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Epitrèpetai mìno mÐa selÐda me shmei¸seic. Di�rkeia 3 ¸rec. Kal  epituqÐa!!

(1) (2 mon�dec) 'Estw f : R → R suneq c 2π-periodik  sun�rthsh. Apant ste me
swstì/l�joc kai aitiolog ste thn ap�nths  sac me mÐa-dÔo periektikèc prot�seic:

(i) H seir� Fourier thc f sugklÐnei kat� shmeÐo sthn f gia ìla ta x ∈ R.
(ii) H seir� Fourier thc f sugklÐnei sthn f ston L2([−π, π]).

(iii) Ean
∑∞

n=1 |f̂(n)| <∞, tìte h seir� Fourier thc f sugklÐnei omoiìmorfa sthn f .

(iv) Ean f ∈ C2(R), tìte
∑∞

n=1 |f̂(n)| <∞.

(2) (1.5 mon�dec) P�rte wc dedomèno ìti to an�ptugma Fourier thc sun�rthshc f : [−π, π]→
R me tÔpo f(x) = x2 eÐnai f(x) = π2

3
+
∑∞

n=1
4
n2 (−1)n cos(nx). UpologÐste to

∑∞
n=1

1
n4 .

(3) (2 mon�dec) 'EstwKn : [−π, π]→ [0,∞], n ∈ N, kaloÐ pur nec, dhlad  oloklhr¸simec
sunart seic pou ikanopoioÔn tic sunj kec (a) 1

2π

∫ π
−πKn(x) dx = 1, kai (b) gia k�je δ > 0

èqoume limδ→0

∫
δ≤|x|≤πKn(x) dx = 0. DeÐxte ìti gia k�je f : R→ R suneq  2π-periodik 

sun�rthsh kai gia k�je x ∈ R èqoume

lim
n→∞

(f ∗Kn)(x) = f(x).

UpenjumÐzw (f ∗Kn)(x) =
1
2π

∫ π
−π f(x− y)Kn(y) dy.

(4) (1.5 mon�dec) 'Estw f : R→ R oloklhr¸simh 2π-periodik  sun�rthsh.

(i) DeÐxte ìti

f̂(n) =
1

4π

∫ π

−π

(
f(x)− f

(
x+

π

n

))
e−inx dx.

(ii) Ean h f eÐnai Lipschitz-suneq c, deÐxte ìti up�rqei stajer� C ¸ste |f̂(n)| ≤ C/n
gia k�je n ∈ N.

(5) (2.5 mon�dec) Me {t} sumbolÐzoume to klasmatikì tou t.

(i) K�nontac qr sh tou krit riou isokatanom c tou Weyl deÐxte ìti e�n h akoloujÐa (xn)
eÐnai isokatanemhmènh sto [0, 1) kai limn→∞ yn = c, tìte h akoloujÐa ({xn + yn}) eÐnai
isokatanemhmènh sto [0, 1).

(ii) DeÐxte ìti h akoloujÐa ({n2
√
2/(n+ 1)}) eÐnai isokatanemhmènh sto [0, 1).

(6) (1.5 mon�dec) 'Estw f ∈ M(R) kai
∫ +∞
−∞ f(y)e−y

2
e2xydy = 0 gia k�je x ∈ R. DeÐxte

ìti f ≡ 0. (P�rte wc dedomèno ìti ĝ(ξ) 6= 0 gia g(x) = e−x
2
.)
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OrologÐa: f̂(n) = 1
2π

∫ π
−π f(x)e

−inx dx, f̂(ξ) =
∫ +∞
−∞ f(x)e−2πiξx dx, f ∈ M(R) e�n

h f eÐnai oloklhr¸simh se k�je fragmèno di�sthma kai up�rqei C ∈ R tètoio ¸ste
|f(x)| ≤ C/(1 + x2) gia k�je x ∈ R, f ∈ Ck(R) e�n h f eÐnai k forèc paragwgÐsimh
kai h f (k) eÐnai suneq c, h f eÐnai Lipschitz-suneq c sto R e�n up�rqei M ∈ R ¸ste
|f(x)− f(y)| ≤M |x− y| gia k�je x, y ∈ R.
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