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Kef�laio 1

To sÔnolo twn pragmatik¸n

arijm¸n

1.1 FusikoÐ arijmoÐ
H austhr  jemelÐwsh tou sunìlou N = {1, 2, 3, . . .} twn fusik¸n arijm¸n gÐnetai mèsw
twn axiwm�twn tou Peano. 'Eqontac dedomèno to N, mporoÔme na d¸soume austhr 
kataskeu  tou sunìlou Z twn akeraÐwn arijm¸n kai tou sunìlou Q twn rht¸n arijm¸n.
JewroÔme ìti o anagn¸sthc eÐnai exoikeiwmènoc me tic pr�xeic kai th di�taxh sta sÔno-
la twn fusik¸n, twn akeraÐwn kai twn rht¸n arijm¸n. Se aut  th sÔntomh par�grafo
suzht�me k�poiec basikèc arqèc gia touc fusikoÔc arijmoÔc.

1.1aþ Arq  tou elaqÐstou kai arq  thc epagwg c

Arq  tou elaqÐstou. K�je mh kenì sÔnolo S fusik¸n arijm¸n èqei el�qisto stoiqeÐo.
Dhlad , up�rqei a ∈ S me thn idiìthta: a ≤ b gia k�je b ∈ S.

H arq  tou elaqÐstou èqei wc sunèpeia thn ex c prìtash:

Je¸rhma 1.1.1. Den mporoÔme na epilèxoume �peirouc to pl joc fusikoÔc arijmoÔc oi
opoÐoi na fjÐnoun gnhsÐwc.

Apìdeixh. Ac upojèsoume ìti up�rqei mia tètoia epilog  fusik¸n arijm¸n:

n1 > n2 > · · · > nk > nk+1 > · · · .

Apì thn arq  tou elaqÐstou, to sÔnolo S = {nk : k ∈ N} èqei el�qisto stoiqeÐo: autì
ja eÐnai thc morf c nm gia k�poion m ∈ N. 'Omwc, nm+1 < nm kai nm+1 ∈ S, to opoÐo
eÐnai �topo. 2
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Mia deÔterh sunèpeia thc arq c tou elaqÐstou eÐnai h arq  thc epagwg c:

Je¸rhma 1.1.2 (arq  thc epagwg c). 'Estw S èna sÔnolo fusik¸n arijm¸n me tic
ex c idiìthtec:

(i) O 1 an kei sto S.

(ii) An k ∈ S tìte k + 1 ∈ S.

Tìte, to S tautÐzetai me to sÔnolo ìlwn twn fusik¸n arijm¸n: S = N.

Apìdeixh. Jètoume T = N \ S (to sumpl rwma tou S) kai upojètoume ìti to T eÐnai mh
kenì. Apì thn arq  tou elaqÐstou, to T èqei el�qisto stoiqeÐo to opoÐo sumbolÐzoume me
a. AfoÔ 1 ∈ S, anagkastik� èqoume a > 1 opìte a− 1 ∈ N. AfoÔ o a  tan to el�qisto
stoiqeÐo tou T , èqoume a− 1 ∈ S. Apì thn upìjesh (ii),

a = (a− 1) + 1 ∈ S.

Katal xame se �topo, �ra to T eÐnai to kenì sÔnolo. Sunep¸c, S = N. 2

Parat rhsh. H arq  tou elaqÐstou kai to Je¸rhma 1.1.2 eÐnai logik� isodÔnamec pro-
t�seic. Prospaj ste na apodeÐxete thn isodunamÐa touc.

H arq  thc peperasmènhc epagwg c mac epitrèpei na apodeiknÔoume ìti k�poia prìtash
P (n) pou afor� touc fusikoÔc arijmoÔc isqÔei gia k�je n ∈ N. ArkeÐ na elègxoume ìti h
P (1) isqÔei (aut  eÐnai h b�sh thc epagwg c) kai na apodeÐxoume th sunepagwg  P (k)⇒
P (k+1) (autì eÐnai to epagwgikì b ma). ParadeÐgmata prot�sewn pou apodeiknÔontai me
th {mèjodo thc majhmatik c epagwg c} ja sunant�me se ìlh th di�rkeia tou maj matoc.

Je¸rhma 1.1.3 (mèjodoc thc epagwg c). 'Estw Π(n) mia (majhmatik ) prìtash pou
exart�tai apì ton fusikì n. An h Π(1) alhjeÔei kai gia k�je k ∈ N èqoume

Π(k) alhj c =⇒ Π(k + 1) alhj c ,

tìte h Π(n) alhjeÔei gia k�je fusikì n.

Apìdeixh. To sÔnolo S = {n ∈ N : Π(n) alhj c} ikanopoieÐ tic upojèseic tou Jew-
r matoc 1.1.2. 'Ara, S = N. Autì shmaÐnei ìti h Π(n) alhjeÔei gia k�je fusikì n.
2

AxÐzei na anafèroume dÔo parallagèc tou Jewr matoc 1.1.2. H apìdeix  touc af ne-
tai san �skhsh gia ton anagn¸sth (mimhjeÐte thn prohgoÔmenh apìdeixh � qrhsimopoi ste
thn arq  tou elaqÐstou).

Je¸rhma 1.1.4. 'Estw m ∈ N kai èstw S èna sÔnolo fusik¸n arijm¸n me tic ex c
idiìthtec: (a) m ∈ S kai (b) an gia kapoion k ≥ m isqÔei k ∈ S, tìte k + 1 ∈ S. Tìte,
S ⊇ {n ∈ N : n ≥ m} = {m,m+ 1, . . .}. 2
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Je¸rhma 1.1.5. 'Estw S èna sÔnolo fusik¸n arijm¸n me tic ex c idiìthtec: 1 ∈ S kai
an 1, . . . , k ∈ S tìte k + 1 ∈ S. Tìte, S = N. 2

IsodÔnama, èqoume ta ex c:

Je¸rhma 1.1.6. 'Estw Π(n) mia prìtash pou exart�tai apì ton fusikì n. An h Π(m)
alhjeÔei gia k�poion m ∈ N kai an gia k�je k ≥ m isqÔei h sunepagwg 

Π(k) alhjeÔei =⇒ Π(k + 1) alhjeÔei,

tìte h Π(n) alhjeÔei gia k�je fusikì n ≥ m.

Je¸rhma 1.1.7. 'Estw Π(n) mia prìtash pou exart�tai apì to fusikì n. An h Π(1)
alhjeÔei kai an gia k�je k ∈ N isqÔei h sunepagwg 

oi Π(1), . . . ,Π(k) alhjeÔoun =⇒ Π(k + 1) alhjeÔei,

tìte h Π(n) alhjeÔei gia k�je fusikì n.

H ènnoia thc {majhmatik c prìtashc} eÐnai bebaÐwc amfilegìmenh. Gia par�deigma,
sqoli�ste to ex c par�deigma apì to biblÐo {Eisagwg  sthn 'Algebra} tou J. B. Fraleigh:
jèloume na deÐxoume ìti k�je fusikìc arijmìc èqei k�poia endiafèrousa idiìthta (h opoÐa
ton xeqwrÐzei apì ìlouc touc upìloipouc). Jètoume Π(n) thn prìtash {o n èqei k�poia
endiafèrousa idiìthta} kai qrhsimopoioÔme th mèjodo thc epagwg c:

H Π(1) alhjeÔei diìti o 1 eÐnai o monadikìc fusikìc arijmìc pou isoÔtai me to tetr�g-
wnì tou (aut  h idiìthta eÐnai endiafèrousa, afoÔ xeqwrÐzei ton 1 apì ìlouc touc �llouc
fusikoÔc arijmoÔc). Upojètoume ìti oi Π(1), . . . ,Π(k) alhjeÔoun. An h Π(k + 1) den
 tan alhj c, tìte o k + 1 ja  tan o mikrìteroc fusikìc arijmìc pou den èqei kamÐa
endiafèrousa idiìthta, k�ti pou eÐnai apì mìno tou polÔ endiafèron. 'Ara, h Π(k + 1)
alhjeÔei. SÔmfwna me to Je¸rhma 1.1.7, h Π(n) alhjeÔei gia k�je n ∈ N.

ParadeÐgmata.

(a) Exet�ste gia poièc timèc tou fusikoÔ arijmoÔ n isqÔei h anisìthta 2n > n3.

Sqìlio. An k�nete arketèc dokimèc ja peisteÐte ìti h 2n > n3 isqÔei gia n = 1, den isqÔei
gia n = 2, 3, . . . , 9 kai (m�llon) isqÔei gia k�je n ≥ 10.

DeÐxte me epagwg  (qrhsimopoi¸ntac to Je¸rhma 1.1.6) ìti h 2n > n3 isqÔei gia k�je
n ≥ 10: gia to epagwgikì b ma upojètoume ìti h 2m > m3 isqÔei gia k�poion m ≥ 10.
Tìte,

2m+1 > 2m3 > (m+ 1)3

an isqÔei h anisìthta
1 + 3m+ 3m2 < m3.

'Omwc, afoÔ m ≥ 10, èqoume

1 + 3m+ 3m2 < m2 + 3m2 + 3m2 = 7m2 < m ·m2 = m3.
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(b) Na deiqjoÔn me epagwg  oi tautìthtec

1 + 2 + · · ·+ n =
n(n+ 1)

2
,

12 + 22 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
,

1 + 3 + · · ·+ (2n− 1) = n2.

Sqìlio. H apìdeixh (me th mèjodo thc epagwg c) den parousi�zei kamÐa duskolÐa apì th
stigm  pou mac dÐnetai h ap�nthsh (to dexiì mèloc). Prospaj ste na breÐte mia {mèjodo}
me thn opoÐa na gr�fete se {kleist  morf } ìla ta ajroÐsmata thc morf c

S(n, k) = 1k + 2k + · · ·+ nk.

(g) DeÐxte ìti k�je sÔnolo S me n stoiqeÐa èqei akrib¸c 2n uposÔnola.

Apìdeixh. Jèloume na deÐxoume me epagwg  thn prìtash

Π(n): An to S èqei n stoiqeÐa tìte to S èqei akrib¸c 2n uposÔnola.

An n = 1 tìte to S eÐnai monosÔnolo kai èqei akrib¸c dÔo uposÔnola, to ∅ kai to S.
Sunep¸c, h Π(1) alhjeÔei.

Upojètoume ìti h Π(k) alhjeÔei. 'Estw S = {x1, . . . , xk, xk+1} èna sÔnolo me (k+1)
stoiqeÐa. JewroÔme to sÔnolo

T = S \ {xk+1} = {x1, . . . , xk}.

To T èqei k stoiqeÐa, opìte èqei 2k uposÔnola. T¸ra, k�je uposÔnolo tou S ja perièqei
  den ja perièqei to xk+1. Ta uposÔnola tou S pou den perièqoun to xk+1 eÐnai akrib¸c ta
uposÔnola tou T , dhlad  to pl joc touc eÐnai 2k. Apì thn �llh pleur�, k�je uposÔnolo
tou S pou perièqei to xk+1 prokÔptei apì k�poio uposÔnolo tou T me thn prosj kh tou
xk+1 (antÐstrofa, k�je uposÔnolo tou T prokÔptei apì k�poio uposÔnolo tou S pou
perièqei to xk+1 me thn afaÐresh tou xk+1). Dhlad , to pl joc twn uposunìlwn tou S
pou perièqoun to xk+1 eÐnai 2k (ìsa eÐnai ta uposÔnola tou T ). 'Epetai ìti to sunolikì
pl joc twn uposunìlwn tou S eÐnai

2k + 2k = 2 · 2k = 2k+1.

Dhlad , h Π(k + 1) alhjeÔei.
Sunep¸c, h Π(n) alhjeÔei gia k�je n ∈ N. 2

1.1bþ Diairetìthta

'Estw a, b ∈ Z. Lème ìti o a diaireÐ ton b kai gr�foume a | b, an up�rqei x ∈ Z ¸ste
b = ax. Se aut  thn perÐptwsh ja lème ìti o a eÐnai diairèthc tou b   ìti o b eÐnai
pollapl�sio tou a.
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Je¸rhma 1.1.8 (tautìthta thc diaÐreshc). Upojètoume ìti a ∈ N kai b ∈ Z. Tìte,
up�rqoun monadikoÐ q, r ∈ Z ¸ste

b = aq + r kai 0 ≤ r < a.

{Gewmetrik  apìdeixh}: 'Enac aplìc gewmetrikìc trìpoc gia na skeftìmaste thn tautìth-
ta thc diaÐreshc eÐnai o ex c: fantazìmaste mia eujeÐa p�nw sthn opoÐa èqoume shmei¸sei
me koukÐdec touc akeraÐouc. Shmei¸noume me pio skoÔrec koukÐdec ta pollapl�sia tou
a. Diadoqikèc skoÔrec koukÐdec èqoun apìstash akrib¸c Ðsh me a. Tìte, èna apì ta dÔo
sumbaÐnei:

(i) O akèraioc b pèftei p�nw se k�poia apì autèc tic skoÔrec koukÐdec, opìte o b eÐnai
pollapl�sio tou a kai r = 0.

(ii) O akèraioc b brÐsketai an�mesa se dÔo diadoqikèc skoÔrec koukÐdec, dhlad  an�mesa
se dÔo diadoqik� pollapl�sia tou a, kai h apìstash r an�mesa ston b kai to
megalÔtero pollapl�sio tou a pou eÐnai mikrìtero apì ton b eÐnai ènac jetikìc
akèraioc pou den xepern�ei ton a− 1.

H austhr  apìdeixh pou ja d¸soume parak�tw basÐzetai se aut  thn idèa: jewroÔme
to sÔnolo S twn {apost�sewn} b − as tou b apì tic skoÔrec koukÐdec pou brÐskontai
arister� tou. ExasfalÐzoume ìti eÐnai mh kenì, �ra èqei el�qisto stoiqeÐo b − aq. H
koukÐda aq eÐnai aut  pou brÐsketai amèswc prin apì ton b, kai h apìstash r = b − aq
prèpei na eÐnai mikrìterh apì a.

Apìdeixh tou Jewr matoc 1.1.8. ApodeiknÔoume pr¸ta thn Ôparxh arijm¸n q, r ∈ Z pou
ikanopoioÔn to zhtoÔmeno. JewroÔme to sÔnolo

S = {b− as : s ∈ Z} ∩ Z+

twn mh arnhtik¸n akeraÐwn thc morf c b− as. Den eÐnai dÔskolo na doÔme ìti to S eÐnai
mh kenì: an b ≥ 0, tìte b− a · 0 ∈ S. An b < 0, tìte b− ab = (1− a)b ∈ Z+.

Apì thn arq  tou elaqÐstou to S èqei el�qisto stoiqeÐo, to opoÐo sumbolÐzoume me
r. Apì ton orismì tou S èqoume r ≥ 0 kai up�rqei q ∈ Z ¸ste b − aq = r. Mènei na
deÐxoume ìti r < a. Ac upojèsoume ìti r ≥ a. Tìte,

b− a(q + 1) = b− aq − a = r − a ≥ 0,

dhlad , b− a(q + 1) ∈ S. 'Omwc b− a(q + 1) = r − a < r, to opoÐo eÐnai �topo afoÔ o r
 tan to el�qisto stoiqeÐo tou S.

ApodeiknÔoume t¸ra th monadikìthta twn q kai r. Ac upojèsoume ìti

b = aq1 + r1 = aq2 + r2,

ìpou 0 ≤ r1, r2 < a. QwrÐc periorismì thc genikìthtac upojètoume ìti r1 ≥ r2 (opìte
q1 ≤ q2). Tìte,

r1 − r2 = a(q2 − q1).
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An q1 < q2, tìte a(q2 − q1) ≥ a en¸ r1 − r2 < a. 'Eqoume antÐfash, �ra q1 = q2 kai
r1 = r2. 2

ShmeÐwsh. Apì to Je¸rhma 1.1.8, k�je akèraioc b gr�fetai monos manta sth morf 
b = 2q + r gia k�poion q ∈ Z kai k�poion r ∈ {0, 1}. Lème ìti o b eÐnai �rtioc an r = 0.
An r = 1, tìte lème ìti o b eÐnai perittìc. Parathr ste ìti opoiad pote dÔnamh perittoÔ
akeraÐou eÐnai perittìc akèraioc.

1.2 RhtoÐ arijmoÐ
1.2aþ S¸mata

JewroÔme èna mh kenì sÔnolo Σ efodiasmèno me dÔo pr�xeic + (thn prìsjesh) kai · (ton
pollaplasiasmì) oi opoÐec ikanopoioÔn ta ex c:

(a) Axi¸mata thc prìsjeshc. Gia k�je zeug�ri x, y stoiqeÐwn tou Σ up�rqei akrib¸c
èna stoiqeÐo tou Σ pou sumbolÐzetai me x+y kai lègetai �jroisma twn x, y. H pr�xh pou
stèlnei to zeug�ri (x, y) sto x+ y lègetai prìsjesh kai èqei tic akìloujec idiìthtec:

• Prosetairistikìthta: gia k�je x, y, z ∈ Σ isqÔei (x+ y) + z = x+ (y + z).

• Antimetajetikìthta: gia k�je x, y ∈ Σ isqÔei x+ y = y + x.

• Up�rqei èna stoiqeÐo tou Σ pou sumbolÐzetai me 0, ¸ste, gia k�je x ∈ Σ,

x+ 0 = 0 + x = x.

• Gia k�je x ∈ Σ up�rqei èna stoiqeÐo tou Σ pou sumbolÐzetai me −x, ¸ste

x+ (−x) = (−x) + x = 0.

Lème ìti to Σ me thn pr�xh thc prìsjeshc eÐnai antimetajetik  om�da. DeÐxte ìti to 0
kai to −x (dojèntoc tou x) orÐzontai monos manta. O −x eÐnai o antÐjetoc tou x. H
afaÐresh sto Σ orÐzetai apì thn

x− y = x+ (−y) (x, y,∈ Σ).

(b) Axi¸mata tou pollaplasiasmoÔ. Gia k�je zeug�ri x, y ∈ Σ up�rqei akrib¸c èna
stoiqeÐo tou Σ pou sumbolÐzetai me x · y (gia aplìthta, xy) kai lègetai ginìmeno twn
x, y. H pr�xh pou stèlnei to zeug�ri (x, y) sto xy lègetai pollaplasiasmìc kai èqei
tic akìloujec idiìthtec:

• Prosetairistikìthta: gia k�je x, y, z ∈ Σ isqÔei (xy)z = x(yz).

• Antimetajetikìthta: gia k�je x, y ∈ Σ isqÔei xy = yx.
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• Up�rqei èna stoiqeÐo tou Σ, diaforetikì apì to 0, pou sumbolÐzetai me 1, ¸ste,
gia k�je x ∈ Σ,

x1 = 1x = x.

• Gia k�je x ∈ Σ me x 6= 0 up�rqei èna stoiqeÐo tou Σ pou sumbolÐzetai me x−1, ¸ste

xx−1 = x−1x = 1.

DeÐxte ìti to 1 kai to x−1 (dojèntoc tou x 6= 0) orÐzontai monos manta. O x−1 eÐnai o
antÐstrofoc tou x 6= 0. H diaÐresh sto Σ orÐzetai apì thn

x

y
= xy−1 (x, y ∈ Σ, y 6= 0).

(g) H epimeristik  idiìthta sundèei ton pollaplasiasmì me thn prìsjesh: gia k�je
x, y, z ∈ Σ, èqoume

x(y + z) = xy + xz.

Orismìc 1.2.1. Mia tri�da (Σ,+, ·) pou ikanopoieÐ ta parap�nw lègetai s¸ma.

Parat rhsh 1.2.2. Parathr ste ìti an mia tri�da (Σ,+, ·) eÐnai s¸ma, tìte to sÔnolo Σ
èqei toul�qiston dÔo stoiqeÐa: to {oudètero stoiqeÐo} 0 thc prìsjeshc kai to {oudètero
stoiqeÐo} 1 tou pollaplasiasmoÔ. MporoÔme m�lista na d¸soume par�deigma s¸matoc
(Σ,+, ·) sto opoÐo aut� na eÐnai ta mìna stoiqeÐa tou Σ: jètoume Σ = {0,1} kai orÐzoume
prìsjesh kai pollaplasiasmì sto Σ jètontac

0 + 0 = 0, 0 + 1 = 1, 1 + 0 = 1, 1 + 1 = 0

kai

0 · 0 = 0, 0 · 1 = 0, 1 · 0 = 0, 1 · 1 = 1.

Elègxte ìti me autèc tic pr�xeic to {0,1} ikanopoieÐ ta axi¸mata (a)�(g) tou s¸matoc.

1.2bþ Diatetagmèna s¸mata

'Ena s¸ma (Σ,+, ·) lègetai diatetagmèno an up�rqei èna uposÔnolo Θ tou Σ, pou lègetai
to sÔnolo twn jetik¸n stoiqeÐwn tou Σ, ¸ste:

• Gia k�je x ∈ Σ isqÔei akrib¸c èna apì ta akìlouja:

x ∈ Θ, x = 0, −x ∈ Θ.

• An x, y ∈ Θ tìte x+ y ∈ Θ kai xy ∈ Θ.
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To sÔnolo Θ orÐzei mia di�taxh sto s¸ma Σ wc ex c: lème ìti x < y (isodÔnama, y > x)
an kai mìno an y − x ∈ Θ. Gr�fontac x ≤ y (isodÔnama, y ≥ x) ennooÔme: eÐte x < y  
x = y. Apì ton orismì,

x ∈ Θ an kai mìno an x > 0.

Apì tic idiìthtec tou Θ èpontai oi ex c idiìthtec thc di�taxhc <:

• Gia k�je x, y ∈ Σ isqÔei akrib¸c èna apì ta akìlouja:

x < y, x = y, x > y.

• An x < y kai y < z, tìte x < z.

• An x < y tìte gia k�je z isqÔei x+ z < y + z.

• An x < y kai z > 0, tìte xz < yz.

• 1 > 0.

H apìdeixh aut¸n twn isqurism¸n af netai san 'Askhsh gia ton anagn¸sth.

1.2gþ RhtoÐ arijmoÐ

To sÔnolo Q twn rht¸n arijm¸n eÐnai to

Q =
{m
n

: m ∈ Z, n ∈ N
}
.

JumhjeÐte ìti
m

n
=
m′

n′
an kai mìno an mn′ = nm′,

kai ìti oi pr�xeic + kai · orÐzontai wc ex c:

m

n
+
m1

n1
=
mn1 +m1n

nn1
,

m

n
· m1

n1
=
mm1

nn1
.

Tèloc,
m

n
<
m1

n1
an kai mìno an m1n−mn1 ∈ N.

H tetr�da (Q,+, ·, <) eÐnai tupikì par�deigma diatetagmènou s¸matoc. Ta sÔnola N
kai Z twn fusik¸n kai twn akeraÐwn (me tic gnwstèc pr�xeic) den ikanopoioÔn ìla ta
axi¸mata tou s¸matoc (exhg ste giatÐ).

L mma 1.2.3. K�je rhtìc arijmìc q gr�fetai se {an�gwgh morf } q = m
n , ìpou o

monadikìc fusikìc pou diaireÐ tìso ton m ìso kai ton n eÐnai o 1.
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Apìdeixh. JewroÔme to sÔnolo

E(q) =
{
n ∈ N : up�rqei m ∈ Z ¸ste q =

m

n

}
.

To E(q) eÐnai mh kenì uposÔnolo tou N (giatÐ q ∈ Q), �ra èqei el�qisto stoiqeÐo, ac to
poÔme n0. Apì ton orismì tou E(q) up�rqei m0 ∈ Z ¸ste q = m0

n0
.

Ac upojèsoume ìti up�rqei fusikìc d > 1 ¸ste d | m0 kai d | n0. Tìte, up�rqoun
m1 ∈ Z kai n1 ∈ N ¸ste m0 = dm1 kai n0 = dn1 > n1. Tìte,

q =
m0

n0
=
dm1

dn1
=
m1

n1
,

dhlad  n1 ∈ E(q). Autì eÐnai �topo, diìti n1 < n0. 2

Anapar�stash twn rht¸n arijm¸n sthn eujeÐa. H idèa ìti oi arijmoÐ mporoÔn na
jewrhjoÔn san {apost�seic} odhgeÐ se mia fusiologik  antistoÐqish touc me ta shmeÐa
miac eujeÐac. JewroÔme tuqoÔsa eujeÐa kai epilègoume aujaÐreta èna shmeÐo thc, to opoÐo
onom�zoume 0, kai èna deÔtero shmeÐo dexi� tou 0, to opoÐo onom�zoume 1. To shmeÐo 0
paÐzei to rìlo thc arq c thc {mètrhshc apost�sewn} en¸ h apìstash tou shmeÐou 1 apì
to shmeÐo 0 prosdiorÐzei th {mon�da mètrhshc apost�sewn}. Oi akèraioi arijmoÐ mporoÔn
t¸ra na topojethjoÔn p�nw sthn eujeÐa kat� profan  trìpo.

MporoÔme epÐshc na topojet soume sthn eujeÐa ìlouc touc rhtoÔc arijmoÔc. Ac jew-
r soume, qwrÐc periorismì thc genikìthtac, ènan jetikì rhtì arijmì q. Autìc gr�fetai
sth morf  q = m

n , ìpou m,n ∈ N. An topojet soume ton 1
n sthn eujeÐa tìte mporoÔme

na k�noume to Ðdio kai gia ton q. Autì gÐnetai wc ex c: jewroÔme deÔterh eujeÐa pou
pern�ei apì to 0 kai p�nw thc paÐrnoume n Ðsa diadoqik� eujÔgramma tm mata me �kra
1′, . . . , n′, xekin¸ntac apì to 0. JewroÔme thn eujeÐa pou en¸nei to n′ me to 1 thc pr¸thc
eujeÐac kai fèrnoume par�llhlh proc aut n apì to shmeÐo 1′. Aut  tèmnei to eujÔgrammo
tm ma 01 thc pr¸thc eujeÐac sto shmeÐo 1

n (kanìnac twn analogi¸n gia ìmoia trÐgwna).
EÐdame loipìn ìti k�je rhtìc arijmìc antistoiqeÐ se k�poio shmeÐo thc eujeÐac. To

diatetagmèno s¸ma Q ja  tan èna eparkèc sÔsthma arijm¸n an, antÐstrofa, k�je shmeÐo
thc eujeÐac antistoiqoÔse se k�poion rhtì arijmì. Autì ìmwc den isqÔei. Apì to Pu-
jagìreio Je¸rhma, h upoteÐnousa enìc orjogwnÐou trig¸nou me k�jetec pleurèc m kouc
1 èqei m koc x pou ikanopoieÐ thn

x2 = 12 + 12 = 2.

An k�je m koc mporoÔse na metrhjeÐ me rhtì arijmì, tìte to m koc x ja èprepe na
antistoiqeÐ se k�poion rhtì q.

Je¸rhma 1.2.4. Den up�rqei q ∈ Q ¸ste q2 = 2.

Apìdeixh. Upojètoume ìti up�rqei q ∈ Q ¸ste q2 = 2. Antikajist¸ntac, an qreiasteÐ,
ton q me ton −q, mporoÔme na upojèsoume ìti q > 0. Tìte, o q gr�fetai sth morf 
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q = m/n, ìpou m,n ∈ N kai o monadikìc fusikìc arijmìc pou eÐnai koinìc diairèthc twn
m kai n eÐnai o 1. Apì thn q2 = 2 sumperaÐnoume ìti m2 = 2n2, �ra o m eÐnai �rtioc (to
tetr�gwno perittoÔ eÐnai perittìc). Autì shmaÐnei ìti m = 2k gia k�poion k ∈ N. Tìte
n2 = 2k2, �ra o n eÐnai ki autìc �rtioc. Autì eÐnai �topo: o 2 eÐnai koinìc diairèthc twn
m kai n. 2

Up�rqoun loipìn {m kh} pou den metrioÔntai me rhtoÔc arijmoÔc. An jèloume èna
sÔsthma arijm¸n to opoÐo na eparkeÐ gia th mètrhsh opoiasd pote apìstashc p�nw sthn
eujeÐa, tìte prèpei na {epekteÐnoume} to sÔnolo twn rht¸n arijm¸n.

1.3 PragmatikoÐ arijmoÐ
1.3aþ H arq  thc plhrìthtac

Apì th stigm  pou se èna diatetagmèno s¸ma Σ èqoume orismènh th di�taxh <, mporoÔme
na mil�me gia uposÔnola tou Σ pou eÐnai �nw   k�tw fragmèna.

Orismìc 1.3.1. 'Estw Σ èna diatetagmèno s¸ma. 'Ena mh kenì uposÔnolo A tou Σ
lègetai

• �nw fragmèno, an up�rqei α ∈ Σ me thn idiìthta: x ≤ α gia k�je x ∈ A.

• k�tw fragmèno, an up�rqei α ∈ Σ me thn idiìthta: x ≥ α gia k�je x ∈ A.

• fragmèno, an eÐnai �nw kai k�tw fragmèno.

K�je α ∈ Σ pou ikanopoieÐ ton parap�nw orismì lègetai �nw fr�gma (antÐstoiqa, k�tw
fr�gma) tou A.

Parat rhsh 1.3.2. 'Estw ∅ 6= A ⊆ Σ kai èstw α èna �nw fr�gma tou A, dhlad  x ≤ α
gia k�je x ∈ A. K�je stoiqeÐo α1 tou Σ pou eÐnai megalÔtero   Ðso tou α eÐnai epÐshc
�nw fr�gma tou A: an x ∈ A tìte x ≤ α ≤ α1. TeleÐwc an�loga, an ∅ 6= A ⊆ Σ kai an
α eÐnai èna k�tw fr�gma tou A, tìte k�je stoiqeÐo α1 tou Σ pou eÐnai mikrìtero   Ðso
tou α eÐnai epÐshc k�tw fr�gma tou A.

Orismìc 1.3.3. (a) 'Estw A èna mh kenì �nw fragmèno uposÔnolo tou diatetagmènou
s¸matoc Σ. Lème ìti to α ∈ Σ eÐnai el�qisto �nw fr�gma tou A an

• to α eÐnai �nw fr�gma tou A kai

• an α1 eÐnai �llo �nw fr�gma tou A tìte α ≤ α1.

(b) 'Estw A èna mh kenì k�tw fragmèno uposÔnolo tou diatetagmènou s¸matoc Σ. Lème
ìti to α ∈ Σ eÐnai mègisto k�tw fr�gma tou A an

• to α eÐnai k�tw fr�gma tou A kai
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• an α1 eÐnai �llo k�tw fr�gma tou A tìte α ≥ α1.

Parat rhsh 1.3.4. To el�qisto �nw fr�gma tou A (an up�rqei) eÐnai monadikì. Apì
ton orismì eÐnai fanerì ìti an α, α1 eÐnai dÔo el�qista �nw fr�gmata tou A tìte α ≤ α1

kai α1 ≤ α, dhlad  α = α1. OmoÐwc, to mègisto k�tw fr�gma tou A (an up�rqei) eÐnai
monadikì.

Sthn perÐptwsh pou up�rqoun, ja sumbolÐzoume to el�qisto �nw fr�gma tou A me
supA (to supremum tou A) kai to mègisto k�tw fr�gma tou A me inf A (to infimum tou
A). Ta inf A, supA mporeÐ na an koun   na mhn an koun sto sÔnolo A.

Orismìc 1.3.5. Lème ìti èna diatetagmèno s¸ma Σ ikanopoieÐ thn arq  thc plhrìthtac
an

K�je mh kenì kai �nw fragmèno uposÔnolo A tou Σ èqei el�qisto �nw fr�gma
α ∈ Σ.

'Ena diatetagmèno s¸ma Σ pou ikanopoieÐ thn arq  thc plhrìthtac lègetai pl rwc di-
atetagmèno s¸ma.

H epìmenh Prìtash deÐqnei ìti to (Q,+, ·, <), me tic sun jeic pr�xeic kai th sun jh
di�taxh, den ikanopoieÐ thn arq  thc plhrìthtac.

Prìtash 1.3.6. To Q den eÐnai pl rwc diatetagmèno s¸ma: up�rqei mh kenì �nw frag-
mèno uposÔnolo A tou Q to opoÐo den èqei el�qisto �nw fr�gma.

Apìdeixh. JewroÔme to sÔnolo

A = {x ∈ Q : x > 0 kai x2 < 2}.

ParathroÔme pr¸ta ìti to A eÐnai mh kenì: èqoume 1 ∈ A (diìti 1 > 0 kai 12 = 1 < 2).
Qrhsimopoi¸ntac to gegonìc ìti an x, y eÐnai jetikoÐ rhtoÐ tìte x < y an kai mìno an
x2 < y2 èqoume thn ex c:

Parat rhsh: an gia k�poion jetikì rhtì y isqÔei y2 > 2 tìte o y eÐnai �nw
fr�gma tou A.

'Epetai ìti to A eÐnai �nw fragmèno: gia par�deigma, o 2 eÐnai �nw fr�gma tou A afoÔ
2 > 0 kai 22 = 4 > 2.

Upojètoume ìti to A èqei el�qisto �nw fr�gma, èstw a ∈ Q, kai ja katal xoume se
�topo. AfoÔ den up�rqei rhtìc pou to tetr�gwno tou na isoÔtai me 2, anagkastik� ja
isqÔei mÐa apì tic a2 > 2   a2 < 2 :

(i) Upojètoume ìti a2 > 2. Ja broÔme 0 < ε < a ¸ste (a − ε)2 > 2. Tìte ja èqoume
a− ε < a kai apì thn Parat rhsh, o a− ε ja eÐnai �nw fr�gma tou A, �topo.

Epilog  tou ε: Zht�me 0 < ε < a kai

(a− ε)2 = a2 − 2aε+ ε2 > 2.
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AfoÔ ε2 > 0, arkeÐ na exasfalÐsoume thn a2 − 2aε > 2, h opoÐa eÐnai isodÔnamh me thn

ε <
a2 − 2

2a
.

Parathr ste ìti o a2−2
2a eÐnai jetikìc rhtìc arijmìc. An loipìn epilèxoume

ε =
1
2

min
{
a,
a2 − 2

2a

}
,

tìte èqoume breÐ rhtì ε pou ikanopoieÐ tic 0 < ε < a kai (a− ε)2 > 2.

(ii) Upojètoume ìti a2 < 2. Ja broÔme rhtì ε > 0 ¸ste (a + ε)2 < 2. Tìte ja èqoume
a+ ε > a kai a+ ε ∈ A, �topo afoÔ o a eÐnai �nw fr�gma tou A.

Epilog  tou ε: Zht�me ε > 0 kai

(a+ ε)2 = a2 + 2aε+ ε2 < 2.

Ja epilèxoume ε ≤ 1 opìte ja isqÔei

a2 + 2aε+ ε2 ≤ a2 + 2aε+ ε = a2 + ε(2a+ 1),

diìti ε2 ≤ ε. ArkeÐ loipìn na exasfalÐsoume thn a2 + ε(2a + 1) < 2, h opoÐa eÐnai
isodÔnamh me thn

ε <
2− a2

2a+ 1
.

Parathr ste ìti o 2−a2

2a+1 eÐnai jetikìc rhtìc arijmìc. An loipìn epilèxoume

ε =
1
2

min
{

1,
2− a2

2a+ 1

}
,

tìte èqoume breÐ rhtì ε > 0 pou ikanopoieÐ thn (a+ ε)2 < 2.

Upojètontac ìti to A èqei el�qisto �nw fr�gma ton a ∈ Q apokleÐsame tic a2 < 2,
a2 = 2 kai a2 > 2. 'Ara, to A den èqei el�qisto �nw fr�gma (sto Q). 2

Parathr ste ìti to {el�qisto �nw fr�gma} tou sunìlou A sthn apìdeixh thc Prì-
tashc 1.3.6 eÐnai akrib¸c to shmeÐo thc eujeÐac to opoÐo ja antistoiqoÔse sto m koc thc
upoteÐnousac tou orjogwnÐou trig¸nou me k�jetec pleurèc Ðsec me 1 (to opoÐo {leÐpei}
apì to Q).

'Olh h doulei� pou ja k�noume se autì to m�jhma basÐzetai sto ex c je¸rhma epèk-
tashc (gia perissìterec leptomèreiec deÐte to Par�rthma autoÔ tou KefalaÐou).

Je¸rhma 1.3.7. To diatetagmèno s¸ma (Q,+, ·, <) epekteÐnetai se èna pl rwc diate-
tagmèno s¸ma (R,+, ·, <).
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Deqìmaste dhlad  ìti up�rqei èna pl rwc diatetagmèno s¸ma (R,+, ·, <) to opoÐo
perièqei touc rhtoÔc (touc akeraÐouc kai touc fusikoÔc). To R eÐnai to sÔnolo twn
pragmatik¸n arijm¸n. Oi pr�xeic + kai · sto R epekteÐnoun tic antÐstoiqec pr�xeic
sto Q, ikanopoioÔn ta axi¸mata thc prìsjeshc, ta axi¸mata tou pollaplasiasmoÔ kai
thn epimeristik  idiìthta. H di�taxh < sto R epekteÐnei thn di�taxh sto Q kai ikanopoieÐ
ta axi¸mata thc di�taxhc. Epiplèon, sto R isqÔei h arq  thc plhrìthtac.

Arq  thc plhrìthtac gia touc pragmatikoÔc arijmoÔc. K�je mh kenì, �nw frag-
mèno uposÔnolo A tou R èqei el�qisto �nw fr�gma α ∈ R.

MporeÐ kaneÐc na deÐxei ìti up�rqei {mìno èna} pl rwc diatetagmèno s¸ma (h epèk-
tash mporeÐ na gÐnei me ènan ousiastik� trìpo). DÔo pl rwc diatetagmèna s¸mata eÐnai
isìmorfa (blèpe M. Spivak, Kef�laio 29).

T¸ra mporoÔme na deÐxoume ìti h exÐswsh x2 = 2 èqei lÔsh sto sÔnolo twn prag-
matik¸n arijm¸n.

Prìtash 1.3.8. Up�rqei monadikìc jetikìc x ∈ R ¸ste x2 = 2.

Apìdeixh. JewroÔme to sÔnolo

A = {x ∈ R : x > 0 kai x2 < 2}.

ParathroÔme pr¸ta ìti to A eÐnai mh kenì: èqoume 1 ∈ A (diìti 1 > 0 kai 12 = 1 < 2).
Qrhsimopoi¸ntac to gegonìc ìti an x, y eÐnai jetikoÐ pragmatikoÐ arijmoÐ tìte x < y an
kai mìno an x2 < y2 èqoume thn ex c:

Parat rhsh: an gia k�poion jetikì pragmatikì y isqÔei y2 > 2 tìte o y eÐnai
�nw fr�gma tou A.

'Epetai ìti to A eÐnai �nw fragmèno: gia par�deigma, o 2 eÐnai �nw fr�gma tou A afoÔ
2 > 0 kai 22 = 4 > 2.

Apì thn arq  thc plhrìthtac, to A èqei el�qisto �nw fr�gma, èstw a ∈ R. Pro-
fan¸c, a > 0. Ja deÐxoume ìti a2 = 2 apokleÐontac tic a2 > 2 kai a2 < 2 :

(i) Upojètoume ìti a2 > 2. Me to epiqeÐrhma thc apìdeixhc thc Prìtashc 1.3.6 brÐskoume
0 < ε < a sto R ¸ste (a − ε)2 > 2. Tìte, a − ε < a kai apì thn Parat rhsh, o a − ε
eÐnai �nw fr�gma tou A, �topo.

(ii) Upojètoume ìti a2 < 2. Me to epiqeÐrhma thc apìdeixhc thc Prìtashc 1.3.6 brÐskoume
ε > 0 sto R ¸ste (a+ ε)2 < 2. Tìte, a+ ε > a kai a+ ε ∈ A, �topo afoÔ o a eÐnai �nw
fr�gma tou A.

Anagkastik�, a2 = 2. H monadikìthta eÐnai apl : qrhsimopoi ste to gegonìc ìti an x, y
eÐnai jetikoÐ pragmatikoÐ arijmoÐ tìte x = y an kai mìno an x2 = y2. 2

Orismìc (�rrhtoi arijmoÐ). H Prìtash 1.3.8 deÐqnei ìti up�rqei x ∈ R, x > 0 ¸ste
x2 = 2. Apì to Je¸rhma 1.2.4, o x den eÐnai rhtìc arijmìc. Sunep¸c, up�rqoun prag-
matikoÐ arijmoÐ oi opoÐoi den eÐnai rhtoÐ. AutoÐ onom�zontai �rrhtoi. To sÔnolo R \ Q
eÐnai to sÔnolo twn arr twn.
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1.3bþ Qarakthrismìc tou supremum

H epìmenh Prìtash dÐnei ènan polÔ qr simo {ε�qarakthrismì} tou supremum enìc mh
kenoÔ �nw fragmènou uposunìlou tou R.

Prìtash 1.3.9. 'Estw A mh kenì �nw fragmèno uposÔnolo tou R kai èstw α ∈ R. Tìte,
α = supA an kai mìno an isqÔoun ta ex c:

(a) To α eÐnai �nw fr�gma tou A,

(b) Gia k�je ε > 0 up�rqei x ∈ A ¸ste x > α− ε.

Apìdeixh. Upojètoume pr¸ta ìti α = supA. Apì ton orismì tou supremum, ikanopoieÐtai
to (a). Gia to (b), èstw ε > 0. An gia k�je x ∈ A Ðsque h x ≤ α − ε, tìte to α − ε ja
 tan �nw fr�gma tou A. Apì ton orismì tou supremum ja èprepe na èqoume

α ≤ α− ε, dhlad  ε ≤ 0,

to opoÐo eÐnai �topo. 'Ara, gia to tuqìn ε > 0 up�rqei x ∈ A (to x exart�tai bèbaia apì
to ε) pou ikanopoieÐ thn x > α− ε.

AntÐstrofa, èstw α ∈ R pou ikanopoieÐ ta (a) kai (b). Eidikìtera, to A eÐnai �nw
fragmèno. Ac upojèsoume ìti to α den eÐnai to supremum tou A. Tìte, up�rqei β < α
to opoÐo eÐnai �nw fr�gma tou A. Jètoume ε = α− β > 0. Tìte,

x ≤ β = α− ε

gia k�je x ∈ A. Autì èrqetai se antÐfash me to (b). 2

'Askhsh 1.3.10. DeÐxte ìti k�je mh kenì k�tw fragmèno uposÔnolo A tou R èqei
mègisto k�tw fr�gma.

1.4 Sunèpeiec tou axi¸matoc thc plhrìthtac
Se aut  thn par�grafo, qrhsimopoi¸ntac to axÐwma thc plhrìthtac, ja apodeÐxoume
k�poiec basikèc idiìthtec tou sunìlou twn pragmatik¸n arijm¸n.

1.4aþ 'Uparxh n�ost c rÐzac

To diwnumikì an�ptugma. Gia k�je n ∈ N orÐzoume n! = 1 · 2 · · ·n (to ginìmeno ìlwn
twn fusik¸n apì 1 wc n). SumfwnoÔme ìti 0! = 1. Parathr ste ìti n! = (n − 1)!n gia
k�je n ∈ N.

An 0 ≤ k ≤ n orÐzoume(
n

k

)
=

n!
k!(n− k)!

=
n(n− 1) · · · (n− k + 1)

k!
.
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Parathr ste ìti (
n

0

)
=

(
n

n

)
= 1

gia k�je n = 0, 1, 2, . . ..

L mma 1.4.1 (trÐgwno tou Pascal). An 1 ≤ k < n tìte(
n

k

)
=

(
n− 1
k

)
+

(
n− 1
k − 1

)
.

Apìdeixh. Me b�sh touc orismoÔc pou d¸same, mporoÔme na gr�youme(
n− 1
k

)
+

(
n− 1
k − 1

)
=

(n− 1)!
k!(n− k − 1)!

+
(n− 1)!

(k − 1)!(n− k)!

=
(n− 1)!(n− k)

k!(n− k − 1)!(n− k)
+

(n− 1)!k
(k − 1)!k(n− k)!

=
(n− 1)!(n− k)
k!(n− k)!

+
(n− 1)!k
k!(n− k)!

=
(n− 1)![(n− k) + k]

k!(n− k)!
=

(n− 1)!n
k!(n− k)!

=
(
n

k

)
,

dhlad  to zhtoÔmeno. 2

Sumbolismìc. An a0, a1, . . . , an ∈ R orÐzoume

n∑
k=0

ak = a0 + a1 + · · ·+ an.

Parathr ste ìti to �jroisma a0 + a1 + · · ·+ an mporeÐ isodÔnama na grafteÐ wc ex c:

n∑
k=0

ak =
n∑

m=0

am =
n+1∑
s=1

as−1.

H pr¸th isìthta isqÔei giatÐ all�xame (apl¸c) to {ìnoma} thc metablht c apì k se m.
H deÔterh giatÐ k�name (apl¸c) thn {allag  metablht c} s = m+ 1.

Prìtash 1.4.2 (diwnumikì an�ptugma). Gia k�je a, b ∈ R \ {0} kai gia k�je n ∈ N
isqÔei

(a+ b)n =
n∑

k=0

(
n

k

)
an−kbk.
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Apìdeixh. Me epagwg : gia n = 1 h zhtoÔmenh isìthta gr�fetai

a+ b =
(

1
0

)
a1b0 +

(
1
1

)
a0b1,

h opoÐa isqÔei: parathr ste ìti
(
1
0

)
=

(
1
1

)
= 1, a0 = b0 = 1, a1 = a kai b1 = b.

Upojètoume ìti

(a+ b)n =
n∑

k=0

(
n

k

)
an−kbk

kai deÐqnoume ìti

(a+ b)n+1 =
n+1∑
k=0

(
n+ 1
k

)
an+1−kbk.

Pr�gmati,

(a+ b)n+1 = (a+ b)(a+ b)n = (a+ b)

[
n∑

k=0

(
n

k

)
an−kbk

]

= a ·
n∑

k=0

(
n

k

)
an−kbk + b ·

n∑
k=0

(
n

k

)
an−kbk

=
n∑

k=0

(
n

k

)
an+1−kbk +

n∑
m=0

(
n

m

)
an−mbm+1

= an+1 +
n∑

k=1

(
n

k

)
an+1−kbk +

n−1∑
m=0

(
n

m

)
an−mbm+1 + bn+1

= an+1 +
n∑

k=1

(
n

k

)
an+1−kbk +

n∑
k=1

(
n

k − 1

)
an−(k−1)bk + bn+1

= an+1 +
n∑

k=1

[(
n

k

)
+

(
n

k − 1

)]
an+1−kbk + bn+1.

Apì to L mma 1.4.1 èqoume
(
n+1

k

)
=

(
n
k

)
+

(
n

k−1

)
, �ra

(a+ b)n+1 = an+1 +
n∑

k=1

(
n+ 1
k

)
an+1−kbk + bn+1 =

n+1∑
k=0

(
n+ 1
k

)
an+1−kbk.

Autì oloklhr¸nei to epagwgikì b ma kai thn apìdeixh. 2

Je¸rhma 1.4.3 (Ôparxh n�ost c rÐzac). 'Estw ρ ∈ R, ρ > 0 kai èstw n ∈ N.
Up�rqei monadikìc x > 0 sto R ¸ste xn = ρ.



1.4 Sunèpeies tou axi¸matos ths plhrìthtas · 17

[O x sumbolÐzetai me n
√
ρ   ρ1/n. Profan¸c mac endiafèrei mìno h perÐptwsh n ≥ 2.]

Apìdeixh. Upojètoume pr¸ta ìti ρ > 1. JewroÔme to sÔnolo

A = {y ∈ R : y > 0 kai yn < ρ}.

To A eÐnai mh kenì: èqoume 1 ∈ A. ParathroÔme ìti k�je jetikìc pragmatikìc arijmìc
α me thn idiìthta αn > ρ eÐnai �nw fr�gma tou A: an y ∈ A tìte yn < ρ < αn kai, afoÔ
y, α > 0, sumperaÐnoume ìti y < α. 'Ena tètoio �nw fr�gma tou A eÐnai o ρ: apì thn
ρ > 1 èpetai ìti ρn > ρ.

AfoÔ to A eÐnai mh kenì kai �nw fragmèno, apì to axÐwma thc plhrìthtac, up�rqei o
x = supA. Ja deÐxoume ìti xn = ρ.

(a) 'Estw ìti xn < ρ. Ja broÔme ε > 0 ¸ste (x + ε)n < ρ, dhlad  x + ε ∈ A (�topo,
giatÐ o x èqei upotejeÐ �nw fr�gma tou A).

An upojèsoume apì thn arq  ìti 0 < ε ≤ 1, èqoume

(x+ ε)n = xn +
n∑

k=1

(
n

k

)
xn−kεk = xn + ε

[
n∑

k=1

(
n

k

)
xn−kεk−1

]

≤ xn + ε

[
n∑

k=1

(
n

k

)
xn−k

]
.

Ja èqoume loipìn (x+ ε)n < ρ an epilèxoume 0 < ε < ρ−xn∑n
k=1 (n

k)xn−k
. Epilègoume

ε =
1
2

min

{
1,

ρ− xn∑n
k=1

(
n
k

)
xn−k

}
.

O ε eÐnai jetikìc pragmatikìc arijmìc (diìti ρ − xn > 0 kai
∑n

k=1

(
n
k

)
xn−k > 0) kai

(x+ ε)n < ρ.

(b) 'Estw ìti xn > ρ. Ja broÔme 0 < ε < min{x, 1} ¸ste (x− ε)n > ρ (�topo, giatÐ tìte
o x− ε ja  tan �nw fr�gma tou A mikrìtero apì to supA).

Gia k�je 0 < ε ≤ 1 èqoume

(x− ε)n = xn +
n∑

k=1

(
n

k

)
xn−k(−1)kεk = xn − ε

[
n∑

k=1

(
n

k

)
xn−k(−1)k−1εk−1

]

≥ xn − ε

[
n∑

k=1

(
n

k

)
xn−k

]
,

diìti
n∑

k=1

(
n

k

)
xn−k(−1)k−1εk−1 ≤

n∑
k=1

(
n

k

)
xn−kεk−1 ≤

n∑
k=1

(
n

k

)
xn−k.
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Ja èqoume loipìn (x− ε)n > ρ an epilèxoume 0 < ε < xn−ρ∑n
k=1 (n

k)xn−k
. Epilègoume

ε =
1
2

min

{
x, 1,

xn − ρ∑n
k=1

(
n
k

)
xn−k

}
.

O ε eÐnai jetikìc pragmatikìc arijmìc (diìti xn − ρ > 0 kai
∑n

k=1

(
n
k

)
xn−k > 0) kai gia

ton jetikì pragmatikì arijmì x− ε isqÔei (x− ε)n > ρ.

ApokleÐsame tic xn < ρ kai xn > ρ. Sunep¸c, xn = ρ. H monadikìthta eÐnai apl :
parathr ste ìti an 0 < x1 < x2 tìte xn

1 < xn
2 gia k�je n ∈ N.

An 0 < ρ < 1 èqoume 1
ρ > 1 kai, apì to prohgoÔmeno b ma, up�rqei monadikìc x > 0

¸ste xn = 1
ρ . JewroÔme ton

1
x . Tìte,(

1
x

)n

=
1
xn

= ρ.

Tèloc, an ρ = 1 jewroÔme ton x = 1. 2

1.4bþ Arqim deia idiìthta

Pr¸to mac b ma eÐnai na deÐxoume ìti to N den eÐnai �nw fragmèno uposÔnolo tou R:

Je¸rhma 1.4.4. To sÔnolo N twn fusik¸n arijm¸n den eÐnai �nw fragmèno uposÔnolo
tou R.

Apìdeixh. Me apagwg  se �topo. Upojètoume ìti to sÔnolo N eÐnai �nw fragmèno.
Apì to axÐwma thc plhrìthtac to N èqei el�qisto �nw fr�gma: èstw β = sup N. Tìte
β − 1 < β, �ra o β − 1 den eÐnai �nw fr�gma tou N. MporoÔme loipìn na broÔme n ∈ N
me n > β − 1. 'Epetai ìti n+ 1 > β, �topo afoÔ n+ 1 ∈ N kai o β eÐnai �nw fr�gma tou
N. 2

IsodÔnamoi trìpoi diatÔpwshc thc Ðdiac arq c eÐnai oi ex c.

Je¸rhma 1.4.5 (Arqim deia idiìthta twn pragmatik¸n). 'Estw ε kai a dÔo prag-
matikoÐ arijmoÐ me ε > 0. Up�rqei n ∈ N ¸ste nε > a.

Apìdeixh. Apì to Je¸rhma 1.4.4 o a
ε den eÐnai �nw fr�gma tou N. Sunep¸c, up�rqei

n ∈ N ¸ste n > a
ε . AfoÔ ε > 0, èpetai ìti nε > a. 2

Je¸rhma 1.4.6. 'Estw ε > 0. Up�rqei n ∈ N ¸ste 0 < 1
n < ε.

Apìdeixh. Apì to Je¸rhma 1.4.4 o 1
ε den eÐnai �nw fr�gma tou N. Sunep¸c, up�rqei

n ∈ N ¸ste n > 1
ε . AfoÔ ε > 0, èpetai ìti 1

n < ε. 2
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1.4gþ 'Uparxh akeraÐou mèrouc

DeÐqnoume pr¸ta thn ex c epèktash thc arq c tou elaqÐstou (parathr ste ìti qrhsi-
mopoioÔme thn Arqim deia idiìthta twn pragmatik¸n arijm¸n).

Prìtash 1.4.7. K�je mh kenì uposÔnolo tou Z pou eÐnai k�tw fragmèno èqei el�qisto
stoiqeÐo.

Apìdeixh. 'Estw A 6= ∅ k�tw fragmèno uposÔnolo tou Z. Up�rqei x ∈ R ¸ste x ≤ a
gia k�je a ∈ A. Apì thn Arqim deia idiìthta twn pragmatik¸n arium¸n, up�rqei n ∈ N
me n > −x, dhlad  −n < x ≤ a gia k�je a ∈ A. Up�rqei dhlad  m ∈ Z pou eÐnai k�tw
fr�gma tou A (p�rte m = −n), kai m�lista {gn sio} me thn ènnoia ìti

m ∈ Z kai m < a gia k�je a ∈ A.

JewroÔme to sÔnolo B = {a −m : a ∈ A} ⊆ N. To B èqei el�qisto stoiqeÐo, to opoÐo
onom�zoume β. Dhlad ,

β = a0 −m gia k�poio a0 ∈ A kai β ≤ a−m gia k�je a ∈ A.

Tìte, o a0 eÐnai to el�qisto stoiqeÐo tou A: profan¸c a0 ∈ A, kai gia k�je a ∈ A èqoume
a0 −m ≤ a−m =⇒ a0 ≤ a. 2

Me an�logo trìpo mporeÐte na deÐxete ìti k�je mh kenì kai �nw fragmèno sÔnolo
akeraÐwn arijm¸n èqei mègisto stoiqeÐo. DÐnoume mia deÔterh apìdeixh autoÔ tou duðkoÔ
isqurismoÔ, qrhsimopoi¸ntac apeujeÐac aut  to for� to axÐwma thc plhrìthtac.

DeÔterh apìdeixh. 'Estw A èna mh kenì kai �nw fragmèno uposÔnolo tou Z. Apì to
axÐwma thc plhrìthtac, up�rqei to a = supA ∈ R. Ja deÐxoume ìti a ∈ A: apì ton
qarakthrismì tou supremum, up�rqei x ∈ A ¸ste a − 1 < x ≤ a. An a /∈ A, tìte
x < a. Autì shmaÐnei ìti o x den eÐnai �nw fr�gma tou A, opìte, efarmìzontac p�li ton
qarakthrismì tou supremum, brÐskoume y ∈ A ¸ste a − 1 < x < y < a. 'Epetai ìti
0 < y − x < 1. Autì eÐnai �topo diìti oi x kai y eÐnai akèraioi. 2

Je¸rhma 1.4.8 (Ôparxh akeraÐou mèrouc). Gia k�je x ∈ R up�rqei monadikìc
akèraioc m ∈ Z me thn idiìthta

m ≤ x < m+ 1.

Apìdeixh. To sÔnolo A = {n ∈ Z : n > x} eÐnai mh kenì (apì thn Arqim deia idiìthta)
kai k�tw fragmèno apì to x. Apì thn Prìtash 1.4.7, to A èqei el�qisto stoiqeÐo : ac
to poÔme n0. AfoÔ n0 − 1 /∈ A, èqoume n0 − 1 ≤ x. Jètoume m = n0 − 1. EÐdame ìti
m ≤ x. EpÐshc n0 ∈ A, dhlad  m+ 1 > x. 'Ara,

m ≤ x < m+ 1.

Gia th monadikìthta ac upojèsoume ìti

m ≤ x < m+ 1 kai m1 ≤ x < m1 + 1
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ìpou m,m1 ∈ Z. 'Eqoume m < m1 + 1 �ra m ≤ m1, kai m1 < m + 1 �ra m1 ≤ m.
Sunep¸c, m = m1. 2

Orismìc 1.4.9. O akèraioc m pou mac dÐnei to prohgoÔmeno je¸rhma (kai o opoÐoc
exart�tai k�je for� apì ton x) lègetai akèraio mèroc tou x, kai sumbolÐzetai me [x].
Dhlad , o [x] prosdiorÐzetai apì tic

[x] ∈ Z kai [x] ≤ x < [x] + 1.

Gia par�deigma, [2.7] = 2, [−2.7] = −3.

1.4dþ Puknìthta twn rht¸n kai twn arr twn stouc pragmatikoÔc arijmoÔc

H Ôparxh tou akeraÐou mèrouc kai h Arqim deia idiìthta twn pragmatik¸n arijm¸n mac
exasfalÐzoun thn puknìthta tou Q sto R: an�mesa se opoiousd pote dÔo pragmatikoÔc
arijmoÔc mporoÔme na broÔme ènan rhtì.

Je¸rhma 1.4.10. An x, y ∈ R kai x < y, tìte up�rqei rhtìc q me thn idiìthta

x < q < y.

Apìdeixh. 'Eqoume y − x > 0 kai apì thn Arqim deia idiìthta up�rqei fusikìc n ∈ N
¸ste n(y − x) > 1, dhlad 

nx+ 1 < ny.

Tìte,
nx < [nx] + 1 ≤ nx+ 1 < ny,

dhlad 

x <
[nx] + 1

n
< y.

AfoÔ o q = [nx]+1
n eÐnai rhtìc, èqoume to zhtoÔmeno. 2

Orismìc 1.4.11. Sthn §1.3 eÐdame ìti to Q eÐnai gn sio uposÔnolo tou R: up�rqei
pragmatikìc arijmìc x > 0 me x2 = 2, kai o x den eÐnai rhtìc. K�je pragmatikìc arijmìc
pou den eÐnai rhtìc lègetai �rrhtoc.

Je¸rhma 1.4.12. Oi �rrhtoi eÐnai puknoÐ sto R: an x, y ∈ R kai x < y, tìte up�rqei α
�rrhtoc me x < α < y.

Apìdeixh. 'Eqoume x < y, �ra x−
√

2 < y −
√

2. Apì to Je¸rhma 1.4.10, up�rqei rhtìc
q me

x−
√

2 < q < y −
√

2.

'Epetai ìti o α := q +
√

2 eÐnai �rrhtoc (exhg ste giatÐ) kai

x < α = q +
√

2 < y.
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1.5 OrismoÐ kai sumbolismìc
1.5aþ Apìluth tim 

Orismìc 1.5.1 (apìluth tim ). Gia k�je a ∈ R jètoume

|a| =

 a an a ≥ 0,

−a an a < 0.

O |a| lègetai apìluth tim  tou a. Jewr¸ntac ton a san shmeÐo thc eujeÐac, skeftìmaste
thn apìluth tim  tou san thn {apìstash} tou a apì to 0. Parathr ste ìti | − a| = |a|
kai |a| ≥ 0 gia k�je a ∈ R.

Prìtash 1.5.2. Gia k�je a ∈ R kai ρ ≥ 0 isqÔei

|a| ≤ ρ an kai mìno an − ρ ≤ a ≤ ρ.

Apìdeixh. DiakrÐnete peript¸seic: a ≥ 0 kai a < 0. 2

Prìtash 1.5.3 (trigwnik  anisìthta). Gia k�je a, b ∈ R,

|a+ b| ≤ |a|+ |b|.

EpÐshc,
| |a| − |b| | ≤ |a− b| kai | |a| − |b| | ≤ |a+ b| .

Apìdeixh. Apì thn Prìtash 1.5.2 èqoume −|a| ≤ a ≤ |a| kai −|b| ≤ b ≤ |b|. Sunep¸c,

−(|a|+ |b|) ≤ a+ b ≤ |a|+ |b|.

Qrhsimopoi¸ntac p�li thn Prìtash 1.5.2 sumperaÐnoume ìti |a+ b| ≤ |a|+ |b|.
Gia th deÔterh anisìthta gr�foume

|a| = |(a− b) + b| ≤ |a− b|+ |b|,

opìte |a| − |b| ≤ |a− b|. Me ton Ðdio trìpo blèpoume ìti

|b| = |(b− a) + a| ≤ |b− a|+ |a| = |a− b|+ |a|,

�ra |b| − |a| ≤ |a− b|. AfoÔ

−|a− b| ≤ |a| − |b| ≤ |a− b|,

h Prìtash 1.5.2 deÐqnei ìti | |a| − |b| | ≤ |a− b|.
An sthn teleutaÐa anisìthta antikatast soume ton b me ton−b, blèpoume ìti | |a| − |b| | ≤

|a+ b|. 2
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1.5bþ To epektetamèno sÔnolo twn pragmatik¸n arijm¸n

EpekteÐnoume to sÔnolo R twn pragmatik¸n arijm¸n me dÔo akìma stoiqeÐa, to +∞ kai
to −∞. To sÔnolo R = R ∪ {+∞,−∞} eÐnai to epektetamèno sÔnolo twn pragmatik¸n
arijm¸n. EpekteÐnoume th di�taxh kai tic pr�xeic sto R wc ex c:

(a) OrÐzoume −∞ < a kai a < +∞ gia k�je a ∈ R.

(b) Gia k�je a ∈ R orÐzoume

a+ (+∞) = (+∞) + a = a− (−∞) = +∞
a+ (−∞) = (−∞) + a = a− (+∞) = −∞.

(g) An a > 0 orÐzoume

a · (+∞) = (+∞) · a = +∞
a · (−∞) = (−∞) · a = −∞.

(d) An a < 0 orÐzoume

a · (+∞) = (+∞) · a = −∞
a · (−∞) = (−∞) · a = +∞.

(e) EpÐshc, orÐzoume

(+∞) + (+∞) = +∞ (−∞) + (−∞) = −∞
(+∞) · (+∞) = +∞ (−∞) · (−∞) = +∞

kai

(+∞) · (−∞) = (−∞) · (+∞) = −∞.

(st) Den orÐzontai oi parast�seic

(+∞) + (−∞), (−∞) + (+∞), 0 · (+∞), (+∞) · 0, 0 · (−∞), (−∞) · 0

kai
+∞
+∞

,
+∞
−∞

,
−∞
+∞

,
−∞
−∞

.

Tèloc, an èna mh kenì sÔnolo A ⊆ R den eÐnai �nw fragmèno orÐzoume supA = +∞,
en¸ an den eÐnai k�tw fragmèno orÐzoume inf A = −∞.
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1.5gþ Diast mata

Orismìc 1.5.4. 'Estw a, b ∈ R me a < b. OrÐzoume

[a, b] = {x ∈ R : a ≤ x ≤ b}
(a, b) = {x ∈ R : a < x < b}
[a, b) = {x ∈ R : a ≤ x < b}
(a, b] = {x ∈ R : a < x ≤ b}

[a,+∞) = {x ∈ R : x ≥ a}
(a,+∞) = {x ∈ R : x > a}
(−∞, b] = {x ∈ R : x ≤ b}
(−∞, b) = {x ∈ R : x < b}.

Ta uposÔnola aut� tou sunìlou twn pragmatik¸n arijm¸n lègontai diast mata.

Sto epìmeno L mma perigr�foume ta shmeÐa tou kleistoÔ diast matoc [a, b].

L mma 1.5.5. An a < b sto R tìte

[a, b] = {(1− t)a+ tb : 0 ≤ t ≤ 1}.

Eidikìtera, gia k�je x ∈ [a, b] èqoume

x =
b− x
b− a

a+
x− a
b− a

b.

Apìdeixh. EÔkola elègqoume ìti, gia k�je t ∈ [0, 1] isqÔei

a ≤ (1− t)a+ tb = a+ t(b− a) ≤ b,

dhlad  {(1− t)a+ tb : 0 ≤ t ≤ 1} ⊆ [a, b].
AntÐstrofa, k�je x ∈ [a, b] gr�fetai sth morf 

x =
b− x
b− a

a+
x− a
b− a

b.

Parathr¸ntac ìti t := (x − a)/(b − a) ∈ [0, 1] kai 1 − t = (b − x)/(b − a), blèpoume ìti
[a, b] ⊆ {(1− t)a+ tb : 0 ≤ t ≤ 1}. 2

Ta shmeÐa (1− t)a+ tb tou [a, b] lègontai kurtoÐ sunduasmoÐ twn a kai b. To mèso
tou [a, b] eÐnai to

m = (1− 1
2
)a+

1
2
b =

a+ b

2
.
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1.6 Anisìthtec
Se aut  thn par�grafo deÐqnoume me epagwg  dÔo basikèc anisìthtec: thn anisìthta tou
Bernoulli kai thn anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou. 'Allec basikèc anisìthtec
emfanÐzontai stic Ask seic.

Prìtash 1.6.1 (anisìthta tou Bernoulli). An x > −1 tìte

(1 + x)n ≥ 1 + nx gia k�je n ∈ N.

Apìdeixh. Gia n = 1 h anisìthta isqÔei wc isìthta: 1 + x = 1 + x. DeÐqnoume to
epagwgikì b ma:

Upojètoume ìti (1 + x)n ≥ 1 + nx. AfoÔ 1 + x > 0, èqoume (1 + x)(1 + x)n ≥
(1 + x)(1 + nx). 'Ara,

(1 + x)n+1 ≥ (1 + x)(1 + nx) = 1 + (n+ 1)x+ nx2 ≥ 1 + (n+ 1)x. 2

Parat rhsh. An x > 0, mporoÔme na deÐxoume thn anisìthta tou Bernoulli qrhsimopoi¸n-
tac to diwnumikì an�ptugma: gia k�je n ≥ 2 èqoume

(1 + x)n =
n∑

k=0

(
n

k

)
1n−kxk = 1 + nx+

n∑
k=2

(
n

k

)
xn−k > 1 + nx,

afoÔ ìloi oi prosjetèoi sto
∑n

k=2

(
n
k

)
xn−k eÐnai jetikoÐ. OmoÐwc, an n ≥ 3 paÐrnoume

thn isqurìterh anisìthta

(1 + x)n > 1 + nx+
(
n

2

)
x2 = 1 + nx+

n(n− 1)
2

x2.

Prìtash 1.6.2 (anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou). 'Estw n ∈ N. An
a1, . . . , an eÐnai jetikoÐ pragmatikoÐ arijmoÐ, tìte

a1 + a2 + · · ·+ an

n
≥ n
√
a1a2 · · · an.

Apìdeixh. Jètoume m = n
√
a1a2 · · · an kai orÐzoume bk = ak

m , k = 1, . . . , n. ParathroÔme
ìti oi bk eÐnai jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno

b1 · · · bn =
a1

m
· · · an

m
=
a1 · · · an

mn
= 1.

EpÐshc, h zhtoÔmenh anisìthta paÐrnei th morf 

b1 + · · ·+ bn ≥ n.

ArkeÐ loipìn na deÐxoume thn akìloujh Prìtash.
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Prìtash 1.6.3. 'Estw n ∈ N. An b1, . . . , bn eÐnai jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno
b1 · · · bn = 1, tìte b1 + · · ·+ bn ≥ n.

Apìdeixh. Me epagwg  wc proc to pl joc twn bk: an n = 1 tìte èqoume ènan mìno
arijmì, ton b1 = 1. Sunep¸c, h anisìthta eÐnai tetrimmènh: 1 ≥ 1.

Upojètoume ìti gia k�jem-�da jetik¸n arijm¸n x1, . . . , xm me ginìmeno x1 · · ·xm = 1
isqÔei h anisìthta

x1 + · · ·+ xm ≥ m,

kai deÐqnoume ìti an b1, · · · , bm+1 eÐnai (m + 1) jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno
b1 · · · bm+1 = 1 tìte

b1 + · · ·+ bm+1 ≥ m+ 1.

MporoÔme na upojèsoume ìti b1 ≤ b2 ≤ · · · ≤ bm+1. ParathroÔme ìti, an b1 = b2 =
· · · = bm+1 = 1 tìte h anisìthta isqÔei san isìthta. An ìqi, anagkastik� èqoume
b1 < 1 < bm+1 (exhg ste giatÐ).

JewroÔme thn m-�da jetik¸n arijm¸n

x1 = b1bm+1 , x2 = b2, . . . , xm = bm.

AfoÔ x1 · · ·xm = b1 · · · bm+1 = 1, apì thn epagwgik  upìjesh paÐrnoume

(b1bm+1) + b2 + · · ·+ bm = x1 + · · ·+ xm ≥ m.

'Omwc, apì thn b1 < 1 < bm+1 èpetai ìti (bm+1 − 1)(1 − b1) > 0 dhlad  b1 + bm+1 >
1 + bm+1b1. 'Ara,

b1 + bm+1 + b2 + · · ·+ bm > 1 + b1bm+1 + b2 + · · ·+ bm ≥ 1 +m.

'Eqoume loipìn deÐxei to epagwgikì b ma. 2

Parat rhsh. An oi arijmoÐ a1, · · · , an eÐnai ìloi Ðsoi tìte h anisìthta arijmhtikoÔ�
gewmetrikoÔ mèsou isqÔei wc isìthta. An oi arijmoÐ a1, · · · , an den eÐnai ìloi Ðsoi, tìte h
apìdeixh pou prohg jhke deÐqnei ìti h anisìthta eÐnai gn sia (exhg ste giatÐ). Dhlad :
sthn anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou isqÔei isìthta an kai mìnon an a1 = · · · =
an.

1.7 *Par�rthma: Tomèc Dedekind

Upojètoume ed¸ ìti to sÔnolo Q twn rht¸n arijm¸n èqei oristeÐ, kai jewroÔme ìlec tic
idiìthtèc tou gnwstèc. Ja perigr�youme thn kataskeu  tou R mèsw twn tom¸n Dedekind.
Ta stoiqeÐa tou R ja eÐnai k�poia uposÔnola tou Q, oi legìmenec tomèc. H idèa pÐsw
apì ton orismì touc eÐnai ìti k�je pragmatikìc arijmìc prosdiorÐzetai apì to sÔnolo
twn rht¸n pou eÐnai mikrìteroÐ tou: an x ∈ R kai an orÐsoume Ax = {q ∈ Q : q < x},
tìte x = supAx.
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Orismìc 1.7.1. 'Ena uposÔnolo α tou Q lègetai tom  an ikanopoieÐ ta ex c:

• α 6= ∅, α 6= Q.

• an p ∈ α, q ∈ Q kai q < p, tìte q ∈ α.

• an p ∈ α, up�rqei q ∈ α ¸ste p < q.

H trÐth idiìthta mac lèei ìti mia tom  α den èqei mègisto stoiqeÐo. H deÔterh èqei tic ex c
�mesec sunèpeiec pou ja fanoÔn qr simec:

• an p ∈ α kai q /∈ α, tìte p < q.

• an r /∈ α kai r < s, tìte s /∈ α.

ShmeÐwsh. Se ìlh aut  thn par�grafo qrhsimopoioÔme ta ellhnik� gr�mmata α, β, γ
gia tomèc (=mellontikoÔc pragmatikoÔc arijmoÔc) kai ta latinik� p, q, r, s gia rhtoÔc
arijmoÔc.

B ma 1: OrÐzoume R = {α ⊆ Q : to α eÐnai tom }. Autì ja eÐnai telik� to sÔnolo twn
pragmatik¸n arijm¸n.

B ma 2: Pr¸ta orÐzoume th di�taxh sto R. An α, β eÐnai dÔo tomèc, tìte

α < β ⇐⇒ to α eÐnai gn sio uposÔnolo tou β.

'Askhsh. DeÐxte ìti an α, β eÐnai tomèc, tìte isqÔei akrib¸c mÐa apì tic α < β, α = β,
β < α.

B ma 3: To (R, <) ikanopoieÐ to axÐwma thc plhrìthtac. Dhlad , an A eÐnai mh kenì
uposÔnolo tou R kai up�rqei tom  β ∈ R ¸ste α ≤ β gia k�je α ∈ A, tìte to A èqei
el�qisto �nw fr�gma.

Apìdeixh. OrÐzoume γ thn ènwsh ìlwn twn stoiqeÐwn tou A. Dhlad ,

γ = {q ∈ Q : ∃α ∈ A me q ∈ α}.

Ja deÐxoume ìti γ = supA.
(a) To γ eÐnai tom : Pr¸ton, γ 6= ∅: afoÔ A 6= ∅, up�rqei α0 ∈ A. AfoÔ α0 6= ∅, up�rqei
q ∈ α0. Tìte, q ∈ γ. Prèpei epÐshc na deÐxoume ìti γ 6= Q: Up�rqei q ∈ Q me q /∈ β. An
α ∈ A, tìte α ≤ β, �ra q /∈ α. Epomènwc, q /∈ ∪{α : α ∈ A} dhlad  q /∈ γ. 'Ara, to γ
ikanopoieÐ thn pr¸th sunj kh tou orismoÔ thc tom c.

Gia th deÔterh, èstw p ∈ γ kai q ∈ Q me q < p. Up�rqei α ∈ A me p ∈ α kai q < p,
�ra q ∈ α. AfoÔ α ⊆ γ, èpetai ìti q ∈ γ.

Gia thn trÐth, èstw p ∈ γ. Up�rqei α ∈ A me p ∈ α. AfoÔ to α eÐnai tom , up�rqei
q ∈ α me p < q. Tìte, q ∈ γ kai p < q.



1.7 *Par�rthma: Tomès Dedekind · 27

(b) To γ eÐnai �nw fr�gma tou A: An α ∈ A, tìte α ⊆ γ dhlad  α ≤ γ.
(g) To γ eÐnai to el�qisto �nw fr�gma tou A: 'Estw β1 ∈ R �nw fr�gma tou A. Tìte
β1 ≥ α gia k�je α ∈ A, dhlad  β1 ⊇ α gia k�je α ∈ A, dhlad 

β1 ⊇
⋃
{α : α ∈ A} = γ,

dhlad  β1 ≥ γ. 2

B ma 4: OrÐzoume mia pr�xh + (prìsjesh) sto R wc ex c: an α, β ∈ R, tìte

α+ β = {p+ q : p ∈ α, q ∈ β}.

(a) DeÐqnoume ìti to α + β eÐnai tom , kai eÔkola epalhjeÔoume ìti α + β = β + α kai
α+ (β + γ) = (α+ β) + γ gia k�je α, β, γ ∈ R.
(b) OrÐzoume 0∗ = {q ∈ Q : q < 0} kai deÐqnoume ìti to 0∗ ∈ R kai eÐnai to oudètero
stoiqeÐo thc prìsjeshc: α+ 0∗ = 0∗ + α = α gia k�je α ∈ R.
(g) An α ∈ R, to −α orÐzetai wc ex c:

−α = {q ∈ Q : up�rqei r ∈ Q, r > 0 me − q − r /∈ α}.

DeÐxte ìti −α ∈ R kai α+ (−α) = (−α) + α = 0∗.
'Epetai ìti h pr�xh + sto R ikanopoieÐ ta axi¸mata thc prìsjeshc. 2

B ma 5: To sÔnolo Θ twn jetik¸n stoiqeÐwn tou R orÐzetai t¸ra me fusiologikì trìpo:

α ∈ Θ⇐⇒ 0∗ < α.

DeÐxte ìti an α ∈ R, tìte isqÔei akrib¸c mÐa apì tic α ∈ Θ, α = 0∗, −α ∈ Θ.

B ma 6: OrÐzoume mia pr�xh pollaplasiasmoÔ, pr¸ta gia α, β ∈ Θ: An α > 0∗ kai
β > 0∗, jètoume

αβ = {q ∈ Q : up�rqoun r ∈ α, s ∈ β, r > 0, s > 0 me q ≤ rs}.

(a) DeÐqnoume ìti to αβ eÐnai tom  kai αβ = βα, α(βγ) = (αβ)γ an α, β, γ ∈ Θ.

(b) OrÐzoume 1∗ = {q ∈ Q : q < 1}. Tìte, α1∗ = 1∗α = α gia k�je α ∈ Θ.

(g) An α ∈ Θ, o antÐstrofoc α−1 tou α orÐzetai apì thn:

α−1 = {q ∈ Q : q ≤ 0   q > 0 kai up�rqei r ∈ Q, r > 1 me (qr)−1 /∈ α}.

DeÐxte ìti α−1 ∈ Θ kai αα−1 = α−1α = 1∗.
Oloklhr¸noume ton orismì tou pollaplasiasmoÔ jètontac

αβ = (−α)(−β), an α, β < 0∗

αβ = −[(−α)β], an α < 0∗, β > 0∗

αβ = −[α(−β)], an α > 0∗, β < 0∗,
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kai
α0∗ = 0∗α = 0∗.

MporoÔme t¸ra na doÔme ìti ikanopoioÔntai ìla ta axi¸mata tou pollaplasiasmoÔ, ka-
j¸c kai h epimeristik  idiìthta tou pollaplasiasmoÔ wc proc thn prìsjesh. Den ja
mpoÔme se perissìterec leptomèreiec (an jèlete sumbouleuteÐte ton M. Spivak, Kef�laio
28).

{To R me b�sh thn parap�nw kataskeu  eÐnai èna pl rwc diatetagmèno s¸ma.}

B ma 7: An q ∈ Q orÐzoume q∗ = {r ∈ Q : r < q}. K�je q∗ eÐnai tom , dhlad  q∗ ∈ R.
EÔkola deÐqnoume ìti:

(a) an p, q ∈ Q, tìte p∗ + q∗ = (p+ q)∗.
(b) an p, q ∈ Q, tìte p∗q∗ = (pq)∗.
(g) an p, q ∈ Q, tìte p∗ < q∗ an kai mìno an p < q.

Epomènwc, h apeikìnish I : Q→ R me I(q) = q∗ diathreÐ tic pr�xeic thc prìsjeshc kai
tou pollaplasiasmoÔ, kaj¸c kai th di�taxh. MporoÔme loipìn na blèpoume to Q san èna
diatetagmèno upos¸ma tou R mèsw thc taÔtishc Q←→ Q∗ (ìpou Q∗ = {q∗ : q ∈ Q} ⊂ R).

1.8 Ask seic
Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. Gia k�je x ∈ A èqoume x ≤ sup A.

2. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. O x ∈ R eÐnai �nw fr�gma tou A an kai
mìno an sup A ≤ x.

3. An to A eÐnai mh kenì kai �nw fragmèno uposÔnolo tou R tìte sup A ∈ A.

4. An A eÐnai èna mh kenì kai �nw fragmèno uposÔnolo tou Z tìte sup A ∈ A.

5. An a = sup A kai ε > 0, tìte up�rqei x ∈ A me a− ε < x ≤ a.

6. An a = sup A kai ε > 0, tìte up�rqei x ∈ A me a− ε < x < a.

7. An to A eÐnai mh kenì kai sup A− inf A = 1 tìte up�rqoun x, y ∈ A ¸ste x− y = 1.

8. Gia k�je x, y ∈ R me x < y up�rqoun �peiroi to pl joc r ∈ Q pou ikanopoioÔn thn x < r < y.
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Ask seic � Om�da A'

1. DeÐxte ìti ta parak�tw isqÔoun sto R:
(a) An x < y + ε gia k�je ε > 0, tìte x ≤ y.

(b) An x ≤ y + ε gia k�je ε > 0, tìte x ≤ y.

(g) An |x− y| ≤ ε gia k�je ε > 0, tìte x = y.

(d) An a < x < b kai a < y < b, tìte |x− y| < b− a.

2. (a) An |a− b| < ε, tìte up�rqei x ¸ste

|a− x| < ε

2
kai |b− x| < ε

2
.

(b) IsqÔei to antÐstrofo?

(g) 'Estw ìti a < b < a + ε. BreÐte ìlouc touc x ∈ R pou ikanopoioÔn tic |a − x| < ε
2
kai

|b− x| < ε
2
.

3. Na deiqjeÐ me epagwg  ìti o arijmìc n5 − n eÐnai pollapl�sio tou 5 gia k�je n ∈ N.

4. Exet�ste gia poiec timèc tou fusikoÔ arijmoÔ n isqÔoun oi parak�tw anisìthtec:
(i) 2n > n3, (ii) 2n > n2, (iii) 2n > n, (iv) n! > 2n, (v) 2n−1 ≤ n2.

5. 'Estw a, b ∈ R kai n ∈ N. DeÐxte ìti

an − bn = (a− b)

n−1∑
k=0

akbn−1−k.

An 0 < a < b, deÐxte ìti

nan−1 ≤ bn − an

b− a
≤ nbn−1.

6. 'Estw a ∈ R. DeÐxte ìti:

(a) An a > 1, tìte an > a gia k�je fusikì arijmì n ≥ 2.

(b) An a > 1 kai m, n ∈ N, tìte am < an an kai mìno an m < n.

(g) An 0 < a < 1, tìte an < a gia k�je fusikì arijmì n ≥ 2.

(d) An 0 < a < 1 kai m, n ∈ N, tìte am < an an kai mìno an m > n.

7. 'Estw a ∈ R kai èstw n ∈ N. DeÐxte ìti:

(a) An a ≥ −1, tìte (1 + a)n ≥ 1 + na.

(b) An 0 < a < 1/n, tìte (1 + a)n < 1/(1− na).

(g) An 0 ≤ a ≤ 1, tìte

1− na ≤ (1− a)n ≤ 1

1 + na
.

8. 'Estw a ∈ R. DeÐxte ìti:

(a) An −1 < a < 0, tìte (1 + a)n ≤ 1 + na + n(n−1)
2

a2 gia k�je n ∈ N.
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(b) An a > 0, tìte (1 + a)n ≥ 1 + na + n(n−1)
2

a2 gia k�je n ∈ N.

9. DeÐxte ìti gia k�je n ∈ N isqÔoun oi anisìthtec(
1 +

1

n

)n

<

(
1 +

1

n + 1

)n+1

kai

(
1 +

1

n

)n+1

>

(
1 +

1

n + 1

)n+2

.

10. (a) DeÐxte thn anisìthta Cauchy-Schwarz: an a1, . . . , an kai b1, . . . , bn eÐnai pragmatikoÐ
arijmoÐ, tìte (

n∑
k=1

akbk

)2

≤

(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
.

(b) DeÐxte thn anisìthta tou Minkowski: an a1, . . . , an kai b1, . . . , bn eÐnai pragmatikoÐ arijmoÐ,
tìte (

n∑
k=1

(ak + bk)2
)1/2

≤

(
n∑

k=1

a2
k

)1/2

+

(
n∑

k=1

b2
k

)1/2

.

11. (Tautìthta tou Lagrange) An a1, . . . , an ∈ R kai b1, . . . , bn ∈ R, tìte(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
−

(
n∑

k=1

akbk

)2

=
1

2

n∑
k,j=1

(akbj − ajbk)2.

Qrhsimopoi¸ntac thn tautìthta tou Lagrange deÐxte thn anisìthta Cauchy-Schwarz.

12. (Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou) An x1, . . . , xn > 0, tìte

x1x2 · · ·xn ≤
(x1 + · · ·+ xn

n

)n

.

Isìthta isqÔei an kai mìno an x1 = x2 = · · · = xn.

EpÐshc, an x1, x2, . . . , xn > 0, tìte

x1x2 · · ·xn ≥

(
n

1
x1

+ · · ·+ 1
xn

)n

.

13. DeÐxte ìti k�je mh kenì k�tw fragmèno uposÔnolo A tou R èqei mègisto k�tw fr�gma.

14. 'Estw A mh kenì uposÔnolo tou R kai èstw a0 ∈ A me thn idiìthta: gia k�je a ∈ A,
a ≤ a0. DeÐxte ìti a0 = sup A. Me �lla lìgia, an to A èqei mègisto stoiqeÐo, tìte autì eÐnai
to supremum tou A.

15. 'Estw A, B dÔo mh ken� kai fragmèna uposÔnola tou R. An sup A = inf B, deÐxte ìti gia
k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

16. 'Estw A mh kenì fragmèno uposÔnolo tou R me inf A = sup A. Ti sumperaÐnete gia to A?

17. (a) 'Estw a, b ∈ R me a < b. BreÐte to supremum kai to infimum tou sunìlou (a, b) ∩Q =
{x ∈ Q : a < x < b}. Aitiolog ste pl rwc thn ap�nthsh sac.
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(b) Gia k�je x ∈ R orÐzoume Ax = {q ∈ Q : q < x}. DeÐxte ìti

x = y ⇐⇒ Ax = Ay.

18. 'Estw A, B mh ken� fragmèna uposÔnola tou R me A ⊆ B. DeÐxte ìti

inf B ≤ inf A ≤ sup A ≤ sup B.

19. 'Estw A, B mh ken�, fragmèna uposÔnola tou R. DeÐxte ìti to A ∪B eÐnai fragmèno kai

sup(A ∪B) = max{sup A, sup B}, inf(A ∪B) = min{inf A, inf B}.

MporoÔme na poÔme k�ti an�logo gia to sup(A ∩B)   to inf(A ∩B)?

20. 'Estw A, B mh ken� uposÔnola tou R. DeÐxte ìti sup A ≤ inf B an kai mìno an gia k�je
a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b.

21. 'Estw A, B mh ken�, �nw fragmèna uposÔnola tou R me thn ex c idiìthta: gia k�je a ∈ A
up�rqei b ∈ B ¸ste

a ≤ b.

DeÐxte ìti sup A ≤ sup B.

22. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw sunìlwn:

(a) A = {x > 0 : 0 < x2 − 1 ≤ 2}, B = {x ∈ Q : x ≥ 0, 0 < x2 − 1 ≤ 2}, C = {0, 1
2
, 1

3
, 1

4
, . . .}.

(b) D = {x ∈ R : x < 0, x2 + x − 1 < 0}, E = { 1
n

+ (−1)n : n ∈ N}, F = {x ∈ Q :
(x− 1)(x +

√
2) < 0}.

(g) G = {5 + 6
n

: n ∈ N} ∪ {7− 8n : n ∈ N}.

23. BreÐte to supremum kai to infimum twn sunìlwn

A =

{
1 + (−1)n +

(−1)n+1

n
: n ∈ N

}
, B =

{
1

2n
+

1

3m
: n, m ∈ N

}
.

24. DeÐxte ìti to sÔnolo

A =

{
(−1)nm

n + m
: m, n = 1, 2, . . .

}
eÐnai fragmèno kai breÐte ta sup A kai inf A. Exet�ste an to A èqei mègisto   el�qisto stoiqeÐo.

Ask seic � Om�da B'

25. DeÐxte ìti oi arijmoÐ
√

2 +
√

3 kai
√

2 +
√

3 +
√

5 eÐnai �rrhtoi.

26. DeÐxte ìti an o fusikìc arijmìc n den eÐnai tetr�gwno k�poiou fusikoÔ arijmoÔ, tìte o√
n eÐnai �rrhtoc.

27. 'Estw A, B mh ken� uposÔnola tou R. Upojètoume ìti:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b, kai
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(b) gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

DeÐxte ìti sup A = inf B.

28. 'Estw A, B mh ken�, �nw fragmèna uposÔnola tou R. DeÐxte ìti sup A ≤ sup B an kai
mìno an gia k�je a ∈ A kai gia k�je ε > 0 up�rqei b ∈ B ¸ste a− ε < b.

29. 'Estw A, B mh ken� uposÔnola tou R pou ikanopoioÔn ta ex c:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a < b.
(b) A ∪B = R.

DeÐxte ìti up�rqei γ ∈ R tètoioc ¸ste eÐte A = (−∞, γ) kai B = [γ, +∞)   A = (−∞, γ] kai
B = (γ, +∞).

30. 'Estw A ⊂ (0, +∞). Upojètoume ìti inf A = 0 kai ìti to A den eÐnai �nw fragmèno. Na
brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

B =

{
x

x + 1
: x ∈ A

}
.

31. 'Estw x ∈ R. DeÐxte ìti: gia k�je n ∈ N up�rqei akèraioc kn ∈ Z ¸ste
∣∣∣x− kn√

n

∣∣∣ < 1√
n
.

32. 'Estw x ∈ R. DeÐxte ìti: gia k�je N ≥ 2 up�rqoun akèraioi m kai n, me 0 < n ≤ N , ¸ste
|nx−m| < 1

N
.

33. 'Estw a1, . . . , an > 0. DeÐxte ìti

(a1 + a2 + · · ·+ an)

(
1

a1
+

1

a2
+ · · ·+ 1

an

)
≥ n2.

34. An a > 0, b > 0 kai a + b = 1, tìte

2

[(
a +

1

a

)2

+

(
b +

1

b

)2
]
≥ 25.

35. (a) An a1, . . . , an > 0, deÐxte ìti

(1 + a1) · · · (1 + an) ≥ 1 + a1 + · · ·+ an.

(b) An 0 < a1, . . . , an < 1, tìte

1− (a1 + · · ·+ an) ≤ (1− a1) · · · (1− an)

≤ 1− (a1 + · · ·+ an) + (a1a2 + a1a3 + · · ·+ an−1an).

36*. An a1 ≥ a2 ≥ · · · ≥ an > 0 kai b1 ≥ b2 ≥ · · · ≥ bn > 0, tìte

a1bn + a2bn−1 + · · ·+ anb1

n
≤ a1 + · · ·+ an

n
· b1 + · · ·+ bn

n

≤ a1b1 + · · ·+ anbn

n
.
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37*. 'Estw a1, . . . , an jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte ìti up�rqei 1 ≤ m ≤ n − 1 me thn
idiìthta ∣∣∣∣∣

m∑
k=1

ak −
n∑

k=m+1

ak

∣∣∣∣∣ ≤ max{a1, . . . , an}.

Upìdeixh: Jewr ste touc arijmoÔc

bm =

m∑
k=1

ak −
n∑

k=m+1

ak, m = 1, . . . , n− 1

kai

b0 = −
n∑

k=1

ak , bn =

n∑
k=1

ak.

DeÐxte ìti dÔo diadoqikoÐ apì autoÔc eÐnai eterìshmoi.

38. 'Estw A, B mh ken�, fragmèna uposÔnola tou R. OrÐzoume A + B = {a + b : a ∈ A, b ∈ B}.
DeÐxte ìti

sup(A + B) = sup A + sup B, inf(A + B) = inf A + inf B.

39. 'Estw A, B mh ken�, fragmèna sÔnola jetik¸n pragmatik¸n arijm¸n. OrÐzoume A · B =
{ab : a ∈ A, b ∈ B}. DeÐxte ìti

sup(A ·B) = sup A · sup B, inf(A ·B) = inf A · inf B.

40. 'Estw A mh kenì, fragmèno uposÔnolo tou R. An t ∈ R, orÐzoume tA = {ta : a ∈ A}.
DeÐxte ìti

(a) an t ≥ 0 tìte sup(tA) = t sup A kai inf(tA) = t inf A.
(b) an t < 0 tìte sup(tA) = t inf A kai inf(tA) = t sup A.





Kef�laio 2

AkoloujÐec pragmatik¸n

arijm¸n

2.1 AkoloujÐec pragmatik¸n arijm¸n
Orismìc 2.1.1. AkoloujÐa lègetai k�je sun�rthsh a : N → R (me pedÐo orismoÔ to
sÔnolo twn fusik¸n arijm¸n kai timèc stouc pragmatikoÔc arijmoÔc). AntÐ na sumbolÐ-
zoume tic timèc thc akoloujÐac a me a(1), a(2), . . ., gr�foume

a1, a2, a3, . . .

kai lème ìti o arijmìc an eÐnai o n-ostìc ìroc thc akoloujÐac. H Ðdia h akoloujÐa
sumbolÐzetai me {an}∞n=1, {an}, (an), (a1, a2, a3, . . .) qwrÐc autì na prokaleÐ sÔgqush.

ParadeÐgmata 2.1.2. (a) 'Estw c ∈ R. H akoloujÐa an = c, n = 1, 2, . . . lègetai
stajer  akoloujÐa me tim  c.

(b) an = n. Oi pr¸toi ìroi thc (an) eÐnai: a1 = 1, a2 = 2, a3 = 3.
(g) an = 1

n . Oi pr¸toi ìroi thc (an) eÐnai: a1 = 1, a2 = 1
2 , a3 = 1

3 .

(d) an = an, ìpou a ∈ R. Oi pr¸toi ìroi thc (an) eÐnai: a1 = a, a2 = a2, a3 = a3.

(e) a1 = 1 kai an+1 =
√

1 + an, n = 1, 2, . . .. Aut  h akoloujÐa orÐzetai anadromik�:
an gnwrÐzoume ton an tìte mporoÔme na upologÐsoume ton an+1 qrhsimopoi¸ntac thn
an+1 =

√
1 + an. Dedomènou ìti èqei dojeÐ o pr¸toc thc ìroc, h (an) eÐnai kal� orismènh

(k�nontac n − 1 b mata mporoÔme na broÔme ton an). Oi pr¸toi ìroi thc (an) eÐnai:

a1 = 1, a2 =
√

2, a3 =
√

1 +
√

2, a4 =
√

1 +
√

1 +
√

2.
(st) a1 = 1, a2 = 1 kai an+2 = an + an+1, n = 1, 2, . . .. An gnwrÐzoume touc an kai
an+1 tìte mporoÔme na upologÐsoume ton an+2 qrhsimopoi¸ntac thn anadromik  sqèsh
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an+2 = an + an+1. Dedomènou ìti èqoun dojeÐ oi pr¸toi dÔo ìroi, h (an) eÐnai kal�
orismènh (k�nontac n − 2 b mata mporoÔme na broÔme ton an). Oi pr¸toi ìroi thc (an)
eÐnai: a1 = 1, a2 = 1, a3 = 2, a4 = 3, a5 = 5, a6 = 8.
(z) an = 1

n an n = 2k kai an = 1
2 an n = 2k − 1. Gia ton upologismì tou n�ostoÔ ìrou

an arkeÐ na gnwrÐzoume an o n eÐnai �rtioc   perittìc: gia par�deigma, a6 = 1
6 kai a7 = 1

2 .

Orismìc 2.1.3. 'Estw (an) kai (bn) dÔo akoloujÐec pragmatik¸n arijm¸n.

(a) Lème ìti (an) = (bn) (oi akoloujÐec eÐnai Ðsec) an an = bn gia k�je n ∈ N. Dhlad ,

a1 = b1, a2 = b2, a3 = b3, . . . .

(b) To �jroisma, h diafor�, to ginìmeno kai to phlÐko twn akolouji¸n (an), (bn) eÐnai oi
akoloujÐec (an + bn), (an − bn), (anbn) kai (an/bn) antÐstoiqa (gia thn teleutaÐa prèpei
na k�noume thn epiplèon upìjesh ìti bn 6= 0 gia k�je n ∈ N).

Orismìc 2.1.4 (sÔnolo twn ìrwn). To sÔnolo twn ìrwn thc akoloujÐac (an) eÐnai
to

A = {an : n ∈ N}.

Den ja prèpei na sugqèei kaneÐc thn akoloujÐa (an) = (a1, a2, . . .) me to sÔnolo twn
tim¸n thc. Gia par�deigma, to sÔnolo tim¸n thc akoloujÐac (−1)n = (1,−1, 1,−1, . . .)
eÐnai to disÔnolo {−1, 1}. Parathr ste epÐshc ìti dÔo diaforetikèc akoloujÐec mporeÐ
na èqoun to Ðdio sÔnolo tim¸n (d¸ste paradeÐgmata).

Orismìc 2.1.5 (telikì tm ma). 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n. K�je
akoloujÐa thc morf c (am+n−1)∞n=1 = (am, am+1, am+2, . . .) ìpou m ∈ N lègetai telikì
tm ma thc (an). Gia par�deigma, oi akoloujÐec (5, 6, 7, . . .) kai (30, 31, 32, . . .) eÐnai telik�
tm mata thc an = n.

'Askhsh 2.1.6. 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n kai èstw (am+n−1)∞n=1

èna telikì tm ma thc. DeÐxte ìti:

(a) k�je telikì tm ma thc (am+n−1) eÐnai telikì tm ma thc (an).
(b) k�je telikì tm ma thc (an) perièqei k�poio telikì tm ma thc (am+n−1).

2.2 SÔgklish akolouji¸n
2.2aþ Orismìc tou orÐou

JewroÔme tic akoloujÐec (an) kai (bn) me n�ostoÔc ìrouc touc

an =
1
n

kai bn = (−1)n.

Gia {meg�lec} timèc tou n oi ìroi 1/n thc (an) brÐskontai (ìlo kai pio) {kont�} sto
0. Apì thn �llh pleur�, oi ìroi (−1)n thc (bn) den plhsi�zoun se k�poion pragmatikì
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arijmì. Ja lègame ìti h akoloujÐa (an) sugklÐnei (èqei ìrio to 0 kaj¸c to n teÐnei sto
�peiro) en¸ h (bn) den sugklÐnei. Me �lla lìgia, jèloume na ekfr�soume austhr� thn
prìtash:

{h (an) sugklÐnei ston a an gia meg�lec timèc tou n o an eÐnai kont� ston a}.

Autì pou prèpei na k�noume safèc eÐnai to nìhma twn fr�sewn {kont�} kai {meg�lec
timèc}. Gia par�deigma, an k�poioc jewreÐ ìti h apìstash 1 eÐnai ikanopoihtik� mikr ,
tìte h (an) èqei ìlouc touc ìrouc thc kont� ston 1/2. EpÐshc, an k�poioc jewreÐ ìti h
fr�sh {meg�lec timèc} shmaÐnei {arketèc meg�lec timèc}, tìte h (bn) èqei arketoÔc ìrouc
kont� ston 1 all� kai arketoÔc ìrouc kont� ston −1. SumfwnoÔme na lème ìti:

{h (an) sugklÐnei ston a an se osod pote mikr  perioq  tou a brÐskontai
telik� ìloi oi ìroi thc (an)}.

H ènnoia thc perioq c enìc pragmatikoÔ arijmoÔ a orÐzetai austhr� wc ex c: gia k�je
ε > 0 to anoiktì di�sthma (a − ε, a + ε) me kèntro ton a kai aktÐna ε eÐnai mia perioq 
tou a (h ε�perioq  tou a). Qrhsimopoi¸ntac thn ènnoia thc ε�perioq c kai thn ènnoia tou
telikoÔ tm matoc miac akoloujÐac, katal goume sto ex c:

{h (an) sugklÐnei ston a an k�je ε�perioq  tou a perièqei k�poio telikì tm ma
thc (an)}.

Parathr¸ntac ìti x ∈ (a− ε, a+ ε) an kai mìno an |x− a| < ε, mporoÔme na d¸soume ton
ex c austhrì orismì.

Orismìc 2.2.1 (ìrio akoloujÐac). 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n.
Lème ìti h (an) sugklÐnei ston pragmatikì arijmì a an isqÔei to ex c:

Gia k�je ε > 0 up�rqei fusikìc n0 = n0(ε) me thn idiìthta: an n ∈ N kai
n ≥ n0(ε), tìte |an − a| < ε.

An h (an) sugklÐnei ston a, gr�foume lim an = a   lim
n→∞

an = a  , pio apl�, an → a.

Parat rhsh 2.2.2. Ston parap�nw orismì, o deÐkthc n0 exart�tai k�je for� apì to
ε. 'Oso ìmwc mikrì ki an eÐnai to ε, mporoÔme na broÔme n0(ε) ¸ste ìloi oi ìroi an pou
èpontai tou an0 na brÐskontai{ε-kont�} ston a. SkefteÐte thn prosp�jeia epilog c tou
n0(ε) san èna ep� �peiron paiqnÐdi me ènan antÐpalo o opoÐoc epilègei oloèna kai mikrìtero
ε > 0.

Gia na exoikeiwjoÔme me ton orismì ja apodeÐxoume ìti h an = 1
n → 0 en¸ h bn = (−1)n

den sugklÐnei (se kanènan pragmatikì arijmì).

(a) H an = 1
n sugklÐnei sto 0: JewroÔme tuqoÔsa ε�perioq  (−ε, ε) tou 0. Apì thn

Arqim deia idiìthta up�rqei n0(ε) ∈ N ¸ste 1
n0

< ε. O mikrìteroc tètoioc fusikìc
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arijmìc eÐnai o
[
1
ε

]
+ 1 (exhg ste giatÐ), ìmwc autì den èqei idiaÐterh shmasÐa. Tìte, gia

k�je n ≥ n0 isqÔei

−ε < 0 <
1
n
≤ 1
n0

< ε.

Dhlad , to telikì tm ma
(

1
n0
, 1

n0+1 ,
1

n0+2 , . . .
)
thc (an) perièqetai sto (−ε, ε). Sumfwna

me ton orismì, èqoume an → 0.

(b) H bn = (−1)n den sugklÐnei: Ac upojèsoume ìti up�rqei a ∈ R ¸ste (−1)n → a.
DiakrÐnoume dÔo peript¸seic:

(b1) An a 6= 1 up�rqei ε�perioq  tou a ¸ste 1 /∈ (a − ε, a + ε). Gia par�deigma,

mporoÔme na epilèxoume ε = |1−a|
2 . AfoÔ bn → a, up�rqei telikì tm ma (bm, bm+1, . . .)

pou perièqetai sto (a− ε, a+ ε). Eidikìtera, bn 6= 1 gia k�je n ≥ m. Autì eÐnai �topo:
an jewr soume �rtio n ≥ m tìte bn = (−1)n = 1.

(b2) An a 6= −1 up�rqei ε�perioq  tou a ¸ste −1 /∈ (a − ε, a + ε). Gia par�deigma,

mporoÔme na epilèxoume ε = |1+a|
2 . AfoÔ bn → a, up�rqei telikì tm ma (bm, bm+1, . . .)

pou perièqetai sto (a− ε, a+ ε). Eidikìtera, bn 6= −1 gia k�je n ≥ m. Autì eÐnai �topo:
an jewr soume perittì n ≥ m tìte bn = (−1)n = −1.

Je¸rhma 2.2.3 (monadikìthta tou orÐou). An an → a kai an → b, tìte a = b.

Apìdeixh. Upojètoume ìti a 6= b. QwrÐc periorismì thc genikìthtac, mporoÔme na upojè-
soume ìti a < b. An p�roume ε = (b− a)/4, tìte a+ ε < b− ε. Dhlad ,

(a− ε, a+ ε) ∩ (b− ε, b+ ε) = ∅.

AfoÔ an → a, mporoÔme na broÔme n1 ∈ N ¸ste gia k�je n ≥ n1 na isqÔei |an − a| < ε.
OmoÐwc, afoÔ an → b, mporoÔme na broÔme n2 ∈ N ¸ste gia k�je n ≥ n2 na isqÔei
|an − b| < ε.

Jètoume n0 = max{n1, n2}. Tìte, gia k�je n ≥ n0 isqÔoun tautìqrona oi

|an − a| < ε kai |an − b| < ε.

'Omwc tìte, gia k�je n ≥ n0 èqoume

an ∈ (a− ε, a+ ε) ∩ (b− ε, b+ ε),

to opoÐo eÐnai �topo. 2

Je¸rhma 2.2.4 (krit rio parembol c   krit rio isosugklinous¸n akolouji¸n).
JewroÔme treÐc akoloujÐec an, bn, γn pou ikanopoioÔn ta ex c:

(a) an ≤ bn ≤ γn gia k�je n ∈ N.
(b) lim an = lim γn = `.

Tìte, h (bn) sugklÐnei kai lim bn = `.
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Apìdeixh. 'Estw ε > 0. AfoÔ an → ` kai γn → `, up�rqoun fusikoÐ arijmoÐ n1, n2 ¸ste

|an − `| < ε an n ≥ n1 kai |γn − `| < ε an n ≥ n2.

IsodÔnama,

`− ε < an < `+ ε an n ≥ n1 kai `− ε < γn < `+ ε an n ≥ n2.

Epilègoume n0 = max{n1, n2}. An n ≥ n0, tìte

`− ε < an ≤ bn ≤ γn < `+ ε

dhlad , an n ≥ n0 èqoume |bn − `| < ε. Me b�sh ton orismì, bn → `. 2

Parathr seic 2.2.5. (a) BebaiwjeÐte ìti èqete katal�bei th diadikasÐa apìdeixhc: an
jèloume na deÐxoume ìti tn → t, prèpei gia aujaÐreto (mikrì) ε > 0 � h apìdeixh xekin�ei
me thn fr�sh {èstw ε > 0} � na broÔme fusikì n0 (pou exart�tai apì to ε) me thn
idiìthta: n ≥ n0(ε) =⇒ |tn − t| < ε.

(b) 'Iswc èqete  dh parathr sei ìti oi pr¸toim ìroi (m = 2, 10   kai 1010) den ephre�zoun
th sÔgklish   mh miac akoloujÐac. Qrhsimopoi¸ntac thn 'Askhsh 2.1.6 deÐxte ta ex c:

1. 'Estwm ∈ N. H akoloujÐa (an) sugklÐnei an kai mìno an h akoloujÐa (bn) = (am+n−1)
sugklÐnei, kai m�lista limn an = limn am+n−1.

2. 'Estw (an) kai (bn) dÔo akoloujÐec pou diafèroun se peperasmènouc to pl joc ìrouc:
up�rqei m ∈ N ¸ste an = bn gia k�je n ≥ m. An h (an) sugklÐnei ston a tìte h (bn)
sugklÐnei ki aut  ston a.

Orismìc 2.2.6. H akoloujÐa (an) lègetai fragmènh an mporoÔme na broÔme k�poion
M > 0 me thn idiìthta

|an| ≤M gia k�je n ∈ N.

Je¸rhma 2.2.7. K�je sugklÐnousa akoloujÐa eÐnai fragmènh.

Apìdeixh. 'Estw ìti an → a ∈ R. PaÐrnoume ε = 1 > 0. MporoÔme na broÔme n0 ∈ N
¸ste |an − a| < 1 gia k�je n ≥ n0. Dhlad ,

an n ≥ n0, tìte |an| ≤ |an − a|+ |a| < 1 + |a|.

Jètoume

M = max{|a1|, . . . , |an0 |, 1 + |a|}

kai eÔkola elègqoume ìti |an| ≤ M gia k�je n ∈ N (diakrÐnete peript¸seic: n ≤ n0 kai
n > n0). 'Ara, h (an) eÐnai fragmènh. 2
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2.2bþ AkoloujÐec pou teÐnoun sto �peiro

Orismìc 2.2.8. 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n.

(a) Lème ìti an → +∞ (h akoloujÐa teÐnei sto +∞) an gia k�je M > 0 (osod pote
meg�lo) up�rqei fusikìc n0 = n0(M) ¸ste

an n ≥ n0, tìte an > M.

(b) Lème ìti an → −∞ (h akoloujÐa teÐnei sto −∞) an gia k�je M > 0 (osod pote
meg�lo) up�rqei fusikìc n0 = n0(M) ¸ste

an n ≥ n0, tìte an < −M.

Parat rhsh 2.2.9. Qrhsimopoi same th lèxh {teÐnei} sto ±∞: sumfwnoÔme pwc mia
akoloujÐa (an) sugklÐnei mìno an sugklÐnei se k�poion pragmatikì arijmì a (o opoÐoc
lègetai kai ìrio thc (an)). Se ìlec tic �llec peript¸seic ja lème ìti h akoloujÐa
apoklÐnei.

2.2gþ H �rnhsh tou orismoÔ

KleÐnoume aut n thn Par�grafo me thn akrib  diatÔpwsh thc �rnhshc tou orismoÔ tou
orÐou. JumhjeÐte ìti:

{h (an) sugklÐnei ston a an k�je ε�perioq  tou a perièqei k�poio telikì tm ma
thc (an)}.

Epomènwc, h (an) den sugklÐnei ston a an up�rqei perioq  (a− ε, a+ ε) tou a h opoÐa
den perièqei kanèna telikì tm ma thc (an). IsodÔnama,

{h (an) den sugklÐnei ston a an up�rqei ε > 0 ¸ste: k�je telikì tm ma
(am, am+1, . . .) thc (an) èqei toul�qiston ènan ìro pou den an kei sto (a −
ε, a+ ε)}.

Parathr ste ìti an (am, am+1, . . .) eÐnai èna telikì tm ma thc (an) tìte: to (am, am+1, . . .)
den perièqetai sto (a− ε, a+ ε) an kai mìno an up�rqei n ≥ m ¸ste an /∈ (a− ε, a+ ε),
dhlad  |an − a| ≥ ε. Katal goume loipìn sthn ex c prìtash:

{h (an) den sugklÐnei ston a an up�rqei ε > 0 ¸ste: gia k�je m ∈ N up�rqei
n ≥ m ¸ste |an − a| ≥ ε}.

'Askhsh 2.2.10. DeÐxte ìti h akoloujÐa (an) den sugklÐnei ston a an kai mìno an up�rqei
ε > 0 ¸ste �peiroi to pl joc ìroi thc (an) ikanopoioÔn thn |an − a| ≥ ε.
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2.3 'Algebra twn orÐwn
'Olec oi basikèc idiìthtec twn orÐwn akolouji¸n apodeiknÔontai eÔkola me b�sh ton
orismì.

Prìtash 2.3.1. an → a an kai mìno an an − a→ 0 an kai mìno an |an − a| → 0.

Apìdeixh. ArkeÐ na gr�youme touc treÐc orismoÔc:

(i) 'Eqoume an → a an gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei
|an − a| < ε.

(ii) 'Eqoume an − a → 0 an gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na
isqÔei |(an − a)− 0| < ε.

(iii) 'Eqoume |an − a| → 0 an gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na
isqÔei

∣∣ |an − a| − 0
∣∣ < ε.

Parathr¸ntac ìti |an− a| = |(an− a)− 0| =
∣∣ |an− a| − 0

∣∣ gia k�je n ∈ N blèpoume ìti
oi treic prot�seic lène akrib¸c to Ðdio pr�gma. 2

Prìtash 2.3.2. an → 0 an kai mìno an |an| → 0.

Apìdeixh. Eidik  perÐptwsh thc Prìtashc 2.3.1 (a = 0). 2

Prìtash 2.3.3. An an → a tìte |an| → |a|.

Apìdeixh. 'Estw ε > 0. AfoÔ an → a, up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei
|an − a| < ε. Tìte, gia k�je n ≥ n0 èqoume∣∣ |an| − |a|

∣∣ ≤ |an − a| < ε,

apì thn trigwnik  anisìthta gia thn apìluth tim . 2

Prìtash 2.3.4. An an → a kai bn → b tìte an + bn → a+ b.

Apìdeixh. 'Estw ε > 0. AfoÔ an → a, up�rqei n1 ∈ N ¸ste gia k�je n ≥ n1 na isqÔei

|an − a| <
ε

2
.

OmoÐwc, afoÔ bn → b, up�rqei n2 ∈ N ¸ste gia k�je n ≥ n2 na isqÔei

|bn − b| <
ε

2
.

Jètoume n0 = max{n1, n2}. Tìte, gia k�je n ≥ n0 èqoume tautìqrona |an − a| < ε/2
kai |bn − b| < ε/2. 'Ara, gia k�je n ≥ n0 èqoume

|(an + bn)− (a+ b)| = |(an − a) + (bn − b)| ≤ |an − a|+ |bn − b| <
ε

2
+
ε

2
= ε.

AfoÔ to ε > 0  tan tuqìn, autì deÐqnei ìti an + bn → a+ b. 2
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Prìtash 2.3.5. 'Estw (an) kai (bn) dÔo akoloujÐec. Upojètoume ìti h (bn) eÐnai frag-
mènh kai ìti an → 0. Tìte, anbn → 0.

Apìdeixh. H (bn) eÐnai fragmènh, �ra up�rqei M > 0 ¸ste |bn| ≤ M gia k�je n ∈ N.
'Estw ε > 0. AfoÔ an → 0, up�rqei n0 ∈ N ¸ste

|an| = |an − 0| < ε

M

gia k�je n ≥ n0. 'Epetai ìti, an n ≥ n0 tìte

|anbn| = |an||bn| <
ε

M
·M = ε.

AfoÔ to ε > 0  tan tuqìn, autì deÐqnei ìti anbn → 0. 2

Prìtash 2.3.6. An an → a kai t ∈ R tìte tan → ta.

Apìdeixh. Apì thn an → a èpetai ìti an − a → 0. JewroÔme thn stajer  akoloujÐa
bn = t. Apì thn prohgoÔmenh Prìtash èqoume

tan − ta = t(an − a) = bn(an − a)→ 0.

Sunep¸c, tan → ta. 2

Prìtash 2.3.7. An an → a kai bn → b, tìte anbn → ab.

Apìdeixh. Gr�foume
anbn − ab = an(bn − b) + b(an − a).

ParathroÔme ta ex c:

(i) H (an) sugklÐnei, �ra eÐnai fragmènh. AfoÔ bn − b → 0, h Prìtash 2.3.5 deÐqnei
ìti an(bn − b)→ 0.

(ii) AfoÔ an − a→ 0, h Prìtash 2.3.6 deÐqnei ìti b(an − a)→ 0.

T¸ra, h Prìtash 2.3.4 deÐqnei ìti

an(bn − b) + b(an − a)→ 0 + 0 = 0.

Dhlad , anbn − ab→ 0. 2

Prìtash 2.3.8. 'Estw k ∈ N, k ≥ 2. An an → a tìte ak
n → ak.

Apìdeixh. Me epagwg  wc proc k. An an → a kai an gnwrÐzoume ìti am
n → am, tìte

am+1
n = an · am

n → a · am = am+1

apì thn Prìtash 2.3.7. 2
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Prìtash 2.3.9. 'Estw (an) kai (bn) akoloujÐec me bn 6= 0 gia k�je n ∈ N. An an → a
kai bn → b 6= 0, tìte an

bn
→ a

b .

Apìdeixh. ArkeÐ na deÐxoume ìti 1
bn
→ 1

b . Katìpin, efarmìzoume thn Prìtash 2.3.7 gia

tic (an) kai
(

1
bn

)
.

Autì pou jèloume na gÐnei mikrì gia meg�lec timèc tou n eÐnai h posìthta∣∣∣∣ 1
bn
− 1
b

∣∣∣∣ =
|b− bn|
|bn||b|

.

Isqurismìc. Up�rqei n1 ∈ N ¸ste: gia k�je n ≥ n1,

|bn| >
|b|
2
.

Gia thn apìdeixh autoÔ tou isqurismoÔ epilègoume ε = |b|
2 > 0 kai, lìgw thc bn → b,

brÐskoume n1 ∈ N ¸ste: an n ≥ n1 tìte |bn − b| < |b|
2 . Tìte, gia k�je n ≥ n1 isqÔei

∣∣ |bn| − |b| ∣∣ ≤ |bn − b| < |b|2 .
Apì thn teleutaÐa anisìthta èpetai ìti |bn| > |b|

2 gia k�je n ≥ n1.

O isqurismìc èqei thn ex c sunèpeia: an n ≥ n1 tìte∣∣∣∣ 1
bn
− 1
b

∣∣∣∣ ≤ 2|b− bn|
|b|2

.

T¸ra mporoÔme na deÐxoume ìti 1
bn
→ 1

b . 'Estw ε > 0. AfoÔ bn → b, up�rqei n2 ∈ N
¸ste |b− bn| < ε|b|2

2 gia k�je n ≥ n2. Epilègoume n0 = max{n1, n2}. An n ≥ n0, tìte∣∣∣∣ 1
bn
− 1
b

∣∣∣∣ ≤ 2|b− bn|
|b|2

< ε.

Me b�sh ton orismì, 1
bn
→ 1

b . 2

Prìtash 2.3.10. 'Estw k ∈ N, k ≥ 2. An an ≥ 0 gia k�je n ∈ N kai an an → a, tìte
k
√
an → k

√
a.

Apìdeixh. DiakrÐnoume dÔo peript¸seic:

(a) an → 0: 'Estw ε > 0. AfoÔ an → 0, efarmìzontac ton orismì gia ton jetikì arijmì
ε1 = εk brÐskoume n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei

0 ≤ an < εk.
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Tìte, gia k�je n ≥ n0 isqÔei

0 ≤ k
√
an <

k
√
εk = ε.

'Ara, k
√
an → 0.

(b) an → a > 0: JumhjeÐte ìti an x, y ≥ 0 tìte

|xk − yk| = |x− y|(xk−1 + xk−2y + · · ·+ xyk−2 + yk−1) ≥ |x− y|yk−1.

Qrhsimopoi¸ntac aut n thn anisìthta me x = k
√
an kai y = k

√
a blèpoume ìti∣∣ k

√
an − k

√
a
∣∣ ≤ |an − a|

k
√
ak−1

.

'Estw ε > 0. AfoÔ an → 0, efarmìzontac ton orismì gia ton jetikì arijmì ε1 = k
√
ak−1·ε,

brÐskoume n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei

|an − a| <
k
√
ak−1 · ε.

Tìte, gia k�je n ≥ n0 isqÔei ∣∣ k
√
an − k

√
a
∣∣ ≤ |an − a|

k
√
ak−1

< ε.

Sunep¸c, k
√
an → k

√
a. 2

Prìtash 2.3.11. An an ≤ bn gia k�je n ∈ N kai an an → a, bn → b, tìte a ≤ b.

Apìdeixh. Upojètoume ìti a > b. An jèsoume ε = a−b
2 tìte up�rqoun n1, n2 ∈ N ¸ste:

gia k�je n ≥ n1 isqÔei

|an − a| <
a− b

2
=⇒ an > a− a− b

2
=
a+ b

2
,

kai gia k�je n ≥ n2 isqÔei

|bn − b| <
a− b

2
=⇒ bn < b+

a− b
2

=
a+ b

2
.

Jètoume n0 = max{n1, n2}. Tìte, gia k�je n ≥ n0 èqoume

bn <
a+ b

2
< an,

to opoÐo eÐnai �topo. 2

Prìtash 2.3.12. An m ≤ an ≤M gia k�je n ∈ N kai an an → a, tìte m ≤ a ≤M .

Apìdeixh. JewroÔme tic stajerèc akoloujÐec bn = m, γn = M kai efarmìzoume thn
prohgoÔmenh Prìtash. 2



2.4 Basik� ìria kai basik� krit ria sÔgklishs · 45

2.4 Basik� ìria kai basik� krit ria sÔgklishc
Se aut  thn Par�grafo brÐskoume ta ìria k�poiwn sugkekrimènwn akolouji¸n oi opoÐec
emfanÐzontai polÔ suqn� sth sunèqeia. Me th bo jeia aut¸n twn {basik¸n orÐwn}
apodeiknÔoume dÔo polÔ qr sima krit ria sÔgklishc akolouji¸n sto 0   sto +∞.

2.4aþ Basik� ìria

Prìtash 2.4.1. An a > 1, tìte h akoloujÐa xn = an teÐnei sto +∞.

Apìdeixh. AfoÔ a > 1, up�rqei θ > 0 ¸ste a = 1 + θ. Apì thn anisìthta Bernoulli
paÐrnoume

xn = (1 + θ)n ≥ 1 + nθ > nθ

gia k�je n ∈ N.
'Estw t¸ra M > 0. Apì thn Arqim deia idiìthta, up�rqei n0 ∈ N ¸ste n0 > M/θ.

Tìte, gia k�je n ≥ n0 èqoume

xn > nθ ≥ n0θ > M.

'Epetai ìti xn → +∞. 2

Prìtash 2.4.2. An 0 < a < 1, tìte h akoloujÐa xn = an sugklÐnei sto 0.

Apìdeixh. 'Eqoume 1
a > 1, �ra up�rqei θ > 0 ¸ste 1

a = 1+θ. Apì thn anisìthta Bernoulli
paÐrnoume

1
xn

= (1 + θ)n ≥ 1 + nθ > nθ

dhlad 

0 < xn <
1
nθ

gia k�je n ∈ N. Apì thn 1
nθ → 0 kai apì to krit rio twn isosugklinous¸n akolouji¸n

èpetai ìti xn → 0. 2

Prìtash 2.4.3. An a > 0, tìte h akoloujÐa xn = n
√
a→ 1.

Apìdeixh. (a) Exet�zoume pr¸ta thn perÐptwsh a > 1. Tìte, n
√
a > 1 gia k�je n ∈ N.

OrÐzoume
θn = n

√
a− 1 = xn − 1.

Parathr ste ìti θn > 0 gia k�je n ∈ N. An deÐxoume ìti θn → 0, tìte èqoume to
zhtoÔmeno: xn = 1 + θn → 1.

AfoÔ n
√
a = 1 + θn, mporoÔme na gr�youme

a = (1 + θn)n ≥ 1 + nθn > nθn.
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'Epetai ìti

0 < θn <
a

n
,

kai apì to krit rio twn isosugklinous¸n akolouji¸n sumperaÐnoume ìti θn → 0. Sunep¸c,
xn = 1 + θn → 1.

(b) An 0 < a < 1 tìte 1
a > 1. Apì to (a) èqoume

1
xn

=
1

n
√
a

= n

√
1
a
→ 1 6= 0.

Sunep¸c, xn → 1.

(g) Tèloc, an a = 1 tìte xn = n
√

1 = 1 gia k�je n ∈ N. EÐnai t¸ra fanerì ìti xn → 1.
2

Prìtash 2.4.4. H akoloujÐa xn = n
√
n→ 1.

Apìdeixh. MimoÔmaste thn apìdeixh thc prohgoÔmenhc Prìtashc. OrÐzoume

θn = n
√
n− 1 = xn − 1.

Parathr ste ìti θn > 0 gia k�je n ∈ N. An deÐxoume ìti θn → 0, tìte èqoume to
zhtoÔmeno: xn = 1 + θn → 1.

AfoÔ n
√
n = 1+θn, qrhsimopoi¸ntac to diwnumikì an�ptugma, mporoÔme na gr�youme

n = (1 + θn)n ≥ 1 + nθn +
(
n

2

)
θ2n >

n(n− 1)
2

θ2n.

'Epetai ìti, gia n ≥ 2,

0 < θn <

√
2

n− 1
,

kai apì to krit rio twn isosugklinous¸n akolouji¸n sumperaÐnoume ìti θn → 0. Sunep¸c,
xn = 1 + θn → 1. 2

2.4bþ Krit rio thc rÐzac kai krit rio tou lìgou

Prìtash 2.4.5 (krit rio tou lìgou). 'Estw (an) akoloujÐa mh mhdenik¸n ìrwn (an 6=
0).

(a) An an > 0 gia k�je n ∈ N kai an+1
an
→ ` > 1, tìte an → +∞.

(b) An

∣∣∣∣an+1
an

∣∣∣∣→ ` < 1, tìte an → 0.
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Apìdeixh. (a) Jètoume ε = `−1
2 > 0. AfoÔ an+1

an
→ `, up�rqei n0 ∈ N ¸ste: gia k�je

n ≥ n0,
an+1

an
> `− ε =

`+ 1
2

.

Parathr ste ìti θ := `+1
2 > 1. Tìte, an0+1 > θan0 , an0+2 > θ2an0 , an0+3 > θ3an0 , kai

genik�, an n > n0 isqÔei (exhg ste giatÐ)

an > θn−n0an0 =
an0

θn0
· θn.

AfoÔ lim
n→∞

θn = +∞, èpetai ìti an → +∞.

(b) Jètoume ε = 1−`
2 > 0. AfoÔ

∣∣∣an+1
an

∣∣∣→ `, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,∣∣∣∣an+1

an

∣∣∣∣ < `+ ε =
`+ 1

2
.

Parathr ste ìti ρ := `+1
2 < 1. Tìte, |an0+1| < ρ|an0 |, |an0+2| < ρ2|an0 |, |an0+3| <

ρ3|an0 |, kai genik�, an n > n0 isqÔei (exhg ste giatÐ)

|an| < ρn−n0 |an0 | =
|an0 |
ρn0

· ρn.

AfoÔ lim
n→∞

ρn = 0, èpetai ìti an → 0. 2

Parat rhsh 2.4.6. An an+1
an
→ 1 tìte to krit rio den dÐnei sumpèrasma. Gia par�deigma,

n+1
n → 1 kai n→∞, ìmwc 1/(n+1)

1/n → 1 kai 1/n→ 0.

Entel¸c an�loga apodeiknÔetai h akìloujh Prìtash.

Prìtash 2.4.7. (a) 'Estw µ > 1 kai (an) akoloujÐa jetik¸n ìrwn. An an+1 ≥ µan gia
k�je n, tìte an → +∞.

(b) 'Estw 0 < µ < 1 kai (an) akoloujÐa me thn idiìthta |an+1| ≤ µ|an| gia k�je n. Tìte,
an → 0. 2

Prìtash 2.4.8 (krit rio thc rÐzac). 'Estw (an) akoloujÐa me mh arnhtikoÔc ìrouc.

(a) An n
√
an → ρ < 1 tìte an → 0.

(b) An n
√
an → ρ > 1 tìte an → +∞.

Apìdeixh. (a) Jètoume ε = 1−ρ
2 > 0. AfoÔ n

√
an → ρ, up�rqei n0 ∈ N ¸ste: gia k�je

n ≥ n0,

n
√
an < ρ+ ε =

ρ+ 1
2

.
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Parathr ste ìti θ := ρ+1
2 < 1 kai

0 ≤ an ≤ θn gia k�je n ≥ n0.

AfoÔ 0 < θ < 1, èqoume lim
n→∞

θn = 0. Apì to krit rio twn isosugklinous¸n akolouji¸n

èpetai ìti an → 0.
(b) Jètoume ε = ρ−1

2 > 0. AfoÔ n
√
an → ρ, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,

n
√
an > ρ− ε =

ρ+ 1
2

.

Parathr ste ìti θ := ρ+1
2 > 1 kai

an ≥ θn gia k�je n ≥ n0.

AfoÔ θ > 1, èqoume lim
n→∞

θn = +∞. 'Epetai ìti an → +∞. 2

Parat rhsh 2.4.9. An n
√
an → 1 tìte to krit rio den dÐnei sumpèrasma. Gia par�deigma,

n
√
n→ 1 kai n→∞, ìmwc n

√
1/n→ 1 kai 1/n→ 0.

Entel¸c an�loga apodeiknÔetai h ex c Prìtash.

Prìtash 2.4.10. 'Estw (an) akoloujÐa me mh arnhtikoÔc ìrouc.

(a) An up�rqei 0 < ρ < 1 ¸ste n
√
an ≤ ρ gia k�je n ∈ N tìte an → 0.

(b) An up�rqei ρ > 1 ¸ste n
√
an ≥ ρ gia k�je n ∈ N tìte an → +∞. 2

2.5 SÔgklish monìtonwn akolouji¸n
2.5aþ SÔgklish monìtonwn akolouji¸n

Orismìc 2.5.1. 'Estw (an) mia akoloujÐa pragmatik¸n arijm¸n. Lème ìti h (an) eÐnai

(i) aÔxousa, an an+1 ≥ an gia k�je n ∈ N.

(ii) fjÐnousa, an an+1 ≤ an gia k�je n ∈ N.

(iii) gnhsÐwc aÔxousa, an an+1 > an gia k�je n ∈ N.

(iv) gnhsÐwc fjÐnousa, an an+1 < an gia k�je n ∈ N.

Se kajemÐa apì tic parap�nw peript¸seic lème ìti h (an) eÐnai monìtonh.

Parathr seic 2.5.2. (a) EÔkola elègqoume ìti an h (an) eÐnai aÔxousa tìte

n ≤ m =⇒ an ≤ am.
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DeÐxte to me epagwg : stajeropoi ste to n kai deÐxte ìti an an ≤ am tìte an ≤ am+1.
AntÐstoiqo sumpèrasma isqÔei gia ìlouc touc �llouc tÔpouc monotonÐac.

(b) K�je gnhsÐwc aÔxousa akoloujÐa eÐnai aÔxousa kai k�je gnhsÐwc fjÐnousa akoloujÐa
eÐnai fjÐnousa.

(g) K�je aÔxousa akoloujÐa eÐnai k�tw fragmènh, gia par�deigma apì ton pr¸to thc ìro
a1. Sunep¸c, mia aÔxousa akoloujÐa eÐnai fragmènh an kai mìno an eÐnai �nw fragmènh.

Entel¸c an�loga, k�je fjÐnousa akoloujÐa eÐnai �nw fragmènh, gia par�deigma apì
ton pr¸to thc ìro a1. Sunep¸c, mia fjÐnousa akoloujÐa eÐnai fragmènh an kai mìno an
eÐnai k�tw fragmènh.

H diaÐsjhsh upodeiknÔei ìti an mia akoloujÐa eÐnai monìtonh kai fragmènh, tìte prèpei
na sugklÐnei. Gia par�deigma, an h (an) eÐnai aÔxousa kai �nw fragmènh, tìte oi ìroi thc
susswreÔontai sto el�qisto �nw fr�gma tou sunìlou A = {an : n ∈ N}. Ja d¸soume
austhr  apìdeixh gi� autì:

Je¸rhma 2.5.3 (sÔgklish monìtonwn akolouji¸n). K�je monìtonh kai fragmènh
akoloujÐa sugklÐnei.

Apìdeixh. QwrÐc periorismì thc genikìthtac upojètoume ìti h (an) eÐnai aÔxousa. To
sÔnolo A = {an : n ∈ N} eÐnai mh kenì (gia par�deigma, a1 ∈ A) kai �nw fragmèno diìti
h (an) eÐnai (�nw) fragmènh. Apì to axÐwma thc plhrìthtac, up�rqei to el�qisto �nw
fr�gma tou. 'Estw a = supA. Ja deÐxoume ìti an → a.

'Estw ε > 0. AfoÔ a− ε < a, o a− ε den eÐnai �nw fr�gma tou A. Dhlad , up�rqei
stoiqeÐo tou A pou eÐnai megalÔtero apì ton a− ε. Me �lla lìgia, up�rqei n0 ∈ N ¸ste

a− ε < an0 .

AfoÔ h an eÐnai aÔxousa, gia k�je n ≥ n0 èqoume an0 ≤ an kai epeid  o a eÐnai �nw
fr�gma tou A, an ≤ a. Dhlad , an n ≥ n0 tìte

a− ε < an0 ≤ an ≤ a < a+ ε

'Epetai ìti |an − a| < ε gia k�je n ≥ n0. AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti
an → a. 2

Me parìmoio trìpo apodeiknÔontai ta ex c:

(i) An h (an) eÐnai fjÐnousa kai k�tw fragmènh, tìte an → inf{an : n ∈ N}.

(ii) An h (an) eÐnai aÔxousa kai den eÐnai �nw fragmènh, tìte teÐnei sto +∞.

(iii) An h (an) eÐnai fjÐnousa kai den eÐnai k�tw fragmènh, tìte teÐnei sto −∞.

Ac doÔme gia par�deigma thn apìdeixh tou deÔterou isqurismoÔ: 'Estw M > 0. AfoÔ h
(an) den eÐnai �nw fragmènh, o M den eÐnai �nw fr�gma tou sunìlou A = {an : n ∈ N}.
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Sunep¸c, up�rqei n0 ∈ N ¸ste an0 > M . AfoÔ h (an) eÐnai aÔxousa, gia k�je n ≥ n0

èqoume
an ≥ an0 > M.

AfoÔ o M > 0  tan tuq¸n, an → +∞. 2

2.5bþ O arijmìc e

Qrhsimopoi¸ntac to je¸rhma sÔgklishc monìtonwn akolouji¸n ja orÐsoume ton arijmì
e kai ja doÔme p¸c mporeÐ kaneÐc sqetik� eÔkola na epitÔqei kalèc proseggÐseic tou.

Prìtash 2.5.4. H akoloujÐa an =
(
1 + 1

n

)n
sugklÐnei se k�poion pragmatikì arijmì

pou an kei sto (2, 3). OrÐzoume e := lim
n→∞

(
1 + 1

n

)n
.

Apìdeixh. Ja deÐxoume ìti h (an) eÐnai gnhsÐwc aÔxousa kai �nw fragmènh.

(a) Jèloume na elègxoume ìti an < an+1 gia k�je n ∈ N. ParathroÔme ìti(
1 +

1
n

)n

<

(
1 +

1
n+ 1

)n+1

⇐⇒
(
n+ 1
n

)n

<

(
n+ 2
n+ 1

)n
n+ 2
n+ 1

⇐⇒ n+ 1
n+ 2

<

(
n(n+ 2)
(n+ 1)2

)n

⇐⇒ 1− 1
n+ 2

<

(
1− 1

(n+ 1)2

)n

.

Apì thn anisìthta Bernoulli èqoume(
1− 1

(n+ 1)2

)n

> 1− n

(n+ 1)2
.

ArkeÐ loipìn na elègxoume ìti
n

(n+ 1)2
<

1
n+ 2

,

to opoÐo isqÔei gia k�je n ∈ N.
(b) Gia na deÐxoume ìti h (an) eÐnai �nw fragmènh, jewroÔme thn akoloujÐa bn =

(
1 + 1

n

)n+1
.

Parathr ste ìti an < bn gia k�je n ∈ N.
H (bn) eÐnai gnhsÐwc fjÐnousa: gia na deÐxoume ìti bn > bn+1 gia k�je n ∈ N

parathroÔme ìti(
1 +

1
n

)n+1

>

(
1 +

1
n+ 1

)n+2

⇐⇒
(
n+ 1
n

)n+1

>

(
n+ 2
n+ 1

)n+1
n+ 2
n+ 1

⇐⇒ n+ 2
n+ 1

<

(
(n+ 1)2

n(n+ 2)

)n+1

⇐⇒ 1 +
1

n+ 1
<

(
1 +

1
n(n+ 2)

)n+1

.
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Apì thn anisìthta Bernoulli èqoume(
1 +

1
n(n+ 2)

)n+1

> 1 +
n+ 1

n(n+ 2)
.

ArkeÐ loipìn na elègxoume ìti

n+ 1
n(n+ 2)

>
1

n+ 1
,

to opoÐo isqÔei gia k�je n ∈ N.
'Epetai ìti an < bn < b1 gia k�je n ∈ N. Dhlad , an < (1 + 1)2 = 4 gia k�je n ∈ N.

EpÐshc, h fjÐnousa akoloujÐa (bn) eÐnai k�tw fragmènh: bn > an > a1 = 2 gia k�je
n ∈ N.
Apì to je¸rhma sÔgklishc monìtonwn akolouji¸n, oi (an) kai (bn) sugklinoun. 'Eqoun
m�lista to Ðdio ìrio: afoÔ bn = an ·

(
1 + 1

n

)
, sumperaÐnoume ìti

lim
n→∞

bn = lim
n→∞

an · lim
n→∞

(
1 +

1
n

)
= lim

n→∞
an.

Onom�zoume e to koinì ìrio twn (an) kai (bn). 'Eqoume  dh deÐ ìti 2 < e < 4. Gia na
proseggÐsoume thn tim  tou orÐou kalÔtera, parathroÔme ìti, gia par�deigma, an n ≥ 5
tìte a5 < an < e < bn < b5, kai sunep¸c,

2.48832 =
(

6
5

)5

< e <

(
6
5

)6

= 2.985984.

Dhlad , 2 < e < 3. 2

2.5gþ Arq  twn kibwtismènwn diasthm�twn

Mia shmantik  efarmog  tou Jewr matoc 2.5.3 eÐnai h {arq  twn kibwtismènwn diasth-
m�twn}:

Je¸rhma 2.5.5. 'Estw [a1, b1] ⊇ · · · ⊇ [an, bn] ⊇ [an+1, bn+1] ⊇ · · · mia fjÐnousa
akoloujÐa kleist¸n diasthm�twn. Tìte,

∞⋂
n=1

[an, bn] 6= ∅.

An epiplèon bn − an → 0, tìte to sÔnolo
⋂∞

n=1[an, bn] perièqei akrib¸c ènan pragmatikì
arijmì (eÐnai monosÔnolo).
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Apìdeixh. Apì thn [an, bn] ⊇ [an+1, bn+1] èpetai ìti

an ≤ an+1 ≤ bn+1 ≤ bn

gia k�je n ∈ N. Sunep¸c, h (an) eÐnai aÔxousa kai h (bn) eÐnai fjÐnousa.
Apì thn [an, bn] ⊆ [a1, b1] blèpoume ìti

a1 ≤ an ≤ bn ≤ b1

gia k�je n ∈ N. Sunep¸c, h (an) eÐnai �nw fragmènh apì ton b1 kai h (bn) eÐnai k�tw
fragmènh apì ton a1.

Apì to je¸rhma sÔgklishc monìtonwn akolouji¸n, up�rqoun a, b ∈ R ¸ste

an → a kai bn → b.

AfoÔ an ≤ bn gia k�je n ∈ N, h Prìtash 2.3.11 deÐqnei ìti a ≤ b. EpÐshc, h monotonÐa
twn (an), (bn) dÐnei

an ≤ a kai b ≤ bn
gia k�je n ∈ N, dhlad 

[a, b] ⊆
∞⋂

n=1

[an, bn],

ìpou sumfwnoÔme ìti [a, b] = {a} = {b} an a = b. Eidikìtera,

∞⋂
n=1

[an, bn] 6= ∅.

IsqÔei m�lista ìti

[a, b] =
∞⋂

n=1

[an, bn].

Pr�gmati, an x ∈
⋂∞

n=1[an, bn] tìte an ≤ x ≤ bn gia k�je n ∈ N, �ra a = limn an ≤ x ≤
limn bn = b. Dhlad , x ∈ [a, b].
Tèloc, an upojèsoume ìti bn − an → 0, èqoume

b− a = lim
n
bn − lim

n
an = lim

n
(bn − an) = 0.

Dhlad , a = b. 'Ara to sÔnolo
⋂∞

n=1[an, bn] perièqei akrib¸c ènan pragmatikì arijmì:
ton a(= b). 2

Parat rhsh 2.5.6. H upìjesh ìti ta kibwtismèna diast mata tou Jewr matoc 2.5.5
eÐnai kleist� den mporeÐ na paraleifjeÐ. Gia par�deigma, jewr ste ta anoikt� diast mata
(an, bn) =

(
0, 1

n

)
. 'Eqoume

(0, 1) ⊇
(

0,
1
2

)
⊇ · · · ⊇

(
0,

1
n

)
⊇

(
0,

1
n+ 1

)
⊇ · · · ,
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ìmwc
∞⋂

n=1

(
0,

1
n

)
= ∅.

Ali¸c, ja up rqe x > 0 pou ja ikanopoioÔse thn x < 1
n gia k�je n ∈ N. Autì eÐnai

adÔnato, lìgw thc Arqim deiac idiìthtac.

2.5dþ Anadromikèc akoloujÐec

KleÐnoume aut n thn Par�grafo me èna par�deigma anadromik c akoloujÐac. H teqnik 
pou qrhsimopoioÔme gia th melèth thc sÔgklishc anadromik¸n akolouji¸n basÐzetai
suqn� sto je¸rhma sÔgklishc monìtonwn akolouji¸n.

Par�deigma 2.5.7. JewroÔme thn akoloujÐa (an) pou èqei pr¸to ìro ton a1 = 1 kai
ikanopoieÐ thn anadromik  sqèsh an+1 =

√
1 + an gia n ≥ 1. Ja deÐxoume ìti h (an)

sugklÐnei ston arijmì 1+
√

5
2 .

Apìdeixh. Apì ton trìpo orismoÔ thc (an) eÐnai fanerì ìti ìloi oi ìroi thc eÐnai jetikoÐ
(deÐxte to austhr� me epagwg ).

Ac upojèsoume ìti èqoume katafèrei na deÐxoume ìti an → a gia k�poion a ∈ R. Tìte,

an+1 → a kai
√

1 + an →
√

1 + a.

AfoÔ an+1 =
√

1 + an, apì th monadikìthta tou orÐou o a prèpei na ikanopoieÐ thn
exÐswsh a =

√
1 + a, dhlad  a2 − a− 1 = 0. Sunep¸c,

a =
1 +
√

5
2

  a =
1−
√

5
2

.

'Omwc, to ìrio thc (an), an up�rqei, eÐnai mh arnhtikì. 'Ara, a = 1+
√

5
2 .

Mènei na deÐxoume thn Ôparxh tou orÐou. ParathroÔme ìti a2 =
√

2 > 1 = a1. Mia
idèa eÐnai loipìn na deÐxoume ìti eÐnai aÔxousa kai �nw fragmènh. Tìte, apì to je¸rhma

sÔgklishc monìtonwn akolouji¸n, h (an) sugklinei (kai to ìrio thc eÐnai o 1+
√

5
2 ).

(a) DeÐqnoume me epagwg  ìti an+1 ≥ an gia k�je n ∈ N. 'Eqoume  dh elègxei ìti
a2 > a1. Upojètontac ìti am+1 ≥ am, paÐrnoume

am+2 =
√

1 + am+1 ≥
√

1 + am = am+1,

dhlad  èqoume deÐxei to epagwgikì b ma.

(b) Tèloc, deÐqnoume me epagwg  ìti h (an) eÐnai �nw fragmènh. Apì th stigm  pou èqoume
deÐxei ìti h (an) eÐnai aÔxousa, ja èprepe na mporoÔme na deÐxoume ìti k�je pragmatikìc

arijmìc megalÔteroc   Ðsoc apì to {upoy fio ìrio} 1+
√

5
2 eÐnai �nw fr�gma thc (an). Gia

par�deigma, mporoÔme eÔkola na doÔme ìti an < 2 gia k�je n ∈ N. 'Eqoume a1 = 1 < 2
kai an am < 2 tìte am+1 =

√
1 + am <

√
1 + 2 =

√
3 < 2. 2
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2.6 Ask seic
Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. K�je fragmènh akoloujÐa sugklÐnei.

2. K�je sugklÐnousa akoloujÐa eÐnai fragmènh.

3. An (an) eÐnai mia akoloujÐa akeraÐwn arijm¸n, tìte h (an) sugklÐnei an kai mìno an eÐnai
telik� stajer .

4. Up�rqei gnhsÐwc fjÐnousa akoloujÐa fusik¸n arijm¸n.

5. K�je sugklÐnousa akoloujÐa �rrhtwn arijm¸n sugklÐnei se �rrhto arijmì.

6. K�je pragmatikìc arijmìc eÐnai ìrio k�poiac akoloujÐac �rrhtwn arijm¸n.

7. An (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n, tìte an → 0 an kai mìno an
1

an
→ +∞.

8. An an → a tìte h (an) eÐnai monìtonh.

9. 'Estw (an) aÔxousa akoloujÐa. An h (an) den eÐnai �nw fragmènh, tìte an → +∞.

10. An h (an) eÐnai fragmènh kai h (bn) sugklÐnei tìte h (anbn) sugklÐnei.

11. An h (|an|) sugklÐnei tìte kai h (an) sugklÐnei.

12. An an > 0 kai h (an) den eÐnai �nw fragmènh, tìte an → +∞.

13. an → +∞ an kai mìno an gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou eÐnai
megalÔteroi apì M .

14. An h (an) sugklÐnei kai an+2 = an gia k�je n ∈ N, tìte h (an) eÐnai stajer .

UpenjÔmish apì th jewrÐa

1. 'Estw (an), (bn) dÔo akoloujÐec me an → a kai bn → b.

(a) An an ≤ bn gia k�je n ∈ N, deÐxte ìti a ≤ b.

(b) An an < bn gia k�je n ∈ N, mporoÔme na sumper�noume ìti a < b?

(g) An m ≤ an ≤ M gia k�je n ∈ N, deÐxte ìti m ≤ a ≤ M .
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2. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n.

(a) DeÐxte ìti an → 0 an kai mìno an |an| → 0.

(b) DeÐxte ìti an an → a 6= 0 tìte |an| → |a|. IsqÔei to antÐstrofo?

(g) 'Estw k ≥ 2. DeÐxte ìti an an → a tìte k
√
|an| → k

√
|a|.

3. (a) 'Estw µ > 1 kai an > 0 gia k�je n ∈ N. An an+1 ≥ µan gia k�je n, deÐxte ìti an → +∞.

(b) 'Estw 0 < µ < 1 kai (an) akoloujÐa me thn idiìthta |an+1| ≤ µ|an| gia k�je n. DeÐxte ìti
an → 0.

(g) 'Estw an > 0 gia k�je n, kai
an+1

an
→ ` > 1. DeÐxte ìti an → +∞.

(d) 'Estw an 6= 0 gia k�je n, kai

∣∣∣∣∣an+1
an

∣∣∣∣∣→ ` < 1. DeÐxte ìti an → 0.

4. (a) 'Estw a > 0. DeÐxte ìti n
√

a → 1.

(b) 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n. An an → a > 0 tìte n
√

an → 1. Ti
mporeÐte na peÐte an an → 0?

(g) DeÐxte ìti n
√

n → 1.

Ask seic � Om�da A'

1. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me lim
n→∞

an = 2. JewroÔme ta sÔnola

A1 = {n ∈ N : an < 2.001}
A2 = {n ∈ N : an > 2.003}
A3 = {n ∈ N : an < 1.98}
A4 = {n ∈ N : 1.99997 < an < 2.0001}
A5 = {n ∈ N : an ≤ 2}.

Gia k�je j = 1, . . . , 5 exet�ste an (a) to Aj eÐnai peperasmèno, (b) to N \Aj eÐnai peperasmèno.

2. ApodeÐxte me ton orismì ìti oi parak�tw akoloujÐec sugklÐnoun sto 0:

an =
n

n3 + n2 + 1
, bn =

√
n2 + 2−

√
n2 + 1, cn =


1
2n , an n = 1, 4, 7, 10, 13, . . .

1
n2+1

, alli¸c.

3. ApodeÐxte me ton orismì ìti

an =
n2 − n

n2 + n
→ 1.

4. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n. An lim
n→∞

an = a > 0, deÐxte ìti an > 0 telik�.

5. (a) 'Estw a ∈ R me |a| < 1. DeÐxte ìti h akoloujÐa bn = an sugklÐnei sto 0.
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(b) Gia poièc timèc tou x ∈ R sugklÐnei h akoloujÐa
(

1−x2

1+x2

)n

?

6. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìriì
thc:

αn =
3n

n!
, βn =

2n− 1

3n + 2
, γn = n−

√
n2 − n , δn =

(
1 +

1

n2

)n

.

εn = (
n
√

10− 1)n , ζn =
n6

6n
, ηn = n2 sin

( 1

n3

)
.

θn =
sin n

n
, κn =

2n · n!

nn
, νn =

√
n +

√
n −

√
n , ρn =

(
1 +

1

2n

)n

.

σn =
n2

3n2 + n + 1
, τn =

3n · n!

nn
, ξn =

sin(n3)√
n

.

7. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìriì
thc:

αn =
5n + n

6n − n
, βn =

n

√
1

2n
+

1

3n
, γn =

(
n
√

n− 1
)n

,

δn = n2

(√
1 +

1

n
−
√

1 +
1

n + 1

)
, εn =

1√
n

cos
(
n2) ,

λn = (−1)n n2

n2 + 1
, µn =

nn

n!
, θn =

(n!)22n

(2n)!
.

8. Exet�ste wc proc th sÔgklish tic parak�tw akoloujÐec:

an =
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

bn =
1 + 22 + 33 + · · ·+ nn

nn

γn =
1

n!
+

1

(n + 1)!
+ · · ·+ 1

(2n)!

δn =
1

n2/3
+

1

(n + 1)2/3
+ · · ·+ 1

(2n)2/3
.

9. (a) 'Estw a1, a2, . . . , ak > 0. DeÐxte ìti

bn := n
√

an
1 + an

2 + · · ·+ an
k → max{a1, a2, . . . , ak}.
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(b) UpologÐste to ìrio thc akoloujÐac

xn =
1

n
n
√

1n + 2n + · · ·+ nn.

10. 'Estw α ∈ R. Exet�ste an sugklÐnei h akoloujÐa xn =

[
nα

]
n

kai, an nai, breÐte to ìrio
thc.

11. 'Estw α > 0. DeÐxte ìti h akoloujÐa bn = 1+nα
(1+α)n eÐnai fjÐnousa kai prosdiorÐste to ìrio

thc.

12. 'Estw (an), (bn) akoloujÐec pragmatik¸n arijm¸n. Upojètoume ìti lim
n→∞

an = a > 0 kai

bn → +∞.
(a) DeÐxte ìti up�rqoun δ > 0 kai n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei an > δ.
(b) DeÐxte ìti anbn → +∞.

13. 'Estw A mh kenì kai �nw fragmèno uposÔnolo tou R. An a = sup A, deÐxte ìti up�rqei
akoloujÐa (an) stoiqeÐwn tou A me lim

n→∞
an = a.

An, epiplèon, to sup A den eÐnai stoiqeÐo tou A, deÐxte ìti h parap�nw akoloujÐa mporeÐ na
epilegeÐ ¸ste na eÐnai gnhsÐwc aÔxousa.

14. DeÐxte ìti k�je pragmatikìc arijmìc eÐnai ìrio gnhsÐwc aÔxousac akoloujÐac rht¸n ari-
jm¸n, kaj¸c epÐshc kai ìrio gnhsÐwc aÔxousac akoloujÐac �rrhtwn arijm¸n.

15. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → a > 0, tìte

inf{an : n ∈ N} > 0.

16. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → 0, tìte to
sÔnolo A = {an : n ∈ N} èqei mègisto stoiqeÐo.

17. DeÐxte ìti h akoloujÐa yn = 1
n+1

+ 1
n+2

+· · ·+ 1
2n

sugklÐnei se pragmatikì arijmì. Upìdeixh:
Exet�ste pr¸ta an h (yn) eÐnai monìtonh.

18. Jètoume a1 =
√

6 kai, gia k�je n = 1, 2, . . ., an+1 =
√

6 + an.
Exet�ste wc proc th sÔgklish thn akoloujÐa (an)n.

19. OrÐzoume mia akoloujÐa (an) me a1 = 1 kai

an+1 =
2an + 1

an + 1
, n ∈ N.

Exet�ste an sugklÐnei.
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20. OrÐzoume mia akoloujÐa (αn) me α1 = 0 kai αn+1 =
3α2

n+1

2αn+2
, n = 1, 2, 3, . . . . DeÐxte ìti:

(a) H (αn) eÐnai aÔxousa.

(b) αn → 1.

21. JewroÔme thn akoloujÐa (αn) pou orÐzetai apì tic α1 = 3 kai αn+1 = 2αn+3
5

, n = 1, 2, . . ..
DeÐxte ìti h (αn) sugklÐnei kai upologÐste to ìrio thc.

22. 'Estw a > 0. JewroÔme tuqìn x1 > 0 kai gia k�je n ∈ N orÐzoume

xn+1 =
1

2

(
xn +

a

xn

)
.

DeÐxte ìti h (xn), toul�qiston apì ton deÔtero ìro thc kai pèra, eÐnai fjÐnousa kai k�tw
fragmènh apì ton

√
a. BreÐte to lim

n→∞
xn.

Ask seic � Om�da B'

23. 'Estw (an) akoloujÐa me an → a. OrÐzoume mia deÔterh akoloujÐa (bn) jètontac

bn =
a1 + · · ·+ an

n
.

DeÐxte ìti bn → a.

24. 'Estw (an) akoloujÐa jetik¸n ìrwn me an → a > 0. DeÐxte ìti

bn :=
n

1
a1

+ · · ·+ 1
an

→ a kai γn := n
√

a1 · · · an → a.

25. 'Estw (an) akoloujÐa me lim
n→∞

(an+1 − an) = a. DeÐxte ìti

an

n
→ a.

26. 'Estw (an) aÔxousa akoloujÐa me thn idiìthta

bn :=
a1 + · · ·+ an

n
→ a.

DeÐxte ìti an → a.

27. DeÐxte ìti: an an > 0 kai lim
n→∞

an+1
an

= a, tìte lim
n→∞

n
√

an = a.
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28. ProsdiorÐste ta ìria twn akolouji¸n:

αn =

[
(2n)!

(n!)2

]1/n

βn =
1

n
[(n + 1)(n + 2) · · · (n + n)]1/n

γn =

[
2

1

(
3

2

)2(
4

3

)3

· · ·
(

n + 1

n

)n
]1/n

29. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta: gia k�je k ∈ N to sÔnolo
Ak = {n ∈ N : |an| ≤ k} eÐnai peperasmèno. DeÐxte ìti lim

n→∞
1

an
= 0.

30. UpologÐste ta ìria twn parak�tw akolouji¸n:

an =

(
1 +

1

n− 1

)n−1

, bn =

(
1 +

2

n

)n

, cn =

(
1− 1

n

)n

kai

dn =

(
1− 1

n2

)n

, en =

(
1 +

2

3n

)n

.

31. JewroÔme gnwstì ìti lim
n→∞

(1 + 1
n
)n = e. DeÐxte ìti, gia k�je rhtì arijmì q, isqÔei:

lim
n→∞

(
1 +

q

n

)n

= eq .

32. 'Estw 0 < a1 < b1. OrÐzoume anadromik� dÔo akoloujÐec jètontac

an+1 =
√

anbn kai bn+1 =
an + bn

2
.

(a) DeÐxte ìti h (an) eÐnai aÔxousa kai h (bn) fjÐnousa.

(b) DeÐxte ìti oi (an), (bn) sugklÐnoun kai èqoun to Ðdio ìrio.

33. Epilègoume x1 = a, x2 = b kai jètoume

xn+2 =
xn

3
+

2xn+1

3
.

DeÐxte ìti h (xn) sugklÐnei kai breÐte to ìriì thc. [Upìdeixh: Jewr ste thn yn = xn+1 − xn

kai breÐte anadromikì tÔpo gia thn (yn).]

34. D¸ste par�deigma dÔo akolouji¸n (xn), (yn) me jetikoÔc ìrouc, oi opoÐec ikanopoioÔn ta
ex c:

(a) xn → +∞ kai yn → +∞.
(b) H akoloujÐa xn

yn
eÐnai fragmènh all� den sugklÐnei se k�poion pragmatikì arijmì.
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35. 'Estw (an), (bn) dÔo akoloujÐec pragmatik¸n arijm¸n me bn 6= 0 gia k�je n ∈ N kai
lim

n→∞
an
bn

= 1.

(a) An, epiplèon, h (bn) eÐnai fragmènh, deÐxte ìti lim
n→∞

(an − bn) = 0.

(b) D¸ste par�deigma akolouji¸n gia tic opoÐec lim
n→∞

an
bn

= 1 all� den isqÔei lim
n→∞

(an−bn) = 0.

36. (L mma tou Stoltz) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw (bn) gnhsÐwc
aÔxousa akoloujÐa pragmatik¸n arijm¸n me lim

n→∞
bn = +∞. DeÐxte ìti an

lim
n→∞

an+1 − an

bn+1 − bn
= λ,

ìpou λ ∈ R   λ = +∞, tìte

lim
n→∞

an

bn
= λ.

37. OrÐzoume akoloujÐa (an) me 0 < a1 < 1 kai an+1 = an(1 − an), n = 1, 2, . . .. DeÐxte ìti
lim

n→∞
nan = 1.



Kef�laio 3

Sunart seic

3.1 Sunart seic
'Estw X kai Y dÔo mh ken� sÔnola. Me ton ìro sun�rthsh apì to X sto Y ennooÔme
mia antistoÐqish pou stèlnei k�je stoiqeÐo x tou X se èna kai monadikì stoiqeÐo y tou
Y . MporoÔme na kwdikopoi soume thn plhroforÐa ìti to x apeikonÐzetai sto y qrhsi-
mopoi¸ntac to diatetagmèno zeÔgoc (x, y): to pr¸to stoiqeÐo x tou zeÔgouc eÐnai sto X
kai to deÔtero eÐnai to stoiqeÐo tou Y sto opoÐo antistoiqÐzoume to x. OdhgoÔmaste ètsi
ston ex c orismì:

Orismìc 3.1.1. 'Estw X kai Y dÔo mh ken� sÔnola. JewroÔme to kartesianì ginìmeno
twn X kai Y :

X × Y = {(x, y) : x ∈ X, y ∈ Y }.

Sun�rthsh f apì to X sto Y lègetai k�je uposÔnolo f tou X×Y to opoÐo ikanopoieÐ
ta ex c:

(i) Gia k�je x ∈ X up�rqei y ∈ Y ¸ste (x, y) ∈ f . H sunj kh aut  perigr�fei to
gegonìc ìti apaitoÔme k�je x ∈ X na apeikonÐzetai se k�poio y ∈ Y .

(ii) An (x, y1) ∈ f kai (x, y2) ∈ f , tìte y1 = y2. H sunj kh aut  perigr�fei to gegonìc
ìti apaitoÔme k�je x ∈ X na èqei monos manta orismènh eikìna y ∈ Y .

Gr�fontac f : X → Y ennooÔme ìti f eÐnai mia sun�rthsh apì to X sto Y . SumfwnoÔme
epÐshc na gr�foume y = f(x) gia thn eikìna tou x mèsw thc f . Dhlad , y = f(x) ⇐⇒
(x, y) ∈ f .

'Estw f : X → Y mia sun�rthsh. Lème ìti to X eÐnai to pedÐo orismoÔ thc f kai to
Y eÐnai to pedÐo tim¸n thc f . To sÔnolo tim¸n (  eikìna) thc f eÐnai to sÔnolo

f(X) = {y ∈ Y : up�rqei x ∈ X ¸ste f(x) = y} = {f(x) : x ∈ X}.
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ParadeÐgmata 3.1.2. (a) 'Estw c ∈ R. H sun�rthsh f : R → R me f(x) = c gia
k�je x ∈ R lègetai stajer  sun�rthsh. To sÔnolo tim¸n thc f eÐnai to monosÔnolo
f(X) = {c}.

(b) H sun�rthsh f : R → R me f(x) = x. To sÔnolo tim¸n thc f eÐnai to sÔnolo
f(X) = R.

(g) H sun�rthsh f : R → R me f(x) = x2. To sÔnolo tim¸n thc f eÐnai to sÔnolo
f(X) = [0,+∞).

(d) H sun�rthsh f : R→ R me f(x) = 1 an x ∈ Q kai f(x) = 0 an x /∈ Q. To sÔnolo
tim¸n thc f eÐnai to sÔnolo f(X) = {0, 1}.

(e) H sun�rthsh f : R→ R me f(x) = 1
q an x 6= 0 rhtìc o opoÐoc gr�fetai sth morf 

x = p
q ìpou p ∈ Z, q ∈ N, MKD(p, q) = 1, kai f(x) = 0 an x /∈ Q   x = 0. To sÔnolo

tim¸n thc f eÐnai to sÔnolo f(X) = {0} ∪ {1/n : n ∈ N}.

Orismìc 3.1.3. 'Estw f : X → Y mia sun�rthsh. H f lègetai epÐ an f(X) = Y , dhlad 
an gia k�je y ∈ Y up�rqei x ∈ X ¸ste f(x) = y.

H sun�rthsh f lègetai 1-1 an apeikonÐzei diaforetik� stoiqeÐa tou X se diaforetik�
stoiqeÐa tou Y . Dhlad , an gia k�je x1, x2 ∈ X me x1 6= x2 èqoume f(x1) 6= f(x2).
IsodÔnama, gia na elègxoume ìti h f eÐnai 1-1 prèpei na deÐxoume ìti an x1, x2 ∈ X kai
f(x1) = f(x2), tìte x1 = x2.

Orismìc 3.1.4 (sÔnjesh sunart sewn). 'Estw f : X → Y kai g : W → Z dÔo
sunart seic. Upojètoume ìti f(X) ⊆ W , dhlad , h eikìna thc f perièqetai sto pedÐo
orismoÔ thc g. Tìte, an x ∈ X èqoume f(x) ∈ W kai orÐzetai h eikìna g(f(x)) tou f(x)
mèsw thc g. MporoÔme loipìn na orÐsoume mia sun�rthsh g ◦ f : X → Z, jètontac

(g ◦ f)(x) = g(f(x)) (x ∈ X).

H sun�rthsh g ◦ f lègetai sÔnjesh thc g me thn f .

Orismìc 3.1.5 (eikìna kai antÐstrofh eikìna). 'Estw f : X → Y mia sun�rthsh.

(a) Gia k�je A ⊆ X, h eikìna tou A mèsw thc f eÐnai to sÔnolo

f(A) = {y ∈ Y : up�rqei x ∈ A ¸ste f(x) = y} = {f(x) : x ∈ A}.

(b) Gia k�je B ⊆ Y , h antÐstrofh eikìna tou B mèsw thc f eÐnai to sÔnolo

f−1(B) = {x ∈ X : f(x) ∈ B}.

Prìtash 3.1.6. 'Estw f : X → Y mia sun�rthsh. IsqÔoun ta ex c:

(i) An A1 ⊆ A2 ⊆ X, tìte f(A1) ⊆ f(A2).

(ii) An A1, A2 ⊆ X, tìte f(A1 ∪A2) = f(A1) ∪ f(A2).
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(iii) An A1, A2 ⊆ X, tìte f(A1 ∩ A2) ⊆ f(A1) ∩ f(A2). O egkleismìc mporeÐ na eÐnai
gn sioc. IsqÔei ìmwc p�nta isìthta an h f eÐnai 1-1.

(iv) An B1 ⊆ B2 ⊆ Y tìte f−1(B1) ⊆ f−1(B2).

(v) An B1, B2 ⊆ Y , tìte f−1(B1 ∪B2) = f−1(B1) ∪ f−1(B2).

(vi) An B1, B2 ⊆ Y , tìte f−1(B1 ∩B2) = f−1(B1) ∩ f−1(B2).

(vii) An B ⊆ Y tìte f−1(Y \B) = X \ f−1(B).

(viii) An A ⊆ X tìte A ⊆ f−1(f(A)). O egkleismìc mporeÐ na eÐnai gn sioc. IsqÔei
ìmwc p�nta isìthta an h f eÐnai 1-1.

(ix) An B ⊆ Y tìte f(f−1(B)) ⊆ B. O egkleismìc mporeÐ na eÐnai gn sioc. IsqÔei
ìmwc p�nta isìthta an h f eÐnai epÐ.

Orismìc 3.1.7 (antÐstrofh sun�rthsh). 'Estw f : X → Y mia 1-1 sun�rthsh.
MporoÔme na jewr soume th sun�rthsh f san sun�rthsh apì to X sto f(X) (h f
paÐrnei timèc sto sÔnolo f(X)). H f : X → f(X) eÐnai 1-1 kai epÐ. Sunep¸c, gia k�je
y ∈ f(X) up�rqei x ∈ X ¸ste f(x) = y, kai autì to x ∈ X eÐnai monadikì afoÔ h f eÐnai
1-1. MporoÔme loipìn na orÐsoume mia sun�rthsh f−1 : f(X)→ X, wc ex c:

f−1(y) = x, ìpou x eÐnai to monadikì x ∈ X gia to opoÐo f(x) = y.

Me �lla lìgia,
f−1(y) = x⇐⇒ f(x) = y.

H f−1 eÐnai kal� orismènh sun�rthsh apì to f(X) sto X, h antÐstrofh sun�rthsh
thc f .

Prìtash 3.1.8. 'Estw f : X → Y mia 1-1 sun�rthsh. Oi f−1 ◦ f : X → X kai
f ◦ f−1 : f(X)→ f(X) orÐzontai kal� kai ikanopoioÔn tic:

(a) (f−1 ◦ f)(x) = x gia k�je x ∈ X.

(b) (f ◦ f−1)(y) = y gia k�je y ∈ f(X).

Orismìc 3.1.9 (pr�xeic kai di�taxh). 'Estw A èna mh kenì sÔnolo kai èstw f : A→ R
kai g : A→ R dÔo sunart seic me pedÐo tim¸n to R. Tìte,

(i) H sun�rthsh f + g : A → R orÐzetai wc ex c: (f + g)(x) = f(x) + g(x) gia k�je
x ∈ A.

(ii) H sun�rthsh f ·g : A→ R orÐzetai wc ex c: (f ·g)(x) = f(x) ·g(x) gia k�je x ∈ A.

(iii) Gia k�je t ∈ R orÐzetai h sun�rthsh tf : A→ R me (tf)(x) = tf(x) gia k�je x ∈ A.

(iv) An g(x) 6= 0 gia k�je x ∈ A, tìte orÐzetai h f
g : A→ R me

(
f
g

)
(x) = f(x)

g(x) gia k�je

x ∈ A.
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Lème ìti f ≤ g an f(x) ≤ g(x) gia k�je x ∈ A.

Orismìc 3.1.10 (monìtonec sunart seic). 'Estw A èna mh kenì uposÔnolo tou R
kai èstw f : A→ R mia sun�rthsh. Lème ìti:

(i) H f eÐnai aÔxousa an gia k�je x, y ∈ A me x < y isqÔei f(x) ≤ f(y).

(ii) H f eÐnai gnhsÐwc aÔxousa an gia k�je x, y ∈ A me x < y isqÔei f(x) < f(y).

(iii) H f eÐnai fjÐnousa an gia k�je x, y ∈ A me x < y isqÔei f(x) ≥ f(y).

(iv) H f eÐnai gnhsÐwc fjÐnousa an gia k�je x, y ∈ A me x < y isqÔei f(x) > f(y).

(v) H f eÐnai monìtonh an eÐnai aÔxousa   fjÐnousa.

(vi) H f eÐnai gnhsÐwc monìtonh an eÐnai gnhsÐwc aÔxousa   gnhsÐwc fjÐnousa.

Orismìc 3.1.11 (fragmènh sun�rthsh). 'Estw A èna mh kenì sÔnolo kai èstw f :
A→ R mia sun�rthsh. Lème ìti:

(i) H f eÐnai �nw fragmènh an up�rqei M ∈ R ¸ste gia k�je x ∈ A na isqÔei
f(x) ≤M .

(ii) H f eÐnai k�tw fragmènh an up�rqei m ∈ R ¸ste gia k�je x ∈ A na isqÔei
f(x) ≥ m.

(iii) H f eÐnai fragmènh an eÐnai �nw kai k�tw fragmènh. IsodÔnama, an up�rqeiM > 0
¸ste gia k�je x ∈ A na isqÔei |f(x)| ≤M .

Orismìc 3.1.12 (�rtia-peritt  sun�rthsh). Mia sun�rthsh g : R → R lègetai
�rtia an g(−x) = g(x) gia k�je x ∈ R kai peritt  an g(−x) = −g(x) gia k�je x ∈ R.
Gia par�deigma, h g1(x) = x2 kai h g2(x) = |x| eÐnai �rtiec sunart seic, h g3(x) = x kai
h g4(x) = x3 eÐnai perittèc sunart seic.

Orismìc 3.1.13 (periodik  sun�rthsh). Mia sun�rthsh f : R → R lègetai peri-
odik  (me perÐodo a) an up�rqei a 6= 0 sto R ¸ste f(x + a) = f(x) gia k�je x ∈ R.
Gia par�deigma, h sun�rthsh f(x) = x − [x] eÐnai periodik  me perÐodo 1. Parathr ste
ìti: an h f eÐnai periodik  me perÐodo a 6= 0, tìte, gia k�je k ∈ Z \ {0}, o ka eÐnai epÐshc
perÐodoc thc f .

3.2 ParadeÐgmata pragmatik¸n sunart sewn
3.2aþ AkoloujÐec

K�je sun�rthsh f : N → R pou èqei pedÐo orismoÔ to sÔnolo N twn fusik¸n arijm¸n
lègetai akoloujÐa (autìc  tan �llwste o orismìc pou d¸same sto Kef�laio 2).



3.3 Trigwnometrikès sunart seis · 65

3.2bþ Poluwnumikèc sunart seic

Polu¸numo lègetai k�je sun�rthsh p : R→ R pou orÐzetai apì tÔpo thc morf c

p(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

ìpou n ∈ N ∪ {0} kai a0, a1, . . . , an ∈ R me an 6= 0. O mh arnhtikìc akèraioc n eÐnai
o bajmìc tou poluwnÔmou. An n = 0 kai a0 = 0, tìte p ≡ 0 kai o bajmìc tou p den
orÐzetai. An n = 1 tìte to p(x) = a1x+ a0 lègetai grammik  sun�rthsh.

3.2gþ Rhtèc sunart seic

Rht  lègetai k�je sun�rthsh f : X → R pou orÐzetai apì tÔpo thc morf c

f(x) =
p(x)
q(x)

=
anx

n + an−1x
n−1 + · · ·+ a1x+ a0

bmxm + bm−1xm−1 + · · ·+ b1x+ b0

ìpou p, q polu¸numa kai bm 6= 0. To pedÐo orismoÔ thc f eÐnai to sÔnolo X = {x ∈
R : q(x) 6= 0}. Parathr ste ìti to pl joc twn riz¸n enìc poluwnÔmou q(x) = bmx

m +
bm−1x

m−1 + · · · + b1x + b0, bm 6= 0, eÐnai to polÔ Ðso me m: deÐxte to me epagwg 
wc proc ton bajmì, qrhsimopoi¸ntac thn parat rhsh ìti an ρ eÐnai mia rÐza tou q tìte
q(x) = (x− ρ)q1(x) ìpou q1 eÐnai polu¸numo bajmoÔ m− 1.

3.2dþ Algebrikèc sunart seic

Algebrik  lègetai k�je sun�rthsh f : X → R pou ikanopoieÐ exÐswsh thc morf c

p0(x) + p1(x)f(x) + · · ·+ pk(x)[f(x)]k = 0

gia k�je x ∈ X, ìpou p0, p1, . . . , pk poluwnumikèc sunart seic kai pk 6= 0. Parathr ste
ìti k�je rht  sun�rthsh eÐnai algebrik : h f = p/q ikanopoieÐ thn exÐswsh p(x) −
q(x)f(x) = 0 sto pedÐo orismoÔ X = {x ∈ R : q(x) 6= 0}. Up�rqoun algebrikèc
sunart seic pou den eÐnai rhtèc: to aploÔstero, Ðswc, par�deigma eÐnai h sun�rthsh
f(x) =

√
x, me pedÐo orismoÔ to X = [0,+∞), h opoÐa ikanopoieÐ thn x− 1 · [f(x)]2 = 0

(mporeÐte na exhg sete giatÐ den eÐnai rht  sun�rthsh?).

3.3 Trigwnometrikèc sunart seic
Se aut  th sÔntomh par�grafo dÐnoume {prokatarktikì orismì} kai upenjumÐzoume k�poiec
basikèc tautìthtec kai anisìthtec gia tic trigwnometrikèc sunart seic sin (hmÐtono), cos
(sunhmÐtono), tan (efaptomènh) kai cot (sunefaptomènh). O orismìc autìc sthrÐzetai
sth gewmetrik  epopteÐa kai arketèc apì tic eÔlogec paradoqèc pou siwphr� k�noume den
kalÔptontai aut  th stigm  apì ta axi¸mata twn pragmatik¸n arijm¸n (gia par�deigma,
den èqoume orÐsei thn ènnoia tou m kouc tìxou). Austhrìc orismìc twn trigwnometrik¸n
ja dojeÐ se epìmeno Kef�laio.
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Apì to LÔkeio jumìmaste ìti an jewr soume dÔo k�jetouc �xonec X ′OX kai Y ′OY
sto epÐpedo tìte, se k�je diatetagmèno zeÔgoc (t, s) pragmatik¸n arijm¸n antistoiqeÐ
monadikì shmeÐo M = M(t, s) tou epipèdou me tetmhmènh t kai tetagmènh s (autèc eÐnai
oi proshmasmènec probolèc tou M stouc dÔo �xonec). To shmeÐo O èqei suntetagmènec
(0, 0). JewroÔme kÔklo me kèntro O kai aktÐna 1, o opoÐoc tèmnei touc dÔo �xonec sta
shmeÐa A′ = (−1, 0), A = (1, 0), B = (0, 1) kai B′ = (0,−1).

K�noume thn paradoq  ìti se k�je pragmatikì arijmì x antistoiqeÐ èna shmeÐo autoÔ
tou kÔklou wc ex c: an sumbolÐsoume me π to misì tou m kouc thc perifèreiac tou kÔklou,
ston x = 0 antistoiqeÐ to A, ston x = π/2 antistoiqeÐ to B, ston x = π antistoiqeÐ to
A′ kai genik�, gia dosmèno x metr�me p�nw sthn perifèreia tou kÔklou tìxo AM pou
èqei m koc Ðso me |x| xekin¸ntac apì to A kai akolouj¸ntac kateÔjunsh antÐjeth proc
aut n twn deikt¸n tou rologioÔ an x > 0   kateÔjunsh Ðdia proc aut n twn deikt¸n tou
rologioÔ an x < 0. An to shmeÐo M = M(t, s) antistoiqeÐ ston x, orÐzoume

cosx = t, sinx = s, tanx =
sinx
cosx

, cotx =
cosx
sinx

.

Oi dÔo teleutaÐoi arijmoÐ orÐzontai an x /∈ {(2k + 1)π/2 : k ∈ Z}   x /∈ {kπ : k ∈ Z}
antÐstoiqa. Parathr ste ìti to Ðdio shmeÐo M antistoiqeÐ stouc arijmoÔc x, y ∈ R an kai
mìno an o x− y eÐnai akèraio pollapl�sio tou 2π.

Me b�sh autìn ton prokatarktikì orismì, kai qrhsimopoi¸ntac to Pujagìreio Je¸rhma,
mporoÔme na deÐxoume ìlec tic gnwstèc sqèseic an�mesa stic trigwnometrikèc sunart seic
(upojètoume ìti eÐnai gnwstèc ston anagn¸sth):

Prìtash 3.3.1. Gia k�je x ∈ R isqÔoun oi

| sinx| ≤ 1, | cosx| ≤ 1 kai sin2 x+ cos2 x = 1

kai
sin

(π
2
− x

)
= cosx, cos

(π
2
− x

)
= sinx.

Oi sunart seic sin : R → [−1, 1] kai cos : R → [−1, 1] eÐnai periodikèc, me el�qisth
perÐodo 2π. H sin eÐnai peritt  sun�rthsh, en¸ h cos eÐnai �rtia.

Prìtash 3.3.2. An 0 < x < π
2 , tìte

sinx < x < tanx :=
sinx
cosx

.

'Epetai ìti, gia k�je x ∈ (−π/2, π/2) isqÔoun oi anisìthtec

| sinx| ≤ |x| ≤ | tanx|

kai ìti gia k�je x ∈ R isqÔei h
| sinx| ≤ |x|.
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Prìtash 3.3.3 (sunhmÐtono kai hmÐtono ajroÐsmatoc kai diafor�c). Gia k�je
a, b ∈ R isqÔoun oi tautìthtec

cos(a− b) = cos a cos b+ sin a sin b
cos(a+ b) = cos a cos b− sin a sin b
sin(a+ b) = sin a cos b+ cos a sin b
sin(a− b) = sin a cos b− cos a sin b.

Prìtash 3.3.4 (sunhmÐtono kai hmÐtono tou 2a). Gia k�je a ∈ R isqÔoun oi
tautìthtec

cos(2a) = cos2 a− sin2 a = 2 cos2 a− 1 = 1− 2 sin2 a

sin(2a) = 2 sin a cos a.

Prìtash 3.3.5 (metasqhmatismìc ajroÐsmatoc se ginìmeno). Gia k�je x, y ∈ R
isqÔoun oi tautìthtec

sinx+ sin y = 2 sin
x+ y

2
cos

x− y
2

sinx− sin y = 2 sin
x− y

2
cos

x+ y

2

cosx+ cos y = 2 cos
x+ y

2
cos

x− y
2

cosx− cos y = 2 sin
x+ y

2
sin

y − x
2

.

3.4 Ekjetik  sun�rthsh
'Estw a ènac jetikìc pragmatikìc arijmìc. MporoÔme na orÐsoume ton ax ìtan o x eÐnai
rhtìc, akolouj¸ntac ta ex c apl� b mata:

(a) An x ∈ N, jètoume ax = a · a · · · a (x forèc).

(b) An x = 0, jètoume a0 = 1.

(g) An x ∈ Z kai x < 0, jètoume ax = 1
a−x

Me b�sh autoÔc touc orismoÔc elègqoume eÔkola ìti:

ax+y = ax · ay, (ax)y = axy, a−x =
1
ax
, (ab)x = axbx

gia k�je x, y ∈ Z kai a, b > 0.

(g) An x = 1/n gia k�poion n ∈ N, jètoume a1/n = n
√
a (èqoume apodeÐxei thn Ôparxh kai

to monos manto jetik c n-ost c rÐzac gia k�je jetikì pragmatikì arijmì).
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(e) An x = m/n ìpou m ∈ Z kai n ∈ N eÐnai tuq¸n rhtìc, jètoume

ax =
(
a1/n

)m

.

EÔkola elègqoume ìti an x = m
n = m1

n1
, tìte(

a1/n
)m

=
(
a1/n1

)m1

.

Dhlad , o ax orÐzetai kai isqÔoun oi

ax+y = ax · ay, (ax)y = axy, a−x =
1
ax
, (ab)x = axbx

gia k�je x, y ∈ Q kai a, b > 0.
Se aut  thn par�grafo dÐnoume mia sÔntomh perigraf  tou {fusiologikoÔ} trìpou

orismoÔ thc ekjetik c sun�rthshc ax: epekteÐnoume ton orismì gia �rrhtouc ekjètec x.
O orismìc tou ax, x /∈ Q ja basisteÐ sto akìloujo L mma:

L mma 3.4.1. 'Estw a > 0 kai (qn) akoloujÐa rht¸n arijm¸n me qn → 0. Tìte,

aqn → 1.

Apìdeixh. An a = 1 den èqoume tÐpota na deÐxoume. H perÐptwsh 0 < a < 1 an�getai
sthn a > 1.

Upojètoume loipìn ìti a > 1. EÔkola blèpoume ìti an q, q′ ∈ Q kai q < q′ tìte
aq < aq′ .

'Estw ε > 0. Apì tic m
√
a→ 1 kai 1

m
√

a
→ 1 blèpoume ìti up�rqei k ∈ N ¸ste

1− ε < 1
k
√
a

= a−1/k < a1/k = k
√
a < 1 + ε.

AfoÔ qn → 0, efarmìzontac ton orismì tou orÐou me ε = 1/k > 0, brÐskoume n0 ∈ N
¸ste: gia k�je n ≥ n0 isqÔei −1/k < qn < 1/k. Tìte, qrhsimopoi¸ntac th monotonÐa
thc aq, q ∈ Q, paÐrnoume to ex c: gia k�je n ≥ n0,

1− ε < a−1/k < aqn < a1/k < 1 + ε.

Dhlad , gia k�je n ≥ n0 isqÔei |aqn − 1| < ε. 'Epetai ìti aqn → 1. 2

H idèa mac gia na epekteÐnoume ton orismì tou ax gia �rrhto x eÐnai h ex c: oi rhtoÐ
arijmoÐ eÐnai puknoÐ sto R, epomènwc an mac d¸soun x /∈ Q up�rqoun (pollèc) akoloujÐec
rht¸n qn → x. Ja deÐxoume ìti gia k�poia apì autèc to limn a

qn up�rqei kai ja orÐsoume

ax = lim
n
aqn .
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Gia na eÐnai kalìc o orismìc, ja prèpei an p�roume mia �llh akoloujÐa rht¸n arijm¸n
q′n → x na up�rqei to limn a

q′n kai na isqÔei h

lim
n
aq′n = lim

n
aqn .

Autì ja deÐqnei ìti h tim  ax pou orÐsame eÐnai anex�rthth apì thn epilog  thc akoloujÐac
rht¸n qn → x.

Je¸rhma 3.4.2. 'Estw x ∈ R kai qn, q
′
n ∈ Q me limn qn = limn q

′
n = x. An a > 1, tìte

(i) ta limn a
q′n kai limn a

qn up�rqoun.

(ii) limn a
q′n = limn a

qn .

Apìdeixh. JewroÔme mia aÔxousa akoloujÐa rht¸n rn → x. 'Estw q rhtìc me q > x.
Tìte arn < aq, dhlad  h arn eÐnai �nw fragmènh. EpÐshc, apì thn rn ≤ rn+1 èpetai ìti
arn ≤ arn+1 , dhlad  h

(
arn

)
eÐnai aÔxousa. Sunep¸c, h arn sugklÐnei.

PaÐrnoume t¸ra opoiad pote apì tic (qn), (q′n). 'Eqoume qn − rn → x− x = 0, opìte
to L mma 3.4.1 deÐqnei ìti aqn−rn → 1. Tìte,

aqn = aqn−rnarn → lim
n
arn .

OmoÐwc,

aq′n → lim
n
arn .

AfoÔ limn a
qn = limn a

q′n = limn a
rn , paÐrnoume ta (i) kai (ii) tautìqrona. 2

'Eqoume loipìn orÐsei ton ax gia k�je x ∈ R. Sth sunèqeia, prèpei na apodeÐxoume
diadoqik� ta ex c (oi apodeÐxeic eÐnai mia kal  �skhsh p�nw sth sÔgklish akolouji¸n).

Prìtash 3.4.3. 'Estw a, b > 0 kai x, y ∈ R. Tìte,

ax+y = ax · ay, (ax)y = axy, a−x =
1
ax
, (ab)x = axbx.

Prìtash 3.4.4. 'Estw a > 0. H x 7→ ax eÐnai gnhsÐwc aÔxousa an a > 1 kai gnhsÐwc
fjÐnousa an 0 < a < 1.

3.5 Ask seic
1. 'Estw a, b ∈ R me a < b. DeÐxte ìti h apeikìnish f : [0, 1] → [a, b] : x → a + (b− a)x eÐnai
1-1 kai epÐ.

2. 'Estw f, g : [0, 1] → [0, 1] me f(x) = 1−x
1+x

kai g(t) = 4t(1− t).
(a) Na breÐte tic f ◦ g kai g ◦ f .
(b) Na deÐxete ìti orÐzetai h f−1 all� den orÐzetai h g−1.
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3. 'Estw g : X → Y, f : Y → Z dÔo sunart seic pou eÐnai 1-1 kai epÐ. DeÐxte ìti orÐzetai h
antÐstrofh sun�rthsh (f ◦ g)−1 thc f ◦ g kai ìti (f ◦ g)−1 = g−1 ◦ f−1.

4. 'Estw g : X → Y, f : Y → Z dÔo sunart seic. DeÐxte ìti

(a) an h f ◦ g eÐnai epÐ tìte kai h f eÐnai epÐ.

(b) an h f ◦ g eÐnai 1-1 tìte kai h g eÐnai 1-1.

IsqÔoun ta antÐstrofa twn (a) kai (b)?

5. 'Estw f : X → Y mia sun�rthsh. Upojètoume ìti up�rqoun sunart seic g : Y → X kai
h : Y → X ¸ste f ◦ g = IdY kai h ◦ f = IdX . DeÐxte ìti h = g.

6. 'Estw f(x) = 1
1+x

.

(a) Na brejeÐ to pedÐo orismoÔ thc f .

(b) Na brejeÐ h f ◦ f .

(g) Na brejoÔn ta f( 1
x
), f(cx), f(x + y), f(x) + f(y).

(d) Gia poi� c ∈ R up�rqei x ∈ R ¸ste f(cx) = f(x)?

(e) Gia poi� c ∈ R h sqèsh f(cx) = f(x) ikanopoieÐtai gia dÔo diaforetikèc timèc tou x ∈ R?

7. An mia sun�rthsh f eÐnai gnhsÐwc aÔxousa sta diast mata I1 kai I2, eÐnai al jeia ìti eÐnai
gnhsÐwc aÔxousa sto I1 ∪ I2?

8. 'Estw f(x) =

{
x + 1 an x ≤ 1
x2 + 1 an x ≥ 1

. 'Exet�ste an eÐnai monìtonh kai breÐte thn f−1 (an

aut  orÐzetai).

9. 'Estw f(x) = x + 1. Na brejeÐ mia sun�rthsh g : R → R ¸ste g ◦ f = f ◦ g. EÐnai h g
monadik ?

10. ApodeÐxte ìti h sun�rthsh f(x) = x
|x|+1

eÐnai gnhsÐwc aÔxousa kai fragmènh sto R. Poiì
eÐnai to sÔnolo tim¸n f(R)?

11. An A ⊆ R, sumbolÐzoume me χA : R → R thn qarakthristik  sun�rthsh tou A pou

orÐzetai apì thn χA(x) =

{
1 an x ∈ A
0 an x /∈ A

. ApodeÐxte ìti

(a) χA∩B = χA · χB (eidikìtera χA = χ2
A),

(b) χA∪B = χA + χB − χA · χB ,

(g) χR\A = 1− χA,

(d) A ⊆ B ⇐⇒ χA ≤ χB kai

(e) An f : R → R eÐnai mia sun�rthsh me f2 = f , tìte up�rqei A ⊆ R ¸ste f = χA.
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12. Mia sun�rthsh g : R → R lègetai �rtia an g(−x) = g(x) gia k�je x ∈ R kai peritt  an
g(−x) = −g(x) gia k�je x ∈ R. DeÐxte ìti k�je sun�rthsh f : R → R gr�fetai wc �jroisma
f = fa + fp ìpou fa �rtia kai fp peritt , kai ìti aut  h anapar�stash eÐnai monadik .

13. Mia sun�rthsh f : R → R lègetai periodik  (me perÐodo a) an up�rqei a 6= 0 sto R
¸ste f(x + a) = f(x) gia k�je x ∈ R.
(a) DeÐxte ìti h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = [x] den eÐnai periodik .

(b) Exet�ste an h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = x− [x] eÐnai periodik .

14. 'Estw n ∈ N.
(a) DeÐxte ìti h sun�rthsh

f(x) = [x] +

[
x +

1

n

]
+ · · ·+

[
x +

n− 1

n

]
− [nx]

eÐnai periodik  me perÐodo 1/n. Dhlad , f
(
x + 1

n

)
= f(x) gia k�je x ∈ R.

(b) UpologÐste thn tim  f(x) ìtan 0 ≤ x < 1/n.

(g) DeÐxte thn tautìthta

[nx] = [x] +

[
x +

1

n

]
+ · · ·+

[
x +

n− 1

n

]
gia k�je x ∈ R kai k�je n ∈ N.

15. 'Estw f : R → R mia sun�rthsh me f(x+ y) = f(x)+ f(y) gia k�je x, y ∈ R. ApodeÐxte ìti
(a) f(0) = 0 kai f(−x) = −f(x) gia k�je x ∈ R.
(b) Gia k�je n ∈ N kai x1, x2, . . . , xn ∈ R isqÔei

f(x1 + x2 + · · ·+ xn) = f(x1) + f(x2) + · · ·+ f(xn).

(g) f( 1
n
) = f(1)

n
gia k�je n ∈ N.

(d) Up�rqei λ ∈ R ¸ste f(q) = λq gia k�je q ∈ Q.

16. 'Estw f : R → R mia sun�rthsh me f(y)− f(x) ≤ (y− x)2 gia k�je x, y ∈ R. ApodeÐxte ìti
h f eÐnai stajer .

[Upìdeixh: An |f(b)− f(a)| = δ > 0 gia k�poia a < b sto R, diairèste to di�sthma [a, b] se
n Ðsa upodiast mata, ìpou n arket� meg�loc fusikìc arijmìc.]





Kef�laio 4

Sunèqeia kai ìria

sunart sewn

4.1 Orismìc thc sunèqeiac
Orismìc 4.1.1. 'Estw A èna mh kenì uposÔnolo tou R, èstw f : A → R kai èstw
x0 ∈ A. Lème ìti h f eÐnai suneq c sto x0 an: gia k�je ε > 0 up�rqei δ > 0 ¸ste:

an x ∈ A kai |x− x0| < δ, tìte |f(x)− f(x0)| < ε.

Lème ìti h f eÐnai suneq c sto A an eÐnai suneq c se k�je x0 ∈ A.

Parathr seic 4.1.2. (a) To dojèn ε > 0 kajorÐzei mia perioq  (f(x0) − ε, f(x0) + ε)
thc tim c f(x0). Autì pou zht�me eÐnai na mporoÔme na broÔme mia perioq  (x0−δ, x0 +δ)
tou x0 ¸ste k�je x ∈ A pou an kei se aut n thn perioq  tou x0 na apeikonÐzetai sto
(f(x0)− ε, f(x0) + ε). Dhlad , na isqÔei f((x0− δ, x0 + δ)∩A) ⊆ (f(x0)− ε, f(x0) + ε).

An to parap�nw isqÔei gia k�je ε > 0, tìte lème ìti h f eÐnai suneq c sto x0.

(b) Apì ton orismì eÐnai fanerì ìti exet�zoume th sunèqeia mìno sta shmeÐa tou pedÐou
orismoÔ thc f .

ParadeÐgmata 4.1.3. (a) f : R→ R me f(x) = c gia k�je x ∈ R. Ja deÐxoume ìti
h f eÐnai suneq c se k�je x0 ∈ R. 'Estw ε > 0. Zht�me δ > 0 ¸ste: an x ∈ R kai
|x− x0| < δ, tìte |f(x)− f(x0)| < ε. 'Omwc, gia k�je x ∈ R èqoume

|f(x)− f(x0)| = |c− c| = 0 < ε.

Dhlad , mporoÔme na epilèxoume opoiod pote δ > 0 (gia par�deigma, δ = 100).

(b) f : R→ R me f(x) = x gia k�je x ∈ R. Ja deÐxoume ìti h f eÐnai suneq c se
k�je x0 ∈ R. 'Estw ε > 0. Zht�me δ > 0 ¸ste: an x ∈ R kai |x − x0| < δ, tìte
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|f(x)− f(x0)| < ε. AfoÔ |f(x)− f(x0)| = |x− x0|, arkeÐ na epilèxoume δ = ε. Tìte,

|x− x0| < δ =⇒ |f(x)− f(x0)| = |x− x0| < δ = ε.

Parathr ste ìti, se autì to par�deigma, to δ exart�tai apì to ε all� den exart�tai apì
to x0.

(g) f : R→ R me f(x) = 2x2 − 1 gia k�je x ∈ R. Ja deÐxoume ìti h f eÐnai suneq c
se k�je x0 ∈ R. 'Estw ε > 0. Zht�me δ > 0 ¸ste: an x ∈ R kai |x − x0| < δ, tìte
|f(x)− f(x0)| < ε.

Parathr ste ìti, gia k�je x ∈ R,

|f(x)− f(x0)| = |(2x2 − 1)− (2x2
0 − 1)| = |2x2 − 2x2

0| = 2|x+ x0| · |x− x0|.

Zht�me loipìn δ > 0 ¸ste: an |x− x0| < δ, tìte 2|x+ x0| · |x− x0| < ε. Dedomènou ìti
emeÐc ja k�noume thn epilog  tou δ, mporoÔme na upojèsoume apì thn arq  ìti to δ ja
eÐnai mikrìtero apì 1. Tìte, an |x− x0| < δ ja èqoume |x− x0| < 1, kai sunep¸c,

|x+ x0| ≤ |x− x0 + 2x0| ≤ |x− x0|+ 2|x0| < 1 + 2|x0|.

An, epiplèon, δ < ε
2(2|x0|+1) , tìte, gia k�je x ∈ R me |x− x0| < δ ja èqoume

|f(x)− f(x0)| = 2|x+ x0| · |x− x0| ≤ 2(2|x0|+ 1) |x− x0| < 2(2|x0|+ 1)δ < ε.

Dhlad , an epilèxoume

0 < δ < min
{

1,
ε

2(2|x0|+ 1)

}
,

èqoume
|x− x0| < δ =⇒ |f(x)− f(x0)| < ε.

Parathr ste ìti to δ pou epilèxame exart�tai apì to dojèn ε all� kai apì to shmeÐo x0

sto opoÐo exet�zoume th sunèqeia thc f .

4.1aþ H �rnhsh tou orismoÔ

'Estw f : A→ R kai èstw x0 ∈ A. Upojètoume ìti h f den eÐnai suneq c sto x0. Me b�sh
th suz thsh pou ègine met� ton orismì thc sunèqeiac, autì shmaÐnei ìti up�rqei k�poio
ε me thn ex c idiìthta: an jewr soume opoiod pote δ > 0 kai thn antÐstoiqh perioq 
(x0− δ, x0 + δ) tou x0, tìte den isqÔei f((x0− δ, x0 + δ)∩A) ⊆ (f(x0)−ε, f(x0)+ε). Me
�lla lìgia, up�rqei k�poio x ∈ A to opoÐo an kei sto (x0− δ, x0 + δ) all� den ikanopoieÐ
thn |f(x)− f(x0)| < ε. IsodÔnama,

Gia k�je δ > 0 up�rqei x ∈ A me |x− x0| < δ kai |f(x)− f(x0)| ≥ ε.

Katal goume loipìn sto ex c:
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H f : A → R eÐnai asuneq c sto x0 ∈ A an kai mìno an up�rqei ε > 0 ¸ste:
gia k�je δ > 0 up�rqei x ∈ A me |x− x0| < δ kai |f(x)− f(x0)| ≥ ε.

Me lìgia, ja lègame ìti h f eÐnai asuneq c sto x0 an {osod pote kont� sto x0

up�rqei x ∈ A ¸ste oi timèc f(x) kai f(x0) na apèqoun arket�}.

Par�deigma 4.1.4. H sun�rthsh tou Dirichlet, f(x) =

 1 x ∈ Q

0 x /∈ Q
, eÐnai asuneq c

se k�je x0 ∈ R. Epilègoume ε = 1
2 > 0 kai ja deÐxoume ìti: gia k�je δ > 0 up�rqei x ∈ R

me |x− x0| < δ all� |f(x)− f(x0)| ≥ 1
2 . Pr�gmati, an o x0 eÐnai rhtìc, parathroÔme ìti

sto (x0 − δ, x0 + δ) mporoÔme na broÔme �rrhto α. Apì ton orismì thc f èqoume

|f(α)− f(x0)| = |0− 1| = 1 ≥ 1
2
.

An o x0 eÐnai �rrhtoc, parathroÔme ìti sto (x0 − δ, x0 + δ) mporoÔme na broÔme rhtì q.
Apì ton orismì thc f èqoume

|f(q)− f(x0)| = |1− 0| = 1 ≥ 1
2
.

4.1bþ Arq  thc metafor�c

'Estw f : A→ R kai èstw x0 ∈ A. H arq  thc metafor�c dÐnei ènan qarakthrismì thc
sunèqeiac thc f sto x0 mèsw akolouji¸n.

Je¸rhma 4.1.5 (arq  thc metafor�c). H f : A → R eÐnai suneq c sto x0 ∈ A an
kai mìno an: gia k�je akoloujÐa (xn) shmeÐwn tou A me xn → x0, h akoloujÐa (f(xn))
sugklÐnei sto f(x0).

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai suneq c sto x0. 'Estw xn ∈ A me xn → x0.
Ja deÐxoume ìti f(xn) → f(x0): 'Estw ε > 0. AfoÔ h f eÐnai suneq c sto x0, up�rqei
δ > 0 ¸ste: an x ∈ A kai |x − x0| < δ, tìte |f(x) − f(x0)| < ε (autìc eÐnai akrib¸c o
orismìc thc sunèqeiac thc f sto x0).

'Eqoume upojèsei ìti xn → x0. 'Ara, gi� autì to δ > 0 mporoÔme na broÔme n0 ∈ N
¸ste: an n ≥ n0 tìte |xn − x0| < δ (autìc eÐnai akrib¸c o orismìc thc sÔgklishc thc
(xn) sto x0).

Sundu�zontac ta parap�nw èqoume: an n ≥ n0, tìte |xn − x0| < δ �ra

|f(xn)− f(x0)| < ε.

AfoÔ to ε > 0  tan tuqìn, f(xn)→ f(x0).
Gia thn antÐstrofh kateÔjunsh ja doulèyoume me apagwg  se �topo. Upojètoume

ìti gia k�je akoloujÐa (xn) shmeÐwn tou A me xn → x0, h akoloujÐa (f(xn)) sugklÐnei
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sto f(x0). Upojètoume epÐshc ìti h f den eÐnai suneq c sto x0 kai ja katal xoume se
�topo.

AfoÔ h f den eÐnai suneq c sto x0, up�rqei k�poio ε > 0 me thn ex c idiìthta:

(∗) Gia k�je δ > 0 up�rqei x ∈ A to opoÐo ikanopoieÐ thn |x− x0| < δ all�
|f(x)− f(x0)| ≥ ε.

QrhsimopoioÔme thn (∗) diadoqik� me δ = 1, 1
2 , . . . ,

1
n , . . .. Gia k�je n ∈ N èqoume

1/n > 0 kai apì thn (∗) brÐskoume xn ∈ A me |xn − x0| < 1/n kai |f(xn) − f(x0)| ≥ ε.
Apì to krit rio parembol c eÐnai fanerì ìti xn → x0 kai apì thn upìjesh pou k�name
prèpei h akoloujÐa (f(xn)) na sugklÐnei sto f(x0). Autì ìmwc eÐnai adÔnato afoÔ
|f(xn)− f(x0)| ≥ ε gia k�je n ∈ N. 2

Parat rhsh 4.1.6. H arq  thc metafor�c mporeÐ na qrhsimopoihjeÐ me dÔo diafore-
tikoÔc trìpouc:

(i) gia na deÐxoume ìti h f eÐnai suneq c sto x0 arkeÐ na deÐxoume ìti {xn → x0 =⇒
f(xn)→ f(x0)}.

(ii) gia na deÐxoume ìti h f den eÐnai suneq c sto x0 arkeÐ na broÔme mia akoloujÐa
xn → x0 (sto A) ¸ste limn f(xn) 6= f(x0). PolÔ suqn�, exasfalÐzoume thn
asunèqeia thc f sto x0 brÐskontac dÔo akoloujÐec xn → x0 kai yn → x0 (sto A)
¸ste limn f(xn) 6= limn f(yn). An h f  tan suneq c sto x0, ja èprepe ta dÔo ìria
na eÐnai Ðsa me f(x0), �ra kai metaxÔ touc Ðsa.

Aplì par�deigma. H sun�rthsh tou Dirichlet, f(x) =

 1 x ∈ Q

0 x /∈ Q
, eÐnai asuneq -

c se k�je x0 ∈ R. Ja d¸soume mia deÔterh apìdeixh, qrhsimopoi¸ntac thn arq  thc
metafor�c. Apì thn puknìthta twn rht¸n kai twn arr twn, mporoÔme na broÔme akolou-
jÐa (qn) rht¸n arijm¸n me qn → x0 kai akoloujÐa (αn) arr twn arijm¸n me αn → x0.
'Omwc, f(qn) = 1 → 1 kai f(αn) = 0 → 0. Apì thn prohgoÔmenh parat rhsh sumperaÐ-
noume ìti h f den eÐnai suneq c sto x0.

4.1gþ Sunèqeia kai pr�xeic metaxÔ sunart sewn

To je¸rhma pou akoloujeÐ dÐnei th sqèsh thc sunèqeiac me tic sun jeic algebrikèc pr�xeic
an�mesa se sunart seic. H apìdeix  tou eÐnai �mesh, an qrhsimopoi soume thn arq  thc
metafor�c se sunduasmì me tic antÐstoiqec idiìthtec gia ta ìria akolouji¸n.

Je¸rhma 4.1.7. 'Estw f, g : A → R kai èstw x0 ∈ A. Upojètoume ìti oi f, g eÐnai
suneqeÐc sto x0. Tìte,

(i) Oi f + g kai f · g eÐnai suneqeÐc sto x0.

(ii) An epiplèon g(x) 6= 0 gia k�je x ∈ A, tìte h f
g orÐzetai sto A kai eÐnai suneq c

sto x0.
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Apìdeixh. H apìdeixh ìlwn twn isqurism¸n eÐnai apl : gia par�deigma, gia na deÐxoume
ìti h f

g eÐnai suneq c sto x0, sÔmfwna me thn arq  thc metafor�c, arkeÐ na deÐxoume ìti,

gia k�je akoloujÐa (xn) shmeÐwn tou A pou sugklÐnei sto x0, h akoloujÐa
((

f
g

)
(xn)

)
sugklÐnei sto

(
f
g

)
(x0). Apì thn upìjesh, oi f kai g eÐnai suneqeÐc sto x0. Apì thn

arq  thc metafor�c èqoume èqoume f(xn) → f(x0) kai g(xn) → g(x0). AfoÔ g(xn) 6= 0
gia k�je n ∈ N kai g(x0) 6= 0, èqoume(

f

g

)
(xn) =

f(xn)
g(xn)

→ f(x0)
g(x0)

=
(
f

g

)
(x0).

H apìdeixh thc sunèqeiac twn f+g kai f ·g sto x0 af netai wc 'Askhsh gia ton anagn¸sth.
2

Prìtash 4.1.8 (sÔnjesh suneq¸n sunart sewn). 'Estw f : A → R kai èstw
g : B → R dÔo sunart seic me f(A) ⊆ B. An h f eÐnai suneq c sto x0 kai h g eÐnai
suneq c sto f(x0), tìte h g ◦ f : A→ R eÐnai suneq c sto x0.

Apìdeixh. 'Estw (xn) akoloujÐa shmeÐwn tou A me xn → x0. AfoÔ h f eÐnai suneq c sto
x0, h arq  thc metafor�c deÐqnei ìti f(xn)→ f(x0). AfoÔ h g eÐnai suneq c sto f(x0) ∈
B, gia k�je akoloujÐa (yn) shmeÐwn tou B me yn → f(x0) èqoume g(yn)→ g(f(x0)).

'Omwc, f(xn) ∈ B kai f(xn)→ f(x0). Sunep¸c,

g(f(xn))→ g(f(x0)).

Gia k�je akoloujÐa (xn) shmeÐwn tou A me xn → x0 deÐxame ìti

(g ◦ f)(xn) = g(f(xn))→ g(f(x0)) = (g ◦ f)(x0).

Apì thn arq  thc metafor�c, h g ◦ f eÐnai suneq c sto x0. 2

4.1dþ Sunèqeia twn trigwnometrik¸n sunart sewn kai thc ekjetik c sun�rthsh-
c

H stajer  sun�rthsh f(x) = c (c ∈ R) kai h tautotik  sun�rthsh g(x) = x eÐnai suneqeÐc
sto R. 'Epetai ìti oi poluwnumikèc sunart seic eÐnai suneqeÐc sto R kai ìti k�je rht 
sun�rthsh eÐnai suneq c se ìla ta shmeÐa tou pedÐou orismoÔ thc.

DeÐqnoume t¸ra th sunèqeia twn trigwnometrik¸n sunart sewn kai thc ekjetik c
sun�rthshc.

Prìtash 4.1.9. Oi sunart seic sin, cos : R→ [−1, 1] eÐnai suneqeÐc.

Apìdeixh. 'Estw x0 ∈ R. Gia k�je x ∈ R èqoume

| sinx− sinx0| = 2
∣∣∣∣sin x− x0

2

∣∣∣∣ · ∣∣∣∣cos
x+ x0

2

∣∣∣∣ ≤ 2
∣∣∣∣sin x− x0

2

∣∣∣∣ .
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Apì thn Prìtash 3.3.2 èqoume ∣∣∣∣sin x− x0

2

∣∣∣∣ ≤ ∣∣∣∣x− x0

2

∣∣∣∣ .
Sunep¸c,

| sinx− sinx0| ≤ 2
∣∣∣∣x− x0

2

∣∣∣∣ = |x− x0|.

T¸ra, eÐnai eÔkolo na doÔme ìti h sin eÐnai suneq c sto x0 (p�rte δ = ε kai epalhjeÔste
ton orismì thc sunèqeiac). H cos eÐnai suneq c wc sÔnjesh thc suneqoÔc x 7→ π

2 − x me
thn sin. Anex�rthta apì autì, mporeÐte na d¸sete apìdeixh xekin¸ntac apì thn tautìthta

cosx− cosx0 = 2 sin
x0 − x

2
sin

x+ x0

2

kai qrhsimopoi¸ntac thn | sin t| ≤ |t|. 2

Prìtash 4.1.10. 'Estw a > 0. H sun�rthsh fa : R → (0,+∞) me fa(x) = ax eÐnai
suneq c.

Apìdeixh. MporoÔme na upojèsoume ìti a > 1 (an a = 1 h fa eÐnai stajer  kai an
0 < a < 1 èqoume fa = 1

f1/a
).

DeÐqnoume pr¸ta ìti h fa eÐnai suneq c sto 0: èstw ε > 0. Apì tic n
√
a → 1 kai

1
n
√

a
→ 1 blèpoume ìti up�rqei n0 ∈ N ¸ste

1− ε < 1
n0
√
a

= a−1/n0 < a1/n0 = n0
√
a < 1 + ε.

Epilègoume δ = 1/n0 > 0. AfoÔ h fa eÐnai gnhsÐwc aÔxousa, gia k�je x ∈ R me |x| < δ
èqoume

1− ε < a−1/n0 < ax < a1/n0 < 1 + ε,

dhlad 
|fa(x)− fa(0)| = |ax − 1| < ε.

DeÐqnoume t¸ra th sunèqeia thc fa sto tuqìn x0 ∈ R qrhsimopoi¸ntac thn arq  thc
metafor�c: èstw (xn) sto R me xn → x0. Apì th sunèqeia thc fa sto 0 sumperaÐnoume
ìti fa(xn − x0) = axn−x0 → a0 = 1. Tìte,

fa(xn) = axn = ax0 · axn−x0 → ax0 · 1 = fa(x0).

H (xn)  tan tuqoÔsa, �ra h fa eÐnai suneq c sto x0. 2

Sto epìmeno Kef�laio ja qrhsimopoi soume kai th sunèqeia thc sun�rthshc a 7→ ax:

Prìtash 4.1.11. 'Estw x ∈ R. H sun�rthsh gx : (0,+∞) → (0,+∞) me gx(a) = ax

eÐnai suneq c.
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Apìdeixh. MporoÔme na upojèsoume ìti x > 0 (an x = 0 h gx eÐnai stajer  kai an x < 0
èqoume gx = 1

g−x
).

DeÐqnoume pr¸ta ìti h gx eÐnai suneq c sto 1: up�rqei m ∈ N ¸ste |x| ≤ m. 'Est-
w (an) sto (0,+∞) me an → 1. Tìte, am

n → 1 kai a−m
n → 1. Apì tic tautìthtec

2 min{x, y} = x+ y − |x− y| kai 2 max{x, y} = x+ y + |x− y| blèpoume ìti

tn := min{am
n , a

−m
n } → 1 kai sn := max{am

n , a
−m
n } → 1.

Parathr ste ìti: an an ≥ 1 tìte a−m
n ≤ ax

n ≤ am
n en¸ an an ≤ 1 tìte am

n ≤ ax
n ≤ a−m

n .
'Epetai ìti tn ≤ ax

n ≤ sn kai apì to krit rio parembol c sumperaÐnoume ìti gx(an) =
ax

n → 1 = gx(1). AfoÔ h (an)  tan tuqoÔsa, h arq  thc metafor�c deÐqnei ìti h gx eÐnai
suneq c sto 1.

DeÐqnoume t¸ra th sunèqeia thc gx sto tuqìn a0 > 0 qrhsimopoi¸ntac thn arq 
thc metafor�c: èstw (an) sto (0,+∞) me an → a0. Apì th sunèqeia thc gx sto 1
sumperaÐnoume ìti gx(an/a0) = ax

n/a
x
0 → 1x = 1. Tìte,

gx(an) = ax
n = ax

0(an/a0)x → ax
0 · 1 = gx(a0).

H (an)  tan tuqoÔsa, �ra h gx eÐnai suneq c sto a0. 2

4.1eþ Sunèqeia kai topik  sumperifor�

Apì ton orismì thc sunèqeiac eÐnai fanerì ìti h sumperifor� miac sun�rthshc f {makri�}
apì to x0 den ephre�zei th sunèqeia   mh thc f sto x0.

Prìtash 4.1.12. 'Estw f : A → R kai èstw x0 ∈ A. Upojètoume ìti up�rqei ρ > 0
¸ste o periorismìc thc f sto A ∩ (x0 − ρ, x0 + ρ) na eÐnai sun�rthsh suneq c sto x0.
Tìte, h f eÐnai suneq c sto x0.

Apìdeixh. Me ton ìro {periorismìc thc f} ennooÔme th sun�rthsh f̃ : A∩(x0−ρ, x0+ρ)→
R me f̃(x) = f(x).

'Estw ε > 0. AfoÔ h f̃ eÐnai suneq c sto x0, up�rqei δ1 > 0 ¸ste gia k�je x ∈
(A ∩ (x0 − ρ, x0 + ρ)) me |x− x0| < δ1 na isqÔei |f̃(x)− f̃(xo)| < ε.

Jètoume δ = min{ρ, δ1}. Tìte, èqoume δ > 0 kai an x ∈ A ∩ (x0 − δ, x0 + δ) èqoume
tautìqrona x ∈ A ∩ (x0 − ρ, x0 + ρ) kai |x− x0| < δ ≤ δ1. 'Ara,

|f(x)− f(x0)| = |f̃(x)− f̃(xo)| < ε.

Dhlad , h f eÐnai suneq c sto x0. 2

H epìmenh Prìtash deÐqnei ìti an mia sun�rthsh f : A→ R eÐnai suneq c sto x0 ∈ A,
tìte eÐnai {topik� fragmènh}, dhlad  fragmènh se mia perioq  tou x0. Parathr ste ìti
mia suneq c sun�rthsh f den eÐnai aparaÐthta fragmènh se olìklhro to pedÐo orismoÔ
thc. Apl� paradeÐgmata mac dÐnoun oi sunart seic f(x) = x2 (x ∈ R) kai g(x) = 1

x
(x ∈ (0, 1)).
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Prìtash 4.1.13. 'Estw f : A→ R kai èstw x0 ∈ A. Upojètoume ìti h f eÐnai suneq c
sto x0. Tìte, mporoÔme na broÔme δ > 0 kaiM > 0 ¸ste gia k�je x ∈ A∩ (x0−δ, x0 +δ)
na isqÔei |f(x)| ≤M .

Apìdeixh. Efarmìzoume ton orismì thc sunèqeiac thc f sto x0 me ε = 1 > 0. Up�rqei
δ > 0 ¸ste: an x ∈ A kai |x − x0| < δ, tìte |f(x) − f(x0)| < 1. Dhlad , gia k�je
x ∈ A ∩ (x0 − δ, x0 + δ) èqoume

|f(x)| ≤ |f(x)− f(x0)|+ |f(x0)| < 1 + |f(x0)|.

'Epetai to zhtoÔmeno, me M = 1 + |f(x0)|. 2

H teleutaÐa parat rhsh eÐnai ìti an mia sun�rthsh f : A → R eÐnai suneq c sto
x0 ∈ A kai an f(x0) 6= 0, tìte h f diathreÐ to prìshmo tou f(x0) se mia olìklhrh
(endeqomènwc mikr ) perioq  tou x0.

Prìtash 4.1.14. 'Estw f : A→ R kai èstw x0 ∈ A. Upojètoume ìti h f eÐnai suneq c
sto x0 kai ìti f(x0) 6= 0.

(i) An f(x0) > 0, tìte up�rqei δ > 0 ¸ste f(x) > 0 gia k�je x ∈ A ∩ (x0 − δ, x0 + δ).

(ii) An f(x0) < 0, tìte up�rqei δ > 0 ¸ste f(x) < 0 gia k�je x ∈ A ∩ (x0 − δ, x0 + δ).

Apìdeixh. Upojètoume pr¸ta ìti f(x0) > 0. AfoÔ h f eÐnai suneq c sto x0, an jewr -

soume ton ε = f(x0)
2 > 0 up�rqei δ > 0 ¸ste: an x ∈ A kai |x− x0| < δ tìte

|f(x)− f(x0)| <
f(x0)

2
=⇒ −f(x0)

2
< f(x)− f(x0) =⇒ f(x) >

f(x0)
2

> 0.

Dhlad , f(x) > 0 gia k�je x ∈ A ∩ (x0 − δ, x0 + δ).
Upojètoume t¸ra ìti f(x0) < 0. AfoÔ h f eÐnai suneq c sto x0, an jewr soume ton

ε = − f(x0)
2 > 0 up�rqei δ > 0 ¸ste: an x ∈ A kai |x− x0| < δ tìte

|f(x)− f(x0)| < −
f(x0)

2
=⇒ f(x)− f(x0) < −

f(x0)
2

=⇒ f(x) <
f(x0)

2
< 0.

Dhlad , f(x) < 0 gia k�je x ∈ A ∩ (x0 − δ, x0 + δ). 2

4.2 Basik� jewr mata gia suneqeÐc sunart seic
Se aut n thn par�grafo ja apodeÐxoume dÔo jemeli¸dh kai diaisjhtik� anamenìmena jew-
r mata gia suneqeÐc sunart seic pou eÐnai orismènec se èna kleistì di�sthma: to je¸rhma
endi�meshc tim c kai to je¸rhma Ôparxhc mègisthc kai el�qisthc tim c. H apìdeixh touc
apaiteÐ ousiastik  qr sh tou axi¸matoc thc plhrìthtac.
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4.2aþ To je¸rhma el�qisthc kai mègisthc tim c

To pr¸to basikì je¸rhma mac lèei ìti an f : [a, b] → R eÐnai mia suneq c sun�rthsh,
tìte h f eÐnai �nw fragmènh kai k�tw fragmènh, kai m�lista paÐrnei mègisth kai el�qisth
tim .

Je¸rhma 4.2.1. 'Estw f : [a, b] → R suneq c sun�rthsh. Up�rqoun m,M ∈ R ¸ste:
gia k�je x ∈ [a, b],

m ≤ f(x) ≤M.

Dhlad , h f eÐnai �nw kai k�tw fragmènh.

Apìdeixh. JewroÔme to sÔnolo

A = {y ∈ [a, b] : h f eÐnai �nw fragmènh sto [a, y]}.

Isqurismìc 1. To A eÐnai mh kenì kai �nw fragmèno.

Apìdeixh. EÐnai safèc ìti o b eÐnai �nw fr�gma gia to A. Gia na deÐxoume ìti to A eÐnai
mh kenì, skeftìmaste wc ex c: afoÔ h f eÐnai suneq c sto a, apì thn Prìtash 4.1.13
up�rqoun M ∈ R kai 0 < δ < b − a ¸ste f(x) ≤ M gia k�je x ∈ [a, a + δ). An loipìn
a < y < a+ δ, tìte

gia k�je x me a ≤ x ≤ y isqÔei f(x) ≤M ,

to opoÐo shmaÐnei ìti y ∈ A. Sunep¸c, (a, a+ δ) ⊆ A (to A eÐnai mh kenì). 2

Apì to axÐwma thc plhrìthtac up�rqei o ξ = supA.
Isqurismìc 2. ξ = b.

Apìdeixh. Ac upojèsoume ìti ξ < b. AfoÔ h f eÐnai suneq c sto ξ, qrhsimopoi¸ntac
thn Prìtash 4.1.13 brÐskoume 0 < δ1 < min{b − ξ, ξ − a} kai M1 > 0 ¸ste gia k�je
x ∈ (ξ − δ1, ξ + δ1) na èqoume f(x) ≤ M1. T¸ra, sto di�sthma (ξ − δ1, ξ] mporoÔme na
broÔme y1 ∈ A apì ton qarakthrismì tou supremum. AfoÔ y1 ∈ A, up�rqei M2 > 0
¸ste f(x) ≤ M2 gia k�je x ∈ [a, y1]. Tìte, f(x) ≤ M := max{M1,M2} gia k�je
x ∈ [a, ξ + δ1). Autì eÐnai �topo: an epilèxoume y2 ∈ (ξ, ξ + δ1) tìte y2 ∈ A (exhg ste
giatÐ) kai y2 > ξ = supA.

MporoÔme t¸ra na deÐxoume ìti h f eÐnai �nw fragmènh sto [a, b]. AfoÔ h f eÐnai
suneq c sto b, qrhsimopoi¸ntac xan� thn Prìtash 4.1.13 brÐskoume 0 < δ2 < b − a kai
M3 > 0 ¸ste gia k�je x ∈ (b − δ2, b] na èqoume f(x) ≤ M3. Sto di�sthma (b − δ2, b]
mporoÔme na broÔme y3 ∈ A apì ton qarakthrismì tou supremum. AfoÔ y3 ∈ A, up�rqei
M4 > 0 ¸ste f(x) ≤ M4 gia k�je x ∈ [a, y3]. Tìte, f(x) ≤ M := max{M3,M4} gia
k�je x ∈ [a, b].

Me ton Ðdio trìpo deÐqnoume ìti h f eÐnai k�tw fragmènh ( , an jèlete, jewr ste thn
−f : gnwrÐzete  dh ìti eÐnai �nw fragmènh). 2

K�nontac èna akìma b ma, deÐqnoume ìti k�je suneq c sun�rthsh f : [a, b] → R
paÐrnei mègisth kai el�qisth tim  sto [a, b]:
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Je¸rhma 4.2.2. 'Estw f : [a, b]→ R suneq c sun�rthsh. Up�rqoun y1, y2 ∈ [a, b] ¸ste
f(y1) ≤ f(x) ≤ f(y2) gia k�je x ∈ [a, b].

Apìdeixh. Apì to Je¸rhma 4.2.1, h f eÐnai �nw fragmènh. Sunep¸c, to sÔnolo

A = {f(x) : x ∈ [a, b]}

eÐnai �nw fragmèno. 'Estw ρ = supA. Jèloume na deÐxoume ìti up�rqei y2 ∈ [a, b] me
f(y2) = ρ.

Upojètoume ìti h f den paÐrnei mègisth tim  sto [a, b]. Tìte, f(x) < ρ gia k�je
x ∈ [a, b]. Sunep¸c, mporoÔme na orÐsoume g : [a, b]→ R me

g(x) =
1

ρ− f(x)
.

H g eÐnai suneq c sto [a, b], opìte eÐnai fragmènh: up�rqei M > 0 ¸ste g(x) ≤ M gia
k�je x ∈ [a, b]. Autì odhgeÐ se �topo wc ex c: apì ton orismì tou supremum, gia k�je
n ∈ N mporoÔme na broÔme stoiqeÐo tou A sto (ρ− 1/n, ρ). Dhlad , up�rqei xn ∈ [a, b]
gia to opoÐo

ρ− 1
n
< f(xn) < ρ.

Tìte,

M ≥ g(xn) =
1

ρ− f(xn)
> n.

Dhlad , to N eÐnai �nw fragmèno apì ton M , �topo.
Me ton Ðdio trìpo deÐqnoume ìti h f paÐrnei el�qisth tim  ( , an jèlete, jewr ste thn

−f : gnwrÐzete  dh ìti paÐrnei mègisth tim ). 2

4.2bþ To je¸rhma endi�meshc tim c

Ac upojèsoume ìti mia suneq c sun�rthsh f : [a, b] → R paÐrnei eterìshmec timèc sta
�kra tou [a, b]. Tìte, autì pou perimènei kaneÐc apì thn grafik  par�stash thc f eÐnai
ìti gia k�poio shmeÐo ξ ∈ (a, b) ja isqÔei f(ξ) = 0 (h kampÔlh y = f(x) ja tm sei
ton orizìntio �xona). Ja d¸soume treic apodeÐxeic: ìlec qrhsimopoioÔn ousiastik� to
axÐwma thc plhrìthtac. KajemÐa apì autèc {stoqeÔei} se {diaforetik  rÐza thc exÐswshc
f(x) = 0}.

Je¸rhma 4.2.3. 'Estw f : [a, b]→ R suneq c sun�rthsh. Upojètoume ìti f(a) < 0 kai
f(b) > 0. Tìte, up�rqei ξ ∈ (a, b) ¸ste f(ξ) = 0.

Pr¸th apìdeixh. Ja prospaj soume na {broÔme} th mikrìterh lÔsh thc exÐswshc
f(x) = 0 sto (a, b). Y�qnoume dhlad  gia k�poio ξ ∈ (a, b) gia to opoÐo f(ξ) = 0 kai
f(x) < 0 gia k�je x me a ≤ x < ξ.
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H idèa eÐnai ìti autì to ξ prèpei na eÐnai to supremum tou sunìlou ìlwn twn y ∈ (a, b)
pou ikanopoioÔn to ex c:

gia k�je x me a ≤ x < y isqÔei f(x) < 0.

OrÐzoume loipìn

A = {y ∈ (a, b] : a ≤ x < y =⇒ f(x) < 0}.

Isqurismìc 1. To A eÐnai mh kenì kai �nw fragmèno.

Apìdeixh. EÐnai safèc ìti o b eÐnai �nw fr�gma gia to A. Gia na deÐxoume ìti to A eÐnai
mh kenì, skeftìmaste wc ex c: h f eÐnai suneq c sto a kai f(a) < 0. Apì thn Prìtash
4.1.14, up�rqei 0 < δ < b−a ¸ste h f na paÐrnei arnhtikèc timèc sto [a, b]∩(a−δ, a+δ) =
[a, a+ δ). An loipìn a < y < a+ δ, tìte

gia k�je x me a ≤ x < y isqÔei f(x) < 0,

to opoÐo shmaÐnei ìti y ∈ A. 'Ara, (a, a+ δ) ⊆ A (to A eÐnai mh kenì). 2

Apì to axÐwma thc plhrìthtac up�rqei o ξ = supA. EpÐshc, a < ξ diìti (a, a+ δ) ⊆ A.
Isqurismìc 2. Gia ton ξ = supA isqÔoun oi a < ξ < b kai f(ξ) = 0.

Apìdeixh. DeÐqnoume pr¸ta ìti ξ < b: 'Eqoume f(b) > 0 kai h f eÐnai suneq c sto
b. Qrhsimopoi¸ntac thn Prìtash 4.1.14, brÐskoume 0 < δ1 < b − a ¸ste gia k�je
x ∈ (b − δ1, b] na èqoume f(x) > 0. Tìte, o b − δ1 eÐnai �nw fr�gma tou A. Pr�gmati,
an y ∈ A tìte f(x) < 0 gia k�je x ∈ [a, y) kai afoÔ f(x) > 0 sto (b − δ1, b] èqoume
y ≤ b− δ1. Sunep¸c,

a < a+ δ ≤ ξ ≤ b− δ1 < b.

Eidikìtera, a < ξ < b.
Mènei na deÐxoume ìti f(ξ) = 0. Ja apokleÐsoume ta endeqìmena f(ξ) < 0 kai f(ξ) > 0.

(i) 'Estw ìti f(ξ) < 0. Apì th sunèqeia thc f sto ξ, up�rqei 0 < δ2 < min{ξ−a, b−ξ}
¸ste f(x) < 0 sto (ξ − δ2, ξ + δ2) (exhg ste giatÐ). 'Omwc tìte, f(x) < 0 sto
[a, ξ+δ2) (giatÐ up�rqei y ∈ A me y > ξ−δ2, opìte f(x) < 0 sto [a, y)∪ (ξ−δ2, ξ+
δ2) = [a, ξ + δ2)). Epomènwc, ξ + δ2 ∈ A. Autì eÐnai �topo afoÔ ξ = supA.

(ii) 'Estw ìti f(ξ) > 0. Tìte, up�rqei 0 < δ3 < min{ξ − a, b − ξ} ¸ste f(x) > 0 sto
(ξ − δ3, ξ + δ3). An p�roume y ∈ A me y > ξ − δ3 kai z me y > z > ξ − δ3, tìte

y ∈ A =⇒ f(z) < 0

en¸

z ∈ (ξ − δ3, ξ + δ3) =⇒ f(z) > 0

dhlad  odhgoÔmaste se �topo. 2
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Me thn apìdeixh tou deÔterou isqurismoÔ oloklhr¸netai kai h apìdeixh tou Jewr matoc.
2

DeÔterh apìdeixh. Ja prospaj soume na {broÔme} th megalÔterh lÔsh thc exÐswshc
f(x) = 0 sto (a, b). Y�qnoume dhlad  gia k�poio ξ ∈ (a, b) gia to opoÐo f(ξ) = 0 kai
f(x) > 0 gia k�je x me ξ < x ≤ b.

H idèa eÐnai ìti autì to ξ prèpei na eÐnai to supremum tou sunìlou

A = {y ∈ [a, b] : f(y) ≤ 0}.

Isqurismìc 1. To A eÐnai mh kenì kai �nw fragmèno.

Apìdeixh. EÐnai safèc ìti o b eÐnai �nw fr�gma gia to A. To A eÐnai mh kenì: afoÔ
f(a) < 0, èqoume a ∈ A. 2

Apì to axÐwma thc plhrìthtac up�rqei o ξ = supA. EpÐshc, a < ξ. Pr�gmati, sthn
prohgoÔmenh apìdeixh eÐdame ìti up�rqei 0 < δ < b− a ¸ste (a, a+ δ) ⊆ A.
Isqurismìc 2. Gia ton ξ = supA isqÔoun oi a < ξ < b kai f(ξ) = 0.

Apìdeixh. DeÐqnoume pr¸ta ìti ξ < b: 'Eqoume f(b) > 0 kai h f eÐnai suneq c sto
b. Qrhsimopoi¸ntac thn Prìtash 4.1.14, brÐskoume 0 < δ1 < b − a ¸ste gia k�je
x ∈ (b− δ1, b] na èqoume f(x) > 0. Tìte, o b− δ1 eÐnai �nw fr�gma tou A. Pr�gmati, an
y ∈ A tìte f(y) ≤ 0, �ra y ∈ [a, b− δ1]. 'Epetai ìti

ξ = supA ≤ b− δ1 < b.

Mènei na deÐxoume ìti f(ξ) = 0. Ja deÐxoume ìti f(ξ) ≤ 0 kai f(ξ) ≥ 0 qrhsimopoi¸ntac
thn arq  thc metafor�c.

(i) AfoÔ ξ = supA, up�rqei akoloujÐa (xn) shmeÐwn tou A me xn → ξ. 'Eqoume
f(xn) ≤ 0 kai h f eÐnai suneq c sto ξ. Apì thn arq  thc metafor�c paÐrnoume
f(ξ) = limn f(xn) ≤ 0.

(ii) AfoÔ ξ < b, up�rqei gnhsÐwc fjÐnousa akoloujÐa (yn) sto (ξ, b] me yn → ξ (gia
par�deigma, h yn = ξ + b−ξ

n ). Gia k�je n ∈ N èqoume yn /∈ A, kai sunep¸c,
f(yn) > 0. Apì thn arq  thc metafor�c paÐrnoume f(ξ) = limn f(yn) ≥ 0. 2

Me thn apìdeixh tou deÔterou isqurismoÔ oloklhr¸netai kai h apìdeixh tou Jewr matoc.
2

TrÐth apìdeixh. ProspajoÔme na proseggÐsoume mia rÐza x0 thc f {opoud pote} an�me-
sa sta a kai b, me diadoqikèc diqotom seic tou [a, b]. H Ôparxh thc rÐzac ja exasfalisteÐ
apì thn arq  twn kibwtismènwn diasthm�twn kai thn arq  thc metafor�c.

Sto pr¸to b ma, diqotomoÔme to [a, b] jewr¸ntac to mèso tou a+b
2 . An sumbeÐ na

èqoume f
(

a+b
2

)
= 0, jètoume ξ = a+b

2 kai èqoume f(ξ) = 0. Alli¸c, up�rqoun dÔo

endeqìmena. EÐte f(a+b
2 ) > 0 opìte jètoume a1 = a kai b1 = a+b

2 ,  , f(a+b
2 ) < 0, opìte
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jètoume a1 = a+b
2 kai b1 = b. Se k�je perÐptwsh, èqoume f(a1) < 0 kai f(b1) > 0.

Parathr ste epÐshc ìti a ≤ a1 < b1 ≤ b kai ìti to m koc tou [a1, b1] eÐnai Ðso me b−a
2 .

Epanalamb�noume th diadikasÐa sto [a1, b1]. An f
(

a1+b1
2

)
= 0, jètoume ξ = a1+b1

2
kai èqoume f(ξ) = 0. Alli¸c, brÐskoume a2, b2 pou ikanopoioÔn tic a1 ≤ a2 < b2 ≤ b1,
f(a1) < 0, f(b1) > 0 kai b2 − a2 = b−a

22 .
SuneqÐzontac epagwgik�, eÐte brÐskoume ξ ∈ [a, b] me f(ξ) = 0   orÐzoume akoloujÐec

(an) kai (bn) sto [a, b] me tic ex c idiìthtec:

(i) a ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ an+1 < bn+1 ≤ bn ≤ · · · ≤ b2 ≤ b1 ≤ b gia k�je n ∈ N.

(ii) f(an) < 0 < f(bn) gia k�je n ∈ N.

(iii) bn − an = b−a
2n gia k�je n ∈ N.

H akoloujÐa (an) pou kataskeu�same eÐnai aÔxousa kai �nw fragmènh kai h (bn) eÐnai
fjÐnousa kai k�tw fragmènh. 'Ara, sugklÐnoun. Apì thn bn − an = b−a

2n → 0, èpetai ìti

lim
n→∞

an = lim
n→∞

bn = ξ

gia k�poio ξ ∈ [a, b]. AfoÔ f(an) < 0 kai f(bn) > 0, apì th sunèqeia thc f kai apì thn
arq  thc metafor�c paÐrnoume

f(ξ) = lim
n→∞

f(an) ≤ 0 ≤ lim
n→∞

f(bn) = f(ξ),

dhlad , f(ξ) = 0. 2

San pìrisma paÐrnoume to je¸rhma endi�meshc tim c:

Je¸rhma 4.2.4. 'Estw f : [a, b] → R suneq c sun�rthsh. An f(a) < f(b) kai f(a) <
ρ < f(b)), tìte up�rqei ξ ∈ (a, b) ¸ste f(ξ) = ρ. 'Omoia, an f(b) < f(a) kai f(b) < ρ <
f(a)), tìte up�rqei ξ ∈ (a, b) ¸sste f(ξ) = ρ.

Apìdeixh. JewroÔme thn g(x) = f(x) − ρ. H g eÐnai suneq c sto [a, b] kai g(a) =
f(a)− ρ < 0, g(b) = f(b)− ρ > 0. Apì to Je¸rhma 4.2.3 up�rqei ξ ∈ (a, b) me g(ξ) = 0,
dhlad  f(ξ) = ρ.

Gia thn �llh perÐptwsh, qrhsimopoi ste th suneq  sun�rthsh h(x) = ρ− f(x). 2

Orismìc 4.2.5 (di�sthma). 'Ena uposÔnolo I tou R lègetai di�sthma an gia k�je
x, y ∈ I me x < y olìklhro to eujÔgrammo tm ma [x, y] perièqetai sto I.

Me �lla lìgia, diast mata eÐnai ta anoikt�, kleist�   hmianoikt� diast mata kai oi
anoiktèc   kleistèc hmieujeÐec.

Je¸rhma 4.2.6. 'Estw I èna di�sthma sto R kai èstw f : I → R suneq c sun�rthsh.
Tìte, h eikìna f(I) thc f eÐnai di�sthma.
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Apìdeixh. 'Estw u, v ∈ f(I) me u < v kai èstw u < w < v. Up�rqoun x, y ∈ I ¸ste
f(x) = u kai f(y) = v. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti
x < y. AfoÔ to I eÐnai di�sthma, èqoume [x, y] ⊆ I kai h f : [x, y]→ R eÐnai suneq c sto
[x, y]. AfoÔ f(x) = u < w < v = f(y), up�rqei z ∈ (x, y) ¸ste f(z) = w. AfoÔ z ∈ I,
sumperaÐnoume ìti w = f(z) ∈ f(I). Apì ton orismì tou diast matoc èpetai ìti to f(I)
eÐnai di�sthma. 2

Pìrisma 4.2.7. 'Estw f : [a, b] → R suneq c sun�rthsh. Up�rqoun m ≤ M sto R
¸ste f([a, b]) = [m,M ].

Apìdeixh. H f eÐnai suneq c kai orÐzetai sto kleistì di�sthma [a, b]. Sunep¸c, h f
paÐrnei el�qisth tim  m kai mègisth tim  M sto [a, b]. Dhlad , m,M ∈ f([a, b]) kai
f([a, b]) ⊆ [m,M ]. Apì to prohgoÔmeno je¸rhma, to f([a, b]) eÐnai di�sthma kai perièqei
ta m,M . 'Ara, f([a, b]) ⊇ [m,M ]. 'Epetai ìti f([a, b]) = [m,M ]. 2

4.2gþ ParadeÐgmata

H sunèqeia thc f all� kai h upìjesh ìti to pedÐo orismoÔ eÐnai kleistì di�sthma eÐnai
aparaÐthtec sta prohgoÔmena jewr mata.

(a) JewroÔme th sun�rthsh f(x) =

 1− |x| x 6= 0

0 x = 0
sto [−1, 1]. H f den paÐrnei

mègisth tim  sto [−1, 1]. 'Eqoume 1 = sup{f(x) : x ∈ [−1, 1]}, all� o 1 den eÐnai tim  thc
f : parathr ste ìti 0 ≤ f(x) < 1 gia k�je x ∈ [−1, 1]. H f eÐnai asuneq c sto shmeÐo 0.

(b) JewroÔme thn sun�rthsh f(x) =

 −1 0 ≤ x ≤ 1

1 1 < x ≤ 2
. Tìte, f(0) < 0 kai f(2) > 0,

all� den up�rqei lÔsh thc f(x) = 0 sto [0, 2]. H f eÐnai asuneq c sto shmeÐo 1.
(g) JewroÔme thn f(x) = 1/x sto (0, 1]. H f eÐnai suneq c sto (0, 1], all� den eÐnai �nw
fragmènh. To pedÐo orismoÔ thc f den eÐnai kleistì di�sthma.

(d) JewroÔme thn f(x) = x sto (0, 1). H f eÐnai suneq c kai fragmènh sto (0, 1), all�
den paÐrnei mègisth oÔte el�qisth tim . To pedÐo orismoÔ thc f den eÐnai kleistì di�sthma.

4.2dþ Efarmogèc twn basik¸n jewrhm�twn

To je¸rhma endi�meshc tim c qrhsimopoieÐtai suqn� gia thn apìdeixh thc Ôparxhc rÐzac
k�poiac exÐswshc. To pr¸to mac par�deigma eÐnai h {Ôparxh n�ost c rÐzac} pou eÐqame
exasfalÐsei me qr sh tou axi¸matoc thc plhrìthtac.

Je¸rhma 4.2.8. 'Estw n ≥ 2 kai èstw ρ ènac jetikìc pragmatikìc arijmìc. Up�rqei
monadikìc ξ > 0 ¸ste ξn = ρ.

Apìdeixh. 'Estw ρ > 0. JewroÔme th suneq  sun�rthsh f : [0,+∞)→ R me f(x) = xn.
Pr¸ta ja deÐxoume ìti up�rqei b > 0 ¸ste f(b) > ρ. DiakrÐnoume treÐc peript¸seic:
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(i) An ρ < 1, tìte f(1) = 1n = 1 > ρ.

(ii) An ρ > 1, tìte f(ρ) = ρn > ρ.

(iii) An ρ = 1, tìte f(2) = 2n > 2 > 1.

DeÐxame ìti up�rqei b > 0 ¸ste f(0) = 0 < ρ < f(b). Apì to je¸rhma endi�meshc tim c,
up�rqei ξ ∈ (0, b) ¸ste f(ξ) = ρ, dhlad  ξn = ρ.

H monadikìthta eÐnai apl : èqoume deÐ ìti an a, b > 0 tìte an = bn an kai mìno an
a = b. An loipìn èqoume ξn

1 = ρ = ξn
2 gia k�poiouc ξ1, ξ2 > 0, tìte ξ1 = ξ2. 2

Je¸rhma 4.2.9. K�je polu¸numo perittoÔ bajmoÔ èqei toul�qiston mÐa pragmatik  rÐza.

Apìdeixh. 'Estw P (x) = amx
m+am−1x

m−1+. . .+a1x+a0, ìpou am 6= 0 kaim perittìc.
Gr�foume P (x) = amx

m + · · ·+ a1x+ a0 = amx
m(1 + ∆(x)) ìpou

∆(x) =
am−1x

m−1 + · · ·+ a1x+ a0

amxm
.

Parathr ste ìti an

|x| > 2
|am−1|+ · · ·+ |a1|+ |a0|

|am|
+ 1

tìte |x|k ≤ |x|m−1 gia k�je k = 0, 1, . . . ,m− 1, kai sunep¸c,

|∆(x)| ≤ |am−1|xm−1 + · · ·+ |a1|x+ |a0|
|am| |x|m

≤ |am−1| |x|m−1 + · · ·+ |a1| |x|m−1 + |a0| |x|m−1

|am| |x|m

=
|am−1|+ · · ·+ |a1|+ |a0|

|am| |x|

<
1
2
.

'Ara, up�rqei M > 0 ¸ste an |x| ≥M tìte

1 + ∆(x) ≥ 1− |∆(x)| ≥ 1− 1
2

=
1
2
> 0.

Dhlad , an |x| ≥ M tìte oi P (x) kai amx
m èqoun to Ðdio prìshmo. 'Epetai ìti o

P (−M)P (M) eÐnai omìshmoc me ton a2
m(−M)mMm = a2

mM
2m(−1)m, dhlad  arnhtikìc.

Apì to je¸rhma endi�meshc tim c up�rqei ξ ∈ (−M,M) ¸ste P (ξ) = 0. 2

Je¸rhma 4.2.10 (je¸rhma stajeroÔ shmeÐou). 'Estw f : [0, 1] → [0, 1] suneq c
sun�rthsh. Up�rqei x0 ∈ [0, 1] ¸ste f(x0) = x0.
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Apìdeixh. Jèloume na deÐxoume ìti h kampÔlh y = f(x) tèmnei thn diag¸nio y = x. ArkeÐ
na deÐxoume ìti h suneq c sun�rthsh h(x) = f(x)− x mhdenÐzetai k�pou sto [0, 1].

An f(0) = 0   f(1) = 1 èqoume to zhtoÔmeno gia x0 = 0   x0 = 1 antÐstoiqa.
Upojètoume loipìn ìti f(0) > 0 kai f(1) < 1. Tìte, h(0) = f(0) > 0 kai h(1) =

f(1) − 1 < 0. Apì to je¸rhma endi�meshc tim c, up�rqei x0 ∈ (0, 1) ¸ste h(x0) = 0.
Dhlad , f(x0) = x0. 2

4.3 ShmeÐa suss¸reushc kai memonwmèna shmeÐa
Orismìc 4.3.1. 'Estw A èna mh kenì uposÔnolo tou R kai èstw x0 ∈ R. Lème ìti o x0

eÐnai shmeÐo suss¸reushc tou A an gia k�je δ > 0 mporoÔme na broÔme x ∈ A ¸ste
0 < |x− x0| < δ (isodÔnama: x ∈ (x0 − δ, x0 + δ) kai x 6= x0).

Dhlad , o x0 eÐnai shmeÐo suss¸reushc tou A an osod pote kont� ston x0 mporoÔme
na broÔme stoiqeÐa tou A diaforetik� apì ton x0. Parathr ste ìti den apaitoÔme apì
ton x0 na eÐnai stoiqeÐo tou A.

ParadeÐgmata 4.3.2. (a) An A = [a, b], tìte o x0 eÐnai shmeÐo suss¸reushc tou A an
kai mìno an x0 ∈ [a, b]. An A = (a, b], tìte k�je shmeÐo tou A eÐnai shmeÐo suss¸reushc
tou A, kai up�rqei �llo èna shmeÐo suss¸reushc tou A, to a, to opoÐo den an kei sto
sÔnolo.

(b) An A = [0, 1] ∪ {2}, tìte 2 ∈ A all� o 2 den eÐnai shmeÐo suss¸reushc tou A.

(g) To N = {1, 2, 3, . . .} den èqei kanèna shmeÐo suss¸reushc.

(d) An A = {1, 1
2 ,

1
3 , . . .}, tìte o 0 eÐnai to monadikì shmeÐo suss¸reushc tou A (kai den

an kei sto A).

Orismìc 4.3.3. 'Estw A èna mh kenì uposÔnolo tou R kai èstw x0 ∈ A. Lème ìti o
x0 eÐnai memonwmèno shmeÐo tou A an den eÐnai shmeÐo suss¸reushc tou A, dhlad , an
up�rqei perioq  tou x0 h opoÐa den perièqei �lla shmeÐa tou A ektìc apì to x0 (isodÔnama,
an up�rqei δ > 0 ¸ste A ∩ (x0 − δ, x0 + δ) = {x0}).

H epìmenh Prìtash dÐnei qr simouc qarakthrismoÔc tou shmeÐou suss¸reushc.

Prìtash 4.3.4. 'Estw A èna mh kenì uposÔnolo tou R kai èstw x0 ∈ R. Ta ex c eÐnai
isodÔnama:

(i) To x0 eÐnai shmeÐo suss¸reushc tou A.

(ii) Gia k�je δ > 0 up�rqoun �peira to pl joc shmeÐa tou A sto (x0 − δ, x0 + δ).

(iii) Up�rqei akoloujÐa (xn) diaforetik¸n an� dÔo, kai diaforetik¸n apì to x0, shmeÐwn
tou A, h opoÐa sugklÐnei sto x0.
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Apìdeixh. (i)⇒(ii) 'Estw δ > 0. AfoÔ to x0 eÐnai shmeÐo suss¸reushc tou A, sto
(x0− δ, x0 + δ) mporoÔme na broÔme shmeÐa tou A diaforetik� apì to x0. Ac upojèsoume
ìti aut� ta shmeÐa eÐnai peperasmèna to pl joc, ta y1, . . . , ym. K�poio apì aut�, ac poÔme
to yj gia k�poion 1 ≤ j ≤ m, eÐnai to plhsièstero proc to x0. Jètoume δ1 = |x0 − yj |.
Tìte, δ1 > 0 (diìti yj 6= x0) kai sthn perioq  (x0 − δ1, x0 + δ1) den up�rqei shmeÐo tou
A diaforetikì apì to x0 (exhg ste giatÐ). Autì eÐnai �topo, diìti to x0 eÐnai shmeÐo
suss¸reushc tou A.

(ii)⇒(iii) Apì thn upìjesh, sto (x0 − 1, x0 + 1) up�rqoun �peira to pl joc shmeÐa tou
A. MporoÔme loipìn na broÔme x1 ∈ A me x1 6= x0 kai |x1 − x0| < 1.

OmoÐwc, sto
(
x0 − 1

2 , x0 + 1
2

)
up�rqoun �peira to pl joc shmeÐa tou A. MporoÔme

loipìn na broÔme x2 ∈ A me x2 6= x0, x1 kai |x2 − x0| < 1
2 .

SuneqÐzoume me ton Ðdio trìpo: èstw ìti èqoume breÐ x1, x2, . . . , xn−1 ∈ A diaforetik�
an� dÔo (kai diaforetik� apì to x0) ¸ste |xk−x0| < 1

k gia k�je k = 1, 2, . . . , n−1. Sto(
x0 − 1

n , x0 + 1
n

)
up�rqoun �peira to pl joc shmeÐa tou A. MporoÔme loipìn na broÔme

xn ∈ A me xn 6= x0, x1, . . . , xn−1 kai |xn − x0| < 1
n .

H akoloujÐa (xn), pou orÐzetai me autìn ton trìpo, sugklÐnei sto x0 kai èqei ìrouc
pou an koun sto A, eÐnai diaforetikoÐ an� dÔo kai diaforetikoÐ apì ton x0.

(iii)⇒(i) Upojètoume ìti up�rqei akoloujÐa (xn) diaforetik¸n an� dÔo shmeÐwn tou A,
h opoÐa sugklÐnei sto x0. 'Estw δ > 0. Up�rqei n0 ∈ N ¸ste |xn − x0| < δ gia k�je
n ≥ n0. AfoÔ oi ìroi thc (xn) eÐnai diaforetikoÐ an� dÔo, k�poioc apì autoÔc (gia thn
akrÐbeia, �peiroi to pl joc) eÐnai diaforetikìc apì to x0 kai an kei sto (x0 − δ, x0 + δ).
AfoÔ to δ > 0  tan tuqìn, to x0 eÐnai shmeÐo suss¸reushc tou A. 2

4.4 Orismìc tou orÐou
Orismìc 4.4.1 (ìrio sun�rthshc). 'Estw f : A→ R kai èstw x0 èna shmeÐo suss¸reush-
c tou A. Lème ìti to ìrio thc f kaj¸c to x teÐnei sto x0 up�rqei kai isoÔtai me ` ∈ R
an:

Gia k�je ε > 0 up�rqei δ > 0 ¸ste: an x ∈ A kai 0 < |x − x0| < δ, tìte
|f(x)− `| < ε.

An ènac tètoioc arijmìc ` up�rqei, tìte eÐnai monadikìc (deÐxte to) kai gr�foume ` =
limx→x0 f(x)   f(x)→ ` kaj¸c x→ x0.

Orismìc 4.4.2. 'Estw f : A→ R kai èstw x0 èna shmeÐo suss¸reushc tou A.

(a) Lème ìti h f teÐnei sto +∞ kaj¸c to x→ x0 an:

Gia k�je M > 0 up�rqei δ > 0 ¸ste: an x ∈ A kai 0 < |x − x0| < δ tìte
f(x) > M .

Se aut n thn perÐptwsh, gr�foume limx→x0 f(x) = +∞.

(b) Lème ìti h f teÐnei sto −∞ kaj¸c to x→ x0 an:
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Gia k�je M > 0 up�rqei δ > 0 ¸ste: an x ∈ A kai 0 < |x − x0| < δ tìte
f(x) < −M .

Se aut n thn perÐptwsh, gr�foume limx→x0 f(x) = −∞.

Parat rhsh 4.4.3. Parathr ste ìti mporoÔme na exet�soume thn Ôparxh   mh tou orÐou
thc f : A→ R se k�je shmeÐo suss¸reushc x0 tou A. To x0 mporeÐ na an kei   na mhn
an kei sto A: arkeÐ na up�rqoun x ∈ A osod pote kont� sto x0. EpÐshc, akìma ki an
to x0 an kei sto pedÐo orismoÔ thc f , h tim  f(x0) den ephre�zei thn Ôparxh   mh tou
limx→x0 f(x) oÔte kai thn tim  tou orÐou (an autì up�rqei).

ParadeÐgmata 4.4.4. (a) limx→3 x
2 = 9.

(b) 'Estw f : R→ R me f(x) =
{
x2 an x 6= 0
2 an x = 0 . To limx→0 f(x) up�rqei kai eÐnai Ðso

me 0, en¸ f(0) = 2.
(g) 'Estw f : (0,+∞)→ R me f(x) = 1

x . Tìte, limx→0 f(x) = +∞. An jewr soume thn
g : R \ {0} → R me g(x) = 1

x , tìte to ìrio limx→0 g(x) den up�rqei.

MporeÐte na apodeÐxete ìlouc autoÔc touc isqurismoÔc me b�sh ton orismì ('Askhsh).
MporeÐte epÐshc na qrhsimopoi sete thn arq  thc metafor�c, thn opoÐa ja suzht soume
parak�tw, ¸ste na anaqjeÐte sta antÐstoiqa ìria akolouji¸n.

(d) 'Estw f : [0, 1] → R me f(x) = 0 an x �rrhtoc   x = 0, kai f(x) = 1
q an x = p

q me

p, q ∈ N kai MKD(p, q) = 1. Tìte, gia k�je x0 ∈ [0, 1] to ìrio limx→x0 f(x) up�rqei kai
isoÔtai me 0.

Pr�gmati, èstw x0 ∈ [0, 1] kai èstw ε > 0. Jètoume M = M(ε) =
[
1
ε

]
kai A(ε) =

{y ∈ [0, 1] : y 6= x0 kai f(y) ≥ ε}. An o y an kei sto A(ε) tìte eÐnai rhtìc o opoÐoc
gr�fetai sth morf  y = p

q ìpou p, q ∈ N, p ≤ q kai f(y) = 1
q ≥ ε. To pl joc aut¸n twn

arijm¸n eÐnai to polÔ Ðso me to pl joc twn zeugari¸n (p, q) fusik¸n arijm¸n ìpou q ≤M
kai p ≤ q. Epomènwc, den xepern�ei tonM(M +1)/2. Dhlad , to A(ε) eÐnai peperasmèno
sÔnolo. MporoÔme loipìn na gr�youme A(ε) = {y1, . . . , ym} ìpou m = m(ε) ∈ N.

O arijmìc δ = min{|x0 − y1|, . . . , |x0 − ym|} eÐnai gn sia jetikìc. 'Estw x ∈ [0, 1]
me 0 < |x − x0| < δ. Tìte, x /∈ A(ε), �ra 0 ≤ f(x) < ε. AfoÔ to ε > 0  tan tuqìn,
sumperaÐnoume ìti limx→x0 f(x) = 0.

Orismìc 4.4.5 (pleurik� ìria). 'Estw f : A → R kai èstw x0 shmeÐo suss¸reushc
tou A ¸ste gia k�je δ > 0 na up�rqoun stoiqeÐa tou A sto (x0 − δ, x0) (èna tètoio x0

lègetai shmeÐo suss¸reushc tou A apì arister�). Lème ìti:

(i) limx→x−0
f(x) = ` ∈ R (o ` eÐnai to pleurikì ìrio thc f kaj¸c to x teÐnei

sto x0 apì arister�) an: gia k�je ε > 0 up�rqei δ > 0 ¸ste an x ∈ A kai
x0 − δ < x < x0 tìte |f(x)− `| < ε.

TeleÐwc an�loga, èstw x0 shmeÐo suss¸reushc tou A ¸ste gia k�je δ > 0 na up�rqoun
stoiqeÐa tou A sto (x0, x0 + δ) (èna tètoio x0 lègetai shmeÐo suss¸reushc tou A apì
dexi�). Lème ìti:
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(ii) limx→x+
0
f(x) = ` ∈ R (o ` eÐnai to pleurikì ìrio thc f kaj¸c to x teÐnei

sto x0 apì dexi�) an: gia k�je ε > 0 up�rqei δ > 0 ¸ste an x ∈ A kai
x0 < x < x0 + δ tìte |f(x)− `| < ε.

Af noume wc �skhsh gia ton anagn¸sth na d¸sei austhroÔc orismoÔc gia ta ex c:
limx→x−0

f(x) = +∞, limx→x−0
f(x) = −∞, limx→x+

0
f(x) = +∞ kai limx→x+

0
f(x) =

−∞.

Apì ton orismì twn pleurik¸n orÐwn èpetai �mesa h akìloujh Prìtash.

Prìtash 4.4.6. 'Estw f : A→ R mia sun�rthsh kai èstw x0 ∈ R shmeÐo suss¸reushc
tou A apì arister� kai apì dexi�. Tìte to limx→x0 f(x) up�rqei an kai mìnon an ta dÔo
pleurik� ìria limx→x−0

f(x) kai limx→x+
0
f(x) up�rqoun kai eÐnai Ðsa. 2

Orismìc 4.4.7. 'Estw A èna mh kenì uposÔnolo tou R. Lème ìti to +∞ eÐnai shmeÐo
suss¸reushc tou A an gia k�jeM > 0 mporoÔme na broÔme x ∈ A ¸ste x > M . EÔkola
elègqoume ìti autì sumbaÐnei an kai mìno an up�rqei akoloujÐa (xn) sto A me xn → +∞.

AntÐstoiqa, lème ìti to −∞ eÐnai shmeÐo suss¸reushc tou A an gia k�je M > 0
mporoÔme na broÔme x ∈ A ¸ste x < −M . EÔkola elègqoume ìti autì sumbaÐnei an kai
mìno an up�rqei akoloujÐa (xn) sto A me xn → −∞.

Orismìc 4.4.8. 'Estw f : A→ R kai èstw ìti to +∞ eÐnai shmeÐo suss¸reushc tou A.

(a) Lème ìti to ìrio thc f kaj¸c to x teÐnei sto +∞ up�rqei kai isoÔtai me ` ∈ R an:

Gia k�je ε > 0 up�rqeiM > 0 ¸ste: an x ∈ A kai x > M , tìte |f(x)−`| < ε.

An ènac tètoioc arijmìc ` up�rqei, tìte eÐnai monadikìc (deÐxte to) kai gr�foume ` =
limx→+∞ f(x).

(b) Lème ìti h f teÐnei sto +∞ kaj¸c to x→ +∞ an:

Gia k�jeM1 > 0 up�rqeiM2 > 0 ¸ste: an x ∈ A kai x > M2 tìte f(x) > M1.

Se aut n thn perÐptwsh, gr�foume limx→+∞ f(x) = +∞.

(g) Lème ìti h f teÐnei sto −∞ kaj¸c to x→ +∞ an:

Gia k�je M1 > 0 up�rqei M2 > 0 ¸ste: an x ∈ A kai x > M2 tìte f(x) <
−M1.

Se aut n thn perÐptwsh, gr�foume limx→+∞ f(x) = −∞.

TeleÐwc an�loga, an f : A → R kai an to −∞ eÐnai shmeÐo suss¸reushc tou A,
mporoÔme na orÐsoume kajemÐa apì tic prot�seic limx→−∞ f(x) = `, limx→−∞ f(x) =
+∞ kai limx→−∞ f(x) = −∞.
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4.4aþ Arq  thc metafor�c

'Estw f : A → R kai èstw x0 ∈ R èna shmeÐo suss¸reushc tou A. H arq  thc
metafor�c dÐnei ènan qarakthrismì thc Ôparxhc tou orÐou thc f kaj¸c to x teÐnei sto
x0 mèsw akolouji¸n.

Je¸rhma 4.4.9 (arq  thc metafor�c gia to ìrio). 'Estw f : A → R kai èstw
x0 èna shmeÐo suss¸reushc tou A. Tìte, limx→x0 f(x) = ` an kai mìno an: gia k�je
akoloujÐa (xn) shmeÐwn tou A me xn 6= x0 kai xn → x0, h akoloujÐa (f(xn)) sugklÐnei
sto `.

Apìdeixh. Upojètoume pr¸ta ìti limx→x0 f(x) = `. 'Estw xn ∈ A me xn 6= x0 kai
xn → x0. Ja deÐxoume ìti f(xn) → `: 'Estw ε > 0. AfoÔ limx→x0 f(x) = `, up�rqei
δ > 0 ¸ste: an x ∈ A kai 0 < |x− x0| < δ, tìte |f(x)− `| < ε.

'Eqoume upojèsei ìti xn 6= x0 kai xn → x0. 'Ara, gi� autì to δ > 0 mporoÔme na
broÔme n0 ∈ N ¸ste: an n ≥ n0 tìte 0 < |xn − x0| < δ.

Sundu�zontac ta parap�nw èqoume: an n ≥ n0, tìte 0 < |xn − x0| < δ �ra

|f(xn)− `| < ε.

AfoÔ to ε > 0  tan tuqìn, f(xn)→ `.

Gia thn antÐstrofh kateÔjunsh ja doulèyoume me apagwg  se �topo. Upojètoume
ìti gia k�je akoloujÐa (xn) shmeÐwn tou A me xn 6= x0 kai xn → x0, h akoloujÐa (f(xn))
sugklÐnei sto `. Upojètoume epÐshc ìti den isqÔei h limx→x0 f(x) = ` kai ja katal xoume
se �topo.

AfoÔ den isqÔei h limx→x0 f(x) = `, up�rqei k�poio ε > 0 me thn ex c idiìthta:

(∗) Gia k�je δ > 0 up�rqei x ∈ A to opoÐo ikanopoieÐ thn 0 < |x − x0| < δ
all� |f(x)− `| ≥ ε.

QrhsimopoioÔme thn (∗) diadoqik� me δ = 1, 1
2 , . . . ,

1
n , . . .. Gia k�je n ∈ N èqoume

1/n > 0 kai apì thn (∗) brÐskoume xn ∈ A me 0 < |xn − x0| < 1/n kai |f(xn) − `| ≥ ε.
'Eqoume xn 6= x0 kai apì to krit rio parembol c eÐnai fanerì ìti xn → x0. Apì thn
upìjesh pou k�name prèpei h akoloujÐa (f(xn)) na sugklÐnei sto `. Autì ìmwc eÐnai
adÔnato afoÔ |f(xn)− `| ≥ ε gia k�je n ∈ N. 2

Parathr seic 4.4.10. (a) H arq  thc metafor�c mporeÐ na qrhsimopoihjeÐ me dÔo di-
aforetikoÔc trìpouc:

(i) gia na deÐxoume ìti limx→x0 f(x) = ` arkeÐ na deÐxoume ìti {xn 6= x0 kai xn →
x0 =⇒ f(xn)→ `}.

(ii) gia na deÐxoume ìti den isqÔei h limx→x0 f(x) = ` arkeÐ na broÔme mia akoloujÐa
xn → x0 (sto A), me xn 6= x0, ¸ste limn f(xn) 6= `. PolÔ suqn�, exasfalÐzoume
k�ti isqurìtero, ìti den up�rqei to limx→x0 f(x), brÐskontac dÔo akoloujÐec xn →
x0 kai yn → x0 (sto A), me xn, yn 6= x0, ¸ste limn f(xn) 6= limn f(yn). An up rqe
to limx→x0 f(x), ja èprepe ta dÔo ìria na eÐnai metaxÔ touc Ðsa.
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(b) MporoÔme na diatup¸soume kai na apodeÐxoume antÐstoiqec morfèc thc arq c thc
metafor�c gia touc upìloipouc tÔpouc orÐwn   pleurik¸n orÐwn pou suzht same.

To je¸rhma pou akoloujeÐ dÐnei th sqèsh tou orÐou me tic sun jeic algebrikèc pr�xeic
an�mesa se sunart seic. H apìdeix  tou eÐnai �mesh, an qrhsimopoi soume thn arq  thc
metafor�c se sunduasmì me tic antÐstoiqec idiìthtec gia ta ìria akolouji¸n.

Je¸rhma 4.4.11. 'Estw f, g : A→ R kai èstw x0 shmeÐo suss¸reushc tou A. Upojè-
toume ìti up�rqoun ta limx→x0 f(x) = ` kai limx→x0 g(x) = m. Tìte,

(i) limx→x0(f(x) + g(x)) = `+m kai limx→x0(f(x)g(x)) = ` ·m.

(ii) An epiplèon g(x) 6= 0 gia k�je x ∈ A kai limx→x0 g(x) = m 6= 0, tìte h f
g orÐzetai

sto A kai limx→x0
f(x)
g(x) = `

m .

Apìdeixh. H apìdeixh ìlwn twn isqurism¸n, me apl  qr sh thc arq c thc metafor�c,
af netai wc 'Askhsh gia ton anagn¸sth. 2

Prìtash 4.4.12. 'EstwA èna mh kenì uposÔnolo tou R, èstw x0 ∈ R shmeÐo suss¸reush-
c tou A kai f : X → R. Upojètoume ìti to ìrio limx→x0 f(x) up�rqei kai eÐnai Ðso me
`. 'Estw g : B → R me f(A) ⊆ B kai ` ∈ B. An h g eÐnai suneq c sto `, tìte to ìrio
limx→xo

(g ◦ f)(x) up�rqei kai isoÔtai me g(`).

Apìdeixh. 'Estw (xn) akoloujÐa shmeÐwn tou A me xn 6= x0 kai xn → x0. AfoÔ
limx→x0 f(x) = `, h arq  thc metafor�c deÐqnei ìti f(xn) → `. AfoÔ h g eÐnai suneq c
sto ` ∈ B, gia k�je akoloujÐa (yn) shmeÐwn tou B me yn → ` èqoume g(yn)→ g(`).

'Omwc, f(xn) ∈ B kai f(xn)→ `. Sunep¸c,

g(f(xn))→ g(`).

Gia k�je akoloujÐa (xn) shmeÐwn tou A me xn 6= x0 kai xn → x0 deÐxame ìti

(g ◦ f)(xn) = g(f(xn))→ g(`).

Apì thn arq  thc metafor�c, sumperaÐnoume ìti limx→xo(g ◦ f)(x) = g(`). 2

4.4bþ DÔo basik� paradeÐgmata

Prìtash 4.4.13 (basikì ìrio).

lim
x→0

sinx
x

= 1.

Apìdeixh. H sun�rthsh x 7→ sin x
x eÐnai �rtia sto R \ {0}. ArkeÐ loipìn na deÐxoume

(exhg ste giatÐ) ìti

lim
x→0+

sinx
x

= 1.
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Apì thn Prìtash 3.3.2 èqoume sinx < x < tanx sto
(
0, π

2

)
. Sunep¸c,

cosx <
sinx
x

< 1

sto
(
0, π

2

)
. AfoÔ h cos eÐnai suneq c, èqoume lim

x→0+
cosx = cos 0 = 1. Apì to krit rio

parembol c èpetai to zhtoÔmeno. 2

Prìtash 4.4.14. Ta ìria lim
x→0

sin 1
x kai lim

x→0
cos 1

x den up�rqoun.

Apìdeixh. Apì thn arq  thc metafor�c, arkeÐ na broÔme dÔo akoloujÐec xn → 0, yn → 0
(me xn, yn 6= 0) ¸ste lim sin 1

xn
6= lim sin 1

yn
. JewroÔme tic akoloujÐec xn = 1

πn kai

yn = 1
2πn+ π

2
(n ∈ N). EÔkola elègqoume ìti limn xn = 0 = limn yn. 'Omwc,

sin
1
xn

= sin(πn) = 0→ 0

kai

sin
1
yn

= sin
(
2πn+

π

2

)
= 1→ 1.

TeleÐwc an�loga, mporeÐte na deÐxete ìti to ìrio lim
x→0

cos 1
x den up�rqei. 2

4.5 Sqèsh orÐou kai sunèqeiac
Se aut n thn par�grafo ja sundèsoume thn ènnoia tou orÐou me thn ènnoia thc sunèqeiac.
Parathr ste ìti h sunèqeia elègqetai se k�je shmeÐo tou pedÐou orismoÔ miac sun�rthshc,
èqei loipìn nìhma na exet�soume pr¸ta th sunèqeia sta memonwmèna shmeÐa tou pedÐou
orismoÔ. 'Opwc deÐqnei h epìmenh Prìtash, k�je sun�rthsh eÐnai suneq c se ìla aut�
ta shmeÐa.

Prìtash 4.5.1. 'Estw f : A → R kai èstw x0 èna memonwmèno shmeÐo tou A. Tìte, h
f eÐnai suneq c sto x0.

Apìdeixh. AfoÔ to x0 eÐnai memonwmèno shmeÐo tou A, up�rqei δ > 0 ¸ste A ∩ (x0 −
δ, x0 + δ) = {x0}. Dhlad , an x ∈ A kai |x − x0| < δ, tìte x = x0. Ja deÐxoume ìti
{autì to δ douleÔei gia ìla ta ε}.

'Estw ε > 0. An x ∈ A kai |x− x0| < δ, tìte x = x0, kai sunep¸c,

|f(x)− f(x0)| = |f(x0)− f(x0)| = 0 < ε.

Br kame δ > 0 ¸ste gia k�je x ∈ A me |x − x0| < δ na isqÔei |f(x) − f(x0)| < ε. Me
b�sh ton orismì thc sunèqeiac, h f eÐnai suneq c sto x0. 2

An to x0 ∈ A eÐnai kai shmeÐo suss¸reushc tou A, tìte h sqèsh orÐou kai sunèqeiac
dÐnetai apì thn epìmenh Prìtash.
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Prìtash 4.5.2. 'Estw f : A → R kai èstw x0 ∈ A shmeÐo suss¸reushc tou A. Tìte,
h f eÐnai suneq c sto x0 an kai mìno an limx→x0 f(x) = f(x0).

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai suneq c sto x0. 'Estw ε > 0. Up�rqei δ > 0
¸ste: an x ∈ A kai |x − x0| < δ, tìte |f(x) − f(x0)| < ε. Eidikìtera, an x ∈ A kai
0 < |x− x0| < δ, èqoume |f(x)− f(x0)| < ε. 'Ara, limx→x0 f(x) = f(x0).

AntÐstrofa, ac upojèsoume ìti limx→x0 f(x) = f(x0). 'Estw ε > 0. Up�rqei δ > 0
¸ste: an x ∈ A kai 0 < |x − x0| < δ, tìte |f(x) − f(x0)| < ε. Parathr ste ìti,
gia x = x0, èqoume oÔtwc   �llwc |f(x) − f(x0)| = 0 < ε. 'Ara, gia k�je x ∈ A me
|x− x0| < δ, èqoume |f(x)− f(x0)| < ε. 'Epetai ìti h f eÐnai suneq c sto x0. 2

Parat rhsh 4.5.3 (eÐdh asunèqeiac). Ac exet�soume pio prosektik� ti shmaÐnei h
fr�sh: {h f den eÐnai suneq c sto x0}, ìpou x0 eÐnai shmeÐo sto pedÐo orismoÔ thc
f : A → R. Anagkastik�, to x0 ja eÐnai shmeÐo suss¸reushc tou A kai upojètoume
ìti eÐnai shmeÐo suss¸reushc tou A tìso apì arister� ìso kai apì dexi� (diereun ste ti
mporeÐ na sumbeÐ stic upìloipec peript¸seic). Up�rqoun trÐa endeqìmena:

(i) Ta pleurik� oria thc f kaj¸c x→ x0 up�rqoun kai limx→x−0
f(x) = ` = limx→x+

0
f(x),

ìmwc h tim  thc f sto x0 den eÐnai o `: dhlad , f(x0) 6= `. Tìte lème ìti sto x0

parousi�zetai �rsimh asunèqeia (  {epousi¸dhc} asunèqeia). H f sumperifèretai
�rista gÔrw apì to x0, all� h tim  thc sto x0 eÐnai {lanjasmènh}.

(ii) Ta pleurik� ìria thc f kaj¸c x→ x0 up�rqoun all� eÐnai diaforetik�:

lim
x→x−0

f(x) 6= lim
x→x+

0

f(x).

Tìte lème ìti sto x0 parousi�zetai {asunèqeia a' eÐdouc} (  �lma). H diafor�
limx→x+

0
f(x)− limx→x−0

f(x) eÐnai to {�lma} thc f sto x0.

(iii) To limx→x0 f(x) den up�rqei (gia par�deigma, k�poio apì ta pleurik� ìria thc f
kaj¸c x → x0 den up�rqei). Tìte, lème ìti sto x0 parousi�zetai asunèqeia b'
eÐdouc (  {ousi¸dhc asunèqeia}.)

Parat rhsh 4.5.4 (asunèqeiec monìtonwn sunart sewn). 'Estw I èna di�sthma
kai èstw f : I → R mia monìtonh sun�rthsh. Tìte ta pleurik� ìria thc f up�rqoun se
k�je x0 ∈ I. Sunep¸c, an h f eÐnai asuneq c se k�poio x0 ∈ I, tìte ja parousi�zei �lma
sto x0.

Apìdeixh. Upojètoume ìti h f eÐnai aÔxousa kai ìti x0 eÐnai èna eswterikì shmeÐo tou I.
OrÐzoume

A−(x0) = {f(x) : x ∈ I, x < x0}.

To A−(x0) eÐnai mh kenì kai �nw fragmèno apì to f(x0). Sunep¸c, orÐzetai o `− =
supA−(x0). Apì ton orismì tou supremum èqoume `− ≤ f(x0). Ja deÐxoume ìti
limx→x−0

f(x) = `−.
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'Estw ε > 0. AfoÔ o `− − ε den eÐnai �nw fr�gma tou sunìlou A−(x0), up�rqei
x < x0 sto I me f(x) > `− − ε. Jètoume δ = x0 − x. Tìte, gia k�je y ∈ (x0 − δ, x0)
èqoume y ∈ I (diìti to I eÐnai di�sthma) kai

`− − ε < f(x0 − δ) ≤ f(y) ≤ `− < `− + ε,

diìti h f eÐnai aÔxousa. Dhlad , an y ∈ (x0 − δ, x0), tìte

|f(y)− `−| < ε.

Autì apodeiknÔei ìti limx→x−0
f(x) = `− ≤ f(x0), kai me ton Ðdio trìpo deÐqnoume ìti

up�rqei to limx→x+
0
f(x) = `+ ≥ f(x0), ìpou

`+ = inf
(
{f(x) : x ∈ I, x > x0}

)
.

An ta dÔo pleurik� ìria diafèroun, tìte èqoume asunèqeia a' eÐdouc (�lma), en¸ an eÐnai
Ðsa, tìte f(x0) = limx→x−0

f(x) = limx→x+
0
f(x), opìte h f eÐnai suneq c sto x0.

4.6 Sunèqeia antÐstrofhc sun�rthshc
'Estw I èna di�sthma sto R. Xekin�me apì thn parat rhsh ìti mia 1-1 sun�rthsh f : I →
R den eÐnai upoqrewtik� monìtonh. P�rte gia par�deigma thn f : (0, 2)→ R pou orÐzetai

apì thn f(x) =

 4− x 0 < x < 1
2 x = 1

x− 1 1 < x < 2
. H f eÐnai 1-1, ìmwc eÐnai fjÐnousa sto (0, 1)

kai aÔxousa sto (1, 2).
To je¸rhma pou akoloujeÐ deÐqnei ìti an mia suneq c sun�rthsh f : I → R eÐnai èna

proc èna, tìte eÐnai gnhsÐwc monìtonh.

Je¸rhma 4.6.1. 'Estw f : I → R suneq c kai 1-1 sun�rthsh. Tìte, h f eÐnai gnhsÐwc
aÔxousa   gnhsÐwc fjÐnousa sto I.

Pr¸th apìdeixh. Ja k�noume thn apìdeixh se trÐa b mata.

B ma 1. An a, b, c ∈ I me a < b < c, tìte:   f(a) < f(b) < f(c)   f(a) > f(b) > f(c).
Apìdeixh. AfoÔ h f eÐnai 1-1, oi f(a), f(b) kai f(c) eÐnai diaforetikoÐ an� dÔo. MporoÔme
na upojèsoume ìti f(a) < f(b) (alli¸c, jewroÔme thn −f). Ja deÐxoume ìti f(a) <
f(b) < f(c), apokleÐontac tic peript¸seic f(c) < f(a) kai f(a) < f(c) < f(b).

(i) An f(c) < f(a) < f(b) tìte apì to je¸rhma endi�meshc tim c up�rqei x ∈ (b, c) me
f(x) = f(a), to opoÐo eÐnai �topo, afoÔ a < x kai h f eÐnai 1-1.

(ii) An f(a) < f(c) < f(b) tìte apì to je¸rhma endi�meshc tim c up�rqei y ∈ (a, b) me
f(y) = f(c), to opoÐo eÐnai epÐshc �topo, afoÔ y < c kai h f eÐnai 1-1.
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B ma 2. An a, b, c, d ∈ I me a < b < c < d, tìte:   f(a) < f(b) < f(c) < f(d)  
f(a) > f(b) > f(c) > f(d).
Apìdeixh. MporoÔme na upojèsoume ìti f(a) < f(b). Efarmìzontac to B ma 1 gia thn
tri�da a, b, c blèpoume ìti f(a) < f(b) < f(c). Efarmìzontac xan� to B ma 1 gia thn
tri�da b, c, d blèpoume ìti f(b) < f(c) < f(d). Dhlad ,

f(a) < f(b) < f(c) < f(d).

Xekin¸ntac apì thn upìjesh ìti f(a) > f(b), deÐqnoume me ton Ðdio trìpo ìti

f(a) > f(b) > f(c) > f(d).

B ma 3. StajeropoioÔme dÔo shmeÐa a < b sto I. MporoÔme na upojèsoume ìti f(a) <
f(b). Ja deÐxoume ìti h f eÐnai gnhsÐwc aÔxousa, deÐqnontac ìti an x, y ∈ I kai x < y,
tìte f(x) < f(y).

An x = a kai y = b, tìte f(x) = f(a) < f(b) = f(y). Alli¸c, an�loga me thn di�taxh
twn x, y sthn tetr�da a, b, x, y, to B ma 2 (  to B ma 1 an x = a   y = b) deÐqnei ìti h
Ðdia di�taxh ja isqÔei gia tic eikìnec f(x), f(y) sthn tetr�da f(a), f(b), f(x), f(y). Gia
par�deigma, an x < a < b < y tìte f(x) < f(a) < f(b) < f(y), �ra f(x) < f(y). An
a < x = b < y tìte f(a) < f(x) = f(b) < f(y), �ra f(x) < f(y). 2

DeÔterh apìdeixh. Epilègoume tuqìnta shmeÐa x0 < y0 sto I. 'Eqoume f(x0) 6= f(y0),
�ra f(x0) < f(y0)   f(x0) > f(y0). Upojètoume ìti f(x0) < f(y0) kai ja deÐxoume ìti
h f eÐnai gnhsÐwc aÔxousa (ìmoia deÐqnoume ìti an f(x0) > f(y0) tìte h f eÐnai gnhsÐwc
fjÐnousa).

'Estw x1, y1 ∈ I me x1 < y1. Jèloume na deÐxoume ìti f(x1) < f(y1).
JewroÔme tic sunart seic h, g : [0, 1]→ I me

h(t) = (1− t)x0 + tx1 kai g(t) = (1− t)y0 + ty1.

Parathr ste ìti h(t), g(t) ∈ I gia k�je t ∈ [0, 1] (kaj¸c to t diatrèqei to [0, 1], to h(t)
kineÐtai apì to x0 proc to x1 kai to g(t) kineÐtai apì to y0 proc to y1 � afoÔ to I eÐnai
di�sthma, ta h(t), g(t) mènoun mèsa s� autì).

Parathr ste epÐshc ìti, lìgw twn x0 < y0 kai x1 < y1 èqoume

h(t) = (1− t)x0 + tx1 < (1− t)y0 + ty1 = g(t)

gia k�je t ∈ [0, 1]. OrÐzoume H(t) = f(h(t))− f(g(t)). H H eÐnai suneq c sun�rthsh wc
diafor� sunjèsewn suneq¸n sunart sewn. AfoÔ h(t) 6= g(t) kai h f eÐnai 1-1, paÐrnoume

H(t) 6= 0

gia k�je t ∈ [0, 1]. 'Omwc, H(0) = f(h(0))−f(g(0)) = f(x0)−f(y0) < 0 apì thn upìjesh
mac. 'Epetai ìti H(t) < 0 gia k�je t ∈ [0, 1]: an h H èpairne k�pou jetik  tim , tìte ja
èpairne kai thn tim  0 apì to je¸rhma endi�meshc tim c (�topo). 'Eqoume loipìn

f(h(t)) < f(g(t)) gia k�je t ∈ [0, 1].
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Eidikìtera, f(h(1)) < f(g(1)), dhlad  f(x1) < f(y1). 2

Den eÐnai dÔskolo na perigr�yei kaneÐc thn eikìna f(I) miac suneqoÔc kai 1-1 sun�rthsh-
c f : I → R. Ac upojèsoume gia par�deigma ìti to I eÐnai èna kleistì di�sthma [a, b] kai
ìti h f eÐnai gnhsÐwc aÔxousa (apì to Je¸rhma 4.6.1 h f eÐnai gnhsÐwc monìtonh). Tìte,
h eikìna thc f eÐnai to kleistì di�sthma [f(a), f(b)]. An to I eÐnai di�sthma anoiktì se
k�poio   kai sta dÔo apì ta �kra tou (  di�sthma me �kro k�poio apì ta ±∞), tìte, ìpwc
eÐdame, h eikìna f(I) thc f eÐnai k�poio di�sthma. OrÐzoume thn antÐstrofh sun�rthsh
f−1 : f(I) → I wc ex c: an y ∈ f(I), up�rqei monadikì x ∈ I ¸ste f(x) = y. Jètoume
f−1(y) = x. Dhlad ,

f−1(y) = x⇐⇒ f(x) = y.

Parathr ste ìti h f−1 èqei thn Ðdia monotonÐa me thn f . Gia par�deigma, ac upojèsoume
ìti h f eÐnai gnhsÐwc aÔxousa. 'Estw y1, y2 ∈ f(I) me y1 < y2. An  tan f−1(y1) ≥
f−1(y2), tìte ja eÐqame

f(f−1(y1)) ≥ f(f−1(y2)), dhlad  y1 ≥ y2.

Autì eÐnai �topo, �ra f−1(y1) < f−1(y2).
Ja deÐxoume ìti h antÐstrofh suneqoÔc kai 1-1 sun�rthshc eÐnai epÐshc suneq c.

Je¸rhma 4.6.2. 'Estw f : I → R suneq c kai 1-1 sun�rthsh. Tìte, h f−1 : f(I)→ R
eÐnai suneq c.

Apìdeixh. MporoÔme na upojèsoume ìti h f eÐnai gnhsÐwc aÔxousa. 'Estw y0 ∈ f(I).
Upojètoume ìti to y0 den eÐnai �kro tou f(I) (oi �llec peript¸seic elègqontai ìmoia).
Tìte, y0 = f(x0) gia k�poio eswterikì shmeÐo tou I.

'Estw ε > 0. MporoÔme na upojèsoume ìti x0 − ε, x0 + ε ∈ I (oÔtwc   �llwc, gia na
elègxoume th sunèqeia mac endiafèroun ta mikr� ε > 0). Jèloume na broÔme δ > 0 ¸ste

|y − y0| < δ kai y ∈ f(I) =⇒ |f−1(y)− x0| < ε.

Gia thn epilog  tou δ douleÔoume wc ex c: afoÔ f(x0 − ε) < y0 = f(x0) < f(x0 + ε),
up�rqoun δ1, δ2 > 0 ¸ste f(x0 − ε) = y0 − δ1 kai f(x0 + ε) = y0 + δ2. Epilègoume
δ = min{δ1, δ2} > 0.

An |y − y0| < δ, tìte f(x0 − ε) < y < f(x0 + ε). Apì to je¸rhma endi�meshc tim c,
up�rqei x ∈ I ¸ste f(x) = y. To x eÐnai monadikì giatÐ h f eÐnai 1-1, kai

x0 − ε < x < x0 + ε

giatÐ h f−1 eÐnai gnhsÐwc aÔxousa. 'Ara, |f−1(y) − f−1(y0)| = |x − x0| < ε. Dhlad , h
f−1 eÐnai suneq c sto y0. 2
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4.6aþ Logarijmik  sun�rthsh

'Estw a ∈ (0,+∞), a 6= 1. Sthn Par�grafo 3.4 orÐsame thn ekjetik  sun�rthsh fa :
R→ (0,+∞) me fa(x) = ax kai deÐxame ìti eÐnai gnhsÐwc aÔxousa an a > 1 kai gnhsÐwc
fjÐnousa an 0 < a < 1.

Parathr ste ìti h fa eÐnai epÐ tou (0,+∞). Ac doÔme gia par�deigma thn perÐptwsh
a > 1: èstw y > 0. GnwrÐzoume ìti h akoloujÐa an → +∞ kai h akoloujÐa a−n → 0.
Sunep¸c, up�rqei n0 ∈ N ¸ste

a−n0 < y < an0 .

H fa eÐnai suneq c, opìte, efarmìzontac to je¸rhma endi�meshc tim c sto [−n0, n0]
brÐskoume x ∈ (−n0, n0) ¸ste fa(x) = ax = y.

OrÐzetai loipìn h antÐstrofh sun�rthsh f−1
a : (0,+∞) → R kai to Je¸rhma 4.6.2

deÐqnei ìti h f−1
a eÐnai suneq c. Ja sumbolÐzoume thn f−1

a me loga (logarijmik  sun�rthsh
me b�sh a).

Entel¸c an�loga apodeiknÔetai ìti: an 0 < a < 1 tìte h fa eÐnai epÐ tou (0,+∞).
OrÐzetai loipìn kai p�li h loga = f−1

a sto (0,+∞).

Sumbolismìc. SumfwnoÔme na gr�foume exp gia thn fe (thn ekjetik  sun�rthsh me
b�sh ton e) kai ln gia thn loge (thn logarijmik  sun�rthsh me b�sh ton e). Parathr ste
ìti: gia k�je a > 0,

(i) ax = exp(x log a) = ex log a.

(ii) loga(x) = ln x
ln a , an a 6= 1.

Qrhsimopoi¸ntac thn basik  idiìthta ax+y = axay thc ekjetik c sun�rthshc, elègxte
ìti: an a 6= 1 kai x, y > 0, tìte

loga(xy) = loga(x) + loga(y).

H monotonÐa kai h sumperifor� twn sunart sewn x 7→ ax kai x 7→ loga(x) sta {�kra}
tou pedÐou orismoÔ touc perigr�fontai apì thn epìmenh Prìtash (h apìdeix  thc eÐnai mia
apl  �skhsh).

Prìtash 4.6.3 (monotonÐa kai sumperifor� sta �kra).

(i) An 0 < a < 1, tìte h ax eÐnai gnhsÐwc fjÐnousa kai

lim
x→−∞

ax = +∞ kai lim
x→+∞

ax = 0.

(ii) An a > 1, tìte h ax eÐnai gnhsÐwc aÔxousa kai

lim
x→−∞

ax = 0 kai lim
x→+∞

ax = +∞.
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(iii) An 0 < a < 1, tìte h loga(x) eÐnai gnhsÐwc fjÐnousa kai

lim
x→0+

loga(x) = +∞ kai lim
x→+∞

loga(x) = −∞.

(iv) An a > 1, tìte h loga(x) eÐnai gnhsÐwc aÔxousa kai

lim
x→0+

loga(x) = −∞ kai lim
x→+∞

loga(x) = +∞.

4.7 Ask seic
A. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. An h f : R → R eÐnai suneq c sto x0 kai f(x0) = 1, tìte up�rqei δ > 0 ¸ste: gia k�je
x ∈ (x0 − δ, x0 + δ) isqÔei f(x) > 4

5
.

2. H f : N → R me f(x) = 1
x
eÐnai suneq c.

3. H sun�rthsh f : R → R pou orÐzetai apì tic: f(x) = 0 an x ∈ N kai f(x) = 1 an x /∈ N,
eÐnai suneq c sto x0 an kai mìno an x0 /∈ N.

4. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 0, 1, 1
2
, . . . , 1

n
, . . . kai suneq c se ìla ta

�lla shmeÐa.

5. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 1, 1
2
, . . . , 1

n
, . . . kai suneq c se ìla ta �lla

shmeÐa.

6. Up�rqei sun�rthsh f : R → R pou eÐnai suneq c sto 0 kai asuneq c se ìla ta �lla shmeÐa.

7. An h f : R → R eÐnai suneq c se k�je �rrhto x, tìte eÐnai suneq c se k�je x.

8. An h f eÐnai suneq c sto (a, b) kai f(q) = 0 gia k�je rhtì q ∈ (a, b), tìte f(x) = 0 gia k�je
x ∈ (a, b).

9. An f
(

1
n

)
= (−1)n gia k�je n ∈ N, tìte h f eÐnai asuneq c sto shmeÐo 0.

10. An h f : R → R eÐnai suneq c kai f(0) = −f(1) tìte up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

11. An h f : (a, b) → R eÐnai suneq c, tìte h f paÐrnei mègisth kai el�qisth tim  sto (a, b).

12. An h f eÐnai suneq c sto [a, b] tìte h f eÐnai fragmènh sto [a, b].



4.7 Ask seis · 101

13. An lim
x→0

g(x) = 0 tìte lim
x→0

g(x) sin 1
x

= 0.

Ask seic: sunèqeia sunart sewn � Om�da A'

1. 'Estw f : X → R kai èstw x0 ∈ X. An h f eÐnai suneq c sto x0 kai f(x0) 6= 0, deÐxte ìti:

(a) an f(x0) > 0, up�rqei δ > 0 ¸ste: an |x− x0| < δ kai x ∈ X tìte f(x) > f(x0)
2

> 0.

(b) an f(x0) < 0, up�rqei δ > 0 ¸ste: an |x− x0| < δ kai x ∈ X tìte f(x) < f(x0)
2

< 0.

2. 'Estw f : X → R sun�rthsh. Upojètoume ìti up�rqei M ≥ 0 ¸ste |f(x)−f(y)| ≤ M ·|x−y|,
gia k�je x ∈ X kai y ∈ X. DeÐxte ìti h f eÐnai suneq c.

3. 'Estw f : R → R sun�rthsh me |f(x)| ≤ |x| gia k�je x ∈ R.
(a) DeÐxte ìti h f eÐnai suneq c sto 0.

(b) D¸ste par�deigma miac tètoiac f pou na eÐnai asuneq c se k�je x 6= 0.

4. 'Estw f : R → R kai g : R → R suneq c sun�rthsh me g(0) = 0 kai |f(x)| ≤ |g(x)| gia k�je
x ∈ R. DeÐxte ìti h f eÐnai suneq c sto 0.

5. 'Estw f : R → R suneq c sun�rthsh kai èstw a1 ∈ R. OrÐzoume an+1 = f(an) gia
n = 1, 2, . . .. An an → a ∈ R tìte f(a) = a.

6. DeÐxte ìti h sun�rthsh f : R → R me f(x) =


x an x ∈ Q

x3 an x /∈ Q
eÐnai suneq c mìno sta

shmeÐa −1, 0, 1.

7. 'Estw f, g : R → R suneqeÐc sunart seic. DeÐxte ìti:

(a) An f(x) = 0 gia k�je x ∈ Q, tìte f(y) = 0 gia k�je y ∈ R.
(b) An f(x) = g(x) gia k�je x ∈ Q, tìte f(y) = g(y) gia k�je y ∈ R.
(g) An f(x) ≤ g(x) gia k�je x ∈ Q, tìte f(y) ≤ g(y) gia k�je y ∈ R.

8. 'Estw f : [a, b] → [a, b] suneq c sun�rthsh. Na deiqjeÐ ìti up�rqei x ∈ [a, b] me f(x) = x.

9. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je x ∈ [a, b] isqÔei
|f(x)| = 1. DeÐxte ìti h f eÐnai stajer .

10. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f2(x) = g2(x) gia k�je
x ∈ [a, b]. Upojètoume epÐshc ìti f(x) 6= 0 gia k�je x ∈ [a, b]. DeÐxte ìti g ≡ f   g ≡ −f sto
[a, b].

11. 'Estw f : [0, 1] → R suneq c sun�rthsh me thn idiìthta f(x) ∈ Q gia k�je x ∈ [0, 1].
DeÐxte ìti h f eÐnai stajer  sun�rthsh.
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12. 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = x2 gia k�je rhtì

x ∈ (0, 1). Na brejeÐ to f
(√

2
2

)
. Aitiolog ste pl rwc thn ap�nths  sac.

13. 'Estw f : [0, 2] → R suneq c sun�rthsh me f(0) = f(2). DeÐxte ìti up�rqei x ∈ [0, 1] me
f(x + 1) = f(x).

14. Upojètoume ìti h f eÐnai suneq c sto [0, 1] kai f(0) = f(1). 'Estw n ∈ N. DeÐxte ìti

up�rqei x ∈
[
0, 1− 1

n

]
¸ste f(x) = f

(
x + 1

n

)
.

15. 'Estw f : [a, b] → R suneq c sun�rthsh kai x1, x2 ∈ [a, b]. DeÐxte ìti gia k�je t ∈ [0, 1]
up�rqei yt ∈ [a, b] ¸ste

f(yt) = tf(x1) + (1− t)f(x2).

16. 'Estw f : [a, b] → R suneq c sun�rthsh, kai x1, x2, . . . , xn ∈ [a, b]. DeÐxte ìti up�rqei
y ∈ [a, b] ¸ste

f(y) =
f(x1) + f(x2) + · · ·+ f(xn)

n
.

17. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti up�rqei
ξ > 0 ¸ste f(x) ≥ ξ gia k�je x ∈ [a, b].

IsqÔei to sumpèrasma an antikatast soume to di�sthma [a, b] me to di�sthma (a, b]?

18. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f(x) > g(x) gia k�je
x ∈ [a, b]. DeÐxte ìti up�rqei ρ > 0 ¸ste f(x) > g(x) + ρ gia k�je x ∈ [a, b].

19. 'Estw f : [a, b] → R suneq c se k�je shmeÐo tou [a, b]. Upojètoume ìti gia k�je x ∈ [a, b]
up�rqei y ∈ [a, b] ¸ste |f(y)| ≤ 1

2
|f(x)|. DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = 0.

20. 'Estw f, g : [a, b] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [a, b]. DeÐxte ìti
max(f) < max(g).

21. 'Estw f, g : [a, b] → [c, d] suneqeÐc kai epÐ sunart seic. DeÐxte ìti up�rqei ξ ∈ [a, b] ¸ste
f(ξ) = g(ξ).

22. 'Estw α, β, γ > 0 kai λ < µ < ν. DeÐxte ìti h exÐswsh

α

x− λ
+

β

x− µ
+

γ

x− ν
= 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν).

Ask seic: ìria sunart sewn � Om�da A'

23. Qrhsimopoi¸ntac ton orismì tou orÐou, deÐxte ìti

lim
x→0

√
1 + x−

√
1− x

x
= 1 kai lim

x→+∞

√
x
(√

x + a−
√

x
)

=
a

2
, a ∈ R.

24. Exet�ste an up�rqoun ta parak�tw ìria kai, an nai, upologÐste ta.
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(a) lim
x→2

x3−8
x−2

, (b) lim
x→x0

[x], (g) lim
x→x0

(x− [x]).

25. 'Estw f : R → R me f(x) =

{
x an x rhtìc
−x an x �rrhtoc

. DeÐxte ìti lim
x→0

f(x) = 0 kai ìti an

x0 6= 0 tìte den up�rqei to lim
x→x0

f(x).

26. Exet�ste an eÐnai suneqeÐc oi akìloujec sunart seic:

(a) f : R → R me f(x) =

{
sin x

x
an x 6= 0

0 an x = 0

(b) fk : [−1, 0] → R me fk(x) =

{
xk sin 1

x
an x 6= 0

0 an x = 0
(k = 0, 1, 2, . . .)

(g) f : R → R me f(x) =

{
1
x

sin 1
x2 an x 6= 0

0 an x = 0

27. DeÐxte ìti an a, b > 0 tìte

lim
x→0+

x

a

[
b

x

]
=

b

a
kai lim

x→0+

b

x

[x
a

]
= 0.

Ti gÐnetai ìtan x → 0−?

28. 'Estw f : R → R me f(x) = 1 an x ∈
{

1
n

: n ∈ N
}
kai 0 alli¸c. Exet�ste an up�rqei to

lim
x→0

f(x).

29. 'Estw f, g : R → R dÔo sunart seic. Upojètoume ìti up�rqoun ta lim
x→x0

f(x), lim
x→x0

g(x).

(a) DeÐxte ìti an f(x) ≤ g(x) gia k�je x ∈ R, tìte lim
x→x0

f(x) ≤ lim
x→x0

g(x).

(b) D¸ste èna par�deigma ìpou f(x) < g(x) gia k�je x ∈ R en¸ lim
x→x0

f(x) = lim
x→x0

g(x).

30. 'Estw X ⊂ R, f, g : X → R dÔo sunart seic kai èstw x0 ∈ R èna shmeÐo suss¸reushc tou
X. Upojètoume ìti Ôp�rqei δ > 0 ¸ste h f na eÐnai fragmènh sto (x0 − δ, x0 + δ) ∩X kai ìti
lim

x→x0
g(x) = 0. DeÐxte ìti lim

x→x0
f(x)g(x) = 0.

31. 'Estw f : R → R periodik  sun�rthsh me perÐodo T > 0. Upojètoume ìti up�rqei to
lim

x→+∞
f(x) = b ∈ R. DeÐxte ìti h f eÐnai stajer .

32. 'Estw P (x) = amxm + · · · + a1x + a0 polu¸numo me thn idiìthta a0am < 0. DeÐxte ìti h
exÐswsh P (x) = 0 èqei jetik  pragmatik  rÐza.

33. 'Estw f : R → R suneq c kai fjÐnousa sun�rthsh. DeÐxte ìti h f èqei monadikì stajerì
shmeÐo: up�rqei akrib¸c ènac pragmatikìc arijmìc x0 gia ton opoÐo

f(x0) = x0.
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34. 'Estw f : R → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ R kai

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0.

DeÐxte ìti h f paÐrnei mègisth tim : up�rqei y ∈ R ¸ste f(y) ≥ f(x) gia k�je x ∈ R.

35. (a) 'Estw g : [0, +∞) → R suneq c sun�rthsh. An g(x) 6= 0 gia k�je x ≥ 0 deÐxte ìti h g
diathreÐ prìshmo:   g(x) > 0 gia k�je x ≥ 0   g(x) < 0 gia k�je x ≥ 0.

(b) 'Estw f : [0, +∞) → [0, +∞) suneq c sun�rthsh. An f(x) 6= x gia k�je x ≥ 0, deÐxte ìti
lim

x→+∞
f(x) = +∞.

36. Upojètoume ìti h f : [a, +∞) → R eÐnai suneq c kai ìti

lim
x→+∞

f(x) = +∞.

DeÐxte ìti h f paÐrnei el�qisth tim , dhlad  ìti up�rqei x0 ∈ [a, +∞) me f(x) ≥ f(x0) gia k�je
x ∈ [a, +∞).

37. 'Estw f : R → R suneq c sun�rthsh. An lim
x→−∞

f(x) = α kai lim
x→+∞

f(x) = α, tìte h f

paÐrnei mègisth   el�qisth tim .

38. 'Estw f : R → R suneq c sun�rthsh me lim
x→−∞

f(x) = −∞ kai lim
x→+∞

f(x) = +∞. DeÐxte

ìti f(R) = R.

39. 'Estw f : (α, β) → R sun�rthsh gnhsÐwc aÔxousa kai suneq c. DeÐxte ìti

f((α, β)) = ( lim
x→α+

f(x), lim
x→β−

f(x)).

Ask seic: sunèqeia kai ìria sunart sewn � Om�da B'

40. An α ∈ R, h sun�rthsh f : R → R me f(x) = αx profan¸c ikanopoieÐ thn f(x + y) =
f(x) + f(y) gia k�je x, y ∈ R.

AntÐstrofa, deÐxte ìti an f : R → R eÐnai mia suneq c sun�rthsh me f(1) = α, h opoÐa
ikanopoieÐ thn f(x + y) = f(x) + f(y) gia k�je x, y ∈ R, tìte:

(a) f(n) = nα gia k�je n ∈ N.

(b) f( 1
m

) = α
m

gia k�je m = 1, 2, . . ..

(g) f(x) = αx gia k�je x ∈ R.
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41. Melet ste wc proc th sunèqeia th sun�rthsh f : [0, 1] → R me

f(x) =


0 , x /∈ Q   x = 0

1
q

, x = p
q
, p, q ∈ N, MKD(p, q) = 1.

42. 'Estw f : R → R. Upojètoume ìti h f eÐnai suneq c sto 0 kai ìti f(x/2) = f(x) gia k�je
x ∈ R. DeÐxte ìti h f eÐnai stajer .

43. 'Estw f : R → R suneq c sun�rthsh me f( m
2n ) = 0 gia k�je m ∈ Z kai n ∈ N. DeÐxte ìti

f(x) = 0 gia k�je x ∈ R.

44. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta f(x) = f
(
x + 1

n

)
gia k�je x ∈ R kai

k�je n ∈ N. DeÐxte ìti h f eÐnai stajer .

45. 'Estw f : [a, b] → R suneq c sun�rthsh. OrÐzoume A = {x ∈ [a, b] : f(x) = 0}. An A 6= ∅,
deÐxte ìti sup A ∈ A kai inf A ∈ A.

46. 'Estw a ∈ [0, π]. OrÐzoume akoloujÐa me a1 = a kai an+1 = sin(an). DeÐxte ìti an → 0.

47. 'Estw f : [0, 1] → R suneq c sun�rthsh. Upojètoume ìti up�rqoun xn ∈ [0, 1] ¸ste
f(xn) → 0. Tìte, up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

48. 'Estw f : R → R suneq c periodik  sun�rthsh me perÐodo T > 0: dhlad , f(x + T ) = f(x)
gia k�je x ∈ R. DeÐxte ìti up�rqei x ∈ R ¸ste f(x) = f(x +

√
2).

49. 'Estw f : [0, +∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqoun a < b kai akoloujÐec
(xn), (yn) sto [0, +∞) me xn → +∞, yn → +∞ kai f(xn) → a, f(yn) → b. DeÐxte ìti: gia
k�je c ∈ (a, b) up�rqei akoloujÐa (zn) sto [0, +∞) me zn → +∞ kai f(zn) → c.

50. 'Estw f : (a, b) → R kai x0 ∈ (a, b). DeÐxte ìti h f eÐnai suneq c sto x0 an kai mìno an gia
k�je monìtonh akoloujÐa (xn) shmeÐwn tou (a, b) me xn → x0 isqÔei f(xn) → f(x0).

51. (a) 'Estw f : (a, +∞) → R. An lim
n→∞

f (a + tn) = L gia k�je gnhsÐwc fjÐnousa akoloujÐa

(tn) me tn → 0, tìte lim
x→a+

f(x) = L.

(b) Swstì   l�joc? 'Estw f : (a, +∞) → R. An lim
n→∞

f
(
a + 1

n

)
= L tìte lim

x→a+
f(x) = L.

52. 'Estw f : [a, b] → R gnhsÐwc aÔxousa sun�rthsh. Upojètoume ìti h f eÐnai suneq c se
k�poio x0 ∈ (a, b). DeÐxte ìti to f(x0) eÐnai shmeÐo suss¸reushc tou f([a, b]).

53. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta |f(x) − f(y)| ≥ |x − y| gia k�je
x, y ∈ R. DeÐxte ìti h f eÐnai epÐ.
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54. 'Estw f, g : [0, 1] → [0, 1] suneqeÐc sunart seic. Upojètoume ìti h f eÐnai aÔxousa kai
g ◦ f = f ◦ g. DeÐxte ìti oi f kai g èqoun koinì stajerì shmeÐo: up�rqei y ∈ [0, 1] ¸ste
f(y) = y kai g(y) = y. [Upìdeixh: Xèroume ìti up�rqei x1 ∈ [0, 1] me g(x1) = x1. An isqÔei
kai h f(x1) = x1, èqoume telei¸sei. An ìqi, jewr ste thn akoloujÐa xn+1 = f(xn), deÐxte ìti
eÐnai monìtonh kai ìti ìloi oi ìroi thc eÐnai stajer� shmeÐa thc g. To ìriì thc ja eÐnai koinì
stajerì shmeÐo twn f kai g (giatÐ?).]

55. 'Estw f : [a, b] → R me thn ex c idiìthta: gia k�je x0 ∈ [a, b] up�rqei to lim
x→x0

f(x). Tìte,

h f eÐnai fragmènh.

Gia tic epìmenec dÔo ask seic dÐnoume ton ex c orismì: 'Estw f : X → R. Lème ìti h f èqei
topikì mègisto (antÐstoiqa, topikì el�qisto) sto x0 ∈ X an up�rqei δ > 0 ¸ste gia k�je
x ∈ X ∩ (x0 − δ, x0 + δ) isqÔei h anisìthta f(x) ≤ f(x0) (antÐstoiqa, f(x0) ≤ f(x)).

56. 'Estw f : [a, b] → R suneq c. Upojètoume ìti h f den èqei topikì mègisto   el�qisto se
kanèna shmeÐo tou (a, b). DeÐxte ìti h f eÐnai monìtonh sto (a, b).

57. 'Estw f : [a, b] → R suneq c sun�rthsh. An h f èqei topikì mègisto se dÔo diaforetik�
shmeÐa x1, x2 tou [a, b], tìte up�rqei x3 an�mesa sta x1, x2 sto opoÐo h f èqei topikì el�qisto.



Kef�laio 5

Par�gwgoc

5.1 Orismìc thc parag¸gou
Orismìc 5.1.1. 'Estw f : (a, b) → R mia sun�rthsh kai èstw x0 ∈ (a, b). Lème ìti h f
eÐnai paragwgÐsimh sto x0 an up�rqei to ìrio

f ′(x0) := lim
x→x0

f(x)− f(x0)
x− x0

.

To ìrio f ′(x0) (an up�rqei) lègetai par�gwgoc thc f sto x0. Jètontac h = x − x0

blèpoume ìti, isodÔnama,

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)
h

an to teleutaÐo ìrio up�rqei.

ShmeÐwsh. An f : I → R ìpou I di�sthma kai an to x0 ∈ I eÐnai aristerì   dexiì
�kro tou I, tìte orÐzoume thn par�gwgo f ′(x0) (an up�rqei) mèsw tou pleurikoÔ orÐou

limx→x+
0

f(x)−f(x0)
x−x0

  limx→x−0

f(x)−f(x0)
x−x0

antÐstoiqa.

ParadeÐgmata 5.1.2. (a) 'Estw f : R → R me f(x) = c gia k�je x ∈ R. H f eÐnai
paragwgÐsimh se k�je x0 ∈ R kai f ′(x0) = 0. Pr�gmati,

f(x0 + h)− f(x0)
h

=
c− c
h

= 0→ 0

kaj¸c to h→ 0.
(b) 'Estw f : R→ R me f(x) = x gia k�je x ∈ R. H f eÐnai paragwgÐsimh se k�je x0 ∈ R
kai f ′(x0) = 1. Pr�gmati,

f(x0 + h)− f(x0)
h

=
x0 + h− x0

h
=
h

h
= 1→ 1
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kaj¸c to h→ 0.
(g) 'Estw f : R → R me f(x) = |x| gia k�je x ∈ R. H f den eÐnai paragwgÐsimh sto 0
(kai eÐnai paragwgÐsimh se k�je x0 6= 0). Pr�gmati,

lim
h→0+

f(h)− f(0)
h

= lim
h→0+

|h|
h

= lim
h→0+

h

h
= lim

h→0+
1 = 1,

en¸

lim
h→0−

f(h)− f(0)
h

= lim
h→0−

|h|
h

= lim
h→0−

−h
h

= lim
h→0−

(−1) = −1.

AfoÔ ta dÔo pleurik� ìria eÐnai diaforetik�, to limh→0
f(h)−f(0)

h den up�rqei.

(d) 'Estw f : R → R me f(x) = x2 gia k�je x ∈ R. H f eÐnai paragwgÐsimh se k�je
x0 ∈ R kai f ′(x0) = 2x0. Pr�gmati,

f(x0 + h)− f(x0)
h

=
(x0 + h)2 − x2

0

h
=

2x0h+ h2

h
= 2x0 + h→ 2x0

kaj¸c to h→ 0.
(e) 'Estw f : R → R me f(x) = sinx gia k�je x ∈ R. H f eÐnai paragwgÐsimh se k�je
x0 ∈ R kai f ′(x0) = cosx0. Pr�gmati,

f(x0 + h)− f(x0)
h

=
sin(x0 + h)− sinx0

h
=

1
h
· 2 sin

h

2
cos

(
x0 +

h

2

)
→ cosx0

kaj¸c to h→ 0, afoÔ limh→0
sin(h/2)

h/2 = 1 kai limh→0 cos(x0+h/2) = cosx0. Me an�logo

trìpo mporoÔme na deÐxoume ìti h g : R→ R me g(x) = cosx eÐnai paragwgÐsimh se k�je
x0 ∈ R kai g′(x0) = − sinx0.

(st) 'Estw f : R→ R me f(x) =
{
x2 an x ∈ Q
0 an x /∈ Q . H f eÐnai paragwgÐsimh sto 0:

parathroÔme ìti
f(h)− f(0)

h
=

{
h an h ∈ Q
0 an h /∈ Q

'Epetai ìti limh→0
f(h)−f(0)

h = 0. Dhlad , f ′(0) = 0. Parathr ste ìti h f eÐnai asuneq c
se k�je x0 6= 0 (kai eÐnai suneq c sto 0).

(z) 'Estw f : R → R me f(x) =
{
x3 an x ≥ 0
x2 an x < 0 . H f eÐnai paragwgÐsimh se k�je

x0 ∈ R. Gia to shmeÐo 0, jewroÔme to

f(h)− f(0)
h

=
{
h2 an h > 0
h an h < 0

'Epetai ìti to ìrio limh→0
f(h)−f(0)

h up�rqei kai eÐnai Ðso me 0. Dhlad , f ′(0) = 0. EÔkola
elègqoume ìti f ′(x0) = 3x2

0 an x0 > 0 kai f ′(x0) = 2x0 an x0 < 0.
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Je¸rhma 5.1.3. 'Estw f : (a, b) → R kai èstw x0 ∈ (a, b). An h f eÐnai paragwgÐsimh
sto x0, tìte h f eÐnai suneq c sto x0.

Apìdeixh. Gia x 6= x0 gr�foume

f(x)− f(x0) =
f(x)− f(x0)

x− x0
· (x− x0).

AfoÔ

lim
x→x0

f(x)− f(x0)
x− x0

= f ′(x0) kai lim
x→x0

(x− x0) = 0,

sumperaÐnoume ìti limx→x0(f(x)− f(x0)) = 0, kai sunep¸c, limx→x0 f(x) = f(x0). Autì
apodeiknÔei ìti h f eÐnai suneq c sto x0. 2

Parat rhsh 5.1.4. To antÐstrofo den isqÔei: an h f eÐnai suneq c sto x0, tìte den
eÐnai aparaÐthta paragwgÐsimh sto x0. Gia par�deigma, h f(x) = |x| eÐnai suneq c sto 0
all� den eÐnai paragwgÐsimh sto 0.

5.2 Kanìnec parag¸gishc
Qrhsimopoi¸ntac tic antÐstoiqec idiìthtec twn orÐwn, mporoÔme na apodeÐxoume touc
basikoÔc {kanìnec parag¸gishc} se sqèsh me tic �lgebrikèc pr�xeic metaxÔ sunart -
sewn.

Je¸rhma 5.2.1. 'Estw f, g : (a, b) → R dÔo sunart seic kai èstw x0 ∈ (a, b). Upojè-
toume ìti oi f, g eÐnai paragwgÐsimec sto x0. Tìte:

(a) H f + g eÐnai paragwgÐsimh sto x0 kai (f + g)′(x0) = f ′(x0) + g′(x0).

(b) Gia k�je t ∈ R, h t · f eÐnai paragwgÐsimh sto x0 kai (t · f)′(x0) = t · f ′(x0).

(g) H f · g eÐnai paragwgÐsimh sto x0 kai (f · g)′(x0) = f ′(x0)g(x0) + f(x0)g′(x0).

(d) An g(x) 6= 0 gia k�je x ∈ (a, b), tìte h f
g eÐnai paragwgÐsimh sto x0 kai(

f

g

)′
(x0) =

f ′(x0)g(x0)− f(x0)g′(x0)
(g(x0))2

.

Apìdeixh. Ac doÔme gia par�deigma thn apìdeixh tou (g): gr�foume

(f · g)(x0 + h)− (f · g)(x0)
h

= f(x0 + h)
g(x0 + h)− g(x0)

h

+g(x0)
f(x0 + h)− f(x0)

h

gia h 6= 0 (kont� sto 0).
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'Eqoume limh→0
g(x0+h)−g(x0)

h = g′(x0) kai limh→0
f(x0+h)−f(x0)

h = f ′(x0). EpÐshc,
h f eÐnai paragwgÐsimh, �ra kai suneq c, sto x0. Sunep¸c, limh→0 f(x0 + h) = f(x0).
Af nontac to h→ 0, kai qrhsimopoi¸ntac tic basikèc idiìthtec twn orÐwn, paÐrnoume to
zhtoÔmeno.

Gia to (d) arkeÐ na deÐxoume ìti h 1/g eÐnai paragwgÐsimh sto x0 kai èqei par�gwgo

Ðsh me − g′(x0)
g(x0)2

(kai na efarmìsoume to (g)). Parathr ste ìti

lim
h→0

1
h

(
1

g(x0 + h)
− 1
g(x0)

)
= lim

h→0

(
g(x0)− g(x0 + h)

h
· 1
g(x0 + h)g(x0)

)
= −g′(x0) ·

1
g(x0)2

,

ìpou qrhsimopoi same to gegonìc ìti limh→0 g(x0 + h) = g(x0), pou isqÔei logw thc
sunèqeiac thc g sto x0. 2

'Amesec sunèpeiec tou prohgoÔmenou jewr matoc eÐnai oi ex c:

(i) K�je poluwnumik  sun�rthsh eÐnai paragwgÐsimh se k�je x0 ∈ R. Pio sugkekrimè-
na, an p(x) = amx

m + am−1x
m−1 + · · ·+ a1x+ a0, tìte

p′(x) = mamx
m−1 + (m− 1)am−1x

m−2 + · · ·+ a1.

(ii) K�je rht  sun�rthsh eÐnai paragwgÐsimh se k�je shmeÐo tou pedÐou orismoÔ thc.

5.2aþ Kanìnac thc alusÐdac

Prìtash 5.2.2 (parat rhsh tou Karajeodwr ). 'Estw f : (a, b)→ R kai èstw x0 ∈
(a, b). H f eÐnai paragwgÐsimh sto x0 an kai mìnon an up�rqei sun�rthsh φ : (a, b)→ R
pou eÐnai suneq c sto x0 kai ikanopoieÐ thn φ(x) = f(x)−f(x0)

x−x0
gia k�je x ∈ (a, b)\{x0}.

Tìte, f ′(x0) = φ(x0).

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai paragwgÐsimh sto x0. OrÐzoume φ : (a, b)→ R
wc ex c:

φ(x) =
{

f(x)−f(x0)
x−x0

an x 6= x0

f ′(x0) an x = x0

H φ eÐnai suneq c sto x0: pr�gmati,

lim
x→x0

φ(x) = lim
x→x0

f(x)− f(x0)
x− x0

= f ′(x0) = φ(x0).

AntÐstrofa, upojètoume ìti up�rqei φ : (a, b) → R ìpwc sthn Prìtash. AfoÔ h φ eÐnai
suneq c sto x0, èqoume limx→x0 φ(x) = φ(x0). Dhlad , up�rqei to

lim
x→x0

f(x)− f(x0)
x− x0

= lim
x→x0

φ(x) = φ(x0).

Apì ton orismì thc parag¸gou, h f eÐnai paragwgÐsimh sto x0 kai f ′(x0) = φ(x0). 2
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Je¸rhma 5.2.3 (kanìnac thc alusÐdac). 'Estw f : (a, b)→ (c, d) kai g : (c, d)→ R
dÔo sunart seic. An h f eÐnai paragwgÐsimh sto x0 ∈ (a, b) kai h g eÐnai paragwgÐsimh
sto f(x0), tìte h g ◦ f eÐnai paragwgÐsimh sto x0 kai

(g ◦ f)′(x0) = g′(f(x0)) · f ′(x0).

Apìdeixh. Jèloume na deÐxoume ìti to ìrio

lim
x→x0

g(f(x))− g(f(x0)
x− x0

up�rqei kai eÐnai Ðso me g′(f(x0)) · f ′(x0). Jètoume y0 = f(x0) ∈ (c, d) kai jewroÔme th
sun�rthsh

ψ : (c, d)→ R ìpou ψ(y) =

{
g(y)−g(y0)

y−y0
an y 6= y0

g′(y0) an y = y0

H ψ eÐnai suneq c sto y0, diìti h g eÐnai paragwgÐsimh sto y0.
'Estw x ∈ (a, b)\{x0}. An f(x) 6= f(x0), tìte

ψ(f(x)) =
g(f(x))− g(f(x0))
f(x)− f(x0)

,

�ra èqoume

(∗) g(f(x))− g(f(x0))
x− x0

= ψ(f(x))
f(x)− f(x0)

x− x0
.

An gia to x isqÔei f(x) = f(x0) tìte h (∗) exakoloujeÐ na isqÔei (ta dÔo mèlh mhdenÐ-
zontai). Dhlad , h (∗) isqÔei gia k�je x ∈ (a, b)\{x0}.

ParathroÔme ìti to ìrio limx→x0
f(x)−f(x0)

x−x0
up�rqei kai isoÔtai me f ′(x0). EpÐshc,

h f eÐnai suneq c sto x0 kai h ψ eÐnai suneq c sto y0 = f(x0), �ra h sÔnjes  touc
ψ ◦ f eÐnai suneq c sto x0. Sunep¸c, to ìrio limx→x0 ψ(f(x)) up�rqei kai isoÔtai me
ψ(y0) = g′(y0) = g′(f(x0)). Epistrèfontac sthn (∗) kai paÐrnontac to ìrio kaj¸c to
x→ x0, blèpoume ìti

lim
x→x0

g(f(x))− g(f(x0))
x− x0

= ψ(f(x0)) · f ′(x0) = g′(f(x0)) · f ′(x0),

dhlad  to zhtoÔmeno. 2

5.2bþ Par�gwgoc antÐstrofhc sun�rthshc.

Je¸rhma 5.2.4. 'Estw f : (a, b)→ R mia 1−1 kai suneq c sun�rthsh. Upojètoume oti
h f eÐnai paragwgÐsimh sto x0 ∈ (a, b) kai ìti f ′(x0) 6= 0. Tìte, h f−1 eÐnai paragwgÐsimh
sto f(x0) kai

(f−1)′(f(x0)) =
1

f ′(x0)
.
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Apìdeixh. Apì to Je¸rhma 4.6.1 gnwrÐzoume ìti h f eÐnai gnhsÐwc monìtonh kai qwrÐc
periorismì thc genikìthtac mporoÔme na upojèsoume ìti h f eÐnai gnhsÐwc aÔxousa. H
f ′(x0) up�rqei, dhlad 

lim
x→x0

f(x)− f(x0)
x− x0

= f ′(x0).

Epiplèon èqoume upojèsei oti f ′(x0) 6= 0, �ra

lim
x→x0

x− x0

f(x)− f(x0)
=

1
f ′(x0)

.

'Estw ε > 0. MporoÔme na broÔme δ > 0 ¸ste [x0−δ, x0+δ] ⊂ (a, b) kai an 0 < |x−x0| < δ
tìte

(∗)
∣∣∣∣ x− x0

f(x)− f(x0)
− 1
f ′(x0)

∣∣∣∣ < ε.

Jètoume
y1 = f (x0 − δ) kai y2 = f (x0 + δ) .

Tìte, to (y1, y2) eÐnai èna anoiqtì di�sthma pou perièqei to f(x0), �ra up�rqei δ1 > 0
¸ste

(f(x0)− δ1, f(x0) + δ1) ⊆ (y1, y2) = (f (x0 − δ) , f (x0 + δ)) .

'Estw y pou ikanopoieÐ thn 0 < |y − f(x0)| < δ1. Tìte, y = f(x) gia k�poio x ∈ (a, b) me
0 < |x− x0| < δ. 'Ara,

f−1(y)− f−1(f(x0))
y − f(x0)

=
x− x0

f(x)− f(x0)
,

opìte h (∗) dÐnei ∣∣∣∣f−1(y)− f−1(f(x0))
y − f(x0)

− 1
f ′(x0)

∣∣∣∣ < ε.

Afou to ε > 0  tan tuqìn, èpetai oti

lim
y→f(x0)

f−1(y)− f−1(f(x0))
y − f(x0)

=
1

f ′(x0)
.

Dhlad , h f−1 eÐnai paragwgÐsimh sto f(x0) kai (f−1)′(f(x0)) = 1
f ′(x0)

. 2

Parat rhsh 5.2.5. An f ′(x0) = 0 tìte h (f−1)′(y0) den up�rqei. Alli¸c, apì ton
kanìna thc alusÐdac h par�gwgoc thc sÔnjeshc f−1 ◦ f sto x0 ja up rqe, kai ja eÐqame

(f−1 ◦ f)′(x0) = (f−1)′(f(x0)) · f ′(x0) = 0.

'Omwc, (f−1 ◦ f)(x) = x, �ra (f−1 ◦ f)′(x0) = 1, opìte odhgoÔmaste se �topo.
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5.2gþ Par�gwgoi an¸terhc t�xhc

Orismìc 5.2.6. 'Estw f : (a, b) → R paragwgÐsimh se k�je x ∈ (a, b). H par�gwgoc
sun�rthsh thc f eÐnai h sun�rthsh f ′ : (a, b) → R me x 7→ f ′(x). An h sun�rthsh
f ′ eÐnai paragwgÐsimh sto (a, b), tìte h par�gwgoc sun�rthsh thc f ′ orÐzetai sto (a, b),
lègetai deÔterh par�gwgoc thc f , kai sumbolÐzetai me f ′′.

Epagwgik�, an èqei oristeÐ h n-ost  par�gwgoc f (n) : (a, b) → R thc f kai eÐnai
paragwgÐsimh sun�rthsh sto (a, b), tìte h par�gwgoc thc f (n), orÐzetai sto (a, b), lègetai
h (n+ 1)�t�xhc par�gwgoc thc f sto (a, b) kai sumbolÐzetai me f (n+1).

Mia sun�rthsh pou èqei par�gwgo t�xhc n lègetai n forèc paragwgÐsimh. Mia
sun�rthsh f : (a, b)→ R lègetai aperiìrista paragwgÐsimh sto shmeÐo x0 ∈ (a, b) an
h f (n)(x0) up�rqei gia k�je n ∈ N.

Par�deigma 5.2.7. K�je poluwnumik  sun�rthsh p(x) = amx
m + · · ·+ a1x+ a0 eÐnai

aperiìrista paragwgÐsimh se k�je shmeÐo x0 ∈ R. Oi suntelestèc tou poluwnÔmou p
{upologÐzontai} apì tic

ak =
p(k)(0)
k!

, k = 0, 1, . . . ,m.

H apìdeixh gÐnetai me diadoqikèc paragwgÐseic kai upologismì thc p(k)(0). An k > m,
tìte h p(k) eÐnai mhdenÐzetai se k�je x0 ∈ R.

5.3 Par�gwgoc ekjetik c kai logarijmik c sun�rthshc
Se aut  th sÔntomh par�grafo apodeiknÔoume ìti h ekjetik  sun�rthsh exp(x) = ex eÐnai
paragwgÐsimh. Sth sunèqeia, qrhsimopoi¸ntac to genikì mac apotèlesma gia thn par�g-
wgo antÐstrofhc sun�rthshc, brÐskoume thn par�gwgo thc logarijmik c sun�rthshc ln.
Oi tÔpoi gia tic parag¸gouc twn upìloipwn ekjetik¸n kai logarijmik¸n sunart sewn
prokÔptoun me apl  efarmog  tou kanìna thc alusÐdac.

Prìtash 5.3.1. H ekjetik  sun�rthsh exp : R → (0,+∞) me exp(x) = ex eÐnai
paragwgÐsimh kai

exp′(x) = exp(x)

gia k�je x ∈ R.

Apìdeixh. DeÐqnoume pr¸ta ìti

lim
t→0

et − 1
t

= 1.

Xekin�me apì dÔo anisìthtec pou sunant same stic Ask seic tou KefalaÐou 1: an a ≥ −1
tìte (1 + a)n ≥ 1 + na (anisìthta Bernoulli) kai an 0 ≤ a < 1/n tìte (1 + a)n < 1

1−na
(deÐxte thn me epagwg  wc proc n). 'Estw s rhtìc arijmìc sto (0, 1). MporoÔme na
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gr�youme a = p/q, ìpou p < q fusikoÐ arijmoÐ. GnwrÐzoume ìti e >
(
1 + 1

q

)q

, opìte

qrhsimopoi¸ntac thn pr¸th anisìthta blèpoume ìti

es >

(
1 +

1
q

)qs

=
(

1 +
1
q

)p

≥ 1 +
p

q
= 1 + s.

EpÐshc, afoÔ 1/q < 1/p, apì thn deÔterh anisìthta blèpoume ìti(
1 +

1
kq

)kp

<
1

1− p/q
=

1
1− s

gia k�je k ∈ N, �ra

es =

[
lim

k→∞

(
1 +

1
kq

)kq
]p/q

= lim
k→∞

(
1 +

1
kq

)kp

≤ 1
1− s

.

Me �lla lìgia,

(∗) 1 + s ≤ es ≤ 1
1− s

gia k�je s ∈ (0, 1)∩Q. 'Estw t¸ra t ∈ (0, 1). Jewr¸ntac akoloujÐa (sn) sto (0, 1)∩Q
me sn → t, kai qrhsimopoi¸ntac thn arq  thc metafor�c gia tic treic sunart seic sthn
(∗), sumperaÐnoume ìti

1 + t ≤ et ≤ 1
1− t

gia k�je t ∈ (0, 1). IsodÔnama, mporoÔme na gr�youme

0 ≤ et − 1
t
− 1 ≤ t

1− t
,

kai af nontac to t→ 0+ paÐrnoume

lim
t→0+

et − 1
t

= 1.

Gia to ìrio kaj¸c t→ 0− jètoume u = −t kai èqoume

et − 1
t

=
e−u − 1
−u

= e−u e
u − 1
u

→ 1 · 1 = 1,

ìpou qrhsimopoi same to prohgoÔmeno ìrio kai th sunèqeia thc ekjetik c sun�rthshc
sto 0.
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'Estw t¸ra x ∈ R: èqoume

ex+t − ex

t
=
exet − ex

t
= ex e

t − 1
t
→ ex · 1 = ex

kaj¸c to t→ 0+, �ra h exp eÐnai paragwgÐsimh sto x kai (exp)′(x) = exp(x). 2

Sto prohgoÔmeno Kef�laio eÐdame ìti h exp : R→ (0,+∞) eÐnai sun�rthsh gnhsÐwc
aÔxousa kai epÐ. MporoÔme loipìn na orÐsoume thn antÐstrof  thc, h opoÐa sumbolÐzetai
me ln. Dhlad , ln : (0,+∞)→ R kai ln y = x an kai mìno an ex = y.

Prìtash 5.3.2. H logarijmik  sun�rthsh ln : (0,+∞)→ R eÐnai paragwgÐsimh kai

ln′(y) =
1
y

gia k�je y > 0.

Apìdeixh. EÐdame ìti h exp eÐnai paragwgÐsimh kai exp′(x) = exp(x) 6= 0 gia k�je x ∈ R.
'Epetai ìti h ln eÐnai paragwgÐsimh sto (0,+∞) kai

ln′(y) =
1

exp′(x)
=

1
exp(x)

,

ìpou exp(x) = y. Me �lla lìgia, ln′(y) = 1
y gia k�je y ∈ (0,+∞). 2

5.4 AntÐstrofec trigwnometrikèc sunart seic
(a) Tìxo hmitìnou

H sun�rthsh sin : R → [−1, 1] eÐnai periodik , me el�qisth jetik  perÐodo Ðsh me
2π. O periorismìc thc sto [−π/2, π/2] eÐnai mia gnhsÐwc aÔxousa sun�rthsh me sÔnolo
tim¸n to [−1, 1]. MporoÔme loipìn na orÐsoume thn antÐstrof  thc, h opoÐa lègetai tìxo
hmitìnou kai sumbolÐzetai me arcsin.

Dhlad , arcsin : [−1, 1]→ [−π/2, π/2] kai arcsin y = x an kai mìno an x ∈ [−π/2, π/2]
kai sinx = y.

Parathr¸ntac ìti h sin eÐnai paragwgÐsimh sto [−π/2, π/2] kai sin′(x) = cosx 6= 0 an
x ∈ (−π/2, π/2), sumperaÐnoume ìti h arcsin eÐnai paragwgÐsimh sto (−1, 1) kai

arcsin′(y) =
1

sin′(x)
=

1
cosx

,

ìpou x ∈ (−π/2, π/2) kai sinx = y. Qrhsimopoi¸ntac thn sin2 x + cos2 x = 1 kai to
gegonìc ìti cosx > 0, blèpoume ìti

cosx =
√

1− sin2 x =
√

1− y2,



116 · Par�gwgos

dhlad 

arcsin′(y) =
1√

1− y2
, y ∈ (−1, 1).

(b) Tìxo sunhmitìnou

H sun�rthsh cos : R → [−1, 1] eÐnai periodik , me el�qisth jetik  perÐodo Ðsh me
2π. O periorismìc thc sto [0, π] eÐnai mia gnhsÐwc fjÐnousa sun�rthsh me sÔnolo tim¸n
to [−1, 1]. MporoÔme loipìn na orÐsoume thn antÐstrof  thc, h opoÐa lègetai tìxo
sunhmitìnou kai sumbolÐzetai me arccos.

Dhlad , arccos : [−1, 1] → [0, π] kai arccos y = x an kai mìno an x ∈ [0, π] kai
cosx = y.

Parathr¸ntac ìti h cos eÐnai paragwgÐsimh sto [0, π] kai cos′(x) = − sinx 6= 0 an
x ∈ (0, π), sumperaÐnoume ìti h arccos eÐnai paragwgÐsimh sto (−1, 1) kai

arccos′(y) =
1

cos′(x)
= − 1

sinx
,

ìpou x ∈ (0, π) kai cosx = y. Qrhsimopoi¸ntac thn sin2 x + cos2 x = 1 kai to gegonìc
ìti sinx > 0, blèpoume ìti

sinx =
√

1− cos2 x =
√

1− y2,

dhlad 

arccos′(y) = − 1√
1− y2

, y ∈ (−1, 1).

(g) Tìxo efaptomènhc

H sun�rthsh tan : (−π/2, π/2)→ R eÐnai gnhsÐwc aÔxousa kai epÐ. MporoÔme loipìn
na orÐsoume thn antÐstrof  thc, h opoÐa lègetai tìxo efaptomènhc kai sumbolÐzetai
me arctan.

Dhlad , arctan : R → (−π/2, π/2) kai arctan y = x an kai mìno an x ∈ (−π/2, π/2)
kai tanx = y.

Parathr¸ntac ìti h tan eÐnai paragwgÐsimh sto (−π/2, π/2) kai tan′(x) = 1/ cos2 x =
1 + tan2 x 6= 0 an x ∈ (−π/2, π/2), sumperaÐnoume ìti h arctan eÐnai paragwgÐsimh sto R
kai

arctan′(y) =
1

tan′(x)
=

1
1 + tan2 x

,

ìpou tanx = y. 'Epetai ìti

arctan′(y) =
1

1 + y2
, y ∈ R.
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5.5 KrÐsima shmeÐa
Skopìc mac stic epìmenec Paragr�fouc eÐnai na apodeÐxoume ta kÔria jewr mata tou Di-
aforikoÔ LogismoÔ kai na doÔme p¸c efarmìzontai sth melèth sunart sewn pou orÐzontai
se k�poio di�sthma I thc pragmatik c eujeÐac. Ja xekin soume me k�poia paradeÐgmata
pou deÐqnoun ìti h monotonÐa   h Ôparxh k�poiou topikoÔ akrìtatou miac paragwgÐsimhc
sun�rthshc dÐnoun k�poiec plhroforÐec gia thn par�gwgo. To monadikì ergaleÐo pou ja
qrhsimopoi soume eÐnai o orismìc thc parag¸gou.

L mma 5.5.1. 'Estw f : (a, b)→ R paragwgÐsimh sun�rthsh. An h f eÐnai aÔxousa sto
(a, b) tìte f ′(x) ≥ 0 gia k�je x ∈ (a, b).

Apìdeixh. 'Estw x ∈ (a, b). Up�rqei δ > 0 ¸ste (x− δ, x+ δ) ⊂ (a, b). An loipìn |h| < δ
tìte h f orÐzetai sto x+ h.

AfoÔ h f eÐnai paragwgÐsimh sto x, èqoume

f ′(x) = lim
h→0+

f(x+ h)− f(x)
h

= lim
h→0−

f(x+ h)− f(x)
h

.

'Estw 0 < h < δ. AfoÔ h f eÐnai aÔxousa sto (a, b) èqoume f(x+ h) ≥ f(x). Sunep¸c,

f(x+ h)− f(x)
h

≥ 0 �ra f ′(x) = lim
h→0+

f(x+ h)− f(x)
h

≥ 0.

Parathr ste ìti deÐxame to zhtoÔmeno qwrÐc na koit�xoume ti gÐnetai gia arnhtikèc timèc

tou h (elègxte ìmwc ìti an −δ < h < 0 tìte h klÐsh f(x+h)−f(x)
h eÐnai p�li mh arnhtik ,

opìte odhgoÔmaste sto Ðdio sumpèrasma). 2

Parat rhsh 5.5.2. An upojèsoume ìti h paragwgÐsimh sun�rthsh f : (a, b) → R
eÐnai gnhsÐwc aÔxousa, den mporoÔme na isquristoÔme ìti h f ′ eÐnai gnhsÐwc jetik  sto
(a, b). Gia par�deigma, h f : R → R me f(x) = x3 eÐnai gnhsÐwc aÔxousa sto R, ìmwc
f ′(x) = 3x2, �ra up�rqei shmeÐo sto opoÐo h par�gwgoc mhdenÐzetai: f ′(0) = 0. To
L mma 5.5.1 mac exasfalÐzei fusik� ìti f ′ ≥ 0 pantoÔ sto R.

Parat rhsh 5.5.3. To antÐstrofo er¸thma diatup¸netai wc ex c: an f ′(x) ≥ 0 gia
k�je x ∈ (a, b) tìte eÐnai swstì ìti h f eÐnai aÔxousa sto (a, b)? H ap�nthsh eÐnai
{nai}, aut  eÐnai mÐa apì tic basikèc sunèpeiec tou jewr matoc mèshc tim c (blèpe §5.6).
Qrhsimopoi¸ntac mìno ton orismì thc parag¸gou, mporoÔme na deÐxoume k�ti polÔ as-
jenèstero:

L mma 5.5.4. 'Estw f : (a, b) → R. Upojètoume ìti h f eÐnai paragwgÐsimh sto x0 ∈
(a, b) kai f ′(x0) > 0. Tìte, up�rqei δ > 0 ¸ste (x0 − δ, x0 + δ) ⊆ (a, b) kai

(a) f(x) > f(x0) gia k�je x ∈ (x0, x0 + δ).

(b) f(x) < f(x0) gia k�je x ∈ (x0 − δ, x0).
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Apìdeixh. 'Eqoume upojèsei ìti lim
x→x0

f(x)−f(x0)
x−x0

= f ′(x0) > 0. Efarmìzontac ton ε − δ

orismì tou orÐou me ε = f ′(0)
2 > 0, brÐskoume δ > 0 ¸ste: an 0 < |x − x0| < δ tìte

x ∈ (a, b) kai
f(x)− f(x0)

x− x0
> f ′(x0)− ε =

f ′(x0)
2

> 0.

'Epetai ìti:

(a) Gia k�je x ∈ (x0, x0 + δ) èqoume

f(x)− f(x0) >
f ′(x0)

2
(x− x0) > 0 �ra f(x) > f(x0).

(b) Gia k�je x ∈ (x0 − δ, x0) èqoume

f(x)− f(x0) <
f ′(x0)

2
(x− x0) < 0 �ra f(x) < f(x0). 2

Parathr ste ìti ta (a) kai (b) den deÐqnoun ìti h f eÐnai aÔxousa sto (x0, x0 + δ)   sto
(x0 − δ, x0). 2

Orismìc 5.5.5. 'Estw f : I → R kai èstw x0 ∈ I. Lème ìti h f èqei topikì mègisto sto
x0 an up�rqei δ > 0 ¸ste:

an x ∈ I kai |x− x0| < δ tìte f(x0) ≥ f(x).
OmoÐwc, lème ìti h f èqei topikì el�qisto sto x0 an up�rqei δ > 0 ¸ste:

an x ∈ I kai |x− x0| < δ tìte f(x0) ≤ f(x).
An h f èqei topikì mègisto   topikì el�qisto sto x0 tìte lème ìti h f èqei topikì akrìtato
sto shmeÐo x0.

Autì pou qreiast kame gia thn apìdeixh tou L mmatoc 5.5.1  tan h Ôparxh thc f ′(x) (o
orismìc thc parag¸gou) kai to gegonìc ìti (lìgw monotonÐac) h el�qisth tim  thc f sto
[x, x+ δ)  tan h f(x). Epanalamb�nontac loipìn to Ðdio ousiastik� epiqeÐrhma paÐrnoume
thn akìloujh Prìtash (Fermat).

Je¸rhma 5.5.6 (Fermat). 'Estw f : [a, b] → R. Upojètoume ìti h f èqei topikì
akrìtato se k�poio x0 ∈ (a, b) kai ìti h f eÐnai paragwgÐsimh sto x0. Tìte,

f ′(x0) = 0.

Apìdeixh. QwrÐc periorismì thc genikìthtac upojètoume oti h f èqei topikì mègisto sto
x0. Up�rqei δ > 0 ¸ste (x0−δ, x0+δ) ⊆ (a, b) kai f(x0+h) ≤ f(x0) gia k�je h ∈ (−δ, δ).

An 0 < h < δ tìte

f(x0 + h)− f(x0)
h

≤ 0, �ra lim
h→0+

f(x0 + h)− f(x0)
h

≤ 0.
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Sunep¸c, f ′(x0) ≤ 0.
An −δ < h < 0 tìte

f(x0 + h)− f(x0)
h

≥ 0, �ra lim
h→0−

f(x0 + h)− f(x0)
h

≥ 0.

Sunep¸c, f ′(x0) ≥ 0.
Apì tic dÔo anisìthtec èpetai ìti f ′(x0) = 0. 2

Orismìc 5.5.7. 'Estw f : I → R. 'Ena eswterikì shmeÐo x0 tou I lègetai krÐsimo shmeÐo
gia thn f an f ′(x0) = 0.

Par�deigma 5.5.8. Ta krÐsima shmeÐa miac sun�rthshc eÐnai polÔ qr sima ìtan jèloume
na broÔme th mègisth   thn el�qisth tim  thc. 'Estw f : [a, b] → R suneq c sun�rthsh.
GnwrÐzoume ìti h f paÐrnei mègisth tim  max(f) kai el�qisth tim  min(f) sto [a, b]. An
x0 ∈ [a, b] kai f(x0) = max(f)   f(x0) = min(f), tìte anagkastik� sumbaÐnei k�poio apì
ta parak�tw:

(i) x0 = a   x0 = b (�kro tou diast matoc).

(ii) x0 ∈ (a, b) kai f ′(x0) = 0 (krÐsimo shmeÐo).

(iii) x0 ∈ (a, b) kai h f den eÐnai paragwgÐsimh sto x0.

Dedomènou ìti, sthn pr�xh, to pl joc twn shmeÐwn pou an koun se autèc tic {treic
om�dec} eÐnai sqetik� mikrì, mporoÔme me aplì upologismì kai sÔgkrish merik¸n tim¸n
thc sun�rthshc na apant soume sto er¸thma.

Par�deigma: Na brejeÐ h mègisth tim  thc sun�rthshc f(x) = x3 − x sto [−1, 2].

H f eÐnai paragwgÐsimh sto (−1, 2), me par�gwgo f ′(x) = 3x2 − 1. Ta shmeÐa sta opoÐa
mhdenÐzetai h par�gwgoc eÐnai ta x1 = − 1√

3
kai x2 = 1√

3
ta opoÐa an koun sto (−1, 2).

'Ara, ta shmeÐa sta opoÐa mporeÐ na paÐrnei mègisth   el�qisth tim  h f eÐnai ta �kra tou
diast matoc kai ta dÔo krÐsima shmeÐa:

x0 = −1, x1 = − 1√
3
, x2 =

1√
3
, x3 = 2.

Oi antÐstoiqec timèc eÐnai:

f(−1) = 0, f(−1/
√

3) =
2

3
√

3
, f(1/

√
3) = − 2

3
√

3
, f(2) = 6.

SugkrÐnontac autèc tic tèsseric timèc blèpoume ìti max(f) = f(2) = 6 kai min(f) =
f(1/
√

3) = −2/(3
√

3). 2
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5.6 Je¸rhma Mèshc Tim c
'Estw f : [a, b] → R mia stajer  sun�rthsh. Dhlad , up�rqei c ∈ R ¸ste f(x) = c gia
k�je x ∈ [a, b]. GnwrÐzoume ìti f ′(x) = 0 gia k�je x ∈ (a, b). AntÐstrofa, ac upojèsoume
ìti f : [a, b] → R eÐnai mia suneq c sun�rthsh, paragwgÐsimh sto (a, b), me thn idiìthta
f ′(x) = 0 gia k�je x ∈ (a, b). EÐnai swstì ìti h f eÐnai stajer  sto [a, b]?

To er¸thma autì eÐnai parìmoiac fÔshc me ekeÐno thc Parat rhshc 5.5.3: an mia
paragwgÐsimh sun�rthsh èqei pantoÔ mh arnhtik  par�gwgo, eÐnai swstì ìti eÐnai aÔx-
ousa? EÐnai logikì na perimènoume ìti h ap�nthsh eÐnai {nai} sta dÔo aut� erwt mata.
SkefteÐte èna kinhtì: f(x) eÐnai h proshmasmènh apìstash apì thn arqik  jèsh th
qronik  stigm  x kai f ′(x) eÐnai h taqÔthta th qronik  stigm  x. An h taqÔthta eÐnai
suneq¸c mhdenik , to kinhtì {mènei akÐnhto} kai h apìstash paramènei stajer . An h
taqÔthta eÐnai pantoÔ mh arnhtik , to kinhtì {apomakrÔnetai apì thn arqik  tou jèsh}
kai h apìstash aux�nei me thn p�rodo tou qrìnou.

Gia thn austhr  ìmwc apìdeixh aut¸n twn dÔo isqurism¸n, ja qreiasteÐ na sundu�-
soume thn ènnoia thc parag¸gou me ta basik� jewr mata gia suneqeÐc sunart seic se
kleist� diast mata. To basikì teqnikì b ma eÐnai h apìdeixh tou {jewr matoc mèshc
tim c}.

'Estw f : [a, b] → R suneq c sun�rthsh. Upojètoume oti h f eÐnai paragwgÐsimh
sto (a, b): dhlad , gia k�je x ∈ (a, b) orÐzetai kal� h efaptomènh tou graf matoc thc
f sto (x, f(x)). JewroÔme thn eujeÐa (`) pou pern�ei apì ta shmeÐa A = (a, f(a))
kai B = (b, f(b)). An th metakin soume par�llhla proc ton eautì thc, k�poia apì tic
par�llhlec ja ef�ptetai sto gr�fhma thc f se k�poio shmeÐo (x0, f(x0)), x0 ∈ (a, b). H
klÐsh thc efaptomènhc ja prèpei na isoÔtai me thn klÐsh thc eujeÐac (`). Dhlad ,

f ′(x0) =
f(b)− f(a)

b− a
.

Sto pr¸to mèroc aut c thc paragr�fou dÐnoume austhr  apìdeixh autoÔ tou isqurismoÔ
(Je¸rhma Mèshc Tim c). ApodeiknÔoume pr¸ta mia eidik  perÐptwsh: to je¸rhma tou
Rolle.

Je¸rhma 5.6.1 (Rolle). 'Estw f : [a, b] → R. Upojètoume ìti h f eÐnai suneq c sto
[a, b] kai paragwgÐsimh sto (a, b). Upojètoume epiplèon ìti f(a) = f(b). Tìte, up�rqei
x0 ∈ (a, b) ¸ste

f ′(x0) = 0.

Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh pou h f eÐnai stajer  sto [a, b], dhlad 
f(x) = f(a) = f(b) gia k�je x ∈ [a, b]. Tìte, f ′(x) = 0 gia k�je x ∈ (a, b) kai
opoiod pote apì aut� ta x mporeÐ na paÐxei to rìlo tou x0.

'Estw loipìn ìti h f den eÐnai stajer  sto [a, b]. Tìte, up�rqei x1 ∈ (a, b) ¸ste
f(x1) 6= f(a) kai qwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti f(x1) >
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f(a). H f eÐnai suneq c sto [a, b], �ra paÐrnei mègisth tim : up�rqei x0 ∈ [a, b] ¸ste

f(x0) = max{f(x) : x ∈ [a, b]} ≥ f(x1) > f(a).

Eidikìtera, x0 6= a, b. Dhlad , to x0 brÐsketai sto anoiktì di�sthma (a, b). H f èqei
(olikì) mègisto sto x0 kai eÐnai paragwgÐsimh sto x0. Apì to Je¸rhma 5.5.6 (Fermat)
sumperaÐnoume ìti f ′(x0) = 0. 2

To je¸rhma mèshc tim c eÐnai �mesh sunèpeia tou jewr matoc tou Rolle.

Je¸rhma 5.6.2 (je¸rhma mèshc tim c). 'Estw f : [a, b] → R suneq c sto [a, b] kai
paragwgÐsimh sto (a, b). Tìte, up�rqei x0 ∈ (a, b) ¸ste

f ′(x0) =
f(b)− f(a)

b− a
.

Apìdeixh. Ja anaqjoÔme sto Je¸rhma tou Rolle wc ex c. JewroÔme th grammik 
sun�rthsh h : [a, b]→ R pou paÐrnei tic Ðdiec timèc me thn f sta shmeÐa a kai b. Dhlad ,

h(x) = f(a) +
f(b)− f(a)

b− a
(x− a).

OrÐzoume mia sun�rthsh g : [a, b]→ R me

g(x) = f(x)− h(x) = f(x)− f(a)− f(b)− f(a)
b− a

(x− a).

H g eÐnai suneq c sto [a, b], paragwgÐsimh sto (a, b) kai apì ton trìpo epilog c thc h
èqoume

g(a) = f(a)− h(a) = 0 kai g(b) = f(b)− h(b) = 0.

SÔmfwna me to je¸rhma tou Rolle, up�rqei x0 ∈ (a, b) ¸ste g′(x0) = 0. 'Omwc,

g′(x) = f ′(x)− f(b)− f(a)
b− a

sto (a, b). 'Ara, to x0 ikanopoieÐ to zhtoÔmeno. 2

Parat rhsh 5.6.3. H upìjesh ìti h f eÐnai suneq c sto kleistì di�sthma [a, b] qrhsi-
mopoi jhke sthn apìdeixh kai eÐnai aparaÐthth. Jewr ste, gia par�deigma, thn f : [0, 1]→
R me f(x) = x an 0 ≤ x < 1 kai f(1) = 0. H f eÐnai paragwgÐsimh (�ra, suneq c) sto
(0, 1) kai èqoume f(0) = f(1) = 0. 'Omwc den up�rqei x ∈ (0, 1) pou na ikanopoieÐ thn

f ′(x) = f(1)−f(0)
1−0 = 0, afoÔ f ′(x) = 1 gia k�je x ∈ (0, 1). To prìblhma eÐnai sto shmeÐo

1: h f eÐnai asuneq c sto 1, dhlad  den eÐnai suneq c sto [0, 1].

To je¸rhma mèshc tim c mac epitrèpei na apant soume sta erwt mata pou suzht same
sthn arq  thc paragr�fou.
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Je¸rhma 5.6.4. 'Estw f : (a, b)→ R paragwgÐsimh sun�rthsh.

(i) An f ′(x) ≥ 0 gia k�je x ∈ (a, b), tìte h f eÐnai aÔxousa sto (a, b).

(ii) An f ′(x) > 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc aÔxousa sto (a, b).

(iii) An f ′(x) ≤ 0 gia k�je x ∈ (a, b), tìte h f eÐnai fjÐnousa sto (a, b).

(iv) An f ′(x) < 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc fjÐnousa sto (a, b).

(v) An f ′(x) = 0 gia k�je x ∈ (a, b), tìte h f eÐnai stajer  sto (a, b).

Apìdeixh. Ja deÐxoume ènan apì touc pr¸touc tèsseric isqurismoÔc: upojètoume ìti
f ′(x) ≥ 0 sto (a, b), kai ja deÐxoume ìti an a < x < y < b tìte f(x) ≤ f(y). JewroÔme
ton periorismì thc f sto [x, y]. H f eÐnai suneq c sto [x, y] kai paragwgÐsimh sto (x, y),
opìte efarmìzontac to je¸rhma mèshc tim c brÐskoume ξ ∈ (x, y) pou ikanopoieÐ thn

f ′(ξ) =
f(y)− f(x)

y − x
.

AfoÔ f ′(ξ) ≥ 0 kai y − x > 0, èqoume f(y)− f(x) ≥ 0. Dhlad , f(x) ≤ f(y).
Gia ton teleutaÐo isqurismì parathr ste ìti an f ′ = 0 sto (a, b) tìte f ′ ≥ 0 kai

f ′ ≤ 0 sto (a, b). 'Ara, h f eÐnai tautìqrona aÔxousa kai fjÐnousa: an x < y sto (a, b)
tìte f(x) ≤ f(y) kai f(x) ≥ f(y), dhlad  f(x) = f(y). 'Epetai ìti h f eÐnai stajer . 2

Mia parallag  (kai genÐkeush) tou jewr matoc Mèshc Tim c eÐnai to je¸rhma mèshc
tim c tou Cauchy:

Je¸rhma 5.6.5 (je¸rhma mèshc tim c tou Cauchy). 'Estw f, g : [a, b] → R,
suneqeÐc sto [a, b] kai paragwgÐsimec sto (a, b). Tìte, up�rqei x0 ∈ (a, b) ¸ste

(∗) [f(b)− f(a)] g′(x0) = [g(b)− g(a)] f ′(x0).

ShmeÐwsh: Parathr ste pr¸ta ìti to je¸rhma mèshc tim c eÐnai eidik  perÐptwsh tou
jewr matoc pou jèloume na deÐxoume: an g(x) = x tìte g′(x) = 1 kai h (∗) paÐrnei th
morf 

[f(b)− f(a)] · 1 = (b− a) f ′(x).

H Ôparxh k�poiou x0 ∈ (a, b) to opoÐo ikanopoieÐ aut n thn isìthta eÐnai akrib¸c o
isqurismìc tou jewr matoc mèshc tim c.

JumhjeÐte t¸ra thn idèa thc apìdeixhc tou jewr matoc mèshc tim c. Efarmìsame to
je¸rhma tou Rolle gia th sun�rthsh

f(x)− f(a)− f(b)− f(a)
b− a

(x− a).
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IsodÔnama (pollaplasi�ste thn prohgoÔmenh sun�rthsh me b − a) ja mporoÔsame na
èqoume p�rei thn

[f(x)− f(a)] (b− a)− [f(b)− f(a)] (x− a).

Ja jewr soume loipìn sun�rthsh antÐstoiqh me aut n, {antikajist¸ntac thn x me thn
g(x)}.

Apìdeixh. JewroÔme th sun�rthsh h : [a, b]→ R me

h(x) = [f(x)− f(a)] (g(b)− g(a))− [f(b)− f(a)] (g(x)− g(a)).

H h eÐnai suneq c sto [a, b] kai paragwgÐsimh sto (a, b) (giatÐ oi f kai g èqoun tic Ðdiec
idiìthtec). EÔkola elègqoume ìti

h(a) = 0 = h(b).

MporoÔme loipìn na efarmìsoume to je¸rhma tou Rolle: up�rqei x0 ∈ (a, b) ¸ste
h′(x0) = 0. AfoÔ

h′(x0) = f ′(x0) (g(b)− g(a))− g′(x0) (f(b)− f(a)),

paÐrnoume thn (∗). 2

Parat rhsh 5.6.6. To endiafèron shmeÐo sthn (∗) eÐnai ìti oi par�gwgoi f ′(x0) kai
g′(x0) {upologÐzontai sto Ðdio shmeÐo} x0.

PolÔ suqn�, to je¸rhma mèshc tim c tou Cauchy diatup¸netai wc ex c.

Pìrisma 5.6.7. 'Estw f, g : [a, b]→ R, suneqeÐc sto [a, b] kai paragwgÐsimec sto (a, b).
Upojètoume epiplèon ìti

(a) oi f ′ kai g′ den èqoun koin  rÐza sto (a, b).
(b) g(b)− g(a) 6= 0.

Tìte up�rqei x0 ∈ (a, b) ¸ste

f(b)− f(a)
g(b)− g(a)

=
f ′(x0)
g′(x0)

.

Apìdeixh. Apì to je¸rhma mèshc tim c tou Cauchy, up�rqei x0 ∈ (a, b) ¸ste

(f(b)− f(a))g′(x0) = (g(b)− g(a))f ′(x0).

ParathroÔme ìti g′(x0) 6= 0: an eÐqame g′(x0) = 0, tìte ja  tan (g(b)− g(a))f ′(x0) = 0
kai, afoÔ apì thn upìjes  mac g(b)− g(a) 6= 0, ja èprepe na èqoume f ′(x0) = 0. Dhlad 
oi f ′ kai g′ ja eÐqan koin  rÐza. MporoÔme loipìn na diairèsoume ta dÔo mèlh thc isìthtac
me (g(b)− g(a))g′(x0) kai na p�roume to zhtoÔmeno. 2
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5.7 Aprosdiìristec morfèc
To je¸rhma mèshc tim c tou Cauchy qrhsimopoieÐtai sthn apìdeixh twn {kanìnwn tou
L’ Hospital} gia ìria thc morf c 0

0   ∞
∞ . Tupik� paradeÐgmata thc kat�stashc pou ja

suzht soume se aut  thn par�grafo eÐnai ta ex c: jèloume na exet�soume an up�rqei to
ìrio

lim
x→x0

f(x)
g(x)

ìpou f, g eÐnai dÔo sunart seic paragwgÐsimec dexi� kai arister� apì to x0, me g(x) 6= 0
an x kont� sto x0 kai x 6= x0 kai

lim
x→x0

f(x) = lim
x→x0

g(x) = 0

 
lim

x→x0
f(x) = lim

x→x0
g(x) = +∞.

Tìte lème ìti èqoume aprosdiìristh morf  0
0 (  ∞

∞ antÐstoiqa) sto x0.
Oi kanìnec tou l’Hospital mac epitrèpoun suqn� na broÔme tètoia ìria (an up�rqoun)

me th bo jeia twn parag¸gwn twn f kai g. Tupikì je¸rhma autoÔ tou eÐdouc eÐnai to
ex c.

Je¸rhma 5.7.1. 'Estw f, g : (a, x0) ∪ (x0, b) → R paragwgÐsimec sunart seic me tic
ex c idiìthtec:

(a) g(x) 6= 0 kai g′(x) 6= 0 gia k�je x ∈ (a, x0) ∪ (x0, b).
(b) lim

x→x0
f(x) = lim

x→x0
g(x) = 0.

An up�rqei to lim
x→x0

f ′(x)
g′(x) = ` ∈ R, tìte up�rqei to lim

x→x0

f(x)
g(x) kai

lim
x→x0

f(x)
g(x)

= ` = lim
x→x0

f ′(x)
g′(x)

.

Apìdeixh. OrÐzoume tic f kai g sto x0 jètontac f(x0) = g(x0) = 0. AfoÔ

lim
x→x0

f(x) = lim
x→x0

g(x) = 0,

oi f kai g gÐnontai t¸ra suneqeÐc sto (a, b). Ja deÐxoume ìti

lim
x→x+

0

f(x)
g(x)

= ` = lim
x→x+

0

f ′(x)
g′(x)

.

'Eqoume
f(x)
g(x)

=
f(x)− f(x0)
g(x)− g(x0)
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gia k�je x ∈ (x0, b). Oi f ′, g′ den èqoun koin  rÐza sto (x0, x) giatÐ h g′ den mhdenÐzetai
poujen�. EpÐshc g(x) 6= 0, dhlad  g(x) − g(x0) 6= 0. Efarmìzontac loipìn to je¸rhma
mèshc tim c tou Cauchy mporoÔme gia k�je x ∈ (x0, b) na broÔme ξx ∈ (x0, x) ¸ste

f(x)
g(x)

=
f ′(ξx)
g′(ξx)

.

'Estw t¸ra ìti limx→x0
f ′(x)
g′(x) = ` kai èstw ε > 0. MporoÔme na broÔme δ > 0 ¸ste: an

x0 < y < x0 + δ tìte ∣∣∣∣f ′(y)g′(y)
− `

∣∣∣∣ < ε.

Sundu�zontac tic parap�nw sqèseic blèpoume ìti an x0 < x < x0 + δ tìte∣∣∣∣f(x)
g(x)

− `
∣∣∣∣ =

∣∣∣∣f ′(ξx)
g′(ξx)

− `
∣∣∣∣ < ε

(giatÐ x0 < ξx < x < x0 + δ). 'Ara,

lim
x→x+

0

f(x)
g(x)

= ` = lim
x→x+

0

f ′(x)
g′(x)

.

Me an�logo trìpo deÐqnoume ìti limx→x−0

f(x)
g(x) = `. 2

O antÐstoiqoc kanìnac ìtan x0 = +∞ eÐnai o ex c.

Je¸rhma 5.7.2. 'Estw f, g : (a,+∞) → R paragwgÐsimec sunart seic me tic ex c
idiìthtec:

(a) g(x) 6= 0 kai g′(x) 6= 0 gia k�je x > a.

(b) lim
x→+∞

f(x) = lim
x→+∞

g(x) = 0.

An up�rqei to lim
x→+∞

f ′(x)
g′(x) = ` ∈ R tìte up�rqei to lim

x→+∞
f(x)
g(x) kai

lim
x→+∞

f(x)
g(x)

= ` = lim
x→+∞

f ′(x)
g′(x)

.

Apìdeixh. OrÐzoume f1, g1 :
(
0, 1

a

)
→ R me

f1(x) = f

(
1
x

)
kai g1(x) = g

(
1
x

)
.

Oi f1, g1 eÐnai paragwgÐsimec kai

f ′1(x)
g′1(x)

=
− 1

x2 f
′ ( 1

x

)
− 1

x2 g′
(

1
x

) =
f ′

(
1
x

)
g′

(
1
x

) .
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'Eqoume lim
x→0+

f1(x) = lim
x→+∞

f(x) = 0 kai lim
x→0+

g1(x) = lim
x→+∞

g(x) = 0 (giatÐ?). EpÐshc,

g1 6= 0 kai g′1 6= 0 sto (0, 1/a). Tèloc,

lim
x→0+

f ′1(x)
g′1(x)

= lim
x→0+

f ′
(

1
x

)
g′

(
1
x

) = lim
x→+∞

f ′(x)
g′(x)

.

'Ara, efarmìzetai to Je¸rhma 5.7.1 gia tic f1, g1 kai èqoume

lim
x→0+

f1(x)
g1(x)

= lim
x→0+

f ′1(x)
g′1(x)

= lim
x→+∞

f ′(x)
g′(x)

.

AfoÔ

lim
x→+∞

f(x)
g(x)

= lim
x→0+

f1(x)
g1(x)

,

èpetai to zhtoÔmeno. 2

Up�rqoun arketèc akìma peript¸seic aprosdiìristwn morf¸n gia tic opoÐec mporoÔme
na diatup¸soume kat�llhlo {kanìna tou l’Hospital}. Den ja d¸soume �llec apodeÐxeic,
ac doÔme ìmwc th diatÔpwsh enìc kanìna gia aprosdiìristh morf  ∞

∞ .

Je¸rhma 5.7.3. 'Estw f, g : (a, b)→ R paragwgÐsimec sunart seic me tic ex c idiìthtec:

(a) g(x) 6= 0 kai g′(x) 6= 0 gia k�je x ∈ (a, b).
(b) lim

x→a+
f(x) = lim

x→a+
g(x) = +∞.

An up�rqei to lim
x→a+

f ′(x)
g′(x) = ` ∈ R, tìte up�rqei to lim

x→a+

f(x)
g(x) kai

lim
x→a+

f(x)
g(x)

= lim
x→a+

f ′(x)
g′(x)

.

5.8 Idiìthta Darboux gia thn par�gwgo
Orismìc 5.8.1. Lème ìti mia sun�rthsh f : I → R èqei thn idiìthta Darboux (idiìthta
thc endi�meshc tim c) an: gia k�je x < y sto I me f(x) 6= f(y) kai gia k�je pragmatikì
arijmì ρ an�mesa stouc f(x) kai f(y) mporoÔme na broÔme z ∈ (x, y) ¸ste f(z) = ρ.
Apì to Je¸rhma Endi�meshc Tim c èpetai ìti k�je suneq c sun�rthsh f : I → R èqei
thn idiìthta Darboux.

Ja deÐxoume ìti h par�gwgoc miac paragwgÐsimhc sun�rthshc èqei p�nta thn idiìthta
Darboux (an kai den eÐnai p�nta suneq c sun�rthsh).

Je¸rhma 5.8.2. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. Tìte, h f ′ èqei thn
idiìthta Darboux.
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Apìdeixh. 'Estw x < y ∈ (a, b) me f ′(x) 6= f ′(y). QwrÐc periorismì thc genikìthtac
mporoÔme na upojèsoume ìti f ′(x) < f ′(y). Upojètoume ìti f ′(x) < ρ < f ′(y) kai ja
broÔme z ∈ (x, y) ¸ste f ′(z) = ρ.

JewroÔme th sun�rthsh g : (a, b)→ R pou orÐzetai apì thn g(t) = f(t)− ρt. Tìte, h
g eÐnai paragwgÐsimh sto (a, b) kai g′(t) = f ′(t) − ρ. 'Ara, èqoume g′(x) < 0 < g′(y) kai
zht�me z ∈ (x, y) me thn idiìthta g′(z) = 0.

Isqurismìc. Up�rqoun x1, y1 ∈ (x, y) ¸ste g(x1) < g(x) kai g(y1) < g(y).

Apìdeixh tou isqurismoÔ. H g eÐnai paragwgÐsimh sto x, dhlad 

lim
h→0+

g(x+ h)− g(x)
h

= g′(x) < 0.

Epilègontac ε = − g′(x)
2 > 0 blèpoume ìti up�rqei 0 < δ1 < y − x ¸ste

g(x+ h)− g(x)
h

< g′(x) + ε =
g′(x)

2
< 0

gia k�je 0 < h < δ1. PaÐrnontac x1 = x+ δ1
2 èqoume x1 ∈ (x, y) kai g(x1) < g(x).

'Omoia, h g eÐnai paragwgÐsimh sto y, dhlad 

lim
h→0−

g(y + h)− g(y)
h

= g′(y) > 0.

Epilègontac ε = g′(y)
2 > 0 blèpoume ìti up�rqei 0 < δ1 < y − x ¸ste

g(y + h)− g(y)
h

> g′(y)− ε =
g′(y)

2
> 0

gia k�je −δ1 < h < 0. PaÐrnontac y1 = y − δ1
2 èqoume y1 ∈ (x, y) kai g(y1) < g(y). 2

Sunèqeia thc apìdeixhc tou Jewr matoc 5.8.2. H g eÐnai paragwgÐsimh sto (a, b), �ra
suneq c sto [x, y]. Epomènwc, h g paÐrnei el�qisth tim  sto [x, y]: up�rqei x0 ∈ [x, y] me
thn idiìthta g(x0) ≤ g(t) gia k�je t ∈ [x, y].

Apì ton Isqurismì blèpoume ìti h g den paÐrnei el�qisth tim  sto x oÔte sto y.
'Ara, x0 ∈ (x, y). AfoÔ h g eÐnai paragwgÐsimh sto x0, to Je¸rhma 5.5.6 (Fermat) mac
exasfalÐzei ìti g′(x0) = 0. 'Epetai to zhtoÔmeno, me z = x0. 2

5.9 Gewmetrik  shmasÐa thc deÔterhc parag¸gou
Sthn §5.5 eÐdame ìti o mhdenismìc thc parag¸gou se èna shmeÐo x0 den eÐnai ikan  sunj kh
gia thn Ôparxh topikoÔ akrìtatou sto x0. H sun�rthsh f(x) = x3 den èqei akrìtato sto
x0 = 0, ìmwc f ′(x0) = 0. Koit�zontac th deÔterh par�gwgo sta shmeÐa mhdenismoÔ thc
pr¸thc parag¸gou mporoÔme pollèc forèc na sumper�noume an èna krÐsimo shmeÐo eÐnai
ìntwc shmeÐo akrìtatou.
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Je¸rhma 5.9.1. 'Estw f : (a, b)→ R paragwgÐsimh sun�rthsh kai èstw x0 ∈ (a, b) me
f ′(x0) = 0.
(a) An up�rqei h f ′′(x0) kai f ′′(x0) > 0, tìte èqoume topikì el�qisto sto x0.

(b) An up�rqei h f ′′(x0) kai f ′′(x0) < 0, tìte èqoume topikì mègisto sto x0.

ShmeÐwsh: An f ′′(x0) = 0   an den up�rqei h f ′′(x0), tìte prèpei na exet�soume ti
sumbaÐnei me �llo trìpo.

Apìdeixh. Ja deÐxoume mìno to (a). 'Eqoume

0 < f ′′(x0) = lim
x→x0

f ′(x)− f ′(x0)
x− x0

= lim
x→x0

f ′(x)
x− x0

.

Epomènwc, mporoÔme na broÔme δ > 0 ¸ste:

(i) An x0 < x < x0 + δ, tìte f ′(x) > 0.

(ii) An x0 − δ < x < x0 tìte f ′(x) < 0.

'Estw y ∈ (x0 − δ, x0 + δ).

(i) An x0 < y < x0+δ, tìte efarmìzontac to je¸rhma mèshc tim c sto [x0, y] brÐskoume
x ∈ (x0, y) ¸ste

f(y)− f(x) = f ′(x)(y − x0) > 0.

(ii) An x0−δ < y < x0, tìte efarmìzontac to je¸rhma mèshc tim c sto [y, x0] brÐskoume
x ∈ (y, x0) ¸ste

f(y)− f(x) = f ′(x)(y − x0) > 0.

Dhlad , f(y) ≤ f(x0) gia k�je y ∈ (x0 − δ, x0 + δ). 'Ara, h f èqei topikì el�qisto sto
x0. 2

5.9aþ Kurtèc kai koÐlec sunart seic

Se epìmeno Kef�laio ja asqolhjoÔme susthmatik� me tic kurtèc kai tic koÐlec sunart -
seic f : I → R. Se aut  thn upopar�grafo apodeiknÔoume k�poiec aplèc prot�seic
gia paragwgÐsimec sunart seic, oi opoÐec mac bohj�ne na {sqedi�soume th grafik  touc
par�stash}.

JewroÔme mia paragwgÐsimh sun�rthsh f : (a, b)→ R. An x0 ∈ (a, b), h {exÐswsh thc
efaptomènhc} tou graf matoc thc f sto (x0, f(x0)) eÐnai h

y = f(x0) + f ′(x0)(x− x0).

Lème ìti h f eÐnai kurt  sto (a, b) an gia k�je x0 ∈ (a, b) èqoume

(∗) f(x) ≥ f(x0) + f ′(x0)(x− x0)
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gia k�je x ∈ (a, b). Dhlad , an to gr�fhma {(x, f(x)) : a < x < b} brÐsketai p�nw
apì thn efaptomènh. Lème ìti h f eÐnai gnhsÐwc kurt  sto (a, b) an gia k�je x 6= x0 h
anisìthta sthn (∗) eÐnai gn sia.
Lème ìti h f eÐnai koÐlh sto (a, b) an gia k�je x0 ∈ (a, b) èqoume

(∗∗) f(x) ≤ f(x0) + f ′(x0)(x− x0)

gia k�je x ∈ (a, b). Dhlad , an to gr�fhma {(x, f(x)) : a < x < b} brÐsketai k�tw
apì thn efaptomènh. Lème ìti h f eÐnai gnhsÐwc koÐlh sto (a, b) an gia k�je x 6= x0 h
anisìthta sthn (∗∗) eÐnai gn sia.
Tèloc, lème ìti h f èqei shmeÐo kamp c sto shmeÐo x0 ∈ (a, b) an up�rqei δ > 0 ¸ste h
f na eÐnai gnhsÐwc kurt  sto (x0 − δ, x0) kai gnhsÐwc koÐlh sto (x0, x0 + δ)   gnhsÐwc
koÐlh sto (x0 − δ, x0) kai gnhsÐwc kurt  sto (x0, x0 + δ).

Je¸rhma 5.9.2. 'Estw f : (a, b)→ R paragwgÐsimh sun�rthsh.

(a) An h f ′ eÐnai (gnhsÐwc) aÔxousa sto (a, b), tìte h f eÐnai (gnhsÐwc) kurt  sto (a, b).
(b) An h f ′ eÐnai (gnhsÐwc) fjÐnousa sto (a, b), tìte h f eÐnai (gnhsÐwc) koÐlh sto (a, b).

Apìdeixh. 'Estw x0 ∈ (a, b) kai èstw x ∈ (a, b). Upojètoume pr¸ta ìti x > x0. Apì to
je¸rhma mèshc tim c, up�rqei ξx ∈ (x0, x) me thn idiìthta

f(x)− f(x0) = (x− x0)f ′(ξx).

AfoÔ x0 < ξx èqoume f ′(ξx) ≥ f ′(x0), kai afoÔ x− x0 > 0 blèpoume ìti

f(x)− f(x0) = (x− x0)f ′(ξx) ≥ (x− x0)f ′(x0).

Upojètoume t¸ra ìti x < x0. Apì to je¸rhma mèshc tim c, up�rqei ξx ∈ (x, x0) me thn
idiìthta

f(x)− f(x0) = (x− x0)f ′(ξx).

AfoÔ ξx < x0 èqoume f ′(ξx) ≤ f ′(x0), kai afoÔ x− x0 < 0 blèpoume ìti

f(x)− f(x0) = (x− x0)f ′(ξx) ≥ (x− x0)f ′(x0).

Se k�je perÐptwsh, isqÔei h (∗). Elègxte ìti an h f ′ upotejeÐ gnhsÐwc aÔxousa sto (a, b)
tìte paÐrnoume gn sia anisìthta sthn (∗).
(b) Me ton Ðdio trìpo. 2

H deÔterh par�gwgoc (an up�rqei) mporeÐ na mac d¸sei plhroforÐa gia to an h f eÐnai
kurt    koÐlh.

Je¸rhma 5.9.3. 'Estw f : (a, b)→ R dÔo forèc paragwgÐsimh sun�rthsh.

(a) An f ′′(x) > 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc kurt  sto (a, b).
(b) An f ′′(x) < 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc koÐlh sto (a, b).
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Apìdeixh. (a) Afou f ′′ > 0 sto (a, b), h f ′ eÐnai gnhsÐwc aÔxousa sto (a, b) (Je¸rhma
5.6.4). Apì to Je¸rhma 5.9.2 èpetai to zhtoÔmeno.

(b) Me ton Ðdio trìpo. 2

Tèloc, dÐnoume mia anagkaÐa sunj kh gia na eÐnai to x0 shmeÐo kamp c thc f .

Je¸rhma 5.9.4. 'Estw f : (a, b) → R dÔo forèc paragwgÐsimh sun�rthsh kai èstw
x0 ∈ (a, b). An h f èqei shmeÐo kamp c sto x0, tìte f

′′(x0) = 0.

Apìdeixh. JewroÔme th sun�rthsh g(x) = f(x) − f(x0) − f ′(x0)(x − x0). H g den èqei
topikì mègisto   el�qisto sto x0: èqoume g(x0) = 0 kai g > 0 arister� tou x0, g < 0
dexi� tou x0 �   to antÐstrofo.

EpÐshc, g′(x0) = 0 kai g′′(x0) = f ′′(x0). An  tan g′′(x0) > 0   g′′(x0) < 0 tìte apì
to Je¸rhma 5.9.1 h g ja eÐqe akrìtato sto x0, �topo. 'Ara, f

′′(x0) = 0. 2

ShmeÐwsh. H sunj kh tou Jewr matoc 5.9.4 den eÐnai ikan . H f(x) = x4 den èqei shmeÐo
kamp c sto x0 = 0. EÐnai gnhsÐwc kurt  sto R. 'Omwc f ′′(x) = 12x2, �ra f ′′(0) = 0.

Par�deigma. Melet ste th sun�rthsh f : R→ R me

f(x) =
1

x2 + 1
.

H f eÐnai paragwgÐsimh sto R, me

f ′(x) = − 2x
(x2 + 1)2

.

'Ara, h f eÐnai gnhsÐwc aÔxousa sto (−∞, 0) kai gnhsÐwc fjÐnousa sto (0,+∞). PaÐrnei
mègisth tim  sto 0: f(0) = 1, kai lim

x→±∞
f(x) = 0. H deÔterh par�gwgoc thc f orÐzetai

pantoÔ kai eÐnai Ðsh me

f ′′(x) =
2(3x2 − 1)
(x2 + 1)3

.

'Ara, f ′′ > 0 sta
(
−∞,− 1√

3

)
kai

(
1√
3
,∞

)
, en¸ f ′′ < 0 sto

(
− 1√

3
, 1√

3

)
. 'Epetai ìti h

f èqei shmeÐo kamp c sta ± 1√
3
kai eÐnai: gnhsÐwc kurt  sta

(
−∞,− 1√

3

)
kai

(
1√
3
,∞

)
,

gnhsÐwc koÐlh sto
(
− 1√

3
, 1√

3

)
. Autèc oi plhroforÐec eÐnai arketèc gia na sqedi�soume

{arket� pist�} th grafik  par�stash thc f .



5.9 Gewmetrik  shmasÐa ths deÔterhs parag¸gou · 131

5.9bþ AsÔmptwtec

1. 'Estw f : (a,+∞)→ R.
(a) Lème ìti h eujeÐa y = β eÐnai orizìntia asÔmptwth thc f sto +∞ an

lim
x→+∞

f(x) = β.

Par�deigma: h f : (1,+∞)→ R me f(x) = x+1
x−1 èqei orizìntia asÔmptwth thn y = 1.

(b) Lème ìti h eujeÐa y = αx+ β (α 6= 0) eÐnai pl�gia asÔmptwth thc f sto +∞ an

lim
x→+∞

(f(x)− (αx+ β)) = 0.

Parathr ste ìti h f èqei to polÔ mÐa pl�gia asÔmptwth sto +∞ kai ìti an y = αx+ β
eÐnai h asÔmptwth thc f tìte h klish thc α upologÐzetai apì thn

α = lim
x→+∞

f(x)
x

kai h stajer� β upologÐzetai apì thn

β = lim
x→+∞

(f(x)− αx).

AntÐstrofa, gia na doÔme an h f èqei pl�gia asÔmptwth sto +∞, exet�zoume pr¸ta an

up�rqei to lim
x→+∞

f(x)
x . An autì to ìrio up�rqei kai an eÐnai diaforetikì apì to 0, to

sumbolÐzoume me α kai exet�zoume an up�rqei to lim
x→+∞

(f(x)− αx). An kai autì to ìrio

� ac to poÔme β � up�rqei, tìte h y = αx+ β eÐnai h pl�gia asÔmptwth thc f sto +∞.

Par�deigma: h f : (1,+∞) → R me f(x) = x2+x−1
x−1 èqei pl�gia asÔmptwth sto +∞ thn

y = x+ 2. Pr�gmati,

lim
x→+∞

f(x)
x

= lim
x→+∞

x2 + x− 1
x2 − x

= 1,

kai

lim
x→+∞

(f(x)− x) = lim
x→+∞

2x− 1
x− 1

= 2.

2. Me an�logo trìpo orÐzoume � kai brÐskoume � thn orizìntia   pl�gia asÔmptwth miac
sun�rthshc f : (−∞, a)→ R sto −∞ (an up�rqei).

3. Tèloc, lème ìti h f : (a, x0)∪(x0, b)→ R èqei (arister    dexi�) katakìrufh asÔmptwth
sto x0 an

lim
x→x−0

f(x) = ±∞   lim
x→x+

0

f(x) = ±∞

antÐstoiqa. Gia par�deigma, h f(x) = 1
x èqei arister  kai dexi� asÔmptwth sto 0 thn

eujeÐa x = 0, afoÔ lim
x→0−

1
x = −∞ kai lim

x→0+

1
x = +∞.
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5.10 Ask seic
Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. An h f eÐnai paragwgÐsimh sto (a, b), tìte h f eÐnai suneq c sto (a, b).

2. An h f eÐnai paragwgÐsimh sto x0 = 0 kai an f(0) = f ′(0) = 0, tìte lim
n→∞

nf(1/n) = 0.

3. An h f eÐnai paragwgÐsimh sto [a, b] kai paÐrnei th mègisth tim  thc sto x0 = a, tìte f ′(a) = 0.

4. An f ′(x) ≥ 0 gia k�je x ∈ [0,∞) kai f(0) = 0, tìte f(x) ≥ 0 gia k�je x ∈ [0,∞).

5. An h f eÐnai dÔo forèc paragwgÐsimh sto [0, 2] kai f(0) = f(1) = f(2) = 0, tìte up�rqei
x0 ∈ (0, 2) ¸ste f ′′(x0) = 0.

6. 'Estw f : (a, b) → R kai èstw x0 ∈ (a, b). An h f eÐnai suneq c sto x0, paragwgÐsimh se
k�je x ∈ (a, b) \ {x0} kai an up�rqei to lim

x→x0
f ′(x) = ` ∈ R, tìte f ′(x0) = `.

7. An h f : R → R eÐnai paragwgÐsimh sto 0, tìte up�rqei δ > 0 ¸ste h f na eÐnai suneq c sto
(−δ, δ).

8. An h f eÐnai paragwgÐsimh sto x0 ∈ R kai f ′(x0) > 0, tìte up�rqei δ > 0 ¸ste h f na eÐnai
gnhsÐwc aÔxousa sto (x0 − δ, x0 + δ).

Ask seic � Om�da A'

1. UpologÐste tic parag¸gouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) =
1− x2

1 + x2
, g(x) =

3

√
1 +

1

x
, h(x) =

√
1 + x

1− x
.

2. UpologÐste tic parag¸gouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) = sin
(
(x + 1)2(x + 2)

)
, g(x) =

sin(x2) sin2 x

1 + sin x
, h(x) = sin

(cos x

x

)
.

3. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto 0.

(a) f(x) = x an x /∈ Q kai f(x) = 0 an x ∈ Q.

(b) g(x) = 0 an x /∈ Q kai g(x) = x2 an x ∈ Q.
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(g) h(x) = sin x an x /∈ Q kai h(x) = x an x ∈ Q.

4. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto R. An eÐnai, exet�ste an h
par�gwgìc touc eÐnai suneq c sto R.
(a) f(x) = sin

(
1
x

)
an x 6= 0, kai f(0) = 0.

(b) g(x) = x sin
(

1
x

)
an x 6= 0, kai g(0) = 0.

(g) h(x) = x2 sin
(

1
x

)
an x 6= 0, kai h(0) = 0.

5. DeÐxte ìti h sun�rthsh f : R → R me f(x) = sin x
x

an x 6= 0 kai f(0) = 1 eÐnai paragwgÐsimh
se k�je x0 ∈ R. Exet�ste an h f ′ : R → R eÐnai suneq c sun�rthsh.

6. BreÐte (an up�rqoun) ta shmeÐa sta opoÐa eÐnai paragwgÐsimh h sun�rthsh f : (0, 1) → R me

f(x) =

{
0 , x /∈ Q   x = 0
1
q

, x = p
q
, p, q ∈ N, MKD (p, q) = 1

7. 'Estw f : R → R me f(0) = 3 kai f ′(x) = sin2(sin(x + 1)) gia k�je x ∈ R. UpologÐste thn
(f−1)′(3).

8. 'Estw f : R → R me f(x) = x3 + 2x + 1. UpologÐste thn (f−1)′(y) sta shmeÐa f(0), f(1) kai
f(−1).

9. 'Estw f : (a, b) → R kai a < x0 < b. Upojètoume ìti up�rqei ρ > 0 ¸ste |f(x) − f(x0)| ≤
M |x− x0|ρ gia k�je x ∈ (a, b).

(a) DeÐxte ìti h f eÐnai suneq c sto x0.

(b) An ρ > 1, deÐxte ìti h f eÐnai paragwgÐsimh sto x0. Poi� eÐnai h tim  thc f ′(x0)?

(g) D¸ste par�deigma ìpou ρ = 1 all� h f den eÐnai paragwgÐsimh sto x0.

10. D¸ste par�deigma sun�rthshc f : (0, 1) → R h opoÐa:

(a) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sto shmeÐo x0 = 1
2
.

(b) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sta shmeÐa xn = 1
n
, n ≥ 2.

11. D¸ste par�deigma sun�rthshc f : R → R me tic ex c idiìthtec:

(a) f(−1) = 0, f(2) = 1 kai f ′(1) > 0.

(b) f(−1) = 0, f(2) = 1 kai f ′(1) < 0.

(g) f(0) = 0, f(3) = 1, f ′(1) = 0 kai h f eÐnai gnhsÐwc aÔxousa sto [0, 3].

(d) f(m) = 0 kai f ′(m) = (−1)m gia k�je m ∈ Z, |f(x)| ≤ 1
2
gia k�je x ∈ R.

12. 'Estw f, g : R → R kai èstw x0 ∈ R. Upojètoume ìti: f(x0) = 0, h f eÐnai paragwgÐsimh
sto x0 kai h g eÐnai suneq c sto x0. DeÐxte ìti h sun�rthsh ginìmeno f · g eÐnai paragwgÐsimh
stox0.
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13. Gia kajemÐa apì tic parak�tw sunart seic breÐte th mègisth kai thn el�qisth tim  thc sto
di�sthma pou upodeiknÔetai.

(a) f(x) = x3 − x2 − 8x + 1 sto [−2, 2].

(b) f(x) = x5 + x + 1 sto [−1, 1].

(g) f(x) = x3 − 3x sto [−1, 2].

14. DeÐxte ìti h exÐswsh:

(a) 4ax3 + 3bx2 + 2cx = a + b + c èqei toul�qiston mÐa rÐza sto (0, 1).

(b) 6x4 − 7x + 1 = 0 èqei to polÔ dÔo pragmatikèc rÐzec.

(g) x3 + 9x2 + 33x− 8 = 0 èqei akrib¸c mÐa pragmatik  rÐza.

15. DeÐxte ìti h exÐswsh xn +ax+ b = 0 èqei to polÔ dÔo pragmatikèc rÐzec an o n eÐnai �rtioc
kai to polÔ treic pragmatikèc rÐzec an o n eÐnai perittìc.

16. 'Estw a1 < · · · < an sto R kai èstw f(x) = (x − a1) · · · (x − an). DeÐxte ìti h exÐswsh
f ′(x) = 0 èqei akrib¸c n− 1 lÔseic.

17. Sqedi�ste tic grafikèc parast�seic twn sunart sewn

f(x) = x +
1

x
, f(x) = x +

3

x2
, f(x) =

x2

x2 − 1
, f(x) =

1

1 + x2

jewr¸ntac san pedÐo orismoÔ touc to megalÔtero uposÔnolo tou R sto opoÐo mporoÔn na
oristoÔn.

18. (a) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  diag¸nio, to tetr�gwno
èqei to mègisto embadìn.

(b) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  perÐmetro, to tetr�gwno
èqei to mègisto embadìn.

19. BreÐte ta shmeÐa thc uperbol c x2 − y2 = 1 pou èqoun el�qisth apìstash apì to shmeÐo
(0, 1).

20. P�nw se kÔklo aktÐnac 1 jewroÔme dÔo antidiametrik� shmeÐa A, B. BreÐte ta shmeÐa Γ
tou kÔklou gia ta opoÐa to trÐgwno ABΓ èqei th mègisth dunat  perÐmetro.

21. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc sun�rthshc

f(x) =
n∑

k=1

(x− ak)2.

22. 'Estw a > 0. DeÐxte ìti h mègisth tim  thc sun�rthshc

f(x) =
1

1 + |x| +
1

1 + |x− a|
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eÐnai Ðsh me 2+a
1+a

.

23. Upojètoume ìti oi sunart seic f kai g eÐnai paragwgÐsimec sto [a, b] kai ìti f(a) = g(a) kai
f(b) = g(b). DeÐxte ìti up�rqei toul�qiston èna shmeÐo x sto (a, b) gia to opoÐo oi efaptìmenec
twn grafik¸n parast�sewn twn f kai g sta (x, f(x)) kai (x, g(x)) eÐnai par�llhlec   tautÐzontai.

24. DÐnontai dÔo paragwgÐsimec sunart seic f, g : (a, b) → R ¸ste f(x)g′(x) − f ′(x)g(x) 6= 0
gia k�je x ∈ (a, b). DeÐxte ìti an�mesa se dÔo rÐzec thc f(x) = 0 brÐsketai mia rÐza thc
g(x) = 0, kai antÐstrofa.

25. 'Estw f : [a, b] → R, suneq c sto [a, b], paragwgÐsimh sto (a, b), me f(a) = f(b). DeÐxte
ìti up�rqoun x1 6= x2 ∈ (a, b) ¸ste f ′(x1) + f ′(x2) = 0.

26. 'Estw f : (0, +∞) → R paragwgÐsimh, me lim
x→+∞

f ′(x) = 0. DeÐxte ìti

lim
x→+∞

(f(x + 1)− f(x)) = 0.

27. 'Estw f : (1, +∞) → R paragwgÐsimh sun�rthsh me thn idiìthta: |f ′(x)| ≤ 1
x
gia k�je

x > 1. DeÐxte ìti lim
x→+∞

[f(x +
√

x)− f(x)] = 0.

28. 'Estw f, g dÔo sunart seic suneqeÐc sto [0, a] kai paragwgÐsimec sto (0, a). Upojètoume
ìti f(0) = g(0) = 0 kai f ′(x) > 0, g′(x) > 0 sto (0, a).

(a) An h f ′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f(x)
x

eÐnai aÔxousa sto (0, a).

(b) An h f ′

g′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f
g
eÐnai aÔxousa sto (0, a).

Ask seic: ekjetik  kai logarijmik  sun�rthsh � trigwnometrikèc sunart seic �
Om�da A'

29. (a) An 0 < a < 1   a > 1, deÐxte ìti

(loga)′(x) =
1

x ln a
.

(b) DeÐxte ìti, gia k�je a > 0,
(ax)′ = ax ln a.

EpÐshc, h ax eÐnai kurt  sto R kai h loga x eÐnai koÐlh sto (0, +∞).

30. (a) DeÐxte ìti gia k�je x ∈ R isqÔei ex ≥ 1 + x.

(b) DeÐxte ìti gia k�je x > 0 isqÔei

1− 1

x
≤ log x ≤ x− 1.
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31. DeÐxte ìti gia k�je x > 0 kai gia k�je n ∈ N isqÔei

ln x ≤ n
(

n
√

x− 1
)
≤ n
√

x ln x.

Sumper�nate ìti limn→∞ n ( n
√

x− 1) = ln x gia x > 0.

32. (a) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

n ln
(
1 +

x

n

)
= x.

(b) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

(
1 +

x

n

)n

= ex.

33. Melet ste th sun�rthsh

f(x) =
ln x

x

sto (0, +∞) kai sqedi�ste th grafik  thc par�stash. Poiìc eÐnai megalÔteroc, o eπ   o πe?

34. DeÐxte ìti oi sunart seic ln kai exp ikanopoioÔn ta ex c: (a) gia k�je s > 0,

lim
x→+∞

ex

xs
= +∞

kai (b)

lim
x→+∞

ln x

xs
= 0.

Dhlad , h exp aux�nei sto +∞ taqÔtera apì opoiad pote (meg�lh) dÔnamh tou x, en¸ h ln
aux�nei sto +∞ bradÔtera apì opoiad pote (mikr ) dÔnamh tou x.

35. 'Estw f : R → R paragwgÐsimh sun�rthsh me thn idiìthta f ′(x) = cf(x) gia k�je x ∈ R,
ìpou c mia stajer�. DeÐxte ìti up�rqei a ∈ R ¸ste f(x) = aecx gia k�je x ∈ R.

36. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b), ¸ste f(a) = f(b) = 0. DeÐxte ìti:
gia k�je λ ∈ R, h sun�rthsh gλ : [a, b] → R me

gλ(x) := f ′(x) + λf(x)

èqei mia rÐza sto di�sthma (a, b).

37. 'Estw a, b ∈ R me a < b kai èstw f : (a, b) → R paragwgÐsimh sun�rthsh ¸ste limx→b− f(x) =
+∞. DeÐxte ìti up�rqei ξ ∈ (a, b) ¸ste f ′(ξ) > f(ξ). [Upìdeixh: Jewr ste thn e−xf(x).]

38. DeÐxte ìti gia k�je x ∈
(
0, π

2

)
isqÔei

sin x ≥ 2x

π
.
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39. (a) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) = f ′(0) = 0
kai f ′′(x)+f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = 0 gia k�je x ∈ R. [Upìdeixh: Jewr ste
thn g = f2 + (f ′)2.]

(b) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) = 1, f ′(0) = 0
kai f ′′(x) + f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = cos x gia k�je x ∈ R.

40. 'Estw f : R → R h sun�rthsh

f(x) = sin x− x +
x3

6
.

(a) DeÐxte ìti: gia k�je x ≥ 0, f ′′′(x) ≥ 0, f ′′(x) ≥ 0, f ′(x) ≥ 0.

(b) DeÐxte ìti, gia k�je x ∈ R, 1− x2

2
≤ cos x ≤ 1 kai, gia k�je x ≥ 0,

x− x3

6
≤ sin x ≤ x.

41. (a) DeÐxte ìti h exÐswsh tan x = x èqei akrib¸c mÐa lÔsh se k�je di�sthma thc morf c

Ik =
(
kπ − π

2
, kπ + π

2

)
.

(b) 'Estw ak h lÔsh thc parap�nw exÐswshc sto di�sthma Ik, k ∈ N. BreÐte, an up�rqei, to
ìrio limk→∞(ak+1 − ak) kai d¸ste gewmetrik  ermhneÐa.

Ask seic � Om�da B'

42. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc sun�rthshc

g(x) =
n∑

k=1

|x− ak|.

43. 'Estw n ∈ N kai èstw f(x) = (x2 − 1)n. DeÐxte ìti h exÐswsh f (n)(x) = 0 èqei akrib¸c n
diaforetikèc lÔseic, ìlec sto di�sthma (−1, 1).

44. Na brejoÔn ìloi oi a > 1 gia touc opoÐouc h anisìthta xa ≤ ax isqÔei gia k�je x > 1.

45. 'Estw f : [0, 1] → R suneq c sun�rthsh me f(0) = 0. Upojètoume ìti h f eÐnai paragwgÐsimh
sto (0, 1) kai 0 ≤ f ′(x) ≤ 2f(x) gia k�je x ∈ (0, 1). DeÐxte ìti h f eÐnai stajer  kai Ðsh me 0
sto [0, 1].

46. 'Estw f : R → R paragwgÐsimh sun�rthsh. Upojètoume ìti f ′(x) > f(x) gia k�je x ∈ R
kai f(0) = 0. DeÐxte ìti f(x) > 0 gia k�je x > 0.

47. 'Estw α > 0. DeÐxte ìti h exÐswsh αex = 1 + x + x2/2 èqei akrib¸c mÐa pragmatik  rÐza.
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48. 'Estw f : (0, +∞) → R paragwgÐsimh sun�rthsh. Upojètoume ìti h f ′ eÐnai fragmènh.
DeÐxte ìti: gia k�je α > 1,

lim
x→+∞

f(x)

xα
= 0.

49. 'Estw a > 0. DeÐxte ìti den up�rqei paragwgÐsimh sun�rthsh f : [0, 1] → R me f ′(0) = 0
kai f ′(x) ≥ a gia k�je x ∈ (0, 1].

50. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. An h f ′ eÐnai asuneq c se k�poio shmeÐo
x0 ∈ (a, b), deÐxte oti h asunèqeia thc f ′ sto x0 eÐnai ousi¸dhc (den up�rqei to ìrio lim

x→x0
f ′(x)).

51. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh me lim
x→b−

f(x) = +∞. DeÐxte ìti an up�rqei

to lim
x→b−

f ′(x) tìte eÐnai Ðso me +∞.

52. 'Estw f : (0, +∞) → R paragwgÐsimh sun�rthsh me lim
x→+∞

f(x) = L ∈ R. DeÐxte ìti an

up�rqei to lim
x→+∞

f ′(x) tìte eÐnai Ðso me 0.


