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Kegpdiaio 1

1.1
r+y, z—y, xy T W#0) xy . ()
1,2,3,..., 0,1,-1,2,-2,3,-3,... , 2, m, n # 0.
+m +2m £3m m 4 —4 —4 4
Tno Fon o E3n o - : w m n, ., -3 3 =3 3°
, om T
R , NNZ Q , ,.: 00 N 0,1,2,... N* 1,2,....

1.1 (1) z<y y<z z<z ,
<y, z+2<5y+z z—2<y—=z.
<y 25w, +z<y+w.

/.\AA,.\,.\
O O = W N
= D D=

r<y z>0, rz<yz £<Y.
r<y z2<0, vz2>2yz Z>%.
0<z<y 0<z<w, 0<zz < yw. ,
z ||
T, x>0,
|| =
-z, x<0.
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1.2 (1) |zy| = [x[[y].

(2) -||$|—|yHSllw‘iylﬁlwlﬂyh
(3) y#0, 2| =k

4)]z|<a —a<z<a.

(B) |z <a —a<z<a.

x,y max{z,y} min{z,y}. s max{zy,...,x,} min{xy,...,z,}.
AR , A A, maximum A maxA., A , minimum A
min A

R.

, 0, , 1. ., T , >0,
7I<07 |:E| )
-4-%¥.3 -2 - o % 112 2 3'% 4
0 1
Yy fuo 1.1:
x LIy Ty, Yy >y
x 0o |z ,, x,y |z —yl.
, <y T,y 0,1, ., 1 0,: z<y Yy x.
1 0,: z<y Y T
Lo, () 10
Fo0
R. a<b (a,0) ={x:a<z<b}, (a,0] ={z:a <z < Db}
[a,b) ={z:a <z <b}. a<b [a,b]={x:a<z<Db} a,b.  (a,b)
[a,b] . (a,400) ={x:x>a}, (—o0,b) ={x:x <b}, [a,+00) ={x: 2 >a}
(oo, b ={z:x<b}. () () (), (-00,40) =R,
+00, —00 © Foo . +o00  «» <« —00  «» «»
< >, x
-0 <z, xr < +00, —00 < +00.
) s » «» +0o0 —00 -
+o0
1 b77 y . PR . ( )
b>0 n n-1>h0b. b<0,:
1.1 b n>hb.
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Eyfua 1.2: n > b.

1.1 . n b n+1l,n+2n+3, ... b. :

Syfpe 1.3: n L <a.

1 1 1 1
, n a, T_H, m, m, a.
1.1
1.4 2 k k<zx<k+1.
e [kEk+1), k. oy [£3,-2), [=2,-1), [-1,0), [0,1),

1. r a, rT4+a .
r #0 a , ra .
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w

4.

o

a , pg,nrs ptqga=r+sa, p=rT

r<y<0 z<w<O,

0 <yw < zz.

q=s.

<y, z<w,t<s z+z+t=y+w+s, rz=y, z=w t=s.

0<z<y,0<z<5w,0<t<s z2t=yws, z=y,z=w t=s.

lz+yl =2+ |y =

,y>0 a2,y <0.

le+y+z <l|z|+y|+1z]., |[e+y+

z,y,2 < 0.

t<z t<y t<min{z,y}.
t>x t>y t>max{z,y}.

max{z,y} =

1.1 1.2;

a<z<b a<y<b, |

le+1]>2, |z—1]

|2? — x| > 2* — Tz,

T T

zty+|z—y|
2

min{z,y} =

z—y|l <b-—a.

33"'%1”—?/,17?/

2l =lz[+lyl+ 2] 29,220

rty—|z—y|
5 .

x

v

0 ,7, 17y7' ’ ,7'
T T+ 3 9
1 —2) >4
<lz+1], R (x—2)" >4,
(x—1)(x+4) -0, (x—1)(x —3) <o.
(z=7)(z+5) (x —2)?

(—=00,3], (2,+0), (3,7), (—o00,—2)U(1,4)U(7,+00),

[727 4} U [6a +OO)7

[*174) U (4,8],
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2. k., [z+kl=[z]+Ek
( [y =m m m<y<m+1.)
3. [r+yl =[]+l [w+yl=[z]+ [y +1
[ +y+ 2]
4. , 0<x <1, n n%rl<m§% n x
5 b n>b. n b
b n>b
a > 0. n %<a. n  a;
6. [z]+[z+3]=1[20) (el +[z+ 3]+ o+ 3 =[Ba],, 2] +[e+ 3]+ +
[w+22] + [z + 2] = [nz] n>2.
1.2
a® () n
a"=a---a,
—
n
n a a#0, a o n
1 1
=1, a"=—= (a#0)
a—" a---a
—
—n
(—a)"=a", n , (—a)"=—a", n .,,, n ,a">0 a#0
, mo, (a*>0 a>0 (i) a” <0 a<0.
1.5
1.5 n >2,
\fc“ —yt = (@)@ 2" Py ey +y”‘1)-\
,ono =3,
’xn_’_yn _ ((E-}—y)(xnil —1’”72y+'~'—.’£yn72+yn71).‘




n 1-2---(n—=1)-n nl.
n!:l.Q...(n_l).n_
c1l=1,21=1.2=2,31=1-2.3=6, 4 =1-2-3.4=24.

ol=1

n!l=(n—1)n.

1.6 Newton. =,y n

o= (s () () s ()

:+ Newton n=1 (I+y)1:(é)x1+(i)yl ) (é):(}):l n
z+y.
(:v-l—y)nH*(O):v”H—i—(T)l’ny"r +(Z)Iyn
(o) e () e ()
()=1=C3) ()=1=(1) . msmen (2o
(mvil)xn—m+1ym: ’ﬂ+1)zn—m+lym( 4 ),,

A (n+1) . (n+1) . (n+1) -
o)x T )revt ot )t L)V

®
_l’_
<
=
+
A
Il
3
3

n+1

(z+y)=z+y,
(x+1y)? = 2%+ 20y + 2,
(z +y)® = 2® + 322y + 3zy® + ¢,
(z+y)* =2 + 42y + 62y + day® + ¢,
(z +y)° = 2° + 5zty + 1023y + 1022y + 5zy? + ¢/°

Newton.

1.7
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1.7 (1)

a®b* = (ab)®, a®a¥ = a*tY (@®)¥ = (a¥)* = a™.

(2) 0<a<b, (i)a®<b®, x>0, (1) a® =b"=1 (i) a® > b*, z<0.
) z<y, ()a*<a¥, a>1, (1) 1" =1Y =1 (iii) a® >a¥, 0<a <l

: 1.7 - 1,
(1) : >0, a*b* =a---ab---b=(ab)---(ab) = (ab)*.
= N ,
x x x
<0, a,b#0 a%b® = —L 1 = L = (ab)®.
g---ab---b (ab)---(ab)

—x =z

=0, a,b#0 a"b* =1-1=1= (ab)®.

z,y >0, a*ay =a---aa---a=ga---a=a""¥.
N~ ——

—x

z Y z+y
r<0<y z+y>0 0<—-2<y, ay=aa--ra=ga---aa---a =0a---a40--aq =
M~ eV ad
y -z y—(-=) -z zty
a---aaz""y,,azay:a}.aay:az"'y.
~—~—
—x e
r<0<y z4+4y<90 O0<y< -2z a-a=ga-aa--a =a%a---a ,,
S~~~ haVad N N~—
—x v (—z)-y —(z+vy)
— 1 — 1 _ +
azay—a_“aay—a_”a—az v,
N~~~ e
-z —(z+y)
r<0<y z+y=0, y=—=z, azay:#ay:aiyayzlza“'y.
y<0<uwz z<0<y.
2,y <0, a"a¥ = GG arg = —aa = aa =4 Y.
eV ad N ad N~
—x -y (—z)+(—y) —(z+y)
z2=0, a®a¥y =1-a¥ =a®"¥ =at¥. y=0 2=0.
z,y >0, (az)y:aIn.aI:a... a--ca=a a = a®¥
AaVad N
y x x Ty
N—— ——

Yy
<0<y, y<0<z, z,y<0, z=0 y=0.
(2) (i) a<b =z, a®=ga---a<hp---b=0b". (iti) (i) a® = 2= > L =b7. (i)

a—¢= b—T

3) (2 —x>0,, 1<a -z, ad*=ga--al---1<a---aa---a=a¥. (i i) .
(3) @) y y : , : , (igd) (i)

T Yy—x x y—x

1.7

12 2"=a a>0 . 18 ., . ( 12

1.8(1) n , a2"=a (i) , , a>0,(i) , 0, a=0, (iti) , a<O.
2 n , z2"=a (i) ,, a>0,(4) , 0, a=0, (i7) ,, a<0.
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n ., a " =a n- a
Va.
n, a>0 " =a n- a Va.
,, ¥0=0 n Ya>0 a>0 n., a<0 Ya<0 n YVa n.
n=234 ..., ¥Ya ,,, ... a n=2 Ya +Ja ,, a. n=3
Ja a.

: (1) 2*=16 , V16=2 —v16=-2., 21=-16

2) 2°=32 , V32=2 2°=-32 , ¥/-32=-2. ¢-32=-2=-V32
—v/32 2°=-32, V32 2°=32

cy oy e

VCa=-¥a ().

k n- , m k=m". Vk=Ymr=m ,,.
, r=Vk r="T, ml > 1. I >1, P . I,m >1, p m.
k:r":T:, "k=m". p I, 1I"k,, m". , , ., p m*=m---m, m
=1, r=m,, k=r"=m" n-
(1) V2 ., m m?P=2:12<2 22>2. {5 m mi=5
(2) V2+V3 ., r, (V232 =12, V=155 6 m
m? = 6.
’ a” r
ror=", m,n, , mn |, 1. r
16 8 6 =3
10 5 J 4 2
roo,r=2
n
a" = (a)™
(1) a >0, Va , (i) a =0, 30 =0, m>0,,r >0
0" =(Y0)" =0"=0 (iii) a<0, n Va.
a” (i) a>0, (i) a=0 r>0 (i) a<O r
a” (1) a=0 r<0 (i) a<0 -

20



1 1 1 L n/\1 — n/7.
n P n o an ( a) —\/E
1
" = {/a.
, a” a<0: r.,, , . a” a<0 r .
a">0 r a>0, 2 r, ¥Ya>0,,a" =({a)™ > 0.
, 1.7,
1.7 : 1.7 s x:% y:% z . (az)n:am

(@*)" = ((Y@)™)" = ((Vay")y™ = am.
(i)bz: ?,g); 0. (a®b®)™ = (a®)™*(b*)™ = a™b™ = (ab)™ = ((ab)®)"™ , a®b*,(ab)® > 0,
a_=0, :.L‘>O a®b* =0-b*=0=0"=(ab)*. b=0 .
a<0, n . (a®b®)" = ((ab)®)™, n , a*b* =(ab)®. b<O0 .
caty=L  awdy a>0, (aa¥)" = (@) (@)™ = ((@)")((a¥))" = (™) (aF)" =
anLlakn — aml+kn — (( \q/a)q)mH»kn — (\q/&)q(ml#»kn) — (\q/a)pnl — (( {I/a)p)nl — (az+y)nl ,
a®a¥,a®t¥ >0, a®a¥ =a®tV.
a=0, z,y>0 a®*a¥=0-0=0=a"1Y.
a<0, n, . (a®a¥)™ = (a®T)™ | nl | a®a¥ = a®tV.
Cay=2  ay a>0, (@) = ((@)))" = (@) = (@) = @) =k =
(Y™ = (Y@ = (Yot = (WEP) = @ (@ > 0. (@) = .
a=0, z;y>0 (a®)¥ =0Y=0=a"". (a¥)* =a®¥ .
a<0, nl . ((@®))™ = (a®)™ | nl , (a®)¥ =a™. (a¥)® =a®¥ .
(2) 3) >0, m>0. (a®)" =a™ <b™ = (b*)", a®,b* >0, a® < b*.
(itd) (i) .
(3) (1) =<y nl>0, ml<kn (@)= ((a*)") = (@) =am <a" = (a*)" =
(@)™ = (a¥)™. a®,a¥ >0, a” >a¥.

(i) (i) .

a® a>0 =z .

a>1.
, s,rt s<r<t,,, a*<a" <a'. ., st
r s<x<t a°<a®<a., a®,at a® ., < a®:
a® <a® <at st s<z<t.
s<x t>um. s,t,,s<t a>1, a®*<at.,, , a°, , a,
- ) ., & a® at:
pnto s X pare & Py I ot

Syfua 1.4 a”.
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a® < €&<al
st s<x<t , EAE af < <al st s<xz<t.,,

1.3 (1) a>1 =z € a*<é<al st s<z<t.
(2) a>1 2. & a*<€é<a st s<z<t & ()a".

xT

a>1 z , a* & 1.3. ,, a

a® < a®* <at

st s<xz<t . 1.3, T .
a=1 = ,:
1 =1
,0<a<l z, i>1 —o . (3"
=)
a = |- .
a
) x )
0* = 0.

x , a (i) a>0 (i) a=0 2>0. a® (i) a<0 =z (i)

a® (i) a>0 =z , (%) a=0 >0 (iti) a<0 =
a* (1) a=0 x<0 (i) a<0 =z

a®: x a>0( a<0),, a®, a®* >a* s<uz,, a® >0,

n, "<y x<uy.

no, a"<y" z| <ly|
2. z,y 0, 22 +zy+y?>0 2t +23y+ 2%y + 2> +y* > 0. ;

422y +ay? +y> >0 28+ 2ty + 23y + 2%y + oyt + 90 > 0;

3. n

(i)1+24-+n=1inn+1),

(i) 12 +22 4+ +n?=Linn+1)(2n+1),

(iii) 134+ 28+ +n® = Tn*(n+1)2.

22



o

Newton Pascal;

1 2 1
1 3 31
1 4 6 41
1 5 10 10 5 1

1<m<n, (”;1) =(")+ (mil). Pascal;
(m) 7 m;
(") m 0 n;
Pascal,;
n

,  va" =a.
n , Ya"=lal.

\/a—l—bg\/&—i—\/l; a,b>0. +a+ :\/ﬁ—i—\/g a=0 b=0.

Vaib=Vab,  ifva-{/va="va.

; a<0 b<0;

0<a<b, fa<b.
a<b, a<b.

L) 1%9/105  '%/106.

V129, 3V5+vV2 V2+5 .

a>0, ay/a av/a = 2‘\1/5 n

Va.

: l<a. , 0,1 a, T , x2
Va {a

23



1 (_2)07007(_3)% 7(_2)ﬁ 7(_2)7ﬁ )
(-8), (-1¥.
2 (DhHi=(-piE

1. 27V2 (=2)V2,0-V2 0v2,

2. (V/3)% <3V2 < (V/3)%,

3. 2v8 3.

4. [10-2v?] [100-2V2).

5. ((—1)2)¢g =(-1)23;, 17

v ((-17) = (s

1.3

a>0 #1. : y a*=y( z);
xax>0,, ax:y7 y>0 1-4aa7 ’ Y.

1.4 a>0 a#1l. y>0 =z

a® =vy.

1.4 a® =y. - 1,22 a® =y ( y) L7, x1#2,
a® #a”?.

a=1, a*=y, ., 1"=1 =z, y 17 . a=0 .
0=y y=0" . a<0 a® x a® x

=y Yy a

log,, y.
’leogay a® =y.

1.10 a>0 #1.
(1) log,(yz) =log,y +1log, z y,z>0.
(2) log, ¥ =log,y —log, z y,z>0.
(3) log,(y*) = zlog,y y >0 =z
(4) log,1=0 log,a=1.
(5) O<y<z (i)log,y<log,z, a>1, (ii)log,y >log,z, 0<a<l.
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w

: (1) z=log,y w=log,z a* =y a
log,, y + log, z.

(2) log, L 4 log, z = log,(£z) =log,y log, £ = log,y — log, .

(3) z=log,y, a® =y. a*® = (a®)® =y*,, log,(y*) = zz = zlog, y.

(4) log,1=0 a®=1 log,a=1 al=a.

=z a®t¥ =a%a" =yz, log,(y2) = +w =

(5) 0<y<z z=log,y w=log,z, y=a* z=a"%. a®><a”, a>1, z<w,
0<a<l, z>w.

1.11 a,b6>0 a,b#1.

1
log, y = m log, y

a

y > 0.

a,b>0 ab#1. z=logyy w=log,b b* =y a* =b. a*® = (a¥)* =b* = y.
log, y = wz = log, blog, y.

1. logsy4, log% 2, log% 4.
2. logy3 logs4.
3. logy3-logs 5 -logy 7 - log, 10 - logyq 8.
4. a>0,a#1. a%®¥=y y>0.
5. logy3;
6. a>0,a#1. logiy=—log,y y>0.
7. a>0,a#1. log,-(y*)=log,y y>0 z#0.
1.4
1 , )y (). = |, , x>0, ( )
r<0. z, o,
T ., 3 B« 32” " 2r . oz [0,27] "
x 27 x  [k2m,(k+1)27), k 2., x, x
() 2m
x’?
1. ’
cosr = =+
+7 s T
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n B8 cotx r
z M A
sinx tanx
A o wsx E |A
€
B'
Yy nuo 1.5:
2. ’
sinx = &+
+7 y T
3. o)
tanx = +
+7 s T
4. o)
cotx ==+
+, s Ty
tan z "y, x=5+kn(k€Z)., cotw ", x=kr (ke€Z).

’

(cosz,sinx) cosz, sinx, tanx cotzx ,, ,,

x.

: (1) cos0=1,s8in0=0, tan0=0. cot0.

(2) cos§ =0,sinf =1,cot T =0. tanF.
(3) cosm = —1,sinm =0, tanT =0. cot.

3% _ () «ip 3T _ 3r _ 3
(4) cos 5+ =0, sin 5F = —1, cot - = 0.  tan =" .

cosz > 0, =z (=5 +k2m, 5 +k2m) (k € Z), coswx < 0, =
(2 + k2,22 + k2m) (k € Z). , sinz >0, =z (k2,7 + k2n) (k € Z),
sinz <0, = (7m+k2m, 27+ k27) (k € Z).
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—1<cosz <1, —1<sinz <1

z. 1.12

1.12 (1) (sinz)? 4 (cosz)® =
(2) tanz = SBL oty = Z?rf;"
(3) cos(—z) = cosx, sin(—z) = —sinz, tan(—x) = — tanz, cot(—xz) = — cot x.
(4) cos(§ —x) = sinz, sin(§ —x) = cosz, tan(gf r) = cotx, cot(§ —r) = tanz.
(5) cos(z +m) = —cos, Sln( +7) = —sinz, tan(x + 7) = tanz, cot(x + m) =
cot x.

(=)

os(z +y) =cosxcosy —sinzsiny, sin(z+y) =sinzcosy + coszsiny.

('D

(7) cosz — cosy = 2y sin I;y sinz — siny = 2sin “5¥ cos w;ry .
(8) k. (i) cosx > cosa’, k2r <z < a’ < w+ k2w, (ii) cosz < cosz’,
T4+ k2r <z <a <27+ k27
(9) k. (i) sinz <sina’, =% +k2r <z <2’ < T+ k27, (ii) sinz > sina’,
THk2rn<z<a < 37”+k27r.
: 1.12
(1) .
2 , —=—,,tang =222~ = — = _  cotx= 8L
(3) , cos T sin T
T, —x
(4) z, 5 —x
(5) T, + .
(6) ) z, =Y {L‘+y ( ) ( ) L] )
\/(cos(;r +y) —1)2 + (sin(z +y) — 0)2 = \/(cosx — cos(—y))2 + (sinz — sin(—y))2.
(M) 3, (6). » (3) (4):
. ™ ™
sin(z +y) = cos (5 - (:v—l—y)) = cos ((5 —x) + (—y))
= cos(g —z) cos(—y) — sin (g —$) sin(—y)
= sinz cosy + cosxsiny.
(M
r+y  x—y T4y -y LTty . x—y
cosT = cos (7 +7) = cos cos — sin sin
2 2 2 2 2 2
T+y ) T+y ) LTty . T—yY
cosy:cos( - ):cos cos + sin sin .
2 2 2 2 2
’ .ty . T—y
cosx — cosy = —2sin sin —
(7).

(8) k2r <z <z’ <m+k2m, ,” =z, L cosx >cosx’ . m+k2r <z <’ <2m+k2mw,
, ", cosz < cosa’.
9) —F+kr<e<a’ < T +k2m 7 z,x’ Y, sinz <sina’. 4 k2r <z <
z < 3” + k2w, ‘. sinz > sinz’.
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arccosy
0,7]
2.y [-L1]. 7 y S
arcsin y
[—g,%]
3. . o) Y ",
arctany
(-3.3)
4. y. o} Y.
arccot y
(0, )

: (1) arccos 1 = 0, arccos 0 = 7, arccos(—1) = 7.

(2) arcsinl = 7, arcsin 0 = 0, arcsin(—1) = -7 .
(3) arctan0 = 0 arccot0 = 7.
arccosy, arcsiny, arctany arccoty ,, -, -, - - Y. Y.

y [-1,1] arccosy [0, 7] cosx = y.

’x:arccosy cosx =y 0<z<m.
cosx =y [-m,0], —arccosy. cosz=y R arccosy+ k2n (k € Z)
—arccosy + k2w (k € Z).
., vy [-1,1] arcsiny %, 5] sinz = y.
. . T ™
T = arcsiny sinz =y —5§m§§.

w

sine =y [§,5], m—arcsiny. sinzx=y R arcsiny+ k27 (k € Z)
7w —arcsiny + k27 (k € Z).

y arctany (-%,%) tanz = y.
T T
xr = arctany tanx = vy f§<x<§.
tanz =y R arctany+ kn (k € Z).
y arccoty (0,7) cotx = y.
’x:arccoty cotz=y O0<z<m.

cotx =y R arccoty+ knm (k € Z).
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1.13 (1) -1 <y<y <1. arccosy > arccosy’ arcsiny < arcsiny’.

(2) y<y'. arctany < arctany’ arccoty > arccoty’.

) N TN T " /, M, , arccosy > arccosy’ .
o vy " ’, ", , arcsiny < arcsiny’ .
2’ vy " ', ", , arctany < arctany’ .
, vy . /, ", , arccoty > arccoty’.
~ () s :
sinx 8 10.
} 5 .
T 1. 2 <« » . w8 10.
s s s
L 61 3
2.
1 : 1 1 . V3
COST = — Sy = —— COST = ——F—= Sy = ——
2 2’ V2’ 2

tanz =0, cotx=—1, tanz=—V3, cotz=+3.

3. |acosx +bsinz| < Va2 +b2.
4. a,b a?+b>=1 q [0,27)
cosq=a sing = b.
5. a,b 0 , p>0g¢q
acosz + bsinx = pcos(z — q)
x.
. ; — 2 2 a b i
(: acosx +bsinz =+va?+b (Wcosx—i—\/msmx).)
6.
(i) cosy =cosz y=x+k2n y=—x+k2n (k € Z),
(i) siny =sine  y=z+k2n y=n—2x+k2r (k€ Z),
(791) tany =tanx y=x+kn (k € Z),
(tv) coty =cotx y=x+knr (keZ).
7.
1+ (tanz)? = 1 1+ (cotx)? = !
~ (cosx)?’ ~ (sinz)?’
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10.

11.

12.

=~

tanx + tany
tan(z +9) = Ty Tt Y) =

cotrxcoty —1
cotx + coty

cos(2x) = (cosx)? — (sinz)? = 2(cosz)? — 1 =1 — 2(sinz)?,

sin(2z) = 2sinz cos x,

2t tr)? —1
fan(2e) = — 2T o) = (cotz)” — 1
1— (tanx) 2cotx
1 — (tan £)? ) 2tan £
cosr = ——= sing = ——=2—
v 1+ (tan )%’ e 1+ (tan )2’
2tan £ 1 — (tan £)?
tanz = ——24— te = ———2—
ME=gT (tan §)2’ core 2tan

2sinzsiny = cos(x—y)—cos(x+y), 2coszcosy = cos(x—y)+cos(z+y),

(:

2sinz cosy = sin(x — y) + sin(z + y).

sin( %) cos(("zl)z)

cos & + cos(2x) + cos(3z) + - - - + cos(nz) = it 7
sin 2
2

sin( %7 ) sin( (n'gl)x)

sinz + sin(2z) + sin(3z) + - - - + sin(nz) = —
sin £
2

arccosy + arcsiny = % (-1<y <1, arctan y 4 arccot y = g .

y y = cos(arccosy) y = sin(arcsiny);
y y = tan(arctany) y = cot(arccoty);
arccos(cosz) =z =z [0,m].

arccos(cosz), = [km,(k+ 7], k ;

arcsin(sin z), arctan(tanx) arccot(cot x);
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Kegpdhawo 2

0., .: «emny» ,. .. . . . em.

n (a ) ) s Tn+1 Tp Tp—1 ITn
. 1 1
(1) (ﬁ)a laga;,v 7%7
(2) (n)’ 17273747 7n7
(3) (1)’ 1’ 1’ 17 ’17
@ (1Y), 1,-1,1,-1,...,1,—1, ... .
5) (w7): Tor07 7050 10w oo -
6) n- n, 1,2,2,3,2,4,2,4,3,4,2, ... .
< , , o - = n-
(7 ) ) ) ( ) )
b {1}' b 17 1’ ]'7 ) b (7 b
) ()
(@n)  Zpp1 > Tp N (Tn) Tpgpr > Tp N (Tn)  Tpgpr <zp N,
(zn) Tptl < T M. : ,
(1) ) ¢ Tp=cC Nn.
() , U xp <uoney (x) U<z, no (x) ,
Lu <z, <u n,, 1, u].
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: (D) (o),, e, ]
2) () [0,1]
(3) (H2—) [-1.1]
) () [0,1]
(5) (=11 [—1,1].
(6) (U+EL""Dm) - 10,3,0,5,0,7,0, ... <0 ., .
QD" < gy, n=2%k—1, 2k—1<u k., k<%l kLl
(7) _1707 _3a07_5703_7707 BRI ) ’ l ) > Za < _la
8) ((-1)""'n), 1,-2,3,-4,5,—6, ..., . u I (-1)""n<u
nl<(-1D)"n n,, n, .
(Tn) , n 7, ul. (zn) 0. [—M, M) [1,u],
M =max{u,—l}. , (zn) , M J|z,|<M n.
U (l’n), >u (xn) ) 9 A l (l‘n), <l (ZL'n) 9
(Tn) ,, M, Ty oy (xn) , mp o
X‘i Xy Xy xml XZ ?(w
Syuo 2.1:
/\
4%)
P (2x) (nte, %)
i H :
] i ]
| y o e---. - p e s - .
1(1,1(.‘)
Syhuo 2.2
(n) , , 0. n Ty (n,xy) (n). T,
) (’I’L,l‘n) ) <» n, (n,xn) ) xn) yy Ty (n7mn) ( )



(@n) 5 (za) () (@n)  (n,20)

1.
on — 1 —(-1)" 11 1 1
Qn+2) (n+1) ( n? ) (§+Z+§+”'+§J’
1)+t (—1)nt n?—3n+1
nr
@ (S) g )
((21.) 1> (( 1)n 1 2n 1) < (71)nx2n71 )
(2n—1)5)’ @n—1! /) \1-3:5---(2n—1)
2.
1,4, 9, 16, 25, 36.
, 3 () 49. (i) 24. (i)
3.
1+ (=1)n1t a+b q,a=1b
_ n—1 n—1
M, (=n), (0", (), ()il
G )
4. (an[%]), (nfS[%]) (n74[%])., m (nfm[%])
5 . abp,q pg 0. (zn)
T1=a,T2 =20 Tnto = PTpy1 + gy, (n > 1).
n- T, .
1: p#0,q=0. Tp=bp" 2 n>2.
2:p=0,q9#0. xn:aq%l, n xn:banﬂ, n .
3:p#0,q#0.
¥ =pr+gq
() A=p>+4g>0, (), p=E2 p=22Y2 K\ k+A=a
Kp1+Ap2 =10
xn*ﬁplnil‘i’)\anil
n>1
(i1) A=p*+4¢=0, , p=24~ KA K=a kp+Ap=0b



n>1.

(ii)) A=p*+4¢<0(qg<0), () , p =28 p = 2=/=8
— 2 V=A\2 _ _ . _ V=A
p=+—q>0 (2%) —I—( 5 ) =1, 0 [0,2m) cosf = % sinf = 5 -
p1 = p(cosf +isin®) py = p(cosf —isind). p?cos(20) = ppcosd + q

p?sin(20) = ppsinf. kK, A k=a p(kcosf+ Asinf)=b .,

zn, = p" (K cos((n —1)0) + Asin((n — 1)0))

371:1'2:1

Tpta = 3z, (n > 1), Tpto = Tpt1 + Tn (0> 1),

Tpye = 2Tpp1 — Tn (02 1), Tpya = Tpy1 — Tp (0 > 1),

, T =29 = 1 Tpt+a = Tpt+1 + @, (n > 1), Fibonnaci
1,1,2,3,5,8,13.

3. Do
e (o (o, (CEE) e (),
) (")) Co)- GBI (-3[3))
1. -
2. - - -
3 (l'n) ( xn) ,
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(1) (3)-
1 1 111 1 1 1 1
727374757 777710071017 777100000 7 T 7 100000000 7 T
, Ny, L, Lm0 ).
@ ,, &
0 1234 99 100 99999 99999999
"27374757 777710071017 777 7100000 7 T 7 100000000 T T
n <, "T_l 1 <« » "T_l 1 |"T_1—1|:1—”T_1:%, ,
n,%.', ,,n«»,”T*l«»l.
(Tn)
n o« >, Ty
T o« »
; /o ( ) ()
< .
Ty T <« » Jxp—z] <« » <«m »<«mn >
Ty — T n
(). o [f-o=2%, | n - , 0,000132.
1 0,000132 n co n 0,000132; : 1 <0,000132
n > 10%800. n > 10(1)gg00; 7576 = 10(1)2)(2)00 ( 7575 < 1013200) . on
> 7576, % < 0,000132. 0,0000000000132. ,  m > 75757575758,
% < 0,0000000000132. , , : ( 0,000132 0,0000000000132) (
7576 T5757575758). , ;. , €
) ng,, M =MNo, % <e ,, : €e>0, , no %7%7%7"'
<e. | €) ng e. no( € Lce; 0 Lce n>1y

3
(%ZO) no no=[%+1 € ( ) ng € € no
(xn) = 2z = (xn)  |zn — | e>0 n ng,, €>0
nog |xn,—zl<e n>ng. (v, =
Ty — T limz, ==z lim =z, ==.
n—-+oo
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(zn) = €>0 ng |zp—z|<e m>ng,, €¢>0 ng n>ng
Tp—z|<e,, €>0 nyg m>ng |z, —z|<e

X" E— Xno x"o“z xy‘°+1 X+ &

Al +

Syfua 2.3: x —e <z, <x+€ n>ng.

limy, 100 T = T n, n (, ), im,sjocxn=2 x,, ,
T n
2 (1), limpsgoo s =0 limyye 50 =1
(2)  ((=n)").
1L-1,1,-1,...,1,-1,1,-1, ...
n, (-)"!to 1 -1 1 S (= oy,
) 1 ©» (7a ) -1
(=" ).
. (=™ ., (=)™ @ e>0 ng |[(-1)"t-z[<e
n > ng. ng n>mg n>ng., n>ny |—1—ux <e n > ng
l—z|<e. €>0|—-1-2z|<e|l—z|<e, |-1-2z|<i [1-2|<i.
. z! (=~ = 215 >1 <-1
(_1)’”71 1 1 1 (_1)71,71 o 1
(3) (72‘71 )7 17_§7§7_Z7.... n- O }7,”;171 _O{—E,, 5 €>O
nQ |(_17)1 —0| = % <e m>ng. , lim, 400 (_17)1 =0.

lim c=c.
n—-+oo

, ¢ Je—¢=0., €>0 np=1 Jc—c=0<e n>ny=1L1

B (7)) a>0 (5a) Ligw.ge,ge:--- -

lim — =0 (a>0)
n—+oo N
e>0 no |4z —0/<e n>ng. L —0<e L<e no>1
1 1 1 1
n> (v (720, no=[(D)«]+1, n>ng n> ()= ,, |7 —0<e
: limyy o0 27 =0, hmn%mﬁzo, 1imn%+oo%ﬂ:0.
lim, sioon =2 . e>0 ©» , |rp—z <e n>a
AR 2» 5, K1 <= o». n>a ng=1lal+1, a>0, ng=1,
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a <0, n>ng n>a, , ln — x| <e

2 (1) limy g0 ﬁ =0.

1 1
e>0 N |m 0l <e n>2ng. |y —0<e o <e
2 1 1,1 11 4 .
n+n—;>0 ’I’L>—§ 3 1+*n<—§—§ 1+; ( n )
n>—ptpy/lti —gta I+ 20 mo=[—g+g/1+ ¢+
1,1 / 4
n2n0 ’I’L>—§+§ 1+27, |m—0‘<€
1 1 1 1
1 1|n2+n 0|<€ n2+n<6 (n2+n§n) E<6 ’I’L>E
EZO’ no [E]‘i‘l n>n0 ’n,>€,, |m O‘<€
2
3+(=1)" = n 11 1 1 1 1
n’ :
lim, 400y, =0. €>0. |, — 0| <€ (2, >0) z, <e€ (xng%)
2 2 2 2 2
2<e n>2. 2>0, no=[2]+1, n>ng n>=2,, |z, -0 <e
(zn) >0 0 1
(3) limpqe0 ™2 =0
i sinn sinn 1 1 1
. e > 0. |1¥—0|<€ ‘T|1<6(%§E) E<6 7'L>;
220, no=[g]+1, n>ng n>¢,, B -0 <e
4) . (a"), a,a®,a®,a*, ... . a.

a=1, (1 1., a=0, (0) 0.

a<-1(:a=-1 ), a<—-1,a2>1,a°><-1,a*>1, . >1
<-1, 215,.

1 1
0<1|a\<1 [0 a=3g a=%%. a=3%, L,%m,%,57, -
a=—1p> 10°10Z> 10%°10%7 """ * ) 0.

;,0<al <1 €>0. [a"=0l<e [a]" <e n>logy,e , log, >0,
0<e<l, log,e<0, e>1., noz[log‘(ﬂe]—l—l, e<l, ng=1, e>1,
n>mng n>log,e,, [a"—0]<e

a>1.
3 7171,
1. (zn), xn:%, TR > Tptl M Ty < Tpyp1 N> 3.
2 € Mg
lim lim n*%, lim lim —, lim L
n——too 4’ n—-+oo n—-+oo nf n—+oo 4m n——+oo 32n
3.
n—2 1 . 3n . n
im =—, lim =2, lim vn =
n—a+co3n+4 3 n—+oon + 3 n—+oon + 1
T, n- no.,, < n (,
n = 1000, 10000 ). € ng.

37



4. (b, €e>0 ng € ),

m —— =0, lm =0 lm — —o0, ml(_anza

n——+o00 \/ﬁ n=+oo nd n—+o00 W n—+o0o
1 3n—1 3 1
1 2 11 2 2
lim =0, lim w:*, lim M:_,,
n—+oo \/n + 1 n—+oo  3n2 + 2 37 not+02-—3yn 3
2 1
m %7 o g W AVR —0.
n—+o0 n\/ﬁ n—-+oo Vﬁi n—+oo 2™ + 3n
5. limpoyyooxn=2, (x,) =z, : €>0 ng n>ng |r,—xz|>e
2.3 +o00
1) (n?)
1,4,9,16,25,36,49,64, ... .
n-n2 <« » n <». , n2 o« oy n <.

1,2,3,4,5,6,7,8, ....
n-n < » N <>
(In)

Tp &> n
< ».

B T T SO S G
Ty
n

(n?) : n? n . , , 35000. n? 35000

n - n n? 35000; n? > 35000 n > +/35000. n
> /35000 188 > /35000 ( 187 < 4/35000),, n > 188, n? > 35000.
,, 35000000000. , n >187083, n? > 35000000000. , ( 35000
35000000000) ( 188 187083), . , M, ,
no,, n >mng, n? > M. n2>M n>VM.,, 1.1: M>0
ng no,ng+1,ng+2,... >vVM. ( M ) no M. no( M)

n>vVM;: VvM>0, ny no=[VM]+1

38



(xn) o0 400 400 () @y M>0 n no , ,
M>0 ng z,>M n>ng. (z,) +00

T, — 400 limz,, = +o0 lim =z, = 4oo.
n—-+00

(xp) 400 M>0 ng x,>M n>ng,, M>0 ng n>ng
r,>M,, M>0 ng n>ng x,>M.

o Mo X, Xagg Xngy

Syfuo 2.4: 2, > M n>ng.

,  (w,) —oc0 —o0 —o00 (zn) Tn ~-M <0 n no ,
M>0 ng x,<-M n>ng. (2, -0

Ty —> —00 limz,, = —oco lim =z, = —o00.
n——+oo

lim, 5400 xp = 400 limy sy @y = —00; limpyyooxy = +00 —00
xn) ) 20 n
: (1), limyq00n? = 400 lim, 1o n = +o0.
(2) -n<-M n>M., M>0 ng —n<-M n>nyg M>0
ng -n?<—-M n>ng. lim, ,e(—n?)=—0c0 lim, o (—n)=—00.

(v )e g, n

(3) (xn)a xn*f*{?,f,ﬂ n . 134737875312373163"' .

limg, 4 oo T, = +00. M > 0. T >M (z, >2n) n>M. |
no=[M]+1, n>ny n>M,, z,>M.

(4) (==Y . 215, 400 —oor >1 <-1., ,,
(=)™ 1) 4o0. M >0 nog (-1)"'>M n>ng., ng (=1)"t>1
n Z no. ,, ! ((*1)7171) —00.
’ ((_1)’”71) ) +OO7 —0Q.

: _1\n—1
w3 ol

(5)  (n) n?). a>0 (n%), 1,2%,3%.4% ... .

lim n® =400 (a > 0).

n—-+oo

0 ng n>mng n®> M. nt>M n>Mi.
1 1
ng=[Mz]+1, n>ny n>Ma<,, n*> M.

39



 limy, 400 n? = 400, lim, s o ¢/ = +00.

(6) a>1. (log,n), log,1=0,log,2,log,3,log,4,

lim log,n = +o0 (a>1).

n—-+oo
M >0 log,n>M n>d". nog=[]+1, n>ny n>a",
, log,n > M.
(7). a>1 (a"). +00. a=2 a=10 2,22,23 24,
10,102%,10%,10% ... . +o00.

,y, M >0 a®>M n>log, M., log, M >0, M>1, log, M <0,
M<1., no=[log,M]+1, M>1, no=1, M<1l, n>ng n>log, M
,, a” > M.

, 215, a < -1, (a™) o >1 < -1, +o0 —o00,,
=400, a>1
lim a" 1, a=1
n—-+oo = 07 —“l<a< 1,
, a< -1
8) (- 'n), 1,-2,3,-4,5,-6,7,..., - (a<-1), =>1 <-1L
n2+n

M > 0. %>M n?+n > Mn+3M n2+(—M)n—3M>O

n>b—|—1\/ 2+12M n< M 1 /(M 2112M (: )
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y=[z] [kk+1),
d
|
)
S W ;
SyAua 3.9:  y = [z].
;o oy=1a]( (-00,400))
y=[flx) ,
Y= f(:li) T -
[0, 4+00). Yy
y=f(x) y=f(x)
1) (z,-f(=) y=-f(2) - (z, f(x)) y=[f(z)
y=—f(z) -
y=f(z).
(2) (=, f(@) =, f(-2") y=[f(-=) y- (z, f(2) y=f(z)



9=fK0 3=H0
t(—x,&( ") &/‘“m
(x,~foa)
PERE )
Syhue 3.10: y = —f(z) y=f(-x)
y=f(-=) Y-
y=f(z)
? bE 603K !
\'\—/if’f‘*”“’ 92 g2 fx-x9
SK =) i
\i\_/fl/*;‘m) : ;
Syfpa 311 y = f(x)+k y= f(z — k).
(3) Kk (a,b) (a,b+ k)
(@, f@)+r) y=Ff@)+r r (2,f(2) y=/[(2)
y=f@)+r ko y=[fz)
(4) k. Kk (a,b) (a+ K, b).
(z 45 f(2) =@ f(«'=kK) y=Fflz—r) £ (zf(x) y=/[(z)

y=flz—k)

y = f(x)

5)p . p
(z,pf(x))

72



y=pf(z) p
y=f(z).
#
e
I(x)rgm)
é 9:}(*)
N f
Tyfpo 3.12: y =pf(x) y=f(3)
©6) p . p (a,b)  (pa,b).
(pz, f(z)) = (', f(%))  y=F(%) p (zf(x) y=f(z)
y=r(%) p y=flz)
1.
2] 1, x>0,
y=|x\, y=—, y:{07 17:0, yzl‘—[l‘],
-1, x<0,
y=(DM, y=a-)M, y= (D y=a(-1)
2 y=v—-12 y=+v—-22 -1
3 y =22,
y=32>, y=2"-4, y=(+4)?>, y=Bz+4)°, y=4-(3z+4)".
’ ) av() (_OO7+OQ)

4. a;éO b,C. y:;p27

y =ar® +br+c.

(: az? +br+c=a(x+ £)? + et )

4a
(=00, +00);
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7.

8.

(z,y) (y,7) , Y=,

_ 1 _ 1 _ 3
Y= or2 Vo suy2 YT a2
axr +b
cr+d

(_ aztb _ L(cwtd)+b—2d o 4q 1

© cx+d T cx+d

_ ax+b
y= cx+d

__ 2243
Y= 3:"1"

K p>0.  y=f(x)

y=f(z—k),y=pf(r)

y=22-3x+2,,

y = F(2);

y=|2? -3z +2| y=|z|* - 3lz|+2. ;




pER— Y S

4

s
T S

‘93 ==

9, |-
9 >
4

x=f(y).

Syuo 3.13:

xr-

AR |
= >
= ol
i ™
I 87 Q
I =
—
— >
g%
-
*)
.S
a Il
> | L
Vi
SR
f)
RO
—
=
=
, >
=
:M\,
I
8 3
AN
—~ =
> 8
S~—
21
>
-
- N
=S
= |l
—~~
— m
/m\ ~
=37
=
=
> g
S—
g
T
N~
8 3

T < T2 ,, f_l(yl) < f_l(yQ)'

M

(_OO’ +OO)

7+OO) ’

(—o0

) (—OO, +OO),

o
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-1

Tx

J S '

’
/
.
s

Sy

Tr =

Eyhuo 3.14:

f(x)
xy,29 I fz1) = f(22)

Y

M

fl@) -,

Y

y=a?

=Yy

y>0 22

(=00, +00).

:xz

L pp————

T=,/y.

Syfuo 3.15:

[0, 4+00)

T =./Y,
x:_\/ya

[0, +00).

[0, 4+00)

[0, +00).
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A%
2
9=
AN
\\\ '3=‘X X
N . 4 /’
: '
: \\ /,’
* \
-
i \\‘\ L N
‘ N, -’ > hY
-4 AN x V2
//’ ‘\\ ’/I
7’ ’
’ ’
,’ /’ _1
‘ ’
/
Yxfua 3.16: = —/y.
33 y=2a? (—oo,+o0) [0,+00)
(=00, +00).
_ 1
L y=5sm:

2. a,b,c,d ¢c#0 y:ffidb 6

_ 2x+3
Y= 3z—1"

3. y=a224+4x+1.

)

, > )

y=a’+4z+1 ;

3.6

7

[0, 4+00)

T =1,y



yox,
g=x

- - . g

9%

n

Syfuo 3.17: y =a".

|

|

y:a0+a1x+-~-—|—aNxN.
ay #0, N . ., (—00,400).
y=a"
() n

y:x37 n., y=a", (_007"‘00)‘ ) (070)7 (_17_1)7 (070)7
(1,1)

, y=a%, n, y=a2", [0,+0) [0, 4+00) (=00, 0] [0, 4+00).
’ Y-, (_ 51>7 (O7O)a (17 ) (070) (070) . .

, oy =" (0,0, (L. (0,1) y=ua,y=2>y=2",
(1,400) ., o« (0,1) T oa-:x>a?>ad > x (1,400)
rrr<azi<ad< )

N

__aot+ax+---+ane
U bt b+ 4 by
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(,) n. (—00,0) U (0, +00)

n.,y= xi" ) (—O0,0) (—O0,0) (O7+OO) (0’+OO)
(71771) x- Y-, (Oa +OO) (171) Y- Z-.
! )
|97
"
H—
Ny ]
] )
L e
v ! x
Yyfuo 3.18:  y = w% .
n., y= % ) (70030) (07+OO) (0, +OO) (07+OO)
(-1,1) x- T (0, +00) (1,1) y- z-.
— zl +mi — IQ(:E*z) . . .
L y="1 1" Y= Gieen’) ;
2. y=4 = m
3. y:?127y:?13 y:?147
1 1 3
- = +4, =—— 4 2.
Y=o YT sttt VT Tt
3.7
n y=a"  (—o0,400) (—00,400), == /]

(_007 O)
(0,0).

(7007 0)



)
po prm

N

"""" -1

(700, +OO) (7007 +OO) Y= W (717 71)3 (070)7 (L 1) -

y =z
[0, 4+00) [0,400). y= Yz (0,0), (1,1) - [0, +00) -
[0, +00). (0,0
y= 1z .
y=Vr+y :524;1%\/5
7 po(z) + pr(x)y + -+ pn(2)y™ =0
Y, pO(x)apl(x)a 7pN(1') aNZ]- pN(iL’) CEE y:g(l’) , O,
po(x) + pi(z)g(z) + - +pn(z)g(x)N =0
r y=g(). y=g9 . 7 y=g): . 5., y=g()
(1) y=px) (-00,+00)
(2) y=23, p()q=) ,
y=29  —p(@)+qlx)y=0, —p(x), q(x)



y Y=z

—r+

) ) )

Ly =0,

) )

L y=Vz,y=Vr,y=r,y==,
y=Vr—1, y=—-v2-3z+3, y=2+V2zr+1, y=+v3-=x.
2. f
T T+ 2
= 7"‘ x—’_]-v - £C+3ZL'7 =
y=yz—g TV y=vr+vz, y AT 4
Lo ;
3. n px), q@). y= {2
: ’ a(x)
4. n >2 y= /x
Cy=vE=29 ., , p@) q@))
3.8
[0,+00), a>0, (0,+00), a<0. a. y=2x° a .
a (77 a ) y:xa x, y_xa (_0070) 3y a 3
, y=ax% .
y=z%, 2=y x. y<o0, y =0, z=0 , a>0, ,
1
a<0. y>0, T =ya , a>0, y = z¢ [0,4+00) , a <0,
(0, 4+00).
y=z [0,+0), a>0, (0,4+00), a<0.
a > Oa y= z? (0?0)7 (17 1) z- [05 +OO> - - Y- [0,—}—00) B
(0,0) .
,CL<O, y:xa (171) Zz- (0,+OO) Y- (O,+OO) Y-
z-.
y=2" y=2" a<b, (L1, (0,1) y=a" y =’
(1,400) y=2za° 1y*xb.
y=a* x=y=. a + >0 <0
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¢ ayi
a=1
0<a< i
L
E a=0
g a<0
\
1 x
Syuo 3.20:  y =2°.
1. ;
Y= 07 y:xS’ y_x737 y:l’%7 y:1‘7%7
y=at, y=a"1, y=av2, y=a"?
2 y=aV? y=a"V2,

3.9

a>0

y=a"

(=00, +00) a.

a=1, ,y=1"=1, {1}

a>1 0<a<]l, y=a* (0,400). , a* =y =z , y <0,
x=log,y, y>0., ,a>1l, , 0<a<1.

y=a" 0,1), (1,a). a>1, - (—o00,+00)—- - y- (0, +00)
- . - ., O0<axl, z-.

azl’ y:al’ ) ’

0<a<l a>1, y=ad* , . 2*=y x x=log,y. ,
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X
g-u

Syfuo 3.21:

xT

y=a" z=log,y a>1

/’ X //
s /s
X= foa.ﬂ
Yyfua 3.22: y=a" r=1log,y 0<a<l.
Yy = IOga &€, Yy = a” ) a. (07 +OO) (7007 +OO)
a>1, y=log,z , 0<a<l,
y =log, = (1,0), (a,1). a>1, Y- , 0<a<,
y=3e"-2, y=1+2"" y=ell y=cll
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y=log(~2), y=loglz|, y=logi(2—=2), y=Ilog(2z—1).

-1 1—
ar1r Yol wels(—at), y =loge® — ).

7

flz+T) = f(z)
z .,,, T y=f(z), z=z+xT . T y=f(x).

: (1) y=cosz y=sinz 2w, cos(x+2m)=cosz sin(r+27)=sinz.

(2) y=tanzx y=cotx m, tan(x+w)=tanz cot(r+7)= cotx.

y=fz) T. fa-T)=f=) y=[fz-T) y=/[fa) ,, .
oo y=[fle+T) y=fl®). £ f | -oy=fl@) T
? y]z fx) [a,a+T]. k y=flx) |a+kT,a+(k+1)T] kT
a,a+1T|.

[a,a+ T) T
1.
(o0, +0) [-1,1]. 27w . [-m0 [0,7 [—1,1]
[—7T,71’} (_W’_l) (0’1) (071) (Wv—l) (_370)» (370)
2.
(-o0,+00) [-L1]. 2 EX IR 1.1]
[_%737”] (_Ev_l) (%’1) (gﬂl) (37”’_1) (0,0), (7770)



;r'}

- e e we a— - ———— L-———---—

*
.

Sy Auo 3.23:

- e o - —

i

[}

{

I
in

Y = coS 2.

Syfuo 3.24:

(—o0,+00). (~%,%):

(o, (k + 1))
(=00, +00). (0,7):

y=cosr y=sinx

y =sinzx.

(=5 +km, 5 + k) (k€ Z).

(0,0)

(—o0, +00).
r=-3

(k € Z).
(3,0)

(—00, +00)
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(—00, +00).

—1.

H
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U U S S g g

Syfuo 3.25:  y =tanz y = cotux.

Y = CoSx [0, 7] [—1,1]. , x = arccosy, [—1,1]  [0,n].

y=sinz [-F, 7] [—1,1]. xr =arcsiny, [-1,1] [-F, 5]
y = tanz (—%,%) (=00, +00). x = arctany, (—o0,+00)
5.9
y=cotx (0,7) (—o00,+00). x = arccoty, (—oo,+00) (0,7).
A ) ) x y, :
1. -
-1,1]  [0,7].  [-1,1] (=L,m) (1,0) (0,%).
2. -
[_171] [_%7%] [_171] (‘L‘%) (Lg) (070)
3. -
(=00, +00)  (=%,5).  (—00,+00) y=-3% y=3
(0,0)
4. -

86



% - -

!
'S
-

Lol 2

______ - 1\'/2

Yy 3.26:  y = arccosx y = arcsinz.

-—-—--_-j_h'f/_zn____h__ \\ ----- S

Yyfua 3.27:  y = arctana y = arccot x.

Yy = arccot x.

(—o0,4+00)  (0,7). (=00, +00) y=m y=20
0, 3)-

y = cos(2z), y:tan<g—1>7 y=1+42sin(l —3z), y=-cot(l—x),

1
x = 2arccos(2y + 1), == g + arctan(l —y), x = arctan (%)

5 14
Yy =acosx + bsinz.
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y=cosr+sinx, y= \/gcosm—&—sinx, Y= V3cosz — sinz.

3.
. 1 . .
y=+vVsinz, y=-———, y=Ilog(sinz), y=arcsin
1+4sinz T —
4. y = arcsinx y = arctanz; ;

(: x=siny x=tany.)

y = arccos(cos ), y = arcsin(sinz), y = arctan(tanx), y = arccot(cot ).

6. y=uzsinz [0,+00). , —z<zsinz <z, y=axsine y=-zx
y=x sinx = 1, x:§+k27r(k::0,1,2,...), y = xsinz «»
y=ux sine = —1, =5 +k21(k=0,1,2,...), y==xsinz <
Y= - y=2xsinr z-;

y=uzsinz [0,+00), y=uzxsinx , (—00,0].
7. y=sini (0,+00). y=sint y=-1y=1
sind =1 sind =-1 (0,+00). (0,400) «© 0 y=sind
sin%:l y:sin%«» y=1 sin%:—l «» y=-1
1
y=sin, a-;
y=sint (0,400), y=sinl , (—00,0).
8.
2 . 1 .1
y = z°sinz, y = +v/zsinz, y = —sin—.
r T
3.11
T
et +e’ " et —e™*
‘h = 5 h = —
cosh x 5 , sinh 5 ,
T _ o T —T
tanhaczi7 cothxzﬁ.
et +e " et —e™*

) ) x?'

3.1 (1) (coshx)2 — (sinhz)? = 1.
(2) tanhz = SIBRL ooth g = Coshe

(3) cosh(—z) = cosh z, sinh(—z) = —sinh z, tanh(—x) = — tanh z, coth(—z) =
—cothz.
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(4) cosh(xz + y) = coshx coshy + sinhxsinhy, sinh(xz + y) = sinhzcoshy +
cosh zsinh y.

(5) coshz — coshy = 2sinh 7% sinh ZF¥ | sinh z — sinhy = 2sinh 23 cosh 3¢ .

2 2

(6) (i) 1 <coshz < cosha’, 0 <z <a’ ( i) 1 < coshz < cosha’, a: <x§0
(7) sinhz < sinhz’, z <2’
3.1 .
31 112 coshz = €42= sinhz = €= —.
eim + efiz eiz _ efiz
COST = ——— sing = —————
ST 5 sin z 5;

—ix .. ’

e =cosx +isinx e =cosx —isinx.

y = coshz = e te”
(—00, 4+00). . 3.1 y=coshz [0,400)  (—00,0].
y = coshzx ez+2€—m =y x e —2ye* +1 =0. t = e*,

22yt +1=0 =4y*>—4.

(i) y?<1. t2—=2yt+1=0

(i1) y*=1. y=—1, 2-2yt+1=0 e =t=-1,,. y=1, t2-2yt+1=0
e*=t=1 x2=0 coshz=1.

(iii) y? > 1. 2 —2yt+1=0 () 2y 1. y< -1, .7y>1
2 —2yt+1=0 , 1 0 1. tfy:i:\/y —
0 <y—Vy? —1<1<y+\/y— , © = log(y £ -1, .,
log(y — vy? — 1) <0 < log(y + +/y% —1).

) s y=coshx, vy coshz = y ,  [1,4+00). y [1,400)
cosha =y (—00,0]  [0,400). [1,+00) (—00,0] [0,+00)
, y=coshzx |, (0,1) (0,1) . Y-
y =sinhz = e’
(—00, 4+00). . y=sinha (—00, 4+00).
y =sinhz ew_;ﬂ =y = -2y —1=0. t=e t>-2t—1=0
=42 +4 22t —1=0 () 2y -1, ) t*yi\/y2+1
YP+1<0<y+y2+1. x=log(y++/y>+1) sinhz=y.
. y=sinhz, vy sinhz =y , (—o00,+00).
y = sinhx (0,0) (0,0).

y =coshz y =sinhz.
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y = coshx --

(00, +00) y >1 ()
[1,400).

coshz =y. , [0,400)
[1,+00)  [0,400). y [l,+00) coshz=y [0, +00).
z =log(y +vy*> —1). : z y,

y =log(x + Va2 —1).

y=cosx, y=arccosx -, log(x++ax?—1) arccoshz - =z,

y = arc cosh x.

y = arccosh x

- [1,+00) y-  [0,400). (1,0) .

, Yy = coshx (=00, 0] [1,4+00), [1,400) (=00, 0]
y=log(x —vx? —1). , log(x—+vax?2—1)=—log(zx+vz?—1) = —arccoshz,
y = —arccoshx.

y =sinhz

)

(—00,4+00)  (—00,+00).

(=00, +00)  (—00, +00)

y =log(x + Va? +1).
, log(z ++va?+1) arcsinhz -

€z,
y = arcsinhz (0,0).
1.
y = tanhx, y = cothx.
2.
1 — (tanhz)? = _ (cothz)? —1 = L
(coshz)?”’ (sinhx)2
3.

tanh x + tanh y cothz cothy + 1
tanh = th =
anh(z +y) 1+ tanhxtanhy’ coth(z +y) cothx + cothy

cosh(2z) = (cosh z)? + (sinh )% = 2(coshz)? — 1 = 1 + 2(sinh z)?,

sinh(2x) = 2sinh z cosh z,

2tanh x (cothz)? +1
tanh(?aﬁ) = W’ COth(Ql‘) =

2cothzx
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b — 1+ (tanh )2 Che - 2tanh 3
ST =T (tanh £)2’ S =T (tanh $)2’
tanhr = % cothx = M

1+ (tanh )2’ 2tanh
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Kegpdiowo 4

1. y:f(x) (a,f)U(f,b) §. y:f(x) vy &

Y z—1
(=00, 1)U (1,400). x#1
y =3z + 2.
: y:% y=3x+2. (=00, 1) U (1, 400) (=00, +00). ,
(—o00,1) U (1, +00).
, x «» 1,, 1, yzgmz_i‘i_zz?m—i—Q <« » B

.,z =1,00023, y = 500069, = — 1,000000035, y = 5,000000105 ,
z = 0,9999999999913, y = 4,9999999999739.

(2), y=3xr+2

N z «» 1 1, y=3rx+2 « » 5. S .
9.2
yz‘hgfg‘f?, z«» 1 1. y=3x+2, r«y 1 1., T
«» 1 1.
Yy = f(:IJ) ’ & (a,f)U(ﬁ,b)
<« » &,
flz) «
» .
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b

f@ <> m @ -n « » <z £ A < l—€ >

|f(x) = n] e>0 = [z —¢] -
0>0 #0.

)

e>0 6>0,
O<|z—¢&<d =z -
, |f(x) —nl <e.

s (1) y=23=2=2 ( Yes0  §>0,0<|z-1<5§ z

x—1
%—5|<6.' , 0<|z—1] <4, = , 1 = T.
§>0, 0<|z—1] <4, [3=2=2_5lce , "z#£1, [B=22_5 ¢
|Br+2)-5|<e 3lr—1l<e |z—-1]<5., d=% , O0<]z—1l<$¢
-1 <& |E=2=2 5o
(2) y=22+3. (—00,+00),, 0.,z 0 0, y=a243 3.
, x=0,004, y=23,000016, x=—0,000005 y =3,000000000025. , ¢>0
§>0,0<]z—-0/<é = , |(z2+3)-3|<e,, 0<|z|<d, 2?<e ,
?<e |w|<ye., 6=+/c , 0<zl < 2| <Ve |(@®+3)-3|<e
e>0 6>0, 0<lz—¢&<d =z , |fle)—n<e: e€>0 6§>0

O<|z—¢& <é x |[f(z)—ml<e.: €>0 >0 |f(z)—ml<e =z
0<|z—¢& <.

lim f(z) =7

r—E€

y=f(x) n n =n z &

lim, e f(x)=n @ € £E e

m, i @p =2 |Zp—z| <€ € «» | —2z] n>mng ng <«
n |z, —z| <e lim, e f(x)=n, |flz)—n<e e < |f(z) —n|
O<|z—¢&<dd d <« lz ¢ |f(x) —n|<e .

lim, e f(x)=n, , ( ). e>0( ) ©o, [fl@)—mn <e
O<|z—=¢l<d, " =« - ! 2>, , K1 <= 2». X
y=[f(z) O0<|z—¢[<d, ,[f(x)—nl<e

, lf(z)—nl<e O0<ljz—¢<é, z>a( a). &E>a ., 0

£ a, 0=€—a>0, z>a 0<|z—¢<d,, 2 0<|z—¢&<d x>a,,
 f(@) —nl <e

o @ —nl<e w<b( B, €<b 8 € b b=b-g>0,
r<b O<|z—¢l<d,, z 0<lz—&<d xz<bd,, , |fz)—n<e
|f(z)—n| <e a<z<b( ab). a<&<)d , 0 & a

b, d =min{ —a,b—¢}, a<z<db O0<|z—¢<d,, z O0<|z—§ <0
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1) y=c §
limc=c.
z—E€
e>0 xr  c ¢ le—c/=0.,, 6>0(,6=1) =z ( x)
O0<|z—¢& <d Jlc—c=0<e
(2) a > 0. y:|x7€|a (70074»00)3 5 ( ,CL:1 a=2

a=3) ., & & #F& y=lr—¢* 0., limyelr—¢*=0
e>0 6>0 =z (x) 0<|z—¢<d [lz—¢*-0|<e

lz—€*—0/<e Jx—¢€°<e |z—¢<er O<|z—¢ <er.
b=ev, x 0<|z—¢ <6 O<|x—§|<e%,,}|x—§|a—0}<e.:

lim |z —¢&[*=0 (a>0).
r—E€

s limg e [z — €] =0, limge(z — €)% =0, limge /Jz — €] =0
3) y=224+3  (—o0,+), 1. x 1 y=22+3 4.
lim, (22 +3) =4 .

e>0 >0 = (z2) O0<|z—1l<d |(2?+3)—4|<e

|(22+3)—4|<e |22 —1l<e l—-e<a®<l+e , 1—e¢ .

e>1 l-e<a?<l+e (2220 22<1l+e \x|<s/1+e
—V1l+e <z < Vi+e 1 —1+e V1i+e,, 6
d = min{l ++1I+evV1+e—1} =V1I4+e—-1, =z 0< \x—1| <6
—Vite<ar<Vli+e, () 1l-e<a?<l+e

0<e<l l—e<a?<l+e Vi—-e<lz|]<VI+e —Vite<z<
—V1l—€e¢ Vi—e<z<+v1l+e ( 2z 1, 1) Vi—e<z<+yl+e.
1 V1—€ V1+e€,, § = min{l —1— \/l—i—e—l}—\/l—&—e—L x
O<|z—1l<é Vi—e<z<+VIi+e, () 1l-e<a’<l+e

oy 0=/14+e-1>0 a2 () 0<|z—1<6 l—-e<2?<1+e,
() |(@®*+3)—4]<e.

limr_ﬂ(xQ + 3) =

1
(4) Y= (=00, —1) U (-1, 4+00), 1, (-1,1)uU(1,400). T
_a 1 . 1 _ 1
Y= b hm:rﬁlm—§ .
e>0 6>0 =« ( x;«é 1) 0<|x—1\<5 |25 — 3] <e
1 1 1
|r_~_171§|<6 *7€<r_~_1< +€ y 5767 €. o
—+2€
01<2€<1+§27 7_€<T+1< +62Ti2<x+1<1 e 1+2e4<x<1126
— € € — € € — € — €
T2 T-acr0 0= mm{l_1+2e’1 26_1} mm{1+2ev1 25}_1+2e7
z 0<|z—1]<3§ };26<x<if§§,, ——e<w—+1< 5 +e
1 1 1 1 2
6—5 §_€<w+1<7+€ B<r+l<*+€ ﬁ<l‘+1
2€ € — _ €
x>1+26. 1>1+26, 0= 1—1+2€—1_|r267 x 0<|z—=1]<¢ x>1+26,
%—e< <3 —l—e

x+1
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L e>3, soe< g <szte z+l<i r4l>E @< e
x> (o 1, 1) >3 1 >%+§§,7 0=1- 135 = 5%
T O<|r—1<d o>, g-e<gg<jzte

. 15_1+25>0 r#-1 0<|lz—1/<d f—e<5<3+e ()
|71 3l <e

limm_,lx%_l %

15 = +00

: Z/:(z11)2 (-o0, 1)U (1+oo) » Z L #1, y:(11)2
r=1,0003, y =11111111,11...,  =0,9999997, y = 11111111111111, 11

y:f(x) ’ 5) (a,ﬁ)U(f,b)

f@) < > @) < » o<a € #o, « =g o

f(z) M>0 =«
lz =& -
>0 #0

M >0 6>0,
O<|lz—¢&<d = -

, flz) > M.
Y=gz ( )M>0 §>0,0<[z-1<d = , 5> M.
"L, 0<|z-1<d, = , 1 z x. 6>0, 0<|x—1|<5
, 0<|z—1[<é Jo-1 < o= (11)2>M
M>0 §6>0, 0<lz—¢ <4 = , fley>M.: M>0
0>0 0<|z—¢l<d x flxy>M.: M>0 6>0 f(zx)>M
x 0<|z—¢ <.
lim f(z) = 400
r—E
y=f(z) +o00o +o0 +o00 1z &
: (1) a>0. y:|x—§‘*a:‘zjﬂa (—00,&) U (&, +00), £ ,

a:17a:2( )a:%7) xr 5#57 y:|x_€|_a A
limg ¢ |z —&]7% = 400.
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M >0 0>0 J|z—=¢*>M 2 (z#¢& 0<]|z—=¢ <.
lg—&*>M O0<|z—¢& <M a,, §=M73a, z 0<|lz—¢&<0
O<|z—¢ <M=, [w—¢>M.:

lim | — &|7% = +0 (a>0).

z—E

2 y= (oo~ U (-1, +00) -1 r -1 # -1,
y:% )y hmz% 1%:"‘00

M>0 6>0 HH>M o (z#-1) 0<[z+1]<é.

T F# - (;Jf12)2>M (z+1)? <32 22+ 2-F)z+(1-3F)<0
1— 2M7\/1+T 1— 2M+\/W _ 1— 2M7\/1+T 1— 2M+\/1+T

2M <T < 2M 1 ’

§ = min {—1-1=2MvIHAM 1= 2M2+MV”4 +1}—mm{v1+4 1,V1+4 +1}_
V1+4M—1 1-2M—+/14+4M 1-2M+4+/14+4M
viet= e 0<|952+1|<6 MM < g < ARV g
O<l|z+1]<d ()55 > M.

lim,_,_1 % = +o00.

’Y: = —0OQ.

o . y=flz) ().

M>0 6>0, 0<|z—¢l <0 = , fley<-M.: M>0
>0 0<|z—¢&<d = flz)<—-M.: M>0 6>0 f(z)<—-M
x 0<|z—¢ <6é.

;I_)Héf( T) = —00
y=flz) —o0 —o0 -0z £
flz)<—-M —f(z)y>M ,, limg ¢ f(z) = —00 limg_e (— f(2)) =
+00. . 1s 1.
: (1) limg—y 4 (7%) = —00.
(@) limyg (— o — %) = =00 (a>0).
2. y=[fx) (a,§U(D) £, IS T
<& >E&. . Cay
20 =.
e>0 0>0 |f(x)—ml<e =z E<r <49,
xl—lgl-i-f(x):n

y=fx n n n z §

, €>0 6>0 |f(l‘)—77|<6.1‘ E-d<x <.
Jim f(x) =n
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M>0 >0 flx)>M =z E<r <49,

li =
Jim f (z) = 400

y=flz) +oo o0 400 T £ .
, M>0 06>0 flx)>M =z E-d<z <&

lim f(z) =40

T—E—

y=f(x) 400 400 oo z ¢

2y: = —00
M>0 6>0 fo)<x—-M =z E<e <406
Jim f(w) = —o0
y=f(r) —oo -0 -0 T & .
, M>0 6>0 flz)<-M = E-d<z<t.
Jm f (z) = —o0
y=flz) —o0 —o0 -0 x & .
2 Ty e f(2) limg e f(2) y=f@) €.
limg ¢ f(z), limg ey f(z) limgye— f(x). 4.1.
4.1 y=f(=) () (@U(Eb) &
lim, ¢ f(2), limgeq f(2) limge— f(2)
lim (@) = I ()= lim f(2)
;o limg ey f(z) limge f(x) lim, ¢ f(x)

. +oco —oo .

limg e f(x)=n. €>0, 6>0 [f(z)-nl<e x y=fl) 0<|z—¢<q,,
E—d<z<é E€<r<€é4d. |flx)—ml<e z y=flz) E-d<z<€& |f(z)—n|<e
T y=flz) E<z<&+9. limge f(x) =n limg_ey f(z) =n.

hrnz%&ff(x):llmz~>§+f(x):77 €>0. hmzﬁﬁff(x):nz >0 |f(93)777‘<6
s oy=f@) -8 <w<b, limgep f@)=m & >0 |f@-nl<e z y=f(a)
E<e < €48, 6 =min{d,§"}, <& §<§. |f(x)—n<e = y = f(z)
E—d<z<¢ E<z<€45 |f(r)—n<e =z y = f(x) O<lz—¢ <9d,,
limg ¢ f(z) = 7.

: (1) a>0. y=lz—=£* (—oo,+00), ,limye|z—¢*=0. limg ey o —
E*=0 limye_ |z —&|*=0.
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(2) a>0. y=lz—&™ (-00,§U(§+o0) limyelz —&7" = +oo.
limg yeq |2 — &7 = 400 limye |z — 7% = +o00.
_ _J2x+1, x>0, _

(3) y—f(ac)—{362_|_17 v <0, (—o00,4+00). y=f(x) 0 0.
, limgo- f(z) =1 limg_oy f(x) =1, lim, o f(z) = 1.

€e>0 (—00,0). |f(x)—1l<e (2<0) |[(22+1)—1<e 22<e (
z<0) —Ve<z<0.,,d0=+ve, = () —-6<z<0 —/e<xz<0,,
|f(z) —1] <e limgo— f(z)=1.

e>0  (0,400). |f(x)—1l<e (z>0) |2z+1)—1l<e 2z<e
(z>0) 0<z<§. 6= r () 0<z<dO<z<§,,

)

Il o

1.

[f(x) —1] <e. limg_or f(x)
4.1
y=f@) O (a,§U(ED). limg ey f(2)  limge- f(2)
limw_wf(.%‘)
: (1) y=21" (—00,0)U (0, +00).
(0,400) Bl=1. e>0. 1 (0,400), 6>0 [E1j=)1-1=0<e
x (x#0) <z <9. limx%0+|‘;—‘:1.
, (m00,0) EZl= 1 e>0. -1 (-00,0), d>0 B _(-1)|=
(1) = (-1)|=0<e = (2#0) —d<z<0 lim,,o 2 =_1
lim m:71, lim m:1.
z—0— I x—0+ I

lim lel
) L) z—0

(2) Yy= %_5 (—00,5) U (57 +OO) hmw—)f+ ﬁ = 400 llmz—>£— T—¢ —00,

M>0 (&400). 1%5>M (2> E<a<é+4. 6=4, =z
((2#&) <<+ E<az<&+4r,, x—>M limm_>§+ri£:+oo
M>0 (—o0,f). %_5<—M(x<§)§ L<r<é =4, =
(z#£¢) §—5<x<££—ﬁ<x<§,,—£< —M. liml_,g_%g:—oo.
lim = —00, lim =400
r—E— T — m~>§+1‘—§
3 y = f(z) (& 0) (a,) y = f(z) e &
y = f(z), r & #FE r & >& x> E &t
"o limge f(x) limg ¢4 f(x), 2,



y = f(z) (a;€) (€, D). y = f(z) vy &y
y=f(z), t =& x—&—.

"o limge f(x) lim,_,¢_ f(x)
lim () = Tim_f(o).
a>0
(1) y=(-0* [§400) (z="=le—¢* . limgeqfr—¢*=0.
lim, e(z — &) =limgeq (v — ) =limgeyq |z — &% = 0.
(2) y= (@@= (§400) (2= " =z=E™* . limg ey [x—£]7" = foc.
fim g (z — €)% = iy g (¢ — )0 = limp sy |z — €0 = oo,

(3) y= (-2 (008l ()" =|o—€]" (o0& limy e |o—g* =
hmﬂﬂﬁﬁ( x)a = 1mmﬁ§—(f — )t = limg_,¢_ |z —&|* = 0.

(4) y=(E—2)™" (=00,§) (§—2)" = [o—=£[7" (=00,§). lmy e [2—E[7" =

+oo. limg,e(§ — ) % =limye (6 — ) % =lim, e |z — &7 = 400.

4 y=J@)  (a-+oo), s f(@).
e>0 N>0 |f(z)—nl<e =z x> N.
Jim  f(x) =

y=f(x) n n n x oo

4,: = —00
, M>0 N>0 fz)<-M =z x> N.
o S (0) = o0
y=flz) —o0 —o0 -0 x +Hoo.
(1) y== (oo, -3)U(-B400), oo, , @, y=2
1.,, lim$ﬁ+w;—i§—1

e>0 N>0 ’”1 1’<6 x ( z#-3) x>N.
|25 —1] <« <€ le+3>2 w<-3-2x>-3+2( =
) >-3+2. N>0 >-3+2. -3+2>0,, e<2, N=-3+2
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, 3+2<0,,¢e>2, N=1 a>N(N>-3+2%) z>-3+2,

x+1
s —11 < €.

. 1
limg s 4 oo i—j;g =1.

(2) yzx—% (—00,0) U (0, 4+00), +-00. T, y:x—%
limg s 400 (z—%):—l—oo .

M>0 N>0 z-I>M z ( z#0) 2>N.

r—I>M 7’”2_];“_7>0 v(x?> = Mz —17) >0 7M_\/W<x<0

> M+\/12\42+28 ¢C z ) a> M+\/J2\42+28. N = M+\/12\42+28 >0, = (

r#0) x>N x> Mr/MI428 V2MZ+28,, x—%>M.
limg s 400 (:z:—%) = 4-00.

3) y=c. €>0 N>0 |y—cl=lc—c=0<e z ( z) x>N.:

lim c=c.
r—+00

(4) a>0. y=2 [0,4+00). limzi0ox® = +00.

M>0 N>0 z2>M =z z > N.

>0, 2°>M x>Ms,, N=Mz>0 >N z>Ma,,
x> M. :

lim z% = +o0 (a>0).

r—r+0o0

s limy g oo = 400, limg s oo 22 = +00, limy_ 4 o0 /T = +00, limy 4 o0 V/Z =
+00.

(5) a>0. y=a"° (0,400). limg 100z =0.

e>0 N>0 |z7*—0/<e =z x> N.
x>0, Jr7*—0]<e z>e¢a,, N=ecz>0, = x> N
r>e v, |z -0 <e :

lim z7*=0 (a>0).

r—+00

RRT 1 _ . 1 _ : 1 _
. llmw_)+oo T 07 hma;_>+oo ﬁ = 0, hmm_)_»'_oo m =0.

5. Y= f(iE) (—OO, b)v : Z f((E)
Sa i =.
e>0 N>0 |f(x)—nl<e =z r < —N.

y=f® n n n x -
d5g: = +o0.
M>0 N>0 f(x)>M =z < —N.
T—r—0Q
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S5y = —00
, M>0 N>0 f(r)<-M =z x < —N.
T f2) = o0
y=f(x) —o0 —o0 —00 r -0

lim c=c.
T—r—00
(2) Y= ?;i (700, *7) U (*77 +OO)7 —Q. T, Y= Z;I_i *la
limg oo 322 = —1. .
e>0 N>0 |§;§—(—1)|<e x ( z#-7 x<-—N.
3—x

L _(-1)| <e <€ lp+7>2 a< -T2 x>T4+ 2

: =z ) v<-T-2 N=748>0 2 ( z#-7) 2z<-N
< — —%,, %;;f(—l)|<e.

37m:71

T+x :

1
S . ) . .
ilml — iln%) \ —x4 JEhr{l log(x — 1),

1
liI{l+\/1—.Z‘2, lim —— lim 4+ 3z —22.
r—r —

Z—+00 log(S — x) T——00
2. RS RS T
(@ 1), e Ime—y i ey A oo
li li L li L li 2-3
2400 38 et T E B aoebo ViR 15 a—meo VY
3.
. . X . 1 . 2
lim 3z =3, lim (f - 7) =—6, lim—-—=1 lmz*=1,
r—1 z—2 \ 2 x—1 r—1
1
lim T =3, limlogz =0, lime® =1, lim+z=v2,
z—2 1 — 1 z—1 z—0 r—2
I T ‘ n i (x + 1)2 n I 1—=z
11m = 00 1im = +00 m-——— = —00
z—=1lox —1 ’ z—=-3\x+3 ’ r—2 ((E — 2)2 ’
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z——1+ r—2+4 z—0—x +1
. -3 . .oor+2
lim = —00 lim = —00 lim = ,
z—)l—&—xf]_ z—>2+27:]§ x—)l—lfx
lim logz = —o0, lim e* = 400, lim logx = 400,
x—0+ xr——+00 r——+00
. - x—3 1 9 _
Lm et =0, lm o= =5, Jlim (327 +2)= oo,
o 2—2? . 2—2?
lim = —00, lim =+
z—+oo x4+ 1 z——oco0 x + 1
4. 1
z—1, , ;
_J2x43, x>1, 221, z>1,
Y=\1-22, 2<1, Y71, <l
_ vz, x>, &, x> 1,
Y7 le2 e<t, YT\ @-n?, a<1
4.2

«»

| ' '
) ' X
9= e (%,9) y Oo9) | ‘f" ----- J7;(/",:;)

n[------4-5- ,l:::ﬁ\_/ _____ " ‘:::ﬁ\; __g_--,

<

N

---

Crtfmmmm o
X

L% i
X [---

E |
' i)
] ]
l l
J x x

Ty 4.1: lim, e f(x) = 7.

f(I) (a,f)U( 7b) €T g (avg) (f’b) T x- f(I) Y-
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Syfuo 4.2: limg ¢ f(z) = 400, .

EyAua 4.3: lim, ¢ f(z) = —00. .

limgex f(2). limgeyq f(2) (z, f(x)) T =¢
lim, e f(z) (z,f(z)) x=¢.
r=¢ y=f(z) limg e f(x) = £o0.
, s limg ey f(2) limgeo f(z) ,  limge f(2).
y=[f(2) (a,+0) = - f@) oy (wy) = (2 f(2) .,

f@) nydimg oo f(x) =0 (2, f(x))  y=n  y=n (+00)
g(; :f](”(gr)) s limy oo f(2) = +00 (z, f(x)) o limy oo f(T) = —00

y Y= f(fE) (—OO, b)’ limg 5 oo f(x) =1 (.’b, f(SU)) y=n.

y=n (—o0) y=f(x). :lim, o f(r)=+400  (z,f(x))  .:
lim, oo f(2) = —00 (z, f(2))

» - € 6~ lim, e f(x) =n y=f(z) . e>0

6>0 = €=68U(EE+d)  flo) (zf(@), n-—ente, |
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Tyfuo 4.4: limg e f(x) =limyeq fz) lm,e f(x) # lim,eq f(2).

P

cPRpERY PV

Syfuar 4.5: limy 4 o0 f(x) = n, limys 1 oo f(z) = +00 limy_ 4 o0 f(2) = —00.

SyApa 4.6: limy o f(z) =, limy, o f(x) = o0 lim,,_o f(x) = —o0.

o o, limg e f(z) = —00 M>0 N>0 y = f(z)
(N,+OO) yz—M
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Syfpa 4.7 n—e< f(z) <n4+e z £€-d<z <€ <z <EH+0.

I y=pz+v () +oo y=f(z) y=f(z) (a,+0)
lim (f(z) — pz —v) = 0.

r—+00
(2.f() y=F@) (wpztv) | A )
[ S
f | T T T T 2 !

E ~
;( " \\

Yyfua 4.8: +oo  —oo.

0 - y=f(v) (—o00,b). | y=pzx+v
wgrjloo (f(z) = pz —v) =0.

Yo @) (ato) oo y=prbu  pov. Timepe(f(n)—pa
v)=0 limg i W =0,, p=1limg o fgf) B 1 PN f(f)
+o0, +o00. ,, , ey, v ov=limg oo (f(x) — px), 1

, limg 400 (f(2) — pa) +o0, +o0.
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) —0Q.

y=2x+21 (—00,0)U(0,+0c0). Dp=limg etz + 1) =1 v =
limg s oo (z+ 2 —12) = 0. 4o y=lz+0=uz. : uzlimzﬁ,w% x+%) =
1 uzlimxﬁ,oo(x—i—%—lm)zo. —00 y=lzx+0==x.
y=rf) ., 0(p=0).
22 —-1, x<2, . .
Lo y= @ = {1 T5Y e (o)t )
limg 400 f(2) 5
x2, T > 2,
y_f(x)_{i, r<2,x#0
2.
y=ar+b, y=2"(n), y=2", y=a", y=log,z
y=l[z], y=cosz, y=sinz, y=tanz, y=cotz,

Yy = arccoszx, Yy = arcsinz,

y = arctanz,

y =coshx, y=sinhx, y = arccoshuz,
) ( ) 5 +oo -
3.,, ()
1
y=2-3, y=2?, y=—-bo+ L
x
_ x? 1 n T
4 (x — 1) (22 4+1)" L |
4 Y= 2x+1 T = y+1
. x—1 y—2°
, y=1rf@) x=f"):
5 y=2z-1 (0, +00) (—00, +00)
) y=flz) z=f"1y; 4

y = arccotx,

y = arcsinh x.




4.3

y = f(z) &, : flx) = & #¢& ., y = g(z)
(a,§)U(&,b), g(x) = f(z) z (a,&)U(Eb). (a,&), (§,D) A S
€. y=f(x) x—=¢ y=g) .

) y:g(l') y:f(x) y:f(x)i ’ - (a’a )U(f,b), a

b

.. §
T
1
l
1
\(
1
1
- -
Q<
"
Qo
x

Y

-

/
Y

SyAua 4.9: lim, e f(2) = limg e g(x) lmyioo f(2) = limg o0 g().

,og(@) = f(x) = (§0) y=fx) x—=E&, y=gk) .,
glx)=f(z) = (a,&) y=flz) z—=&, y=g@) ., g@)=[f(z)

z (a,400) y=f(z) x—+o00, y=gx) . T — —o0.

4.2 y=f(x) y=g@) (a,U(EDb) (&) (a8 (a,+00) (—00,b).
L, rx =€ =&+ = E— T — oo x— —0o0, .
y=f(z) y=g() (6,§U(D) limee flx) =n.
€>0. limg,e f(z)=mn, & >0 |f(zx)—nl<e z y=flx) O0<|r—¢ <o
d=min{d,€—a,b—¢}, = 0<|z—¢ < (a,6)U(D),, =z glx)=f(z)., § <&,
z 0<|z—¢[<d |g(x) —nl=|f(z) —nl <e limgeg(z) =n.

1
. - -1 _ _ _ 7z, o<z < 4,
2 (1) limgsofz[72 = +oo. yf(x){aa =0 |z]> {5,
lim, o f(2) =+00 y=la|"F y=1(x) (~15,0)U (0, )
’ hmw_)of('r) : f(.’L‘) = |$|_§ 0< |.’L‘| < % (’ ’ (_%70) U (Ole()))a

lim, o f(z) = lim,_o |m|_% = +oo0.

T, 0<x <1, .
@ y=1@={7 1S15h, S =r 0<a <, timn (o) -
lim, o+ 2 =0. f(x)=2"1 <0, lim, ,o_ f(z) = lim, o271 = —o0.
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_Jaz7t, x> 100, ] .
@ y=s@={ 20 fa) = Q00 4o, Tina ) =
lim, sy ! =0. f(x) =2 (—00,100), lim,, o f(x) =limgy, oo = —00

. lim limm_>5 limx_%i hmm—»ioo- -

(a,&) U (&,b) lim, .
4.3 . limf(z), lim(—f(x))

[lim(— f(z)) = —lim f(2). |

o limg e f(x) =m. €>0, 6>0 |f(z)—nl<e = y=f(z) O0<|z—¢ <.
[(=f@) = (=)l = In—f@)| = |f(®) —nl. [(=f@)— (= <e = y = f(z)

limg e f(x) =+00. M >0, §d>0 fx)>M = y=f(z) O0<|z—§ <.
*J;.(I) < ;(M) z  y=f(@) 0<|z—¢ <6 ,limye(—f(z)) = —00 = —(+o0) =
—lim,_,¢ f(z).

limg,_,¢ f(z) = —oo.

y=1[f(x) y=g) y=fz)+g(x) =
4.4 . limf(z), limg(z) lim f(z)+limg(z) , lim(f(z)+ g(z))

’lim(f(:c) + g(z)) = lim f(z) + lim g(z). ‘

¢ limge f(z) =7 limgeg(z) =¢ €>0, & >0 (@)-—nl<s5 = y=f(z)
O<|lz—¢ <48 & >0 lg(z) = ¢l < § = y = g(z) 0< Jz—¢ < d”.
6 =min{d", 6"}, §<9" 6<6". |f(z)—nl<5 lg(z)—(l<5 = y=f(z) y=g()
0<|z—¢l<d. [(f(x)+9(@)— 0+ =I(f(z)—n)+ (9(z) — Ol < [f(@) —nl +|g(z) — |
[(f(z) +g9(x)) —n+ Ol < 5+5 =€ y=f@)+glx) 0<|z-§ <4,
limg ¢ (f(z) + 9(x)) = n+ ¢ =limg¢ f(z) + limg ¢ g(2).

lim,_,¢ f(z) = 4+oo lim,_ ¢ g(x) = +oo. M >0 ¢ >0 flx) > % T
y=flz) O0<lz—¢ <d ¢ >0 g(x)>% T y=gx) 0<|z—¢ <d”.
§ = min{¢,8"}. §<§ §<8, f(a) > g@) > 2 y=f(=) y =g
0<|e—¢<b , f@+gl)>F+H =M = y=[f(z)+gl) 0<|z—¢ <3
ling ¢ (£(2) + 9(2)) = +00 = (+00] + (£00) = litmg e £(z) + limg ¢ g(2).

limg ¢ f(z) = 400 limy_eg(x)=¢ M >0, & >0 f(r)>M—-C¢+1 =z y=f(x)
0<|z—¢§<d 6" >0 ga)—¢l<1l =z y=g(x) 0<|z—¢§ <d”. §=min{d, "}
6<0 6<0", fla)>M—-C+1 |g(z)—¢l <1l = y=f(z) y=g(x) 0<|z—¢ <o
lg(x)—¢l <1 g(z) >(¢—-1,, f@)+g(x)>M-C+1)+(C-1)=M =z y=f(z)+g(z)
0<|o— & <3 lmgre(f(x) +g(z) = +oo = (+00) +C = limy ¢ f(x) + limy e g(x).

: (1) limg—yo (1 + ﬁ) = limgz_0 1 + lim,_,q |71\ =14 (400) = +o0.

(2) limg 04 (m+1+%+ﬁ) = limg 04 z+limg o4 1+limg o4 2 +limg 04 ﬁ
=0+ 1+ (4+00) + (+00) = +00.

(3) limgyoo (— 1+ 2 + %) = limy—s400(—1) + limy o0 £ + limy s 4o ﬁ =
-14+0+0=-1.

109



2 (1) limg—o4 (£ 43) = 400, limg 04 (1) = —00 limy04 ((243)+(-1)) =
limm*)OJr 3=3.

, 3.
(2) limy 4 o0 22 = 400, limy s 4 oo (—2) = —00 limy 1o (2m—|—(—x)) =lim; 400 =
+00.
(3) limmﬁo,(—%) = +00, limmﬁo,% = —0 limxﬁo,(—% + %) = limwﬁo,%
= —o0.
(4) limm_m(fx%) =-—00. () lirnm_,o(g%2 + %) = +4o00. , limg_g ((x% + %) +
(*?22)) - hmr—)() T

4.5 . lim f(z), limg(z) lim f(z) —limg(z) , lim(f(z)— g(z))

[lim(f(2) — g(w)) = lim /() — lim g(x). |

2 (1) limgoioo (1= 1) =limyyjoo 1 — limyyoe 2 =1-0=1.

=1—(400) = —o0.

(2) limgy (3? — \/ﬁ) = limg_y1 z — lim,_,q \/I;fll
(3) limgyo- (14 L — ﬁ) = limy0- 1 + limgo— L — lim,_y0— \/;z =1+
(—0) — (+00) = —0c0.

y=f(z) y=g() y=f(z)g(z) z
4.6 . lim f(x), limg(z) lim f(z)limg(z) lim(f(z)g(x))

’hm f(@)g(x) =lim f(x)lim g(z). ‘

limg ¢ f(x) = n limgueg(@) = ¢ e>0, & >0 (@) =l < g =
y=/f2) O0<|z—¢ <& & >0 |y~ < min{gpg,5} @ y =
g@) 0 <le—€ <& 6=min{d,8"), <& 5<6. |f@)-nl < iy
lg(@) = ¢l <min{gpig, 5} = y=/f(2) y=g(x) 0<|e—€<s [f(z)g(e)—nl|=
|(f (@) =) (g(x) =) +n(g(x) =) +((f(z) =)l < | () —nllg (@) —C|+Inllg(z) —CI+[CIIf (2) —nl.
[f(@)g(x) —n¢l < sz tMlspmr e <s5+5+5=€¢ = y=fl@)g)
0<|z—¢l<d. limzaf f(x)g(x) =n¢ = limzag f(z) hmza& g(x).

lim, ¢ f(z) = +oo limy,eg(z) = 400. M >0, & >0 f(z) > VM =
y=1f() O0<lz—¢ <& & >0 g@>VM z y=g&) O0<|z—¢ <.
§ =min{d", 8"}, §<§ §<8. f(x)>VM g(z) >VM =z y = f(z) y=g(x)
0<|z—¢ <6 flagx) > VMVM =M =z  y= fla)g(z) 0<|z—¢ <6

lim, ¢ f(z) = 400 lim,_,eg(z)=¢>0. M >0, & >0 f(z)> % z y=f(z)
0<le—g <o 6">0 |g(a)—¢l<§ = y=g(@) O0<|e—¢ <. &=min{d 5"},
§<8 5<8”. f@)> 2 |g@)—¢l<§ @ y=f@) y=g@) 0<|z-¢ <
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lg(x)—Cl < § 9(@)>¢=§5=%5,, fla)g(@)> S =M = y=fla)g(x) 0<|z—E| <.
lim, ¢ f(2)g(z) = 400 = (+00)¢ = lim, ¢ f(z )hmx—nﬁ g(z).

: (1) .oc lim f(x) c¢-lim f(x)
’hmcf(x):olimf(m) (c#0 limf(x)::lzoo).‘

y=f(z) y=c c

(2) limg 14 2 =Tlimg 14 (2 + 1) limg 14 =25 =2 (+00) = +o0.

(3) limy o0 (2? — @) = limy oo (x — 1) = limg 400 2limy 4 oo(z — 1) =
(+00)(+00 — 1) = (+00)(+00) = +oo. limg s 4oo (¢ — )

(4) limg— 1 z;ifl"'l =limgy - (z-z—2z+1)limg, 1 %ﬂ =((-D(-1) -
(=1) + 1)(=00) = 3(-00) = —o0.

(5) hmm_m( 2 ;r%) = lim,_,0 5 lim,_,0(242) = (+00)-2 = +o0. lim, (2 +

: (1) limgyqoox =400, limg 400 _72 =0 limgy 002" _72 =lim, 400 (—2) =
—2.
—2

. 1 . . 1 . 1
(2) limg 04 7z = +00, limg 504 =0 limg 504 25 - @ = limg_s04 5 = +00.

: 1 _ : 2 _ : 1 2 _q; _
(3) limg 0 ] = 00, lim, oz =0 lim,_,q = lim, o || = 0.
. 1 . . 1 . 1
(4) limg 0 -z = too, limg yox =0 limg 0 7 -7 = limg 0 o

4.7 limf(zx) k ,

lim f(@)F = (m f@)F (k).
lim f(z)* =lim ( f(z)--- f(z)) =lim f(z) - -lim f(z) = (lim f(z))".

k k

(1) limgo oo (1 — L)% = (limgp oo (1 — 1)

(2) limgo— (2 = &)t = (limgso- (2 — &))" = ((—00) = (+00)) " = (—00)" =
+o0.

(3) k 5 limx_>§ l‘k = (llmx_>§ x)k = fk .

lim 28 = &% (k).

r—E€

. . k
) 753&07 hma:—%zik = (11m1_>5 %) = EL’“
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limz % =¢% (K £€#0).

T—E&

. . k
4) k, limg ey @ = (hmx—>5+ %_5) = (+Oo)k = +o00.

lim (z — &) % =400 (k).

o€+
. k
k-, hmxagf (w,l % = (hmzag— fﬁi ) = (* ) +00. k hmmag— @—oF —

lim zF =400 (k).

r—r+00

E o, limg o 2® = (limy o) = (—00)* = +o0. k , lim,, o 2F =
(lim, s oo 2)F = (—00)F = —c0.
. k +00 (k ),

(6) k, limgyioo or = (limgoioo 1)¥ = 0F =0.

y=3m ¢ y=flx) [fl@)#0.
4.8 (). lim f(x) m , lim f(z) #0

ot
fl@)  lim f(x)

lim

lim, ¢ f(z) =n>0. €>0, §>0 \f()fn|<mm{%g x y = f(z)
0<|z—g <d [f@—n <5 |f@)-n<i @ =f@) 0<p-d<s
[f(@) = nl < 3 f()>nfﬂ=%,, |ﬁf%|=—‘fﬁg;ﬁ"'< Fo=c @ y=f@

0<|z—¢l<d. limg ¢ f(z) =

hmz_,g flz) = +oo
0< f(z) <e€,,

1 _ 1

n T Tm, e F(@)

>0, 6>0 f(@)>+ = y=f(x) 0<|z—¢ <d.
_f(z)<6 v y=flr) 0<|z—€ <4 limg ey =0=

T = 71%% F(@)
-0 .
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. 3 1 _ 1 -1
. (1) hmz‘ﬂ z+1 — limg—q(z+1) = 2°

[

: 1 _ 1 1
(2) hmx_)""oo z24+24+1 T limg4oo(z?24+2+1) — 4oo 0.

(3) 0. , limp_,oz =0 limg_o % .
f@) . & ) @OUED, &) (D),
3 E, (i) (a,§), 3 & y=f(z) (&) ( £),
& . y=f(2) (a,€) ( )s & .
, = f(x) +00 (a, +00) —00 (—o00,b).

(1) 0<i<1 (1,400), y=1 (,>0<1) +o0
(2) z1-2)>0 (0,1), y==z(1l-2) 0 1 ., y=u=x(l—=x)
1, #(1-z)>0 (0,7)U(5,1).
() y==r (00,0 01 (L1) (L4oo)., y=-ip -
0 1 +00. : y:ﬁ 0o 1!

limf(z) =& 2=+ 26— 2= 400 22— -0 y= f(x) £
13 13 +00 00, , x

49 (). (1) limf(x)=0 y= f(x) x, limﬁ:+oo.
(2) imf(x)=0 y=f(x) x, limﬁ:—oo.

2 (1) limg e f(z) =0 f(z) >0 & (a,§)U(ED). M >0, & >0 |[f(x)=|f(z)—0| < 57
z y=f(z) 0<|z—¢& <d. 5—min{6’ —a,b—¢}, z 0<|z—¢& <d (a,&)U(ED)

o f@)>0 @, 80 g =gy > M @ 0< |z —g] <O limae gy = oo
(2) (1).
: limz—>+oo(1 - 9712) = lim; 4 % —limy 400 T% =0-0=0. % N 7"172 >0
z>1. limy i =1 = +00.
y=1@) y=g@), y=13
. . lim f(z) f(=)
4.10 . limf(z), limg(z) oy - lImggy

lim f(z)  lim f(x)

glz)  limg(z)

. . 224z limzﬂl(m‘z-‘rl‘) _ 1241
: (1) limgsq 7—2  Timgoi(z—2)  1-2 —2.
5 1— l+i lim,, (1—-14+-1)
. 22—zl p ) . T —>+o00 22 _
(2) limg—y 100 32 = lim, 4 xv = limg @ limg oo (1422)
1-0+0 —z+1

(+00) 1+2J»r0 = Fo0. limg 400 wf;

0 4+

0 oo
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¢ (1) limg o4 (—22) = 0, limy04 2 = 0 limgoq =22 = limy 04 (—2) = —2.
—2

(2) limg 04 @ = 0, limy 04 2% = 0 lim,01 % = lim,_,04 L = +oo.
. . . 2 .
(3) limg_oq 22 =0, lim, o1 2 =0 limg 04 Z = lim, 04 z = 0.

(4) limg 4 o0 52 = 400, limy 1 oo & = +00 limg, oo 57"” =lim; 4005 =5.

5.
. . . 2 .
(5) limy 400 22 = 400, limy_ 1 oo @ = +00 lim, 1o T =limg s yoo * = +00.
(6) limy—y 400 & = 400, limyy 00 2% = 400 liMyyoo 5 = limyy 00 = = 0.

4.11  lim f(x), lim|f(x)]
[lim | («)] = [1im f(x)].

olimge f(z) =n. €>0, 6>0 |f(z)—nl<e = y=f(z) 0<]z—¢& <.
[lF@] = nl| < 1f@) —nl, |lf@I—Inl] <e = y=f) 0<z-¢<ad
limg ¢ |f(2)] = n] = |limg ¢ f(2)]-

lim, ¢ f(x) = 400 limg_e f(x) = —c0. M >0, 6§>0 f(z)>M f(z)<—-M,
sz y=f@ 0<lg—¢ <8 |f@I>M 2 y=f@ 0<|r—¢<ad
limg, ¢ | £(z)] = +o0 = | + 00| = |lim, ¢ f(z)].

2 (1) limgyg |z — 2] = |limy 1 (2 — 2)| =1 — 2| = 1.

(2) limg 0 |3 — 22| = [limg0- (3 — )| = | = 00 = (+00)| = | — 00| = +o0.
(3) 411y = f(@) = (=00,0) U (0,400). lim, 0 |f(2)| =
lim, o [ 2| = lim, 01 = 1., limyo f(2) -

z = g(f(z)) cy=fle) z2=g) ., y = f(z)
z=g(y). oy limge f(z) =n limy9(y) =¢ ., <> 13
#& y=f(2) n,y 0., y=f@#Fn & y=[f@ 0 #n,
z=g(f(x)) = g(y) ., x §&#& z2=g(f() =gy ¢
lim, ¢ g(f(2)) = ¢

, o 2=g(f(x), v ;@) zoy=fl) fl@) y

(¢9) limg, lim,_, .

4.12 . z=g(f(x) y=f(x) z=9(y). limf(x)=n y=f(z) n
o limy s, g9(y), limg(f(x)) = limy ., g(y).

n  nEt Zoo.:
limy . g(y), flz)=n(fl@)#n =)
limy .1 g(y), f(z) —=n (f(x) >n a?)
limg(f(2))=] limy - g(y), f(z) = n(fl@)<n =)
lirny—H—oo g(y)7 f(.]?) — +00
limy - 9(y), f(z) = —00
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v‘d

. —f@) 0 @OUEH z=g@) O (emUmd) lm /() =n

limyng(y) =¢  f(@)#n = (,HUEDY), a<ad <E<V <b limg e g(f(z)) =
€>0, >0 Jgy)—Cl<ey z=gy) 0<|y—nl <., >0 [flx)—nl<d

x y=f(z) O0<|z—¢ <d§. §=min{d",é-a,b—€}. =z O0<|z—¢& <4

0<|z—¢ <8 ,, (@OUEY). 2 0<le—¢ <3 |f@—nl <& f@+n,,
0<|f(@)—nl<d ,, |o(f@2)—¢|<e

. ; a+1)*

: (1) limg_o DS TR TS

z+1)* 4 .
y=vr+l z= (f+1(8{?1)+1 TE ¢ T paymrs s liMesoy =
hmm*)()(\/i-i-].)—o-’-].—]. y=vr+1>1 z 0.

(Va+1)* y! -1
limg 0 (f+1)8+(\f+1)13+o = limy 14 Pty 15 T

y:\/ﬁ z_ﬁ_(:c 1)3+1 Z—y_y + L hmw—)ler:
limg 14 ﬁ = 400
limg 14 ( 1171 — ﬁ + 1) =limy s yoo(y —y% +1) =limy 1o y¥(—1+
y 2 +y ) = (+00)(~1+0+0) = —oo0.
(3)  limaosoo (50) 2 + () ™) -
Y= 2= (m21111)72+(1712i_m1+1 )™t 2=y 24yt lima oy =
. _ . 1-1
hml_)_,_w#wlﬂzhmm_}_,_oo%pr%fﬁ :O'1+0+0_0 Yy = m>0 X

+oo (,, x>1).
limg o0 ((5507) 72 + () Y = limysos (y 2 +y ™) = +oo.

im g(T) = lm gs).  lm g(1)= lm g()
Jimog(~) = lm gy, lim og(_) = lm g(y),

. 1 . . 1
o) - o od) -
Jm g(-z)= lm g(y),  lm g(-z)= lm g(y),
li b) = i .
lim gax +0) = lim  g(y)
y:%,yz—x y = az +b.
y - lim hmx—)& hmx—)&i limg 400 - 5 (a,§)U(§, b)

limr_>§ .
4.13  f(z) <g(z) =

(1) lim f(x) = 400, limg(z) = +o0.
(2) limg(z) = —o0, lim f(z) = —occ.
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(1) M>0. limge f(z) =400, & >0 flz)>M = y=f(z) O0<|z—¢<d.
(a,&)U (L) glx)>f(z) = . d=min{é’,E—a,b—¢}, 6<§,, z 0<|z—¢ <d
(a, &)U (&,b). glx) > fl@)>M = 0<|z—¢& <68 limyeg(z) = +oo.

2 D.

. (1) y = z2+a:71_ 2 te—1 > %2 =z =z (1,—|—OO) hmz—H—oox = o0,

hmx_,_,_oo z t:jil = +00
2) Z+i>2-L =1L 2 (-1,000(0,1) limyo 2 = +o0, limyo(Z+

4.14 lim f(z) =7 limg(z) =¢ f(z) <g(z) = n<(¢

2 limg e f(z) =70 limgeg(z) =¢  f(z) <gle) = (a,6) U (D).

()¢<n e=15>0, &>0 [fl@)-n<ZS = y=flz) 0<|z—¢ <d
8§ >0 |g(ac)—C\<"TfC z y=g&) 0<|z—¢ <. §=min{é",§",&—ab—¢},
T 0<|$_‘£‘<6 ((I,E)U(E,b),, f(x)gg(x) T, 5S§/ 5§5”7 |f($)_77‘<ngg
lg@) = ¢ <255 @ 0<|z—¢ <d fl@)>n—155 =1 ga) <(+ LGS =2E o
0<|z—€ <6 fla)>">g(x) = 0<|z—¢ <6

: (1) limf(z) f(z)<u =z, limf(z)<u., y=u, flz)<u =z
limu =wu, lim f(z) <wu.
(2) limf(z) f(x)>1 2, limf(z)>1. (1).

@) limf(z) =z y=f(=) [, lmfl) [Ld. (1) 2)
4.15 . lim f(z) =limh(z) =p f(z) <g(z) <h(z) =z, limg(z)=p.
limg e f(2) = p limg e h(@) =p  f(z) <g(z) <h(@) = (a,€)U (€ D).

€e>0, >0 |f(z)—pl<e z y=f(z) 0<|z—¢& < 6" >0 |h(x)—p|l<e z
y=h(z) 0<|z—¢l<d. §=min{d",6",{-a,b—¢&}, = 0<|z—¢ <3 (a,§)U(& D),
flz)<glxz)<h(xz) z.,6<8 §<8, |f(zx)—pl<e |h(z)—p|<e z 0<|z—& <4
J@)>p—e h(z)<pt+e z 0<|z—§ <6, p-e<f(z) <glx) <h(@)<pte,,
lgx) —pl<e = 0<|z—¢ <6 limgeg(x)=p.

(1) —&H < fl@) <2 2>3  limpoie(—2) =0 limg 0l =0,
limg s oo f(2) =

@2 z-1<[z]<z = 1-1<l <1 250 lim,(l-L)=1-0=1

x x
limy, o yoo 1 =1, lim, o 2 =1.
3) @ £ WE < 7 (-00,0)  (0,400).  limg e (— ) =
limg 400 7y = 0, limy 400 #22 = 0. limg, oo $2E = 0.

4.16 (1) lim f(z) <wu, f(x)<u =z
(2) lim f(x)>1, f(z)>1 =

(1) y=f) () (6,8 U(Eb) limye f(z) =n < u. e=u—n>0 4§ >
[flx) —n <u-—-n =« 0<|z—¢ < ¢ 6=mn{d,{§—ab-—¢}, &<6
) (£_51€)U(§7§+5) (a,f)u(&,b). ’ ‘f('r)_n| <u—-mn =z (§_67§)U(§7£+5)
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Igf(x)*?ﬂ<uf17 f@<nt@w-—m=u fl@)<u z (=-5U(EE+0). f(z) <u

Y= 1) 0 (@EUED) lme e f(@) = —oo. M>0 >-u(, M=—u
u<0, M=1 u>0) M. & >0 fl)<-M = 0<|z—¢ <§.
§ =min{d’, £ —a,b—¢},, , fl&)<—-M z (-6 U(E+S). M>—u, f(z)<-M
f@) <u  fl@)<u z ((-68U(EE+0). f(z)<u &

2 D).

7 6 4 2 7 6 4 2
. : ' —2x 42" +3x"—5x+1 __ 1 _ 1 x' —2x°+x"+3x“—bx+1 _ 1
(1) limgy 65 —zt1223° 41— 29~ 28 65—zt 1225241 28
1. a,b z (a,1)U(1,b).
a,b .

. s T +1 z+i+41 1
(2) limyi0o GrlE = im0 3277 = 0 @D < g oo a
z+2+1 1
D1 <5 ¢ (@, +00).

s a.

4.17 limf(z) , y= f(z) x.

y= f((E) (av ‘5) u (51 b) hInz—>§ f(‘l,) =1 .
e=1,. >0 |f(x)-n<1l z y=f(z) 0<|z—€& <d. §=min{d,E—a,b—¢&},
((-68U(EE+) (a,U(&b). , 6<8,, [flx)—nl<l =z 0<|z—§<6 =
£.

: (1) y= % hmzﬁJroo% =0 +00. Yy = % s 5 (=00,0)U(0, +00)
(0,400). ,, (a,400) y=21 ., (1,400) 0<1<1 2 (1,400).
(2) limg oo e = Moo s g = 5. Y =
ST e e Se SR Gte N ) BN (b) !
4.18 (1) lim f(z) = +o0, y= f(x) x.
(2) i f(2) = —00, y=(x) .
y=f(@) (6,6 U(§Dd) limy e f(z) = +o0. :
M=1 . §&>0 f(x)>1 = O0<|z—¢ <d. &6=min{é,&—a,b—¢},

(€-08,0U(EE+0) (@QUED). , 6<8,, fla)>1 = 0<|z—¢ <5, =
€=06,0U(E+0). y=fla) (E-68U(EE+0), 3

o y=1F(=) (U (Ed). v fl@)<u z (¢U(d). limy,ef(r)<u
limg,_,¢ f(x) = +o0.

1

2 (1) limgsyoo(z— 1) =400, y=a—1 4o0. , y=z—2  (1,+00)

7,.17—%20 1‘(1, OO)
,limx_>0+(xf%):foo, y:xii 0 () (0,1),7$*%§O
z (0,1).
. (m+%)7+1 BT t7+1 T
(2) hmibﬁof 3($+%)5+7(I+%)4—(l+%)3+2 - hmt*},oo 3+ Tt —t3+2 hmtﬂfoo 347
1\7
+00. = (ety) +1 0 a a,0). , a
Y

3(a+3) +7(e+3) = (2+3)+2
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4.

1

_ 222 + 3z + 1
a 241

b

220

fl@)-1

y:f(:c):% x— 0.

z— 0£ =z — Foo.
{‘Ta x>0, {|JJ—1|_4i
= %, x <0, = L
¢ limgeqfz]. y=[z] !
&
¢ (EouEk+n, - y=I[l=I[¢)
s limy 4 oo [i] limx_&oox[%].
(¢ (=00,-1) (1,400).)
r— 1£.
1+ _ 1—a? _ 1 _
LA S e R IR e A (PR R P |
y=(@-D7" +le-1"F, y=(@-)"+lr—17F)"
T — Fo0.
B 1 2 2P+ 2t —dx+3
IR N A
P +z+1l B 1\4  (2241)332%2 4+ 2)%(x +4)"
v v (rg) s vs |
flx)#1 =z  y=f(z). limf(z)=2 lim £@&+3 — 5,
lim(f(x))2=1, limf(x)=1 limf(z)=—1;
().

i (( 22 +1 )8+3( 22+ 1
im
z—0 \\ 2% + 223 + 2 x5 4+ 223 +
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10.

Vit - Vi \ 133 152
lim , lim ( |x|+7) —2( || +7> +1,
x—1+ /iti + 4 ﬁt} +1 x—0— €T €T

I (3 1 L x+1)
im ({/ :
zotoo \ Y 22+ 241 Vr+1

lim g(z*) = lim g(y), lim g(v)= lim g(y),

T—+oo y——+o0 z—0+ y—0+
1
limo(5) =, lim o)
limy 4o f(2) FVT) = =3(f(2))2+1 = >0.
4.13, 4.14 4.15.

lim, f(z), o—|z—12 <fl@)<z+lz—1z z (0,1)U(L, ).

lim, , o f(z), <t < flo) <L o< -7

2x—1 2x+1
lim, i+ f(z), (@—1)f(z)>1 = 0<|z—1]<1i.
.B , [g<a<]a]+1
: . [ . V7 : 1

i fol,lm SRl SRt EL i |2
lim f(z) = +oo  y = g(x) z. lim(f(z) +g(z)) = +oo
lim f(z) = —o0  y = g(x) z. lim(f(z) +g(z)) = —o0
limf(z) =0 y=g(x) =z limf(z)g(z)=0
lim f(z) = 400 —00 =g(x z. lim f(x)g(z) = +00 —o0, -
lim f(x) = 400 —o00 = g(x) z. lim f(x)g(x) = —0c0 +o0, -

N 3z247z41 301
(1) 27—Bz41 < 100 OO

, a z (a,4+00).
.. 8
(i) 4x4—a;c;-ri-12x—1 <i L

(it7) (x — L)% — (V& — ﬁ)?) > 107 Ho0.

(iv) ~10-8 < z* 4132342522433 <107

ro4+2x+1 —00.
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11. lim f(z) < limg(x). f(z) <g(z) =

: : y=glx)— f(z) .o p limf(z) < p < limg(x) 4.16
lim f(z) < p p <limg(z). )
1. 4.17 4.18.
2., - 00 0
L z <0, 1
y:\/‘E7 y:\/|$|7 y:{_lx x>07 y ;a

1 L z <0 1 1
y{; v y{ﬁ" TLoy=——+

(a,0) (0,b) (a,0)U(0,d) ;

4.4
lim, ¢ f(z) = 7. (zn) y = f(x) £ £, limy yiooxn =€
(f(zn)) , . &> m . T, E £E =1, E £E

4.19 n Tn y=f(z). limg e f(z), limpsyoozn =6 z,#E n,
limy, 400 f(zn) = limg_e f(2).

& &£ too.

lim, ¢ f(z), Ty =& (0 £§ 1)
hmx—>£+ f(l‘), Ty — f (xn > 5 TL)

lim f(z,) = limye_ f(z), x,—=& (<& n)

n—-+4oo .
lim; 400 f(2), @, = 400
lim, o f(z), =, > —00
s limg e f(z) =1 (zn) @n &, impsqooxn =& limpsioo flan) = 1.

e > 0. limg,ef(z) =n 6 >0 [f(x) —n| < e = 0<|z—¢& <é.
limpstoon =&, no Jzn—€&<d n>ng. @n #& 0<|zn—& <d n>no., xn
y=f(x), |f(zn) —nl<e n>no. limy oo flzn) =1
2 (1) limg oo 2? = 400 lim, 1o n? = +o0. () Tp=n +00
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y = 2.

2) limg_o4/x=0 hmn%wﬁzo. (n) xn:% 0, [0, 4+00)
y=vz #0.

(3)  (A+@+L)-_31+Li)p) y=1+2>-323 (2,) z,=(1+21)".
lim, s i00Zn = € Tn # e  n. , limg (1 + 2% —323) = 1+ €2 — 3e3.

limy, 4o (14 (14 2)2"=3(1+2)3") = limy, o oo (143, = 33,%) = 1+€*—3e.

4.19 .| s, . y = f(x) x . () x,
(f(zn)) - z ., (f(w)
(1) (@) ea=2— 0, 200 y=1 () pa=E = (-)"ln

limzﬁo % .
(2)  limg i oo(-DE gy =(-Dl. 1 34

n,n+1) (neZ) y=DEH=n". 2, +1 —-1.,
limg 4 oo (—1)11.

T 400, , Tp =mn (n € N).  lim, i@y, =

limy, 0o = 400, , limy_sqoo(—1)Fr] = limy, oo (1) = lim, 4 oo (—1)"

limg 4 oo (—1)1] .

1 (1 3.4),
azgr(r)lJr _1)[%] ’ xglfoo@j - [.’E])
( limeis(— [ y=s-[1 o-[]=0 az-[z]=}
+o0 —00.)
2. limf(x), (rn,) = y= f(x) x.
(i) (f(zn)) =wu, limf(z)>u
(i) (f(zn)) <1, limf(z) <L
(xn) =z y = f(x) x. (f(zn) >u <l I<u,

lim f(z).
(214 4.19))

4.5

plx) = ap+ ez + - +ayz¥ N >1 ay #0.  limyeah = ¢
limg e ap = a,  limg¢(apz®) = ar€®, limg e p(z) = limy¢e(ag + a1z +- -+
anr™N) =ag + a1 &+ +aneVN = p(§).

lim p(z) = p(©).
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x—doo . plr) =anyeN (2 S+ B4 T — +oo 1,
| 400, an >0,
lim p(z) = 400, an>0 N any<0 N,
e PV = -0, an<0 N ay>0 N.
limg 400 P(I) )
N
xll}:iloo p(m) ml}r:iloo ANt
¢ (1) limys oo (=523 + 2% — 4z — 12) = lim,, oo (—52%) = —00.
(2) limg oo (=523 + 22 — 42 — 12) = lim,, o (—52%) = +o0.
(3) limy oo (72* + 2% — 2 +5) = lim,_, o 7T2* = +o0.
r(z) = % any # 0, byy # 0, r(x) =
an. N MaN—rNJr +“N 11+1
bM bb}?{ zM+ + ble 1+
§x - (+00), N> M,
lim r(z) 3L, N=M,
eohee 0, N<M
gT]\; (+OO)7 N-M )
. N . (—c0), N-M
— b ) )
(Am (@) ok N =M,
\ N < M.
limg s 400 7(2) ,
N
. - anNx
wgrinooT(x) B a:gioo ngjM
: (1) lim B Y 2t =1
r—r 400 223 +1 T—+00 9,3 P
. _ .3
(2) limg— 4 oo %ﬁ# =liMy 400 32 = (—1) - (+00) = —00
2 . 2
(3) limg— 4 oo Tz;fl‘*‘Q = limg 400 31% =0.
2 . 2
(4) limg_, oo 322244 = Jim, 32, =3
3 2 . 3
(5) limg— 0o % =limg o =52 = 0.
3 . :!
(6) limg oo 7&7230;&:1%»5 = limg; ;o % = (_%) : (+OO) = —00.
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. 4_ .2 . 4
(7) T oo 32258 — i, 3 = 3 - (—00) = —cx.

x o,

’ N
bo+b1€ 4+ byM #£0, lim, e r(v) = fiuibatinis — p(g).

lim r(x) = r(£).

z—E€

L 3¢—2  _ _31-2 _
Plimg 1 sy = egeog — L

)

bo+b1é++byfM =0, x—-¢ byg+biz+--+byrM. (x—-™

(m>1) x—¢£ bo + bix + - + bpyaM, bo + bix + -+ + bya™

(‘Tig)mQ(‘T% q(ll?) 75 59 q(g) 7&0 ’ xig a0+a1€+ +U’N§N
a0+a1£+ +aN£N (m—f)”p(m), n=>0 p( ) T — 7’p( )#0 )
r(a) = (@ — OB | lim, ¢ 22 = 2O 4,
i (@) {0, n >m,
m r(x) = £ —
T—E 25537 n=m,
p(§)
lim r(x — - (400
Jimn 7 () 7@ (+00)
m-n
p(§) : p(§)
lim r(x —= . (—00), lim r(x) = —% (400
i r(z) (@) (—o0) S r(z) @) (+00)
m-—n
: (1) 1imHT;%x—;jjl1 S R e B z—1. :
, cat =222 41 = (22 —1)? = (2 — 1)%(x + 1)2. 1 -2 —x+1
x—1 oy —r4+ 1= (-2 - (z—-1) = (& — 1)(2? -
3_ 2 z—1)?(x
b= ?2(x+ D). ST = ey = e ¢ A LoD
hmxﬁl xzzl_xgm_;f:il :hmzﬁlﬁﬂ = ?11 :%

(2) hmgH1$+Zﬂ6 1 2322 —z+1, 2% —22—2+1=(z—1)%(x+1).
1 2*4+42?+2-6 -1 :23+42%+2—-6=2%—22+522—5xr+62—6=
(=12 +(xz -z +(x—1)6=(z—1)(2®>+5x+6). 2—1 2>+5x+6

)

1 234422426 _ (=D (z*+52+6) _ 1 2245246 . lim 2440’ fa—6 _
z3—z2—z+1 —  (z—1)2(z+1) ~— z—1 =z+1 * ° o s P e T
1245146 _ : 2 tdx’ra—6 _ (_ 1245146
(400) T = too limgg- TEEEEE = (—o0) T = —oo.
: 3442 4x—6
limg 1 050
1. T — +oo.
R S i i S et test N
’ 23— a2 +1"7 3zt +a22+1"7
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71+15—x8 72—2x+z5

AR PR
2. r— 1+.

2 3 2
9 ¢ —2x+1 z°+22° —x—2
= 27 =, = s
y=z+z, v x+1 S S -

a2t — 2 — 322+ 5 -2 T+ 2

Yy = y Y=

i+’ —4dx2 4+ 1 x4 — 223+ 222 — 20+ 1
B —a?—z+1
25 — 324 + 623 — 1022 + 92 — 3~

y =
3. limx_ﬂi f(SC)

= z3—x2—z+41

3_,2
- —x 4+2x—2
> oLl T> 1.

3 2
< zT—x"2x—2 0<z<l,
f(w){

4 limgopeo f(o) ZFE53=T < f(2) < gttt @ > 5.
5.,

()<=t <iii0t 1

(i) 217—14z§;gf;?fg—7m2—1 < —103 —oo.

(ii) Trote=l < —10° 1
6. 0 0 400 —o0.

7 + 225 + 5a? 325 + 2t — 5ad + 22 7+ x® + 2°
PR L Y g o R A ——" o
4.6

y=2a% a |, (0, +00).

lim z* =£* (£ >0).

r—E€

a>0. €e>0 >0 [z2°—¢%<e >0 0<|z—¢ <.

[z — €% <e E*—e<a*<E+e

0<e<E, —e<a'<E+4e (C—ev<a<(+eu. €
(E*—e)s (E"+e)7,, §=min{{—("—)%, (" )= ~(}, @ 0<|z—¢ <6
(f“—e)é <5r3<("—|—e)i,7 |[x® — &% <e.

€>E0, T e<a < e 0<a°<E4e 0<az< (%4 €)u.
0<E< (46w, d=min{—0,(6+e)e —€), x 0<|z—¢ <3
0<az< (46w ,, |2°—& <e

., o, 0>0 |2*=&%<e x>0 0<|z—¢ <4, limgp,ez®=¢".
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a<0(—a>0), limy_¢2® =lim, ¢ 1 = g}a =9,
, a=0, :limg_,¢ 20 = lim, ,¢el=1= &0,

0, a >0,

11151 x“{l, a=0,

e 0t 400, a<0
400, a>0,

lim x“:{l, a=0,

rotee 0, a<0

lim, ez €<0  limg, oo 2® limg_o— 2%, y=2x® (—00,0),
a a=" n . y=a%=(x)™ y= 3z n.

lim {/z = V€
z—E€

(a=2) limgea® =€, £€>0. (). €>0 >0 |[¢z—i/E <e
r 0<|z—E&<d. |r—yEl<e Vé—e< Vo< f+e (Vé—e)"<zx<
({1/5+6)n 5 (C/gfe)n ((L/E+e)naa 5:mln{ff(%fe)nv(%+e)nff}a
x O<‘.’£—§‘<5 (%_€)n<m<(%+€)n77 M_%‘<6'aa
limxﬁg {”/7: {l/g

lim {/z=-0c0, lim {z=+00 (n )

T——0Q r—+00

(a=1>0) limpsi02” = +o0. ( M N). y =

—z o limy oo Y2 = limy oo /=y = limy oo (= /Y) = —limy o0 Y =
—(400) = —o0.

)

lim Yo =3¢ (€>0n)

lim {/z=0, lim {z=+c0 (n ).

x—0+ xr——+00

: (1) y=ao+1, limp o vVa+1=1lim, 1. /y=—+00.
(2) limgoioo(Vx+1—+/2)=0.

(1), (+00)—(+00).  a—b=2=E rtl1-\z= gwf

Zarirve o () Moo (Vo + I-v2) = limssioo 7o = o) =
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0.

(3) lim, g {255 = lim, 3 97 = {/2.

(4) limg 1 /(22 — 22 + 1) (23 + 2) = limy_04 Wy = 0.
(5) limy_s_ Q/% =limy_, oo Y/ = —00.

. o+i4Y/atl y+ 13442
(6) limg s 1 oo YT T = limy 400 f,\/\g = limy 400 Lty = 0.

1. ;
lim x%, lim x_\/i, lim x_%, lim 23+tV3.
T——00 rz——1 r—0— r—0—
2. T — +o00.
2% — 337242285 — 4 23 — 225 4+ 1 zi — 3
y: 9 y:77 yzi
28— 228 4+ 2 T+ 4xs +2 22+ 3z%
3. 1 1 4 1
lim (m§—5x_§), limxﬁ, lim (2335 —1—1‘_3).
z—3 z—1 z——1
4 z—0+£ z— -0
1 1 2 _2 1 _z
y=2x3, y=x 3, y=x3, Y= 3, y:2x 3 — g 3,
5 a#0
) . 1 3 —1
im , lim ——, lim .
rz—=1+ ¢ — 1 x—1 (,’L‘a—l)2 z—1 % — 1
(: ta<0 a>0)
6. T — 4o00.
y=vVar+l-z y=ve(Voe+1-vz), y=z(Va?+1-2z),
y=Ve+l-Vr, y=va2(Ve+1- Vx),
=Vz+1-2Vz+Va-1, y=vVad(Vo+1-2Vz+Vo-1)
7.

2 —Tw 1
lir%\/x2—|—1, lim ﬂ im \/z++\/z+Vx,
z—>

r—+oo 2 +1 T—400

1 1 2
lim \3/ 1+ —, lim \/1—%7—, lim ) : ,
r—+oo x x—0+ J,‘Q .L—>1i x—1




x+1 —3a 3?+1+1 W 30£+1+1

1—>11+ ’ 1—>1I{1ﬁ:
x +1 +1 x +1 +1
25+ Ty 43 23§1+77§71+3

8 abca>0. AB a,bc

lim (vaz? + bz + ¢ — Az — B) = 0.

xr—+00
lim z(v/az? + bx + ¢ — Az — B) _ dac—¥?
z—+00 - 80,\/6 .

9. (zn) a>0. 4.19,
(Z) 11mn—>+oo Ty = +00 Ty > 0 n, hmn_>+oo ,]jna = 400

a < 0;
. n®+n+1\v2 . Jnd+nd+1 ) on 3
lim <7> , lim _— lim ( ) .
n—-+o0o 2’]’L2 -1 n—s+o0 2’1’L6 + n2 + 1 n—+oo \ 4" + 1
10.  (xz,) k. 4.19,
(1) limyqoo Tp = F00, limy, 4o /T, = +00.
(ZZ) hmn~>+oo Tp = —00, llmn*}J’,oo {C/ﬂ = —00.
. 5 n3 +n 4+ 1 . 5 —4n
lim _ lim i —
n—4o0o 2n2 — ]_ n——+o0o 2n + 377, + 1
4.7
y=a" a>0. y=a" (-00,+00).’
lim a® = af.
z—E€

a>1. €>0 6>0 |a*—af|<e x O<|z—¢ <d.

la® —af| <e af—e<a®<a‘+te

0<e<ab, log,(a® —€) < x < log,(a® +¢). € log,(a® —e)
log,(a* +¢€), 6 =min{¢—log,(a®—¢),log,(a*+€)—¢}, = 0<|z—¢& <é
log,(a® —€) <z <log,(a* +¢€) ,, |a® —a’| <e.

€>at, af —e<a® <af+e (0<a®) a®<a*+e x<log,(a®+e).
€ <log,(a®+¢), d=log,(as+e)—& x 0<|r—¢& <6 z<log,(as+e)

la® —at| < e.

limm_,ga"’:ag.
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0<a<1(%>1)7 limzﬂgawzlimzﬂgﬁ:—

s a=1, lim, ¢ 17 =lim, ,¢ 1 =1=1¢.

400, a>1,
lim aw:{l, a=1,
peo 0, 0<a<l.

a>1. M>0 N>0 a">M x>N. o >M zx>log, M.
N=log,M >0, M>1, N=1>0, 0<M<1, x>N zx>log,M,,
a®> M. lim, 4o a® = 4o00.

1 . : 1 1
O<a< 1 ( P > 1), hmw_>+ooax:hmw_)+oo(%j = R =0.
ya=1, limy 11" =lim, 11 =1.
0, a>1,
lim o =<1, a=1,
e 400, O0<a<l.
, C y=—2. , a>1, limy,_a” =limy1ca ¥ =
nmyﬁmﬁ:ﬁn:o. a=10<a<]l.

a>0,a#1 y=log,z (0,400).

lim log, x =log, & (£ > 0).
z—§

a>1. €e>0 0>0 |log,z—log,&|l<e x y=log,z( xz>0)
0 < |z—¢ <. |[log,z —log, &l < e log,& —€ < log,z < log, &+ ¢
o < x<at. & Ea¢ &, §= min{f —&a"% &a — f}, x>0
O<|z—§ <0 &a <z <ia,, |log,z—log, &l <e limgy ,¢log, z =log,¢.
0<a<l, lim,,¢log,z= limmﬁg(—log% x) = —log% & =log, & % > 1.

xr — 400 :

+o0, a>1,

im 1Og“m:{—oo, 0<a<l.

T—+00

a>1. M>0 N>0 logz>M =z y=log,z( >0) z>N.
log, 2 >M x>aM,, N=ad" >0, >N z>d",, log,x > M.
lim,_, 4o log, * = 4-00.

0<a<l, limg,iolog, s =limyio0(—logs ) = —(+00) = —o0.

lim 1 _J =00, a>1,
m_1>161+0gax— 400, 0O0<a<l.
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y= % . a>1, limg_,o4 log, v = limy_, ;o log, % = limy_, y oo (—log, )
0<a<l.

—limy 40 log, y = —(400) = —00.

a=e,

lim e® = e, lim e® =0,

lim €e® =400

r—E& T——00 r—+00
3161_)m£ logz =logé (£>0), m1_1>r(r)1+ logx = —o0, xkﬂr—l@o logx = +00.
1. T — £o0.
1 e +e* 4+ 1
T 2x
= — 2 = —_— = |
y=e —enta v 1 YT 9em —er o
2. z— 400 x— 0+.
1 1+ 2(log z)?
=1 21 = = .
y = (log ) 08T, Y logx’ L logz + (log z)3
3.
. 1 . 1 e —1
lim , lim ——, im ,
z—0+ e — 1 z—0 (ew — 1)2 z—0 e — 1
log(2x) 1
im im im——s.
=0+ log(3z) ’ e—1+ logx ’ z—1 (logx)?
4.
lim e* lim e"%, lim er, lim % ,
T—2 r—0+ r—+o0 z—+o00 2% — e3 + 2
. . 2 . 3
Jm log(z+1),  lim log(e® —z+1), limlog(z”+1),
1 T—( 141 z
oy doglz])” — (logz])” + T
AP Gog o7 + (oglalZ+ 17 s B cT 11
5.
y=-coshz, y=sinhz, y=tanhzx, y=cothz
slimg e, limg 400 - lim, _, o+ coth z.
6. 0 0 +o0  —o0;
=e" = ¢~ Il S -
yf I y* I yiex—l’ yf(ex_l)gv
log |2 1 1
= log |z =— =\
4 sixl ¥ log |x|’ 4 log |1 + x|
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7. (xn) a>1. 4.19,

(’L) hrnn_>+oo Ty = +00, hmn_>+oo a® = +o0.

(ZZ) hmn—>+oo Tp = —0OQ, hmn_>+oo am" — O
n343n—1 on I—vr-n
lim 27, lim e »2+1 , lim e V™, lim 2%, lim 2 1+v@
n—+4oo n—+o0 n—-+oo n—-+00 n—+00
8. (xn) a>1. 4.19,
(1) limpsi00 Xy =400 @y >0 n, limy, 4o log, z, = F00.
(#) limpyyco®n =0 x>0 n, lim, 4o log, z, = —o0.
n+1 Won?el e
lim log ———, lim log ——7—, lim log ,
n—-+00 2n2 — 1 n—-+o0 n2 +1 n—-—+oo en +1

lo —log —— + 2
lim log(3" —2"+1), lim (log 77)° — log 74

noteo n—-+oo —(log n2+1)2 +4log nQLﬂ -8
4.8
y =sinz.
|sinz| < |z|.
B
mlA
tany
smx
/
A 0 G
t
M
B
Syfhua 4.10: < <
0<z<ZI x. ! sin z. ! , ./ 2sinz

0<251n;t<2:v 0<s1nx<ac,,|smac|<\x|
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-5 <x<0, 0<-2<3, 0<sin(—z) < -z, z<sinz<0,, [sinz] <[z]. =0,
0=0.
el >3, |singl <1< 3 <ol

) Cosx—cosfz—2sing”2;§singET+£ \cosx—cosf\=2‘sinx775Hsinz7+£’S
2|sin%{‘§2|%’:|x—f|. e>0 §=c¢ x y =cosz ( )

O0<|z—¢& < |cosz—cos&| <|x—& <d=¢ |cosx—cosg|<e.

lim cosx = cosé.
r—E

sinx —siné = 28111357_5(3059%*'5 |sinz —siné| < |z —¢|,,

lim sinz = sin&.
=&

, cos{#0, E# 5 +kn(keZ),

. T
il_)mgtanx—tanf (575 §—|—k7r, ke Z).

, Siné #0, €#kn (k€ Z),

lim cot z = cot & (5 *km, k€ Z).
T—E&

I
=5+ k2r (keZ), lim, esinez=sin§=1., lim; ,¢cosz =cos§ =0

,, cosx >0 & cosz <0 & . limy e = +oo lim, ¢y ﬁ = —00.
=5+ k2 (keZ),

COosS ™

lim tanx = +o0, lim tanx = —o0 (fz%—i—kw, k:EZ).

r—=E— =&+

lim cotx = —oo, lim cotax = 400 (§ =km, k€ Z).
r—E— =&+

y =tanx y=-cotzx ,, r=75+kr(kelZ) y = tanx
r=kn (keZ) y = cotz.

lim, ,4socosx limg ,4ooSinz .

, T — 00 Yy=cosx y=sinzx <, -11,, .
(mn) 4o Yy =CoszT (cos(mn)) = ((-1)") . 4.19,
lim, 400 cOS . (g + 7m), lim, oo sine T — —00.
lim sinz =1, lim 71—020sx :}.
z—0 X z—0 x 2
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olo

2| < |tanz| (|x| < f).

2
0<z< 7, x Lo r . tanx. %~1~tanz 3 (
b 5=m) , 0<z<tanz |z|<|tanz|
-5 <z2<0, 0<—-z<3%, 0<—z<tan(—x), |z|<|tanz|.
. z=0, 0=0.
: sinx s s
|sinz| < |z| |z| < |tanz|, cosx < E <1z (=%,0)U(0,3).
lim,_,gcosx = cos0 =1, limg o 2 = 1.
1—cosz _ (l—cosz)(l4cosz) __ 17((}051’)2 o (sinw)z 1 lim l—cosx __
2 - 22 (1+4cos ) — z2(1+4cosz) T l14cosz ’ =0 T2 -
12 L1 1
1+1 = 2°
. . 2 .
1—cosx 2(sin £)? 1 (sin % z . sin &
P = ,£22 = 3 52 < Yy =73, hmx—)O %2 =
: siny __ : l—cosz __ 1 2 1
hmy_>0 yy—l hmw_wT—El =3-
. . tanx tanx __ sinx 1 . tanx __ 1: sinx 1: 1
: (1) limgo L R = R — Lm0 2 = limg o T limy o oo =
1-1=
. . sin(3x) o .
. sin(3z)  sin(3z) _ 3 —37 - . sin(3z) 1. sin(2z)
(2) limg o sin(2z)  sin(2z) — 2 Sihz(%) . lim, 0 3z limg o 2z
T
o . sin(3z) _ 1. siny __ RT] sin(2z) _ 1. siny __
y =3z, lim,_,g = = lim,_,o = 1. ¢ limg 0 55— = limy o =
. sin3z) _ 3 1 _ 3
Lodimeso ey =5 1= 2
1.
. . 1—cosx . 1—coszx
lim x cot z, lim ——, im ————-.
T—0 @0 xsina z—0 (sinz)
2.
. sin(3z) . tan(3x) . 1—cos(13x) . sin(3x)
lim ————, lim ———~ — g —7
=0 T =0 T z—0  (sin(7x)) z—m sinz
. cos(8x) — cos(15x) . sinz . cosx ) .
lim 5 ,  lim ;o lim ——, lim zsin —,
z—0 €T ToT L — T =5 T — b r—Fo0 xT
. 9 1 . 3sin(7z) — 7sin(3x)
lim z°(1—cos—), lim .
r—+o00 x z—0 .’1,'3
0, a>—1,
3. limg 04 2z%sine =< 1, a=—1,
400, a< —1.
4. a >0, limg o4 ¢ sin% = 0.
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5. lim, 400 sinz, lim, 04 sin % .

6. (). imyyioo®n =02, #0 n, lim, i 5“;6& =1 lim, 0 1_;% =
1
5 .
lim 7sin , lim +/msin il . lim nZ%sin T ,
n—-+oo n n—-+oo n n—-+oo n
cot o
lim n? (1 — cos z), lim n
n—+4o0 n n—+00 n
7.
1 1 1 1 1
y=—sinz, y= gsinz, y=xsin—, y =z%sin—, y=+/zsin—-.
x T T T T
(- 6,7 8 3.10. 3.)
8. 4.19, . (zn). 6,7 8 3.10 — - sine = +1
sind = +1 (0,+00).
. . . 5 . . 1 .1 1
lim xsinx, lim z“sinz, lim sin—, lim —sin—.
r—+00 r——+00 x—0+ x x—0+ I xX
a <0, lim,_,04+ 2% sin % . 4.
4.9
Yy = f(m) (ayf)' o - X (a7€) ga . f(x)a
lim, e f(z) = 4o00. flx), u flr)<u =z (a8)." 7
fl@)  limgse f(z) =, n o <u limg e f(z) =7
lim, e f(z) = 4o00.
(1) (a,8) (a,+00), y= f(z) § oo (i) (§0)
(_007 b y Y= f(x) 5 —0Q.
4.1
4.1 (1) y=flz) . i), y=flx) , (i) +oo, y= f(z)
s (7’) y Y= f(x) ’ (“) —00, Y= f(CC
(2) :f(CE) : Z)’ y:f(x ’ (“) —00, y:f(a:) ;
(@), y=rflx) , (i) +oo, y=f(z)
4.1 - 2.1 , 41— -
: (1) 4.1
, a >0, limg 400 2% = 400 limg_04 2% =0 y=2a% (0,400).
+0oo —00.
- - n, limg 4o z% =mn. limg 5400 (22)% = limy 4o y* = 1.
n = lmyi00(22)% = limy 400 2°2% = 2%limg 100 2® = 2% , , n = 2%7.
n=20 x>1 2*>1=1,,n=limp400z® > lim; ,11=1. ~+00.
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Cw frmmmmmmmm e S TTTEE

Syfuo 4.11
0. , z¢>0 =z >0, limg,op2* > limyo4+0 =0,
limg oy xz® = n > 0. lim, 04 (22)* = limy_04 y* = 7.
77 = lim, 04 (22)% = lim, o4 2%2* = 2%, , n =2%. n=0.
(2) y=@Q+3)" (0,400).
) (2 6.9).,, ; limg o0 (1 4 1)* +00
(), 4o, 419 (A+im) ] AR
1\=
lim (1+-) =e.
T—r+00 xX
(M) limgosyoe(l+ %)I =e.
. 1\n s <1+n+1)n+1
limy,— 400 (1 + ;) =e. -, —limp4e(l+ n+1) =limp— 400 Q=
n+1
§ =e limpqoo(l+ %)”""1 = limp—4oo(l + %)"(1 + E) =e-l=e €>0, no
e—e<(l+-H)"<ete n>n’ ng’ e—e<1+iytlcete n”. ()

n+1

N = max{no’,n0""}, N >no’ N >no”.

n>N. (")z>N [z] >N, e—€<(

e>0 N>0 e—e<(1+

1
z)°

<ete,,

lim
r—+0o0

e—e < (1+—)

)

e 1
(1_7) _—
X (&

1

<ete e—e< (1+%)"+1 < e+te

° < (1+m)m+1 <ete ,,

T 0TI
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4.

lim
T—r+00

t
(1+-
X

v t
) =

t, 1 t>0,t=0,t<0.
:t>0, limg,yoo (1 + %)z

limg 400 (1 + %)"L =e lim; y00 (1 —

et.)

4.19,

n—-+o0o

1\%
lim (1+—) :
n—-—+oo 3n

3 4n
lim(1+50)
im +2n

=e. t

<0,

limgypoo (1= 1)" =1

1

%) = = hm$ﬁ+oo <1+ %) =

. 1\ . 1 \3n
lim (1 — —) , lim (1 — —) ,
n—+o0 In n—+o0 2n
1y"* 3 \F
I (1 7) Y (1 —) .
Jim (L) i (150
y = log, z, lim, 4o log, =

a>1 log,(ax) =1+ log,

limg 04 log, .

a>1 gt
y=f(z)

(: 4.19.)
y = f(z)

= aa”

[1,+00)

(0,2)

x

y:a7
f(yn) =logn  n.

)

_ 1
NG
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n.

limg 400 f(2) 5 ;
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Kegpdiowo 5

< € O». . . e, - . Bolzano
51
y=f®) & ¢

: & [6h, (a8, (¢, (&b), (ab), a<{<b

y=[flx) & & . [f(©)
(0) y=f(x) &b (a8, lmeoef(z)=f(&),, lmeey f(z) =
f©. ) y=fle) (o8] (D), limg e f(2) = f(E). (iii)
y=f(x) (a,0) a<g<bh, limg e f(2) = limg et f(2) = f(§).

»oy=fl@) [§b) limeey f(z) = f(§), ¢ ., y=[f(@) (a¢
@) y=flx) (e €]  (&D), ¢ & . (@) y=fx) (ab)
a<€<b ¢ 13 .

: (1) y=2% 3, lim,_32%2=9=3%

(2) y=+vzx 0, limy o,z =0=+0.
@) y=Il] y=0 (0,1), limgy_[z] =lims; 0=0#1=[1]. , y=[a]
y=1 (1,2), limzi4f[z] =lim, ;1. 1=1=1[1]. y=[z] 1 ,y L.
y=I[z] y=0 (0, %)U(%’ 1), hmr%%[‘x] = hmf*)% 0=0= [%] y = [z]
1
5 .
(4) —2?>(x+1) (—o0,—1JU{0}., 0 0, 0.
(5) y=c¢ &, limgyec=c¢, £ £
A , A, A, A.
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: yzf(m)={i’+1’ o (Footoo) y=fla) 0. limeno- f(x) =

lim, yo-x=0#1=f(0), 0 , limyo4 f(z)=lim,;o+(z+1)=1= f(0),

0 . [04x), y=fl@)=c+1l o 40) ., € [0,4)
lim, e f(z) =lim,e(z+1) =&+ 1= f(§). [0,400) O 0 .
v y=f(2) [0, +00).
fa |f($)_f(£)| |l‘—§| #0 ) ’ |$_§| 0 yy X f? (.I) (g) )
s f @)= FOF 0, [f@) - O - 0 fz—=¢ ., y=/[f()
£ |f(x) = £l lz =€ .
ga ) f'v, ) |J3—§| € 577'](‘(33) f(§)7a

1) = fI 0, |f(x)=FOI .

: cy=f@) & & |f(z)—f() |z — ¢ s €>0
6>0 |f(z)-fOl<e = [z —¢| < 0. 0<lz—¢ £

- y=flo) & ¢, v & (my)=(zf(2)
&) () ¢ o (£ f(€),, o . (, 8 ),

o y=f@) . y=f@) € >0 550 = (E-5,6+5)
f@) @ f@)  fE) e fE©) e, . (E-8.E+0) y=f(€) -
y = f(§)+6

fi5) "-;'7-5/‘/’4(') %f’*)
? 3l e
; 5

Syfpa 5.1 & &

(1) y=p)=a +az+- - +ayzV , & limyep(x) = p(&).

cee N .
(2) y=rie) = mfmseetenst e e gim, er(a) = r(9).

(3) y=cosz y=sinz , & lim, ,ccosz =cos¢ lim, ,csinz =sin&.

, y=tanz y=cotx - § , {#T4kn(keZ) E#£kr (keZ)
, limg_,¢etana =tané limg_,¢ cot x = cot&.
4) y=2* - & , (@) & a (=0, a<0) (i) £=20, a (

£=0, a<0), limyea® =¢&".

5 a>0, y=a® , ¢ limy_¢a®=at.
13
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1) f---ee- /ﬁ:{(x) :?/#%((f)

150 ] I —

Yy 5.2 & €.

(6) a>0,a#1, y=log,z ., £>0 lim,,¢log,z =log,&.
1. 1. « € O».
9 1
y=x, y=22-3,  y=2a°, y=-, y=+z.
x
2 0;
e a0, [Eme az
y‘{lf r=0, y‘{;, z=0.
3. ;
fz, x<0, [0, x =0, 2%, xz#0,
y= %, I’>O, y= ﬁv $7é0, y= 1, r =0V,
_ 2%+ 1, x <0, _ z2, r< —m x>,
y z+1, x>0, sinx, —-rwm<z<m.
4. ; 2 43
1 1
y=lz], y=1[2z], y==z-]z], y:x—[x]—i, yz’m—[m]—i.
5. limpo (f(E+h) = f(€—h) =0 y=f(z) &
1, z=z=0, .
y_f<x)_{0’ x40 §=0.
6. y=fl) & & M [fl@<M z (a,§U(ED). «

> (e>0 0>0) y=g(@)=(@-9f(=) ¢
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7.M20 p>0 y=f2) (a,b), a<&<b |f(z)— FE) < Mlz—gle
z (a,b), «e€d(e>0 §>0) &
y=f(z) , Holder- ¢ Hoélder- p. p=1, y= f(x) Lipschitz-
&.
y:x,y:|x\,y:cosz,y:sinx,y:\/m y = x+/|z| Holder- 0
Holder-.
() Hélder- ¢ £+#0  Holder-. Hélder- £€=0 £ #0.
8. y=flz) & o (§f(8),, o . s
y:{g(—l)[’”}’ iig’ C1 34
0.
G )
0.
5.2
5.1 4.2.
51 y=f(z) y=g@) (a,b) a<&<b [£b) (a,¢] ¢ ¢ 3

soy=f(x) y=g) (a,b) a<E<h  (a,&)U (D) f(E) =g(&). y=flz) ¢
lim, ¢ f(z) = f(&). y=f(z) y=g(@) (a,§U(£D), limy ¢ g(z) =lim, ¢ f(x) = F(§).
, f(&) =9(8), limgeg(x)=9g(&),, y=g() &

?zf()()

1235

Syhuo 5.3: &.

[£,0) (a;€] .
x+1, x<1,
: (1) y:{rl 1< y=xz+1 (—o0,1]. 1,, 1 . 1
1+x, x| > 10719, _ _
2) y=a? y:{ZQ }x{<10710 (—=10-10,10-). 0, 0.
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5.2 s

52 y=f(x) y=g(x) & & & , y=fla)+g(@),y=[f(z)-g(z),
y=f@)g) y=If@] ¢ ¢ ¢ .. I8 g@#0

g(

limg—se f(z) = £(©) limeoca(e) = g(6)
lim (£(@) + (=) = lim f(x) + lim g(x) = /() + (&)

» y=flx)+g(x) & 3

P () y= s & . y=VEy=e", y=logz y=x—2a"

(0, +c0) : € (0,3)U(3,1)U(1,+00).

2) y=gotVT >0, €20 #-T+kn(keZ)

53  z=g(f(x)) y=1f(z) z=9(y). y=fle) & =z=gly n=Ff),

€e>0. z=gy) n >0 Jgly)—g)l<e y z=g |ly—nl <.
y=1[f@ & 6>0 |f@)—nl=If@)-fE <& x y=fl&) |z-¢<sd. ,
e y=f@ |p-&<s |f@-n<d, f@ z2=g@) |9(f@)-am)|<e
lo(f@) —a(f©)|<e = y=f@) -, = 2=g(f@)- le—€ <5 2=g(f(@)

53 «» oz & y=fl@ ., fO=n g(f@) =90
gm) =g(f(©)., = & g(f@) g(r©).,, ., 412
: (1) z2=siny/z  £>0., y=x >0 z=siny n=+&-
(2) z=+sinz [k2m, 7 + k27 (k € Z) ’ sinz > 0. y=sinz ¢
- §— 2=y mn=sin§ >0. z=+sinzx & .

5.3 - — 412 z=g(f(®) ,y=[fl®) z=g), lim f(x
n z=gy) n , lmef(@)=n z2=9y) n <«» z & #E
y=1/f= ., 0 g(f@) =9 gm). , z & #E& g(f(2)
g(n).  limg e g(f(x)) = g9(n)
5.4 2=g(f(x)) y=f(z) z=g(y). ()limf(z)=n y=g(x) 7
(@) im f(x) =n f(z)=n =z y=g(x) n (i) limf(z)=n f(z)<n
v y=g(x) n , limg(f(z))=gn).

limg e f(z) =n z=g(y) n limgeg(f(z)) = g(n).
€>0, &>0 |g(y)—g)l<e y z=gy) ly-n<d., >0 [f(z)-nl<d
z  y=flr) 0<|z—¢ < =z y=fl) 0<|z—¢<d |[f(z)—nl<d, flz)
z=g(y), lg(f@)—g)|<e , =z y=flx)-, =z 2=g(f(z)- 0<|z—§<$
lg(f(z)) —g(n)| < e limg(f(z)) = g(n).
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. (Va+1)*
P limeso e TS

- (Ve+D)* — : i —
Yy = \/> + 1, z (f+1)8+(f+1)13+5 z = y8+gls+5 . limg oy =

lim, ,o(v/z+1)=1 z= W L.

lim (Va+1)* S G
=0 (/z41)8 ¥ (o+1) 1345 1841345  7°

z—1 z—1 z—1
\V z2+m+l+(m2+m+l) + 2+T+1+1

(2) hmz—>+oo I
z—1 z—1
3(:1:2+:1:+1) +2 V .7:2+.7:+1+1
T—1 z—1 z—1 .
y = 2@71 5 = V m2+m+1+( i+a‘+1) + 2+af:+1+1 = \/§4+y2+y+1'
z?+x+1 3( IS ) 49 2 R 3yt+2/y+1
r+x+1 +'c+1
: _ T x—1 _ f+y +y+1
hm$ﬁ+oo Yy = hng)+oo izl 0 z = m 0.
x—1 x—1 2 x—1
lim o V z2+m+1+( 2+a‘+1) + 2+m+1+1 _ V04024041 _ 1
Troo w1 o — T3.0442V0+1 T 7T
3(z2+1+1) +2 2+z‘+1+1

(3)  limg o ((322)% 4 (S22)2 4 3).

y = M y = (smx)S_’_(m;x) +3 z= y3+y2+3. limz%Jrooy —

:O 2=y +y*+3 0.
1n:v> (SI;IZE) +3)_03+02+3:3

hmac—H—oo

x
limg 4 oo (

412 54.7 412 y= f(z) +00 54 y=f(z) ., 54

4.12. | lim f(z) =7, 4.12 flz)#n = 54 z=g(y) .
5.4 412 412 54( a ELO z>a)
f(é) 9(§ )
414 limg e f(2) = f(§) limg e g(x) = g(&) limgex f(x) = f(§) limgex g(x) =
g(8).

(1) f(i?) <sinz (07%) Yy = f(l‘) 0 I Yy = sinx 0 s
f(0) <sin0 = 0.
2) I<fl@)<u & y=flx) & I1<f)<u 55 y=flz) y=I
Yy = u.
56 y=f(x) ¢ ¢ :
(1) f) <u, fl@)<u & ¢ ,
(2) fE>1 flx)>1 & ¢ ,
p 416 limg e f(z) = f(§) limee g(z) = g(§) limgex f(z) = f(§) limgex g(z) =
9(&)-

+ @_}rl

y = snstcosz  x T F 2 =24+V3. 3<24V3<4, (a,b)

a<F<b 3<EBIECST oy g5 56 =3 u=4
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5.7 y=fx) ¢ ¢ &€ ) -

y=2 1. 57 1( )., (ab) a<l<b y=1 C
1.3, 1, 2<i<2 2

1. ;

tanx — cotx
(sinz)? —2sinz +1°

2 T
z*logx + xe _3 9
v (sinz — cosx)?’ y=a*(logz)

1

et —1

y=sin(z?), y=log(a®+2), y=e" 2, y=22", y=

)

y =sin(logz), y=+1—cosx, y:eﬁ, y =[], y=[V1],
y=(a? =52 +6)"%, y=log(z® -5z +6), y=loglogz),

y =log(sinz), y=1log(l—cosz), y=tan(sina — cosx).

3. fl@)>0 = y=f(x). y=f(z) y=g(x) & y=fl2)9@ ¢
(: f(x)g(w) — e9(z) log(f()) )

i)y =2a" (0,+00).

(
(if) y = (a® —3)77 (—00,~2) U (-2, ~V3) U (V3, +00).
(iii) y = (2 — 22)57 (0,/2).
(iv) y = (log2)"*%* (1, +o).
4.
. . 1 . sinx . (z—1) sin -1+
lim sin —, lim cos (—), lim e =1,
T—+00 \/E T——00 x rz—1
4.12;
5. 5.5 5.6.
log(1+42x)+cos /T
7. (ab) - 1 oz (ab) L<foEed o3l oeoa o1
( (a,0) )
8 5.7.
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5.3

y:f(‘r) & € -y € y:f(x)v §
3 y = f(z) £ & () & .,
Lolmecf@) A6 € 3
3
o R—

Yynfuo 5.4: &

y=flx) €~ &~ £, y=g(x) g(z)=fla) z#¢
y = f(x) g(&) =limye f(x). y = g(x) y=flx) y=7[f) &,
;o y=g(x) & limgeg(x) =lm, e f(x) =g(&). ( g(x)=f(z) z#¢
9(8).) y=g@) ¢&
W = 1@ ={p T TEY 0 ) =t 4 1) = 1
f(0)=o0.

R C Rt FA e et
0. ’ ’
@ w=s@ = {Y" T 0 meaf() = ey = 0
£ f(0) = 1. .
z, x>0, _

00 o y=s={{" 20 - o
2. (i) limgoe f(z) , +oo —oo, (#1) limgey f(z) limge— f(x) .
3 € (i) limgey f(2) —limge f(z), #0, y=f(z) &
W y=s@= {5 TZ5 0 s = .

1
=i ={7= 150

(2) y=f(z) = { %’ i 7__é 87 0, lim, o4 f(2) = +o0 lim, o f(z) = —oo0,
f

lim, 04 f(2) # limg 50— f(z). 0 +oo— (—00) = 4oc.
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, /
: | g={t)
|
: \a:¥(x) ’\’
16) f—-~- 1 L ¢
II |
T T
YyfAua 5.5: & = +oo .
() {”” +1, v i 8’ 0, limyos f(2) = 1 limyo_ f(z) =0,
hmggﬁ(pr f(:r lim; - f(z). 0 1-0=1.
0 0
3., hmlﬁgJr flz) limge— f(x), & €.
/
|
{5)
'X
Tyiuo 5.6: €
1
W =@ = e Tz 0., limyos f(x) =

lim, 04+ sin % =lim; o sint .

0 , limg_o_ f(z) =limg_o_ 2z =0= f(0).
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2) v = flz) = {Sin”l“ i 0 0. limgoq f(z) =

1, =0
lim, 0+ sin% = limy 4 oosint ()  limgo— f(z) = limg_o— sin% =
lim; , oo sint, , .
R 25) GIR

y=1() (@b a<€<b L, (06 . f@ <O T (@8
v dmee f(@) > 0O o, Mimee f() limg e f(2)
lim, e f(z) < f(€) < limgey f(x). . limg e f(x) = limgey f(2),
lim, e f(z) = f(§) = limyey f(x),, &  limye f(x) <limgeq f(2),
¢ limg ey f(x) —lim, e f(z) > 0.

y=flz) (ab) a<&<b, limg e f(2) > f(§) =

limg ey f(2).

y = f(x) (a,b) a<&<b, (@) & (i) -
é‘ 3 )
1 0 . 0 0
B a0, [ w0, [y, 2 #0,
y{orv x =0, y{lv z =0, v LL x =0,
_Jz x<0, - [sind, x>0, _ [ g0,
v= %a $>O7y_ 1, xSO,y_ O7 xz=0.
2 4 5.1.
3. y=log[x] [1,4+00)
4 y=fl&) , - - () (¥)
5.4
y=f(z) & (zn) y = f(z) € lmyyooan =& A&
n K :L’n ’ 57 f(xn) f(g)'77
5.8 y:f(x) f (mn) . limn%Jrooxn:g; hmn%+oof(xn):f(§)
€>0,, y=fl@ & >0 |fle)-fOl<e =z y=f(lz) |z-¢ <4
limp 400 Zn = &, no ltn —& <0 mn > no. [f(xn) — ()] <€ m>mno,,

liInn*)+oo f(mn) = f(g)
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y=£x)
£Gz) TIIIIITIII

‘r(xn) [Tt

@~ wmmemeaan
N i,
L T T R pr -,

tal
3
et I

Syfue 5.7: limz, = ¢ lim f(z,) = f(§).

: (1) Yy = p(l‘) lirnn%+oo T =&, hmnﬁjLoo P(l‘n) = p(f)

2) y=rx) , (xn) & limy, 4o T =&, limy, sy r(x,) = 7(§).

4
)

(2)
(3) hmn~>+oo Ty = 57 llmn*)+oo COS Xy = COSg hmn*%l»oo sin Ty = Sil’lf.
( ) (Z‘n) ’ g hm”_H‘OO Ly = Ea hmn—H—oo xna = fa .

()

a>0 lim, 4100wy =&, lim, 4 a™ = as .
) In = l n?

ngrfoo\/a:1 (a > 0).
(6) () , & limpiooTn =&, limy, o log, z,, = log, &.

lim f(xn):f( lim xn).

n—-+oo n—-+oo
) o limpqeo f Ty=[fla) & .
5.8 — - 419- ., 538 ( ) 419 ., £ &
lim,, s 4 o0 sin (1':(_#) lim, 400 % =0 y =sinz 0.
limy, 4 o0 sin (FFEL) = sin (limy oo HED) = 5in0 = 0.

419, HEDT g g

(D) a2 o), (22), (rn(10))), (),
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3ndyin—4a T 1 1 n24+3\35 1
2n4 713 il (7 N ))’ ( 1 <1 7))’ << ) 1 ( ‘7)).
( +n2+4 51N 5 T 2 nlog (1 + " 23 og | cos "

5.5

51 . y=f(x) [a, b].

5.1 ,
: (1) y:{g:, ;1:§()7$<0 O0<z <, 1,1, 0 —1,1].
(Q)y:{i:’, ;IZSO’J:<O 0<x <, —1,1] 0 [-1,1]
B)Hy=r 01 (0,1
4) y== (-1,1) (-1,1).
(5) y== (—00, +00) (—00, 4+00).
6) ¥y= o1 (=00, +00)  (—00,400).
52 - . y=f(z) [a,b]. x1,22 [a,b)

fla1) < flz) < flx2)
z [a,b].
'f(x,) = ,u.j_
'f(’(l)= ‘)‘ix.u--
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51,  y=f(x) (a, f(a)) (b, f(b)) = (2, f(=0),
, , (22, f(22)) ., 1 T T1,To 1
0 2 ()
5.2 T1,T2
52
r+1, —1<z<0,
(1) yz{O, z =0, [—1,1]
r—1 0<ax<1,
@u={1 oL351" o
@ Hy=z (-1,
r+2, -2<zr<-1,
(4) y—{—w, -1<z <1, (-2,2)
r—2, 1<z<2,
(6) y==z (=00, +00)
©v={z 1 e
5.3 . y=f@) b o  f@ /0, . ¢ flo)<c< )
f)<c< fla) € [ab]
[ =c
¢ fle)y=c ()& lab]
fla)=fb), c=[fla)=[f(b), fl@)=c - §=a &=b., f(a)# [(D)
c=fla) c=[f(b), fle)=c - &{=a §=0b ., fla) <c<[f(b)
fb) <c<fla), ¢ fla) f(b), 53 ., b flz) =c (a,b)
; 53. y=c ¢ . (a,f(a)) (b, f(b)) [fla) f(D),,,,
y=c y:f($)7 (aaf(a» (b f(b ’ y=c (5777)
n=f(&) L,n=c y=c f(§=
5.3 f(x):c, § v § . i
5.3 , . I
=(1)y—f(m)—{(1)’ gi"f)fl 0,1, 0 - ¢ f(0)=0
fy=1- .
@u=f@={I, VETIE bl b e f0-0 f=}
(1) cosx = x [0, 31
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f(a)

Syhua 5.9:

y=coszx—x [0,%] . cos0—0=1 cosZ —
€ 100,5] cosé—=&=0,,cos6=¢,, & (0,%).
(2) 23— 522 — 182 +7=0

) . aba<b 0 y=2a>—522—-18x+7 a b, |,
a®—5a® —18a+7 b —5b> —18b+7 . - : a=0, a®—5a®>—18a+7=17,
b=1, b3 —5b2 —18b+T=—15. & (0,1) €3 — 52— 18 +7=0.

. C o limg oy o(2® =522 — 182 +7) = —00, a
( ) a®—5a%—18a+T7<0., limyio0(z® =522 — 182 +7) = 400, b
b3 —5b> —18b+7>0., & J[a,b] & —52—186+7=0.

5.13

[SIE

5.9 Bolzano. y=f(x) Ja,b]. f(a)f(b)<0, & (a,b) f(&) =0.
o fla)f(b) <0 fla) <0< f(b) f(b) <0< f(a)

510 . y=f(x) I() fl@&)£0 « I, f(x)>0 = I flx)<0 =z
1.

I , al fla)<0 b I fb)>0. I, J[a,b] [ba] a
b I, y=flx) . ¢ [a,0] [bal,, T f(§) =0, f(x) >0
x I f(x)<0 = I
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1. (0,1);

y=a?, y=2>—x+1, y=sin(rzr), y=cot(nz), y=sin(2mz).

2. y=sini (0, +00)
y=azsinz y=lsini (0, +00).
(- 6,78 3.10)

3. y=qizsint (0, +00).
4. () t=a t=0b(a<b). t=a t=b

5. y=f(z) [a,b] flx)>1 x [a,b]. p>1 flx&)>p =z [a,b].

6. y=f(x) y=9g() a,b] f(z)>g(x) z [a,b]. p flx)>g(x)+p

¢ y=flx)—g(x) [a,b].)

1. 2" —325+5254+132% — 2% -~ 1222 - 52 +1=0 [0, 1].
2. ef =x+2
3. 2+ Z 4+ 5+25=0 (0,1), (1,2) (2,3).

T

4.  tanzx ==z (=5 +km, 5+ k) (ke Z).
5. y=f(x) [0,1] 0<f(z)<1 = [0,1). & [0,1] f(§)=¢&.

f@) y=yg@@)  fabl. fla) <gla) f(b) >g(b), & (a;b)
g

7. () t=a t=1>
8.6 y=f@) - L y=f@) I
(: , o T2 x3 I ox < X2 < a3 f(x1), f(x3) < f(w2)

f(@), fws) > flza). ¢ max{f(a1), f(w3)} << fl2))
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9. y=f2) y=g(=) [ flz)#g@) x I, f[flz)<gl@) = I
flx)>g(x) « I.
¢ y=f(z) —g(x).)
© L, y=n) I a I hz)=fl) hz)=g(x), hz)=f(z)
x I h(z)=g(x) = I.
(- y=hn) y="H)

10. Oy = f(z) y = g(x) I g(@)? = f(x)> fl@) #0 = L

1. &9 9 .
y:fl(x)ay:f2(x)7'”ay:fn(x) I x I n . 5
I y=hz) y=h),y=fa), ... z

) Y
12. ) y=fl@) I [L+00) [0,1] (f(x)—2)(f(z)—2?)(f(x)—2*) =0

z*)
x I. fo)=z 2 I flx)=2> o I flx)=2% 2 I
G
I= [07—1_00)’ - - y:f(x)v
5.6
y:f(m) P c f(:l?):C . -
5.11 -1, ( I) I.
: y:f([a:) [a,]b], xl,xg[ [a,b] {(ml) < f(z) < f(z2) =z [a,b]. m1 = f(z1), ma = f(z2)
3 mi,majf. mi,ma|.
¢ [mi,ma]. [x1,2z2] [z2,21], la,b]. y = f(z) [x1,z2] [z2,21] ¢
mi :f(ml) m2:f(12)7 § x1 w2, [a7b] C=f(£) c [mler] ) [mler]
[m1, ma].
6 b) bl b
: (1) y=2> [1,4], 12=1 4% = 16. [1,4] [1,16].
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@y=1 B3 3 f-2 B3 B
() y=a*~6z+5 [-1,6]. y=(r—-37-4, [-1,3] [3,6] [-1,6]
32-6-3+5=—4 (—1)2—6(-1)+5=12 62— 6-6+5=05, 12.
[_13 6] [_4v 12} : [_L 3] [_47 12] [37 6] [_4v 5]
b 67

5.12 41, .
5.12 (1) y=f(z) I'=a,bl. J=[ADB], A= f(a), B= f(b).
@) y=f@) I J 1()
(3) y=/f(2) I : J I I()

1), 2) 3 I J ., () J=[BA] J=[AB]

Az £(2)

Syfua 5.11:

: (1) 511, y=f(z) [a,b] B=f(b) A= f(a)

2) y=f(z) (a,b) limg—oyt f(z) = A limgp_ f(x) =B. a —oco b +o0.
A B,.
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z (a,b). ' !

A = limgr o f(z")
f@) < f@@) < f(@"),
(A, B).
, ¢ (AB), A<c<B. 416 f(z)<c a c<f(z) b. d (a,b) a fla)<c
b’ (C’"b) b C<f(b/)" y:f(w) [a/,b’],, ) € y:f(il?) [a/,b/],, (a’b)' (AvB)
y = f(=@).
y=f(z) (AB).
) y=f) l[ab) fla)=A limgy_ f(x) =B.
z [a,b), a<z<b, A<Lf(x)<B,, y=/f(z) [A, B).
, ¢ [A,B), fla)=A<c<B, b fa,b) b o< f(¥). f(a) <e< f(V) c
[av b/] I [av b). [A7 B) y = f(z).
y=/(z) [A,B).

x z, o' a<a < <z f@) < [fE) < flz),
f@),, A< flz). , 2 z<2/<b, 2/ z<2/<2’"<b

a < <
S b
fa) <limgn o,y f(a”) =B ,, f(z) < B. y=f(x) (4B),

y = f(=) (a,b]. ,
: (1) y=222+1 (1,3). (1,3) limg—14 (222 +1) = 3 lim, 3 (22%+1) =
19., wy=2224+1 (1,3) (3,19).
(2) Y= % (LJFOO)' (1,+OO) lirnac—>1+ % = +o00 limm—H-oo %ﬂ =1
y= i—ﬂ (1,400) (1,+00).
= log = +00). logs = My 10 log = = —00. +00
(3) y=logy [l,+00). logg =0 lim, i ologs [1,+00),
[17+OO) <—O0,0]
(4) y=tanhz = 2212:: (—00,400). lim, o tanhaz = —1 lim,_, o tanhz =
1 ) ) (_Ll)
(5) n-. n b>0 a>0 a™ =b.
Ly=a" [0,400) 0" =0 limy 400 2™ = +00. y=a" [0,+00)
[0,400). , b>0 [0,400), a>0 a™=b.
12, ., - - ., 12!

5.13 (1) y = px) = ag + @z + -+ + agn—12”""t (age—1 # O).
(—00, 400).

(2) y=p)=ay+ax+- -+ a,2" (ay, #0). ay, >0, , m,
[m, +00). ag, <0, , m, (—o0,m].

(1) agn—1 >0, limg_oop(z) =—00 limgsiop(z) =+00. ¢ 416 plz)<c —oo

c<p(x) +oo. a b pa) <c<p(b). ¢ . (=00,+00) y=p®),
(—00, +00).

azn—1 <0, limgz_oop(z) =400 limg—y4o0p(x) = —00 .
(2) a2n > 0. y=p(x), p0)=ap. limg_oop(x)= +00 limg_4o0p(x) = +o00,

4.16 a p(x)>a =z (—oo,a) b px)>ag (b+o0). y=plx) [ab], , m,
.y 0 a4, m<p0)=ao,, m<plx) z (—o0,a) z (b,+00). m y = p(x)
(—00, +00) [a, b].

., y = p(z) [m,4+00). , ¢ [m,40), m<c<4oo. m y=px), xo
p(zo) =m. 4.16, ¢ <limgy_s oo p(x), v c<pl). ¢ plxo) p) , c
[m, +00) y=p(x) [m,+o0).

agy < 0,

: (1) y=-22%+42*-323 —22+T72 -1 (—o00,+00)
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(2) y=at—4a3 +422 -7 y=2%(x—-2)2—-7. 2t —dad+42>-7> -7 =z,
, —7 r=0zx=2., -7 y=2a*—4x3 +42> -7, , [—7,+00).

1. ;

y=—2x3+2%—5x+6, y=at—22%+7, y=a%—32+322 - 1.

2. y=ag+ax+---+anz. apay <0, & p(g)=0.

3. O .

(i) y =sinz y = cos(bx) [-F,F].
(i) y:x_‘_% (=00, —1], [-1,0), (0,1] [1,+00).

(fi)y=€e*"4+z y= Hﬁ (=00, +00).

4. Y= %‘F%‘i’i‘i’% (*O0,0), (0’1)7 (132)7 (273) (3,+OO)

3 2 1 5 .
E+171+172+173_C’C ’

(: 1¢<0,¢>0 ¢=0.)

3

5.7

) y:f(x) Ia y 9 T I x_f_l(y) y J y:f(x) Ia
r=f"y) J 1. 512 y=fx) , , I J o, T
514 512, xz=f"Yy) J
5.14 (1) y= f(z) I =la,b] J=1[A,B], A= f(a), B=f(b).,
Xr = fﬁl(y) [A7 B] [av b}
(2) y=f(2) I J I( ), z=f"'y J L
(3) y=/f(x) I J I I( ), z=f"y)
J I.

(1), (2) (3) L. J ., () J=[B,A J=[AB]

(1) 512 y=f(x) [A,B] A=f(a) B=f(b),, z=f"14) [AB] [a, b].
z=f""y) 0 [ADB].

n [A,B] €=f"11n). A<n<B, ¢>0 z1,22 [a,b] E—e<m1 <E<aa<E+e
y1 = f(x1), y2 = f(z2) [A,B], y1 <n<y2. d=min{n—y,y2—n} T y |y—nl<é
N<n—6<y<n+d<uys, £—e<m=ftu)<f Ty <flyp)=z2<E+e,,
@) - il =1ty —él<e  z=f"1@)

n=A, E=f"1(n)=a, €>0 x2 [a,b] a<wz2<ate y2=f(x2) [A,B], A<ya.
b=y2—A T y A<y<A+d=y2 a=f1A)<f Ny <f'(yp)=22<ate,,
) = A =1y —al<e  z=f"1y) n=A

<
<
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: (1) y=2+uz (—o00, +00).

lim, s o (2® +2) = —00 lim, 1 oo(2® +2) = +o0, (=00, +00) —
y=az3+x . (—00,400) (=00, +00).
(2) y=—ze*+1 [0, +00).

—0e+1=1 limg . oo(—ze® +1) = —00, (=00, 1] (—o0,1]
[0, 4+00).

, . , —ze*+1=9y =

(1) . oy=e¢€" (=00, +00).

limg s e =0 limg o e® = 400, (0, +00) , x = logy,
(0,400) (=00, +00).
z=logy (0,400).,, ax=logy 5.14., limy o4 logy = —o0
limy_,yoology = +o0. ,, 5.14., z=logy (0,+00), limy 04 logy
limy o0 logy. ,,  (—00,+00), limy_,oqlogy = —o0 limy_, 4 logy = +oo.
(2) n-. (@) n y=a" (—00, +00).
lim, oo 2” = —00 limg s 0 ™ = +00, (=00, +00) T =y,

(=00, +00) (=00, +00).

r = 3y (—o0,400). xT =3y 5.14. , T =3y

(_OO7+OO)a hmy—>—oc {L/y hmy—>+oo {l/g [ (-OO,-'—OO),
limy o ¢/y = —00 limy o /Y = +o0.
(i) n. y=2a" [0, 4+00).

0" =0 limg_100 2™ = +00, 0,400) , z= Yy, [0, 4+00)
[0,400)., z= /4y [0,+00), V0=0 limyieo /Y. ,, [0,+00),
limy_,_,_oo {‘/g = +00.

3) . oo - . 5.14

(1) Hy = cosx 0,7m]. cos0=1 cosm=—1, 0,7] [-1,1].,, -

T = arccosy —1,1] [0, 7].

(i) Hy =sinz [-3,5) sin(=F%)=—1 sing =1, -3, 5  [-1,1].

-, = arcsiny [—1,1] -5, 5]

(i4i) Hy = tanzx (=5,5). limg, =, tanz = —o0 lim, ,z_ tanx = +oo,

( % %) (o0, +00). -, x =arctany (=00, 4+00)  (=%,%) s,
limy, , o arctany = —3 lim, ,,arctany = 7.

( Hy = cotx (0,7). limg oy cotx = 400 limg_,— cotx = —o0,

(0,71) (—o0,+00). ,, - x = arccoty (—o0, +00) (0,m). :

lim,_,_ arccoty =7 lim,_, . arccoty = 0.

4 ., - -, ) , - - 5.14 -

(i) y = coshz = % [0,400). cosh0 =1 lim,, o coshz = +o0,

[0,4+00) [1,+00). -, 1z = arccosh y, [1,400)  [0,+00).
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(it) y =sinhx = 62_2671 (=00, +00). limg_oosinhz = —oo lim, 4o sinhz =

+o0, (=00, +00) (—00,+00). -, = arcsinh y, (=00, +00)
(=00, +00).
x = arccosh y = log(z + Va2 — 1) x = arcsinh y = log(z + Va2 + 1)

3.11.

(i) y = tanhx = 2:12: (=00, +00). lim;— o tanhz = —1 lim, 4o tanhz =
1, (o0, +0) (—1,1). -, z=arctanhy, (—1,1) (=00, 400).
(iv) y = cothz = ifz:j (0, +00). limg_04 cothz = +o0 lim, 4o cothz =
1, (0,400) (1,+400).

, y=cothz (=00,0). limg o cothz = =1 lim,_,g— cothz = —oo,
(=00,0) (—o00,—1).

y = cothz (—00,0) U (0, +00) -- (—o0,—1) U (1,400). , -,

x = arccoth y, (=00, —1) U (1, +00) (—00,0) U (0, +00). x = arccoth y
(=00, —1) U (1, 400).
, x = arccoth y (—o0, —1) (—00,0) (1,400) (0, +00).
x = arccoth y (=00, =1) U (1, +00) (—o0,—-1) (1,+00).

1. , .
(i) y=a2+2z [0,1].
(i) y=5 (0,1].
(i) y = g [0, +00).
2.
(i) arctanh y = %logif—z y (=1,1).
(i) arccoth y = £ log z—i y (—o0,—1)U (1, +00).
x = arctanh y x = arccoth y
1 y+1
= 71 _—
z=log =
(—o0,—1)U(-1,1)U(1,400) (—00,400).
3.0 y=fz)==%z-1) (0,4c0).
y=flz) , (—oo,+00)  w=[f"y). [Ty - g =
Y (-OO,-’-OO
T = h(y) (70074»00)’ ) h(y) - ﬁ = Zy Y (70074»00)3
h(y) ="'y y (=00, +00).
y=fl@)=5@~-3) (-00,0)
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4. )y = f(x) = %(x—k%) (0, +00).
f(2)=fx) = (0,+00),,
y=f(z) [L,+00), [1,+00) z=gi(y) [Li+oo) [l +o0).
y=f(x) (0,1], [1,+o0)  z=ga(y) [L,+o0) (0,1].
9W+ g =2 =900+ 55 v L +oo)
z=hy) [L,+00) h(y)+ 4y =2y y [L+o0), h(y) =a(y) y
[1,400) h(y) =g2(y) v [1,+00).
y=f(z)=5(+3) (-0,0).
5.0 y=f(x) =23z
y=f(x) (00,1}, [-1,1] [L,+0c0)
y = fi(z),y = fo(z) y = fa(z) y= f(o) (=00, —1], [-1,1]
[1,400), .
y= fi(z), y= folx) y= fa(x) ;
r=g1(y), z=920y) z=93y) yv=r2),y=Llz) yv=[fs3(2),,
s e=g(y) =g, r=00) r=901), 9u)°-39y) =y vy
IFe=g(y) I :9y)?’-39(y)=y y I. I=[-2,+00), z=g
r=g3y). I=(-002, z=g@ z=a0y. .,I=][-2
r=g(y) I z=gq(y) =gy z=ug3y).
g3(y)
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Kepdiowo 6

. . ey . . . Fermat,
Rolle ( Lagrange Cauchy). , . . = , ., ,. I Hopital
6.1

(). - - y=fx) (a,b)
& f(€) ¢ (a;b) - 1= (& 1) ~ (z, f(x) =#¢
' o f(@) = 1(©)
r—£
o _ o fl) = f(©)
T T T

S(tl) S(tg) tl tg,
s(t2) — s(t1)
to —t1
. T , T T t. Tt T t T. ,
t —
7 = lim S( ) (T)
t—T t—T1




£y |=)
fro |-
Syfuo 6.1: I, l.
1.
(@) 0
@) O 0
6.2
L] - f(x) T S(t) t
y=[f() ¢ 13 (a,;b), a <&<b, (a, (&0) [§0)
(0,8).  lim, ¢ 2LO -y = f@) & & y=f(a)
/ d f(x) dy o fle) = F(©)
re  prg B oy L0
(&)  £oo, 3
Y= f(:C) § ) 5 .
(1) y=22 1 1 Z—;’ o1 = de‘z:l =lim, I_12 =lim,;(x+1) =2
@) y= V5 (cooto0) 0 R, = G| = i, =S~
limy 0 5=y = +00. , 0.

(31)2
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= lim

h:,ﬂf—f,

Gy

fE€+h) -
h

h—0

0., y=f(x) ¢ 0
, Ay =y—n= f(z)—f(&), :
§ #¢& - - o,
Ay = f(x) - f(&)  dy. ,

lim, ¢y f(ac; 2”(5), y = f(z)

df(z)
dx

dy
dx

= lim
P

s=¢+

x) —
r—§

a=¢+

f(@)=f(©)

T—¢ ) Yy = f((t)

limrﬁgi

df(x)
dx

dy
dx

r=£— T=£—

a,b) a<&<b. , y=f(v)
€., y=flx) ¢ ;

. dlz]
dx

&,
y = f(x)

L) =1
(1) vl
limg 041 =1,
1. 0.

2) y=/lz|
N

£

9
0

(—00, 400). = limg 04 =5 lzl=lof | | | — =limy o4 § =

d|$\

‘/E

=0+
|I| |0|

= limg,_,o_ = limg 40— =F = limg 0 (—1)

r=0—

d+/|z| |
dx =0+
V1zl=/10|
x—0

M

(=00, +00). :

. . 1
= hmm—>0+ = hmm—>0+ Vz

L — . 0.

—\V =T

= lim,_,o_ = lim,

‘ac =0— —0—

Vi,

0,
—/—x,
limx_)0+ ﬁ = 400

dy _
dz =0 +OO

<1
T sin =
4 = x ?
4) vy 0’
limg 04 sm
lim; o Smt, .

f(x)

+00,

z >0,
=0,
z <0,

dy
dx lz=0

dy
dzx

Vz—0

x—0

3) y= (—00, +00) ey = limaop

FO

= limx_m_ = +00.

= lim, 0 \/—71

inl—
zsin -—0

z—0

x #0,
=0,

=limy o sint ,,

0.

[€,0)
£,

dy

(—00, +00). o

=0+ - 11m.L—>0+

1_
zsin - —0

-0

dy T 1 . l _
o |m_07 =lim, 0 — = lim, o sin =

f@)—f(©) .

z—¢
(a. €] (&D),

(m) g(f)
(T) £
—£

(a,8),
y = f(z)
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limg e =[O ¢ g

T-V0 _

y =V [0, +00) 0 % =0 dd\f =0+ limg 04 \/;—0

. 1
lim, 04 7= +00.

£ y=f@ . £ 7O y= 1@
P ppw HE 0
L) 0

:'“/:27 y=ux, y:3x2_5$+37 y:\‘yg7 y:{)/}j

y=sinx, y=cosx, Yy =tanuz, 92{317 :c;O

y_{2m2, z <0, y:{—w—x, z <0,

-3z%, x>0, Vz, x>0,
1 0
0, x#0, VT, x>0, 5oz
Y= T y= y=140, z =0,
1, ==0, -1, =<0, 11—z, z<0
202+ 241, <0
2. = ’ -7 b 0.
Y {ax+b, x>0 ©

_ 2P +a+1, 2<0,
ax + b, x> 0.

3. y=g) (a,& y=nx) [§b)  g§) =hE) g (&) = M. (§).

=10 = {30 LEIZE ¢ FO=a© =1,

de €7 limo=o0.
drlz=¢ z-ex—§ a-¢
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de
— =0.
dx
y=x dz = lim Z=6 — lim 1=1 —
’ dx lz=¢ z—=€ p—¢ T . Y
dr
dx
n >2, y=2za"
dx™ 1
= n— > 9
dx n (n )
RS
do” = lim it = lim (2"t F a4 TR T
de le=¢  o-¢ x— o€
_ ngn—l’
limg ¢ grheh—1 = gn—kgk—1 — ¢n—1 "
dd—a;n:nx”_l’ nz2, n:l:%:lxo" %:17 x #0,
00
y:;[;’ﬂ n 0 y 5—0 0 y:xnngo’n_o’
Yy = 20 y=1 (—OO,O)U(O7 —i—oo)7 , 0201 (—O0,0)U 0, +OO) n <0,
m=—n, m  ££0
= am =lim——> =1lim-———"—
dv lo=¢ ame z—-§ am¢ 2§ zt Emam(x — §)
. mmfl +xm72£+“.+x§m72+§m71
= — lim
r—E€ é‘mxm
mgm—l o o
= e = ome =g
d n
CZ; =nz" ' (n <0,z #0).
n >3, y= 3z (=00, +00). (—00,0) U (0, +0)
d n 1 n
r_lym (n >3,2#0).
dx n x
0 38,y = limyso V=90 — lim, g v =+oo n—1, Van 1>
0 z#0. 0
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§40  y=vVr. n=73/%
dn n _n _
Vo = lim \/E:hm v
dr lz=¢ z—€ :L'ff y—on ym —
. 1
= lim
y—n yn—l +yn—2n+,,,+ynn—2+nn—l
_ 11 _1%E
I O R
n o, y=3¥Yr [0,400) (0, 400) ,
d Vx 1 Yz
f:f Ve (n ,x>0).
dx n
0 4o
y=2x% a y=a% (—o0,400) ( 0, a<0), a , [0,400) (
0, a<0), a
a >1 s
dax*® a—1 a <1 , T # 0,
dl' ar a >1 7':13207
a <1 , x> 0.
aa:%v m n t:W y:tm7>77:§a T:VE':
dx® . - A
= lim =
dr lz=¢ 22—tz — t—T th — T
. tmfl +tm727_+‘”+t7_m72+7_m71
= lim
tsr tn—l + tn—27— 4+ tTn—2 + 7—71—1
mr™m1 m _ m., . m—n 1
_ — :;Tm n:g<\/g> :aga )
d cosx . dsinz
= —sinx = Ccosx
dz ’ dz
d cosx cosx — cos& . —2sin%7551n f”;rg
=lim —— = lim
dxr r=£ z—E& !L‘—f r—E ,’E—f
sin =
= — lim 2 $+£——1- éhi:—sinf
z—E€ =< 2
2
b
d sin x . sinz — sin¢ y QSinszgcos“"T%
= lim =1
dr lz=¢ € a’;—f z—E x_f
sin 755 w4 £+¢
_ N 2 . S TS
_iling ot 008 =1-cos 5 cosé.




df:c3 d/r d <z d/x dzx
dr lz=1" dr le=—1" dz lz=0’ de le=—1’ do lz=1
d¥z dat dz? dxs dxt
dr lz=0’ dr lz=—2"  dx le=—1" dz lz=0’ dz lz=0’
dz? dr=3 dr=3
dr le=—3’ dr lz=—3’ dr lz=0"
2 0; —1;
L S F R T
de ’ de '’ dz ’ dr ’ de '’
dz’ da3 da3 dr—% dax=%
dr ’ dr ’ dr ’ de dx
3.
dsinz dsinx . dsinx d cos
e =1, e +smxf\/§, CcosT 7 —sinx e
4.
y=(sinz)?, y=(cosx)®, y=sin(2z), y=cos(Tz).
5.
6.4
Co & @f@) GO y=f@) € D b L (6FE)
y=1f) (&) . L[ 6) fL() = limg gy L1
) l+ ) - lJr ) ) ) ) l+ ) 0. (“) I+(€) = +o00,
N, D) (€)= -0, ler o, Uy <
lim, ey JE=HE :
< . y= f(l') (a’ ] € (a’ 5)’ ZL, (Ea f(g)) (ma (I))
z & (z,f(2) &rE) C y=1fl) €& ) lu- I



Y

L o

Syhuo 6.2:

Syuo 6.4:

(& f(9)

y = f(z)

(&, f(8))

f@)—f(&)
z—¢

(f) = lim$_,£_

/
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0. (i) fLO =400, L L () f) =00 L
DL dm f0of

y=J@) (@b, a<é<b . . y=f@) € )
b l (f’f(g)) 7 t 9 *

: (1) oy =]z (0,0). (0,0), 4l =1 . (0,0),

=0+
dl|x
Gl =1 .. (00

(2) Yy = \/m (070)' d}i/acm|x:0+ = +o0, (070)
4/le] =00,  (0,0) . (0,0).

dz ‘m:O—

x, 0<z,
3) y:{\_f\/jm 0ST (0,0). &), =+, (0,0) .,

|, =+, (0,0) o (0,0), ,, - x=0.
y=f(x) & &, (& f(8)-
y=vz (0,0 LE[  =+c0,  (0,0)

y:f(x) (aab)v a<&<b y:f($) g l (faf(g))

£3)
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y = f(&).

=0, £=0.
() @5&y=ﬁ %zg%@—®+é,£¢a z=0 £=0
(éagg) y=1—3§§(x—§)+§§, 57&97 yZO, EZO
(5753) y=x, I %5_5 = 17 52 \/%*7
L) 0 1 6.2
2. ;
(i) y=a>.
(i) y=a’
3 6.3.

4. be y=2>+br+c y=x (1,1).

5. y=ad  y=-3e+3; y=4e+3; o=4 y=1L
o _Jasind, z#£0,
6 y_ﬂ@_{q z =0
0 0.
le.x  (0,0) (z,f(x)) z—=0+. lp4 (0,0); loy—
(0,0) (z, f(x)) ©— 0—.
2 1
7 _ Ja*sing, z#0,
Y {Q z=0.
0 0 O
Clew b (00 @ f(@) 20+ 20—,
8. yt =23 (i) y oz . (i) =z, y=ai y=—zi
[0, +00) (0,0)
y2_x3 y (070)7
9. zy =a(a>0), - Y- (). T,y .
10. , 25 +y3 =a(a>0), a- Y- a?
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6.5

J= @) y=o) (@) a<E<h O sw@
(a,f)U(g,b), LR y=f(a:) y:g(x) (avg] [gab) :

6.1 y:f(x) y:g(x) (a7b) a<&<b (a7€] [fvb) 3

0, z =0,
(0,4<) 0., y=- (—00,+00) (—00,0) (—00,0) 0
(a,b) a<0<b Y= ) 0 0., 0

6.2 y=f(x) ¢ ¢ &, & ¢ § .

y="1@ & f©O . f@)="0HE0w-0+1©
i f(e) = tim L0 =IO i (o — )+ 19 = 1/(©)- 0+ £16) = 50

r—E€ r—E T €

y=f(z) &

: (1) 62 . y=lzl 0 O

||

(2) 62 ¢&. +H4oo —o0, y=f(x) ' f.yz{z’ z # 0, (=00, +00).
0, xz =0,
0 , limg, 04+ lzl hmgg_)o_,_ 1=1 limg,_,o_ |— = hmm_m (-1)=-1
0 0. 7d1‘m o0t —hmmﬁoer o = too L | hmzﬁo, = = 400, 0
%‘m 0 = +0o0.
) y = f(x) f 57 (f’ f(g)) 6 2 ) ) é- A :l:oo’
3 (0,0)
(f+9 @ =1 +d©&, (f-9'&)=1f 2 9'(€),
_9g

) (&)~ F(&)g' (&)
9(&)? )
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(F+9)(€) = i‘i‘}g (f(x)+g(x);:éf($)+g(f))
flx) = f&) | 9(z) —g(&

( x—¢& + z—¢& )

i T@ O L g@) - g(€)

=& +9©

= lim
r—E

(a)(©) = tim {290 = [©9(©

=& r—£&
F@) = FE) , o9 =9
(o0 HELE 02280

. g(@) —g()
+£(Q) lim = ¢

= lim
r—E

9lim g(z) lim 7]0(1:) — g(g)

—¢ z—E€ T —

g(€)f' (&) + f(&)g'(€).

() © = jm ®2—0

z—E z—¢&
i (LSO SO g —e))
g(z) =-¢ g(x)g(§) =—¢
o L S@) - £
e=Eg(x) ame ¢
1) lim ! lim M

9(6) ook g(x) st w—€

r—&

1 fO 1 9@ f (&) - F(E)d©)
B GH A GY G (0?2 ‘
(7 9 5)
Df — D
D(fg)=Df£Dg.  Difg)=gDf+ Dy D(1) =L T2
d(f(z) £g(x)) df(x)) , dglx) d(f(z)g(z)) d f(z) dg(z)
dx T dx + de dx =9(z) dzx + (=) dzx
d(55)  g(a) ) - fx)La@
de g(x)?
dlytz) dy | dz d(yz) dy dz d (g) B z% — yg—;
de  dr ~ dx’ dx Z%ijdx’ de 22 ’
z=g(x) y=g(z) y=f(z)




vy =c () (€) =0 (&) +cf'(§) = cf' (&)

d (apz” k _
(2) y=ao+az+---+ayz . (ara") _ g dat _ g k=1

d
—(a0+a1x+a2x2+"~+aNxN) =ay 4 2a02+ -+ Nayaz™V 1.

dz
(3) 2 2 3
d($;§f_§1) B (1‘3 +2)d(a: ;;x—l) o (3;‘2 +z— 1>d(a:dw+2)
dx B (23 +2)2
@ +2)2z+1) - (e + 2 —1)32%  —a* —22° 4327+ 4042
B (23 +2)2 B (23 + 2)2
(4)
dtanx 1 dcotx 1
dx (cosx)?’ de ~  (sinz)?’
dtanz cos g dSnL _ gip gl s _ (cosz)?+ (sinz)? 1
dx (cosx)? B (cosx)? ~ (cosx)?’
6.4 2= (g0 f)@) =g(f(x)) y=flo) z=9(y). y=/fla) ¢
z=g(y) n=1[), z=(gof)x)=g(f(x)) ¢

Z:Gy:{g“’;:z("), vy z=9@) y#n
g (), y=n.

2=Gy)  z=g(y). 2=GCy) 1 limy_y G(y) =limy—, L0920 = g/(3)) = G(n).
, Gly) gw)—gm)=Gy)y—-n v z2=49k), y=n,,
9(f(2) —9(f(&)) _ |, CGU@)(/ ()~ f(€)
£ ¢ z—§

= lim G(f(x)) lim 7]%%) —/(©)

r—E € r—&

GUENS () =Gf'(©) =g mf©),
lim, ¢ G(f(2)) = G(f(£)), 2=G(f(z)) &

lim
r—E€ T

D(go f)(§) = Dg(n)Df(€) = Dg(f(€))Df (&)
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dg(f@)| _dgy)| df@)| _dgly)|  df()
dzx =& dy y=n dz rz=£ dy y=r(&) dxr =&
by by dy_dy dy
drle=¢  dyly=ndxle=¢  dyly=r) dxle=¢
; z( &),
D(go f)(x) = Dg(f(z))Df(x)
dyg(f(z)) _ dg(y)‘ d f(x)
dx dy ly=f() dx
de_dsdy
de  dyly=f@)dx’
dg(f(z)) _ d df(x >z _ dzd d z _
|y:f(:v)’ g(dac( D ng” di) &= gjﬁ' ) Zﬁf’) ZZ z=4'),
Yo s z ( z),, y [f(2) T,
dg(f(z)) _dgly) df(z) dz _dzdy
dx dy dx ’ dr dydz’
(AR Yy f(l’) R %’ % %

: (1) z=sin(@®>+3) 2. y=22+3 z=siny. y=2a2+3 2 %;;;:2:

d(z2+3) o o I 2 _ d __ dsin o
dax |a;:2 - 2x|f”:2 724 z=siny 2°4+3 =7 £|y:7 - Zyy|y:7 -
o d sin(z*+3) _d _d d _
cosyly=r =cosT. —,—| =E| = £|y27£ g =408 T.
(2) z = sin(z? + 3). y=a>+3 2z = siny. y=a2%+3
2 . B 2
% - 7d(rdr+3) = 2 z = siny Z—Z = dZ‘;‘y = cosy. dsinl@+3) Smg; +3) % -
%|y=w2+3% = cosy’y=x2+32x = 2z cos(z? + 3).
. . d (si n
(3) z = (sinz)™. y=sinx z=qy" 7(51;;””) = % = % y:sinx% —
ny™ ! ‘y:sinm cosx = n(sinz)" ! cos .
y=Ff@) (ad) & (ad). O >0 s#e
(a,b) . /(&) =lim, ¢ {921 >0 4o, | y=f(z) , f(§ <0

—OQ.

B B [fab) (aag]a f@(g) f/f(f)

6.5 . y=fla) I &  y=f@,, J n=f¢& z=fy
Jooy=[f(x) & x=f"y)

. € >0,
, f1(€)
(f7) =10, F1(€) = +oo,
+oo, f(&)=




, 1N p—1
(51 o) = tim ) {] (n)

= ¢ = lim !
a=e f(2) = (&) eme LSO

e PO >0, 0 f(©) 400 e =0, LB=LE o poscliid

B 1 dx 1
’ -y df(@) Ay ly=ny 4y '
Df(€) dy  ly=n o ‘ng dy ly=n dxlng
1 1
' w) = . DY) = ;
U0 = F) DI ()
df 'y _ 1 dr 1
d T df(@) ’ d dy
Y da |m:f—1(y) 4 dr|r =)
df 'y _ dz df '(y) _ da e
s dy(y) = d{il(z) dy — % dy(y) dy z=f l(y)a
df(x) _ d
G~ T
df~-'(y) 1 dr 1
T df@ = dy o
BT g
x ) oy =4
.- y=2. ©
y=u
d W -1 W = n = n e
(1) dy ~— n y T = Y z \/g y=x,
dyg de 1 1 1y
T du  dy - n—1 -
dy dy ¢ _gy @ |$—W n oy
, , , ddz;zam“_l y =z a.,a=",m n
u= Yr y=az°=um
dz® dy dy du m—1 1 Yz
= oe— I — —_— mu Pp—
dx dr  dulu=vzdr =%z N T
= @(W)mﬂ@ = m (V)™ = qz® !
n x n x
(2) y =sinx 5,3l [-1,1]. , , x = arcsiny, [-1,1
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r = arcsiny. y = sing 4BZ — cosx = /1 — (sinx)? +o0.
cosx = £4/1 —(sinz)? + cosz>0 z [-F,F]
V1-y2=/1—(sinz)2 >0,

d arcsiny 1 1 1

= d " = = — .
dy illgm ‘z:arcsiny \% 1- (Sll’l 1.)2 |a:=arcsiny 1- y2

V1—y2=,/1-(sinz)2 =0, %;inyz—i—oo.

d arcsiny _ { 11_y2 , —l<y<l,
dy +o0, y = +1
X = arccosy, [-1,1] [0, 7]
1 _
darccosy:{ i l<y<l,
dy —00, Y = +1.
(3) y=tanx -5.%) (—00,400). , , x =arctany (—00, 400)
(-%.%) z = arctany. 4HART — 7((30811)2 0 +oo,
d arctany 1 1 _ 9
dy —d tanac| 7‘ - (COS $) ’x:arctany
dr  lz=arctany (cosz)? |z=arctany
_ 1 _ 1
1 + (tan ZL’)Q r=arctany a 1 —+ y2 ’
d arctany 1
dy — 1+4y*’
x = arccot y, (—o0,4+00)  (0,m).
darccoty 1
dy 14y
1.
9 342 23—z +4sinx .
Yy=x 73‘T+17x27_|_1, y:m, y:SIHertanx.
2.

y =sin(z"), y= (tanz)", y=tan(z"), y= V1+cosz,
~ (sinz)® —3(sinz)? 4 1
~ (sinz)2 +4sinz + 4

y = arctan(tanz), y = tan(arctanz).

, y=sin(arccosz), y = arcsin(cosz),
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=

_ xsin%, x #0,
Y7o, z=0.

0. (—00,0)U(0,+00).
Y= ?sinl, 2 #0,
0, z=0.
(=00, +00). (=00, +00);
e sin% , x#0,
@ v= { 0, z=0.
a  (=00,+00); (—00,+00);  (—00,+00);

z"t 1

v+t i 442t = -1 x4+ 222 + 323 + - + na®

x4 422 4+ 923 + - + n2a™.

r—1

y:fl(x)""vy:fn(‘r) § 0 € g(.’l?):fl(%)fn(l‘),
GO RO R
GGG

y=r(z) limzio0 % = 0;

. (a,b)  y=r(z) TI<$)=% x (a,b).
G .

y=f(z) f(x)>+4f(x)=23-522-b5x+21 =
2f(x)+4)f (x) =322 - 10z -5 =

y=f(z)=2>+32>+32+7 (—o0,+0o0).

y=f(x) (-o00,+00).
o= (Y ) = { J vEe
x=f"y),
( y=(r+1)>+6.)
K 78
K 1. ;
l v( ), ()
? = da? () () T,y
( z=z)y=ylt) Yy =4")



6.6

y=log,x, a>0,a#1, (0,400) (—o00,400).

dlog,z 1 1

= — > 0).
dx loga x (@ )
. t . t .
hmt_>+oo (1 + %) = €, hmt_>+oo (1 — t) = hmt_>+oo ﬁ =
. 1 _ 1 1
hmt—>+<>0 A+ 10+ 245) — el e
y=log, lim;, 1~ log, (1+ %)t =log,e = @ lim; 4o log, (1 -
%)t = loga % = 710ga6 = 710éa ‘
t=7.
. log,(x+h)—log, . 1 z+h 1 .. =z h
1 a a® _ fim -1 ( ):71 ) (1 7)
B0t h oo+ 8a x = ot 8a {1+ x
1 1 1 1\? 1 1
=~ lim tl (1 7): lim 1 (1 7): -,
Tioise Ba + t 2t e B0 + t loga x
, t=—%.
. log,(x+h)—log, = .1 z+h 1 .. =z h
1 a o? _ fim -1 ( )—171 (1 7)
hs0— h nso— b B\ g zhoo 0B Ut
1 1 1 1\t 1 1
=—— lim tlog, (1—7) =—— lim log, (1—7) = —.
T t—+oo t T t—+oo t loga z
dlog,z _ 1. log,(z+h)—log,x _ 1 1
T = limy g SRS =
dlogz 1
=— > 0).
dx T (z )
dloglz| 1

dx z (x #0)-

dl d log d 1 d log(—
(0,00) iglel = s — 1 (oo, 0) gkl = s L ()

8=




a>0,a#1, y=a" x=log,y,,
da® dy 1 1 .
dx:d?:dl’ T =a”loga.
dy ly=a= loga y ly=a*
a=1, y=1= 1% log 1 . ’
y=-e€e":
de®
de
, y=z* a .’ y=2za* [0,400), a>0, (0,4+00), a<0.
dxa—ax“_l a >1,z>0
dx a <1,xz>0.
x> 0. y = x¢ = elos(@") = paloge z=ualogz, y=2¢e*
dxa :@:dﬁ @: z gzealogzg:xagzaxafl
dx dx dz z=alogxdx z=alogxz X X ’
a <0, y=2a° 0. a 2<a<1’%z:ao:ahmmﬁo+x:%m_
lim, ,or 2% ' =400., a a>1, %}1:0 = lim, 0+ % = lim, o4 27 =
0=a0%"1.
1.
y = xlogx, yzlog’log|x|, y = log (63:”2+4—|—sin (af%)),
y = 212+1 10g3(SiD l‘), y=3" sin(log ) . y= sin (6”10g(z2+1)).
2.
. logzx .oet—1 ,ox*—1
lim , lim , lim
rx—1 xr — x—0 x z—1 1 — 1
1 1 a __ b a b
BT _ . im T T b imE=E —a,
z—1 2% — 1 a z—1 T — z—1 logx
T b ar _ ,bx tanh
lima =log —, lime ¢ =a—>, lim anh(az) =
x—0 €T z—0 €T z—0 x
3. y=f(x) y=g() (a,b), a<&<b f(x)>0 = (a,b).
& y=[f@@ ¢ ¢

y:xw y:($2+1)sina:, y:|$71|z72‘x72|m71'
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d cosh x . d sinh x

pra sinh x, Fra— cosh z,
d tanh x 1 d cothz 1
dr  (coshz)?’ dr ~  (sinhz)? (z #0)-
5. . _
d arccosh y _ { Jo1’ y > 1, d arcsinh y _ 1 ’
dy +oo,  y=1, dy Vi +1
d arctanh y 1 d arccoth y 1
= 1 = 1).
dy Tz W< i —p (W>1
6.7
z=z(t) y=yit) I t. C (z,y)=(z@),y) , t I, I
C
t o, (@y) = (2(u), y(u), (z,y) = (z(s),y(s))

: (1) z=z(t)=rt+X y=ylt)=pt+v t (—o0,+00), K, # 0. -

C. . s
t, C pux—rky=pr—rv. , (x,y) px—KYy=p\—~Kv , ,

Kk # 0, t:%x—% t r=kt+X y=put+v. C (z,y)
BT — KY = p\ — KV. w#0. ., pur—rKky =pA—kv L 1 K #DQ,
y=y(z) = Lo+ 2 0, z=a(y)=Sy+ B ££0 p A0,
, . k=0, , z=XA , . u=0, , y=v, , .,, C

, 1

ax + by = c,

a,b #0. k=-bpu=a \Nv pr—kv=c. , C z=zt)=rt+A
y=ylt)=pt+v L

t=0t=1 Ag=WN\v) Ai=k+\p+v) m:(ﬁ,u) -

t.
r=x(t) =krt+ X y=y(t) = pt+v , (z,y) = (kt+ X\, pt+v) =
(k, )t + (A, v). (K, 1) Av), (ko) (£=0)  (Aw).

t (—OO,+OO), ( y) = (Ht—’_)‘ pt + V)

(2) z=ua(t)=rocost+zo y=y(t) =rosint+yg t I=[to,to+ 2] 2m,
ro >0, (zo,%0) T0., (2,y) = (rocost+zo,rosint +yo)

(z—20)*+ (y — y0)> = 10°

[) ( ,y) ($*$0)2+(y7y0)2 = TOQ (Z,y) = (TO COSt+$Oer Sint+y0) t 1. )
x(t) =rocost+zo y=y(t) =rosint+yo (z —20)* + (y —y0)* = 70°.
, I . (x,y) = (rocost + xg, rosint + yo) .t < 2m,

t
(z,y) = (ro cost + xo,rosint + yo)
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(3) z=u=x(t)=rocost+xzg y=y(t) =posint+yo t I=[to,to+ 27| 2m,
Ko, o > 0, (0,%0) 2kKo 20 - (x,y) = (Ko cost+xo, pio sint+yo)

_ 2 _ 2
(l’ Io) 4 (y yo) -1
Ko Ho

x =x(t) = kgcost +xy y = posint + yo (M)Q—F(%)?:l.

t (z,y) = (kocost + xo, posint + yo) .t < 2,
(z,y) = (ko cost + g, po sint + yo)
(4) , y=f) I, (zy)=(/fl) « I, ., z=t y=[f(t)
t .
v=gy) I z=g@t) y=t t I
I. x=z(t),y=y(t) z=2z(t) I t, (x,y,2) = (x(t),y(t), 2(t))
t I, .
: () z=z(t)=rwt+Ny=ylt)=ut+v z=z()=pt+o t (—o0,+00),
Ko, p # 0, : » (2,y,2) = (8,1, Pt + (A v, 0), (%, 11, p)
(t=0) (\v,o0)
(2) = ==x(t) = rocost +xo, y = y(t) = rosint +yo 2z = 2(t) = 2t 425 ¢
(=00, +00), 179 >0 ho > 0, <, .t 21 , (z,y) =
(ro cost + xg, 7o sint + o) TYy- (®o,y0) T0,, % ho — -
5 (l‘,y,Z) ) To l Y- ($079070)~
7 x:ac(tj y=yit) I t.,, (z(r),y(r)) T I. T4+h I, h
(x(t+h),y(r+ h))
x:x(t):x(T—’—h})l_x( V¢ = 7) + 2(r),
y=y) = LDy,
h 0, (@(m),y(7))s

(z(t),yt) t=1,, : r =) = 2(1)(t - 7) + 2(7)
y=yt) =y ()t —71)+y(r) (7)Y (1) #0., w=ua(r),y=y(r)
I t >T, T I, <7, 7T
r=2a(t),y=y(t) z2==20) I t (z(7),y(1), 2(7))



z=ua(t) =2 (7)(t —7) + x(7),
y=y) =y'(1){t =7)+y(1),
z=2z({t)=2'(1)(t —7) + 2(7).
(@'(7),y'(7), (7))
(x(t),y(t),2()) t=r7 (1), 9 (1), 2'(1)  #0
: (1) z=uxz(t) =tcost,y =y(t) =sint t (—oo,+0) (z(0),y(0)) =
(0,00 z=2'0)(t—-0)4+z0) =t y=y0)(t—-0)+y0) =t ()
y=u. (#'(0),'(0)) = (1, 1).
() w=alt) =t y=ylt) =P, 5= t) = £ t (~00,+0)
(z(1),y(1),2(1)) = (1, 1,1) w=a'()(t-1)+z(1) =t,y =y ()(t=1)+y(1) =
20—1,2=2'(1)(t - 1)+ 2(1) = 3t — 2. ('(1),y'(1),2'(1)) = (1,2,3)
@) y=fl)@ ) x=ty=f[f)tL
(& f(8) y=[r ()= =&+ f(§) z (—o0,+00).
r=1-=&+& y=[f(E—-&+f(§) t (—oo,+00). z=t
y ==+ [f(&) t (o0, +00), t, y=[f()(x—E+f(§) z (o0, +00)
1.
2.
3 0 x = xz(t) = rocost + xg, y = y(t) = rosint + yo

X
z:z(t):g—;t—kzo t (—o0,+00), ro >0 hg>0.

4. O x = z(t) = rotcost + zg, y = y(t) = rotsint + yo
t (—0074-00)7 rg >0 hg > 0.

r=vVt’+a? y=t t (—o0,+0) x = —Vt? +a?

x = z(t) = acosht y = y(t) = asinht ¢  (—o0,+0)
x =2x(t) = —acosht y=y(t) =asinht ¢ (—00, +00).

6. (z,y)
xy = b,
b #0, r=at)=t y=ylt)=L az=z@)=L y=tt
(0, +00) t (—o0,0)
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7. 2?2 —y? =a%(a > 0) zy=>b(b#0) ,

8. w=a(l) =t y=y(t)=t* t (~oo,400),, C (£1).

c (0,0)
, z=a(s)=s y=y(s) =s% s (—o00,+00).
C (0,0);

6.8

y=f(x) (a7b) 3 (a"b)' 3 y:f(ﬂf) (Cvd)’ s & f(x)gf(g)
z (c,d). y=flz) [§b)  (a,8), &  y=flz) [§d) [f(z)<[f(E)
ﬂ(ﬂ[éﬁ],d)-, y=/f) (a8 (D), ¢ (¢l fl@) < f(E) =

e y=J F@) = 1) 1@ < 1©)

;€ y=f(z) £ 3

£ y=/fl)

) ) ()7 c Y () ) *

y=1rfx) € () (&) ’s (&, f(8))-
: (1) 0 y=1+2%(x+1), 01 1+2%(x+1)>1 x (—1,400) O.
0 0, <1l , -2 =3<1,, limpy o(1+2%(z+1))=—cc.

(2) 0 y=az—yz [0,4), 00 z—yz<0 [0,1). 0 (), >0
(3) : :

y:{xsini, z >0,

0, z =0,
[0, 4+00).
6,78 310, 78 48 23 55 62 67 64 34
5 6.5
0, limm_>o+zsin%:0. x:ﬁ(nez,nz()) xsin%:x>0
m:%(nez,nzm xsin%:—x<0. n o, 0., [0,d),

6.1 Fermat. y=f(z) (ab) € (ab). & y=f(),
(i) y=Ff@) &

(i) y=fla) € f&)=0.

& y=f®@. (cd) (a,d) €& f(z)<f(E) = (cd). (4)s 1'(€). N3]
L) e - +oo.

v (gd) KL <o () = £L0) =limp gy TELED <0 @ (09
IO L& >0 p1(e) = f(8) =limpe L2=LE >0, ) =0,, ().
&, , 20 <0.
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Yyhuo 6.6:  Fermat.

Fermat . y = f(z) £ & y=f(v), (& f(6)
07
: (1) 0 () Yy = |3;‘| (—OO,-i—OO), 0.
20 () y=22, (-oo,4c0), 0,, L =2 =0
Fermat
O

y=225 — 922+ 12045 [0,4] y= @0 H00) G2 gy 4 10—

-G(Ifl)(fo), 0,4 04 12 . 5,37,10 9, .
[0, 4], : ., 0 (5 4 (37 12
[0,2] , . 0,1 2- . 5 10 9, 1 [0,2] ,,
[0, 4].
. 1,2 410,937, 2 [1,4,, [0,4].
Fermat
6.6 (1) y=/f(x) [b) £ y= f(z).

(i) fir6),
(1) fL(&) fL€) <0 fi(§)>0,.
E?) y=f(x) (a,§ ¢ y = f(x).
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(@) [ fL(=0 fL(§)<0,.

() ¢ y=flx). §d) fl@)<fE) = [€4d). @), ). %go
z (&d),, fi(&) =limgy yeq % <o.

1 @

, fL) <0 fi(6) >0, fi() =—00 fiL(§) =+oo,. fL(E).
(1) y=x [0,2] 0 0,, 1>0. 2 2 1>0.
(2) y=+= [0,2] 0O 0,, +oo0>0.
6.2 Rolle. y=f(x) [ab  (ab). fla)=f0), ¢ (ab)
f'(§)=0

fa)=£0v)
Yyhua 6.7 Rolle.

O y=1@ ¥ f@=I0) 0 (ab)

y=f(z) a0, (@) > f(a)=f(b) (i) < f(a)=f(b). .
(”) - 6 [(l,b}, y:f(x) f(a‘):f(b)7 f(é) >f(a):f(b) L] 5 ((l,b).
, y=f(x) &, Fermat, f(§)=0.
(“Z) - 5 [a>b]7 Y= f(:l?) < f(a) = f(b)7 f(g) < f(a) = f(b) [} 6 ((l, b)
v y=f(x) &, Fermat, f'(§)=0.

¢ (a,b) f(§) =0.

y=a>+222-3x -5 [-2,V3], (=2,V3) L€ (=2,V3),
y=32+4r-3 0. ¢ 302+4r-3=0 2B (=2,/3).
Rolle & fle=o.
y=f(z) Rolle (a,b), € (a,b) f'(§) =0.
Y= ‘I‘l [_171] 1. ; f (_17 1) 0.
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Rolle +oo —o0  (a,b).

sy =13 — 13 ég:%x_%—%x%,x#o,%:—l—oo,a::O. 0 [-1,1]
0 %
6.3 (Lagrange). y= f(z) [a,b] (a,b). & (a,b)
f) = fla) _
V=1 _ e,
feo) |
faly

Yy o 6.8:

¢ y=h) = (b-a)f(2) - (f() - f(a)z [a,b]  (a,b). , h(a) =hb). € (a,b)
W(€)=0. (b—a)f'(€) — (f(b) — f(a)) =0, , LO=L@ — prey,

Rolle  6.3., f(a)=f(b), 63 ¢ (a,b) f/(¢) =L@ _q

63 Rolle. 6.3  Rolle. . e
y=f(z) 63, {0-S (a,f(a)) (b, f(b)., 6.3 ,
Yy = f($> [a7 b] (a’7 b)’ (5’ f(g)) ) (a’ f(CL)) (b7 f(b)>
y=a35 [-1,1] (-1L,1). 0 +4oo a#£0 Lz73. € (-1,1)
R I L
6.4 (Cauchy). y=f(z) y=g(x) [a,b] (a,b) (i) g(a)# g(b)




: y=h(@) = (90)—g(@)f(@) ~ (F®)— f@)g(@)  [a,b] (ab). , h{a) =h(). £ (a,b)
R(€) = 0. (g(b)—g(a)) [ (€)= (F(B) = F(@))g'(€) = 0., , (9(b) —9(@))F'(€) = (F(b) — f(a))g' (&)
gla) # g(v), LP=EEg©) = f'©. d© =0 f© =0 . g© #0,

fO)—f(a) _ f/(€)
g(b)—g(a) — g'(&) ~

m m m—1
0<a<b, mmn £a<é<bh b=or _mt = mgm—n,

bn—aqn né:n—l
6.4 Rolle. , 6.3 64., y=glx)=2 64, 6.3., Rolle
6.3. ,,
1. 0 ;
_ xsin%, x <0, _ ;Uzsin%, z > 0,
0, =0, 0, z =0,
Y= z(l+sind), z>0, Y= 2*(—1+4sind), z>0,
0, x =0, 0, x=0.
0.
(: )
2. a<b ¢
(i) a < &< b smb=sing _ ¢o5¢,
(i) a<€<b b“;f‘% =eScosé.
eb_ea
(”Z) a < € <b arctan b—arctana (]‘ + 62)66 :
3. 2d-12z=c [—2,2]; (—o0,—2]; [2,+00);
4. y=2-—2a3 11 -1 ¢ (-1,1) :
5. Rolle , n n .

6. y=(x+4)(x+1)(z—2)(z—3)

o <ag < ...<ay y=(x—a)lx—az) - (x—a, mn-1
Alyee.yQp .
)

7. z?=gzxsinz +cosr . 0.

8. er =1; e*=1+4u; em:1+x+w—;; : em:1+%+§+~~+%;
(: )
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10.

11.

12.

13.

14.

15.

16.

17.

18.

y=[f(z) [L4], f(1)=-T7 f(z)=3 = (1,4)

Fa =1 f4)>2

p=2 y=f(z) f4) =p
( y=f@) =ar+b )

y = f(x) I I yi Y2 d, w1 w2 I f(z) =w
fx2) = 1.
@) |f(x))>m>0 z I, x1 Ty =
(@) |f'(x))<m< 400 x I x] Xy =

y=f() I flle)#0 a1

y=f(x) - L
© oy = f2) y = g(@) I f(x)g'(x) = fl(x)g(z) #0 x I

y=f(x) Ja,b] a, b.

fi(a) <0 < f2(b), y=f(z) la,b]( - ) (ab).
fi(a) > 0> fr(b);
) Darboux. y= f(z) [a,b] fi(a) <c<f.(b) fi(a)>c> f (b).
£ (a,b) fl(§=c
(: y=yg() = f(z) - cz.)
<y ab],, 7.

y=/f(®) [E-h&+h (E-h&UI(EE+N).
(1) ¢ (0,h) HEREIER = fr(¢ 0+ f1(€ 0.
(i6) ¢ (0,h) HERZZREARIEER = /(¢ 4 () — /(¢ Q).

Oy =fla) (0,+00) If(@)) <5 >0, limesioo(f(e+v2) -

x>0 [z, 2+ z] )
() y=f(z) (0,400) limysico f'(z) =0, limyyoo(f(z+1)—f(z)) =

(:e>0 limgyioo f'(z)=0., =z [z,2+1] |f(z+1)—f(z)| <€)
G0y =flz) 60) (&b).  limges f(@), f@)
(: €e>0 limgey fl(2)=n. = & €, ] %ﬁ_(g) —n| <e)

y=[f() (0 (a,§). limg e f(2), f2(8)
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6.9

6.7 y=f(x) I.

(1) y=fx) I  fllz)=0 =z I.

2) y=flx) I  fl(z)>0 z= .

B) y=fx) I f(x)<0 =z I.

(1) y=f(z) , fllx)=0 = I. =z z2 I 71 <m2( . y=f(x)

[er,22]  (ey,@2). € (wime),, € 1, RSB — pre) — 00 f(a) = f(z2).
y=fl@) , y=fx) I

2) y=f@ I, 65 f@>0 « ., f(&)>0
wi<wy € (vwe),, € [, LB _ >0 f@
(3) (2)-

T . (1), =z z2 I
)Sf(xQ)vvy:f(x) I

6.7. s PR
6.7.
6.8 y=f(2) 1.
1 fl@)>0 = , y=flx) I
2) fl@)<0 =z , y=fx) I
6.7.
6.7 6.8 f'(z)>0 f'(z)>0 () =4o00., fl(z)<0 fl(z)<0
f'(z) = —o0. 6.9
(1) (2) 68 y=f(z) , , fl@)=0 x 1. y=f(x)

6.7 6.8 ,
: (1) y:% ,  (—00,0)U(0, +00), (=00,0)U(0,400). —1 (—00,0)
1 (0,4+00).
2) y=3 -m <0 , (-00,0)U(0,+00), (—00,0) U (0, +00).
(—00,0) (0, +00)

6.9 y:f(l') (avb)z (C,d) (aab) 3 (Cvd)'
D20 @ (06 f2)<0 o (¢
0 z (¢,§) fl(2)=0 x (¢

; (1) Y= f(x) (Ca 5] [";:7 d)7 f(g) (C7 d)
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y = f(x)
( ) 517527"'7£n
O
@ O -
> (ZZ) é.k -
(éid) &k -
) i
r i
1 : ' 1
: ! b ! !
i;@oi f'co 1 150 1 150 £<o ;
P U S M, P
Syuo 6.9:
y:f(m) 51,627"'761@'

(1) 68, y=223-922+122+5 [0,4] y=622—182+12 = 6(x—1)(z—2)
(0,4).  (0,1) (2,4) (1,2). [0,1] [2,4] [1,2],, 0 2 L4 .
(2) y=al(w—1)' (—o0,+00) LEEDD — gyd(y —1)" + 4w — 1)% =
8z3(x—1)*(z—1%).  (0,3) (1,400) (—00,0) (3,1). [0,3] [1,+00
(—=00,0] [5,1]., 0 1 : 010, 0<a*(z—1)* 2,01 . %
, 735, limgieo zt(z — 1)* = +o0
) y=z+1 (-00,0) (0,400). @+l =1-2% (=00, —1)
(17+OO) (71,0) (071) (700,7].] [1,+OO) [*130 (Oa ]-] ) -1 1
., -1 (—00,0) 1 (0, 4+00).

(4) y = |sinz| [0, 27] y =sinz (0,m) y = —sinz (m27). ,
dsine — cosz (0, ) d<—(;£”> = —cosz (m,27) 0,2) (%) (%,7)
(3, 2m) 0.5 %[5 B2, 0,7 2r  § ¥

07 b 17
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. d|sinz| T |sinz|—|sin0] _ q. sinz—sin0 __
o O 2m 0 g = ime o o mg = me o SR =
_ . d|sinz| T | sinz|—|sin(27)| __ —sinz+sin(27) _
cos0=1. 2m =2~ o = limg_yor_ e limg o — =
. sinz—sin(2w) _ _ . d]|sinz| T
— hmm*}2ﬂ-7 T Yw—ox COS(27T) = —1. , oLl T dz r=nt hmxi)ﬂ—Jr
: —sinz4sinT  __ : sinz—sinm __ _ d|sinz| _
limgypy =08 = —limgqy S=08E = —cosm = 1 == =
. |sinz|—|sinw| _ 1. sing—sinm __ —
hmx_)ﬂ—_ = hmx_,ﬂ_ = a—r cosm = —1.
b
6.7 6.8.
: (1) deose — _ging 4SBT — o5y (cosx)? + (sinz)? =1 .
d s )2 in )2 . .
dlcose) +6in2)7) — _9eosgsine + 2sinzcosz =0 z (—o0,+00). 6.7

y = (cosx)Q—gf-(sinav)2 (—00,+00), ¢ (cosz)?+(sinz)?=c x (—o0,+00).
¢, x :c=(cos0)?+ (sin0)? = 1.

(2)

z ()

oy=fle)y=e"—2x -1 (=00,400). f(0)=0 " x>0. ¢ (0,z)
ool  JWO ) =ef —1. €50, €-1>0,,¢" —x—1>0.

T x—0
., x <0, ¢ (z,0) em—f‘lzﬂﬁié(o):f’(£)=65—1- £ <0,
ef—1<0,, e—x—1>0.

., x#0 e*>z4+1 z=0,, 2=0+1.
) .o y=fle)=e"—ax-1 fllx)=e*"—-1 >0 >0 <0 z<O0.
[0,400)  (=00,0]. f(x)>f(0)=0 =z#£0.

(3) costl—% x.

y:f(sc):cosac—l—i—%2 (—00,400). f(0)=0 z#0. & (0,2)
(2,0) 2T _ J@SO) _ pre) = ¢ —sin€. 2>0, £€>0,,&>siné.

, <0, £<m0,,£<si:1§. cosx>1f””—22.
. y:f(x):cosx—l—i—% fl(x)=2z—sinz >0 (0,400) <0 (—00,0).
[0,400) (=00,0],, f(z)> f(0)=0 =z#0.

1.
2
5 3 5 x?—2x+3 N3
= — —]_7 = _].5 72 77 == 9 = )
ymom = vk Yoy aw+s YT r+4
9 ) sin(3x) )
y=ae”®, y=sinr-—cosz, y=—o— —cosz, y =2 +sinz,
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10.

1
y=ax+|sinz|, y= 08T .y =lzle”* 1,y = arctan z—log(1+2?).
x

() 1+ 5% (0,+00).

(x%) Tr—x sml x # 0,
0, xz = 0.

d:c = O:1
a>0, , (fa,a).

i)y =(x—1ll [-1,3].
i) y = |2% — 32 + 2| [ 3,10].

(
(
(138) y :M [1,3].
) y=o+1 [3,3]
(v) y=e€"sinz [0,27].

a>0 y=alogx +2a—2x (0,+00)
a1 < ag < - - < Ap-1<Qap.

y=(r—a)*+- -+ (z —an)?, y=lr—ai|+- -+ —a|
y = f(z) Holder- £ Holder- >1 ( 7 5.1). f'(§)=0.

) f(xe) = f(21)| € Mlag —21|P 21,20 I y = f(r) Holder- I
Holder- p. p=1, y= f(x) Lipschitz- I.

,p>1 y=fx) I

5y:f(:c) (a,0),a <& <b /() >0. [flz)>[f(&) &  flx) <[
- f(§ 416

3.

& y=flz);

f1(€) <0;
&)y = f(x) I fl(x)#£0 = I. 11 y=f(x) - 1.

1 y=flx) L

: : 8 55 Fermat , xy,23 I 7 < x3 y = f(z)
[z1,73] @1,23.  wi,@,73 1 ox <@g < w3 f(21) < f12) < f23)
fla1) > f(x2) > flas). = (2) )

2 flz)>0 =2 I flr)<0 =z I

@) . : ab Ia<bd flla)<0<fi(b) f'(a)>0>f'(b), 13
14 )
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1. . 1 M=(xoyw) . M 1 M 1 dI).

d(M,1) = |k — |-

d(M,l) _ ‘M$0+ny0| .

VT
ax + by = c, a,b #0,
azxo+ by — ¢
d(M,1) = |°a2\/%| .
12. l . ;
13. A dy Ay do . () vy )
Az

14. h .

1. %W:o y (—1,1).

s

2 14, arccosytarcsiny=75 y [—1,1].

d (arctan z+arctan L)
2. o 2 =0 x#0.

s

arctanx + arctan% =Z x>0 arctanx + arctan% = —

2
6.7 y=arctanz + arctan%

)
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10.

11.

12.

13.
14.

15.

2
T > 2w+ -

eI <l4+x z>-1.

3
x>arctanx>xf%

[a, 0]

0<x<y<+oo.

(i) a>1, ax* ! < y;i

(i) 0<a<l, ay*' <L =3

r<y a

O<x<y.

0<z<y {5z <arctany—arctanz <

€

>0,a#1.

o
T
R ETE

(a,

x (a,b),

—x

b).

» 2 1
<2x—|—i+% z (0,5]

x> 0.

y=fx) y=9(x) (a,b) a<0<b
z (a,b) f(0)=0 ¢(0)=1
f@?+g@)?=1 =z (a,b).

fla) + p(z —a) < f(z)

f) + p(z —b) < f(z)

a<ay

a”loga <

e:E

1 1
5 < g=zlog(¥) <

>1+=

sinz >

a
< ax

1
il

X

T

1
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a—1

a—a

.’E2

2!

x
3

a—1

< a¥loga.

)

1-',-902 '

er >1+

sinz <

1!

1!

2

3

3!

'+—+
£L‘3 135
T

<SfO) +uz—b)

<fla)+p(x—a) =



332 .132 .134 2 4 6

cosle—a, cosmgl—a—i—ﬂ, costl—%—F%—%
x.
16. %) ay,... a4, > 0.
Cauchy.
ay+---+an

(: )
. m:w ar=...=an.

17. a1, oy Gn, b1, o b b1y ooty >0 4+ +pup =1, 0<t <1
a,b>0.

Young.
a7t < (1 —t)a +tb
a=b.
(=2 y=z'—tz+t (0,+00).)
() Hélder.

all—tblt 4+ anl_tbnt < (a1 + -+ an)l_t(bl +- 4+ bn)t

o

aﬁsz kaA:a1+"'+an B=b+--+by.

(: Young %7% J)

(: 0<z<az', Holder pg,prap® t=2%. z<2/<0xz<0<2’ )

x!

() hma:—>0(/’61alm + -+ /’Lnanm)% = al“1 o an“n .

% IOg (H1a1m+”.+u"a"1) N1a11+"'+/"'rzanz_l )

prar®+tppan®—1 z

(: log(pr1a1® + -+ 4 ppay®)= =
(*)

’ 1
=7

E

1 ’
(H1a1” + -+ pnan®)* <ar" - ap < (par® A+ F ppay”

x, ¢ x<0<a. Cauchy
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y = f(x) & y=Ff@, g, lim, e OO,
y=[f(z) ¢
d* f(x) d*y f'(@) — f'(§)
" D2 - J — 1 .
re g S| Ly - [0
£ Foo & y=f=) [0 (a¢],, £
) )9 n- (n - 1)' . f(l) f(z) fm f(d) )
n_ -

d" f(z) d"y

(n) D" -9

) f(&) Qo loce  donlee
y 5 - Y= f(-T) £
D (a) — f-De)
() (€) — Tim
FAE) = Iy -
(n—1)- +oo 13

. y=f0%) y=f(2)

: (1) n, y=a" ddi; =na" 1, d;Tz; =n(n—1)z""2, d;;; =n(n—1)(n—
2)a"n3 ... ,%:n(n—l)nﬂx d;a:fﬁ =nn-1)---2-1. n- , 0,
T e,
(2) a 0, y=a2a° %zam“_l,%za(a—l)x“”,%za(a—l)(a—
2)z%3 . m d;;;f:a(a—1)~-(a—m+1)wa_m. x 0,, 0.
(3) a>0,a 7é 1, y =a" % = axlogaa d;ma; = az(loga)Z 5y d;;gf =
a®(loga)™ m.

y=e" d;;ff =e* m.
(4) y =sing dsnz Zi;‘w = cosz, deiié”J = —sinx, dgdii?ik: —cosz, d4diif”3 =
sin z. «»: sinz, cosz, —sinz, —cosz. % = (=1)*sinz
dz;;% = (—=1)k1tcosz k.

, Yy = CoST d(élc;sér — —Sinx7 deCxC;SI = —cosz, d® Cé){m — Sinl‘, d4d(;os:c —
CoS . «»: cosx, —sinx, —cosz, sinx. ddzc;,’fm = (=1)*cosx
dz;;% = (-1)Fsinz k.

6.10 . y=f(z) (ab), & (ab) y=flx) ¢
(1) f(§) =0 f"(§)>0, & y=[f(x)
(2) f'(€)=0 f"(§) <0, & y=[f(z)



C) SO =0 F1(€) > 0. (€)= lim,_e L@=LEO

)= (@) u(ep) L@ 5
v @) >EO=0 2 () f@)<fE=0

T (a7 6) Y= f(%‘) [£7 b) (av 6]7

(a,€] &), &
2.
(1) y=a® =2 g == G =0 Rl =2>0
0
(2) . y=o' fode® fE o8 g2 4 —0 L2~
.0
y=fl@) I x5 w3 I 21 <z [21, %3] (1, f(21))
(x2, f(x2)). , y=flx) I a1 22 I x1 <2 (21, 22] (z1, f(z1))
(z2, f(z2))-
Fox
oo - oo oo
i ﬁlx,) -
x> !
| |
X Xa
Yyfua 6.10:
l (3917f(1'1)) (x27f(x2))
Y= f(fxzz :iffﬂl)(;p —x1) + f(z1).
z [z, 7, (@, f(z)) vy = [f(z) (1, f(21)) (22, f(x2))
(z, f(z)) (z,y) 1,
f(z) < W(:@_zl) + f(x1).
2 — 1
ooy =fl@) I w1 w1 x1<z2 T [71,79]
; y=f(x) I x x2 I x1<wm2 1 [21,70]
f@ 2 1T ¢ g g,
2 — 21
. t [0,1] 2= (1-ta +tee x 2. , x
Ty X2 t [0, 1] r = (1 - t).’L‘l + txs. t, t = ;2__'1;11, [0, 1]. y
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A = t)ar +twg) < (fw2) = flz1))t + fla1) = (1= ) f(21) + tf(z2)

y=f(x) I x zy x1<uo

f(A=t)ay +txs) < (1 —t)f(zr) +tf(ze)  (0<E <),

F((U =)y + twg) > (1 —t) f (1) + tf(22)
f((l — t)l‘l + tIg) S (1 — t)f(.Il) —|—tf(132) , 1 = T2, sy e
: (1) y=px+v (=00, 400). : u((l—t)zy +tzs)+v=(1—t)(pz1+v)+
t(uzs +v).

(2) y=22 (~ —|—oo). , 2mxe < 2343 (1—t)zy +tae)? = (1—1)%22 +
2t(1 — t)rrze + 223 < (1 — t)%2? + t(1 — t) (23 + 23) + t?23 = (1 — t)2? + ta3.

(3) y=lz[ (—00,+00). : [(I-t)a1+tzs| < |[(I—t)z1|+[tws| = (1—t)|z1[+|z2].
6.11 y=f(x) I 1
(1) y=f(=) I
(2) y=f(=) I
SyAuo 6.11:

: (1) y = f(z) I. 1 xo I x1 < 22 fl(z1) < fl(z2). T x1 X9
f@) < LE22@) (= 2y) + f(an). feofm) < Jea)o ggm : & =zt
Play) < LE0=iG0  fetE) ¢ f@ ) fE)fE) o )
o f(zn) < ff(z2).

ooz we I() m1<z2 z€(x1,22). [r1,2]  (71,%), & € (z1,2)
e, o) pr). & € (zmp) [T — pr(g). (@) < (&),
[ fe) < e Jo) - pa) < LT ED @2+ (1) @ (a1,02) z=m
T = x2, I.
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x , = 2z, 0<z=x

. 6.12,

6.11 y= f(z) ly (z, f(x). 1, f'(x). 6.11
y—f(x) y T lz 7y—f(x) s Ty
6.12 y=f(z) I I
) y=fl@) I fx)=0 = L
2) y=fl@ I [f'(x)<0 z I
(1) y=al@—1)(x—2) % =32—62+2 L4 —62—6. (—o0,1) 4 <0
(ool (Ldoo) G >0, [Leo).
(2 n , y=a" (-o0,+0). n , y=a" (—o00,0] [0,+00)

I L d;;z =nn—-1)2"2>0 x, n |, d;;;n:n(n_l)x"—2>0
e>0 L2 —pn-12"2<0 2<0
3) y=a* (0,400), a<0 a>1, (0,400), 0<a<1 d> o
ala —1)x*=2 ala —1).
(4) y=a* (—o00,+00) a>0 d;“;:a"’”(loga)2>0 x
(5) y=log,z (0,400), a>1, (0,400), 0<a<l. d ;;%“z —#béa
~Toga

y=flz) (b)) & (ab). y=f(z) £ y=fl=) ¢
&) y=r -+ [, [fl@)z[fE-+fE = (¢f
f@) < f'@e=8+f(&) = [5d),, f@)<f(@-+fE) = (¢
f@) 2 @@=+ 1) = [&d), & y=/[fl2), f'€) 4o
—o0 & y=f(2)

§ y=/f(z) (& f(8) (&, f(8)) (& f(8)

6.13 & y=/f(x) & @) .

6.13 y=f(z) (a,0), & (a,0) y=flx) & y=flx) (c. €]
g 6d), & .

) (ed [Ed. 611, (cg, LELE <) o (e8], [6d),
L@@ < p1(e) @ [6,d). f(2) 2 f(€)@—O)+FE) z (¢, fl@) < F(E)@—E)+F(E)

6.14 = f(z) (a,b), & (a;0) y=f(x) &
ffle) <0z (§d),, f'@)<0 = (¢8) [f'(z)
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fi3)

f'i) %

Yyhua 6.12: = f(£) .

// £

LA - -

ﬁ(S) —"~--)
5

<pr+v z y=f(x).

(=& + f(§)
f(x) > p(x = &) + f(&)

f@) < plz =€)+ f(€)
f(x) > p(x =&+ f(&)., -
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l y=px+v,

L y=px+ f(§) —p&,,y=pulx—-8E+ (&) ,,

L y=px+v,

l



)}

Yo 6.14:

(1) y=lz  (0,0) y=px 2] > px w (—o0,+00)
r=1 p<1l 2=-1 -1<upu,, -1 <u<1l , -1 <u<l,
pr < |px| = |p|lz] < |z @ y=lz| (0,0) y=px(-1<p<l).

2) y=(22-1)2 (0,1) y=px+1 (2 =12 >pr+1 2

(
(—00,40). , =1 0>p+1 z=-10>—p+1
6.15

6.15 y=/f(z) L & I y=fl) &I y = [flx) (& f(E)
y=[flx) (&), L

y=px =8+ f(E), fl@)>pz-+fE = I. p
e>e 1 IO >y aney, Oz, pcen IO <y pe
FE<p p=fE, y=rEO-+f8 L

s (1) y=2a? (3,9). , y=06(x—3)+9. 2 > 6(x—3)+9
r. (x—32>0 x ,, .

2, y=23 (3,27). , y=27(x—3)+27  2®>27(x—3)+27
Z. 23 —2Tx+54 >0 =z . lim, s o (2% — 272 + 54) = —o0. :
(—10)% — 27(—10) + 54 = —676 < 0. y = 2 (3,27)

6.16 y=f(z) I, ¢ I y=f(z) &1 y=[flz) (&)

(1) y=f=) I 1 (&, f(£))-

2 y=fx) I, 1 (&, f(8))-

F() L y=FEOE-O+©). e lae>e (6 < IDLE @) f(e) > F(©)(=-9),
@) > fEO@—-+f©., = T a<e f1(&> IO f@)—f(&) > f(©)=-9),
F@ 2 FO@=+FE). . f@2FO@-O+FE = 1,,1 . 1 6.15.
2) (1).

: y:€m (_OO7+OO)' ) y:em (ano) = (Oal) ) y:$+1
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7 ( )
: (1) e 52 < ngemz Z1,T2 -
Y= e . . oy = e (_007_’_00)7 e(l—t)wr‘rtwg < (1 _ t)eml +te®2 1
$2ax17éx25 t [051] t:%) fl?éxQ. Tl = T2 oy .

(2) (214 x2)log LE22 < gy logay + azlogas 1,22 > 0.
d? (z

, y=xzlogz (0,400), T;MZ%ZO r (0,+00). , t=3,
ntes Jog 21brs < LLOBRIERI0BTR gy gy (0, +00), 1 # 2 Ty F# X2,
r1 =22 4, .

(3) zi<3@-1)+1 z>0.
—; y:z% [0, +00). y:x% (1,1) <
. y— {:fxb’ ; i 8: (—00,400), (—00,0)U (0,+00) 0

=g(@) (¢ y=~hx) [§b). g(§) = h), ¢(&) = 1\ (E)

Y
O =1, y=I@) = {90 (STER € =g -

3. y=px) n>1, y=p(x) n-1. .( )
N>0. fWNU@)=0 = ()I y=f(x) <N.

4.0 y=f@)  (ab) f@)f"(@)20 = (a,0). (a,0) fl2)f'(x) =0,

5 y=px)=ao+arz+---+anz™.

() (0
p(”)(O) = nla,, ™ (0)

n=0,1,...,N.
p™M(0)=0 n>N+1
Yo, Y1,-- - YN - y:p($) <N p(n)(o):yn n:0,1,,N
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P) (="' p)=0, p(x) (z-¢"

( pl@) =q(@)(@—- 8" +r() q),r(), r(z) k.)

y=(z2-1)". n d;—ff:o n (-1,1)
S

Leibniz: .
(9™ (@) =3 (1) FP )" (@),
k=0

(: Newton. )

y=f(z)=e5 (0,400).

n f(z) =27 p,(x)e”s  x (0,+00), palz) n-—1. :
p1(x) =1, po(z) =1 — 22, p3(x) = 1 — 62 + 622 .

Pni(z) = 22p,/ (z) + (1 — 2n2)p,(x) (0, +00).

= (1 =2(n + 1)z)pnt1(z) — n(n + Da?pa(z) (0,+00).
xz) = f(z) (0,400) n Leibniz .)
2"t pu(x) (=1)""Inl

2?py"" () — (2n — 2z — L)py’ () +n(n — )py(z) = 0 (0, +00).

y=fz)=eT (—00,+).
n f0)(2) = pal@)e’™ @ (—00,+09), pala) . i i) ==,
pa(x) =14+ 22, p3(x) =3z + 2% .
Prt1(2) = pn/(z) + 2pn(z) (00, +00).
Dna1(x) = xpp(z) + npp_1(x) (—o00,+00).
: flz)=zf(x) (—o0,400) n Leibniz .)

" pp(x) 1.
pr" (x) + xpn’ () — npp(z) =0 (00, +00).
(1'79), (x’,y’) (ac”,y”) zy- ' R

VE 2P+ -y 2P + -V )+ -y
2/(a" —2)(y" —y) — (a" = 2)(y —y)|

z=z(t) y=y(t) (a <t <b) ay-. t (a,b) h>0 (x(t)y(t)),
(@(t+h),y(t+h)) (x(t—h),y(t—h)) . Rin Ry limpo4 R,
R, (@(t), y(1)).
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x=ux(t) =29 +rocost y=1y(t) =yo+rosint. ; ;

x=uz(t) =20+ Kkocost y=y(t) =yo+ posint. 5
’ T 2 2
y=f(z) (z,f@), , ST
y=2* y=12
; <
y=a—42> + 2 +3, y = xe”, y = xlogx.
y=a3-3224+6x, y=a2*(z—1)*, y= ‘ y= ! y = sin .
’ ’ r+1’ logz’
y=f(z) y=—f(z)
y=f(z) <1.

LWy = f(@) I zy,m0,m2 I x1 < mp < 72. (zo, f(20))
(xlaf(xl) ($2,f(332)), ) T xT < T < T2 (x,f(x)) ; ’
[z1, 2] (z1, f(z1)) (22, f(22)).
<z <uzp. 1,20, T2, Z1,Z,To T,To,T2.)

0y = f(x) (—00, +00), (—00, 4+00).
¢ fle)<u =z @m0 1 <x2. T > T z1,x9,x  f(x) < wu,
r— 400  f(x2) < f(w1). , z<a1  flz2) > f(21).)

Ly = f(2) 1, I.

& I zyoe I 21 <€E<z. £€<x<um9, r1,&,x &£, 2,20

lim, ey f(2).)

y=a3-3224+6x, y=2’(z—1)%, y= v , Y= L , y=-sinz.
z+1 log x
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1
_ _ .2 _ .3 _ 2z _
y=z, y=lz|, y=2",y=2", y=e ,y*m

, y=xlogzx.
Ly = f(a) 1.

(1 « I y=[f(z) (z f(z)), I.

¢ znzas I 2 < < a9 flz1) > plaxy — ) + f(x) flz2) >
wxz — ) + f(z).)

2 @) y=fle) I, = I y=f(z) (z f(z)).

(w1 LB g1\ (). limy g LE=LC0)
limy g f(z)—f(zo) < Ny g4 f(iﬂgziigﬂﬂo) — y = plz—x0)+f(x0)

y=f(x) (z0,(®0)).)

a>1 a<0.
(1 =ty +tws)” < (L= t)z1® +taa®  (z1,22 > 0,0 <t < 1),
%>l w — &) £ (z,& > 0).
0<a<l.

a> 0.
aI=toitte: < (1 _ )g® 4 tg®2 (0<t<1),

a® > atloga(x — &) +as.

log ((1 — t)z1 + tag) > (1 —t)logxy + tlog xy (x1,22 > 0,0 <t <1),

loga < go =€) +logE (.6 > 0)

. Young 17 6.9, a'"t' < (1—t)a+tb (a,b>0,0<t <1) : (i)
y=logz (0,+00) (ii) z' (0,400) 0<t<1.

(: (i) a7 <(1—t)a+tb (1—t)loga+tlogh <log((1—t)a+th).
(i) y=2a' (1,1) z=2)
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5. (%) y = f(x) I. xy,...xn T pyyeoo >0 pp 4+ py, =10

iy + -+ pnwn) < paf(zr) + -+ pinf (@)

. — A n

(: n. nn+l t=pper, v’ = I—Zi+1x1+”'+ l_l/in+lmn
i

o' = Tpiq.)

Holder 17 69 y=2a' (0,400) 0<t<1.

(: T :%; ...,.’I}n:% u1:%7 "'7Mn:a7n; A:a1+"'+an-)
ah gt < (par® + -+ ppan®)s 17 6.9 () y = —logz

(0, +00).

G zi=a1®, ..., zp=0ap”.)
6.11

% % I’ Hopital.

I’ Hopital 2.
6.17 U’ Hopitdl. y=f(z) y=g(z) (&b) g(x)#0 ¢'(x)#0 =
(&,0). ,, limg et f(z) =limyeq g(z) =0. limg et %, limg ¢4 %

/
@) f)
e+ g(x)  a—ét g ()
() rrx—=é—,x—=§ x— 400 T — —o0.
§7 .
lirnz%@r%:n, e>0, 6>0

D@ _pl<e z (6b) £<z<E+d
64 @ (&b) ¢ (o) B =8O L. o (gb) e<a<t+s ¢

8

&b e<c<e+d L -nl<e,, I8 -n[<e,, |[fF-n<ec 2 (b
<<€+ limzﬁ&%:n.
:limz_>5+%::l:oo., r—E&— x©—¢&.

r— +oo x— 0+.
y=f(z) y=g(z) (a,+o0) a>0, g(z)#0 ¢g'(z) #0 =z (a,+00) limztoo fz) =

limg—4oog(z) =0. limgyoo ’;:Ez; limg s 4 oo ggg . t= %, F(t) = f(%) = f(x)
Glt)=9(3) =g(x) (0,2) Gt)=g(x)#0 G'(t) = -9 () = —a?¢'(x) #0 t (0, 1),
limy ot mred = limg oo iiiﬁéii =limg s oo £, Timisoy S8 limeor 58
i oo 28 < timop £ limes oo £ limg 4o L

r— —o0 x—0—.

limx_,o%. (=%,0)0U(0,%) sinxz #0 %:COSI#O. , limg_o(e® —

. : L1 e 1 _ . e’ —1 __
1) = lim, o sinz = 0. climg ooy =17 =1, lime 0 55 = 1.
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I’ Hopital doo

+oc0 7 ?

6.18 I’ Hopitil. y= f(z),y=g(z) (5 b) g(x) #0 g'(z) #0 =
(€.b). ., limy ey g(w) = +o0 —oo.  limy e T8 lim, e, 12

lim ﬂ: lim J'()
a—et g(r) 2o+ g'(x)

() cx—€é—, =& v — +oo T — —00.

' (=

limg et 7@ =" >0, & >0

N N2

g’ (z) 77]’ < g z (gvb) 6 <z <

E+ 6. zo (£b) & <xo <&+ ., limg,eylg(z)] = 400, 8 >0 lg(z)| >
max{|g(zo ), |f( 3‘"'\9 a:o)|} (&,b0) €<z <€&4+d. d=min{zo—¢,0"}. =
(&,0) §<x<§+6 £<z<xo<§+5’§<m<§+5” 6.4 z ¢ (z,0)
f@—f(@o) _ (O ;| f@) = f(=0) c
Mog-foo) — LU ¢ (eh) e<c<ewd, |[HEtl g o |G g < ¢
[f(@) = f(@o) — n(g(z) — g(z0))| < glg(z) — g(@o)l, |f(®) —mng(@)| < g(g(z)| + \g(xo)l)
|£(z0)|+ nllg(xo0)] f(z) | ( + \q(xo)\)+|f(330)|+| ‘lg(ﬂio)l <(1+1)+ — e
O IMIG TN | gy — 1 l9(@)] 9@ TIMYg@[ <6 :
., 6>0 ;fg;i) —n|<e @ (§b) E<a<E+I limy e LY =
limg e f;gzg 400 xf— zE . xT4oo x50+ 617
I’ Hopital lim, ¢y f(2) ()., == I’ Hopital,
: (1)
2
lim —=0 (b>0,a>1).
rz—+oco qF

b=1, limgyi00:5=0 a>1 limy 1z =400 limy i1o0a® =
+00, T2 (—o0,400) a® #0 L = gTloga # 0. L

+o00 dz a® loga

. 1 .
hmI*H,OQ a®loga =0. hmmﬁﬂm % =0.

)" = (limg oo —5—)" =

1 . b .
at >1,: limg 100 (f—l =lim, 400 ( by
wt)e

0° = 0.
(2)
. log )°
im 489" _ o (450,05 0).
T—+00 x®
limg 00 k;# =0 a>0. limg yo0o 10g;x =400 limg o 2% = +00,
dx® —1 = _ 1 : 1 _
% . (O +OO) ¢ # 0 % = ax® # 0. azo—T — qza llmZA)JrOO aza — 0.
limg 4 oo h;# = 0.
ok logz)® _ 1. logz\b _ b _
: 11mw_)+oo (wia) = 11mw_)+oo ( Zg%m) = O = O % > O
(3) limg_, o E=S052 % , limg 44002 = +00. , x—cosx >ax—1

limy 400 (z — cos ) = 400.
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poofesel <l g >0, limygee €58 =0, limgqeo T8 =
limgyqoo (1 —€2%) =1-0=1.
! 1“% =1+sinx , 5 limg 4 eosina.
- I’ Hopital.
., 0 L I’ Hopital. , ,
(1) limf(z) = 0 limg(z) = +oo lim f(z)g(z),  O(koo).  lim £
g(x)

0 s 9() +oo
B lim , =
0 f(lm) +oo

(2) lim f(z) = +o0 limg(z) = —oc0 lm(f(x) + g(z)), (+00) + (—00).
lim (% + ﬁ)f(x)g(x), 0(—oc0). .

(3) limf(x) =0, y = f(z) , limg(x) =0 lim f(2)9(®) 0°.
limed@) g f(=) = ((—o0).

lim f(z) = +o0 limg(z) =0  lim f(z)9®), (4+00)?. limed@ loef(@)

, lim f(z) =1 limg(z) = 00 lim f(z)9®) 1%, limed®) o f(=)

: (1) limgo4 xloga, 0(—0). zloga = lofz , limwﬁoJr% = +o0.
(1) * 1
1 = #0 dd—; = —;12 #0 z (0,400). , limy o4 =5 = —limy o4 = 0.

22

hmr_,(H_ xlogz = 0.

(2) limg o 2® 00, 2% =198 lim, ,o, 2% = lim, ,o; e®8% =0 =1
y=¢€e* 0.
: 1 1 1 1 —si .
(3) Timeoor (s — ) (F00) = (+00). 5 — 2 = S0 limesor (o -
sinz) =0 lim,_,o4 xsinz = 0. : xsinz #0 W =sinz +xcosx # 0
x 0,%) ( sinz >0, x >'O cosz > 0 )., lim, o4 m};ﬁ . s
limg; 0+ (1 — cosx) = 0 limg_ oy (sinxz + xcosz) = 0. , sinx +
recosx #0 x (0,F) ddx(smx+a:cosx) = 2cosx —xsinz #0 x (0,7%).
. sin x _ 0 l—cosx _ 1
111m$_’0+ 2cosz—xsinz 2 = 0. hm$_’0+ sinz+xcosx 0 ) hmw_m"' (sina: -
3 =0
. T x x 1 1+ —25
(4) hmm_H_OO (1 -+ H%) 1+00 . (]. —+ ﬁ) = eT Og( 1422 ) ,
e (1+-20)
lim, o0 zlog (1 + 7 5), (400)0. , , zlog (1 + 1-&32) = / 1+
2
d(L dlog (14+ 5~ feEeeavs
9. sl 220 g (0,400). (dm1+2):<1+1:>2:
2
_ —1 .
m hmw_)_;'_oo MQ)(EE]-W =1. hmw_H_ooxlog (1+1+7) =
1,, hmm_H_oo (]_ + 1_‘?7) = hmm_H_oo eﬂflog (1+1+ 2) —el —¢ y=e* 1.
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I’ Hopital
(an) (bn) bn 7é 0 n hmn_,+oo Ay = 0 hmn_>+oo bn =0. hmn_,_,_oo Z‘f: 3

I Hopital, y= f(z) y=g(z), [1,+00),
fn)=a,  gn)=0b, (n).

limg 400 g(z) = 0. , | limy s 4o 52, limy 4o £ ., 419
Yy = chgég (xn) In =N, 11mn—>+oo %: = 11mn—>+oo %
lim,,_, o arctan & tan(§ — %)
lim,, 4 o0 arctan -- = 0 limy, 4o tan(§ — %) = 400, 0 (+00).
1
arctan L tan(3 — 1) = arctan = cot + = ar;tjr%" 5 y=[f)=
arctant y = g(z) = tan+  (2,+00). ) limg 4 oo % =
2 152 1 1
limy oo S = L () 400, limy o S = lim, yoo So0TE =
1. ‘
(an) (by) by #0 n  lim, oo by =400 —00., limy, 100 ‘g—: ,

I’ Hopital, Y= f(CL') Yy = g(x), [17 +OO),
f(n):an g(n):bn (n )
[1,400), gx)#0 ¢(x)#0 =z [1,400) limy 400 g(z) = +00 —00. ,

: (1)
b 1 b
lim — =0 (b>0,a>1) im 99" 0 (550,05 0).
n—+oo q™ n—-+4o00 nae
y =2z y =ad", limg 400 Z’—Z I’ Hopital,
lim, o2 =0 419 (2,) @ =n.
(2)
lim /n=1.
n—-+oo
logn 00 . n
Yn o= nw o= en (+o00)?  E2 - limy oo lofl = 0.

log n

limy, 400 ¥/n=1lim, , e n

=el=1.
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. eit . v . e3 —(logx)* e
lim —, lim , lim ———, lim ,
400 13 z—+oo (logx)? z—too 100 _ o7 z—0 1P
lim (e” —z'%) lim (i _ 2 + (log x)7)
25 +00 Tz s0+ \gd 22 '
2. 1’ Hopital,
. 1l—xz+logzx . log(1+x) 2 —3x+2
lim ———— lim ——*, lim ——— |
1 l_m r—0 e2r — 1 212 —bxr+6
. sinx .oxt—1 . oa®—1
il—% arctanz ’ il—>rnl xb—1" il—%bxi—l (,6>0,671),
lim 1 —cos(1 — cosz)  lim rsin(sinz) — (sinz)? 7
z—0 4 z—0 26
—(1+a)> log|(1 log (log(log «
lim S G (L+2) , lim 7og( 037) , lim —g( g(log )) ,
=0 x z—+oo  logx z—+00  log(logx)
1
= —1
lim sinzlogz, lim logzlog(z—1), lim ez = 1)
z—04 14 z—+o0  logx
. 1 1 . 1 1 . 1
hm( —7>, lim (7—7>, lim (cotm—f),
z—0 \e? — 1 x z—0 log(l + .r) x z—0 x
lim (tan ) lim 2" 7', lim(z + €)*
z—Z xz—0+ z—0
3. limg o b2 I’ Hopital ?
, I’ Hopital ?
4. a,b lim,_,g (17;’# +az 2+ b) =0.
1
5. y= {g:gzw iig Holder- 0 ( 7 5.1).
¢ )
6 y s 00, ()
—x —z? 10g$ 1 T
y=xe -, y=wrxe . y=uwlogz, y= y Y=x*, Y= .
x
7. . , I’ Hopital
r—1 R I
lim , lim 721' ,
z—0 x z—0 T
hmez—l—%x—%xQ hmez—l—%x—%ﬁ—%m?’
z—0 3 T 350 x4
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10.

11.

I’ Hopital lim,_, S22 = 1;
lim Liw fi 5%~ Lt 7
z—0 3 z—0 x4
lim Sin%*%:EJr%xg - cosx — 1+ ,x —%x‘i
z—0 zd T 250 26
, I’ Hopital
lim M ., lim w ,
x—0 x€X x—0 €T
. log(l+a)—a+1i2®  log(l+az)—a+ia%— 128
lim , lim
z—0 x3 z—0 x4
y=f(z) n—1 (a,b) a<&<b  fM(g,
(1) (n—1)
limf(x) —f(& - fl—,@(x —l - f(n 1)(5)( —gyn-t - £ (g)
r=¢ (x—=&n ol
I’ Hopital?
7,9 10
() ) = f(z) 2m -1 (a,b), a < & <b f(Qm)(f).
FOE = f(2m D=0, :

) =
(4) f(zm)(ﬁ) >0, & y=f(a)
(@) fe™(E) <0, € y=f(a)

G )
Ly =) 2m (ab), a<E<b  fEMN@E). fOE) = =
FEmME) =0 femDE) £0, ¢ y=f(z)
C
LWy =f(=)  (a,b) a<E<D
f1(€), limp_yoq M = f'(&). I’ Hopital;
(- ferhofen 1 <s+h> 1) | LIEh=1(©)

08, limp_oq f(E+h)— é(f)-‘rf (E=h) _ = f(8).
G - (c,d) e<&<d. I’ Hopital.)

y=f(x) (0,400) lim, o0 f'(x) = 7. limg o 12 =1
18 6.8 I’ Hopital.
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17. 0 y=f(x) (0,+00) 1 =limsio(f(2)+f () . limgio f(z) =
n limg, 400 f/(z) = 0.

G f) =522

. 1
18, limg o427 ™e" = =0 m.

O =@ = {5 T28 k) (eote0) L KO0 =0
n.
( n y=nh(x) n (—o0,+00),, h™(0)=0 9 6.10.)
19. () _ :{6_13027 —1<l’<1, — —00, + .
y=f(z) 0, o> 1. y=[f(z)  (-o0,+00)
(: )

20. ) y=e® (—00, +00).

(: pn(x)e™+--+p1(z)e*+po(x) =0 (—00,+00), pn(x),...,p1(x),po(x)
pn(x)e™® x — +00.)

)13

(225), () 0 e ()

n logn)95

2. limyie0 /=1

lim Yn+1=1, lim Vn2=1, lim Ynd+3n2+n+2=1.
n——+0o

n—-+oo n—-+o0o

(: 1< Yn+1< V2n=32¢n n? = (v/n)?)

(L), (A (o).

6.12

y=[f(x) y=9g(x) f(z),9(x) #0 & = (a,§U(E D). limx—>g|§g§| =0,

=fl@) y=g(2) & y=g@) y=f) &, , lime|fH]=0
limIH§|?Eig|:+oo., I u 0<l§|£8§|§u<+oo & y=f(z
y=yg(x) &

p:hmzﬁﬂ% , Il<p(,1=8) u>p(, u=2p),, 4.16,




rx—=é+,x—E€—,x— +0 T — —o0.

Y
b

: (1) y=2a°(b>0) y=a" (a>1) +oo,, , limy 025 =0.

(2) y= (logz)¢ (¢ >0) y=ab (b>0) o0, limy_, o 12 =0,

T

(3) y=ao+ax+---+anyz¥ y=by+bx+---+byz"¥ (an,by #0)

; agtaiz+-tayz™ | _ |an
+00,  litg o0 | botbiot+oyaN | ’bN |-
., y=ay+ax+---+anz (ay #0) y="by+biz+ - +byz™
. agtaixz+---+a acN _

1

a T

4 y=a=(a>1) y=z®>0) 0 , limyos = limy g Z—i = 0.

(5) Hy=1—cosx y=22 0, limzﬁol_;%zé
(6) Hy =sinx y=x 0, limzﬁo%zl
. log 1)
() y= (log%)c (c > 0) y=>%(®b>0 0 hmzﬁwogTb“:
limt_>+oo (lotgbt)c =0.
(8)  limg_yjoo 2EEESNE — Jim, \ (24sinz) ., y=2z+asinz y==z
Hoo. , HALINL — 9 fging 1 < HELSME <3 5 (0, +00).
. r— +o0o o, .
3), N, N “+0o0. y=ayg+ax+---+anz" (ay #0)
. N +oo.,, (3), © oo . N y=xzV. <«
N» N y=a" +oo.
godarzttans (@n,bm #0), n>m, N =n—-m +oo. lim —;’Wiﬁw
bo+bix+-Fbnpz™ ny Ym ’ ) . T—>—+00 Zn—m
| > 0.
<« » y =2° (b > 0) b . y = ab
(b>0) +oo. |, b +oo y=2" (b>0) +oo. »
. b .
limg s 400 iT; =lim, o z,,z%bl =0 0<b <by.,, +o00 +00 +400.
Cy=f@) y=a2* (>0, wi>0 <[P <u, |f(@) >t
o0, lim, 1o (I2b) = +o00, lim, o |f(2)| = +o0.
,a>1, y=d* +00. y=a*(a>1) 4o0. <« a.
s limg s oo 2 = 1m0 (%)f =0 1<a;<ay.
, ¢>0, y=(logz)° +o0. y = (logz)®(c>0) +oo.
e, limg_io 822 g; = limy 4 oo W =00<ci<cy.

, +o00 +00 +o00.

1 @)

+00
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y=F() y=g(@) g@)#0 = (0, UED). lim, e LD =0,

cy=f@) y=gp & y=IF & u |f@)|<ugl) ¢

«y=flxr) y=glx)» ¢ x> &+, r2¢—, x> 400 T —0
1) y=fl) y=g@) = f@)=(9(x) =
20 (:17) # O Zz.
, (logx)® = (mb b = (a"”) 400 a>1,b>0 ¢>0., a = (xb"‘)
b

y:g(w) z, f(z)=(g9(x))

, sinz = (z) 1—cosx = (z%) 0.
y=F@) y=g(@) g@)#0 & (@UED). lme L =1,
fl@)~g(x) £

y=1[fx) y=g) tx =&+, = E—, x— +oo & — —00.
lime e Z8 =1 L8 20 ¢, f@)£0 &, f@)~g@) &
f(x),9(x) #0 ¢
: (1) sing~xz 1—cosz~ zx? 0.
e’ — de” _
(2) € L= dx 1:0_1'
(3) log(1+a) ~a 0, lim, o080t = dlosz)
(4) tanz ~ El_m 5, limg = tans — iy, o tcott = limy_,q blmcost— 1.
2 % T

flz) —g(x) = (cg(x)), ¢  #0, f(@) ~g(x).

f s f@)—g(z) _ ; f(z) _ s f@)
lim % 0, hm%—o7 lim (£24 —1) =0, lim<5 =1

f(x) ~ g(x).

(1) sinz —z = (z) cosz— 1+ 322 = (2%) 0.
(2)e*—1—a=(z) O.
(3) log(1+ ) —x = (z) 0.
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y=01(2),...,y=gulx) y=g) z, y=g1(z)+ -+ gu(z)
0

y=g(x) =z lim gl(m)‘;'(;)"g"(r) = lim g;((;)) IR gg"((;)) =04 -+

y = f(z) = g(a)+g1(x)+ - +gn(@) y=g1(2),...,y=gul(z) y=g(x)

x
z, y=g(x) z f(z)~g(x) =z, lim Z:E:g = lim (1—|—g1(x)';‘(‘z+g”(z) =1.
v y=[f@)=g@) + g @)+ Fgnlz) y=9@) @
y=flx) ., , fl&)~glx) «,,limf(z)= lim(géig g(z)) =1-limg(z).
y=9@) +91(@) + -+ gn(r) y=h@)+ @)+ +hn(z) y=g()
y=hx) . @ ARG G e v=iE o

g(x)+g1(x)++gn(x)
h(z)+hi(@)++hm ()

: (1) <y .2 = (V) +oc0 n <N, ap + a1z + - +ayzN
(ay #0) anz™ +o00, ap+arx+ - +anzN ~anaN | lim, sy oo (ag +
a1+ +anz™) =lim, o anz? .

agtaizttanz | anz : agtarzt--tanz _
 botbiattbaa bare® 100 s s liMaoy oo iR =

: aNzT
limg o0 ™ ¢

z 2¢_ 2 z_ 2 %
(2)  ze®®—2%4+3e®—2%e? 22" +logx—a’e” —+00. ”262111:;;_96;652 ~
2a . 22 _ .2 z_ 2, % .
;:% = % +007 11mw—)+oo m6262mi1jg3;,$§ef2 = hmz—)-‘roo % = 4-00.
1. a>1. +o0 y=a*,y=a" y:a“a”
2. +oo y=logz, y =log(logz) y=log (log(log CU))

3. y=ua,y=Ilog(e” +alogx) y= e(1+3) loga +00.

2+1 1
y=log; y="57= O
4 +o00 ,
3 5,2
y= LTI 8 LBt g,y Plos2tlon)
xe® +sinx ’
5. 00 y=2 (b>0)., +00 y=-=L (a>0)
1
Y= togo)e (C>0),, +00
400 0 400
“+00
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_ aotarzt-tanz”

Y= botbrat—Fomam
400 ;

_ 2
y=e "+2 7,

3 0
B X 1‘3
SiInxTr — (ﬁ — g)
. x x3 2
sm - (ﬂ_§+ﬁ)
4. 0

log(1 + 1) - = (),

(an,bm #0), n<m, +o0.

S S =1lo (e'lJri)
yilog(x—i—logx)’ y=o8 x2)’
1 2 2
L (0= @ (el = @)
z\ e (14 © 2\,
i) =@ = (1 g ) = @)
z? 2t
= (2%), cosx—(l 5_’_])_(334)’
IEZ 1'4 fEG
= (a”), cosaz—(l—a—kﬂ a):(::;6)

log(1+2) = (v = ) = (?),
log(1+z) — (m - %2 + %3) = (2%).
arctan x — (:E - %3) = (z%),

arctanz — x = ()

3 5

arctanx — (m ~T x—) = (z°).

3 5
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6. f(z)—(a+br+ecx®+dz3)=(23) 0. f(z)— (a+bx+ca?) = (2?),
f(@) = (a+br) = (x) f(z)—a=(1) O

a,b,c,d
— (a+ bx + cx? + dr®) = (2°)
et —1
0.
7. .11 .
y=f(z) n—=1 (a,b) a<&<b fU()
(1) (n)
1@ - (1o + e+ T8 o) = (@0
.
1,2,3,4 5
8 +00
e logr—z°e®, xlogz— i +avzlog(logx), x?logr—x?+3xsin.
log x
9 0;
2 1 3 1 3 1
iy -y R A S o e iy

10. y=f(x) y=g9), y=flx) y=g).
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Kegpdhawo 7

Riemann.

., , Riemann. Riemann: Riemann, . Riemann . Riemann
Riemann . Riemann . | . Riemann T, , , ,

? ?

7.1

) 3y e

N

Yyuo 7.1:
; y X >>/ PR I LYy, «
. > L, «» [a,b] -, y=f(z) a<xz<b
(a,0) (a,f(a)) . (b,0) (b, f(b)., f(x) >0 =z [a,b]. < »,
[a, b] To =@, T1, --. , Tp_1, Ty = b. a b, [xo,x1] = [a,z1],
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[1’171'2]7 cee [xkflvxk]) cee [(Ean»xnfl] [x’nflvxn] = [xnflab]' [)

L, d. , b—a [ab)], 1) n. b—a < nd, n>bTT“,,
0 n . To=a, Ti, ..., Tp_1, Tn = b A ={x0, 21, ..., Tp_1,Tn}
[a, b]. [zo,z1], - [Tn-1,2n] ,, k- Q1 <k <n) [rg_1,2k]. , n=1,
[0, 1] = [a,b]. , [a,b]. ~ n ,, n>2 X1yeee s T (,

a<z1<...<Zp_1<Db).

[a,b] 2. zoza,ml:a—i—b*T“,xg:a—FbeTa,...,xk:a—i—kb*Ta,
, Tp1 = a+ n—l)b*T“ T, —a—|—nb;“ =b.
A ;
(A) = max{xk —xp_1 : 1<k < n}
, A
_ 1:4(70 :
T

1 » I

i 5

:r'/
E, Ex !
i
i
i
|
{
3 :
fEa X, e, X Kx-lx'fh :
K 3 Xk
Syfuo 7.2:

A a,b], <> no<», k- [Tr—1, k], y = f(x)
rp1 <z <ap T (2k=1,0) (zp—1, f(TR=1)) - (7x,0) (og, f(2r)).
Ak Ek 5 9

E=FE +--+E,.

Ala"'aAn [ R NN : A ) [Ik,]_,lﬂk] , X ) f(:E) )
B 5 ) . Yy = f(x) [G/,b]./\,/ A (I gk [ajk—hxk]a
f@) [we—1,ze]  f(&),  Ax A [wh-1,26]  f(&)-  Ex Ak
Ep = f(&)(xr —2p-1) A,

By, ~ By = f(&)(zx — 7h-1) -

DRI E\; Ek? ) ’Ek*E\;L . A |Ek*E\I/€’,a kil;---,n El/c
E=Ei++E,, A A,..,A, E. E, E=E+ - +E,
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E=FEi+-+E, = f(&) (w1 —x0) + -+ f(&) (@0 — Tn_1) , ,

ERE +-+E,=f(&) (@1 —20) + -+ f(&) (@0 — 20_1).

B~ E| = |(But -+ Ba) = (Bi -+ By

< |Bi—Ei|+ -+ |E, — En|.

, . A |E— E|.
, E E. & i1, 2r], (&), (zr—or—1) k=1,...,n
E {&,-- &), o A CE L flé)(@r—zo) -+ f(&n)(Tn —Tpo1)
B(fra,b; A:2) = f(§1) (w1 —20) + -+ + f(&n)(Tn — Tpo1).
y &k = Tp—1, , =T

: A={zo,r1,...,Tpn_1,%n} [a,D] E={&,...,&} X(f;a,b;AE) =
f€)(x1 —x0) + -+ f(&n)(Tn — p-1).  |E—=3E(fia,0;A;5)[ .

E~%(f;a,0;0,2) = f(&)(x1 —w0) + -+ f(&n)(Tn — Tn—1).

) E(fvavbaA,E) E A [ \E—E(f,a,b,A,Eﬂ A
|Ek_ENk| |E1_,E\1/|+"‘+|En_/E'V’VL|77~ . |Ek_ENk|
1,2k , n ., : 10=% n 1013, 1013.107% = 108.

y = f(x) A €>06>0 |f(@')—f(z"))<e 22" A |z’ —32"|<6.
coy=fl@ A A, ., y=fl&) A y=f(lz) A Ao, A,

7.1 y=f(z) [a,b], [a, b].

€e>0. y=f(z) [ab], 71 §>0 z',2" [a,b] |z'—2"|<d |f(z')—f(z")|<e.
A ={zg,x1,...,Tn-1,Tn} <d,, [zp—1,zx] <6. - Z={&,...,én},

’Ek —E;‘ - & e [Ee—1wR] f(&k1) S f(2) < f(6k,2) f\/[zkﬂﬂ]-
-~ Aka [Ze—1,26]  fra) - Ago [Th—1,7k]  f(Ek,2) A Ap1 Aga.
Er1 = fk,1)(@r —2k—1) Er2= f(k2)(xr —2x—1)

Epy < Ey, < Epo.
CAp [meemk] fGR),  Ax Apar Arpo.,

Brn <Ep < Fro.

Ee,158k2 [Tr—1 7], k1 — &2l STk — K1 <O 0, fl8k,2) — f(€k,1) <e.

|Ex ~ Bi| € Boz—Eeq = flek2)(@r —2eo1) = f(€r)(@r — 251
= (f(¢k,2) = fra))(@r —2p—1) < (zp —xR_1)e
Ey E\; : ’Ek_EI;’ (zp — xp_1)e.
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113,
16
£03,.)

5 I <

,,
2

31}

Syfuo 7.3: «», «» <> ..

‘El—E’+-"+|En_ENn‘ - ‘E—E’
|E—E| < |Bv— |+ +|Bn— En| < (w1 — o)+ + (0 — wn1)e

=(r1—2zo+ - +2n—2n-1)e=(b—a)e

|E—E‘ (b—ae. , € , |E—E| LT, A - § e
M) A
y=f(x) =¢c>0 [a,bl. A = {xy = a,21,...,Zp_1,Tn, = b}
E:{Sla"wfn} .

S(fra,b;A02) = f(&)(x1 —w0) + -+ (&) (Tn — Tn—1)
X1 —xg)c+ -+ (Tp — Tp_1)c

= (
= (b—a)c.
.y S(fia,0;AE) E A, 3(f;a,b;A8)  (b—a)c

)

E = (b—a)c,
(2) . A a,b] 0<a<b y=flzx)=u=z.

;o A={a,a+>2a+2 ;“,...,a—!—kb*Ta,...,a—|—(n—1)b*T“,a—|—nb*Tazb},
bs A e E={a+Z%a+222 a+kEe . a4+ (n—
D5 a4+ nios = b}, - E(fa,0AF)

_ b—a\b—a b—a\b—a

E(f,a,b,A,_)—(a—i— n ) n —|—(a—|—2 n ) n +

b—a\b—a b—a\b—a

e
b—a\b—
=(na+(1+2+ -4+ (n—-1)+n) a) na

na +

n(n—i—l)b—a)b—a
2 n

n+1

n

n

a(b—a)+ (b—a)?.
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2n
B= tim (ab-0)+ "0 a2) oo -a)+ Lo- =T

_n_1>r_’r_100 a a m a =a a a = 9
3) A ad] y=flx)=2?,,

A={a,a+%% a+25% a+kea+(n—1)22 a+ntt = b},
bea bea - E={a+2%a+25%  a+kE at+(n—1)E% a+
ntge = b}, . B(fiabAE)

_ b—a\2b—a b—a\2b—a
Z(f’CL’b’A’H)_(a—’_ n ) n —|—<a+2 n ) n T
b—a\2b—a b—a\2b—a
---—|—(a+(n—1) n ) n +(a+n n ) n
b—
:(na2+2a(1+2+---+(n—1)+n) a
n
b—a)?\b—
+(12+22+-~-+(n—1)2+n2)%) a
1 1)(2 1
:a2(b—a)+n: a(b—a)2+%(b—a)3.
(1242244 (n—1)2 2= 2ol A ba gy
S(f;a,b; A55) = a2(b— a) + “Hla(b — )2 4 LHCHD g3 R

e mtl L (e D@atD),

E_nglfoo (a (b—a)+ alb—a)* + 2 (b a))

1 b — 0

—a?(b—a)+alb—a)?+-(b—a)P =22

3 3
1. y=2a> [a,b] a>0. 13+23+-~+(n—1)3+n3:M.
7.2 Riemann.
. .74 .
y = f(x) [a, b]. >0. A={xg=a,21,...,Tp_1,2, = b}

Wb Z={t1....en)
B(f;a,b;0:2) = f(&1) (@1 —x0) + -+ + [(&n)(Tn — Tp_1).

Y(f;a,b;A;2Z) Riemann y = f(z) [a,b], A Z. I X(f;a,b;7;2)
I, |, |%(f;a,b;7;2) — 1 A y = f(z) Riemann [a,b], T
Riemann y = f(z) [a,}]

b
/ f(z)dx.
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: y= f(z) Riemann [a,b] Riemann f: flx)de €>0 6>0

E(f;a,b;A;E)—/bf(x)dx‘ <e€

A a,b] (A)<d E .
, , « Riemanny «Riemann » «» «», .

/abf(x)dx, /abﬂy)dy, /abf(t)dt, /a”f(u)du

y Y= f($) [avb]'

Riemann 0.

. Riemann S(fra,bi AiE) = F(€) (1 —00) b4 F(E) (0 —0r)
Con Sf@A () (f@)  (Ar).  Sum(=) S f(r)A
Riemann , , Az dz ( ) So [

Coy=I@) [0l (), S(fiabAE) = f(E) @ o)+
Y

Je)@n—2am)  I-  y=f@) fbl.: () ,
, S(f;a,; A;2). <>« oy y = f(z) [a, b], fabf(z)dx
(fra,b;AE)
7.2 y=f(x) [a, b], [a, b].
7.3 y=f(z) [a,b], [a,b].
72 7.3
: (1) y=[f(z) [a,b] [f(z)=20 z [a,b]. E A ab], y=f(2)
(a,0) (a,f(a)) . (b,0) (b, f(D)).

.. By, X(f;a,0;0,8) = f(&1) (w1 — 20) 4+ -+ + f(€n) (@0 — Tn1).

(2) - s y=c¢>0 y=2% [a,b] y=x [a,b] 0<a<b.
b b 2 2 b 3 3
/1dx:bfa, /xdx:b 2a , /xde:b 3a .

Riemann . A2 y=x y=a>
, 7.2.
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0<a<b f;mdx:# x>0 Ja,b fabxdm. ,, Riemann
a,b a<b.

(3) - -, f;%dx 0<a<b . 72 ,y=21 a0
[a, b] ,, Riemann
no A={aapap®,. . ap" apt = b}, o oap" =b:p={/L>
1. -y, B o= Aap,ap?, . ap T ap™ = b}, . k-
ap® —aprt =a(1 - i)uk TN n-. : (A)=a(l— i)u" =b(1- {/%)
limp oo (A) = limyiab(1— /F) =b1-1)=0. , n , A
Riemann ., Riemann:

1 1
(f0,6:8,8) = —-(ap —a) + aTLQ(au2 —ap) + -

1
—1 -2 —1
= (ap"™" —ap™ %) + ﬁ(aun —ap"")

SRR e () -

im0 ) = |~ adloga = loga. | e = L
limy,— 400 n(/a — 1) = log a.
() b ¢ @b, a<e<h,
1, z=c,
yf(x){o’ a<z<b x#c
A =A{zy = a,21,...,Zp_1,2, = b} =2 = {&,...,&} .
c, E(f?‘la b;A7E) = f(fl)(l"l - 170) + e+ f(fn)(inn - xn—l) = 0(5'31 - xo) =+
et O(xn - xn—l) = 0. ¢, & =c k, E(f;aab;AaE) -
F&)(z1 —z0) + -+ (&) (@ —zp—1) + -+ f(&n)(@n — Tn—1) = 0(z1 —20) +
ot W ap—xp1)+ o +0(Tp—2p_1) = Tp—Tp—1. c , &=

) k
ki =z =c k, X(f;0,0;A,5) = f(&1)(x1 —20) + -+ f(&n)(Tn — T1)
O(z1 — o) + -+ f(&) (Tr — 1) + f(§pr1) (Trpr — 1) + -+ 0(zy —T1—1)
L(xg — 2p—1) + L(@kt1 — Tk) = Thp1 — Th—1. c C s

0<S(f;a.b:A,5) <2 (A).

2(f;a,b;A,2) 0 (A) ., €e>0 6=5>0 A (A)<éd E
15(f;0,0;8,8) = 0| = 2(f;0,b;A,8) <25 =e. ,,

[N

/abf(a:)dx:().
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y=f(z) [a,b] z- (a,0) (b,0) . (¢,0) (¢, 1). . 0
0. N fabf(m)dx

- ffzdx fabJ:de—

a,b a<b a>0,a#1.,

b
/ e dr=eb —eo.
a

a,b 0<a<bdb a.

b b
/ cosxdr = sinb — sina, / sinx dxr = cosa — cosb
a a

a,b a<b.
sin 24 cos(p + D4
cos(p + q) + cos(p + 2q) + - - - + cos(p + ng) = —2 Si(fl?q ) ,
2
sin L sin(p + 7("21)(1)

sin(p + q) +sin(p + 2¢) + - - - +sin(p +ng) = <in 4
3

12 1.4.

(Z) hmn~>+oo (# + #—}-22 teee n2+(2—1)2 + n2—7&l-n2)'

L qe Vn2—024/n2Z 12444 /n2—(n—1)2
(#1) limy— 400 — .

Lo 1 1 1 1
(#97) limy,— 4 oo ( = T e Tt T + \/n2+n2).

(iv) lim Vatl+vnt24-4y/nt(n—1)+vntn
n——+0o0 ny/n .

( (@) k- #W:@'%:f(gk)(xk_xk—ﬁ y=f(z) [0,1],
A:{xo,xl,...,xn} [071] E:{fl,,fn} . (ZZ)—(’L’U))
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5. limpsyoe (g + oz o e o) [1,2].

6. ) y=f@) [ab] A=fla),B=f0). ==f"y) [AB.
b B
/ f(x)der/ ' (y)dy = Bb — Aa.
a A

¢ {zo=a,21,...,xpn-1,2, =0} [a,0] {vo=A4,91, - Yn-1,yn = B}
[A, B] yr = f(xr) k. y1(z1 —x0) +y2(22 — 1) + -+ + Yn—1(Tn—1 —
Tp—2) +Yn(Tn — Tp-1) wo(y1 —yo) +2x1(y2—y1) + +Tn—2(Yn—1—
Yn—2) + Tn1(Yn — Yn—-1) ; :

¢ y=fl@ 2=f" )

7.3 Riemann.

7.1 y=fx) [ab] A . y=Af(z) la,b]

/ab (M (@) de = A/ab (@) da.

A ={zo =a,z1,..., Tp—1,Tn = b} =2={&,..., &n}
A fra,0A:E) = Af(6) (@1 —20) + -+ + Af(€n)(@n — zn—1)
= AM(f(€) (@1 —20) + -+ + f(€n)(@n — 2n—1))

= AX(f;a,b;A;8).
€>0, §>0 A (A) < = |S(fiabAE) —f:f(x)dx] <
SOia,6:82) = A [V f@)de| = [AS(fi0,:008) = A [} f@)dz| < DS < e

y=Af(z) fab ()\f(:p)) dx:)\f:f(x)dx.
71. f(x) >0 x [a,b] A y=f(z) Jla,b] z=-. A
=\f(z) [a,b] -, B A- [a,b]- B- Af(x) - A -
7.1 B A A
f(x) <0 z [a,b] A y=f(z) J[a,b] =-. A,, a-. B
y=—f(x) labl - B A a- —f(@)20. [/(~f@)de B, ..
A 71 —f; f(x)dx f; (- f(2))dz, A, f; f(x)dx A.

7.2 y=[f) y=g() [ab]. y=flz)+g(x) [a,b]

b

l[w@+mmmzlﬂ@w+Lﬂ@m
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AZ{IQZG,CCl,-u,xn—lyxn:b} E:{glv-urén}

S(f 490,50 E) = (f(&) +9(6) (@1 —20) + -+ + (f(€n) + 9(6n) ) (20 — T—1)
f€) (@1 —z0) + -+ f(én)(Tn — Tn—1)

+9(&1) (@1 —z0) + - + 9(&n)(Tn — Tn-1)

= B(f;a,b; AsE) + X(g; a,b; A E).

€>0, #>0 A (A)<d = |S(fiabAE) - [ f@)d]<§ >0 A
(A) <8 = [|S(gabAE) - [Tg@)de] < §. 6=min{¢,5"}, A (A)<§ =,
B+ grab03) - (f:f(ﬂc)dx+f:9(w)dx)| = [(3(f;0,5;A:5) + 2(g; 0,5, 4;5)) —
(J? f@yde+ [7g(@) )| <|S(fr0,0:8:2) — [ f(2) de| +]S(g50,b:0:5) — [ (o) da| <
fts=e, y=f@+9@ [ (J@+g@)de= [ f@)dz+ [ g(x)de.

f(@),9(x) 20 =z [a,b]. A y=f(x) [ab] 2, B y =g
[a’b] C y:f(l‘)—l—g(l‘) [a'7b]’ C - f(x)—&-g(x)f A - f(x)7

71 72, =f(@) y=g() [ab] X p , y=Af(2)+npg()

/ab (Af(2) + pg(2)) da = A/ab f(x)de + M/abg(x) de.

I ) y:fl(x)a'“vy:fm(x) [avb] ALy s Am Alfl(x)+
st A fm(z)  [asb]

b b b
/(Alfl(x)+---+/\mfm(a:))dx=)\1/ fl(x)dx+~-~+/\m/ fn(@) da.

: (1) f:()\+ux+l/x2)dw = Af:ldx—l—uf:mdx+uf:x2dx = Ab—a)+
S (o o) (a4

(2) f:(p%—i—/\—i—ux—i-yﬁ)dx:pf:%dx—l—f:()\—&—/w—km?)dx:plogg—i—)\(b—
a)—i—u#—kubggas = (plogb—i—)\b—i—u%—i—ug) — (ploga—&—)\a—i-,u%—i—u%)
0<a<b.

(3) [a,b] m c1,...,em [a,b]. y=f(x) flz)=0 =z [a,b] c1,...,cm.

y=f(z) la,b [ f(z)dz=0.
1, x=c,

M, Am ClyeeyCmy . Ch y:fk(x):{o a<z<b 1z

F@) = MA@) + A Amfm(@) @ [abl,, y=fu(z) [a.b] [} fu(z)de =0,
y=f(x) [a,b] fabf(m)dx =)\ f(ffl(m) dr +--- + )\mfab fm(z)dx = M0 +
c 4 A0 = 0.

y=f@) ot == m .0




- o L@@ de = [ f@)de [ g(w) da.
) " f:)zl-l'dx = [P1de =b—a ['1dz [ 1de = (b—a)(b—a) = (b—a)?.

T4 y=f@) [ab. m>0 [f@|>m z [0l y=1  lab).

b1 g1
’ ) o oy 42 f;f(x)dx'

. ﬁ%dxzﬁhdx:b—atﬁbwzgiy b—a=zt |
7.5 y=f(x) y=g() [ab]  [ab]. [a, 0] [a,b]
oo e
y=f@)  [ebl oy =h@) =g [, k) =0 = [ab [a,8],
[a,b] [)h(@)de = 0.  g@) = f@) +h) @ lab, y=g@ [ab

fabg(m) dr = fab f(z)dx + fab h(z)dx = fab f(z)dz.

7.5

0 [aab]' A y:f(fﬂ) [a7b] B y:g(x) [avb]a

7.7 y=fx) [ab] b y=f(z) [a,c]

/f M_/f m+/f

oy=f=) fab] b, . M M" |fx)| <Mz [a,b] |f(z) <M x [b].
M[:rr]lax{ME,]\/I}”} \f(:p)|<M’<M z [a,b] |f(z)| < M"<M =z [bc. |f(z)|]<M
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A ={zo =a,z1,...,Zn-1,Zn = c} [a,c] b b=z, k 1<k<n-1.
== {51"-'76”}' Al = {LEO = a,T1,...,C—-1,T = b} [a,b] E
A" ={zp, =b,Tk41,...,Tn—1,%n =c} [b,(] =2 = {&+1,---.&n}.
S(fia,60,8) = f(&)(x1 —@0) + - + f(&k) (T — Tp—1)
+f(Ek+1) (@41 — ) + -+ f(6n) (@0 — 2n—1)
= S(f3a,b;A" Z') + 5(f; b, A7, ).

€>0, §>0 [S(fiabAlE) - [Mf@)d] <& A () <8 T & >0

\2 (fia,b; A" 2" — f f(z dx}<§ AT (A" < 8" B 6:min{6’,5”,m} A
[a,d (A)<§ =

RN NN, [a,b] A” [be] = = 2., (A< (A) <5< (A<
(A)<6<d",, ]2 f,abA’ =)~ [V f(@) ydz| < £ |9 (f,ab,A”,“” — [ fayde| < 5.

S(fia,¢AE 2(f;a,b; A2 4+ S(f;b, ¢ A2,

’ (f;a,6AE /f(:r der/f dI

- (f,a b A ) + S(f5 by A”,E"))

b c
— /f(x)der/ f(m)dx)
a b .
< ‘E(f;a,b;A’,E')*/ f(z) dw

+‘E(f;b,C;A”,E”)—/ f(z) dx
b

€ € 2e
< *+*7§<e
2. A b . oz <b<zp k 1<k<n A*={zo=a,...,Tp_1,b,Tk,...,Tn = c},
b A. (A*)S(A)<6 , = ={ ,{k 1,T]§fk+1,...,§n}, n [a:k_l,b} ¢ [b,xk]

& [Tr—1, 2]

|2(f50,¢A,5) = 5(f; 0,0, A%,

= [f&) @k —xr1) = F)(b = k1) = F(O)(wr — b)|
= | F(&)(b—zk_1) + f(€k) (K — b)
—F) (b = z5-1) = F(O)(wx — b)|

< | f(&r) = FOD|(b = zr1) + | £(&&) = F(O)](xx — b)
< 2M(b—wmp_1) +2M(x —b) = 2M (zf, — Tp—1)
< 2M5 < %

A* b, 1,

‘ (f;a,¢A%,E") — /f d:c+/ f(x)dac

}E(f;a,c;A, =) — X(f;a,¢ A% =

3

‘Z(f;a,C;A,E)— (/a f(z)dz +/b f(w)dfﬂ)
R b c
E(fia,¢ A%, E") — (/a f(w)dr-ﬁ-/b f(z)dw)

€+26
ek
3 3

<|2(fia,6A,E) = S(fsa,¢ A%, E7)

<
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|S(f10,6:8,2) = ([} (@) do+ [ f(w)da)| < e
v="1@) lad [(f@)de= [ fz)de+ [ f(x)da

fl) =0 = [a,b]. A, B C y=f() lab], [b,d] [a,c],, C A
B AB ... 0 C A B. 7.7.
7.7 L) Yy = f(I) [a17a2]a [a27a3]7 7[am—17am]a

y:f(x) [alvam]

/m (@) do = / f(x)da;+~-~+/(lim1f(:c)dx.

: o as?] y=f(x) =0 <0 oy = f(x).
fab f(x)dx >0 <0
7.7,
VNN —
| ‘ Y 5 .
L P ¢—b
| L P | :
L A R S
Syuor 7.4:

y = f(x) [a, b] to = a,ti, ..., tm_1,tm, = b y = f(x)
(t07t1)7 a(tmflvtm)v thtla"'vtmflatm - tO = a tm =b
tr — .

7.8 y= f(l’) [aab]; [aab]‘

y = f(=) [a, B], . = f(z) [th—1,tx]. y = g(z)
[te—1,te],  g(z) = f(x) = (tk—1,tk), ( —1) = limgyy 4+ f(2) = limge,_, 4+ g(x)
g(ty) =limgy — f(x) = limgt, — g(x), y=g(x) [r-1,te] v=Ff(x) : tp_1 tg.
y=g() [tk—1,te], y=f() [tr—1,ts]

Yy = f(x) [a7b]' ) tO = a7t17"' atm—htm =b Yy = f(d?)

ito,t1)7 v (tme1,tm). Ak y=f(x) (tp_1,tr). y=fx) to,...,tm
y = fl@),, [a, ], Sy f@yde. oy = f(x ) [tk 1,tk] )
f@)= e, 2 f@)yde = [ Nedw = Mty — teer). [) f(z)de =

Aty —to) + -+ Am(tm — tm—1)-
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7.9 y=f(z) y=9g() [ab] [f(2)<g®) z [ab]

/f da:</ g(z) dz.

A={z0=0a,21,...,Tn-1,Zn = b} [a,b] E={&,... .}

E(f;a,0;4,8) = f(&1)(z1 — o) + -+ + f(6n)(@n — Tn—1)
S g(gl)(xl - :L'(]) + - +g(£n)(mn - mnfl)

= X(g;a,b;A,E).
fabf(z)d:p > f:g(a:)dz e 0 <e< f‘ff(a:)dz — fabg(:v)dz & >0
[S(fra.6:0,8) — [P fo)de] < § A () <& =, & >0 [SgabAE) -
[Po@ydz| < § A (A)<§” = 5=min{8,6"}, |S(f;a.bAE <t
2(gra.6:4,5) — [Pg(e)de| < § A (A)<é E ., S(giabAE <f:g(x)da:+§§

[P @)~ § <S(fia.b:A,5),

ng(w)gg(x) T [aab]' A B [aab] y:f(x) y:g(w),, A B.
7.9 A B.
7.10 y=f(z) J[a,b]
1) v y=f@) [ab, f@)<u z fff(as d < (b—a)u.
2 I y=f(z) [ab], flz)=] = f f(z)dz > (b—a)l.

=h(z) = (9:) =u x [a,b] 7.9, fa h(z)dx = fa lde = (b—a)l
fb d = f — a)u.
Y= r2m+2 [1’\[] [\[ 4} zliz = (32_::2)2 >0 (1,\/5) <0 (\/5, 4)
(\/%iz :§' f14 FERe) dr < (4 1)%: 3\4[-

0<Ii<f(x)<u z [a,b]. A y=f(z) [a,b] B C [a,b] 1 wu,
A B C. 710 A B C.

711 y=f(z) [ab]. y=|f(@)] [a]
| £(

dx‘</ f(@)| dz.

)

y = [f@)]  la,b]. X —|f(= )| flx) < If( )I z [a,0]
— [y @) de = [} f@)de < [ |f@)|da | [} f@)da] < [}
7.11
|sinz| <1 o x>0 |[f)sintdt| < [ [sint|dt <z , |sinzg] <
lz| |fozsintdf| < [T |sint|dt < [Tlt|dt = [Ttdt =% . | [Tsintdt| <
min{z, 5} = 7" 2§§§ 2

)

230



Y,Y25- -3 Yn Yk Vg , )

yr + -+ Unln %1 Un

Dt e Ty, U T e
Hr = u1+1.j.].c+l/n Yk Yiy- - 5Yn - 5 Yoo Yn ( )
YiyeoosYn -
.y = flx) [a, b] A={xg=a,21,...,2n_1,2, = b} [a,}]
E= {517"'7571} R f(gl)’af(gn) . A ; [xk—hxk] 5
z §ka f(fk) <» f('r) T [xk—lvxk] [ f(gl)yaf(gn) «» L)
[Tr—1, 78] [z1-1, @], f(&) © o fl&) s, f(@) o f(&)
pe = Pt r,ae] b—a. y = f(),
T1 — Xo Ty — Tp—1
b—a f(§1)++ b—a f(gn)
<» f(sl)vaf(gn) A T '
bf2<f7a7b7A7:)
s e f@yde A
s Y= f(.%‘) [a, b]v [a7 b}

y=f(z) [a,b]
[a, b]
= f(2).
. f) =20 z [ab] A y=f(z) la,b]. y = f(z)
[a, b] A [a,b] , [a, b] A.

L) Yi,---3Yn Hiye-ey n - ZL‘O:O) 1 = M1, x2:M1+M27
7xn—1:,ul+"'+/~1/n—1 xTL:M1+"'+M7L—1+/’[’7L:177 y:f(x)
[0, 1] N [3601:07%1)7 Y2 [T1,22), ooy Yn [Tpo1,2n = 1] y = f(x)
[0, 1] =5 Jo f(@)dz = yi(x1 — x0) + ya(z2 — 21) + -+ yn(Tn — Tp1) =
Myl + poYo + -+ U Yn -

7.10 ., , A
T4 . y=f@) [eb. € @b

b
i [ s =56
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Co- mia [a0] f(a1) < f(2) < f@) @ [ab) (b-a)f(e1) < [) f(@)de < (b-a) f(x2),
o [) () da y= 1) ¢ [ab) 1.

P() y=a2 0] fjetde=4. €01 £=3 J

-1, -1<z<0,
@) y=f@) (o, (oY y:{L St
17(171) (f:(_l) dx + fol ldx) =0, [-1,1] oO.
L 1,23 72

2 4 2m
/ (2 — 3z + 42?) dx, / (3x — 2%) du, / (3cosx — 2sinx) du,
-1 ™

-2

T

U 3 2
/ (3z — 2sinx) dz, / (f —2?+ a2V + 369”) dz.
0 1

H
=
By
—~
8
S~—
.
g
NS
I

14+322, 1<z2<2,
fay =4 o, p=1,

T = 2.

5 x?, -1 <z <0,
2. filf(x)d:n y= f(z) =1 2z, 0<z <2,
r+2, 2<z<5.

3. [2,[a]da.
CI
4.
@) [ (=[] - Y)de=0 K,
(i) £ (@ -] - S de =% [ (@-Tl-Y)de=1} &,

2
1. ze 2 < fzm e tdt<ze ™™ x>0,
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<=z <% o 0] 0<Fm<g o [L+o0)

. T 2
@0<Jy mmmdt <z [0,1],
(ii)OSf;ﬁdtS%—i—%logx x [1,400).

s n

/ (sinz)" ™! da §/ (sinz)" dux, /
0 0 0

T ¢ 14z ¢ 1 142 ¢
lim dt, lim / ——dt, lim — dt.
z—+oo J 1+¢2 a—0+ Ji_, 1+¢2 a—0+ 22 Ji_, 1+¢2

INE]
INE]

(tanz)" 1 dz < / (tanz)" dx.
0

(: y=1¢ )

) f(x) = f(z1)] < M2y — 21| x1,29 [0,1]. , y = f(x) Lipschitz-
[a,b] ( 8 6.9).

@) | [ f@)de— (b —a)f()| < MO [a,8] [0,1].
(: (b—a)f b:fafbdx
(

L§f+11d$<

—n ) n+1§10g(n+1) 10gn§

) Tpn=14+1+4+-+-2+L—logn n 0,,
. 1 1
v= lim (1+7+~-~+7—logn)
n—+o0 2 n

Euler.

L0y =f@) y=g(@) [ab].

t,s 12 ff (f(a:))2 dz+2ts fab f(z)g(x) de+s? fab (g(x))2 dr = fab (tf(x)+
sg(x))2 dx > 0.
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Schwarz:

b

(/ab f(@)g(z) d:z:)2 < /ab (f(x))de/ (9(x))” da.

(: , A?2+2Bts+Cs*>0 t,s, B><AC.)
10. ® y=f(x) y=g(x) lab.

1

Q/ab ( /ab (f) = £(2)) (9(y) = 9(2)) dy) da
— - [ s@e@ - [ e [ o

[a,0], [ f(a)de [P g(x)de < (b—a) [} f(z)g(z) d.
[a,b]  [ab), 7 fa)de [P g(x)de > (b—a) [} f(z)g(x)da.
¢ (f) = f@)(g(y) —g(x)) )

() y=2s [-1,1] [0,1]

(it) y = 2 [-1,1].

(iii) y = sinx [0,7], [0, 5] [0,27]. 3 .
(

*) - Y= f(l‘) Yy = w(x) [aa b] w(x) =20 z [0'7 b]v § [a7 b]

74— wx)=1-
v =) ,Lw@mwm y=fl@) - y=uw,
S w(x)dz >0, ﬁ&)wgfmmqu y=fz) y=uw)
3. 00 2= f(y) I, y=g) [ab] g I z [ab] -,
Z_f(g :L’)) [aab]

f(b_la/abg(x)dx) < bia/abf(g(w)) da.

: A={a=uwz,x1,..., Tp =0} [a,b] E={&,..., &} . 5 6.10
Fluayi 4+ pnyn) < paf(y) +- -+ pnf(yn) e = 25222y = g(&)-
ﬁfjg(m) dx 1., A 0)
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(i) e*~ a.f 9(x) dw <L afa 9@) o,
(i) log (55 [, 9(2) dz) > 74 [Vlogg(x)dx g(x) >0 [a,b)],
(i74) (bafg dz)® Sbff( (2))"dx g(z) >0 [a,0] a>1 a <0,
(i11) (bafg ) dx)” Z%I( (2))%dz g(x) >0 [a,0] 0<a <L
7.4 Riemann.
_ — d:%’ m l .
R d:% . 5 o) ’
[:z:—,b} [a, b]. d(x) z la,bl, y=d(z) la,b]. y=d(x) x
L 7 .A:{xozawl,...,xn,l,xn:b} [a,b] . my [Tr—1, 2],
m=mj+---+my.
y=d(z) , x [Zrp-1,2k], y=dx) , , ., A y =d(x)

.- & [re—1,2%],  d(x) d(&k), my = d(k) (T — Th—1)
[Tr—1, 2] d(&). -

my, & my = d(E)(Tp — Tp-1) -

;o m=mp+ -+ my m o= my+ - +m, = d&) (T —x0) + -+
d(gn)(xn_xn—l) )

m i = d(n) (@1 — @0) + - + d(€0) (@0 — Tao).

A |mk — @| ) |m — 771| . Riemann X(d;a,b; A E) =
d(&)(@1 — zo) + -+ d(&n) (@ — Tn-1) m A




" ,],«J”L—”_JA——{—“

T i
L <l

\

\\\ »

Xz X, L% Koot %= b t
Myfua 7.5: .
Al®) I(z) A Jab 1, oz [ab],  A® | l(x)=0.

Yy
A={xg=a,z1,...,Tp_1,2, =b} [a,b] . Ap A lop_y lzn Pk
Ap., A A, A,

EFE=FE+---+F,.
[wkfhxk] &k N Aler) . lwk—l lwk

[Tr—1,2k] , Ak A Al&e) Tp — Th—1 1(&k), Ek

A &) (2k —2k—1). Er A E. Ay, :
By, = By, = (&) () — x-1) .

E~E=1(&) (@ —20) - + 1) (@n — 2n1).

A, |Bx—-E,, |E-E| . Riemann £(l;a,b;A,E) =
&) (x1 —x0) + - +U&n) (@0 —T01) E A,

E= /abl(x)dx.




l b . x [0,h], z [0,h] I(z) l(z) = 5%z + a.
a h 2
2

fohl(m)dx: Oh(b%x—i—a)dx:b_T“fO xdm—i—afohldx:b_T“ +ah = 22h
2 r>0 =z I .01 , U(z) I o 2vr2—a? z [-r7r]
0 z [-rr] 2 [" Vr?—a?dw. [

-y =[f@) y=yg)  [ab A ) a, f(a))
(a,9(a)) (b, f(6)) (b,9(b)).  x [a,b] AW (z, f(x)) (z,9(x)),
) = o) — F@), = lob] A® . A

b
E={ o) - (o) dr.

y=z y=2a2, (-1,-1) (-1,1)  (3,3) (3,9) [’ [a*—x|dz.
2—r=x(x-1),: ffl |72 — 2| dx = fEI(IQ—x) derfOl(z—xz) dx+f13(x27
v)de=5+314+18 =1

3 3
(7). . , . 50 , 010,27, sp 0 s0., Son
so, 0 0 2m, sg, . S0 Sax. 0 [a,b] [0,27]  A®) s (6).
r= T(e) ( ) [avb] (AR T(a) Z 0 é. A(g) A Saq Sb- % [a,b]
AO A sy, A . A r=r(@) A
A= {90 :a,Gl,...,Gn_l,Gn = b} [a,b] . [Gk_l,ﬁk] Ak A S04, _1

S50, » A Ala"'aAna Ek Ak>

E=E + - +E,.

Syfua 7.6:
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N [Ok—1,0k] &k N;rkN,  S0k1 S0y se, (k) o [Ok—1,0k] , Ak
A, Ep Ag E, Ap., Eg %(r(gk))Q(tan(Hk—gk)+tan(§k—Gk,l)) S
3 (&) (0 — &) + (& — Ok—1)). O — & & —Or1 0.

((60)? (O — &) + (€ — 1)) = 5((60) (00 — 01 ).

k=1,...,n,

Ek%

N =

(r(€n))*(On — Op—1).

Riemann E(%ﬂ;a,b;A;E) E A A |

N |

B (60— o) + -+

1 /0 )
B=: / (r(8))2 db.

: (1) r>0 . :r@)=r 6 [0,2n]. 1 0271' r2df = 7r?.
(2) , r>0 © (][0,27]) ) r(@) =r 1[0,6] r@) =0 ][0,0]
%foe r2df = 1r?0
(3) r1>0 ro(re>r) ., mre? — ry? = w(re? — re?).
5 T, T2 @ 5 %7‘22@ — %7‘12@ = %(7‘22 — 7“12)@.

4) 0<A<p. <« x=2x(0) = Ncosl, y =y(0) = Adsinf 6 [0,2n],
z=2x(0) = pbcosh, y =y(0) = uhsin® 6 (0,27 . (A27,0) (p2m,0)
LT 202dg — L [27N20%df = 4T (12 — N2).
(444). . A .r>0 C, r. A O A A( ). AW
C,, Ir). A, Jab] [0,4+00), r Ja,b], AT (r) = 0.

A={ro=a,r1,...,"n-1,mn = b} [a,b] A, A Th_1 Tk .
Ek Ak7 )

E=E +--+E,.
re—1,7%] & AR TR T .

(2 =120, 0 ., S(rt =)l = %(Tk_rk—l)f ~ & (re—rr—1)b,
e Th—1 k. ! &b, Lo (re —rh—1). Ag AlER)
B, Ag A(gk)N""k — k=1, &)k —rr—1).  [re—1,7k] 5 Ak

Ay, En Ay  Ep Ay.:

Ek ~ Ek ~ l(fk)(’l”k — Tk_1).

Ex(&)(r —ro) + - +1&)(rn — n1).
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bza r“; ':-
Dyfua 7.7:
Riemann X(I; a,b; A; 2) E A |
b
E:/ I(r)dr
).
0<A<p. < x = x(r) = rcos(Ar), y = y(r) = rsin(Ar) r
0,%5], @ =ua(r) =rcos(ur), y =y(r) = rsin(ur) r (0,37 (0,0)
27
(%cos(A%),%sm(}\%ﬂ) (27”,0). r (u—N)r, Jo! (= Nyrdr =
om2LA
n? o
B V.
(i) . AE L L A, h L. B
A h V B
V = Eh.
! L 21 Iy L I =z A, Jab]l =z J[a,b] I, A

A={xg=a,21,...,Tn-1,2, = b} [a,b) A, A lop_y lup . Ek
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[

=
I

Eyhuo 7.8:

Ak, 5 -
E=F + +E,.
By Ak:: B A7 B Blv-"7Bn ’ Vi
V=Vi4+ +V,.
o meenme] 0 A Ay, », Bk By,
Ak h. Ek Ak Vk Bk,:
VAVit-+V,, ExEi+-+E,
Vit o+ Vo= (Ei+ -+ E,)h
. A, VitV V Eh.,, V=Eh.
(i3). B.
! =« L, 1l 2 B® L, B. B B I
[a,b] B®) B z [a,b] E(x) B@. A={x=a,2,
[a, b] B, B Ly , L, . B Bi,....,B,,, Vg

V=Vit-+V,.
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B,
...,.I’nfl,l‘n:b}
Bk,:

[a,b] 1T =«



[Th—1,2k] &k By, Ly, . Lg, Le, . B&) B. |

[Tk-1,75] , DBi By, Vi By Vi Bi., Vi =E(&)(xr — 1x-1),
Vi & Vi = E(&)(zk — 5-1)
k.
V&~ E(&) (21 —20) + -+ E(n)(@n — n—1).
, A, Riemann X(E;a,b;A;2) = E(&)(z1—x0)+ -+ E(&) (X —2n—1)
V b
b
V:/ E(x)dz.
, h E. 1 L A. 01 L hl
E(x) E z [0,h] 0 2 [0,A] | Edx = Eh.
(@g). . 1, -, [ab] I. =z [a,b] Il =z =z r(zx) r=r(z) (
) [avb] T(.’E) 20 x [a’7 } B B L l llv Y-
L 1 01 A L y=r(x) [ab. B A 2
z la,b] B 1l =z r(z) . E(x) =n(r(x))?, B



z:g(z,y), (1‘,’g)

V= 7r/j(r(m))2 dz.

7T -
) R>0 I o1 . | =z [-R,R | =
r=+vR2—22. | WfFR(RQ—JZ?)dx:%’TRB.
(2) B={(z,y,2): 2> +y*<z<1} .y 1l 2, 2<02z>1 B® B
, 0<z<1, BW® (0,0,2), 1 r(z)=+z. B wfolzdz:g.
B A={(z,2):2?2<2<1}, w2+, 2.
3) B h>0 R>0 01 h . x 1 [0,h] B®
z [0,h] B®@ l x T(I):%IE. Wfoh%ijdx:%RQh.
(iv). -y (y) a<z<b c<y<d » 2= f(z,9)
’y’f(z,y) 29 7 (x7y’g(x7y))' B

21\

Ty f(x,y) g(z,y).

Z=3(¢,V]

Syfua 7.10:
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B.
la- = L, lx Ly (z,9,2) . z [a,b) B® B [z L,
d
z=f(z,y) 2=g(z,y) = y [ed]., E(z) = [, |9(z,y) — f(z,y)|dy.
¢ [ab], B® . VB ['E@)de,,

v= ([ - i) ar
B

l Y-,
d b
v= [ ([ taww) - elds)ap
: B z=2x4+vy z=x+2y -1<z<1 -1 <y< 1.
1 1 1 1
S (e +2y =22 —y|dy)de = [, ([, |y — =|dy) da. Yy — T, x
1 x
[*131] y*xZU, Y [xa]-]v yfxgoa Yy [71,%}., B ffl(f71($7

y)dy+fxl(y—x)dy)dx:fil(x2+1)dx:%.

(«y) (@",y") ;
\/(m// _ x/)z 4 (y// _ y/)Z )
bl (-1:/7 y/7 Z,) (I‘//7 y”’ Z//) b

\/(.%‘” _ x/)Q 4 (y// _ y/)Q T (Z// _ Z/)Q .

(x({..,),;(é,,_,))

(X4, y(t0)

Syfuor 7.11:
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: (z,y) = (z(t),y(t)) t [a,b] ;o w=x(t) y=y)
[a, b]. . A={to=a,t1,...,th_1,tn, = b} [a,b] k=0,1,..., n T}
(l‘(tk),y(tk)) Ty Ty, . lk; Th_1 Tk;

TO7T1 aaaa Tn—th ) [tk—latk] ) Tk}—l Tk- ) lk

e =V (@(te) — o(te-1)) + (y(te) — y(te-1))?.

§e M [te—1,tk]  @(te) —2(te-1) = 2" (&) (te —tr-1) y(tr) —y(tp-1) =
Y (i) (e — tr—1).

V(@(te) — 2(te-1))% + (W(te) — y(t-1))2 = V(@ (€)% + @ ()2 (te — te—1).

y'(t)  [e—1,te]  — Ek Mk

Y () = y' (&),

Vi(@(te) — 2(te-1))2 + (Y(te) — y(ti—1))2 = V(@ (€))2 + (' (&) 2tk — tr-1)-

~ V(@ (6))2 + (1 (60)2 (0 — to) + -+ V(@ (€2))? + (' ()2 (tn — tn—1)
, ., Riemann S(y/2/2 +y'2;a,b; A E) l A

l_/ V(! ))2 dt.
(@,y,2) = (x(t),y(t),2()) t [a,b]

l—/ V(@ + (2/(t))2 dt.
: (1) , xbz x(t)=rt+X y=yt)=pt+v t [a,b]. 2'(t)=r y({t)=p
t [a,b], N VK24 p2dt = /K2 + 12(b — a). = (ka+ A\ pa+v) =

(Kb+ X\, ub+v) /(Kb + X —ka— N2+ (ub+v — pa —v)? = \/k2 + p2(b—a).
(2)  (zo,y0) 7m0 x=ux(t)=rocost+mzy y=1y(t) =rosint+yo t [0,27].

2/ (t) = —rpsint y'(t) = rocost fo% VTo2(sint)2 + ro2(cost)2 dt = 27ryg .
(3) x =2x(t) = Kocost+xy y =y(t) = posint +yo ¢t [0,2n]. 2/'(t) =
—rosint y'(t) = po cost fo% Vko2(sint)2 + g2 (cos t)? dt.

(4) )’ y=[f(z) [a,b]. y=[f(2) [a, b],
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b
- [ VIF TR

b
1= [ VTGP dy,

(5) (x,y,2) = (rg cost+xg, o sint+yo, %‘;t—kzo), t [0,2x], x'(t) = —rpsint,

Y (t) = rocost 2'(t) = Lo, fo% \/?"OQ(Sint)2+TO2(COSt) 222 dt =
v 4’/T27‘02 + hoz.
. F (O, A B, W, 7 AB + -
F 4B
= |?||E’cos¢9,
o [0,r] F AB.,0<6<Z, ,I<0<m, L, 0=, 0.
|F||AB| cos 7 4B,
W=TF . AB.
W ) A B
(z,9) = (@(t) y(1)) to fab.  F = (B.F)
(z,y) = (z(t),y(1)) (t) = (Fu(t), Fy(t)) t [a,b] Fy = Fy(t)
Fy = Fy() r=20) y=y@it) [a,b]
A= {to =a tl . ,tnfl,tn = b} [a b] Wk [tk,1 tk]
W =W+t Wy,
[th—1,tk] (Fr(t)aFy(t)) . e [th—1,tx), Wi
?i(ﬁk) = (Fu (&), Fy(&x)) k = ( (t—1),y(te-1))  Ax = (@), y(tr)),
DR - AL = Fulen) (alt) - (i 1) + Fy (&) (y(te) — y(ti-1)). :

Wi, ~ Wy, = Fx(sw(m(tk) — a(th-1)) + Fy (&) (y(te) — y(te—1)).

me G [te1te]  @(te) —2(te—1) = 2" () (b — te—1) y(te) —y(tr-1) =
Y (G)(te —t—1).  2'(t) y'(t) , 2'(m) v'(Ck) (&) ' (&),

Wi ~ Wi & Fo ()2 (&) (tr — tre1) + Fy (&)Y (&) (tx — tre1).

W~ (F(&)2' (&) + Fy(&)y' (61)) (b1 — to) + - -
+ (Fuo(€n)(6n) + Fy(&n)y' (€0)) (tn — tu-1)-
Riemann X(Fyz' + Fyy';a,b; A 2) w A
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, y=22 y=yz [0,1].
2. , (a:;owzo)z + (y;éJZO)Z =1.
3. > 0, x = x(0) = a/cos(20) cos§ y = y(0) = a/cos(20)sinf 6
[_%7%] g [%7%] ) (an) .
, <
4. a >0, x = x(0) = a\/cos(30) cos y = y(0) = ay/cos(30)sind
[*%7%] ) [%a%] [%Tv?ﬂ . .
) «»
d. n>2«o»
1. e !
) a7 b7c )
2. 22 4+y? =4 z=0 z+y+2z=0.
(. y=v )
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3. K>0. y=%(e~+ex)=rcoshZ .

4. x=2x(0) =r(@)cosd y=y@) =r@)sind, 0 J[a,b], r=r0)
[a,b] r(0) >0 t [a,b]. I

b
1= [ VEOPR T @,

¢, k>0, r=x(0) = ce" cosd y=y(0) =cesinb, § (—oo,+0c0),
Kk >0, x =x(0) = khcosl y = y(d) = kbsinh, 6 [0,+00),
Kk >0, r=x(0) = Fcos y = y(0) = Fsinf, 6 (0,400),

5. (z—x0)? + (y;gg)Q -1

K02

6.
b
V= @F + W0 —y@P < [ VEOPEF GORa?
b
(a(b) = 2(@)? + (4(8) = l@)? = [2(t) @) [ o' (O)at] +
, a
+Hy® - v@l| [ v o
b a
< [ (12(®) - 2@l @) + ) - vy 0)]) e
b
< [ VED -~ @+ Gl - @@ OF O i
7. «»

1.  Newton F = (Fy, Fy, F,) (z,y,2) #(0,0,0) m

cm

cm
(szFvaz):_ : (x,y,z)z—?g(x,y,zﬁ

(22 + y2 4 22)2
r=ya?+y24+22>0 ¢ - - .
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r=uzt),y=y(t) z=2=2(1), t [avb]a
em (* 1 d(r@)? " ()
S Aoy ke N
T(t) = \/(x(t)>2 + (y(t))2 + (Z(t))2 >0,, (07070)'
2. Hooke ? = F, T - 0 F,=—cx, ¢ -

z=uz(t), t la,bl],
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Kegdhawo 8

Riemann.

Riemann. . Riemann . Riemann , ,. Riemann . ,
Riemann , Riemann , Riemann Riemann . Riemann.
2
.
8.1 Riemann.

, o, O > « Riemanny «Riemann » .

y=F(z) y=f(x) I
n+1

() ny=2%2x y=1a" (—oo,+00).

(2 y=2 y=1 (—o0,+00)

(3) n<-2 yzgﬁf y=2a" (-00,0) (0,+00).
zot! a

(4) ay=°‘gg Y=< (0, +00).

(5) y=loglz| y=2 (—00,0) (0,+00).

(6) a>0,a§é17 y:l(()l@ y:al (_007_'_00).

(7) yzsinx Yy =COST Y= —COST y:Sin.’L' (_OO7+OO)

(®) y=tans y= (5o (-5+kn,5+km)(k€Z). , y=—cotz

y= (Sinlq:)2 (kﬂ_,ﬂ'+k7‘(‘) (k € Z)

(9) y=arcsinz y= 11_382 (-1,1). , y = —arccosz y= 11—12 (-1,1).
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(10) y = arctanz H% (—o0, +00).

8.1 y=F() y="FRk I y=flx) I, y=flx) 1.,
y="F() y=FE) y=[f=) I, I
: Fy(zx) — Fi(z) = ¢ =z I, ¢ ( =z, y = Fi(z) y = f(z) I
B(z)=F'(@)+0=f(z) z I, y=F@) y=fl) ., y=F y=/FR
y=f(z) I y=h(z)="FR) -F I Wz =FkR@-FR @)=/ -fz)=0
z I, 6.7 y=hxz) I
y=F@) y=fl) I y=1[f(x) I -
y=F(x)+e, c
¢ =),
81 , ,
: (1) y=22 (—o00,+) y:m,—;—i—c, c
(2) c ., y=cosz (—00,+00) y=sinz+ec, c
y=g(x) 0 :
1, 0O<z<l,
y—g(x)-{gj lowo3 0 ODUE), (0.1) (1,3).

8.1 &« oy

y=12 (—00,0) (0,400) y=loglz|+c, ¢ ., y=21 (—o0,0)U(0,+0c0)

_Jloglx|+c1, x<0, o e ( )
" \loglz| +ep, x>0, 7 ’

y=f) lab], [ f(x)dz

/ - [ 1o

)y < = a, 5, [aa]_{a}

, fabf(a:)dx a b y=f(z) [a,b], b>a, [bal, b<a,
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IRC M*/f o+ [ fia)da

a<b<e, a,b,c, y— f(x) . ,c<b<a
—fff(x)dx:—fb r)dr— ff dmmf flz dx—ff d;v—i—fb x)dx

L a=c<b, O:f:f( Ydo + [ f(x)de [ f
cy=1f@) lab], a<bd [ba] b<a,, M \f(x)ISM z

() dz‘ < M|b— al.

, a<b, (|b—al=b-a), . b<a, |f(ff(x)d;v|:|—fbaf(m)dm‘:
| [ f(a)de| < M(a—b) = M|b—al. , a=b, |[’ f(z)dz| < Mb—a| 0=0.

. y=fx) I() oal, oz I oz [T f(t)dt T.
c(x) I

a 1,
/f dt+c-/ dt+/ ft dt+c-/ ft)ydt+c,

d ,d=] f dt+c. | a a c c a [7f(@t)dt
: y=1x? (—o0,+00), a=0 y—fotzdt ‘% %z%g. y = a?
yz””—;+c, c .., oa , y=[lt2dt y=["t*dt= %—% c=—a—33.
8.2 y=HK@ y=Rk I y=f(z) I, y=flx) I,
y="Fz) y=FE) y=[f(=) I, I

) y_FQ(x)_Fl(x):C x Ia c 5, & y:Fl(x) y:f(x)
I, a1l o F@=/[ f®d+a « I F(x) = Fi(z) +
c = f;lf(t)dt—k(cl—&—c) = f:;f()dt—l—cz x I, ao = a1 c2 =c +ec
y="IF@ y=f=) I, y=~FkKa y=>IFkKz y=f= I
ap az I ¢ ¢ Fi(z) = flf()dt—i—cl Fy(x ):fazf(t)dt—&—cz x I
Fg(x)—Fl(x)zf(Zf t)dt + co — f t)dt —cy = f;;f(t)—!—cQ—cl x 1,

/f(x) dx
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y=f@) ., [Tf®dt+cl a I c .,

/f(a:)dm - /amf(t)dtnLc.

: , y = 22 (—o00,+00) y:%—SqLc, c . [ 2? da -
fxzdx:’”—;—i—c, c .
[ f(z)dx
; , y=a?
f faya
/(f(;v)—i—g(x)) dwz/f(m)dx—k/g(x)dx.
. a I F(x)= [ f(t)dt Glz)= [ g(t)dt [ flz)dz =
F(z)+ea [g(z)de =G(z)+ea, a e K ff(x)derfg( )da =
F(Jc)+cl+G()+02 () G(x)+(c1+c2) = fa(f(t)+g(t))dt+(cl+02)
[ (@) +9(1)) dt (I) g(@) I, cter,, [T(f(t)+g(t))dt+
(c1te)  [J(f(2)+ dr. , [ f(x)dz + [g(z)dz = [(f(z) + g(2)) dz.
/()\f(x)) da::)\/f(:c) de (A £0).
. [P0 [f@)dr=F@) e ¢ . Aff@)de=

/\F(J;)—l—)\C—f (Nf(t ))dt—|—/\c. JEf()dt y=Af(z) I Xe(: N#0)
faw Ndt+ e [(A\f(z)) ixo, A [ f(@)de = [(\f(z))dz

: (1) [(x+2? d;v—fxdx—i—f:dex—%z—i—”?—i—c. [(x + 2?)dx =
[xdx+ [2* dm—2—|—61—|— +cy.

(2) f(?:r)dx—?fxdx—?%—i—c. f(?x)dmz?fxdx:7§+7c.

(3) [(z+g(x))dz = 2far:da:—&—fg(ar;) do = ””—22 + [g(z)dz.  [(z+g(z))dx =
Jrde+ [g(x)de =% +c+ [gla)dz ¢ o [g(z)dx

4! [zde— [zdr=c =0.: [zde— [zde= [(x—2)dz= [0dz=c,
7facdx—fxdx:%—i—cl—§—02:cl—02:c.

1. y=2x+sinz (—oo,+00). y =2z +sinzx (—o0,+00);
y=2x+sinx (—o0,+00) r=1 -2
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2. y=F(@) F(2?) =1 2z (0,400) F(1)=1.
3. y=F(z) F'(logz)=1 =z (0,1] F'(logz) =2 =z [1,400) F(1)=1.

4. y=r() (ad) r'(x)=L1 2z (ab), rix)=... (a,b). ;
. y=1-22 (—o0,+00). y=1-—22 (—oo,+00); , [(1—t*)dt;
y=1—a2 (—o00,+0c0) z=2 —-1.
2. y=f(x) I al k y=flx) Kk T =a;
3. [f@)dz = [g(z)dx+2*—3. [ f(x)dz — [ g(x)dx
4. y:f(x):x—[x}—% (=00, +00).
(i) y—f( ) L
(ii)  F(x fo”” f(t)dt o, 1].
(its) y=F fo (—o0,400) 1. y=F(z) [x].
(iv) fo L)dt [0,1] y=G(z) (—o0,400) 1.
5. ) ')
8.2
8.1 .y=flx) I() oa I y=F(x)=["f(t)dt 1.
y="rf(x) &1, y=F) ¢

, y=flx) I, y=F(x) I F'(z)=f(z) = I

ce>0. y=f(z) & >0 [f(x)—f()|<e z 1 Jrx=¢g<d.,,z1 0<|z—¢& <.
btz &, =<, [f() - ()\<6 .

€
x) — ftdt t)dt — f(§($ €)
F(x) F(E)_f(g)‘ — [ F®) ‘fg ‘
T —£ z—¢
‘fg t)dt — fg dt:|f§ dt|
\x—ﬁl
< 2= £|6:
T |-
tim MO ZFE) _ )
T—E CL‘*&
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y=f(z) I -
I I -
, 81 y=F)=["ft)dt y=f(x) I y=fx) I ,, y=/f(z)
y=F(@)+c ¢ ,( ) y=f),, y=F@+cc ()
8.1.
s y:f(x) 1 7y:f;f(t)dt+cv I ) y:f($)
d(f; filt;dt—l-c) ~ ).
81., y=F(x) 1 y:dgim) 1 I, y=F(x) ( x):
TdF(t) B
/a 7 dt+c=F(z)+ (c — F(a)).
Cy=fo) =G0 L y=F@) y=f) I [5G di+c=
f;f(t)dt—i—c, 81, y=f(x) I,, ¢ fawdF(t)dt—l—c—F()—}—c x I.

z=a, O+c=F(a)+c, ¢ =c—Fla),, [ =5 dF(t) dt+c= F(x)+ (c— F(a))
z I

8.1,

83 y=f(x) I y=F@) y=f(2) L
(1) y=f@) I y=F()+ec c .,

2) y=f(x) [a0] I y="F(x) [a,b]
/f Fla)  (ab I).

, 83 1 2, 81 y=[7fHdt y=fl) I.
Tftdt—F(z)=c z I. x=a, 0-F(a)=c,, [, f(t)dt—F(z) = —F(a)
e I, z=b [ft)dt—F(b)=—F(a),, [’ f(t)dt=F(b)— F(a)
. = f(z) I
y=F(x) y=f(x) I, -
I.
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/1d:r::17+c

(—00, +00).
(2) a#-1 a#0,
/mo‘dw: . +c
a+1
(1) (—o0,+00) a >0 , (i) (=00,0)U(0,+00) a <0 # -1
(79i) [0,400) a >0 >0 (iv) (0,400) a <0 < 0.
(3) y = _17

1
/fdleog\x|+c
x

(=00,0) (0,+00).
(4) a>0,a#1,

/azdx: a +c
log

(=00, +00).
(5) (=00, +00).

/cosa:dxzsinx—i—c, /sinxd:(;:—cosx—i—c

1 1
mdmztanm—i—c, dez—cotx—!—c

(=% +km, 5 4 km) (km,m+ k), k

(7)
/#dx—arcsinx—ﬁ—c / ! dr = —arccosx + ¢
V1— 22 ’ Vv1— 22
(-1,1).
(8)
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/ 1
dr = arctanz + ¢

1+ a2
(=00, +00)
. y=fla) I
y=F(z) y=f(z) I, -
.

b
/ lder=0b-—a.

(2) a# -1 a#0,
b a+l _ o+l
/xo‘dx:b a
o a+1
(1) ab a >0 , (i) a,b<0 a,b>0 a <0 #-1 , (4i7)
a,b>0 a >0 >0 (i) a,b>0 a <0 <0.
3) a=-1, a,b<0 ab>0

"1 b
/ —dx =log|b| — log |a| = log — .
o X a

4) a>0,a#1, a,b

b b
/ cosx dx = sinb — sin a, / sinx dxr = cosa — cosb.
a a

cos? x sin®

b b1
/ dxr = tanb — tana, / dx = cota — cotb

(-2 +km, 3 +kr) ab (km,m+km), k
(7) aab (_17 1)
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b _ _ b
dx = arcsinb — arcsina, dx = arccos a — arccos b.
a a

V1 — 2 V1— 22
(8) a,b
b
/ 1522 dxr = arctan b — arctan a.
8.1,

L OI0 _ pre) iy de = PE) y= f(2) [0,
: f fle)de = f(&) PO — pre), y=F(@) y=f(2) [a,b]-

(i) [ cos(az)dx = Lsin(az) +c,

(: , y= Lsin(az).)

(i) [sin(az) dz = —1 cos(az) + c.

(Z) f a:loga: dr = log(logx) +c (17 +OO)7
(i) [ W&(lom) dz = log (log(logz)) + ¢ (e, +00).

(i) [a"e " dr =nle " (e =1 —x — “2/’—7 ----- £ +e,

(ii) [a"e” dx = (—=1)""Inle® (e_’” —1+z-— %T 4+ -+ (—1)”_“2) +c.

»

(vi) 2 74
y=f(z) (—o00,+x) a fmf(t)dt:sinx—§ T.
= f(z) (—o00,+400) fo t)dt =e* m;
for (t)dt = e* — 1.
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T sint Zsint + et
= S — dt7 = T dt,
Y /0 1+ 12 Y /m 211
22—z 2 Tr+cos T
t* — 2t
1 e’ + 2t sin x

Coy=rwd € y=f)  y=g() y=h).
8. y=f(r) (—o0,+0) fo tdt=1-2"" g

9. limg oo e’ fom e’ dt = 0.
G )

10 limgyqoo = [o €77(2t 4 1) dt.
11. () a>0 b hmx_>0+ mfom\/%dt: 1.

12. 4 7.2.

. 1942%- 4 (n—1)"4+n®
lim, 4o o+t )

13. , k :
(1) fo% sin(kz) dz = 0.
(i1) fozﬂ cos(kx)dr =0, k#0.
n,m :
it fo sin(nx) cos(ma) dz = 0.

(i
(iv) J, sm(nx) sin(mz)dx =0 n # m.
(v) fo cos(nx) cos(mz)dx =0 n # m.
(vi)

vi fo (sin(nx))? dx = fo (cos(nz))?dr =7 n #0.

14. , f(z) = ao+ (agcosz + b1 sin :r) + -+« + (an cos(nx) + by, sin(nzx))
g(x) =co+ (crcosx 4+ dysinz) + - - + (¢p cos(mc) + d,, sin(nx)),
1 2 aicy + b1d1 AnCp + bndn
do = @iaTodr o 9nn T Onln
5 | f@g(@)de =apco + —5——+ -+ =
5. 3 72
™ sm((n—i— )x)
@) Jy —am = d n.
(i) [y 51;2"? dr=7m 0, n ,.
(iii) [ (qlfm";)) dr =nm n.
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16.

17.

18.

19.

20.

21.

22.

a#+b, limroic 3 fOT sin(ax) sin(bx) do = 0.
I’ Hopital?

Bernoulli

P,(z) n a™.
P,(0)=P,(1) n>2.
Py(z+1) = P,(z) =nz" ! n>1

Poyi(k+1) — Prya(0)
n+1

k+1

42" 4+ k :/O P, (z)dx =

n=1n=2.
P,(1—z)=(-1)"P,(x) n>1.
P2n+1(0) =0 Pgn_l(%) =0 n Z 1.
y=f(x) I a I
(i) y=[, f®yat I, y=f(z) 0 I
@) [Tr@)ydt=[Cf@&)dt « I, y=f(z) O L
E**)} y=F@) [ab] f@)>0 x [ab]. [ f@@)ds=0, y=f(x)
a,b
G [Tf@dt+ [Df@yde= [P f)dt=0 [TfH)dt=0 z [a,b]. :
fE >0 € [ab] . ed [ab) d—e>0 & fa)>L8 o
le.d]. ) f(x)dz > [ f(z)de > IE
[ }y:f(x) [a,0], f(2) >0 = [ab] [} f(@)dz=0, y=f(z) 0
a,bl.
@ y=f2) [ab] M f@)<M w [ab]. [ f()de<M@b-a).
.y f@)yde=M(b—a), fl@)=M = [ab]
(  y=M-f(z).)
@ y=f@) [ab. [[(f@)?dz=0, f@)=0 z [ab].
¢ )
(*)[ny(x) b [5 f@)dt >0 a'a" [ab] o <a’, fx)>0
z |a,bl.

(: y:fawf t)ydt [a,b]. : f(&) <0 ¢ la,b] [e,d] [a,D]
d—c>0 ¢ f(x)<f(5 z e, d]. fdf dr < @(d—c)<0.)
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23. ) y=f(z) [0,400) f(x)#0 x>0 (f(z)>=2[; f(t)dt z>0.
(i) f(z)>0 z>0.
: f0O)=0 f(x)>0 >0 f(z)<0 x>0 y = (f(x))? =
2 [, ft)ydt  [0,400) )
(@) y=f(x) (0,400).
G Vv
(#it) f(x)=2 =x>0.
24. 0 y=f(x) [0,a] f(0)=0.
(f(2))? s <a
() y=g<x>={0,x , gioé Dl
(i) ) Jy (1)
(iif) (f() <xf0 '$)2dt z [0,a).
(iv) (f D2 =afy(f@)2d, y=LE (0,a).
(W) (f@)?=af,(f(t)*dt f(0)=2, f(z)=22 = [0,a.
25. )y = f(x) I. I.
=[Tft)ydt+c £ I [cd] I a& M |f(z)|<M =z
[e,d. @ [ed] [F(x) = F©)| =[] f(t)dt] < Mz —¢l.)
26. )y = f(x) [a,b]. €& [a,b] fg daz:—fE dx.
(y=[7fWdt— [ fe)yde )
8.3 Riemann.

[ F(¢(@)¢'(x)dz = [ f(y) dy\y,¢(z) z = f(¢(z))¢'(2) I
[ f(¢(2))¢! (x) dx sy e x 1., z=[f(y)dy .
fw,, y J. y=d) z I, L R :
z=[flyydy z=Ff Jfwdy=G)+c J, z=Gly) z = f(y)
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=G(g(x) +c 1., HECLWD _ grig(a))¢/ (z) = f($(2))¢ (x)

Jc ., ff(y)dy|y:¢(x)
I, 2=G(@) z2=[f(¢@)¢ (@) I. z=[f($@)d(@)de  =z= f(¢(x))¢(z) I
J1@@)d @) do = Go@) +¢ 1, ¢ ., [fé@)d @) de= [ f)dy| _, I

z f fo t)ydt z = H(z) = f((z)) f(s) ds I z=G(y) =
Sy £(5)ds I F/( ) = f(¢( ))¢’( ) = I G'(y) = f(y) H(z) = G(¢(x)) I,

) =
 H'(z) = G (d(2))¢/ () = f(<i>(:v))¢>’(w) : F/(r) H'(x) L ¢ F() H(z) +c I.

¢(I)
z=a 0=0+c c—O,,ff )’ (t) dt #(a) f(s)ds 1. =b
(1) J(sinz)*coszdz, n . y = sinz, [(sinz)"coszdr =
. d si _ _ n+1 - (sinm)”Jrl
[(sinz)™ SInr gy = [y dy‘y:sinx = (?jlﬂ + c)’yzsmz == tc

2
2) [Fgde y=22+1, [Fyde= [y d(xdgjl) de = [ % dy‘y:x2+l -
(log |y| + c)’y:m2+1 =log(z® + 1) +c.

b B b 1 _ (b 1 dl logb 1 _
(3) fa zlogxdm y—logx fa xlogmd‘r—fa log x ng floga yd -

log | log b| — log |log a| = log|1§§Z

a,b y = logx a,b z = % (=00,0)  (0,400).
y = logx log a, logd. loga,logb >0, ,a,b>1 loga,logh <0, ,
0<ab<1l., loga,logh fabmlogz dx = log llggs

8.5 y=f(z) y=g9() I,

/f(x)g’(w) dr = f(x)g(x) —/f’(fﬂ)g(ff) de— (z I).

b
/ flx = f(b)g(b) — f(a)g(a) — / f(@)g(x)de  (a,b I).
Cy=F@) y=f@e@ I, [f(@e@)de=F@) —c I, c . WL
P (@)a(z) + ()g' z) — F'(x )—f(m)g() v = f >g<z>— F(z) y=flx)g(x) I
[ f= g(w = f(z)g(z) — <w>+c—f(:r — [ f(x)g(x)dz 1.

()= Trmetydt y = = [7r t)g(t)dt I, F'(x)+G'(z) =
f(fv)(fv) f()():M I ¢ F@)+G@) = fla)gl@)+c I. o=
a 0+0 = fa)gla) +¢, ¢ = —fla)gla). F(z)+ Gz) = f(x)g(x) — f(a)g(a) , ,
[7 gyt + [T f(t)g' (t) dt = f(z)g(z) — f(a)g(a) 1., z=1b

(1) [logwdr = [logzdedr = zlogz — [ L8L g dy = zloga — [Llade =
zlogax — [1dx =zlogz —z +c¢ (0,+00).
a#0, [e¥sin(br)dr =1 [2< sin(ba)dr = Le®® sin(ba)— eswd bm(bm) dzx =
( 7é f dx
le sin(bz) — 2 [e® cos(b:c) d:n () =1lew sm(bfc) b de cos(b:c) dx =

a? dx
Clle sin(bz)— a%e " cos(bx)+L [ ‘”dcos(br)d = Lea® sin(bx)— 4 e” cos(bx)—
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Z—i [ e sin(bz)dz. (1+ Z—z) [ e*®sin(bx) dz = L e (asin(bx) — beos(bz)) + c,
¢, [esin(br)dr = e (2% sin(bx) — xl cos(bx)) + c.

a=0 b#0, [sin(bz)dx = —3 cos(bz) + c.

/em sin(bz) dx = azLerQ e sin(bx) — poe e*® cos(bx) + ¢
a,b a®>+b>#0. ,
/e‘” cos(bx) dz = ﬁ e*® cos(bx) + po e*" sin(bz) + c.

2 2 gev 2 2
;3)2 f(() gcex dgs) = {0 :Cldd‘; dv = 2¢* — 0e* — [ 4Zedr = 2e? — [[e"dr =
et —(ef—¢e’)=e"+ 1.

(4) [y xsinzdr = — [ 245 2dy = —mwcosm + 0cos0+ [ L coszdr =7+
Jy coszdx =m+ (sinm —sin0) = 7.

/ (2)d /amxm+am_1xm—1+-~-+a1x+aod
r\x)ar = i
bna™ +bp 2™ biw by

( ) _ amz™Fam_12™ 4 Faiztao
X)) = Tban b, _1am T+Fbiatbo

m<n , .,,m2>n, p(x) q(x) q(z) <n
amx™ + -+ + ag :p(x)(bn$n++bo)+Q(m)

q(x)

r(@) = pl@) + bpa™ + b1zt bz + by

[ p(z)dz m < n.

’

bnx™ + b1t 4+ bz + by
bpx™ 4 -+ g = bp(x — ) (x — V) M(x — p)? + 2P ((x—€)? +62)7

=bp(z—a) - (z—PMNx—p—iv)P(x—p+iv)’ - (z—e—id) (xz —e+1i)7,

Kyuo oy Ny Py oy T K+ +A+2p+---+21=n vy...,0  >0.

T— Q... X — Q... Kyoroiy A . (2 — p)? +
v (2 —€)? + 2 pwtiv,...,etid PyesT .
. [ : —00, &y ... ,"Y, +00.
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T(x)_m—oz (m—a)2+ +(x—a)"
+ ............
I, I, T,
ey T T
(@ —p)*+0v? ((x = p)?+v2)
+ ............
El(Z7€)+A1 E.,.(x—e)JrAT
O SN (PR O
& . T—Q...,T—7 LR,y oy (—p)?+02% . (2—e)? 402
1 pyooo,m o A Ao, .. E A . , ;o bpz™ 4+ -+ b + by

’ n n AlaA27"'aETaAT

)

1 T — 1
e L b e O B e

1
/ dx:(10g|y|+c)‘ =loglz —a| +c.
r— T—a

T — 1 1 d((x— p)? +v?)
/ ((w—u>2+u2>kdm2/ (z — )2+ 2)F da e

1 1
2) yF " lym@-mr e

T — 1 1 1 ‘
= P dr=(=-—-—_-
I e e | G v B
B 1 1 N
T k- (@i
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k=1,

T — U 1
TR gr=2(1
/(a:—u)Q—i—VQ o 2(0g|y|+c) y=

1 1 1 dz—p
dr = — d
| Gt = (Zepri)yide v

1
I = dy = arct .
1 /y2+1 y = arctany + ¢

k>1,
1 y2+1 / y2
S A A e L Ry
1 Y
= | ———dy— | y———d
/(y“rl)‘“‘1 ’ /y(y2+1)’“ ’
1 d 1
=1 - - -
kot 2<k71>/ydy TRl
1 y 1 1
= [ _
F T — ) ()R 2<k71>/ T

1 Y 2k — 3
2k —2(y2+ 1)k 2k -2

Tp—q .

. _ 1 2k—3
Ik Ik—l [) Il~ Ik — 9%2k—2 (y2+1{)k—1 + (2k—2)(2k—4) (y2+zi)k72 +
(2k—3)(2k—5) T
(2k—2)(2k—4) 1k—=2

A y . 2%-3 y .
ok — 2 (y2 + )F1 ' (2k — 2)(2k — 4) (12 + 1)F—2
o) aT * BB 7 e
[ r(x)dz, z{1a+@’f73)2+~-~+@’:‘7&)ﬁ
Ajlog|x — af — % ..... = 1)(‘;1“_ P



Mp(z—p)

My (z—p) SER i ¢y ey

My (xz—p) + (CEmEETaE

N CEIDEES%

M,y 2 2 M,
TIOg((x—u) +v )—W—

N N. N,
R R (L A (Cem e

M,

2 D@ p)+ ]

N,/ (x — )

(RS

_ No/ (2 —
Nllarctanx By 2(302 N)Q
v (x —p)?+v
Ni',...,N,  Ni,....N,.
: (1) [ 25 de =2log|z — 3|+ ¢ (—00,0) (0,400).

2) [ Gopde =3 +¢ (-00,-2) (=2,+00).

@) [rpmdr y="5

1 1 1 1
/(x+1)2+9 v 3/y2+1 Yyozp = 3T L
1
:garctan +c
(=00, +00).
(4) fﬁdm y=(r—2)%+4,
T —2 1 1 1
e de =5 [~ dy] - -q
/(x—2)2+4 v 2/y U] oayera = 20081 O oo
1
zilog((x—2)2—|—4)+c
(—00, +00).
(5) fmdx y=(z—-2)2+4:
r—2 1 1 1 11
e e
/((»”6—2)2+4)4 ! 2/y4 Yme2ia 2 3y3+c y=(2—2)2+4
S T
6((x—22+43
(—00, 4+00).
(6) TEEN e, a® - 2242 22 -3 +2 2P 42 =
(@ —3z+2)(x+1)+z,, L2 — gy 14 2
% —22% 4+ 2 x
———dx = 1)d —d
/z2—3x+2 T /(m+)m+/x273z+2x
1, x
= - — dx.
27 +x+/m2—3x—|—2 o
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2727.3er2 :

T A B
22 —3z+2 z-1 +95—2’
A B . (x—1)(z—2) z=A(x—2)+B(z—1),,z = (A+B)z+(—24-B).
A+B=1 —24-B=0. A=-1B=2.
T 1 2
_l’_

22—-3z+2 z-1 z-2°

)

/mdx:—/x_ldﬂc+2/x_2dw:—1og|x—1|+210g|x—2\+c

b

8 — 227 +2 1
/wdx:7$2+x—log|x—1|+210g|a:—2|+c

2 —3x+2 2
(=00, 1), (1,2) (2, 400).
2 2 q q
(7) J ngiii_l dx xS_E:“;in_l Dot at—r—1 a4tz —1=

2x+1)—(z+D)=@2-D+)=@-D)@+1)2%., *+22-2-1 1
2
L e i

222 + 1 A B C

x3+x27x71_x71+:17+1+(:17+1)2'

(x—1)(x+1)? 222+1=A@+1)?+Blx—-1)(z+1)+Cx-1),,
20 +1=(A+B)2>+ (2A+C)z+(A-B-C). A+B=224+C=0
A-B-C=1. A=3B=3Cc=-2%
1
(x+1)2’

20°+1 3 1 R
B4a2—2x—-1 4rx—1 4x+1

/2x2+1d _3 .ty +§/Ld §/;d
Bra2—a-17 4)z1"Tq) e 1Y 2 (x+1)2 v

3 tog |z — 1]+ log e + 1]+ o —— +
= —loglz — —log |x ———+c
1% 1% 2r+1

3
2

(—o0,—1), (—1,1) (1,+00).
®) [atmmmdr gt - vt 2042 ot -2 2042 =
2?(2?-1)-2x—-1) =2z —-1)(x+1)-2@z—-1)=(x—-1)(23+22-2) =
(x—1) (23 —224+222-2) = (z—1)(z2*(x—1)+2(z—1)(2+1)) = (z—1)?(x®+22+2).
,1'4—1'2—21""2 ]. y x2+2$+2:(1’+1)2+1 () m:

@ _ A, B C(z+1)+D
rd—22-204+2 -1 (z—12 (z+1)2+1"°
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(z—1)*((z4+1)?+1) z=(A+C)x3+(A+B—-C+D)2?+(2B—C—2D)z+
(-2A+2B+C+D). A+C=0,A+B-C+D=0,2B—C—-2D=1
—24+2B+C+D=0. A=4%,B=1C=-%L D=-L.

T 1 1 1 1 r+1 7 1

1
x4—x2—2x+2_%x—1+3(x—1)2_%(x+1)2+1_?5(m+1)2+1’

x 1 1 1 1
do=— | —de+> [ ——4
/:1747x27217+2 o 25/:“1 x+5/(z71)2 .

1/ T+l 7/ L
%) @+r12+1 7 25) @rz+1”
1 111 ,
:%log|x—1|—77——log((x+1) +1)

5x—1 50
7
~% arctan(z + 1) + c.

(=00,1) (1, +00).
(9) f z"+6z°—z dx

x® —xt 4223 222 4x—1 '

. 1:7+6a:(’71: _ .2 77m4+3m3+412+m+5
C P _zAi25 2z 4z—1 T +Tr+5+ 5 —zt 4223222+ —1 *
7 6
' +62° — 1 7
5 7 3 5 de = —a® + —x? + 5z
0 —axt 4 2% — 22+ —1 3 2

—72* + 323 + 42® + x + 5
+ =1 3 5 dz.
x? —a* 4 22° - 22+ —1
cad -t 23 -2 +r -1 =2tr - 1) +22%(x -1+ (x—-1) =

54 3 2 o 4 3 2
(24202 +1)(2—1) = (2®+1)* (2 —1). Frodistety = 796(;?1)?{1;,;?%

—7x4—|—3x3+4x2+x—|—5_ A Bx—|—C'+ Dx+ FE

(22 4+1)2(z — 1) Cz—1 0 2241 (22+1)27
(@2 +1)%(x—1) —-Ta*+322 +42%2 +2+5 = (A+B)z*+(-B+C)2® + (2A+
B—C+D)i?>+(-B+C—D+E)z+(A-C—E) A+B=-7,-B+C =3,
3

2A+B-C+D =4, -B+C—-D+E=1 A—-C—FE =5. A=32
B=-1 Cc=-Y D=4 E=2
Tzt + 323 +422 +2+5 3 1 1 17z +11
xr = — dl‘—* 7[&8
20—t 4223 — 222+ —1 2 ) x—1 2 2 +1

20 +1
2 [ —=d
+ /(m2+1)2 T
3 17
:§log|x—1\—zlog(x2+1)

11
—? arctanxr — m

1
2 | ————dux.
+ /(x2+1)2 dr
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(=00, 1) (1,+00).

2

1 2 +1 x
e e v e L

1 T
:/7x2+1dx_/x7(x2+1)2dx

SR S
= = ———dzx
arctan x 5 mdx:z:QJrl
tanz + ——— 1/ LI
p— —_— e — 71:
arctan x 2w +1) 2) 2+
1 T
:iarctanx+m+c.
(=00, +00).
7+ 628 —z 1 7 xr—2
de = —2° + -2 + 50+ ———
/x5—w4+2x3—2x2+x—1 3" +2x * m+m2+1

3 17

+§log|x -1 - Zlog(ﬂc2 +1)
9

—5 arctanx + c.

(—o0,1) (1, +00).

/ r(cosz,sinx) dx,

rst) st y=fl) =rloszsing) 2Oy = fi(r) y= fola)

a(cosz)f(sinz), a kK,

. . __sin x4 (cos x)® —(sin x)? cos _ . __sinz+(cos z)®—(sinz)?cosx __
: [ (2sinzcosa S 7 F(cos 177 )dx f(z) =2sinzcosz S aT(cosa)? =

2(cos ) sin £+43 cos x(sin )% —(cos )% —sin _ 3. : 2
(cos2) (eon z)(QJrsmz ( , J1(z) = 2(cos )’ sinx + 3cos x(sinxz)? —

(cosx)3 —sinw, fo(z) = (cosz)? +sinz

_ 25%t43st2—s%—¢
r(s,t) = R Fr e

y=fiz) y=fa(x) (—o0,+o0) y= f(z) y=fa(z) 0,

y=f(z), y=f(z) .., y=[f(z) 2w

1. y = f(z) -, 0 —m. 2m, T (—m, ),

(77.['5 ﬂ-)a (77‘-’#)7 (77‘(’77'('). Yy = f(l‘) (77.{'5 7T) U = tan% .
w=tan§ Em. u=tang ‘fl—;‘:m>0 x (—m,m).

lim, s 4 tan§ = —oo limg ,,_ tan § = +o0, u = tan 3 (=00, +00).

r = 2arctanu, (—00,+0) (—m,7)., x (-mm), u (—o00,+00) .,

1— )2 —u? - 2tan £ .
cosxT = 1+E:ZE%;2 = {74 sinz = H(tZE%)Q = 2%, y=f(z) = r(cosz,sinx)
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'lL2 U
(—m,7m) y=glu) = (hu% 1iu2) (=00, 0). U.

3 3

sin 243 cos z(sin x)? — (cos x)® —sin

2
Yy = f(.%) = (cos2) (cosz)?2+sinzx (77T,7T) y= g(u) =
u —u u 2 —u2)3 u
2(i+u2) 1+u2jL ]+u. (1iu2) 7(1+u2) 71«?? _ —142u+14u®—18u+6u® —14u’+2u7 +ub
(1 u2)2 2u - 1+2u+-6u3 —2ut4+6ud+2u7+ud
1+u2 1+u?

(=00, +00).

f(z) = g(u) = g(tan 3) g(u) = f(z) = f(2arctanwu) , y—f( ) y=g(u)

o y=f@) =z (77, y=g) u (-oo,400) ., fl) =
(_ﬂ-aﬂ-)v y:g(u) u (—OO,+OO) .

) y:f(CC) (—7T77T) y:g(u) (_OO’OO)a L} y:g(u) vy
(—00,00), y=f(z) (—m,m). y=gu) up,...,u, —00<u; < < U<
+OO, (—OO7UI)7(’U,1,U2), 7(un717un)7 (Un,+OO)7 Yy = f(x) L1y yTn
< < <Xy < (—m,21), (T1,22), ooy (Tp—1, Tn), (T, 7). x;
u;  u; =tan g x; = 2arctanu; .

2 .
, dr = W = 1(1+ (tan%)?) = L= [r(sinz, cosz) dx

(_”Taﬂ—)v
[t coss) e = [ @)de= [ gu) o d
r(sinz, cosz) dr = z)de = [ g(u) s du
1—u? 2u 2
_/T<1—|—u2’1+u2)1+u2du

y=f(x )— r(cosz,sinz) (—m,m) u  (—00,+00).
o Jg(w) 1+u2 du=G(u)+c¢, y=G(u) u  (—o0,+00).,

— z
u=tan 3

— z
u=tan 3

/r(cos:c,sinx) do = /f(x)d:v = G(tang) Ye=F(z)+e

(—m,m).

. (—m, ) (—m+ k2m,m+k2m) (k€ Z). , y= f(x) 2,
y=F(z)=G(tan%) 2m. , [f(z)de=F(z)+c (a,b) (—m,m) f(z)
C Fl'(z) = f(z) . (a + k2m,b + k2m) (-7 + k27,7 + k27r)

x
(a+k2m, b+ k27) z—k27 (a,b),, F'(z) = F'(x —k27) = f(x — k27) = f(x).
[ fx)de =F(z)+c¢ (a+ k2w, b+ k2m).

., Jr(cosz,sinz)dz  (—oo0,+00) y= f(x)=r(cosx,sinz)

fsull:t dz.
1 ’
1 y=55 - (=m,m).
U = tan§ Y= sirllz; (_7T77T) Yy = H_iu ( OO7+OO) Yy = 1+7L 0
_ _1 _ 1+ _
(—OO,—i—OO) Y= sz 0 (_7T’7T)' f sinx de = 211: l—i-u2 du’u tan £

Sidu| . . =log|tan%|+c (-, O) (0,7) (—m,m).

Y=g y=log ’ tan%‘ 27, f s dr = log ‘ tan 3 ’—&—c —m+k27, k27)
(k2m,m + k27) (=7 + k2w, 7w+ k2m) (k € Z).
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7:fsmmdac—log’tan |+c (km, 7+ kr) (k € Z).

.y, y=r(cosx,sinz) xq #+ —T.

, z=z—x9—7 cosx =cos(z+ax9+m)=—cos(z+xzy) = —cosxzycosz+
sinzgsinz = pcos z+¢sinz, p= —cosxy ¢ =sinzg,, ,sinx = sin(z+zo+7w) =
—sin(z+xp) = —sinzgcosz —coszgsinz = —gcos z+psinz.  r(cosx,sinz) =

dz

r(pcosz + gsinz, —qcosz +psinz) £ =1,

/r(cosx,sinx) dr = /r(pcosz—l—qsinz,—qcosz + psinz)dz

Z=r—x0—T

x (zo, 20 + 27) z (-mm7m) , y = r(cosx,sinz) To, Y =
r(pcosz + ¢sinz,—qcosz + psinz) —mw. ,,
1
f (Cosa:)21d$' .
Y= oy 2 (7). 2233—(—%)—77:33—% Y= ooy
_ 1 __ 1
y= (cos(z+7%))2 — (sinz)? 7 f (Cosw f (smz dZ‘Z z—F
) y:(sin%)z -7 (=)
252
u=tanZ y= 7@“12)2 (—m,7) y= (11;‘2) (—00,+00). y= (14u2) 0
2,2
( o0 +OO) Y= (sinlz)2 0 (_ﬂ-’ﬂ—)’ 7f (sinlz zdz = f (11_772) 1+2u2 du u=tan § =
S ) s = (=20 T 8)mian s TE= —h 0L G+ tan g be= —cotzte
(~m.0) (0.m) 3 1
z (-m0) (0O,m), z=2+% (-5.%) (§5.5). S cor dz =
f(mz z|,_ . =—cot(z—F)+c=tanz +ec
-2
Y= (cosla:)2 y=tanx  2m, fmdm:tanx+c (=5 +k2m, 5 +k2m)

(2 + k2m, 28 + k2m) (=3 + k2m, 2% + k2n) (k € Z).
dv =tanz+c (=5 +kn, §+km) (keZ).

W
2. y= f(z) =r(cosz,sinxz) (—o0,+00), ., y=f(x) (—o00,+00).
[ f(@)dz = [r(cosz,sinz)dz (—o0,+00), [ f(z)dx=F(z)+c, y=F(x)
Fl(w) = f l’) (—OO7+OO). ) Yy = F((E)

1, ,, (-m,m) u= tang x =2arctanu. , y= f(x) =r(cosz,sinz)
(.—7'(',77) y:g( ) (1_,_52’13_7;2) ( O0,00). () y:g(u) y:f(x) T,
lmy o0 g(u) =limesr f(z) = f(7) ,,  y=g(u) - y=g(u) =
g(u) 1fu2 = ?fizifffﬂﬁm ((anybm 7é 0) m>n+2. limy, 400 g1 (u) = 0.
y=g(u) (—oo,+00), bg+biu+--+by,u™ . y=gi(u)

_ Mi(u—p)+ N My(u—p) + N,
S ey o7 (R R
_|_ ............ _|_
El(u—6)+A1 ET(U—€)+AT
(u—€)?+ 62 ((u—€)2+62)77
Voot 6>0
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U u— +oo, M;+---+FE =0. [ g1(u)du

/gl(u) du = G(u) + ¢

M E
= 7110g((u—,u)2 + )+t ?llog((u—e)2+52) +

+N1’arctanu_u 4—---4—A1'.2urctanu_6 +
+h(u) + ¢,
y = h(u) u (—00,+00) ., My+---4+FE; =0

K:(N1/+"‘+A1/)7T,

lim G(tan%) = lim G(u)= E, lim G(tang) = lim G(u)=-—

K
T—T— u—+00 2 T—>—m+ U——00 2

[ flx)de (—m,m):

1= [ g, =6(wnd)+e

y=f(z) y=Gttan%) 2m, [f(z)de=G(ttan%)+c (—m+k2m, 7+
k2m) (k € Z).

z atm
y=o(z) = Gn(tanz)""f[ >, #F 4+ k2r (ke Z),
27T r=7+k2n (k€ Z).

Ip = (—m+k2m,m+ k2r) ®(z) =G(tan§) +kr, y=(z) ,, ®'(z) =
flx) . y=@(@) 7m+k2r I Iy y=G(tan ) lim, (rynon)+ (x) =
Hmy s (ko) (Gltan 2) + (k4 1)k) =limy,_ry G(tan )+ (k+ 1)k = —1r+
(k+1)k = (k+3)k = ®(r+k27m) limy_, (ryp2m)— Y(2) = limg, (k2 — (Gltan 5
kk) = limg - G(tan £) + kk = Sk + ke = (k+ 1)k = ®(r + k27). y = ®(x)
m+ k27 (k € Z).

s y=®() (-o0,400), (—m+k2m,m+k2m) (k€Z) P(z)=f(x)
y="F@)  y=/f(x) (-oo,+o0) - - y=F(@) F()=f(z)
(—o0,400). y=&(x)— F(zx) (—o0,+0), (—7m+k2m,7m+k2n) (k€ Z)
(®—F)(z)=0 = ®(x) — F(x) [—7 + k27,7 + k2] (k € Z).
y=®(x)— F(x) (—o00,+0). ¢ @(x)=F(z)+c =z (—00,+0). ,

y=2o@) y=/f(z) (zo0,4+00) y=F(z) y=() ,,

/r(cos x,sinx) dr = ®(z) + ¢
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1

y = 2+sz (—oo,+oo) ’ (—m, ) u = tan% 2+Slinx dx =
o 1
f 2+ 2y 2“ 1+u2 du|u =tan £ f u2+u+1 du|u =tan 3 *’ f “2"'“"'1 du= fmdu

2 2u+1 i
\/garctan U=+ e (—00,+00). f2+mzda:—ﬁarctan(ﬁtan§+%)+c

(77“71-)

y = 2+Sum farctan(\%tan§+%) 27, , fmd:c:%arctan (Ttanng
%) +c (=7 + K27, + k2m). , limg_ . %arctan (% tan § + %) = %
2 2 x
. . . —= arctan (— tan 5 + —=
limg .y %arctan (% tan 5—5—%) =-Z%., y= O(z) = { £33 V3
3 )
y=&(x) (—00,+00) [ gmmsde=®(x)+c (—o0,+00).
/r(x,\/l —x2) dz, /r(x, T2 — 1) dz, /r(m7 x2—|—1) dz.
r(s,t) s, t.
(1) ’ [-1,1] r = sint t [-5,5]. V1—-x2 = cost
frsmtcost costdt, ., u = tan % T U u:ﬁ.,, ’
U= i [-1,1], 4u :71_m2+1m >0 z (—=1,1) s =11
_ 2u _ 1-w?® du _ (1+“2)2
» o r=gee, V-2 =13h W= saay o
2 1—u?\2(1 —u?
/r(m,\/l—xz)dx:/r( Y , u) ( u)dy )
T+u?’ 14+u?/ (1+u?)? “lu=—rt
14v/1—22
u [—1,1] .
, r(z,v/1—22?) x  [-1,1].,,
1 1 1
Jmr—=dr [-1,-%) (-5 1] [*1,1]1'
-1,1], z+Vv1—22+#0 T u:ﬁ — [-1,1-—
V2 (1=v21),, ¢ [ oh—dr = 2 [ gty dul, —
1—u? 1 14+2u—u
QIWdU 710g%+amtanu+c. ) fmd
1
§log|x—|—\/1—xﬂ—l—arctanﬁ—i—c.
()  [1,400) (—o0,—1]. [l,4c0 =21t (0,%] 2?2 — 1=t
s s, w=tnf. v ow w=z VoL
’ t. ., u—x—i—\/xQ—l. [1,+00), 4% =1+ “— >0 z
(1,400).  limgyyoo(x + Vaz—1) = +oo, [1,4+00). x = “;LH
2 2
VAT e
— u?+1 u? —1\u? -1
) 2 1)dr = ( ) ) d
/T(JU . ) de /r 2u 2u 2u? uu:w—i—x/xz—l
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u [1,400).

(—o0,—-1], wu=zxz—+Vz?-1 u  (—oo0, —1].
, (—o0,—1] [1,+400), r(z,vVa? —1).
fﬁdm [1,+00).

» 24Va? =170 [1,400). fz+mdx_f(i_ﬁ)du|u:m+m-
, (G = i) du = Lloglul + 1z + ¢, fwh/;dxf log |z + Va2 — 1] +
1
v T €

(#i1) (=00, +00) x = —cott ¢ (0,m). 2+1 = =
fr(—gfjf,ﬁ)(smt) dt,, , wuwu=tani., u=z+Va2+1, = . u=
rHVa? +1 4t = 1—i—\/T >0 x (—o00,+00). limg, o (z+vV22+1)=0
limw_)+oo(l‘+m) = T0%, (0, +00). T = % © Va2 +1= u2;r1
% - u%lfl :
/T(x‘/$2+1)dx:/r(“2_1 u2+1)u2+1du
’ 2u  2u 2u? u=z+vz7+1
u  (0,400).
fﬁmdfﬂ (—00,0) (0,+00).
x , u=c+vz2+1,, (0,1) (1,400). fx\/;?ﬁda::

2f u21 1 |u =z+Vz22+1 2fﬁdu (071) (]‘7+OO) 1og|u71|710g(u+

— |]
1) fymda: log == + ¢

/r(m, Vkz? 4+ Az + p) da,

Ky p , k#0 r(s,t) s, t.
2
, ke Az +p=w(( 4 )? + A,
e A/ Akp—A2
1: k>0 4f£,u—)\Q>O. u:ﬁ(iﬁ‘*‘ﬁ), # f (

\/452/;—>\2 7\/4rfu A2 21 )dU—fR VT 1) du, R(s,t) 5.t

VAZ—4k
2: K> 0 4rp— A2 < 0. u=7\//\3'j74w(x+ﬁ) 7/\%4“]7"(—%
\//\22;4mt 7\/>\22\/:1w ﬁuz_l) du:fR(u, M)dw R(s,t) s, t.
BA<Odru- N <0 u=EEoEeg) S [r(og-

\//\22;%# u, \/;\\"’/:74:#& T =2 u2) du = [ R(u, T—u?)du, R(s,t) s, 1.
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k<0 4rp— A2 >0 VEXZ+ A +p. K 4kp— A% 0,
Jr(z,v/Ea2+dx+p)de Kk #0 Jr(z,a(x))dz, y = a(z)

Abel . y = a(z) = \/pr* + 023 + ka2 + A\v + p1, p o #0,

8 .

) )

2. y=f(z), [ xdx—ff
y="F@) , [ @) de=— [ f(x)
y="rf@ , [ f@)de=2][] f(x)dz.
y=f() , [, f@)dz=0.

3. y=f(x) T>0,

@) fyi7 f@)de = [} f(x)
(id) [ f(x) da —f”

)

1.
2 cos(x* dx, /cosw 2sinmda:, /Sinﬁdag, /de
Jtestentn [l v VT
/mdx, /x\/mdx7 /:ﬂmdw, /i”f do
VvV1i—=x

e N R R By X
[ i, [, [ e,

2 + cosx)3 sinxz — cos )3

z e’ 2 a8 3sinz
7\f ) dx, Tr o dzx, xe” dx, e coszdx,
T et
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1 1
/tanx dz, / — sin — d, / V' 1+ 3(cosx)? sin(2z) dz,
x x

1 1 1
i | ——dr, i, [
V4 — 2 /4+$2 /\/17x7x2 /IZ*IJr

1
/mdﬂc, /acsilrl(gc2)cos(gg2)dgg7 /(Sin$)3 dz., /(c;;sTZ)dx,
bidx, /arctan\/f z, i
zy/1T+logz 1+2)vz e

/e‘h sin(3x) dz, /ez cos(bx) dz, /xgezz dz, /xge_’”2 dx,
/eﬁdx, /x2 sinx dx, /xlogxdm, /xQ(loga:)4da?,

/ arcsin z dzr, /x2 arccos x dr, / arctan x dzx, / z? arcsin z dz,

1
5 dx,
3

/x(arctanx)2 dz, /arctan vV du, /(cos z)? de, /(sinx)4 dz,
/(sin x)3 sin(5z) da, /ﬁ dz, /(tan x)? da,

x? arctan(e® redretan
(IL‘ + 1) e (x + 1) b}

Ik:fmd’y Il,...,[5.

/ 5 + 3 d / T+ 2 d /2x2+5x—1d
——— _dzx —— - _dx ——dx,
2 4+2x -3 2 —4x4+4 3+ 22— 22

/ 22 +2x+3 e /3x2+2x—2dx /m2+1 e
B+az-z-1"" % —1 ’ (2z —1)3 7

Ja=ite et [
T T ————dzx
e (22 — 4z +4) (22 —4dx +5) zt+ 522 +4

/ AT g =t /dex
ot 4223 - 20 -1 =222 417 (22 422 +2)2
1 xt— a3+ 222 —x 42 ?+r+1
——dx, dz, ——— dz,

zt+1 (x —1)(z* + 422+ 4) (x —1)4

1 1
/(x272x+1)(:c4+2:c2+1) az, /(x+1)(x+2)2(x+3)3 dr.
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5. sinx coszx.

1 1 1
—d —d —d
/(1—|—cosx)2 “ /1+2sinx “ /5+3cosx “

/ (Sin‘gc)2 iz, / .Sinx de, / . 1 dx
1+ (sinx)? 1+sinxz +cosz 2sinxz —cosx +5

6. .
/\/1—x2dx, /\/x2—1dx, /\/%dx, /\/x2+1dx,
/ 1 dz, / S S dz, / L dz,
VTl NCECES) Nt
/ L dx, / ! dx.
Vi—1+Vz+1 (z 4+ 1)V1+ 2z —a?
7.
(i) 2 74
(i) 3,45 74
(i) 1 T4
(iv) 1 74
(v) 4 74,
8. 5 2 74

L y=fl@) (-00,+00). y=falz) n  filz) =[5 f(t)dt

fnlz) = f; fn—1(t)dt.
fal@) = Gy Jy FO@ =" dt n.
2. Ju(z) = [(cosx)"dx I,(z)= [(sinz)"dx, n>2:
(@) Jn(aj) — sina(cosa)" + nT_lJn,QQ’l?),

+ ﬂIn,Q(l').

n

n—

(if) In(z) = —cosasma)™

y=Ji(x), ..., Jg(x) y=1IL(x),...,Ix).

3. I, = fog (sinz)"dz n. I,=2211 o n>2.
IO = g .[1 =1. n:

. _ @n-1)(2n-3)-31 x
() Ion = -1 " %

. _ 2p(2n—2)--4-2
(i) Tont1 = Grgny@n=1)-53-
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n:

N (2:4-6---(2n))2 Iy
(ZZZ) 5 = (3.5...(2n71))g(2n+1) 12:+1’

(i) (n+ V111 =%
Iopt1 < I, < I2n 1=

2 Lt 1< A <14 L

= Iepy1 — 2n 7 0
hmn—>+o<>[2[i 1.
Wallis:
T_ (2-4-6---(2n—2) - (2n))”
— = lim
2 node (3.5...(20—3)- (20— 1))’ (2n+ 1)

lim M
n—+oo (2n)ly/n
4 I(z) = [(tanz)" de, In(z)={202"" 1 (@) n>2
yz[l(x), ooy Ig(x)
5. Iy(z)= [a"e *dx J,(z)= [z"e"dz, n>1
(1) In(;v) = —a"e " —|—nIn,1( ),
(1) Jo(x) = 2"e” — nJp_1(x).
3

JT =

y=1In(z) y=Jn(2) 8.2.
6.
2 2
/m”e_”” de =pn_1(z)e”™ +c¢ (n)
2 2 2
/m"efm dx = pp_1(z)e™™ + /eif’j dx (n)
(=00, 4+0), pp_1(z) n—-1 ¢
, fe*$2 dx
[
y = e " dt
0
7. Ipn(z) = [2™(1 —2)"d,
. m+1 _ n n
(1) Im,n(x) = # + m—HImH)n,l(a:) m# —1,n #0,
B 2™ (1—g)+1 m
(ZZ) Im,n(x) = 7% + T_H-[m—l,n—&-l(x) m 7£ Oa n 74‘ -1
1 m n -n:
Jo 2™l —x) dm:% m,n > 0.
8. I,(z)= [a"sinzdr J,(z)= [a"coszdx, n
(i) In(x) = —a" cosx +naz" " Lsine — n(n — 1)I,_o(x),

n—1

(¢ ) =a"sinz +na" ' cosx —n(n —1)J,—2(x).

i) Tl
y="Tu@) y=Jux).
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9. ILpn(x) = [(cosz)™(sinz)" dz, m,n

. cosz)™ (sinz)" T m—
(i) I () = BT b (),
.. cosz)" (sinz)? ! n—
(i) In, (i) = =B BE gl f o ().
Iy = fog (cos z)™ (sinx)™ dx, m,n
. _ (m—-1)(m=3)---1-(n—1)(n—=3)---1 «
(Z) Imv" - (m+n)(m+n—2)---2 2 m,n .,

(’LZ) Im,n _ (m=1)(m=3)---(1 2):(n—1)(n—3)---(1 2) _—

(m+n)(m+n—2)---(1 2)

10. Ipa(z) = [(sing)™sin(nz)dz, , n# +m, Ly,(z) = —2E6nTcose) |

n2—m?2

m(sinz)™ ! cos z sin(na) m(m—1)
2 —m2 ~ ThZ—m2 Im—2,n(x)-

Loy=f@) 07 [T (f@)+ L @) sin(n) de = LOHEDT 0

200 y=f@)  [ab y=g@) [ab. & [

b 13 b
z)g(x)dr = f(a x) dx b x) dx.
LfUm) fULm)-HUAM)

G(z) = [Tgt)dt, [)f(x)g(x)dz = [’ f(x)C'(x)dx, , T4 2
7.3.

3.y :b¢($) [a,b) y=¢ () [a,] m>0 ¢'(z)>m =z
[a,b], | []sin(¢(x))dx| < 2.
(| [ sin(é(e)) da| = | [} 5450/ (@) sin(é(a)) da|. )

|f;sin(x2)dx’ <2 gb0<a<b.

5.0 C w=uat) y=yt), t o] 2 (2(0), (b)) = (x(a), y(a)).
ty (zy) = (2(t),y(t) C c z=ua(t) y=y()
[a’ b]? ) ? E C



6. x=2x(t) =rocost+xzo y=y(t) =rosint+yo (x0,90) 10 > 0.
x=uz(t) =rocost+xo y=1y(t) = posint +yo

7. ) Py(z) = GUE A (22 —1)m).

2nnl dz™
P,(z) n.
1
f71 p(z)Py(x)dx =0 p(z) n.
1 0, n #m,
P,(z)P,,(z)dr = .
Jo) Pu(2) Po(2) {2712+1 "
8.4 Riemann.
<
/ —dx, / xdx
o ¥ 1
©» y= % [0,1] ,, limg 04 % =4o00. «©» [l,400)

y=f(z) la,b). limep_ [ f(x)dz, f;_ f(z)dx

/ab f@)de = tim /:f(x) dz

lime_yp— [ f(z)dz : limeyp— [ f(z)dz f;_ f(x)dx .
limep— [ f(x)dx +o0, f;_ f@)de oo, . limesp [ f(z)dz

jZF f(z)dx .

: la,+00), (a,b] (00,8 ,, ()
[ = / fo
b b
| swrde= tim, / s, [ = [
fa_:f dz, y—f(x) (a,b). d(a<d<bd), ()
S f(x) da fd wyde () . [0 f@)de = [ fx)de+ [ f(z)da.
f dz ff* f(x d J7 f @) da,

f f(x)dx; flx)>0 = [a b). ¢ (ab) [7f(z)dz  E.
fx ) la;c] 2=, . (a,0) (a,f(a)) . (¢,0) (¢, f(c)). ¢ b,
b, Ac« » A Yy = f(l‘), [(1, b) L= - (a’7 O) (G,, f(a))

Ac
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xr=b. A, A E. A, E A. fab_ f(z)dr = limq_p_ fac f(z)dz

0, 400), [T f@)de Ay = flo),
[a, +00) a- (a,0) (a,f(a)). = A .
1 p . c>1 [[fXde = Cl:;l, p # 1, =loge, p =1 |,

limc_>+ooflc$%dl':+oo, pSL :Til7 p>1

400 1
/ idx: =i, P>1
1 xP 400, p<1.

2 p. cO0<e<l [[Lde=13" p#1, =logl p=1,

1-p
. 1
limg o4 [, 5 de =400, p>1, =, p<1L
1 1
/idz: 5 P<h
o4 TP 400, p=>1.
+
o Jox amde =400 p.

(3) ¢>0 foc a:%-i-l dx = arctan c—arctan 0 = arctanc , , lim._ | oo foc z%ﬂ dr =

“+o0
1 ™
— dr ==,
/0 221772

L itmde=5%.

oo z2+1
+oo
1
/ 27033?:7(
feo X241

te

(4 t c>0 [fe™de="12— t#0, =¢, t=0. limeyo0 [; e " dx =
1, >0, =+o00, t<0.,

+o0 1
/ e_tm d.T — ? 9 t > O,
0 +o0, t<0.

(5) c0<e<1 foc ﬁ dx = arcsin c—arcsin 0 = arcsine. , limq_,;_ foc ﬁ dx =

jus
3 -

jus
5 -




de =% | ,
1—
1
/ dr = .
—14 1 —.132
s, 11,72 79 «»

8.6 [ f)dz, A X[ f@)dz . [T A\f(a)da

f1+\/7

b—

bh—
/ Af(x)de = A f(x)dx.

a

) )

¢ lab) [Af(@)dz =X [ f(x)da c—b—.

8.7 f;F f(x)dx f;7 g(z) dz f;7 f(z) dx—l—fliF g(x)dx . f;i(f(x)—i-

g(x)) dz

b— b—

bh—
[ @ +s@yde= [ i@t [ g

a

7 7

¢ la,b) f:(f(m) +g(x))dx = f: f(z)dx + fac g(z) dz c—b—.

8.8 f:_ f(x)dx ff_ g(x)dr  f(z)<glx) =z [a,b).

b—

b—
flz)dz < / g(z) dzx.

a

7 )

¢ [a,b) f: flx)dz < f:g(a:) dx c— b—.

8.2 y=fx) y=g(x) [ad [ab). |f(@)]<g(x) z [ab) [ g(z)dz

b—

flx) dz‘ < /ab g(z) dz.

a

f@ +g@ >0 @ [ab), a<eca <ec<b [Z(f(2)+g@)de = [T (f(z)+
9(z) dx'i-ch (f(=) +9(90) ydr > [T(f(@) + g(@) dz.  [*(f(z) + g(x))dz ¢ [a,b).
limey— [7(f(2) + g(z))de = fab (f(@) + g(x))dz . , 0 < fz) +g(x) < 29(z) =
la,b), 0<f (f(= +g(m))dm<f 2g m)dr—Qf z)dz. fabig(x)dm<+oo,

0< [T (f(@) +9(@))de < +oo. [T f@)dz= [ (f(x )+g<x>)dw—fj‘g(x>dx
L —9@) < f@) <g@) ~ [T ge)de = [ (~g(@)dz < [T f@)de < [T g(a)d
o L @) de| < [ g(x) da
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(1) . 1+oox172dx 1. ‘smx < m% z > 1, f1+OOde y
‘f1+oo 5t dz| < f1+oo mdr=1.

(2) 0+Oo e dx .
2

, 0<e® <el® >0 f+oolwd$,> J.
+oo

+ _ .2
0 e v dr .

€ 1

e Pdr=e.,

1. .,
1 +o0 1 +oo 1
1 1 1 1 1
[l [Tt e [The [ 2e
0+ T 1 x 0+ T 1 x O+\/§
+o00 1 +o0o T +oo +o0
/ — dl‘ / 27 dl‘, / e—tm$2 dxa / Sinx dl’,
1 Vi 0 2 +1 0 0
400 1 400 1 +oo 1
/ e " sinx de, / log z dz, / —dz, / —— du,
o . . wlogz . a(logx)
+00 +o0 +oo
1 1 1
7dz’ 7(&1} 7d$
/0 (22 +1)2 /0 41 1 oaval+l
2.,

oo q too +oo too Foo
/ —dx, / —— dr, / || da, / zrdz, / e *xdx,
0+ P —o00 & +1 —0oo —0o0 -0

/Jrooe =l g /+OO e 17l da /11dx - !
. . " Joy z(1—2x) m
3. y= [ (-DHdt a
f0+oo(—1)[w] dx.
4. &) f1+°° SInZ gy

C sinx _ cos ¢ C cosx +00 cosx
fl T dr = cos1— c _fl 2 ’ ’ fl TzZ dx )

5. (ex) f0+<><> sin(2?) dz fo cos(x?) du, Fresnel, .
(- [ sin(@?)dx = — [ 5= (cos(z ))/da: = *Lsg(f) peost 1 recos(@) g

2 2J1  a?
: ’ 1+OO cos(z ) da . 7 fo sm(xQ) dr — fol Sin(xQ) dx + flc Sin(xz) dx.)

. ) T(n)

+oco
0 € fa"T Ldx

(=2}

n:

() = /O el (),
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L(n), Tm+1) T(n+1)=nl(n).
(: Jye"atde=—ec" +n [je "z"  dx.)

Fn)=m-1)! mn.

7. () D(t) f0+oo et ldx t>1 fo-:oo et ldr t 0<t<1:

too g tfld t>1
I‘(t)—{ e *x T, >1,

0100 “rpivldy, 0<t<l.
I I'(n) .
L) ,, I'(t) t (0,400). y=T() (0,4+00) ( Euler).

Ct>1, n=[]+1 J|e %zt <e ™! 2 [1,+00). 0<t<1,
le @zt <at7l oz (0,1] Je %zt <e® x [1,4+0).)

D(t+1)=tT(t) t>0.

8.5
F(z,y,y,y", ...) =0,
F:I:7 ’y/7y,/7"') $’y/’y//7"' X I’ y €T — y:vf(z)_ y/7y//""
y/:f'(l’),y":f”(l'),... . :f(l’)() F(xayvy/7y/,7"'):0
F(:]C, (x)ﬂf/(x)vf”(z)v-“)zo xz I
a2
(1) y +2xy =0 y = e (—00,+00), de — 4 2ze~%" =
—2ze " 422" =0 u (—o0, +00).
(2) y'4+y=0 y=sinz (—o0,+0), dzdiii“” +sinx = —sinz+sinz =0
z (—00,+00).
: y' —q(z) =0
¥ =q@),
y=q(x) 1. I y=fx) I
fll@)=q(@)  (z 1),
y=q(@) I. y=q) L, , , y=ql) I, y=q(=) I.
Y =qlx) 1



Zo I ¢ . Yo Yo o,

;T =g yo = flwo) = [, a(t)dt +c=c.,

e, y=[f(x) , y = f(x) G(y) H(z),, — g(y) h(z)
- G(f(x)) =H(x)+c y=f(z)

, y=f(z) G(fz):H(:z:)—Fc I I.,, G’(f(x))f’(:z:)*H’(x) I

G'(y)=g(y) J H'(z)=h(x) I, g(f(x))f'(x)=h(=z) I.

s 9y =h(z) I () Glyy=H@)+c( ¢ I

(1) vy ==

CLi@P =t e () (@) =a+c( ).
, . ¢c>0, y=flx)=Vva*+c y=f(zr)=-Vz®+c (=00, +00).

c=0, y=fle)=2 y=f(z) = —=x (=00, 400). ¢<0, y=f(x) =
Vatte y=flx)=-va?+c (=00, =/Iel)  (\/Iel, +00).
(2) vy =a

1y3 y? (—o0,+00) 32 x (—oo,+00). y=f(z) ¥y =x I I

@) =322 +c( o . (/@) =52"+c() fl@)={/322+c()

(—00,0) (0,400). ¢ <0, y= f(z) = @3/%x2+c (f 00, — %|C|)



T T

(3) v +p)y=0, y=px) L Sy =-p(x) y#0,

logly| 5 (=00,0) (0,400) — [ p(t dt —p(x) I, zg 1. y=f(x)
sy =) I fl@)#0 I Iloglf )=~ [ pd)dt+c( o .
@) = JoP M ey 1 T, y=fla)=ee SO
v =1 >=—ec6‘fzop“>‘“ L Loe xS,y tplay =01
I .

y=f)=ce ™" (@ 1,

c#0 c=0, 017

y=p@) =" 1 T (@) = p@)el ™" = pyu(e)
r I. () y=flx) ¢ +py=qx) I
F@) +p@) () =a(z) (= D),
p(x) f'(x) + ple)p(z) f(x) = q(@)p(z)  (z 1)
W@ @) + 1@ f@) = d@p) @ I)
(@) (@) =a@u@) (@ T)
y=p@)f@ = e@u) T
p@f@) = [ aOpod+e @ 1)
1 z c
v=1w =i et £ @,
To I c
F@) +p@ i@ =a@) @ D, fo) =0,
T = Zo yozf(IO):ﬁf;O ()dtWLH(x) =6 w(zo) =
fzoop(t)dt 1
)= [ Yo
v=1w =5 [Cauars 2o @



Y +pa)y =q(x). ,,

: (1) ¢y —2zy=0.
y=p(r) =20 y=q(z) =0 (—00,+00) y=p(x)=els MU -2
(=00, 400).  y = f(x) y' —2xy =0 (—o0,+00), [f'(z)—-2zf(z) =0
e fia) = 2w (@) =0, (e f(@) =0, e @) =¢ ¢
y — 2y =0 (—o00,+00) y=f(z)=ce” e
f(0)=-2, z=0 f(x):ce“/’?. —2=f(0)=c y:f(x):,Qeﬂﬁ.

9) 22y + {ez, x #£0,
(2) YHY=1o, Lo

o o
Y+Shy=5e T 2#£0 y=p)==>5 y=q@)=5e T (-0,0)

(0, +00). i
©(0,400) y=pla)=eh EEZ o (0,400). y=flz) y+Ly=

%e_ﬁ (0, +00), f’(x)—i—i2 (r) = Le 5 x>0, el=% (;U)+;2@1—; (x) =

2

w%el_% - (el_%f(x))/ = w%el_% x>0, el"if(z) = flx t%el_T dt—|—c =
367% +c >0, ¢ . ny’—Fy:e*\;*\ (0,400) y=f(z)=1e" ¥ 4 cew
c.

(~00,0) @o=—1, a%/+y=e T (~00,0) y=f(z)=—Lettcer

_ 1
s ny/'H‘/ - {e = z7h, (_OO7+OO)' Yy = f(:L‘) ) (_0070

(0.400). y=fla) =3t +eet (0400) ¢ y=fla)=—Let 4 et
C

(-00,0) . y=flz) 0, = limgoy f(z) = £(0) = limgo- f(2).
lim, 0+ f(2) = limg 0+ (16_% + ce%) = ¢(+00) limg_o_ f(z) = limg_o— (—
%e% + c’e%) =0, ¢=0 f(0) =0, (=00, +00) y = f(z) =
lew, x>0
0, =0, lim, oy I971O —fim, o, Le s =0y =
—%e%—&-c’e%, z <0
f@) 0 fi0) =0, limyo {OTO —jim, o (— Ler 4 Lex) = 0.

y=f(x) 0 FL0)=0. y=f) 0 f(0)=0,, 0.

(—=00,0) (0,400)., (—o00,4+00), ,, [0, 4+00).
(3) Y +p(x)y = q(o).
Y+ ky = q(x),
ko y=ql@) I y=u(9€)=ef:°kdt=e’“(””‘x°) I y=f(z) I,

fla) +kf@) =ql@) = I () f(2)) = g(a)eh@mm) | ehle=ao) f(z) =
fxq k(t zo)dt+c,,

Zo

f(z) = e_k”’/ q(t)er dt + ceF@=w0)

0

z I, ¢ . Yo To, f(l'o):yo, =20 C=Yo-

286



(& ) gq »
y=q(t) , t t, q'(t) = —kq(t) t q),,<0
>0. , 20=0, qt)=ce™™ ¢ q 0 t=0, q = q(0) =
q(t) = goe™"
Y’ +ky' +ly = q(2),
k1 y=q(x) 1.
() t*+kt+1=0.
1. t2+kt+l:0 (), K1 Ko, kifﬂlfﬂg l:Iﬁ'/llig. y:f(l')
Y+ Ry +Hly=q(z) I,
f

) IL’()I

(k2—kK1)T T

(&

fz) = 6”“"7/
T

C1 C2

’

f(=)

(f'(2) = w1 f(2)) = ko (f'(2) — K1 f(2)) = q(x)

"(@) + kf' (@) +1f(2) =q(z) (2 D),

— (k1 +w2) f'(2) + Kakaf(z) = q(z)  (x ),

(x D),
f@) = maf(@) = [ '

q(t)e "2t dt + cpe?(T=o)

Zo

(z 1),
oy e [ (e [

0

—|—026H1 (z—z0

T t
= e"l“/ e('”_’“)t/ q(s)e™"** dsdt + cle_””“"”’“x/
To To T

R2 — K1

+8167’i2z0+’€1m

q(s)e ™% ds + cle”z(t*zo))e*’“t dt + cger1(x=20)
zo

xz
elm2=rt gy

b (@ 1) U

0

! [T et
q(s)e™"2* ds — e™* / ——q(t)e "t at
zo K9 — K1

6(1127n1)x _ 6(1127/{1)10

o K2 — K1

(= 1),

€2 = Yo -

+ cperr(@=o)
Ko — K1
z ra(x—t) _ ok1(z—t) k2 (x—x0) _ oR1(z—120)
N / : ; gty dt + 1 - + cpem o)
z R — K1
Zo:
f(l‘o) =Y, f’(%“o) = Z/0/~
r=1x9 c1+KRic2=Y,,c1=—K1Yo+ Yo
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2. 24+ kt+l=0 , K k=-2xk l=r* y=f(1) y' +ky +1ly = q(x)
I’7 )
f'(@) = 26f'(x) + K f(z) = q(z) (¢ I),

(F'(@) = 5f (@) = 5(F' @) = 6f @) =a(x) (@ D),
fl(x) —kf(z)= e’”/ q(t)e™ "t dt 4 ¢ e o) (x 1),

T t
f(z) =€ / (e”‘t / q(s)e ™ ds + cle”(t_”))e_”t dt + coe™(@=0)
Zo

Zo

x t x
=" / (t— xo)’/ q(s)e " dsdt + cret =) / dt + coet(x=0)
x0 o) Zo

=" (z — ) / q(s)e” " ds — e* / (t —z0)q(t)e "t dt
Zo o
+e1(x — 20)e"(T720) 4 gyer(@=T0)
= / (. — 1)e" @D g(t) dt + c1(x — 20)e"T7%0) 4 cper@=20) (g ),
zo

e . y = f(x) ro, f(zo) =vo ['(xo) =y, ca =0
c1 = —Kyo + Yo' -

3. P4+ kt+l=0 , k+id k—iX A>0, k=-2r | =r>+)2. y= f(2)
Y kY +ly =q(x) I, ["(2)-26f"(2)+ (K247 f(z) = q(z) = I. e
g(l‘) = e_mcf(x)v

g"(x) + Ng(x) = e "q(x) (D).
sin(Az) cos(A\x)
(¢'(z) sin(Az) — Ag() COS()\.T))/ = e "Pq(z)sin(Az) (x I,

(¢ () cos(Az) + Ag(z) sin(Az))’

e "q(x) cos(A\x) (x 1)

g'(z)sin(Az) — Ag(z) cos(Az) = /m e "q(t)sin(\t) dt + c1 (x I,

g'(z) cos(Az) + Ag(z) sin(Az) = /I e "q(t) cos(At) dt + co (x I)

¢ cz.  —xcos(Ax)  fsin(Az)

o) — /x e,qu(w g+ =4 cos(/\a:);r ca sin(A\x) & D)

_ ? @—nSin(A(z — 1)) 0 dt —c1€" cos(Ax) + cae” T sin(Ax)
O R S L .

(x I).
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f(xo) =wo f'(xo) =yo', ¢ = (—ksin(Azg) — Acos(Azg))e “Toyy +

sin(Azg)e "0y’ co = (Asin(Azg) — K cos(Axg))e "oyy + cos(Axg)e "oy’ .

: (1) ¢y -5y +6y==

(-0, +00) y=ux .
2-5t16=0 23,

y=[f(x) Y =5y +6y=z (—o0,+00),
(@)= 2+3)f'(x) +2-3f(z) ==

(f'(x) = 2f(2)) = 3(f'(z) — 2f(2)) =«

. T 1 1
f(z) —2f(x) = e‘“/o te 3t dt 4 ¢13% = 7% ~9 + (5 + 01)633”
1
['(@) = 2f(2) = =5 — 5 +ere™

* t 1
f(z) 62‘”/ e_Qt( ~37% + cle3t) dt + coe*®
0

_f_’_i_(i_’_ _ )2z+ 3z
T6 36 \36 1) Tac

T 5
f(x) + — + 9e® 4 1%

6 36
C1 C2
f0)=—-1 f(0)=2 z=0 -1=f0)=g5+eta
z =0, 2=f’(0):%—|—202+301. cl—%7 022—24—1. f(zx)
£+i_£ 2z+ﬂ3m
6 736 4 9 :

f(x) = 2f'(x) + f(z) = 4
(f'(x) = f@) = (f'(x) - f(x)) =

x
f(x)— f(z) = e’”/ de tdt + cre” = —4 + de” + cie”
0

f'(x) = f()

—4+c1€e”
flz) = ez/ eft( — 44+ clet) dt 4+ coe® = 4+ crxe” + (cg — 4)e”
0

f(x) =4+ crxe” + coe”
C1 Co.
f0)=3 f(0)=-2, =0 3=f(0)=4+c.
—2=f(0)=ca+c1. ¢ =cy=-1 flx) =4—ze® —e”.
(3) y'+2y +2=sinz (—o0,+00)

y=sinz .
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242t42=0 , —1+i —1—i. y= f(x) y"+2y+2y=sinz (—oco,+00),
f'(z)+2f () +2f(x) =sinz x (—o0,4+00). €* g(z)=e"f(x),

g"(z) + g(x) = e*sinz.
sinx cosz

(¢'(z)sinz — g(z) cos x)/ = e%(sinz)?,

(¢'(z) cosz + g(z)sin x)/ = ¢”sinz cos .

)

x X x

g (z)sinz—g(x)cosz = / el(sint)? dt+c, = % - % sin(2z) — % cos(2z)+cq ,
0

x x

x
g'(z) cosz + g(x) sinx = / e'sintcostdt + cy = % sin(2z) — % cos(2z) + ¢a .
0

—CcosT sin x,
e’ . 2e” .
glx) = 5 Sin — ——cosz — e cosx + casinx
)
flx) = gsinx — g eosz - cre” P cosx + coe” Tsinz
C1 Co.
f0)=1 f(0)=1, z=0 1= f0)=-2-¢ ,
r=0 1= /0)2%4-01-1-02. 01:—% 02:%. fz) =
%sinx — %cosx + %e‘w cosx + 15—16_‘” sinz.
1. c y=ztan(z+c¢) - — ay —2?—9y>—y=0.

2. fl@)=1+4121["f(t)dt (0,400).
CH )

3. y = f )9:) (z® + 1)y

=1 (—o00,+400) limg 400 f(2)
lm, 100 f(2) — lim, oo f(2).

4. y=f(x) 2+ +cy =0 = I, ¢ , y=f(r) y*+32% =0
1.
G x+y3+cry’=0 c.)

5.

y=f(z) z(@zt+y)=ce¥ = I, ¢, y=f(z) zlz+y—1)y =2z+y
I.
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y=e V. iy =1 1+’ =1+, w'V1-a?=uz,
azyy = (1+2°)1+y?), z+yy =@y —yy, (Q+22)y =1+,
Y =9y, ¥Y=w-Dy-2), @-1)y =y (@@ -4y =y,
(z+1)y +y> =0, ¥’+(¥)=1

1. y +ky=0 (—o0,+00);
2. k>0 y=f(z) ¥ +ky=0 (—o0,+0) lim,; ;o f(z)=0.
3. m y=f(z) ¥y +3y=e"™" (—o00,400) lim,, 1 f(z)=0;

2z
)

Y +y=uze wy —y=1, wy —y=ux, Y +tay=2",
r(x — 1)y +3y=a(x—2), y +ytanx =cosz, ¢ +ycotz = cosw.

5. fle)y=1—=z[] f(t)dt (0,+00).

1
y/fxcoty:m_—i_ oy 1+ 2y =€, 14e¥ +2ze¥y =0.
siny

7. Bernoulli. a#1,

(0}

Y +p(x)y = q(x)y
z=y

Y +y=e"y, y—y =ay*, 2y —y=2y, zy +y=azy’logz.
8. Riccati. y= f(z)
y' + p(x)y +r(x)y* = q(z)

y=g) -5 , y=f@)+55 ¥ +e@yt+r)y’=q@).

Y +3y—y*=2. - - Y+3y—yr=2 ,
Y +3y—yr=2 .

Ly kg Iy =0 (—oo400) (1) K2 —dl> 0, (id) K —4L=0 (i)
k2 —4l < 0;
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2.kl ¥y +ky/+1ly=0
(i) y=e %+ 3e?*.
(17) y=(142x)e”.
(iii) y = e~ sin(3x).

3. k>01>0 y=f(z) y"+ky+ly=0 (—00,4+00) lim, ic f(z)=
0.

4. y=f(x) ¥ +ky+ly=0 limy 1o f(z) =lim, o f(z) =0;

y' — 4y +3y=¢", ' +6y +9y =1, ¢’ —2y +5y=sin(2z).

&

m y=f(x) ¥ +4/+3y=e™" lim, 1 f(x) =0;
y// + 6yl + 9y — emz yl/ + 2y/ + 5y — em.’I; .

8.6 :

«» -
log:c:/ Edt (x > 0).
1

y=1 [z1], O<z<l1, [Laz], z>1, S

, y=1 (0,+00), y=logz (0,+o0) LkBz =1 4> y=logx
(0,400). log(ab) =loga+logb a,b>0 . y = h(xz) = log(xb) — logx
W(x)=bk -—2=0 y=nh(x) (0,400)., , logl =0, h(l)=logh,,

log(zb) —logz = h(z) = h(l) =logb = >0. z=a log(ab) =loga+ logb.
, . log(ab) = flab 1dt = [ +dt+ f:b 1dt =loga + flb 1ds =loga + logb,
t = as. log(ab) = loga + logb, b = % log% = —loga. |, n
log(2") = nlog2, log2 >logl =0, lim, i log(2") =+c0. y=logz ,
limg oo logx, ; lim,1002" = 400, limg_iologz = lim, 1o log(2") =
+o00. , limg, 04 logx = limy— 4 o log% = —limy_, o logt = —o0. , T —
0+ z — 400 y=1logz (0,+00) (—o0,+00).

> S, y=e' (7007 +OO) (Ov +OO)

y=ce x = logy.

_ o de® __ 1 _ .z at+b _ _a, b
, y=¢e¥ , (—oo,+00) *7dlogy| =e* . e = e%
7l IR

a,b. c=¢e* d=¢e", a+b=logc+logd=log(cd) ,, e’ = cd = e%e’.
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(&
%e =1 e_“:%
e
’ T
e e. ,,
e=el,
,, loge=1
, a
arzezloga.
, a=e, a® emloge:em7 o alzellogazeloga:a.

a®ty — e(ﬁc-‘ry) loga _ czlogatyloga _ pwlogagyloga — qxqy (ab)x —
zlog(ab) _ erlogatazlogh _ ozlogagzlogh — apr oy — pzyloga _ 6a:log(eyloga)

= evlog(e?) — (g¥)*, , , a>1 x>0, loga >1logl=0,,
ax:exloga>60‘0:eozl_ o o

., . ; C log:v—fwldt - - .
, y=logz ( ) % ,, logl=0 1, . , ’
) T y 9 e . y:fl(m) y_fQ() y_h() () ( LL')
W(x) = fi'(@)f2(=2) = fi(@) o/ (—2) = fi(@)f2(=2) — fi(2) fo(—2) =0
y = h(z) h@)fa(=2) = h(z) = h(0) = Ai(0)(0) =1-1=1,,
fl(m) = f2(:17) L. : ) ) . a” 5 ) n
a* =gttt =gl gl =qa--a,, a” a . , a2"=a, n
a>0, T=av- - a%)n—ai"—alza. aw Va. , r==
- —a"=a% 7a"m:(a%)m:(¢/a)m e a”, » y=a”
- - y_fl(x) y:aa: y:fQ(x) y_aw ’ a>1 xz,
f1(s) < fi(x) < f1(t) fa(s) < fa(z) < fa(t) st s<xz<t . fi(x)

a* a
=, O ) y s o O 37! 1 . ’ () B )
b 1 ) ) ) ) ) A ) 17
’ - - L » , |
-z
|
arctan x :/ 5 dt.
o 241
Yy = tzi_l [ ] T > 0 [.’L‘,O], T < 07 . Yy = 7121_"_1 (_0074_00)7
y = arctanz  (—o0, +00 ) darctans _ Izlﬂ x. y=arctanz (—00,~+00).
xT xT
, arctan(—z) = [ mgdt = — [§ (S)%_Hd = —arctanw. |, m%ﬂ <1
[0,1] IQ{H < w% [1,+00). x > 1 arctanx = fo tQH dt + fl t2 s dt <
1
Joldt+ [[Hd =1+(1-1) <2 y = arctanz [1,+oo), ,

293



lim, , 00 arctanz . ,, =«

=2 lim arctanz.

r— 400
limg, ;oo arctanz = 5 limg o arctanz = lim;_ 4 o0 arctan(—t) = — limy_, 4 arctant =
-5, y = arctanx (—00,+00) (=%, %) y = arctanz arctan0 =
0 1 _
Jo = dt=0.
y = arctanz . s:%, ffﬁdt— fl 2+1 :LL 2+1ds

. r ] 1 1 .

g = 11m$_>1+00 fO mdtlz fO 241 dt + llmw_>+oo fl t2+1 dt = fO mdt +
L o dt =2 [ g dt. arctanl= I g dt =7 ., arctan(—1) =
s

—z.

, y=tanx xr = arctany. ,

y=tanz T = arctany.
y=tanz (=5,5) (oo, +00), (-5,5) 4= dmm3| =
dy y=tanx

(tan:v)2 + 1. r = arctany , y = tanx . , tan0 =0, tanf =1
tan(—%) = —1.

k Z, (=5+kn5+kr) m, y k k+1, (=5 +kn, 5 +Ekn)
(~5+(k+Dm 5+ (ktlm)  Fahr=-T+(tlr, . - k=0
(-%,%) wy=tanw. (=5 +km, T+kr) (-35,5) kn.,, y=tanz

T T
tanx = tan(z — k) f§+k7r<x<§+k7r.
’ y = tanx (=5 +kn, 5 4+ km), k T y = tanzx
5 +km 5, *+oo. y=tanz 5+ k7 -5, —00. ,
dt{i%z(tana:f—l—l (=% +kn, 5 + km).
— (=5 +km, 5 +km) T (—m+Kk2m,m+k2m). , y=cosx
y=sinz (—m+k2m, 7+ k2m7), k
1 — (tan £)? . 2tan §
cosx = ———=— | sing = ——=—
1+ (tan 3)2 1+ (tan §)2
(=7 + k27,7 + k2m) ,  deosz —1_~_2(222§)2 = —sing 4Snr =
1—(tan £)®
m = COST.
—Z+km, S +km), k Z, (—m+k2rn,m+k27) 2w, , k k+1,
2 2

(—m+k2m, m+k2m) (—m+(k+1)2m, 74+ (k+1)2r) 7+k2r = —7+(k+1)2m,
y=cosx y=sinx (—oo,+00) w+ k2w, k.
y=tanx 3§ +km, y=-cosx y=sine w4+ k27 y=-cosz (
) 7w+ k27 —1., y=sinz ( ) m+k2rm 0., , cos(m+ k2m) = —1
sin(m+k27) =0 k,, y=cosz y=sinx (—00, 400).

s ] HOpltél, . f =7+ k27 hm:caf % — hm$%5 smz -0 =
sinz—sinf __ = -1 = COSf. Yy =cosT Yy = sin x

—siné limg_,¢ e = = limg ¢ <F*
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€ =m+k2r Loz ee = —sing dfii;‘”|x=§ = cos&. (—00, +00)
gcosz Tt = —sinx dsinz ST — cos 2.

y=cosxr y =sinz Yy = tanzx T y=cosx Yy =sinx 2.
y=tanx , y=cosx y=sinx .

y=tanz, : cosO:l,cos(:I:E) =0 sin0=0,sin § = 1, sin(-F) = —1.

y=tanz (—35,5) ;0 7, y=cosx y=sinz,

, cos(a+0b) = cosacosb —sinasinb.  y = h(z) = cos(a —i—
b—x)cosx —sin(a+b—z)sinz  h'(z) = sin(a + b — z)cosxz — cos(a + b —
x)sinx +cos(a+b—x)sinx —sin(a+b—x)cosx =0, y=h(z) (—o0,+00).
cos(a +b—x)cosx —sin(a+b—z)sinx = h(z) = h(0) =cos(a+b) z. xz=1b

cos(a + b) = cosacosb — sinasinb. sin(a + b) = sinacosb + cosasinb.

cos(a—b) = cosacosb+sinasinb sin(a—b) = sinacosb—cosasinb.  (cosa)?+
(sina)? = 1.

, ) 1, , y=ci(x) y=si1(x) y=cosz y=sinz

= co(x) y = s2(x) Y= h(x) (JJ)—C2(%‘))2+( ( )—32(95))2

(w))2(+ (s1 (w) - 82(56)) = ( ) = h(O) =

y = arctanz = [ ﬁ dt y = arcsinz = [ ﬁ dt.
.10,
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Kegpdiawo 9

Taylor Lagrange . Newton. Riemann: , , Simpson.

9.1 Taylor.

& - - flo
4,00001 4 y=+/r 4, /400001~ V4=2.
N ((3F f(z) = f(§) f(z)  f(€) z &,
v £ ’ v € f(wz):f(f) £, ,

L) I u ’ € 6? l(l‘_f) < f(l‘) _f(é-) < U/(l'—f),
x> & uz—§) < flx) - f(§) Slz—¢), = <&, M=0 ;
|f(z) = F] = ' ()] — & Mlz —¢|

— — _ 1 1 1 _ 1

v/4,00001 Vi=2  y=x Y=gz 0<3=<5==17

r>4, x 4 4,00001. ,0 < /400001 —2 < 1(4,00001 — 4) = 0,0000025.

V4,00001 V4 =2 0,0000025. , 2 < 4/4,00001 < 2+ 0,0000025
2,00000 /4, 00001

y=[flz) & z ) & '), @)= f(&)+ f(n)x—9),
f@) = f(O) + [ =&
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y =+, v/4,00001 ~ 2+ 7 (4 00001 — 4) = 2,0000025.

\/W 2 20000025 \/m ’ . +/4,00001
f@) =FfE+ -9 fm) FEEE O, fla) =~ fE)+
FES@-90., ¢ €% FER) = PO+ O -9 = F©)+
o, e s f@) = FO+ (O a-6)+ T (a—g)?.
e PO~ )
fa)~ £ + 10 - &+ T g,

9.1 Taylor Lagrange. n I ¢ y= f(x) n I( ) n+1
I. =1 n =z« ¢

10 =10+ H@ g+ L0 g L2 g
Y O] VA
1) - (10 + L0 -4+ O )| < (A
xz I.
1) + f%—f)+ 4+ 0@ —gr Taylor noy = f@) I
W@~ &+ n Lagrange. Taylor n o <n.
n=0, 0 ., Taylor f(z)=f()+5 @9

9.1

1 (n)
1@ - (o + 8w g+ e o) = (@-g)

&. 11 6.12 7 6.13.

01 z € A f(@)=fO+ 2@+ -+ L O @) 4 A (@)
70 il

(@ — "t

(@t -

y=g(t) = f(=) -

A
@=t == (n+1)!

t oz & y=g()



, 9@ =0, A g€ =0 n =z & gn=0 A=frti. A ,
Taylor. |f<”+1)(n)| < M.

0,0000025  +/4,00001 /4= 2.
91 y =z [4,4,00001] £ =4, z=4,000001 n=1  /4,00001 =

11 11 2 _ 10”10
\/1+ﬂm(4,00001f4)fﬁm(4,00001f4) =2,0000025— 1= 5 4 <n <
4,00001. 0 < 102 o 1002 _ ( 0000000000015625, 2,0000024999984375 <

8+/n® 8V43
V/4,00001 < 2,0000025.  2,00000249999 /4, 00001
. 91 n=2. /4,00001 =4+ %2%/1(4,0000174)7%ﬁ(4,000017
4)%%8 \%(4, 00001 —4)3 = 2,0000024999984375 -+ 1160\’/17715 n 4 <n < 4,00001.

0< 1160\715 < 102 = 0,000000000000000001953125, 2,0000024999984375 <
n

v/4,00001 < 2,000002499998437501953125. , 2,00000249999843750 +/4,00001

9.2 Taylor . n I & y=f(z) n+1 I( ) =z I
! (n) T
ro=re e -+ I8 gl [ emae - a

arJe fOD @) (@ — ) dt
n =0, Taylor f(z) = f(&) + g J¢ f'(t)dt (ii) 8.3.

JEFOED @) @ty de.

1. Taylor Lagrange y = +/z [4,4,00001] £ =4 x =4,00001.
n v/4,00001 ;

2. sin(1°) sin(31°) (1°=0+155,31° =% + 155 +)
3. ) Taylor Lagrange f((r:i;,") (x—=" n,, =, n+2 y=f(z)
9.2
f(x) =0,
y=f(=) (ab) (@,b) ¢ ., y=f(x) (ab) (a,b)
y=f(z) , Bolzano flx)=0 (a,b). €.



£ t

Syhuo 9.1:

z1 (a,b) § E=wy, (w1, f(21)) y=flo). T1, (w1, f(z1))
y = f(@1) + f'(z1)(z — 1). 0= f(&) = f(x1) + fl(x)(§ —>1)

N f(x1)
SEm f(z1)
Ty =T1 — ]{,((211)) Z- y:f(m) (th(l'l))-
v, ()& @, &, Is:@—;/(&i) T2, 934::”3_;/((233)) 3
’ , (xn). Newton. 7 (z,) ¢&,, x, —&.
0.0 y=/@) (b 0<m<|f@ I @ISM © (@b p<B,
c—p,c4+p]  (ab), v=7%; WT“+1—M—%. vOo<v<p [e—v,ctv]
§ f(§=0o.

Newton x1 [c—p,c+p], xn [c—p,c+ ]

lim =z, =¢.
n—-+oo

2n71

2m (Mpu
_fl<c 20 (22
[on €|—M(m)

oy fe—petpu] m=ar-HEL 01 @ € 0=f(€) = fl@) + @) -
21)+ L (€ —2)? a2 = a1+ (E— o) + Fry (€ —21)? 22— € = 5 (a1 - )%
w2 —¢l = ffrBhle1—€? < Mlar €2, @1 [e—petu] & le—vietv], |a1—&l < utv,
o2 — & < gL (u+v)?. Jwa—c| <|wa =&+ |€—c| < 2L (utv)?+v=p,, 22 [c—p ctpl.
; zy w3, w3 [c—petpl,, Tn [c—poetpl, Jon—& < 3hlzn1—E? n>2.
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on—1

|1 — €] < ptv < 2p |lon — €] < 2 (M) n> 1. limp e 277 = oo
2n—1
0< e <1, dimpsgoo 22 (22)° =0, limpyspoomn =&
M 2n71 _
(-Tn) f ’ (#) [ |$n _§| B 2" ! . Newton, )

n, &.

€ (a,b)  fE)=0., & & (a,0) f(&)=f(&)=0, n [f(n)=0
0<m<|f'(n)].

, 9.1 . (a,b) m M. a1 by a<a3 <b <D y=f(z) a1,b
- & a1,y p<min{{;,a1 —a,b—bi}., ¢ [a,01] () [e—pc+y]
(avb)' V:%\/WT#—F]-_N_% [alabl} < 2v. B y:f(x)
, & 1. ¢ I, I [e—vye+v], & [c—v,e+V], [e—pec+p]l (ab).,
Newton 1 [c— p,c+ pl.

1. Newton z2—-2=0 V2 [1,2].
1‘1:2 To,X3,T4 . \@

nox, V2

9.3 Riemann.

y=1f@) [ab. (@b n
b—a

rp=a+tk (0 <k <n).
n
o [meet, k] Tk —aeor =520 [, 2] , Zemltoe
1+ 1\b—
:co,a:% s LY yenn ,a?k_l,:r% sy L yovn ,In_l,l‘2n2—1 sy Ly
yi = f(zi) y=f(x)
yO)Z/% Y Yl - .- ayk—lay% s Yk 5 - - 7Z/n—1’ll2n271 yYn -
b
fa f(l') dx y= f(il?) [ . Yy = f(x) [Ik—hxk]
xT .
ka’il f(z)dz , , ,, Simpson .
b
n [a,0] . f(@)dz,
b— 7rL+2M
|| < C( a) m+1 :C(b_a)Mm+1hn"L+17

— nerl
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h, = =4 ,C ,m M1 m+1 y=f(z) [a,b]. 0 n

sy Aimy oo by = limy 00 =4 = 0., , Simpson .,
() y = f(z)

’ I ['kalvxk]a [avb} [(L’kfl,l'k].,

y=[f(z) la,b] [f'(x)| <My z la,b].

a+b (b—a)?M,
ac)dx—f( )(b—a)‘gf.
y=1r@) (0)y=p)=f(42). . x[ab] &z f(l?) p(x) = f(@)—f(452) =
F@@ =25, |f(@) - pla)] < M1| e A (L f p(e)de = f(*52)(b - a),
‘fabf(:):)dxff(a'kb 7a}—|f p(:):)d:c|<M1f |xfa+b\dx—<b an .
9.2 y=f(x) [ab] [f(@) <M =z [a]
b b—a
/af(w)de(y%Jr'"er%) e
RSy
////
“@ b
Syuo 9.2:
w—riael, | [ F@)de—yaa 250 < U=t [P f@yde = [ (@) e+
T e | [ @ (v ) i S it — Ceatan
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coy=rf@) e [f(@) <My oz [a,b].

13
y=1f®) 1, y=f() ab. y=p() = fla)+ {0 D @ a0y . 2

(a,b) ¢ flx)—plx)=clz—a)(x—0b). y=gt)=f(t)—p(t)—clt—a)t—>) t [a,b].
g(a) = g(z) = g(b) =0, & (a,z) n (2,0) ') =g'(n)=0. ¢ (&m),, (a,b) g"(¢) =0.

g0 = (1) 2, =L w (a,b) ¢ (ab) f@)-pa)= L @—a)(@—b). =
(a,b) \f(x) p(z)| < M'Z(wa)( b—x). ,, z=az=b [ pa)de=10HOG )
|f f(x)de— M (b—a ‘ |f x)—p(x))d:r:{ < %fab(x—a)(b—z)dx: %

9.3 y=/f(x) a0 [f"(x)] <Mz x [a,b],

Yn\b—a
/f ottty o)
2 n
|| ]_ (b a M2
= n2 .
x + a b
[e—1,28] ‘fz:,l f(z)dx — Yk— 12 Yk bn < (® 1;11 My , ’fa f(x)dz —
3 3
(yo;ryl I yn—;+yn)l7—Ta‘ Sn(b 1;)n3M2 _ o 1;212MQ )

y=f(z) [avb] |f”($)| <M, «x [aﬂb}'

m)dx—f(a;b)(b—a)‘ SM.

24
y=1/f(2) 1, y=fl@) %  y=f@) . y=p) =)+ ()@ EL)
Toglor. , @ &) & @ U f(2) = F(4E0) + ()@ - ) + £ —T) :
f(@) = p(a)| < 20— 4222 [P p()de = F(£2)(b—a), | [ f(x)dz— F(4EL) (b~ )\:

\fj(f<x>—p<z)dzy <2 Mo - oy an = oM

9.4 y=f2) [ab] [f'@|<M: 2 [ab],

/abf(x)dx% (y%+"'+y2n2—1)b_a.

n

|l < G

— 24 nZ
bl [, st b < B[ s (o
+y%)b*7”| <n (b 2Z)nM2 _ o 23):21\/[2.
Simpson.
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Syfua 9.3: Simpson.

y=f(z) [a0] |fP(2)<Ms z [ab].

‘/f dr ()+4f(a+b)+f(b))bga‘§(b—a)5M4.

2880

,oy=f) o b o y=f@) . y=p@) =c+tal@—a)tc(z—

a)(z— 4+ es(z—a) (@ — 4E2) (2 — b) co,c1,c2,c3  co = fla), cote1 (4L —a) = f(EL),
cot+er(b—a)+ea(b—a)(b— 2FL) = f(b) c1+ca(FL —a)+es(SEL —a) (2 —b) = f/(2ED).
y=1f() y=pk) . =z (a,b) z#24 ¢ f(2)-p)=cl-a) (- %)%z -b).
y=g(t) = (t) —p(t) —c(t —a)(t — )2 (t—b) [a,b] gla) =g(%L2) = g(x) = g(b) =0

a+b

g =0, a<z< 2, ¢ (aq ,2Eby ¢ (2fhb) g(©) =g (n) =g'(¢) =0.
(L) =0 K (En), X (0, %E2) p (“E2,0) ¢"(k) =g"(\) =g" (1) =0. v (5,)) p (A1)
d®0) =g () =0, (), o (p) 9D (o) =0., gM<> ﬂﬂwwa%,c:ﬁ%ﬂ.
b <z <h x@b)x#ﬂﬁa<mw f(@) = p(@) = L9 (@ — a)(@ — “42)2(a — b),
1f(@) = p(a)] < (@ — a)(x — “E2)2(b - ). zfawfww e=b  [Tpla)de =
&ﬁﬂgiﬂi—wwfﬂ)df@ﬁﬂiME 0| = | [* (@) —p(a)) da] <

b b—a)® M.
S [, @ —a) @ — =2 (b - @) do = O

9.5 y=f(x) (o0 [fP(@)<Ms 2 [a0],

y0+yn+2(y1+ +yn71)+4(y%+-~-+y2n2_1)b_a

f : —.

) < i (b—a)® My

: — 2880 n? '

Yk—1+4Y 2k —1 TUk 5
=5 b— b—a)5 M b
en-v @] | [F f(@)de — sl < Gl | [ f(e) da —
yo+4y 1 +v1 ?!n 1+4y 2n—11+¥Yn 5 5
b— (b—a)® My _ (b—a)® My

( 5 Tt T )T‘l‘gn 2880m5  2880n4
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b _
L y=p) <3 [, pl)de= (p(a) +4p(*) +p(b)) %5
2. log2 log2 = ff 1dz  Simpson.

3. T =4 fol 1%4_1 dr  Simpson.
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Kegdiawo 10

0. . Cauchy. p- s s . . Taylor. : ,
. » - ( Newton). -
10.1
(Tn),
S1=x1, S9=x1+2T2, S3=21+x2+23, ... ,Sp=X1+ -+ Tp, ...
+oo
an xl+x2+.+wn+.
n=1
(.’L’n), y xrfk( ) Tn ’I’L+- n- in n- Tp -
o0 oo o0
) n=17Tn D ket Tk Ej:ﬂ”j-

c (1) NS T4l 4l

(1) 8121752:14-1:2,
s3=14+14+1=3,,s8,=14+---+1=n n>1

n

(2) a 1+ e 14ata®+ - +a" 4. (a™)  s1=1,
so=1+a,s3=1+a+a’,,sp=14+a+--+a"t n>2
() Xl ltw gttt P () s1=1,
82:1++27,183:1+27+37,,Sn:1+27+"'+n7 ’I’LZl
o0
n=1n
(sn) s, 5 s

“+oo
E Ty = S.
n=1
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(sn) .y (sn) oo —oq, +00 —00,, 400 —00

“+o0 +oo
an:+oo an:—oo.
n=1 n=1
, Zn 1Ty foo, +oco,. , H4oo —o0,
- zz Tn ., Sy (sn) oo, o, (sp).
: (1) :er 1 o0, limy, s o0 8y = lim,_ s 0 n = +00. ,
“+o00
Z 1 = +4o0.
n=1
(2) a
=400, a2>1,
1+ a" e =1, —l<a<l,
, a < —1.

10.1 Zn 1 Tn, lim, 4o zy, = 0.

—+o0 .
Sp=T1+ -+ xn. n:lxn S, llmn—)+oosn:s-77 Tp =Sp —Sp—1 N >2.

limp 400 Tn = liMy 400 Sn — liMp 400 Sp—1 =5 —5=0.

+oo n : n_ _
n=1 n+l hmn_>+oo el 1 ?é 0.

Zn e (00)  lmpsyecx, =0 L, 10.1.
“+oo +oo

10.2 . Zn 1%n Zn 1Yn Zn SR D DAE n=1(Tn + Yn)
“+oo
NONIRED SIS 38
n=1 n=1

n- S, =T1+ - +Tn th =y1+-+Yn , 1irﬂn~>+oo Sn = :: Tn liInn~>+oo tn =
“+oo “+oo
e Yn- > T~ ne1(@n +yn)

upn=(z1+y)+ -+ (@n+yn) =@+ +aTn)+ W1+ +yn) =50 +in.

limy 400 un = limp 100 (sn + tn) = limp 400 Sn + limp s pootn = :z Tn +
+oco —+oo +o0o ~+o0
n=19Yn- n:l(xn +yn) n=1%n + n=19Yn-
+oo
10.3 ‘ Zn 1Tn A n=1Tn ) n= 1()\517»”)
—+oo —+oo
Z)\xn )\an ()\7&0 an::too>.
n=1 n=1
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. too oo
DS =x1 4+ T, liMpsqoeosn =) 0 Tn. n- 20 (\zn)

wn:)\:B]_+..-+)\£En:)\(zl+...+xn):)\sn.

l‘lmnﬁvLoo Wn = hmn%ﬁ»oo()\sn) = )\limn*,+oo Sn = A :: Tn , ::()\.Z’n)
AY S
+oo oo too
S+ ) =AY w1 v
n=1 n=1 n=1
)
104 ,. :201 Tn Z:ﬁ UYn Tn <yYp n>1,
+oo +oo
n=1 n=1
n- Sp=Ti+ - +Tn tn=y1+- - +Yn , lim"HJroosn:Z:zmn limmp s 400 tn =
T e
sn=a1+-tan Syt yn =tn
n, Z:z Tp = liMpy 400 Sn < limp—sqoo tn = E:z Un -
1 ()
+oo 1 +oo “+o00 4o +oo 1 1
S (1) T Y et (=)
n=1 2 n=1 n=1 n=1 n=1 \/ﬁ \/m
too +oo
D (=" (-1t
n=1 n=1
2. .
+o00 n +o00 n n T 400 1 o0 )
Y st () Y v Yomein kY mlog (14 ).
n=1 n=1 el ot —
( n- )
3., ()
+oo +oo Lo oo
Z (g)n+2 (é)n—3 Z(—l)”_4 Z ( B g>n
n=1 k n=1 3 n=1 n—3 3
= = I -1 +1 400 n
2 2nl 4 3n 1+ 23
S Y Y Y
n=4 n=1 n=1 oy

309



4. o by — brs)

n=1
Sn L) 11mn—)+oo bn hmn—H—oo bn . hmn—>+oc bn ;
+oo +oo +o0

1 1 1
;n(n—&—l)’ ;(Qn—l)@n—i—l)’ ;n(n—l—l)(n—i—Q)’

N
Zlog Z m Z (¥Vn—""n+1),

Jio ((_1)n_1 n_ (_1)nn+ 1) Jio(—l)"‘l 2n +1
n+1 n—+2/’ n(n+1)
n=1 n=1
5. 11 12 24
+
10.1 2,>0 n>1, Y%z, 400 . 0<%, < 4o
co(sa) o, (sa) . oo
Tn >0 n>1, spp1 =14+ +Tn+Tnt1 = Sn+Tnt1 > 5n 21 (sn) +oo
sy Sn=x14 4Ty 20 n2>1, limpsieosn 20,0, (sn) j::_wn = limp— 400 Sn
s (Sn) s :; Tn = limn—>+oo Sp = +o00.
Zn 11.” +OO ? Zn 1$n<+00
105 ,.(1) 0<z, <y, mn>1.
“+oo +oo
0<) 2, <> .
n=1 n=1
’ Zn 1y”7 Zn 1(En.
(2) 2,20 y, >0 n>1 (Z:),, Zn 1Yn » Zn 1Tn -
(1) pEn Sy 104 0< Y e <3 "
En 1 Yn < +00, Z:zxn<+oo,, :zm
;2 (), w I<u, 0<z, <uyy n> 1 T un o (uyn)
—+oo
n=1 Zn
. 400 2743 +oco 2™ 2" +3 n n—1
. (1) n=1 3n—14n n=1 3n—1 * < 3n—1l4n 2 3 ’
2" 43
2"+3 2™ 14327 " . 3n—1ly4pn +oo 2™ 2
3n—1tp — 3n—1 143p3-n hmn~>+00 333’2: - ]- n=1 3n—1 22 (g)
oo 2743

) n=1 3"—14n °
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n =
n=1-2.--.np>1-2...2=2""1
——
n—1
1 . 1 1 +oo 1 too 1
n! > 2" n—l.,OSmﬁm n =1 n:lﬁS n=1 2n-1 ™
1+%+2L2+...:2<+oo” ;:g%<+oo.
+001
n=1
Sn:%_;,_.. +% tn:(1+%)n,, Newton,

() () e () ()
1/ n 2/ n? k) nk n/) nn
=1+i+l<171> ---+i(171)<173)...(17k_1)+---
2! n k! n n n
1

. >1+l+l(1 l)+ +i(1 l)(l E) (1 @)
"= 1 2! n k! n n) n ’

n—4oo, e>1+ L+ 54+ +L=1+s k>1, ,e>1+s, n>1
thn <14sp,<e n>1,,lim, y4008n =e—1. sp n- ;r:;%, ::m:e—l.

n! n! n! n!

n!
—Dm=nle=nll+ — 44 —
(n =Dl =nle=nll+ 4+ 0+ O Y o T e

(n—1)lm, nll, 2, ..., & s:(ni!l)!-k(ni!z)!+(n$’3)!+... o
0< c—_ ! + ! +
s =
n+l m+Dn+2) @W+1n+2)(n+3)
S S R S 11 1
< e — ==
n+1l (n+1)?2 (n+1)3 n+ll——=5 n
<1
0 1.
10.6 10.7

b
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10.6 . (zn) Tn >0 n>1 z=f@t) [l,+00) : f(n)=a,
n>1. [T ft)dt +00

(i) 5725 &, < 400 1+°° f(t)dt < 400,

(i1) ZJF 1 Tn = +00 1+OO f(t)dt = +o0

n+1 n
/ f(t)dt§x1+~-~+xn§:c1+/ f(t)dt
1 1

n

+00 +oo +00

/ f(t)dtSan<m1+/ F(t)dt

1 — 1

v
+
Yyfue 10.1:

: t>1 n>t(, [t}+1) x—f(t) L f®) > fn) =2, >0.,, ft) >0 t>1,
f dt—fulf fu2f dt>0 wuy uo 1<u; <ug. F(u):fluf(t)dt u
[14+00) ,»  limyss oo F(u) = limy s yoo [ F(t)dt, [ (1), +o0.

Eoot kk+1 fk+1) < f0) < fR), f+1) < [T @ < k) L
xk+1<f:+1 f@)dt <z . k=1,...,n—1 k=1,...,n r2+~-'+xn§f1nf(t)dt
[ rwdt <@, f"“ t)dt <1+ +xn<z1+f1"f(t)dt.

n — +oo, f1+°° dt<Z+ Can <o+ [T f()dt () (i)

: (1) Zn lnp’ p
+00.
p§0, #21 n>1,, :gn—lpz :fll:—i—oo. +00.
p > 0. (nlp) . m:f(t):tip, [1,400) , , f(n):n—lp n
ST Edt =100, 0<p<1, [ hdt=1 <400, p>1.,
ioi < 400, p>1,
— P =400, p<l




“+oo
1 1 1
— < — < — > 1),
P o S i (p>1)
1
logln+1)<1+—-+---+—<1+logn
n

- —1 1 1 =r_1
(ol g L LTy,

1—-p - 2p nP = 1—»p
+o0o 1 —+00 .
> Zn:1 P 0<p<l, Zn:l In limy, 4 0 T = 0.
S s )
n=1 np «»
+oo  2n—1 oo 1 on—1 2
(2) nel WP EniT Yoaamn . < e 2n  n®, .
li n_?! _ 1 oo 2n—1
Mp—+too “2n=1_ = 25 2un=1 n2+3n+1
712+3n+1
+oo v+l + 3 o Yoo itl
oo y/n+ o -2 : 2n243 __ 1 oo y/n+
(3) n=1 2n243 dopma T2 limygoe 3 20 Dot 20243 °

10.7 Cauchy. (zn) z, >0 n>1.
(i) X2y an = +00 315 28wy = +oo.

—+oo “+oo
Zn Zk:12k12’€ )

n=1

n>2 2, 2F<n<2btl (z)

T1+ -+ xn = 21+ (22 +23) + (T4 + 75 + 26 +T7) + - -
o (@it 4 @i y) F (ko Tn)
“+oo

< @+ 2z +dzg oo+ 25 ape o + 2830 < + ZQkxgk .
k=1

n — 400, E:z Ty < 21 +z::i ka2k.
201 4 29 +4xs + - + 2829 < 21 + 2m0 + 2(m3 + @a) + o+ 2(Tgk 14 + 0+ Tgk)
+oo
= et az o) $2) wn
n=1

k — +o0, 2x1 + 22:01 2kr2k <2 Z:z Tp .

1 “+o0 —+o0 —+o0
r1 + 5 E 2kx2k < E Tn < x1 + E kaQk .
k=1 n=1 k=1

+00 5k +oo

b1 2%z ok ne1 Tn +o00.
too 1
n=1 np *
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+oo

p<O0 : >

<1

n= 1nP = ;:g]‘:—’_oo7 +oo.
1 +oo k1 _ x~too( 1 K 1 1
p>0, (57) 12" @iy = 2uk=1 (1) -1 5 -1
,, p>1  +4o0, 21[,121,,0<p<1
:fln%vp>17 +OO7pS]-
1. 10.5.
*fn\/ﬁmnﬂ §2n2+3n+1 *i)
— 2n? +1 — nt—n?2+4 Vn(n+1)
“+o00
Vvn + —f
1+n2—
Zﬁmm 2V Z
+00 +ool 1
e Yws(eh). Xl
n=1
+oo +oo +oo
1 1 1
;sinﬁ7 Z(l—cosﬁ), ;n(l—cosn).
(1: :z# lim,_.q 71%(;”0) 1, limg_yo 882 =1, lim,_,0 71 CEL —
5.
2.
Sae( Lo S e (Va1 N
n“(——7>7 n®(vVn+1—-2yn++vn—-1),
+o0 T 1
0<b<a), 0<b<a).
) nlnP Zn ptop a,b
—+o0
3. n:lmzl(* 4 ).
1
. 7 _ +OO
#gﬁ n lim, o n(:;)_l’ 10.5, T3
4. . +o00
, Cauchy.
+oo 1 +oo +oo 1
Yo Xt Zm 2 v
—+oo —+oo en +oo 1 —+oo 1
—n —
;ne ’ ;1+62"7 ;nlogn’ T;n(logn)z’
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10.

11.

12.

13.

p.

lim,,

o0 1 +o0 1

nz:;’ nlognlog(logn)’ nz::?) nlogn(

Cauchy

+o00 1 +o00

1

log(log n))?

S &

= n(logn)?

+
1+(p_1> nzﬁzl

1y, oo g (LH 5+ +5) = 1.

0<p<1, limpieen? '(14 5+

n

—, nlogn(log(log n))p

+n—1p):ﬁ.

D, hmn—H—oc (% +
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(2) Zj:j ( 3) s limy, oo 4 |( 2)n| =limy, 40 (;H —2>1.
? ’ hmn—H—oo T\L/W = 1 !
: (1) Z::i# limy, 5 100 § n2| 1.
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Z<”+1> g({ﬁwl) n; (n+1)
3. p =il
4. pq Zn 1P nq; 5
5.
Ix n— too n— +00 n +o0 n
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10.5
o+ Y an(r—&)" =ao+ar(w — &) +as(x =&+ +an(r ="+
¢ ap,ai,a0,....x ., : x ,, x (). x : x , +00
—00 T +o0.
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) a'ax_g a‘0+zn 1a'n(x_£)n a0+z:’;§a‘n0n:a0a;-
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n+1
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Y/ an|:nin7 n , Va,|=0, n limy, 4 oo \/\an
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10.1 pu,v > —1,

c1,c2 >0, WV,
Clnﬂ*l’ < (M+1)(M+2)(M+n) SCQTLHiV
v+1D)w+2)--(v+n
n.
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2 1.6
— (n)) — 2:4-6---(2n)
- — 10.1.
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10.6  Taylor.
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’
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’

- 14+ (P)z+- 4+
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o -l<z<l, a< -1,
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n=1 —-1<z<1l, a>0 a Z.
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n 0 =z

0<a<l, a<1<14n <2, [Ra(w; 0 (142)) = | (,5,) |A+m ()", a>
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z)%) = 0.

0<oz<la<—1, 101 [Ra(z;0;(14+2))| < | (,3,) [+ < ca(n+1)—oLan+t,
limy— 400 Rn(z;0; (1 + x)*) = 0.

—“1<z<0, R (30 (1 4 2)®) = 2lezlllazn) (3 4 pa-n=l(z —pnat
| R (; 0; ( ‘_|a(a 1)-- (cx n)‘f -i,-to‘”l(t—z)”dt %S—Zl‘ftfo,

| R (50 <1+a:) )| < ]7‘1(“ S el [ty di = | O g U =
(”+1)|(n+1)|\ n 20T 050, n> [a] [Ra(w;05(142)° )|<cQ(n+1)([aHl)( _
o)==t Jofr DTty oo Ru(2305 (14 2)%) = 0. @ < 0, |Ra(w;0;(1+2))] <
ca(n+ 1)~ o SELEL limy, o R (3305 (14 2)*) = 0.

limn oo (14 (§) 2+ 4+ (2) 2m) = A+2)* 14355 (2) 2™ = 1+ 2)”

z=-1 a>0 ,, 9.2, . “1<z<0 |@+2)-1-
(9)z=— () 2" = [Ra(e;0; 1 +2)° )\Scz(n—i-l)([af‘+1)(n—[a])—a—1|z|"#
g =14, [0-1-(9) (=) == (2) (D" € e +1) (per) (0= lah7o"1L.
limn oo (14 () (D44 (2) (D7) =0, —w=-1a>0- 1+Y 7 (2)a" =

14 z)~.
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Vitaz 1+Z ) a 1++§( L3 @n=1) @
v n)t T 2.4---(2n) 2n—1
1 1 1-3 1-3-5
1t g — —2a? 3 _ 4.
Tt am Yyt T2aest
v [-1,1]. a=-3
+oo 1 +o0
1 -1 1:3.-(2n—1)
:1 2 n:1 _ln n
1+z +n§_:1<n>x +;( ) 2-4---(2n)
B 1 1-3, 1-3-5 4 1-3-5-7 4
=l "6 T2a6.8°
x (=1,1].
1. 142 —22—4da3+2* z-1
2. , 1+$+ +I 111;";—1
+oo +o0 +00
an", Zan", Zn?’az”.
n=1 n=1 n=1
3. Taylor
+oo +o00 +oo +oo
n\ ..n 1 2n—1 1 2n (_1)71 2n
Z(l_(_2) )x, Zgn 196 ) Z% ;o 1+ ol A
n=1 n=1 n=1 n=1
too +oo 2 +oo +o00
n—1 (n+1) 1 o1 1,
PR n - n 1 n’
nz::l a v n; a ;(Qn_mx ’ +;(2n)!x
I —192n—1 +0 400
(=)"'2 2 (loga)™ (xfl) —1
- 7 n 1
Z (2n)! T Jrz n! Z n—l r+1 ’
n=1 n=1 n=1
+oo
-+ (3n —2) (2n)!
1 Tl n
+Z 9...(3n) o +nz::12n(n!)2x

1
a =3

4. Taylor y=sinz y=-cosz &.

Taylor,
(1) sinz = sin cos(z — &) + cosEsin(z — &)

(#4) cosx = cos€ cos(x — &) —sin sin(x — &)

339




5. Taylor 0

y = coshz, y = sinh z.
6. Taylor 0
1 .
y = tanz, Y= y = arcsin z, Y = arccos .
cosx
7.
+oo (_1)7171 +oo (_1)7171
— (2n)2 -1’ n:l( n+1)2 -1
1 0
8. 18 612 y=h(z)=<¢ " T (=00, +00)  RM(0) =0
0, z <0,

n. h(0)+ 30> n )(0 Lo Taylor y = h(z) 0

9. £(0)+3 170) yn Taylor y = f(z) 0.

n!

y = f(x) 0 Taylor = ..

10.7 ,
105 1+30% La"  x (—oo,+00) 10.6 y=¢€e".,, !
.y y=e€ (—oo,400)
e””zl—l-zim" (—o0 <z < 400)
— '

=1,, e>1 z>0. y=ce

10.2 2 h#0 |h|<1 n>2

(z+ h)"™ — 2™ B

- “H <=1 (|2 + 1) 2R

co B ol £ 0 b @+ T —e = (D@0 % n
0&,, 0 h |EHIZ=ED pgnt] = jn(z + 6"t — na" | = n(n — Dl + " ?¢] <
n(n = 1)(|e] + 1)"2|h].

et —e: h#0 |h| <1

400

’Zn' x+h)n_$ _Z(n—lmx%l

n=2
- ’ Z i'((f”ﬂ# _mn—l)
n:
n=2
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+ oo
1
>
n=2
“+oo
1 e
< D = D(le] + 1"k

n=2

(z+h)™ —a™
h

_ TL(En_l

IN

= elzlH1p).

. ez+hiez de®
limp_0 I =e¥,, E-=¢e".

, ea-‘rb — eaeb a’b' Yy = = 9
eatb—zez = ( y = h(x) (—00, 400). patb—z oz _ h(z) = h(0)
_ a, b 1

—~
8
~
|
o
e
+
7
8
9]
8
=
=
|
o
Q
+
7
8
9]
8
I+

etb=0e0 — gatb g g —p ettt =it | e =0 =1, e £0 2z
4ot
e =1>0, >0 =z T =c¢" y=e® (—00,+00).
y = e* e >z x>0, limp,i0e® = 400. , lim;,_€” =
limyy oo €7 = limy, o0 & = 0. y=e® (—o00,+00) (0,+00).
, €
00 1
1
e=e =1+ —.
>
n=1
, y=logz r=ceY.,
y=logx x=ceY.
dl 1 1
y =logz  (0,400)  (—00,+00), el =z

dy ly=logx

(0,4+00). log(ab) =loga+logh . , c=1loga d=1logh ab=ce?=ctd.

log(ab) = c+d = loga+logh. , y=h(z) =log(zb)—logz K (z)=bL—1=0
z. y=h(x) , log(axb)—logax = h(x) =h(l) =logb—logl =logh z. x=a
log(ab) = loga + logb.

, a>0 =z
a® = e'rloga
al — 61-loga — 6loga =a aO — 6O-IOga — 60 =1. a®
., 1 8.6. 8, o 8
1.
- » Ty 8 [l )y ) (|)
s
y <, a® &, "7 ) .
a>1 x>0 (sp) z, ($n) , Sn<z n limy,i0 8, = .
s>z, s=z]+1, a"<a® n. (a*) ,, .oa*
a® = lim a°".
n—-+oo
, x <0,
1
a® =
a—T



s s (sn) —z > 0, lim,t00(—5,) = —lim,i008, = —(—2) =
1

lim, 540007 =lim, 400 a%n =-—==a"
), x (tn) lim, o jootn = o lim, o at» =a®. ., x.
(tn) th=2 n ,, limy 100ty =2 lim, o al” =a®
x (tn) limy ity =2 lim, i al™ = a®
(rn) hmn%+C>O rm =0 lim,,yca™ = 1. 2.1. €
0<e<l1 N = [*= +1 . limpiorn =0, no |rn|<% n > ng.
1
n > ng (1+6)N21+Ne>1—|—“ le=a,,a™ <a¥ <l4e , n>mng
1
1-— 6<1+6<a v<anr., n>nyg 1l—e<a™ <l+e
(rn) liMpsjoorn =2  lim,,i00a™ =a®. | r—2  limyq00(rn
) =0, lim,1pa™ =lim, 1a™ *a®=1-a* =a*
(rn) limposioorn = lim, 10 a™ = a®. |, (tn) — -

lim, sy ootn = lim, 5 aln =a®. r,—t, lim, ioo(rn—t,) =x—2 =0,
lim, 400 @™ = lim, oo a™ tnal» =1-a% = a®
x (rp) limyyoorn = lim,ipa™ =a
a>1 1 = x, 0<a<l, axz(%)”" T. x
a=1 0<a<l.

x

z,y a,b>0.  (rp) (un) Impioorn =2 lim,yootty =y. (rn+uy)
lmy, oo (rn +un) =z +y. , (rauy) limy, 4 oo (Prun) = xy.

a*ay = lim a™ lim a* = lim a™a“ = lim o™t% = ¢*1Y.
n—-+oo n—-+4oo n—+oo n——+oo
b
a®b* = lim o™ lim b™ = lim a™b™ = lim (ab)™ = (ab)®
n—-+oo n—-+o0o n—-+oo n—-+o0o
x _ xr . 3 J—
(a®)Y = a™¥ s, x>0 n, limp,iox, =1 (Yn)
li Yn — ] I s 1\ mn+ﬁ_‘$n_ﬁ| "o o_
My yy00 TpY» = 1. n x, = mln{xma} e L
Tt +|on— |
max{xm xi} = = 2n 2 . . xnl S Tn S xn” xnl é % S -Tn// n.,
. no . " o
) hmn—ﬂroo ITn = llmn—>+oo " = 1., (yn) 3 -N < Yn < N n
(z, )N <z,9 < (z,/)N n limy oo xp¥ =1, !
a""n Un
a® = lim a™" = lim ()% = lim (—ax)
n—+o00 n—+o0o n—+oo \ a%

. amyun
i () e
n—+oo \ a¥ n—-+oo
,a>1 x>0 =z, a*>1. =z sy (8n) x limpyeo sp =,
ng  Sp > 0. a’ > 1. a® =lim, 1 a®  (a®) , a® > a* n.
n=ng a*>1.

- . 1. : o, . —

)

- .y, “Lectures on Physics” (vol I, chapter 22) R. Feynman!
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. y=-cosr Yy =sinz.

1++OO (=D o . = (G L
cosx = x sinx = -~ g

1 ) — 1
kzzl 2)! DN r—T

k=1

. 10.5 r, cosx sinx . % =er ., dfi% = —sinx
d;%:cosx. cos T xr , y=cosr ., y=sinx ., cosO0=1
sin0=0. y=h(x)=cos(a+b—x)cosz—sin(a+b—z)sinz, (—o00, +00),
cos(a + b — z)cosx —sin(a + b — x)sinz = h(z) = h(0) = cos(a +b) =.
r=0b cosacosb—sinasinb=cos(a+b). , b= —a, (cosa)?+ (sina)?=1
y=cosz y=sinz : |cosx| <1 |sinz|<1 =z

cosz # 0 z, cos0 =1, cosz >0 «x. y = sinx
, sinz > sinl > sin0 =0 x> 1. | , oz >1 ¢ [1,a] cosx —
cosl = —(z — 1)sinf < —(z — 1)sinl. cosz < —sinl- -z +cosl+sinl ,
lim, 400 COST = —00, Yy=-cosTr . X cosr=0. y=cosz , x>0
cost=0., - ,, — x>0 cosx = 0. .
mT=2- cosz = 0.

,, cosg =0 cosz>0 =z [0,5). y=sinzx [0,5], sinf >sin0=0
(sinf)?*+ (cos3)*=1 sinZ =1. y=sinz [0,5] [0,1]. o sinz >0
(0,5) wy=cosz [0,F], y=cosz [0,F] [0,1]. cosx = —sin(z— %)
sinz = cos(r — %), cosacosb — sinasinb = cos(a + b), Yy = cosz
y =sine  [Z,7), [7, 3] [3%,27],, [0,27]. ,, cos(z+2m) = cosw
sin(x + 27) =sinz =z, 2.

) - ) ) 863 ) ]-a ) ’
- 1
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