

n2 + 1
= 0,

lim
n→+∞

1√
n+ 1

= 0, lim
n→+∞

n2 − n+ 1

3n2 + 2
=

1

3
, lim

n→+∞

2
√
n+ 3

2− 3
√
n
= −2

3
,

lim
n→+∞

cosn

n
√
n

= 0, lim
n→+∞

cos(2n) +
√
n√

n
= 1, lim

n→+∞

1

2n + 3n
= 0.

5. limn→+∞ xn = x, (xn) x, : ε > 0 n0 n ≥ n0 |xn − x| ≥ ε.

;

2.3 ±∞ .

: (1) (n2)

1, 4, 9, 16, 25, 36, 49, 64, . . . .

n- n2 « » n « ». , n2 « » n « ».

(2) (n)

1, 2, 3, 4, 5, 6, 7, 8, . . . .

n- n « » n « ».

(xn) :

xn « » n
« ».

, « » « » , , « » « ». :

xn

n .

: (n2) : n2 n . ; , , 35000. n2 35000
n ; : n n2 35000; : n2 > 35000 n >

√
35000 . n

>
√
35000 ; 188 >

√
35000 ( 187 ≤

√
35000), , n ≥ 188, n2 > 35000.

, , 35000000000. , n ≥ 187083, n2 > 35000000000. , ( 35000
35000000000) ( 188 187083), . , M , ,
n0 , , n ≥ n0 , n2 > M . n2 > M n >

√
M . , , 1.1: M > 0

n0 n0 , n0 + 1, n0 + 2, . . . >
√
M . ( M ) n0 M . n0 ( M)

n >
√
M ; :

√
M ≥ 0, n0 n0 = [

√
M ] + 1.
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. (xn) +∞ +∞ +∞ (xn) xn M > 0 n n0 , ,
M > 0 n0 xn > M n ≥ n0 . (xn) +∞

xn → +∞ limxn = +∞ lim
n→+∞

xn = +∞.

. (xn) +∞ M > 0 n0 xn > M n ≥ n0 , , M > 0 n0 n ≥ n0

xn > M , , M > 0 n0 n ≥ n0 xn > M .

Σχήμα 2.4: xn > M n ≥ n0 .

, (xn) −∞ −∞ −∞ (xn) xn −M < 0 n n0 , ,
M > 0 n0 xn < −M n ≥ n0 . (xn) −∞

xn → −∞ limxn = −∞ lim
n→+∞

xn = −∞ .

limn→+∞ xn = +∞ limn→+∞ xn = −∞ ; limn→+∞ xn = +∞ −∞
xn, , , , n .

: (1) , limn→+∞ n2 = +∞ limn→+∞ n = +∞.
(2) −n < −M n > M . , M > 0 n0 −n < −M n ≥ n0 M > 0
n0 −n2 < −M n ≥ n0 . limn→+∞(−n2) = −∞ limn→+∞(−n) = −∞.

(3) (xn), xn =

(
3−(−1)n−1

)
n

2 =
{n, n ,
2n, n . , , 1, 4, 3, 8, 5, 12, 7, 16, . . . .

limn→+∞ xn = +∞. M > 0. xn > M ( xn ≥ n) n > M . ,
n0 = [M ] + 1, n ≥ n0 n > M , , xn > M .

(xn) +∞. 1 .

(4)
(
(−1)n−1

)
. 2.15, +∞ −∞· ≥ 1 ≤ −1. , , , ,(

(−1)n−1
)

+∞. M > 0 n0 (−1)n−1 > M n ≥ n0 . , n0 (−1)n−1 > 1

n ≥ n0 . , , !
(
(−1)n−1

)
−∞.

,
(
(−1)n−1

)
· , +∞, −∞.

lim
n→+∞

(−1)n−1 .

(5) (n) (n2). a > 0 (na), 1, 2a , 3a , 4a , . . . . :

lim
n→+∞

na = +∞ (a > 0).

M > 0 n0 n ≥ n0 na > M . na > M n > M
1
a . ,

n0 = [M
1
a ] + 1, n ≥ n0 n > M

1
a , , na > M .
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: limn→+∞ n2 = +∞, limn→+∞
5
√
n = +∞.

(6) a > 1. (loga n), loga 1 = 0, loga 2, loga 3, loga 4, . . . . :

lim
n→+∞

loga n = +∞ (a > 1).

M > 0 loga n > M n > aM . n0 = [aM ] + 1, n ≥ n0 n > aM ,
, loga n > M .

(7) . a > 1 (an). +∞. a = 2 a = 10 2, 22 , 23 , 24 , . . .
10, 102 , 103 , 104 . . . . +∞.
, , M > 0 an > M n > loga M . , loga M ≥ 0, M ≥ 1, loga M < 0,

M < 1. , n0 = [loga M ]+1, M ≥ 1, n0 = 1, M < 1, n ≥ n0 n > loga M
, , an > M .

, 2.15, a ≤ −1, (an) · ≥ 1 ≤ −1. , +∞ −∞ , , .
:

lim
n→+∞

an


= +∞, a > 1,
= 1, a = 1,
= 0, −1 < a < 1,
, a ≤ −1.

(8)
(
(−1)n−1n

)
, 1,−2, 3,−4, 5,−6, 7, . . . , · ( a ≤ −1), ≥ 1 ≤ −1.

(9) limn→+∞
n2+n
n+3 = +∞.

M > 0. n2+n
n+3 > M n2 + n > Mn + 3M n2 + (1 −M)n − 3M > 0

n > M−1
2 + 1

2

√
(M − 1)2 + 12M n < M−1

2 − 1
2

√
(M − 1)2 + 12M (: )

n > M−1
2 + 1

2

√
(M − 1)2 + 12M . M−1

2 + 1
2

√
(M − 1)2 + 12M ≥ 0. , n0 =[

M−1
2 + 1

2

√
(M − 1)2 + 12M

]
+ 1, n ≥ n0 n > M−1

2 + 1
2

√
(M − 1)2 + 12M

, , n2+n
n+3 > M .

. n2+n
n+3 > M ( n2+n

n+3 ≥ n2

n+3n = n
4 )

n
4 > M n > 4M .

n0 = [4M ] + 1, n ≥ n0 n > 4M , , n2+n
n+3 > M .

(10) limn→+∞(n7 + 2n2 − n) = +∞.
M > 0. n7 + 2n2 − n > M ( n7 + 2n2 − n ≥ n7) n7 > M n > 7

√
M .

n0 =
[

7
√
M

]
+1, n ≥ n0 n > 7

√
M , , n7+2n2−n > M . . n7+2n2−n > M

( n7 + 2n2 − n ≥ 2n2) 2n2 > M n >
√

M
2 . n0 =

[√
M
2

]
+ 1, n ≥ n0

n >
√

M
2 , , n7 + 2n2 − n > M .

→ , lim, limn→+∞ – ±∞. : , ±∞ .
+∞ ( ) «» ( ) «» . , +∞ . , , , .

«» +∞, . +∞ « ». , −∞ « ». , (!), x «
x ». , . , ΄ ..
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1. (xn) xn = (3−(−1)n−1)n
2 . xn > xn+1 n xn < xn+1 n.

2. , , . M n0 .

lim
n→+∞

n2

√
n
, lim

n→+∞
log3 n, lim

n→+∞

22n

3n
, lim

n→+∞
(−3)2n , lim

n→+∞
(−3)3n .

3. x 6= −1 , , limn→+∞
(1−x)n

(1+x)n .

4. M n0 , +∞ −∞. «» ( ) (;) n.

(n2−18n−4),
(
7n− 1

30
n2

)
,

( n

30
√
n+ 1

)
,

( 1− n

1 +
√
n

)
,

( n2 + 1

n+ 100

)
.

5. (, M > 0 n0 M , ), .

lim
n→+∞

n4 = +∞, lim
n→+∞

(− 3
√
n) = −∞, lim

n→+∞
3n = +∞,

lim
n→+∞

log2

( 1

n

)
= −∞, lim

n→+∞
(n2 − 2n) = +∞, lim

n→+∞

n2 − 5

2n+ 1
= +∞,

lim
n→+∞

(
n+ (−1)n−1

)
= +∞, lim

n→+∞
(−2n5 + n3) = −∞,

lim
n→+∞

(n+ 2n) = +∞, lim
n→+∞

n(2 + sinn) = +∞.

6. limn→+∞ xn = +∞, (xn) +∞, : M > 0 n0 n ≥ n0

xn ≤ M .

;

limn→+∞ xn = −∞, (xn) −∞, : M > 0 n0 n ≥ n0

xn ≥ −M .

;

2.4 .

. .

1, 1
2 ,

1
3 ,

1
4 ,

1
5 ,

1
6 , . . . , −2, 5, 1

4 ,
1
5 ,

1
6 , . . . . ( 1n ) 0. 0.

2.1 , .

. (xn) xn n , , . , , ( , ), .

: (xn) (yn) . , N,M xN = yM , xN+1 = yM+1 , xN+2 = yM+2 . , ,
limn→+∞ xn = ρ. limn→+∞ yn = ρ.

ε > 0, n0
′ |xn − ρ| < ε n ≥ n0

′ . n0
′′ = max{n0

′, N}, n0
′′ ≥ n0

′ n0
′′ ≥ N . ,

n0 = n0
′′ −N +M . n0 n0

′′ −N M . , n ≥ n0 , n−M ≥ 0, yn = yM+(n−M) =
xN+(n−M) N + (n−M) ≥ N + (n0 −M) = n0

′′ ≥ n0
′ , , |yn − ρ| = |xN+(n−M) − ρ| < ε.

n0 |yn − ρ| < ε n ≥ n0 . limn→+∞ yn = ρ.
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, limn→+∞ xn = +∞ −∞, limn→+∞ yn = +∞ −∞, .

: (xn) x +∞ −∞.
(xn) x1, x2, x3, x4, . . . . x2, x3, x4, x5, . . . , (xn+1). , x +∞

−∞. x3, x4, x5, x6, . . . , (xn+2). , , k ,

lim
n→+∞

xn+k = lim
n→+∞

xn .

: limn→+∞
1

n+3 = 0, limn→+∞ log2(n+ 8) = +∞, limn→+∞
1

2n+1 = 0.

. .

±∞ :
−(+∞) = −∞ , −(−∞) = +∞ .

+∞ , −(+∞) , . −(+∞) «» −∞. −(−∞) «»
+∞.

(xn) (−xn), n- n- .

2.2 . (xn) , (−xn)

lim
n→+∞

(−xn) = − lim
n→+∞

xn .

: limn→+∞ xn = x. ε > 0, n0 |xn−x| < ε n ≥ n0 . |(−xn)−(−x)| = |x−xn| = |xn−x|.
|(−xn)− (−x)| < ε n ≥ n0 , , limn→+∞(−xn) = −x = − limn→+∞ xn .

limn→+∞ xn = +∞. M > 0, n0 xn > M n ≥ n0 . −xn < −M n ≥ n0 , ,
limn→+∞(−xn) = −∞ = −(+∞) = − limn→+∞ xn .

, , limn→+∞ xn = −∞, limn→+∞(−xn) = +∞ = −(−∞) = − limn→+∞ xn .

±∞ :

(+∞) + x = +∞, x+ (+∞) = +∞, (+∞) + (+∞) = +∞,

(−∞) + x = −∞, x+ (−∞) = −∞, (−∞) + (−∞) = −∞.

,
(+∞) + (−∞), (−∞) + (+∞)

.
(+∞) + (+∞) «» +∞ : , , . (+∞) + x «» +∞ :

x (, x) , , . .
(+∞) + (−∞) . , · . : (i) 250 , −249

250 + (−249) = 249 , (ii) 249 , −250 249 + (−250) = −249 , (iii) 250

, −250 250 + (−250) = 0 .
(xn), (yn) (xn + yn) n- n- .

2.3 . (xn), (yn) limn→+∞ xn + limn→+∞ yn , (xn + yn)

lim
n→+∞

(xn + yn) = lim
n→+∞

xn + lim
n→+∞

yn .
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: limn→+∞ xn = x limn→+∞ yn = y. ε > 0, n0
′ |xn − x| < ε

2
n ≥ n0

′ n0
′′

|yn − y| < ε
2

n ≥ n0
′′ . n0 = max{n0

′, n0
′′}, n0 ≥ n0

′ n0 ≥ n0
′′ . |xn − x| < ε

2
|yn − y| < ε

2
n ≥ n0 . |(xn + yn)− (x+ y)| = |(xn − x) + (yn − y)| ≤ |xn − x|+ |yn − y|.

|(xn + yn)− (x+ y)| < ε
2
+ ε

2
= ε n ≥ n0 , , limn→+∞(xn + yn) = x+ y = limn→+∞ xn +

limn→+∞ yn .
limn→+∞ xn = +∞ limn→+∞ yn = +∞. M > 0, n0

′ xn > M
2

n ≥ n0
′ n0

′′

yn > M
2

n ≥ n0
′′ . n0 = max{n0

′, n0
′′}, n0 ≥ n0

′ n0 ≥ n0
′′ . xn > M

2
yn > M

2

n ≥ n0 . xn + yn > M
2

+ M
2

= M n ≥ n0 , , limn→+∞(xn + yn) = +∞ = (+∞) + (+∞) =
limn→+∞ xn + limn→+∞ yn .

limn→+∞ xn = +∞ limn→+∞ yn = y. M > 0, n0
′ xn > M −y+1 n ≥ n0

′ n0
′′

|yn−y| < 1 n ≥ n0
′′ . |yn−y| < 1 yn > y−1 n ≥ n0

′′ . n0 = max{n0
′, n0

′′}, n0 ≥ n0
′

n0 ≥ n0
′′ . xn > M − y + 1 yn > y − 1 n ≥ n0 . xn + yn > (M − y + 1) + (y − 1) = M

n ≥ n0 , , limn→+∞(xn + yn) = +∞ = (+∞) + y = limn→+∞ xn + limn→+∞ yn .

.

: (1) limn→+∞
(
1
n + (−1)n

n

)
= limn→+∞

1
n + limn→+∞

(−1)n

n = 0 + 0 = 0.

(2) limn→+∞
n2+1

n = limn→+∞(n+ 1
n ) = limn→+∞ n+ limn→+∞

1
n = (+∞) +

0 = +∞.
(3) limn→+∞(−n−

√
n) = limn→+∞(−n)+limn→+∞(−

√
n) = (−∞)+(−∞) =

−∞.

+∞,−∞ :

: (1) limn→+∞(n + 3) = limn→+∞ n + limn→+∞ 3 = (+∞) + 3 = +∞,
limn→+∞(−n) = −∞ limn→+∞

(
(n+ 3) + (−n)

)
= limn→+∞ 3 = 3.

, 3 .

(2) limn→+∞ 2n = +∞, limn→+∞(−n) = −∞ limn→+∞
(
2n + (−n)

)
=

limn→+∞ n = +∞.
(3) limn→+∞ n = +∞, limn→+∞(−2n) = −∞ limn→+∞

(
n + (−2n)

)
=

limn→+∞(−n) = −∞.
(4) n + (−1)n−1 ≥ n − 1 n limn→+∞(n − 1) = +∞. ( 2.11),
limn→+∞

(
n + (−1)n−1

)
= +∞. , limn→+∞(−n) = −∞ limn→+∞

((
n +

(−1)n−1
)
+ (−n)

)
= limn→+∞(−1)n−1 .

(+∞)− x = +∞, x− (−∞) = +∞, (+∞)− (−∞) = +∞,

(−∞)− x = −∞, x− (+∞) = −∞, (−∞)− (+∞) = −∞,

΄ .
(+∞)− (+∞), (−∞)− (−∞)

.
«» +∞ (−∞) () () x x (, x).
(xn), (yn), (xn − yn), , , , xn − yn = xn + (−yn).

2.4 . (xn), (yn) limn→+∞ xn − limn→+∞ yn , (xn − yn)
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lim
n→+∞

(xn − yn) = lim
n→+∞

xn − lim
n→+∞

yn .

±∞ .

(±∞) · x = ±∞, x · (±∞) = ±∞ (x > 0),

(±∞) · x = ∓∞, x · (±∞) = ∓∞ (x < 0),

(±∞) · (±∞) = +∞ , (±∞) · (∓∞) = −∞.

(±∞) · 0, 0 · (±∞)

.
(+∞) · (+∞) «» +∞ : , , . (+∞) · x = +∞ ( x > 0) :

x (, x) , , . .
(+∞) · 0 (, 0)· . : (i) 2100 , 1

250

2100 · 1
250 = 250 , (ii) 250 , 1

2100 250 · 1
2100 = 1

250 , (iii) 2100 , 1
2100

2100 · 1
2100 = 1 .
(xn), (yn) (xnyn) n- n- .

2.5 . (xn), (yn) limn→+∞ xn limn→+∞ yn , (xnyn)

lim
n→+∞

xnyn = lim
n→+∞

xn lim
n→+∞

yn .

: limn→+∞ xn = x limn→+∞ yn = y. ε > 0, n0
′ |xn − x| < ε

3|y|+1
n ≥

n0
′ n0

′′ |yn − y| < min{ ε
3|x|+1

, 1
3
} n ≥ n0

′′ . n0 = max{n0
′, n0

′′}, n0 ≥ n0
′

n0 ≥ n0
′′ . |xn − x| < ε

3|y|+1
|yn − y| < min{ ε

3|x|+1
, 1
3
} n ≥ n0 . |xnyn − xy| =

|(xn − x)(yn − y) + x(yn − y) + y(xn − x)| ≤ |xn − x||yn − y| + |x||yn − y| + |y||xn − x|.
|xnyn −xy| ≤ ε

3|y|+1
1
3
+ |x| ε

3|x|+1
+ |y| ε

3|y|+1
< ε

3
+ ε

3
+ ε

3
= ε n ≥ n0 , , limn→+∞ xnyn =

xy = limn→+∞ xn limn→+∞ yn .
limn→+∞ xn = +∞ limn→+∞ yn = +∞. M > 0, n0

′ xn >
√
M n ≥ n0

′ n0
′′

yn >
√
M n ≥ n0

′′ . n0 = max{n0
′, n0

′′}, n0 ≥ n0
′ n0 ≥ n0

′′ . xn >
√
M yn >

√
M

n ≥ n0 . xnyn >
√
M

√
M = M n ≥ n0 , , limn→+∞ xnyn = +∞ = (+∞)(+∞) =

limn→+∞ xn limn→+∞ yn .
limn→+∞ xn = +∞ limn→+∞ yn = y . M > 0, n0

′ xn > 2M
y

n ≥ n0
′

n0
′′ |yn − y| < y

2
n ≥ n0

′′ . n0 = max{n0
′, n0

′′}, n0 ≥ n0
′ n0 ≥ n0

′′ . xn > 2M
y

|yn − y| < y
2

n ≥ n0 . |yn − y| < y
2

yn > y − y
2

= y
2

n ≥ n0 . xnyn > 2M
y

y
2

= M

n ≥ n0 , , limn→+∞ xnyn = +∞ = (+∞)y = limn→+∞ xn limn→+∞ yn .

. .

: (1) limn→+∞
(−1)n

n2 = limn→+∞
1
n

(−1)n

n = limn→+∞
1
n · limn→+∞

(−1)n

n =
0 · 0 = 0.

(2) limn→+∞
n−1
n2 = limn→+∞

n−1
n

1
n = limn→+∞

n−1
n limn→+∞

1
n = 1 · 0 = 0.

(3) limn→+∞(n − n2) = limn→+∞ n(1 − n) = limn→+∞ n limn→+∞(1 − n) =
(+∞) · (−∞) = −∞. lim(n− n2) .

(4) . (xn) c. limn→+∞ xn c · limn→+∞ xn ,
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lim
n→+∞

cxn = c lim
n→+∞

xn (c 6= 0 lim
n→+∞

xn = ±∞).

(xn) (c) c.

(5) a > 0.
c > 0, limn→+∞ cna = c limn→+∞ na = c · (+∞) = +∞.
c < 0, limn→+∞ cna = c limn→+∞ na = c · (+∞) = −∞.

(6) a > 0, limn→+∞ cn−a = c limn→+∞ n−a = c · 0 = 0.

(7) n. a0 + a1x+ · · ·+ aNxN ( aN 6= 0 N ≥ 1).

lim
n→+∞

(
a0 + a1n+ · · ·+ aNnN

)
= aN · (+∞) =

{
+∞, aN > 0,
−∞, aN < 0.

aNnN ,

a0 + a1n+ · · ·+ aNnN = aNnN
( a0
aN

1

nN
+

a1
aN

1

nN−1
+ · · ·+ aN−1

aN

1

n
+ 1

)
,

1, 0. limn→+∞(a0+a1n+· · ·+aNnN ) = limn→+∞ aNnN ·1 = aN ·(+∞).
n .

lim
n→+∞

(
a0 + a1n+ · · ·+ aNnN

)
= lim

n→+∞
aNnN .

, : limn→+∞(3n2−5n+2) = limn→+∞ 3n2 = +∞ limn→+∞(−1
2n

5+4n4−
n3) = limn→+∞(− 1

2n
5) = −∞.

(8) . a (1+a+a2+ · · ·+an−1+an), 1+a, 1+a+a2 , 1+a+a2+a3 , . . .
. :

lim
n→+∞

(1 + a+ a2 + · · ·+ an)

{= +∞, a ≥ 1,
= 1

1−a , −1 < a < 1,
, a ≤ −1.

.
a > 1, limn→+∞(1+a+a2+· · ·+an) = limn→+∞

an+1−1
a−1 = 1

a−1 limn→+∞(an+1−
1) = 1

a−1 ((+∞)− 1) = +∞.
a = 1, limn→+∞(1 + a+ a2 + · · ·+ an) = limn→+∞(n+ 1) = +∞.
−1 < a < 1, limn→+∞(1 + a + a2 + · · · + an) = limn→+∞

1−an+1

1−a =
1

1−a limn→+∞(1− an+1) = 1
1−a (1− 0) = 1

1−a .
, a ≤ −1. xn = 1+a+a2+ · · ·+an an+1−1 = (a−1)(1+a+a2+ · · ·+an)

an+1 = (a − 1)xn + 1. limn→+∞(1 + a + a2 + · · · + an) = limn→+∞ xn ,
limn→+∞ an+1 = (a− 1) limn→+∞ xn + 1. , limn→+∞ an+1 , limn→+∞(1 +
a+ a2 + · · ·+ an) .

±∞, (±∞)k k :

(+∞)k = (+∞) · · · (+∞)︸ ︷︷ ︸
k

= +∞, (−∞)k = (−∞) · · · (−∞)︸ ︷︷ ︸
k

= ±∞.
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(−∞)k = ±∞ +, k , −, k .

2.6 limn→+∞ xn k ,

lim
n→+∞

xn
k = ( lim

n→+∞
xn)

k .

, limn→+∞ xn
k = limn→+∞(xn · · ·xn︸ ︷︷ ︸

k

) = lim
n→+∞

xn · · · lim
n→+∞

xn︸ ︷︷ ︸
k

= (limn→+∞ xn)
k .

: (1) limn→+∞(n−1
n )3 = (limn→+∞

n−1
n )3 = 13 = 1.

(2) limn→+∞(n5−2n2+n−7)8 =
(
limn→+∞(n5−2n2+n−7)

)8
= (+∞)8 = +∞.

(3) limn→+∞(−2n3 + n2 + 2n − 7)4 =
(
limn→+∞(−2n3 + n2 + 2n − 7)

)4
=

(−∞)4 = +∞.

(4) limn→+∞(−n3 + 2n− 1)5 =
(
limn→+∞(−n3 + 2n− 1)

)5
= (−∞)5 = −∞.

+∞, 0, .

: (1) limn→+∞ n = +∞, limn→+∞
7
n = 0 limn→+∞ n · 7

n = limn→+∞ 7 = 7.
, 7.

(2) limn→+∞ n2 = +∞, limn→+∞
1
n = 0 limn→+∞ n2 · 1

n = limn→+∞ n = +∞.
(3) limn→+∞ n = +∞, limn→+∞

1
n2 = 0 limn→+∞ n · 1

n2 = limn→+∞
1
n = 0.

(4) limn→+∞ n = +∞, limn→+∞
(−1)n−1

n = 0 limn→+∞ n· (−1)n−1

n = limn→+∞(−1)n−1

.

1

+∞
= 0,

1

−∞
= 0.

1

0

.
1

±∞ «» 0 : , , ( 0) (, 0).
1
0 . 0 (, 0) . , , , . , , .

(xn) ( 1
xn

) , , xn 6= 0 n.

2.7 , . xn 6= 0 n. (xn)
1

limn→+∞ xn
(, limn→+∞ xn 6= 0),

(
1
xn

)
lim

n→+∞

1

xn
=

1

limn→+∞ xn
.
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: limn→+∞ xn = x . ε > 0, n0 |xn − x| < min{x2ε
2

, x
2
} n ≥ n0 . |xn − x| < x2ε

2

|xn − x| < x
2

n ≥ n0 . |xn − x| < x
2

xn > x− x
2
= x

2
n ≥ n0 . ,

∣∣ 1
xn

− 1
x

∣∣ = |xn−x|
xnx

<

x2ε
2
x
2
x

= ε n ≥ n0 , limn→+∞
1
xn

= 1
x
= 1

limn→+∞ xn
.

limn→+∞ xn = +∞. ε > 0, n0 xn > 1
ε

n ≥ n0 . 0 < 1
xn

< ε , ,
∣∣ 1
xn

−0
∣∣ = 1

xn
< ε

n ≥ n0 . limn→+∞
1
xn

= 0 = 1
+∞ = 1

limn→+∞ xn
.

−∞ .

: (1) a > 1, limn→+∞
1

loga n = 1
limn→+∞ loga n = 1

+∞ = 0.

(2) limn→+∞ xn = 0. limn→+∞
(−1)n−1

n = 0, limn→+∞
n

(−1)n−1 =

limn→+∞(−1)n−1n .

. 2.7. , · 2.8.

2.8 , . (1) limn→+∞ xn = 0 (xn) , limn→+∞
1
xn

= +∞.
(2) limn→+∞ xn = 0 (xn) , limn→+∞

1
xn

= −∞.

: (1) limn→+∞ xn = 0 xn > 0 n. M > 0, n0 0 < xn < 1
M

n ≥ n0 .
1
xn

> M

n ≥ n0 , , limn→+∞
1
xn

= +∞.
(2) (1).

.

±∞
x

= ±∞ (x > 0),
±∞
x

= ∓∞ (x < 0),

x

±∞
= 0.

x

0
,

±∞
0

,
±∞
±∞

,
±∞
∓∞

. x
0 = x · 1

0
1
0 .

±∞
0 = (±∞) · 1

0
1
0 .

±∞
±∞ = (±∞) · 1

±∞ = (±∞) · 0
.

+∞ (−∞) () () x x (, x).
(xn) (yn), (xn

yn
), , xn

yn
= xn · 1

yn
.

2.9 . yn 6= 0 n. (xn), (yn)
limn→+∞ xn

limn→+∞ yn
,

(
xn

yn

)
lim

n→+∞

xn

yn
=

limn→+∞ xn

limn→+∞ yn
.

: (1) n. a0+a1x+···+aNxN

b0+b1x+···+bMxM , aN 6= 0, bM 6= 0.

lim
n→+∞

a0 + a1n+ · · ·+ aNnN

b0 + b1n+ · · ·+ bMnM
=


aN

bM
· (+∞), N > M ,

aN

bM
, N = M ,

0, N < M .

47



,

a0 + a1n+ · · ·+ aNnN

b0 + b1n+ · · ·+ bMnM
=

aN
bM

nN−M
a0

aN

1
nN + a1

aN

1
nN−1 + · · ·+ aN−1

aN

1
n + 1

b0
bM

1
nM + b1

bM
1

nM−1 + · · ·+ bM−1

bM
1
n + 1

, , 1. limn→+∞
a0+a1n+···+aNnN

b0+b1n+···+bMnM = aN

bM
· limn→+∞ nN−M · 1

1 =
aN

bM
· limn→+∞ nN−M . , , n .

lim
n→+∞

a0 + a1n+ · · ·+ aNnN

b0 + b1n+ · · ·+ bMnM
= lim

n→+∞

aNnN

bMnM
.

, : limn→+∞
n3−2n2+n+1
2n2−3n−1 = limn→+∞

n3

2n2 = +∞, limn→+∞
−n2+n
n+2 =

limn→+∞
−n2

n = −∞, limn→+∞
n4−n3−7
n4+n+1 = limn→+∞

n4

n4 = 1, limn→+∞
−n2+n+4

n3+n2+5n+6 =

limn→+∞
−n2

n3 = 0.

(2) limn→+∞
(−2n3+n2+n+1

2n+3

)7
=

(
limn→+∞

−2n3+n2+n+1
2n+3

)7
= (−∞)7 = −∞.

(3) limn→+∞
(

n3+n+7
−3n3+n2+1

)3
=

(
limn→+∞

n3+n+7
−3n3+n2+1

)3
= (− 1

3 )
3 = − 1

27 .

, 0
0

+∞
+∞ .

: (1) limn→+∞
−2
n = 0, limn→+∞

1
n = 0 limn→+∞

−2
n
1
n

= limn→+∞(−2) = −2.

−2 .

(2) limn→+∞
1
n = 0, limn→+∞

1
n2 = 0 limn→+∞

1
n
1
n2

= limn→+∞ n = +∞.

(3) limn→+∞
1
n2 = 0, limn→+∞

1
n = 0 limn→+∞

1
n2
1
n

= limn→+∞
1
n = 0.

(4) limn→+∞(5n) = +∞, limn→+∞ n = +∞ limn→+∞
5n
n = 5.

5 .

(5) limn→+∞ n2 = +∞, limn→+∞ n = +∞ limn→+∞
n2

n = limn→+∞ n = +∞.
(6) limn→+∞ n = +∞, limn→+∞ n2 = +∞ limn→+∞

n
n2 = limn→+∞

1
n = 0.

|+∞| = +∞, | −∞| = +∞.

| ±∞| = +∞ : , , .
, , (|xn|) (xn).

2.10 (xn) , (|xn|)

lim
n→+∞

|xn| =
∣∣ lim
n→+∞

xn

∣∣ .
: limn→+∞ xn = x. ε > 0, n0 |xn − x| < ε n ≥ n0 .

∣∣|xn| − |x|
∣∣ ≤ |xn − x|,∣∣|xn| − |x|

∣∣ < ε n ≥ n0 . limn→+∞ |xn| = |x| = | limn→+∞ xn|.
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limn→+∞ xn = +∞ limn→+∞ xn = −∞. M > 0, n0 xn > M xn < −M , ,

n ≥ n0 . |xn| > M n ≥ n0 , , limn→+∞ |xn| = +∞ = | ±∞| = | limn→+∞ xn|.

: (1) (5−n) 4, 3, 2, 1, 0,−1,−2,−3, . . . limn→+∞(5−n) = −∞. (|5−n|)
4, 3, 2, 1, 0, 1, 2, 3, . . . limn→+∞ |5− n| = | limn→+∞(5− n)| = | −∞| = +∞.
(2) 2.10 . limn→+∞

∣∣(−1)n−1
∣∣ = limn→+∞ 1 = 1. , limn→+∞(−1)n−1.

. .

2.11 xn ≤ yn n.
(1) limn→+∞ xn = +∞, limn→+∞ yn = +∞.
(2) limn→+∞ yn = −∞, limn→+∞ xn = −∞.

: (1) M > 0. limn→+∞ xn = +∞, n0 xn > M n ≥ n0 , yn ≥ xn , yn > M n ≥ n0 .

, limn→+∞ yn = +∞.
(2) (1).

: (1) n+(−1)n−1 ≥ n−1 limn→+∞(n−1) = +∞ limn→+∞
(
n+(−1)n−1

)
=

+∞.
(2) n2+2n+1

n+2 ≥ n limn→+∞ n = +∞ limn→+∞
n2+2n+1

n+2 = +∞.

(3) [
√
n] >

√
n− 1 limn→+∞(

√
n− 1) = +∞ limn→+∞[

√
n] = +∞.

2.12 xn ≤ yn n. limn→+∞ xn = x limn→+∞ yn = y, x ≤ y.

: ( ) x > y. ε = x−y
2

> 0, limn→+∞ xn = x limn→+∞ yn = y n0
′ |xn−x| < x−y

2

n ≥ n0
′ n0

′′ |yn − y| < x−y
2

n ≥ n0
′′ . n0 = max{n0

′, n0
′′}, n0 ≥ n0

′ n0 ≥ n0
′′ .

|xn − x| < x−y
2

|yn − y| < x−y
2

n ≥ n0 . xn > x − x−y
2

= x+y
2

yn < y + x−y
2

= x+y
2

n ≥ n0 . xn > x+y
2

> yn n ≥ n0 xn ≤ yn n.

: (1) xn ≥ a n limn→+∞ xn = x, x ≥ a.
, (a) , a ≤ xn n limn→+∞ a = a limn→+∞ xn = x, a ≤ x.

(2) xn ≤ b n limn→+∞ xn = x, x ≤ b.
(1).

(3) (xn) [a, b] limn→+∞ xn = x, x [a, b].
(1) (2).

xn < yn n limn→+∞ xn = x, limn→+∞ yn = y, x < y. xn < yn
xn ≤ yn n, – 2.12 – x ≤ y. , , x = y.

: − 1
n < 1

n n, limn→+∞(− 1
n ) = 0 limn→+∞

1
n = 0.

2.13 . xn ≤ yn ≤ zn n. limn→+∞ xn = ρ limn→+∞ zn = ρ, limn→+∞ yn =
ρ.

: ε > 0, n0
′ |xn − ρ| < ε n ≥ n0

′ n0
′′ |zn − ρ| < ε n ≥ n0

′′ . n0 = max{n0
′, n0

′′},
n0 ≥ n0

′ n0 ≥ n0
′′ . |xn − ρ| < ε |zn − ρ| < ε n ≥ n0 . xn > ρ− ε zn < ρ+ ε n ≥ n0 .

ρ− ε < xn ≤ yn ≤ zn < ρ+ ε , , |yn − ρ| < ε n ≥ n0 . limn→+∞ yn = ρ.
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: (1) − 1
n ≤ (−1)n−1

n ≤ 1
n , limn→+∞(− 1

n ) = 0 limn→+∞
1
n = 0 limn→+∞

(−1)n−1

n =
0.

(2) − 1
n ≤ sinn

n ≤ 1
n n. limn→+∞(− 1

n ) = limn→+∞
1
n = 0, limn→+∞

sinn
n = 0.

(3)
√
n−1√
n

< [
√
n]√
n

≤
√
n√
n

= 1, limn→+∞
√
n−1√
n

= limn→+∞
(
1 − 1√

n

)
= 1

limn→+∞ 1 = 1 limn→+∞
[
√
n]√
n

= 1.

. .

2.14 (1) limn→+∞ xn < u, xn < u .
(2) limn→+∞ xn > l, xn > l .

: (1) limn→+∞ xn < u limn→+∞ xn = x, x < u. ε = u−x > 0, n0 |xn−x| < u−x
n ≥ n0 . xn < x+ (u− x) = u n ≥ n0 .

limn→+∞ xn = −∞ M > 0 ≥ −u – , M = −u, u < 0, M = 1, u ≥ 0. n0

xn < −M ≤ u n ≥ n0 .

(2) (1), limn→+∞ xn = x > l limn→+∞ xn = +∞.

: (1) 24n7+323n5−17n2+135
n8−n6+2n3−1 < 1

1000 n, limn→+∞
24n7+323n5−17n2+135

n8−n6+2n3−1 =

limn→+∞
24n7

n8 = 0 , 0 < 1
1000 , n n . , , n0 n ≥ n0 .

n0 . , , !

(2) : n3−2n+37
4n3+1 ≥ 2

3 n;

limn→+∞
n3−2n+37

4n3+1 = limn→+∞
n3

4n3 = 1
4 .

1
4 < 2

3 ,
n3−2n+37

4n3+1 < 2
3 n

. n.

2.15, 2.14, , , .

2.15 l, u .
(1) (xn) ≥ u limn→+∞ xn , limn→+∞ xn ≥ u.
(2) (xn) ≤ l limn→+∞ xn , limn→+∞ xn ≤ l.
(3) l < u (xn) ≥ u ≤ l, (xn) .

, (1) , limn→+∞ xn < u, xn < u , , (xn) ≥ u. , (2),
limn→+∞ xn > l, xn > l , , (xn) ≤ l. , (3) , limn→+∞ xn ≥ u
≤ l , l < u, .

: (1) a ≤ −1, (an) , ≥ 1 ≤ −1.

(2)
(
(−1)n−1n

)
, ≥ 1 ≤ −1.

(3)
(
n−3[n3 ]

)
, n−3[n3 ] = 0 n = 3k (k ∈ Z) n−3[n3 ] = 1 n = 3k+1 (k ∈ Z).

. .

( 1n ),
( (−1)n−1

n

)
(n−1

n ) , , . – – 2.16.

2.16 , .
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: limn→+∞ xn = x. ε = 1, n0 |xn − x| < 1 n ≥ n0 . |xn − x| < 1

|xn| = |(xn − x) + x| ≤ |xn − x| + |x| < 1 + |x|. |xn| < 1 + |x| n ≥ n0 . M =

max{|x1|, . . . , |xn0−1|, 1 + |x|}, |xn| ≤ M n.

: 2.16. Η
(
(−1)n−1

)
.

2.17 (1) +∞, .
(2) −∞, .

: (1) limn→+∞ xn = +∞. M = 1, n0 xn > 1 n ≥ n0 . l = min{x1, . . . , xn0−1, 1}
xn ≥ l n. , u, n0 xn > u n ≥ n0 , , u (xn). (xn) .

(2) , , (1).

: (1) (1) 2.17 .
( (1+(−1)n−1)n

2

)
, 1, 0, 3, 0, 5, 0, 7, . . . , . , +∞

≤ 0.

(2) , (2) 2.17 . −1, 0,−3, 0,−5, 0,−7, . . . , −∞..
. .

1. (xn) . ι

xn+1 = −xn +2, xn+3 = xn − 3, xn+1 = xn
2 − 3, xn+2 = −xn

2 +3,

xn+1 = xn
2 + 3, xn+2 = xn+1 + xn

3 .

(: , .)

. .

1. , , , , .

lim
n→+∞

(
2n3+3n+

1

n

)
, lim

n→+∞

(
n+

1

n
+2

(−1)n−1

n

)
, lim

n→+∞

n2 − n+ 3

n
,

lim
n→+∞

(
1+

1

n

)3

, lim
n→+∞

(
−n+

(−1)n−1

n

)9

, lim
n→+∞

(n+ 1)27(n+ 3)79

(2n+ 1)106
,

lim
n→+∞

−1 + 1
n2

2 + (−1)n−1

n

, lim
n→+∞

−n+ 1
n

2 + (−1)n−1

n

, lim
n→+∞

1 + (−1)n−1

n

n+ 3 log10 n
,

lim
n→+∞

n+ (−1)n
√
n

2 + (−1)n
, lim

n→+∞

1
1
n + 1

n2

, lim
n→+∞

1
1
n + (−1)n−1

n2

,

lim
n→+∞

1 + 2 · 10n

5 + 3 · 10n
, lim

n→+∞

3n + (−2)n

3n+1 + 2n+1
, lim

n→+∞

log2 n+ 3

−2 log10 n+ 15
.
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2. n.

lim
n→+∞

(3n2 − 4n+ 5), lim
n→+∞

(n2 − 4n5 + 1), lim
n→+∞

(
(1− n)5 + n4

)
,

lim
n→+∞

3n2 − 5n

5n2 + 2n− 6
, lim

n→+∞

−2n5 + 4n2

3n7 + n3 − 10
, lim

n→+∞

3n2 + 4n

2n− 1
,

lim
n→+∞

(2n− 3

3n+ 7

)4

, lim
n→+∞

(−n2 + n+ 1

3n+ 1

)3

, lim
n→+∞

(−n2 + n+ 1

3n+ 1

)4

,

lim
n→+∞

( n2

n+ 1
− n− 1

)
, lim

n→+∞

(n(n+ 1)

n+ 4
− 4n3

4n2 + 1

)
.

3. , , .

lim
n→+∞

(1 + 2 + 22 + · · ·+ 2n), lim
n→+∞

(
1− 2 + 22 + · · ·+ (−1)n2n

)
,

lim
n→+∞

(
1− 1 + 1− 1 + · · ·+ (−1)n

)
, lim

n→+∞

(
1 +

1

2
+

1

22
+ · · ·+ 1

2n

)
,

lim
n→+∞

(27
37

+
28

38
+ · · ·+ 2n+6

3n+6

)
, lim

n→+∞

(2n
3n

+
2n+1

3n+1
+ · · ·+ 22n

32n

)
,

lim
n→+∞

1 + 2 + · · ·+ 2n

1 + 3 + · · ·+ 3n
, lim

n→+∞

1− 3 + · · ·+ (−1)n3n

1− 2 + · · ·+ (−1)n2n
.

4. ;

lim
n→+∞

(
(−1)n−1+

10

n3

)
, lim

n→+∞

1 + (−1)n−1n

n
, lim

n→+∞

( 2

n
+(−1)n−1n

)
,

lim
n→+∞

(−1)n−1 n

n+ 1
, lim

n→+∞

1

(−1)n−1 + 1
log3 n

, lim
n→+∞

1
(−1)n−1

n + 1
n2

.

(: .)

5. xn 6= −1 n x 6= −1. limn→+∞ xn = x limn→+∞
xn

1+xn
= x

1+x .

(: , yn = xn

1+xn
y = x

1+x .)

6. (xn), (yn) (xn + yn) .

(xn), (yn) (xnyn) .

7. (xn + yn) (xn), (yn) , , ¨, .

(xnyn) (xn), (yn) , , ¨, .

8. (xn), (yn) limn→+∞ xn = 0, limn→+∞ yn = +∞ limn→+∞(xnyn)
.

9. limn→+∞ |xn| = 0, limn→+∞ xn = 0.

(: ε n0 .)
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10. ;

lim
n→+∞

(
n · 1

n

)
= lim

n→+∞

( 1

n
+ · · ·+ 1

n︸ ︷︷ ︸
n

)
= 0 + · · ·+ 0︸ ︷︷ ︸

n

= 0.

lim
n→+∞

(
1 +

1

n

)n

= lim
n→+∞

(
1 +

1

n

)
· · ·

(
1 +

1

n

)
︸ ︷︷ ︸

n

= 1 · · · 1︸ ︷︷ ︸
n

= 1.

11. : s. , , 12 . , ( ) , 48 . ΄ ,
(i) « ».
(ii) « ».

12. (∗∗) v km
hr . , d km, d

v hr. , , :

< , , . , , . ΄ . , , ( ) , >.

.

. .

1. 2.11, 2.12 2.13.

2. limn→+∞ xn .

(i) 1 < xn ≤ n2+3n
n2+1 n.

(ii) log10 n−2
2 log10 n+4 < xn < 3+n

1+2n n.

(iii) xn ≤ 15n+ 6n2 − n3 n.

3. , limn→+∞
(
2n+(−1)n−1n

)
. , limn→+∞

(
2n+(−1)n−1n

)
= +∞.

limn→+∞(2n+ n sinn) = +∞.

4.

lim
n→+∞

[nx] =

{+∞ , x > 0,
0 , x = 0,
−∞ , x < 0.

(: [a] ≤ a < [a] + 1.)

lim
n→+∞

([nx]− [ny]) =

{+∞, x > y,
0, x = y,
−∞, x < y.

5. limn→+∞ xn = +∞ (yn) . limn→+∞(xn + yn) = +∞.
(: l (yn). . . . .)

limn→+∞ xn = −∞ (yn) . limn→+∞(xn + yn) = −∞.

6. limn→+∞ xn = 0 (yn) . limn→+∞ xnyn = 0.

(: |yn| ≤ M n, −M |xn| ≤ xnyn ≤ M |xn| n.)
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7. limn→+∞ xn = +∞ −∞ (yn) . limn→+∞ xnyn = +∞ −∞, .
limn→+∞ xn = +∞ −∞ (yn) . limn→+∞ xnyn = −∞ +∞, .

8. .

lim
n→+∞

2−2n+(−1)n−1n = 0, lim
n→+∞

(1
2
+

(−1)n−1

4

)n

= 0.

9. (∗)

lim
n→+∞

( 1√
n2 + 1

+
1√

n2 + 2
+ · · ·+ 1√

n2 + n− 1
+

1√
n2 + n

)
= 1.

(: 1√
n2+n

≤ 1√
n2+k

≤ 1√
n2+1

k 1 ≤ k ≤ n.)

10. Fibonnaci (xn), x1 = x2 = 1 xn+2 = xn+1 + xn (n ≥ 1).
xn ≥ n

2 n. (xn);

11. 0 ≤ a < 1 (xn) : |xn+1| ≤ a|xn| n. limn→+∞ xn = 0.

(: |x2| ≤ a|x1|, |x3| ≤ a2|x1|, |x4| ≤ a3|x1| .)
a > 1 (xn) : xn+1 ≥ axn n x1 > 0. limn→+∞ xn = +∞.

12. , (xn) [a, b] limn→+∞ xn = x, x [a, b]. x (xn), (a, b);

(: (0, 2) ( 1n ) (2− 1
n ).)

x (xn) (a, b);

13. 2.14 2.15.

14. , .

−n5 + 4n3 < −100 n ;

n7 − 35n6 + n3 − 47n < 84 n;
3
2 < 7n3−n+5

4n3+n2+35 < 2 n ;

2n4−n3+7
−n3+n2+3 ≤ −78 n ;

2n3−n2+7n+1
n3+n2+3 ≤ 1 n;

15. 2.15, :

(i) (1) 6= 1.

(ii) ( 1n ) 6= 0.

(iii) (n) 6= +∞.

16. 2.15, .

lim
n→+∞

2(−1)n−1

, lim
n→+∞

2(−1)n−1n , lim
n→+∞

(
1 +

(−1)n−1

2

)n

.

4.
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17. (∗) limn→+∞ xn = x (xn) > x. (xn).

(: x < xk k. xn < xk . , , xn < xk n ≥ n0 , ;)

. .

1. 2.16 2.17.

2. , .

(log3 n), (2n),
(2n
3n

)
,

(
1 +

1

2
+

1

22
+ · · ·+ 1

2n

)
,

(2n+1 + 3n+1

2n + 3n

)
,

( 4n3 − 2n− 1

7n4 + n3 + 5n2 + 2

)
,

( 3− (log2 n)
3

1 + log2 n+ (log2 n)
2

)
.

3. .(
(−2)n

n3 − 3

2n+ 1

)
,

(
2n + 3n(−1)n−1

)
,

(
(2n + n)(−1)n−1 + 2n − n

)
.

2.5 . e, π.

(xn) , , n , xn . . (xn) – , (n) (n2) – xn .
(xn) – , (n−1

n ) – xn , , , . (xn) +∞. , , xn (xn).
, , (xn).

Σχήμα 2.5: .

Σχήμα 2.6: .

(xn). , n , xn . (xn) , xn , (xn) , xn , .
(xn) −∞ xn (xn) (xn).
:

2.1 . :
(1) , (i) , +∞, (ii) , .
(2) , (i) , −∞, (ii) , .
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2.1 . x (xn), xn ≤ x , , (xn) , < x. x (xn) ,
(xn), :

,
. , ,
.

2.1 ΄ .
2.1 . : . : , . : , , ( ) n-

( ) . 2.1 (, ).
2.1 . , , ( ) . 1 .

: (xn) :

x1 = 1, xn+1 =
√
2xn (n ≥ 1).

(xn) 1,
√
2 ,

√
2
√
2 ,

√
2
√
2
√
2 , . . . . . , x1 ≤ x2 n

xn ≤ xn+1. ΄ 1 . , , : xn ≤ xn+1 2xn ≤ 2xn+1

√
2xn ≤

√
2xn+1

xn+1 ≤ xn+2 . xn ≤ xn+1 n, , , .
xn ≤ xn+1 xn ≤

√
2xn , xn ≤ 2 n. (xn) , , .

x (xn). xn+1
2 = 2xn , x2 = 2x, x = 0 x = 2. x = 0 1,

≥ 1 , , ≥ 1. limn→+∞ xn = 2.
(xn) . xn ≤ xn+1 xn ≤

√
2xn ( xn ≥ 0 n) xn ≤ 2.

, xn ≤ 2 n (xn) , , 2. . x1 ≤ 2 . xn ≤ 2 n.
xn+1 =

√
2xn ≤

√
2 · 2 = 2 , , xn ≤ 2 n.

!

: K. ( !) , (1 + 1)K = 2K. , ,
(1 + 1

2 )(1 + 1
2 )K = (1 + 1

2 )
2K. 100

3 , .
(1 + 1

3 )(1 +
1
3 )(1 +

1
3 )K = (1 + 1

3 )
3K.

, n- n− 1 (1 + 1
n )

nK.
, . , xn = (1 + 1

n )
n . , K, . , (xn) , ,

4. , , .

(xn) . ΄ .

2.1 n x ≥ −1 (1 + x)n ≥ 1 + nx.

(1 + x)n ≥ 1 + nx Bernoulli n.

, (1 + 1
n
)n ≤ (1 + 1

n+1
)n+1 (n+1

n
)n ≤ (n+2

n+1
)n+1 n

n+1
(n+1

n
)n+1 ≤ (n+2

n+1
)n+1

n
n+1

≤ ( n2+2n
n2+2n+1

)n+1 n
n+1

≤ (1 − 1
n2+2n+1

)n+1 2.1. , (1 − 1
n2+2n+1

)n+1 ≥
1− n+1

n2+2n+1
= 1− 1

n+1
= n

n+1
. .

(1 + 1
n
)n < 4 , 1

2
<

( √
n√

n+1

)n
. 1.1

( √
n√

n+1

)n
=

(
1 −

√
n+1−

√
n√

n+1

)n
≥

1−n
√

n+1−
√

n√
n+1

> 1−n
√

n+1−
√

n√
n

= 1−
√
n(

√
n+ 1−

√
n) = 1−

√
n√

n+1+
√

n
> 1−

√
n

2
√
n

= 1
2
.

e
(
(1 + 1

n )
n
)
.
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e = lim
n→+∞

(
1 +

1

n

)n

.

e, π, .
e , , . , a0 + a1x + · · · + aNxN = 0 . : m

n ( m,n) , ,
m+ (−n)x = 0 . . ,

√
2 (−2) + 1x2 = 0. . , e . ,

10, e .
e y > 0

log y ln y

loge y. , , 1.10 1.11.

2.18 (1) log(yz) = log y + log z y, z > 0.
(2) log y

z = log y − log z y, z > 0.
(3) log(yz) = z log y y > 0 z.
(4) log 1 = 0 log e = 1.
(5) 0 < y < z, log y < log z.

2.19 a > 0, a 6= 1.

loga y =
log y

log a

y > 0.

: .
π 1. « » , 2π, .

, 1, P4 , P8 , P16 , . . . 4, 8, 16, . . . . , P2n 2n . P2n

P2n+1 : P2n+1 2n P2n 2n P2n , 2n + 2n = 2n+1 . pn P2n ,
p2 = 4

√
2. pn+1 pn .

pn+1 =
2pn√

2 +
√
4− pn

2

4n

.
, , Q4 , Q8 , Q16 , . . . 4, 8, 16, . . . . , Q2n 2n , P2n . qn

Q2n , , , q2 = 8 qn pn

qn =
pn√

1− pn
2

4n+1

.

,

qn+1 =
4qn

2 +
√
4 + qn2

4n

.

(pn) (qn) . , pn+1 = 2pn√
2+

√
4− pn2

4n

> 2pn√
2+

√
4
= pn

qn+1 = 4qn

2+

√
4+ qn2

4n

< 4qn
2+

√
4
= qn . qn > pn√

1
= pn . , , :

p2 < p3 < · · · < pn < pn+1 < · · · < qn+1 < qn < · · · < q3 < q2 .
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(pn) , , ( q2, ), . , ΄ 2n . , ,

-
΄ 2n .

«» , n , , , «» .
, , π 1, π (pn). ,

π =
1

2
lim

n→+∞
pn .

, limn→+∞ qn = limn→+∞
pn√

1− pn2

4n+1

= 2π√
1−4π2·0 = 2π. (pn) (qn) , ,

π

π =
1

2
lim

n→+∞
qn .

, ,

p2 < p3 < · · · < pn < · · · < 2π < · · · < qn < · · · < q3 < q2 .

e
(
(1 + 1

n )
n
)
. π , . , , , , . , , . (qn)

q2 = 8 qn+1 = 4qn

2+

√
4+ qn2

4n

(n ≥ 2), . – – , ≥ 0.

(qn) π (qn): π = 1
2 limn→+∞ qn . (pn) (qn) (qn) ..

1. a > 1. (a
n

n ) .

(i) (a
n

n ) – – an+1

n+1 = an
n+1

an

n n. , , (a
n

n ).

(ii) b 1 < b < a 2.1 bn ≥ 1+ (b− 1)n n. (a
n

n ) an

n =
(
a
b

)n bn

n .

2. a > 1. ( n
√
a) – –

(
2n
√
a
)2

= n
√
a n. ( n

√
a).

a = 1 0 < a < 1;

3. (∗) 0 ≤ a ≤ b. , limn→+∞
n
√
an + bn = b.

(: b = n
√
bn ≤ n

√
an + bn ≤ n

√
2bn = b n

√
2 .)

. e.

1. .

lim
n→+∞

(
1 +

1

n

)n+3

, lim
n→+∞

(
1 +

1

n+ 2

)n

, lim
n→+∞

(
1 +

1

n+ 2

)3n+5

,

lim
n→+∞

(
1− 1

n

)n
(∗) , lim

n→+∞

(
1 +

2

n

)n
(∗) , lim

n→+∞

(
1− 2

n

)n
(∗) .

(: 1 − 1
n = n−1

n = 1
n

n−1
= 1

1+ 1
n−1

1 + 2
n = n+2

n = n+1
n

n+2
n+1 =(

1 + 1
n

)(
1 + 1

n+1

)
.)

58



2. (∗) limn→+∞
(
1 + 1

n

)n2

= +∞.
(: (1 + 1

n )
n ≥ (1 + 1

1 )
1 = 2 n.)

. .

1. x1 = 1 xn+1 = xn + 1
xn

2 n. (xn) .

(: . .)

2. 7xn+1 = xn
3 + 6 n. , x1 , (xn) .

(: (xn), . x1 , . .)

3. 4xn+1 = xn
2 + 3 n. , x1 , (xn) .

4. 0 < x1 < 1 xn+1 = 1−
√
1− xn n. (xn) .

5. λ > 0, x1 > 0 xn+1 =
√
λ+ xn n. , x1 , (xn) .

6. x1 > 0 xn+1 = 6+6xn

7+xn
n. , x1 , (xn) .

7. a, x1 > 0 xn+1 = 1
2

(
xn + a

xn

)
n. (xn) , , .

a, 1.2 n = 2.

8. x1 = x2 = 1 1
xn+2

= 1
xn+1

+ 1
xn

n. (xn) .

9. (xn) (yn) :

0 < x1 ≤ y1 , xn+1 =
√
xnyn , yn+1 =

xn + yn
2

(n ≥ 1).

(xn) , (yn) xn ≤ yn n.

(xn) (yn) .

10. (xn) (yn) :

0 < x1 ≤ y1 , xn+1 =
2xnyn
xn + yn

, yn+1 =
√
xnyn (n ≥ 1).

(xn) , (yn) xn ≤ yn n.

(xn) (yn) .
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Κεφάλαιο 3

.

. , . . . . . . . . . . . .

3.1 .

: (1) , , p V
pV = c ,

c . , Boyle p V . , p V , , V p :

V =
c

p
, p =

c

V
.

« V p » « p V ». p , ( ) , V , .
.

(2) oC, l
l = (1 + )l0,

l0 0oC , , . l , l l .
l

=
1( l

l0
− 1

)
.

(3) ,

=
√

2 + 2 − 2 cos .

. 0 π | − | + . , −1 ≤ cos ≤ 1, 2 + 2 − 2 cos ≤ 2 + 2 +2 = (+ )2
2 + 2 − 2 cos ≥ 2 + 2 − 2 = (− )2. , | − | ≤ ≤ + .

= arccos
2 + 2 − 2

2
.

, . 0 π, , . , =
√

2 + 2 − 2 cos cos | − | +

cos =
2 + 2 − 2

2
,
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| − | ≤ ≤ + 2 + 2 − 2 ≤ 2 ≤ 2 + 2 + 2 −1 ≤
2+2−2

2 ≤ 1. [0, π]

cos =
2+2−2

2 . , : 0 π ( ) – – −π 0 2π.

(4) ( ) π. , s r

s = 2πr, r =
1

2π
s.

΄ 2n . , , pn 1, , 1, 2π π 1. , , r ΄
2n , , , rpn . r limn→+∞(rpn) = r limn→+∞ pn = r2π.

s r, r s, , , r s, s r.

(5) A r , A r
A = πr2 .

V r , V r

V =
4

3
πr3 .

(6) : « t ( k ) q ». q t :

q = e−ktq0 ,

q0 0. , 8. , , q – – t – .

t =
1

k
log

q0
q
,

q t.

3.2 , , .

x – , x, – – – x y – , y, – y
x

y = f(x) y = F (x) y = g(x)

. f , , f y = f(x). x y .
y = f(x) , , y x. , .

:
y = x3 + sin(e2x + log2(x+ 3))

y x,
f(x) x3 + sin(e2x + log2(x+ 3)),

f
y = f(x)

, , y = x3 + sin(e2x + log2(x+ 3)) .

, , « f y = f(x)» « y = f(x)». ΄ .
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x y . , , . , , . : u = f(v), t = f(x),
y = f(t) .

.
, , .

: . , . – – ( ) – .

. .
: .

: V = c
p . p , (0,+∞). , .

, , V = c
p , , y = c

x , , 0 (p x), (−∞, 0)∪(0,+∞).

, – – .
, y = c

x , x – – x, (−∞, 0) ∪ (0,+∞).
. y = f(x) . , . b ( ) a f(a) = b. ,

y = f(x) y f(x) = y x
.

: y = 3x− 1. (−∞,+∞) .
3x− 1 = y x y . y x = y+1

3 . y , (−∞,+∞).

, . , . , .

: (1) y = 3x− 1. (−∞,+∞) [−2, 5) (−∞,+∞).
3x − 1 = y x y [−2, 5). x = y+1

3 y [−2, 5),
−2 ≤ y+1

3 < 5 , , −7 ≤ y < 14. y [−7, 14) [−2, 5) , , [−2, 5)
[−7, 14).

(2) y = x
x−1 (−∞, 1) ∪ (1,+∞).

x
x−1 = y x y . x

x−1 = y (y − 1)x = y, , y = 1, , y 6= 1,
x = y

y−1 . , , , y
y−1 6= 1. , , y 6= y − 1.

y 6= 1 , , (−∞, 1) ∪ (1,+∞).
, , (−∞, 1) (1,+∞) .
(1,+∞) x

x−1 = y x y (1,+∞). , y = 1, x = y
y−1

(1,+∞), y
y−1 > 1. 1

y−1 > 0 y > 1. y > 1 (1,+∞) , , (1,+∞)

(1,+∞).
(−∞, 1) (−∞, 1).

(3) y = e−2x (−∞,+∞).
y e−2x = y x . y ≤ 0 e−2x = y y > 0 x = − 1

2 log y.
y > 0 , (0,+∞).

(4) y =
√
1 + 1

x . x 1+ 1
x ≥ 0 , , x ≤ −1 x > 0. (−∞,−1]∪(0,+∞).

y
√

1 + 1
x = y x . ,

√
1 + 1

x = y , y < 0. y ≥ 0,
√
1 + 1

x = y

(y2 − 1)x = 1. y = 1, , y ≥ 0 y 6= 1, x = 1
y2−1 . , 1

y2−1 ≤ −1
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1
y2−1 > 0. , y ≥ 0, y 6= 1 . , [0, 1) ∪ (1,+∞).

(0,+∞) . y
√
1 + 1

x = y x (0,+∞). , y < 0 y = 1,

x = 1
y2−1 (0,+∞), 1

y2−1 > 0. y2 > 1, y > 1. (0,+∞)

(1,+∞).

, y
√
1 + 1

x = y x (−∞,−1], (−∞,−1] [0, 1)..
1. .

y =
2

3
x−4, y = x2−4x+3, y =

2x− 1

x+ 4
, y =

x2 − 1

x2 + 1
, y =

x2 + 1

x2 − 1
,

y = 2x , y = log10 x+4, y = e2x−2ex+3, y =
ex + 1

ex − 1
y =

x√
x− 1

.

2. .

(i) y = x2 − 4x+ 3 (−∞, 1], (1, 3], (3,+∞), (−∞, 2], [2,+∞).

(ii) y = 2x−1
x+4 (−∞,−4), (−4,+∞).

(iii) y = x2+1
x2−1 (−∞,−1), (−1, 1), (1,+∞).

(iv) y = ex+1
ex−1 (−∞, 0), (0,+∞).

(v) y = x√
x−1

[0, 1), (1,+∞).

3.3 .

y x . , , :

y = x2 , y = sinx, xy = 2, y2 − x3 = 0.

y x · y x . y x · xy = 2 y y y x.
· y x

y =
2

x
.

y x. , . y2 − x3 = 0 y, . x < 0 y. x = 0 y,
y = 0. x > 0 y : y =

√
x3 = x

3
2 y = −

√
x3 = −x

3
2 . y2 − x3 = 0

,
y = x

3
2 , y = −x

3
2

[0,+∞).
. , : . : . y2 − x3 = 0 () , ,

y = ±x
3
2 ..
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1. . x y; – ; – ; .

x+y = 1, x2−2yx+1 = 0,
y − x

y + x
= −2, x3+y3 = 0, x2−y2 = 0,

(xy)2 = 1, e(x−1)y2

= x, y4 − 2xy2 + x2 = 1, sin(x+ y) = 1.

3.4 .

y = f(x), , .
, , 0 . x y = f(x) y ( x y ).

x- y-. , x y = f(x) (x, y) = (x, f(x)). , x y = f(x),
(x, y) = (x, f(x)) . (x, y) = (x, f(x)) .

f = {(x, f(x)) : x f}.

, .
x, , . (x1, f(x1)), (x2, f(x2)), . . . , (xn, f(xn)) n

x . ¨, .

Σχήμα 3.1: .

y = f(x), . ΄ y = f(x). (x, f(x)) . x-
x y- y = f(x) . ,

y = f(x) -
x- -
y-.

:
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Σχήμα 3.2: – .

y = ax+ b,

a, b , (−∞,+∞).
(0, b). (x, y) y = ax + b , , y − b = a(x − 0). (0, b) (x, y)

y−b
x−0 = a. , (x, y) l (0, b) a. . (x, y) l y−b

x−0 (0, b) (x, y) a,
y−b
x−0 = a, y = ax+ b , , (x, y) . , , l.

Σχήμα 3.3: y = ax+ b. : a > 0 a < 0.

a > 0, l l , a < 0, l l . a = 0, l l . (,
a 6= 0) l y- y-, (−∞,+∞). ( , y = 3x− 1 3.2.) (, a = 0) l ,
y- b, {b}.

y = f(x) I x1 , x2 I x1 < x2 f(x1) ≤ f(x2). x1 < x2

f(x1) < f(x2), I.

66



, y = f(x) I x1 , x2 I x1 < x2 f(x1) ≥ f(x2). x1 < x2

f(x1) > f(x2), I.
.

. . , .

Σχήμα 3.4: .

y y = f(x) x ( ). f(x) = y x y ( ).

: y = ax+ b (−∞,+∞), a > 0, , a < 0. a = 0, (−∞,+∞), x
y b.

y = f(x) A u f(x) ≤ u x A. u A. y = f(x) A
l f(x) ≥ l x A l A. , y = f(x) A A, u l l ≤ f(x) ≤ u
x A.

u y = f(x) A, u′ ≥ u A. , l y = f(x) A, l′ ≤ l A.
u y = f(x) A A y = u. , l y = f(x) A A

y = l. , , u l , , y = f(x) A, A y = u y = l.
, , u y = f(x) A A (−∞, u] l y = f(x) A A

[l,+∞). , u l y = f(x) A, , A [l, u].

:

y = x2

(−∞,+∞).
y = x2 [0,+∞) (−∞, 0]. [0,+∞) (−∞, 0] .

y x2 = y x [0,+∞). : y < 0, , y ≥ 0, x =
√
y [0,+∞).

[0,+∞) [0,+∞).
, x2 = y x , y < 0, x = −√

y (−∞, 0], y ≥ 0. (−∞, 0]
[0,+∞).

y = x2 (−∞,+∞) 0 [0,+∞). , y = x2 (−∞,+∞)
(−∞, 0], [0,+∞), [0,+∞) (−∞, u].
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Σχήμα 3.5: y = x2 .

[0,+∞) . (0, 0) (0, 0), (12 ,
1
4 ), (1, 1), (2, 4). x-

[0,+∞) y- [0,+∞), [0,+∞). . , x , (x, x2),
y = x2 , .
, (−∞, 0] . , (0, 0) (0, 0), (−2, 4), (−1, 1), (−1

2 ,
1
4 ).

x- (−∞, 0] y- (−∞, 0], [0,+∞). . , x , (x, x2),
y = x2 , .

y = x2 () . .

y = f(x) f(−x) = f(x) x . (a, b) , b = f(a), b = f(−a),
(−a, b) . (a, b) (−a, b) y-. , , , y- .

y = f(x) y-.

y = x2 , y-.

:

y = x3

(−∞,+∞).
΄ (−∞,+∞). (−2,−8), (−1,−1), (− 1

2 ,−
1
8 ), (0, 0),

( 12 ,
1
8 ), (1, 1), (2, 8).

y = x3 , x3 = y x. y , x = 3
√
y, y , , (−∞,+∞).

y = x3 (−∞,+∞), (−∞,+∞).
x- , (−∞,+∞), y- , (−∞,+∞). . , x ,

(x, x3) , x , (x, x3) .
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Σχήμα 3.6: .

Σχήμα 3.7: y = x3 .

y = x3 .

y = f(x) f(−x) = −f(x) x . (a, b) y = f(x), b = f(a),
−b = f(−a), (−a,−b) y = f(x). (a, b) (−a,−b) (0, 0). , ,
(0, 0) .

y = f(x)
(0, 0).
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y = x3 , (0, 0).

:

y =
1

x

(−∞, 0) ∪ (0,+∞).
y = 1

x (−∞, 0), (0,+∞). ΄ .
1
x = y x. y ≤ 0, (0,+∞) , y > 0, x = 1

y (0,+∞). (0,+∞)

(0,+∞).
, 1

x = y x (−∞, 0), y ≥ 0, x = 1
y (−∞, 0), y < 0. (−∞, 0)

(−∞, 0).
y = 1

x (0,+∞) , , 0 (0,+∞). (−∞, 0) , , 0 (−∞, 0).

Σχήμα 3.8: y = 1
x .

(0,+∞) . ( 12 , 2), (1, 1), (2,
1
2 ). x- (0,+∞)

y- (0,+∞), (0,+∞). , x , (x, 1
x ) ( y = 1

x ) , x ,
(x, 1

x ) . , y- x-.
, (−∞, 0) . (−2,− 1

2 ), (−1,−1), (−1
2 ,−2). x-

(−∞, 0) y- (−∞, 0), (−∞, 0). , x , (x, 1
x ) , x ,

(x, 1
x ) . , x- y-.
y = 1

x , , .
y = 1

x , (0, 0): (0, 0).
. (a, b) , b = 1

a , a = 1
b , (b, a) . (a, b) (b, a) y = x, . ,

, . , , .

. , .
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y = 1
x . y = 1

x : (−∞, 0) (0,+∞). 0 .
«. . . , ». «» . ΄ . – – 6.7.
, ΄ . , .

:

y = [x],

x, (−∞,+∞) .
y = [x] [k, k+ 1), k : y = k x [k, k+ 1). [k, k+ 1) . ,

y = [x] [k, k + 1), .

Σχήμα 3.9: y = [x].

, y = [x] ( (−∞,+∞) ) .

.

. . , , .
΄ y = f(x) , , .

y = f(x) , , . . , x- y- .
.

. , [0,+∞). y- (0, 0).

. y = f(x). y = f(x).

(1) (x,−f(x)) y = −f(x) x- (x, f(x)) y = f(x). :

y = −f(x) x-
y = f(x).

(2) (−x, f(x)) = (x′, f(−x′)) y = f(−x) y- (x, f(x)) y = f(x). :

71



Σχήμα 3.10: y = −f(x) y = f(−x).

y = f(−x) y-
y = f(x).

Σχήμα 3.11: y = f(x) + κ y = f(x− κ).

(3) κ. κ (a, b) (a, b+ κ).
(x, f(x) + κ) y = f(x) + κ κ (x, f(x)) y = f(x). :

y = f(x) + κ κ y = f(x).

(4) κ. κ (a, b) (a+ κ, b).
(x+ κ, f(x)) = (x′, f(x′ − κ)) y = f(x− κ) κ (x, f(x)) y = f(x).

:

y = f(x− κ) κ
y = f(x).

(5) ρ . ρ (a, b) (a, ρb).
(x, ρf(x)) y = ρf(x) ρ (x, f(x)) y = f(x). :
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y = ρf(x) ρ
y = f(x).

Σχήμα 3.12: y = ρf(x) y = f(xρ ).

(6) ρ . ρ (a, b) (ρa, b).
(ρx, f(x)) =

(
x′, f

(
x′

ρ

))
y = f

(
x
ρ

)
ρ (x, f(x)) y = f(x). :

y = f(xρ ) ρ y = f(x)..
1. .

y = |x|, y =
|x|
x

, y =

{ 1 , x > 0,
0 , x = 0,
−1 , x < 0,

y = x− [x],

y = (−1)[x] , y = x(−1)[x] , y = (−1)[
1
x ] , y = x(−1)[

1
x ] .

; ; ; . ; ;

2. y =
√
−x2 y =

√
−x2 − 1 .

3. y = x2 , :

y = 3x2 , y = x2−4, y = (x+4)2 , y = (3x+4)2 , y = 4−(3x+4)2 .

, , . , , ( ) (−∞,+∞).

4. a 6= 0 b, c. y = x2 ,

y = ax2 + bx+ c.

(: ax2 + bx+ c = a(x+ b
2a )

2 + 4ac−b2

4a .)

(−∞,+∞);
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5. y = 1
x , :

y =
1

x
+ 2, y =

1

x+ 2
, y =

1

3x+ 2
, y =

3

x+ 2
.

6. a, b, c, d c 6= 0. y = 1
x ,

y =
ax+ b

cx+ d
.

(: ax+b
cx+d =

a
c (cx+d)+b− ad

c

cx+d = bc−ad
c2

1
x+ d

c

+ a
c .)

y = ax+b
cx+d .

y = 2x+3
3x−1 . , , .

7. κ ρ > 0. y = f(x) , y = −f(x), y = f(−x), y = f(x) + κ,
y = f(x− κ), y = ρf(x) y = f(xρ );

8. y = x2 − 3x+ 2 , , y = |x2 − 3x+ 2| y = |x|2 − 3|x|+ 2. ;

:

(i) y = f(x) y = |f(x)|.
(ii) y = f(x) y = f(|x|).

3.5 .

y = f(x) , ¨, , y x , , x y. , , ¨ y y = f(x)
x . , y f(x) = y x . ¨ , f , f−1

x = f−1(y) .

:

y = f(x) x = f−1(y)

x y f .
.

f(x) = y x. y x, y = f(x1) = f(x2) x1 = x2, --
. -- , , .

«y = f(x) x = f−1(y)» : (x, y) y = f(x) (y, x) x = f−1(y).
, (x, y) (y, x) , y = x, :

-
.

x = f−1(y) y = f(x), . , x = f−1(y) y- x-. ·
, x = f−1(y) y = f(x), x- y- .

74



Σχήμα 3.13: x = f−1(y).

x y, y = f−1(x), x = f−1(y) y = f(x). , , :
x- y- .

:

,

, .

, y = f(x) y1 , y2 x = f−1(y) y1 < y2 . x1 = f−1(y1),
x2 = f−1(y2) x = f−1(y) f(x1) = y1, f(x2) = y2. x1 = x2 , , ,
y1 = f(x1) = f(x2) = y2 . x1 > x2 , , y = f(x) , y1 = f(x1) > f(x2) = y2
. , x1 < x2 , , f−1(y1) < f−1(y2).

y = f(x) x = f−1(y). y = f(x) , x = f−1(y), ,
.

.

,
.

, y = f(x) , x = f−1(y), , .

: y = x3 .

y = x3 , (−∞,+∞), (−∞,+∞). , x = 3
√
y = y

1
3 , (−∞,+∞)

(−∞,+∞). . , .

, , y = x
1
3 .
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Σχήμα 3.14: x = 3
√
y .

y = f(x) --, . , I y = f(x) , x I, y = f(x) --:
x1 , x2 I f(x1) = f(x2) x1 = x2 . y = f(x) I ( ) ( ) I.
y = f(x) -- , , . , , I .

: y = x2 (−∞,+∞).
y = x2 -- y > 0 x2 = y : x =

√
y x = −√

y .

Σχήμα 3.15: x =
√
y .

, [0,+∞) y = x2 – , , -- – [0,+∞). x =
√
y , [0,+∞)

[0,+∞) . ( ) , .
, (−∞, 0] y = x2 – , , -- – [0,+∞). x = −√

y , [0,+∞)
(−∞, 0] . ( ) , .
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Σχήμα 3.16: x = −√
y .

3.3 y = x2 (−∞,+∞) [0,+∞) x = ±√
y [0,+∞)

(−∞,+∞)..
1. y = 1

3x+1 .

, .

, , .

2. a, b, c, d c 6= 0 y = ax+b
cx+d 6 . , .

y = 2x+3
3x−1 .

3. y = x2 + 4x+ 1.

, .

;

, «» . , .

y = x2 + 4x+ 1 ;

3.6 .
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Σχήμα 3.17: y = xn .

y = a0 + a1x+ · · ·+ aNxN .

aN 6= 0, N . , , (−∞,+∞).

y = xn

(, ) n.
y = x3 , n , y = xn , (−∞,+∞). , (0, 0), (−1,−1), (0, 0),

(1, 1) .
, y = x2 , n , y = xn , [0,+∞) [0,+∞) (−∞, 0] [0,+∞).

, y-, (−1, 1), (0, 0), (1, 1) (0, 0) (0, 0) .
, y = xn (0, 0), (1, 1). (0, 1) y = x , y = x2 , y = x3 , . . .

(1,+∞) . , , x (0, 1) x x- : x > x2 > x3 > · · · . x (1,+∞)
x : x < x2 < x3 < · · · .

y =
a0 + a1x+ · · ·+ aNxN

b0 + b1x+ · · ·+ bMxM
.

x , ≤ M .
.

,
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y =
1

xn
= x−n

(, ) n. (−∞, 0) ∪ (0,+∞)
n , y = 1

xn , (−∞, 0) (−∞, 0) (0,+∞) (0,+∞). (−∞, 0)
(−1,−1) x- y-. , (0,+∞) (1, 1) y- x-. (0, 0).

Σχήμα 3.18: y = 1
x2 .

n , y = 1
xn , (−∞, 0) (0,+∞) (0,+∞) (0,+∞). (−∞, 0)

(−1, 1) x- y-. , (0,+∞) (1, 1) y- x-. y-..
1. y =

1
x+1+

1
x−1

1
x+ 1

x−2

y = x2(x−2)
(x−1)2(x+1) ; ; ;

2. y = 1
xn n;

3. y = 1
x2 , y = 1

x3 y = 1
x4 , .

y =
1

(x− 1)2
, y =

1

(2− 3x)3
+ 4, y = − 3

(2x+ 1)4
+ 2.

, , .

3.7 .

n. y = xn (−∞,+∞) (−∞,+∞), x = n
√
y .

y = n
√
x
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Σχήμα 3.19: y = n
√
x . : n, n.

(−∞,+∞) (−∞,+∞). y = n
√
x (−1,−1), (0, 0), (1, 1) x-

(−∞,+∞) y- (−∞,+∞). .
n. y = xn [0,+∞) [0,+∞), x = n

√
y

y = n
√
x

[0,+∞) [0,+∞). y = n
√
x (0, 0), (1, 1) x- [0,+∞) y-

[0,+∞). (0, 0) .
y = n

√
x . , , . :

y = 4
√
x+

3

√
x2 + 1 +

√
x

x− 1
.

, .
p0(x) + p1(x)y + · · ·+ pN (x)yN = 0

y, p0(x), p1(x), . . . , pN (x) , N ≥ 1 pN (x) . , , y = g(x) , «» ,

p0(x) + p1(x)g(x) + · · ·+ pN (x)g(x)N = 0

x y = g(x). y = g(x) . ¨ y = g(x) : . 5. , , y = g(x)
.

: (1) y = p(x) (−∞,+∞).
, y = p(x) −p(x) + 1y = 0, −p(x), 1 .

(2) y = p(x)
q(x) , p(x), q(x) , .

y = p(x)
q(x) −p(x) + q(x)y = 0, −p(x), q(x) .

.

: y = n
√
x (−∞,+∞), n , [0,+∞), n . .
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, y = n
√
x −x+ 1yn = 0, −x, 0, . . . , 0, 1 .

.
. , , , , , ..

1. y =
√
x , y = 4

√
x , y = 3

√
x , y = 5

√
x , .

y =
√
x− 1 , y = − 4

√
2− 3x+ 3, y = 2 + 3

√
2x+ 1 , y = 5

√
3− x .

.

2.

y =

√
x

x− 1
+
√
x+ 1 , y =

√
x+ 3

√
x , y =

√
x+ 2√

3x+ 1− 4

, «» . ;

3. n p(x), q(x). y = n

√
p(x)
q(x) .

4. n ≥ 2, y = n
√
x .

(: y = n
√
x = p(x)

q(x) , , p(x) q(x).)

3.8 .

y = xa

[0,+∞), a > 0, (0,+∞), a < 0. a. y = xa a . , , ,
a (, , a ) y = xa x, y = xa (−∞, 0). , , a ,
, y = xa .

y = xa , xa = y x. y < 0, . y = 0, x = 0 , a > 0, ,
a < 0. y > 0, x = y

1
a . , a > 0, y = xa [0,+∞) , a < 0,

(0,+∞).
y = xa [0,+∞), a > 0, (0,+∞), a < 0.
a > 0, y = xa (0, 0), (1, 1) x- [0,+∞) – – y- [0,+∞) –

. (0, 0) .
, a < 0, y = xa (1, 1) x- (0,+∞) y- (0,+∞). y-

x-.
y = xa y = xb a < b, (1, 1), (0, 1) y = xa y = xb

(1,+∞) y = xa y = xb .
y = xa x = y

1
a . a 1

a > 0 < 0..
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Σχήμα 3.20: y = xa .

1. ;

y = x0 , y = x3 , y = x−3 , y = x
4
6 , y = x− 4

6 ,

y = x
6
4 , y = x− 6

4 , y = x
√
2 , y = x−

√
2 .

.

2. y = x
√
2 , y = x−

√
2 , .

y = (2x−3)
√
2 , y = 2−(2−3x)

√
2, y = (1−x)−

√
2, y = 3+(2x+1)

√
2.

.

3.9 .

a > 0

y = ax

(−∞,+∞) a.
a = 1, , y = 1x = 1, {1}.
a > 1 0 < a < 1, y = ax (0,+∞). , ax = y x , y ≤ 0,

x = loga y, y > 0. , , a > 1, , 0 < a < 1.
y = ax (0, 1), (1, a). a > 1, x- (−∞,+∞) – – y- (0,+∞)

– . x- . , 0 < a < 1, x-.
a = 1, y = ax , , , , .
0 < a < 1 a > 1, y = ax , . xa = y x x = loga y . ,
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y = loga x .

Σχήμα 3.21: y = ax x = loga y a > 1.

Σχήμα 3.22: y = ax x = loga y 0 < a < 1.

y = loga x, y = ax , a. (0,+∞) (−∞,+∞).
a > 1, y = loga x , 0 < a < 1, .
y = loga x (1, 0), (a, 1). a > 1, y- , 0 < a < 1, y- ..

1. .
y = 3e−x − 2 , y = 1 + 23−x , y = e|x| , y = e−|x| ,
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y = log(−x), y = log |x|, y = log 1
2
(2− x), y = log10(2x− 1).

2. . , , .

y = log
x− 1

x+ 1
, y = log

1− x

1 + x
, y = log(1− x2), y = log(x2 − 1).

;

, .

; «» ;

3.10 .

. .

y = f(x) T > 0
f(x± T ) = f(x)

x . , , ¨ , x y = f(x), x± T . T y = f(x).

: (1) y = cosx y = sinx 2π, cos(x± 2π) = cosx sin(x± 2π) = sinx.

(2) y = tanx y = cotx π, tan(x± π) = tanx cot(x± π) = cotx.

y = f(x) T . f(x − T ) = f(x) y = f(x − T ) y = f(x) , , .
, , y = f(x + T ) y = f(x). ±T f f . . y = f(x) T .
a y = f(x) [a, a+ T ]. k y = f(x) [a+ kT, a+ (k+1)T ] kT
[a, a+ T ]. ,

y = f(x) T.

[a, a+ T ] T .

.

1.

y = cosx.

(−∞,+∞) [−1, 1]. 2π . [−π, 0] [0, π]. [−1, 1].
[−π, π]: (−π,−1) (0, 1) (0, 1) (π,−1) (−π

2 , 0), (
π
2 , 0).

2.

y = sinx.

(−∞,+∞) [−1, 1]. 2π . [−π
2 ,

π
2 ] [π2 ,

3π
2 ]. [−1, 1].

[−π
2 ,

3π
2 ]: (−π

2 ,−1) (π2 , 1) (π2 , 1) ( 3π2 ,−1) (0, 0), (π, 0).
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Σχήμα 3.23: y = cosx.

Σχήμα 3.24: y = sinx.

3.

y = tanx.

(−π
2 + kπ, π

2 + kπ) (k ∈ Z). (−∞,+∞). π. (−π
2 ,

π
2 )

(−∞,+∞). (−π
2 ,

π
2 ): (0, 0) x = −π

2 x = π
2 .

4.

y = cotx.

(kπ, (k + 1)π) (k ∈ Z). (−∞,+∞). π. (0, π)
(−∞,+∞). (0, π): (π2 , 0) x = 0 x = π.

y = cosx y = sinx (−∞,+∞) 1 −1.
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Σχήμα 3.25: y = tanx y = cotx.

. .

, . .
y = cosx [0, π] [−1, 1]. , x = arccos y, [−1, 1] [0, π].
y = sinx [−π

2 ,
π
2 ] [−1, 1]. x = arcsin y, [−1, 1] [−π

2 ,
π
2 ].

y = tanx (−π
2 ,

π
2 ) (−∞,+∞). x = arctan y, (−∞,+∞)

(−π
2 ,

π
2 ).

y = cotx (0, π) (−∞,+∞). x = arccot y, (−∞,+∞) (0, π).
, , , , x y, :

1. -

y = arccosx.

[−1, 1] [0, π]. [−1, 1] (−1, π) (1, 0) (0, π
2 ).

2. -

y = arcsinx.

[−1, 1] [−π
2 ,

π
2 ]. [−1, 1] (−1,−π

2 ) (1, π
2 ) (0, 0).

3. -

y = arctanx.

(−∞,+∞) (−π
2 ,

π
2 ). (−∞,+∞) y = −π

2 y = π
2

(0, 0).

4. -
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Σχήμα 3.26: y = arccosx y = arcsinx.

Σχήμα 3.27: y = arctanx y = arccotx.

y = arccotx.

(−∞,+∞) (0, π). (−∞,+∞) y = π y = 0
(0, π

2 )..
1. .

y = cos(2x), y = tan
(x
2
− 1

)
, y = 1+ 2 sin(1− 3x), y = cot(1− x),

x = 2arccos(2y + 1), x =
π

2
+ arctan(1− y), x = arctan

(y + 1

2

)
.

2. 5 1.4
y = a cosx+ b sinx.
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y = cosx+ sinx, y =
√
3 cosx+ sinx, y =

√
3 cosx− sinx.

3. .

y =
√
sinx , y =

1

1 + sinx
, y = log(sinx), y = arcsin

x

x− 1
.

4. y = arcsinx y = arctanx; ;

(: x = sin y x = tan y.)

5.

y = arccos(cosx), y = arcsin(sinx), y = arctan(tanx), y = arccot(cotx).

6. y = x sinx [0,+∞). , −x ≤ x sinx ≤ x, y = x sinx y = −x
y = x sinx = 1, x = π

2 + k2π (k = 0, 1, 2, . . . ), y = x sinx «»
y = x sinx = −1, x = 3π

2 + k2π (k = 0, 1, 2, . . . ), y = x sinx «»
y = −x. y = x sinx x-;

y = x sinx [0,+∞) , y = x sinx , (−∞, 0].

7. y = sin 1
x (0,+∞). y = sin 1

x y = −1 y = 1.

sin 1
x = 1 sin 1

x = −1 (0,+∞). (0,+∞) «» 0 y = sin 1
x

. sin 1
x = 1 y = sin 1

x «» y = 1 sin 1
x = −1 «» y = −1.

y = sin 1
x x-;

y = sin 1
x (0,+∞) , y = sin 1

x , (−∞, 0).

8. , .

y = x2 sinx, y =
√
x sinx, y =

1

x
sin

1

x
.

3.11 .

. .

x

coshx =
ex + e−x

2
, sinhx =

ex − e−x

2
,

tanhx =
ex − e−x

ex + e−x
, cothx =

ex + e−x

ex − e−x
.

, , x, .

3.1 (1) (coshx)2 − (sinhx)2 = 1.
(2) tanhx = sinh x

cosh x , cothx = cosh x
sinh x .

(3) cosh(−x) = coshx, sinh(−x) = − sinhx, tanh(−x) = − tanhx, coth(−x) =
− cothx.
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(4) cosh(x + y) = coshx cosh y + sinhx sinh y, sinh(x + y) = sinhx cosh y +
coshx sinh y.
(5) coshx− cosh y = 2 sinh x−y

2 sinh x+y
2 , sinhx− sinh y = 2 sinh x−y

2 cosh x+y
2 .

(6) (i) 1 ≤ coshx < coshx′, 0 ≤ x < x′ (ii) 1 ≤ coshx < coshx′, x′ < x ≤ 0.
(7) sinhx < sinhx′, x < x′.

3.1 .
3.1 1.12. coshx = ex+e−x

2 sinhx = ex−e−x

2 .

cosx =
eix + e−ix

2
, sinx =

eix − e−ix

2i

eix = cosx+ i sinx e−ix = cosx− i sinx. ΄ .

y = coshx =
ex + e−x

2

(−∞,+∞). . 3.1 y = coshx [0,+∞) (−∞, 0].

y = coshx ex+e−x

2 = y x e2x − 2yex + 1 = 0. t = ex,
t2 − 2yt+ 1 = 0 = 4y2 − 4. .
(i) y2 < 1. t2 − 2yt+ 1 = 0 .
(ii) y2 = 1. y = −1, t2−2yt+1 = 0 ex = t = −1 , , . y = 1, t2−2yt+1 = 0
ex = t = 1 x = 0 coshx = 1.
(iii) y2 > 1. t2 − 2yt+ 1 = 0 () 2y 1. y < −1, , . , y > 1,
t2 − 2yt + 1 = 0 , . 1, 1 0 1. t = y ±

√
y2 − 1

0 < y −
√
y2 − 1 < 1 < y +

√
y2 − 1 . , x = log(y ±

√
y2 − 1) , . ,

log(y −
√
y2 − 1) < 0 < log(y +

√
y2 − 1).

, , y = coshx, y coshx = y , [1,+∞). , y [1,+∞)
coshx = y (−∞, 0] [0,+∞). [1,+∞) (−∞, 0] [0,+∞) .

, y = coshx , (0, 1) (0, 1) . y-.

y = sinhx =
ex − e−x

2

(−∞,+∞). . y = sinhx (−∞,+∞).

y = sinhx ex−e−x

2 = y x e2x−2yex−1 = 0. t = ex t2−2yt−1 = 0

= 4y2 + 4. , t2 − 2yt − 1 = 0 () 2y −1, . t = y ±
√
y2 + 1

y−
√
y2 + 1 < 0 < y+

√
y2 + 1 . , , x = log(y+

√
y2 + 1) sinhx = y.

, , y = sinhx, y sinhx = y , (−∞,+∞).
y = sinhx . (0, 0) (0, 0).

. .

y = coshx y = sinhx.
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y = coshx -- (−∞,+∞)· y > 1 () coshx = y. , [0,+∞)
[1,+∞). [1,+∞) [0,+∞). y [1,+∞) coshx = y [0,+∞). ,
x = log(y +

√
y2 − 1). , x y,

y = log(x+
√
x2 − 1).

΄ y = cosx, y = arccosx -, log(x+
√
x2 − 1) arccoshx - x,

y = arc coshx.

y = arc coshx x- [1,+∞) y- [0,+∞). (1, 0) .
, y = coshx (−∞, 0] [1,+∞), [1,+∞) (−∞, 0]

y = log(x−
√
x2 − 1). , log(x−

√
x2 − 1) = − log(x+

√
x2 − 1) = −arc coshx,

y = −arc coshx.
y = sinhx (−∞,+∞) (−∞,+∞). (−∞,+∞) (−∞,+∞)

, ,
y = log(x+

√
x2 + 1).

΄ , log(x+
√
x2 + 1) arcsinhx - x,

y = arc sinhx.

y = arc sinhx (0, 0)..
1.

y = tanhx, y = cothx.

, .

, .

2.

1− (tanhx)2 =
1

(coshx)2
, (cothx)2 − 1 =

1

(sinhx)2
.

3.

tanh(x+ y) =
tanhx+ tanh y

1 + tanhx tanh y
, coth(x+ y) =

cothx coth y + 1

cothx+ coth y
.

4.

cosh(2x) = (coshx)2 + (sinhx)2 = 2(coshx)2 − 1 = 1 + 2(sinhx)2 ,

sinh(2x) = 2 sinhx coshx,

tanh(2x) =
2 tanhx

1 + (tanhx)2
, coth(2x) =

(cothx)2 + 1

2 cothx
.
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5.

coshx =
1 + (tanh x

2 )
2

1− (tanh x
2 )

2
, sinhx =

2 tanh x
2

1− (tanh x
2 )

2
,

tanhx =
2 tanh x

2

1 + (tanh x
2 )

2
, cothx =

1 + (tanh x
2 )

2

2 tanh x
2

.
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Κεφάλαιο 4

.

: « ε δ» , . . . . . . . . , , . .

4.1 , .

1. y = f(x) (a, ξ) ∪ (ξ, b) ξ. y = f(x) , , ξ.

1α : = .

: (1)

y =
3x2 − x− 2

x− 1

(−∞, 1) ∪ (1,+∞). x 6= 1

y = 3x+ 2.

: y = 3x2−x−2
x−1 y = 3x+ 2. (−∞, 1) ∪ (1,+∞) (−∞,+∞). ,

(−∞, 1) ∪ (1,+∞).

, x « » 1 , , 1, y = 3x2−x−2
x−1 = 3x + 2 « » 5.

. , x = 1, 00023, y = 5, 00069 , x = 1, 000000035, y = 5, 000000105 ,
x = 0, 9999999999913, y = 4, 9999999999739.

(2) , y = 3x+ 2.
, , , x « » 1 1, y = 3x + 2 « » 5. ΄ . , , .

y = 3x2−x−2
x−1 , x « » 1 1. y = 3x+2, x « » 1 1. , , x

« » 1 1.

y = f(x) , , ξ, (a, ξ) ∪ (ξ, b) :

« » ξ,
f(x) «
» η.
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, , . ΄ .
f(x) « » η, |f(x)− η| « ». « x ξ 6= ξ», « |x− ξ| ».

:

|f(x)− η| ε > 0 x |x− ξ| -
δ > 0 6= 0.

, ,

ε > 0 δ > 0 ,
0 < |x− ξ| < δ x -
, |f(x)− η| < ε.

: (1) y = 3x2−x−2
x−1 . ( ) ε > 0 δ > 0 , 0 < |x − 1| < δ x ,

| 3x
2−x−2
x−1 − 5| < ε. ΄ , 0 < |x − 1| < δ, x , 1 x x.

δ > 0 , 0 < |x − 1| < δ, | 3x
2−x−2
x−1 − 5| < ε. , ¨ x 6= 1, | 3x

2−x−2
x−1 − 5| < ε

|(3x+2)− 5| < ε 3|x− 1| < ε |x− 1| < ε
3 . , δ = ε

3 , 0 < |x− 1| < δ

|x− 1| < ε
3 | 3x

2−x−2
x−1 − 5| < ε.

(2) y = x2+3. (−∞,+∞) , , 0. , x 0 0, y = x2+3 3.
, x = 0, 004, y = 3, 000016 , x = −0, 000005, y = 3, 000000000025. , ε > 0
δ > 0 , 0 < |x− 0| < δ x , |(x2 + 3)− 3| < ε. , , 0 < |x| < δ, x2 < ε. ,
x2 < ε |x| <

√
ε . , δ =

√
ε , 0 < |x| < δ |x| <

√
ε |(x2+3)− 3| < ε.

, .
ε > 0 δ > 0 , 0 < |x− ξ| < δ x , |f(x)− η| < ε. : ε > 0 δ > 0

0 < |x− ξ| < δ x |f(x)− η| < ε. : ε > 0 δ > 0 |f(x)− η| < ε x
0 < |x− ξ| < δ.

lim
x→ξ

f(x) = η

y = f(x) η η η x ξ.

limx→ξ f(x) = η x ξ 6= ξ. ξ.
limn→+∞ xn = x. |xn−x| < ε ε «» |xn−x| n ≥ n0 n0 «»

n |xn − x| < ε. limx→ξ f(x) = η, |f(x)− η| < ε ε «» |f(x)− η|
0 < |x− ξ| < δ δ «» |x− ξ| |f(x)− η| < ε. .

limx→ξ f(x) = η, , ( ). ε > 0 ( ) «» , |f(x)− η| < ε
0 < |x − ξ| < δ, ΄ x . , : « 1 2» , , « 1 ⇐= 2». x
y = f(x) 0 < |x− ξ| < δ , , |f(x)− η| < ε.
, |f(x)− η| < ε 0 < |x− ξ| < δ, x > a ( a). ξ > a . , δ

ξ a, δ = ξ − a > 0, x > a 0 < |x− ξ| < δ , , x 0 < |x− ξ| < δ x > a, ,
, |f(x)− η| < ε.
, , |f(x)− η| < ε, x < b ( b). ξ < b , δ ξ b, δ = b− ξ > 0,

x < b 0 < |x− ξ| < δ , , x 0 < |x− ξ| < δ x < b, , , |f(x)− η| < ε.
, |f(x)− η| < ε a < x < b ( a, b). a < ξ < b , δ ξ a

b, δ = min{ξ − a, b− ξ}, a < x < b 0 < |x− ξ| < δ , , x 0 < |x− ξ| < δ
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a < x < b, , , |f(x)− η| < ε.

: (1) y = c ξ

lim
x→ξ

c = c.

ε > 0 x c c |c − c| = 0. , , δ > 0 ( , δ = 1) x ( x)
0 < |x− ξ| < δ |c− c| = 0 < ε.

(2) a > 0. y = |x− ξ|a (−∞,+∞), ξ. ( , a = 1 a = 2
a = 1

2 ) , x ξ 6= ξ, y = |x− ξ|a 0. , , limx→ξ |x− ξ|a = 0 .
ε > 0 δ > 0 x ( x) 0 < |x− ξ| < δ

∣∣|x− ξ|a − 0
∣∣ < ε.∣∣|x − ξ|a − 0

∣∣ < ε |x − ξ|a < ε |x − ξ| < ε
1
a 0 < |x − ξ| < ε

1
a . ,

δ = ε
1
a , x 0 < |x− ξ| < δ 0 < |x− ξ| < ε

1
a , ,

∣∣|x− ξ|a − 0
∣∣ < ε. :

lim
x→ξ

|x− ξ|a = 0 (a > 0).

: limx→ξ |x− ξ| = 0, limx→ξ(x− ξ)2 = 0, limx→ξ

√
|x− ξ| = 0.

(3) y = x2 + 3 (−∞,+∞), 1. x 1 y = x2 + 3 4.
limx→1(x

2 + 3) = 4 .
ε > 0 δ > 0 x ( x) 0 < |x− 1| < δ |(x2 + 3)− 4| < ε.
|(x2 +3)− 4| < ε |x2 − 1| < ε 1− ε < x2 < 1+ ε. , 1− ε .
ε > 1 1 − ε < x2 < 1 + ε ( x2 ≥ 0) x2 < 1 + ε |x| <

√
1 + ε

−
√
1 + ε < x <

√
1 + ε. 1 −

√
1 + ε

√
1 + ε , , δ 1 ,

δ = min{1 +
√
1 + ε,

√
1 + ε − 1} =

√
1 + ε − 1, x 0 < |x − 1| < δ

−
√
1 + ε < x <

√
1 + ε , ( ) 1− ε < x2 < 1 + ε.

0 < ε ≤ 1 1− ε < x2 < 1 + ε
√
1− ε < |x| <

√
1 + ε −

√
1 + ε < x <

−
√
1− ε

√
1− ε < x <

√
1 + ε (: x 1, 1)

√
1− ε < x <

√
1 + ε .

1
√
1− ε

√
1 + ε , , δ = min{1 −

√
1− ε,

√
1 + ε − 1} =

√
1 + ε − 1, x

0 < |x− 1| < δ
√
1− ε < x <

√
1 + ε , ( ) 1− ε < x2 < 1 + ε.

, , δ =
√
1 + ε−1 > 0 x ( x) 0 < |x−1| < δ 1− ε < x2 < 1+ ε,

( ) |(x2 + 3)− 4| < ε.
limx→1(x

2 + 3) = 4.

(4) y = 1
x+1 (−∞,−1) ∪ (−1,+∞), 1 · , (−1, 1) ∪ (1,+∞). x

1 y = 1
x+1

1
2 . , limx→1

1
x+1 = 1

2 .

ε > 0 δ > 0 x ( x 6= −1) 0 < |x− 1| < δ
∣∣ 1
x+1 − 1

2

∣∣ < ε.∣∣ 1
x+1 − 1

2

∣∣ < ε 1
2 − ε < 1

x+1 < 1
2 + ε. , 1

2 − ε, ε.

0 < ε < 1
2 ,

1
2 − ε < 1

x+1 < 1
2 + ε 2

1+2ε < x+1 < 2
1−2ε

1−2ε
1+2ε < x < 1+2ε

1−2ε .
1 1−2ε

1+2ε
1+2ε
1−2ε , , δ = min

{
1 − 1−2ε

1+2ε ,
1+2ε
1−2ε − 1

}
= min

{
4ε

1+2ε ,
4ε

1−2ε

}
= 4ε

1+2ε ,
x 0 < |x− 1| < δ 1−2ε

1+2ε < x < 1+2ε
1−2ε , ,

1
2 − ε < 1

x+1 < 1
2 + ε.

ε = 1
2 ,

1
2 − ε < 1

x+1 < 1
2 + ε 0 < 1

x+1 < 1
2 + ε 2

1+2ε < x + 1

x > 1−2ε
1+2ε . 1 > 1−2ε

1+2ε , δ = 1− 1−2ε
1+2ε = 4ε

1+2ε , x 0 < |x− 1| < δ x > 1−2ε
1+2ε ,

1
2 − ε < 1

x+1 < 1
2 + ε.
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, ε > 1
2 ,

1
2 − ε < 1

x+1 < 1
2 + ε x + 1 < 2

1−2ε x + 1 > 2
1+2ε x < 1+2ε

1−2ε

x > 1−2ε
1+2ε (: x 1, 1) x > 1−2ε

1+2ε . 1 > 1−2ε
1+2ε , , δ = 1− 1−2ε

1+2ε = 4ε
1+2ε ,

x 0 < |x− 1| < δ x > 1−2ε
1+2ε , ,

1
2 − ε < 1

x+1 < 1
2 + ε.

, δ = 4ε
1+2ε > 0 x 6= −1 0 < |x− 1| < δ 1

2 − ε < 1
x+1 < 1

2 + ε, ( )∣∣ 1
x+1 − 1

2

∣∣ < ε.

limx→1
1

x+1 = 1
2 .

1β : = +∞.

: y = 1
(x−1)2 (−∞, 1) ∪ (1,+∞). , x 1 6= 1, y = 1

(x−1)2 . :
x = 1, 0003, y = 11111111, 11 . . . , x = 0, 9999997, y = 11111111111111, 11 . . . .

y = f(x) , , ξ, (a, ξ) ∪ (ξ, b) :

« » ξ,
f(x) «
».

f(x) « », f(x) « ». « x ξ 6= ξ», « |x− ξ| ». :

f(x) M > 0 x
|x− ξ| -
δ > 0 6= 0.

, ,

M > 0 δ > 0 ,
0 < |x− ξ| < δ x -
, f(x) > M.

: y = 1
(x−1)2 . ( )M > 0 δ > 0 , 0 < |x−1| < δ x , 1

(x−1)2 > M .
΄ , 0 < |x− 1| < δ, x , 1 x x. δ > 0 , 0 < |x− 1| < δ,

1
(x−1)2 > M . 1

(x−1)2 > M (x − 1)2 < 1
M |x − 1| < 1√

M
. , δ = 1√

M

, 0 < |x− 1| < δ |x− 1| < 1√
M

1
(x−1)2 > M .

, .
M > 0 δ > 0 , 0 < |x − ξ| < δ x , f(x) > M . : M > 0

δ > 0 0 < |x− ξ| < δ x f(x) > M . : M > 0 δ > 0 f(x) > M
x 0 < |x− ξ| < δ.

lim
x→ξ

f(x) = +∞

y = f(x) +∞ +∞ +∞ x ξ.

: (1) a > 0. y = |x − ξ|−a = 1
|x−ξ|a (−∞, ξ) ∪ (ξ,+∞), ξ. ,

a = 1, a = 2 ( ) a = 1
2 , , x ξ 6= ξ, y = |x − ξ|−a . ,

limx→ξ |x− ξ|−a = +∞. , .
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M > 0 δ > 0 |x − ξ|−a > M x ( x 6= ξ) 0 < |x − ξ| < δ.
|x − ξ|−a > M 0 < |x − ξ| < M− 1

a , , δ = M− 1
a , x 0 < |x − ξ| < δ

0 < |x− ξ| < M− 1
a , , |x− ξ|−a > M . :

lim
x→ξ

|x− ξ|−a = +∞ (a > 0).

: limx→ξ
1

|x−ξ| = +∞, limx→ξ
1

(x−ξ)2 = +∞, limx→ξ
1√

|x−ξ|
= +∞.

(2) y = x+2
(x+1)2 (−∞,−1) ∪ (−1,+∞) −1. x −1 6= −1,

y = x+2
(x+1)2 , , limx→−1

x+2
(x+1)2 = +∞. .

M > 0 δ > 0 x+2
(x+1)2 > M x ( x 6= −1) 0 < |x+ 1| < δ.

x 6= −1, x+2
(x+1)2 > M (x+ 1)2 < x+2

M x2 + (2− 1
M )x+ (1− 2

M ) < 0
1−2M−

√
1+4M

2M < x < 1−2M+
√
1+4M

2M . −1 1−2M−
√
1+4M

2M
1−2M+

√
1+4M

2M , ,

δ = min
{
−1− 1−2M−

√
1+4M

2M , 1−2M+
√
1+4M

2M +1
}
= min

{√
1+4M−1
2M ,

√
1+4M+1
2M

}
=

√
1+4M−1
2M , x 0 < |x + 1| < δ 1−2M−

√
1+4M

2M < x < 1−2M+
√
1+4M

2M . x
0 < |x+ 1| < δ ( ) x+2

(x+1)2 > M .

limx→−1
x+2

(x+1)2 = +∞.
1γ : = −∞.

«» . y = f(x) ( ). ΄ .
M > 0 δ > 0 , 0 < |x − ξ| < δ x , f(x) < −M . : M > 0

δ > 0 0 < |x− ξ| < δ x f(x) < −M . : M > 0 δ > 0 f(x) < −M
x 0 < |x− ξ| < δ.

lim
x→ξ

f(x) = −∞

y = f(x) −∞ −∞ −∞ x ξ.
f(x) < −M −f(x) > M , , limx→ξ f(x) = −∞ limx→ξ

(
−f(x)

)
=

+∞. . 1β 1γ .

: (1) limx→−1

(
− x+2

(x+1)2

)
= −∞.

(2) limx→ξ

(
− |x− ξ|−a

)
= −∞ (a > 0).

2. y = f(x) (a, ξ) ∪ (ξ, b) ξ. , , , ξ. , , x ξ ,
< ξ > ξ. . . , , .

2α : = .

ε > 0 δ > 0 |f(x)− η| < ε x ξ < x < ξ + δ.

lim
x→ξ+

f(x) = η

y = f(x) η η η x ξ .
, ε > 0 δ > 0 |f(x)− η| < ε x ξ − δ < x < ξ.

lim
x→ξ−

f(x) = η

97



y = f(x) η η η x ξ .

2β : = +∞.

M > 0 δ > 0 f(x) > M x ξ < x < ξ + δ.

lim
x→ξ+

f(x) = +∞

y = f(x) +∞ +∞ +∞ x ξ .
, M > 0 δ > 0 f(x) > M x ξ − δ < x < ξ.

lim
x→ξ−

f(x) = +∞

y = f(x) +∞ +∞ +∞ x ξ .

2γ : = −∞.

M > 0 δ > 0 f(x) < −M x ξ < x < ξ + δ.

lim
x→ξ+

f(x) = −∞

y = f(x) −∞ −∞ −∞ x ξ .
, M > 0 δ > 0 f(x) < −M x ξ − δ < x < ξ.

lim
x→ξ−

f(x) = −∞

y = f(x) −∞ −∞ −∞ x ξ .
2 limx→ξ+ f(x) limx→ξ− f(x) y = f(x) ξ, .

limx→ξ f(x) , , limx→ξ+ f(x) limx→ξ− f(x). 4.1.

4.1 y = f(x) () (a, ξ) ∪ (ξ, b) ξ.
limx→ξ f(x), limx→ξ+ f(x) limx→ξ− f(x) :

lim
x→ξ

f(x) = lim
x→ξ+

f(x) = lim
x→ξ−

f(x).

, limx→ξ+ f(x) limx→ξ− f(x) , limx→ξ f(x) .

: . +∞ −∞ .
limx→ξ f(x) = η. ε > 0, δ > 0 |f(x)− η| < ε x y = f(x) 0 < |x− ξ| < δ , ,

ξ − δ < x < ξ ξ < x < ξ + δ. |f(x)− η| < ε x y = f(x) ξ − δ < x < ξ |f(x)− η| < ε
x y = f(x) ξ < x < ξ + δ. limx→ξ− f(x) = η limx→ξ+ f(x) = η.

limx→ξ− f(x) = limx→ξ+ f(x) = η ε > 0. limx→ξ− f(x) = η, δ′ > 0 |f(x)− η| < ε

x y = f(x) ξ− δ′ < x < ξ. , limx→ξ+ f(x) = η, δ′′ > 0 |f(x)− η| < ε x y = f(x)

ξ < x < ξ + δ′′ . δ = min{δ′, δ′′}, δ ≤ δ′ δ ≤ δ′′ . |f(x) − η| < ε x y = f(x)

ξ − δ < x < ξ ξ < x < ξ + δ. |f(x) − η| < ε x y = f(x) 0 < |x − ξ| < δ , ,

limx→ξ f(x) = η.

: (1) a > 0. y = |x− ξ|a (−∞,+∞) , , limx→ξ |x− ξ|a = 0. limx→ξ+ |x−
ξ|a = 0 limx→ξ− |x− ξ|a = 0.
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(2) a > 0. y = |x − ξ|−a (−∞, ξ) ∪ (ξ,+∞) limx→ξ |x − ξ|−a = +∞. ,
limx→ξ+ |x− ξ|−a = +∞ limx→ξ− |x− ξ|−a = +∞.

(3) y = f(x) =

{
2x+ 1, x > 0,
x2 + 1, x ≤ 0,

(−∞,+∞). y = f(x) 0 0.

, limx→0− f(x) = 1 limx→0+ f(x) = 1, limx→0 f(x) = 1.
ε > 0 (−∞, 0). |f(x)− 1| < ε ( x < 0) |(x2 +1)− 1| < ε x2 < ε (

x < 0) −
√
ε < x < 0. , , δ =

√
ε , x ( x) −δ < x < 0 −

√
ε < x < 0 , ,

|f(x)− 1| < ε. limx→0− f(x) = 1.
ε > 0 (0,+∞). |f(x)− 1| < ε ( x > 0) |(2x+ 1)− 1| < ε 2x < ε

( x > 0) 0 < x < ε
2 . δ = ε

2 , x ( x) 0 < x < δ 0 < x < ε
2 , ,

|f(x)− 1| < ε. limx→0+ f(x) = 1.

4.1 .

y = f(x) () (a, ξ) ∪ (ξ, b). limx→ξ+ f(x) limx→ξ− f(x)
,
limx→ξ f(x) .

: (1) y = |x|
x (−∞, 0) ∪ (0,+∞).

(0,+∞) |x|
x = 1. ε > 0. 1 (0,+∞), δ > 0

∣∣ |x|
x −1

∣∣ = |1−1| = 0 < ε

x ( x 6= 0) 0 < x < δ. limx→0+
|x|
x = 1.

, (−∞, 0) |x|
x = −1. ε > 0. −1 (−∞, 0), δ > 0

∣∣ |x|
x − (−1)

∣∣ =
|(−1)− (−1)| = 0 < ε x ( x 6= 0) −δ < x < 0. limx→0−

|x|
x = −1.

lim
x→0−

|x|
x

= −1, lim
x→0+

|x|
x

= 1.

, , . , limx→0
|x|
x .

(2) y = 1
x−ξ (−∞, ξ) ∪ (ξ,+∞). limx→ξ+

1
x−ξ = +∞ limx→ξ−

1
x−ξ = −∞,

limx→ξ
1

x−ξ .

M > 0 (ξ,+∞). 1
x−ξ > M ( x > ξ) ξ < x < ξ + 1

M . δ = 1
M , x

( x 6= ξ) ξ < x < ξ+ δ ξ < x < ξ+ 1
M , ,

1
x−ξ > M . limx→ξ+

1
x−ξ = +∞.

M > 0 (−∞, ξ). 1
x−ξ < −M ( x < ξ) ξ− 1

M < x < ξ. δ = 1
M , x

( x 6= ξ) ξ−δ < x < ξ ξ− 1
M < x < ξ , , 1

x−ξ < −M . limx→ξ−
1

x−ξ = −∞.

lim
x→ξ−

1

x− ξ
= −∞, lim

x→ξ+

1

x− ξ
= +∞.

3. y = f(x) (ξ, b) (a, ξ). y = f(x) , , ξ. x
y = f(x), x ξ 6= ξ x ξ > ξ. , : x → ξ x → ξ+ .
΄ ο limx→ξ f(x) limx→ξ+ f(x), 2,

lim
x→ξ

f(x) = lim
x→ξ+

f(x).
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y = f(x) (a, ξ) (ξ, b). y = f(x) , , ξ. , x
y = f(x), x → ξ x → ξ− .
΄ ο limx→ξ f(x) limx→ξ− f(x)

lim
x→ξ

f(x) = lim
x→ξ−

f(x).

: a > 0 .

(1) y = (x− ξ)a [ξ,+∞) (x− ξ)a = |x− ξ|a . limx→ξ+ |x− ξ|a = 0.
limx→ξ(x− ξ)a = limx→ξ+(x− ξ)a = limx→ξ+ |x− ξ|a = 0.

(2) y = (x−ξ)−a (ξ,+∞) (x−ξ)−a = |x−ξ|−a . limx→ξ+ |x−ξ|−a = +∞.
limx→ξ(x− ξ)−a = limx→ξ+(x− ξ)−a = limx→ξ+ |x− ξ|−a = +∞.
(3) y = (ξ−x)a (−∞, ξ] (ξ−x)a = |x−ξ|a (−∞, ξ]. limx→ξ− |x−ξ|a = 0.
limx→ξ(ξ − x)a = limx→ξ−(ξ − x)a = limx→ξ− |x− ξ|a = 0.

(4) y = (ξ−x)−a (−∞, ξ) (ξ−x)−a = |x−ξ|−a (−∞, ξ). limx→ξ− |x−ξ|−a =
+∞. limx→ξ(ξ − x)−a = limx→ξ−(ξ − x)−a = limx→ξ− |x− ξ|−a = +∞.

4. y = f(x) (a,+∞), . x f(x).

4α : = .

ε > 0 N > 0 |f(x)− η| < ε x x > N .

lim
x→+∞

f(x) = η

y = f(x) η η η x +∞.
4β : = +∞.

M > 0 N > 0 f(x) > M x x > N .

lim
x→+∞

f(x) = +∞

y = f(x) +∞ +∞ +∞ x +∞.
4γ : = −∞.

, M > 0 N > 0 f(x) < −M x x > N .

lim
x→+∞

f(x) = −∞

y = f(x) −∞ −∞ −∞ x +∞.

: (1) y = x+1
x+3 (−∞,−3) ∪ (−3,+∞), +∞. , , x , y = x+1

x+3

1. , , limx→+∞
x+1
x+3 = 1. .

ε > 0 N > 0
∣∣x+1
x+3 − 1

∣∣ < ε x ( x 6= −3) x > N .∣∣x+1
x+3 − 1

∣∣ < ε 2
|x+3| < ε |x+3| > 2

ε x < −3− 2
ε x > −3+ 2

ε (: x

) x > −3 + 2
ε . N > 0 ≥ −3 + 2

ε . −3 + 2
ε > 0 , , ε < 2

3 , N = −3 + 2
ε
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, −3 + 2
ε ≤ 0 , , ε ≥ 2

3 , N = 1. x > N ( N ≥ −3 + 2
ε ) x > −3 + 2

ε , ,∣∣x+1
x+3 − 1

∣∣ < ε.
limx→+∞

x+1
x+3 = 1.

(2) y = x − 7
x (−∞, 0) ∪ (0,+∞), +∞. x, y = x − 7

x .
limx→+∞

(
x− 7

x

)
= +∞ .

M > 0 N > 0 x− 7
x > M x ( x 6= 0) x > N .

x− 7
x > M x2−Mx−7

x > 0 x(x2 −Mx− 7) > 0 M−
√
M2+28
2 < x < 0

x > M+
√
M2+28
2 (: x ) x > M+

√
M2+28
2 . N = M+

√
M2+28
2 > 0, x (

x 6= 0) x > N x > M+
√
M2+28
2 , , x− 7

x > M .
limx→+∞

(
x− 7

x

)
= +∞.

(3) y = c. ε > 0 N > 0 |y− c| = |c− c| = 0 < ε x ( x) x > N . :

lim
x→+∞

c = c.

(4) a > 0. y = xa [0,+∞). limx→+∞ xa = +∞.
M > 0 N > 0 xa > M x x > N .
x > 0, xa > M x > M

1
a , , N = M

1
a > 0, x > N x > M

1
a , ,

xa > M . :

lim
x→+∞

xa = +∞ (a > 0).

: limx→+∞ x = +∞, limx→+∞ x2 = +∞, limx→+∞
√
x = +∞, limx→+∞

5
√
x =

+∞.
(5) a > 0. y = x−a (0,+∞). limx→+∞ x−a = 0.

ε > 0 N > 0 |x−a − 0| < ε x x > N .
x > 0, |x−a − 0| < ε x > ε−

1
a , , N = ε−

1
a > 0, x x > N

x > ε−
1
a , , |x−a − 0| < ε. :

lim
x→+∞

x−a = 0 (a > 0).

: limx→+∞
1
x = 0, limx→+∞

1√
x
= 0, limx→+∞

1
x 3
√
x
= 0.

5. y = f(x) (−∞, b), . x f(x).

5α : = .

ε > 0 N > 0 |f(x)− η| < ε x x < −N .

lim
x→−∞

f(x) = η

y = f(x) η η η x −∞.
5β : = +∞.

M > 0 N > 0 f(x) > M x x < −N .

lim
x→−∞

f(x) = +∞
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y = f(x) +∞ +∞ +∞ x −∞.
5γ : = −∞.
, M > 0 N > 0 f(x) < −M x x < −N .

lim
x→−∞

f(x) = −∞

y = f(x) −∞ −∞ −∞ x −∞.

: (1) y = c. ε > 0 N > 0 |y− c| = |c− c| = 0 < ε x ( x) x < −N .
:

lim
x→−∞

c = c.

(2) y = 3−x
7+x (−∞,−7) ∪ (−7,+∞), −∞. x, y = 3−x

7+x −1,
limx→−∞

3−x
7+x = −1. .

ε > 0 N > 0
∣∣3−x
7+x − (−1)

∣∣ < ε x ( x 6= −7) x < −N .∣∣ 3−x
7+x − (−1)

∣∣ < ε 10
|7+x| < ε |x+ 7| > 10

ε x < −7− 10
ε x > −7 + 10

ε

(: x ) x < −7 − 10
ε . N = 7 + 10

ε > 0, x ( x 6= −7) x < −N
x < −7− 10

ε , ,
∣∣ 3−x
7+x − (−1)

∣∣ < ε.
limx→−∞

3−x
7+x = −1..

1. ;

lim
x→1

1√
x2 − 2x

, lim
x→0

√
−x2 , lim

x→1−
log(x− 1),

lim
x→1+

√
1− x2 , lim

x→+∞

1

log(3− x)
, lim

x→−∞

√
4 + 3x− x2 .

2. ; «¨» . «» x .

lim
x→2

(x2+1), lim
x→1

x+ 2

x+ 1
, lim

x→1

1

(x− 1)2
, lim

x→1−

1

x2 − 1
, lim

x→1+

1

x2 − 1
,

lim
x→+∞

1

x3
, lim

x→+∞

1√
x+ 5

, lim
x→−∞

1√
x2 + 5

, lim
x→−∞

√
x2 − 3 .

3. .

lim
x→1

3x = 3, lim
x→2

(x
2
− 7

)
= −6, lim

x→1

1

x
= 1, lim

x→1
x2 = 1,

lim
x→2

x+ 1

x− 1
= 3, lim

x→1
log x = 0, lim

x→0
ex = 1, lim

x→2

√
x =

√
2 ,

lim
x→1

∣∣∣ x

x− 1

∣∣∣ = +∞, lim
x→−3

(x+ 1

x+ 3

)2

= +∞, lim
x→2

1− x

(x− 2)2
= −∞,
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lim
x→−1+

(3x− 2) = −5, lim
x→2+

x2 = 4, lim
x→0−

x

x+ 1
= 0,

lim
x→1+

−3

x− 1
= −∞, lim

x→2+

x

2− x
= −∞, lim

x→1−

x+ 2

1− x
= +∞,

lim
x→0+

log x = −∞, lim
x→+∞

ex = +∞, lim
x→+∞

log x = +∞,

lim
x→−∞

ex = 0, lim
x→±∞

x− 3

2x+ 1
=

1

2
, lim

x→±∞
(3x2 + x) = +∞,

lim
x→+∞

2− x2

x+ 1
= −∞, lim

x→−∞

2− x2

x+ 1
= +∞.

4. 1. .

x → 1 , , ;

y =

{
2x+ 3, x > 1,
1− 2x, x < 1,

y =

{
2x− 1, x > 1,
x

x−1 , x < 1,

y =

{√
x , x ≥ 1,

x2, x < 1,
y =

{
2x
x−1 , x > 1,
(x− 1)−2 , x < 1.

4.2 .

«» .

Σχήμα 4.1: limx→ξ f(x) = η.

y = f(x) (a, ξ) ∪ (ξ, b) x ξ (a, ξ) (ξ, b). x x- f(x) y- , ,
(x, f(x)) . f(x) (x, f(x)) . , f(x) η x ξ 6= ξ , , limx→ξ f(x) = η
(x, f(x)) (ξ, η) x = ξ. , f(x) x ξ 6= ξ , , limx→ξ f(x) = +∞
(x, f(x)) x = ξ . : limx→ξ f(x) = −∞ (x, f(x)) x = ξ .

, limx→ξ f(x) = ±∞, x = ξ y = f(x).
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Σχήμα 4.2: limx→ξ f(x) = +∞. .

Σχήμα 4.3: limx→ξ f(x) = −∞. .

limx→ξ± f(x). limx→ξ+ f(x) (x, f(x)) x = ξ
limx→ξ− f(x) (x, f(x)) x = ξ.

x = ξ y = f(x) limx→ξ± f(x) = ±∞.
, , limx→ξ+ f(x) limx→ξ− f(x) , limx→ξ f(x).

y = f(x) (a,+∞) x x-. f(x) y- (x, y) = (x, f(x)) . ,
f(x) η , , limx→+∞ f(x) = η (x, f(x)) y = η. y = η ( +∞)
y = f(x). : limx→+∞ f(x) = +∞ (x, f(x)) . : limx→+∞ f(x) = −∞
(x, f(x)) .

, y = f(x) (−∞, b), limx→−∞ f(x) = η (x, f(x)) y = η.
΄ y = η ( −∞) y = f(x). : limx→−∞ f(x) = +∞ (x, f(x)) . :
limx→−∞ f(x) = −∞ (x, f(x)) .

«» – ε δ – limx→ξ f(x) = η y = f(x) . ε > 0
δ > 0 x (ξ − δ, ξ) ∪ (ξ, ξ + δ) f(x) (x, f(x)), η − ε η + ε , ,
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Σχήμα 4.4: limx→ξ− f(x) = limx→ξ+ f(x) limx→ξ− f(x) 6= limx→ξ+ f(x).

Σχήμα 4.5: limx→+∞ f(x) = η, limx→+∞ f(x) = +∞ limx→+∞ f(x) = −∞.

Σχήμα 4.6: limx→−∞ f(x) = η, limx→−∞ f(x) = +∞ limx→−∞ f(x) = −∞.

(ξ − δ, ξ) ∪ (ξ, ξ + δ) y = η − ε y = η + ε.
«» . , limx→+∞ f(x) = −∞ M > 0 N > 0 y = f(x)

(N,+∞) y = −M .
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Σχήμα 4.7: η − ε < f(x) < η + ε x ξ − δ < x < ξ ξ < x < ξ + δ.

. l y = µx+ ν () +∞ y = f(x) y = f(x) (a,+∞)

lim
x→+∞

(
f(x)− µx− ν

)
= 0.

(x, f(x)) y = f(x) (x, µx+ ν) l . ¨: l +∞.

Σχήμα 4.8: +∞ −∞.

() −∞ y = f(x) (−∞, b). l y = µx+ ν

lim
x→−∞

(
f(x)− µx− ν

)
= 0.

, , .
y = f(x) (a,+∞) +∞ y = µx+ν. µ ν. limx→+∞(f(x)−µx−

ν) = 0 limx→+∞
f(x)−µx−ν

x = 0 , , µ = limx→+∞
f(x)
x . , , , limx→+∞

f(x)
x

±∞, +∞. , , , µ. , , ν ν = limx→+∞(f(x)− µx), µ
. , limx→+∞(f(x)− µx) ±∞, +∞.
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, , −∞.

: y = x + 1
x (−∞, 0) ∪ (0,+∞). : µ = limx→+∞

1
x (x + 1

x ) = 1 ν =
limx→+∞(x+ 1

x−1x) = 0. +∞ y = 1x+0 = x. : µ = limx→−∞
1
x (x+

1
x ) =

1 ν = limx→−∞(x+ 1
x − 1x) = 0. −∞ y = 1x+ 0 = x.

y = f(x) . , 0 ( µ = 0)..
1. y = f(x) =

{
x2 − 1 , x < 2,
1
x , x ≥ 2

limx→2± f(x), limx→0± f(x)

limx→±∞ f(x) ;

y = f(x) =

{
x2 , x ≥ 2,
1
x , x < 2, x 6= 0.

2. :

y = ax+ b, y = xn (n ), y = xa , y = ax , y = loga x,

y = [x], y = cosx, y = sinx, y = tanx, y = cotx,

y = arccosx, y = arcsinx, y = arctanx, y = arc cotx,

y = coshx, y = sinhx, y = arc coshx, y = arc sinhx.

, ( ) ξ ±∞ – .

;

3. , , ( ) .

y = 2x− 3, y = x2 , y = −5x+
7x+ 1

x
, y =

2x3 + x2 − 3

x2 + 1
,

y =
x4

(x− 1)(x2 + 1)
, y =

1

x
+

x

x− 1
+

x2

x− 2
.

4. y = 2x+1
x−1 x = y+1

y−2 .

, y = f(x) x = f−1(y);

5. y = 2x − 1
x (0,+∞). (−∞,+∞) x = 1

4 (y +
√
y2 + 8).

.

, y = f(x) x = f−1(y); 4.
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4.3 .

. .

y = f(x) ξ, , f(x) x ξ 6= ξ. , , y = g(x)
(a, ξ)∪ (ξ, b), g(x) = f(x) x (a, ξ)∪ (ξ, b). (a, ξ), (ξ, b) , , x ξ
ξ. y = f(x) x → ξ, y = g(x) .
, y = g(x) y = f(x) y = f(x) – , – (a, ξ) ∪ (ξ, b), a

b ξ.

Σχήμα 4.9: limx→ξ f(x) = limx→ξ g(x) limx→+∞ f(x) = limx→+∞ g(x).

, g(x) = f(x) x (ξ, b) y = f(x) x → ξ+ , y = g(x) . ,
g(x) = f(x) x (a, ξ) y = f(x) x → ξ− , y = g(x) . , g(x) = f(x)
x (a,+∞) y = f(x) x → +∞, y = g(x) . x → −∞.
:

4.2 y = f(x) y = g(x) (a, ξ) ∪ (ξ, b) (ξ, b) (a, ξ) (a,+∞) (−∞, b).
, , x → ξ x → ξ+ x → ξ− x → +∞ x → −∞, .

: y = f(x) y = g(x) (a, ξ) ∪ (ξ, b) limx→ξ f(x) = η. .

ε > 0. limx→ξ f(x) = η, δ′ > 0 |f(x) − η| < ε x y = f(x) 0 < |x − ξ| < δ′.

δ = min{δ′, ξ − a, b− ξ}, x 0 < |x− ξ| < δ (a, ξ) ∪ (ξ, b) , , x g(x) = f(x). , δ ≤ δ′,

x 0 < |x− ξ| < δ |g(x)− η| = |f(x)− η| < ε. limx→ξ g(x) = η.

: (1) limx→0 |x|−
1
2 = +∞. y = f(x) =

{
|x|− 1

2 , 0 < |x| < 1
10 ,

x , x = 0 |x| ≥ 1
10 ,

limx→0 f(x) = +∞ y = |x|− 1
2 y = f(x) (− 1

10 , 0) ∪ (0, 1
10 ).

, , limx→0 f(x) : f(x) = |x|− 1
2 0 < |x| < 1

10 (, , (− 1
10 , 0) ∪ (0, 1

10 )),

limx→0 f(x) = limx→0 |x|−
1
2 = +∞.

(2) y = f(x) =

{
x, 0 ≤ x ≤ 1,
x−1 , x > 1 x < 0.

f(x) = x 0 < x < 1, limx→0+ f(x) =

limx→0+ x = 0. f(x) = x−1 x < 0, limx→0− f(x) = limx→0− x−1 = −∞.
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(3) y = f(x) =

{
x−1 , x > 100,
x , x ≤ 100.

f(x) = x−1 (100,+∞), limx→+∞ f(x) =

limx→+∞ x−1 = 0. f(x) = x (−∞, 100), limx→−∞ f(x) = limx→−∞ x = −∞.

. .

. lim limx→ξ limx→ξ± limx→±∞ . . ,
(a, ξ) ∪ (ξ, b) limx→ξ. .

4.3 . lim f(x), lim(−f(x))

lim(−f(x)) = − lim f(x).

: limx→ξ f(x) = η. ε > 0, δ > 0 |f(x) − η| < ε x y = f(x) 0 < |x − ξ| < δ.
|(−f(x)) − (−η)| = |η − f(x)| = |f(x) − η|. |(−f(x)) − (−η)| < ε x y = f(x)
0 < |x− ξ| < δ. , limx→ξ(−f(x)) = −η = − limx→ξ f(x).

limx→ξ f(x) = +∞. M > 0, δ > 0 f(x) > M x y = f(x) 0 < |x − ξ| < δ.
−f(x) < −M x y = f(x) 0 < |x − ξ| < δ. , limx→ξ(−f(x)) = −∞ = −(+∞) =
− limx→ξ f(x).

limx→ξ f(x) = −∞.

y = f(x) y = g(x) y = f(x) + g(x) x .

4.4 . lim f(x), lim g(x) lim f(x) + lim g(x) , lim(f(x) + g(x))

lim(f(x) + g(x)) = lim f(x) + lim g(x).

: limx→ξ f(x) = η limx→ξ g(x) = ζ. ε > 0, δ′ > 0 |f(x) − η| < ε
2

x y = f(x)
0 < |x − ξ| < δ′ δ′′ > 0 |g(x) − ζ| < ε

2
x y = g(x) 0 < |x − ξ| < δ′′ .

δ = min{δ′, δ′′}, δ ≤ δ′ δ ≤ δ′′ . |f(x)− η| < ε
2

|g(x)− ζ| < ε
2

x y = f(x) y = g(x)
0 < |x− ξ| < δ. |(f(x) + g(x))− (η+ ζ)| = |(f(x)− η) + (g(x)− ζ)| ≤ |f(x)− η|+ |g(x)− ζ|.
|(f(x) + g(x)) − (η + ζ)| < ε

2
+ ε

2
= ε x y = f(x) + g(x) 0 < |x − ξ| < δ. ,

limx→ξ(f(x) + g(x)) = η + ζ = limx→ξ f(x) + limx→ξ g(x).

limx→ξ f(x) = +∞ limx→ξ g(x) = +∞. M > 0, δ′ > 0 f(x) > M
2

x

y = f(x) 0 < |x − ξ| < δ′ δ′′ > 0 g(x) > M
2

x y = g(x) 0 < |x − ξ| < δ′′ .

δ = min{δ′, δ′′}. δ ≤ δ′ δ ≤ δ′′ , f(x) > M
2

g(x) > M
2

x y = f(x) y = g(x)

0 < |x − ξ| < δ. , f(x) + g(x) > M
2

+ M
2

= M x y = f(x) + g(x) 0 < |x − ξ| < δ.
limx→ξ(f(x) + g(x)) = +∞ = (+∞) + (+∞) = limx→ξ f(x) + limx→ξ g(x).

limx→ξ f(x) = +∞ limx→ξ g(x) = ζ. M > 0, δ′ > 0 f(x) > M−ζ+1 x y = f(x)
0 < |x− ξ| < δ′ δ′′ > 0 |g(x)− ζ| < 1 x y = g(x) 0 < |x− ξ| < δ′′ . δ = min{δ′, δ′′}.
δ ≤ δ′ δ ≤ δ′′ , f(x) > M − ζ+1 |g(x)− ζ| < 1 x y = f(x) y = g(x) 0 < |x− ξ| < δ.
|g(x)− ζ| < 1 g(x) > ζ−1 , , f(x)+ g(x) > (M − ζ+1)+(ζ−1) = M x y = f(x)+ g(x)
0 < |x− ξ| < δ. limx→ξ(f(x) + g(x)) = +∞ = (+∞) + ζ = limx→ξ f(x) + limx→ξ g(x).

.

: (1) limx→0

(
1 + 1

|x|
)
= limx→0 1 + limx→0

1
|x| = 1 + (+∞) = +∞.

(2) limx→0+

(
x+1+ 1

x+
1√
x

)
= limx→0+ x+limx→0+ 1+limx→0+

1
x+limx→0+

1√
x

= 0 + 1 + (+∞) + (+∞) = +∞.
(3) limx→+∞

(
− 1 + 1

x + 1√
x

)
= limx→+∞(−1) + limx→+∞

1
x + limx→+∞

1√
x
=

−1 + 0 + 0 = −1.
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.

: (1) limx→0+(
1
x+3) → +∞, limx→0+(− 1

x ) = −∞ limx→0+

(
( 1x+3)+(− 1

x )
)
=

limx→0+ 3 = 3.
, 3.

(2) limx→+∞ 2x = +∞, limx→+∞(−x) = −∞ limx→+∞
(
2x+(−x)

)
= limx→+∞ x =

+∞.
(3) limx→0−(− 1

x ) = +∞, limx→0−
2
x = −∞ limx→0−(− 1

x + 2
x ) = limx→0−

1
x

= −∞.
(4) limx→0(− 2

x2 ) = −∞. ( ) limx→0(
2
x2 + 1

x ) = +∞. , limx→0

(
( 2
x2 + 1

x ) +

(− 2
x2 )

)
= limx→0

1
x .

y = f(x) y = g(x), y = f(x)−g(x), f(x)−g(x) = f(x)+(−g(x)).
:

4.5 . lim f(x), lim g(x) lim f(x)− lim g(x) , lim(f(x)− g(x))

lim(f(x)− g(x)) = lim f(x)− lim g(x).

: (1) limx→+∞
(
1− 1

x

)
= limx→+∞ 1− limx→+∞

1
x = 1− 0 = 1.

(2) limx→1

(
x− 1√

|x−1|

)
= limx→1 x− limx→1

1√
|x−1|

= 1− (+∞) = −∞.

(3) limx→0−
(
1 + 1

x − 1√
−x

)
= limx→0− 1 + limx→0−

1
x − limx→0−

1√
−x

= 1 +

(−∞)− (+∞) = −∞.

y = f(x) y = g(x) y = f(x)g(x) x .

4.6 . lim f(x), lim g(x) lim f(x) lim g(x) , lim(f(x)g(x))

lim f(x)g(x) = lim f(x) lim g(x).

: limx→ξ f(x) = η limx→ξ g(x) = ζ. ε > 0, δ′ > 0 |f(x) − η| < ε
3|ζ|+1

x

y = f(x) 0 < |x − ξ| < δ′ δ′′ > 0 |g(x) − ζ| < min{ ε
3|η|+1

, 1
3
} x y =

g(x) 0 < |x − ξ| < δ′′ . δ = min{δ′, δ′′}, δ ≤ δ′ δ ≤ δ′′ . |f(x) − η| < ε
3|ζ|+1

|g(x)− ζ| < min{ ε
3|η|+1

, 1
3
} x y = f(x) y = g(x) 0 < |x− ξ| < δ. |f(x)g(x)− ηζ| =

|(f(x)−η)(g(x)−ζ)+η(g(x)−ζ)+ζ(f(x)−η)| ≤ |f(x)−η||g(x)−ζ|+|η||g(x)−ζ|+|ζ||f(x)−η|.
|f(x)g(x) − ηζ| ≤ ε

3|ζ|+1
1
3
+ |η| ε

3|η|+1
+ |ζ| ε

3|ζ|+1
< ε

3
+ ε

3
+ ε

3
= ε x y = f(x)g(x)

0 < |x− ξ| < δ. limx→ξ f(x)g(x) = ηζ = limx→ξ f(x) limx→ξ g(x).

limx→ξ f(x) = +∞ limx→ξ g(x) = +∞. M > 0, δ′ > 0 f(x) >
√
M x

y = f(x) 0 < |x − ξ| < δ′ δ′′ > 0 g(x) >
√
M x y = g(x) 0 < |x − ξ| < δ′′ .

δ = min{δ′, δ′′}, δ ≤ δ′ δ ≤ δ′′ . f(x) >
√
M g(x) >

√
M x y = f(x) y = g(x)

0 < |x − ξ| < δ. f(x)g(x) >
√
M

√
M = M x y = f(x)g(x) 0 < |x − ξ| < δ.

limx→ξ f(x)g(x) = +∞ = (+∞)(+∞) = limx→ξ f(x) limx→ξ g(x).

limx→ξ f(x) = +∞ limx→ξ g(x) = ζ > 0. M > 0, δ′ > 0 f(x) > 2M
ζ

x y = f(x)

0 < |x−ξ| < δ′ δ′′ > 0 |g(x)−ζ| < ζ
2

x y = g(x) 0 < |x−ξ| < δ′′ . δ = min{δ′, δ′′},
δ ≤ δ′ δ ≤ δ′′ . f(x) > 2M

ζ
|g(x) − ζ| < ζ

2
x y = f(x) y = g(x) 0 < |x − ξ| < δ.
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|g(x)−ζ| < ζ
2

g(x) > ζ− ζ
2
= ζ

2
, , f(x)g(x) > 2M

ζ
ζ
2
= M x y = f(x)g(x) 0 < |x−ξ| < δ.

limx→ξ f(x)g(x) = +∞ = (+∞)ζ = limx→ξ f(x) limx→ξ g(x).

.

: (1) . c lim f(x) c · lim f(x) .

lim cf(x) = c · lim f(x) (c 6= 0 lim f(x) = ±∞).

y = f(x) y = c c.

(2) limx→1+
x+1
x−1 = limx→1+(x+ 1) limx→1+

1
x−1 = 2 · (+∞) = +∞.

(3) limx→+∞(x2 − x) = limx→+∞ x(x − 1) = limx→+∞ x limx→+∞(x − 1) =
(+∞)(+∞− 1) = (+∞)(+∞) = +∞. limx→+∞(x2 − x) .

(4) limx→−1−
x2−x+1

x+1 = limx→−1−(x · x− x+ 1) limx→−1−
1

x+1 = ((−1)(−1)−
(−1) + 1)(−∞) = 3(−∞) = −∞.
(5) limx→0(

2
x2+

1
x ) = limx→0

1
x2 limx→0(2+x) = (+∞)·2 = +∞. limx→0(

2
x2+

1
x ) limx→0

1
x .

.

: (1) limx→+∞ x = +∞, limx→+∞
−2
x = 0 limx→+∞ x · −2

x = limx→+∞(−2) =
−2.

−2 .

(2) limx→0+
1
x2 = +∞, limx→0+ x = 0 limx→0+

1
x2 · x = limx→0+

1
x = +∞.

(3) limx→0
1
|x| = +∞, limx→0 x

2 = 0 limx→0
1
|x| · x

2 = limx→0 |x| = 0.

(4) limx→0
1
x2 = +∞, limx→0 x = 0 limx→0

1
x2 · x = limx→0

1
x .

4.7 lim f(x) k ,

lim f(x)k = (lim f(x))k (k ) .

lim f(x)k = lim
(
f(x) · · · f(x)︸ ︷︷ ︸

k

)
= lim f(x) · · · lim f(x)︸ ︷︷ ︸

k

= (lim f(x))k .

: (1) limx→+∞(1− 1
x )

3 =
(
limx→+∞(1− 1

x )
)3

= (1− 0)3 = 1.

(2) limx→0−(
1
x − 1

x2 )
4 =

(
limx→0−(

1
x − 1

x2 )
)4

=
(
(−∞)− (+∞)

)4
= (−∞)4 =

+∞.
(3) k , limx→ξ x

k = (limx→ξ x)
k = ξk .

lim
x→ξ

xk = ξk (k ).

, , ξ 6= 0, limx→ξ
1
xk =

(
limx→ξ

1
x

)k
= 1

ξk
.
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lim
x→ξ

x−k = ξ−k (k ξ 6= 0).

(4) k , limx→ξ+
1

(x−ξ)k
=

(
limx→ξ+

1
x−ξ

)k
= (+∞)k = +∞.

lim
x→ξ+

(x− ξ)−k = +∞ (k ).

k , limx→ξ−
1

(x−ξ)k
=

(
limx→ξ−

1
x−ξ

)k
= (−∞)k = +∞. k , limx→ξ−

1
(x−ξ)k

=(
limx→ξ−

1
x−ξ

)k
= (−∞)k = −∞.

lim
x→ξ−

(x− ξ)−k =

{
+∞ (k ),
−∞ (k ).

(5) k , limx→+∞ xk = (limx→+∞ x)k = (+∞)k = +∞.

lim
x→+∞

xk = +∞ (k ).

k , limx→−∞ xk = (limx→−∞ x)k = (−∞)k = +∞. k , limx→−∞ xk =
(limx→−∞ x)k = (−∞)k = −∞.

lim
x→−∞

xk =

{
+∞ (k ),
−∞ (k ).

(6) k , limx→±∞
1
xk =

(
limx→±∞

1
x )

k = 0k = 0.

lim
x→±∞

x−k = 0 (k ).

y = 1
f(x) x y = f(x) f(x) 6= 0.

4.8 (). lim f(x) 1
lim f(x) , lim f(x) 6= 0,

lim
1

f(x)
=

1

lim f(x)
.

: limx→ξ f(x) = η > 0. ε > 0, δ > 0 |f(x) − η| < min{ η2ε
2

, η
2
} x y = f(x)

0 < |x − ξ| < δ. |f(x) − η| < η2ε
2

|f(x) − η| < η
2

x y = f(x) 0 < |x − ξ| < δ.

|f(x) − η| < η
2

f(x) > η − η
2

= η
2
, ,

∣∣ 1
f(x)

− 1
η

∣∣ =
|f(x)−η|
f(x)η

<
η2ε
2
η
2
η

= ε x y = f(x)

0 < |x− ξ| < δ. limx→ξ
1

f(x)
= 1

η
= 1

limx→ξ f(x)
.

limx→ξ f(x) = +∞. ε > 0, δ > 0 f(x) > 1
ε

x y = f(x) 0 < |x − ξ| < δ.

0 < 1
f(x)

< ε , ,
∣∣ 1
f(x)

− 0
∣∣ = 1

f(x)
< ε x y = f(x) 0 < |x− ξ| < δ. limx→ξ

1
f(x)

= 0 =
1

+∞ = 1
limx→ξ f(x)

.

−∞ .
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: (1) limx→1
1

x+1 = 1
limx→1(x+1) =

1
2 .

(2) limx→+∞
1

x2+x+1 = 1
limx→+∞(x2+x+1) =

1
+∞ = 0.

(3) 0. , limx→0 x = 0 limx→0
1
x .

. , , , .
y = f(x) – , – ξ, (i) (a, ξ) ∪ (ξ, b), ξ, (ii) (ξ, b),

ξ ξ, (iii) (a, ξ), ξ ξ. y = f(x) (ξ, b) ( ξ),
ξ . y = f(x) (a, ξ) ( ξ), ξ .
, y = f(x) +∞ (a,+∞) −∞ (−∞, b).

: (1) 0 < 1
x < 1 (1,+∞), y = 1

x (, , > 0 < 1) +∞.
(2) x(1 − x) > 0 (0, 1), y = x(1 − x) 0 1 . , y = x(1 − x)
1
4 , x(1− x) > 0 (0, 1

4 ) ∪ ( 14 , 1).

(3) y = 1
x(x−1) (−∞, 0) (0, 1

2 ) ( 12 , 1) (1,+∞). , y = 1
x(x−1) −∞

0 1 +∞. : y = 1
x(x−1) 0 1 !

lim f(x) x → ξ x → ξ+ x → ξ− x → +∞ x → −∞ y = f(x) ξ
ξ ξ +∞ −∞, , x.

4.9 (). (1) lim f(x) = 0 y = f(x) x, lim 1
f(x) = +∞.

(2) lim f(x) = 0 y = f(x) x, lim 1
f(x) = −∞.

: (1) limx→ξ f(x) = 0 f(x) > 0 x (a, ξ)∪(ξ, b). M > 0, δ′ > 0 |f(x)| = |f(x)−0| < 1
M

x y = f(x) 0 < |x− ξ| < δ′ . δ = min{δ′, ξ−a, b− ξ}, x 0 < |x− ξ| < δ (a, ξ)∪ (ξ, b)

, , f(x) > 0 x. , δ ≤ δ′, 1
f(x)

= 1
|f(x)| > M x 0 < |x− ξ| < δ. limx→ξ

1
f(x)

= +∞.
(2) (1).

: limx→+∞( 1x − 1
x2 ) = limx→+∞

1
x − limx→+∞

1
x2 = 0 − 0 = 0. 1

x − 1
x2 > 0

x > 1. limx→+∞
1

1
x− 1

x2
= +∞.

y = f(x) y = g(x), y = f(x)
g(x) , .

4.10 . lim f(x), lim g(x) lim f(x)
lim g(x) , lim f(x)

g(x)

lim
f(x)

g(x)
=

lim f(x)

lim g(x)
.

: (1) limx→1
x2+x
x−2 = limx→1(x

2+x)
limx→1(x−2) = 12+1

1−2 = −2.

(2) limx→+∞
x2−x+1

x+2 = limx→+∞ x
1− 1

x+ 1
x2

1+ 2
x

= limx→+∞ x
limx→+∞(1− 1

x+ 1
x2 )

limx→+∞(1+2 1
x )

=

(+∞)1−0+0
1+2·0 = +∞. limx→+∞

x2−x+1
x+2 .

0
0

+∞
+∞ .
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: (1) limx→0+(−2x) = 0, limx→0+ x = 0 limx→0+
−2x
x = limx→0+(−2) = −2.

−2 .

(2) limx→0+ x = 0, limx→0+ x2 = 0 limx→0+
x
x2 = limx→0+

1
x = +∞.

(3) limx→0+ x2 = 0, limx→0+ x = 0 limx→0+
x2

x = limx→0+ x = 0.

(4) limx→+∞ 5x = +∞, limx→+∞ x = +∞ limx→+∞
5x
x = limx→+∞ 5 = 5.

5.

(5) limx→+∞ x2 = +∞, limx→+∞ x = +∞ limx→+∞
x2

x = limx→+∞ x = +∞.
(6) limx→+∞ x = +∞, limx→+∞ x2 = +∞ limx→+∞

x
x2 = limx→+∞

1
x = 0.

4.11 lim f(x), lim |f(x)|

lim |f(x)| = | lim f(x)|.

: limx→ξ f(x) = η. ε > 0, δ > 0 |f(x) − η| < ε x y = f(x) 0 < |x − ξ| < δ.∣∣|f(x)| − |η|
∣∣ ≤ |f(x) − η|,

∣∣|f(x)| − |η|
∣∣ < ε x y = f(x) 0 < |x − ξ| < δ.

limx→ξ |f(x)| = |η| = | limx→ξ f(x)|.
limx→ξ f(x) = +∞ limx→ξ f(x) = −∞. M > 0, δ > 0 f(x) > M f(x) < −M ,

, x y = f(x) 0 < |x − ξ| < δ. |f(x)| > M x y = f(x) 0 < |x − ξ| < δ.

limx→ξ |f(x)| = +∞ = | ±∞| = | limx→ξ f(x)|.

: (1) limx→1 |x− 2| = | limx→1(x− 2)| = |1− 2| = 1.

(2) limx→0− | 1x − 1
x2 | = | limx→0−(

1
x − 1

x2 )| = | −∞− (+∞)| = | −∞| = +∞.

(3) 4.11. y = f(x) = |x|
x (−∞, 0) ∪ (0,+∞). limx→0 |f(x)| =

limx→0

∣∣ |x|
x

∣∣ = limx→0 1 = 1. , limx→0 f(x) .

. .

z = g(f(x)) : y = f(x) z = g(y). , , y = f(x)
z = g(y). . , limx→ξ f(x) = η limy→η g(y) = ζ. , , « ». x ξ
6= ξ, y = f(x) η , , η. , , y = f(x) 6= η ξ, y = f(x) η 6= η. ,
z = g(f(x)) = g(y) ζ. , , x ξ 6= ξ z = g(f(x)) = g(y) ζ.
limx→ξ g(f(x)) = ζ.

, z = g(f(x)), y. , (i) x y = f(x) f(x) y
(ii) limx→ limy→ .

.

4.12 . z = g(f(x)) y = f(x) z = g(y). lim f(x) = η y = f(x) η
x limy→η g(y), lim g(f(x)) = limy→η g(y).

η η± ±∞. :

lim g(f(x))=


limy→η g(y), f(x) → η

(
f(x) 6= η x

)
limy→η+ g(y), f(x) → η

(
f(x) > η x

)
limy→η− g(y), f(x) → η

(
f(x) < η x

)
limy→+∞ g(y), f(x) → +∞
limy→−∞ g(y), f(x) → −∞
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: y = f(x) () (a, ξ) ∪ (ξ, b) z = g(x) () (c, η) ∪ (η, d) limx→ξ f(x) = η
limy→η g(y) = ζ. f(x) 6= η x (a′, ξ)∪(ξ, b′), a ≤ a′ < ξ < b′ ≤ b. limx→ξ g(f(x)) = ζ.

ε > 0, δ′ > 0 |g(y)−ζ| < ε y z = g(y) 0 < |y−η| < δ′ . , δ′′ > 0 |f(x)−η| < δ′

x y = f(x) 0 < |x − ξ| < δ′′ . δ = min{δ′′, ξ − a′, b′ − ξ}. x 0 < |x − ξ| < δ

0 < |x − ξ| < δ′′ , , (a′, ξ) ∪ (ξ, b′). x 0 < |x − ξ| < δ |f(x) − η| < δ′ f(x) 6= η , ,

0 < |f(x)− η| < δ′ , ,
∣∣g(f(x))− ζ

∣∣ < ε.

: (1) limx→0
(
√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

.

y =
√
x + 1 z = (

√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

z = y4

y8+y13+5 . limx→0 y =

limx→0(
√
x+ 1) = 0 + 1 = 1 y =

√
x+ 1 > 1 x 0.

limx→0
(
√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

= limy→1+
y4

y8+y13+5 = 1
7 .

(2) limx→1+

(
1√
x−1

− 1
(x−1)3 + 1

)
.

y = 1√
x−1

z = 1√
x−1

− 1
(x−1)3 + 1 z = y − y6 + 1. limx→1+ y =

limx→1+

√
1

x−1 = +∞.
limx→1+

(
1√
x−1

− 1
(x−1)3 + 1

)
= limy→+∞(y − y6 + 1) = limy→+∞ y6(−1 +

y−5 + y−6) = (+∞)(−1 + 0 + 0) = −∞.
(3) limx→+∞

(
( x−1
x2+x+1 )

−2 + ( x−1
x2+x+1 )

−4
)
.

y = x−1
x2+x+1 z = ( x−1

x2+x+1 )
−2+( x−1

x2+x+1 )
−4 z = y−2+y−4 . limx→+∞ y =

limx→+∞
x−1

x2+x+1 = limx→+∞
1
x

1− 1
x

1+ 1
x+ 1

x2
= 0 · 1−0

1+0+0 = 0 y = x−1
x2+x+1 > 0 x

+∞ (, , x > 1).
limx→+∞

(
( x−1
x2+x+1 )

−2 + ( x−1
x2+x+1 )

−4
)
= limy→0+(y

−2 + y−4) = +∞.
(4) , .

lim
x→0+

g
( 1

x

)
= lim

y→+∞
g(y), lim

x→0−
g
( 1

x

)
= lim

y→−∞
g(y),

lim
x→+∞

g
( 1

x

)
= lim

y→0+
g(y), lim

x→−∞
g
( 1

x

)
= lim

y→0−
g(y),

lim
x→+∞

g(−x) = lim
y→−∞

g(y), lim
x→−∞

g(−x) = lim
y→+∞

g(y),

lim
x→ξ

g(ax+ b) = lim
y→aξ+b

g(y).

y = 1
x , y = −x y = ax+ b.

. .

, - lim limx→ξ limx→ξ± limx→±∞ . , (a, ξ)∪(ξ, b)
limx→ξ .

4.13 f(x) ≤ g(x) x.
(1) lim f(x) = +∞, lim g(x) = +∞.
(2) lim g(x) = −∞, lim f(x) = −∞.
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: (1) M > 0. limx→ξ f(x) = +∞, δ′ > 0 f(x) > M x y = f(x) 0 < |x− ξ| < δ′ .

(a, ξ) ∪ (ξ, b) g(x) ≥ f(x) x . δ = min{δ′, ξ − a, b− ξ}, δ ≤ δ′ , , x 0 < |x− ξ| < δ

(a, ξ) ∪ (ξ, b). g(x) ≥ f(x) > M x 0 < |x− ξ| < δ. limx→ξ g(x) = +∞.
(2) (1).

: (1) y = x2+x−1
x . x2+x−1

x ≥ x2

x = x x (1,+∞) limx→+∞ x = +∞,
limx→+∞

x2+x−1
x = +∞.

(2) 2
x2 +

1
x ≥ 2

x2 − 1
x2 = 1

x2 x (−1, 0)∪(0, 1) limx→0
1
x2 = +∞, limx→0(

2
x2 +

1
x ) = +∞.

4.14 lim f(x) = η lim g(x) = ζ f(x) ≤ g(x) x, η ≤ ζ.

: limx→ξ f(x) = η limx→ξ g(x) = ζ f(x) ≤ g(x) x (a, ξ) ∪ (ξ, b).

( ) ζ < η. ε = η−ζ
2

> 0, δ′ > 0 |f(x)−η| < η−ζ
2

x y = f(x) 0 < |x− ξ| < δ′

δ′′ > 0 |g(x)− ζ| < η−ζ
2

x y = g(x) 0 < |x− ξ| < δ′′ . δ = min{δ′, δ′′, ξ − a, b− ξ},
x 0 < |x− ξ| < δ (a, ξ) ∪ (ξ, b) , , f(x) ≤ g(x) x. , δ ≤ δ′ δ ≤ δ′′ , |f(x)− η| < η−ζ

2

|g(x)− ζ| < η−ζ
2

x 0 < |x− ξ| < δ. f(x) > η − η−ζ
2

= η+ζ
2

g(x) < ζ + η−ζ
2

= η+ζ
2

x

0 < |x− ξ| < δ. f(x) > η+ζ
2

> g(x) x 0 < |x− ξ| < δ .

: (1) lim f(x) f(x) ≤ u x, lim f(x) ≤ u. , y = u , f(x) ≤ u x
limu = u, lim f(x) ≤ u.

(2) lim f(x) f(x) ≥ l x, lim f(x) ≥ l. (1).

(3) lim f(x) x y = f(x) [l, u], lim f(x) [l, u]. (1) (2).

4.15 . lim f(x) = limh(x) = ρ f(x) ≤ g(x) ≤ h(x) x, lim g(x) = ρ.

: limx→ξ f(x) = ρ limx→ξ h(x) = ρ f(x) ≤ g(x) ≤ h(x) x (a, ξ) ∪ (ξ, b).

ε > 0, δ′ > 0 |f(x)−ρ| < ε x y = f(x) 0 < |x−ξ| < δ′ δ′′ > 0 |h(x)−ρ| < ε x

y = h(x) 0 < |x− ξ| < δ′′ . δ = min{δ′, δ′′, ξ−a, b− ξ}, x 0 < |x− ξ| < δ (a, ξ)∪ (ξ, b),

f(x) ≤ g(x) ≤ h(x) x. , δ ≤ δ′ δ ≤ δ′′ , |f(x)−ρ| < ε |h(x)−ρ| < ε x 0 < |x− ξ| < δ.

f(x) > ρ − ε h(x) < ρ + ε x 0 < |x − ξ| < δ. , ρ − ε < f(x) ≤ g(x) ≤ h(x) < ρ + ε , ,

|g(x)− ρ| < ε x 0 < |x− ξ| < δ. limx→ξ g(x) = ρ.

: (1) − 1
x2 ≤ f(x) < 1

x x ≥ 3. limx→+∞(− 1
x2 ) = 0 limx→+∞

1
x = 0,

limx→+∞ f(x) = 0.

(2) x− 1 < [x] ≤ x x. 1− 1
x < [x]

x ≤ 1 x > 0. limx→+∞(1− 1
x ) = 1− 0 = 1

limx→+∞ 1 = 1, limx→+∞
[x]
x = 1.

(3) − 1
|x| ≤ sin x

x ≤ 1
|x| x (−∞, 0) (0,+∞). limx→+∞

(
− 1

|x|
)

=

limx→+∞
1
|x| = 0, limx→+∞

sin x
x = 0. limx→−∞

sin x
x = 0.

4.16 (1) lim f(x) < u, f(x) < u x.
(2) lim f(x) > l, f(x) > l x.

: (1) y = f(x) () (a, ξ) ∪ (ξ, b) limx→ξ f(x) = η < u. ε = u − η > 0. δ′ > 0
|f(x) − η| < u − η x 0 < |x − ξ| < δ′. δ = min{δ′, ξ − a, b − ξ}, δ ≤ δ′

, (ξ − δ, ξ) ∪ (ξ, ξ + δ) (a, ξ) ∪ (ξ, b). , |f(x) − η| < u − η x (ξ − δ, ξ) ∪ (ξ, ξ + δ).
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|f(x)− η| < u− η f(x) < η + (u− η) = u f(x) < u x (ξ − δ, ξ) ∪ (ξ, ξ + δ). f(x) < u
ξ.

y = f(x) () (a, ξ) ∪ (ξ, b) limx→ξ f(x) = −∞. M > 0 ≥ −u ( , M = −u,

u < 0, M = 1, u ≥ 0) M . δ′ > 0 f(x) < −M x 0 < |x − ξ| < δ′.

δ = min{δ′, ξ − a, b− ξ}, , , f(x) < −M x (ξ − δ, ξ) ∪ (ξ, ξ + δ). M ≥ −u, f(x) < −M

f(x) < u f(x) < u x (ξ − δ, ξ) ∪ (ξ, ξ + δ). f(x) < u ξ.

(2) (1).

: (1) limx→1
x7−2x6+x4+3x2−5x+1
x8+6x5−x4+22x2+1 = − 1

29 > − 1
28 .

x7−2x6+x4+3x2−5x+1
x8+6x5−x4+22x2+1 > − 1

28
1. a, b x (a, 1) ∪ (1, b).

a, b .

(2) limx→+∞
x+ 1

x+1

(x+ 1
x )2+1

= limt→+∞
t+1
t2+1 = 0. x+ 1

x+1

(x+ 1
x )2+1

< 1
5 +∞. a

x+ 1
x+1

(x+ 1
x )2+1

< 1
5 x (a,+∞).

, , a.

. .

4.17 lim f(x) , y = f(x) x.

: y = f(x) (a, ξ) ∪ (ξ, b) limx→ξ f(x) = η. .

ε = 1, . δ′ > 0 |f(x)−η| < 1 x y = f(x) 0 < |x−ξ| < δ′. δ = min{δ′, ξ−a, b−ξ},
(ξ − δ, ξ) ∪ (ξ, ξ + δ) (a, ξ) ∪ (ξ, b). , δ ≤ δ′ , , |f(x) − η| < 1 x 0 < |x − ξ| < δ, x

(ξ− δ, ξ)∪ (ξ, ξ+ δ). |f(x)− η| < 1 1− η < f(x) < 1+ η, y = f(x) (ξ− δ, ξ)∪ (ξ, ξ+ δ),

ξ.

: (1) y = 1
x limx→+∞

1
x = 0 +∞. y = 1

x · , , , (−∞, 0)∪(0,+∞)
(0,+∞). , , (a,+∞) y = 1

x . , (1,+∞) 0 ≤ 1
x ≤ 1 x (1,+∞).

(2) limx→−∞
x5+1

2x5−x3+x2+8x+1 = limx→−∞
1+x−5

2−x−2+x−3+8x−4+x−5 = 1
2 . y =

x5+1
2x5−x3+x2+8x+1 −∞. , (−∞, b) . , ( b) !

4.18 (1) lim f(x) = +∞, y = f(x) x.
(2) lim f(x) = −∞, y = f(x) x.

: y = f(x) (a, ξ) ∪ (ξ, b) limx→ξ f(x) = +∞. .
M = 1, . δ′ > 0 f(x) > 1 x 0 < |x − ξ| < δ′. δ = min{δ′, ξ − a, b − ξ},

(ξ − δ, ξ) ∪ (ξ, ξ + δ) (a, ξ) ∪ (ξ, b). , δ ≤ δ′ , , f(x) > 1 x 0 < |x − ξ| < δ, x
(ξ − δ, ξ) ∪ (ξ, ξ + δ). y = f(x) (ξ − δ, ξ) ∪ (ξ, ξ + δ), ξ.

, , y = f(x) (c, ξ) ∪ (ξ, d). u f(x) ≤ u x (c, ξ) ∪ (ξ, d). limx→ξ f(x) ≤ u

limx→ξ f(x) = +∞.

: (1) limx→+∞(x− 1
x ) = +∞, y = x− 1

x +∞. , y = x− 1
x (1,+∞)

, , x− 1
x ≥ 0 x (1,+∞).

, limx→0+(x− 1
x ) = −∞, y = x− 1

x 0 . , (0, 1) , , x− 1
x ≤ 0

x (0, 1).

(2) limx→0−
(x+ 1

x )7+1

3(x+ 1
x )5+7(x+ 1

x )4−(x+ 1
x )3+2

= limt→−∞
t7+1

3t5+7t4−t3+2 = limt→−∞
t2(1+t−7)

3+7t−1−t−2+2t−5 =

+∞. y =
(x+ 1

x )7+1

3(x+ 1
x )5+7(x+ 1

x )4−(x+ 1
x )3+2

0 . a (a, 0). , a

117



(a, 0)..
. .

1. x → 0± x → ±∞.

y =

{
x, x ≥ 0,
1
x , x < 0, y =

{
|x− 1|− 1

4 , |x| ≥ 1,
1
x , |x| < 1.

2. ξ limx→ξ±[x]. y = [x] !

(: (ξ − 1, ξ) (ξ, ξ + 1), · y = [x] = ξ − 1 y = [x] = ξ .)

ξ.

(: ([ξ], ξ) ∪ (ξ, [ξ] + 1), - · y = [x] = [ξ].)

ξ limx→ξ[x];

3. : limx→±∞
[
1
x

]
limx→±∞ x

[
1
x

]
.

(: (−∞,−1) (1,+∞).)

. .

1. x → 1± .

y =
1 + x

1 + x3
, y =

1− x2

1− x3
, y =

1

1 + (x− 1)−3
, y =

1

(x− 1)2 − |x− 1|
,

y = (x− 1)−1 + |x− 1|− 1
2 , y =

(
(x− 1)−1 + |x− 1|− 1

2

)2
.

2. x → ±∞.

y = −x+
1

x
− 2

x2
, y =

x3 + 1

x2 + 1
, y =

x2 − 4x+ 3

x− 3
, y =

2x2 + 3x+ 1

x2 + 1
,

y =
x2 + x+ 1

x3 + 1
, y =

(
1 +

1

x

)4

, y =
(2x+ 1)3(3x2 + 2)2(x+ 4)13

x20
.

3. f(x) 6= 1 x y = f(x). lim f(x) = 2 lim f(x)+3
f(x)−1 = 5.

4. lim(f(x))2 = 1, lim f(x) = 1 lim f(x) = −1; y = f(x) = |x|
x x → 0.

. .

1. ( ) .

lim
x→0

(( x2 + 1

x5 + 2x3 + 2

)8

+ 3
( x2 + 1

x5 + 2x3 + 2

)4

+ 1
)
,

118



lim
x→1+

√
x+1
x−1 − 4

√
x+1
x−1 + 1√

x+1
x−1 + 4

√
x+1
x−1 + 1

, lim
x→0−

3

√(√
|x|+ 1

x

)3

− 2
(√

|x|+ 1

x

)2

+ 1 ,

lim
x→+∞

(
3

√
1

x2 + x+ 1
+

√
x+ 1√
x+ 1

)
.

2. .
lim

x→±∞
g(x2) = lim

y→+∞
g(y), lim

x→0+
g(
√
x) = lim

y→0+
g(y),

lim
x→0

g
( 1

x2

)
= lim

y→+∞
g(y).

3. limx→+∞ f(x) f(
√
x) = −3(f(x))2 + 1 x > 0.

. .

1. 4.13, 4.14 4.15.

2. limx→1 f(x), x− |x− 1| 12 < f(x) ≤ x+ |x− 1| 12 x (0, 1) ∪ (1, 3
2 ).

3. limx→−∞ f(x), x+1
2x−1 < f(x) < x−1

2x+1 x ≤ −7.

4. limx→1± f(x), (x− 1)f(x) ≥ 1 x 0 < |x− 1| < 1
4 .

5. Β , [a] ≤ a < [a] + 1.

lim
x→±∞

[x], lim
x→±∞

[x]

x
, lim

x→±∞

[x2]

x
, lim

x→+∞

[
√
x]

x
, lim

x→1±

[ 1

x− 1

]
.

6. lim f(x) = +∞ y = g(x) x. lim(f(x) + g(x)) = +∞.
lim f(x) = −∞ y = g(x) x. lim(f(x) + g(x)) = −∞.

7. lim f(x) = 0 y = g(x) x. lim f(x)g(x) = 0.

8. lim f(x) = +∞ −∞ y = g(x) x. lim f(x)g(x) = +∞ −∞, - .
lim f(x) = +∞ −∞ y = g(x) x. lim f(x)g(x) = −∞ +∞, - .

9. 4.16.

10. , :

(i) 3x2+7x+1
x2−5x+1 < 301

100 +∞.
, a x (a,+∞).

(ii) x8+1
4x4−x2+2x−1 < 3

4 1.

(iii) (x− 1
x )

5 − (
√
x− 1√

x
)3 > 107 +∞.

(iv) −10−8 < x4+13x3+25x2+33
x5+2x+1 < 10−7 −∞.
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11. lim f(x) < lim g(x). f(x) < g(x) x.

(: : y = g(x) − f(x) . : ρ lim f(x) < ρ < lim g(x) 4.16
lim f(x) < ρ ρ < lim g(x). .)

. .

1. 4.17 4.18.

2. , - 0 0 0 .

y =
√
x , y =

√
|x| , y =

{ 1
x , x < 0,
− 1√

x
, x > 0, , y =

1

x3
,

y =

{
1
x , x < 0,
x , x ≥ 0,

y =

{
1
|x| , x < 0,
1

x−1 , x ≥ 0,
, y = − 1

x
+

1√
|x|

.

(a, 0) (0, b) (a, 0) ∪ (0, b) ;

3. , - +∞ −∞.

y = x2 , y = −x3 , y = x−2 , y = |x| 12 , y = (−x)−
1
3 , y = −|x|.

(a,+∞) (−∞, b) ;

4.4 .

limx→ξ f(x) = η. (xn) y = f(x) ξ ξ. , limn→+∞ xn = ξ.(
f(xn)

)
, . « ». n . xn ξ 6= ξ. x = xn ξ 6= ξ. ,

y = f(xn) = f(x) η. , , n , f(xn) η. limn→+∞ f(xn) = η.
.

4.19 n xn y = f(x). limx→ξ f(x), limn→+∞ xn = ξ xn 6= ξ n,
limn→+∞ f(xn) = limx→ξ f(x).

ξ ξ± ±∞. :

lim
n→+∞

f(xn) =


limx→ξ f(x), xn → ξ (xn 6= ξ n)
limx→ξ+ f(x), xn → ξ (xn > ξ n)
limx→ξ− f(x), xn → ξ (xn < ξ n)
limx→+∞ f(x), xn → +∞
limx→−∞ f(x), xn → −∞

: limx→ξ f(x) = η (xn) xn 6= ξ , , limn→+∞ xn = ξ. limn→+∞ f(xn) = η.

ε > 0. limx→ξ f(x) = η, δ > 0 |f(x) − η| < ε x 0 < |x − ξ| < δ.

limn→+∞ xn = ξ, n0 |xn − ξ| < δ n ≥ n0 . xn 6= ξ, 0 < |xn − ξ| < δ n ≥ n0 . , xn

y = f(x), |f(xn)− η| < ε n ≥ n0 . limn→+∞ f(xn) = η.

¨ .

: (1) limx→+∞ x2 = +∞ limn→+∞ n2 = +∞. (xn) xn = n +∞
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y = x2.

(2) limx→0
√
x = 0 limn→+∞

1√
n
= 0. (xn) xn = 1

n 0, [0,+∞)

y =
√
x 6= 0.

(3)
(
1+ (1+ 1

n )
2n − 3(1+ 1

n )
3n
)

y = 1+ x2 − 3x3 (xn) xn = (1+ 1
n )

n .
limn→+∞ xn = e xn 6= e n. , limx→e(1 + x2 − 3x3) = 1 + e2 − 3e3.
limn→+∞

(
1+(1+ 1

n )
2n−3(1+ 1

n )
3n
)
= limn→+∞(1+xn

2−3xn
3) = 1+e2−3e3.

4.19 . , , , . . y = f(x) x . (xn) x,
(f(xn)) . x . , , (f(xn)) .

: (1) (xn) xn = (−1)n−1

n 0, 6= 0 y = 1
x . (yn) yn = 1

xn
= (−1)n−1n

. limx→0
1
x .

(2) limx→+∞(−1)[x] y = (−1)[x] . 1 3.4.
[n, n+ 1) (n ∈ Z) y = (−1)[x] = (−1)n . x , +1 −1. ,

limx→+∞(−1)[x] .
. x +∞, : , , xn = n (n ∈ N). limn→+∞ xn =

limn→+∞ n = +∞ , , limn→+∞(−1)[xn] = limn→+∞(−1)[n] = limn→+∞(−1)n

. limx→+∞(−1)[x] ..
1. ( 1 3.4), .

lim
x→0+

(−1)[
1
x ] , lim

x→±∞
(x− [x]).

( limx→±∞(x − [x]): y = x − [x] x − [x] = 0 x − [x] = 1
2 .

+∞ −∞.)

2. lim f(x), (xn) x y = f(x) x.

(i)
(
f(xn)

)
≥ u, lim f(x) ≥ u.

(ii)
(
f(xn)

)
≤ l, lim f(x) ≤ l.

(xn) x y = f(x) x.
(
f(xn)

)
≥ u ≤ l l < u,

lim f(x).

(: 2.14 4.19.)

4.5 .

p(x) = a0 + a1x + · · · + aNxN N ≥ 1 aN 6= 0. limx→ξ x
k = ξk

limx→ξ ak = ak limx→ξ(akx
k) = akξ

k , limx→ξ p(x) = limx→ξ(a0+a1x+ · · ·+
aNxN ) = a0 + a1ξ + · · ·+ aNξN = p(ξ).

lim
x→ξ

p(x) = p(ξ).
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x → ±∞ . p(x) = aNxN ( a0

aN

1
xN + · · ·+ aN−1

aN

1
x +1) , x → ±∞ 1,

lim
x→+∞

p(x) = aN · (+∞) =

{
+∞ , aN > 0,
−∞ , aN < 0

lim
x→−∞

p(x) =

{
+∞ , aN > 0 N aN < 0 N ,
−∞ , aN < 0 N aN > 0 N .

limx→±∞ p(x) ,

lim
x→±∞

p(x) = lim
x→±∞

aNxN .

: (1) limx→+∞(−5x3 + x2 − 4x− 12) = limx→+∞(−5x3) = −∞.
(2) limx→−∞(−5x3 + x2 − 4x− 12) = limx→−∞(−5x3) = +∞.
(3) limx→−∞(7x4 + x3 − x+ 5) = limx→−∞ 7x4 = +∞.

. r(x) = a0+a1x+···+aNxN

b0+b1x+···+bMxM aN 6= 0, bM 6= 0, r(x) =

aN

bM
xN−M

a0
aN

1

xN +···+
aN−1
aN

1
x+1

b0
bM

1

xM +···+
bM−1
bM

1
x+1
,

lim
x→+∞

r(x) =


aN

bM
· (+∞), N > M ,

aN

bM
, N = M ,

0, N < M

lim
x→−∞

r(x) =


aN

bM
· (+∞), N −M ,

aN

bM
· (−∞), N −M ,

aN

bM
, N = M ,

0, N < M .

limx→±∞ r(x) ,

lim
x→±∞

r(x) = lim
x→±∞

aNxN

bMxM
.

: (1) limx→+∞
x3−x2+2x+4

2x3+1 = limx→+∞
x3

2x3 = 1
2 .

(2) limx→+∞
−x3+x+4
2x2+1 = limx→+∞

−x3

2x2 = (−1
2 ) · (+∞) = −∞.

(3) limx→+∞
3x2−x+2

x4+1 = limx→+∞
3x2

x4 = 0.

(4) limx→−∞
3x2+2x+4

2x2−1 = limx→−∞
3x2

2x2 = 3
2 .

(5) limx→−∞
x3+5x2−4
−3x4+1 = limx→−∞

x3

−3x4 = 0.

(6) limx→−∞
−x3−x+5

2x+1 = limx→−∞
−x3

2x = (−1
2 ) · (+∞) = −∞.
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(7) limx→−∞
3x4−x2+4

2x+1 = limx→−∞
3x4

2x = 3
2 · (−∞) = −∞.

x , .
b0 + b1ξ + · · ·+ bMξM 6= 0, limx→ξ r(x) =

a0+a1ξ+···+aNξN

b0+b1ξ+···+bMξM
= r(ξ). ,

lim
x→ξ

r(x) = r(ξ).

: limx→1
3x−2

x4+2x3−4 = 3·1−2
14+2·13−4 = −1.

b0 + b1ξ + · · · + bMξM = 0, x − ξ b0 + b1x + · · · + bMxM . (x − ξ)m

( m ≥ 1) x − ξ b0 + b1x + · · · + bMxM , b0 + b1x + · · · + bMxM =
(x− ξ)mq(x), q(x) x− ξ , , q(ξ) 6= 0. , x− ξ a0 + a1ξ + · · ·+ aNξN ,
a0 + a1ξ+ · · ·+ aNξN = (x− ξ)np(x), n ≥ 0 p(x) x− ξ , , p(ξ) 6= 0. , ,
r(x) = (x− ξ)n−m p(x)

q(x) , limx→ξ
p(x)
q(x) = p(ξ)

q(ξ) 6= 0,

lim
x→ξ

r(x) =

{
0 , n > m,
p(ξ)
q(ξ) , n = m,

lim
x→ξ

r(x) =
p(ξ)

q(ξ)
· (+∞),

m− n ,

lim
x→ξ−

r(x) =
p(ξ)

q(ξ)
· (−∞), lim

x→ξ+
r(x) =

p(ξ)

q(ξ)
· (+∞),

m− n .

: (1) limx→1
x3−x2−x+1
x4−2x2+1 ΄ 1 x4 − 2x2 + 1 , , x − 1. ,

, : x4 − 2x2 + 1 = (x2 − 1)2 = (x − 1)2(x + 1)2 . 1 x3 − x2 − x + 1
x − 1 . , : x3 − x2 − x + 1 = (x − 1)x2 − (x − 1) = (x − 1)(x2 −
1) = (x − 1)2(x + 1). x3−x2−x+1

x4−2x2+1 = (x−1)2(x+1)
(x−1)2(x+1)2 = 1

x+1 x 6= 1,−1. ,

limx→1
x3−x2−x+1
x4−2x2+1 = limx→1

1
x+1 = 1

1+1 = 1
2 .

(2) limx→1
x3+4x2+x−6
x3−x2−x+1 1 x3−x2−x+1 , : x3−x2−x+1 = (x−1)2(x+1).

1 x3+4x2+x− 6 x− 1 : x3+4x2+x− 6 = x3−x2+5x2− 5x+6x− 6 =
(x− 1)x2 + (x− 1)5x+ (x− 1)6 = (x− 1)(x2 + 5x+ 6). x− 1 x2 + 5x+ 6

1 . x3+4x2+x−6
x3−x2−x+1 = (x−1)(x2+5x+6)

(x−1)2(x+1) = 1
x−1

x2+5x+6
x+1 . : limx→1+

x3+4x2+x−6
x3−x2−x+1 =

(+∞) · 12+5·1+6
1+1 = +∞ limx→1−

x3+4x2+x−6
x3−x2−x+1 = (−∞) · 12+5·1+6

1+1 = −∞. ,
limx→1

x3+4x2+x−6
x3−x2−x+1 ..

1. x → ±∞.

y = x4 − 4x3 , y =
x2 + 1

x3 − x2 + 1
, y =

x4 − x+ 1

−3x4 + x2 + 1
,
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y =
1 + x5 − x8

1 + 2x2
, y =

2− 2x+ x5

1− x2
.

2. x → 1± .

y = x2 + 2x, y =
x2 − 2x+ 1

x+ 1
, y =

x3 + 2x2 − x− 2

x4 − x3 + x2 − 1
,

y =
x4 − x3 − 3x2 + 5x− 2

x4 + x3 − 4x2 + x+ 1
, y =

x+ 2

x4 − 2x3 + 2x2 − 2x+ 1
,

y =
x3 − x2 − x+ 1

x5 − 3x4 + 6x3 − 10x2 + 9x− 3
.

3. limx→1± f(x)

f(x)

{
≤ x3−x2+2x−2

x3−x2−x+1 , 0 ≤ x < 1,

≥ x3−x2+2x−2
x3−x2−x+1 , x > 1.

4. limx→+∞ f(x) x3+x2−3x−7
2x3+8x2+x+3 ≤ f(x) < x5+x4+7

2x5−4x4−x3−8x−3 x > 5.

5. ,

(i) 5
4 < x3−1

x2−1 < 3
2 + 10−4 1.

(ii) 2x7−14x6−x5+3x4−7x2−1
3x4+x2+6 < −1013 −∞.

(iii) x3−x2+x−1
x4−2x2+1 < −109 1 .

6. , 0 0 +∞ −∞.

y =
x7 + 2x5 + 5x2

−x6 + 5x5 + x4
, y =

3x5 + x4 − 5x3 + x2

8x7 − x5 − x4 + 7x3
, y =

x7 + x5 + x3

−x7 − 4x5 + x3
.

4.6 .

y = xa , a , (0,+∞).

lim
x→ξ

xa = ξa (ξ > 0).

΄ a > 0. ε > 0 δ > 0 |xa − ξa| < ε x > 0 0 < |x− ξ| < δ.
|xa − ξa| < ε ξa − ε < xa < ξa + ε.
0 < ε < ξa , ξa − ε < xa < ξa + ε (ξa − ε)

1
a < x < (ξa + ε)

1
a . ξ

(ξa−ε)
1
a (ξa+ε)

1
a , , δ = min

{
ξ−(ξa−ε)

1
a , (ξa+ε)

1
a −ξ

}
, x 0 < |x−ξ| < δ

(ξa − ε)
1
a < x < (ξa + ε)

1
a , , |xa − ξa| < ε.

ε ≥ ξa , ξa − ε < xa < ξa + ε 0 < xa < ξa + ε 0 < x < (ξa + ε)
1
a .

0 < ξ < (ξa + ε)
1
a , δ = min{ξ − 0, (ξa + ε)

1
a − ξ}, x 0 < |x − ξ| < δ

0 < x < (ξa + ε)
1
a , , |xa − ξa| < ε.

, , δ > 0 |xa − ξa| < ε x > 0 0 < |x− ξ| < δ. limx→ξ x
a = ξa .
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a < 0 ( −a > 0), limx→ξ x
a = limx→ξ

1
x−a = 1

ξ−a = ξa .

, a = 0, : limx→ξ x
0 = limx→ξ 1 = 1 = ξ0.

lim
x→0+

xa =

{ 0, a > 0,
1, a = 0,
+∞, a < 0

lim
x→+∞

xa =

{+∞, a > 0,
1, a = 0,
0, a < 0

.
limx→ξ x

a ξ < 0 limx→−∞ xa limx→0− xa , y = xa (−∞, 0),
a a = m

n n . y = xa = ( n
√
x)m y = n

√
x n.

lim
x→ξ

n
√
x = n

√
ξ (n ).

( a = 1
n ) limx→ξ x

a = ξa , ξ > 0. ( ). ε > 0 δ > 0 | n
√
x− n

√
ξ| < ε

x 0 < |x−ξ| < δ. | n
√
x− n

√
ξ| < ε n

√
ξ−ε < n

√
x < n

√
ξ+ε ( n

√
ξ−ε)n < x <

( n
√
ξ+ε)n . ξ ( n

√
ξ−ε)n ( n

√
ξ+ε)n , , δ = min

{
ξ−( n

√
ξ−ε)n, ( n

√
ξ+ε)n−ξ

}
,

x 0 < |x − ξ| < δ ( n
√
ξ − ε)n < x < ( n

√
ξ + ε)n , , | n

√
x − n

√
ξ| < ε. , ,

limx→ξ
n
√
x = n

√
ξ .

lim
x→−∞

n
√
x = −∞, lim

x→+∞
n
√
x = +∞ (n )

( a = 1
n > 0) limx→+∞ xa = +∞. ( M N). y =

−x : limx→−∞
n
√
x = limy→+∞ n

√
−y = limy→+∞(− n

√
y) = − limy→+∞ n

√
y =

−(+∞) = −∞.
,

lim
x→ξ

n
√
x = n

√
ξ (ξ > 0 n )

lim
x→0+

n
√
x = 0, lim

x→+∞
n
√
x = +∞ (n ).

( a = 1
n > 0) y = xa .

: (1) y = x+ 1, limx→+∞
√
x+ 1 = limy→+∞

√
y = +∞.

(2) limx→+∞(
√
x+ 1−

√
x) = 0.

(1), (+∞)−(+∞). a−b = a2−b2

a+b

√
x+ 1−

√
x = (x+1)−x√

x+1+
√
x
=

1√
x+1+

√
x
, , (1), limx→+∞(

√
x+ 1−

√
x) = limx→+∞

1√
x+1+

√
x
= 1

(+∞)+(+∞) =
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0.

(3) limx→3
5

√
x+1
x2+1 = limy→ 2

5

5
√
y = 5

√
2
5 .

(4) limx→1
4
√
(x2 − 2x+ 1)(x3 + x) = limy→0+

4
√
y = 0.

(5) limx→4−
3

√
x+1
x−4 = limy→−∞ 3

√
y = −∞.

(6) limx→+∞

√
x+ 1

x+ 3
√

x+ 1
x

x+ 1
x−

√
x+ 1

x

= limy→+∞
√
y+ 3

√
y

y−√
y = limt→+∞

t3+t2

t6−t3 = 0..
1. ;

lim
x→−∞

x
6
4 , lim

x→−1
x−

√
2 , lim

x→0−
x− 1

2 , lim
x→0−

x3+
√
3 .

2. x → +∞.

y =
x

7
8 − 3x−2 + 2x

6
5 − 4

x
6
5 − 2x

9
8 + 2

, y =
x

3
2 − 2x

6
5 + 1

x+ 4x
4
3 + 2

, y =
x

7
4 − x

1
3

x2 + 3x
15
8

.

3. .
lim
x→3

(
x

1
3 − 5x− 1

2

)
, lim

x→1
x
√
2 , lim

x→−1

(
2x

4
3 + x− 1

5

)
.

4. x → 0± x → −∞.

y = x
1
3 , y = x− 1

3 , y = x
2
3 , y = x− 2

3 , y = 2x− 1
3 − x− 2

3 .

5. a 6= 0. .

lim
x→1±

1

xa − 1
, lim

x→1

1

(xa − 1)2
, lim

x→1

x3a − 1

xa − 1
.

(: : a < 0 a > 0.)

6. x → +∞.

y =
√
x2 + 1− x, y =

√
x
(√

x+ 1−
√
x
)
, y = x

(√
x2 + 1− x

)
,

y = 3
√
x+ 1− 3

√
x , y =

3
√
x2

(
3
√
x+ 1− 3

√
x
)
,

y =
√
x+ 1− 2

√
x+

√
x− 1 , y =

√
x3

(√
x+ 1− 2

√
x+

√
x− 1

)
.

7. .

lim
x→0

√
x2 + 1 , lim

x→±∞

√
3x2 − 7x+ 1

x2 + 1
, lim

x→+∞

√
x+

√
x+

√
x ,

lim
x→±∞

3

√
1 +

1

x
, lim

x→0±
5

√
1 +

1

x
− 1

x2
, lim

x→1±

(
1− 1

x− 1

) 2
3

,

126



lim
x→1+

√
x+1
x−1 − 3 4

√
x+1
x−1 + 1

2
√

x+1
x−1 + 7 4

√
x+1
x−1 + 3

, lim
x→1±

3

√
x+1
x−1 − 3 5

√
x+1
x−1 + 1

2 3

√
x+1
x−1 + 7 7

√
x+1
x−1 + 3

.

8. a, b, c a > 0. A,B a, b, c

lim
x→+∞

(√
ax2 + bx+ c−Ax−B

)
= 0.

,

lim
x→+∞

x
(√

ax2 + bx+ c−Ax−B
)
=

4ac− b2

8a
√
a

.

9. (xn) a > 0. 4.19,

(i) limn→+∞ xn = +∞ xn > 0 n, limn→+∞ xn
a = +∞.

(ii) limn→+∞ xn = 0 xn > 0 n, limn→+∞ xn
a = 0.

a < 0;

.

lim
n→+∞

(n3 + n+ 1

2n2 − 1

)√
2

, lim
n→+∞

4

√
n5 + n3 + 1

2n6 + n2 + 1
, lim

n→+∞

( 2n

4n + 1

) 3
4

.

10. (xn) k. 4.19,

(i) limn→+∞ xn = +∞, limn→+∞ k
√
xn = +∞.

(ii) limn→+∞ xn = −∞, limn→+∞ k
√
xn = −∞.

(i), (ii) k ;

.

lim
n→+∞

5

√
n3 + n+ 1

2n2 − 1
, lim

n→+∞
5

√
2n − 4n

2n + 3n + 1
.

4.7 .

y = ax, a > 0. y = ax (−∞,+∞). ΄ :

lim
x→ξ

ax = aξ .

a > 1. ε > 0 δ > 0 |ax − aξ| < ε x 0 < |x− ξ| < δ.
|ax − aξ| < ε aξ − ε < ax < aξ + ε.

0 < ε < aξ , loga(a
ξ − ε) < x < loga(a

ξ + ε). ξ loga(a
ξ − ε)

loga(a
ξ + ε), δ = min

{
ξ− loga(a

ξ − ε), loga(a
ξ + ε)− ξ

}
, x 0 < |x− ξ| < δ

loga(a
ξ − ε) < x < loga(a

ξ + ε) , , |ax − aξ| < ε.
ε ≥ aξ , aξ − ε < ax < aξ + ε ( 0 < ax) ax < aξ + ε x < loga(a

ξ + ε).
ξ < loga(a

ξ + ε), δ = loga(a
ξ + ε)− ξ, x 0 < |x− ξ| < δ x < loga(a

ξ + ε)
, , |ax − aξ| < ε.

limx→ξ a
x = aξ .
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0 < a < 1 ( 1
a > 1), limx→ξ a

x = limx→ξ
1

( 1
a )x

= 1
( 1
a )ξ

= aξ .

, a = 1, limx→ξ 1
x = limx→ξ 1 = 1 = 1ξ .

lim
x→+∞

ax =

{+∞ , a > 1,
1 , a = 1,
0 , 0 < a < 1.

a > 1. M > 0 N > 0 ax > M x > N . ax > M x > loga M .
N = loga M > 0, M > 1, N = 1 > 0, 0 < M ≤ 1, x > N x > loga M , ,
ax > M . limx→+∞ ax = +∞.

0 < a < 1 ( 1
a > 1), limx→+∞ ax = limx→+∞

1
( 1
a )x

= 1
+∞ = 0.

, a = 1, limx→+∞ 1x = limx→+∞ 1 = 1.

:

lim
x→−∞

ax =

{ 0 , a > 1,
1 , a = 1,
+∞ , 0 < a < 1.

, . , , y = −x. , a > 1, limx→−∞ ax = limy→+∞ a−y =
limy→+∞

1
ay = 1

+∞ = 0. a = 1 0 < a < 1.

.
a > 0, a 6= 1 y = loga x (0,+∞). :

lim
x→ξ

loga x = loga ξ (ξ > 0).

a > 1. ε > 0 δ > 0 | loga x − loga ξ| < ε x y = loga x ( x > 0)
0 < |x − ξ| < δ. | loga x − loga ξ| < ε loga ξ − ε < loga x < loga ξ + ε
ξa−ε < x < ξaε . ξ ξa−ε ξaε , δ = min

{
ξ − ξa−ε, ξaε − ξ

}
, x > 0

0 < |x−ξ| < δ ξa−ε < x < ξaε , , | loga x− loga ξ| < ε. limx→ξ loga x = loga ξ.
0 < a < 1, limx→ξ loga x = limx→ξ(− log 1

a
x) = − log 1

a
ξ = loga ξ

1
a > 1.

x → +∞ :

lim
x→+∞

loga x =

{
+∞ , a > 1,
−∞ , 0 < a < 1.

a > 1. M > 0 N > 0 loga x > M x y = loga x ( x > 0) x > N .
loga x > M x > aM , , N = aM > 0, x > N x > aM , , loga x > M .
limx→+∞ loga x = +∞.

0 < a < 1, limx→+∞ loga x = limx→+∞(− log 1
a
x) = −(+∞) = −∞.

:

lim
x→0+

loga x =

{
−∞ , a > 1,
+∞ , 0 < a < 1.
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y = 1
x . a > 1, limx→0+ loga x = limy→+∞ loga

1
y = limy→+∞(− loga y) =

− limy→+∞ loga y = −(+∞) = −∞. 0 < a < 1.

a = e, :

lim
x→ξ

ex = eξ , lim
x→−∞

ex = 0, lim
x→+∞

ex = +∞

lim
x→ξ

log x = log ξ (ξ > 0), lim
x→0+

log x = −∞, lim
x→+∞

log x = +∞..
1. x → ±∞.

y = ex − e2x + 2, y =
1

ex − 1
, y =

e2x + ex + 1

2e2x − ex + 2
.

2. x → +∞ x → 0+ .

y = (log x)2 − log x, y =
1

log x
, y =

1 + 2(log x)2

2 + log x+ (log x)3
.

3. .

lim
x→0±

1

ex − 1
, lim

x→0

1

(ex − 1)2
, lim

x→0

e2x − 1

ex − 1
,

lim
x→0+

log(2x)

log(3x)
, lim

x→1±

1

log x
, lim

x→1

1

(log x)2
.

4. .

lim
x→2

e
1
x , lim

x→0±
e1−

1
x , lim

x→±∞
e

1
x , lim

x→+∞

ex + e
x
2 + 1

2ex − e
x
3 + 2

,

lim
x→+∞

log(x+ 1), lim
x→±∞

log(x2 − x+ 1), lim
x→1

log(x3 + 1),

lim
x→±∞

(log |x|)7 − (log |x|)4 + 1

(log |x|)5 + (log |x|)2 + 1
, lim

x→±∞
log

ex

e
x
2 + 1

.

5.
y = coshx, y = sinhx, y = tanhx, y = cothx

: limx→ξ , limx→±∞ . limx→0± cothx.

6. 0 0 +∞ −∞;

y = ex , y = e−|x| , y =
1

ex − 1
, y =

1

(ex − 1)2
,

y = log |x|, y =
1

log |x|
, y =

1

log |1 + x|
.
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7. (xn) a > 1. 4.19,

(i) limn→+∞ xn = +∞, limn→+∞ axn = +∞.
(ii) limn→+∞ xn = −∞, limn→+∞ axn = 0.

.

lim
n→+∞

2n , lim
n→+∞

e
n3+3n−1

n2+1 , lim
n→+∞

e−
√
n , lim

n→+∞
22

n

, lim
n→+∞

2
1−

√
n−n

1+
√

n .

8. (xn) a > 1. 4.19,

(i) limn→+∞ xn = +∞ xn > 0 n, limn→+∞ loga xn = +∞.
(ii) limn→+∞ xn = 0 xn > 0 n, limn→+∞ loga xn = −∞.
.

lim
n→+∞

log
n+ 1

2n2 − 1
, lim

n→+∞
log

n3 − n2 + 1

n2 + 1
, lim

n→+∞
log

e2n + 1

en + 1
,

lim
n→+∞

log(3n − 2n + 1), lim
n→+∞

(log n
n2+1 )

2 − log n
n2+1 + 2

−(log n
n2+1 )

2 + 4 log n
n2+1 − 8

.

4.8 .

y = sinx.

| sinx| ≤ |x|.

Σχήμα 4.10: < < .

: 0 < x < π
2

x. ΄, x sinx. ΄ , . ΄ 2 sinx ΄ 2x.
0 < 2 sinx < 2x, 0 < sinx < x , , | sinx| ≤ |x|.
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−π
2
< x < 0, 0 < −x < π

2
, 0 < sin(−x) < −x, x < sinx < 0 , , | sinx| ≤ |x|. x = 0,

0 = 0.

, |x| ≥ π
2
, | sinx| ≤ 1 < π

2
≤ |x|.

, cosx−cos ξ = −2 sin x−ξ
2 sin x+ξ

2 | cosx−cos ξ| = 2
∣∣ sin x−ξ

2

∣∣∣∣ sin x+ξ
2

∣∣ ≤
2
∣∣ sin x−ξ

2

∣∣ ≤ 2
∣∣x−ξ

2

∣∣ = |x − ξ|. ε > 0 δ = ε. x y = cosx ( x)
0 < |x− ξ| < δ | cosx− cos ξ| ≤ |x− ξ| < δ = ε, | cosx− cos ξ| < ε.

lim
x→ξ

cosx = cos ξ.

sinx− sin ξ = 2 sin x−ξ
2 cos x+ξ

2 | sinx− sin ξ| ≤ |x− ξ| , ,

lim
x→ξ

sinx = sin ξ.

, cos ξ 6= 0, ξ 6= π
2 + kπ (k ∈ Z),

lim
x→ξ

tanx = tan ξ
(
ξ 6= π

2
+ kπ, k ∈ Z

)
.

, sin ξ 6= 0, ξ 6= kπ (k ∈ Z),

lim
x→ξ

cotx = cot ξ
(
ξ 6= kπ, k ∈ Z

)
.

ξ .
ξ = π

2 + k2π (k ∈ Z), limx→ξ sinx = sin ξ = 1. , limx→ξ cosx = cos ξ = 0
, , cosx > 0 ξ cosx < 0 ξ . limx→ξ−

1
cos x = +∞ limx→ξ+

1
cos x = −∞.

ξ = −π
2 + k2π (k ∈ Z), :

lim
x→ξ−

tanx = +∞, lim
x→ξ+

tanx = −∞
(
ξ =

π

2
+ kπ, k ∈ Z

)
.

lim
x→ξ−

cotx = −∞, lim
x→ξ+

cotx = +∞
(
ξ = kπ, k ∈ Z

)
.

y = tanx y = cotx , , x = π
2 + kπ (k ∈ Z) y = tanx

x = kπ (k ∈ Z) y = cotx.

: limx→±∞ cosx limx→±∞ sinx .
, x → ±∞ y = cosx y = sinx «» , −1 1 , , .
(πn) +∞ y = cosx

(
cos(πn)

)
=

(
(−1)n

)
. 4.19,

limx→+∞ cosx.
(
π
2 + πn

)
, limx→+∞ sinx x → −∞.

:

lim
x→0

sinx

x
= 1, lim

x→0

1− cosx

x2
=

1

2
.
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0
0 .

΄

|x| ≤ | tanx|
(
|x| < π

2

)
.

: 0 < x < π
2
, x ΄ . x . tanx. 1

2
· 1 · tanx x

2
(

π x
2π

· π.) , 0 < x < tanx |x| < | tanx|.
−π

2
< x < 0, 0 < −x < π

2
, 0 < −x < tan(−x), |x| < | tanx|.

, x = 0, 0 = 0.

| sinx| ≤ |x| |x| ≤ | tanx|, cosx ≤ sin x
x ≤ 1 x (−π

2 , 0) ∪ (0, π
2 ).

limx→0 cosx = cos 0 = 1, limx→0
sin x
x = 1.

1−cos x
x2 = (1−cos x)(1+cos x)

x2(1+cos x) = 1−(cos x)2

x2(1+cos x) =
(
sin x
x

)2 1
1+cos x , limx→0

1−cos x
x2 =

12 · 1
1+1 = 1

2 .

. 1−cos x
x2 =

2(sin x
2 )

2

x2 = 1
2

(
sin x

2
x
2

)2

. , y = x
2 , limx→0

sin x
2

x
2

=

limy→0
sin y
y = 1. limx→0

1−cos x
x2 = 1

2 · 12 = 1
2 .

: (1) limx→0
tan x
x

tan x
x = sin x

x
1

cos x , , limx→0
tan x
x = limx→0

sin x
x limx→0

1
cos x =

1 · 1 = 1.

(2) limx→0
sin(3x)
sin(2x)

sin(3x)
sin(2x) =

3
2 ·

sin(3x)
3x

sin(2x)
2x

. limx→0
sin(3x)

3x limx→0
sin(2x)

2x .

y = 3x, limx→0
sin(3x)

3x = limy→0
sin y
y = 1. : limx→0

sin(2x)
2x = limy→0

sin y
y =

1. limx→0
sin(3x)
sin(2x) =

3
2 · 1

1 = 3
2 ..

1. .

lim
x→0

x cotx, lim
x→0

1− cosx

x sinx
, lim

x→0

1− cosx

(sinx)2
.

2. .

lim
x→0

sin(3x)

x
, lim

x→0

tan(3x)

x
, lim

x→0

1− cos(13x)

(sin(7x))2
, lim

x→π

sin(3x)

sinx
,

lim
x→0

cos(8x)− cos(15x)

x2
, lim

x→π

sinx

x− π
, lim

x→π
2

cosx

x− π
2

, lim
x→±∞

x sin
1

x
,

lim
x→±∞

x2
(
1− cos

1

x

)
, lim

x→0

3 sin(7x)− 7 sin(3x)

x3
, .

3. limx→0+ xa sinx =

{ 0, a > −1,
1, a = −1,
+∞, a < −1.

4. a > 0, limx→0+ xa sin 1
x = 0.
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5. limx→+∞ sinx, limx→0+ sin 1
x .

6. (xn). limn→+∞ xn = 0 xn 6= 0 n, limn→+∞
sin xn

xn
= 1 limn→+∞

1−cos xn

xn
2 =

1
2 .

.
lim

n→+∞
n sin

π

n
, lim

n→+∞

√
n sin

π

n
, lim

n→+∞
n2 sin

π

n
,

lim
n→+∞

n2
(
1− cos

π

n

)
, lim

n→+∞

cot π
2n

n
.

7. .

y =
1

x
sinx, y =

1

x2
sinx, y = x sin

1

x
, y = x2 sin

1

x
, y =

√
x sin

1

x
.

(: 6, 7 8 3.10. 3.)

8. 4.19, · (xn). 6, 7 8 3.10 – – sinx = ±1
sin 1

x = ±1 (0,+∞).

lim
x→+∞

x sinx, lim
x→+∞

x2 sinx, lim
x→0+

sin
1

x
, lim

x→0+

1

x
sin

1

x
.

: a ≤ 0, limx→0+ xa sin 1
x . 4.

4.9 .

y = f(x) (a, ξ). – – , x (a, ξ) ξ, . f(x),
limx→ξ− f(x) = +∞. f(x), u f(x) ≤ u x (a, ξ). ΄ η
f(x) , limx→ξ− f(x) = η, η ≤ u. limx→ξ− f(x) = η
limx→ξ− f(x) = +∞.

: (i) (a, ξ) (a,+∞), y = f(x) ξ +∞ (ii) (ξ, b)
(−∞, b), y = f(x) ξ −∞.

4.1 .

4.1 (1) y = f(x) . (i) , y = f(x) , (ii) +∞, y = f(x)
. , (i) , y = f(x) , (ii) −∞, y = f(x) .
(2) y = f(x) . (i) , y = f(x) , (ii) −∞, y = f(x) . ,
(i) , y = f(x) , (ii) +∞, y = f(x) .

4.1 · - 2.1 . . , 4.1 – – .

: (1) 4.1 .
, a > 0, limx→+∞ xa = +∞ limx→0+ xa = 0 y = xa (0,+∞).

+∞ −∞.
– – η, limx→+∞ xa = η. limx→+∞(2x)a = limy→+∞ ya = η.

η = limx→+∞(2x)a = limx→+∞ 2axa = 2a limx→+∞ xa = 2aη , , η = 2aη.
η = 0 x ≥ 1 xa ≥ 1a = 1 , , η = limx→+∞ xa ≥ limx→+∞ 1 = 1. +∞.
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Σχήμα 4.11: .

0. , xa > 0 x > 0, limx→0+ xa ≥ limx→0+ 0 = 0 ,
, : limx→0+ xa = η ≥ 0. limx→0+(2x)

a = limy→0+ ya = η.
η = limx→0+(2x)

a = limx→0+ 2axa = 2aη , , η = 2aη. η = 0.

(2) y = (1 + 1
x )

x (0,+∞).
. ( 2 6.9). , , , limx→+∞(1 + 1

x )
x +∞.

(n) , +∞, 4.19
(
(1 + 1

n )
n
)

. , e , , e. ,

lim
x→+∞

(
1 +

1

x

)x

= e.

, , limx→+∞(1 + 1
x )

x = e : , y = (1 + 1
x )

x !!
– – .

: (!) limx→+∞(1 + 1
x
)x = e.

limn→+∞(1 + 1
n
)n = e. – , – limn→+∞(1 + 1

n+1
)n = limn→+∞

(1+ 1
n+1

)n+1

1+ 1
n+1

=

e
1

= e limn→+∞(1 + 1
n
)n+1 = limn→+∞(1 + 1

n
)n(1 + 1

n
) = e · 1 = e. ε > 0, n0

′

e − ε < (1 + 1
n+1

)n < e + ε n ≥ n0
′ n0

′′ e − ε < (1 + 1
n
)n+1 < e + ε n0

′′ . ()

N = max{n0
′, n0

′′}, N ≥ n0
′ N ≥ n0

′′ . e−ε < (1+ 1
n+1

)n < e+ε e−ε < (1+ 1
n
)n+1 < e+ε

n ≥ N . ( ΄ ) x > N [x] ≥ N , e− ε <
(
1+ 1

[x]+1

)[x]
≤ (1+ 1

x
)x ≤

(
1+ 1

[x]

)[x]+1
< e+ ε. , ,

ε > 0 N > 0 e−ε < (1+ 1
x
)x < e+ε , ,

∣∣(1+ 1
x
)x−e

∣∣ < ε x > N . limx→+∞(1+ 1
x
)x = e..

1.

lim
x→+∞

(
1− 1

x

)x

=
1

e
.

(: (1− 1
x )

x = (x−1
x )x = 1

( x
x−1 )

x = 1
(1+ 1

x−1 )
x−1(1+ 1

x−1 )
.)
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lim
x→+∞

(
1 +

t

x

)x

= et

t, : t > 0, t = 0, t < 0.

(: t > 0, limx→+∞
(
1 + 1

x

)x
= e. t < 0, limx→+∞

(
1− 1

x

)x
= 1

e .)

limx→+∞
(
1+ 1

x

)x
= e limx→+∞

(
1− 1

x

)x

= 1
e limx→+∞

(
1+ t

x

)x

=

et .)

2. 4.19, .

lim
n→+∞

(
1 +

3

2n

)4n

, lim
n→+∞

(
1− 1

4n

)n

, lim
n→+∞

(
1− 1

2n

)3n

,

lim
n→+∞

(
1 +

1

3n

)n
5

, lim
n→+∞

(
1 +

1

n2

)n2

, lim
n→+∞

(
1 +

3

2
√
n

)√
n
4

.

3. a > 1. loga(ax) = 1 + loga x y = loga x, limx→+∞ loga x
limx→0+ loga x.

4. a > 1. ax+1 = aax y = ax , limx→±∞ ax .

5. y = f(x) [1,+∞) f(
√
n) ≥ log n n. limx→+∞ f(x) , , ;

(: 4.19.)

6. y = f(x) (0, 2) f( 1n ) = 1− 1√
n

n. limx→0+ f(x) , , ;
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Κεφάλαιο 5

.

: « ε δ». , , . . . . . . , - . Bolzano .
. . . .

5.1 , .

y = f(x) ξ ξ
lim
x→ξ

f(x) = f(ξ).

, ξ, [ξ, b), (a, ξ), (a, ξ], (ξ, b), (a, b), a < ξ < b.
, y = f(x) ξ ξ (a, ξ) ∪ (ξ, b), y = f(x) ξ.

y = f(x) ξ ¨ ξ , f(ξ).
(i) y = f(x) [ξ, b) (a, ξ), limx→ξ f(x) = f(ξ) , , limx→ξ+ f(x) =

f(ξ). (ii) y = f(x) (a, ξ] (ξ, b), limx→ξ− f(x) = f(ξ). (iii)
y = f(x) (a, b) a < ξ < b, limx→ξ− f(x) = limx→ξ+ f(x) = f(ξ).
, y = f(x) [ξ, b) limx→ξ+ f(x) = f(ξ), ξ . , y = f(x) (a, ξ]

limx→ξ− f(x) = f(ξ), ξ . : (i) y = f(x) [ξ, b) (a, ξ), ξ ξ
. (ii) y = f(x) (a, ξ] (ξ, b), ξ ξ . (iii) y = f(x) (a, b)
a < ξ < b, ξ ξ .

: (1) y = x2 3, limx→3 x
2 = 9 = 32.

(2) y =
√
x 0, limx→0+

√
x = 0 =

√
0.

(3) y = [x] y = 0 (0, 1), limx→1−[x] = limx→1− 0 = 0 6= 1 = [1]. , y = [x]
y = 1 (1, 2), limx→1+[x] = limx→1+ 1 = 1 = [1]. y = [x] 1 , , 1.

y = [x] y = 0 (0, 1
2 )∪ ( 12 , 1), limx→ 1

2
[x] = limx→ 1

2
0 = 0 = [ 12 ]. y = [x]

1
2 .

(4)
√
−x2(x+ 1) (−∞,−1] ∪ {0}. , 0 0, 0.

(5) y = c ξ. , limx→ξ c = c, ξ ξ.

, , , . , A , A, A, A.
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: y = f(x) =

{
x , x < 0,
x+ 1 , x ≥ 0,

(−∞,+∞). y = f(x) 0. : limx→0− f(x) =

limx→0− x = 0 6= 1 = f(0), 0 , limx→0+ f(x) = limx→0+(x+1) = 1 = f(0),
0 . [0,+∞), y = f(x) = x + 1 x [0,+∞) . , ξ [0,+∞)
limx→ξ f(x) = limx→ξ(x+ 1) = ξ + 1 = f(ξ). [0,+∞) 0 0 .
, , y = f(x) [0,+∞).

. y = f(x) ξ ξ, limx→ξ f(x). limx→ξ f(x) = f(ξ),
ξ, |f(x)− f(ξ)| |x− ξ| 6= 0. , , , |x− ξ| 0 , , x ξ, f(x) f(ξ) ,
, |f(x)− f(ξ)| 0 , , |f(x)− f(ξ)| . 0 |x− ξ| . , y = f(x)
ξ |f(x)− f(ξ)| |x− ξ| .

ξ , , ξ. , ΄ , |x− ξ| x ξ , , f(x) f(ξ) , ,
|f(x)− f(ξ)| 0 , , |f(x)− f(ξ)| .
, . y = f(x) ξ ξ |f(x)− f(ξ)| |x− ξ| , , ε > 0

δ > 0 |f(x)− f(ξ)| < ε x |x− ξ| < δ. 0 < |x− ξ| ξ.
. y = f(x) ξ, ξ , x ξ, (x, y) = (x, f(x))

(ξ, f(ξ)). ¨ ( ) : ξ «» (ξ, f(ξ)) , , «» . (, , 8 .) , .
«» y = f(x) . y = f(x) ξ ε > 0 δ > 0 x (ξ−δ, ξ+δ)

f(x) (x, f(x)) f(ξ)− ε f(ξ)+ ε , , (ξ− δ, ξ+ δ) y = f(ξ)− ε
y = f(ξ) + ε.

: , , .

Σχήμα 5.1: ξ ξ .

(1) y = p(x) = a0 + a1x+ · · ·+ aNxN , ξ limx→ξ p(x) = p(ξ).

(2) y = r(x) = a0+a1x+···+aNxN

b0+b1x+···+bMxM . , ξ , ξ , limx→ξ r(x) = r(ξ).

(3) y = cosx y = sinx , ξ limx→ξ cosx = cos ξ limx→ξ sinx = sin ξ.
, y = tanx y = cotx · ξ , ξ 6= π

2 + kπ (k ∈ Z) ξ 6= kπ (k ∈ Z)
, limx→ξ tanx = tan ξ limx→ξ cotx = cot ξ.

(4) y = xa · ξ , (i) ξ, a ( ξ = 0, a ≤ 0) (ii) ξ ≥ 0, a (
ξ = 0, a ≤ 0), limx→ξ x

a = ξa .

(5) a > 0, y = ax , ξ limx→ξ a
x = aξ .
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Σχήμα 5.2: ξ ξ.

(6) a > 0, a 6= 1, y = loga x . , ξ > 0 limx→ξ loga x = loga ξ..
1. 1. « ε δ».

y = x, y = 2x− 3, y = x2 , y =
1

x
, y =

√
x .

2. 0;

y =

{
sin x
x , x 6= 0,

1 , x = 0,
y =

{
1−cos x

x2 , x 6= 0,
1
2 , x = 0.

3. ;

y =

{
x , x ≤ 0,
1
x , x > 0, y =

{
0 , x = 0,
1
|x| , x 6= 0, y =

{
x2 , x 6= 0,
1 , x = 0,

y =

{
x2 + 1, x < 0,√
x+ 1 , x ≥ 0,

y =

{
x2 , x ≤ −π x > π,
sinx , −π < x ≤ π.

4. ; 2 4.3.

y = [x], y = [2x], y = x− [x], y = x− [x]− 1

2
, y =

∣∣∣x− [x]− 1

2

∣∣∣.
5. limh→0

(
f(ξ + h)− f(ξ − h)

)
= 0 y = f(x) ξ.

: y = f(x) =

{
1 , x = 0,
0 , x 6= 0

ξ = 0.

6. y = f(x) ξ ξ, M |f(x)| ≤ M x (a, ξ) ∪ (ξ, b). « ε
δ» ( ε > 0 δ > 0) y = g(x) = (x− ξ)f(x) ξ.

139



7. M ≥ 0 ρ > 0 y = f(x) (a, b), a < ξ < b. |f(x)− f(ξ)| ≤ M |x− ξ|ρ
x (a, b), « ε δ» ( ε > 0 δ > 0) ξ.

y = f(x) , Hölder- ξ Hölder- ρ. ρ = 1, y = f(x) Lipschitz-
ξ.

y = x, y = |x|, y = cosx, y = sinx, y =
√
|x| y = x

√
|x| Hölder- 0

Hölder-.
(∗) Hölder- ξ ξ 6= 0 Hölder-. Hölder- ξ = 0 ξ 6= 0.

8. y = f(x) ξ «» (ξ, f(ξ)) , , «» . , , . .

y =

{
x(−1)[

1
x ] , x 6= 0,

0, x = 0
. 1 3.4.

0.

(: .)

0.

5.2 .

. 5.1 4.2.

5.1 y = f(x) y = g(x) (a, b) a < ξ < b [ξ, b) (a, ξ]. ξ ξ ξ
, , .

: y = f(x) y = g(x) (a, b) a < ξ < b, (a, ξ) ∪ (ξ, b) f(ξ) = g(ξ). y = f(x) ξ,
limx→ξ f(x) = f(ξ). y = f(x) y = g(x) (a, ξ)∪ (ξ, b), limx→ξ g(x) = limx→ξ f(x) = f(ξ).
, f(ξ) = g(ξ), limx→ξ g(x) = g(ξ) , , y = g(x) ξ.

Σχήμα 5.3: ξ.

[ξ, b) (a, ξ] .

: (1) y =

{
x+ 1 , x ≤ 1,
x− 1 , 1 < x

y = x+ 1 (−∞, 1]. 1 , , 1 . 1 .

(2) y = x2 y =

{
1 + x , |x| ≥ 10−10,
x2 , |x| < 10−10,

(−10−10 , 10−10). 0, 0.
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. 5.2 , , , .

5.2 y = f(x) y = g(x) ξ ξ ξ , y = f(x) + g(x), y = f(x)− g(x),
y = f(x)g(x) y = |f(x)| ξ ξ ξ , . f(x)

g(x) , g(ξ) 6= 0.

: limx→ξ f(x) = f(ξ) limx→ξ g(x) = g(ξ)

lim
x→ξ

(f(x) + g(x)) = lim
x→ξ

f(x) + lim
x→ξ

g(x) = f(ξ) + g(ξ)

, , y = f(x) + g(x) ξ. ξ , , .

: (1) y =
√
x+ex

(x−2x2) log x ξ , y =
√
x, y = ex , y = log x y = x− 2x2 .

(0,+∞) . ξ (0, 1
2 ) ∪ ( 12 , 1) ∪ (1,+∞).

(2) y = x2+
√
x

sin x+cos x ξ ≥ 0 , ξ ≥ 0 6= −π
4 + kπ (k ∈ Z).

. .

5.3 z = g
(
f(x)

)
y = f(x) z = g(y). y = f(x) ξ z = g(y) η = f(ξ),

z = g
(
f(x)

)
ξ.

: ε > 0. z = g(y) η, δ′ > 0 |g(y) − g(η)| < ε y z = g(y) |y − η| < δ′ .

y = f(x) ξ, δ > 0 |f(x) − η| = |f(x) − f(ξ)| < δ′ x y = f(x) |x − ξ| < δ. ,

x y = f(x) |x − ξ| < δ |f(x) − η| < δ′ , f(x) z = g(y),
∣∣g(f(x)) − g(η)

∣∣ < ε.∣∣g(f(x))− g
(
f(ξ)

)∣∣ < ε x y = f(x) – , x z = g
(
f(x)

)
– |x− ξ| < δ. z = g

(
f(x)

)
ξ.

5.3 « »: x ξ, y = f(x) , , f(ξ) = η, g
(
f(x)

)
= g(y)

g(η) = g
(
f(ξ)

)
. , x ξ, g

(
f(x)

)
g
(
f(ξ)

)
. , , , 4.12.

: (1) z = sin
√
x ξ ≥ 0. , y =

√
x ξ ≥ 0 z = sin y η =

√
ξ – .

(2) z =
√
sinx [k2π, π + k2π] (k ∈ Z) ΄ sinx ≥ 0. y = sinx ξ ΄

– ξ – z =
√
y η = sin ξ ≥ 0. z =

√
sinx ξ .

5.3 – – 4.12 z = g
(
f(x)

)
, y = f(x) z = g(y), lim f(x)

η z = g(y) η. , limx→ξ f(x) = η z = g(y) η. « »: x ξ 6= ξ,
y = f(x) , , η, g

(
f(x)

)
= g(y) g(η). , x ξ 6= ξ, g

(
f(x)

)
g(η). , limx→ξ g

(
f(x)

)
= g(η).

5.4 . z = g
(
f(x)

)
y = f(x) z = g(y). (i) lim f(x) = η y = g(x) η

(ii) lim f(x) = η f(x) ≥ η x y = g(x) η (iii) lim f(x) = η f(x) ≤ η
x y = g(x) η , lim g

(
f(x)

)
= g(η).

: limx→ξ f(x) = η z = g(y) η. limx→ξ g(f(x)) = g(η).

ε > 0, δ′ > 0 |g(y)− g(η)| < ε y z = g(y) |y−η| < δ′ . , δ > 0 |f(x)−η| < δ′

x y = f(x) 0 < |x− ξ| < δ. x y = f(x) 0 < |x− ξ| < δ |f(x)− η| < δ′ , f(x)

z = g(y), |g(f(x)) − g(η)| < ε. , x y = f(x) – , x z = g(f(x)) – 0 < |x − ξ| < δ

|g(f(x))− g(η)| < ε. lim g(f(x)) = g(η).
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: (1) limx→0
(
√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

.

y =
√
x + 1, z = (

√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

z = y4

y8+y13+5 . limx→0 y =

limx→0(
√
x+ 1) = 1 z = y4

y8+y13+5 1.

limx→0
(
√
x+1)4

(
√
x+1)8+(

√
x+1)13+5

= 14

18+113+5 = 1
7 .

(2) limx→+∞

√
x−1

x2+x+1
+
(

x−1

x2+x+1

)2
+ x−1

x2+x+1
+1

3
(

x−1

x2+x+1

)4
+2

√
x−1

x2+x+1
+1

.

y = x−1
x2+x+1 z =

√
x−1

x2+x+1
+
(

x−1

x2+x+1

)2
+ x−1

x2+x+1
+1

3
(

x−1

x2+x+1

)4
+2

√
x−1

x2+x+1
+1

z =
√
y+y2+y+1

3y4+2
√
y+1 .

limx→+∞ y = limx→+∞
x−1

x2+x+1 = 0 z =
√
y+y2+y+1

3y4+2
√
y+1 0.

limx→+∞

√
x−1

x2+x+1
+
(

x−1

x2+x+1

)2
+ x−1

x2+x+1
+1

3
(

x−1

x2+x+1

)4
+2

√
x−1

x2+x+1
+1

=
√
0+02+0+1

3·04+2
√
0+1

= 1.

(3) limx→+∞
(
( sin x

x )3 + ( sin x
x )2 + 3

)
.

y = sin x
x z = ( sin x

x )3 + ( sin x
x )2 + 3 z = y3 + y2 + 3. limx→+∞ y =

limx→+∞
sin x
x = 0 z = y3 + y2 + 3 0.

limx→+∞
(
( sin x

x )3 + ( sin x
x )2 + 3

)
= 03 + 02 + 3 = 3.

4.12 5.4. ΄ 4.12 y = f(x) ±∞ 5.4 y = f(x) . , 5.4
4.12. , lim f(x) = η, 4.12 f(x) 6= η x. 5.4 z = g(y) η.
5.4 4.12 4.12 5.4 ( a sin x

x 6= 0 x > a).

. .

5.5 f(x) ≤ g(x) ξ ξ y = f(x) y = g(x) ξ ξ , ,
f(ξ) ≤ g(ξ).

: 4.14 limx→ξ f(x) = f(ξ) limx→ξ g(x) = g(ξ) limx→ξ± f(x) = f(ξ) limx→ξ± g(x) =

g(ξ).

: (1) f(x) ≤ sinx x (0, π
4 ) y = f(x) 0 , , y = sinx 0 ,

f(0) ≤ sin 0 = 0.

(2) l ≤ f(x) ≤ u ξ y = f(x) ξ, l ≤ f(ξ) ≤ u. 5.5 y = f(x) y = l
y = u.

5.6 y = f(x) ξ ξ .
(1) f(ξ) < u, f(x) < u ξ ξ , .
(2) f(ξ) > l, f(x) > l ξ ξ , .

: 4.16 limx→ξ f(x) = f(ξ) limx→ξ g(x) = g(ξ) limx→ξ± f(x) = f(ξ) limx→ξ± g(x) =

g(ξ).

: y = sin x+cosx
sin x−cos x

π
3

π
3

√
3

2 + 1
2√

3
2 − 1

2

= 2 +
√
3 . 3 < 2 +

√
3 < 4, (a, b)

a < π
3 < b 3 < sin x+cos x

sin x−cos x < 4 x . 5.6 l = 3 u = 4.
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. 5.7 4.17.

5.7 y = f(x) ξ ξ , ξ ξ , .

: y = 1
x 1. 5.7 1 ( ). , (a, b) a < 1 < b y = 1

x . ,
( 12 ,

3
2 ), 1, 2

3 < 1
x < 2 x ..

1. ;

y =
x2 log x+ xex

(sinx− cosx)2
, y = x− 3

4 (log x)2
tanx− cotx

(sinx)2 − 2 sinx+ 1
.

2. – – .

y = sin(x2), y = log(x2 + 2), y = ex
3−2x , y = 22

x

, y =
1√

ex − 1
,

y = sin(log x), y =
√
1− cosx , y = e

1
sin x , y = [x2], y = [

√
x],

y = (x2 − 5x+ 6)
√
2 , y = log(x2 − 5x+ 6), y = log(log x),

y = log(sinx), y = log(1− cosx), y = tan(sinx− cosx).

3. f(x) > 0 x y = f(x). y = f(x) y = g(x) ξ, y = f(x)g(x) ξ.

(: f(x)g(x) = eg(x) log(f(x)) .)

.

(i) y = xx (0,+∞).

(ii) y = (x2 − 3)
x−2
x+2 (−∞,−2) ∪ (−2,−

√
3) ∪ (

√
3,+∞).

(iii) y = (2− x2)log x (0,
√
2).

(iv) y = (log x)log x (1,+∞).

4. .

lim
x→+∞

sin
1√
x
, lim

x→−∞
cos

( sinx
x

)
, lim

x→1
e(x−1) sin 1

x−1 .

4.12;

5. 5.5 5.6.

6. [0, b) x [0, b) 1
2 < log(1+x)+cos

√
x

ex+sin
√
x

< 3
2 .

7. (a, b) – – 1 x (a, b) 1
2 < x8−x5+3

4x4−1 < 3
2

1
6 < ex−2x

7x−3 < 1
4 .

(: ΄ . (a, b) ;)

8. 5.7.
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5.3 .

y = f(x) ξ, ξ . , ξ y = f(x), ξ .
ξ y = f(x) ξ, ξ ( ) ξ. , , .

1. limx→ξ f(x) 6= f(ξ). ξ ξ.

Σχήμα 5.4: ξ.

y = f(x) ξ – ξ – ξ. , y = g(x) g(x) = f(x) x 6= ξ
y = f(x) g(ξ) = limx→ξ f(x). y = g(x) y = f(x) y = f(x) ξ. ,
, y = g(x) ξ, limx→ξ g(x) = limx→ξ f(x) = g(ξ). ( g(x) = f(x) x 6= ξ
g(ξ).) y = g(x) ξ.

: (1) y = f(x) =

{
x+ 1, x 6= 0,
0, x = 0,

0, limx→0 f(x) = limx→0(x + 1) = 1

f(0) = 0.

, 0 0, 1 ( 0), y = g(x) =

{
x+ 1, x 6= 0,
1, x = 0,

y = x+ 1,

0.

(2) y = f(x) =

{√
x, x > 0,

1, x = 0,
0, limx→0 f(x) = limx→0

√
x = 0

6= f(0) = 1.

0 0, 0 ( 1), y = g(x) =

{√
x, x > 0,

0, x = 0,
=

√
x 0.

2. (i) limx→ξ f(x) , +∞ −∞, (ii) limx→ξ+ f(x) limx→ξ− f(x) .
ξ ξ. (ii) limx→ξ+ f(x)− limx→ξ− f(x), 6= 0, y = f(x) ξ.

: (1) y = f(x) =

{
1
x2 , x 6= 0,
0, x = 0

0, limx→0 f(x) = +∞.

y = f(x) =

{
1√
−x

, x < 0,
0, x = 0.

(2) y = f(x) =

{
1
x , x 6= 0,
1, x = 0,

0, limx→0+ f(x) = +∞ limx→0− f(x) = −∞,

limx→0+ f(x) 6= limx→0− f(x). 0 +∞− (−∞) = +∞.
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Σχήμα 5.5: ξ: = +∞ .

(3) y = f(x) =

{
x+ 1, x ≥ 0,
x, x < 0

0, limx→0+ f(x) = 1 limx→0− f(x) = 0,

limx→0+ f(x) 6= limx→0− f(x). 0 1− 0 = 1.
0 , 0 .

3. , limx→ξ+ f(x) limx→ξ− f(x), ξ ξ.

Σχήμα 5.6: ξ: .

: (1) y = f(x) =

{
sin 1

x , x > 0,
x, x ≤ 0

0, 0. , limx→0+ f(x) =

limx→0+ sin 1
x = limt→+∞ sin t .

0 , limx→0− f(x) = limx→0− x = 0 = f(0).
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(2) y = f(x) =

{
sin 1

x , x 6= 0,
1, x = 0

0, 0. , limx→0+ f(x) =

limx→0+ sin 1
x = limt→+∞ sin t ( ) limx→0− f(x) = limx→0− sin 1

x =
limt→−∞ sin t, , .

, ξ y = f(x), f(ξ) ξ. ξ .
y = f(x) (a, b) a < ξ < b. , , (a, ξ) , f(x) ≤ f(ξ) x (a, ξ).

, 4.1, limx→ξ− f(x) limx→ξ− f(x) ≤ f(ξ). , (ξ, b), f(x) ≥ f(ξ)
x (ξ, b). limx→ξ+ f(x) ≥ f(ξ). , , limx→ξ− f(x) limx→ξ+ f(x)
limx→ξ− f(x) ≤ f(ξ) ≤ limx→ξ+ f(x). . limx→ξ− f(x) = limx→ξ+ f(x),
limx→ξ− f(x) = f(ξ) = limx→ξ+ f(x) , , ξ. limx→ξ− f(x) < limx→ξ+ f(x),
ξ limx→ξ+ f(x)− limx→ξ− f(x) > 0.

y = f(x) (a, b) a < ξ < b · , limx→ξ− f(x) ≥ f(ξ) ≥
limx→ξ+ f(x).
:

y = f(x) (a, b) a < ξ < b, (i) ξ (ii) -
ξ , ,
, .

, , ..
1. 0 . 0 0. .

y =

{
|x|
x , x 6= 0,
0, x = 0,

y =

{
x2 , x 6= 0,
1, x = 0,

y =

{
1
|x| , x 6= 0,
−1, x = 0,

y =

{
x, x ≤ 0,
1
x , x > 0, y =

{
sin 1

x , x > 0,
1, x ≤ 0,

y =

{
tan x
x , x 6= 0,

0, x = 0.

2. 4 5.1.

3. y = log[x] [1,+∞) .

4. y = f(x) , – – (i) (ii) .

5.4 .

y = f(x) ξ. (xn) y = f(x) ξ. limn→+∞ xn = ξ. « »:
n , xn , , ξ, f(xn) f(ξ). , , .

5.8 y = f(x) ξ (xn) . limn→+∞ xn = ξ, limn→+∞ f(xn) = f(ξ).

: ε > 0, , y = f(x) ξ, δ > 0 |f(x) − f(ξ)| < ε x y = f(x) |x − ξ| < δ.

limn→+∞ xn = ξ, n0 |xn − ξ| < δ n ≥ n0 . |f(xn) − f(ξ)| < ε n ≥ n0 , ,

limn→+∞ f(xn) = f(ξ).
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Σχήμα 5.7: limxn = ξ lim f(xn) = f(ξ).

: (1) y = p(x) limn→+∞ xn = ξ, limn→+∞ p(xn) = p(ξ).

(2) y = r(x) , (xn) ξ limn→+∞ xn = ξ, limn→+∞ r(xn) = r(ξ).

(3) limn→+∞ xn = ξ, limn→+∞ cosxn = cos ξ limn→+∞ sinxn = sin ξ.

(4) (xn) , ξ limn→+∞ xn = ξ, limn→+∞ xn
a = ξa .

(5) a > 0 limn→+∞ xn = ξ, limn→+∞ axn = aξ .
, xn = 1

n n, .

lim
n→+∞

n
√
a = 1 (a > 0).

(6) (xn) , ξ limn→+∞ xn = ξ, limn→+∞ loga xn = loga ξ.

limn→+∞ xn = ξ limn→+∞ f(xn) = f(ξ) :

lim
n→+∞

f(xn) = f
(

lim
n→+∞

xn

)
.

, «» limn→+∞ f ¨ y = f(x) ξ, .
5.8 – – 4.19 – . , 5.8 ( ) 4.19 , , 6= ξ.

: limn→+∞ sin
( 1+(−1)n−1

n

)
limn→+∞

1+(−1)n−1

n = 0 y = sinx 0.

limn→+∞ sin
( 1+(−1)n−1

n

)
= sin

(
limn→+∞

1+(−1)n−1

n

)
= sin 0 = 0.

4.19, 1+(−1)n−1

n = 0 n..
1. .((

1+
1

n

)8

+4
(
1+

1

n

)5

+7
)
,

(
e

1+(−1)n

n

)
,

(
log

(
1+

1

n

))
,

(
tan

1

2n

)
,
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(
2

3n4+n−4

n4+n3+4 sin
(π
2
− 1

n2

))
,
(
n log

(
1 +

1

n

))
,
(( n2 + 3

4n2 − 3

) 3
2

log
(
cos

1

n

))
.

5.5 .

– – .

5.1 . y = f(x) [a, b]. .

5.1 . y = f(x) (a, f(a)) (b, f(b)) x [a, b] (x, f(x))
. – – (x, f(x)), f(x), .

5.1 , . , , , , .

: (1) y =

{
1
x , −1 ≤ x < 0 0 < x ≤ 1,
0, x = 0,

[−1, 1], 0 [−1, 1].

(2) y =

{
x, −1 ≤ x < 0 0 < x ≤ 1,
1, x = 0,

[−1, 1], 0 [−1, 1].

(3) Η y = 1
x(x−1) (0, 1) (0, 1).

(4) y = x (−1, 1) (−1, 1).

(5) y = x (−∞,+∞) (−∞,+∞).

(6) y = 1
x2+1 (−∞,+∞) (−∞,+∞).

5.2 - . y = f(x) [a, b]. x1, x2 [a, b]

f(x1) ≤ f(x) ≤ f(x2)

x [a, b].

Σχήμα 5.8: - .
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5.1, y = f(x) (a, f(a)) (b, f(b)) . , , – – , (x1, f(x1)),
, «», , (x2, f(x2)), , «». , , x1 x2 . x1, x2 . x1

() x2 () .
5.2 x1, x2 . .
5.2 , . , , , , .

: (1) y =

{x+ 1 , −1 ≤ x < 0,
0 , x = 0,
x− 1 , 0 < x ≤ 1,

[−1, 1], 0 .

(2) y =

{
0 , −1 ≤ x < 0,
1 , 0 ≤ x ≤ 1,

[−1, 1], 0 .

(3) Η y = x (−1, 1) .

(4) y =

{x+ 2 , −2 < x < −1,
−x , −1 ≤ x ≤ 1,
x− 2 , 1 < x < 2,

(−2, 2) .

(5) y = x (−∞,+∞) .

(6) y =

{
1
x , |x| > 1,
x , |x| ≤ 1,

(−∞,+∞) .

5.3 . y = f(x) [a, b]. c, f(a) f(b), . c f(a) ≤ c ≤ f(b)
f(b) ≤ c ≤ f(a) ξ [a, b]

f(ξ) = c

, , c f(x) = c ( ) ξ [a, b].

f(a) = f(b), c = f(a) = f(b), f(x) = c · ξ = a ξ = b. , f(a) 6= f(b)
c = f(a) c = f(b), f(x) = c · ξ = a ξ = b, . , f(a) < c < f(b)
f(b) < c < f(a), c f(a) f(b), 5.3 . , ΄ a b f(x) = c, (a, b).

, , 5.3. y = c c . (a, f(a)) (b, f(b)) f(a) f(b), , , ,
y = c . y = f(x), (a, f(a)) (b, f(b)), y = c. (ξ, η),
η = f(ξ) , , η = c y = c. f(ξ) = c.

5.3 f(x) = c, ξ. , , ξ . ξ c.
5.3 , . , , , .

: (1) y = f(x) =

{
1 , 0 < x ≤ 1,
0 , x = 0,

[0, 1], 0 1
2 – c f(0) = 0

f(1) = 1 – .

(2) y = f(x) =

{
x , 0 ≤ x < 1

2 ,
x− 1

2 ,
1
2 ≤ x ≤ 1,

[0, 1], 1
2 c f(0) = 0 f(1) = 1

2
.

.

: (1) cosx = x [0, π
2 ].
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Σχήμα 5.9: .

y = cosx− x [0, π
2 ]. . cos 0− 0 = 1 cos π

2 − π
2 = −π

2 0 .
ξ [0, π

2 ] cos ξ − ξ = 0 , , cos ξ = ξ. , , ξ (0, π
2 ).

(2) x3 − 5x2 − 18x+ 7 = 0 .
, . a b a < b 0 y = x3 − 5x2 − 18x + 7 a b , ,

a3 − 5a2 − 18a+7 b3 − 5b2 − 18b+7 . - : a = 0, a3 − 5a2 − 18a+7 = 7 ,
b = 1, b3 − 5b2 − 18b+ 7 = −15. ξ (0, 1) ξ3 − 5ξ2 − 18ξ + 7 = 0.

, , . , , . . limx→−∞(x3 − 5x2 − 18x+ 7) = −∞, a
( ) a3 − 5a2 − 18a+ 7 < 0. , limx→+∞(x3 − 5x2 − 18x+ 7) = +∞, b
b3 − 5b2 − 18b+ 7 > 0. , ξ [a, b] ξ3 − 5ξ2 − 18ξ + 7 = 0.

5.13 .

.

5.9 Bolzano. y = f(x) [a, b]. f(a)f(b) < 0, ξ (a, b) f(ξ) = 0.

, f(a)f(b) < 0 f(a) < 0 < f(b) f(b) < 0 < f(a) .

5.10 . y = f(x) I ( ). f(x) 6= 0 x I, f(x) > 0 x I f(x) < 0 x
I.

I. , a I f(a) < 0 b I f(b) > 0. I , [a, b] [b, a] a
b I , , y = f(x) . ξ [a, b] [b, a] , , I f(ξ) = 0, . f(x) > 0
x I f(x) < 0 x I.

x-, x- x-..
. - .
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1. (0, 1);

y = x2 , y = x2 − x+ 1, y = sin(πx), y = cot(πx), y = sin(2πx).

2. y = sin 1
x (0,+∞) . ;

y = x sinx y = 1
x sin 1

x (0,+∞).

(: 6, 7 8 3.10.)

3. y = 1
1+x sin 1

x (0,+∞).

(: y = 1
1+x y = − 1

1+x (0,+∞) 6, 7 8 3.10.)

4. () t = a t = b (a < b). t = a t = b .

¨ ;

5. y = f(x) [a, b] f(x) > l x [a, b]. ρ > l f(x) ≥ ρ x [a, b].

;

6. y = f(x) y = g(x) [a, b] f(x) > g(x) x [a, b]. ρ f(x) ≥ g(x)+ρ
x [a, b].

(: y = f(x)− g(x) [a, b].)

;

. .

1. x7 − 3x6 + 5x5 + 13x4 − x3 − 12x2 − 5x+ 1 = 0 [0, 1].

2. ex = x+ 2 .

3. 3
x + 2

x−1 + 1
x−2 + 5

x−3 = 0 (0, 1), (1, 2) (2, 3).

(: , .)

4. tanx = x (−π
2 + kπ, π

2 + kπ) (k ∈ Z).

5. y = f(x) [0, 1] 0 ≤ f(x) ≤ 1 x [0, 1]. ξ [0, 1] f(ξ) = ξ2 .

(: y = f(x)− x2 .)

6. y = f(x) y = g(x) [a, b]. f(a) < g(a) f(b) > g(b), ξ (a, b)
f(ξ) = g(ξ).

(: y = f(x)− g(x).)

;

7. () . t = a t = b . .

¨ ;

8. (∗) y = f(x) -- I. y = f(x) I.

(: , x1, x2 x3 I x1 < x2 < x3 f(x1), f(x3) < f(x2)
f(x1), f(x3) > f(x2). c max{f(x1), f(x3)} < c < f(x2).)
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9. y = f(x) y = g(x) I. f(x) 6= g(x) x I, f(x) < g(x) x I
f(x) > g(x) x I.

(: y = f(x)− g(x).)
(∗) , , y = h(x) I. x I h(x) = f(x) h(x) = g(x), h(x) = f(x)
x I h(x) = g(x) x I.

(: y = h(x) y = f(x)+g(x)
2 .)

;

10. (∗) y = f(x) y = g(x) I g(x)2 = f(x)2 f(x) 6= 0 x I.
g(x) = f(x) x I g(x) = −f(x) x I.

(: ΄ g(x) 6= 0 x I. : y = f(x) y = g(x). : y = h(x) = g(x)
f(x) .

: . : .)

;

y = f(x) I [0,+∞) (−∞, 0] f(x)2 = |x| x I. f(x) =
√
|x|

x I f(x) = −
√

|x| x I.

y = f(x) (−∞,+∞) f(x)2 = x2 x;

y = f(x) I [−1, 1] x2 + f(x)2 = 1 x I. f(x) =
√
1− x2 x

I f(x) = −
√
1− x2 x I.

11. (∗∗) 9 .

y = f1(x), y = f2(x), . . . , y = fn(x) I x I n . ;

, , y = h(x) I x I ( x) n , , (h(x)−f1(x)) · · · (h(x)−fn(x)) = 0
x I. y = h(x) y = f1(x), y = f2(x), . . . , y = fn(x);

12. (∗) y = f(x) I [1,+∞) [0, 1] (f(x)−x)(f(x)−x2)(f(x)−x3) = 0
x I. f(x) = x x I f(x) = x2 x I f(x) = x3 x I.

(: .)

I = [0,+∞), – – y = f(x);

5.6 .

y = f(x) , , c f(x) = c . – – .

5.11 - I, ( I) I.

: y = f(x) [a, b], x1, x2 [a, b] f(x1) ≤ f(x) ≤ f(x2) x [a, b]. m1 = f(x1), m2 = f(x2)
, , , [m1,m2]. [m1,m2].
, c [m1,m2]. [x1, x2] [x2, x1], [a, b]. y = f(x) [x1, x2] [x2, x1] c

m1 = f(x1) m2 = f(x2), ξ x1 x2 , , [a, b] c = f(ξ). c [m1,m2] , [m1,m2] .

[m1,m2].

. . 6 , , . , .

: (1) y = x2 [1, 4], 12 = 1 42 = 16. [1, 4] [1, 16].
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Σχήμα 5.10: = [ , ].

(2) y = 1
x [ 12 , 3],

1
3

1
1
2

= 2. [ 12 , 3] [ 13 , 2].

(3) y = x2 − 6x+5 [−1, 6]. y = (x− 3)2 − 4, [−1, 3] [3, 6]. [−1, 6]
32 − 6 · 3 + 5 = −4 (−1)2 − 6(−1) + 5 = 12 62 − 6 · 6 + 5 = 5, 12.
[−1, 6] [−4, 12]. : [−1, 3] [−4, 12] [3, 6] [−4, 5].

. . , 6, .
5.12 , 4.1, , · .

5.12 (1) y = f(x) I = [a, b]. J = [A,B], A = f(a), B = f(b).
(2) y = f(x) I. J I ( ).
(3) y = f(x) I . J I I ( ).

(1), (2) (3) I. J . , (1) J = [B,A] J = [A,B].

Σχήμα 5.11: .

: (1) 5.11, y = f(x) [a, b] B = f(b) A = f(a).
(2) y = f(x) (a, b) limx→a+ f(x) = A limx→b− f(x) = B. a −∞ b +∞.
A B, .
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x (a, b). x′ a < x′ < x , x′′ a < x′′ < x′ < x f(x′′) < f(x′) < f(x),
A = limx′′→a+ f(x′′) ≤ f(x′) , , A < f(x). , x′ x < x′ < b , x′′ x < x′ < x′′ < b
f(x) < f(x′) < f(x′′), f(x′) ≤ limx′′→b− f(x′′) = B , , f(x) < B. y = f(x) (A,B),
(A,B).
, c (A,B), A < c < B. 4.16 f(x) < c a c < f(x) b. a′ (a, b) a f(a′) < c

b′ (a, b) b c < f(b′). , y = f(x) [a′, b′], , , c y = f(x) [a′, b′] , , (a, b). (A,B)
y = f(x).

y = f(x) (A,B).
(3) y = f(x) [a, b) f(a) = A limx→b− f(x) = B.

x [a, b), a ≤ x < b, A ≤ f(x) < B , , y = f(x) [A,B).
, c [A,B), f(a) = A ≤ c < B, b′ [a, b) b c < f(b′). f(a) ≤ c < f(b′) c

[a, b′] , , [a, b). [A,B) y = f(x).
y = f(x) [A,B).

y = f(x) (a, b]. , .

: (1) y = 2x2+1 (1, 3). (1, 3) limx→1+(2x
2+1) = 3 limx→3−(2x

2+1) =
19. , y = 2x2 + 1 (1, 3) (3, 19).

(2) y = x+1
x−1 (1,+∞). (1,+∞) limx→1+

x+1
x−1 = +∞ limx→+∞

x+1
x−1 = 1.

y = x+1
x−1 (1,+∞) (1,+∞).

(3) y = log 1
x [1,+∞). log 1

1 = 0 limx→+∞ log 1
x = −∞. [1,+∞),

[1,+∞) (−∞, 0].

(4) y = tanhx = ex−e−x

ex+e−x (−∞,+∞). limx→−∞ tanhx = −1 limx→+∞ tanhx =
1 , , (−1, 1).

(5) n- . n b ≥ 0 a ≥ 0 an = b.
. y = xn [0,+∞) 0n = 0 limx→+∞ xn = +∞. y = xn [0,+∞)

[0,+∞). , b ≥ 0 [0,+∞), a ≥ 0 an = b.
, , 1.2, 1. , , – – . , 1.2 !

, , .

5.13 (1) y = p(x) = a0 + a1x + · · · + a2n−1x
2n−1 ( a2n−1 6= 0).

(−∞,+∞).
(2) y = p(x) = a0 + a1x + · · · + a2nx

2n ( a2n 6= 0). a2n > 0, , m,
[m,+∞). a2n < 0, , m, (−∞,m].

: (1) a2n−1 > 0, limx→−∞ p(x) = −∞ limx→+∞ p(x) = +∞. c 4.16 p(x) < c −∞
c < p(x) +∞. a b p(a) < c < p(b). c . (−∞,+∞) y = p(x) , ,
(−∞,+∞).

a2n−1 < 0, limx→−∞ p(x) = +∞ limx→+∞ p(x) = −∞ .
(2) a2n > 0. y = p(x), p(0) = a0 . limx→−∞ p(x) = +∞ limx→+∞ p(x) = +∞,
4.16 a p(x) > a0 x (−∞, a) b p(x) > a0 (b,+∞). y = p(x) [a, b], , m,
. , 0 [a, b], m ≤ p(0) = a0 , , m ≤ p(x) x (−∞, a) x (b,+∞). m y = p(x)
(−∞,+∞) [a, b].
, , y = p(x) [m,+∞). , c [m,+∞), m ≤ c < +∞. m y = p(x), x0

p(x0) = m. 4.16, c < limx→+∞ p(x), b′ c < p(b′). c p(x0) p(b′) , c .
[m,+∞) y = p(x) [m,+∞).

a2n < 0, .

: (1) y = −2x5 + 4x4 − 3x3 − x2 + 7x− 1 (−∞,+∞) .
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(2) y = x4 − 4x3 +4x2 − 7 y = x2(x− 2)2 − 7. x4 − 4x3 +4x2 − 7 ≥ −7 x ,
, −7 x = 0 x = 2. , −7 y = x4 − 4x3 + 4x2 − 7 , , [−7,+∞).

6 ..
1. ;

y = −2x3+x2− 5x+6, y = x4− 2x2+7, y = x6− 3x4+3x2− 1.

2. y = a0 + a1x+ · · ·+ aNxN . a0aN < 0, ξ p(ξ) = 0.

3. . ( ) , , .

(i) y = sinx y = cos(5x) [−π
4 ,

π
2 ].

(ii) y = x+ 1
x (−∞,−1], [−1, 0), (0, 1] [1,+∞).

(iii) y = ex + x y = 1
1+e2x (−∞,+∞).

4. y = 3
x + 2

x−1 + 1
x−2 + 5

x−3 (−∞, 0), (0, 1), (1, 2), (2, 3) (3,+∞).

.
3
x + 2

x−1 + 1
x−2 + 5

x−3 = c, c ;

(: : c < 0, c > 0 c = 0.)

3 .

5.7 .

, y = f(x) I, , , -- I x = f−1(y). , , J y = f(x) I,
x = f−1(y) J I. 5.12 y = f(x) , , I. : J , , I.
5.14 5.12, x = f−1(y) J .

5.14 (1) y = f(x) I = [a, b]. J = [A,B], A = f(a), B = f(b). ,
x = f−1(y) [A,B] [a, b].
(2) y = f(x) I. J I ( ). , x = f−1(y) J I.
(3) y = f(x) I . J I I ( ). , x = f−1(y)
J I.

(1), (2) (3) I. J . , (1) J = [B,A] J = [A,B].

: (1) 5.12 y = f(x) [A,B] A = f(a) B = f(b) , , x = f−1(y) [A,B] [a, b].
x = f−1(y) η [A,B].

η [A,B] ξ = f−1(η). A < η < B, ε > 0 x1, x2 [a, b] ξ− ε ≤ x1 < ξ < x2 ≤ ξ+ ε.
y1 = f(x1), y2 = f(x2) [A,B], y1 < η < y2 . δ = min{η − y1, y2 − η}. Τ y |y − η| < δ
y1 ≤ η − δ < y < η + δ ≤ y2, ξ − ε ≤ x1 = f−1(y1) < f−1(y) < f−1(y2) = x2 ≤ ξ + ε , ,
|f−1(y)− f−1(η)| = |f−1(y)− ξ| < ε. x = f−1(y) η.

η = A, ξ = f−1(η) = a, ε > 0 x2 [a, b] a < x2 ≤ a+ε. y2 = f(x2) [A,B], A < y2 .
δ = y2 − A. Τ y A ≤ y < A+ δ = y2 a = f−1(A) ≤ f−1(y) < f−1(y2) = x2 ≤ a+ ε , ,
|f−1(y)− f−1(A)| = |f−1(y)− a| < ε. x = f−1(y) η = A.

155



η = B, x = f−1(y) η. x = f−1(y) [A,B].

(2)− (3) (1), x = f−1(y) η J (1).

: (1) y = x3 + x (−∞,+∞).
limx→−∞(x3 + x) = −∞ limx→+∞(x3 + x) = +∞, (−∞,+∞) –

y = x3 + x . (−∞,+∞) (−∞,+∞).
.

(2) y = −xex + 1 [0,+∞).
−0e0 + 1 = 1 limx→+∞(−xex + 1) = −∞, (−∞, 1] (−∞, 1]

[0,+∞).
, . , , −xex + 1 = y x.

.

: (1) . y = ex (−∞,+∞).
limx→−∞ ex = 0 limx→+∞ ex = +∞, (0,+∞) , x = log y,

(0,+∞) (−∞,+∞).
x = log y (0,+∞). , , x = log y 5.14. , limy→0+ log y = −∞

limy→+∞ log y = +∞. , , 5.14. , x = log y (0,+∞), limy→0+ log y
limy→+∞ log y. , , (−∞,+∞), limy→0+ log y = −∞ limy→+∞ log y = +∞.
(2) n- . (i) n. y = xn (−∞,+∞).

limx→−∞ xn = −∞ limx→+∞ xn = +∞, (−∞,+∞) , x = n
√
y ,

(−∞,+∞) (−∞,+∞).
x = n

√
y (−∞,+∞). , , x = n

√
y 5.14. , x = n

√
y

(−∞,+∞), limy→−∞ n
√
y limy→+∞ n

√
y . , , (−∞,+∞),

limy→−∞ n
√
y = −∞ limy→+∞ n

√
y = +∞.

(ii) n. y = xn [0,+∞).
0n = 0 limx→+∞ xn = +∞, [0,+∞) , x = n

√
y , [0,+∞)

[0,+∞). , x = n
√
y [0,+∞), n

√
0 = 0 limy→+∞ n

√
y . , , [0,+∞),

limy→+∞ n
√
y = +∞.

(3) . , -, -, - -. , , . 5.14 .
(i) Η y = cosx [0, π]. cos 0 = 1 cosπ = −1, [0, π] [−1, 1]. , , -,
x = arccos y [−1, 1] [0, π].
(ii) Η y = sinx [−π

2 ,
π
2 ]. sin(−π

2 ) = −1 sin π
2 = 1, [−π

2 ,
π
2 ] [−1, 1].

-, x = arcsin y [−1, 1] [−π
2 ,

π
2 ].

(iii) Η y = tanx (−π
2 ,

π
2 ). limx→−π

2 + tanx = −∞ limx→π
2 − tanx = +∞,

(−π
2 ,

π
2 ) (−∞,+∞). -, x = arctan y (−∞,+∞) (−π

2 ,
π
2 ). , ,

: limy→−∞ arctan y = −π
2 limy→+∞ arctan y = π

2 .
(iv) Η y = cotx (0, π). limx→0+ cotx = +∞ limx→π− cotx = −∞,
(0, π) (−∞,+∞). , , -, x = arccot y (−∞,+∞) (0, π). :
limy→−∞ arccot y = π limy→+∞ arccot y = 0.

(4) . , - - , . , - - . 5.14 . , , .
(i) y = coshx = ex+e−x

2 [0,+∞). cosh 0 = 1 limx→+∞ coshx = +∞,
[0,+∞) [1,+∞). - , x = arccosh y, [1,+∞) [0,+∞).
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(ii) y = sinhx = ex−e−x

2 (−∞,+∞). limx→−∞ sinhx = −∞ limx→+∞ sinhx =
+∞, (−∞,+∞) (−∞,+∞). - , x = arcsinh y, (−∞,+∞)
(−∞,+∞).

x = arccosh y = log(x +
√
x2 − 1) x = arcsinh y = log(x +

√
x2 + 1)

.
3.11.

(iii) y = tanhx = ex−e−x

ex+e−x (−∞,+∞). limx→−∞ tanhx = −1 limx→+∞ tanhx =
1, (−∞,+∞) (−1, 1). - , x = arctanh y, (−1, 1) (−∞,+∞).
(iv) y = cothx = ex+e−x

ex−e−x (0,+∞). limx→0+ cothx = +∞ limx→+∞ cothx =
1, (0,+∞) (1,+∞).
, y = cothx (−∞, 0). limx→−∞ cothx = −1 limx→0− cothx = −∞,

(−∞, 0) (−∞,−1).
y = cothx (−∞, 0) ∪ (0,+∞) -- (−∞,−1) ∪ (1,+∞). , - ,

x = arccoth y, (−∞,−1) ∪ (1,+∞) (−∞, 0) ∪ (0,+∞). x = arccoth y
(−∞,−1) ∪ (1,+∞).
, x = arccoth y (−∞,−1) (−∞, 0) (1,+∞) (0,+∞).
: x = arccoth y (−∞,−1) ∪ (1,+∞) (−∞,−1) (1,+∞)..
1. , . , .

(i) y = x2 + 2x [0, 1].

(ii) y = 1
x (0, 1].

(iii) y = 1
x2+1 [0,+∞).

2.

(i) arctanh y = 1
2 log

1+y
1−y y (−1, 1).

(ii) arccoth y = 1
2 log

y+1
y−1 y (−∞,−1) ∪ (1,+∞).

x = arctanh y x = arccoth y

x =
1

2
log

∣∣∣y + 1

y − 1

∣∣∣
(−∞,−1) ∪ (−1, 1) ∪ (1,+∞) (−∞,+∞). .

3. (∗) y = f(x) = 1
2 (x− 1

x ) (0,+∞).

y = f(x) , (−∞,+∞) x = f−1(y). f−1(y)− 1
f−1(y) = 2y

y (−∞,+∞).

x = h(y) (−∞,+∞), , h(y) − 1
h(y) = 2y y (−∞,+∞),

h(y) = f−1(y) y (−∞,+∞).

y = f(x) = 1
2 (x− 1

x ) (−∞, 0).

.
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4. (∗) y = f(x) = 1
2 (x+ 1

x ) (0,+∞).

f( 1x ) = f(x) x (0,+∞) , , --.

y = f(x) [1,+∞), [1,+∞) x = g1(y) [1,+∞) [1,+∞).

y = f(x) (0, 1], [1,+∞) x = g2(y) [1,+∞) (0, 1].

g1(y) +
1

g1(y)
= 2y = g2(y) +

1
g2(y)

y [1,+∞).

x = h(y) [1,+∞) h(y) + 1
h(y) = 2y y [1,+∞), h(y) = g1(y) y

[1,+∞) h(y) = g2(y) y [1,+∞).

y = f(x) = 1
2 (x+ 1

x ) (−∞, 0).

.

5. (∗) y = f(x) = x3 − 3x.

y = f(x) (−∞,−1], [−1, 1] [1,+∞).

y = f1(x), y = f2(x) y = f3(x) y = f(x) (−∞,−1], [−1, 1]
[1,+∞), .

y = f1(x), y = f2(x) y = f3(x) : , , ;

x = g1(y), x = g2(y) x = g3(y) y = f1(x), y = f2(x) y = f3(x), ,
: , , ;

, x = g(y) x = g1(y), x = g2(y) x = g3(y), g(y)3 − 3g(y) = y y .

I x = g(y) I : g(y)3 − 3g(y) = y y I. I = [−2,+∞), x = g(y)
x = g3(y). I = (−∞, 2], x = g(y) x = g1(y). , , I = [−2, 2],
x = g(y) I x = g1(y) x = g2(y) x = g3(y).

x = g1(y), x = g2(y) x = g3(y) ;

.
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Κεφάλαιο 6

.

. . . . . . . , . . . Fermat,
Rolle ( Lagrange Cauchy). : , . . : , , , , . l’ Hopitâl.
– : , . .

6.1 .

. .

( ) . – – y = f(x) (a, b)
(ξ, f(ξ)) ξ (a, b). – l – (ξ, f(ξ)) . (x, f(x)) x 6= ξ.
x ξ – lx – (ξ, f(ξ)) (x, f(x)), (ξ, f(ξ)) (x, f(x)) l. ,
lx l. , lx

f(x)− f(ξ)

x− ξ
.

l = lim
x→ξ

lx = lim
x→ξ

f(x)− f(ξ)

x− ξ
.

. .

. – – . .
s(t1) s(t2) t1 t2 ,

s(t2)− s(t1)

t2 − t1
.

, , τ ; , τ τ t. , τ t τ t τ . ,

τ = lim
t→τ

s(t)− s(τ)

t− τ
.

159



Σχήμα 6.1: lx l..
1.

(i) () .

(ii) () () .

6.2 .

. , , : – f(x) x s(t) t . .
, , .

y = f(x) ξ ξ, (a, b), a < ξ < b, (a, ξ] (ξ, b) [ξ, b)

(a, ξ). limx→ξ
f(x)−f(ξ)

x−ξ , y = f(x) ξ, ξ y = f(x)

f ′(ξ) Df(ξ)
d f(x)

dx

∣∣∣
x=ξ

d y

dx

∣∣∣
x=ξ

= lim
x→ξ

f(x)− f(ξ)

x− ξ
.

f ′(ξ) ±∞, ξ.
y = f(x) ξ , , .

: (1) y = x2 1 1 d y
dx

∣∣
x=1

= d x2

dx

∣∣
x=1

= limx→1
x2−12

x−1 = limx→1(x+1) = 2.

(2) y = 3
√
x (−∞,+∞) 0 d y

dx

∣∣
x=0

= d 3
√
x

dx

∣∣
x=0

= limx→0
3
√
x− 3√0
x−0 =

limx→0
1

( 3
√
x)2

= +∞. , 0.
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limx→ξ
f(x)−f(ξ)

x−ξ , , . h = x− ξ,

lim
x→ξ

f(x)− f(ξ)

x− ξ
= lim

h→0

f(ξ + h)− f(ξ)

h
.

limx→ξ
f(x)−f(ξ)

x−ξ 0. , y = f(x) ξ, 0 0
0 .

dy
dx . ∆x = x− ξ, , ∆y = y−η = f(x)− f(ξ), , f(x)−f(ξ)

x−ξ
∆y
∆x . ΄ x ξ 6= ξ. – – ΄ , dx. ∆x

dx , y = f(x) ξ, ∆y = f(x) − f(ξ) dy. , ∆y
∆x

dy
dx .

dy
dx

0 . , , dy
dx .

.
y = f(x) [ξ, b). limx→ξ+

f(x)−f(ξ)
x−ξ , y = f(x) ξ ξ

f ′
+(ξ) D+f(ξ)

d f(x)

dx

∣∣∣
x=ξ+

d y

dx

∣∣∣
x=ξ+

= lim
x→ξ+

f(x)− f(ξ)

x− ξ
.

, y = f(x) (a, ξ]. limx→ξ−
f(x)−f(ξ)

x−ξ , y = f(x) ξ ξ

f ′
−(ξ) D−f(ξ)

d f(x)

dx

∣∣∣
x=ξ−

d y

dx

∣∣∣
x=ξ−

= lim
x→ξ−

f(x)− f(ξ)

x− ξ
.

y = f(x) (a, b) a < ξ < b. , y = f(x) ξ, ξ ξ ξ,
f ′
−(ξ) = f ′

+(ξ) = f ′(ξ). , y = f(x) ξ , y = f(x) ξ .

: (1) y = |x| (−∞,+∞). 0: d |x|
dx

∣∣
x=0+

= limx→0+
|x|−|0|
x−0 = limx→0+

x
x =

limx→0+ 1 = 1, d |x|
dx

∣∣
x=0− = limx→0−

|x|−|0|
x−0 = limx→0−

−x
x = limx→0−(−1) =

−1. 0.

(2) y =
√
|x| (−∞,+∞). :

d
√

|x|
dx

∣∣
x=0+

= limx→0+

√
|x|−

√
|0|

x−0 = limx→0+
1√
x
=

+∞, d
√

|x|
dx

∣∣
x=0− = limx→0−

√
|x|−

√
|0|

x−0 = limx→0−
1

−
√
−x

= −∞. 0.

(3) y =


√
x , x > 0,

0 , x = 0,
−
√
−x , x < 0,

(−∞,+∞) : d y
dx

∣∣
x=0+

= limx→0+

√
x−0
x−0 =

limx→0+
1√
x
= +∞ dy

dx

∣∣
x=0− = limx→0−

−
√
−x−0
x−0 = limx→0−

1√
−x

= +∞. 0
dy
dx

∣∣
x=0

= +∞.

(4) y =

{
x sin 1

x , x 6= 0,
0 , x = 0,

(−∞,+∞). d y
dx

∣∣
x=0+

= limx→0+
x sin 1

x−0

x−0 =

limx→0+ sin 1
x = limt→+∞ sin t , , dy

dx

∣∣
x=0− = limx→0−

x sin 1
x−0

x−0 = limx→0− sin 1
x =

limt→−∞ sin t, , . 0.

y = f(x) [ξ, b) (a, ξ), limx→ξ
f(x)−f(ξ)

x−ξ , , limx→ξ+
f(x)−f(ξ)

x−ξ

ξ . , ξ ξ. , y = f(x) (a, ξ] (ξ, b), limx→ξ
f(x)−f(ξ)

x−ξ
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limx→ξ−
f(x)−f(ξ)

x−ξ ξ ξ.

: y =
√
x [0,+∞) 0 d

√
x

dx

∣∣
x=0

= d
√
x

dx

∣∣
x=0+

= limx→0+

√
x−

√
0

x−0 =

limx→0+
1√
x
= +∞.

ξ y = f(x) , ξ f ′(ξ) , y = f(x),

f ′(x) Df(x)
d f(x)

dx

d y

dx
..

1. ( ) 0 .

y = 2, y = x, y = 3x2 − 5x+ 3, y = 4
√
x , y = 5

√
x ,

y = sinx, y = cosx, y = tanx, y =

{
2x , x ≤ 0,
−3x , x ≥ 0,

y =

{
2x2 , x ≤ 0,
−3x2 , x ≥ 0,

y =

{
−2

√
−x , x ≤ 0,

3
√
x , x ≥ 0,

y =

{
0, x 6= 0,
1, x = 0,

y =

{√
x , x ≥ 0,

−1, x < 0,
y =

{ 1− x, x > 0,
0, x = 0,
−1− x, x < 0.

2. y =

{
2x2 + x+ 1, x ≤ 0,
ax+ b, x > 0.

a, b 0.

y =

{
2x2 + x+ 1, x < 0,
ax+ b, x ≥ 0.

3. y = g(x) (a, ξ] y = h(x) [ξ, b) g(ξ) = h(ξ) g′−(ξ) = h′
+(ξ).

y = f(x) =

{
g(x) , a < x ≤ ξ,
h(x) , ξ ≤ x < b,

ξ f ′(ξ) = g′−(ξ) = h′
+(ξ).

4. 1 6.1

(i) () .

(ii) () () .

6.3 , .

. y = c, c x, . , ξ

d c

dx

∣∣∣
x=ξ

= lim
x→ξ

c− c

x− ξ
= lim

x→ξ
0 = 0.

,
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dc

dx
= 0.

. y = x d x
dx

∣∣
x=ξ

= limx→ξ
x−ξ
x−ξ = limx→ξ 1 = 1. y = x

dx

dx
= 1.

. n ≥ 2, y = xn

d xn

dx
= nxn−1 (n ≥ 2).

, ξ

d xn

dx

∣∣∣
x=ξ

= lim
x→ξ

xn − ξn

x− ξ
= lim

x→ξ
(xn−1 + xn−2ξ + · · ·+ xξn−2 + ξn−1)

= nξn−1 ,

limx→ξ x
n−kξk−1 = ξn−kξk−1 = ξn−1 n.

d xn

dx = nxn−1, n ≥ 2, n = 1: d x1

dx = 1x0. , d x
dx = 1, x 6= 0,

00 .

. y = xn n 0 . , , ξ = 0 0 y = xn n ≤ 0. , n = 0,
y = x0 y = 1 (−∞, 0)∪ (0,+∞), , 0x0−1 (−∞, 0)∪ (0,+∞). n < 0,
m = −n, m ξ 6= 0

d xn

dx

∣∣∣
x=ξ

= lim
x→ξ

xn − ξn

x− ξ
= lim

x→ξ

x−m − ξ−m

x− ξ
= lim

x→ξ

ξm − xm

ξmxm(x− ξ)

= − lim
x→ξ

xm−1 + xm−2ξ + · · ·+ xξm−2 + ξm−1

ξmxm

= −mξm−1

ξ2m
= −mξ−m−1 = nξn−1 .

d xn

dx
= nxn−1 (n ≤ 0, x 6= 0).

. n ≥ 3, y = n
√
x (−∞,+∞). (−∞, 0) ∪ (0,+∞)

d n
√
x

dx
=

1

n

n
√
x

x
(n ≥ 3, x 6= 0).

0 d n
√
x

dx

∣∣
x=0

= limx→0
n
√
x− n√0
x−0 = limx→0

1
n√
xn−1

= +∞ n−1 , n
√
xn−1 >

0 x 6= 0. 0 .
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ξ 6= 0 y = n
√
x . η = n

√
ξ

d n
√
x

dx

∣∣∣
x=ξ

= lim
x→ξ

n
√
x− n

√
ξ

x− ξ
= lim

y→η

y − η

yn − ηn

= lim
y→η

1

yn−1 + yn−2η + · · ·+ yηn−2 + ηn−1

=
1

nηn−1
=

1

n

η

ηn
=

1

n

n
√
ξ

ξ
.

n , y = n
√
x [0,+∞) (0,+∞) . ,

d n
√
x

dx
=

1

n

n
√
x

x
(n , x > 0).

0 +∞. .

. y = xa, a . y = xa (−∞,+∞) ( 0, a ≤ 0), a , [0,+∞) (
0, a ≤ 0), a .

d xa

dx
= axa−1

 a > 1 ,
a ≤ 1 , x 6= 0,
a > 1 , x ≥ 0,
a ≤ 1 , x > 0.


, a = m

n , m n . t = n
√
x . y = tm , , η = ξa τ = n

√
ξ . :

d xa

dx

∣∣∣
x=ξ

= lim
x→ξ

y − η

x− ξ
= lim

t→τ

tm − τm

tn − τn

= lim
t→τ

tm−1 + tm−2τ + · · ·+ tτm−2 + τm−1

tn−1 + tn−2τ + · · ·+ tτn−2 + τn−1

=
mτm−1

nτn−1
=

m

n
τm−n =

m

n

(
n
√
ξ
)m−n

= aξa−1 .

. ,

d cosx

dx
= − sinx,

d sinx

dx
= cosx .

d cosx

dx

∣∣∣
x=ξ

= lim
x→ξ

cosx− cos ξ

x− ξ
= lim

x→ξ

−2 sin x−ξ
2 sin x+ξ

2

x− ξ

= − lim
x→ξ

sin x−ξ
2

x−ξ
2

sin
x+ ξ

2
= −1 · sin ξ + ξ

2
= − sin ξ

, ,

d sinx

dx

∣∣∣
x=ξ

= lim
x→ξ

sinx− sin ξ

x− ξ
= lim

x→ξ

2 sin x−ξ
2 cos x+ξ

2

x− ξ

= lim
x→ξ

sin x−ξ
2

x−ξ
2

cos
x+ ξ

2
= 1 · cos ξ + ξ

2
= cos ξ.
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.
1. , , .

d x3

dx

∣∣∣
x=1

,
d 5
√
x

dx

∣∣∣
x=−1

,
d 3
√
x

dx

∣∣∣
x=0

,
d
√
x

dx

∣∣∣
x=−1

,
d 4
√
x

dx

∣∣∣
x=1

,

d 6
√
x

dx

∣∣∣
x=0

,
d x−1

dx

∣∣∣
x=−2

,
d x

2
3

dx

∣∣∣
x=−1

,
d x

4
5

dx

∣∣∣
x=0

,
d x

5
2

dx

∣∣∣
x=0

,

d x
5
2

dx

∣∣∣
x=−3

,
d x− 1

2

dx

∣∣∣
x=−3

,
d x− 3

2

dx

∣∣∣
x=0

.

2. 0; −1;

d x3

dx
,

d x−3

dx
,

d x0

dx
,

d
√
x

dx
,

d 5
√
x

dx
,

d x
4
3

dx
,

d x
2
3

dx
,

d x
3
2

dx
,

d x− 3
2

dx
,

d x− 4
5

dx
.

3. .

d sinx

dx
= −1,

d sinx

dx
+ sinx =

√
2 , cosx

d sinx

dx
− sinx

d cosx

dx
= 1.

4. .

y = (sinx)2 , y = (cosx)3 , y = sin(2x), y = cos(7x).

5. .

.

.

6.4 .

.
y = f(x) [ξ, b). x (ξ, b), lx,+ (ξ, f(ξ)) (x, f(x)) . ,

, x ξ. (x, f(x)) (ξ, f(ξ)) ( y = f(x) ξ ), lx,+ l+ (ξ, f(ξ))

y = f(x) (ξ, f(ξ)) . f(x)−f(ξ)
x−ξ . (i) f ′

+(ξ) = limx→ξ+
f(x)−f(ξ)

x−ξ

, l+ , : l+ , , , , l+ , 0. (ii) f ′
+(ξ) = +∞,

lx,+ , l+ . (iii) f ′
+(ξ) = −∞, lx,+ , l+ . ,

limx→ξ+
f(x)−f(ξ)

x−ξ , .
«» . y = f(x) (a, ξ]. x (a, ξ), lx,− (ξ, f(ξ)) (x, f(x))

. x ξ. (x, f(x)) (ξ, f(ξ)) ( y = f(x) ξ ), lx,− l−
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Σχήμα 6.2: .

Σχήμα 6.3: .

Σχήμα 6.4: . .

(ξ, f(ξ)) y = f(x) (ξ, f(ξ)) . lx,−
f(x)−f(ξ)

x−ξ . (i)

f ′
−(ξ) = limx→ξ−

f(x)−f(ξ)
x−ξ , l− , : l− , , , , l− ,
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0. (ii) f ′
−(ξ) = +∞, lx,− , l− . (iii) f ′

−(ξ) = −∞, lx,−

, l− . limx→ξ−
f(x)−f(ξ)

x−ξ , .
y = f(x) (a, b), a < ξ < b. , , y = f(x) ξ , (ξ, f(ξ))

, , , l (ξ, f(ξ)). , , , . , , .

: (1) y = |x| (0, 0). (0, 0), d |x|
dx

∣∣
x=0+

= 1 . (0, 0),
d |x|
dx

∣∣
x=0− = −1 . , (0, 0).

(2) y =
√
|x| (0, 0).

d
√

|x|
dx

∣∣
x=0+

= +∞, (0, 0) . ,
d
√

|x|
dx

∣∣
x=0− = −∞, (0, 0) . (0, 0).

(3) y =

{√
x , 0 ≤ x,

−
√
−x , x ≤ 0,

(0, 0). dy
dx

∣∣
x=0+

= +∞, (0, 0) . ,

dy
dx

∣∣
x=0− = +∞, (0, 0) . , (0, 0), , , · x = 0.

y = f(x) ξ ξ , (ξ, f(ξ)).

: y =
√
x (0, 0). d

√
x

dx

∣∣
x=0+

= +∞, (0, 0) .

y = f(x) (a, b), a < ξ < b y = f(x) ξ. , l (ξ, f(ξ))
f ′(ξ), :

: y = f ′(ξ)(x− ξ) + f(ξ) (f ′(ξ) 6= ±∞).

, , (ξ, f(ξ)) . y = f(x) (ξ, f(ξ)). f ′(ξ) 6= 0,
− 1

f ′(ξ) , ,

y = − 1

f ′(ξ)
(x− ξ) + f(ξ).

Σχήμα 6.5: .
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f ′(ξ) = 0, ,
x = ξ.

, y = f(x) ξ f ′(ξ) = +∞ f ′(ξ) = −∞, (ξ, f(ξ))

: x = ξ (f ′(ξ) = ±∞),

y = f(ξ).

: (1) (ξ, ξ2) y = x2 y = 2ξ(x−ξ)+ξ2 . (ξ, ξ2) y = − 1
2ξ (x−ξ)+ξ2 ,

ξ 6= 0, x = 0, ξ = 0.

(2) (ξ, ξ
1
3 ) y = x

1
3 y = 1

3ξ
− 2

3 (x − ξ) + ξ
1
3 , ξ 6= 0, x = 0, ξ = 0.

(ξ, ξ
1
3 ) y = −3ξ

2
3 (x− ξ) + ξ

1
3 , ξ 6= 0, y = 0, ξ = 0.

(ξ, ξ
1
3 ) y = x, , 1

3ξ
− 2

3 = 1, ξ = ± 1√
27
..

1. ( ) , 0 1 6.2.

2. . ;

(i) y = x2 . .

(ii) y = x3 .

3. 6.3.

4. b c y = x2 + bx+ c y = x (1, 1).

5. y = x
1
3 y = −4

3x+ 2
3 ; y = 4

3x+ 2
3 ; x = 4; y = 1;

6. y = f(x) =

{
x sin 1

x , x 6= 0,
0, x = 0.

0. 0.

lx,+ (0, 0) (x, f(x)) x → 0+ . lx,+ (0, 0); lx,−
(0, 0) (x, f(x)) x → 0− .

7. y =

{
x2 sin 1

x , x 6= 0,
0, x = 0.

0 0 0.

, lx,+ lx,− (0, 0) (x, f(x)) x → 0+ x → 0− , .

8. y4 = x3 . (i) y x . (ii) x , y = x
3
4 y = −x

3
4

[0,+∞) (0, 0) .

y2 = x3 . , , (0, 0);

9. , xy = a (a > 0), x- y- ( ). x, y .

10. , x
2
3 + y

2
3 = a (a > 0), x- y- a

3
2 .

. ;
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6.5 .

. .

y = f(x) y = g(x) (a, b) a < ξ < b. f(x)−f(ξ)
x−ξ

g(x)−g(ξ)
x−ξ x

(a, ξ) ∪ (ξ, b), , , . , y = f(x) y = g(x) (a, ξ] [ξ, b). :

6.1 y = f(x) y = g(x) (a, b) a < ξ < b (a, ξ] [ξ, b). ξ,
, .

: (1) y =

{
|x|
x , x 6= 0,
0 , x = 0,

(−∞,+∞) y = 1 (−∞,+∞) (0,+∞).

(0,+∞) 0. , y = −1 (−∞,+∞) (−∞, 0). (−∞, 0) 0.
: (a, b) a < 0 < b y = 0 . 0 0. , 0.

(2) y =
√
|x| (−∞,+∞) [0,+∞) y =

√
x [0,+∞). y =

√
|x|

(0,+∞) y =
√
x ,

d
√

|x|
dx = d

√
x

dx = 1
2

√
x
x x (0,+∞). , y =

√
|x| 0

y =
√
x 0 ,

d
√

|x|
dx

∣∣
x=0+

= d
√
x

dx

∣∣
x=0+

= +∞.

. .

6.2 y = f(x) ξ ξ ξ , ξ ξ ξ , .

: y = f(x) ξ, f ′(ξ) . f(x) =
f(x)−f(ξ)

x−ξ
(x− ξ) + f(ξ)

lim
x→ξ

f(x) = lim
x→ξ

f(x)− f(ξ)

x− ξ
lim
x→ξ

(x− ξ) + f(ξ) = f ′(ξ) · 0 + f(ξ) = f(ξ).

y = f(x) ξ.

, , .

: (1) 6.2 . y = |x| 0 0.

(2) 6.2 ξ . +∞ −∞, y = f(x) ΄ ξ. y =

{
|x|
x , x 6= 0,
0 , x = 0,

(−∞,+∞).

0 , limx→0+
|x|
x = limx→0+ 1 = 1 limx→0−

|x|
x = limx→0−(−1) = −1

0 0. , dy
dx

∣∣
x=0+

= limx→0+
1−0
x−0 = +∞ dy

dx

∣∣
x=0− = limx→0−

−1−0
x−0 = +∞, 0

dy
dx

∣∣
x=0

= +∞.

, y = f(x) ξ ξ, (ξ, f(ξ)). 6.2 , , ξ. , , ±∞,
ξ. (0, 0) .

. .

6.3 y = f(x) y = g(x) ξ. , , , g(ξ) 6= 0, ξ :

(f + g)′(ξ) = f ′(ξ) + g′(ξ), (f − g)′(ξ) = f ′(ξ)− g′(ξ),

(fg)′(ξ) = g(ξ)f ′(ξ) + f(ξ)g′(ξ),
(
f
g

)′
(ξ) = g(ξ)f ′(ξ)−f(ξ)g′(ξ)

g(ξ)2 .

.
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: .

(f + g)′(ξ) = lim
x→ξ

(f(x) + g(x))− (f(ξ) + g(ξ))

x− ξ

= lim
x→ξ

(
f(x)− f(ξ)

x− ξ
+

g(x)− g(ξ)

x− ξ

)
= lim

x→ξ

f(x)− f(ξ)

x− ξ
+ lim

x→ξ

g(x)− g(ξ)

x− ξ

= f ′(ξ) + g′(ξ)

. :

(fg)′(ξ) = lim
x→ξ

f(x)g(x)− f(ξ)g(ξ)

x− ξ

= lim
x→ξ

(
g(x)

f(x)− f(ξ)

x− ξ
+ f(ξ)

g(x)− g(ξ)

x− ξ

)
= lim

x→ξ
g(x) lim

x→ξ

f(x)− f(ξ)

x− ξ
+ f(ξ) lim

x→ξ

g(x)− g(ξ)

x− ξ

= g(ξ)f ′(ξ) + f(ξ)g′(ξ).

, : (
f

g

)′
(ξ) = lim

x→ξ

f(x)
g(x)

− f(ξ)
g(ξ)

x− ξ

= lim
x→ξ

(
1

g(x)

f(x)− f(ξ)

x− ξ
−

f(ξ)

g(x)g(ξ)

g(x)− g(ξ)

x− ξ

)
= lim

x→ξ

1

g(x)
lim
x→ξ

f(x)− f(ξ)

x− ξ

−
f(ξ)

g(ξ)
lim
x→ξ

1

g(x)
lim
x→ξ

g(x)− g(ξ)

x− ξ

=
1

g(ξ)
f ′(ξ)−

f(ξ)

g(ξ)

1

g(ξ)
g′(ξ) =

g(ξ)f ′(ξ)− f(ξ)g′(ξ)

g(ξ)2
.

(, , ξ)

D(f ± g) = Df ±Dg, D(fg) = gDf + fDg, D
(f
g

)
=

gDf − fDg

g2

d(f(x)± g(x))

dx
=

d f(x))

dx
± d g(x)

dx
,

d(f(x)g(x))

dx
= g(x)

d f(x)

dx
+ f(x)

d g(x)

dx
,

d
( f(x)
g(x)

)
dx

=
g(x)d f(x)

dx − f(x)d g(x)
dx

g(x)2

d(y ± z)

dx
=

dy

dx
± dz

dx
,

d(yz)

dx
= z

dy

dx
+ y

dz

dx
,

d
(
y
z

)
dx

=
z dy
dx − y dz

dx

z2
,

z = g(x) y = g(x) y = f(x).

: (1) y = f(x) ξ c , y = cf(x) ξ

(cf)′(ξ) = cf ′(ξ).
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, y = c , (cf)′(ξ) = 0 · f(ξ) + cf ′(ξ) = cf ′(ξ).

(2) y = a0 + a1x+ · · ·+ aNxN . d (akx
k)

dx = ak
d xk

dx = kakx
k−1 , ,

d

dx

(
a0 + a1x+ a2x

2 + · · ·+ aNxN
)
= a1 + 2a2x+ · · ·+NaNxN−1 .

(3)

d
(
x2+x−1
x3+2

)
dx

=
(x3 + 2)d (x2+x−1)

dx − (x2 + x− 1)d (x3+2)
dx

(x3 + 2)2

=
(x3 + 2)(2x+ 1)− (x2 + x− 1)3x2

(x3 + 2)2
=

−x4 − 2x3 + 3x2 + 4x+ 2

(x3 + 2)2
.

.

(4)

d tanx

dx
=

1

(cosx)2
,

d cotx

dx
= − 1

(sinx)2
.

:

d tanx

dx
=

cosxd sin x
dx − sinxd cos x

dx

(cosx)2
=

(cosx)2 + (sinx)2

(cosx)2
=

1

(cosx)2
.

.

. .

.

6.4 . z = (g ◦ f)(x) = g
(
f(x)

)
y = f(x) z = g(y). y = f(x) ξ

z = g(y) η = f(ξ), z = (g ◦ f)(x) = g
(
f(x)

)
ξ

(g ◦ f)′(ξ) = g′(η)f ′(ξ) = g′
(
f(ξ)

)
f ′(ξ).

:

z = G(y) =

{
g(y)−g(η)

y−η
, y z = g(y) y 6= η,

g′(η) , y = η.

z = G(y) z = g(y). z = G(y) η limy→η G(y) = limy→η
g(y)−g(η)

y−η
= g′(η) = G(η).

, G(y) g(y)− g(η) = G(y)(y − η) y z = g(y), y = η. , ,

lim
x→ξ

g(f(x))− g(f(ξ))

x− ξ
= lim

x→ξ

G(f(x))(f(x)− f(ξ))

x− ξ

= lim
x→ξ

G(f(x)) lim
x→ξ

f(x)− f(ξ)

x− ξ

= G(f(ξ))f ′(ξ) = G(η)f ′(ξ) = g′(η)f ′(ξ),

limx→ξ G(f(x)) = G(f(ξ)), z = G(f(x)) ξ.

:
D(g ◦ f)(ξ) = Dg(η)Df(ξ) = Dg

(
f(ξ)

)
Df(ξ)
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d g(f(x))

dx

∣∣∣
x=ξ

=
d g(y)

dy

∣∣∣
y=η

d f(x)

dx

∣∣∣
x=ξ

=
d g(y)

dy

∣∣∣
y=f(ξ)

d f(x)

dx

∣∣∣
x=ξ

dz

dx

∣∣∣
x=ξ

=
dz

dy

∣∣∣
y=η

dy

dx

∣∣∣
x=ξ

=
dz

dy

∣∣∣
y=f(ξ)

dy

dx

∣∣∣
x=ξ

.

, x ( ξ), ,

D(g ◦ f)(x) = Dg
(
f(x)

)
Df(x)

d g(f(x))

dx
=

d g(y)

dy

∣∣∣
y=f(x)

d f(x)

dx

dz

dx
=

dz

dy

∣∣∣
y=f(x)

dy

dx
.∣∣

y=f(x)
, d g(f(x))

dx = d g(y)
dy

d f(x)
dx

dz
dx = dz

dy
dy
dx . ,

d g(y)
dy

dz
dy z = g′(y),

y. , x ( x) , , y f(x) x. , ,

d g(f(x))

dx
=

d g(y)

dy

d f(x)

dx
,

dz

dx
=

dz

dy

dy

dx
,

, , y f(x). . , , dz
dx ,

dz
dy

dy
dx .

: (1) z = sin(x2 +3) 2. y = x2 +3 z = sin y. y = x2 +3 2 dy
dx

∣∣
x=2

=
d (x2+3)

dx

∣∣
x=2

= 2x|x=2 = 4 z = sin y 22 + 3 = 7 dz
dy

∣∣
y=7

= d sin y
dy

∣∣
y=7

=

cos y|y=7 = cos 7. d sin(x2+3)
dx

∣∣
x=2

= dz
dx

∣∣
x=2

= dz
dy

∣∣
y=7

dy
dx

∣∣
x=2

= 4 cos 7.

(2) z = sin(x2 + 3). y = x2 + 3 z = sin y. y = x2 + 3
dy
dx = d (x2+3)

dx = 2x z = sin y dz
dy = d sin y

dy = cos y. d sin(x2+3)
dx = dz

dx =
dz
dy

∣∣
y=x2+3

dy
dx = cos y

∣∣
y=x2+3

2x = 2x cos(x2 + 3).

(3) z = (sinx)n . y = sinx z = yn d (sinx)n

dx = dz
dx = dz

dy

∣∣
y=sinx

dy
dx =

nyn−1
∣∣
y=sin x

cosx = n(sinx)n−1 cosx.

. .

. y = f(x) (a, b) ξ (a, b). , f(x)−f(ξ)
x−ξ ≥ 0 x 6= ξ

(a, b) , , f ′(ξ) = limx→ξ
f(x)−f(ξ)

x−ξ ≥ 0 +∞. , y = f(x) , f ′(ξ) ≤ 0
−∞.

– – [ξ, b) (a, ξ], f ′
+(ξ) f ′

−(ξ).

6.5 . y = f(x) I ξ. y = f(x) , , J η = f(ξ) x = f−1(y)
J . y = f(x) ξ, x = f−1(y) η

(
f−1

)′
(η) =


1

f ′(ξ) , f ′(ξ) > 0,

0 , f ′(ξ) = +∞,
+∞ , f ′(ξ) = 0.
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y = f(x) , : < 0 > 0 −∞ +∞.

: (
f−1

)′
(η) = lim

y→η

f−1(y)− f−1(η)

y − η

= lim
x→ξ

x− ξ

f(x)− f(ξ)
= lim

x→ξ

1
f(x)−f(ξ)

x−ξ

.

1
f ′(ξ) , f ′(ξ) > 0, 0 f ′(ξ) +∞. f ′(ξ) = 0, f(x)−f(ξ)

x−ξ
0 , , 1

f(x)−f(ξ)
x−ξ

+∞.

:

D(f−1)(η) =
1

Df(ξ)
,

d f−1(y)

dy

∣∣∣
y=η

=
1

d f(x)
dx

∣∣
x=ξ

,
dx

dy

∣∣∣
y=η

=
1

dy
dx

∣∣
x=ξ

.

(
f−1

)′
(y) =

1

f ′
(
f−1(y)

) , D(f−1)(y) =
1

Df
(
f−1(y)

) ,
d f−1(y)

dy
=

1
d f(x)
dx

∣∣
x=f−1(y)

,
dx

dy
=

1
dy
dx

∣∣
x=f−1(y)

.

, d f−1(y)
dy = 1

d f(x)
dx

dx
dy = 1

dy
dx

d f−1(y)
dy = dx

dy , x = f−1(y), y

d f(x)
dx = dy

dx x. , ,

d f−1(y)

dy
=

1
d f(x)
dx

,
dx

dy
=

1
dy
dx

,

x f−1(y) y. dx
dy = 1

dy
dx

, .
. , , y = x. . . :

y = x .

: (1) d n
√
y

dy = 1
n

n
√
y

y x = n
√
y . . x = n

√
y y = xn ,

d n
√
y

dy
=

dx

dy
=

1
dy
dx

∣∣
x= n

√
y

=
1

nxn−1
∣∣
x= n

√
y

=
1

n

n
√
y

y
.

, , , d xa

dx = axa−1 y = xa a . , a = m
n , m n ,

u = n
√
x y = xa = um

d xa

dx
=

dy

dx
=

dy

du

∣∣∣
u= n

√
x

du

dx
= mum−1

∣∣∣
u= n

√
x
· 1
n

n
√
x

x

=
m

n
( n
√
x)m−1

n
√
x

x
=

m

n

( n
√
x)m

x
= axa−1 .

(2) y = sinx [−π
2 , π

2 ] [−1, 1]. , , x = arcsin y, [−1, 1]
[−π

2 , π
2 ].
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x = arcsin y. y = sinx d sin x
dx = cosx =

√
1− (sinx)2 +∞.

cosx = ±
√

1− (sinx)2 + cosx ≥ 0 x [−π
2 , π

2 ].√
1− y2 =

√
1− (sinx)2 > 0,

d arcsin y

dy
=

1
d sin x
dx

∣∣
x=arcsin y

=
1√

1− (sinx)2
∣∣
x=arcsin y

=
1√

1− y2
.

√
1− y2 =

√
1− (sinx)2 = 0, d arcsin y

dy = +∞.

d arcsin y

dy
=

{ 1√
1−y2

, −1 < y < 1,

+∞ , y = ±1.

x = arccos y, [−1, 1] [0, π].

d arccos y

dy
=

{
− 1√

1−y2
, −1 < y < 1,

−∞ , y = ±1.

(3) y = tanx (−π
2 , π

2 ) (−∞,+∞). , , x = arctan y (−∞,+∞)

(−π
2 , π

2 ). x = arctan y. d tanx
dx = 1

(cos x)2 0 +∞,

d arctan y

dy
=

1
d tan x

dx

∣∣
x=arctan y

=
1

1
(cos x)2

∣∣
x=arctan y

= (cosx)2
∣∣
x=arctan y

=
1

1 + (tanx)2

∣∣∣
x=arctan y

=
1

1 + y2
.

d arctan y

dy
=

1

1 + y2
.

x = arccot y, (−∞,+∞) (0, π).

d arc cot y

dy
= − 1

1 + y2
..

1. .

y = x2 − 3x+ 1− x3 + 2

x2 + 1
, y =

x3 − x+ 4 sinx

x2 + sinx+ 2
, y = sinx+ tanx.

2. .

y = sin(xn), y = (tanx)n , y = tan(xn), y = n
√
1 + cosx ,

y =
(sinx)3 − 3(sinx)2 + 1

(sinx)2 + 4 sinx+ 4
, y = sin(arccosx), y = arcsin(cosx),

y = arctan(tanx), y = tan(arctanx).
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3. y =

{
x sin 1

x , x 6= 0,
0, x = 0.

0. (−∞, 0) ∪ (0,+∞).

4. y =

{
x2 sin 1

x , x 6= 0,
0, x = 0.

(−∞,+∞). (−∞,+∞);

5. . a y =

{
xa sin 1

x , x 6= 0,
0, x = 0.

a (−∞,+∞); (−∞,+∞); (−∞,+∞);

6. x + x2 + x3 + · · · + xn = xn+1−1
x−1 − 1 x + 2x2 + 3x3 + · · · + nxn

x+ 4x2 + 9x3 + · · ·+ n2xn .

7. y = f1(x), . . . , y = fn(x) ξ 0 ξ. g(x) = f1(x) · · · fn(x),

g′(ξ)

g(ξ)
=

f1
′(ξ)

f1(ξ)
+ · · ·+ fn

′(ξ)

fn(ξ)
.

8. y = r(x) limx→+∞
xr′(x)
r(x) = 0;

9. (a, b) y = r(x) r′(x) = 1
x x (a, b).

(: . .)

10. .

11. .

12. y = f(x) f(x)2 + 4f(x) = x3 − 5x2 − 5x+ 21 x .

(2f(x) + 4)f ′(x) = 3x2 − 10x− 5 x .

, .

13. y = f(x) = x3 + 3x2 + 3x+ 7 (−∞,+∞).

y = f(x) (−∞,+∞). ;

x = f−1(y),
(
f−1

)′
(y) =

{
1

3(f−1(y)+1)2 , y 6= 6,
+∞, y = 6.

x = f−1(y), .

( : y = (x+ 1)3 + 6.)

14. κ µ. .

15. κ µ. ;

16. l . v ( ), ( ). , , .

17. y2 = 4x3 . ( ) ( ); x, y.

(: x = x(t), y = y(t) y2 = 4x3 .)
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6.6 , .

.

. y = loga x, a > 0, a 6= 1, (0,+∞) (−∞,+∞).

d loga x

dx
=

1

log a

1

x
(x > 0).

limt→+∞
(
1 + 1

t

)t
= e, limt→+∞

(
1 − 1

t

)t
= limt→+∞

1
(1+ 1

t−1 )
t =

limt→+∞
1

(1+ 1
t−1 )

t−1(1+ 1
t−1 )

= 1
e·1 = 1

e .

y = loga x limt→+∞ loga
(
1+ 1

t

)t
= loga e =

1
log a limt→+∞ loga

(
1−

1
t

)t
= loga

1
e = − loga e = − 1

log a .
t = x

h .

lim
h→0+

loga(x+ h)− loga x

h
= lim

h→0+

1

h
loga

(x+ h

x

)
=

1

x
lim

h→0+

x

h
loga

(
1 +

h

x

)
=

1

x
lim

t→+∞
t loga

(
1 +

1

t

)
=

1

x
lim

t→+∞
loga

(
1 +

1

t

)t

=
1

log a

1

x
.

, t = −x
h .

lim
h→0−

loga(x+ h)− loga x

h
= lim

h→0−

1

h
loga

(x+ h

x

)
=

1

x
lim

h→0−

x

h
loga

(
1 +

h

x

)
= − 1

x
lim

t→+∞
t loga

(
1− 1

t

)
= − 1

x
lim

t→+∞
loga

(
1− 1

t

)t

=
1

log a

1

x
.

d loga x
dx = limh→0

loga(x+h)−loga x
h = 1

log a
1
x .

d log x

dx
=

1

x
(x > 0).

:
d log |x|

dx
=

1

x
(x 6= 0).

(0,+∞) d log |x|
dx = d log x

dx = 1
x (−∞, 0) d log |x|

dx = d log(−x)
dx = 1

−x (−1) = 1
x

.

. y = ax, a > 0, (−∞,+∞) (0,+∞). :

d ax

dx
= ax log a.
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a > 0, a 6= 1, . y = ax x = loga y , ,

d ax

dx
=

dy

dx
=

1
dx
dy

∣∣
y=ax

=
1

1
log a

1
y

∣∣
y=ax

= ax log a.

a = 1, y = 1x = 1 . 1x log 1 , , ΄ .
y = ex :

d ex

dx
= ex .

. , y = xa a . ΄ y = xa [0,+∞), a > 0, (0,+∞), a < 0.

d xa

dx
= axa−1

(
a > 1, x ≥ 0
a < 1, x > 0.

)
x > 0. y = xa = elog(x

a) = ea log x . z = a log x, y = ez

d xa

dx
=

dy

dx
=

dy

dz

∣∣∣
z=a log x

dz

dx
= ez

∣∣∣
z=a log x

a

x
= ea log x a

x
= xa a

x
= axa−1 .

a < 0, y = xa 0. a 0 < a < 1, d xa

dx

∣∣
x=0

= limx→0+
xa−0a

x−0 =

limx→0+ xa−1 = +∞. , a a > 1, d xa

dx

∣∣
x=0

= limx→0+
xa−0a

x−0 = limx→0+ xa−1 =

0 = a0a−1 ..
1. .

y = x log x, y = log
∣∣ log |x|∣∣, y = log

(
e3x

2+4 + sin
(
x− 5

4

))
,

y = 2x
2+1 log3(sinx), y = 3− sin(log x) , y = sin

(
e
√

log(x2+1)
)
.

2. .

lim
x→1

log x

x− 1
, lim

x→0

ex − 1

x
, lim

x→1

xa − 1

x− 1
.

lim
x→1

log x

xa − 1
=

1

a
, lim

x→1

xa − xb

x− 1
= a− b, lim

x→1

xa − xb

log x
= a− b,

lim
x→0

ax − bx

x
= log

a

b
, lim

x→0

eax − ebx

x
= a− b, lim

x→0

tanh(ax)

x
= a.

3. y = f(x) y = g(x) (a, b), a < ξ < b f(x) > 0 x (a, b).

ξ, y = f(x)g(x) ξ ξ.

.

y = xx , y = (x2 + 1)sin x , y = |x− 1|x−2|x− 2|x−1 .
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4.
d coshx

dx
= sinhx,

d sinhx

dx
= coshx,

d tanhx

dx
=

1

(coshx)2
,

d cothx

dx
= − 1

(sinhx)2
(x 6= 0).

5.
d arccosh y

dy
=

{ 1√
y2−1

, y > 1,

+∞, y = 1,

d arcsinh y

dy
=

1√
y2 + 1

,

d arctanh y

dy
=

1

1− y2
(|y| < 1),

d arccoth y

dy
=

1

1− y2
(|y| > 1).

6.7 .

x = x(t) y = y(t) I t. C (x, y) = (x(t), y(t)) , t I, . I
C .

t , (x, y) = (x(u), y(u)), (x, y) = (x(s), y(s)) .
x = x(t) y = y(t) C , , t .
΄ , .

: (1) x = x(t) = κt+ λ y = y(t) = µt+ ν t (−∞,+∞), κ, µ 6= 0. –
– C. , , , , , .
, t, C µx − κy = µλ − κν. , (x, y) µx − κy = µλ − κν , ,

κ 6= 0, t = 1
κx − λ

κ t x = κt + λ y = µt + ν. , C (x, y)
µx − κy = µλ − κν. µ 6= 0. , , µx − κy = µλ − κν l : κ 6= 0,
y = y(x) = µ

κx+ κν−µλ
κ , µ 6= 0, x = x(y) = κ

µy + µλ−κν
µ . , κ 6= 0 µ 6= 0,

, . κ = 0, , x = λ, , . µ = 0, , y = ν, , . , , C l.
, l

ax+ by = c,

a, b 6= 0. κ = −b, µ = a λ, ν µλ− κν = c. , C x = x(t) = κt+ λ
y = y(t) = µt+ ν l.

t = 0 t = 1 A0 = (λ, ν) A1 = (κ+ λ, µ+ ν)
−−−→
A0A1 = (κ, µ) –

t.
x = x(t) = κt+λ y = y(t) = µt+ν , (x, y) = (κt+λ, µt+ν) =

(κ, µ)t+ (λ, ν). (κ, µ) (λ, ν) , , (κ, µ) ( t = 0) (λ, ν).
t (−∞,+∞), (x, y) = (κt+ λ, µt+ ν) .

(2) x = x(t) = r0 cos t+ x0 y = y(t) = r0 sin t+ y0 t I = [t0, t0 + 2π] 2π,
r0 > 0, (x0, y0) r0 . , (x, y) = (r0 cos t+ x0, r0 sin t+ y0)

(x− x0)
2 + (y − y0)

2 = r0
2

, , (x, y) (x−x0)
2+(y−y0)

2 = r0
2 (x, y) = (r0 cos t+x0, r0 sin t+y0) t I. , ,

x = x(t) = r0 cos t+ x0 y = y(t) = r0 sin t+ y0 (x− x0)
2 + (y− y0)

2 = r0
2 .

, t I , (x, y) = (r0 cos t+ x0, r0 sin t+ y0) . t < 2π,
(x, y) = (r0 cos t+ x0, r0 sin t+ y0) .
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(3) x = x(t) = κ0 cos t+ x0 y = y(t) = µ0 sin t+ y0 t I = [t0, t0 + 2π] 2π,
κ0, µ0 > 0, (x0, y0) 2κ0 2µ0 . (x, y) = (κ0 cos t+x0, µ0 sin t+y0)(x− x0

κ0

)2

+
(y − y0

µ0

)2

= 1

. , x = x(t) = κ0 cos t + x0 y = µ0 sin t + y0 (x−x0

κ0
)2 + (y−y0

µ0
)2 = 1.

t I , (x, y) = (κ0 cos t + x0, µ0 sin t + y0) . t < 2π,
(x, y) = (κ0 cos t+ x0, µ0 sin t+ y0) .

(4) y = f(x) I, (x, y) = (x, f(x)) x I, . , x = t y = f(t)
t I.
, x = g(y) I , x = g(t) y = t t I.

. x = x(t), y = y(t) z = z(t) I t, (x, y, z) = (x(t), y(t), z(t))
, t I, .

: (1) x = x(t) = κt+ λ, y = y(t) = µt+ ν z = z(t) = ρt+ σ t (−∞,+∞),
κ, µ, ρ 6= 0, . , (x, y, z) = (κ, µ, ρ)t+ (λ, ν, σ), (κ, µ, ρ)
( t = 0) (λ, ν, σ).

(2) x = x(t) = r0 cos t + x0, y = y(t) = r0 sin t + y0 z = z(t) = h0

2π t + z0 t
(−∞,+∞), r0 > 0 h0 > 0, «» , . t 2π , (x, y) =
(r0 cos t + x0, r0 sin t + y0) xy- (x0, y0) r0 , , z h0 – –
. , (x, y, z) , , r0 l xy- (x0, y0, 0).

, , .
, , x = x(t) y = y(t) I t. , , (x(τ), y(τ)) τ I. τ + h I, h

, , (x(τ + h), y(τ + h)) .

x = x(t) =
x(τ + h)− x(τ)

h
(t− τ) + x(τ),

y = y(t) =
y(τ + h)− y(τ)

h
(t− τ) + y(τ).

h 0, (x(τ), y(τ)), , ,

:
x = x(t) = x′(τ)(t− τ) + x(τ),
y = y(t) = y′(τ)(t− τ) + y(τ).

t

: x′(τ)
(
y − y(τ)

)
= y′(τ)

(
x− x(τ)

)
.

(x′(τ), y′(τ)).

(x(t), y(t)) t = τ , , . x = x(t) = x′(τ)(t − τ) + x(τ)
y = y(t) = y′(τ)(t− τ) + y(τ) x′(τ), y′(τ) 6= 0. , x = x(τ), y = y(τ).

τ I, t ≥ τ , τ I, ≤ τ , τ .
, x = x(t), y = y(t) z = z(t) I t, (x(τ), y(τ), z(τ))
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:
x = x(t) = x′(τ)(t− τ) + x(τ),
y = y(t) = y′(τ)(t− τ) + y(τ),
z = z(t) = z′(τ)(t− τ) + z(τ).

(x′(τ), y′(τ), z′(τ))

(x(t), y(t), z(t)) t = τ . , x′(τ), y′(τ), z′(τ) 6= 0.

: (1) x = x(t) = t cos t, y = y(t) = sin t t (−∞,+∞) . (x(0), y(0)) =
(0, 0) x = x′(0)(t − 0) + x(0) = t, y = y′(0)(t − 0) + y(0) = t. ( t)
y = x. (x′(0), y′(0)) = (1, 1).

(2) x = x(t) = t, y = y(t) = t2 , z = z(t) = t3 t (−∞,+∞) .
(x(1), y(1), z(1)) = (1, 1, 1) x = x′(1)(t−1)+x(1) = t, y = y′(1)(t−1)+y(1) =
2t− 1, z = z′(1)(t− 1) + z(1) = 3t− 2. (x′(1), y′(1), z′(1)) = (1, 2, 3).

(3) y = f(x) (x I) x = t y = f(t) t I.
(ξ, f(ξ)) y = f ′(ξ)(x− ξ) + f(ξ) x (−∞,+∞).

x = 1 · (t− ξ) + ξ y = f ′(ξ)(t− ξ) + f(ξ) t (−∞,+∞). x = t
y = f ′(ξ)(t−ξ)+f(ξ) t (−∞,+∞) , t, y = f ′(ξ)(x−ξ)+f(ξ) x (−∞,+∞).
, ..
1. : .

2. .

3. () x = x(t) = r0 cos t + x0, y = y(t) = r0 sin t + y0
z = z(t) = h0

2π t+ z0 t (−∞,+∞), r0 > 0 h0 > 0.

4. () x = x(t) = r0t cos t + x0, y = y(t) = r0t sin t + y0
z = z(t) = h0

2π t+ z0 t (−∞,+∞), r0 > 0 h0 > 0.

5. a > 0. (x, y)
x2 − y2 = a2 .

x =
√
t2 + a2 y = t t (−∞,+∞) x = −

√
t2 + a2

y = t t (−∞,+∞).

x = x(t) = a cosh t y = y(t) = a sinh t t (−∞,+∞)
x = x(t) = −a cosh t y = y(t) = a sinh t t (−∞,+∞).

, . : , .

6. (x, y)
xy = b,

b 6= 0, x = x(t) = t y = y(t) = b
t x = x(t) = b

t y = t t
(0,+∞) t (−∞, 0).

.
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7. x2 − y2 = a2 (a > 0) xy = b (b 6= 0) , .

8. x = x(t) = t3 y = y(t) = t4 t (−∞,+∞) , , C (t3, t4).

C (0, 0).

, x = x(s) = s y = y(s) = s
4
3 s (−∞,+∞).

C (0, 0);

6.8 .

y = f(x) (a, b) ξ (a, b). ξ y = f(x) (c, d), , , ξ, f(x) ≤ f(ξ)
x (c, d). y = f(x) [ξ, b) (a, ξ), ξ y = f(x) [ξ, d) f(x) ≤ f(ξ)
x [ξ, d). , y = f(x) (a, ξ] (ξ, b), ξ (c, ξ] f(x) ≤ f(ξ) x
(c, ξ].

ξ y = f(x) f(x) ≥ f(ξ) f(x) ≤ f(ξ).
, ξ y = f(x) ξ , , ξ.
ξ y = f(x) .
, , () , . , , () , .
y = f(x) ξ : ( ) (ξ, f(ξ)) , , (ξ, f(ξ)).

: (1) 0 y = 1+ x2(x+ 1), 0 1 1 + x2(x+ 1) ≥ 1 x (−1,+∞) 0.
0 () , < 1. , −2 −3 < 1 , , limx→−∞(1 + x2(x+ 1)) = −∞.
(2) 0 y = x−

√
x [0,+∞), 0 0 x−

√
x ≤ 0 [0, 1). 0 () , > 0.

(3) , , . , ,

y =

{
x sin 1

x , x > 0,
0, x = 0,

[0,+∞).
. , 6, 7 8 3.10, 7 8 4.8, 2 3 5.5, 6.2, 6 7 6.4 3, 4

5 6.5.
0, limx→0+ x sin 1

x = 0. x = 1
π
2 +n2π (n ∈ Z, n ≥ 0) x sin 1

x = x > 0

x = 1
3π
2 +n2π

(n ∈ Z, n ≥ 0) x sin 1
x = −x < 0. n , 0. , [0, d),

0. 0 .

.

6.1 Fermat. y = f(x) (a, b) ξ (a, b). ξ y = f(x),
(i) y = f(x) ξ,
(ii) y = f(x) ξ f ′(ξ) = 0.

: ξ y = f(x). (c, d) (a, b) ξ f(x) ≤ f(ξ) x (c, d). (i), f ′(ξ). f ′
+(ξ)

f ′
−(ξ) f ′(ξ) – ΄ ±∞.

x (ξ, d)
f(x)−f(ξ)

x−ξ
≤ 0. f ′(ξ) = f ′

+(ξ) = limx→ξ+
f(x)−f(ξ)

x−ξ
≤ 0. , x (c, ξ)

f(x)−f(ξ)
x−ξ

≥ 0. f ′(ξ) = f ′
−(ξ) = limx→ξ−

f(x)−f(ξ)
x−ξ

≥ 0. f ′(ξ) = 0 , , (ii).

ξ , , ≥ 0 ≤ 0 .
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Σχήμα 6.6: Fermat.

Fermat . y = f(x) ξ ξ y = f(x), (ξ, f(ξ))
0, .

: (1) 0 () y = |x|, (−∞,+∞), 0.

(2) 0 () y = x2 , (−∞,+∞), 0 , , d x2

dx

∣∣
x=0

= 2x
∣∣
x=0

= 0.

Fermat .

,
: () ,

0. -
.

: y = 2x3 − 9x2 +12x+5 [0, 4]. y = d(2x3−9x2+12x+5)
dx = 6x2 − 18x+12 =

6(x− 1)(x− 2), [0, 4] 0 4 1 2 . 5, 37, 10 9, .
. [0, 4], . , , 0 ( 5) 4 ( 37). 1 2 .
[0, 2] , . 0, 1 2 – . 5, 10 9, 1 [0, 2] , ,

[0, 4].
, 1, 2 4 10, 9 37, , 2 [1, 4] , , [0, 4].
.

Fermat .

6.6 (1) y = f(x) [ξ, b) ξ y = f(x).
(i) f ′

+(ξ),
(ii) f ′

+(ξ) f ′
+(ξ) ≤ 0 f ′

+(ξ) ≥ 0, .
(2) y = f(x) (a, ξ] ξ y = f(x).
(i) f ′

−(ξ),
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(ii) f ′
−(ξ) f ′

−(ξ) ≥ 0 f ′
−(ξ) ≤ 0, .

: (1) ξ y = f(x). [ξ, d) f(x) ≤ f(ξ) x [ξ, d). (i), f ′
+(ξ). f(x)−f(ξ)

x−ξ
≤ 0

x (ξ, d) , , f ′
+(ξ) = limx→ξ+

f(x)−f(ξ)
x−ξ

≤ 0.

(1) (2) .

, f ′
+(ξ) ≤ 0 f ′

+(ξ) ≥ 0, f ′
+(ξ) = −∞ f ′

+(ξ) = +∞, . f ′
−(ξ).

: (1) y = x [0, 2] 0 0 , , 1 ≥ 0. 2 2 1 ≥ 0.

(2) y =
√
x [0, 2] 0 0 , , +∞ ≥ 0.

6.2 Rolle. y = f(x) [a, b] (a, b). f(a) = f(b), ξ (a, b)
f ′(ξ) = 0.

Σχήμα 6.7: Rolle.

: .
(i) y = f(x) [a, b], f(a) = f(b), 0 (a, b), .

y = f(x) [a, b], (ii) > f(a) = f(b) (iii) < f(a) = f(b). .
(ii) - ξ [a, b], y = f(x). f(a) = f(b), f(ξ) > f(a) = f(b) , , ξ (a, b).
, y = f(x) ξ , Fermat, f ′(ξ) = 0.
(iii) - ξ [a, b], y = f(x). < f(a) = f(b), f(ξ) < f(a) = f(b) , , ξ (a, b).
, y = f(x) ξ , Fermat, f ′(ξ) = 0.

ξ (a, b) f ′(ξ) = 0.

: y = x3 + 2x2 − 3x − 5 [−2,
√
3], (−2,

√
3) 1. ξ (−2,

√
3),

y = 3x2 + 4x− 3 0. ξ 3x2 + 4x− 3 = 0. −2±
√
13

3 (−2,
√
3).

Rolle ξ f ′(ξ) = 0.
y = f(x) Rolle (a, b), ξ (a, b) f ′(ξ) = 0.

: y = |x| [−1, 1] 1. , ξ (−1, 1) 0.
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Rolle +∞ −∞ (a, b). .

: y = x
1
3 −x

7
3

d y
dx = 1

3x
− 2

3 − 7
3x

4
3 , x 6= 0, d y

dx = +∞, x = 0. 0 [−1, 1].
0 ± 1√

7
.

.

6.3 (Lagrange). y = f(x) [a, b] (a, b). ξ (a, b)

f(b)− f(a)

b− a
= f ′(ξ).

Σχήμα 6.8: .

: y = h(x) = (b − a)f(x) − (f(b) − f(a))x [a, b] (a, b). , h(a) = h(b). ξ (a, b)

h′(ξ) = 0. (b− a)f ′(ξ)− (f(b)− f(a)) = 0 , , f(b)−f(a)
b−a

= f ′(ξ).

Rolle 6.3. , f(a) = f(b), 6.3 ξ (a, b) f ′(ξ) = f(b)−f(a)
b−a = 0. ,

6.3 Rolle. 6.3 Rolle. .
y = f(x) 6.3, f(b)−f(a)

b−a (a, f(a)) (b, f(b)). , 6.3 ,
y = f(x) [a, b] (a, b), (ξ, f(ξ)) , , (a, f(a)) (b, f(b)).

: y = x
1
3 [−1, 1] (−1, 1). 0 +∞ x 6= 0 1

3x
− 2

3 . ξ (−1, 1)

1
3ξ

− 2
3 = 1

1
3 −(−1)

1
3

1−(−1) = 1. , ξ = ± 1
3
√
3
.

.

6.4 (Cauchy). y = f(x) y = g(x) [a, b] (a, b) (i) g(a) 6= g(b)
(ii) x (a, b) f ′(x) = g′(x) = 0. ξ (a, b)

f(b)− f(a)

g(b)− g(a)
=

f ′(ξ)

g′(ξ)
.
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: y = h(x) = (g(b)−g(a))f(x)−(f(b)−f(a))g(x) [a, b] (a, b). , h(a) = h(b). ξ (a, b)

h′(ξ) = 0. (g(b)−g(a))f ′(ξ)−(f(b)−f(a))g′(ξ) = 0 , , (g(b)−g(a))f ′(ξ) = (f(b)−f(a))g′(ξ).

g(a) 6= g(b), f(b)−f(a)
g(b)−g(a)

g′(ξ) = f ′(ξ). g′(ξ) = 0, f ′(ξ) = 0, . g′(ξ) 6= 0,

f(b)−f(a)
g(b)−g(a)

=
f ′(ξ)
g′(ξ) .

: 0 < a < b, m,n ξ a < ξ < b bm−am

bn−an = mξm−1

nξn−1 = m
n ξm−n .

6.4 Rolle. , 6.3 6.4. , y = g(x) = x 6.4, 6.3. , Rolle
6.3. , , ..
1. 0 ;

y =

{
x sin 1

x , x < 0,
0, x = 0,

y =

{
x2 sin 1

x , x > 0,
0, x = 0,

y =

{
x
(
1 + sin 1

x

)
, x > 0,

0, x = 0,
y =

{
x2

(
− 1 + sin 1

x

)
, x > 0,

0, x = 0.

0.

(: .)

.

2. a < b. ξ

(i) a < ξ < b sin b−sin a
b−a = cos ξ.

(ii) a < ξ < b sin b−sin a
eb−ea

= e−ξ cos ξ.

(iii) a < ξ < b eb−ea

arctan b−arctan a = (1 + ξ2)eξ .

3. x3 − 12x = c [−2, 2]; (−∞,−2]; [2,+∞);

4. y = 2− x
2
5 1 1 −1. ξ (−1, 1) ;

5. Rolle , n- n .

6. y = (x+ 4)(x+ 1)(x− 2)(x− 3) .

, a1 < a2 < . . . < an y = (x − a1)(x − a2) · · · (x − an) n − 1 .
a1, . . . , an .

(: .)

7. x2 = x sinx+ cosx . 0.

8. ex = 1; ex = 1+x; ex = 1+x+ x2

2 ; : ex = 1+ x
1!+

x2

2! +· · ·+ xn

n! ;

(: .)
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9. y = f(x) [1, 4], f(1) = −7 f ′(x) ≥ 3 x (1, 4).

f(4) = 1; f(4) ≥ 2.

µ ≥ 2 y = f(x) f(4) = µ.

(: y = f(x) = ax+ b .)

10. y = f(x) I I. y1 y2 d, x1 x2 I f(x1) = y1
f(x2) = y2.

(i) |f ′(x)| ≥ m > 0 x I, x1 x2
d
m .

(ii) |f ′(x)| ≤ m < +∞ x I, x1 x2
d
m .

11. y = f(x) I f ′(x) 6= 0 x I.

y = f(x) -- I.

12. (∗) y = f(x) y = g(x) I f(x)g′(x) − f ′(x)g(x) 6= 0 x I.
f(x) = 0 I g(x) = 0 .

(: a, b I a < b f(a) = f(b) = 0. g(x) 6= 0 x (a, b). g(a) = 0

g(b) = 0; , y = f(x)
g(x) [a, b] .)

y = cosx y = sinx (−∞,+∞);

13. y = f(x) [a, b] a, b.

f ′
+(a) < 0 < f ′

−(b), y = f(x) [a, b] ( - ) (a, b).

f ′
+(a) > 0 > f ′

−(b);

14. (∗∗) Darboux. y = f(x) [a, b] f ′
+(a) < c < f ′

−(b) f ′
+(a) > c > f ′

−(b).
ξ (a, b) f ′(ξ) = c.

(: y = g(x) = f(x)− cx.)

« » [a, b] , , ¨ .

15. y = f(x) [ξ − h, ξ + h] (ξ − h, ξ) ∪ (ξ, ξ + h). :

(i) ζ (0, h) f(ξ+h)−f(ξ−h)
h = f ′(ξ + ζ) + f ′(ξ − ζ).

(ii) ζ (0, h) f(ξ+h)−2f(ξ)+f(ξ−h)
h = f ′(ξ + ζ)− f ′(ξ − ζ).

16. (∗) y = f(x) (0,+∞) |f ′(x)| ≤ 1
x x > 0, limx→+∞(f(x +

√
x) −

f(x)) = 0.

(: x > 0 [x, x+
√
x] .)

17. (∗∗) y = f(x) (0,+∞) limx→+∞ f ′(x) = 0, limx→+∞(f(x+1)−f(x)) =
0.

(: ε > 0 limx→+∞ f ′(x) = 0. , x [x, x+1] |f(x+1)−f(x)| < ε.)

18. (∗∗) y = f(x) [ξ, b) (ξ, b). limx→ξ+ f ′(x), f ′
+(ξ) .

(: ε > 0 limx→ξ+ f ′(x) = η. x ξ [ξ, x]
∣∣ f(x)−f(ξ)

x−ξ − η
∣∣ < ε.)

y = f(x) (a, ξ] (a, ξ). limx→ξ− f ′(x), f ′
−(ξ) .
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6.9 .

. .

6.7 y = f(x) I.
(1) y = f(x) I f ′(x) = 0 x I.
(2) y = f(x) I f ′(x) ≥ 0 x .
(3) y = f(x) I f ′(x) ≤ 0 x I.

: (1) y = f(x) , . , f ′(x) = 0 x I. x1 x2 I x1 < x2 ( I). y = f(x)

[x1, x2] (x1, x2). ξ (x1, x2) , , ξ I, f(x2)−f(x1)
x2−x1

= f ′(ξ) = 0. f(x1) = f(x2).

y = f(x) , y = f(x) I.

(2) y = f(x) I, , 6.5, f ′(x) ≥ 0 x . , f ′(x) ≥ 0 x . (1), x1 x2 I

x1 < x2 ξ (x1, x2) , , ξ I, f(x2)−f(x1)
x2−x1

= f ′(ξ) ≥ 0. f(x1) ≤ f(x2) , , y = f(x) I.

(3) (2).

6.7. . , . , , .

6.7.

6.8 y = f(x) I.
(1) f ′(x) > 0 x , y = f(x) I.
(2) f ′(x) < 0 x , y = f(x) I.

: 6.7.

6.7 6.8 f ′(x) ≥ 0 f ′(x) > 0 f ′(x) = +∞. , f ′(x) ≤ 0 f ′(x) < 0
f ′(x) = −∞. 6.9 .

(1) (2) 6.8. y = f(x) , , f ′(x) ≥ 0 x I. y = f(x) .

: y = x3 (−∞,+∞) f ′(x) > 0 x (−∞,+∞). : d x3

dx = 3x2 x > 0
x 6= 0 0 x = 0.

6.7 6.8 . , .

: (1) y = |x|
x , (−∞, 0)∪ (0,+∞), (−∞, 0)∪ (0,+∞). −1 (−∞, 0)

1 (0,+∞).

(2) y = 1
x − 1

x2 < 0 , (−∞, 0) ∪ (0,+∞), (−∞, 0) ∪ (0,+∞).
(−∞, 0) (0,+∞).

.

6.9 y = f(x) (a, b), (c, d) (a, b) ξ (c, d).
(1) f ′(x) ≥ 0 x (c, ξ) f ′(x) ≤ 0 x (ξ, d), ξ y = f(x).
(2) f ′(x) ≤ 0 x (c, ξ) f ′(x) ≥ 0 x (ξ, d), ξ y = f(x).

: (1) y = f(x) (c, ξ] [ξ, d), f(ξ) (c, d).

(2) .
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6.9.

y = f(x)
( ) ξ1, ξ2, . . . , ξn
()

. (i) () -
, (ii) ξk -
-
(iii) ξk -
-
.

Σχήμα 6.9: .

y = f(x) ξ1, ξ2, . . . , ξn · .

: (1) 6.8. y = 2x3−9x2+12x+5 [0, 4] y = 6x2−18x+12 = 6(x−1)(x−2)
(0, 4). (0, 1) (2, 4) (1, 2). [0, 1] [2, 4] [1, 2] , , 0 2 1 4 .

(2) y = x4(x − 1)4 (−∞,+∞) d (x4(x−1)4)
dx = 4x3(x − 1)4 + 4x4(x − 1)3 =

8x3(x− 1)3(x− 1
2 ). (0, 1

2 ) (1,+∞) (−∞, 0) ( 12 , 1). [0, 1
2 ] [1,+∞)

(−∞, 0] [ 12 , 1]. , 0 1 1
2 . 0 1 0 , 0 ≤ x4(x− 1)4 x, 0 1 . 1

2
, 1

256 , limx→±∞ x4(x− 1)4 = +∞.

(3) y = x + 1
x (−∞, 0) (0,+∞). d

dx (x + 1
x ) = 1 − 1

x2 (−∞,−1)
(1,+∞) (−1, 0) (0, 1). (−∞,−1] [1,+∞) [−1, 0) (0, 1] , , −1 1
. , −1 (−∞, 0) 1 (0,+∞).

(4) y = | sinx| [0, 2π] y = sinx (0, π) y = − sinx (π, 2π). ,
d sin x
dx = cosx (0, π) d (− sin x)

dx = − cosx (π, 2π). (0, π
2 ) (π, 3π

2 ) (π2 , π)
( 3π2 , 2π). [0, π

2 ] [π, 3π
2 ] [π2 , π] [ 3π2 , 2π]. , 0, π 2π π

2
3π
2 .

0, , 1, .
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, 0, π 2π. 0: d | sin x|
dx

∣∣
x=0

= limx→0+
| sin x|−| sin 0|

x−0 = limx→0+
sin x−sin 0

x−0 =

cos 0 = 1. 2π: d | sin x|
dx

∣∣
x=2π

= limx→2π−
| sin x|−| sin(2π)|

x−2π = limx→2π−
− sin x+sin(2π)

x−2π =

− limx→2π−
sin x−sin(2π)

x−2π = − cos(2π) = −1. , π . : d | sin x|
dx

∣∣
x=π+

= limx→π+
| sin x|−| sinπ|

x−π =

limx→π+
− sin x+sinπ

x−π = − limx→π+
sin x−sinπ

x−π = − cosπ = 1 d | sin x|
dx

∣∣
x=π− =

limx→π−
| sin x|−| sinπ|

x−π = limx→π−
sin x−sinπ

x−π = cosπ = −1.

. , .

6.7 6.8.

: (1) d cos x
dx = − sinx d sin x

dx = cosx (cosx)2 + (sinx)2 = 1 x.
d ((cos x)2+(sin x)2)

dx = −2 cosx sinx + 2 sinx cosx = 0 x (−∞,+∞). 6.7
y = (cosx)2+(sinx)2 (−∞,+∞), c (cosx)2+(sinx)2 = c x (−∞,+∞).
c, x · : c = (cos 0)2 + (sin 0)2 = 1.

(2)

ex ≥ x+ 1

x ( ).
. y = f(x) = ex − x − 1 (−∞,+∞). f(0) = 0 ΄ x > 0. ξ (0, x)
ex−x−1

x = f(x)−f(0)
x−0 = f ′(ξ) = eξ − 1. ξ > 0, eξ − 1 > 0 , , ex − x − 1 > 0.

, , x < 0, ξ (x, 0) ex−x−1
x = f(x)−f(0)

x−0 = f ′(ξ) = eξ − 1. ξ < 0,
eξ − 1 < 0 , , ex − x− 1 > 0.
, , x 6= 0 ex > x+ 1 x = 0 , , e0 = 0 + 1.

. . y = f(x) = ex − x− 1 f ′(x) = ex − 1 > 0 x > 0 < 0 x < 0.
[0,+∞) (−∞, 0]. f(x) > f(0) = 0 x 6= 0.

(3) cosx ≥ 1− x2

2 x.

. y = f(x) = cosx − 1 + x2

2 (−∞,+∞). f(0) = 0 x 6= 0. ξ (0, x)

(x, 0)
cos x−1+ x2

2

x = f(x)−f(0)
x−0 = f ′(ξ) = ξ − sin ξ. x > 0, ξ > 0 , , ξ > sin ξ.

, x < 0, ξ < 0 , , ξ < sin ξ. cosx > 1− x2

2 .

. y = f(x) = cosx− 1+ x2

2 f ′(x) = x− sinx > 0 (0,+∞) < 0 (−∞, 0).
[0,+∞) (−∞, 0] , , f(x) > f(0) = 0 x 6= 0..
. .

1. .

y = x2−x−1, y = x3−15x2+72x+7, y =
x2 − 2x+ 3

x2 + 2x+ 3
, y =

√
x

x+ 4
,

y = x2e−x , y = sinx− cosx, y =
sin(3x)

3
− cosx, y = x+ sinx,
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y = x+| sinx|, y =
log x

x
, y = |x|e−|x−1| , y = arctanx−log(1+x2) .

2. (∗) y =
(
1 + 1

x

)x
(0,+∞).

3. (∗∗) y =

{
x− x2 sin 1

x , x 6= 0,
0, x = 0.

d y
dx

∣∣
x=0

= 1 > 0.

a > 0, , (−a, a).

4. .

(i) y = (x− 1)|x| [−1, 3].

(ii) y = |x2 − 3x+ 2| [−3, 10].

(iii) y = (log x)2

x [1, 3].

(iv) y = x+ 1
x [ 13 , 3].

(v) y = ex sinx [0, 2π].

5. a > 0 y = a log x+ 2a− x (0,+∞) .

6. a1 < a2 < · · · < an−1 < an . .

y = (x− a1)
2 + · · ·+ (x− an)

2 , y = |x− a1|+ · · ·+ |x− an|.

7. y = f(x) Hölder- ξ Hölder- > 1 ( 7 5.1). f ′(ξ) = 0.

8. (∗) |f(x2) − f(x1)| ≤ M |x2 − x1|ρ x1, x2 I. y = f(x) Hölder- I
Hölder- ρ. ρ = 1, y = f(x) Lipschitz- I.

, ρ > 1, y = f(x) I.

(: .)

9. y = f(x) (a, b), a < ξ < b f ′(ξ) > 0. f(x) > f(ξ) ξ f(x) < f(ξ)
ξ .

(: f ′(ξ) 4.16.)

3.

ξ y = f(x);

f ′(ξ) < 0;

10. (∗) y = f(x) I f ′(x) 6= 0 x I. 11 y = f(x) -- I.

(1) y = f(x) I.

(: : 8 5.5. : Fermat , x1, x3 I x1 < x3 y = f(x)
[x1, x3] x1, x3 . x1, x2, x3 I x1 < x2 < x3 f(x1) < f(x2) < f(x3)
f(x1) > f(x2) > f(x3). : (2) .)

(2) f ′(x) > 0 x I f ′(x) < 0 x I.

(: : (1) . : a, b I a < b f ′(a) < 0 < f ′(b) f ′(a) > 0 > f ′(b), 13
14 .)
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11. . l M = (x0, y0) . M l M l d(M, l).
(i) l x = κ,

d(M, l) = |κ− x0|.

(ii) l y = µx+ ν,

d(M, l) =
|µx0 + ν − y0|√

1 + µ2
.

ax+ by = c, a, b 6= 0,

d(M, l) =
|ax0 + by0 − c|√

a2 + b2
.

12. l . ;

13. A1 d1 A2 d2 . () v1 v2 . A1

A2 .

14. h r.

;

;

15. y = f(x) y = g(x) [0, b] (0, b), f(0) = g(0) = 0 f ′(x) > 0
g′(x) > 0 x (0, b).

(i) y = f ′(x) (0, b), y = f(x)
x (0, b].

(∗) (ii) y = f ′(x)
g′(x) (0, b), y = f(x)

g(x) (0, b].

y =
x

sinx
, y =

1
2x

2

1− cosx
, y =

1
6x

3

x− sinx
, · · ·

(0, π
2 ).

. , .

1. d (arccos y+arcsin y)
dy = 0 y (−1, 1).

2 1.4, arccos y + arcsin y = π
2 y [−1, 1].

.

2. d (arctan x+arctan 1
x )

dx = 0 x 6= 0.

arctanx+ arctan 1
x = π

2 x > 0 arctanx+ arctan 1
x = −π

2 x < 0.

6.7 y = arctanx+ arctan 1
x ;
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3. y = f(x) y = g(x) (a, b) a < 0 < b. f ′(x) = g(x), g′(x) = −f(x)
x (a, b) f(0) = 0 g(0) = 1.

;

f(x)2 + g(x)2 = 1 x (a, b).

y = F (x) y = G(x) , F (x) = f(x) G(x) = g(x) x (a, b).

(: y = (F (x)− f(x))2 + (G(x)− g(x))2 .)

4. 2
πx < sinx < x x (0, π

2 ).

5. log 1+x
1−x > 2x+ 2x3

3 x (0, 1).

6. log 1+x
1−x < 2x+ 2x3

3 + x4

2 x (0, 1
2 ].

7. e
x

x+1 < 1 + x x > −1.

8. x > arctanx > x− x3

3 x > 0.

9. y = f(x) [a, b] (a, b).

(i) f ′(x) ≥ µ x (a, b), f(a) + µ(x− a) ≤ f(x) ≤ f(b) + µ(x− b) x
[a, b].

(ii) f ′(x) ≤ µ x (a, b), f(b) + µ(x− b) ≤ f(x) ≤ f(a) + µ(x− a) x
[a, b].

10. 0 < x < y < +∞. :
(i) a > 1, axa−1 < ya−xa

y−x < aya−1 .

(ii) 0 < a < 1, aya−1 < ya−xa

y−x < axa−1 .

11. x < y a > 0, a 6= 1. ax log a < ay−ax

y−x < ay log a.

12. 0 < x < y. 1
y < 1

y−x log( yx ) <
1
x .

13. 0 ≤ x < y. y−x
1+y2 < arctan y − arctanx < y−x

1+x2 .

14.

ex ≥ 1 +
x

1!
, ex ≥ 1 +

x

1!
+

x2

2!
, ex ≥ 1 +

x

1!
+

x2

2!
+

x3

3!

x ≥ 0.

;

, x ≤ 0 , , , .

15.

sinx ≤ x

1!
, sinx ≥ x

1!
− x3

3!
, sinx ≤ x

1!
− x3

3!
+

x5

5!

x ≥ 0 x ≤ 0.
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, ,

cosx ≥ 1− x2

2!
, cosx ≤ 1− x2

2!
+

x4

4!
, cosx ≥ 1− x2

2!
+

x4

4!
− x6

6!

x.

;

16. (∗∗) a1, . . . , an > 0.

y = a1+···+an+x
(n+1) n+1

√
a1···anx

(0,+∞). .

Cauchy.

n
√
a1 · · · an ≤ a1 + · · ·+ an

n
.

(: .)

: n
√
a1 · · · an = a1+···+an

n a1 = . . . = an .

17. a1, . . . , an, b1, . . . , bn, µ1, . . . , µn > 0 µ1 + · · · + µn = 1. , 0 < t < 1
a, b > 0.

Young.

a1−tbt ≤ (1− t)a+ tb

a = b.

(: x = b
a y = xt − tx+ t (0,+∞).)

(∗) Hölder.

a1
1−tb1

t + · · ·+ an
1−tbn

t ≤
(
a1 + · · ·+ an

)1−t(
b1 + · · ·+ bn

)t
ak

A = bk
B k, A = a1 + · · ·+ an B = b1 + · · ·+ bn .

(: Young ak

A ,
bk
B .)

(∗) y = (µ1a1
x + · · ·+ µnan

x)
1
x (−∞, 0) ∪ (0,+∞).

(: 0 < x < x′ , Hölder µk, µkak
x′

t = x
x′ . x < x′ < 0 x < 0 < x′ .)

(∗) limx→0(µ1a1
x + · · ·+ µnan

x)
1
x = a1

µ1 · · · anµn .

(: log(µ1a1
x + · · ·+ µnan

x)
1
x =

log
(
µ1a1

x+···+µnan
x
)

µ1a1
x+···+µnan

x−1
µ1a1

x+···+µnan
x−1

x .)

(∗)

(µ1a1
x + · · ·+ µnan

x)
1
x ≤ a1

µ1 · · · anµn ≤ (µ1a1
x′
+ · · ·+ µnan

x′
)

1
x′

x, x′ x < 0 < x′ . Cauchy .
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6.10 .

y = f(x) ξ y = f ′(x), , ξ, limx→ξ
f ′(x)−f ′(ξ)

x−ξ .
y = f(x) ξ

f ′′(ξ) D2f(ξ)
d2 f(x)

dx2

∣∣∣
x=ξ

d2 y

dx2

∣∣∣
x=ξ

= lim
x→ξ

f ′(x)− f ′(ξ)

x− ξ
.

ξ ±∞ ξ. y = f(x) [ξ, b) (a, ξ], , , ξ.
, , , n- (n− 1)- . f (1) f (2) . f ′′′ f (3) ,

n- -

f (n)(ξ) Dnf(ξ)
dn f(x)

dxn

∣∣∣
x=ξ

dny

dxn

∣∣∣
x=ξ

.

, , n- y = f(x) ξ

f (n)(ξ) = lim
x→ξ

f (n−1)(x)− f (n−1)(ξ)

x− ξ

(n− 1)- ±∞ ξ.
, y = f (0)(x) y = f(x).

: (1) n , y = xn dxn

dx = nxn−1 , d2 xn

dx2 = n(n−1)xn−2 , d3 xn

dx3 = n(n−1)(n−
2)xn−3 , . . . , d

n−1 xn

dxn−1 = n(n− 1) · · · 2x dn xn

dxn = n(n− 1) · · · 2 · 1. n- , 0,
dm xn

dxm = 0 m > n.

(2) a 0, y = xa d xa

dx = axa−1 , d2 xa

dx2 = a(a− 1)xa−2 , d3 xa

dx3 = a(a− 1)(a−
2)xa−3 , , m dm xa

dxm = a(a− 1) · · · (a−m+ 1)xa−m . x 0 , , 0.

(3) a > 0, a 6= 1, y = ax d ax

dx = ax log a, d2 ax

dx2 = ax(log a)2 , , dm ax

dxm =
ax(log a)m m.

y = ex dm ex

dxm = ex m.

(4) y = sinx d sin x
dx = cosx, d2 sin x

dx2 = − sinx, d3 sin x
dx3 = − cosx, d4 sin x

dx4 =

sinx. «»: sinx, cosx, − sinx, − cosx. d2k sin x
dx2k = (−1)k sinx

d2k−1 sin x
dx2k−1 = (−1)k−1 cosx k.

, y = cosx d cos x
dx = − sinx, d2 cos x

dx2 = − cosx, d3 cos x
dx3 = sinx, d4 cos x

dx4 =

cosx. «»: cosx, − sinx, − cosx, sinx. d2k cos x
dx2k = (−1)k cosx

d2k−1 cos x
dx2k−1 = (−1)k sinx k.

.

. .

.

6.10 . y = f(x) (a, b), ξ (a, b) y = f(x) ξ.
(1) f ′(ξ) = 0 f ′′(ξ) > 0, ξ y = f(x).
(2) f ′(ξ) = 0 f ′′(ξ) < 0, ξ y = f(x).
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: (1) f ′(ξ) = 0 f ′′(ξ) > 0. f ′′(ξ) = limx→ξ
f ′(x)−f ′(ξ)

x−ξ
, (a, ξ) ∪ (ξ, b)

f ′(x)−f ′(ξ)
x−ξ

> 0

x . , f ′(x) > f ′(ξ) = 0 x (ξ, b) f ′(x) < f ′(ξ) = 0 x (a, ξ). y = f(x) [ξ, b) (a, ξ],

(a, ξ] [ξ, b) , , ξ .

(2) .

: (1) y = x2 d x2

dx = 2x d2 x2

dx2 = d(2x)
dx = 2, d x2

dx

∣∣
x=0

= 0 d2 x2

dx2

∣∣
x=0

= 2 > 0.
0 .

(2) . y = x4 d x4

dx = 4x3 d2 x4

dx2 = d(4x3)
dx = 12x2, d x4

dx

∣∣
x=0

= 0 d2 x4

dx2

∣∣
x=0

= 0.
, 0 .

. .

y = f(x) I x1 x2 I x1 < x2 [x1, x2] (x1, f(x1))
(x2, f(x2)). , y = f(x) I x1 x2 I x1 < x2 [x1, x2] (x1, f(x1))
(x2, f(x2)).

Σχήμα 6.10: .

. l (x1, f(x1)) (x2, f(x2))

y =
f(x2)− f(x1)

x2 − x1
(x− x1) + f(x1).

x [x1, x2], (x, f(x)) y = f(x) (x1, f(x1)) (x2, f(x2))
(x, f(x)) (x, y) l,

f(x) ≤ f(x2)− f(x1)

x2 − x1
(x− x1) + f(x1).

, , y = f(x) I x1 x2 I x1 < x2 x [x1, x2] .
, y = f(x) I x1 x2 I x1 < x2 x [x1, x2] :

f(x) ≥ f(x2)− f(x1)

x2 − x1
(x− x1) + f(x1).

. t [0, 1] x = (1 − t)x1 + tx2 x1 x2 . , x
x1 x2 t [0, 1] x = (1 − t)x1 + tx2. , t, t = x−x1

x2−x1
, [0, 1]. , ,
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f
(
(1 − t)x1 + tx2

)
≤

(
f(x2) − f(x1)

)
t + f(x1) = (1 − t)f(x1) + tf(x2) .

y = f(x) I x1 x2 x1 < x2

f
(
(1− t)x1 + tx2

)
≤ (1− t)f(x1) + tf(x2) (0 ≤ t ≤ 1).

:
f
(
(1− t)x1 + tx2

)
≥ (1− t)f(x1) + tf(x2)

f
(
(1− t)x1 + tx2

)
≤ (1− t)f(x1) + tf(x2). , x1 = x2 , , , .

: (1) y = µx+ ν (−∞,+∞). : µ((1− t)x1 + tx2)+ ν = (1− t)(µx1 + ν)+
t(µx2 + ν).

(2) y = x2 (−∞,+∞). , 2x1x2 ≤ x2
1+x2

2 , : ((1−t)x1+tx2)
2 = (1−t)2x2

1+
2t(1− t)x1x2 + t2x2

2 ≤ (1− t)2x2
1 + t(1− t)(x2

1 + x2
2) + t2x2

2 = (1− t)x2
1 + tx2

2 .

(3) y = |x| (−∞,+∞). : |(1−t)x1+tx2| ≤ |(1−t)x1|+|tx2| = (1−t)|x1|+t|x2|.

.

6.11 y = f(x) I I.
(1) y = f(x) I .
(2) y = f(x) I .

Σχήμα 6.11: : .

: (1) y = f(x) I. x1 x2 I x1 < x2 f ′(x1) ≤ f ′(x2). x x1 x2

f(x) ≤ f(x2)−f(x1)
x2−x1

(x − x1) + f(x1).
f(x)−f(x1)

x−x1
≤ f(x2)−f(x1)

x2−x1
, , x → x1+ ,

f ′(x1) ≤ f(x2)−f(x1)
x2−x1

. , f(x2)−f(x1)
x2−x1

≤ f(x)−f(x2)
x−x2

, , x → x2− , f(x2)−f(x1)
x2−x1

≤ f ′(x2).

, f ′(x1) ≤ f ′(x2).

, . x1 x2 I ( ) x1 < x2 x ∈ (x1, x2). [x1, x] (x1, x), ξ1 ∈ (x1, x)
f(x)−f(x1)

x−x1
= f ′(ξ1). ξ2 ∈ (x, x2)

f(x2)−f(x)
x2−x

= f ′(ξ2). , f ′(ξ1) ≤ f ′(ξ2),
f(x)−f(x1)

x−x1
≤ f(x2)−f(x)

x2−x
. f(x) ≤ f(x2)−f(x1)

x2−x1
(x−x1)+ f(x1) x (x1, x2) x = x1

x = x2, I.
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(2) (1).

: y =

{
2x2 , x ≤ 0,
x2 , 0 ≤ x,

dy
dx =

{
4x , x ≤ 0,
2x , 0 ≤ x.

(−∞,+∞) , , (−∞,+∞).

, 6.12, 0.

6.11 . y = f(x) lx (x, f(x)). lx f ′(x). 6.11
y = f(x) , x , lx . , y = f(x) , x , lx .

, .

6.12 y = f(x) I I.
(1) y = f(x) I f ′′(x) ≥ 0 x I.
(2) y = f(x) I f ′′(x) ≤ 0 x I.

: (1) y = x(x−1)(x−2) dy
dx = 3x2−6x+2 d2y

dx2 = 6x−6. (−∞, 1) d2y
dx2 ≤ 0

, , (−∞, 1]. (1,+∞) d2y
dx2 ≥ 0, [1,+∞).

(2) n , y = xn (−∞,+∞). n , y = xn (−∞, 0] [0,+∞).
, n , d2 xn

dx2 = n(n − 1)xn−2 ≥ 0 x , n , d2 xn

dx2 = n(n − 1)xn−2 ≥ 0

x > 0 d2 xn

dx2 = n(n− 1)xn−2 ≤ 0 x < 0.

(3) y = xa (0,+∞), a ≤ 0 a ≥ 1, (0,+∞), 0 ≤ a ≤ 1. d2 xa

dx2 =
a(a− 1)xa−2 a(a− 1).

(4) y = ax (−∞,+∞) a > 0 d2 ax

dx2 = ax(log a)2 ≥ 0 x.

(5) y = loga x (0,+∞), a > 1, (0,+∞), 0 < a < 1. d2 loga x
dx2 = − 1

x2
1

log a

− 1
log a .

. .

y = f(x) (a, b) ξ (a, b). y = f(x) ξ. y = f(x) ξ,
(ξ, f(ξ)) y = f ′(ξ)(x − ξ) + f(ξ), f(x) ≥ f ′(ξ)(x − ξ) + f(ξ) x (c, ξ]
f(x) ≤ f ′(ξ)(x− ξ) + f(ξ) x [ξ, d) , , f(x) ≤ f ′(ξ)(x− ξ) + f(ξ) x (c, ξ]
f(x) ≥ f ′(ξ)(x − ξ) + f(ξ) x [ξ, d), ξ y = f(x). , f ′(ξ) +∞
−∞ ξ y = f(x).

ξ y = f(x) (ξ, f(ξ)) (ξ, f(ξ)) (ξ, f(ξ)).
6.13 ξ y = f(x) ξ, f ′(ξ) .

6.13 y = f(x) (a, b), ξ (a, b) y = f(x) ξ. y = f(x) (c, ξ]
[ξ, d) , , (c, ξ] [ξ, d), ξ .

: , , y = f(x) (c, ξ] [ξ, d). 6.11 , (c, ξ], f(x)−f(ξ)
x−ξ

≤ f ′(ξ) x (c, ξ] , [ξ, d),
f(x)−f(ξ)

x−ξ
≤ f ′(ξ) x [ξ, d). f(x) ≥ f ′(ξ)(x− ξ)+ f(ξ) x (c, ξ] f(x) ≤ f ′(ξ)(x− ξ)+ f(ξ)

x [ξ, d).

, , . :

6.14 y = f(x) (a, b), ξ (a, b) y = f(x) ξ. f ′′(x) ≥ 0 x (c, ξ)
f ′′(x) ≤ 0 x (ξ, d) , , f ′′(x) ≤ 0 x (c, ξ) f ′′(x) ≥ 0 x (ξ, d), ξ .
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Σχήμα 6.12: : f ′(ξ) .

Σχήμα 6.13: : f ′(ξ) = +∞ −∞.

: y = x3 dy
dx = 3x2 d2y

dx2 = 6x. d2y
dx2 ≤ 0 (−∞, 0) d2y

dx2 ≥ 0 (0,+∞), 0 .

. .

l y = f(x) (ξ, f(ξ)) l l. , l y = µx + ν,
f(ξ) = µξ + ν f(x) ≥ µx+ ν x y = f(x).
, l y = f(x) (ξ, f(ξ)) l l. , l y = µx + ν,

f(ξ) = µξ + ν f(x) ≤ µx+ ν x y = f(x).
f(ξ) = µξ + ν l y = µx+ f(ξ)− µξ , , y = µ(x− ξ) + f(ξ). , , l

y = f(x) (ξ, f(ξ)) y = µ(x− ξ) + f(ξ)

f(x) ≥ µ(x− ξ) + f(ξ)

x y = f(x). , , :

f(x) ≤ µ(x− ξ) + f(ξ)

f(x) ≥ µ(x− ξ) + f(ξ). , µ.
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Σχήμα 6.14: .

: (1) y = |x| (0, 0) y = µx. |x| ≥ µx x (−∞,+∞).
x = 1 µ ≤ 1 x = −1 −1 ≤ µ , , −1 ≤ µ ≤ 1. , −1 ≤ µ ≤ 1,
µx ≤ |µx| = |µ||x| ≤ |x| x. y = |x| (0, 0) y = µx (−1 ≤ µ ≤ 1).

(2) y = (x2 − 1)2 (0, 1) y = µx+ 1. (x2 − 1)2 ≥ µx+ 1 x
(−∞,+∞). , x = 1 0 ≥ µ+ 1 x = −1 0 ≥ −µ+ 1 . .

6.15 .

6.15 y = f(x) I, ξ I, y = f(x) ξ l y = f(x) (ξ, f(ξ)).
y = f(x) (ξ, f(ξ)), l.

: y = µ(x− ξ) + f(ξ), f(x) ≥ µ(x− ξ) + f(ξ) x I. µ.

x > ξ I
f(x)−f(ξ)

x−ξ
≥ µ , x → ξ+ , f ′(ξ) ≥ µ. , x < ξ I

f(x)−f(ξ)
x−ξ

≤ µ , x → ξ− ,
f ′(ξ) ≤ µ. µ = f ′(ξ), y = f ′(ξ)(x− ξ) + f(ξ) l.

.

: (1) y = x2 (3, 9). , , y = 6(x−3)+9. x2 ≥ 6(x−3)+9
x. (x− 3)2 ≥ 0 x , , .

(2) , y = x3 (3, 27). , y = 27(x−3)+27 x3 ≥ 27(x−3)+27
x. x3 − 27x + 54 ≥ 0 x . limx→−∞(x3 − 27x + 54) = −∞. :
(−10)3 − 27(−10) + 54 = −676 < 0. y = x3 (3, 27) .

6.16 y = f(x) I, ξ I, y = f(x) ξ l y = f(x) (ξ, f(ξ)).
(1) y = f(x) I, l (ξ, f(ξ)).
(2) y = f(x) I, l (ξ, f(ξ)).

: (1) l y = f ′(ξ)(x−ξ)+f(ξ). x I x > ξ f ′(ξ) ≤ f(x)−f(ξ)
x−ξ

, , f(x)−f(ξ) ≥ f ′(ξ)(x−ξ),

f(x) ≥ f ′(ξ)(x− ξ) + f(ξ). , x I x < ξ f ′(ξ) ≥ f(x)−f(ξ)
x−ξ

, , f(x)− f(ξ) ≥ f ′(ξ)(x− ξ),

f(x) ≥ f ′(ξ)(x− ξ) + f(ξ). , , f(x) ≥ f ′(ξ)(x− ξ) + f(ξ) x I , , l . l 6.15.

(2) (1).

: y = ex (−∞,+∞). , y = ex (0, e0) = (0, 1) , y = x + 1.
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ex ≥ x+ 1 x (−∞,+∞).

. .

. , , ( ) .

: (1) e
x1+x2

2 ≤ ex1+ex2

2 x1, x2 .
y = ex . , y = ex (−∞,+∞), e(1−t)x1+tx2 ≤ (1− t)ex1 + tex2 x1

x2 , x1 6= x2 , t [0, 1]. t = 1
2 , x1 6= x2 . x1 = x2 , , .

(2) (x1 + x2) log
x1+x2

2 ≤ x1 log x1 + x2 log x2 x1, x2 > 0.

, y = x log x (0,+∞), d2 (x log x)
dx2 = 1

x ≥ 0 x (0,+∞). , , t = 1
2 ,

x1+x2

2 log x1+x2

2 ≤ x1 log x1+x2 log x2

2 x1, x2 (0,+∞), x1 6= x2 . x1 6= x2 ,
x1 = x2 , , .

(3) x
3
4 ≤ 3

4 (x− 1) + 1 x ≥ 0.

– ; y = x
3
4 [0,+∞). y = x

3
4 (1, 1) «» ..

. .

1. y =

{
x2 , x ≥ 0,
−x2 , x ≤ 0,

(−∞,+∞), (−∞, 0) ∪ (0,+∞) 0.

, k y =

{
xk , x ≥ 0,
−xk , x ≤ 0,

( ) dny
dxn n.

2. y = g(x) (a, ξ] y = h(x) [ξ, b). g(ξ) = h(ξ), g′−(ξ) = h′
+(ξ)

g′′−(ξ) = h′′
+(ξ), y = f(x) =

{
g(x) , a < x ≤ ξ,
h(x) , ξ ≤ x < b,

ξ f ′′(ξ) = g′′−(ξ) =

h′′
+(ξ).

3. y = p(x) n ≥ 1, y = p′(x) n− 1. . (: !)

N ≥ 0. f (N+1)(x) = 0 x ( ) I y = f(x) ≤ N .

4. (∗) y = f(x) (a, b) f(x)f ′′(x) ≥ 0 x (a, b). (a, b) f(x)f ′(x) = 0,
y = f(x) .

(:
(
f(x)f ′(x)

)′
.)

5. y = p(x) = a0 + a1x+ · · ·+ aNxN .

p(n)(0) = n!an, an =
p(n)(0)

n!

n = 0, 1, . . . , N .

, p(n)(0) = 0 n ≥ N + 1.

y0, y1, . . . , yN . y = p(x) ≤ N p(n)(0) = yn n = 0, 1, . . . , N . ;
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6. p(x) k ≥ 2.

, p(x) (x− ξ)k , , p′(x), (x− ξ)k−1 .

, , p′(x) (x− ξ)k−1 p(ξ) = 0, p(x) (x− ξ)k .

(: p(x) = q(x)(x− ξ)k + r(x) q(x), r(x), r(x) k.)

7. y = (x2 − 1)n. n dny
dxn = 0 n (−1, 1).

(: .)

8. Leibniz:

(fg)(n)(x) =
n∑

k=0

(n
k

)
f (k)(x)g(n−k)(x).

(: Newton. )

9. y = f(x) = e−
1
x (0,+∞).

n f (n)(x) = x−2npn(x)e
− 1

x x (0,+∞), pn(x) n − 1. :
p1(x) = 1, p2(x) = 1− 2x, p3(x) = 1− 6x+ 6x2 .

pn+1(x) = x2pn
′(x) + (1− 2nx)pn(x) (0,+∞).

(: f (n)(x) = x−2npn(x)e
− 1

x .)

pn+2(x) = (1− 2(n+ 1)x)pn+1(x)− n(n+ 1)x2pn(x) (0,+∞).

(: x2f ′(x) = f(x) (0,+∞) n Leibniz .)

xn−1 pn(x) (−1)n−1n!.

x2pn
′′(x)− (2nx− 2x− 1)pn

′(x) + n(n− 1)pn(x) = 0 (0,+∞).

10. y = f(x) = e
x2

2 (−∞,+∞).

n f (n)(x) = pn(x)e
x2

2 x (−∞,+∞), pn(x) n. : p1(x) = x,
p2(x) = 1 + x2 , p3(x) = 3x+ x3 .

pn+1(x) = pn
′(x) + xpn(x) (−∞,+∞).

pn+1(x) = xpn(x) + npn−1(x) (−∞,+∞).

(: f ′(x) = xf(x) (−∞,+∞) n Leibniz .)

xn pn(x) 1.

pn
′′(x) + xpn

′(x)− npn(x) = 0 (−∞,+∞).

11. (x, y), (x′, y′) (x′′, y′′) xy- . R√
(x′ − x)2 + (y′ − y)2

√
(x′′ − x)2 + (y′′ − y)2

√
(x′ − x′′)2 + (y′ − y′′)2

2
∣∣(x′ − x)(y′′ − y)− (x′′ − x)(y′ − y)

∣∣ .

x = x(t) y = y(t) (a < t < b) xy-. t (a, b) h > 0 (x(t), y(t)),
(x(t+h), y(t+h)) (x(t−h), y(t−h)) . Rt,h Rt limh→0+ Rt,h ,
Rt (x(t), y(t)).
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Rt =

(
(x′(t))2 + (y′(t))2

) 3
2∣∣x′′(t)y′(t)− x′(t)y′′(t)
∣∣ .

x = x(t) = x0 + r0 cos t y = y(t) = y0 + r0 sin t. ; ;

x = x(t) = x0 + κ0 cos t y = y(t) = y0 + µ0 sin t. ; ;

y = f(x) (x, f(x)), x , (1+(f ′(x))2)
3
2

|f ′′(x)| .

y = x2 y = 1
x .

; « »;

. .

1. .

y = x3 − 4x2 + x+ 3, y = xex , y = x log x.

. .

1. .

y = x3−3x2+6x, y = x2(x−1)2 , y =
x

x+ 1
, y =

1

log x
, y = sinx.

2. y = f(x) y = −f(x) .

y = f(x) ≤ 1 .

3. (∗) y = f(x) I x1, x0, x2 I x1 < x0 < x2 . (x0, f(x0))
(x1, f(x1)) (x2, f(x2)), , x x1 < x < x2 (x, f(x)) , ,
[x1, x2] (x1, f(x1)) (x2, f(x2)).

(: x1 < x < x0 . x1, x0, x2 , x1, x, x0 x, x0, x2 .)

4. (∗) y = f(x) (−∞,+∞), (−∞,+∞).

(: f(x) ≤ u x. x1, x2 x1 < x2 . x > x2 x1, x2, x f(x) ≤ u,
x → +∞ f(x2) ≤ f(x1). , x < x1 f(x2) ≥ f(x1).)

5. (∗) y = f(x) I, I.

(: ξ I. x1, x2 I x1 < ξ < x2 . ξ < x < x2 , x1, ξ, x ξ, x, x2

limx→ξ+ f(x).)

. .

1. .

y = x3−3x2+6x, y = x2(x−1)2 , y =
x

x+ 1
, y =

1

log x
, y = sinx.
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2. 0 y =

{
x2

( |x|
x + sin 1

x

)
, x 6= 0,

0, x = 0.
6.13 6.14;

3. y = f(x) (a, b) ξ (a, b). f ′(x) ≥ f ′(ξ) x (a, b) f ′(x) ≤ f ′(ξ)
x (a, b), ξ y = f(x).

. .

1. – – .

y = x, y = |x|, y = x2 , y = x3 , y = e−2x , y =
1

x2 + 1
, y = x log x.

2. (∗) y = f(x) I.

(1) x I y = f(x) (x, f(x)), I.

(: x1, x, x2 I x1 < x < x2 f(x1) ≥ µ(x1 − x) + f(x) f(x2) ≥
µ(x2 − x) + f(x).)

(2) (1). y = f(x) I, x I y = f(x) (x, f(x)).

(: x0 I. f(x)−f(x0)
x−x0

x I \ {x0}. limx→x0±
f(x)−f(x0)

x−x0
,

limx→x0−
f(x)−f(x0)

x−x0
≤ limx→x0+

f(x)−f(x0)
x−x0

. µ y = µ(x−x0)+f(x0)
y = f(x) (x0, f(x0)).)

. .

1. a ≥ 1 a ≤ 0.(
(1− t)x1 + tx2

)a ≤ (1− t)x1
a + tx2

a (x1, x2 > 0, 0 ≤ t ≤ 1),

xa ≥ aξa−1(x− ξ) + ξa (x, ξ > 0).

0 ≤ a ≤ 1.

2. a > 0.
a(1−t)x1+tx2 ≤ (1− t)ax1 + tax2 (0 ≤ t ≤ 1),

ax ≥ aξ log a (x− ξ) + aξ .

3.

log
(
(1− t)x1 + tx2

)
≥ (1− t) log x1 + t log x2 (x1, x2 > 0, 0 ≤ t ≤ 1),

log x ≤ 1

ξ
(x− ξ) + log ξ (x, ξ > 0).

4. (∗) Young 17 6.9, a1−tbt ≤ (1− t)a+ tb (a, b > 0, 0 < t < 1) : (i)
y = log x (0,+∞) (ii) xt (0,+∞) 0 < t < 1.

(: (i) a1−tbt ≤ (1− t)a+ tb (1− t) log a+ t log b ≤ log
(
(1− t)a+ tb

)
.

(ii) y = xt (1, 1) x = b
a .)
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5. (∗) y = f(x) I. x1, . . . , xn I µ1, . . . , µn > 0 µ1 + · · ·+ µn = 1.

f
(
µ1x1 + · · ·+ µnxn

)
≤ µ1f(x1) + · · ·+ µnf(xn).

(: n. n n + 1 t = µn+1, x1
′ = µ1

1−µn+1
x1 + · · · + µn

1−µn+1
xn

x2
′ = xn+1.)

Hölder 17 6.9 y = xt (0,+∞) 0 < t < 1.

(: x1 = b1
a1
, . . . , xn = bn

an
µ1 = a1

A , . . . , µn = an

A , A = a1 + · · ·+ an .)

a1
µ1 · · · anµn ≤ (µ1a1

x + · · · + µnan
x)

1
x 17 6.9 ( ) y = − log x

(0,+∞).

(: x1 = a1
x , . . . , xn = an

x .)

6.11 .
0
0

±∞
±∞ . l’ Hopitâl.

. .

l’ Hopitâl 0
0 .

6.17 l’ Hopitâl. y = f(x) y = g(x) (ξ, b) g(x) 6= 0 g′(x) 6= 0 x

(ξ, b). , , limx→ξ+ f(x) = limx→ξ+ g(x) = 0. limx→ξ+
f ′(x)
g′(x) , limx→ξ+

f(x)
g(x)

.

lim
x→ξ+

f(x)

g(x)
= lim

x→ξ+

f ′(x)

g′(x)
.

( ) : x → ξ− , x → ξ, x → +∞ x → −∞.

: y = f(x) y = g(x) ΄ ξ, ξ f(ξ) = 0 g(ξ) = 0. limx→ξ+ f(x) = limx→ξ+ g(x) = 0,
[ξ, b).

limx→ξ+
f ′(x)
g′(x) = η. ε > 0, δ > 0

∣∣ f ′(x)
g′(x) − η

∣∣ < ε x (ξ, b) ξ < x < ξ + δ.

6.4 x (ξ, b) ζ (ξ, x)
f(x)
g(x)

=
f(x)−f(ξ)
g(x)−g(ξ)

=
f ′(ζ)
g′(ζ) . , x (ξ, b) ξ < x < ξ + δ ζ

(ξ, b) ξ < ζ < ξ + δ,
∣∣ f ′(ζ)
g′(ζ) − η

∣∣ < ε , ,
∣∣ f(x)
g(x)

− η
∣∣ < ε. , ,

∣∣ f(x)
g(x)

− η
∣∣ < ε x (ξ, b)

ξ < x < ξ + δ. limx→ξ+
f(x)
g(x)

= η.

: limx→ξ+
f ′(x)
g′(x) = ±∞. , x → ξ− x → ξ.

x → +∞ x → 0+ .
y = f(x) y = g(x) (a,+∞) a > 0, g(x) 6= 0 g′(x) 6= 0 x (a,+∞) limx→+∞ f(x) =

limx→+∞ g(x) = 0. limx→+∞
f ′(x)
g′(x) limx→+∞

f(x)
g(x)

. t = 1
x
, F (t) = f( 1

t
) = f(x)

G(t) = g( 1
t
) = g(x) (0, 1

a
) G(t) = g(x) 6= 0 G′(t) = − 1

t2
g′( 1

t
) = −x2g′(x) 6= 0 t (0, 1

a
). ,

limt→0+
F ′(t)
G′(t) = limx→+∞

−x2f ′(x)
−x2g′(x)

= limx→+∞
f ′(x)
g′(x) , , limt→0+

F ′(t)
G′(t) . limt→0+

F (t)
G(t)

. limx→+∞
f(x)
g(x)

= limt→0+
F (t)
G(t)

, limx→+∞
f(x)
g(x)

limx→+∞
f ′(x)
g′(x) .

x → −∞ x → 0− .

: limx→0
ex−1
sin x . (−π

2 , 0)∪ (0, π
2 ) sinx 6= 0 d sin x

dx = cosx 6= 0. , limx→0(e
x−

1) = limx→0 sinx = 0. : limx→0
ex

cos x = 1
1 = 1. , limx→0

ex−1
sin x = 1.
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l’ Hopitâl ±∞
±∞ , , .

6.18 l’ Hopitâl. y = f(x), y = g(x) (ξ, b) g(x) 6= 0 g′(x) 6= 0 x

(ξ, b). , , limx→ξ+ g(x) = +∞ −∞. limx→ξ+
f ′(x)
g′(x) , limx→ξ+

f(x)
g(x) .

lim
x→ξ+

f(x)

g(x)
= lim

x→ξ+

f ′(x)

g′(x)
.

( ) : x → ξ− , x → ξ, x → +∞ x → −∞.

: limx→ξ+
f ′(x)
g′(x) = η. ε > 0, δ′ > 0

∣∣ f ′(x)
g′(x) − η

∣∣ < ε
6

x (ξ, b) ξ < x <

ξ + δ′ . x0 (ξ, b) ξ < x0 < ξ + δ′ . , limx→ξ+ |g(x)| = +∞, δ′′ > 0 |g(x)| >

max
{
|g(x0)|, 3

ε
|f(x0)|, 3|η|

ε
|g(x0)|

}
x (ξ, b) ξ < x < ξ + δ′′ . δ = min{x0 − ξ, δ′′}. x

(ξ, b) ξ < x < ξ + δ ξ < x < x0 < ξ + δ′ ξ < x < ξ + δ′′ . 6.4 x ζ (x, x0)
f(x)−f(x0)
g(x)−g(x0)

=
f ′(ζ)
g′(ζ) . ζ (ξ, b) ξ < ζ < ξ + δ′,

∣∣ f(x)−f(x0)
g(x)−g(x0)

− η
∣∣ =

∣∣ f ′(ζ)
g′(ζ) − η

∣∣ < ε
6
.

|f(x) − f(x0) − η(g(x) − g(x0))| < ε
6
|g(x) − g(x0)|, |f(x) − ηg(x)| < ε

6
(|g(x)| + |g(x0)|) +

|f(x0)|+ |η||g(x0)| , ,
∣∣ f(x)
g(x)

−η
∣∣ < ε

6

(
1+

|g(x0)|
|g(x)|

)
+

|f(x0)|
|g(x)| + |η| |g(x0)|

|g(x)| < ε
6
(1+1)+ ε

3
+ ε

3
= ε.

, , δ > 0
∣∣ f(x)
g(x)

− η
∣∣ < ε x (ξ, b) ξ < x < ξ + δ. limx→ξ+

f(x)
g(x)

= η.

limx→ξ+
f ′(x)
g′(x) = ±∞ x → ξ− x → ξ . x → ±∞ x → 0± 6.17.

l’ Hopitâl limx→ξ+ f(x) ( ). , ±∞
±∞ l’ Hopitâl, .

: (1)

lim
x→+∞

xb

ax
= 0 (b > 0, a > 1).

b = 1, limx→+∞
x
ax = 0 a > 1. limx→+∞ x = +∞ limx→+∞ ax =

+∞, +∞
+∞ . (−∞,+∞) ax 6= 0 d ax

dx = ax log a 6= 0. 1
ax log a

limx→+∞
1

ax log a = 0 . limx→+∞
x
ax = 0.

. a
1
b > 1, : limx→+∞

xb

ax = limx→+∞
(

x

(a
1
b )x

)b
=

(
limx→+∞

x

(a
1
b )x

)b
=

0b = 0.

(2)

lim
x→+∞

(log x)b

xa
= 0 (b > 0, a > 0).

limx→+∞
log x
xa = 0 a > 0. limx→+∞ log x = +∞ limx→+∞ xa = +∞,

+∞
+∞ . (0,+∞) xa 6= 0 d xa

dx = axa−1 6= 0.
1
x

axa−1 = 1
axa limx→+∞

1
axa = 0 .

limx→+∞
log x
xa = 0.

: limx→+∞
(log x)b

xa = limx→+∞
(
log x

x
a
b

)b
= 0b = 0 a

b > 0.

(3) limx→+∞
x−cos x

x
+∞
+∞ . , limx→+∞ x = +∞. , x − cosx ≥ x − 1

limx→+∞(x− cosx) = +∞.
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:
∣∣ cos x

x

∣∣ ≤ 1
x x > 0, limx→+∞

cos x
x = 0 , , limx→+∞

x−cos x
x =

limx→+∞
(
1− cos x

x

)
= 1− 0 = 1.

! 1+sin x
1 = 1 + sinx , , limx→+∞ sinx.

, , l’ Hopitâl. , .

, , 0
0

±∞
±∞ . l’ Hopitâl. , , .

(1) lim f(x) = 0 lim g(x) = ±∞ lim f(x)g(x), 0(±∞). lim f(x)
1

g(x)

,

0
0 . lim g(x)

1
f(x)

, ±∞
±∞ .

(2) lim f(x) = +∞ lim g(x) = −∞ lim(f(x) + g(x)), (+∞) + (−∞).
lim

(
1

g(x) +
1

f(x)

)
f(x)g(x), 0(−∞). .

(3) lim f(x) = 0, y = f(x) , lim g(x) = 0 lim f(x)g(x) , 00.
lim eg(x) log f(x) , 0(−∞).
(4) lim f(x) = +∞ lim g(x) = 0 lim f(x)g(x) , (+∞)0 . lim eg(x) log f(x) ,
0(+∞).
(5) , lim f(x) = 1 lim g(x) = ±∞ lim f(x)g(x) , 1±∞ . lim eg(x) log f(x) ,
(±∞)0.

: (1) limx→0+ x log x, 0(−∞). x log x = log x
1
x

, limx→0+
1
x = +∞. :

1
x 6= 0

d ( 1
x )

dx = − 1
x2 6= 0 x (0,+∞). , limx→0+

1
x

− 1
x2

= − limx→0+ x = 0.

limx→0+ x log x = 0.

(2) limx→0+ xx 00 . xx = ex log x , , limx→0+ xx = limx→0+ ex log x = e0 = 1
y = ex 0.

(3) limx→0+

(
1

sin x − 1
x

)
(+∞) − (+∞). 1

sin x − 1
x = x−sin x

x sin x limx→0+(x −
sinx) = 0 limx→0+ x sinx = 0. : x sinx 6= 0 d (x sin x)

dx = sinx+ x cosx 6= 0
x (0, π

2 ) ( sinx > 0, x > 0 cosx > 0 ). , limx→0+
1−cos x

sin x+x cos x
0
0

limx→0+(1 − cosx) = 0 limx→0+(sinx + x cosx) = 0. ( ) , sinx +
x cosx 6= 0 x (0, π

2 )
d
dx (sinx + x cosx) = 2 cosx − x sinx 6= 0 x (0, π

4 ).
limx→0+

sin x
2 cos x−x sin x = 0

2 = 0. limx→0+
1−cos x

sin x+x cos x = 0 , , limx→0+

(
1

sin x −
1
x

)
= 0.

(4) limx→+∞
(
1 + x

1+x2

)x
1+∞ .

(
1 + x

1+x2

)x
= e

x log
(
1+ x

1+x2

)
,

limx→+∞ x log
(
1 + x

1+x2

)
, (+∞)0. , , x log

(
1 + x

1+x2

)
=

log
(
1+ x

1+x2

)
1
x

0
0 . : 1

x 6= 0
d ( 1

x )

dx = − 1
x2 6= 0 x (0,+∞).

d log
(
1+ x

1+x2

)
dx =

1−x2

(1+x2)2

1+ x
1+x2

=

1−x2

(1+x2)(1+x+x2) limx→+∞
x2(x2−1)

(1+x2)(1+x+x2) = 1. limx→+∞ x log
(
1+ x

1+x2

)
=

1 , , limx→+∞
(
1 + x

1+x2

)x
= limx→+∞ e

x log
(
1+ x

1+x2

)
= e1 = e y = ex 1.

. .
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l’ Hopitâl .

. (an) (bn) bn 6= 0 n limn→+∞ an = 0 limn→+∞ bn = 0. limn→+∞
an

bn
,

.
l’ Hopitâl, y = f(x) y = g(x), [1,+∞), :

f(n) = an g(n) = bn (n ).

, [1,+∞), g(x) 6= 0 g′(x) 6= 0 x [1,+∞) , , limx→+∞ f(x) =

limx→+∞ g(x) = 0. , , limx→+∞
f ′(x)
g′(x) , limx→+∞

f(x)
g(x) . , 4.19

y = f(x)
g(x) (xn) xn = n, limn→+∞

an

bn
= limn→+∞

f(n)
g(n) .

: limn→+∞ arctan 1
n tan(π2 − 1

n ).
limn→+∞ arctan 1

n = 0 limn→+∞ tan(π2 − 1
n ) = +∞, 0 · (+∞).

arctan 1
n tan(π2 − 1

n ) = arctan 1
n cot 1

n =
arctan 1

n

tan 1
n

0
0 . y = f(x) =

arctan 1
x y = g(x) = tan 1

x ( 2π ,+∞). , limx→+∞
f ′(x)
g′(x) =

limx→+∞
x2(cos 1

x )2

1+x2 = 1. (n) +∞, limn→+∞
arctan 1

n

tan 1
n

= limx→+∞
arctan 1

x

tan 1
x

=

1.

. (an) (bn) bn 6= 0 n limn→+∞ bn = +∞ −∞. , , limn→+∞
an

bn
, .

l’ Hopitâl, y = f(x) y = g(x), [1,+∞), :

f(n) = an g(n) = bn (n ).

[1,+∞), g(x) 6= 0 g′(x) 6= 0 x [1,+∞) limx→+∞ g(x) = +∞ −∞. ,
, limx→+∞

f ′(x)
g′(x) , limx→+∞

f(x)
g(x) , limn→+∞

an

bn
= limn→+∞

f(n)
g(n)

.

: (1)

lim
n→+∞

nb

an
= 0 (b > 0, a > 1) lim

n→+∞

(log n)b

na
= 0 (b > 0, a > 0).

y = xb y = ax , limx→+∞
xb

ax . l’ Hopitâl,

limx→+∞
xb

ax = 0 4.19 (xn) xn = n. .

(2) .

lim
n→+∞

n
√
n = 1.

n
√
n = n

1
n = e

log n
n (+∞)0 +∞

+∞ · limn→+∞
logn
n = 0.

limn→+∞
n
√
n = limn→+∞ e

log n
n = e0 = 1..

. .
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1. ΄ , .

lim
x→+∞

e
1
4x

x13
, lim

x→+∞

7
√
x

(log x)5
, lim

x→+∞

e
x
2 − (log x)4

x100 − e
x
4

, lim
x→0

e−
1
x2

x5
,

lim
x→+∞

(
ex − x10

)
, lim

x→0+

( 1

x5
− 2

x2
+ (log x)7

)
.

2. l’ Hopitâl, .

lim
x→1

1− x+ log x

1−
√
2− x

, lim
x→0

log(1 + x)

e2x − 1
, lim

x→2

x2 − 3x+ 2

x2 − 5x+ 6
,

lim
x→0

sinx

arctanx
, lim

x→1

xa − 1

xb − 1
, lim

x→0

ax − 1

bx − 1
(a, b > 0, b 6= 1),

lim
x→0

1− cos(1− cosx)

x4
, lim

x→0

x sin(sinx)− (sinx)2

x6
,

lim
x→0

e− (1 + x)
1
x

x
, lim

x→+∞

log(log x)

log x
, lim

x→+∞

log
(
log(log x)

)
log(log x)

,

lim
x→0+

sinx log x, lim
x→1+

log x log(x− 1), lim
x→+∞

x(x
1
x − 1)

log x
,

lim
x→0

( 1

ex − 1
− 1

x

)
, lim

x→0

( 1

log(1 + x)
− 1

x

)
, lim

x→0

(
cotx− 1

x

)
,

lim
x→π

4

(tanx)tan(2x) , lim
x→0+

xxx−1 , lim
x→0

(x+ ex)
1
x .

3. limx→+∞
cosh x
ex l’ Hopitâl ?

, l’ Hopitâl ?

4. a, b limx→0

(
1−cos x

x4 + ax−2 + b
)
= 0.

5. y =

{
1

log |x| , x 6= 0,
0, x = 0,

Hölder- 0 ( 7 5.1).

(: .)

6. , , , () () , ( ).

y = xe−x , y = xe−x2

, y = x log x, y =
log x

x
, y = x

1
x , y = xx .

7. . , l’ Hopitâl .

lim
x→0

ex − 1

x
, lim

x→0

ex − 1− 1
1!x

x2
,

lim
x→0

ex − 1− 1
1!x− 1

2!x
2

x3
, lim

x→0

ex − 1− 1
1!x− 1

2!x
2 − 1

3!x
3

x4
.

.
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8. l’ Hopitâl limx→0
sin x
x = 1;

9. .

lim
x→0

sinx− 1
1!x

x3
, lim

x→0

cosx− 1 + 1
2!x

2

x4
,

lim
x→0

sinx− 1
1!x+ 1

3!x
3

x5
, lim

x→0

cosx− 1 + 1
2!x

2 − 1
4!x

4

x6
.

.

10. . , l’ Hopitâl .

lim
x→0

log(1 + x)

x
, lim

x→0

log(1 + x)− x

x2
,

lim
x→0

log(1 + x)− x+ 1
2x

2

x3
, lim

x→0

log(1 + x)− x+ 1
2x

2 − 1
3x

3

x4
.

.

11. y = f(x) n− 1 (a, b) a < ξ < b. f (n)(ξ),

lim
x→ξ

f(x)−f(ξ)− f(1)(ξ)
1! (x− ξ)1− · · · − f(n−1)(ξ)

(n−1)! (x− ξ)n−1

(x− ξ)n
=
f (n)(ξ)

n!
.

: l’ Hopitâl?

7, 9 10 .

12. (∗) . y = f(x) 2m − 1 (a, b), a < ξ < b f (2m)(ξ).
f (1)(ξ) = . . . = f (2m−1)(ξ) = 0, :

(i) f (2m)(ξ) > 0, ξ y = f(x).

(ii) f (2m)(ξ) < 0, ξ y = f(x).

(: .)

13. (∗) y = f(x) 2m (a, b), a < ξ < b f (2m+1)(ξ). f (1)(ξ) = . . . =
f (2m)(ξ) = 0 f (2m+1)(ξ) 6= 0, ξ y = f(x).

(: .)

14. (∗) y = f(x) (a, b) a < ξ < b.

f ′(ξ), limh→0+
f(ξ+h)−f(ξ−h)

2h = f ′(ξ). l’ Hopitâl;

(: f(ξ+h)−f(ξ−h)
2h = 1

2
f(ξ+h)−f(ξ)

h + 1
2
f(ξ−h)−f(ξ)

−h .)

f ′′(ξ), limh→0+
f(ξ+h)−2f(ξ)+f(ξ−h)

h2 = f ′′(ξ).

(: f ′′(ξ) ¨ (c, d) c < ξ < d. l’ Hopitâl.)

15. y = f(x) (0,+∞) limx→+∞ f ′(x) = η. limx→+∞
f(x)
x = η.

16. 18 6.8 l’ Hopitâl.
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17. (∗) y = f(x) (0,+∞) η = limx→+∞(f(x)+f ′(x)) . limx→+∞ f(x) =
η limx→+∞ f ′(x) = 0.

(: f(x) = f(x)ex

ex .)

18. limx→0+ x−me−
1
x = 0 m.

(∗) y = h(x) =

{
e−

1
x , x > 0,

0 , x ≤ 0.
y = h(x) (−∞,+∞) , , h(n)(0) = 0

n.

(: n y = h(x) n (−∞,+∞) , , h(n)(0) = 0. 9 6.10.)

19. (∗) y = f(x) =

{
e
− 2

1−x2 , −1 < x < 1,
0 , |x| ≥ 1.

y = f(x) (−∞,+∞).

(: .)

20. (∗) y = ex (−∞,+∞).

(: pn(x)e
nx+· · ·+p1(x)e

x+p0(x) = 0 (−∞,+∞), pn(x), . . . , p1(x), p0(x)
. pn(x)e

nx x → +∞.)

. .

1. .( (log n)13
n2

)
,

( √
n

(log n)95

)
,

(
ne−n

)
,

(
n3e−n

)
,

( e
n
5

n100

)
.

2. limn→+∞
n
√
n = 1 .

lim
n→+∞

n
√
n+ 1 = 1, lim

n→+∞
n
√
n2 = 1, lim

n→+∞
n
√
n3 + 3n2 + n+ 2 = 1.

(: 1 ≤ n
√
n+ 1 ≤ n

√
2n = n

√
2 n
√
n

n
√
n2 =

(
n
√
n
)2
.)

3. . ( log(log n)
log n

)
,

( log(log(log n))
log(log n)

)
,

(
n− cot

1

n

)
.

6.12 , .

. .

y = f(x) y = g(x) f(x), g(x) 6= 0 ξ, x (a, ξ)∪(ξ, b). limx→ξ

∣∣ f(x)
g(x)

∣∣ = 0,

y = f(x) y = g(x) ξ y = g(x) y = f(x) ξ. , , limx→ξ

∣∣ f(x)
g(x)

∣∣ = 0

limx→ξ

∣∣ g(x)
f(x)

∣∣ = +∞. , l u 0 < l ≤
∣∣ f(x)
g(x)

∣∣ ≤ u < +∞ ξ, y = f(x)

y = g(x) ξ.
ρ = limx→ξ

∣∣ f(x)
g(x)

∣∣ , l < ρ ( , l = ρ
2 ) u > ρ ( , u = 2ρ), , 4.16,

l <
∣∣ f(x)
g(x)

∣∣ < u ξ , , y = f(x) y = g(x) ξ.
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, , : x → ξ+ , x → ξ− , x → +∞ x → −∞.

: (1) y = xb (b > 0) y = ax (a > 1) +∞, , , limx→+∞
xb

ax = 0.

(2) y = (log x)c (c > 0) y = xb (b > 0) +∞, limx→+∞
(log x)c

xb = 0.

(3) y = a0 + a1x + · · · + aNxN y = b0 + b1x + · · · + bNxN ( aN , bN 6= 0)

+∞, limx→+∞
∣∣a0+a1x+···+aNxN

b0+b1x+···+bNxN

∣∣ = ∣∣aN

bN

∣∣ .
, y = a0 + a1x+ · · ·+ aNxN ( aN 6= 0) y = b0 + b1x+ · · ·+ bMxM

( bM 6= 0), N < M , +∞. , limx→+∞
a0+a1x+···+aNxN

b0+b1x+···+bMxM = 0.

(4) y = a−
1
x (a > 1) y = xb (b > 0) 0 , limx→0+

a− 1
x

xb = limt→+∞
tb

at = 0.

(5) Η y = 1− cosx y = x2 0, limx→0
1−cos x

x2 = 1
2 .

(6) Η y = sinx y = x 0, limx→0
sin x
x = 1 .

(7) y =
(
log 1

x

)c
(c > 0) y = 1

xb (b > 0) 0 , limx→0+

(
log 1

x

)c

1

xb

=

limt→+∞
(log t)c

tb
= 0.

(8) limx→+∞
2x+x sin x

x = limx→+∞(2 + sinx) . , y = 2x + x sinx y = x

+∞. , 2x+x sin x
x = 2 + sinx 1 ≤ 2x+x sin x

x ≤ 3 x (0,+∞).

, , x → +∞ : , .
(3) , N , N +∞. y = a0 + a1x+ · · ·+ aNxN ( aN 6= 0)

, , N +∞. , , (3), «» +∞ : . , N y = xN . , , «
N» N y = xN +∞.

: a0+a1x+···+anx
n

b0+b1x+···+bmxm (an, bm 6= 0), n > m, N = n−m +∞. limx→+∞

∣∣∣ a0+a1x+···+anxn

b0+b1x+···+bmxm

xn−m

∣∣∣ =∣∣ an

bm

∣∣ > 0.

« » y = xb (b > 0) b , ΄ . , , y = xb

(b > 0) +∞. , b +∞ y = xb (b > 0) +∞. «» ,

limx→+∞
xb1

xb2
= limx→+∞

1
xb2−b1

= 0 0 < b1 < b2 . , , +∞ +∞ +∞.
, y = f(x) y = xb (b > 0), u, l > 0 l ≤

∣∣ f(x)
xb

∣∣ ≤ u , , |f(x)| ≥ lxb

+∞. limx→+∞(lxb) = +∞, limx→+∞ |f(x)| = +∞.
, a > 1, y = ax +∞. y = ax (a > 1) +∞. «» a.

, limx→+∞
a1

x

a2
x = limx→+∞

(
a1

a2

)x
= 0 1 < a1 < a2 .

, c > 0, y = (log x)c +∞. y = (log x)c (c > 0) +∞.
«» c, limx→+∞

(log x)c1

(log x)c2 = limx→+∞
1

(log x)c2−c1
= 0 0 < c1 < c2 .

, +∞ +∞ +∞. .
(1) (2)

+∞

.
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. . .

y = f(x) y = g(x) g(x) 6= 0 x (a, ξ) ∪ (ξ, b). limx→ξ
f(x)
g(x) = 0,

f(x) =
(
g(x)

)
ξ

« y = f(x) y = g(x)» ξ. y = f(x)
g(x) ξ, u |f(x)| ≤ u|g(x)| ξ,

f(x) =
(
g(x)

)
ξ

« y = f(x) y = g(x)» ξ. : x → ξ+ , x → ξ− , x → +∞ x → −∞.

: (1) y = f(x) y = g(x) x, f(x) =
(
g(x)

)
x.

, , , , f(x) 6= 0 x.
, (log x)c =

(
xb
)

xb =
(
ax

)
+∞ a > 1, b > 0 c > 0. , xb1 =

(
xb2

)
+∞ xb2 =

(
xb1

)
0 0 < b1 < b2 .

(2) y = f(x) y = g(x) x, f(x) =
(
g(x)

)
x.

, sinx = (x) 1− cosx = (x2) 0.

y = f(x) y = g(x) g(x) 6= 0 x (a, ξ) ∪ (ξ, b). limx→ξ
f(x)
g(x) = 1,

f(x) ∼ g(x) ξ

y = f(x) y = g(x) ξ. : x → ξ+ , x → ξ− , x → +∞ x → −∞.
limx→ξ

f(x)
g(x) = 1 f(x)

g(x) 6= 0 ξ , , f(x) 6= 0 ξ. , f(x) ∼ g(x) ξ,
f(x), g(x) 6= 0 ξ.

: (1) sinx ∼ x 1− cosx ∼ 1
2x

2 0.

(2) ex − 1 ∼ x 0, limx→0
ex−1
x = d ex

dx

∣∣
x=0

= 1.

(3) log(1 + x) ∼ x 0, limx→0
log(1+x)

x = d log x
dx

∣∣
x=1

= 1.

(4) tanx ∼ 1
π
2 −x

π
2 , limx→π

2

tanx
1

π
2

−x

= limt→0 t cot t = limt→0
t

sin t cos t = 1.

.

f(x)− g(x) =
(
cg(x)

)
, c 6= 0, f(x) ∼ g(x).

, lim f(x)−g(x)
cg(x) = 0, lim f(x)−g(x)

g(x) = 0, lim
( f(x)
g(x) −1

)
= 0, lim f(x)

g(x) = 1

f(x) ∼ g(x).

: .

(1) sinx− x = (x) cosx− 1 + 1
2x

2 = (x2) 0.

(2) ex − 1− x = (x) 0.

(3) log(1 + x)− x = (x) 0.
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(4) tanx− 1
π
2 −x =

(
1

π
2 −x

)
π
2 .

y = g1(x), . . . , y = gn(x) y = g(x) x, y = g1(x) + · · ·+ gn(x)

y = g(x) x. : lim g1(x)+···+gn(x)
g(x) = lim g1(x)

g(x) + · · ·+ gn(x)
g(x) = 0+ · · ·+0 = 0.

y = f(x) = g(x)+g1(x)+· · ·+gn(x) y = g1(x), . . . , y = gn(x) y = g(x)

x, y = g(x) x f(x) ∼ g(x) x. , lim f(x)
g(x) = lim

(
1+ g1(x)+···+gn(x)

g(x)

)
= 1.

. , y = f(x) = g(x) + g1(x) + · · ·+ gn(x) y = g(x) x ,
y = f(x) . , , f(x) ∼ g(x) x , , lim f(x) = lim

( f(x)
g(x) g(x)

)
= 1 · lim g(x).

: y = g(x) + g1(x) + · · · + gn(x) y = h(x) + h1(x) + · · · + hm(x) y = g(x)

y = h(x) , , x, g(x)+g1(x)+···+gn(x)
h(x)+h1(x)+···+hm(x) ∼ g(x)

h(x) x , , y = g(x)
h(x) x ,

g(x)+g1(x)+···+gn(x)
h(x)+h1(x)+···+hm(x) .

: (1) « » . xn = (xN ) +∞ n < N , a0 + a1x + · · · + aNxN

(aN 6= 0) aNxN +∞, a0 + a1x+ · · ·+ aNxN ∼ aNxN , , limx→+∞(a0 +
a1x+ · · ·+ aNxN ) = limx→+∞ aNxN .

, a0+a1x+···+aNxN

b0+b1x+···+bMxM ∼ aNxN

bMxM +∞ , , limx→+∞
a0+a1x+···+aNxN

b0+b1x+···+bMxM =

limx→+∞
aNxN

bMxM .

(2) xe2x−x2+3ex−x2e
x
2 2e2x+log x−x2ex +∞. xe2x−x2+3ex−x2e

x
2

2e2x+log x−x2ex ∼
xe2x

2e2x = x
2 +∞, limx→+∞

xe2x−x2+3ex−x2e
x
2

2e2x+log x−x2ex = limx→+∞
x
2 = +∞..

. .

1. a > 1. +∞ y = ax , y = aa
x

y = aa
ax

.

.

2. +∞ y = log x, y = log(log x) y = log
(
log(log x)

)
.

.

3. y = x, y = log(ex + x log x) y = e(1+
1
x ) log x +∞.

y = log 1
x y =

x2+x log 1
x

sin x+x2 0.

4. +∞ , .

y =
x3ex − x5e

x
2

xex + sinx
, y = e

x
5 + x3e

x
6 − x, y = e3 log(2+log x) .

5. ∞ y = 1
xb (b > 0). , +∞ y = 1

ax (a > 0)

y = 1
(log x)c (c > 0), , +∞.

+∞ 0 +∞.
+∞ .
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.

y = a0+a1x+···+anx
n

b0+b1x+···+bmxm (an, bm 6= 0), n < m, +∞.
+∞ , .

y = e−x + 2e−x2

, y =
1

log(x+ log x)
, y = log

(
e

1
x +

1

x2

)
.

. . .

1. 0.

1

1− x
− 1 = (1),

1

1− x
− (1 + x) = (x),

1

1− x
− (1 + x+ x2) = (x2).

.

2. 0.

ex − 1 = (1), ex −
(
1 +

x

1!

)
= (x), ex −

(
1 +

x

1!
+

x2

2!

)
= (x2).

.

3. 0.

sinx−
( x

1!
− x3

3!

)
= (x3), cosx−

(
1− x2

2!
+

x4

4!

)
= (x4),

sinx−
( x

1!
− x3

3!
+

x5

5!

)
= (x5), cosx−

(
1− x2

2!
+

x4

4!
− x6

6!

)
= (x6).

.

4. 0.

log(1 + x)− x = (x), log(1 + x)−
(
x− x2

2

)
= (x2),

log(1 + x)−
(
x− x2

2
+

x3

3

)
= (x3).

.

5. 0.

arctanx− x = (x) arctanx−
(
x− x3

3

)
= (x3),

arctanx−
(
x− x3

3
+

x5

5

)
= (x5).

.
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6. f(x)− (a+ bx+ cx2 + dx3) = (x3) 0. f(x)− (a+ bx+ cx2) = (x2),
f(x)− (a+ bx) = (x) f(x)− a = (1) 0.

a, b, c, d
x

ex − 1
− (a+ bx+ cx2 + dx3) = (x3)

0.

7. .11 .

y = f(x) n− 1 (a, b) a < ξ < b. f (n)(ξ) ,

f(x)−
(
f(ξ) +

f (1)(ξ)

1!
(x− ξ)1 + · · ·+ f (n)(ξ)

n!
(x− ξ)n

)
=

(
(x− ξ)n

)
ξ.

1, 2, 3, 4 5 .

8. +∞;

e2x log x−x5ex , x log x− x2

log x
+x

√
x log(log x), x2 log x−x2+3x sinx.

9. 0;

2

x
+

1

x
√
x
− 3√

x
, 1 + 2x− x

√
x ,

1

(sinx)2
+

3

x
− 1

x
√
x
.

10. y = f(x) y = g(x), y = f(x) y = g(x). :(
g(x)

)
=

(
g(x)

)
.

:
(
g(x)

)
=

(
g(x)

)
.

, y = f1(x) y = f2(x) y = g(x), y = f1(x) + f2(x) y = g(x). :(
g(x)

)
+
(
g(x)

)
=

(
g(x)

)
.

: (
g(x)

)
+
(
g(x)

)
=

(
g(x)

)
,(

g1(x)
)(
g2(x)

)
=

(
g1(x)g2(x)

)
,
(
g1(x)

)(
g2(x)

)
=

(
g1(x)g2(x)

)
.
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Κεφάλαιο 7

Riemann.

. , , Riemann. Riemann: Riemann, . Riemann . Riemann .
Riemann . Riemann . , . Riemann : , , , , ,
, , .

7.1 .

. . . , , , « ».

Σχήμα 7.1: .

. : , , , , . . .
, , « » : , . . , , « » , , «

». « » . , , « » [a, b] x-, y = f(x) a ≤ x ≤ b
. (a, 0) (a, f(a)) . (b, 0) (b, f(b)). , f(x) ≥ 0 x [a, b]. « »,
[a, b] y = f(x). y = f(x) [a, b]. A E.

. [a, b] x0 = a, x1, . . . , xn−1, xn = b. a b. , , [x0, x1] = [a, x1],
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[x1, x2], . . . , [xk−1, xk], . . . , [xn−2, xn−1] [xn−1, xn] = [xn−1, b]. , ,
· , , δ. , b − a [a, b], δ n. b − a < nδ, n > b−a

δ , ,
δ n . x0 = a, x1, . . . , xn−1, xn = b ∆ = {x0, x1, . . . , xn−1, xn}
[a, b]. [x0, x1], n- [xn−1, xn] , , k- (1 ≤ k ≤ n) [xk−1, xk]. , n = 1,
[x0, x1] = [a, b]. , [a, b]. ΄ n , , n ≥ 2 x1, . . . , xn−1 (,
a < x1 < . . . < xn−1 < b).

: [a, b] b−a
n . x0 = a, x1 = a+ b−a

n , x2 = a+2 b−a
n , . . . , xk = a+k b−a

n ,
. . . , xn−1 = a+ (n− 1) b−a

n xn = a+ n b−a
n = b.

∆ ,

(∆) = max
{
xk − xk−1 : 1 ≤ k ≤ n

}
.

, ∆ .

Σχήμα 7.2: .

∆ [a, b], « » n « », k- [xk−1, xk], y = f(x)
xk−1 ≤ x ≤ xk ¨ . (xk−1, 0) (xk−1, f(xk−1)) . (xk, 0) (xk, f(xk)).
Ak Ek. , ,

E = E1 + · · ·+ En .

A1, . . . , An , , , . , : ∆ , [xk−1, xk] , x , f(x) ,
, , , . y = f(x) [a, b]. , ∆ . , ξk [xk−1, xk],
f(x) [xk−1, xk] f(ξk), Ak Ãk [xk−1, xk] f(ξk). , Ek Ak

Ẽk = f(ξk)(xk − xk−1) Ãk , ,

Ek ≈ Ẽk = f(ξk)(xk − xk−1) .

, , , Ẽk Ek , ,
∣∣Ek− Ẽk

∣∣, . ∆
∣∣Ek− Ẽk

∣∣. , , k = 1, . . . , n Ẽk

Ẽ = Ẽ1 + · · ·+ Ẽn, Ã Ã1, . . . , Ãn. Ek Ẽk, E = E1 + · · ·+En
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Ẽ = Ẽ1 + · · ·+ Ẽn = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1) , ,

E ≈ Ẽ1 + · · ·+ Ẽn = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1).

, : ∣∣E − Ẽ
∣∣ = ∣∣∣(E1 + · · ·+ En)−

(
Ẽ1 + · · ·+ Ẽn

)∣∣∣
≤

∣∣E1 − Ẽ1

∣∣+ · · ·+
∣∣En − Ẽn

∣∣.
, , , . , ∆ |E − Ẽ

∣∣.
, E Ẽ . , ξk [xk−1, xk], f(ξk), (xk−xk−1) k = 1, . . . , n.

Ξ {ξ1, . . . , ξn} , . ∆ Ξ, . f(ξ1)(x1−x0)+ · · ·+f(ξn)(xn−xn−1)

Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1).

: , ξk = xk−1, , ξk = xk .

: ∆ = {x0, x1, . . . , xn−1, xn} [a, b] Ξ = {ξ1, . . . , ξn} Σ(f ; a, b;∆; Ξ) =
f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1). |E − Σ(f ; a, b; ∆; Ξ)| . :

E ≈ Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1).

, Σ(f ; a, b;∆; Ξ) E ∆ , , |E −Σ(f ; a, b;∆; Ξ)| ∆ .

. .
∣∣Ek − Ẽk

∣∣ ∣∣E1 − Ẽ1

∣∣+ · · ·+
∣∣En − Ẽn

∣∣ , , . .
∣∣Ek − Ẽk

∣∣
[xk−1, xk] , , n . , , : 10−5 n 1013 , 1013 ·10−5 = 108 .
.

y = f(x) A ε > 0 δ > 0 |f(x′)− f(x′′)| < ε x′, x′′ A |x′ − x′′| < δ. ·
, y = f(x) A, A. , , . , y = f(x) A y = f(x) A A. , , A , .
7.1, .

7.1 y = f(x) [a, b], [a, b].

ε > 0. y = f(x) [a, b], 7.1 δ > 0 x′, x′′ [a, b] |x′−x′′| < δ |f(x′)−f(x′′)| < ε.
∆ = {x0, x1, . . . , xn−1, xn} < δ , , [xk−1, xk] < δ. . , Ξ = {ξ1, . . . , ξn}, .∣∣Ek − Ẽk

∣∣. - , ξk,1, ξk,2 [xk−1, xk] f(ξk,1) ≤ f(x) ≤ f(ξk,2) x [xk−1, xk].

. Ãk,1 [xk−1, xk] f(ξk,1) . Ãk,2 [xk−1, xk] f(ξk,2), Ak Ãk,1 Ãk,2 .

Ẽk,1 = f(ξk,1)(xk − xk−1) Ẽk,2 = f(ξk,2)(xk − xk−1) ,

Ẽk,1 ≤ Ek ≤ Ẽk,2 .

. Ãk [xk−1, xk] f(ξk), Ãk Ãk,1 Ãk,2 . ,

Ẽk,1 ≤ Ẽk ≤ Ẽk,2 .

ξk,1, ξk,2 [xk−1, xk], |ξk,1 − ξk,2| ≤ xk − xk−1 < δ. δ, f(ξk,2)− f(ξk,1) < ε.∣∣Ek − Ẽk

∣∣ ≤ Ẽk,2 − Ẽk,1 = f(ξk,2)(xk − xk−1)− f(ξk,1)(xk − xk−1)

= (f(ξk,2)− f(ξk,1))(xk − xk−1) < (xk − xk−1)ε.

Ek Ẽk :
∣∣Ek − Ẽk

∣∣ (xk − xk−1)ε.
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Σχήμα 7.3: «», «» «» . .

∣∣E1 − Ẽ1

∣∣+ · · ·+
∣∣En − Ẽn

∣∣ , , ∣∣E − Ẽ
∣∣. :∣∣E − Ẽ

∣∣ ≤
∣∣E1 − Ẽ1

∣∣+ · · ·+
∣∣En − Ẽn

∣∣ < (x1 − x0)ε+ · · ·+ (xn − xn−1)ε

= (x1 − x0 + · · ·+ xn − xn−1)ε = (b− a)ε.∣∣E − Ẽ
∣∣ (b− a)ε. , ε ,

∣∣E − Ẽ
∣∣ . ¨ , , ∆ · δ ε.

: (1) . , , A .
y = f(x) = c ≥ 0 [a, b]. ∆ = {x0 = a, x1, . . . , xn−1, xn = b}

Ξ = {ξ1, . . . , ξn} :

Σ(f ; a, b; ∆; Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1)

= (x1 − x0)c+ · · ·+ (xn − xn−1)c

= (b− a)c.

, , Σ(f ; a, b;∆; Ξ) E ∆ , Σ(f ; a, b;∆; Ξ) (b− a)c ,

E = (b− a)c,

, , .

(2) . A [a, b] 0 ≤ a < b y = f(x) = x.
, ∆ = {a, a+ b−a

n , a+2 b−a
n , . . . , a+k b−a

n , . . . , a+(n−1) b−a
n , a+n b−a

n = b},
b−a
n . ∆ b−a

n . , , Ξ = {a + b−a
n , a + 2 b−a

n , . . . , a + k b−a
n , . . . , a + (n −

1) b−a
n , a+ n b−a

n = b}, . Σ(f ; a, b;∆; Ξ)

Σ(f ; a, b;∆; Ξ) =
(
a+

b− a

n

)b− a

n
+
(
a+ 2

b− a

n

)b− a

n
+ · · ·

· · ·+
(
a+ (n− 1)

b− a

n

)b− a

n
+
(
a+ n

b− a

n

)b− a

n

=
(
na+

(
1 + 2 + · · ·+ (n− 1) + n

)b− a

n

)b− a

n

=
(
na+

n(n+ 1)

2

b− a

n

)b− a

n

= a(b− a) +
n+ 1

2n
(b− a)2 .
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(: 1 + 2 + · · · + (n − 1) + n = n(n+1)
2 .) , ∆, b−a

n , , , n ,
Σ(f ; a, b;∆; Ξ) = a(b− a) + n+1

2n (b− a)2 E.

E = lim
n→+∞

(
a(b− a) +

n+ 1

2n
(b− a)2

)
= a(b− a) +

1

2
(b− a)2 =

b2 − a2

2
.

(3) . A [a, b] y = f(x) = x2 , , .
∆ = {a, a+ b−a

n , a+2 b−a
n , . . . , a+k b−a

n , . . . , a+(n−1) b−a
n , a+n b−a

n = b},
b−a
n , , b−a

n . Ξ = {a+ b−a
n , a+2 b−a

n , . . . , a+k b−a
n , . . . , a+(n−1) b−a

n , a+

n b−a
n = b}, . Σ(f ; a, b;∆; Ξ)

Σ(f ; a, b;∆; Ξ) =
(
a+

b− a

n

)2 b− a

n
+
(
a+ 2

b− a

n

)2 b− a

n
+ · · ·

· · ·+
(
a+ (n− 1)

b− a

n

)2 b− a

n
+

(
a+ n

b− a

n

)2 b− a

n

=
(
na2 + 2a

(
1 + 2 + · · ·+ (n− 1) + n

)b− a

n

+
(
12 + 22 + · · ·+ (n− 1)2 + n2

) (b− a)2

n2

)b− a

n

= a2(b− a) +
n+ 1

n
a(b− a)2 +

(n+ 1)(2n+ 1)

6n2
(b− a)3 .

(: 12 + 22 + · · · + (n − 1)2 + n2 = n(n+1)(2n+1)
6 .) , ∆, b−a

n , , , n ,

Σ(f ; a, b;∆; Ξ) = a2(b− a) + n+1
n a(b− a)2 + (n+1)(2n+1)

6n2 (b− a)3 E. ,

E = lim
n→+∞

(
a2(b− a) +

n+ 1

n
a(b− a)2 +

(n+ 1)(2n+ 1)

6n2
(b− a)3

)
= a2(b− a) + a(b− a)2 +

1

3
(b− a)3 =

b3 − a3

3
..

1. y = x3 [a, b] a ≥ 0. 13+23+ · · ·+(n−1)3+n3 = n2(n+1)2

4 .

7.2 Riemann.

, , . 7.4 .
y = f(x) [a, b]. ≥ 0. ∆ = {x0 = a, x1, . . . , xn−1, xn = b}

[a, b] Ξ = {ξ1, . . . , ξn}

Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1).

Σ(f ; a, b;∆; Ξ) Riemann y = f(x) [a, b], ∆ Ξ . I Σ(f ; a, b;∆; Ξ)
I , , |Σ(f ; a, b;∆; Ξ) − I| ∆ . y = f(x) Riemann [a, b], I
Riemann y = f(x) [a, b] ∫ b

a

f(x) dx.
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: y = f(x) Riemann [a, b] Riemann
∫ b

a
f(x) dx ε > 0 δ > 0∣∣∣Σ(f ; a, b; ∆; Ξ)−

∫ b

a

f(x) dx
∣∣∣ < ε

∆ [a, b] (∆) < δ Ξ .
, , « Riemann» «Riemann » «» «», .

.∫ b

a

f(x) dx,

∫ b

a

f(y) dy,

∫ b

a

f(t) dt,

∫ b

a

f(u) du

, y = f(x) [a, b].
Riemann 0.

: lim
(∆)→0

Σ(f ; a, b;∆; Ξ) =

∫ b

a

f(x) dx

. . Riemann Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1−x0)+· · ·+f(ξn)(xn−xn−1)
, « », Σf(x)∆x, (Σ) : (f(x)) (∆x). Sum (= ), S f(x)∆x
Riemann , , ∆x dx ( ) S «»

∫
.

, y = f(x) [a, b] , (∆) , Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1−x0)+ · · ·+
f(ξn)(xn − xn−1) I – y = f(x) [a, b]. : ( ) ,

, Σ(f ; a, b;∆; Ξ). · : « » « ». , y = f(x) [a, b],
∫ b

a
f(x) dx

Σ(f ; a, b; ∆; Ξ) .
. .

7.2 y = f(x) [a, b], [a, b].

.

7.3 y = f(x) [a, b], [a, b].

7.2 7.3 ΄ .

: (1) y = f(x) [a, b] f(x) ≥ 0 x [a, b]. E A [a, b], y = f(x),
. (a, 0) (a, f(a)) . (b, 0) (b, f(b)).

E =

∫ b

a

f(x) dx

, , E , , Σ(f ; a, b;∆; Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1).

(2) x- : y = c ≥ 0 y = x2 [a, b] y = x [a, b] 0 ≤ a < b. :∫ b

a

1 dx = b− a,

∫ b

a

x dx =
b2 − a2

2
,

∫ b

a

x2 dx =
b3 − a3

3
.

Riemann . . ∆ Ξ . y = x y = x2

, 7.2.
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0 ≤ a < b
∫ b

a
x dx = b2−a2

2 x ≥ 0 [a, b]
∫ b

a
x dx. , , Riemann

a, b a < b.

(3) – – ,
∫ b

a
1
x dx 0 < a < b, . 7.2 , y = 1

x [a, b].
[a, b] , , Riemann .

n ∆ = {a, aµ, aµ2, . . . , aµn−1, aµn = b}, µ aµn = b : µ = n

√
b
a >

1. : . , , Ξ = {aµ, aµ2, . . . , aµn−1, aµn = b}, . k-
aµk − aµk−1 = a

(
1− 1

µ

)
µk , µ > 1, n-. : (∆) = a(1− 1

µ )µ
n = b

(
1− n

√
a
b

)
.

limn→+∞ (∆) = limn→+∞ b
(
1 − n

√
a
b

)
= b(1 − 1) = 0. , n , ∆ ,

Riemann . , , Riemann:

Σ(f ; a, b;∆,Ξ) =
1

aµ
(aµ− a) +

1

aµ2
(aµ2 − aµ) + · · ·

· · ·+ 1

aµn−1
(aµn−1 − aµn−2) +

1

aµn
(aµn − aµn−1)

=
(
1− 1

µ

)
+

(
1− 1

µ

)
+ · · ·+

(
1− 1

µ

)
+
(
1− 1

µ

)
= n

(
1− 1

µ

)
= n

(
1− n

√
a

b

)
.

∫ b

a

1

x
dx = lim

n→+∞
n
(
1− n

√
a

b

)
= log

b

a
.

limx→0
ax−1

x = d ax

dx

∣∣
x=0

= a0 log a = log a. , xn = 1
n ,

limn→+∞ n( n
√
a− 1) = log a.

(4) . [a, b], c [a, b], a ≤ c ≤ b,

y = f(x) =

{
1 , x = c,
0 , a ≤ x ≤ b x 6= c.

∆ = {x0 = a, x1, . . . , xn−1, xn = b} Ξ = {ξ1, . . . , ξn}. .
c, Σ(f ; a, b; ∆,Ξ) = f(ξ1)(x1 − x0) + · · · + f(ξn)(xn − xn−1) = 0(x1 − x0) +
· · · + 0(xn − xn−1) = 0. c, ξk = c k, Σ(f ; a, b;∆,Ξ) =
f(ξ1)(x1 −x0)+ · · ·+ f(ξk)(xk −xk−1)+ · · ·+ f(ξn)(xn −xn−1) = 0(x1 −x0)+
· · ·+1(xk−xk−1)+· · ·+0(xn−xn−1) = xk−xk−1. c, , . ξk =
ξk+1 = xk = c k, Σ(f ; a, b;∆,Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1) =
0(x1−x0)+ · · ·+ f(ξk)(xk −xk−1)+ f(ξk+1)(xk+1−xk)+ · · ·+0(xn−xn−1) =
1(xk − xk−1) + 1(xk+1 − xk) = xk+1 − xk−1. c . , ,

0 ≤ Σ(f ; a, b;∆,Ξ) ≤ 2 (∆).

Σ(f ; a, b;∆,Ξ) 0 (∆) . , ε > 0 δ = ε
2 > 0 ∆ (∆) < δ Ξ∣∣Σ(f ; a, b;∆,Ξ)− 0

∣∣ = Σ(f ; a, b;∆,Ξ) < 2δ = ε. , ,∫ b

a

f(x) dx = 0.
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y = f(x) [a, b] x- : (a, 0) (b, 0) . (c, 0) (c, 1). . 0

. 0. . 0 , ,
∫ b

a
f(x) dx..

1. –
∫ b

a
x dx

∫ b

a
x2 dx –∫ b

a

αx dx =
αb − αa

logα

a, b a < b α > 0, α 6= 1. ,∫ b

a

ex dx = eb − ea .

2.
∫ b

a
1
x dx ∫ b

a

xα dx =
bα+1 − aα+1

α+ 1

a, b 0 < a < b α.

3. ∫ b

a

cosx dx = sin b− sin a,

∫ b

a

sinx dx = cos a− cos b

a, b a < b.

cos(p+ q) + cos(p+ 2q) + · · ·+ cos(p+ nq) =
sin nq

2 cos(p+ (n+1)q
2 )

sin q
2

,

sin(p+ q) + sin(p+ 2q) + · · ·+ sin(p+ nq) =
sin nq

2 sin(p+ (n+1)q
2 )

sin q
2

.

12 1.4.

4. . .

(i) limn→+∞
(

n
n2+12 + n

n2+22 + · · ·+ n
n2+(n−1)2 + n

n2+n2

)
.

(ii) limn→+∞

√
n2−02+

√
n2−12+···+

√
n2−(n−1)2

n2 .

(iii) limn→+∞

(
1√

n2+12
+ 1√

n2+22
+ · · ·+ 1√

n2+(n−1)2
+ 1√

n2+n2

)
.

(iv) limn→+∞

√
n+1+

√
n+2+···+

√
n+(n−1)+

√
n+n

n
√
n

.

(: (i) k- n
n2+k2 = 1

1+( k
n )2

· 1
n = f(ξk)(xk − xk−1) y = f(x) [0, 1],

∆ = {x0, x1, . . . , xn} [0, 1] Ξ = {ξ1, . . . , ξn} . (ii)− (iv).)
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5. limn→+∞
(

1
n+1 + 1

n+2 + · · ·+ 1
n+(n−1) +

1
n+n

)
[1, 2].

(: .)

6. (∗) y = f(x) [a, b] A = f(a), B = f(b). x = f−1(y) [A,B].∫ b

a

f(x) dx+

∫ B

A

f−1(y) dy = Bb−Aa.

(: {x0 = a, x1, . . . , xn−1, xn = b} [a, b] {y0 = A, y1, . . . , yn−1, yn = B}
[A,B] yk = f(xk) k. y1(x1 − x0) + y2(x2 − x1) + · · ·+ yn−1(xn−1 −
xn−2)+yn(xn−xn−1) x0(y1−y0)+x1(y2−y1)+ · · ·+xn−2(yn−1−
yn−2) + xn−1(yn − yn−1) ; .)

;

(: y = f(x) x = f−1(y) .)

7.3 Riemann.

. .

7.1 y = f(x) [a, b] λ . y = λf(x) [a, b]∫ b

a

(
λf(x)

)
dx = λ

∫ b

a

f(x) dx.

: ∆ = {x0 = a, x1, . . . , xn−1, xn = b} Ξ = {ξ1, . . . , ξn}

Σ(λf ; a, b;∆; Ξ) = λf(ξ1)(x1 − x0) + · · ·+ λf(ξn)(xn − xn−1)

= λ
(
f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1)

)
= λΣ(f ; a, b;∆; Ξ).

ε > 0, δ > 0 ∆ (∆) < δ Ξ
∣∣Σ(f ; a, b;∆; Ξ) −

∫ b

a
f(x) dx

∣∣ < ε
|λ|+1

.∣∣Σ(λf ; a, b;∆; Ξ) − λ
∫ b

a
f(x) dx

∣∣ =
∣∣λΣ(f ; a, b;∆; Ξ) − λ

∫ b

a
f(x) dx

∣∣ ≤ |λ| ε
|λ|+1

< ε. ,

y = λf(x)
∫ b

a

(
λf(x)

)
dx = λ

∫ b

a
f(x) dx.

7.1. f(x) ≥ 0 x [a, b] A y = f(x) [a, b] x-. λ ≥ 0 B
y = λf(x) [a, b] x-, B A – [a, b] – B – λf(x) – A – f(x) –
λ. 7.1 B A λ.

. f(x) ≤ 0 x [a, b] A y = f(x) [a, b] x-. A , , x-. B

y = −f(x) [a, b] x-, B A x-. −f(x) ≥ 0,
∫ b

a

(
− f(x)

)
dx B, , ,

A. 7.1 −
∫ b

a
f(x) dx

∫ b

a

(
− f(x)

)
dx, A. ,

∫ b

a
f(x) dx A.

7.2 y = f(x) y = g(x) [a, b]. y = f(x) + g(x) [a, b]∫ b

a

(
f(x) + g(x)

)
dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx.
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: ∆ = {x0 = a, x1, . . . , xn−1, xn = b} Ξ = {ξ1, . . . , ξn}

Σ(f + g; a, b;∆; Ξ) =
(
f(ξ1) + g(ξ1)

)
(x1 − x0) + · · ·+

(
f(ξn) + g(ξn)

)
(xn − xn−1)

= f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1)

+g(ξ1)(x1 − x0) + · · ·+ g(ξn)(xn − xn−1)

= Σ(f ; a, b;∆; Ξ) + Σ(g; a, b;∆; Ξ).

ε > 0, δ′ > 0 ∆ (∆) < δ′ Ξ
∣∣Σ(f ; a, b;∆; Ξ) −

∫ b

a
f(x) dx

∣∣ < ε
2

δ′′ > 0 ∆

(∆) < δ′′ Ξ
∣∣Σ(g; a, b;∆; Ξ)−

∫ b

a
g(x) dx

∣∣ < ε
2
. δ = min{δ′, δ′′}, ∆ (∆) < δ Ξ ,

,
∣∣Σ(f + g; a, b;∆; Ξ) −

( ∫ b

a
f(x) dx +

∫ b

a
g(x) dx

)∣∣ =
∣∣(Σ(f ; a, b;∆; Ξ) + Σ(g; a, b;∆; Ξ)

)
−( ∫ b

a
f(x) dx+

∫ b

a
g(x) dx

)∣∣≤∣∣Σ(f ; a, b;∆; Ξ)−
∫ b

a
f(x) dx

∣∣ +∣∣Σ(g; a, b;∆; Ξ)−
∫ b

a
g(x) dx

∣∣ <
ε
2
+ ε

2
= ε. , y = f(x) + g(x)

∫ b

a

(
f(x) + g(x)

)
dx =

∫ b

a
f(x) dx+

∫ b

a
g(x) dx.

f(x), g(x) ≥ 0 x [a, b]. A y = f(x) [a, b] x-, B y = g(x)
[a, b] C y = f(x) + g(x) [a, b], C – f(x) + g(x) – A – f(x) –
B – g(x). 7.2 C A B.

7.1 7.2, , y = f(x) y = g(x) [a, b] λ µ , y = λf(x) + µg(x)
[a, b] ∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x) dx+ µ

∫ b

a

g(x) dx.

, , , y = f1(x), . . . , y = fm(x) [a, b] λ1, . . . , λm , λ1f1(x) +
· · ·+ λmfm(x) [a, b]∫ b

a

(
λ1f1(x) + · · ·+ λmfm(x)

)
dx = λ1

∫ b

a

f1(x) dx+ · · ·+ λm

∫ b

a

fm(x) dx.

: (1)
∫ b

a
(λ + µx + νx2) dx = λ

∫ b

a
1 dx + µ

∫ b

a
x dx + ν

∫ b

a
x2 dx = λ(b − a) +

µ b2−a2

2 + ν b3−a3

3 =
(
λb+ µ b2

2 + ν b3

3

)
−

(
λa+ µa2

2 + ν a3

3

)
. .

(2)
∫ b

a
(ρ 1

x +λ+µx+νx2) dx = ρ
∫ b

a
1
x dx+

∫ b

a
(λ+µx+νx2) dx = ρ log b

a +λ(b−
a) + µ b2−a2

2 + ν b3−a3

3 =
(
ρ log b+ λb+ µ b2

2 + ν b3

3

)
−
(
ρ log a+ λa+ µa2

2 + ν a3

3

)
0 < a < b.

(3) [a, b] m c1, . . . , cm [a, b]. y = f(x) f(x) = 0 x [a, b] c1, . . . , cm .

y = f(x) [a, b]
∫ b

a
f(x) dx = 0.

. λ1, . . . , λm c1, . . . , cm , . ck y = fk(x) =

{
1 , x = ck,
0 , a ≤ x ≤ b x 6= ck.

f(x) = λ1f1(x)+ · · ·+λmfm(x) x [a, b], , y = fk(x) [a, b]
∫ b

a
fk(x) dx = 0,

y = f(x) [a, b]
∫ b

a
f(x) dx = λ1

∫ b

a
f1(x) dx + · · · + λm

∫ b

a
fm(x) dx = λ10 +

· · ·+ λm0 = 0.
y = f(x) [a, b] x- m . 0 .

.

7.3 y = f(x) y = g(x) [a, b]. y = f(x)g(x) [a, b].
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, , . ,
∫ b

a
f(x)g(x) dx =

∫ b

a
f(x) dx

∫ b

a
g(x) dx. , ,

.

:
∫ b

a
1·1 dx =

∫ b

a
1 dx = b−a

∫ b

a
1 dx

∫ b

a
1 dx = (b−a)(b−a) = (b−a)2 .

b− a = (b− a)2 !

7.4 y = f(x) [a, b]. m > 0 |f(x)| ≥ m x [a, b], y = 1
f(x) [a, b].

, , . ,
∫ b

a
1

f(x) dx = 1∫ b

a
f(x) dx

.

: , ,
∫ b

a
1
1 dx =

∫ b

a
1 dx = b− a 1∫ b

a
1 dx

= 1
b−a . b− a = 1

b−a !

. .

7.5 y = f(x) y = g(x) [a, b] [a, b]. [a, b], [a, b]∫ b

a

g(x) dx =

∫ b

a

f(x) dx.

: y = f(x) [a, b]. y = h(x) = g(x) − f(x), h(x) = 0 x [a, b] [a, b],

, , [a, b]
∫ b

a
h(x) dx = 0. g(x) = f(x) + h(x) x [a, b], y = g(x) [a, b]∫ b

a
g(x) dx =

∫ b

a
f(x) dx+

∫ b

a
h(x) dx =

∫ b

a
f(x) dx.

7.5 .

-

,

.

f(x), g(x) ≥ 0 x [a, b]. A y = f(x) [a, b] B y = g(x) [a, b],
m . . 0, A B . 7.5.

. .

7.6 y = f(x) [a, b]. y = f(x) [c, d] [a, b].

7.6.

7.7 y = f(x) [a, b] [b, c]. y = f(x) [a, c]∫ c

a

f(x) dx =

∫ b

a

f(x) dx+

∫ c

b

f(x) dx.

: y = f(x) [a, b] [b, c], , M ′ M ′′ |f(x)| ≤ M ′ x [a, b] |f(x)| ≤ M ′′ x [b, c].
M = max{M ′,M ′′} |f(x)| ≤ M ′ ≤ M x [a, b] |f(x)| ≤ M ′′ ≤ M x [b, c]. |f(x)| ≤ M
x [a, c], [a, c].
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∆ = {x0 = a, x1, . . . , xn−1, xn = c} [a, c] b : b = xk k 1 ≤ k ≤ n − 1.
Ξ = {ξ1, . . . , ξn}. ∆′ = {x0 = a, x1, . . . , xk−1, xk = b} [a, b] Ξ′ = {ξ1, . . . , ξk}.
∆′′ = {xk = b, xk+1, . . . , xn−1, xn = c} [b, c] Ξ′′ = {ξk+1, . . . , ξn}. :

Σ(f ; a, c;∆,Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξk)(xk − xk−1)

+f(ξk+1)(xk+1 − xk) + · · ·+ f(ξn)(xn − xn−1)

= Σ(f ; a, b;∆′,Ξ′) + Σ(f ; b, c;∆′′,Ξ′′).

ε > 0, δ′ > 0
∣∣Σ(f ; a, b;∆′,Ξ′) −

∫ b

a
f(x) dx

∣∣ < ε
3

∆′ (∆′) < δ′ Ξ′ δ′′ > 0∣∣Σ(f ; a, b;∆′′,Ξ′′)−
∫ c

b
f(x) dx

∣∣ < ε
3

∆′′ (∆′′) < δ′′ Ξ′′ . δ = min
{
δ′, δ′′, ε

6M+1

}
∆

[a, c] (∆) < δ Ξ. .
1. ∆ b . , , ∆ ∆′ [a, b] ∆′′ [b, c] Ξ Ξ′ Ξ′′ . , (∆′) ≤ (∆) < δ ≤ δ′ (∆′′) ≤
(∆) < δ ≤ δ′′ , ,

∣∣Σ(f ; a, b;∆′,Ξ′)−
∫ b

a
f(x) dx

∣∣ < ε
3

∣∣Σ(f ; a, b;∆′′,Ξ′′)−
∫ c

b
f(x) dx

∣∣ < ε
3
.

, , Σ(f ; a, c;∆,Ξ) = Σ(f ; a, b;∆′,Ξ′) + Σ(f ; b, c;∆′′,Ξ′′). ,∣∣∣Σ(f ; a, c;∆,Ξ)−
(∫ b

a

f(x) dx+

∫ c

b

f(x) dx

)∣∣∣ =

∣∣∣(Σ(f ; a, b;∆′,Ξ′) + Σ(f ; b, c;∆′′,Ξ′′)

)
−
(∫ b

a

f(x) dx+

∫ c

b

f(x) dx

)∣∣∣
≤

∣∣∣Σ(f ; a, b;∆′,Ξ′)−
∫ b

a

f(x) dx

∣∣∣
+

∣∣∣Σ(f ; b, c;∆′′,Ξ′′)−
∫ c

b

f(x) dx

∣∣∣
<

ε

3
+

ε

3
=

2ε

3
< ε.

2. ∆ b . xk−1 < b < xk k 1 ≤ k ≤ n. ∆∗ = {x0 = a, . . . , xk−1, b, xk, . . . , xn = c},
b ∆. (∆∗) ≤ (∆) < δ. , Ξ∗ = {ξ1, . . . , ξk−1, η, ζ, ξk+1, . . . , ξn}, η [xk−1, b] ζ [b, xk]
ξk [xk−1, xk].∣∣Σ(f ; a, c;∆,Ξ)− Σ(f ; a, c;∆∗,Ξ∗)

∣∣ =
∣∣f(ξk)(xk − xk−1)− f(η)(b− xk−1)− f(ζ)(xk − b)

∣∣
=

∣∣f(ξk)(b− xk−1) + f(ξk)(xk − b)

−f(η)(b− xk−1)− f(ζ)(xk − b)
∣∣

≤
∣∣f(ξk)− f(η)

∣∣(b− xk−1) +
∣∣f(ξk)− f(ζ)

∣∣(xk − b)

≤ 2M(b− xk−1) + 2M(xk − b) = 2M(xk − xk−1)

< 2Mδ <
ε

3
.

∆∗ b , 1,∣∣∣Σ(f ; a, c;∆∗,Ξ∗)−
(∫ b

a

f(x) dx+

∫ c

b

f(x) dx

)∣∣∣ < 2ε

3
.∣∣Σ(f ; a, c;∆,Ξ)− Σ(f ; a, c;∆∗,Ξ∗)

∣∣ < ε
3
,∣∣∣Σ(f ; a, c;∆,Ξ)−

(∫ b

a

f(x) dx +

∫ c

b

f(x) dx

)∣∣∣ ≤ ∣∣Σ(f ; a, c;∆,Ξ)− Σ(f ; a, c;∆∗,Ξ∗)
∣∣

+

∣∣∣Σ(f ; a, c;∆∗,Ξ∗)−
(∫ b

a

f(x) dx+

∫ c

b

f(x) dx

)∣∣∣
<

ε

3
+

2ε

3
= ε.
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∣∣Σ(f ; a, c;∆,Ξ)−
( ∫ b

a
f(x) dx+

∫ c

b
f(x) dx

)∣∣ < ε.

y = f(x) [a, c]
∫ c

a
f(x) dx =

∫ b

a
f(x) dx+

∫ c

b
f(x) dx.

f(x) ≥ 0 x [a, b]. A, B C y = f(x) [a, b], [b, c] [a, c], , C A
B A B . . . 0, C A B. 7.7.

7.7 . , y = f(x) [a1, a2], [a2, a3], . . . , [am−1, am],
y = f(x) [a1, am]∫ am

a1

f(x) dx =

∫ a2

a1

f(x) dx+ · · ·+
∫ am

am−1

f(x) dx.

, . [a, b] y = f(x) ≥ 0 ≤ 0. ΄ y = f(x).∫ b

a
f(x) dx ≥ 0 ≤ 0.

7.7, .

Σχήμα 7.4: .

y = f(x) [a, b] t0 = a, t1, . . . , tm−1, tm = b y = f(x)
(t0, t1), . . . , (tm−1, tm), t0, t1, . . . , tm−1, tm – t0 = a tm = b
tk – .

7.8 y = f(x) [a, b], [a, b].

: y = f(x) [a, b], . y = f(x) [tk−1, tk]. y = g(x)

[tk−1, tk], g(x) = f(x) x (tk−1, tk), g(tk−1) = limx→tk−1+ f(x) = limx→tk−1+ g(x)

g(tk) = limx→tk− f(x) = limx→tk− g(x), y = g(x) [tk−1, tk] y = f(x) : tk−1 tk .

y = g(x) [tk−1, tk], y = f(x) [tk−1, tk].

: y = f(x) [a, b]. , t0 = a, t1, . . . , tm−1, tm = b y = f(x)
(t0, t1), . . . , (tm−1, tm). λk y = f(x) (tk−1, tk). y = f(x) t0, . . . , tm
. y = f(x) , , [a, b],

∫ b

a
f(x) dx. y = f(x) [tk−1, tk] ,

f(x) = λk , ,
∫ tk
tk−1

f(x) dx =
∫ tk
tk−1

λk dx = λk(tk − tk−1).
∫ b

a
f(x) dx =

λ1(t1 − t0) + · · ·+ λm(tm − tm−1).

. .
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7.9 y = f(x) y = g(x) [a, b] f(x) ≤ g(x) x [a, b].∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx.

: ∆ = {x0 = a, x1, . . . , xn−1, xn = b} [a, b] Ξ = {ξ1, . . . , ξn}.

Σ(f ; a, b;∆,Ξ) = f(ξ1)(x1 − x0) + · · ·+ f(ξn)(xn − xn−1)

≤ g(ξ1)(x1 − x0) + · · ·+ g(ξn)(xn − xn−1)

= Σ(g; a, b;∆,Ξ).∫ b

a
f(x) dx >

∫ b

a
g(x) dx. ε 0 < ε ≤

∫ b

a
f(x) dx −

∫ b

a
g(x) dx. δ′ > 0∣∣Σ(f ; a, b;∆,Ξ) −

∫ b

a
f(x) dx

∣∣ < ε
2

∆ (∆) < δ′ Ξ. , δ′′ > 0
∣∣Σ(g; a, b;∆,Ξ) −∫ b

a
g(x) dx

∣∣ < ε
2

∆ (∆) < δ′′ Ξ. δ = min{δ′, δ′′},
∣∣Σ(f ; a, b;∆,Ξ) −

∫ b

a
f(x) dx

∣∣ < ε
2∣∣Σ(g; a, b;∆,Ξ) −

∫ b

a
g(x) dx

∣∣ < ε
2

∆ (∆) < δ Ξ. , , Σ(g; a, b;∆,Ξ) <
∫ b

a
g(x) dx + ε

2
≤∫ b

a
f(x)− ε

2
< Σ(f ; a, b;∆,Ξ), .

0 ≤ f(x) ≤ g(x) x [a, b]. A B [a, b] y = f(x) y = g(x), , A B.
7.9 A B.

7.10 y = f(x) [a, b].

(1) u y = f(x) [a, b], f(x) ≤ u x [a, b],
∫ b

a
f(x) dx ≤ (b− a)u.

(2) l y = f(x) [a, b], f(x) ≥ l x [a, b],
∫ b

a
f(x) dx ≥ (b− a)l.

y = h(x) = l y = g(x) = u x [a, b] 7.9,
∫ b

a
h(x) dx =

∫ b

a
l dx = (b−a)l∫ b

a
g(x) dx =

∫ b

a
u dx = (b− a)u.

: y = x
x2+2 [1,

√
2] [

√
2, 4], dy

dx = 2−x2

(x2+2)2 > 0 (1,
√
2) < 0 (

√
2, 4).

√
2

(
√
2)2+2

=
√
2
4 . ,

∫ 4

1
x

x2+2 dx ≤ (4− 1)
√
2
4 = 3

√
2

4 .

0 ≤ l ≤ f(x) ≤ u x [a, b]. A y = f(x) [a, b] B C [a, b] l u,
, A B C. 7.10 A B C.

7.11 y = f(x) [a, b]. y = |f(x)| [a, b]∣∣∣ ∫ b

a

f(x) dx
∣∣∣ ≤ ∫ b

a

|f(x)| dx.

y = |f(x)| [a, b]. , , , −|f(x)| ≤ f(x) ≤ |f(x)| x [a, b]

−
∫ b

a
|f(x)| dx =

∫ b

a
f(x) dx ≤

∫ b

a
|f(x)| dx , ,

∣∣ ∫ b

a
f(x) dx

∣∣ ≤ ∫ b

a
|f(x)| dx.

7.11 .

: | sinx| ≤ 1 x x > 0
∣∣ ∫ x

0
sin t dt

∣∣ ≤
∫ x

0
| sin t| dt ≤ x. , | sinx| ≤

|x| x
∣∣ ∫ x

0
sin t dt

∣∣ ≤ ∫ x

0
| sin t| dt ≤

∫ x

0
|t| dt =

∫ x

0
t dt = x2

2 .
∣∣ ∫ x

0
sin t dt

∣∣ ≤
min

{
x, x2

2

}
=

{
x2

2 , 0 < x ≤ 2,
x, x ≥ 2.

230



. .

y1, y2, . . . , yn , yk νk , ,

ν1y1 + · · ·+ νnyn
ν1 + · · ·+ νn

=
ν1

ν1 + · · ·+ νn
y1+· · ·+ νn

ν1 + · · ·+ νn
yn = µ1y1+· · ·+µnyn,

µk = νk

ν1+···+νn
yk y1, . . . , yn . , , y1, . . . , yn ( )

y1, . . . , yn .
. y = f(x) [a, b] ∆ = {x0 = a, x1, . . . , xn−1, xn = b} [a, b]

Ξ = {ξ1, . . . , ξn} . , , f(ξ1), . . . , f(ξn) . ∆ , [xk−1, xk] ,
x ξk, f(ξk) «» f(x) x [xk−1, xk] , , f(ξ1), . . . , f(ξn) «» . , ,
[xk−1, xk] [xl−1, xl], f(ξk) «» «» f(ξl). , , f(x) «» f(ξk)
µk = xk−xk−1

b−a [xk−1, xk] b− a. , y = f(x),

x1 − x0

b− a
f(ξ1) + · · ·+ xn − xn−1

b− a
f(ξn)

«» f(ξ1), . . . , f(ξn) ∆ . , , ,

1

b− a
Σ(f ; a, b;∆; Ξ).

, , 1
b−a

∫ b

a
f(x) dx ∆ .

, , y = f(x) [a, b], [a, b]

y = f(x) [a, b] =
1

b− a

∫ b

a

f(x) dx.

y = f(x) [a, b] ρ,
∫ b

a
f(x) dx = (b− a)ρ =

∫ b

a
ρ dx :

y = f(x) [a, b]
[a, b]
y = f(x).

. f(x) ≥ 0 x [a, b] A y = f(x) [a, b]. y = f(x)
[a, b] A [a, b] , , [a, b] A.

: . , y1, . . . , yn µ1, . . . , µn . x0 = 0, x1 = µ1, x2 = µ1 + µ2,
. . . , xn−1 = µ1 + · · · + µn−1 xn = µ1 + · · · + µn−1 + µn = 1 , , y = f(x)
[0, 1] y1 [x0 = 0, x1), y2 [x1, x2), . . . , yn [xn−1, xn = 1]. y = f(x)

[0, 1] 1
1−0

∫ 1

0
f(x) dx = y1(x1 − x0) + y2(x2 − x1) + · · · + yn(xn − xn−1) =

µ1y1 + µ2y2 + · · ·+ µnyn .

7.10 . , , . , , , .

7.4 . y = f(x) [a, b]. ξ [a, b]

1

b− a

∫ b

a

f(x) dx = f(ξ).
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: - x1 x2 [a, b] f(x1) ≤ f(x) ≤ f(x2) x [a, b]. (b−a)f(x1) ≤
∫ b

a
f(x) dx ≤ (b−a)f(x2),

1
b−a

∫ b

a
f(x) dx y = f(x). ξ [a, b] f(ξ).

: (1) y = x2 [0, 1]
∫ 1

0
x2 dx = 1

3 . ξ [0, 1] ξ2 = 1
3

1√
3
.

(2) y = f(x) [a, b], [a, b] . y =

{
−1, −1 ≤ x < 0,
1, 0 ≤ x ≤ 1,

[−1, 1]

1
1−(−1)

( ∫ 0

−1
(−1) dx+

∫ 1

0
1 dx

)
= 0, [−1, 1] 0..

. .

1. 1, 2 3 7.2, .∫ 2

−1

(2− 3x+ 4x2) dx,

∫ 4

−2

(3x− 2x) dx,

∫ 2π

π

(3 cosx− 2 sinx) dx,

∫ π

0

(3x− 2 sinx) dx,

∫ 3

1

( 2

x
− x2 + x

√
2 + 3ex

)
dx.

. .

1.
∫ 2

1
f(x) dx y = f(x) =

 1 + 3x2 , 1 < x < 2,
0, x = 1,
−2, x = 2.

2.
∫ 5

−1
f(x) dx y = f(x) =

x2 , −1 ≤ x < 0,
2x, 0 ≤ x ≤ 2,
x+ 2, 2 < x ≤ 5.

3.
∫ 7

2

−2
[x] dx.

(: .)

4.

(i)
∫ k+1

k

(
x− [x]− 1

2

)
dx = 0 k,

(ii)
∫ k+ 1

2

k

(
x− [x]− 1

2

)
dx = − 1

8

∫ k+1

k+ 1
2

(
x− [x]− 1

2

)
dx = 1

8 k,

(∗) (iii) −1
8 ≤

∫ b

a

(
x− [x]− 1

2

)
dx ≤ 1

8 a, b a < b.

(: a b.)

. .

1. xe−2x ≤
∫ 2x

x
e−t dt ≤ xe−x x > 0, .

2. 3e−2 ≤
∫ 2

1
2
xe−x dx ≤ 3

2e
−1 , .
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3. 0 ≤ x
1−x+x2 ≤ 4x

3 x [0, 1] 0 ≤ x
1−x+x2 ≤ 4

3x x [1,+∞).

,

(i) 0 ≤
∫ x

0
t

1−t+t2 dt ≤
2x2

3 x [0, 1],

(ii) 0 ≤
∫ x

0
t

1−t+t2 dt ≤
2
3 + 4

3 log x x [1,+∞).

4. , n∫ π

0

(sinx)n+1 dx ≤
∫ π

0

(sinx)n dx,

∫ π
4

0

(tanx)n+1 dx ≤
∫ π

4

0

(tanx)n dx.

5. .

lim
x→+∞

∫ x+
√
x

x

t

1 + t2
dt, lim

x→0+

∫ 1+x

1−x

t

1 + t2
dt, lim

x→0+

1

2x

∫ 1+x

1−x

t

1 + t2
dt.

(: y = t
1+t2 .)

6. (∗) |f(x2) − f(x1)| ≤ M |x2 − x1| x1, x2 [0, 1]. , y = f(x) Lipschitz-
[a, b] ( 8 6.9).

(i)
∣∣ ∫ b

a
f(x) dx− (b− a)f(b)

∣∣ ≤ M (b−a)2

2 [a, b] [0, 1].

(: (b− a)f(b) =
∫ b

a
f(b) dx.)

(ii) ∣∣∣ ∫ 1

0

f(x) dx− 1

n

n∑
k=1

f
(k
n

)∣∣∣ ≤ M

2n

n.

(: (i) [k−1
n , k

n ] k = 1, . . . , n.)

7. y = f(x) [a, b] f(x) ≥ 0 x [a, b]. 0 ≤
∫ d

c
f(x) dx ≤

∫ b

a
f(x) dx

[c, d] [a, b].

8. 1
n+1 ≤

∫ n+1

n
1
x dx ≤ 1

n , ,
1

n+1 ≤ log(n+ 1)− log n ≤ 1
n n.

(xn) xn = 1 + 1
2 + · · ·+ 1

n−1 + 1
n − log n n 0 , , .

γ = lim
n→+∞

(
1 +

1

2
+ · · ·+ 1

n
− log n

)
Euler.

9. (∗) y = f(x) y = g(x) [a, b].

t, s t2
∫ b

a

(
f(x)

)2
dx+2ts

∫ b

a
f(x)g(x) dx+s2

∫ b

a

(
g(x)

)2
dx =

∫ b

a

(
tf(x)+

sg(x)
)2

dx ≥ 0.
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Schwarz:(∫ b

a

f(x)g(x) dx
)2

≤
∫ b

a

(
f(x)

)2
dx

∫ b

a

(
g(x)

)2
dx.

(: , At2 + 2Bts+ Cs2 ≥ 0 t, s, B2 ≤ AC.)

10. (∗) y = f(x) y = g(x) [a, b].

1

2

∫ b

a

( ∫ b

a

(
f(y)− f(x)

)(
g(y)− g(x)

)
dy

)
dx

= (b− a)

∫ b

a

f(x)g(x) dx−
∫ b

a

f(x) dx

∫ b

a

g(x) dx.

[a, b],
∫ b

a
f(x) dx

∫ b

a
g(x) dx ≤ (b− a)

∫ b

a
f(x)g(x) dx.

[a, b] [a, b],
∫ b

a
f(x) dx

∫ b

a
g(x) dx ≥ (b− a)

∫ b

a
f(x)g(x) dx.

(:
(
f(y)− f(x)

)(
g(y)− g(x)

)
.)

. .

1. .

(i) y = x [−1, 1] [0, 1].

(ii) y = x2 [−1, 1].

(iii) y = sinx [0, π], [0, π
2 ] [0, 2π]. 3 .

2. (∗) . y = f(x) y = w(x) [a, b] w(x) ≥ 0 x [a, b], ξ [a, b]∫ b

a

f(x)w(x) dx = f(ξ)

∫ b

a

w(x) dx.

7.4 – w(x) = 1 – .

΄ , y = w(x) ,
∫ b

a
f(x)w(x) dx y = f(x) - y = w(x) ,∫ b

a
w(x) dx > 0, 1∫ b

a
w(x) dx

∫ b

a
f(x)w(x) dx y = f(x) y = w(x).

3. (∗∗) z = f(y) I, y = g(x) [a, b] g(x) I x [a, b] – ,
z = f

(
g(x)

)
[a, b].

f
( 1

b− a

∫ b

a

g(x) dx
)
≤ 1

b− a

∫ b

a

f
(
g(x)

)
dx.

(: ∆ = {a = x0, x1, . . . , xn = b} [a, b] Ξ = {ξ1, . . . , ξn} . 5 6.10
f(µ1y1+ · · ·+µnyn) ≤ µ1f(y1)+ · · ·+µnf(yn) µk = xk−xk−1

b−a yk = g(ξk).
1

b−a

∫ b

a
g(x) dx I. , ∆ 0.)
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:

(i) e
1

b−a

∫ b

a
g(x) dx ≤ 1

b−a

∫ b

a
eg(x) dx,

(ii) log
(

1
b−a

∫ b

a
g(x) dx

)
≥ 1

b−a

∫ b

a
log g(x) dx g(x) > 0 [a, b],

(iii)
(

1
b−a

∫ b

a
g(x) dx

)α ≤ 1
b−a

∫ b

a

(
g(x)

)α
dx g(x) > 0 [a, b] α ≥ 1 α ≤ 0,

(iii)
(

1
b−a

∫ b

a
g(x) dx

)α ≥ 1
b−a

∫ b

a

(
g(x)

)α
dx g(x) > 0 [a, b] 0 ≤ α ≤ 1.

7.4 Riemann.

. .

– – d = m
l , m l .

, d = m
l . , . , , .

m .
x-, [a, b]. d(x) x [a, b], y = d(x) [a, b]. y = d(x) x

, , [a, b].
. ∆ = {x0 = a, x1, . . . , xn−1, xn = b} [a, b] . mk [xk−1, xk],

m = m1 + · · ·+mn .

y = d(x) , x [xk−1, xk], y = d(x) , , . , ∆ y = d(x)
. , ξk [xk−1, xk], d(x) d(ξk), mk m̃k = d(ξk)(xk − xk−1)
[xk−1, xk] d(ξk). :

mk ≈ m̃k = d(ξk)(xk − xk−1) .

, m = m1 + · · · + mn m̃ = m̃1 + · · · + m̃n = d(ξ1)(x1 − x0) + · · · +
d(ξn)(xn − xn−1) , ,

m ≈ m̃ = d(ξ1)(x1 − x0) + · · ·+ d(ξn)(xn − xn−1).

∆ ,
∣∣mk − m̃k

∣∣ , , ∣∣m − m̃
∣∣ . Riemann Σ(d; a, b;∆,Ξ) =

d(ξ1)(x1 − x0) + · · ·+ d(ξn)(xn − xn−1) m ∆ ,

m =

∫ b

a

d(x) dx.

,

-
.

. .

A , E. , .

(i). . x- l A. x l lx ( ), A(x) A lx A l. A ,
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Σχήμα 7.5: .

A(x) l(x) , . A , [a, b] l , x [a, b], A(x) , , l(x) = 0.
E y = l(x) [a, b].

∆ = {x0 = a, x1, . . . , xn−1, xn = b} [a, b] . Ak A lxk−1
lxk

Ek

Ak . , A A1, . . . , An ,

E = E1 + · · ·+ En .

[xk−1, xk] ξk A(ξk) . lxk−1
lxk

.

[xk−1, xk] , Ak Ãk A(ξk) . xk − xk−1 l(ξk), Ẽk

Ãk l(ξk)(xk − xk−1). Ek Ak Ẽk Ãk , :

Ek ≈ Ẽk = l(ξk)(xk − xk−1) .

, E = E1+· · ·+En Ẽ = Ẽ1+· · ·+Ẽn = l(ξ1)(x1−x0)+· · ·+l(ξn)(xn−xn−1)
, ,

E ≈ Ẽ = l(ξ1)(x1 − x0) + · · ·+ l(ξn)(xn − xn−1).

∆ ,
∣∣Ek − Ẽk

∣∣ , , ∣∣E − Ẽ
∣∣ . Riemann Σ(l; a, b;∆,Ξ) =

l(ξ1)(x1 − x0) + · · ·+ l(ξn)(xn − xn−1) E ∆ ,

E =

∫ b

a

l(x) dx.

:

-
-
.

: (1) h, a b. x- l 0 l a h
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l b . x [0, h], x [0, h] l(x) l(x) = b−a
h x + a.∫ h

0
l(x) dx =

∫ h

0
( b−a

h x+ a) dx = b−a
h

∫ h

0
x dx+ a

∫ h

0
1 dx = b−a

h
h2

2 + ah = b+a
2 h.

.

(2) r > 0 x- l . 0 l , l(x) l x 2
√
r2 − x2 x [−r, r]

0 x [−r, r]. 2
∫ r

−r

√
r2 − x2 dx. ! πr2 , .

, , .

. y = f(x) y = g(x) [a, b] A , (a, f(a))
(a, g(a)) (b, f(b)) (b, g(b)). x [a, b] A(x) (x, f(x)) (x, g(x)),
l(x) = |g(x)− f(x)|, x [a, b] A(x) . A

E =

∫ b

a

|g(x)− f(x)| dx.

: y = x y = x2, (−1,−1) (−1, 1) (3, 3) (3, 9)
∫ 3

−1
|x2 − x| dx.

x2 − x = x(x− 1), :
∫ 3

−1
|x2 − x| dx =

∫ 0

−1
(x2 − x) dx+

∫ 1

0
(x− x2) dx+

∫ 3

1
(x2 −

x) dx = 5
6 + 1

6 + 16
3 = 19

3 .

(ii). . , . ΄ s0 , θ [0, 2π], sθ θ s0 . , s2π
s0 , θ 0 2π, sθ , , s0 s2π . θ [a, b] [0, 2π] A(θ) sθ r(θ).
r = r(θ) ( ) [a, b] , , r(θ) ≥ 0 θ. A(θ) A sa sb . θ [a, b]
A(θ), A sθ , A . A r = r(θ) A.

∆ = {θ0 = a, θ1, . . . , θn−1, θn = b} [a, b] . [θk−1, θk] Ak A sθk−1

sθk , A A1, . . . , An , Ek Ak ,

E = E1 + · · ·+ En .

Σχήμα 7.6: .
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[θk−1, θk] ξk Ãk , sθk−1
sθk sξk r(ξk) . [θk−1, θk] , Ak

Ãk , Ek Ak Ẽk Ãk . , Ẽk
1
2 (r(ξk))

2
(
tan(θk − ξk)+ tan(ξk − θk−1)

)
≈

1
2 (r(ξk))

2
(
(θk − ξk) + (ξk − θk−1)

)
. θk − ξk ξk − θk−1 0.

Ek ≈ 1

2
(r(ξk))

2
(
(θk − ξk) + (ξk − θk−1)

)
=

1

2
(r(ξk))

2(θk − θk−1).

k = 1, . . . , n,

E ≈ 1

2
(r(ξ1))

2(θ1 − θ0) + · · ·+ 1

2
(r(ξn))

2(θn − θn−1).

Riemann Σ
(
1
2r

2; a, b;∆; Ξ
)

E A ∆ ,

E =
1

2

∫ b

a

(r(θ))2 dθ.

:

-
.

: (1) r > 0 . : r(θ) = r θ [0, 2π]. 1
2

∫ 2π

0
r2 dθ = πr2 .

(2) , r > 0 Θ ( [0, 2π]) . r(θ) = r [0,Θ] r(θ) = 0 [0,Θ].
1
2

∫ Θ

0
r2 dθ = 1

2r
2Θ.

(3) r1 ≥ 0 r2 ( r2 > r1) . , , πr2
2 − πr1

2 = π(r2
2 − r1

2).
, r1 , r2 Θ , 1

2r2
2Θ− 1

2r1
2Θ = 1

2 (r2
2 − r1

2)Θ.

(4) 0 ≤ λ < µ. «» x = x(θ) = λθ cos θ, y = y(θ) = λθ sin θ θ [0, 2π],
x = x(θ) = µθ cos θ, y = y(θ) = µθ sin θ θ [0, 2π] . (λ2π, 0) (µ2π, 0)
1
2

∫ 2π

0
µ2θ2 dθ − 1

2

∫ 2π

0
λ2θ2 dθ = 4π3

3 (µ2 − λ2).

(iii). . A . r ≥ 0 Cr r. A(r) Cr A A ( ). A(r)

Cr, l(r). A , [a, b] [0,+∞) , r [a, b], A(r) , , l(r) = 0.
∆ = {r0 = a, r1, . . . , rn−1, rn = b} [a, b] Ak A rk−1 rk .

Ek Ak , , :
E = E1 + · · ·+ En .

[rk−1, rk] ξk A(ξk) . rk−1 rk , .
1
2 (rk

2−rk−1
2)θ, θ . , 12 (rk

2−rk−1
2)θ = rk+rk−1

2 (rk−rk−1)θ ≈ ξk(rk−rk−1)θ,

rk rk−1 ξk . l ξkθ, l · (rk − rk−1). Ãk A(ξk) ,
Ẽk Ãk A(ξk) rk − rk−1 , , l(ξk)(rk − rk−1). [rk−1, rk] , Ak

Ãk , Ek Ak Ẽk Ãk . :

Ek ≈ Ẽk ≈ l(ξk)(rk − rk−1).

:
E ≈ l(ξ1)(r1 − r0) + · · ·+ l(ξn)(rn − rn−1).
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Σχήμα 7.7: .

Riemann Σ(l; a, b;∆; Ξ) E ∆ ,

E =

∫ b

a

l(r) dr.

.

-
( ).

: 0 < λ < µ. «» x = x(r) = r cos(λr), y = y(r) = r sin(λr) r
[0, 2π

µ ], x = x(r) = r cos(µr), y = y(r) = r sin(µr) r [0, 2π
µ ] (0, 0)(

2π
µ cos(λ 2π

µ ), 2π
µ sin(λ 2π

µ

) (
2π
µ , 0). r (µ− λ)r,

∫ 2π
µ

0 (µ− λ)r dr =

2π2 µ−λ
µ2 .

. .

B V . .

(i). . . A E L L, A, h L. B
A h. V B

V = Eh.

l L x l lx L l x. A , [a, b] l x [a, b] lx A
. ∆ = {x0 = a, x1, . . . , xn−1, xn = b} [a, b] Ak A lxk−1

lxk
. Ek
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Σχήμα 7.8: .

Ak , , :
E = E1 + · · ·+ En .

Bk Ak , B A, B B1, . . . , Bn , Vk Bk , :

V = V1 + · · ·+ Vn .

[xk−1, xk] , Ak Ãk , , Bk B̃k . , B̃k L

Ãk h. Ẽk Ãk Ṽk B̃k , :

Vk ≈ Ṽk , Ek ≈ Ẽk , Ṽk = Ẽk · h.

. :

V ≈ Ṽ1 + · · ·+ Ṽn , E ≈ Ẽ1 + · · ·+ Ẽn

Ṽ1 + · · ·+ Ṽn =
(
Ẽ1 + · · ·+ Ẽn

)
h.

, ∆ , Ṽ1 + · · ·+ Ṽn V Eh. , , V = Eh.

(ii). . B.
l x l Lx l x B(x) Lx B. B B l. B , [a, b] l x

[a, b] B(x) B . x [a, b] E(x) B(x) . ∆ = {x0 = a, x1, . . . , xn−1, xn = b}
[a, b] Bk B Lxk−1

Lxk
. B B1, . . . , Bn , , Vk Bk , :

V = V1 + · · ·+ Vn .
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Σχήμα 7.9: .

[xk−1, xk] ξk B̃k Lxk−1
Lxk

Lξk , , B(ξk) B. ,

[xk−1, xk] , Bk B̃k , Vk Bk Ṽk B̃k . , Ṽk = E(ξk)(xk − xk−1),

Vk ≈ Ṽk = E(ξk)(xk − xk−1)

k.
V ≈ E(ξ1)(x1 − x0) + · · ·+ E(ξn)(xn − xn−1).

, ∆ , Riemann Σ(E; a, b;∆; Ξ) = E(ξ1)(x1−x0)+· · ·+E(ξn)(xn−xn−1)
V , ,

V =

∫ b

a

E(x) dx.

:

-

.

: , – – h E. l L A . 0 l L h l .
E(x) E x [0, h] 0 x [0, h].

∫ h

0
E dx = Eh.

(iii). . l , x-, [a, b] l. x [a, b] l x x r(x). r = r(x) (
) [a, b] r(x) ≥ 0 x [a, b]. B . B. L l l′ , y-,
L l 0 l A L y = r(x) [a, b]. B A 2π l.

x [a, b] B l x r(x) x. E(x) = π(r(x))2 , B
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V = π

∫ b

a

(r(x))2 dx.

:

π -
.

: (1) R > 0. l 0 l . l x [−R,R] l x

r =
√
R2 − x2 . , π

∫ R

−R
(R2 − x2) dx = 4π

3 R3 .

(2) B = {(x, y, z) : x2 + y2 ≤ z ≤ 1} . , l z-, , z < 0 z > 1, B(z) B

, 0 ≤ z ≤ 1, B(z) (0, 0, z), l r(z) =
√
z . B π

∫ 1

0
z dz = π

2 .

B A = {(x, z) : x2 ≤ z ≤ 1}, xz-, z-.

(3) B h > 0 R > 0. l . 0 l h . x l [0, h] B(x)

x [0, h] B(x) l x r(x) = R
h x. π

∫ h

0
R2

h2 x
2 dx = π

3R
2h.

(iv). . xy- (x, y) a ≤ x ≤ b c ≤ y ≤ d. , z = f(x, y)
z = g(x, y), (x, y) . , (x, y, f(x, y)), , , , (x, y, g(x, y)). B
. z = f(x, y) z = g(x, y) x y. , , x y f(x, y) g(x, y).

Σχήμα 7.10: .
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B.
l x- x Lx l x. Lx (x, y, z) x. x [a, b] B(x) B l x Lx

z = f(x, y) z = g(x, y) x y [c, d]. , E(x) =
∫ d

c
|g(x, y)− f(x, y)| dy.

x [a, b], B(x) . V B
∫ b

a
E(x) dx , ,

V =

∫ b

a

(∫ d

c

|g(x, y)− f(x, y)| dy
)
dx.

l y-, B

V =

∫ d

c

(∫ b

a

|g(x, y)− f(x, y)| dx
)
dy.

: B z = 2x + y z = x + 2y −1 ≤ x ≤ 1 −1 ≤ y ≤ 1.∫ 1

−1

( ∫ 1

−1
|x + 2y − 2x − y| dy

)
dx =

∫ 1

−1

( ∫ 1

−1
|y − x| dy

)
dx. y − x, x

[−1, 1] y − x ≥ 0, y [x, 1], y − x ≤ 0, y [−1, x]. , B
∫ 1

−1

( ∫ x

−1
(x−

y) dy +
∫ 1

x
(y − x) dy

)
dx =

∫ 1

−1
(x2 + 1) dx = 8

3 .

. .

(x′, y′) (x′′, y′′) ,√
(x′′ − x′)2 + (y′′ − y′)2 .

, (x′, y′, z′) (x′′, y′′, z′′) ,√
(x′′ − x′)2 + (y′′ − y′)2 + (z′′ − z′)2 .

, – – , .
l . : .

Σχήμα 7.11: .
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. (x, y) = (x(t), y(t)) t [a, b] , , x = x(t) y = y(t)
[a, b]. . ∆ = {t0 = a, t1, . . . , tn−1, tn = b} [a, b] k = 0, 1, . . . , n Tk

(x(tk), y(tk)) . T0 Tn . lk Tk−1 Tk ,

l = l1 + · · ·+ ln .

T0, T1, . . . , Tn−1, Tn , [tk−1, tk] , Tk−1 Tk . , lk
,

lk ≈
√

(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2 .

ξk ηk [tk−1, tk] x(tk)−x(tk−1) = x′(ξk)(tk−tk−1) y(tk)−y(tk−1) =
y′(ηk)(tk − tk−1).√

(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2 =
√
(x′(ξk))2 + (y′(ηk))2(tk − tk−1).

, y′(t) [tk−1, tk] – ξk ηk – y′(ηk) ≈ y′(ξk),√
(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2 ≈

√
(x′(ξk))2 + (y′(ξk))2(tk − tk−1).

:

l ≈
√
(x′(ξ1))2 + (y′(ξ1))2(t1 − t0) + · · ·+

√
(x′(ξn))2 + (y′(ξn))2(tn − tn−1)

, , Riemann Σ
(√

x′ 2 + y′ 2 ; a, b;∆; Ξ
)

l ∆ .

l =

∫ b

a

√
(x′(t))2 + (y′(t))2 dt.

. (x, y, z) = (x(t), y(t), z(t)) t [a, b]

l =

∫ b

a

√
(x′(t))2 + (y′(t))2 + (z′(t))2 dt.

:

-
.

: (1) , x = x(t) = κt+λ y = y(t) = µt+ν t [a, b]. x′(t) = κ y′(t) = µ

t [a, b],
∫ b

a

√
κ2 + µ2 dt =

√
κ2 + µ2(b − a). = (κa + λ, µa + ν) =

(κb+λ, µb+ν)
√
(κb+ λ− κa− λ)2 + (µb+ ν − µa− ν)2 =

√
κ2 + µ2(b−a).

(2) (x0, y0) r0 x = x(t) = r0 cos t+ x0 y = y(t) = r0 sin t+ y0 t [0, 2π].
x′(t) = −r0 sin t y′(t) = r0 cos t

∫ 2π

0

√
r02(sin t)2 + r02(cos t)2 dt = 2πr0 .

(3) x = x(t) = κ0 cos t + x0 y = y(t) = µ0 sin t + y0 t [0, 2π]. x′(t) =

−κ0 sin t y′(t) = µ0 cos t
∫ 2π

0

√
κ0

2(sin t)2 + µ0
2(cos t)2 dt.

(4) , , y = f(x) [a, b]. y = f(x) [a, b],
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l =

∫ b

a

√
1 + (f ′(x))2 dx.

, x = g(y) [a, b],

l =

∫ b

a

√
1 + (g′(y))2 dy.

(5) (x, y, z) = (r0 cos t+x0, r0 sin t+y0,
h0

2π t+z0), t [0, 2π], x′(t) = −r0 sin t,

y′(t) = r0 cos t z′(t) = h0

2π ,
∫ 2π

0

√
r02(sin t)2 + r02(cos t)2 +

h0
2

4π2 dt =
√
4π2r02 + h0

2.

. .

,
−→
F () , A B, W ,

−→
F A B + −,

−→
F

−−→
AB , , . ,

W =
∣∣−→F ∣∣∣∣−−→AB

∣∣ cos θ,
θ [0, π]

−→
F

−−→
AB . , 0 ≤ θ < π

2 , , π
2 < θ ≤ π, , , θ = π

2 , 0.

|−→F ||−−→AB| cos θ −→
F

−−→
AB ,

W =
−→
F · −−→AB .

W () A B .
, (x, y) = (x(t), y(t)) t [a, b].

−→
F = (Fx, Fy)

(x, y) = (x(t), y(t))
−→
F (t) = (Fx(t), Fy(t)) t [a, b]. , , Fx = Fx(t)

Fy = Fy(t) x = x(t) y = y(t) [a, b] , , .
∆ = {t0 = a, t1, . . . , tn−1, tn = b} [a, b] . Wk [tk−1, tk].

, :
W = W1 + · · ·+Wn .

[tk−1, tk] , (Fx(t), Fy(t)) . ξk [tk−1, tk], Wk−→
F (ξk) = (Fx(ξk), Fy(ξk)) Ak−1 = (x(tk−1), y(tk−1)) Ak = (x(tk), y(tk)),

W̃k =
−→
F (ξk) · −−−−−→Ak−1Ak = Fx(ξk)

(
x(tk)− x(tk−1)

)
+ Fy(ξk)

(
y(tk)− y(tk−1)

)
. :

Wk ≈ W̃k = Fx(ξk)
(
x(tk)− x(tk−1)

)
+ Fy(ξk)

(
y(tk)− y(tk−1)

)
.

ηk ζk [tk−1, tk] x(tk)− x(tk−1) = x′(ηk)(tk − tk−1) y(tk)− y(tk−1) =
y′(ζk)(tk − tk−1). x′(t) y′(t) , x′(ηk) y′(ζk) x′(ξk) y′(ξk),

Wk ≈ W̃k ≈ Fx(ξk)x
′(ξk)(tk − tk−1) + Fy(ξk)y

′(ξk)(tk − tk−1).

,

W ≈
(
Fx(ξ1)x

′(ξ1) + Fy(ξ1)y
′(ξ1)

)
(t1 − t0) + · · ·

· · ·+
(
Fx(ξn)x

′(ξn) + Fy(ξn)y
′(ξn)

)
(tn − tn−1).

, , Riemann Σ(Fxx
′ + Fyy

′; a, b;∆; Ξ) W ∆ , ,
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W =

∫ b

a

(
Fx(t)x

′(t) + Fy(t)y
′(t)

)
dt.

, ,

W =

∫ b

a

(
Fx(t)x

′(t) + Fy(t)y
′(t) + Fz(t)z

′(t)
)
dt.

:

-
.

: , 0.
, (x(t), y(t)) (x′(t), y′(t)). Fx(t)x

′(t) + Fy(t)y
′(t) = 0 t , ,

W =
∫ b

a

(
Fx(t)x

′(t) + Fy(t)y
′(t)

)
dt = 0..

. .

1. , y = x2 y =
√
x [0, 1].

2. , (x−x0)
2

κ0
2 + (y−y0)

2

µ0
2 = 1.

.

3. a > 0, x = x(θ) = a
√
cos(2θ) cos θ y = y(θ) = a

√
cos(2θ) sin θ θ

[−π
4 ,

π
4 ] θ [ 3π4 , 5π

4 ]. , (0, 0). .

, «» .

4. a > 0, x = x(θ) = a
√

cos(3θ) cos θ y = y(θ) = a
√
cos(3θ) sin θ

[−π
6 ,

π
6 ] , [

π
2 ,

5π
6 ] [ 7π6 , 3π

2 ] . .

, «» .

5. n ≥ 2 «».

. .

1. x2

a2 + y2

b2 + z2

c2 = 1.

, a, b, c , .

2. (∗) x2 + y2 = 4 z = 0 x+ y + z = 0.

(: y = x xy-.)

. .
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1. y = ax2 .

2. y = a
x .

3. κ > 0. y = κ
2 (e

x
κ + e−

x
κ ) = κ cosh x

κ . . .

4. x = x(θ) = r(θ) cos θ y = y(θ) = r(θ) sin θ, θ [a, b], r = r(θ)
[a, b] r(θ) ≥ 0 t [a, b]. l

l =

∫ b

a

√
(r(θ))2 + (r′(θ))2 dθ.

c, κ > 0, x = x(θ) = ceκθ cos θ y = y(θ) = ceκθ sin θ, θ (−∞,+∞),
. .

κ > 0, x = x(θ) = κθ cos θ y = y(θ) = κθ sin θ, θ [0,+∞), .
.

κ > 0, x = x(θ) = κ
θ cos θ y = y(θ) = κ

θ sin θ, θ (0,+∞), .
.

5. (x−x0)
2

κ0
2 + (y−y0)

2

µ0
2 = 1 .

6. √
(x(b)− x(a))2 + (y(b)− y(a))2 ≤

∫ b

a

√
(x′(t))2 + (y′(t))2 dt ?

, .

(x(b) − x(a))2 + (y(b)− y(a))2 = |x(b)− x(a)|
∣∣∣ ∫ b

a

x′(t) dt
∣∣∣+

+|y(b)− y(a)|
∣∣∣ ∫ b

a

y′(t) dt
∣∣∣

≤
∫ b

a

(
|x(b)− x(a)||x′(t)|+ |y(b)− y(a)||y′(t)|

)
dt

≤
∫ b

a

√
(x(b)− x(a))2 + (y(b)− y(a))2

√
(x′(t))2 + (y′(t))2 dt.

7. « » ;

. .

1. Newton
−→
F = (Fx, Fy, Fz) (x, y, z) 6= (0, 0, 0) m

(Fx, Fy, Fz) = − cm

(x2 + y2 + z2)
3
2

(x, y, z) = −cm

r3
(x, y, z) ,

r =
√
x2 + y2 + z2 > 0 c – – .

247



x = x(t), y = y(t) z = z(t), t [a, b],

−cm

2

∫ b

a

1

(r(t))3
d (r(t))2

dt
dt = −cm

∫ b

a

r′(t)

(r(t))2
dt,

r(t) =
√
(x(t))2 + (y(t))2 + (z(t))2 > 0 , , (0, 0, 0).

2. Hooke
−→
F = Fx x x- 0 Fx = −cx, c – – .

x = x(t), t [a, b], .
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Κεφάλαιο 8

Riemann.

Riemann. . Riemann . Riemann , , . Riemann . ,
Riemann , Riemann , Riemann Riemann . Riemann. . :
, , , .

8.1 Riemann.

΄ , , «» «» « Riemann» «Riemann » .

. .

y = f(x) I ( ). y = F (x), I,

F ′(x) = f(x) (x I),

y = F (x) y = f(x) I.

: (1) n y = xn+1

n+1 y = xn (−∞,+∞).

(2) y = x y = 1 (−∞,+∞).

(3) n ≤ −2 y = xn+1

n+1 y = xn (−∞, 0) (0,+∞).

(4) a y = xa+1

a+1 y = xa (0,+∞).

(5) y = log |x| y = 1
x (−∞, 0) (0,+∞).

(6) a > 0, a 6= 1, y = ax

log a y = ax (−∞,+∞).

(7) y = sinx y = cosx y = − cosx y = sinx (−∞,+∞).

(8) y = tanx y = 1
(cos x)2 (−π

2 + kπ, π
2 + kπ) (k ∈ Z). , y = − cotx

y = 1
(sin x)2 (kπ, π + kπ) (k ∈ Z).

(9) y = arcsinx y = 1√
1−x2

(−1, 1). , y = − arccosx y = 1√
1−x2

(−1, 1).
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(10) y = arctanx 1
1+x2 (−∞,+∞).

8.1 y = F1(x) y = F2(x) I y = f(x) I, y = f(x) I. ,
y = F1(x) y = F2(x) y = f(x) I, I.

: . F2(x) − F1(x) = c x I, c ( x), y = F1(x) y = f(x) I.

F2
′(x) = F1

′(x) + 0 = f(x) x I, y = F2(x) y = f(x) I. , y = F1(x) y = F2(x)

y = f(x) I y = h(x) = F2(x) − F1(x) I. h′(x) = F1
′(x) − F2

′(x) = f(x) − f(x) = 0

x I, 6.7(i) y = h(x) I.

.

y = F (x) y = f(x) I. y = f(x) I -
y = F (x) + c, c
( x),
.

8.1 , , : .

: (1) y = x2 (−∞,+∞) y = x3

3 + c, c .

(2) c . , y = cosx (−∞,+∞) y = sinx+ c, c .

. y = g(x) 0 , .

: y = g(x) =

{
1 , 0 < x < 1,
2 , 1 < x < 3,

0 (0, 1) ∪ (1, 3), (0, 1) (1, 3). ,

y = g(x) (0, 1) ∪ (1, 3).

8.1 «» « ».

: y = 1
x (−∞, 0) (0,+∞) y = log |x|+c, c . , y = 1

x (−∞, 0)∪(0,+∞)

y =

{
log |x|+ c1 , x < 0,
log |x|+ c2 , x > 0,

c1 c2 ( x), .

. .

y = f(x) [a, b],
∫ b

a
f(x) dx. :∫ a

b

f(x) dx = −
∫ b

a

f(x) dx.

, , . , y = f(x) a, , , [a, a] = {a} :∫ a

a

f(x) dx = 0.

,
∫ b

a
f(x) dx a b ¨ y = f(x) [a, b], b > a, [b, a], b < a, a,

b = a.
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∫ c

a

f(x) dx =

∫ b

a

f(x) dx+

∫ c

b

f(x) dx,

a < b < c, a, b, c, y = f(x) . , . , c < b < a,

−
∫ a

c
f(x) dx = −

∫ a

b
f(x) dx−

∫ b

c
f(x) dx , ,

∫ a

c
f(x) dx =

∫ b

c
f(x) dx+

∫ a

b
f(x) dx

. , a = c < b, 0 =
∫ b

a
f(x) dx+

∫ a

b
f(x) dx

∫ a

b
f(x) dx. .

. y = f(x) [a, b], a < b, [b, a], b < a, , M |f(x)| ≤ M x ,∣∣∣ ∫ b

a

f(x) dx
∣∣∣ ≤ M |b− a|.

, a < b, ( |b− a| = b− a), . b < a,
∣∣ ∫ b

a
f(x) dx

∣∣ = ∣∣− ∫ a

b
f(x) dx

∣∣ =∣∣ ∫ a

b
f(x) dx

∣∣ ≤ M(a−b) = M |b−a|. , a = b,
∣∣ ∫ b

a
f(x) dx

∣∣ ≤ M |b−a| 0 = 0.
, y = f(x) I ( ) . a I, x I x

∫ x

a
f(t) dt. x. ,

c ( x) I

y = F (x) =

∫ x

a

f(t) dt+ c.

y = f(x) I. a y = F (x) =
∫ x

a
f(t) dt+ c.

a a′ I, :

F (x) =

∫ x

a

f(t) dt+ c =

∫ x

a′
f(t) dt+

∫ a′

a

f(t) dt+ c =

∫ x

a′
f(t) dt+ c′ ,

c′ , c′ =
∫ a′

a
f(t) dt+ c. , a a′ c c′ . a

∫ x

a
f(t) dt

.

: y = x2 (−∞,+∞), a = 0 y =
∫ x

0
t2 dt = x3

3 − 03

3 = x3

3 . y = x2

y = x3

3 + c, c . , , a , y =
∫ x

a
t2 dt y =

∫ x

a
t2 dt = x3

3 − a3

3 c = −a3

3 .

8.2 y = F1(x) y = F2(x) I y = f(x) I, y = f(x) I. ,
y = F1(x) y = F2(x) y = f(x) I, I.

, y = F2(x) − F1(x) = c x I, c , x, y = F1(x) y = f(x)
I. , a1 I c1 F1(x) =

∫ x

a1
f(t) dt + c1 x I. F2(x) = F1(x) +

c =
∫ x

a1
f(t) dt + (c1 + c) =

∫ x

a2
f(t) dt + c2 x I, a2 = a1 c2 = c1 + c.

y = F2(x) y = f(x) I. , y = F1(x) y = F2(x) y = f(x) I,
a1 a2 I c1 c2 F1(x) =

∫ x

a1
f(t) dt + c1 F2(x) =

∫ x

a2
f(t) dt + c2 x I.

F2(x) − F1(x) =
∫ x

a2
f(t) dt + c2 −

∫ x

a1
f(t) dt − c1 =

∫ a1

a2
f(t) + c2 − c1 x I,

y = F2(x)− F1(x) I.

8.2 , , : .∫
f(x) dx
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y = f(x) I , ,
∫ x

a
f(t) dt+ c I, a I c . ,∫

f(x) dx =

∫ x

a

f(t) dt+ c.

: , y = x2 (−∞,+∞) y = x3

3 + c, c .
∫
x2 dx , ,∫

x2 dx = x3

3 + c, c .∫
f(x) dx .

, , y = x2 : . .∫
f(x) dx. :∫ (

f(x) + g(x)
)
dx =

∫
f(x) dx+

∫
g(x) dx.

. a I F (x) =
∫ x

a
f(t) dt G(x) =

∫ x

a
g(t) dt I.

∫
f(x) dx =

F (x) + c1
∫
g(x) dx = G(x) + c2 , c1 c2 . ,

∫
f(x) dx +

∫
g(x) dx =

F (x)+ c1+G(x)+ c2 = F (x)+G(x)+ (c1+ c2) =
∫ x

a
(f(t)+ g(t)) dt+(c1+ c2).∫ x

a
(f(t)+ g(t)) dt y = f(x)+ g(x) I , c1+ c2 , , ,

∫ x

a
(f(t)+ g(t)) dt+

(c1 + c2)
∫
(f(x) + g(x)) dx. ,

∫
f(x) dx+

∫
g(x) dx =

∫
(f(x) + g(x)) dx.

: ∫ (
λf(x)

)
dx = λ

∫
f(x) dx (λ 6= 0).

, , F (x) =
∫ x

a
f(t) dt,

∫
f(x) dx = F (x) + c, c . λ

∫
f(x) dx =

λF (x)+λc =
∫ x

a
(λf(t)) dt+λc.

∫ x

a
(λf(t)) dt y = λf(x) I λc (: λ 6= 0)

.
∫ x

a
(λf(t)) dt+ λc

∫
(λf(x)) dx , , λ

∫
f(x) dx =

∫
(λf(x)) dx.

, . , 6= 0 .

: (1)
∫
(x + x2) dx =

∫
x dx +

∫
x2 dx = x2

2 + x3

3 + c.
∫
(x + x2) dx =∫

x dx+
∫
x2 dx = x2

2 + c1 +
x3

3 + c2 .

(2)
∫
(7x) dx = 7

∫
x dx = 7x2

2 + c.
∫
(7x) dx = 7

∫
x dx = 7x2

2 + 7c.

(3)
∫
(x+ g(x)) dx =

∫
x dx+

∫
g(x) dx = x2

2 +
∫
g(x) dx.

∫
(x+ g(x)) dx =∫

x dx+
∫
g(x) dx = x2

2 + c+
∫
g(x) dx c «»

∫
g(x) dx ΄ .

(4) !
∫
x dx−

∫
x dx = c = 0. :

∫
x dx−

∫
x dx =

∫
(x− x) dx =

∫
0 dx = c ,

,
∫
x dx−

∫
x dx = x2

2 + c1 − x2

2 − c2 = c1 − c2 = c..
. .

1. y = 2x+ sinx (−∞,+∞). y = 2x+ sinx (−∞,+∞);

y = 2x+ sinx (−∞,+∞) x = 1 −2. ;
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2. y = F (x) F ′(x2) = 1
x x (0,+∞) F (1) = 1.

3. y = F (x) F ′(log x) = 1 x (0, 1] F ′(log x) = x x [1,+∞) F (1) = 1.

4. y = r(x) (a, b) r′(x) = 1
x x (a, b), r(x) = . . . (a, b). ;

. .

1. y = 1−x2 (−∞,+∞). y = 1−x2 (−∞,+∞); ,
∫
(1− t2) dt;

y = 1− x2 (−∞,+∞) x = 2 −1. ;

2. y = f(x) I a I κ. y = f(x) κ x = a;

3.
∫
f(x) dx =

∫
g(x) dx+ x2 − 3.

∫
f(x) dx−

∫
g(x) dx;

4. y = f(x) = x− [x]− 1
2 (−∞,+∞).

(i) y = f(x) 1.

(ii) F (x) =
∫ x

0
f(t) dt [0, 1].

(iii) y = F (x) =
∫ x

0
f(t) dt (−∞,+∞) 1. y = F (x) [x].

(iv) G(x) =
∫ x

0
(F (t) + 1

12 ) dt [0, 1] y = G(x) (−∞,+∞) 1.

5. . , , , ;

8.2 .

. .

8.1 . y = f(x) I ( ) . a I y = F (x) =
∫ x

a
f(t) dt I.

y = f(x) ξ I, y = F (x) ξ

F ′(ξ) = f(ξ).

, y = f(x) I, y = F (x) I F ′(x) = f(x) x I.

: ε > 0. y = f(x) ξ, δ > 0 |f(x)−f(ξ)| < ε x I |x−ξ| < δ. , , x I 0 < |x−ξ| < δ.
t x ξ , , |t− ξ| < δ , , |f(t)− f(ξ)| < ε. , ,∣∣∣F (x)− F (ξ)

x− ξ
− f(ξ)

∣∣∣ =

∣∣∣∫ x

a
f(t) dt−

∫ ξ

a
f(t) dt

x− ξ
− f(ξ) =

∣∣∣∫ x

ξ
f(t) dt− f(ξ)(x− ξ)

x− ξ

∣∣∣
=

∣∣∣∫ x

ξ
f(t) dt−

∫ x

ξ
f(ξ) dt

x− ξ
=

∣∣ ∫ x

ξ
(f(t)− f(ξ)) dt

∣∣
|x− ξ|

≤
|x− ξ|ε
|x− ξ|

= ε.

lim
x→ξ

F (x)− F (ξ)

x− ξ
= f(ξ),

F ′(ξ) = f(ξ).

, , .
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y = f(x) I, -
I I -
.

, 8.1 y = F (x) =
∫ x

a
f(t) dt y = f(x) I y = f(x) I. , , y = f(x)

y = F (x) + c, c , ( ) y = f(x) , , y = F (x) + c, c ( ).

8.1. .

,
, . .

, y = f(x) I , y =
∫ x

a
f(t) dt+ c, I , y = f(x):

d
( ∫ x

a
f(t) dt+ c

)
dx

= f(x).

, , 8.1. , y = F (x) I y = dF (x)
dx I I, y = F (x) ( x):∫ x

a

dF (t)

dt
dt+ c = F (x) +

(
c− F (a)

)
.

. y = f(x) = dF (x)
dx I. y = F (x) y = f(x) I.

∫ x

a
dF (t)
dt dt+ c =∫ x

a
f(t) dt+ c , 8.1, y = f(x) I , , c′

∫ x

a
dF (t)
dt dt+ c = F (x)+ c′ x I.

x = a, 0+ c = F (a)+ c′ , c′ = c−F (a) , ,
∫ x

a
dF (t)
dt dt+ c = F (x)+ (c−F (a))

x I.

, 8.1, .

8.3 y = f(x) I y = F (x) y = f(x) I.
(1) y = f(x) I y = F (x) + c, c . ,∫

f(x) dx = F (x) + c (x I).

(2) y = f(x) [a, b] I y = F (x) [a, b]. ,∫ b

a

f(x) dx = F (b)− F (a) (a, b I).

, 8.3. (1) (2) , 8.1, y =
∫ x

a
f(t) dt y = f(x) I. c∫ x

a
f(t) dt−F (x) = c x I. x = a, 0−F (a) = c , ,

∫ x

a
f(t) dt−F (x) = −F (a)

x I. , x = b
∫ b

a
f(t) dt− F (b) = −F (a) , ,

∫ b

a
f(t) dt = F (b)− F (a).

. y = f(x) I
y = F (x) y = f(x) I, -
I.
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: .

(1) ∫
1 dx = x+ c

(−∞,+∞).

(2) α 6= −1 α 6= 0, ∫
xα dx =

xα+1

α+ 1
+ c.

(i) (−∞,+∞) α > 0 , (ii) (−∞, 0)∪ (0,+∞) α < 0 6= −1 ,
(iii) [0,+∞) α > 0 > 0 (iv) (0,+∞) α < 0 < 0.

(3) , α = −1, ∫
1

x
dx = log |x|+ c

(−∞, 0) (0,+∞).

(4) α > 0, α 6= 1, ∫
αx dx =

αx

logα
+ c

(−∞,+∞).

(5) (−∞,+∞).∫
cosx dx = sinx+ c,

∫
sinx dx = − cosx+ c

(6) ∫
1

(cosx)2
dx = tanx+ c,

∫
1

(sinx)2
dx = − cotx+ c

(−π
2 + kπ, π

2 + kπ) (kπ, π + kπ), k .

(7) ∫
1√

1− x2
dx = arcsinx+ c,

∫
1√

1− x2
dx = − arccosx+ c

(−1, 1).

(8)
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∫
1

1 + x2
dx = arctanx+ c

(−∞,+∞).

. y = f(x) I
y = F (x) y = f(x) I, -
-
I.

: .

(1) a, b (−∞,+∞) ∫ b

a

1 dx = b− a.

(2) α 6= −1 α 6= 0, ∫ b

a

xα dx =
bα+1 − aα+1

α+ 1
.

(i) a, b α > 0 , (ii) a, b < 0 a, b > 0 α < 0 6= −1 , (iii)
a, b ≥ 0 α > 0 > 0 (iv) a, b > 0 α < 0 < 0.

(3) α = −1, a, b < 0 a, b > 0∫ b

a

1

x
dx = log |b| − log |a| = log

b

a
.

(4) α > 0, α 6= 1, a, b ∫ b

a

αx dx =
αb − αa

logα
.

(5) a, b ∫ b

a

cosx dx = sin b− sin a,

∫ b

a

sinx dx = cos a− cos b.

(6) ∫ b

a

1

cos2 x
dx = tan b− tan a,

∫ b

a

1

sin2 x
dx = cot a− cot b

a, b (−π
2 + kπ, π

2 + kπ) a, b (kπ, π + kπ), k .

(7) a, b (−1, 1)
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∫ b

a

1√
1− x2

dx = arcsin b− arcsin a,

∫ b

a

1√
1− x2

dx = arccos a− arccos b.

(8) a, b ∫ b

a

1

1 + x2
dx = arctan b− arctan a.

8.1 , , .
, f(b)−f(a)

b−a = f ′(ξ) 1
b−a

∫ b

a
f ′(x) dx = f ′(ξ) y = f(x) [a, b].

, 1
b−a

∫ b

a
f(x) dx = f(ξ) F (b)−F (a)

b−a = F ′(ξ), y = F (x) y = f(x) [a, b]..
1.

(i)
∫
cos(ax) dx = 1

a sin(ax) + c,

(: , y = 1
a sin(ax).)

(ii)
∫
sin(ax) dx = − 1

a cos(ax) + c.

2.

(i)
∫

1
x log x dx = log(log x) + c (1,+∞),

(ii)
∫

1
x log x log(log x) dx = log

(
log(log x)

)
+ c (e,+∞).

3.

(i)
∫
xne−x dx = n!e−x

(
ex − 1− x− x2

2! − · · · − xn

n!

)
+ c,

(ii)
∫
xnex dx = (−1)n−1n!ex

(
e−x − 1 + x− x2

2! + · · ·+ (−1)n−1 xn

n!

)
+ c.

4. :

(i) 1 7.4.

(ii) 3, 4 5 7.4 . ;

(iii) 3 7.4.

(iv) 4 7.4.

(v) 1 7.4.

;

«» ;

(vi) 2 7.4.

5. y = f(x) (−∞,+∞) a
∫ x

a
f(t) dt = sinx−

√
3
2 x. ;

6. y = f(x) (−∞,+∞)
∫ x

0
f(t) dt = ex x;∫ x

0
f(t) dt = ex − 1.
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7. .

y =

∫ x

0

sin t

1 + t2
dt, y =

∫ 2

x

sin t+ et

t2 + 1
dt,

y =

∫ x2−x

1

t2 − 2t

et + 2t2
dt, y =

∫ x+cosx

sin x

tet dt.

, y =
∫ h(x)

g(x)
f(t) dt ξ y = f(x) y = g(x) y = h(x) .

8. y = f(x) (−∞,+∞)
∫ x2

0
f(t) dt = 1− 2x

2

x.

9. limx→+∞ e−x2 ∫ x

0
et

2

dt = 0.

(: .)

10. limx→+∞
1
x

∫ x

0
et−x(2t+ 1) dt.

11. (∗) a > 0 b limx→0+
1

bx−sin x

∫ x

0
t2√
a+t

dt = 1.

12. 4 7.2.

limn→+∞
1α+2α+···+(n−1)α+nα

nα+1 .

13. , k :

(i)
∫ 2π

0
sin(kx) dx = 0.

(ii)
∫ 2π

0
cos(kx) dx = 0, k 6= 0.

, n, m :

(iii)
∫ 2π

0
sin(nx) cos(mx) dx = 0.

(iv)
∫ 2π

0
sin(nx) sin(mx) dx = 0 n 6= m.

(v)
∫ 2π

0
cos(nx) cos(mx) dx = 0 n 6= m.

(vi)
∫ 2π

0
(sin(nx))2 dx =

∫ 2π

0
(cos(nx))2 dx = π n 6= 0.

14. , f(x) = a0 + (a1 cosx + b1 sinx) + · · · + (an cos(nx) + bn sin(nx))
g(x) = c0 + (c1 cosx+ d1 sinx) + · · ·+ (cn cos(nx) + dn sin(nx)),

1

2π

∫ 2π

0

f(x)g(x) dx = a0c0 +
a1c1 + b1d1

2
+ · · ·+ ancn + bndn

2
.

15. 3 7.2 ,

(i)
∫ π

0

sin((n+ 1
2 )x)

sin x
2

dx = π n.

(ii)
∫ π

0
sin(nx)
sin x dx = π 0, n , .

(iii)
∫ π

0

( sin(nx)
sin x

)2
dx = nπ n.
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16. a 6= ±b, limT→+∞
1
T

∫ T

0
sin(ax) sin(bx) dx = 0.

l’ Hopitâl?

17. Bernoulli :

P0(x) = 1, Pn
′(x) = nPn−1(x),

∫ 1

0

Pn(x) dx = 0 (n ≥ 1).

Pn(x) n = 1, 2, 3, 4.

Pn(x) n xn .

Pn(0) = Pn(1) n ≥ 2.

Pn(x+ 1)− Pn(x) = nxn−1 n ≥ 1.

1n + 2n + · · ·+ kn =

∫ k+1

0

Pn(x) dx =
Pn+1(k + 1)− Pn+1(0)

n+ 1

n = 1 n = 2.

Pn(1− x) = (−1)nPn(x) n ≥ 1.

P2n+1(0) = 0 P2n−1(
1
2 ) = 0 n ≥ 1.

18. y = f(x) I a I.

(i) y =
∫ x

a
f(t) dt I, y = f(x) 0 I.

(ii)
∫ x

a
f(t) dt =

∫ b

x
f(t) dt x I, y = f(x) 0 I.

19. (∗∗) y = f(x) [a, b] f(x) ≥ 0 x [a, b].
∫ b

a
f(x) dx = 0, y = f(x)

[a, b] .

(: :
∫ x

a
f(t) dt+

∫ b

x
f(t) dt =

∫ b

a
f(t) dt = 0

∫ x

a
f(t) dt = 0 x [a, b]. :

f(ξ) > 0 ξ [a, b] . [c, d] [a, b] d − c > 0 ξ f(x) > f(ξ)
2 x

[c, d].
∫ b

a
f(x) dx ≥

∫ d

c
f(x) dx ≥ f(ξ)

2 (d− c) > 0.)

: y = f(x) [a, b], f(x) ≥ 0 x [a, b]
∫ b

a
f(x) dx = 0, y = f(x) 0

[a, b].

20. (∗) y = f(x) [a, b] M f(x) ≤ M x [a, b].
∫ b

a
f(x) dx ≤ M(b− a).

,
∫ b

a
f(x) dx = M(b− a), f(x) = M x [a, b].

(: y = M − f(x).)

21. (∗) y = f(x) [a, b].
∫ b

a
(f(x))2 dx = 0, f(x) = 0 x [a, b].

(: .)

22. (∗) y = f(x) [a, b].
∫ x′′

x′ f(t) dt ≥ 0 x′, x′′ [a, b] x′ < x′′ , f(x) ≥ 0
x [a, b].

(: : y =
∫ x

a
f(t) dt [a, b]. : f(ξ) < 0 ξ [a, b]. [c, d] [a, b]

d− c > 0 ξ f(x) < f(ξ)
2 x [c, d].

∫ d

c
f(x) dx ≤ f(ξ)

2 (d− c) < 0.)
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23. (∗) y = f(x) [0,+∞) f(x) 6= 0 x > 0 (f(x))2 = 2
∫ x

0
f(t) dt x ≥ 0.

(i) f(x) > 0 x > 0.

(: f(0) = 0 f(x) > 0 x > 0 f(x) < 0 x > 0. y = (f(x))2 =
2
∫ x

0
f(t) dt [0,+∞) .)

(ii) y = f(x) (0,+∞).

(:
√
. . . .)

(iii) f(x) = x x ≥ 0.

24. (∗) y = f(x) [0, a] f(0) = 0.

(i) y = g(x) =

{
(f(x))2

x , 0 < x ≤ a,
0, x = 0,

[0, a].

(ii) y = g(x)
∫ x

0
(f ′(t))2 dt.

(iii) (f(x))2 ≤ x
∫ x

0
(f ′(t))2 dt x [0, a].

(iv) (f(a))2 = a
∫ a

0
(f ′(t))2 dt, y = f(x)

x (0, a].

(v) (f(a))2 = a
∫ a

0
(f ′(t))2 dt f ′(0) = 2, f(x) = 2x x [0, a].

25. (∗∗) y = f(x) I. I.

(: F (x) =
∫ x

a
f(t) dt+ c ξ I. [c, d] I a, ξ. M |f(x)| ≤ M x

[c, d]. x [c, d] |F (x)− F (ξ)| =
∣∣ ∫ x

ξ
f(t) dt

∣∣ ≤ M |x− ξ|.)

26. (∗) y = f(x) [a, b]. ξ [a, b]
∫ ξ

a
f(x) dx =

∫ b

ξ
f(x) dx.

(: y =
∫ x

a
f(t) dt−

∫ b

x
f(t) dt .)

8.3 Riemann.

. .

8.4 z = f(y) J , y = φ(x) I y = φ(x) J ( z = f(φ(x)) I)∫
f(φ(x))φ′(x) dx =

∫
f(y) dy

∣∣∣
y=φ(x)

(x I).

, ∫ b

a

f(φ(x))φ′(x) dx =

∫ φ(b)

φ(a)

f(y) dy (a, b I).

∫
f(φ(x))φ′(x) dx =

∫
f(y) dy

∣∣
y=φ(x)

. z = f(φ(x))φ′(x) I

z =
∫
f(φ(x))φ′(x) dx , , . , , x I. , z =

∫
f(y) dy , ,

z = f(y) , , y J . y = φ(x) x I, x I. , ΄ .

: , z =
∫

f(y) dy z = f(y) J ,
∫

f(y) dy = G(y) + c J , z = G(y) - z = f(y)
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J c . ,
∫

f(y) dy
∣∣
y=φ(x)

= G(φ(x)) + c I. , d (G(φ(x)))
dx

= G′(φ(x))φ′(x) = f(φ(x))φ′(x)

I, z = G(φ(x)) z = f(φ(x))φ′(x) I. z =
∫

f(φ(x))φ′(x) dx z = f(φ(x))φ′(x) I,∫
f(φ(x))φ′(x) dx = G(φ(x)) + c I, c . , ,

∫
f(φ(x))φ′(x) dx =

∫
f(y) dy

∣∣
y=φ(x)

I.

z = F (x) =
∫ x

a
f(φ(t))φ′(t) dt z = H(x) =

∫ φ(x)

φ(a)
f(s) ds I z = G(y) =∫ y

φ(a)
f(s) ds J . F ′(x) = f(φ(x))φ′(x) x I G′(y) = f(y) y J . , H(x) = G(φ(x)) I ,

, H′(x) = G′(φ(x))φ′(x) = f(φ(x))φ′(x) I. F ′(x) = H′(x) I, c F (x) = H(x) + c I.

x = a 0 = 0 + c, c = 0 , ,
∫ x

a
f(φ(t))φ′(t) dt =

∫ φ(x)

φ(a)
f(s) ds I. , x = b .

: (1)
∫
(sinx)n cosx dx, n . y = sinx,

∫
(sinx)n cosx dx =∫

(sinx)n d sin x
dx dx =

∫
yn dy

∣∣
y=sin x

=
(
yn+1

n+1 + c
)∣∣

y=sinx
= (sinx)n+1

n+1 + c.

(2)
∫

2x
x2+1 dx y = x2+1,

∫
2x

x2+1 dx =
∫

1
x2+1

d(x2+1)
dx dx =

∫
1
y dy

∣∣
y=x2+1

=

(log |y|+ c)
∣∣
y=x2+1

= log(x2 + 1) + c.

(3)
∫ b

a
1

x log x dx y = log x
∫ b

a
1

x log x dx =
∫ b

a
1

log x
d log x
dx dx =

∫ log b

log a
1
y dy =

log | log b| − log | log a| = log
∣∣ log b
log a

∣∣.
a, b y = log x a, b z = 1

y , (−∞, 0) (0,+∞).
y = log x log a, log b. log a, log b > 0 , , a, b > 1 log a, log b < 0 , ,
0 < a, b < 1. , log a, log b ,

∫ b

a
1

x log x dx = log log b
log a .

. .

8.5 y = f(x) y = g(x) I,∫
f(x)g′(x) dx = f(x)g(x)−

∫
f ′(x)g(x) dx (x I).

, ∫ b

a

f(x)g′(x) dx = f(b)g(b)− f(a)g(a)−
∫ b

a

f ′(x)g(x) dx (a, b I).

: y = F (x) y = f ′(x)g(x) I,
∫

f ′(x)g(x) dx = F (x) − c I, c . d (f(x)g(x)−F (x))
dx

=

f ′(x)g(x) + f(x)g′(x) − F ′(x) = f(x)g′(x) I, y = f(x)g(x) − F (x) y = f(x)g′(x) I.∫
f(x)g′(x) dx = f(x)g(x)− F (x) + c = f(x)g(x)−

∫
f ′(x)g(x) dx I.

y = F (x) =
∫ x

a
f ′(t)g(t) dt y = G(x) =

∫ x

a
f(t)g′(t) dt I, F ′(x) + G′(x) =

f ′(x)g(x) + f(x)g′(x) =
d (f(x)g(x))

dx
I. c F (x) + G(x) = f(x)g(x) + c I. x =

a 0 + 0 = f(a)g(a) + c, c = −f(a)g(a). F (x) + G(x) = f(x)g(x) − f(a)g(a) , ,∫ x

a
f ′(t)g(t) dt+

∫ x

a
f(t)g′(t) dt = f(x)g(x)− f(a)g(a) I. , x = b .

: (1)
∫
log x dx =

∫
log xd x

dx dx = x log x −
∫

d log x
dx x dx = x log x −

∫
1
x x dx =

x log x−
∫
1 dx = x log x− x+ c (0,+∞).

(2) a 6= 0,
∫
eax sin(bx) dx = 1

a

∫
d eax

dx sin(bx) dx = 1
ae

ax sin(bx)− 1
a

∫
eax d sin(bx)

dx dx =
1
ae

ax sin(bx) − b
a

∫
eax cos(bx) dx ( ) = 1

ae
ax sin(bx) − b

a2

∫
d eax

dx cos(bx) dx =
1
ae

ax sin(bx)− b
a2 e

ax cos(bx)+ b
a2

∫
eax d cos(bx)

dx dx = 1
ae

ax sin(bx)− b
a2 e

ax cos(bx)−
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b2

a2

∫
eax sin(bx) dx.

(
1+ b2

a2

) ∫
eax sin(bx) dx = 1

a2 e
ax
(
a sin(bx)− b cos(bx)

)
+ c,

c , ,
∫
eax sin(bx) dx = eax

(
a

a2+b2 sin(bx)−
b

a2+b2 cos(bx)
)
+ c.

a = 0 b 6= 0,
∫
sin(bx) dx = −1

b cos(bx) + c. :∫
eax sin(bx) dx =

a

a2 + b2
eax sin(bx)− b

a2 + b2
eax cos(bx) + c

a, b a2 + b2 6= 0. , :∫
eax cos(bx) dx =

a

a2 + b2
eax cos(bx) +

b

a2 + b2
eax sin(bx) + c.

(3)
∫ 2

0
xex dx =

∫ 2

0
xd ex

dx dx = 2e2 − 0e0 −
∫ 2

0
d x
dx e

x dx = 2e2 −
∫ 2

0
ex dx =

2e2 − (e2 − e0) = e2 + 1.

(4)
∫ π

0
x sinx dx = −

∫ π

0
xd cos x

dx dx = −π cosπ + 0 cos 0 +
∫ π

0
dx
dx cosx dx = π +∫ π

0
cosx dx = π + (sinπ − sin 0) = π.

. .

∫
r(x) dx =

∫
amxm + am−1x

m−1 + · · ·+ a1x+ a0
bnxn + bn−1xn−1 + · · ·+ b1x+ b0

dx,

r(x) = amxm+am−1x
m−1+···+a1x+a0

bnxn+bn−1xn−1+···+b1x+b0
.

. . m < n , . , , m ≥ n, p(x) q(x) q(x) < n

amxm + · · ·+ a0 = p(x)
(
bnx

n + · · ·+ b0
)
+ q(x)

x.

r(x) = p(x) +
q(x)

bnxn + bn−1xn−1 + · · ·+ b1x+ b0
.∫

p(x) dx , m < n.

. . , , . .

bnx
n + bn−1x

n−1 + · · ·+ b1x+ b0

bnx
n + · · ·+ b0 = bn(x− α)κ · · · (x− γ)λ((x− µ)2 + ν2)ρ · · · ((x− ε)2 + δ2)τ

= bn(x−α)κ · · · (x− γ)λ(x− µ− iν)ρ(x− µ+ iν)ρ · · · (x− ε− iδ)τ (x− ε+ iδ)τ ,

κ, . . . , λ, ρ, . . . , τ κ+ · · ·+ λ+ 2ρ+ · · ·+ 2τ = n ν, . . . , δ > 0.

x− α, . . . , x− γ α, . . . , γ κ, . . . , λ . , (x− µ)2 +
ν2, . . . , (x− ε)2 + δ2 µ± iν, . . . , ε± iδ ρ, . . . , τ .
, , α, . . . , γ : −∞, α, . . . , γ,+∞.
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. :

r(x) =
A1

x− α
+

A2

(x− α)2
+ · · ·+ Aκ

(x− α)κ

+ · · · · · · · · · · · ·

+
Γ1

x− γ
+

Γ2

(x− γ)2
+ · · ·+ Γλ

(x− γ)λ

+
M1(x− µ) +N1

(x− µ)2 + ν2
+ · · ·+ Mρ(x− µ) +Nρ

((x− µ)2 + ν2)ρ

+ · · · · · · · · · · · ·

+
E1(x− ε) + ∆1

(x− ε)2 + δ2
+ · · ·+ Eτ (x− ε) + ∆τ

((x− ε)2 + δ2)τ
.

«» . x−α, . . . , x−γ 1 κ, . . . , λ, , . , (x−µ)2+ν2, . . . , (x−ε)2+δ2

1 ρ, . . . , τ . A1, A2, . . . , Eτ ,∆τ . , , bnx
n + · · · + b1x + b0.

, n n A1, A2, . . . , Eτ ,∆τ .

. , , :∫
1

(x− α)k
dx,

∫
x− µ

((x− µ)2 + ν2)k
dx,

∫
1

((x− µ)2 + ν2)k
dx,

k . .
(i)

∫
1

(x−α)k
dx, (−∞, α) (α,+∞), y = x− α∫
1

(x− α)k
dx =

∫
1

(x− α)k
d(x− α)

dx
dx =

∫
1

yk
dy

∣∣∣
y=x−α

.

k ≥ 2,∫
1

(x− α)k
dx =

(
− 1

k − 1

1

yk−1
+ c

)∣∣∣
y=x−α

= − 1

k − 1

1

(x− α)k−1
+ c.

k = 1, ∫
1

x− α
dx =

(
log |y|+ c

)∣∣∣
y=x−α

= log |x− α|+ c.

(ii)
∫

x−µ
((x−µ)2+ν2)k

dx y = (x− µ)2 + ν2∫
x− µ

((x− µ)2 + ν2)k
dx =

1

2

∫
1

((x− µ)2 + ν2)k
d ((x− µ)2 + ν2)

dx
dx

=
1

2

∫
1

yk
dy

∣∣∣
y=(x−µ)2+ν2

.

k ≥ 2, ∫
x− µ

((x− µ)2 + ν2)k
dx =

1

2

(
− 1

k − 1

1

yk−1
+ c

)∣∣∣
y=(x−µ)2+ν2

= − 1

2(k − 1)

1

((x− µ)2 + ν2)k−1
+ c.
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k = 1,∫
x− µ

(x− µ)2 + ν2
dx =

1

2

(
log |y|+ c

)∣∣∣
y=(x−µ)2+ν2

=
1

2
log((x− µ)2 + ν2) + c.

(iii) ,
∫

1
((x−µ)2+ν2)k

dx y = x−µ
ν∫

1

((x− µ)2 + ν2)k
dx =

1

ν2k−1

∫
1(

(x−µ
ν )2 + 1

)k d

dx

x− µ

ν
dx

=
1

ν2k−1

∫
1

(y2 + 1)k
dy

∣∣∣
y= x−µ

ν

.

Ik =

∫
1

(y2 + 1)k
dy,

k . . ΄ , k = 1,

I1 =

∫
1

y2 + 1
dy = arctan y + c.

k > 1,

Ik =

∫
1

(y2 + 1)k
dy =

∫
y2 + 1

(y2 + 1)k
dy −

∫
y2

(y2 + 1)k
dy

=

∫
1

(y2 + 1)k−1
dy −

∫
y

y

(y2 + 1)k
dy

= Ik−1 +
1

2(k − 1)

∫
y
d

dy

1

(y2 + 1)k−1
dy

= Ik−1 +
1

2(k − 1)

y

(y2 + 1)k−1
− 1

2(k − 1)

∫
1

(y2 + 1)k−1
dy

=
1

2k − 2

y

(y2 + 1)k−1
+

2k − 3

2k − 2
Ik−1 .

Ik Ik−1 , , I1 : Ik = 1
2k−2

y
(y2+1)k−1 + 2k−3

(2k−2)(2k−4)
y

(y2+1)k−2 +
(2k−3)(2k−5)
(2k−2)(2k−4) Ik−2

Ik =
1

2k − 2

y

(y2 + 1)k−1
+

2k − 3

(2k − 2)(2k − 4)

y

(y2 + 1)k−2
+ · · ·

· · ·+ (2k − 3)(2k − 5) · · · 3
(2k − 2)(2k − 4) · · · 2

y

y2 + 1
+

(2k − 3)(2k − 5) · · · 1
(2k − 2)(2k − 4) · · · 2

arctan y + c.

∫
r(x) dx, A1

x−α + A2

(x−α)2 + · · ·+ Aκ

(x−α)κ

A1 log |x− α| − A2

x− α
− · · · − Aκ

(k − 1)(x− α)κ−1
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, M1(x−µ)
(x−µ)2+ν2 + M2(x−µ)

((x−µ)2+ν2)2 + · · ·+ Mρ(x−µ)
((x−µ)2+ν2)ρ

M1

2
log((x− µ)2 + ν2)− M2

2((x− µ)2 + ν2)
− · · · − Mρ

2(ρ− 1)((x− µ)2 + ν2)ρ−1

, , N1

(x−µ)2+ν2 + N2

((x−µ)2+ν2)2 + · · ·+ Nρ

((x−µ)2+ν2)ρ

N1
′ arctan

x− µ

ν
+

N2
′(x− µ)

(x− µ)2 + ν2
+ · · ·+ Nρ

′(x− µ)

((x− µ)2 + ν2)ρ−1
,

N1
′, . . . , Nρ

′ N1, . . . , Nρ .

: (1)
∫

2
x−3 dx = 2 log |x− 3|+ c (−∞, 0) (0,+∞).

(2)
∫ −5

(x+2)3 dx = 5
2

1
(x+2)2 + c (−∞,−2) (−2,+∞).

(3)
∫

1
(x+1)2+9 dx y = x+1

3 ,∫
1

(x+ 1)2 + 9
dx =

1

3

∫
1

y2 + 1
dy

∣∣∣
y= x+1

3

=
(1
3
arctan y + c

)∣∣∣
y= x+1

3

=
1

3
arctan

x+ 1

3
+ c

(−∞,+∞).

(4)
∫

x−2
(x−2)2+4 dx y = (x− 2)2 + 4,∫

x− 2

(x− 2)2 + 4
dx =

1

2

∫
1

y
dy

∣∣∣
y=(x−2)2+4

=
1

2
(log |y|+ c)

∣∣
y=(x−2)2+4

=
1

2
log((x− 2)2 + 4) + c

(−∞,+∞).

(5)
∫

x−2
((x−2)2+4)4 dx y = (x− 2)2 + 4 :∫
x− 2

((x− 2)2 + 4)4
dx =

1

2

∫
1

y4
dy

∣∣∣
y=(x−2)2+4

=
1

2

(
− 1

3

1

y3
+ c

)∣∣∣
y=(x−2)2+4

= −1

6

1

((x− 2)2 + 4)3
+ c.

(−∞,+∞).

(6)
∫

x3−2x2+2
x2−3x+2 dx, ΄ x3 − 2x2 + 2 x2 − 3x + 2 x3 − 2x2 + 2 =

(x2 − 3x+ 2)(x+ 1) + x , , x3−2x2+2
x2−3x+2 = x+ 1 + x

x2−3x+2 .∫
x3 − 2x2 + 2

x2 − 3x+ 2
dx =

∫
(x+ 1) dx+

∫
x

x2 − 3x+ 2
dx

=
1

2
x2 + x+

∫
x

x2 − 3x+ 2
dx.

265



∫
x

x2−3x+2 dx
x

x2−3x+2 . x2−3x+2 1 2, x2−3x+2 = (x−1)(x−2).
x

x2−3x+2 :
x

x2 − 3x+ 2
=

A

x− 1
+

B

x− 2
,

A,B . (x−1)(x−2) x = A(x−2)+B(x−1) , , x = (A+B)x+(−2A−B).
A+B = 1 −2A−B = 0. A = −1, B = 2.

x

x2 − 3x+ 2
= − 1

x− 1
+

2

x− 2
.

,∫
x

x2 − 3x+ 2
dx = −

∫
1

x− 1
dx+2

∫
1

x− 2
dx = − log |x−1|+2 log |x−2|+c

, , ∫
x3 − 2x2 + 2

x2 − 3x+ 2
dx =

1

2
x2 + x− log |x− 1|+ 2 log |x− 2|+ c

(−∞, 1), (1, 2) (2,+∞).

(7)
∫

2x2+1
x3+x2−x−1 dx

2x2+1
x3+x2−x−1 . x3 + x2 − x− 1 : x3 + x2 − x− 1 =

x2(x+ 1)− (x+ 1) = (x2 − 1)(x+ 1) = (x− 1)(x+ 1)2 . , x3 + x2 − x− 1 1

−1. 2x2+1
x3+x2−x−1 :

2x2 + 1

x3 + x2 − x− 1
=

A

x− 1
+

B

x+ 1
+

C

(x+ 1)2
.

(x − 1)(x + 1)2 2x2 + 1 = A(x + 1)2 + B(x − 1)(x + 1) + C(x − 1) , ,
2x2 + 1 = (A+ B)x2 + (2A+ C)x+ (A− B − C). A+ B = 2, 2A+ C = 0
A−B − C = 1. A = 3

4 , B = 5
4 , C = − 3

2 .

2x2 + 1

x3 + x2 − x− 1
=

3

4

1

x− 1
+

5

4

1

x+ 1
− 3

2

1

(x+ 1)2
,

∫
2x2 + 1

x3 + x2 − x− 1
dx =

3

4

∫
1

x− 1
dx+

5

4

∫
1

x+ 1
dx− 3

2

∫
1

(x+ 1)2
dx

=
3

4
log |x− 1|+ 5

4
log |x+ 1|+ 3

2

1

x+ 1
+ c

(−∞,−1), (−1, 1) (1,+∞).

(8)
∫

x
x4−x2−2x+2 dx

x
x4−x2−2x+2 . x4−x2− 2x+2 : x4−x2− 2x+2 =

x2(x2 − 1) − 2(x − 1) = x2(x − 1)(x + 1) − 2(x − 1) = (x − 1)(x3 + x2 − 2) =
(x−1)(x3−x2+2x2−2) = (x−1)(x2(x−1)+2(x−1)(x+1)) = (x−1)2(x2+2x+2).
, x4 − x2 − 2x+ 2 1 , x2 + 2x+ 2 = (x+ 1)2 + 1 () . x

x4−x2−2x+2 :

x

x4 − x2 − 2x+ 2
=

A

x− 1
+

B

(x− 1)2
+

C(x+ 1) +D

(x+ 1)2 + 1
.
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(x−1)2((x+1)2+1) x = (A+C)x3+(A+B−C+D)x2+(2B−C−2D)x+
(−2A + 2B + C +D). A + C = 0, A + B − C +D = 0, 2B − C − 2D = 1
−2A+ 2B + C +D = 0. A = 1

25 , B = 1
5 , C = − 1

25 , D = − 7
25 .

x

x4 − x2 − 2x+ 2
=

1

25

1

x− 1
+

1

5

1

(x− 1)2
− 1

25

x+ 1

(x+ 1)2 + 1
− 7

25

1

(x+ 1)2 + 1
,

∫
x

x4 − x2 − 2x+ 2
dx =

1

25

∫
1

x− 1
dx+

1

5

∫
1

(x− 1)2
dx

− 1

25

∫
x+ 1

(x+ 1)2 + 1
dx− 7

25

∫
1

(x+ 1)2 + 1
dx

=
1

25
log |x− 1| − 1

5

1

x− 1
− 1

50
log((x+ 1)2 + 1)

− 7

25
arctan(x+ 1) + c.

(−∞, 1) (1,+∞).

(9)
∫

x7+6x6−x
x5−x4+2x3−2x2+x−1 dx.

: x7+6x6−x
x5−x4+2x3−2x2+x−1 = x2 + 7x+ 5 + −7x4+3x3+4x2+x+5

x5−x4+2x3−2x2+x−1 .∫
x7 + 6x6 − x

x5 − x4 + 2x3 − 2x2 + x− 1
dx =

1

3
x3 +

7

2
x2 + 5x

+

∫
−7x4 + 3x3 + 4x2 + x+ 5

x5 − x4 + 2x3 − 2x2 + x− 1
dx.

: x5 − x4 + 2x3 − 2x2 + x − 1 = x4(x − 1) + 2x2(x − 1) + (x − 1) =

(x4+2x2+1)(x−1) = (x2+1)2(x−1). −7x4+3x3+4x2+x+5
x5−x4+2x3−2x2+x−1 = −7x4+3x3+4x2+x+5

(x2+1)2(x−1)
:

−7x4 + 3x3 + 4x2 + x+ 5

(x2 + 1)2(x− 1)
=

A

x− 1
+

Bx+ C

x2 + 1
+

Dx+ E

(x2 + 1)2
.

(x2+1)2(x−1) −7x4+3x3+4x2+x+5 = (A+B)x4+(−B+C)x3+(2A+
B−C +D)x2 +(−B+C −D+E)x+(A−C −E) A+B = −7, −B+C = 3,
2A + B − C + D = 4, −B + C − D + E = 1 A − C − E = 5. A = 3

2 ,
B = −17

2 , C = − 11
2 , D = 4 E = 2.∫

−7x4 + 3x3 + 4x2 + x+ 5

x5 − x4 + 2x3 − 2x2 + x− 1
dx =

3

2

∫
1

x− 1
dx− 1

2

∫
17x+ 11

x2 + 1
dx

+2

∫
2x+ 1

(x2 + 1)2
dx

=
3

2
log |x− 1| − 17

4
log(x2 + 1)

−11

2
arctanx− 2

x2 + 1

+2

∫
1

(x2 + 1)2
dx.
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(−∞, 1) (1,+∞). .∫
1

(x2 + 1)2
dx =

∫
x2 + 1

(x2 + 1)2
dx−

∫
x2

(x2 + 1)2
dx

=

∫
1

x2 + 1
dx−

∫
x

x

(x2 + 1)2
dx

= arctanx+
1

2

∫
x
d

dx

1

x2 + 1
dx

= arctanx+
x

2(x2 + 1)
− 1

2

∫
1

x2 + 1
dx

=
1

2
arctanx+

x

2(x2 + 1)
+ c.

(−∞,+∞). :∫
x7 + 6x6 − x

x5 − x4 + 2x3 − 2x2 + x− 1
dx =

1

3
x3 +

7

2
x2 + 5x+

x− 2

x2 + 1

+
3

2
log |x− 1| − 17

4
log(x2 + 1)

−9

2
arctanx+ c.

(−∞, 1) (1,+∞).

. .

∫
r(cosx, sinx) dx,

r(s, t) s, t. , y = f(x) = r(cosx, sinx) f1(x)
f2(x)

, y = f1(x) y = f2(x)

a (cosx)k(sinx)l , a k, l .

:
∫ (

2 sinx cosx− sin x+(cos x)3−(sin x)2 cos x
sin x+(cos x)2

)
dx f(x) = 2 sinx cosx− sin x+(cos x)3−(sinx)2 cos x

sin x+(cos x)2 =
2(cos x)3 sin x+3 cos x(sin x)2−(cos x)3−sin x

(cos x)2+sin x , f1(x) = 2(cosx)3 sinx+ 3 cosx(sinx)2 −
(cosx)3 − sinx, f2(x) = (cosx)2 + sinx r(s, t) = 2s3t+3st2−s3−t

s2+t .

y = f1(x) y = f2(x) (−∞,+∞) y = f(x) y = f2(x) 0 , ,
y = f(x), y = f(x) . , , y = f(x) 2π .

1. y = f(x) −π, 0 −π. 2π, π. , (−π, π),
(−π, π), (−π, π), (−π, π). y = f(x) (−π, π) u = tan x

2 .
: u = tan x

2 ±π. u = tan x
2 , d u

dx = 1
2(cos x

2 )
2 > 0 x (−π, π).

limx→−π+ tan x
2 = −∞ limx→π− tan x

2 = +∞, u = tan x
2 (−∞,+∞).

x = 2arctanu, (−∞,+∞) (−π, π). , x (−π, π), u (−∞,+∞) . ,

cosx =
1−(tan x

2 )
2

1+(tan x
2 )

2 = 1−u2

1+u2 sinx =
2 tan x

2

1+(tan x
2 )

2 = 2u
1+u2 , y = f(x) = r(cosx, sinx)
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(−π, π) y = g(u) = r
(
1−u2

1+u2 ,
2u

1+u2

)
(−∞,∞). u.

: y = f(x) = 2(cos x)3 sin x+3 cos x(sin x)2−(cos x)3−sin x
(cos x)2+sinx (−π, π) y = g(u) =

2
(

1−u2

1+u2

)3
2u

1+u2 +3 1−u2

1+u2

(
2u

1+u2

)2
−
(

1−u2

1+u2

)3
− 2u

1+u2(
1−u2

1+u2

)2
+ 2u

1+u2

= −1+2u+14u2−18u3+6u5−14u6+2u7+u8

1+2u+6u3−2u4+6u5+2u7+u8

(−∞,+∞).

f(x) = g(u) = g(tan x
2 ) g(u) = f(x) = f(2 arctanu) , , y = f(x) y = g(u)

. , y = f(x) x (−π, π), y = g(u) u (−∞,+∞) . , y = f(x) x
(−π, π), y = g(u) u (−∞,+∞) .

, y = f(x) (−π, π) y = g(u) (−∞,∞), . , y = g(u) , ,
(−∞,∞), y = f(x) (−π, π). y = g(u) u1, . . . , un −∞ < u1 < · · · < un <
+∞, (−∞, u1), (u1, u2), . . . , (un−1, un), (un,+∞), y = f(x) x1, . . . , xn

−π < x1 < · · · < xn < π (−π, x1), (x1, x2), . . . , (xn−1, xn), (xn, π). xi

ui ui = tan xi

2 xi = 2arctanui .

, d u
dx = 1

2(cos x
2 )

2 = 1
2

(
1 + (tan x

2 )
2
)
= 1+u2

2 . ,
∫
r(sinx, cosx) dx ΄

(−π, π), ∫
r(sinx, cosx) dx =

∫
f(x) dx =

∫
g(u)

2

1 + u2
du

∣∣∣
u=tan x

2

=

∫
r
(1− u2

1 + u2
,

2u

1 + u2

) 2

1 + u2
du

∣∣∣
u=tan x

2

.

y = f(x) = r(cosx, sinx) (−π, π) u (−∞,+∞).
, ,

∫
g(u) 2

1+u2 du = G(u) + c, y = G(u) u (−∞,+∞). , ,∫
r(cosx, sinx) dx =

∫
f(x) dx = G

(
tan

x

2

)
+ c = F (x) + c

(−π, π).
, , (−π, π) (−π + k2π, π + k2π) (k ∈ Z). , y = f(x) 2π,

y = F (x) = G
(
tan x

2

)
2π. ,

∫
f(x) dx = F (x)+c (a, b) (−π, π) y = f(x)

. , , F ′(x) = f(x) . (a + k2π, b + k2π) (−π + k2π, π + k2π), x
(a+k2π, b+k2π) x−k2π (a, b) , , F ′(x) = F ′(x−k2π) = f(x−k2π) = f(x).∫
f(x) dx = F (x) + c (a+ k2π, b+ k2π).
, ,

∫
r(cosx, sinx) dx (−∞,+∞) y = f(x) = r(cosx, sinx) .

:
∫

1
sin x dx.
1 y = 1

sin x −π. ΄ (−π, π).

u = tan x
2 y = 1

sin x (−π, π) y = 1+u2

2u (−∞,+∞). y = 1+u2

2u 0

(−∞,+∞) y = 1
sin x 0 (−π, π).

∫
1

sin x dx =
∫

1+u2

2u
2

1+u2 du
∣∣
u=tan x

2

=∫
1
u du

∣∣
u=tan x

2

= log
∣∣ tan x

2

∣∣+ c (−π, 0) (0, π) (−π, π).

y = 1
sin x y = log

∣∣ tan x
2

∣∣ 2π,
∫

1
sin x dx = log

∣∣ tan x
2

∣∣+c (−π+k2π, k2π)
(k2π, π + k2π) (−π + k2π, π + k2π) (k ∈ Z).
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, :
∫

1
sin x dx = log

∣∣ tan x
2

∣∣+ c (kπ, π + kπ) (k ∈ Z).

, , , y = r(cosx, sinx) x0 6= −π.
, z = x−x0−π cosx = cos(z+x0+π) = − cos(z+x0) = − cosx0 cos z+

sinx0 sin z = p cos z+q sin z, p = − cosx0 q = sinx0 , , , sinx = sin(z+x0+π) =
− sin(z+x0) = − sinx0 cos z−cosx0 sin z = −q cos z+p sin z. r(cosx, sinx) =
r(p cos z + q sin z,−q cos z + p sin z) d z

dx = 1,∫
r(cosx, sinx) dx =

∫
r(p cos z + q sin z,−q cos z + p sin z) dz

∣∣∣
z=x−x0−π

.

x (x0, x0 + 2π) z (−π, π) , y = r(cosx, sinx) x0 , y =
r(p cos z + q sin z,−q cos z + p sin z) −π. , , .

:
∫

1
(cos x)2 dx. .

y = 1
(cos x)2 −π

2 ( −π). z = x − (−π
2 ) − π = x − π

2 y = 1
(cos x)2

y = 1
(cos(z+π

2 ))2 = 1
(sin z)2 , ,

∫
1

(cos x)2 dx =
∫

1
(sin z)2 dz

∣∣
z=x−π

2

.

, y = 1
(sin z)2 −π ΄ (−π, π).

u = tan z
2 y = 1

(sin z)2 (−π, π) y = (1+u2)2

4u2 (−∞,+∞). y = (1+u2)2

4u2 0

(−∞,+∞) y = 1
(sin z)2 0 (−π, π). ,

∫
1

(sin z)2 dz =
∫ (1+u2)2

4u2
2

1+u2 du
∣∣
u=tan z

2

=∫
1+u2

2u2 du
∣∣
u=tan z

2

=
(
− 1

2u+
u
2

)∣∣
u=tan z

2

+c = − 1
2 cot

z
2 +

1
2 tan

z
2 +c = − cot z+c

(−π, 0) (0, π).
z (−π, 0) (0, π), x = z + π

2 (−π
2 ,

π
2 ) (π2 ,

3π
2 ). ΄

∫
1

(cos x)2 dx =∫
1

(sin z)2 dz
∣∣
z=x−π

2

= − cot(x− π
2 ) + c = tanx+ c.

y = 1
(cos x)2 y = tanx 2π,

∫
1

(cos x)2 dx = tanx+c (−π
2 +k2π, π

2 +k2π)

(π2 + k2π, 3π
2 + k2π) (−π

2 + k2π, 3π
2 + k2π) (k ∈ Z).∫

1
(cos x)2 dx = tanx+ c (−π

2 + kπ, π
2 + kπ) (k ∈ Z).

2. y = f(x) = r(cosx, sinx) (−∞,+∞), . , , y = f(x) (−∞,+∞).∫
f(x) dx =

∫
r(cosx, sinx) dx (−∞,+∞),

∫
f(x) dx = F (x)+c, y = F (x)

F ′(x) = f(x) (−∞,+∞). , , y = F (x).
1, , , (−π, π) u = tan x

2 x = 2arctanu. , y = f(x) = r(cosx, sinx)

(−π, π) y = g(u) = r
(
1−u2

1+u2 ,
2u

1+u2

)
(−∞,∞). , , y = g(u). y = f(x) π,

limu→+∞ g(u) = limx→π− f(x) = f(π) , , y = g(u) . y = g1(u) =
g(u) 2

1+u2 = a0+a1u+···+anu
n

b0+b1u+···+bmum ( an, bm 6= 0) m ≥ n+2. limu→+∞ ug1(u) = 0.
y = g(u) (−∞,+∞), b0 + b1u+ · · ·+ bmum . y = g1(u)

g1(u) =
M1(u− µ) +N1

(u− µ)2 + ν2
+ · · ·+ Mρ(u− µ) +Nρ

((u− µ)2 + ν2)ρ
+

+ · · · · · · · · · · · ·+

+
E1(u− ε) + ∆1

(u− ε)2 + δ2
+ · · ·+ Eτ (u− ε) + ∆τ

((u− ε)2 + δ2)τ
,

, , ν, . . . , δ > 0.

270



u u → +∞, M1 + · · ·+ E1 = 0.
∫
g1(u) du∫

g1(u) du = G(u) + c

=
M1

2
log((u− µ)2 + ν2) + · · ·+ E1

2
log((u− ε)2 + δ2) +

+N1
′ arctan

u− µ

ν
+ · · ·+∆1

′ arctan
u− ε

δ
+

+h(u) + c,

y = h(u) u (−∞,+∞) . , M1 + · · ·+ E1 = 0

κ = (N1
′ + · · ·+∆1

′)π,

lim
x→π−

G
(
tan

x

2

)
= lim

u→+∞
G(u) =

κ

2
, lim

x→−π+
G
(
tan

x

2

)
= lim

u→−∞
G(u) = −κ

2
.∫

f(x) dx (−π, π) :∫
f(x) dx =

∫
g1(u) du

∣∣
u=tan x

2

= G
(
tan

x

2

)
+ c.

y = f(x) y = G(tan x
2 ) 2π,

∫
f(x) dx = G(tan x

2 ) + c (−π+ k2π, π+
k2π) (k ∈ Z).

y = Φ(x) =

{
G(tan x

2 ) + κ[x+π
2π ], x 6= π + k2π (k ∈ Z),

κ
2πx, x = π + k2π (k ∈ Z).

Ik = (−π+ k2π, π+ k2π) Φ(x) = G(tan x
2 )+ kκ, y = Φ(x) , , Φ′(x) =

f(x) . y = Φ(x) π+k2π Ik Ik+1 . y = G(tan x
2 ) limx→(π+k2π)+ Φ(x) =

limx→(π+k2π)+

(
G(tan x

2 )+ (k+1)κ
)
= limx→−π+ G(tan x

2 )+ (k+1)κ = − 1
2κ+

(k+1)κ = (k+1
2 )κ = Φ(π+k2π) limx→(π+k2π)− Φ(x) = limx→(π+k2π)−

(
G(tan x

2 )+

kκ
)
= limx→π− G(tan x

2 ) + kκ = 1
2κ+ kκ = (k+ 1

2 )κ = Φ(π+ k2π). y = Φ(x)
π + k2π (k ∈ Z).
, , y = Φ(x) (−∞,+∞), (−π + k2π, π + k2π) (k ∈ Z) Φ′(x) = f(x)

. y = F (x) y = f(x) (−∞,+∞) – – y = F (x) F ′(x) = f(x)
(−∞,+∞). y = Φ(x) − F (x) (−∞,+∞), (−π + k2π, π + k2π) (k ∈ Z)
(Φ − F )′(x) = 0 . y = Φ(x) − F (x) [−π + k2π, π + k2π] (k ∈ Z). ,
y = Φ(x) − F (x) (−∞,+∞). c0 Φ(x) = F (x) + c0 x (−∞,+∞). ,
y = Φ(x) y = f(x) (−∞,+∞) y = F (x) y = Φ(x). , ,∫

r(cosx, sinx) dx = Φ(x) + c

(−∞,+∞).

:
∫

1
2+sin x dx.
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y = 1
2+sin x (−∞,+∞). ΄ (−π, π) u = tan x

2

∫
1

2+sin x dx =∫
1

2+ 2u
1+u2

2
1+u2 du

∣∣
u=tan x

2

=
∫

1
u2+u+1 du

∣∣
u=tan x

2

. ,
∫

1
u2+u+1 du =

∫
1

(u+ 1
2 )

2+(
√

3
2 )2

du =

2√
3
arctan 2u+1√

3
+ c (−∞,+∞).

∫
1

2+sin x dx = 2√
3
arctan

(
2√
3
tan x

2 + 1√
3

)
+ c

(−π, π).
y = 1

2+sin x
2√
3
arctan

(
2√
3
tan x

2+
1√
3

)
2π , ,

∫
1

2+sin x dx = 2√
3
arctan

(
2√
3
tan x

2+
1√
3

)
+ c (−π + k2π, π + k2π). , limx→π−

2√
3
arctan

(
2√
3
tan x

2 + 1√
3

)
= π√

3

limx→−π+
2√
3
arctan

(
2√
3
tan x

2+
1√
3

)
= − π√

3
. , y = Φ(x) =

{
2√
3
arctan

(
2√
3
tan x

2 + 1√
3

)
+ 2π√

3
[x+π

2π ], x 6= π + k2π (k ∈ Z),
1√
3
x, x = π + k2π (k ∈ Z).

y = Φ(x) (−∞,+∞)
∫

1
2+sin x dx = Φ(x) + c (−∞,+∞).

. .

∫
r
(
x,

√
1− x2

)
dx,

∫
r
(
x,

√
x2 − 1

)
dx,

∫
r
(
x,

√
x2 + 1

)
dx.

r(s, t) s, t.

(i) ΄ [−1, 1] x = sin t t [−π
2 ,

π
2 ].

√
1− x2 = cos t∫

r(sin t, cos t) cos t dt, , , u = tan t
2 . x u u = x

1+
√
1−x2

. , , ΄

u = x
1+

√
1−x2

. [−1, 1], d u
dx = 1

1−x2+
√
1−x2

> 0 x (−1, 1) , , [−1, 1].

, x = 2u
1+u2 . ,

√
1− x2 = 1−u2

1+u2
d u
dx = (1+u2)2

2(1−u2) . ,∫
r
(
x,

√
1− x2

)
dx =

∫
r
( 2u

1 + u2
,
1− u2

1 + u2

)2(1− u2)

(1 + u2)2
dy

∣∣∣
u= x

1+
√

1−x2

.

u [−1, 1] .
, r(x,

√
1− x2) x [−1, 1]. , , .

:
∫

1
x+

√
1−x2

dx [−1,− 1√
2
) (− 1√

2
, 1] [−1, 1].

[−1, 1] , x +
√
1− x2 6= 0 x 6= − 1√

2
. , u = x

1+
√
1−x2

[−1, 1 −
√
2) (1 −

√
2, 1], , :

∫
1

x+
√
1−x2

dx = 2
∫

1−u2

(1+2u−u2)(1+u2) du
∣∣
u= x

1+
√

1−x2

. ,

2
∫

1−u2

(1+2u−u2)(1+u2) du
1
2 log

|1+2u−u2|
1+u2 +arctanu+ c. , ,

∫
1

x+
√
1−x2

dx =
1
2 log |x+

√
1− x2|+ arctan x

1+
√
1−x2

+ c.

(ii) [1,+∞) (−∞,−1]. [1,+∞) x = 1
sin t t (0, π

2 ].
√
x2 − 1 = cos t

sin t

−
∫
r( 1

sin t ,
cos t
sin t )

cos t
(sin t)2 dt, , , u = tan t

2 . x u u = x +
√
x2 − 1 ,

΄ t. , , u = x +
√
x2 − 1 . [1,+∞), d u

dx = 1 + x√
x2−1

> 0 x

(1,+∞). limx→+∞(x +
√
x2 − 1) = +∞, [1,+∞). x = u2+1

2u√
x2 − 1 = u2−1

2u
du
dx = 2u2

u2−1 .∫
r
(
x,

√
x2 − 1

)
dx =

∫
r
(u2 + 1

2u
,
u2 − 1

2u

)u2 − 1

2u2
du

∣∣∣
u=x+

√
x2−1
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u [1,+∞).
(−∞,−1], u = x−

√
x2 − 1 u (−∞,−1]. .

, (−∞,−1] [1,+∞), r(x,
√
x2 − 1).

:
∫

1
x+

√
x2−1

dx [1,+∞).

, x+
√
x2 − 1 6= 0 [1,+∞).

∫
1

x+
√
x2−1

dx =
∫
( 1
2u−

1
2u3 ) du

∣∣
u=x+

√
x2−1

.

,
∫
( 1
2u − 1

2u3 ) du = 1
2 log |u| +

1
4u2 + c,

∫
1

x+
√
x2−1

dx = 1
2 log |x +

√
x2 − 1| +

1
4(x+

√
x2−1)2

+ c.

(iii) (−∞,+∞) x = − cot t t (0, π).
√
x2 + 1 = 1

sin t∫
r(− cos t

sin t ,
1

sin t )
1

(sin t)2 dt, , , u = tan t
2 . , u = x +

√
x2 + 1, ΄ . u =

x+
√
x2 + 1 d u

dx = 1+ x√
x2+1

> 0 x (−∞,+∞). limx→−∞(x+
√
x2 + 1) = 0

limx→+∞(x+
√
x2 + 1) = +∞, (0,+∞). x = u2−1

2u . ,
√
x2 + 1 = u2+1

2u
du
dx = 2u2

u2+1 .∫
r
(
x,

√
x2 + 1

)
dx =

∫
r
(u2 − 1

2u
,
u2 + 1

2u

)u2 + 1

2u2
du

∣∣∣
u=x+

√
x2+1

u (0,+∞).

:
∫

1
x
√
x2+1

dx (−∞, 0) (0,+∞).

x , u = x +
√
x2 + 1 , , (0, 1) (1,+∞).

∫
1

x
√
x2+1

dx =

2
∫

1
u2−1 du

∣∣
u=x+

√
x2+1

2
∫

1
u2−1 du (0, 1) (1,+∞) log |u− 1| − log(u+

1) + c. ,
∫

1
x
√
x2+1

dx = log |x|
1+

√
x2+1

+ c.

, ∫
r
(
x,

√
κx2 + λx+ µ

)
dx,

κ, λ, µ , κ 6= 0 r(s, t) s, t.

, κx2 + λx+ µ = κ
(
(x+ λ

2κ )
2 + 4κµ−λ2

4κ2

)
, .

1: κ > 0 4κµ− λ2 > 0. u = 2κ√
4κµ−λ2

(x+ λ
2κ ),

√
4κµ−λ2

2κ

∫
r
(
− λ

2κ +
√

4κµ−λ2

2κ u,

√
4κµ−λ2

2
√
κ

√
u2 + 1

)
du =

∫
R(u,

√
u2 + 1) du, R(s, t) s, t.

2: κ > 0 4κµ − λ2 < 0. u = 2κ√
λ2−4κµ

(x + λ
2κ )

√
λ2−4κµ

2κ

∫
r
(
− λ

2κ +
√

λ2−4κµ

2κ u,

√
λ2−4κµ

2
√
κ

√
u2 − 1

)
du =

∫
R(u,

√
u2 − 1) du, R(s, t) s, t.

3: κ < 0 4κµ− λ2 < 0. u = −2κ√
λ2−4κµ

(x+ λ
2κ ) −

√
λ2−4κµ

2κ

∫
r
(
− λ

2κ −
√

λ2−4κµ

2κ u,

√
λ2−4κµ

2
√
−κ

√
1− u2

)
du =

∫
R(u,

√
1− u2) du, R(s, t) s, t.
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κ < 0 4κµ− λ2 > 0
√

κx2 + λx+ µ . , κ 4κµ− λ2 0, .∫
r(x,

√
κx2 + λx+ µ) dx κ 6= 0

∫
r(x, a(x)) dx, y = a(x) x.

Abel . y = a(x) =
√
ρx4 + σx3 + κx2 + λx+ µ, ρ σ 6= 0, ,

. 8 .
, , ..

. .

1. .

(i)
∫ b+c

a+c
f(x− c) dx =

∫ b

a
f(x) dx.

(ii)
∫ λb

λa
f
(
x
λ

)
dx = λ

∫ b

a
f(x) dx λ > 0.

, f(x) ≥ 0 x [a, b].

2. y = f(x) ,
∫ −a

−b
f(x) dx =

∫ b

a
f(x) dx.

y = f(x) ,
∫ −a

−b
f(x) dx = −

∫ b

a
f(x) dx.

y = f(x) ,
∫ b

−b
f(x) dx = 2

∫ b

0
f(x) dx.

y = f(x) ,
∫ b

−b
f(x) dx = 0.

;

3. y = f(x) T > 0,

(i)
∫ b+T

a+T
f(x) dx =

∫ b

a
f(x) dx.

(ii)
∫ a+T

a
f(x) dx =

∫ b+T

b
f(x) dx.

;

. .

1. .∫
x3 cos(x4) dx,

∫
(cosx)2 sinx dx,

∫
sin

√
x√

x
dx,

∫
x√

x2 + 1
dx,

∫ √
2x+ 1 dx,

∫
x
√
x+ 1 dx,

∫
x2

√
2x+ 1 dx,

∫
x√
1− x

dx,∫
x+ 1

(x2 + 2x+ 5)2
dx,

∫
2
√
x

√
x
dx,

∫
x 3
√
x− 1 dx,

∫
x5

√
1− x6

dx,∫
cos(2x)

√
4− sin(2x) dx,

∫
sinx

(2 + cosx)3
dx,

∫
sinx+ cosx

(sinx− cosx)3
dx,∫

x√
x+ 1

dx,

∫
ex

1 + e2x
dx,

∫
x2ex

3

dx,

∫
e3 sin x cosx dx,
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∫
tanx dx,

∫
1

x2
sin

1

x
dx,

∫ √
1 + 3(cosx)2 sin(2x) dx,∫

1√
4− x2

dx,

∫
1

4 + x2
dx,

∫
1√

1− x− x2
dx,

∫
1

x2 − x+ 2
dx,∫

1

x(x4 + 1)
dx,

∫
x sin(x2) cos(x2) dx,

∫
(sinx)3 dx,

∫
(cosx)3

sinx
dx,∫

log x

x
√
1 + log x

dx,

∫
arctan

√
x

(1 + x)
√
x
dx,

∫
1

1 + ex
dx.

2. .∫
e−2x sin(3x) dx,

∫
ex cos(5x) dx,

∫
x3e2x dx,

∫
x3e−x2

dx,

∫
e
√
x dx,

∫
x2 sinx dx,

∫
x log x dx,

∫
x2(log x)4 dx,∫

arcsinx dx,

∫
x2 arccosx dx,

∫
arctanx dx,

∫
x2 arcsinx dx,∫

x(arctanx)2 dx,

∫
arctan

√
x dx,

∫
(cosx)2 dx,

∫
(sinx)4 dx,∫

(sinx)3 sin(5x) dx,

∫
x

(cosx)2
dx,

∫
(tanx)2 dx,∫

x2

(x2 + 1)2
dx,

∫
arctan(ex)

ex
dx,

∫
xearctan x

(x2 + 1)
3
2

dx.

3. Ik =
∫

1
(y2+1)k

dy. I1 , . . . , I5 .

4. . ∫
5x+ 3

x2 + 2x− 3
dx,

∫
x+ 2

x2 − 4x+ 4
dx,

∫
2x2 + 5x− 1

x3 + x2 − 2x
dx,

∫
x2 + 2x+ 3

x3 + x2 − x− 1
dx,

∫
3x2 + 2x− 2

x3 − 1
dx,

∫
x2 + 1

(2x− 1)3
dx,∫

1

x4 − 1
dx,

∫
1

(x2 − 4x+ 4)(x2 − 4x+ 5)
dx,

∫
x4

x4 + 5x2 + 4
dx,∫

8x3 + 7

x4 + 2x3 − 2x− 1
dx,

∫
1

x4 − 2x2 + 1
dx,

∫
x2

(x2 + 2x+ 2)2
dx,∫

1

x4 + 1
dx,

∫
x4 − x3 + 2x2 − x+ 2

(x− 1)(x4 + 4x2 + 4)
dx,

∫
x2 + x+ 1

(x− 1)4
dx,∫

1

(x2 − 2x+ 1)(x4 + 2x2 + 1)
dx,

∫
1

(x+ 1)(x+ 2)2(x+ 3)3
dx.
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5. sinx cosx.∫
1

(1 + cosx)2
dx,

∫
1

1 + 2 sinx
dx,

∫
1

5 + 3 cosx
dx,

∫
(sinx)2

1 + (sinx)2
dx,

∫
sinx

1 + sinx+ cosx
dx,

∫
1

2 sinx− cosx+ 5
dx.

6. .∫ √
1− x2 dx,

∫ √
x2 − 1 dx,

∫
1√

x2 − 1
dx,

∫ √
x2 + 1 dx,

∫
1√

x2 + 1
dx,

∫
1√

(x− 1)(x− 2)
dx,

∫
x√

x2 + x+ 1
dx,∫

1√
x− 1 +

√
x+ 1

dx,

∫
1

(x+ 1)
√
1 + 2x− x2

dx.

7. :

(i) 2 7.4 .

(ii) 3, 4 5 7.4 .

(iii) 1 7.4.

(iv) 1 7.4.

(v) 4 7.4.

8. 5 2 7.4 .

. .

1. y = f(x) (−∞,+∞). y = fn(x) n, f1(x) =
∫ x

0
f(t) dt

fn(x) =
∫ x

0
fn−1(t) dt.

fn(x) =
1

(n−1)!

∫ x

0
f(t)(x− t)n−1 dt n.

2. Jn(x) =
∫
(cosx)n dx In(x) =

∫
(sinx)n dx, n ≥ 2 :

(i) Jn(x) =
sin x(cos x)n−1

n + n−1
n Jn−2(x),

(ii) In(x) = − cos x(sinx)n−1

n + n−1
n In−2(x).

y = J1(x), . . . , J6(x) y = I1(x), . . . , I6(x).

.

3. In =
∫ π

2

0
(sinx)n dx n. In = n−1

n In−2 n ≥ 2.

I0 = π
2 I1 = 1. n :

(i) I2n = (2n−1)(2n−3)···3·1
2n(2n−2)···4·2 · π

2 ,

(ii) I2n+1 = 2n(2n−2)···4·2
(2n+1)(2n−1)···5·3 .
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n :

(iii) π
2 = (2·4·6···(2n))2

(3·5···(2n−1))2(2n+1)
I2n

I2n+1
,

(iv) (n+ 1)InIn+1 = π
2 .

I2n+1 ≤ I2n ≤ I2n−1 = 2n+1
2n I2n+1 , 1 ≤ I2n

I2n+1
≤ 1 + 1

2n , ,

limn→+∞
I2n

I2n+1
= 1.

Wallis:

π

2
= lim

n→+∞

(
2 · 4 · 6 · · · (2n− 2) · (2n)

)2(
3 · 5 · · · (2n− 3) · (2n− 1)

)2
(2n+ 1)

√
π = lim

n→+∞

(n!)222n

(2n)!
√
n
.

4. In(x) =
∫
(tanx)n dx, In(x) =

(tan x)n−1

n−1 − In−2(x) n ≥ 2.

y = I1(x), . . . , I6(x) .

5. In(x) =
∫
xne−x dx Jn(x) =

∫
xnex dx, n ≥ 1

(i) In(x) = −xne−x + nIn−1(x),

(ii) Jn(x) = xnex − nJn−1(x).

y = In(x) y = Jn(x) 3 8.2.

6. ∫
xne−x2

dx = pn−1(x)e
−x2

+ c (n )∫
xne−x2

dx = pn−1(x)e
−x2

+

∫
e−x2

dx (n )

(−∞,+∞), pn−1(x) n− 1 c .

,
∫
e−x2

dx .

y =

∫ x

0

e−t2 dt

, .

7. Im,n(x) =
∫
xm(1− x)n dx,

(i) Im,n(x) =
xm+1(1−x)n

m+1 + n
m+1Im+1,n−1(x) m 6= −1, n 6= 0,

(ii) Im,n(x) = −xm(1−x)n+1

n+1 + m
n+1Im−1,n+1(x) m 6= 0, n 6= −1.∫ 1

0
xm(1− x)n dx = m!n!

(m+n+1)! m,n ≥ 0.

8. In(x) =
∫
xn sinx dx Jn(x) =

∫
xn cosx dx, n

(i) In(x) = −xn cosx+ nxn−1 sinx− n(n− 1)In−2(x),

(ii) Jn(x) = xn sinx+ nxn−1 cosx− n(n− 1)Jn−2(x).

y = In(x) y = Jn(x).
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9. Im,n(x) =
∫
(cosx)m(sinx)n dx, m,n

(i) Im,n(x) =
(cos x)m−1(sin x)n+1

m+n + m−1
m+nIm−2,n(x),

(ii) Im,n(x) = − (cos x)m+1(sinx)n−1

m+n + n−1
m+nIm,n−2(x).

Im,n =
∫ π

2

0
(cosx)m(sinx)n dx, m,n

(i) Im,n = (m−1)(m−3)···1·(n−1)(n−3)···1
(m+n)(m+n−2)···2

π
2 m,n ,

(ii) Im,n = (m−1)(m−3)···(1 2)·(n−1)(n−3)···(1 2)
(m+n)(m+n−2)···(1 2) m,n .

10. Im,n(x) =
∫
(sinx)m sin(nx) dx, , n 6= ±m, Im,n(x) = −n(sin x)m cos(nx)

n2−m2 +
m(sin x)m−1 cos x sin(nx)

n2−m2 − m(m−1)
n2−m2 Im−2,n(x).

. .

1. y = f(x) [0, π]
∫ π

0

(
f(x) + 1

n2 f
′′(x)

)
sin(nx) dx = f(0)+(−1)n−1f(π)

n
n.

2. (∗∗) . y = f(x) [a, b] y = g(x) [a, b]. ξ [a, b]∫ b

a

f(x)g(x) dx = f(a)

∫ ξ

a

g(x) dx+ f(b)

∫ b

ξ

g(x) dx.

G(x) =
∫ x

a
g(t) dt,

∫ b

a
f(x)g(x) dx =

∫ b

a
f(x)G′(x) dx , , 7.4 2

7.3.

3. (∗∗) y = φ(x) [a, b] y = φ′(x) [a, b] m > 0 φ′(x) ≥ m x

[a, b],
∣∣ ∫ b

a
sin(φ(x)) dx

∣∣ ≤ 4
m .

(:
∣∣ ∫ b

a
sin(φ(x)) dx

∣∣ = ∣∣ ∫ b

a
1

φ′(x)φ
′(x) sin(φ(x)) dx

∣∣. .)∣∣ ∫ b

a
sin(x2) dx

∣∣ ≤ 2
a a, b 0 < a < b.

4. (∗) x = x(t) [a, b], y = y(t) [a, b] y(t) ≥ 0 t [a, b].

x = x(t) y = y(t), t [a, b], x- x = x(a) x = x(b)

E =

∫ b

a

y(t)x′(t) dt.

(:
∫ b

a
y(t)x′(t) dt =

∫ b

a
y
(
x−1(x(t))

)
x′(t) dt.)

5. (∗∗) C x = x(t) y = y(t), t [a, b], , : (x(b), y(b)) = (x(a), y(a)).
, t , (x, y) = (x(t), y(t)) C C . x = x(t) y = y(t)
[a, b], , , E C

E = −
∫ b

a

y(t)x′(t) dt =

∫ b

a

x(t)y′(t) dt =
1

2

∫ b

a

(
x(t)y′(t)− y(t)x′(t)

)
dt.

(: t1, t2, t3, t4 [a, b] x(t1) ≤ x(t) ≤ x(t3) y(t2) ≤ y(t) ≤ y(t4) t [a, b].
t1, t2, t3, t4 x = x(t) y = y(t) [a, b].)
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6. x = x(t) = r0 cos t+x0 y = y(t) = r0 sin t+ y0 (x0, y0) r0 > 0.

x = x(t) = κ0 cos t+ x0 y = y(t) = µ0 sin t+ y0

7. (∗) Pn(x) =
(−1)n

2nn!
dn

dxn

(
(x2 − 1)n

)
.

Pn(x) n.∫ 1

−1
p(x)Pn(x) dx = 0 p(x) n.∫ 1

−1
Pn(x)Pm(x) dx =

{
0, n 6= m,

2
2n+1 , n = m.

8.4 Riemann.

«» ∫ 1

0

1

x
dx,

∫ +∞

1

x dx.

. «» y = 1
x [0, 1] , , limx→0+

1
x = +∞. «» [1,+∞)

. «», ¨, .
y = f(x) [a, b) [a, c] [a, b).∫ b−

a

f(x) dx

y = f(x) [a, b). limc→b−
∫ c

a
f(x) dx,

∫ b−
a

f(x) dx∫ b−

a

f(x) dx = lim
c→b−

∫ c

a

f(x) dx.

, limc→b−
∫ c

a
f(x) dx . limc→b−

∫ c

a
f(x) dx ,

∫ b−
a

f(x) dx .

limc→b−
∫ c

a
f(x) dx ±∞,

∫ b−
a

f(x) dx ±∞, . limc→b−
∫ c

a
f(x) dx ,∫ b−

a
f(x) dx .

: [a,+∞), (a, b] (−∞, b]. , , ( ) :∫ +∞

a

f(x) dx = lim
c→+∞

∫ c

a

f(x) dx,

∫ b

a+

f(x) dx = lim
c→a+

∫ b

c

f(x) dx,

∫ b

−∞
f(x) dx = lim

c→−∞

∫ b

c

f(x) dx.

∫ b−
a+

f(x) dx, y = f(x) (a, b). d ( a < d < b), ( )∫ d

a+
f(x) dx

∫ b−
d

f(x) dx ( ) .
∫ b−
a+

f(x) dx =
∫ d

a+
f(x) dx+

∫ b−
d

f(x) dx.∫ +∞
a+

f(x) dx
∫ b−
−∞ f(x) dx

∫ +∞
−∞ f(x) dx.∫ b−

a
f(x) dx; f(x) ≥ 0 x [a, b). c (a, b)

∫ c

a
f(x) dx Ec

Ac y = f(x), [a, c] x-, . (a, 0) (a, f(a)) . (c, 0) (c, f(c)). c b,
. x = b , , Ac « » A y = f(x), [a, b) x-, . (a, 0) (a, f(a))
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x = b. Ac A Ec Ac E A.
∫ b−
a

f(x) dx = limc→b−
∫ c

a
f(x) dx

Ec c b , , E. , y = f(x) [a, b), A .
. , f(x) ≥ 0 x [a,+∞),

∫ +∞
a

f(x) dx A y = f(x),
[a,+∞) x- . (a, 0) (a, f(a)). ΄ A .

. .
, .

: (1) p . c > 1
∫ c

1
1
xp dx = c1−p−1

1−p , p 6= 1, = log c, p = 1. ,

limc→+∞
∫ c

1
1
xp dx = +∞, p ≤ 1, = 1

p−1 , p > 1.

∫ +∞

1

1

xp
dx =

{
1

p−1 , p > 1,
+∞, p ≤ 1.

(2) p . c 0 < c < 1
∫ 1

c
1
xp dx = 1−c1−p

1−p , p 6= 1, = log 1
c , p = 1. ,

limc→0+

∫ 1

c
1
xp dx = +∞, p ≥ 1, = 1

1−p , p < 1.

∫ 1

0+

1

xp
dx =

{
1

1−p , p < 1,
+∞, p ≥ 1.

,
∫ +∞
0+

1
xp dx = +∞ p.

(3) c > 0
∫ c

0
1

x2+1 dx = arctan c−arctan 0 = arctan c , , limc→+∞
∫ c

0
1

x2+1 dx =
π
2 . ∫ +∞

0

1

x2 + 1
dx =

π

2
.

∫ 0

−∞
1

x2+1 dx = π
2 , ,

∫ +∞

−∞

1

x2 + 1
dx = π.

(4) t c > 0
∫ c

0
e−tx dx = 1−e−tc

t , t 6= 0, = c, t = 0. limc→+∞
∫ c

0
e−tx dx =

1
t , t > 0, = +∞, t ≤ 0. ,∫ +∞

0

e−tx dx =

{
1
t , t > 0,
+∞, t ≤ 0.

(5) c 0 < c < 1
∫ c

0
1√

1−x2
dx = arcsin c−arcsin 0 = arcsin c. , limc→1−

∫ c

0
1√

1−x2
dx =

π
2 . ∫ 1−

0

1√
1− x2

dx =
π

2
.
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∫ 0

−1+
1√

1−x2
dx = π

2 , ,

∫ 1−

−1+

1√
1− x2

dx = π.

, , 7.1, 7.2 7.9 «» .

8.6
∫ b−
a

f(x) dx , λ λ
∫ b−
a

f(x) dx .
∫ b−
a

λf(x) dx∫ b−

a

λf(x) dx = λ

∫ b−

a

f(x) dx.

, , .

: c [a, b)
∫ c

a
λf(x) dx = λ

∫ c

a
f(x) dx c → b− .

8.7
∫ b−
a

f(x) dx
∫ b−
a

g(x) dx
∫ b−
a

f(x) dx+
∫ b−
a

g(x) dx .
∫ b−
a

(f(x)+
g(x)) dx ∫ b−

a

(f(x) + g(x)) dx =

∫ b−

a

f(x) dx+

∫ b−

a

g(x) dx.

, , .

: c [a, b)
∫ c

a
(f(x) + g(x)) dx =

∫ c

a
f(x) dx+

∫ c

a
g(x) dx c → b− .

8.8
∫ b−
a

f(x) dx
∫ b−
a

g(x) dx f(x) ≤ g(x) x [a, b).∫ b−

a

f(x) dx ≤
∫ b−

a

g(x) dx.

, , .

: c [a, b)
∫ c

a
f(x) dx ≤

∫ c

a
g(x) dx c → b− .

8.2 .

8.2 y = f(x) y = g(x) [a, c] [a, b). |f(x)| ≤ g(x) x [a, b)
∫ b−
a

g(x) dx

,
∫ b−
a

f(x) dx ∣∣∣ ∫ b−

a

f(x) dx
∣∣∣ ≤ ∫ b−

a

g(x) dx.

, , .

: f(x) + g(x) ≥ 0 x [a, b), a < c1 < c2 < b
∫ c2

a
(f(x) + g(x)) dx =

∫ c1

a
(f(x) +

g(x)) dx +
∫ c2

c1
(f(x) + g(x)) dx ≥

∫ c1

a
(f(x) + g(x)) dx.

∫ c

a
(f(x) + g(x)) dx c [a, b).

limc→b−
∫ c

a
(f(x) + g(x)) dx =

∫ b−
a

(f(x) + g(x)) dx . , 0 ≤ f(x) + g(x) ≤ 2g(x) x

[a, b), 0 ≤
∫ b−
a

(f(x) + g(x)) dx ≤
∫ b−
a

2g(x) dx = 2
∫ b−
a

g(x) dx. ,
∫ b−
a

g(x) dx < +∞,

0 ≤
∫ b−
a

(f(x) + g(x)) dx < +∞.
∫ b−
a

f(x) dx =
∫ b−
a

(f(x) + g(x)) dx−
∫ b−
a

g(x) dx .

, −g(x) ≤ f(x) ≤ g(x) −
∫ b−
a

g(x) dx =
∫ b−
a

(−g(x)) dx ≤
∫ b−
a

f(x) dx ≤
∫ b−
a

g(x) dx

, ,
∣∣ ∫ b−

a
f(x) dx

∣∣ ≤ ∫ b−
a

g(x) dx.
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: (1)
∫ +∞
1

1
x2 dx 1. | sin x

x2 | ≤ 1
x2 x ≥ 1,

∫ +∞
1

sin x
x2 dx , ,∣∣ ∫ +∞

1
sin x
x2 dx

∣∣ ≤ ∫ +∞
1

1
x2 dx = 1.

(2)
∫ +∞
0

e−x2

dx .

, 0 ≤ e−x2 ≤ e1−x x ≥ 0.
∫ +∞
0

e1−x dx , ,
∫ +∞
0

e1−x dx =

e
∫ +∞
0

e−x dx = e. ,
∫ +∞
1

e−x2

dx ..
1. , , .∫ 1

0+

1

x
dx,

∫ +∞

1

1

x
dx,

∫ 1

0+

1

x2
dx,

∫ +∞

1

1

x2
dx,

∫ 1

0+

1√
x
dx,

∫ +∞

1

1√
x
dx,

∫ +∞

0

x

x2 + 1
dx,

∫ +∞

0

e−txx2 dx,

∫ +∞

0

sinx dx,∫ +∞

0

e−tx sinx dx,

∫ 1

0+

log x dx,

∫ +∞

e

1

x log x
dx,

∫ +∞

e

1

x(log x)2
dx,

∫ +∞

0

1

(x2 + 1)2
dx,

∫ +∞

0

1

x4 + 1
dx

∫ +∞

1

1

x
√
x2 + 1

dx.

2. , , .∫ +∞

0+

1

xp
dx,

∫ +∞

−∞

x

x2 + 1
dx,

∫ +∞

−∞
|x| dx,

∫ +∞

−∞
x dx,

∫ +∞

−∞
e−xx dx,

∫ +∞

−∞
e−|x| dx,

∫ +∞

−∞
e−|x|x dx,

∫ 1−

0+

1

x(1− x)
dx,

∫ 1−

0+

1√
x(1− x)

dx.

3. y =
∫ x

0
(−1)[t] dt x.∫ +∞

0
(−1)[x] dx.

4. (∗) ∫ +∞
1

sin x
x dx .

(:
∫ c

1
sin x
x dx = cos 1− cos c

c −
∫ c

1
cos x
x2 dx , ,

∫ +∞
1

cos x
x2 dx .)

5. (∗∗) ∫ +∞
0

sin(x2) dx
∫ +∞
0

cos(x2) dx, Fresnel, .

(:
∫ c

1
sin(x2) dx = −

∫ c

1
1
2x

(
cos(x2)

)′
dx = − cos(c2)

2c + cos 1
2 − 1

2

∫ c

1
cos(x2)

x2 dx

, ,
∫ +∞
1

cos(x2)
x2 dx . ,

∫ c

0
sin(x2) dx =

∫ 1

0
sin(x2) dx+

∫ c

1
sin(x2) dx.)

6. (∗) Γ(n)
∫ +∞
0

e−xxn−1 dx n:

Γ(n) =

∫ +∞

0

e−xxn−1 dx (n ).
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Γ(1) = 1.

Γ(n) , Γ(n+ 1) Γ(n+ 1) = nΓ(n).

(:
∫ c

0
e−xxn dx = −e−ccn + n

∫ c

0
e−xxn−1 dx.)

Γ(n) = (n− 1)! n.

7. (∗∗) Γ(t)
∫ +∞
0

e−xxt−1 dx t ≥ 1
∫ +∞
0+

e−xxt−1 dx t 0 < t < 1:

Γ(t) =

{∫ +∞
0

e−xxt−1 dx, t ≥ 1,∫ +∞
0+

e−xxt−1 dx, 0 < t < 1.

Γ(t) Γ(n) .

Γ(t) , , Γ(t) t (0,+∞). y = Γ(t) (0,+∞) ( Euler).

(: t ≥ 1, n = [t] + 1 |e−xxt−1| ≤ e−xxn−1 x [1,+∞). 0 < t < 1,
|e−xxt−1| ≤ xt−1 x (0, 1] |e−xxt−1| ≤ e−x x [1,+∞).)

Γ(t+ 1) = tΓ(t) t > 0.

8.5 .

F (x, y, y′, y′′, . . . ) = 0,

F (x, y, y′, y′′, . . . ) x, y′, y′′, . . . x I, y x – y = f(x) – y′, y′′, . . .
y′ = f ′(x), y′′ = f ′′(x), . . . . y = f(x) ( ) F (x, y, y′, y′′, . . . ) = 0

F
(
x, f(x), f ′(x), f ′′(x), . . .

)
= 0 x I.

: (1) y′ + 2xy = 0 y = e−x2

(−∞,+∞), d e−x2

dx + 2xe−x2

=

−2xe−x2

+ 2xe−x2

= 0 x (−∞,+∞).

(2) y′′ + y = 0 y = sinx (−∞,+∞), d2 sin x
dx2 +sinx = − sinx+sinx = 0

x (−∞,+∞).

΄ . .
, y′ − q(x) = 0

y′ = q(x),

y = q(x) I. I y = f(x) I

f ′(x) = q(x) (x I),

y = q(x) I. y = q(x) I, , , , y = q(x) I, y = q(x) I. ,
y′ = q(x) I

y = f(x) =

∫
q(t) dt =

∫ x

x0

q(t) dt+ c (x I),
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x0 I c . y0 y0 x0 ,

f ′(x) = q(x) (x I), f(x0) = y0 .

, x = x0 y0 = f(x0) =
∫ x0

x0
q(t) dt+ c = c. ,

y = f(x) =

∫ x

x0

q(t) dt+ y0 (x I).

· . .

. .

g(y)y′ = h(x).

.
y = f(x) I. ,

g
(
f(x)

)
f ′(x) = h(x) (x I).

y = f(x) I J g(y) g
(
f(x)

)
.

G(y) g(y) J H(x) h(x) I. , , g(y) h(x) , G(y) g(y) J H(x)
h(x) I. G′(y) = g(y) J H ′(x) = h(x) I, y = f(x)(

G
(
f(x)

))′
= G′(f(x))f ′(x) = H ′(x) (x I).

G
(
f(x)

)
= H(x) + c (x I)

c. , , y = f(x) , , y = f(x) . , G(y) H(x) , , – g(y) h(x)
– G

(
f(x)

)
= H(x) + c y = f(x).

, y = f(x) G
(
f(x)

)
= H(x) + c I I. , , G′(f(x))f ′(x) = H ′(x) I

, G′(y) = g(y) J H ′(x) = h(x) I, g
(
f(x)

)
f ′(x) = h(x) I.

, , g(y)y′ = h(x) I ( ) G(y) = H(x) + c ( c) I.

: (1) yy′ = x.
1
2y

2 y (−∞,+∞) 1
2x

2 x (−∞,+∞). y = f(x) yy′ = x I I
1
2 (f(x))

2 = 1
2x

2 + c ( c) . 1
2 (f(x))

2 = 1
2x

2 + c ( ) (f(x))2 = x2 + c ( ).
, . c > 0, y = f(x) =

√
x2 + c y = f(x) = −

√
x2 + c (−∞,+∞).

c = 0, y = f(x) = x y = f(x) = −x (−∞,+∞). c < 0, y = f(x) =√
x2 + c y = f(x) = −

√
x2 + c (−∞,−

√
|c|) (

√
|c|,+∞).

(2) y2y′ = x.
1
3y

3 y2 (−∞,+∞) 1
2x

2 x (−∞,+∞). y = f(x) y2y′ = x I I

1
3 (f(x))

3 = 1
2x

2 + c ( c) . 1
3 (f(x))

3 = 1
2x

2 + c ( ) f(x) = 3

√
3
2x

2 + c ( ).

c > 0, y = f(x) = 3

√
3
2x

2 + c (−∞,+∞). c = 0, y = f(x) = 3

√
3
2x

2
3

(−∞, 0) (0,+∞). c < 0, y = f(x) = 3

√
3
2x

2 + c
(
− ∞,−

√
2
3 |c|

)
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(
−
√

2
3 |c|,

√
2
3 |c|

) (√
2
3 |c|,+∞

)
. : .

(3) y′ + p(x)y = 0, y = p(x) I. 1
y y′ = −p(x) y 6= 0, .

log |y| 1
y (−∞, 0) (0,+∞) −

∫ x

x0
p(t) dt −p(x) I, x0 I. y = f(x)

1
y y′ = −p(x) I f(x) 6= 0 I I log |f(x)| = −

∫ x

x0
p(t) dt + c ( c) .

|f(x)| = e
−
∫ x

x0
p(t) dt+c

, y = f(x) I. I , , y = f(x) = ece
−
∫ x

x0
p(t) dt

y = f(x) = −ece
−
∫ x

x0
p(t) dt

I. I. c ±ec , y′ + p(x)y = 0 I
I

y = f(x) = ce
−
∫ x

x0
p(t) dt

(x I),

c 6= 0. c = 0, 0 I.

. .

y′ + p(x)y = q(x),

y′ = q(x). y = p(x) y = q(x) I.

y = µ(x) = e

∫ x

x0
p(t) dt

x I, x0 I µ′(x) = p(x)e

∫ x

x0
p(t) dt

= p(x)µ(x)
x I. () y = f(x) y′ + p(x)y = q(x) I,

f ′(x) + p(x)f(x) = q(x) (x I),

µ(x)f ′(x) + p(x)µ(x)f(x) = q(x)µ(x) (x I)

µ(x)f ′(x) + µ′(x)f(x) = q(x)µ(x) (x I)(
µ(x)f(x)

)′
= q(x)µ(x) (x I),

y = µ(x)f(x) y′ = q(x)µ(x) I.

µ(x)f(x) =

∫ x

x0

q(t)µ(t) dt+ c (x I),

, ,

y = f(x) =
1

µ(x)

∫ x

x0

q(t)µ(t) dt+
c

µ(x)
(x I),

x0 I c .

f ′(x) + p(x)f(x) = q(x) (x I), f(x0) = y0 ,

x = x0 y0 = f(x0) = 1
µ(x0)

∫ x0

x0
q(t)µ(t) dt + c

µ(x0)
= c, µ(x0) =

e

∫ x0

x0
p(t) dt

= 1.

y = f(x) =
1

µ(x)

∫ x

x0

q(t)µ(t) dt+
y0

µ(x)
(x I).
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y′ + p(x)y = q(x). , , .

: (1) y′ − 2xy = 0.

y = p(x) = −2x y = q(x) = 0 (−∞,+∞) y = µ(x) = e

∫ x

0
(−2t) dt

= e−x2

(−∞,+∞). y = f(x) y′ − 2xy = 0 (−∞,+∞), f ′(x) − 2xf(x) = 0

x, e−x2

f ′(x) − 2xe−x2

f(x) = 0 , ,
(
e−x2

f(x)
)′

= 0 , , e−x2

f(x) = c x, c .

y′ − 2xy = 0 (−∞,+∞) y = f(x) = cex
2

c.
f(0) = −2, x = 0 f(x) = cex

2

. −2 = f(0) = c y = f(x) = −2ex
2

.

(2) x2y′ + y =

{
e−

1
|x| , x 6= 0,

0, x = 0.
y′+ 1

x2 y = 1
x2 e

− 1
|x| x 6= 0. y = p(x) = 1

x2 y = q(x) = 1
x2 e

− 1
|x| (−∞, 0)

(0,+∞).

΄ (0,+∞) y = µ(x) = e

∫ x

1

1
t2

dt
= e1−

1
x (0,+∞). y = f(x) y′+ 1

x2 y =
1
x2 e

− 1
|x| (0,+∞), f ′(x)+ 1

x2 f(x) =
1
x2 e

− 1
x x > 0, e1−

1
x f ′(x)+ 1

x2 e
1− 1

x f(x) =
1
x2 e

1− 2
x , ,

(
e1−

1
x f(x)

)′
= 1

x2 e
1− 2

x x > 0. e1−
1
x f(x) =

∫ x

1
1
t2 e

1− 2
t dt + c =

e
2e

− 2
x + c x > 0, c . x2y′ + y = e−

1
|x| (0,+∞) y = f(x) = 1

2e
− 1

x + ce
1
x

c.
(−∞, 0) x0 = −1, x2y′+y = e−

1
|x| (−∞, 0) y = f(x) = − 1

xe
1
x +c′e

1
x

c′ .

, x2y′+y =

{
e−

1
|x| , x 6= 0,

0, x = 0,
(−∞,+∞). y = f(x) , , , (−∞, 0)

(0,+∞). y = f(x) = 1
2e

− 1
x + ce

1
x (0,+∞) c y = f(x) = − 1

xe
1
x + c′e

1
x

(−∞, 0) c′ . y = f(x) 0, limx→0+ f(x) = f(0) = limx→0− f(x).
limx→0+ f(x) = limx→0+

(
1
2e

− 1
x + ce

1
x

)
= c(+∞) limx→0− f(x) = limx→0−

(
−

1
xe

1
x + c′e

1
x

)
= 0, c = 0 f(0) = 0. , (−∞,+∞) y = f(x) =

1
2e

− 1
x , x > 0,

0, x = 0,
− 1

xe
1
x + c′e

1
x , x < 0.

limx→0+
f(x)−f(0)

x−0 = limx→0+
1
2xe

− 1
x = 0 y =

f(x) 0 f ′
+(0) = 0. , limx→0−

f(x)−f(0)
x−0 = limx→0−

(
− 1

x2 e
1
x + c′ 1xe

1
x

)
= 0.

y = f(x) 0 f ′
−(0) = 0. y = f(x) 0 f ′(0) = 0 , , 0.

. (−∞, 0) (0,+∞). , (−∞,+∞), , , [0,+∞).

(3) y′ + p(x)y = q(x).

y′ + ky = q(x),

k y = q(x) I. y = µ(x) = e

∫ x

x0
k dt

= ek(x−x0) I. y = f(x) I,
f ′(x) + kf(x) = q(x) x I.

(
ek(x−x0)f(x)

)′
= q(x)ek(x−x0) , ek(x−x0)f(x) =∫ x

x0
q(t)ek(t−x0) dt+ c , ,

f(x) = e−kx

∫ x

x0

q(t)ekt dt+ ce−k(x−x0)

x I, c . y0 x0 , f(x0) = y0, x = x0 c = y0 .
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(4) : « t ( k ) q ».
y = q(t) , t, t, q′(t) = −kq(t) t. q′(t) , , ≤ 0 k

> 0. , x0 = 0, q(t) = ce−kt c. q0 0 t = 0, q0 = q(0) = c,
q(t) = q0e

−kt .

. .

,
y′′ + ky′ + ly = q(x),

k l . y = q(x) I.
() t2 + kt+ l = 0.

1. t2 + kt + l = 0 () , κ1 κ2 , k = −κ1 − κ2 l = κ1κ2 . y = f(x)
y′′ + ky′ + ly = q(x) I,

f ′′(x) + kf ′(x) + lf(x) = q(x) (x I),

, x0 I ,

f ′′(x)− (κ1 + κ2)f
′(x) + κ1κ2f(x) = q(x) (x I),(

f ′(x)− κ1f(x)
)′ − κ2

(
f ′(x)− κ1f(x)

)
= q(x) (x I),

f ′(x)− κ1f(x) = eκ2x

∫ x

x0

q(t)e−κ2t dt+ c1e
κ2(x−x0) (x I),

f(x) = eκ1x

∫ x

x0

(
eκ2t

∫ t

x0

q(s)e−κ2s ds+ c1e
κ2(t−x0)

)
e−κ1t dt+ c2e

κ1(x−x0)

= eκ1x

∫ x

x0

e(κ2−κ1)t

∫ t

x0

q(s)e−κ2s ds dt+ c1e
−κ2x0+κ1x

∫ x

x0

e(κ2−κ1)t dt

+c2e
κ1(x−x0) (x I)

, ,

f(x) = eκ1x
e(κ2−κ1)x

κ2 − κ1

∫ x

x0

q(s)e−κ2s ds− eκ1x

∫ x

x0

e(κ2−κ1)t

κ2 − κ1
q(t)e−κ2t dt

+c1e
−κ2x0+κ1x

e(κ2−κ1)x − e(κ2−κ1)x0

κ2 − κ1
+ c2e

κ1(x−x0)

=

∫ x

x0

eκ2(x−t) − eκ1(x−t)

κ2 − κ1
q(t) dt+ c1

eκ2(x−x0) − eκ1(x−x0)

κ2 − κ1
+ c2e

κ1(x−x0)

(x I),

c1 c2 . x0 :

f(x0) = y0 , f ′(x0) = y0
′ .

x = x0 c2 = y0 . x = x0 c1 + κ1c2 = y0
′ , , c1 = −κ1y0 + y0

′ .
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2. t2 + kt+ l = 0 , κ, k = −2κ l = κ2 . y = f(x) y′′ + ky′ + ly = q(x)
I, , ,

f ′′(x)− 2κf ′(x) + κ2f(x) = q(x) (x I),(
f ′(x)− κf(x)

)′ − κ
(
f ′(x)− κf(x)

)
= q(x) (x I),

f ′(x)− κf(x) = eκx
∫ x

x0

q(t)e−κt dt+ c1e
κ(x−x0) (x I),

f(x) = eκx
∫ x

x0

(
eκt

∫ t

x0

q(s)e−κs ds+ c1e
κ(t−x0)

)
e−κt dt+ c2e

κ(x−x0)

= eκx
∫ x

x0

(t− x0)
′
∫ t

x0

q(s)e−κs ds dt+ c1e
κ(x−x0)

∫ x

x0

dt+ c2e
κ(x−x0)

= eκx(x− x0)

∫ x

x0

q(s)e−κs ds− eκx
∫ x

x0

(t− x0)q(t)e
−κt dt

+c1(x− x0)e
κ(x−x0) + c2e

κ(x−x0)

=

∫ x

x0

(x− t)eκ(x−t)q(t) dt+ c1(x− x0)e
κ(x−x0) + c2e

κ(x−x0) (x I),

c1 c2 . y = f(x) x0 , f(x0) = y0 f ′(x0) = y0
′ , c2 = y0

c1 = −κy0 + y0
′ .

3. t2 + kt+ l = 0 , κ+ iλ κ− iλ λ > 0, k = −2κ l = κ2 + λ2 . y = f(x)
y′′+ky′+ ly = q(x) I, f ′′(x)−2κf ′(x)+(κ2+λ2)f(x) = q(x) x I. e−κx

g(x) = e−κxf(x),

g′′(x) + λ2g(x) = e−κxq(x) (x I).

sin(λx) cos(λx)(
g′(x) sin(λx)− λg(x) cos(λx)

)′
= e−κxq(x) sin(λx) (x I),(

g′(x) cos(λx) + λg(x) sin(λx)
)′

= e−κxq(x) cos(λx) (x I)

, ,

g′(x) sin(λx)− λg(x) cos(λx) =

∫ x

x0

e−κtq(t) sin(λt) dt+ c1 (x I),

g′(x) cos(λx) + λg(x) sin(λx) =

∫ x

x0

e−κtq(t) cos(λt) dt+ c2 (x I)

c1 c2 . − 1
λ cos(λx) 1

λ sin(λx) ,

g(x) =

∫ x

x0

e−κt sin(λ(x− t))

λ
q(t) dt+

−c1 cos(λx) + c2 sin(λx)

λ
(x I)

, ,

f(x) =

∫ x

x0

eκ(x−t) sin(λ(x− t))

λ
q(t) dt+

−c1e
κx cos(λx) + c2e

κx sin(λx)

λ

(x I).
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f(x0) = y0 f ′(x0) = y0
′ , c1 = (−κ sin(λx0) − λ cos(λx0))e

−κx0y0 +
sin(λx0)e

−κx0y0
′ c2 = (λ sin(λx0)− κ cos(λx0))e

−κx0y0 + cos(λx0)e
−κx0y0

′ .

: .

: (1) y′′ − 5y′ + 6y = x (−∞,+∞) y = x .
t2 − 5t+ 6 = 0 2 3, , y = f(x) y′′ − 5y′ + 6y = x (−∞,+∞),

f ′′(x)− (2 + 3)f ′(x) + 2 · 3f(x) = x(
f ′(x)− 2f(x)

)′ − 3
(
f ′(x)− 2f(x)

)
= x

f ′(x)− 2f(x) = e3x
∫ x

0

te−3t dt+ c1e
3x = −x

3
− 1

9
+

(1
9
+ c1

)
e3x

f ′(x)− 2f(x) = −x

3
− 1

9
+ c1e

3x

f(x) = e2x
∫ x

0

e−2t
(
− t

3
− 1

9
+ c1e

3t
)
dt+ c2e

2x

=
x

6
+

5

36
−
( 5

36
+ c1 − c2

)
e2x + c1e

3x

f(x) =
x

6
+

5

36
+ c2e

2x + c1e
3x

c1 c2 .
f(0) = −1 f ′(0) = 2, x = 0 −1 = f(0) = 5

36 + c2 + c1 .
x = 0, 2 = f ′(0) = 1

6 + 2c2 + 3c1 . c1 = 37
9 c2 = − 21

4 . f(x) =
x
6 + 5

36 − 21
4 e2x + 37

9 e3x .

(2) y′′ − 2y′ + y = 4 (−∞,+∞) y = 4 .
t2 − 2t+ 1 = 0 1, , y = f(x) y′′ − 2y′ + y = 4 (−∞,+∞),

f ′′(x)− 2f ′(x) + f(x) = 4(
f ′(x)− f(x)

)′ − (
f ′(x)− f(x)

)
= 4

f ′(x)− f(x) = ex
∫ x

0

4e−t dt+ c1e
x = −4 + 4ex + c1e

x

f ′(x)− f(x) = −4 + c1e
x

f(x) = ex
∫ x

0

e−t
(
− 4 + c1e

t
)
dt+ c2e

x = 4 + c1xe
x + (c2 − 4)ex

f(x) = 4 + c1xe
x + c2e

x

c1 c2 .
f(0) = 3 f ′(0) = −2, x = 0 3 = f(0) = 4 + c2 . , x = 0

−2 = f ′(0) = c2 + c1 . c1 = c2 = −1. f(x) = 4− xex − ex .

(3) y′′ + 2y′ + 2 = sinx (−∞,+∞) y = sinx .
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t2+2t+2 = 0 , −1+i −1−i. y = f(x) y′′+2y′+2y = sinx (−∞,+∞),
f ′′(x) + 2f ′(x) + 2f(x) = sinx x (−∞,+∞). ex g(x) = exf(x),

g′′(x) + g(x) = ex sinx.

sinx cosx (
g′(x) sinx− g(x) cosx

)′
= ex(sinx)2 ,(

g′(x) cosx+ g(x) sinx
)′

= ex sinx cosx.

,

g′(x) sinx−g(x) cosx =

∫ x

0

et(sin t)2 dt+c1 =
ex

2
− ex

5
sin(2x)− ex

10
cos(2x)+c1 ,

g′(x) cosx+ g(x) sinx =

∫ x

0

et sin t cos t dt+ c2 =
ex

10
sin(2x)− ex

5
cos(2x) + c2 .

− cosx sinx,

g(x) =
ex

5
sinx− 2ex

5
cosx− c1 cosx+ c2 sinx

, ,

f(x) =
1

5
sinx− 2

5
cosx− c1e

−x cosx+ c2e
−x sinx

c1 c2 .
f(0) = 1 f ′(0) = 1, x = 0 1 = f(0) = −2

5 − c1 . ,
x = 0 1 = f ′(0) = 1

5 + c1 + c2 . c1 = −7
5 c2 = 11

5 . f(x) =
1
5 sinx− 2

5 cosx+ 7
5e

−x cosx+ 11
5 e−x sinx..

1. c y = x tan(x+ c) – – xy′ − x2 − y2 − y = 0.

2. f(x) = 1 + 1
x

∫ x

1
f(t) dt (0,+∞).

(: , .)

3. y = f(x) (x2 + 1)y′ = 1 (−∞,+∞) limx→±∞ f(x) .
limx→+∞ f(x)− limx→−∞ f(x).

4. y = f(x) x+ y3 + cxy3 = 0 x I, c , y = f(x) y4 + 3x2y′ = 0
I.

(: x+ y3 + cxy3 = 0 c.)

5. y = f(x) x(x+y) = cey x I, c , y = f(x) x(x+y−1)y′ = 2x+y
I.

. .
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1. : . : .

y′ = e−y , y2y′ = 1, (1 + x2)yy′ = 1 + y2 , yy′
√
1− x2 = x,

xyy′ = (1 + x2)(1 + y2), x+ yy′ = x(xy′ − y)y, (1 + x2)y′ = 1 + y2 ,

y′ = y2 , y′ = (y − 1)(y − 2), (x− 1)y′ = xy, (x2 − 4)y′ = y,

(x+ 1)y′ + y2 = 0, y2 + (y′)2 = 1.

. .

1. y′ + ky = 0 (−∞,+∞);

2. k > 0 y = f(x) y′ + ky = 0 (−∞,+∞) limx→+∞ f(x) = 0.

3. m y = f(x) y′ + 3y = emx (−∞,+∞) limx→+∞ f(x) = 0;

4. : .

y′ + y = xe2x , xy′ − y = 1, xy′ − y = x, y′ + xy = x3 ,

x(x− 1)y′ + 3y = x(x− 2), y′ + y tanx = cosx, y′ + y cotx = cosx.

5. f(x) = 1− x
∫ x

1
f(t) dt (0,+∞).

6. .

y′ − x cot y =
x+ 1

sin y
, yy′ + (1 + x2)y2 = ex , 1 + ey + 2xeyy′ = 0.

7. Bernoulli. α 6= 1,
y′ + p(x)y = q(x)yα

z = y1−α .

.

y′ + y = ex
√
y , y − y′ = xy2 , xy′ − y = x

√
y , xy′ + y = xy2 log x.

8. Riccati. y = f(x)

y′ + p(x)y + r(x)y2 = q(x)

y = g(x) – ; – , y = f(x) + 1
g(x) y′ + p(x)y + r(x)y2 = q(x).

y′ + 3y − y2 = 2. – – y′ + 3y − y2 = 2. , .

y′ + 3y − y2 = 2 . ;

. .

1. y′′ + ky′ + ly = 0 (−∞,+∞) (i) k2 − 4l > 0, (ii) k2 − 4l = 0 (iii)
k2 − 4l < 0;
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2. k l y′′ + ky′ + ly = 0

(i) y = e−x + 3e2x .

(ii) y = (1 + 2x)ex .

(iii) y = e−2x sin(3x).

;

3. k > 0 l > 0 y = f(x) y′′+ky′+ly = 0 (−∞,+∞) limx→+∞ f(x) =
0.

4. y = f(x) y′′ + ky′ + ly = 0 limx→+∞ f(x) = limx→−∞ f(x) = 0;

5. .

y′′ − 4y′ + 3y = ex , y′′ + 6y′ + 9y = xe3x , y′′ − 2y′ + 5y = sin(2x).

6. m y = f(x) y′′ + 4y′ + 3y = emx limx→+∞ f(x) = 0;

y′′ + 6y′ + 9y = emx y′′ + 2y′ + 5y = emx .

m;

8.6 , .

. .

«» :

log x =

∫ x

1

1

t
dt (x > 0).

y = 1
t [x, 1], 0 < x < 1, [1, x], x > 1, . , .

, y = 1
x (0,+∞), y = log x (0,+∞) d log x

dx = 1
x x > 0. y = log x

(0,+∞). log(ab) = log a + log b a, b > 0 . y = h(x) = log(xb) − log x
h′(x) = b 1

xb − 1
x = 0, y = h(x) (0,+∞). , , log 1 = 0, h(1) = log b , ,

log(xb) − log x = h(x) = h(1) = log b x > 0. x = a log(ab) = log a+ log b.

, . log(ab) =
∫ ab

1
1
t dt =

∫ a

1
1
t dt +

∫ ab

a
1
t dt = log a +

∫ b

1
1
s ds = log a + log b,

t = as. log(ab) = log a + log b, b = 1
a log 1

a = − log a. , n
log(2n) = n log 2 , log 2 > log 1 = 0, limn→+∞ log(2n) = +∞. y = log x ,
limx→+∞ log x, , limn→+∞ 2n = +∞, limx→+∞ log x = limn→+∞ log(2n) =
+∞. , limx→0+ log x = limt→+∞ log 1

t = − limt→+∞ log t = −∞. , x →
0+ x → +∞ y = log x (0,+∞) (−∞,+∞).
, . , , y = ex (−∞,+∞) (0,+∞)

y = ex x = log y.

, y = ex , (−∞,+∞) d ex

dx = 1
d log y

dy

∣∣
y=ex

= ex x. ea+b = eaeb

a, b. c = ea d = eb , a + b = log c + log d = log(cd) , , ea+b = cd = eaeb .
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, y = h(x) = ea+b−xex h′(x) = −ea+b−xex + ea+b−xex = 0 x, y = h(x)
(−∞,+∞). ea+b−xex = h(x) = h(0) = ea+be0 = ea+b x , x = b, ea+b =
eaeb . e0 = 1 e−a = 1

ea .
΄ ex e. , ,

e = e1 ,

, , log e = 1.
, a x

ax = ex log a .

, a = e, ax ex log e = ex , . , a1 = e1 log a = elog a = a.
: ax+y = e(x+y) log a = ex log a+y log a = ex log aey log a = axay (ab)x =

ex log(ab) = ex log a+x log b = ex log aex log b = axbx axy = exy log a = ex log(ey log a)

= ex log(ay) = (ay)x . , , , a > 1 x > 0, log a > log 1 = 0 , ,
ax = ex log a > e0·0 = e0 = 1. – – .
, , : , , ; . , log x =

∫ x

1
1
t dt – – . .

, y = log x ( ) 1
x . , , log 1 = 0 1, . , ΄ , . ,

, – , , , , . . y = f1(x) y = f2(x) y = h(x) = f1(x)f2(−x),
h′(x) = f1

′(x)f2(−x) − f1(x)f2
′(−x) = f1(x)f2(−x) − f1(x)f2(−x) = 0 x,

y = h(x) . f1(x)f2(−x) = h(x) = h(0) = f1(0)f2(0) = 1 · 1 = 1 , ,
f1(x) = f2(x) x. , . , , . ax ΄ , , , n
an = a1+···+1 = a1 · · · a1 = a · · · a , , an a . . , xn = a, n
a > 0, x = a

1
n – –

(
a

1
n

)n
= a

1
n ·n = a1 = a. a

1
n n

√
a . , r = m

n

– – ar = a
m
n = a

1
nm =

(
a

1
n

)m
= ( n

√
a)m , , ar ar , . , y = ax

– – . y = f1(x) y = ax y = f2(x) y = ax , a > 1 x,
f1(s) < f1(x) < f1(t) f2(s) < f2(x) < f2(t) s, t s < x < t. , f1(x)
f2(x) f1(s) < ξ < f1(t) s, t s < x < t. 1.3 f2(x) = f1(x). , a > 1,
ax x. 0 < a ≤ 1 , , .

ax a x .

- : , , «» , , , , . «» , , ! 1 . ΄ , , – ,
, , . 1 , , , , – , , . , , , 1, .
, , . – – « » . , , !

. .

. - x

arctanx =

∫ x

0

1

t2 + 1
dt.

y = 1
t2+1 [0, x], x > 0, [x, 0], x < 0, . y = 1

x2+1 (−∞,+∞),

y = arctanx (−∞,+∞) d arctan x
dx = 1

x2+1 x. y = arctanx (−∞,+∞).

, arctan(−x) =
∫ −x

0
1

t2+1 dt = −
∫ x

0
1

(−s)2+1 ds = − arctanx. , 1
x2+1 ≤ 1

[0, 1] 1
x2+1 ≤ 1

x2 [1,+∞). x ≥ 1 arctanx =
∫ 1

0
1

t2+1 dt +
∫ x

1
1

t2+1 dt ≤∫ 1

0
1 dt +

∫ x

1
1
t2 dt = 1 + (1 − 1

x ) < 2. y = arctanx [1,+∞) , ,
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limx→+∞ arctanx . , , π

π = 2 lim
x→+∞

arctanx.

limx→+∞ arctanx = π
2 limx→−∞ arctanx = limt→+∞ arctan(−t) = − limt→+∞ arctan t =

−π
2 , , y = arctanx (−∞,+∞) (−π

2 ,
π
2 ). y = arctanx arctan 0 =∫ 0

0
1

t2+1 dt = 0.

y = arctanx . s = 1
t ,

∫ x

1
1

t2+1 dt = −
∫ 1

x

1
1

s2+1 ds =
∫ 1

1
x

1
s2+1 ds,

π
2 = limx→+∞

∫ x

0
1

t2+1 dt =
∫ 1

0
1

t2+1 dt + limx→+∞
∫ x

1
1

t2+1 dt =
∫ 1

0
1

t2+1 dt +

limx→+∞
∫ 1

1
x

1
t2+1 dt = 2

∫ 1

0
1

t2+1 dt. arctan 1 =
∫ 1

0
1

t2+1 dt =
π
4 . , arctan(−1) =

−π
4 .
, y = tanx x = arctan y. ,

y = tanx x = arctan y.

y = tanx (−π
2 ,

π
2 ) (−∞,+∞), (−π

2 ,
π
2 )

d tanx
dx = 1

d arctan y
dy

∣∣
y=tan x

=

(tanx)2 + 1. x = arctan y , y = tanx . , tan 0 = 0, tan π
4 = 1

tan(−π
4 ) = −1.
k Z , (−π

2 + kπ, π
2 + kπ) π, , k k+1, (−π

2 + kπ, π
2 + kπ)(

− π
2 + (k + 1)π, π

2 + (k + 1)π
)

π
2 + kπ = −π

2 + (k + 1)π, . – k = 0 –
(−π

2 ,
π
2 ) y = tanx. (−π

2 + kπ, π
2 + kπ) (−π

2 ,
π
2 ) kπ. , , y = tanx

tanx = tan(x− kπ) − π

2
+ kπ < x <

π

2
+ kπ.

΄ y = tanx (−π
2 + kπ, π

2 + kπ), k , π. , y = tanx
π
2 + kπ π

2 , +∞. , y = tanx π
2 + kπ −π

2 , −∞. , ,
d tan x

dx = (tanx)2 + 1 (−π
2 + kπ, π

2 + kπ).
, , x

2 (−π
2 +kπ, π

2 +kπ) x (−π+k2π, π+k2π). , y = cosx
y = sinx (−π + k2π, π + k2π), k ,

cosx =
1− (tan x

2 )
2

1 + (tan x
2 )

2
, sinx =

2 tan x
2

1 + (tan x
2 )

2
.

(−π + k2π, π + k2π) , d cos x
dx = − 2 tan x

2

1+(tan x
2 )

2 = − sinx d sin x
dx =

1−(tan x
2 )

2

1+(tan x
2 )

2 = cosx.

(−π
2 +kπ, π

2 +kπ), k Z, (−π+k2π, π+k2π) 2π, , k k+1,
(−π+k2π, π+k2π)

(
−π+(k+1)2π, π+(k+1)2π

)
π+k2π = −π+(k+1)2π,

. y = cosx y = sinx (−∞,+∞) π + k2π, k.
y = tanx π

2 + kπ, y = cosx y = sinx π + k2π y = cosx (
) π + k2π −1. , y = sinx ( ) π + k2π 0. , , cos(π + k2π) = −1
sin(π + k2π) = 0 k , , y = cosx y = sinx (−∞,+∞).
, l’ Hopitâl, ξ = π + k2π limx→ξ

cos x−cos ξ
x−ξ = limx→ξ

− sin x
1 = 0 =

− sin ξ limx→ξ
sin x−sin ξ

x−ξ = limx→ξ
cos x
1 = −1 = cos ξ. y = cosx y = sinx
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ξ = π + k2π d cos x
dx

∣∣
x=ξ

= − sin ξ d sin x
dx

∣∣
x=ξ

= cos ξ. , (−∞,+∞)
d cos x

dx = − sinx d sin x
dx = cosx.

y = cosx y = sinx y = tanx π y = cosx y = sinx 2π. ,
y = tanx , y = cosx y = sinx .

y = tanx, : cos 0 = 1, cos(±π
2 ) = 0 sin 0 = 0, sin π

2 = 1, sin(−π
2 ) = −1.

y = tanx (−π
2 ,

π
2 ) −π

4 , 0
π
4 , y = cosx y = sinx , , .

· , cos(a + b) = cos a cos b − sin a sin b. y = h(x) = cos(a +
b − x) cosx − sin(a + b − x) sinx h′(x) = sin(a + b − x) cosx − cos(a + b −
x) sinx+cos(a+ b− x) sinx− sin(a+ b− x) cosx = 0, y = h(x) (−∞,+∞).
cos(a+ b− x) cosx− sin(a+ b− x) sinx = h(x) = h(0) = cos(a+ b) x. x = b
cos(a + b) = cos a cos b − sin a sin b. sin(a + b) = sin a cos b + cos a sin b.
cos(a−b) = cos a cos b+sin a sin b sin(a−b) = sin a cos b−cos a sin b. (cos a)2+
(sin a)2 = 1.
, , 1, , ΄ , . . y = c1(x) y = s1(x) y = cosx y = sinx

y = c2(x) y = s2(x) , y = h(x) = (c1(x) − c2(x))
2 + (s1(x) − s2(x))

2

h′(x) = 2(c1(x) − c2(x))(−s1(x) + s2(x)) + 2(s1(x) − s2(x))(c1(x) − c2(x) = 0
x. y = h(x) , , (c1(x) − c2(x))

2 + (s1(x) − s2(x))
2 = h(x) = h(0) =

(1− 1)2 + (0− 0)2 = 0 x. c1(x) = c2(x) s1(x) = s2(x) x.

- : 1 , . , 1 .
y = arctanx =

∫ x

0
1

t2+1 dt y = arcsinx =
∫ x

0
1√
1−t2

dt. .
, 10.
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Κεφάλαιο 9

.

Taylor Lagrange . Newton. Riemann: , , Simpson.

9.1 Taylor.

y = f(x) ξ, limx→ξ f(x) = f(ξ) , , f(x) f(ξ) x ξ. :

f(x) ≈ f(ξ) (x ξ).

f(ξ) – – f(x).

: 4, 00001 4 y =
√
x 4,

√
4, 00001 ≈

√
4 = 2.

, , , f(ξ), f(x) − f(ξ) f(x) f(ξ). x ξ. ,
x ξ , η x ξ f(x)−f(ξ)

x−ξ = f ′(η) , ,

f(x) = f(ξ) + f ′(η)(x− ξ).

, , l u , , x ξ, l(x − ξ) ≤ f(x) − f(ξ) ≤ u(x − ξ),
x > ξ, u(x − ξ) ≤ f(x) − f(ξ) ≤ l(x − ξ), x < ξ. , M ≥ 0 ,
|f(x)− f(ξ)| = |f ′(η)||x− ξ| M |x− ξ|.

:
√
4, 00001

√
4 = 2. y =

√
x y = 1

2
√
x

0 < 1
2
√
x
≤ 1

2
√
4
= 1

4

x ≥ 4, x 4 4, 00001. , 0 ≤
√
4, 00001− 2 ≤ 1

4 (4, 00001− 4) = 0, 0000025.√
4, 00001

√
4 = 2 0, 0000025. , 2 ≤

√
4, 00001 ≤ 2 + 0, 0000025

2, 00000
√
4, 00001 .

y = f(x) ξ ( x ξ) ξ, f ′(η), f(x) = f(ξ) + f ′(η)(x− ξ),
f ′(ξ). ,

f(x) ≈ f(ξ) + f ′(ξ)(x− ξ)

f(x).
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: y =
√
x,

√
4, 00001 ≈ 2 + 1

4 (4, 00001− 4) = 2, 0000025.√
4, 00001 , 2 2, 0000025,

√
4, 00001 ΄ .

√
4, 00001

;

f(x) = f(ξ) + f ′(η)(x − ξ) f ′(η) f ′( ξ+x
2 ) f ′(ξ), f(x) ≈ f(ξ) +

f ′( ξ+x
2 )(x − ξ). , ζ ξ ξ+x

2 f ′( ξ+x
2 ) = f ′(ξ) + f ′′(ζ)( ξ+x

2 − ξ) = f ′(ξ) +

f ′′(ζ)x−ξ
2 . , , ξ ξ+x

2 . , , f(x) ≈ f(ξ)+f ′(ξ)(x−ξ)+ f ′′(ζ)
2 (x−ξ)2 .

, , ξ, f ′′(ζ) ≈ f ′′(ξ),

f(x) ≈ f(ξ) + f ′(ξ)(x− ξ) +
f ′′(ξ)

2
(x− ξ)2 .

, , f(x) x ξ:

f(x) ≈


f(ξ),
f(ξ) + f ′(ξ)(x− ξ),

f(ξ) + f ′(ξ)(x− ξ) + f ′′(ξ)
2 (x− ξ)2 .

. .

9.1 Taylor Lagrange. n I ξ. y = f(x) n I ( ) n+1
I. x I η x ξ

f(x) = f(ξ) +
f ′(ξ)

1!
(x− ξ) + · · ·+ f (n)(ξ)

n!
(x− ξ)n +

f (n+1)(η)

(n+ 1)!
(x− ξ)n+1 .

, , |f (n+1)(x)| ≤ M x I,∣∣∣f(x)− (
f(ξ) +

f ′(ξ)

1!
(x− ξ) + · · ·+ f (n)(ξ)

n!
(x− ξ)n

)∣∣∣ ≤ M

(n+ 1)!
|x− ξ|n+1

x I.

f(ξ) + f ′(ξ)
1! (x − ξ) + · · · + f(n)(ξ)

n! (x − ξ)n Taylor n y = f(x) I
f(n+1)(η)
(n+1)! (x− ξ)n+1 n Lagrange. Taylor n x ≤ n.

n = 0 , 0 , Taylor f(x) = f(ξ) + f ′(η)
1! (x− ξ) .

9.1

f(x)−
(
f(ξ) +

f ′(ξ)

1!
(x− ξ) + · · ·+ f (n)(ξ)

n!
(x− ξ)n

)
=

(
(x− ξ)n+1

)
ξ. 11 6.12 7 6.13.

: 9.1 x ξ A f(x) = f(ξ)+
f ′(ξ)
1!

(x− ξ)+ · · ·+ f(n)(ξ)
n!

(x− ξ)n+ A
(n+1)!

(x− ξ)n+1 .

y = g(t) = f(x)− f(t)−
f ′(t)

1!
(x− t)− · · · −

f (n)(t)

n!
(x− t)n −

A

(n+ 1)!
(x− t)n+1

t x ξ. y = g(t)

g′(t) =
A− f (n+1)(t)

n!
(x− t)n .

298



, g(x) = 0 , A, g(ξ) = 0. η x ξ g′(η) = 0, A = f (n+1)(η). A ,

Taylor. |f (n+1)(η)| ≤ M .

: 0, 0000025
√
4, 00001

√
4 = 2.

9.1 y =
√
x [4, 4, 00001] ξ = 4, x = 4, 00001 n = 1

√
4, 00001 =√

4+ 1
1!

1
2
√
4
(4, 00001−4)− 1

2!
1

4
√

η3
(4, 00001−4)2 = 2, 0000025− 10−10

8
√

η3
η 4 < η <

4, 00001. 0 < 10−10

8
√

η3
< 10−10

8
√
43

= 0, 0000000000015625, 2, 0000024999984375 <
√
4, 00001 < 2, 0000025. 2, 00000249999

√
4, 00001 .

, 9.1 n = 2.
√
4, 00001 =

√
4+ 1

1!
1

2
√
4
(4, 00001−4)− 1

2!
1

4
√
43
(4, 00001−

4)2+ 1
3!

3

8
√

η5
(4, 00001−4)3 = 2, 0000024999984375+ 10−15

16
√

η5
η 4 < η < 4, 00001.

0 < 10−15

16
√

η5
< 10−15

16
√
45

= 0, 000000000000000001953125, 2, 0000024999984375 <
√
4, 00001 < 2, 000002499998437501953125. , 2, 00000249999843750

√
4, 00001

.

9.2 Taylor . n I ξ. y = f(x) n+ 1 I ( ). x I

f(x)=f(ξ)+
f ′(ξ)

1!
(x− ξ)+ · · ·+f (n)(ξ)

n!
(x− ξ)n +

1

n!

∫ x

ξ

f (n+1)(t)(x− t)n dt.

1
n!

∫ x

ξ
f (n+1)(t)(x− t)n dt .

n = 0, Taylor f(x) = f(ξ) + 1
0!

∫ x

ξ
f ′(t) dt (ii) 8.3.

:
∫ x

ξ
f (n+1)(t)(x− t)n dt..

1. Taylor Lagrange y =
√
x [4, 4, 00001] ξ = 4 x = 4, 00001.

n
√
4, 00001 ;

2. sin(1o) sin(31o) . (1o = 0 + π
180 , 31

o = π
6 + π

180 .)

3. (∗) Taylor Lagrange f(n+1)(η)
(n+1)! (x− ξ)n+1 η , , x. , n+2 y = f(x)

I ξ, limx→ξ
η−ξ
x−ξ = 1

n+2 , , η − ξ ≈ x−ξ
n+2 .

9.2 .

f(x) = 0,

y = f(x) (a, b) (a, b) ξ . , y = f(x) (a, b) (a, b)
y = f(x) , Bolzano f(x) = 0 (a, b). ξ.
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Σχήμα 9.1: .

x1 (a, b) ξ, ξ ≈ x1, (x1, f(x1)) y = f(x). x1 , (x1, f(x1))
y = f(x1) + f ′(x1)(x− x1). 0 = f(ξ) ≈ f(x1) + f ′(x1)(ξ − x1) ,

ξ ≈ x1 −
f(x1)

f ′(x1)
.

x2 = x1 − f(x1)
f ′(x1)

x- y = f(x) (x1, f(x1)).

x1, () ξ, x2, ξ. , x3 = x2 − f(x2)
f ′(x2)

x2, x4 = x3 − f(x3)
f ′(x3)

x3

΄ . , (xn). Newton. ¨, (xn) ξ , , xn − ξ.

9.1 y = f(x) (a, b) 0 < m ≤ |f ′(x)| |f ′′(x)| ≤ M x (a, b). µ < m
M ,

[c−µ, c+µ] (a, b), ν = m
M

√
4Mµ
m + 1−µ− m

M . ν 0 < ν < µ [c−ν, c+ν]

ξ f(ξ) = 0.
Newton x1 [c− µ, c+ µ], xn [c− µ, c+ µ]

lim
n→+∞

xn = ξ.

,

|xn − ξ| ≤ 2m

M

(Mµ

m

)2n−1

n.

: x1 [c − µ, c + µ] x2 = x1 − f(x1)
f ′(x1)

. 9.1, η x1 ξ 0 = f(ξ) = f(x1) + f ′(x1)(ξ −

x1) +
f ′′(η)

2
(ξ − x1)2 , , x2 = x1 + (ξ − x1) +

f ′′(η)
2f ′(x1)

(ξ − x1)2 , , x2 − ξ =
f ′′(η)
2f ′(x1)

(x1 − ξ)2.

|x2−ξ| = |f ′′(η)|
2|f ′(x1)|

|x1−ξ|2 ≤ M
2m

|x1−ξ|2 . x1 [c−µ, c+µ] ξ [c−ν, c+ν], |x1−ξ| ≤ µ+ν,

|x2− ξ| ≤ M
2m

(µ+ν)2 . |x2− c| ≤ |x2− ξ|+ |ξ− c| ≤ M
2m

(µ+ν)2+ν = µ , , x2 [c−µ, c+µ].

, x2 x3, x3 [c−µ, c+µ] , , xn [c−µ, c+µ]. , |xn − ξ| ≤ M
2m

|xn−1 − ξ|2 n ≥ 2.
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|x1 − ξ| ≤ µ + ν ≤ 2µ |xn − ξ| ≤ 2m
M

(
Mµ
m

)2n−1

n ≥ 1. limn→+∞ 2n−1 = +∞

0 ≤ Mµ
m

< 1, limn→+∞
2m
M

(
Mµ
m

)2n−1

= 0 , , limn→+∞ xn = ξ.

(xn) ξ. ,
(
Mµ
m

)2n−1

, , |xn − ξ| -, 2n−1 . Newton, ,
n, ξ.

ξ (a, b) f(ξ) = 0 . , ξ1 ξ2 (a, b) f(ξ1) = f(ξ2) = 0, η f ′(η) = 0
0 < m ≤ |f ′(η)|.
, 9.1 . (a, b) m M . a1 b1 a < a1 < b1 < b y = f(x) a1, b1

– ξ a1, b1 . µ < min{m
M , a1 − a, b− b1}. , c [a1, b1] ( ) [c− µ, c+ µ]

(a, b). ν = m
M

√
4Mµ
m + 1− µ− m

M [a1, b1] ≤ 2ν. , I, y = f(x)

, ξ I. c I, I [c− ν, c+ ν], ξ [c− ν, c+ ν], [c− µ, c+ µ] (a, b). ,
Newton x1 [c− µ, c+ µ]..
1. Newton x2 − 2 = 0

√
2 [1, 2].

x1 = 2 x2, x3, x4 .
√
2 .

n xn

√
2 ;

9.3 Riemann.

.
y = f(x) [a, b]. [a, b] n

xk = a+ k
b− a

n
(0 ≤ k ≤ n).

, [xk−1, xk] xk − xk−1 = b−a
n . [xk−1, xk] , xk−1+xk

2 ,

x 2k−1
2

=
xk−1 + xk

2
= a+

(
k − 1

2

)b− a

n
.

, ,
x0 , x 1

2
, x1 , . . . , xk−1 , x 2k−1

2
, xk , . . . , xn−1 , x 2n−1

2
, xn

yi = f(xi) y = f(x) :

y0 , y 1
2
, y1 , . . . , yk−1 , y 2k−1

2
, yk , . . . , yn−1 , y 2n−1

2
, yn .∫ b

a
f(x) dx y = f(x) , , . y = f(x) [xk−1, xk]∫ xk

xk−1
f(x) dx . , : , , , Simpson .

n [a, b]
∫ b

a
f(x) dx, .

|| ≤ c
(b− a)m+2Mm+1

nm+1
= c(b− a)Mm+1hn

m+1 ,
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hn = b−a
n , c , m Mm+1 m+ 1 y = f(x) [a, b]. 0 n

, , limn→+∞ hn = limn→+∞
b−a
n = 0. , , , Simpson . , «»

( ) y = f(x) .
. , – , , – [xk−1, xk] , [a, b] [xk−1, xk]. , .

. .

y = f(x) [a, b] |f ′(x)| ≤ M1 x [a, b].

∣∣∣ ∫ b

a

f(x) dx− f
(a+ b

2

)
(b− a)

∣∣∣ ≤ (b− a)2M1

4
.

: y = f(x) ( 0) y = p(x) = f(a+b
2

). . x [a, b] ξ x a+b
2

f(x)−p(x) = f(x)−f(a+b
2

) =

f ′(ξ)(x − a+b
2

). |f(x) − p(x)| ≤ M1|x − a+b
2

| x [a, b].
∫ b

a
p(x) dx = f(a+b

2
)(b − a),∣∣ ∫ b

a
f(x) dx− f(a+b

2
)(b− a)

∣∣ = ∣∣ ∫ b

a
(f(x)− p(x)) dx

∣∣ ≤ M1

∫ b

a
|x− a+b

2
| dx =

(b−a)2M1
4

.

9.2 y = f(x) [a, b] |f ′(x)| ≤ M1 x [a, b],

∫ b

a

f(x) dx ≈
(
y 1

2
+ · · ·+ y 2n−1

2

)b− a

n
.

: || ≤ 1
4
(b−a)2M1

n .

Σχήμα 9.2: .

: [xk−1, xk],
∣∣ ∫ xk

xk−1
f(x) dx− y 2k−1

2

b−a
n

∣∣ ≤ (b−a)2M1

4n2 .
∫ b

a
f(x) dx =

∫ x1

x0
f(x) dx+

· · ·+
∫ xn

xn−1
f(x) dx

∣∣ ∫ b

a
f(x) dx−

(
y 1

2
+ · · ·+ y 2n−1

2

)
b−a
n

∣∣ ≤ n
(b−a)2M1

4n2 =
(b−a)2M1

4n
.

. .

302



, y = f(x) [a, b] |f ′′(x)| ≤ M2 x [a, b].∣∣∣ ∫ b

a

f(x) dx− f(a) + f(b)

2
(b− a)

∣∣∣ ≤ (b− a)3M2

12
.

: y = f(x) 1, y = f(x) a b . y = p(x) = f(a) +
f(b)−f(a)

b−a
(x − a) . x

(a, b) c f(x)− p(x) = c(x− a)(x− b). y = g(t) = f(t)− p(t)− c(t− a)(t− b) t [a, b].

g(a) = g(x) = g(b) = 0, ξ (a, x) η (x, b) g′(ξ) = g′(η) = 0. ζ (ξ, η) , , (a, b) g′′(ζ) = 0.

, g′′(t) = f ′′(t)−2c, c =
f ′′(ζ)

2
. , , x (a, b) ζ (a, b) f(x)−p(x) =

f ′′(ζ)
2

(x−a)(x− b). x

(a, b) |f(x)− p(x)| ≤ M2
2

(x− a)(b− x). , , x = a x = b.
∫ b

a
p(x) dx =

f(a)+f(b)
2

(b− a),∣∣ ∫ b

a
f(x) dx− f(a)+f(b)

2
(b−a)

∣∣ = ∣∣ ∫ b

a
(f(x)−p(x)) dx

∣∣ ≤ M2
2

∫ b

a
(x−a)(b−x) dx =

(b−a)3M2
12

.

9.3 y = f(x) [a, b] |f ′′(x)| ≤ M2 x [a, b],∫ b

a

f(x) dx ≈
(y0
2

+ y1 + · · ·+ yn−1 +
yn
2

)b− a

n
.

: || ≤ 1
12

(b−a)3M2

n2 .

: [xk−1, xk] ,
∣∣ ∫ xk

xk−1
f(x) dx− yk−1+yk

2
b−a
n

∣∣ ≤ (b−a)3M2

12n3 . ,
∣∣ ∫ b

a
f(x) dx−(

y0+y1
2

+ · · ·+ yn−1+yn
2

)
b−a
n

∣∣ ≤ n
(b−a)3M2

12n3 =
(b−a)3M2

12n2 .

. .

y = f(x) [a, b] |f ′′(x)| ≤ M2 x [a, b].∣∣∣ ∫ b

a

f(x) dx− f
(a+ b

2

)
(b− a)

∣∣∣ ≤ (b− a)3M2

24
.

: y = f(x) 1, y = f(x) a+b
2

y = f(x) . y = p(x) = f(a+b
2

)+f ′(a+b
2

)(x− a+b
2

)

Taylor. , x [a, b] ξ x a+b
2

f(x) = f(a+b
2

) + f ′(a+b
2

)(x − a+b
2

) +
f ′′(ξ)

2
(x − a+b

2
)2 , ,

|f(x)− p(x)| ≤ M2
2

(x− a+b
2

)2.
∫ b

a
p(x) dx = f(a+b

2
)(b− a),

∣∣ ∫ b

a
f(x) dx− f(a+b

2
)(b− a)

∣∣ =∣∣ ∫ b

a
(f(x)− p(x)) dx

∣∣ ≤ M2
2

∫ b

a
(x− a+b

2
)2 dx =

(b−a)3M2
24

.

9.4 y = f(x) [a, b] |f ′′(x)| ≤ M2 x [a, b],∫ b

a

f(x) dx ≈
(
y 1

2
+ · · ·+ y 2n−1

2

)b− a

n
.

: || ≤ 1
24

(b−a)3M2

n2 .

: [xk−1, xk]
∣∣ ∫ xk

xk−1
f(x) dx − y 2k−1

2

b−a
n

∣∣ ≤ (b−a)3M2

24n3 . ,
∣∣ ∫ b

a
f(x) dx −

(
y 1

2
+

· · ·+ y 2n−1
2

)
b−a
n

∣∣ ≤ n
(b−a)3M2

24n3 =
(b−a)3M2

24n2 .

. Simpson.
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Σχήμα 9.3: Simpson.

, y = f(x) [a, b] |f (4)(x)| ≤ M4 x [a, b].∣∣∣ ∫ b

a

f(x) dx−
(
f(a) + 4f

(a+ b

2

)
+ f(b)

)b− a

6

∣∣∣ ≤ (b− a)5M4

2880
.

: , y = f(x) a, a+b
2

b a+b
2

y = f(x) . y = p(x) = c0 + c1(x−a)+ c2(x−
a)(x− a+b

2
)+c3(x−a)(x− a+b

2
)(x−b), c0, c1, c2, c3 c0 = f(a), c0+c1(

a+b
2

−a) = f(a+b
2

),

c0+ c1(b−a)+ c2(b−a)(b− a+b
2

) = f(b) c1+ c2(
a+b
2

−a)+ c3(
a+b
2

−a)(a+b
2

− b) = f ′(a+b
2

).

y = f(x) y = p(x) . x (a, b) x 6= a+b
2

c f(x) − p(x) = c(x − a)(x − a+b
2

)2(x − b).

y = g(t) = f(t) − p(t) − c(t− a)(t − a+b
2

)2(t− b) [a, b] g(a) = g(a+b
2

) = g(x) = g(b) = 0

g′(a+b
2

) = 0. , a < x < a+b
2
, ξ (a, x), η (x, a+b

2
) ζ (a+b

2
, b) g′(ξ) = g′(η) = g′(ζ) = 0.

g′(a+b
2

) = 0 κ (ξ, η), λ (η, a+b
2

) µ (a+b
2

, ζ) g′′(κ) = g′′(λ) = g′′(µ) = 0. ν (κ, λ) ρ (λ, µ)

g(3)(ν) = g(3)(ρ) = 0 , (!), σ (ν, ρ) g(4)(σ) = 0. , g(4)(σ) = f (4)(σ)−24c , , c =
f(4)(σ)

24
.

a+b
2

< x < b x (a, b) x 6= a+b
2

σ (a, b) f(x)− p(x) =
f(4)(σ)

24
(x− a)(x− a+b

2
)2(x− b),

|f(x) − p(x)| ≤ M4
24

(x − a)(x − a+b
2

)2(b − x). x = a, x = a+b
2

x = b.
∫ b

a
p(x) dx =

f(a)+4f( a+b
2

)+f(b)

6
(b−a). ,

∣∣ ∫ b

a
f(x) dx− f(a)+4f( a+b

2
)+f(b)

6
(b−a)

∣∣ = ∣∣ ∫ b

a
(f(x)−p(x)) dx

∣∣ ≤
M4
24

∫ b

a
(x− a)(x− a+b

2
)2(b− x) dx =

(b−a)5M4
2880

.

9.5 y = f(x) [a, b] |f (4)(x)| ≤ M4 x [a, b],∫ b

a

f(x) dx ≈
y0 + yn + 2(y1 + · · ·+ yn−1) + 4

(
y 1

2
+ · · ·+ y 2n−1

2

)
6

b− a

n
.

: || ≤ 1
2880

(b−a)5M4

n4 .

: [xk−1, xk]
∣∣ ∫ xk

xk−1
f(x) dx −

yk−1+4y 2k−1
2

+yk

6
b−a
n

∣∣ ≤ (b−a)5M4

2880n5 , ,
∣∣ ∫ b

a
f(x) dx −( y0+4y 1

2
+y1

6
+ · · ·+

yn−1+4y 2n−1
2

+yn

6

)
b−a
n

∣∣ ≤ n
(b−a)5M4

2880n5 =
(b−a)5M4

2880n4 .
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.
1. y = p(x) ≤ 3

∫ b

a
p(x) dx =

(
p(a) + 4p(a+b

2 ) + p(b)
)
b−a
6 .

2. log 2 log 2 =
∫ 2

1
1
x dx Simpson.

3. π π = 4
∫ 1

0
1

x2+1 dx Simpson.
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Κεφάλαιο 10

.

(). , . . . . . . Cauchy. p- . , , , . , . . Taylor . : ,
, , - ( Newton). : , , , .

10.1 .

(xn),

s1 = x1 , s2 = x1 + x2 , s3 = x1 + x2 + x3 , . . . , sn = x1 + · · ·+ xn , . . .

(sn).

+∞∑
n=1

xn x1 + x2 + · · ·+ xn + · · ·

(xn) , , xn ( ). xn n- n- sn n- xn .
,

∑+∞
n=1 xn

∑+∞
k=1 xk

∑+∞
j=1 xj .

: (1)
∑+∞

n=1 1 1 + 1 + 1 + · · ·+ 1 + · · · . (1) s1 = 1, s2 = 1 + 1 = 2,
s3 = 1 + 1 + 1 = 3 , , sn = 1 + · · ·+ 1︸ ︷︷ ︸

n

= n n ≥ 1.

(2) a 1 +
∑+∞

n=2 a
n−1 1 + a+ a2 + · · ·+ an−1 + · · · . (an) s1 = 1,

s2 = 1 + a, s3 = 1 + a+ a2 , , sn = 1 + a+ · · ·+ an−1 n ≥ 2.

(3)
∑+∞

n=1
1
np 1 + 1

2p + 1
3p + · · · + 1

np + · · · , p . ( 1
np ) s1 = 1,

s2 = 1 + 1
2p , s3 = 1 + 1

2p + 1
3p , , sn = 1 + 1

2p + · · ·+ 1
np n ≥ 1.∑+∞

n=1
1
n .

(sn) s, , s
+∞∑
n=1

xn = s .
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(sn) , . , (sn) +∞ −∞, +∞ −∞, , +∞ −∞

+∞∑
n=1

xn = +∞
+∞∑
n=1

xn = −∞ .

,
∑+∞

n=1 xn ±∞, ±∞, . , +∞ −∞, .
, ,

∑+∞
n=1 xn . ΄ , . ΄ , (sn) ±∞, , (sn).

: (1)
∑+∞

n=1 1 +∞, limn→+∞ sn = limn→+∞ n = +∞. ,

+∞∑
n=1

1 = +∞.

(2) a .

1 +

+∞∑
n=2

an−1

{= +∞, a ≥ 1,
= 1

1−a , −1 < a < 1,
, a ≤ −1.

10.1
∑+∞

n=1 xn , limn→+∞ xn = 0.

: sn = x1 + · · ·+ xn .
∑+∞

n=1
xn s, limn→+∞ sn = s. , , xn = sn − sn−1 n ≥ 2.

limn→+∞ xn = limn→+∞ sn − limn→+∞ sn−1 = s− s = 0.

:
∑+∞

n=1
n

n+1 limn→+∞
n

n+1 = 1 6= 0.∑+∞
n=1 xn (: ) limn→+∞ xn = 0 . , 10.1.

10.2 .
∑+∞

n=1 xn

∑+∞
n=1 yn

∑+∞
n=1 xn +

∑+∞
n=1 yn ,

∑+∞
n=1(xn + yn)

+∞∑
n=1

(xn + yn) =
+∞∑
n=1

xn +
+∞∑
n=1

yn .

: n- sn = x1 + · · ·+ xn tn = y1 + · · ·+ yn , limn→+∞ sn =
∑+∞

n=1
xn limn→+∞ tn =∑+∞

n=1
yn. , n-

∑+∞
n=1

(xn + yn)

un = (x1 + y1) + · · ·+ (xn + yn) = (x1 + · · ·+ xn) + (y1 + · · ·+ yn) = sn + tn .

limn→+∞ un = limn→+∞(sn + tn) = limn→+∞ sn + limn→+∞ tn =
∑+∞

n=1
xn +∑+∞

n=1
yn .

∑+∞
n=1

(xn + yn)
∑+∞

n=1
xn +

∑+∞
n=1

yn .

10.3 .
∑+∞

n=1 xn , λ λ
∑+∞

n=1 xn ,
∑+∞

n=1(λxn)

+∞∑
n=1

(λxn) = λ
+∞∑
n=1

xn

(
λ 6= 0

+∞∑
n=1

xn = ±∞
)
.
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: sn = x1 + · · ·+ xn, limn→+∞ sn =
∑+∞

n=1
xn . n-

∑+∞
n=1

(λxn)

wn = λx1 + · · ·+ λxn = λ(x1 + · · ·+ xn) = λsn .

limn→+∞ wn = limn→+∞(λsn) = λ limn→+∞ sn = λ
∑+∞

n=1
xn , ,

∑+∞
n=1

(λxn)

λ
∑+∞

n=1
xn .

:
+∞∑
n=1

(λxn + µyn) = λ

+∞∑
n=1

xn + µ

+∞∑
n=1

yn .

, .

10.4 , .
∑+∞

n=1 xn

∑+∞
n=1 yn xn ≤ yn n ≥ 1,

+∞∑
n=1

xn ≤
+∞∑
n=1

yn .

: n- sn = x1 + · · ·+ xn tn = y1 + · · ·+ yn , limn→+∞ sn =
∑+∞

n=1
xn limn→+∞ tn =∑+∞

n=1
yn. ,

sn = x1 + · · ·+ xn ≤ y1 + · · ·+ yn = tn

n,
∑+∞

n=1
xn = limn→+∞ sn ≤ limn→+∞ tn =

∑+∞
n=1

yn ..
1. ( ).

+∞∑
n=1

(
− 1

2

)
,

+∞∑
n=1

(−1)n ,
+∞∑
n=1

n,
+∞∑
n=1

n2
+∞∑
n=1

( 1√
n
− 1√

n+ 1

)
,

+∞∑
n=1

(−1)n−1n,
+∞∑
n=1

(−1)n−1n2 .

2. .

+∞∑
n=1

n

2n+ 1
,

+∞∑
n=1

( n

n+ 1

)n

,
+∞∑
n=1

n
√
n ,

+∞∑
n=1

n sin
1

n
,

+∞∑
n=1

n log
(
1 +

1

n

)
.

(: n- .)

3. , ( ).

+∞∑
n=1

(2
3

)n+2

,
+∞∑
n=1

(4
3

)n−3

,
+∞∑
n=1

(−1)n−4 ,
+∞∑
n=3

(
− 2

3

)n

,

+∞∑
n=4

(−3)n ,

+∞∑
n=1

2

3n−1
,

+∞∑
n=1

2n−1 + 3n+1

6n
,

+∞∑
n=1

1 + 2
n
2

2n
.
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4.
∑+∞

n=1(bn − bn+1) .

sn , , limn→+∞ bn limn→+∞ bn . limn→+∞ bn ;

( ).

+∞∑
n=1

1

n(n+ 1)
,

+∞∑
n=1

1

(2n− 1)(2n+ 1)
,

+∞∑
n=1

1

n(n+ 1)(n+ 2)
,

+∞∑
n=1

log
n

n+ 1
,

+∞∑
n=1

√
n+ 1−

√
n√

n2 + n
,

+∞∑
n=1

(
n
√
n− n+1

√
n+ 1

)
,

+∞∑
n=1

(
(−1)n−1 n

n+ 1
− (−1)n

n+ 1

n+ 2

)
,

+∞∑
n=1

(−1)n−1 2n+ 1

n(n+ 1)
.

5. 11 12 2.4 , , .

10.2 .

10.1 xn ≥ 0 n ≥ 1,
∑+∞

n=1 xn +∞ . 0 ≤
∑+∞

n=1 xn ≤ +∞.
: (sn) , , (sn) , +∞.

: xn ≥ 0 n ≥ 1, sn+1 = x1+ · · ·+xn+xn+1 = sn+xn+1 ≥ sn n ≥ 1. (sn) , , +∞
. , sn = x1 + · · ·+xn ≥ 0 n ≥ 1, limn→+∞ sn ≥ 0. , (sn) ,

∑+∞
n=1

xn = limn→+∞ sn

, (sn) ,
∑+∞

n=1
xn = limn→+∞ sn = +∞.∑+∞

n=1 xn +∞. ,
∑+∞

n=1 xn < +∞.

10.5 , . (1) 0 ≤ xn ≤ yn n ≥ 1.

0 ≤
+∞∑
n=1

xn ≤
+∞∑
n=1

yn .

, ,
∑+∞

n=1 yn ,
∑+∞

n=1 xn .
(2) xn ≥ 0 yn > 0 n ≥ 1

(
xn

yn

)
, , .

∑+∞
n=1 yn ,

∑+∞
n=1 xn .

: (1)
∑+∞

n=1
xn

∑+∞
n=1

yn , 10.4 0 ≤
∑+∞

n=1
xn ≤

∑+∞
n=1

yn .
∑+∞

n=1
yn ,∑+∞

n=1
yn < +∞,

∑+∞
n=1

xn < +∞ , ,
∑+∞

n=1
xn .

, (2) (1). , u xn
yn

≤ u , , 0 ≤ xn ≤ uyn n ≥ 1.
∑+∞

n=1
yn ,

∑+∞
n=1

(uyn) ,∑+∞
n=1

xn .

: (1)
∑+∞

n=1
2n+3

3n−1+n

∑+∞
n=1

2n

3n−1 . «» 2n+3
3n−1+n 2n 3n−1 , .

2n+3
3n−1+n = 2n

3n−1
1+3·2−n

1+3n3−n , limn→+∞

2n+3

3n−1+n
2n

3n−1

= 1.
∑+∞

n=1
2n

3n−1 = 2
∑+∞

n=1(
2
3 )

n−1

,
∑+∞

n=1
2n+3

3n−1+n .
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(2)
∑+∞

n=1
1
n! .

n ≥ 2

n! = 1 · 2 · · ·n ≥ 1 · 2 · · · 2︸ ︷︷ ︸
n−1

= 2n−1

n! ≥ 2n−1 n = 1 . , 0 ≤ 1
n! ≤

1
2n−1 n ≥ 1.

∑+∞
n=1

1
n! ≤

∑+∞
n=1

1
2n−1 =

1 + 1
2 + 1

22 + · · · = 2 < +∞ , ,
∑+∞

n=1
1
n! < +∞.

. :

1 +

+∞∑
n=1

1

n!
= e.

: sn = 1
1!

+ · · ·+ 1
n!

tn =
(
1 + 1

n

)n
. , Newton,

tn = 1 +

(
n

1

)
1

n
+

(
n

2

)
1

n2
+ · · ·+

(
n

k

)
1

nk
+ · · ·+

(
n

n

)
1

nn

= 1 +
1

1!
+

1

2!

(
1−

1

n

)
+ · · ·+

1

k!

(
1−

1

n

)(
1−

2

n

)
. . .

(
1−

k − 1

n

)
+ · · ·

· · ·+
1

n!

(
1−

1

n

)
. . .

(
1−

n− 1

n

)
.

1, tn ≤ 1 + 1
1!

+ · · ·+ 1
n!

= 1 + sn n ≥ 1. , 1 ≤ k ≤ n, () k-,

tn ≥ 1 +
1

1!
+

1

2!

(
1−

1

n

)
+ · · ·+

1

k!

(
1−

1

n

)(
1−

2

n

)
. . .

(
1−

k − 1

n

)
.

n → +∞, e ≥ 1 + 1
1!

+ 1
2!

+ · · ·+ 1
k!

= 1 + sk k ≥ 1 , , e ≥ 1 + sn n ≥ 1.

tn ≤ 1+sn ≤ e n ≥ 1 , , limn→+∞ sn = e−1. sn n-
∑+∞

n=1
1
n!
,
∑+∞

n=1
1
n!

= e−1.

΄ 2 e :

e .

e e = m
n m,n.

(n− 1)!m = n!e = n!1 +
n!

1!
+ · · ·+ n!

n!
+

n!

(n+ 1)!
+

n!

(n+ 2)!
+

n!

(n+ 3)!
+ · · · .

(n− 1)!m, n!1, n!
1! , . . . ,

n!
n! , s = n!

(n+1)! +
n!

(n+2)! +
n!

(n+3)! + · · · . ,

0 < s =
1

n+ 1
+

1

(n+ 1)(n+ 2)
+

1

(n+ 1)(n+ 2)(n+ 3)
+ · · ·

≤ 1

n+ 1
+

1

(n+ 1)2
+

1

(n+ 1)3
+ · · · = 1

n+ 1

1

1− 1
n+1

=
1

n

< 1

0 1.
, , 10.6 10.7 .
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10.6 . (xn) xn ≥ 0 n ≥ 1. x = f(t) [1,+∞) : f(n) = xn

n ≥ 1.
∫ +∞
1

f(t) dt +∞
(i)

∑+∞
n=1 xn < +∞

∫ +∞
1

f(t) dt < +∞,
(ii)

∑+∞
n=1 xn = +∞

∫ +∞
1

f(t) dt = +∞.
, ∫ n+1

1

f(t) dt ≤ x1 + · · ·+ xn ≤ x1 +

∫ n

1

f(t) dt

n ∫ +∞

1

f(t) dt ≤
+∞∑
n=1

xn ≤ x1 +

∫ +∞

1

f(t) dt.

Σχήμα 10.1: .

: t ≥ 1 n ≥ t ( , [t] + 1). x = f(t) , f(t) ≥ f(n) = xn ≥ 0. , , f(t) ≥ 0 t ≥ 1,∫ u2

1
f(t) dt−

∫ u1

1
f(t) dt =

∫ u2

u1
f(t) dt ≥ 0 u1 u2 1 ≤ u1 < u2 . F (u) =

∫ u

1
f(t) dt u

[1,+∞) , , limu→+∞ F (u) = limu→+∞
∫ u

1
f(t) dt,

∫ +∞
1

f(t) dt, +∞.

k t [k, k + 1] f(k + 1) ≤ f(t) ≤ f(k), f(k + 1) ≤
∫ k+1

k
f(t) dt ≤ f(k) , ,

xk+1 ≤
∫ k+1

k
f(t) dt ≤ xk . k = 1, . . . , n− 1 k = 1, . . . , n x2 + · · ·+ xn ≤

∫ n

1
f(t) dt∫ n+1

1
f(t) dt ≤ x1 + · · ·+ xn , . ,

∫ n+1

1
f(t) dt ≤ x1 + · · ·+ xn ≤ x1 +

∫ n

1
f(t) dt.

n → +∞,
∫ +∞
1

f(t) dt ≤
∑+∞

n=1
xn ≤ x1 +

∫ +∞
1

f(t) dt. (i) (ii) .

: (1)
∑+∞

n=1
1
np , p .

, +∞.
p ≤ 0, 1

np ≥ 1 n ≥ 1 , ,
∑+∞

n=1
1
np ≥

∑+∞
n=1 1 = +∞. +∞.

p > 0. ( 1
np ) . x = f(t) = 1

tp , [1,+∞) , , f(n) = 1
np n.∫ +∞

1
1
tp dt = +∞, 0 < p ≤ 1,

∫ +∞
1

1
tp dt = 1

p−1 < +∞, p > 1. ,

+∞∑
n=1

1

np

{
< +∞ , p > 1,
= +∞ , p ≤ 1.
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,
∑+∞

n=1
1
n +∞

∑+∞
n=1

1
n2 . ,

1

p− 1
≤

+∞∑
n=1

1

np
≤ 1 +

1

p− 1
(p > 1),

log(n+ 1) ≤ 1 +
1

2
+ · · ·+ 1

n
≤ 1 + log n

(n+ 1)1−p − 1

1− p
≤ 1 +

1

2p
+ · · ·+ 1

np
≤ 1 +

n1−p − 1

1− p
(0 ≤ p < 1).

,
∑+∞

n=1
1
np 0 < p ≤ 1,

∑+∞
n=1 xn limn→+∞ xn = 0.∑+∞

n=1
1
np «» .

(2)
∑+∞

n=1
2n−1

n2+3n+1

∑+∞
n=1 n

−1 . «» 2n−1
n2+3n+1 2n n2 , .

limn→+∞
n−1

2n−1

n2+3n+1

= 1
2 ,

∑+∞
n=1

2n−1
n2+3n+1 .

(3)
∑+∞

n=1

√
n+1

2n2+3

∑+∞
n=1 n

− 3
2 . limn→+∞

√
n+1

2n2+3

n− 3
2

= 1
2 ,

∑+∞
n=1

√
n+1

2n2+3 .

10.7 Cauchy. (xn) xn ≥ 0 n ≥ 1.
(i)

∑+∞
n=1 xn < +∞

∑+∞
k=1 2

kx2k < +∞,
(ii)

∑+∞
n=1 xn = +∞

∑+∞
k=1 2

kx2k = +∞.

:
∑+∞

n=1
xn

∑+∞
k=1

2kx2k , .

n ≥ 2 2, 2k ≤ n < 2k+1 . (xn) ,

x1 + · · ·+ xn = x1 + (x2 + x3) + (x4 + x5 + x6 + x7) + · · ·
· · ·+ (x2k−1 + · · ·+ x2k−1) + (x2k + · · ·+ xn)

≤ x1 + 2x2 + 4x4 + · · ·+ 2k−1x2k−1 + 2kx2k ≤ x1 +

+∞∑
k=1

2kx2k .

n → +∞,
∑+∞

n=1
xn ≤ x1 +

∑+∞
k=1

2kx2k .
,

2x1 + 2x2 + 4x4 + · · ·+ 2kx2k ≤ 2x1 + 2x2 + 2(x3 + x4) + · · ·+ 2(x2k−1+1 + · · ·+ x2k )

= 2(x1 + x2 + · · ·+ x2k ) ≤ 2

+∞∑
n=1

xn .

k → +∞, 2x1 +
∑+∞

k=1
2kx2k ≤ 2

∑+∞
n=1

xn .

x1 +
1

2

+∞∑
k=1

2kx2k ≤
+∞∑
n=1

xn ≤ x1 +

+∞∑
k=1

2kx2k .∑+∞
k=1

2kx2k

∑+∞
n=1

xn +∞.

:
∑+∞

n=1
1
np .
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΄ p ≤ 0 :
∑+∞

n=1
1
np ≥

∑+∞
n=1 1 = +∞, +∞.

p > 0, ( 1
np ) .

∑+∞
k=1 2

k 1
(2k)p

=
∑+∞

k=1

(
1

2p−1

)k
. 1

2p−1 , 1
2p−1 < 1

, , p > 1 +∞, 1
2p−1 ≥ 1 , , 0 < p ≤ 1.∑+∞

n=1
1
np , p > 1, +∞, p ≤ 1..

1. 10.5.

+∞∑
n=1

n
√
n+ 2n+ 1

2n2 + 1
,

+∞∑
n=1

2n2 + 3n+ 1

n4 − n2 + 4
,

+∞∑
n=1

1√
n(n+ 1)

,

+∞∑
n=1

1√
n(n+ 1)(n+ 2)

,
+∞∑
n=1

(
√

1 + n2 − n),
+∞∑
n=1

√
n+ 1−

√
n

n
,

+∞∑
n=1

1

n1+ 1
n

,
+∞∑
n=1

log
(
1 +

1

n2

)
,

+∞∑
n=1

1

n
sin

1

n
,

+∞∑
n=1

sin
1

n
,

+∞∑
n=1

(
1− cos

1

n

)
,

+∞∑
n=1

n
(
1− cos

1

n

)
.

(:
∑+∞

n=1
1
np . limx→0

log(1+x)
x = 1, limx→0

sin x
x = 1, limx→0

1−cos x
x2 =

1
2 .)

2.
+∞∑
n=1

na
( 1√

n
− 1√

n+ 1

)
,

+∞∑
n=1

na
(√

n+ 1− 2
√
n+

√
n− 1

)
,

+∞∑
n=2

1

na − nb
(0 < b < a),

+∞∑
n=1

1

an − bn
(0 < b < a).

,
∑+∞

n=1
1
np

∑+∞
n=1 p

n p. a, b .

3.
∑+∞

n=1
1

n(n+1) = 1 ( – 4 ).

1
n2 ≤ 2

n(n+1) n limn→+∞
1
n2
1

n(n+1)

= 1 , 10.5,
∑+∞

n=1
1
n2 .

4. . . +∞ .

, Cauchy.

+∞∑
n=1

1

n2 + 1
,

+∞∑
n=1

n

n2 + 1
,

+∞∑
n=1

1√
n(n+ 1)

,
+∞∑
n=1

1

(n+ 1)
√
n
,

+∞∑
n=1

ne−n ,
+∞∑
n=1

en

1 + e2n
,

+∞∑
n=2

1

n log n
,

+∞∑
n=2

1

n(log n)2
,
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+∞∑
n=3

1

n log n log(log n)
,

+∞∑
n=3

1

n log n(log(log n))2
.

5. Cauchy

+∞∑
n=2

1

n(log n)p
,

+∞∑
n=3

1

n logn
(
log(log n)

)p
p.

6. limp→1+(p− 1)
∑+∞

n=1
1
np = 1.

limn→+∞
1

logn

(
1 + 1

2 + · · ·+ 1
n

)
= 1.

0 ≤ p < 1, limn→+∞ np−1
(
1 + 1

2p + · · ·+ 1
np

)
= 1

1−p .

7. log n+1
m ≤ 1

m + 1
m+1 + · · ·+ 1

n−1 + 1
n ≤ 1

m + log n
m .

limn→+∞
(
1
n + 1

n+1 + · · · + 1
2n−1 + 1

2n

)
= log 2 , , p, limn→+∞

(
1
n +

1
n+1 + · · ·+ 1

pn−1 + 1
pn

)
= log p.

8. p > 1. 1
(p−1)np−1 ≤ 1

np + 1
(n+1)p + · · · ≤ 1

np + 1
(p−1)np−1 .

, limn→+∞ np−1
(

1
np + 1

(n+1)p + · · ·
)
= 1

p−1 .

9. xn ≥ 0 n.
∑+∞

n=1 xn ,
∑+∞

n=1

√
xnxn+1 .

(: ab ≤ 1
2a

2 + 1
2b

2 .)

, , (xn) , .

10. xn > 0 n.
∑+∞

n=1 xn ,
∑+∞

n=1

√
xn

n .

(: ab ≤ 1
2a

2 + 1
2b

2 .)

11. xn > 0 n.
∑+∞

n=1 xn ,
∑+∞

n=1 xn
2 ,

∑+∞
n=1

xn

1+xn

∑+∞
n=1

xn
2

1+xn
2 .

12. (∗) (xn) .
∑+∞

n=1 xn < +∞, limn→+∞ nxn = 0.

(: n
2xn ≤ x[n2 ]+1 + · · ·+ xn .)

13. (∗) (xn) , limn→+∞ xn = 0 xn − 2xn+1 + xn+2 ≥ 0 n ≥ 1.

(1)
∑+∞

n=1(xn − xn+1) = x1 .

(2) limn→+∞ n(xn − xn+1) = 0.

(: .)

(3)
∑+∞

n=1 n(xn − 2xn+1 + xn+2) = x1 .

(:
∑n

k=1 k(xk − 2xk+1 + xk+2) = x1 − (m+ 1)(xm+1 − xm+2)− xm+2 .)
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10.3 p- .

. p- .

0, 1, . . . , 9 . , p ≥ 2, 0, 1, . . . , p− 1 p- .

: 0, 1 , 0, 1, 2 0, 1, . . . , 15 .

10.8 p ≥ 2. x

x = XNpN +XN−1p
N−1 + · · ·+X1p+X0

XN , . . . , X0 {0, 1, . . . , p− 1}, p- , XN 6= 0.

: N = [logp x]. x ≥ 1 p > 1, logp x ≥ 0 , , N ≥ 0. N pN ≤ x < pN+1 , 1 ≤ x
pN

< p.

, XN =
[

x
pN

]
, , , 1 ≤ XN ≤ p− 1. XN

XNpN ≤ x < XNpN + pN ,

0 ≤ x−XNpN

pN−1 < p.

, XN−1 =
[
x−XNpN

pN−1

]
, , , 0 ≤ XN−1 ≤ p− 1. XN−1

XNpN +XN−1p
N−1 ≤ x < XNpN +XN−1p

N−1 + pN−1 ,

0 ≤ x−XNpN−XN−1p
N−1

pN−2 < p.

, XN−2 =
[x−XNpN−XN−1p

N−1

pN−2

]
, , , 0 ≤ XN−2 ≤ p− 1. XN−2

XNpN +XN−1p
N−1 +XN−2p

N−2 ≤ x < XNpN +XN−1p
N−1 +XN−2p

N−2 + pN−2 ,

0 ≤ x−XNpN−XN−1p
N−1−XN−2p

N−2

pN−3 < p.

X0 =
[
x−XNpN−···−X1p

p0

]
, , , 0 ≤ X0 ≤ p− 1. X0

XNpN + · · ·+X1p+X0 ≤ x < XNpN + · · ·+X1p+X0 + 1

, XNpN + · · ·+X1p+X0 x ,

XNpN + · · ·+X1p+X0 = x.

YM , . . . , Y0 {0, 1, . . . , p−1} YM 6= 0 x = YMpM +YM−1p
M−1+ · · ·+Y1p+Y0 .

N < M ,

x = XNpN + · · ·+X1p+X0 ≤ (p− 1)pN + · · ·+ (p− 1)p+ (p− 1) = pN+1 − 1

x = YMpM + YM−1p
M−1 + · · ·+ Y1p+ Y0 ≥ 1pM + 0pM−1 + · · ·+ 0p+ 0 = pM ≥ pN+1

. N > M , N = M . x = YNpN + YN−1p
N−1 + · · ·+ Y1p+ Y0 YN 6= 0.

, , n Xn 6= Yn n0 n , Xn0 6= Yn0 Xn = Yn n = N, . . . , n0+1. , , Xn0 < Yn0 ,
Xn0 + 1 ≤ Yn0 .

XNpN + · · ·+X1p+X0 = x = YNpN + · · ·+ Y1p+ Y0

Xn0p
n0 + · · ·+X1p+X0 = Yn0p

n0 + · · ·+ Y1p+ Y0 .

,

Xn0p
n0 + · · ·+X1p+X0 ≤ Xn0p

n0 + (p− 1)pn0−1 + · · ·+ (p− 1)p+ (p− 1)

= Xn0p
n0 + pn0 − 1
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Yn0p
n0 + · · ·+ Y1p+ Y0 ≥ Yn0p

n0 + 0pn0−1 + · · ·+ 0p+ 0

= Yn0p
n0

≥ Xn0p
n0 + pn0

. Xn0 > Yn0 , YN , . . . , Y0 XN , . . . , X0 , .

XN , . . . , X0 x = XNpN +XN−1p
N−1+ · · ·+X1p+X0 p- x. XNpN +

XN−1p
N−1 + · · ·+X1p+X0 p- x XNXN−1 . . . X1X0

p ,

x = XNXN−1 . . . X1X0
p .

: (1) , p = 1p+ 0, p- p 1p+ 0 = 10p . , p- p2 1p2 + 0p+ 0 = 100p .

(2) p , 9 + 1, XNXN−1 . . . X1X0 XNXN−1 . . . X1X0
p x =

XNpN +XN−1p
N−1 + · · ·+X1p+X0 .

΄ – – 10. , , 10 , 9 + 1.
, 10 + 1 1 · 10 + 1, 11. 10 + 2 1 · 10 + 2, 12. , , .

(3) 25 = 1 · 24 + 1 · 23 + 0 · 22 + 0 · 2 + 1, 25 110012 .

(4) 735 = 2 · 162 + 13 · 16 + 15, 735 2 13 1516 – .

p- x 10.8. , , . x = a1p+X0 , a1 X0 0 ≤ X0 ≤ p− 1.
0 ≤ a1 < x. a1 = 0 , , a1 > 0, a1 = a2p +X1 , a2 X1 0 ≤ X1 ≤ p − 1.
0 ≤ a2 < a1 . a2 = 0 , , a2 > 0, a2 = a3p+X2 , a3 X2 0 ≤ X2 ≤ p− 1.
0 ≤ a3 < a2 . , a1, a2, a3, . . . , 0 . , , N ≥ 0 aN+1 = 0,

x = a1p+X0

a1 = a2p+X1

· · · · · · · · ·

aN−1 = aNp+XN−1

aN = 0p+XN = XN .

x = a1p+X0

= a2p
2 +X1p+X0

= . . . . . . . . . . . .

= aN−1p
N−1 +XN−2p

N−2 + · · ·+X1p+X0

= aNpN +XN−1p
N−1 +XN−2p

N−2 + · · ·+X1p+X0

= XNpN +XN−1p
N−1 +XN−2p

N−2 + · · ·+X1p+X0 .

: (1) 28 : 28 = 14 · 2 + 0, 14 = 7 · 2 + 0, 7 = 3 · 2 + 1, 3 = 1 · 2 + 1
1 = 0 · 2 + 1. 28 = 111002 .

(2) 32137 : 32137 = 2008 · 16 + 9, 2008 = 125 · 16 + 8, 125 = 7 · 16 + 13
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7 = 0 · 16 + 7. 32137 = 7 13 8 916 – .

(3) 12 : 12 = 0 · 15 + 12. 12 = 1215 – .

. p- [0, 1).

, 0, 25

2 · 10−1 + 5 · 10−2 =
2

10
+

5

100
=

20

100
+

5

100
=

25

100
=

1

4
.

, 0, 5403

5 · 10−1 + 4 · 10−2 + 0 · 10−3 + 3 · 10−4 =
5

10
+

4

100
+

0

1000
+

3

10000
=

5403

10000
.

0, 25 0, 5403 0, 25000 . . . 0, 5403000 . . . , 0 . 1
4

5403
10000 .

, , 3
7 0, 42857 . . . ΄ 0 .

: 3
7 0, 42857 . . . ; , ΄ ,

4 · 10−1 + 2 · 10−2 + 8 · 10−3 + 5 · 10−4 + 7 · 10−5 + · · ·

3
7 . . , , ,

4 · 10−1 + 2 · 10−2 + 8 · 10−3 + 5 · 10−4 + 7 · 10−5 + · · · = 3

7
,

4 · 10−1 + 2 · 10−2 + 8 · 10−3 + 5 · 10−4 + 7 · 10−5 + · · · 3
7 , ,

3
7 .

10.9 [0, 1) 0, . . . . , 10.9 p- , p ≥ 2 0, 1, . . . , p− 1. ,
, :

+∞∑
n=1

p− 1

pn
=

p− 1

p

+∞∑
n=1

(1
p

)n−1

=
p− 1

p

1

1− 1
p

= 1

, , m

+∞∑
n=m

p− 1

pn
=

p− 1

pm

+∞∑
n=m

(1
p

)n−m

=
p− 1

pm

+∞∑
n=1

(1
p

)n−1

=
p− 1

pm
1

1− 1
p

=
1

pm−1
.

10.9 p ≥ 2.
(1) p- (xn) xn p− 1.

∑+∞
n=1

xn

pn [0, 1).
(2) x [0, 1) p- (xn) xn p− 1

x =
+∞∑
n=1

xn

pn
= x1p

−1 + x2p
−2 + x3p

−3 + · · · .

: (1)
∑+∞

n=1
xn
pn

, , , 0 ≤ xn ≤ p− 1 n,

0 ≤
+∞∑
n=1

xn

pn
≤

+∞∑
n=1

p− 1

pn
= 1.
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∑+∞
n=1

xn
pn

, x, : 0 ≤ x ≤ 1. 0 ≤ x < 1, , , m xm 6= p− 1 , , xm ≤ p− 2.

x =

+∞∑
n=1

xn

pn
=

m−1∑
n=1

xn

pn
+

xm

pm
+

+∞∑
n=m+1

xn

pn

≤
m−1∑
n=1

p− 1

pn
+

p− 2

pm
+

+∞∑
n=m+1

p− 1

pn
=

+∞∑
n=1

p− 1

pn
−

1

pm
= 1−

1

pm

< 1.

(2) 0 ≤ x < 1. x1 = [px], x1 ≤ px < x1 + 1 , ,

x1

p
≤ x <

x1

p
+

1

p
.

0 ≤ px < p, x1 {0, 1, . . . , p− 1}. s1 = x1
p

x2 = [p2(x− s1)]. x2 ≤ p2(x− s1) < x2 +1,

x1

p
+

x2

p2
≤ x <

x1

p
+

x2

p2
+

1

p2
.

0 ≤ p2(x − s1) < p, x2 {0, 1, . . . , p − 1}. s2 = x1
p

+ x2
p2

x3 = [p3(x − s2)]. x3 ≤
p3(x− s2) < x3 + 1,

x1

p
+

x2

p2
+

x3

p3
≤ x <

x1

p
+

x2

p2
+

x3

p3
+

1

p3
.

0 ≤ p3(x− s2) < p, x3 {0, 1, . . . , p− 1}.
xn , , n. , x1, . . . , xn {0, 1, . . . , p− 1}

x1

p
+ · · ·+

xn

pn
≤ x <

x1

p
+ · · ·+

xn

pn
+

1

pn
.

sn = x1
p

+ · · ·+ xn
pn

xn+1 = [pn+1(x− sn)]. xn+1 ≤ pn+1(x− sn) < xn+1 + 1,

x1

p
+ · · ·+

xn

pn
+

xn+1

pn+1
≤ x <

x1

p
+ · · ·+

xn

pn
+

xn+1

pn+1
+

1

pn+1
.

0 ≤ pn+1(x− sn) < p, xn+1 {0, 1, . . . , p− 1}.
, , p- (xn) sn = x1

p
+ · · ·+ xn

pn

∑+∞
n=1

xn
pn

sn ≤ x < sn+ 1
pn
. x− 1

pn
< sn ≤ x

, , limn→+∞ sn = x. ,
+∞∑
n=1

xn

pn
= x.

, , xn p− 1, m xn = p− 1 n ≥ m. m = 1,

x =

+∞∑
n=1

xn

pn
=

+∞∑
n=1

p− 1

pn
= 1,

, , m ≥ 2,

x =

+∞∑
n=1

xn

pn
=

x1

p
+ · · ·+

xm−1

pm−1
+

+∞∑
n=m

xn

pn
= sm−1 +

+∞∑
n=m

p− 1

pn
= sm−1 +

1

pm−1
,

, , .
, p- (yn) , (xn), yn p− 1

x =

+∞∑
n=1

yn

pn
.
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(xn) (yn) , n xn 6= yn . n0 n , xn0 6= yn0 xn = yn n = 1, . . . , n0 − 1. ,
, xn0 < yn0 , , xn0 + 1 ≤ yn0 . ,

+∞∑
n=1

xn

pn
= x =

+∞∑
n=1

yn

pn

+∞∑
n=n0

xn

pn
=

+∞∑
n=n0

yn

pn
.

, m ≥ n0 + 1 xm 6= p− 1 , , xm ≤ p− 2.

+∞∑
n=n0

xn

pn
=

xn0

pn0
+

m−1∑
n=n0+1

xn

pn
+

xm

pm
+

+∞∑
n=m+1

xn

pn

≤
xn0

pn0
+

m−1∑
n=n0+1

p− 1

pn
+

p− 2

pm
+

+∞∑
n=m+1

p− 1

pn

=
xn0

pn0
+

+∞∑
n=n0+1

p− 1

pn
−

1

pm

=
xn0

pn0
+

1

pn0
−

1

pm

+∞∑
n=n0

yn

pn
=

yn0

pn0
+

+∞∑
n=n0+1

yn

pn
≥

yn0

pn0
≥

xn0

pn0
+

1

pn0

. xn0 > yn0 , (xn) (yn) .

(xn) p- xn p− 1

x =
+∞∑
n=1

xn

pn
,

(xn) p- x , , xn p- x. ,
∑+∞

n=1
xn

pn p- x 0, x1x2x3 . . . p ,

x = 0, x1x2x3 . . . p .

p = 10 x = 0, x1x2x3 . . . x = 0, x1x2x3 . . . 10 .
, , 10.9

[0, 1) p- 0, x1x2x3 . . . p ,
p-
p− 1.

x =
∑+∞

n=1
xn

pn p- x – , , [0, 1) –

sn =
x1

p
+

x2

p2
+ · · ·+ xn

pn∑+∞
n=1

xn

pn
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sn ≤ x < sn +
1

pn
.

10.9, . ΄ ,

x =
+∞∑
n=1

xn

pn
=

m∑
n=1

xn

pn
+

+∞∑
n=m+1

xn

pn
≥

m∑
n=1

xn

pn
= sm .

, xn p− 1, k ≥ m+ 1 xk ≤ p− 2,

x =

+∞∑
n=1

xn

pn
= sm +

+∞∑
n=m+1

xn

pn

= sm +

k−1∑
n=m+1

xn

pn
+

xk

pk
+

+∞∑
n=k+1

xn

pn

≤ sm +
k−1∑

n=m+1

p− 1

pn
+

p− 2

pk
+

+∞∑
n=k+1

p− 1

pn

= sm +
+∞∑

n=m+1

p− 1

pn
− 1

pk
= sm +

1

pm
− 1

pk

< sm +
1

pm
.

sn ≤ x < sn + 1
pn x− 1

pn < sn ≤ x sn n- p- x.

: 3
7 0, 42857 . . . 3

7 .

0, 4 ≤ 3

7
< 0, 5 , 0, 42 ≤ 3

7
< 0, 43 , 0, 428 ≤ 3

7
< 0, 429 ,

0, 4285 ≤ 3

7
< 0, 4286 , 0, 42857 ≤ 3

7
< 0, 42858 ,

. . . . . . . . . . . . . . .

0, 4, 0, 42, 0, 428, 0, 4285, 0, 42857, . . . 3
7 4, 2, 8, 5, 7, . . . 3

7 .

10.9 p- 0, x1x2x3 . . . p =
∑+∞

n=1
xn

pn x [0, 1). p- . x1 = [px] ,

n, x1 , . . . , xn , xn+1 = [pn+1(x− sn)], sn = x1

p + · · ·+ xn

pn . «»

x1 = [px], xn+1 = [pn+1(x− sn)] (n ≥ 1),

(n+ 1)- .

: (1) 13
16 .

x1 =
[
10 · 13

16

]
=

[65
8

]
= 8, s1 =

8

10
=

4

5
,
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x2 =
[
102

(13
16

− 4

5

)]
=

[5
4

]
= 1, s2 = s1 +

1

102
=

81

100
,

x3 =
[
103

(13
16

− 81

100

)]
=

[5
2

]
= 2, s3 = s2 +

2

103
=

203

250
,

x4 =
[
104

(13
16

− 203

250

)]
= [5] = 5, s4 = s3 +

5

104
=

13

16
,

x5 =
[
105

(13
16

− 13

16

)]
= [0] = 0, s5 = s4 +

0

105
=

13

16
,

x6 =
[
106

(13
16

− 13

16

)]
= [0] = 0, s6 = s5 +

0

106
=

13

16

΄ . 13
16 0, 8125000 . . . . s4

13
16 x5 , x6 , . . . 0.

(2) 1√
2
.

x1 =
[
10 · 1√

2

]
= 7, s1 =

7

10
,

x2 =
[
102

( 1√
2
− 7

10

)]
= 0, s2 = s1 +

0

102
=

7

10
,

x3 =
[
103

( 1√
2
− 7

10

)]
= 7, s3 = s2 +

7

103
=

707

1000
,

x4 =
[
104

( 1√
2
− 707

1000

)]
= 1, s4 = s3 +

1

104
=

7071

10000
,

x5 =
[
105

( 1√
2
− 7071

10000

)]
= 0, s5 = s4 +

0

105
=

7071

10000
,

x6 =
[
106

( 1√
2
− 7071

10000

)]
= 6, s6 = s5 +

6

106
=

707106

1000000

. 1√
2

0, 707106 . . . .

(3) 3
5 .

x1 =
[
2 · 3

5

]
= 1, s1 =

1

2
,

x2 =
[
22
(3
5
− 1

2

)]
= 0, s2 = s1 +

0

22
=

1

2
,

x3 =
[
23
(3
5
− 1

2

)]
= 0, s3 = s2 +

0

23
=

1

2
,

x4 =
[
24
(3
5
− 1

2

)]
= 1, s4 = s3 +

1

24
=

9

16
,

x5 =
[
25
(3
5
− 9

16

)]
= 1, s5 = s4 +

1

25
=

19

32
,

x6 =
[
26
(3
5
− 19

32

)]
= 0, s6 = s5 +

0

26
=

19

32

΄ . 3
5 0, 100110 . . . .

. p- .
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p- [0, 1). x ≥ 1, x = [x] + (x− [x]), [x] x, , x− [x] [0, 1).
p- : XN . . . X0

p [x] 0, x1x2 . . . p x− [x]. [x] = XNpN + · · ·+X1p+X0

x− [x] = x1p
−1 + x2p

−2 + · · · ,

x = XNpN + · · ·+X1p+X0 + x1p
−1 + x2p

−2 + · · · .

p- x XN . . . X0, x1x2 . . . p

x = XN . . . X0, x1x2 . . . p .

n- p- x

sn = [x] +
x1

p
+ · · ·+ xn

pn
= XNpN + · · ·+X1p+X0 +

x1

p
+ · · ·+ xn

pn

, ,

sn ≤ x < sn +
1

pn

n.
p- [0, 1), , , ≥ 0, p- p- p− 1. p- (xn) xn p− 1,

m xn = p− 1 n ≥ m n0 m. n0 = 1, xn = p− 1 n,
∑+∞

n=1
xn

pn

+∞∑
n=1

xn

pn
=

+∞∑
n=1

p− 1

pn
= 1.

0, p− 1 p− 1 p− 1 . . . p , p- 1, p- 1, 000 . . . p .
n0 ≥ 2 xn = p− 1 n ≥ n0 xn0−1 ≤ p− 2.

∑+∞
n=1

xn

pn

x =

+∞∑
n=1

xn

pn
=

n0−1∑
n=1

xn

pn
+

+∞∑
n=n0

xn

pn
=

n0−1∑
n=1

xn

pn
+

+∞∑
n=n0

p− 1

pn

=

n0−1∑
n=1

xn

pn
+

1

pn0−1
=

n0−2∑
n=1

xn

pn
+

xn0−1 + 1

pn0−1

=
+∞∑
n=1

yn
pn

,

(yn) p- yn = xn n = 1, . . . , n0−2, yn0−1 = xn0−1+1 yn = 0 n ≥ n0 .
, 0, x1 . . . xn0−1 p− 1 p− 1 . . . p , p- x p- 0, x1 . . . xn0−1 + 100 . . . p –
p- p− 1.

: (1) 0, 35699999 . . . 0, 35700000 . . . , 357
1000 .

(2) 0, 1010111111 . . . 2 0, 1011000000 . . . 2 , 1
2 + 1

23 + 1
24 = 11

16 .

. p- .

p- XN . . . X0, x1x2 . . . p m k xn+k = xn n ≥ m. xmxm+1 . . . , xm+k−1

p- xmxm+1 . . . , xm+k−1 ΄ . , p-

XN . . . X0, . . . xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸ . . .p .
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XN . . . X0, . . . xm . . . xm+k−1
p .

10.10 p = 10, , ( , ).

10.10 p ≥ 2 x ≥ 0. x p- .

: x p- :

x = XN . . . X0, . . . xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸ . . .p .

x=XNpN + · · ·+X0 +
x1

p
+ · · ·+

xm−1

pm−1
+

(
xm

pm
+ · · ·+

xm+k−1

pm+k−1

)(
1 +

1

pk
+

1

p2k
+ · · ·

)
=XNpN + · · ·+X0 +

x1

p
+ · · ·+

xm−1

pm−1
+

(
xm

pm
+ · · ·+

xm+k−1

pm+k−1

)
1

1− 1
pk

=
XNpN+m−1 + · · ·+X0pm−1 + x1pm−2 + · · ·+ xm−1

pm−1
+

xmpk−1 + · · ·+ xm+k−1

pm−1(pk − 1)
,

x .
, x ≥ 0 : x = a

b
a ≥ 0 b ≥ 1 . p = p1n1 · · · prnr , p1, . . . , pr p

n1, . . . , nr . , b = p1l1 · · · prlr b′ , l1, . . . , lr ≥ 0 ( pj b, lj 0) b′ p – , p
b′ > 1. m (m − 1)nj ≥ lj j = 1, . . . , r. mj = (m − 1)nj − lj , mj ≥ 0.

x = a
b
= a

p1
l1 ···prlr b′

= ap1
m1 ···prmr

(p1
n1 ···prnr )m−1b′

= a′

pm−1b′
, a′ ≥ 0. , p, p2, p3, . . . b′ .

– 0, . . . , b′ − 1 – , b′. , t s t < s pt = qtb′ + z ps = qsb′ + z, qt qs
z 0, . . . , b′ − 1. pt(ps−t − 1) = ps − pt = (qs − qt)b′ , b′ pt(ps−t − 1). b′ p , b′

ps−t−1, b′′ b′b′′ = ps−t−1. k = s− t b′b′′ = pk −1 , , x = a′b′′

pm−1b′b′′
= a′′

pm−1(pk−1)
,

a′′ ≥ 0. , a′′ pk − 1, a′′ = w(pk − 1) + u, w ≥ 0 u 0, . . . , pk − 2. , p- w
u w = XNpN+m−1 + · · ·+X0pm−1 + x1pm−2 + · · ·+ xm−1 u = xmpk−1 + · · ·+ xm+k−1

xm, . . . , xm+k−1 p− 1, u = (p− 1)pk−1 + · · ·+ (p− 1)p+ (p− 1) = pk − 1.

x=
w(pk − 1) + u

pm−1(pk − 1)
=

w

pm−1
+

u

pm−1(pk − 1)

=
XNpN+m−1 + · · ·+X0pm−1 + x1pm−2 + · · ·+ xm−1

pm−1
+

xmpk−1 + · · ·+ xm+k−1

pm−1(pk − 1)

=XNpN + · · ·+X0 +
x1

p
+ · · ·+

xm−1

pm−1
+

(
xm

pm
+ · · ·+

xm+k−1

pm+k−1

)
1

1− 1
pk

=XNpN + · · ·+X0 +
x1

p
+ · · ·+

xm−1

pm−1
+

(
xm

pm
+ · · ·+

xm+k−1

pm+k−1

)(
1 +

1

pk
+

1

p2k
+ · · ·

)
=XN . . . X0, . . . xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸xm . . . xm+k−1︸ ︷︷ ︸ . . .p ,

x p- .

: 3
14 .

3
14 = 3

2·7 = 15
10·7 7 10. 10−1, 102−1, 103−1, . . . 7 106−1 106−1 =

7 · 142857. 3
14 = 15·142857

10(106−1) =
2142855

10(106−1) . 2142855 = 2(106 − 1) + 142857 , ,

3

14
=

2

10
+

142857

10(106 − 1)
=

2

10
+

142857

107
106

106 − 1

=
2

10
+
( 1

102
+

4

103
+

2

104
+

8

105
+

5

106
+

7

107

) 1

1− 1
106

=
2

10
+
( 1

102
+

4

103
+

2

104
+

8

105
+

5

106
+

7

107

)(
1 +

1

106
+

1

1012
+ · · ·

)
= 0, 2 142857︸ ︷︷ ︸ 142857︸ ︷︷ ︸ 142857︸ ︷︷ ︸ . . . = 0, 2142857 .
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.

. p- .

1. , , 11 87.

2. p ≥ 2 N ≥ 0. p- pN+1 − 1.

(: 1023 − 1.)

3. p ≥ 2. XN , . . . , X0 {0, 1, . . . , p− 1} XN 6= 0, pN ≤ XNpN + · · ·+
X1p+X0 ≤ pN+1 − 1 < pN+1 .

4. p ≥ 2. x N . p- x N + 1 pN ≤ x < pN+1 .

(: .)

5. (∗) k1 < k2 < k3 < . . . 0 .
∑+∞

n=1
1
kn

90.

(: (kn) 10.)

0 ;

. p- [0, 1).

1. , 7
16

31
32 .

2. p ≥ 2 x, y [0, 1). n n- p- x, y , |x− y| < 1
pn .

3. p ≥ 2 x [0, 1). sn n- p- x, p- x− sn pn(x− sn);

4. p ≥ 2 x, y [0, 1). x+ y x, y n- p- 2
pn .

xy 2
pn − 1

p2n .

5. p ≥ 2 p- k. [0, 1) n- p- k pn−1 [a, b). ; ;

(: n = 1, 2, 3, . . . .)

6. p ≥ 2 x [0, 1). x p- 0 p− 1 . ΄ ;

(: x =
∑+∞

n=1
xn

pn x =
∑+∞

n=1
yn

pn n0 n xn 6= yn . xn = yn n < n0

xn0 < yn0 , xn0 + 1 ≤ yn0 . x ≤
∑n0−1

n=1
xn

pn +
xn0

pn0
+

∑+∞
n=n0+1

p−1
pn =∑n0

n=1
xn

pn + 1
pn0

x ≥
∑n0−1

n=1
xn

pn +
xn0+1

pn0
+
∑+∞

n=n0+1
0
pn =

∑n0

n=1
xn

pn + 1
pn0
.

yn0 = xn0 + 1 xn = p− 1 yn = 0 n > n0 .)

x [0, 1) p- x = m
pn , n m < pn .

. p- .

1.
√
2 .

2. p ≥ 2. sn n- p- x ≥ 0 tn = sn + 1
pn , (sn) , (tn) x.
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. p- .

1. 32, 34 239︸︷︷︸ 239︸︷︷︸ 239︸︷︷︸ . . . , 2, 0 1201︸︷︷︸ 1201︸︷︷︸ 1201︸︷︷︸ . . .3 1001, 101︸︷︷︸ 101︸︷︷︸ 101︸︷︷︸ . . .2 .

2. , 313
150 .

10.4 .

10.11 . (bn) limn→+∞ bn = 0,
∑+∞

n=1(−1)n−1bn = b1−b2+b3−b4+ · · ·
.

: sn = b1−b2+· · ·+(−1)n−1bn s2, s4, s6, . . . . s2k+2 = s2k+b2k+1−b2k+2 ≥ s2k , . ,
s2k = b1−b2+b3−b4+· · ·+b2k−1−b2k = b1−(b2−b3)−(b4−b5)−· · ·−(b2k−2−b2k−1)−b2k ≤ b1
. s2, s4, s6, . . . , , s′ : limk→+∞ s2k = s′ . s1, s3, s5, . . . . s2k+1 =
s2k−1 − b2k + b2k+1 ≤ s2k−1 , . , s2k−1 = b1 − b2 + b3 − b4 + · · · − b2k−2 + b2k−1 =
(b1 − b2) + (b3 − b4) + · · · + (b2k−3 − b2k−2) + b2k−1 ≥ 0 . s1, s3, s5, . . . , , s′′ :
limk→+∞ s2k−1 = s′′ . , s2k−1 = s2k + b2k ≥ s2k , k → +∞, s′′ ≥ s′ .
, , :

s2 ≤ s4 ≤ . . . ≤ s2k ≤ . . . ≤ s′ ≤ s′′ ≤ . . . ≤ s2k−1 ≤ . . . ≤ s3 ≤ s1 .

0 ≤ s′′−s′ ≤ s2k−1−s2k = b2k ≤ b2k−1 k ≥ 1 , , 0 ≤ s′′−s′ ≤ bn n ≥ 1. n → +∞,
s′′ − s′ = 0, s′ = s′′ .

s = s′ = s′′ ,

s2 ≤ s4 ≤ . . . ≤ s2k ≤ . . . ≤ s ≤ . . . ≤ s2k−1 ≤ . . . ≤ s3 ≤ s1 .

0 ≤ s − s2k ≤ s2k−1 − s2k = b2k 0 ≤ s2k−1 − s ≤ s2k−1 − s2k−2 = b2k−1 k ≥ 1. ,

|sn − s| ≤ bn n ≥ 1 limn→+∞ |sn − s| = 0 , , limn→+∞ sn = s.
∑+∞

n=1
(−1)n−1bn s.

:
∑+∞

n=1
(−1)n−1

n = 1− 1
2+

1
3−

1
4+· · · .

∑+∞
n=1

(−1)n−1

√
n

= 1− 1√
2
+ 1√

3
− 1√

4
+· · · .∑+∞

n=1 xn ( )
∑+∞

n=1 |xn| , ,
∑+∞

n=1 |xn| < +∞.

10.2 .
∑+∞

n=1 xn , ∣∣∣ +∞∑
n=1

xn

∣∣∣ ≤ +∞∑
n=1

|xn|.

: 0 ≤ xn + |xn| ≤ 2|xn| n, ,
∑+∞

n=1
2|xn| ,

∑+∞
n=1

(xn + |xn|) . ,
∑+∞

n=1
xn , ,∑+∞

n=1
xn =

∑+∞
n=1

(xn + |xn|)−
∑+∞

n=1
|xn|.

, −|xn| ≤ xn ≤ |xn| n ≥ 1, −
∑+∞

n=1
|xn| =

∑+∞
n=1

(−|xn|) ≤
∑+∞

n=1
xn ≤

∑+∞
n=1

|xn|
, ,

∣∣∑+∞
n=1

xn

∣∣ ≤ ∑+∞
n=1

|xn|.∣∣∑+∞
n=1 xn

∣∣ ≤
∑+∞

n=1 |xn| |x1 + x2| ≤ |x1| + |x2|, |x1 + x2 + x3| ≤
|x1|+ |x2|+ |x3| , .

: (1)
∑+∞

n=1
(−1)n−1

n2 :
∑+∞

n=1

∣∣ (−1)n−1

n2

∣∣ = ∑+∞
n=1

1
n2 .

(2)
∑+∞

n=1
(−1)n−1

n . ,
∑+∞

n=1

∣∣ (−1)n−1

n

∣∣ = ∑+∞
n=1

1
n +∞.

,
∑+∞

n=1 xn .
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10.12 , . (1) |xn| ≤ yn n ≥ 1
∑+∞

n=1 yn ,
∑+∞

n=1 xn , , . ,

∣∣∣ +∞∑
n=1

xn

∣∣∣ ≤ +∞∑
n=1

yn .

(2) yn > 0 n
( |xn|

yn

)
, , .

∑+∞
n=1 yn ,

∑+∞
n=1 xn , , .

: (1)
∑+∞

n=1
yn ,

∑+∞
n=1

|xn| ,
∑+∞

n=1
xn , ,

∣∣∑+∞
n=1

xn

∣∣ ≤ ∑+∞
n=1

|xn| ≤
∑+∞

n=1
yn .

(2) 10.5 10.2.

:
∑+∞

n=1
(−2)n

3n+2n

∑+∞
n=1(

2
3 )

n . limn→+∞
| (−2)n

3n+2n |
( 2
3 )

n = 1,
∑+∞

n=1
(−2)n

3n+2n , , .

10.13 d’ Alembert. limn→+∞
∣∣xn+1

xn

∣∣.
(i) limn→+∞

∣∣xn+1

xn

∣∣ < 1,
∑+∞

n=1 xn , , .

(ii) limn→+∞
∣∣xn+1

xn

∣∣ > 1,
∑+∞

n=1 xn .

: (i) limn→+∞
∣∣xn+1

xn

∣∣ < 1. a limn→+∞
∣∣xn+1

xn

∣∣ < a < 1. n0

∣∣xn+1

xn

∣∣ ≤ a

n ≥ n0 . |xn0+1| ≤ a|xn0 |, |xn0+2| ≤ a|xn0+1| ≤ a2|xn0 |, |xn0+3| ≤ a|xn0+2| ≤ a3|xn0 |
, , |xn| ≤ an−n0 |xn0 | n ≥ n0 . c = a−n0+1|xn0 | , |xn| ≤ can−1 n ≥ n0 . C =

max
{
c, |x1|, |x2|

a
, . . . ,

|xn0−1|
an0−2

}
|xn| ≤ Can−1 n ≥ 1. ,

∑+∞
n=1

|xn| ≤ C
∑+∞

n=1
an−1 <

+∞ 0 < a < 1.
∑+∞

n=1
|xn| < +∞.

(ii) limn→+∞
∣∣xn+1

xn

∣∣ > 1. n0

∣∣xn+1

xn

∣∣ ≥ 1 n ≥ n0 . , |xn0+1| ≥ |xn0 |, |xn0+2| ≥
|xn0+1| ≥ |xn0 | , , |xn| ≥ |xn0 | > 0 n ≥ n0 . , , limn→+∞ xn = 0,

∑+∞
n=1

xn .

: (1)
∑+∞

n=1
2n

n! , limn→+∞

∣∣∣ 2n+1

(n+1)!
2n

n!

∣∣∣ = limn→+∞
2

n+1 = 0 < 1.

(2)
∑+∞

n=1
nn

n! : limn→+∞

∣∣∣ (n+1)n+1

(n+1)!
nn

n!

∣∣∣ = limn→+∞(1 + 1
n )

n = e > 1.

10.13 limn→+∞
∣∣xn+1

xn

∣∣ = 1. ΄ .

: (1)
∑+∞

n=1
1
n2 limn→+∞

∣∣∣ 1
(n+1)2

1
n2

∣∣∣ = 1.

(2)
∑+∞

n=1
1
n limn→+∞

∣∣∣ 1
n+1
1
n

∣∣∣ = 1.

10.14 Cauchy. limn→+∞
n
√
|xn|.

(i) limn→+∞
n
√
|xn| < 1,

∑+∞
n=1 xn , , .

(ii) limn→+∞
n
√

|xn| > 1,
∑+∞

n=1 xn .

: (i) limn→+∞
n
√

|xn| < 1, a limn→+∞
n
√

|xn| < a < 1. n0
n
√

|xn| ≤ a n ≥ n0 ,

|xn| ≤ an n ≥ n0 . C = max{a, |x1|, |x2|
a

, . . . ,
|xn0−1|
an0−2 }, |xn| ≤ Can−1 n ≥ 1.∑+∞

n=1
|xn| ≤ C

∑+∞
n=1

an−1 < +∞ 0 < a < 1.
∑+∞

n=1
|xn| < +∞.

(ii) limn→+∞
n
√

|xn| > 1, n0
n
√

|xn| ≥ 1 n ≥ n0 . |xn| ≥ 1 n ≥ n0 , limn→+∞ xn = 0

, ,
∑+∞

n=1
xn .
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: (1)
∑+∞

n=1
n3

2n limn→+∞
n

√
|n3

2n | = limn→+∞
( n
√
n)3

2 = 1
2 < 1.

(2)
∑+∞

n=1
(−2)n

n : limn→+∞
n

√
| (−2)n

n | = limn→+∞
2

n
√
n
= 2 > 1.

, , limn→+∞
n
√
|xn| = 1. ΄ .

: (1)
∑+∞

n=1
1
n2 limn→+∞

n

√
| 1
n2 | = 1.

(2)
∑+∞

n=1
1
n limn→+∞

n

√
| 1n | = 1..

1. .

+∞∑
n=1

n+ 2

(
√
2)n

,
+∞∑
n=1

n3en ,
+∞∑
n=1

n!

3n
,

+∞∑
n=1

3n

n!
,

+∞∑
n=1

2n

nn
,

+∞∑
n=1

2nn!

nn
,

+∞∑
n=1

3nn!

nn
,

+∞∑
n=1

(n!)2

(2n)!
,

+∞∑
n=1

(n!)2

2n2 ,

+∞∑
n=1

2 · 5 · 8 · · · (3n− 1)

1 · 5 · 9 · · · (4n− 3)
,

+∞∑
n=1

enn!

nn
,

+∞∑
n=1

4n(n!)2

(2n)!
.

2. .

+∞∑
n=1

( n+ 1

2n− 1

)n

,
+∞∑
n=1

(3n− 1

2n+ 1

)2n−1

,
+∞∑
n=1

n3

en
,

+∞∑
n=1

n32n ,
+∞∑
n=1

2n

nn
,

+∞∑
n=2

1

(log n)n
,

+∞∑
n=1

(
n
√
n− 1

)n
,

+∞∑
n=1

n(
n
√
n+ 1

)n ,
+∞∑
n=1

n3n(
n
√
n+ 1

)n ,

+∞∑
n=1

( n

n+ 1

)n2

,
+∞∑
n=1

n2n(
n
√
n+ 1

)n ,
+∞∑
n=1

en
( n

n+ 1

)n2

.

3. p
∑+∞

n=1(−1)n−1 1
np ; ;

4. p, q
∑+∞

n=1 p
nnq ; ;

5. . .

+∞∑
n=1

(−1)n−1

n
12
11

,

+∞∑
n=1

(−1)n−1

n
11
12

,

+∞∑
n=2

(−1)n

n log n
,

+∞∑
n=2

(−1)n

n(log n)2
,

+∞∑
n=1

(−1)n−1
√
n

n+ 1
,

+∞∑
n=1

(−1)
n(n−1)

2

2n
,

+∞∑
n=1

(−1)
n(n−1)

2

n
,

+∞∑
n=1

(−1)n−1

n
√
n

,
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+∞∑
n=1

(−1)n−1

√
n+ 1

,
+∞∑
n=1

(−1)n−1

√
n+ (−1)n−1

,
+∞∑
n=1

(−1)n−1 sin
1

n
,

+∞∑
n=1

(−1)n−1
(
sin

1

n

) 3
2

,
+∞∑
n=1

(−1)n−1

n
tan

1

n
,

+∞∑
n=1

(−1)n−1
(
1− cos

1

n

)
.

6. x
∑+∞

n=1 |xn| < +∞.
∑+∞

n=1 xn cos(nx)
∑+∞

n=1 xn sin(nx) .

7. (∗) x 6= −1
∑+∞

n=1
1

1+xn .

(: x 6= −1 limn→+∞
1

1+xn = 0 .)

8. 1·3·5···(2n−1)
2·5·8···(3n−1) ≤ ( 23 )

n n , ,
∑+∞

n=1(−1)n−1 1·3·5···(2n−1)
2·5·8···(3n−1) .

9. (∗) (i) 1
2 + 1

4 + · · · + 1
2n ≥

∫ n+1

1
1
2x dx = log

√
n+ 1 . , 1 + x ≤ ex ,

1
2 · 3

4 · 5
6 · · ·

2n−1
2n ≤ e−

1
2−

1
4−···− 1

2n ≤ e− log
√
n+1 = 1√

n+1
.∑+∞

n=1(−1)n−1 1·3·5···(2n−1)
2·4·6···(2n) .

(ii) 1+ 1
3+ · · ·+ 1

2n−1 ≤ 1+
∫ n

1
1

2x−1 dx = 1+log
√
2n− 1 . , 1+x ≤ ex ,

2 · 4
3 · 6

5 · · ·
2n

2n−1 ≤ e1+
1
3+

1
5+···+ 1

2n−1 ≤ e1+log
√
2n−1 = e

√
2n− 1 .∑+∞

n=1(−1)n−1 1·3·5···(2n−1)
2·4·6···(2n) .

10. (bn) , limn→+∞ bn = 0, s =
∑+∞

n=1(−1)n−1bn sn = b1 − b2 + · · · +
(−1)n−1bn . 0 ≤ (−1)n(s− sn) ≤ bn+1 n.

10.5 .

a0 +

+∞∑
n=1

an(x− ξ)n = a0 + a1(x− ξ) + a2(x− ξ)2 + · · ·+ an(x− ξ)n + · · ·

ξ a0, a1, a2, . . . . x . , : x , , x ( ) . x : x , +∞
−∞ x ±∞.

΄ x – , , x. .

: (1) 0 +
∑+∞

n=1 0(x− ξ)n 0 , , x 0.

(2) 1+
∑+∞

n=1 1(x−ξ)n 1 1+
∑+∞

n=1 a
n , a = x−ξ. −1 < x−ξ < 1

, , ξ − 1 < x < ξ + 1 1
1−a = 1

1−(x−ξ) . ,

1 +
+∞∑
n=1

(x− ξ)n =
1

1− (x− ξ)
(ξ − 1 < x < ξ + 1).

x . .
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10.15 a0 +
∑+∞

n=1 an(x− ξ)n . :
(i) (−∞,+∞),
(ii) {ξ},
(iii) R > 0 (ξ−R, ξ+R) (ξ−R, ξ+R] [ξ−R, ξ+R) [ξ−R, ξ+R].
, x (−∞,+∞) (i), x {ξ} ( x = ξ) (ii) x (ξ −R, ξ +R) (iii).

. , , . , x = ξ a0 +
∑+∞

n=1 an(x− ξ)n a0 +
∑+∞

n=1 an0
n = a0 , , .

(i) (ii) 10.15 (iii). (−∞,+∞) = (ξ − (+∞), ξ + (+∞))
(ξ − R, ξ + R) R = +∞. {ξ} [ξ − R, ξ + R] R = 0. .
R 0 ≤ R ≤ +∞.

: (1) x, (−∞,+∞) R = +∞.
(2) 1 +

∑+∞
n=1(x− ξ)n x (ξ − 1, ξ + 1) x. (ξ − 1, ξ + 1) R = 1.

(3) 1 +
∑+∞

n=1 n
n(x − ξ)n . x = x1 . limn→+∞ nn(x1 − ξ)n = 0, M

nn|x1 − ξ|n ≤ M n. |x1 − ξ| ≤
n√
M
n n , n → +∞, |x1 − ξ| ≤ 0 , , x1 = ξ.

{ξ} R = 0.

, ΄ . , , .

10.16 µ = limn→+∞
∣∣an+1

an

∣∣. a0 +
∑+∞

n=1 an(x − ξ)n 1
µ ,

1
µ 0,

µ = +∞, +∞, µ = 0.

: , . 0 < µ < +∞, limn→+∞
∣∣an+1(x−ξ)n+1

an(x−ξ)n

∣∣ = |x − ξ| limn→+∞
∣∣an+1

an

∣∣ = |x − ξ|µ

, : |x − ξ| < 1
µ
, , |x − ξ| > 1

µ
, . 1

µ
. µ = 0, limn→+∞

∣∣an+1(x−ξ)n+1

an(x−ξ)n

∣∣ =

|x − ξ| · 0 = 0 < 1 , , x , , +∞ = 1
µ
. , µ = +∞, x 6= ξ |x − ξ| > 0 , ,

limn→+∞
∣∣an+1(x−ξ)n+1

an(x−ξ)n

∣∣ = |x− ξ|(+∞) = +∞ > 1. x 6= ξ , 0 = 1
µ
.

10.17 µ = limn→+∞
n
√
|an| . a0 +

∑+∞
n=1 an(x − ξ)n 1

µ ,
1
µ 0,

µ = +∞, +∞, µ = 0.

: , . 0 < µ < +∞, limn→+∞
n
√

|an(x− ξ)n| = |x− ξ| limn→+∞
n
√

|an| = |x− ξ|µ , :
|x−ξ| < 1

µ
, , |x−ξ| > 1

µ
, . 1

µ
. µ = 0, limn→+∞

n
√

|an(x− ξ)n| = |x−ξ|·0 = 0 < 1,

x +∞ = 1
µ
. , µ = +∞, x 6= ξ |x−ξ| > 0 , , limn→+∞

n
√

|an(x− ξ)n| = |x−ξ|(+∞) =

+∞ > 1. x 6= ξ , 0 = 1
µ
.

: (1)
∑+∞

n=1
1
nx

n : limn→+∞

∣∣∣ 1
n+1
1
n

∣∣∣ = limn→+∞
n

n+1 = 1 limn→+∞
n

√
| 1n | =

limn→+∞
1

n
√
n
= 1. 1 , , 0. x = 1

∑+∞
n=1

1
n x = −1

∑+∞
n=1

(−1)n

n .

[−1, 1).

(2)
∑+∞

n=1
(−1)n

n xn , . , , . t = −x
∑+∞

n=1
(−1)n

n xn =
∑+∞

n=1
1
n t

n .
t [−1, 1), x (−1, 1]. (−1, 1].

(3)
∑+∞

n=1
1
n2x

n . : limn→+∞

∣∣∣ 1
(n+1)2

1
n2

∣∣∣ = limn→+∞
n2

(n+1)2 = 1 limn→+∞
n

√
| 1
n2 | =

limn→+∞
1

( n
√
n)2

= 1. 1 0. x = 1
∑+∞

n=1
1
n2 x = −1

∑+∞
n=1

(−1)n

n2 ,

, . [−1, 1].
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(4) . 1 +
∑+∞

n=1 x
n (−1, 1) .

.

: (1)

1 +
+∞∑
n=1

1

n!
xn = 1 +

x

1!
+

x2

2!
+

x3

3!
+ · · · .

: limn→+∞

∣∣∣ 1
(n+1)!

1
n!

∣∣∣ = limn→+∞
n!

(n+1)! = limn→+∞
1

n+1 = 0. - +∞

(−∞,+∞). , limn→+∞
n

√
| 1n! | = limn→+∞

1
n√
n!
, limn→+∞

n
√
n! .

. , limn→+∞
n
√
n! . , :

lim
n→+∞

n
√
n! = +∞.

: n , n! = 1 · · · n
2
(n
2
+ 1) · · ·n ≥ (n

2
+ 1) · · ·n ≥ (n

2
+ 1)

n
2 ≥ (n+1

2
)
n
2 , n

√
n! ≥

√
n+1
2
.

n , n! = 1 · · · n−1
2

n+1
2

· · ·n ≥ n+1
2

· · ·n ≥ (n+1
2

)
n+1
2 ≥ (n+1

2
)
n
2 , n

√
n! ≥

√
n+1
2
. ,

n
√
n! ≥

√
n+1
2
, limn→+∞

√
n+1
2

= +∞, limn→+∞
n
√
n! = +∞.

+∞.
(2)

1 +

+∞∑
k=1

(−1)k

(2k)!
x2k = 1− x2

2!
+

x4

4!
− x6

6!
+ · · · .

t = x2 , 1 +
∑+∞

k=1
(−1)k

(2k)! t
k = 1 − t

2! +
t2

4! −
t3

6! + · · · .

. limk→+∞

∣∣∣ (−1)k+1

(2k+2)!

(−1)k

(2k)!

∣∣∣ = limk→+∞
(2k)!

(2k+2)! = limk→+∞
1

(2k+1)(2k+2) = 0. ,

limk→+∞
k

√
| (−1)k

(2k)! | = limk→+∞
1

k
√

(2k)!
= 0, 0 ≤ 1

k
√

(2k)!
≤ 1

k√
k!

limk→+∞
1

k√
k!

=

0. +∞. t, x , , (−∞,+∞).

. : xn an = 0, n , an = (−1)
n
2

n! , n . ,
(
|an+1

an
|
)
.

n
√
|an| = 1

n√
n!
, n , n

√
|an| = 0, n . 0 ≤ n

√
|an| ≤ 1

n√
n!

n , limn→+∞
1

n√
n!

= 0,

limn→+∞
n
√
|an| = 0 +∞.

, , ΄ ! limk→+∞

∣∣∣ (−1)k+1

(2k+2)!
x2k+2

(−1)k

(2k)!
x2k

∣∣∣ = limk→+∞
x2

(2k+1)(2k+2) = 0 < 1

limk→+∞
k

√
| (−1)k

(2k)! x
2k| = limk→+∞

x2

k
√

(2k)!
= 0 < 1 x. ( 0 ≤ x2

k
√

(2k)!
≤ x2

k√
k!

k.) x (−∞,+∞).

(3)
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+∞∑
k=1

(−1)k−1

(2k − 1)!
x2k−1 =

x

1!
− x3

3!
+

x5

5!
− x7

7!
+ · · · .

+∞ (−∞,+∞).

(4)

+∞∑
k=1

(−1)k−1

2k − 1
x2k−1 = x− x3

3
+

x5

5
− · · · .

x, , , 1 +
∑+∞

k=1
(−1)k

2k+1 x
2k , t = x2 , 1 +

∑+∞
k=1

(−1)k

2k+1 t
k .

limk→+∞

∣∣∣ (−1)k+1

2k+3

(−1)k

2k+1

∣∣∣ = limk→+∞
2k+1
2k+3 = 1 limk→+∞

k

√
| (−1)k

2k+1 | = limk→+∞
1

k√2k+1
=

1, 1. t = 1, 1 +
∑+∞

k=1
(−1)k

2k+1 . , t = −1, 1 +
∑+∞

k=1
1

2k+1

1 +
∑+∞

k=1
1
k . 1 +

∑+∞
k=1

(−1)k

2k+1 t
k t (−1, 1]. t = x2 , 1 +

∑+∞
k=1

(−1)k

2k+1 x
2k

x [−1, 1], x [−1, 1].

, , ΄ . limk→+∞

∣∣∣ (−1)k

2k+1 x2k+1

(−1)k−1

2k−1 x2k−1

∣∣∣ = limk→+∞
2k−1
2k+1x

2 = x2

limk→+∞
k

√
| (−1)k−1

2k−1 x2k−1| = limk→+∞
|x|2−

1
k

k√2k−1
= x2 . , x2 < 1, , x2 > 1.

x = 1,
∑+∞

k=1
(−1)k−1

2k−1 . x = −1, −
∑+∞

k=1
(−1)k−1

2k−1 , . , [−1, 1].

! xn an = (−1)
n−1
2

n , n , an = 0, n .
(
|an+1

an
|
)
. ,

n
√
|an| = 1

n
√
n
, n , n

√
|an| = 0, n . limn→+∞

n
√
|an| , .

(5)

1 +
+∞∑
n=1

(α
n

)
xn = 1 +

(α
1

)
x+

(α
2

)
x2 + · · · ,

(
α
n

) (α
n

)
=

α(α− 1) · · · (α− n+ 1)

n!
n α (α

0

)
= 1.(

α
n

) (
m
n

)
, n m 0 ≤ n ≤ m. , α ,

(
α
n

)
= 0 n ≥ α + 1,

1+
(
α
1

)
x+

(
α
2

)
x2 + · · ·+

(
α

α−1

)
xα−1 +

(
α
α

)
xα = (1+ x)α, Newton. , α

x (−∞,+∞).

α , limn→+∞

∣∣∣ ( α
n+1 )
(α

n )

∣∣∣ = limn→+∞ |α−n
n+1 | = 1, 1. : (−1, 1),

(−1, 1], [−1, 1), [−1, 1]. (i) α ≤ −1, (−1, 1), (ii) −1 < α < 0, (−1, 1]
(iii) α ≥ 0 ( α ), [−1, 1].

±1 .
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10.1 µ, ν > −1, c1, c2 > 0, µ, ν,

c1n
µ−ν ≤

(µ+ 1)(µ+ 2) · · · (µ+ n)

(ν + 1)(ν + 2) · · · (ν + n)
≤ c2n

µ−ν

n.

. (µ+1)(µ+2)···(µ+n)
(ν+1)(ν+2)···(ν+n)

= (1 + µ−ν
ν+1

)(1 + µ−ν
ν+2

) · · · (1 + µ−ν
ν+n

) ≤ e
µ−ν
ν+1

+
µ−ν
ν+2

+···+µ−ν
ν+n =

e
(µ−ν)( 1

ν+1
+ 1

ν+2
+···+ 1

ν+n
) . , ν ≤ µ, (µ+1)(µ+2)···(µ+n)

(ν+1)(ν+2)···(ν+n)
≤ e

(µ−ν)

(
1

ν+1
+
∫ n

1

1
ν+x

dx

)
=

e
µ−ν
ν+1

+(µ−ν) log ν+n
ν+1 = e

µ−ν
ν+1 ( ν+n

ν+1
)µ−ν . ν+n ≤ (ν+2)n, (µ+1)(µ+2)···(µ+n)

(ν+1)(ν+2)···(ν+n)
≤ e

µ−ν
ν+1 ( ν+2

ν+1
)µ−νnµ−ν .

µ ≤ ν
(µ+1)(µ+2)···(µ+n)
(ν+1)(ν+2)···(ν+n)

≤ e
(µ−ν)

∫ n+1

1

1
ν+x

dx
= e

(µ−ν) log ν+n+1
ν+1 = ( ν+n+1

ν+1
)µ−ν , ν +

n + 1 ≥ n, (µ+1)(µ+2)···(µ+n)
(ν+1)(ν+2)···(ν+n)

≤ 1
(ν+1)µ−ν n

µ−ν . , (µ+1)(µ+2)···(µ+n)
(ν+1)(ν+2)···(ν+n)

≤ c2nµ−ν , c2

e
µ−ν
ν+1 ( ν+2

ν+1
)µ−ν 1

(ν+1)µ−ν −1 < ν ≤ µ −1 < µ ≤ ν, . ( c1 = 1
c2
), µ ν.

1 +
∑+∞

n=1

(
α
n

)
xn x = ±1.

(i) x = 1, 1 +
∑+∞

n=1

(
α
n

)
.

α < 0,
(
α
n

)
= (−1)n

|α|(|α|+1)···(|α|+n−1)
n!

. α ≤ −1, |
(
α
n

)
| ≥ 1, . −1 < α < 0,

|α|(|α|+1)···(|α|+n−1)
n!

, n , |α|(|α|+1)···(|α|+n−1)
n!

≤ c2n|α|−1, limn→+∞
|α|(|α|+1)···(|α|+n−1)

n!
=

0. , −1 < α < 0, . , |
(
α
n

)
| = |α|(|α|+1)···(|α|+n−1)

n!
≥ c1n|α|−1 , .

α ≥ 0, α , m < α < m + 1, m = [α] . n ≥ m + 1 |
(
α
n

)
| =

α···(α−m)(m+1−α)···(n−1−α)
n!

=
α···(α−m)
1···(m+1)

(m+1−α)···(n−1−α)
(m+2)···n ≤ c2

α···(α−m)
1···(m+1)

1
n1+α . .

(ii) x = −1, 1 +
∑+∞

n=1

(
α
n

)
(−1)n .

α < 0,
(
α
n

)
(−1)n =

|α|(|α|+1)···(|α|+n−1)
n!

≥ c1
1

n1−|α| , .

α ≥ 0, m < α < m+1, m = [α] . n ≥ m+1 |
(
α
n

)
(−1)n| = α···(α−m)(m+1−α)···(n−1−α)

n!
=

α···(α−m)
1···(m+1)

(m+1−α)···(n−1−α)
(m+2)···n ≤ c2

α···(α−m)
1···(m+1)

1
n1+α ..

1. . .

1 +
+∞∑
n=1

2nxn , 1 +
+∞∑
n=1

1

2n
xn ,

+∞∑
n=1

xn

n2
,

+∞∑
n=1

n3xn ,
+∞∑
n=1

2nxn

n2
,

+∞∑
n=1

n3

3n
xn ,

+∞∑
n=1

1

n2n
xn ,

+∞∑
n=1

(−1)n−1n√
n3 + 1

xn ,
+∞∑
n=1

nnxn ,
+∞∑
n=1

1

nn
xn ,

1 +
+∞∑
n=1

n!xn , 1 +
+∞∑
n=1

2n

n!
xn , 1 +

+∞∑
n=1

(
2n +

3n

n

)
xn ,

+∞∑
n=1

1

2n + 3n
xn ,

+∞∑
n=1

nn

(n+ 1)n
xn ,

+∞∑
n=1

nn

(n+ 1)n+1
xn .

2. . ΄ . ΄ ;

+∞∑
n=1

1

2n− 1
x2n−1 ,

+∞∑
n=1

1

2n− 1
x2n ,

+∞∑
n=1

2n

4n− 3
x3n ,

+∞∑
n=1

3n
2

√
n
xn2

.
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3. .
+∞∑
n=1

(2n)!

(n!)2
xn ,

+∞∑
n=1

1

2n

(1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)

)3

xn .

– – 10.1.

4. p, q, 0, a0 +
∑+∞

n=1 anx
n an+2 = pan+1 + qan n ≥ 0.

(1) f(x) x – – (1− px− qx2)f(x) = a0 + (a1 − pa0)x.

(: an+2 = pan+1 + qan xn+2 ,
∑+∞

n=0 .)
(∗) (2) .

(: 5 2.1.)

5. (∗)

1 +
ab

1 · c
x+

a(a+ 1)b(b+ 1)

1 · 2 · c(c+ 1)
x2 +

a(a+ 1)(a+ 2)b(b+ 1)(b+ 2)

1 · 2 · 3 · c(c+ 1)(c+ 2)
x3 + · · · ,

y = F (a, b, c;x).

a, b c.

(: 10.1.)

10.6 Taylor.

a0 +
∑+∞

n=1 an(x − ξ)n . R I, {ξ}, R = 0, (−∞,+∞),
R = +∞, ξ ± R, 0 < R < +∞. R > 0, I ξ. x I f(x) ,
a0 +

∑+∞
n=1 an(x− ξ)n , I

y = f(x) = a0 +
+∞∑
n=1

an(x− ξ)n (x I)

y = f(x) a0 +
∑+∞

n=1 an(x− ξ)n .

: 1 +
∑+∞

n=1 x
n (−1, 1) x 1 +

∑+∞
n=1 x

n = 1
1−x . y = 1

1−x (−1, 1)

1 +
∑+∞

n=1 x
n (−1, 1).

: y = 1
1−x ( 1 +

∑+∞
n=1 x

n) (−∞, 1) ∪ (1,+∞) (−1, 1), .

. y = f(x) ξ . I ξ, ξ, y = f(x) a0 +
∑+∞

n=1 an(x− ξ)n

x I f(x) = a0 +
∑+∞

n=1 an(x− ξ)n x I, a0 +
∑+∞

n=1 an(x− ξ)n Taylor
y = f(x) ξ.

: y = 1
1−x (−∞, 1)∪ (1,+∞). (−1, 1) 0 1+

∑+∞
n=1 x

n x (−1, 1)

1 +
∑+∞

n=1 x
n = 1

1−x x (−1, 1). , 1 +
∑+∞

n=1 x
n Taylor y = 1

1−x 0.

.
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. a0 +
∑+∞

n=1 an(x− ξ)n I. , y = f(x) = a0 +
∑+∞

n=1 an(x− ξ)n x I.
; , 1 +

∑+∞
n=1 x

n (−1, 1) y = f(x) = 1 +
∑+∞

n=1 x
n y = f(x) = 1

1−x .
΄ . a0 +

∑n
k=1 ak(x − ξ)k n → +∞.

1+x+x2+ · · ·+xn = 1−xn+1

1−x , , 1
1−x −1 < x < 1. , , , , , 1+

∑+∞
n=1

1
n!x

n

.

. y = f(x) ξ . Taylor ξ ( ) ;
, .

10.18 y = f(x) I, ξ ξ. x I n

f(x) = f(ξ) +
f ′(ξ)

1!
(x− ξ) + · · ·+ f (n)(ξ)

n!
(x− ξ)n +Rn(x; ξ; f),

Rn(x; ξ; f) Lagrange . limn→+∞ Rn(x; ξ; f) = 0 x I, Taylor ξ

f(ξ) +
∑+∞

n=1
f(n)(ξ)

n! (x− ξ)n .

f(x) = f(ξ) +
+∞∑
n=1

f (n)(ξ)

n!
(x− ξ)n (x I).

, Taylor y = f(x) ξ a0 = f(ξ) an = f(n)(ξ)
n! (n ≥ 1).

10.18 9.1 9.2. : limn→+∞ Rn(x; ξ; f) = 0 x I, limn→+∞
(
f(ξ)+

f ′(ξ)
1! (x−ξ)+ · · ·+ f(n)(ξ)

n! (x−ξ)n
)
= f(x) , , f(ξ)+

∑+∞
n=1

f(n)(ξ)
n! (x−ξ)n = f(x)

x I.

: (1) p(x) = a0 + a1x+ · · ·+ aNxN N ξ.

x n ≥ N p(n+1)(x) = 0, Lagrange Rn(x; ξ; p) =
p(n+1)(η)
(n+1)! (x−ξ)n+1 = 0.

limn→+∞ Rn(x; ξ; p) = 0 x Taylor y = p(x) ξ p(ξ)+
∑+∞

n=1
p(n)(ξ)

n! (x−ξ)n =

p(ξ) + p′(ξ)
1! (x− ξ) + · · ·+ p(N)(ξ)

N ! (x− ξ)N .

p(x) = p(ξ) +
p′(ξ)

1!
(x− ξ) + · · ·+ p(N)(ξ)

N !
(x− ξ)N .

x− ξ ( x). , ξ = 0 p(x) = p(0) + p′(0)
1! x+ · · ·+ p(N)(0)

N ! xN .

(2) y = ex , (−∞,+∞) , , dn ex

dxn = ex n x. , dn ex

dxn

∣∣
x=0

= 1 n,

Taylor y = ex 0 1 +
∑+∞

n=1
1
n!x

n.
ξ = 0 Lagrange Rn(x; 0; e

x) = eη

(n+1)!x
n+1 , η 0 x. x ≥

0, |Rn(x; 0; e
x)| = eη

(n+1)! |x|
n+1 ≤ ex

(n+1)! |x|
n+1 , x ≤ 0, |Rn(x; 0; e

x)| =
eη

(n+1)! |x|
n+1 ≤ 1

(n+1)! |x|
n+1 .

a

lim
n→+∞

an

n!
= 0.
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. 1 +
∑+∞

n=1
1
n!x

n x, x = a. 1 +
∑+∞

n=1
1
n!a

n .

limn→+∞
an

n!
= 0 . m = [|a|], n ≥ m + 1 0 ≤ |a|n

n!
=

|a|m
m!

|a|
m+1

· · · |a|
n

≤
|a|m
m!

|a|
m+1

· · · |a|
m+1

=
(m+1)m

m!
(

|a|
m+1

)n . 0 ≤ |a|
m+1

< 1, limn→+∞(
|a|

m+1
)n = 0. limn→+∞

∣∣an

n!

∣∣ =
limn→+∞

|a|n
n!

= 0 , , limn→+∞
an

n!
= 0.

, limn→+∞ |Rn(x; 0; e
x)| = 0 , , limn→+∞ Rn(x; 0; e

x) = 0 x. Taylor
y = ex 0 1 +

∑+∞
n=1

1
n!x

n (−∞,+∞).

ex = 1 +

+∞∑
n=1

1

n!
xn = 1 +

x

1!
+

x2

2!
+

x3

3!
+ · · · (−∞ < x < +∞).

1 +
∑+∞

n=1
1
n!x

n (−∞,+∞) .
1 +

∑+∞
n=1

1
n!x

n .

(3) y = cosx (−∞,+∞) dn cos x
dxn = ± cosx ± sinx. , dn cos x

dxn

∣∣
x=0

= 1

0 −1 0 n 4 0 1 2 3, . Taylor y = cosx 0 1 +
∑+∞

k=1
(−1)k

(2k)! x
2k .

ξ = 0 Lagrange Rn(x; 0; cosx) =
± cos η
(n+1)!x

n+1 ± sin η
(n+1)!x

n+1 , η 0 x.

|Rn(x; 0; cosx)| ≤ |x|n+1

(n+1)! , limn→+∞ Rn(x; 0; cosx) = 0 x. Taylor y = cosx

0 1 +
∑+∞

k=1
(−1)k

(2k)! x
2k (−∞,+∞).

cosx = 1 +
+∞∑
k=1

(−1)k

(2k)!
x2k = 1− x2

2!
+

x4

4!
− x6

6!
+ · · · (−∞ < x < +∞).

, 1 +
∑+∞

k=1
(−1)k

(2k)! x
2k (−∞,+∞) y = cosx.

Taylor y = sinx 0:

sinx =

+∞∑
k=1

(−1)k−1

(2k − 1)!
x2k−1 =

x

1!
− x3

3!
+

x5

5!
− x7

7!
+ · · · (−∞ < x < +∞).

1 +
∑+∞

k=1
(−1)k

(2k)! x
2k

∑+∞
k=1

(−1)k−1

(2k−1)! x
2k−1 .

(4) y = log(1 + x) (−1,+∞) dn log(1+x)
dxn = (−1)n−1(n−1)!

(1+x)n n x

(−1,+∞). , dn log(1+x)
dxn

∣∣
x=0

= (−1)n−1(n − 1)! , Taylor y = log(1 + x) 0∑+∞
n=1

(−1)n−1(n−1)!
n! xn =

∑+∞
n=1

(−1)n−1

n xn . , , (−1, 1].

log(1 + x) =
+∞∑
n=1

(−1)n−1

n
xn = x− x2

2
+

x3

3
− x4

4
+ · · · (−1 < x ≤ 1).

Lagrange y = log(1 + x) ξ = 0 Rn(x; 0; log(1 + x)) =
(−1)nn!

(1+η)n+1(n+1)!
xn+1 =

(−1)n

(1+η)n+1(n+1)
xn+1 , η 0 x. 0 < x ≤ 1, |Rn(x; 0; log(1+x))| = xn+1

(1+η)n+1(n+1)
≤ 1

n+1
,

limn→+∞ Rn(x; 0; log(1 + x)) = 0.
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Rn(x; 0; log(1+x)) = 1
n!

∫ x

0

(−1)nn!

(1+t)n+1 (x−t)n dt = (−1)n
∫ x

0

(x−t)n

(1+t)n+1 dt. −1 < x ≤ 0,

Rn(x; 0; log(1 + x)) = −
∫ 0

x

(t−x)n

(1+t)n+1 dt, |Rn(x; 0; log(1 + x))| =
∫ 0

x

(t−x)n

(1+t)n+1 dt. ( t−x
1+t

)n ≤

|x|n t [x, 0], |Rn(x; 0; log(1+x))| ≤ |x|n
∫ 0

x
1

1+t
dt = |x|n log 1

1+x
. limn→+∞ Rn(x; 0; log(1+

x)) = 0.

, , limn→+∞ Rn(x; 0; log(1 + x)) = 0 x −1 < x ≤ 1.

x −x ,

log
1

1− x
=

+∞∑
n=1

1

n
xn = x+

x2

2
+

x3

3
+

x4

4
+ · · · (−1 ≤ x < 1).

log 2 = 1− 1

2
+

1

3
− 1

4
+ · · · .∑+∞

n=1
1
n xn [−1, 1) [−1, 1) y = log 1

1−x .

Taylor y = log(1 + x) (−1, 1] 10.18. , 10.18.
1−(−t)n

1+t
= 1+(−t)+ · · ·+(−t)n−1 , t 6= −1, 1

1+t
= 1− t+ · · ·+(−1)n−1tn−1 +

(−1)n tn

1+t
. ,

∫ x

0
1

1+t
dt =

∫ x

0
1 dt −

∫ x

0
t dt + · · · + (−1)n−1

∫ x

0
tn−1 dt + (−1)n

∫ x

0
tn

1+t
dt

x > −1,

log(1 + x) = x−
1

2
x2 + · · ·+

(−1)n−1

n
xn + (−1)n

∫ x

0

tn

1 + t
dt

x > −1.

0 ≤ x ≤ 1,
∣∣(−1)n

∫ x

0
tn

1+t
dt
∣∣ = ∫ x

0
tn

1+t
dt ≤

∫ x

0
tn dt = xn+1

n+1
≤ 1

n+1
, , limn→+∞(−1)n

∫ x

0
tn

1+t
dt =

0.

−1 < x ≤ 0,
∣∣(−1)n

∫ x

0
tn

1+t
dt
∣∣ =

∫ 0

x

|t|n
1+t

dt ≤ 1
1+x

∫ 0

x
|t|n dt =

|x|n+1

(n+1)(1+x)
≤

1
(n+1)(1+x)

, limn→+∞(−1)n
∫ x

0
tn

1+t
dt = 0.

x (−1, 1] limn→+∞(−1)n
∫ x

0
tn

1+t
dt = 0 , , limn→+∞

(
x− 1

2
x2 + · · ·+ (−1)n−1

n
xn
)
=

log(1 + x). log(1 + x) =
∑+∞

n=1

(−1)n−1

n
xn x (−1, 1].

(5) Taylor y = arctanx 0
∑+∞

n=1
(−1)n−1

2n−1 x2n−1 [−1, 1].

arctanx =
+∞∑
n=1

(−1)n−1

2n− 1
x2n−1 = x− 1

3
x3 +

1

5
x5 − 1

7
x7 + · · · (−1 ≤ x ≤ 1).

[−1, 1].
x = 1

π

4
= 1− 1

3
+

1

5
− 1

7
+ · · · .

y = arctanx 1
x2+1

10.18. .

1−(−t2)n

1+t2
= 1− t2+ t4+ · · ·+(−1)n−1t2n−2 , 1

1+t2
= 1− t2+ t4−· · ·+(−1)n−1t2n−2+

(−1)n t2n

1+t2
t. ,

∫ x

0
1

1+t2
dt =

∫ x

0
1 dt −

∫ x

0
t2 dt +

∫ x

0
t4 dt − · · · + (−1)n−1

∫ x

0
t2n−2 dt +

(−1)n
∫ x

0
t2n

1+t2
dt.

arctanx = x−
1

3
x3 +

1

5
x5 − · · ·+

(−1)n−1

2n− 1
x2n−1 + (−1)n

∫ x

0

t2n

1 + t2
dt.
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|x| ≤ 1,
∣∣(−1)n

∫ x

0
t2n

1+t2
dt
∣∣ = ∫ |x|

0
t2n

1+t2
dt ≤

∫ |x|
0

t2n dt =
|x|2n+1

2n+1
≤ 1

2n+1
, limn→+∞(−1)n

∫ x

0
t2n

1+t2
dt =

0.

limn→+∞
(
x− 1

3
x3+ 1

5
x5−· · ·+ (−1)n−1

2n−1
x2n−1

)
= arctanx x [−1, 1],

∑+∞
n=1

(−1)n−1

2n−1
x2n−1 =

arctanx x [−1, 1].

(6) y = (1+x)α . y = (1+x)α dn (1+x)α

dxn = α(α−1) · · · (α−n+1)(1+x)α−n

, , dn (1+x)α

dxn

∣∣
x=0

= α(α − 1) · · · (α − n + 1) . , Taylor y = (1 + x)α 0

1 +
∑+∞

n=1
α(α−1)···(α−n+1)

n! xn = 1 +
∑+∞

n=1

(
α
n

)
xn .

α , ΄ y = (1 + x)α α (−∞,+∞) ΄ – – 1 +
(
α
1

)
x+ · · ·+(

α
α−1

)
xα−1 +

(
α
α

)
xα .

(1 + x)α = 1 +
(α
1

)
x+ · · ·+

(
α

α− 1

)
xα−1 +

(α
α

)
xα

Newton , , , , Taylor y = (1 + x)α 0 (−∞,+∞).

α , Taylor y = (1 + x)α 0 1 +
∑+∞

n=1
α(α−1)···(α−n+1)

n! xn =

1 +
∑+∞

n=1

(
α
n

)
xn . y = (1 + x)α (i) (−1, 1), α ≤ −1, (ii) (−1, 1],

−1 < α < 0, (iii) [−1, 1], α ≥ 0 ( α ).

(1 + x)α = 1 +
+∞∑
n=1

(α
n

)
xn

 −1 < x < 1, α ≤ −1,
−1 < x ≤ 1, − 1 < α < 0,
−1 ≤ x ≤ 1, α ≥ 0 α Z.


Lagrange Rn(x; 0; (1+x)α) =

α(α−1)···(α−n)(1+η)α−n−1

(n+1)!
xn+1 =

(
α

n+1

)
(1+η)α−n−1xn+1

η 0 x.

0 ≤ x ≤ 1, x ≤ 1 ≤ 1+η ≤ 2 , , |Rn(x; 0; (1+x)α)| =
∣∣ ( α

n+1

) ∣∣(1+η)α( x
1+η

)n+1 . , a >

0, 10.1, n > [α] |Rn(x; 0; (1+x)α)| ≤ c2
(

α
[α]+1

)
(n−[α])−α−12α , limn→+∞ Rn(x; 0; (1+

x)α) = 0. −1 < α < 0, 10.1 |Rn(x; 0; (1+x)α)| ≤ c2(n+1)−α−1 , limn→+∞ Rn(x; 0; (1+
x)α) = 0.

0 ≤ x < 1 α ≤ −1, 10.1 |Rn(x; 0; (1+x)α)| ≤
∣∣ ( α

n+1

) ∣∣xn+1 ≤ c2(n+1)−α−1xn+1 ,

limn→+∞ Rn(x; 0; (1 + x)α) = 0.

−1 < x ≤ 0, Rn(x; 0; (1 + x)α) =
α(α−1)···(α−n)

n!

∫ x

0
(1 + t)α−n−1(x − t)n dt , ,

|Rn(x; 0; (1 + x)α)| =
∣∣α(α−1)···(α−n)

n!

∣∣ ∫ 0

x
(1 + t)α−n−1(t − x)n dt. t−x

1+t
≤ −x x ≤ t ≤ 0,

|Rn(x; 0; (1+x)α)| ≤
∣∣α(α−1)···(α−n)

n!

∣∣|x|n ∫ 0

x
(1+t)α−1 dt =

∣∣α(α−1)···(α−n)
n!

∣∣|x|n 1−(1+x)α

α
=

(n+1)
∣∣ ( α

n+1

) ∣∣|x|n 1−(1+x)α

α
. α > 0, n > [α] |Rn(x; 0; (1+x)α)| ≤ c2(n+1)

(
α

[α]+1

)
(n−

[α])−α−1 |x|n 1−(1+x)α

α
, limn→+∞ Rn(x; 0; (1 + x)α) = 0. α < 0, |Rn(x; 0; (1 + x)α)| ≤

c2(n+ 1)−α|x|n (1+x)α−1
|α| , limn→+∞ Rn(x; 0; (1 + x)α) = 0.

: limn→+∞
(
1+

(
α
1

)
x+ · · ·+

(
α
n

)
xn
)
= (1+x)α , , 1+

∑+∞
n=1

(
α
n

)
xn = (1+x)α .

x = −1 α > 0. , , 9.2, . −1 < x ≤ 0
∣∣(1 + x)α − 1 −(

α
1

)
x−· · ·−

(
α
n

)
xn
∣∣ = |Rn(x; 0; (1+x)α)| ≤ c2(n+1)

(
α

[α]+1

)
(n− [α])−α−1|x|n 1−(1+x)α

α
.

x → −1+ ,
∣∣0 − 1 −

(
α
1

)
(−1) − · · · −

(
α
n

)
(−1)n

∣∣ ≤ c2(n + 1)
(

α
[α]+1

)
(n − [α])−α−1 1

α
.

limn→+∞
(
1+

(
α
1

)
(−1)+ · · ·+

(
α
n

)
(−1)n

)
= 0. – x = −1 α > 0 – 1+

∑+∞
n=1

(
α
n

)
xn =

(1 + x)α .
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. α = 1
2

√
1 + x = 1 +

+∞∑
n=1

( 1
2

n

)
xn = 1 +

+∞∑
n=1

(−1)n−1 1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
xn

2n− 1

= 1 +
1

2
x− 1

2 · 4
x2 +

1 · 3
2 · 4 · 6

x3 − 1 · 3 · 5
2 · 4 · 6 · 8

x4 + · · ·

x [−1, 1]. α = − 1
2

1√
1 + x

= 1 +

+∞∑
n=1

(
− 1

2

n

)
xn = 1 +

+∞∑
n=1

(−1)n
1 · 3 · · · (2n− 1)

2 · 4 · · · (2n)
xn

= 1− 1

2
x+

1 · 3
2 · 4

x2 − 1 · 3 · 5
2 · 4 · 6

x3 +
1 · 3 · 5 · 7
2 · 4 · 6 · 8

x4 − · · ·

x (−1, 1]..
1. 1 + 2x− x2 − 4x3 + x4 x− 1.

2. . , 1 + x+ · · ·+ xn = 1−xn+1

1−x .

+∞∑
n=1

nxn ,

+∞∑
n=1

n2xn ,

+∞∑
n=1

n3xn .

3. Taylor .

+∞∑
n=1

(
1−(−2)n

)
xn ,

+∞∑
n=1

1

2n− 1
x2n−1 ,

+∞∑
n=1

1

2n
x2n , 1+

+∞∑
n=1

(−1)n

n!
x2n ,

+∞∑
n=1

n− 1

n!
xn ,

+∞∑
n=1

(n+ 1)2

n!
xn ,

+∞∑
n=1

1

(2n− 1)!
x2n−1 , 1 +

+∞∑
n=1

1

(2n)!
x2n ,

+∞∑
n=1

(−1)n−122n−1

(2n)!
x2n , 1 +

+∞∑
n=1

(log a)n

n!
xn ,

+∞∑
n=1

(−1)n−1

2n− 1

(x− 1

x+ 1

)2n−1

,

1 +

+∞∑
n=1

(−1)n
1 · 4 · 7 · · · (3n− 2)

3 · 6 · 9 · · · (3n)
xn , 1 +

+∞∑
n=1

(2n)!

2n(n!)2
xn .

4. Taylor y = sinx y = cosx ξ.

Taylor,

(i) sinx = sin ξ cos(x− ξ) + cos ξ sin(x− ξ)

(ii) cosx = cos ξ cos(x− ξ)− sin ξ sin(x− ξ)

.
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5. Taylor 0 .
y = coshx, y = sinhx.

6. Taylor 0 .

y = tanx, y =
1

cosx
, y = arcsinx, y = arccosx.

7. .
+∞∑
n=1

(−1)n−1

(2n)2 − 1
,

+∞∑
n=1

(−1)n−1

(2n+ 1)2 − 1
.

8. 18 6.12 y = h(x) =

{
e−

1
x , x > 0,

0, x ≤ 0,
(−∞,+∞) h(n)(0) = 0

n. h(0) +
∑+∞

n=1
h(n)(0)

n! xn Taylor y = h(x) 0;

9. f(0) +
∑+∞

n=1
f(n)(0)

n! xn Taylor y = f(x) 0.

y = f(x) 0 Taylor x , , .

10.7 , .

. .

10.5 1 +
∑+∞

n=1
1
n!x

n x (−∞,+∞) 10.6 y = ex . , , !
, , y = ex (−∞,+∞)

ex = 1 +
+∞∑
n=1

1

n!
xn (−∞ < x < +∞).

e0 = 1. , , ex ≥ 1 x > 0. y = ex d ex

dx = ex (−∞,+∞).

: .

10.2 x h 6= 0 |h| ≤ 1 n ≥ 2∣∣∣ (x+ h)n − xn

h
− nxn−1

∣∣∣ ≤ n(n− 1)(|x|+ 1)n−2|h|.

: , (x+h)n−xn

h
= n(x+ ξ)n−1 ξ 0 h. (x+ ξ)n−1 − xn−1 = (n− 1)(x+ η)n−2ξ η

0 ξ , , 0 h.
∣∣ (x+h)n−xn

h
− nxn−1

∣∣ = |n(x + ξ)n−1 − nxn−1| = n(n − 1)|x + η|n−2|ξ| ≤
n(n− 1)(|x|+ 1)n−2|h|.

d ex

dx
= ex : h 6= 0 |h| ≤ 1∣∣∣ ex+h − ex

h
− ex

∣∣∣ =

∣∣∣ +∞∑
n=2

1

n!

(x+ h)n − xn

h
−

+∞∑
n=2

1

(n− 1)!
xn−1

∣∣∣
=

∣∣∣ +∞∑
n=2

1

n!

(
(x+ h)n − xn

h
− nxn−1

)∣∣∣
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≤
+∞∑
n=2

1

n!

∣∣∣ (x+ h)n − xn

h
− nxn−1

∣∣∣
≤

+∞∑
n=2

1

n!
n(n− 1)(|x|+ 1)n−2|h|

= e|x|+1|h|.

limh→0
ex+h−ex

h
= ex , , d ex

dx
= ex .

, ea+b = eaeb a, b. y = h(x) = ea+b−xex , h′(x) = −ea+b−xex +
ea+b−xex = 0 , , y = h(x) (−∞,+∞). ea+b−xex = h(x) = h(0) =
ea+b−0e0 = ea+b x x = b ea+b = eaeb . , exe−x = e0 = 1, ex 6= 0 x.
e0 = 1 > 0, ex > 0 x. d ex

dx = ex y = ex (−∞,+∞).
y = ex ex ≥ x x ≥ 0, limx→+∞ ex = +∞. , limx→−∞ ex =

limt→+∞ e−t = limt→+∞
1
et = 0. y = ex (−∞,+∞) (0,+∞).

, e

e = e1 = 1 +
+∞∑
n=1

1

n!
.

, y = log x x = ey . ,

y = log x x = ey .

y = log x (0,+∞) (−∞,+∞), d log x
dx = 1

d ey

dy

∣∣
y=log x

= 1
x

(0,+∞). log(ab) = log a+ log b . , c = log a d = log b ab = eced = ec+d .
log(ab) = c+d = log a+log b. , y = h(x) = log(xb)−log x h′(x) = b 1

xb−
1
x = 0

x. y = h(x) , log(xb)− log x = h(x) = h(1) = log b− log 1 = log b x. x = a
log(ab) = log a+ log b.
, a > 0 x

ax = ex log a .

a1 = e1·log a = elog a = a a0 = e0·log a = e0 = 1. ax .
, , 1 8.6. 8, . , , 8

1. .

- : , -, 8. , , ΄ ΄ , , , (!) .

. , .

, «», ax x, ¨, , .
a > 1 x > 0. (sn) x, (sn) , sn < x n limn→+∞ sn = x.

s > x, s = [x] + 1, asn < as n. (asn) , , . ax ,

ax = lim
n→+∞

asn .

, x < 0,

ax =
1

a−x
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, , (sn) −x > 0, limn→+∞(−sn) = − limn→+∞ sn = −(−x) = x
limn→+∞ a−sn = limn→+∞

1
asn = 1

a−x = ax .
, , x (tn) limn→+∞ tn = x limn→+∞ atn = ax . , , x. ,

(tn) tn = x n , , limn→+∞ tn = x limn→+∞ atn = ax .
: x (tn) limn→+∞ tn = x limn→+∞ atn = ax .

(rn) limn→+∞ rn = 0 limn→+∞ arn = 1. 2.1. ε
0 < ε < 1 N = [a−1

ε ] + 1 . limn→+∞ rn = 0, n0 |rn| < 1
N n ≥ n0 .

n ≥ n0 (1 + ε)N ≥ 1 + Nε > 1 + a−1
ε ε = a , , arn < a

1
N < 1 + ε. , n ≥ n0

1− ε < 1
1+ε < a−

1
N < arn . , n ≥ n0 1− ε < arn < 1 + ε.

(rn) limn→+∞ rn = x limn→+∞ arn = ax . , rn−x limn→+∞(rn−
x) = 0, limn→+∞ arn = limn→+∞ arn−xax = 1 · ax = ax .

(rn) limn→+∞ rn = x limn→+∞ arn = ax . , (tn) – –
limn→+∞ tn = x limn→+∞ atn = ax . rn−tn limn→+∞(rn−tn) = x−x = 0,
limn→+∞ arn = limn→+∞ arn−tnatn = 1 · ax = ax .
: x (rn) limn→+∞ rn = x limn→+∞ arn = ax .

a > 1. 1x = 1 x , 0 < a < 1, ax = ( 1a )
−x x. , , x

a = 1 0 < a < 1.
.

x, y a, b > 0. (rn) (un) limn→+∞ rn = x limn→+∞ un = y. (rn+un)
limn→+∞(rn + un) = x+ y. , (rnun) limn→+∞(rnun) = xy.

axay = lim
n→+∞

arn lim
n→+∞

aun = lim
n→+∞

arnaun = lim
n→+∞

arn+un = ax+y .

,
axbx = lim

n→+∞
arn lim

n→+∞
brn = lim

n→+∞
arnbrn = lim

n→+∞
(ab)rn = (ab)x .

(ax)y = axy . , , : xn > 0 n, limn→+∞ xn = 1 (yn) ,

limn→+∞ xn
yn = 1. n xn

′ = min{xn,
1
xn

} =
xn+

1
xn

−|xn− 1
xn

|
2 xn

′′ =

max{xn,
1
xn

} =
xn+

1
xn

+|xn− 1
xn

|
2 . xn

′ ≤ xn ≤ xn
′′ xn

′ ≤ 1
xn

≤ xn
′′ n ,

, limn→+∞ xn
′ = limn→+∞ xn

′′ = 1. , (yn) , −N ≤ yn ≤ N n.
(xn

′)−N ≤ xn
yn ≤ (xn

′′)N n limn→+∞ xn
yn = 1. , !

axy = lim
n→+∞

arnun = lim
n→+∞

(arn)un = lim
n→+∞

(arn
ax

ax
)un

= lim
n→+∞

(arn
ax

)un

lim
n→+∞

(ax)un = 1 · (ax)y = (ax)y .

, a > 1 x > 0. x , ax > 1. x . , , (sn) x. limn→+∞ sn = x,
n0 sn0 > 0. asn0 > 1. ax = limn→+∞ asn (asn) , ax ≥ asn n.
n = n0 ax > 1. .

- : , , 1. : . , , , . –
– . , , “Lectures on Physics” (vol I, chapter 22) R. Feynman!

. .
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, , y = cosx y = sinx. :

cosx = 1 +
+∞∑
k=1

(−1)k

(2k)!
x2k , sinx =

+∞∑
k=1

(−1)k−1

(2k − 1)!
x2k−1 .

10.5 x, cosx sinx x. d ex

dx = ex , , d cos x
dx = − sinx

d sin x
dx = cosx. cosx x , y = cosx . , y = sinx . , cos 0 = 1

sin 0 = 0. y = h(x) = cos(a+ b−x) cosx− sin(a+ b−x) sinx, (−∞,+∞),
cos(a + b − x) cosx − sin(a + b − x) sinx = h(x) = h(0) = cos(a + b) x.
x = b cos a cos b− sin a sin b = cos(a+ b). , b = −a, (cos a)2 + (sin a)2 = 1
y = cosx y = sinx : | cosx| ≤ 1 | sinx| ≤ 1 x.

cosx 6= 0 x, cos 0 = 1, cosx > 0 x. y = sinx
, sinx ≥ sin 1 > sin 0 = 0 x ≥ 1. , , x > 1 ξ [1, x] cosx −
cos 1 = −(x − 1) sin ξ ≤ −(x − 1) sin 1. cosx ≤ − sin 1 · x + cos 1 + sin 1 , ,
limx→+∞ cosx = −∞, y = cosx . x cosx = 0. y = cosx , x > 0
cosx = 0. , – , , – x > 0 cosx = 0. π.

π = 2 · cosx = 0.

, , cos π
2 = 0 cosx > 0 x [0, π

2 ). y = sinx [0, π
2 ], sin π

2 > sin 0 = 0
(sin π

2 )
2 + (cos π

2 )
2 = 1 sin π

2 = 1. y = sinx [0, π
2 ] [0, 1]. ο sinx > 0

(0, π
2 ) y = cosx [0, π

2 ], y = cosx [0, π
2 ] [0, 1]. cosx = − sin(x− π

2 )
sinx = cos(x − π

2 ), cos a cos b − sin a sin b = cos(a + b), y = cosx
y = sinx [π2 , π], [π,

3π
2 ] [ 3π2 , 2π] , , [0, 2π]. , , cos(x + 2π) = cosx

sin(x+ 2π) = sinx x, 2π.
, – – , , 8.6, , 1, , ΄ .

- : ... , 1 .
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