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Kef�laio 1

Basikèc 'Ennoiec

1.1 Q¸roi Banach

(a) OrismoÐ � sumbolismìc

'Estw X ènac grammikìc q¸roc p�nw apì to K (R   C). Mia sun�rthsh ‖ · ‖ :
X → R lègetai nìrma an ikanopoieÐ ta ex c:

(a) ‖x‖ ≥ 0 gia k�je x ∈ X kai ‖x‖ = 0 an kai mìno an x = 0.
(b) ‖ax‖ = |a| · ‖x‖ gia k�je x ∈ X, a ∈ K.
(g) ‖x + y‖ ≤ ‖x‖+ ‖y‖ gia k�je x, y ∈ X.

O arijmìc ‖x‖ lègetai nìrma tou dianÔsmatoc x ∈ X. To zeug�ri (X, ‖ · ‖) eÐnai
ènac q¸roc me nìrma.

Ston Ðdio grammikì q¸ro X mporoÔme na jewr soume di�forec nìrmec. 'Otan
melet�me mia sugkekrimènh nìrma p�nw ston X, ja gr�foume X antÐ tou (X, ‖·‖).

H nìrma ‖·‖ ep�gei me fusiologikì trìpo mia metrik  d ston X. An x, y ∈ X,
orÐzoume

d(x, y) = ‖x− y‖.
EÔkola elègqoume ìti h d ikanopoieÐ ta axi¸mata thc metrik c. Epiplèon, h d

eÐnai sumbibast  me th grammik  dom  tou q¸rou:
(a) h d eÐnai analloÐwth wc proc metaforèc, dhlad  d(x + z, y + z) = d(x, y)

gia k�je x, y, z ∈ X.
(b) h d eÐnai omogen c, dhlad  d(ax, ay) = |a|d(x, y) gia k�je x, y ∈ X kai

a ∈ K.

JewroÔme gnwst  th stoiqei¸dh jewrÐa twn metrik¸n q¸rwn. DÐnoume mìno
k�poiouc orismoÔc gia na sunennohjoÔme gia ton sumbolismì.

H anoikt  mp�la me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo

D(x, r) = {y ∈ X : ‖x− y‖ < r}.

H kleist  mp�la me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo

B(x, r) = {y ∈ X : ‖x− y‖ ≤ r}.
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H sfaÐra me kèntro to x ∈ X kai aktÐna r > 0 eÐnai to sÔnolo

S(x, r) = {y ∈ X : ‖x− y‖ = r}.

Parat rhsh: Apì to gegonìc ìti h d eÐnai analloÐwth wc proc metaforèc èpetai
ìti

D(x, r) = x + D(0, r) := {x + z : ‖z‖ < r}

dhlad  oi perioqèc tou x prokÔptoun me metafor� twn perioq¸n tou 0 kat� x.
EpÐshc, an s, r > 0 tìte

D(0, sr) = sD(0, r) := {sz : z ∈ D(0, r)}.

Autì prokÔptei eÔkola apì to ìti h d eÐnai omogen c. Me �lla lìgia, an gnw-
rÐzoume thn anoikt  (  thn kleist ) mp�la me kèntro to 0 kai aktÐna 1, tìte
gnwrÐzoume tic perioqèc k�je shmeÐou tou X. Gr�foume BX gia thn kleist 
monadiaÐa mp�la tou X:

BX = {x ∈ X : ‖x‖ ≤ 1}.

Entel¸c an�loga orÐzoume tic DX kai SX .

'Opwc se k�je metrikì q¸ro, èna sÔnolo A ⊆ X lègetai anoiktì an gia k�je
x ∈ A up�rqei r > 0 ¸ste D(x, r) ⊆ A. To B ⊆ X lègetai kleistì an to X\B
eÐnai anoiktì.

An (xn) eÐnai mia akoloujÐa ston X kai x ∈ X, lème ìti h (xn) sugklÐnei
sto x wc proc th nìrma (sugklÐnei isqur� sto x) an ‖xn − x‖ → 0. Aut  eÐnai
apl¸c h sÔgklish wc proc thn d, epomènwc isqÔei otid pote gnwrÐzoume gia th
sÔgklish se metrikoÔc q¸rouc. Gia par�deigma, èna sÔnolo B ⊆ X eÐnai kleistì
an kai mìno an gia k�je akoloujÐa (xn) sto B me xn → x ∈ X èpetai ìti x ∈ B.

An A ⊆ X, gr�foume int(A) gia to eswterikì, A gia thn kleist  j kh, kai
∂A gia to sÔnoro tou A. Oi orismoÐ eÐnai oi gnwstoÐ.

Mia akoloujÐa (xn) ston X lègetai akoloujÐa Cauchy an gia k�je ε > 0
up�rqei n0 = n0(ε) ∈ N me thn idiìthta

m,n ≥ n0 =⇒ ‖xn − xm‖ < ε.

O X lègetai pl rhc an k�je akoloujÐa Cauchy (xn) ston X sugklÐnei isqur�
se k�poio x ∈ X.

Orismìc. Q¸roc Banach eÐnai ènac pl rhc q¸roc me nìrma.

K�je grammikìc upìqwroc Y enìc q¸rou me nìrma (X, ‖ · ‖) eÐnai q¸roc me
nìrma. JewroÔme apl¸c ton periorismì thc ‖ · ‖ ston Y . Ja lème ìti o Y eÐnai
upìqwroc tou X, kai an eÐnai kleistì uposÔnolo tou X ja lème ìti o Y eÐnai
kleistìc upìqwroc tou X. Den eÐnai dÔskolo na elègxete ìti ènac upìqwroc Y

enìc q¸rou Banach X eÐnai q¸roc Banach an kai mìno an eÐnai kleistìc (�skhsh).



1.1 Qwroi Banach · 3

(b) Anisìthtec

'Estw X grammikìc q¸roc kai èstw C èna kurtì uposÔnolo tou X. Mia sun�r-
thsh f : C → R lègetai kurt  an

(1) f(tx + (1− t)y) ≤ tf(x) + (1− t)f(y)

gia k�je x, y ∈ C kai t ∈ (0, 1). H f lègetai gnhsÐwc kurt  an opoted pote
èqoume isìthta sthn (1) èpetai ìti x = y. H f : C → R lègetai koÐlh (antÐstoiqa,
gnhsÐwc koÐlh) an h −f eÐnai kurt  (antÐstoiqa, gnhsÐwc kurt ).

(i) Anisìthta tou Jensen. 'Estw f : C → R koÐlh sun�rthsh. An
x1, . . . , xm ∈ C kai tj ∈ (0, 1) me t1 + · · ·+ tm = 1, tìte

(2)
m∑

i=1

tif(xi) ≤ f(t1x1 + · · ·+ tmxm).

An epiplèon h f eÐnai gnhsÐwc koÐlh, tìte isìthta èqoume an kai mìno an x1 =
· · · = xm.
Apìdeixh. Me epagwg  wc proc m deÐqnoume tautìqrona ìti t1x1 + · · ·+ tmxm ∈
C kai ìti isqÔei h (2). Gia m = 2 autì eÐnai �meso apì ton orismì tou kurtoÔ
sunìlou kai thc koÐlhc sun�rthshc.

'Estw ìti m ≥ 3 kai ac upojèsoume ìti h prìtash isqÔei an k < m. Gr�foume

t1x1 + · · ·+ tmxm = t1x1 + s

m∑

j=2

tj
s

xj ,

ìpou s = t2 + · · · + tm. Apì thn epagwgik  upìjesh,
∑m

j=2
tj

s xj ∈ C giatÐ∑m
j=2(tj/s) = 1. EpÐshc, t1 + s = 1 �ra

∑m
j=1 tjxj ∈ C. AfoÔ h f eÐnai koÐlh,

f




m∑

j=1

tjxj


 ≥ t1f(x1) + sf




m∑

j=2

tj
s

xj




kai apì thn epagwgik  upìjesh,

f




m∑

j=2

tj
s

xj


 ≥

m∑

j=2

tj
s

f(xj).

Sundu�zontac tic dÔo anisìthtec, paÐrnoume

f




m∑

j=1

tjxj


 ≥ t1f(x1) + s

m∑

j=2

tj
s

f(xj),

dhlad  to zhtoÔmeno. Elègxte mìnoi sac thn perÐptwsh thc gnhsÐwc koÐlhc
sun�rthshc. 2

H sun�rthsh f : (0, +∞) → R me f(x) = ln x eÐnai gnhsÐwc koÐlh. An loipìn
a1, . . . , am > 0 kai tj ∈ (0, 1) me t1 + · · ·+ tm = 1, tìte

(3)
m∑

j=1

tj ln aj ≤ ln(t1a1 + · · ·+ tmam).
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'Epetai ìti

(4) at1
1 at2

2 · · · atm
m ≤ t1a1 + · · ·+ tmam

me isìthta mìno an a1 = · · · = am. H anisìthta aut  genikeÔei thn anisìthta
arijmhtikoÔ-gewmetrikoÔ mèsou. An t1 = · · · = tm = 1/m, paÐrnoume

m
√

a1 · · · am ≤ a1 + · · ·+ am

m
.

Ja qrhsimopoi soume mia �mesh sunèpeia thc (4).
(ii) Anisìthta tou Young. An x, y ≥ 0 kai p, q > 1 me 1

p + 1
q = 1, tìte

xy ≤ xp

p
+

yq

q

me isìthta mìno an xp = yq.
Apìdeixh. Efarmìzoume thn anisìthta (4) me a = xp, b = yq. AfoÔ 1

p + 1
q = 1,

a1/pb1/q ≤ a

p
+

b

q

me isìthta mìno an a = b. 2

Orismìc. An p, q > 1 kai 1
p + 1

q = 1, lème ìti oi p kai q eÐnai suzugeÐc ekjètec.
SumfwnoÔme ìti o suzug c ekjèthc tou p = 1 eÐnai o q = ∞.

(iii) Anisìthta tou Hölder. 'Estw a1, . . . , am kai b1, . . . , bm ∈ K kai p, q

suzugeÐc ekjètec. Tìte,

∣∣∣∣
m∑

j=1

ajbj

∣∣∣∣ ≤



m∑

j=1

|aj |p



1/p 


m∑

j=1

|bj |q



1/q

.

Apìdeixh. Upojètoume ìti to dexiì mèloc den mhdenÐzetai, alli¸c h anisìthta
eÐnai profan c. Upojètoume epÐshc arqik� ìti

m∑

j=1

|aj |p =
m∑

j=1

|bj |q = 1.

Tìte, qrhsimopoi¸ntac thn anisìthta tou Young paÐrnoume
∣∣∣∣

m∑

j=1

ajbj

∣∣∣∣ ≤
m∑

j=1

|aj ||bj | ≤
m∑

j=1

( |aj |p
p

+
|bj |q

q

)

=
1
p

m∑

j=1

|aj |p +
1
q

m∑

j=1

|bj |q =
1
p

+
1
q

= 1.

Gia th genik  perÐptwsh, jètoume t = (
∑ |aj |p)1/p, s = (

∑ |bj |q)1/q. Parathr -
ste ìti

m∑

j=1

|aj/t|p =
m∑

j=1

|bj/s|q = 1
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kai efarmìste thn prohgoÔmenh anisìthta. Exet�ste pìte isqÔei isìthta. 2

Sthn perÐptwsh p = q = 2 paÐrnoume thn anisìthta Cauchy-Schwarz:

∣∣∣∣
m∑

j=1

ajbj

∣∣∣∣ ≤



m∑

j=1

|aj |2



1/2 


m∑

j=1

|bj |2



1/2

.

(iv) Anisìthta tou Minkowski. 'Estw a1, . . . , am, b1, . . . , bm ∈ K kai èstw
1 ≤ p < +∞. Tìte,




m∑

j=1

|aj + bj |p



1/p

≤



m∑

j=1

|aj |p



1/p

+




m∑

j=1

|bj |p



1/p

.

Apìdeixh. An p = 1 h anisìthta eÐnai �mesh sunèpeia thc trigwnik c anisìthtac.
Upojètoume ìti p > 1 kai ìti

∑ |aj + bj |p > 0 (alli¸c, h anisìthta eÐnai
profan c). 'Estw q o suzug c ekjèthc tou p. Gr�foume

m∑

j=1

|aj + bj |p ≤
m∑

j=1

|aj + bj |p−1|aj |+
m∑

j=1

|aj + bj |p−1|bj |

kai efarmìzoume thn anisìthta tou Hölder me ekjètec p kai q gia kajèna apì ta
dÔo ajroÐsmata. Parathr¸ntac ìti q(p− 1) = p, èqoume

m∑

j=1

|aj + bj |p ≤



m∑

j=1

|aj + bj |p



1/q 


m∑

j=1

|aj |p



1/p

+




m∑

j=1

|aj + bj |p



1/q 


m∑

j=1

|bj |p



1/p

,

dhlad 

m∑

j=1

|aj + bj |p ≤



m∑

j=1

|aj + bj |p



1/q






m∑

j=1

|aj |p



1/p

+




m∑

j=1

|bj |p



1/p

 .

Diair¸ntac me (
∑ |aj + bj |p)1/q kai qrhsimopoi¸ntac thn 1 − (1/q) = 1/p paÐr-

noume to zhtoÔmeno. 2

Parathr seic. (a) H anisìthta tou Minkowski epekteÐnetai kai se �peirec a-
koloujÐec. An (aj), (bj) eÐnai dÔo akoloujÐec sto K kai

∑∞
j=1 |aj |p < +∞,∑∞

j=1 |bj |p < +∞, tìte h seir�
∑∞

j=1 |aj + bj |p sugklÐnei kai




∞∑

j=1

|aj + bj |p



1/p

≤



∞∑

j=1

|aj |p



1/p

+




∞∑

j=1

|bj |p



1/p

.
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(b) Oi anisìthtec Hölder kai Minkowski isqÔoun kai gia oloklhr¸simec sunar-
t seic. 'Estw (Ω,A, µ) q¸roc mètrou, f, g : Ω → K metr simec sunart seic kai
p, q suzugeÐc ekjètec.

Anisìthta Hölder: An oi |f |p kai |g|q eÐnai oloklhr¸simec, tìte h fg eÐnai
oloklhr¸simh kai

∣∣∣∣
∫

Ω

fg dµ

∣∣∣∣ ≤
(∫

Ω

|f |pdµ

)1/p (∫

Ω

|g|qdµ

)1/q

.

Anisìthta Minkowski: An oi |f |p kai |g|p eÐnai oloklhr¸simec, tìte h |f+g|p
eÐnai oloklhr¸simh kai

(∫

Ω

|f + g|pdµ

)1/p

≤
(∫

Ω

|f |pdµ

)1/p

+
(∫

Ω

|g|pdµ

)1/p

.

H apìdeixh thc anisìthtac Hölder eÐnai entel¸c an�logh me aut n thc antÐ-
stoiqhc anisìthtac gia peperasmènec akoloujÐec. Gia na deÐxete ìti h fg eÐnai
oloklhr¸simh arkeÐ to olokl rwma thc |fg| na eÐnai peperasmèno, k�ti pou eÐ-
nai sunèpeia thc anisìthtac pou ja deÐxete. Gia na deÐxete ìti h |f + g|p eÐnai
oloklhr¸simh sthn anisìthta Minkowski, parathr ste ìti

|f(x) + g(x)|p ≤ (|f(x)|+ |g(x)|)p ≤ [2max{|f(x)|, |g(x)|}]p
= 2p max{|f(x)|p, |g(x)|p} ≤ 2p(|f(x)|p + |g(x)|p), x ∈ Ω.

Katìpin, akolouj ste thn apìdeixh thc anisìthtac Minkowski gia peperasmènec
akoloujÐec.

(g) KlasikoÐ q¸roi Banach

1. Nìrmec ston Kn.

(a) 'Estw 1 ≤ p < ∞. An x = (x1, . . . , xn) ∈ Kn, orÐzoume

‖x‖p =




n∑

j=1

|xj |p



1/p

kai sumbolÐzoume ton (Kn, ‖ ·‖p) me `n
p . EÔkola elègqoume ìti h ‖ ·‖p eÐnai nìrma

� h trigwnik  anisìthta eÐnai sunèpeia thc anisìthtac tou Minkowski. Sthn
perÐptwsh p = 2 paÐrnoume ton EukleÐdeio q¸ro `n

2 .

(b) An p = ∞, orÐzoume
‖x‖∞ = max

1≤j≤n
|xj |

kai sumbolÐzoume ton (Kn, ‖ · ‖∞) me `n
∞. Elègxte ìti h ‖ · ‖∞ eÐnai nìrma.

'Opwc ja doÔme sth sunèqeia, k�je q¸roc peperasmènhc di�stashc me nìrma
eÐnai pl rhc. Sthn perÐptwsh tou `n

p , 1 ≤ p ≤ ∞, o èlegqoc thc plhrìthtac
mporeÐ na gÐnei kai �mesa.

2. Q¸roi akolouji¸n
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(a) 'Estw 1 ≤ p < ∞. JewroÔme to grammikì q¸ro ìlwn twn �peirwn akolou-
ji¸n x = (xn) gia tic opoÐec

∑∞
n=1 |xn|p < +∞. OrÐzoume

‖x‖p =

( ∞∑
n=1

|xn|p
)1/p

.

H ‖ · ‖p eÐnai nìrma (h trigwnik  anisìthta eÐnai akrib¸c h anisìthta tou Minko-
wski). O q¸roc pou prokÔptei me autìn ton trìpo ja sumbolÐzetai me `p.

Prìtash 1.1.1. O `p, 1 ≤ p < ∞ eÐnai q¸roc Banach.

Apìdeixh. 'Estw (x(k))k∈N akoloujÐa Cauchy ston `p. An x(k) = (x(k)
n ), gia

k�je n ∈ N èqoume
|x(k)

n − x(l)
n | ≤ ‖x(k) − x(l)‖p,

�ra h akoloujÐa (x(k)
n )k∈N eÐnai Cauchy sto K. Epomènwc, up�rqei xn ∈ K ¸ste

x
(k)
n → xn kaj¸c k →∞.

OrÐzoume x = (xn). 'Estw ε > 0. Up�rqei k0 ∈ N ¸ste ‖x(k) − x(l)‖p < ε

gia k�je k, l ≥ k0. Eidikìtera, gia k�je N ∈ N kai k, l ≥ k0 èqoume

N∑
n=1

|x(k)
n − x(l)

n |p < εp.

Af nontac to l →∞, blèpoume ìti gia k�je N ∈ N kai k�je k ≥ k0,

N∑
n=1

|x(k)
n − xn|p ≤ εp.

Af nontac t¸ra to N →∞ blèpoume ìti ‖x(k)−x‖p ≤ ε gia k�je k ≥ k0. Autì
deÐqnei tautìqrona ìti x(k) − x ∈ `p =⇒ x ∈ `p kai x(k) → x isqur� ston `p. 2

(b) Sthn perÐptwsh p = ∞ mporoÔme na orÐsoume tic ex c apeirodi�statec geni-
keÔseic tou `n

∞.
(b1) Ton q¸ro `∞ ìlwn twn fragmènwn akolouji¸n, me nìrma thn

‖x‖∞ = sup{|xn| : n ∈ N}.

(b2) Ton q¸ro c0 ìlwn twn mhdenik¸n akolouji¸n, me nìrma p�li thn

‖x‖0 = sup{|xn| : n ∈ N}.

ApodeiknÔetai eÔkola ìti h ‖ · ‖∞ eÐnai nìrma ston `∞. EpÐshc, o c0 eÐnai
kleistìc upìqwroc tou `∞ (�skhsh). 'Opwc ja doÔme sthn epìmenh par�grafo,
o `∞ eÐnai pl rhc (ja deÐxoume k�ti polÔ genikìtero). 'Ara, oi `∞, c0 eÐnai q¸roi
Banach.

3. Q¸roi fragmènwn sunart sewn
'Estw A tuqìn mh kenì sÔnolo. JewroÔme ton grammikì q¸ro B(A) ìlwn

twn fragmènwn sunart sewn f : A → K me nìrma thn

‖f‖∞ = sup{|f(t)| : t ∈ A}.
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Elègxte ìti h ‖·‖∞ eÐnai nìrma. Sthn perÐptwsh A = N, o q¸roc B(A) sumpÐptei
me ton `∞. Parathr ste ìti ‖fn − f‖∞ → 0 an gia k�je ε > 0 up�rqei n0 ∈ N
¸ste gia k�je n ≥ n0 kai k�je t ∈ A na isqÔei |fn(t) − f(t)| < ε. Dhlad ,
fn → f ston B(A) an kai mìno an fn → f omoiìmorfa.

Prìtash 1.1.2. O B(A) eÐnai q¸roc Banach.

Apìdeixh. 'Estw (fn) akoloujÐa Cauchy ston B(A). Gia k�je t ∈ A èqoume

|fn(t)− fm(t)| ≤ ‖fn − fm‖∞

�ra h (fn(t)) eÐnai Cauchy sto K. Epomènwc, up�rqei to limn fn(t). OrÐzoume
f : A → K me f(t) = limn fn(t). 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste gia k�je
n,m ∈ N kai k�je t ∈ A na isqÔei

|fn(t)− fm(t)| ≤ ‖fn − fm‖∞ < ε.

Af nontac to m →∞ blèpoume ìti

‖fn − f‖∞ = sup{|fn(t)− f(t)| : t ∈ A} ≤ ε

gia k�je n ≥ n0. Autì apodeiknÔei tautìqrona ìti f ∈ B(A) kai ìti ‖fn−f‖∞ →
0. 2

Ac upojèsoume t¸ra ìti K eÐnai ènac sumpag c metrikìc q¸roc kai C(K)
eÐnai o grammikìc q¸roc ìlwn twn suneq¸n sunart sewn f : K → K. JewroÔme
ton C(K) san upìqwro tou B(K).

Prìtash 1.1.3. O C(K) eÐnai kleistìc upìqwroc tou B(K).

Apìdeixh. Upojètoume ìti fn ∈ C(K) kai fn → f omoiìmorfa. Ja deÐxoume ìti
h f eÐnai suneq c.

'Estw ε > 0. Up�rqei n ∈ N ¸ste ‖fn− f‖∞ < ε/3. H fn eÐnai suneq c sto
sumpagèc K, �ra omoiìmorfa suneq c. Epomènwc, up�rqei δ > 0 me thn idiìthta:
d(x, y) < δ =⇒ |fn(x)− fn(y)| < ε/3.

An loipìn x, y ∈ K kai d(x, y) < δ, tìte

|f(x)− f(y)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(y)|+ |fn(y)− f(y)|
≤ ‖fn − f‖∞ + |fn(x)− fn(y)|+ ‖fn − f‖∞ < ε.

Dhlad , h f eÐnai (omoiìmorfa) suneq c sto K. 2

San pìrisma paÐrnoume ìti o C(K) eÐnai q¸roc Banach gia k�je sumpag  metrikì
q¸ro K. Eidikìtera, o C[a, b] eÐnai q¸roc Banach.

4. Q¸roi Lp

'Estw (Ω,A, µ) q¸roc mètrou kai èstw 1 ≤ p < ∞. JewroÔme ton grammikì
q¸ro Lp(µ) ìlwn twn metr simwn sunart sewn f : Ω → K gia tic opoÐec

∫

Ω

|f |pdµ < ∞.
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OrÐzoume sqèsh isodunamÐac ston Lp(µ) jètontac f ∼ g an f = g µ-sqedìn
pantoÔ. To sÔnolo Lp(µ) twn kl�sewn isodunamÐac [f ], f ∈ Lp(µ) gÐnetai gram-
mikìc q¸roc me pr�xeic tic

[f ] + [g] = [f + g] , a[f ] = [af ].

Ja suneqÐsoume na qrhsimopoioÔme to sÔmbolo f gia thn kl�sh [f ], enno¸ntac
ìti h [f ] ∈ Lp(µ) antiproswpeÔetai apì opoiad pote sun�rthsh stoiqeÐo thc. An
loipìn f ∈ Lp(µ), orÐzoume

‖f‖p =
(∫

Ω

|f |pdµ

)1/p

.

H ‖·‖p eÐnai nìrma. H trigwnik  anisìthta eÐnai sunèpeia thc anisìthtac tou Min-
kowski gia oloklhr¸simec sunart seic. H taÔtish sunart sewn pou sumpÐptoun
µ-sqedìn pantoÔ gÐnetai gia na ikanopoieÐtai h ‖f‖p = 0 =⇒ f = 0. Pr�gmati,
an

∫
Ω
|f |pdµ = 0 tìte f = 0 µ-sqedìn pantoÔ, dhlad  [f ] = [0].

Prìtash 1.1.4. O Lp(µ), 1 ≤ p < ∞ eÐnai q¸roc Banach.

Gia thn apìdeixh ja qrhsimopoi soume èna genikì krit rio. DÐnoume pr¸ta k�-
poiouc orismoÔc.
Orismìc. 'Estw (xn) akoloujÐa se ènan q¸ro me nìrma X. Lème ìti h seir�∑∞

n=1 xn sugklÐnei an up�rqei x ∈ X ¸ste

sn :=
n∑

k=1

xk → x.

Lème ìti h seir�
∑∞

n=1 xn sugklÐnei apolÔtwc an
∑∞

n=1 ‖xn‖ < +∞.

L mma 1.1.5. 'Estw X ènac q¸roc me nìrma. Ta ex c eÐnai isodÔnama:
(a) O X eÐnai pl rhc.
(b) An (xn) eÐnai akoloujÐa ston X me

∑∞
n=1 ‖xn‖ < +∞, tìte h seir�∑∞

n=1 xn sugklÐnei.

Apìdeixh. Upojètoume pr¸ta ìti o X eÐnai pl rhc. 'Estw (xk) akoloujÐa ston
X, me thn idiìthta

∑∞
k=1 ‖xk‖ < ∞. Gia tuqìn ε > 0, up�rqei n0(ε) ∈ N ¸ste,

gia k�je n > m ≥ n0,
‖xm+1‖+ · · ·+ ‖xn‖ < ε.

Tìte, an n > m ≥ n0,

‖sn − sm‖ = ‖xm+1 + · · ·+ xn‖ ≤ ‖xm+1‖+ · · ·+ ‖xn‖ < ε.

To ε > 0  tan tuqìn, �ra h (sn) eÐnai Cauchy. O X eÐnai pl rhc, �ra h sn

sugklÐnei se k�poio x ∈ X.
AntÐstrofa, èstw (xn) akoloujÐa Cauchy ston X. Gia ε = 1

2k , k = 1, 2, . . .,
mporoÔme na broÔme n1 < n2 < · · · < nk < · · · ¸ste, gia k�je n > m ≥ nk,

‖xn − xm‖ <
1
2k

.
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Eidikìtera,

nk+1 > nk ≥ nk =⇒ ‖xnk+1 − xnk
‖ <

1
2k

gia k�je k ∈ N. 'Ara,

∞∑

k=1

‖xnk+1 − xnk
‖ < 1 < +∞.

H
∑∞

k=1(xnk+1−xnk
) sugklÐnei apolÔtwc, opìte (apì thn upìjes  mac) sugklÐ-

nei: up�rqei x ∈ X ¸ste

m∑

k=1

(xnk+1 − xnk
) → x,

dhlad , xnm+1 − xn1 → x. 'Ara, xnk
→ x + xn1 . DeÐxame ìti h (xn) èqei

sugklÐnousa upakoloujÐa. EÐnai ìmwc kai akoloujÐa Cauchy, �ra sugklÐnei ston
X. 'Epetai ìti o X eÐnai pl rhc. 2

Apìdeixh thc Prìtashc 1.1.4. 'Estw (fk) akoloujÐa ston Lp(µ) me thn idiìthta∑∞
k=1 ‖fk‖p = M < +∞. Gia k�je n ∈ N orÐzoume gn(x) =

∑n
k=1 |fk(x)|,

x ∈ Ω. Tìte,

‖gn‖p ≤
n∑

k=1

‖fk‖p ≤ M,

dhlad  gn ∈ Lp(µ) kai
∫
Ω

gp
ndµ ≤ Mp. H (gn) eÐnai aÔxousa, �ra orÐzetai h

g(x) = lim gn(x) ∈ [0,∞]. Apì to L mma tou Fatou,
∫

Ω

gpdµ ≤ lim inf
n→∞

∫

Ω

gp
ndµ ≤ Mp.

Sunep¸c, h gp eÐnai oloklhr¸simh. 'Epetai ìti g(x) =
∑∞

k=1 |fk(x)| < +∞
sqedìn pantoÔ.

OrÐzoume sn(x) =
∑n

k=1 fk(x). Apì thn g(x) < +∞ èqoume ìti h s(x) =
lim sn(x) =

∑∞
k=1 fk(x) sugklÐnei sqedìn pantoÔ. H s eÐnai metr simh kai apì

thn |sn(x)| ≤ gn(x) ≤ g(x) sumperaÐnoume ìti |s(x)| ≤ g(x) sqedìn pantoÔ.
'Epetai ìti ∫

Ω

|s|pdµ ≤
∫

Ω

gpdµ ≤ Mp < ∞,

dhlad  s ∈ Lp(µ). Tèloc, parathroÔme ìti

|sn(x)− s(x)|p ≤ 2p max{|sn(x)|p, |s(x)|p} ≤ 2p|g(x)|p

sqedìn pantoÔ. AfoÔ |sn(x) − s(x)|p → 0 sqedìn pantoÔ, qrhsimopoi¸ntac to
je¸rhma kuriarqhmènhc sÔgklishc blèpoume ìti

∫

Ω

|sn − s|pdµ → 0.

Autì deÐqnei ìti ‖sn − s‖p → 0. Apì to L mma 1.1.5 èpetai ìti o Lp(µ) eÐnai
q¸roc Banach. 2



1.1 Qwroi Banach · 11

O L∞(Ω,A, µ) orÐzetai wc ex c: an f : Ω → K eÐnai mia metr simh sun�rthsh
me thn idiìthta to sÔnolo A(f) = {t ≥ 0 : µ({x ∈ Ω : |f(x)| > t}) = 0} na eÐnai
mh kenì, orÐzoume to ousi¸dec �nw fr�gma thc f jètontac

esssup(f) = inf{t ≥ 0 : µ({x ∈ Ω : |f(x)| > t}) = 0}.

Parathr ste ìti to sÔnolo twn metr simwn sunart sewn f gia tic opoÐec A(f) 6=
∅ eÐnai grammikìc q¸roc kai ìti esssup(f) = min A(f) (�skhsh). 'Opwc prÐn, tau-
tÐzoume tic f kai g an f = g sqedìn pantoÔ kai jewroÔme ton q¸ro L∞(Ω,A, µ)
twn kl�sewn isodunamÐac, me nìrma thn

‖f‖∞ = esssup(f).

H ‖ · ‖∞ eÐnai nìrma kai o L∞(µ) := L∞(Ω,A, µ) eÐnai q¸roc Banach (�skhsh).

(d) Pl rwsh

K�je q¸roc me nìrma X {emfuteÔetai} isometrik� kai pukn� se ènan q¸ro Ba-
nach. H diadikasÐa aut  lègetai pl rwsh.
Orismìc 'Estw (X, ‖ · ‖) q¸roc me nìrma. O q¸roc Banach (X̃, ‖ · ‖′) lègetai
pl rwsh tou X an up�rqei grammik  apeikìnish τ : X → X̃ me tic ex c idiìthtec:

(a) h τ eÐnai isometrÐa, dhlad  ‖τ(x)‖′ = ‖x‖ gia k�je x ∈ X.
(b) o τ(X) eÐnai puknìc upìqwroc tou X̃.

Prìtash 1.1.6. K�je q¸roc me nìrma èqei mia pl rwsh.

Apìdeixh. JewroÔme to sÔnolo [X] ìlwn twn akolouji¸n Cauchy (xn) ston X.
OrÐzoume mia sqèsh isodunamÐac ∼ sto [X], jètontac

(xn) ∼ (yn) ⇐⇒ ‖xn − yn‖ → 0.

To sÔnolo X̃ twn kl�sewn isodunamÐac gÐnetai grammikìc q¸roc wc ex c: an
x∗, y∗ eÐnai oi kl�seic stic opoÐec an koun oi akoloujÐec Cauchy (xn), (yn)
antÐstoiqa, orÐzoume x∗ + y∗ thn kl�sh thc akoloujÐac Cauchy (xn + yn) kai
a ·x∗, a ∈ K, thn kl�sh thc (axn). Elègxte ìti oi pr�xeic orÐzontai kal� kai ìti
o (X̃, +, ·) eÐnai grammikìc q¸roc.

OrÐzoume nìrma ston X̃ wc ex c: an x∗ ∈ X̃ kai (xn) mia akoloujÐa Cauchy
sthn kl�sh x∗, jètoume

‖x∗‖′ = lim
n→∞

‖xn‖.

To ìrio autì up�rqei giatÐ h akoloujÐa (‖xn‖) eÐnai Cauchy sto R, kai eÐnai
anex�rthto apì thn epilog  thc akoloujÐac Cauchy (xn) sthn x∗. Elègxte ta
parap�nw, kaj¸c kai to ìti h ‖ · ‖′ eÐnai nìrma.

Tèloc, jewroÔme thn apeikìnish τ : X → X̃, ìpou τ(x) eÐnai h kl�sh
thc stajer c akoloujÐac (x, x, . . . , x, . . .). H τ eÐnai grammik  apeikìnish kai
‖τ(x)‖′ = limn ‖x‖ = ‖x‖ gia k�je x ∈ X. Dhlad , o X emfuteÔetai {isometri-
k�} ston X̃.

Isqurismìc: O τ(X) eÐnai puknìc ston X̃.
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Apìdeixh. 'Estw x∗ ∈ X̃ kai (xn) akoloujÐa Cauchy sthn kl�sh x∗. Tìte,

lim
n
‖x∗ − τ(xn)‖′ = lim

n
lim
m
‖xm − xn‖ = 0,

dhlad  τ(xn) → x∗. AfoÔ to x∗  tan tuqìn kai τ(xn) ∈ τ(X), o τ(X) eÐnai
puknìc ston X̃. 2

Mènei na deÐxoume ìti o X̃ eÐnai pl rhc. Ja qrhsimopoi soume èna genikì
epiqeÐrhma.

L mma 1.1.7. 'Estw (X, d) metrikìc q¸roc kai M puknì uposÔnolo tou X me
thn idiìthta: k�je akoloujÐa Cauchy stoiqeÐwn tou M sugklÐnei se stoiqeÐo tou
X. Tìte, o X eÐnai pl rhc.

Apìdeixh. 'Estw (xn) akoloujÐa Cauchy ston X. MporoÔme na broÔme mn ∈ M

me d(xn,mn) < 1/n. Tìte, h (mn) eÐnai Cauchy �ra up�rqei x ∈ X ¸ste
mn → x. AfoÔ d(xn, x) ≤ d(xn,mn)+d(mn, x) < 1/n+d(mn, x), blèpoume ìti
xn → x. 2

'Eqoume  dh deÐ ìti o τ(X) eÐnai puknìc ston X̃. EpÐshc, h (τ(xn)) eÐnai
akoloujÐa Cauchy an kai mìno an h (xn) eÐnai Cauchy, kai tìte τ(xn) → x∗ ∈ X̃,
ìpou x∗ h kl�sh thc (xn). SÔmfwna me to L mma, o X̃ eÐnai pl rhc. 2

Ask seic

1. 'Estw X q¸roc me nìrma, x ∈ X kai r > 0. DeÐxte ìti

int(B(x, r)) = D(x, r), D(x, r) = B(x, r), ∂D(x, r) = ∂B(x, r) = S(x, r).

2. 'Estw X q¸roc me nìrma. DeÐxte ìti oi apeikonÐseic
+ : X ×X → X me (x, y) 7→ x + y

· : K×X → X me (a, x) 7→ ax

‖ · ‖ : X → R+ me x 7→ ‖x‖
eÐnai suneqeÐc (wc proc tic fusiologikèc metrikèc se k�je perÐptwsh).

3. 'Estw X q¸roc Banach kai Y upìqwroc tou X. DeÐxte ìti o Y eÐnai q¸roc Banach

an kai mìno an eÐnai kleistìc.

4. 'Estw X grammikìc q¸roc kai ‖·‖1, ‖·‖2 dÔo nìrmec ston X. DeÐxte ìti ‖x‖1 ≤ ‖x‖2
gia k�je x ∈ X an kai mìno an B(X,‖·‖2) ⊆ B(X,‖·‖1).

5. 'Estw X q¸roc me nìrma kai Y grammikìc upìqwroc tou X. DeÐxte ìti an int(Y ) 6=
∅, tìte Y = X.

6. 'Estw B(xn, rn) mia fjÐnousa akoloujÐa apì kleistèc mp�lec se ènan q¸ro Banach

X. DeÐxte ìti
⋂∞

n=1 B(xn, rn) 6= ∅. [Upìdeixh: DeÐxte ìti ‖xn+1 − xn‖ ≤ rn − rn+1

gia k�je n.]

7. 'Estw X n-di�statoc pragmatikìc grammikìc q¸roc, kai x1, . . . , xm dianÔsmata pou
par�goun ton X. Tìte, gia k�je x ∈ X up�rqoun λ1, . . . , λm ∈ R (ìqi anagkastik�
monadik�), ¸ste x =

∑m
i=1 λixi. OrÐzoume

‖x‖ = inf

{ m∑
i=1

|λi| : λi ∈ R, x =

m∑
i=1

λixi

}
.
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DeÐxte ìti o (X, ‖ · ‖) eÐnai q¸roc me nìrma.

8. 'Estw K ⊆ Rn kurtì, sumpagèc, summetrikì wc proc to 0. Upojètoume ìti up�rqei
δ > 0 ¸ste h EukleÐdeia mp�la me kèntro to 0 kai aktÐna δ na perièqetai sto K.
OrÐzoume ‖ · ‖ : Rn → R me

‖x‖ = min{λ ≥ 0 : x ∈ λK}.

DeÐxte ìti h ‖ · ‖ orÐzetai kal� kai eÐnai nìrma ston Rn. DeÐxte ìti

K = {x ∈ Rn : ‖x‖ ≤ 1}.

9. JewroÔme ton Rn me tic nìrmec ‖ · ‖p, 1 ≤ p ≤ ∞. DeÐxte ìti an 1 ≤ p < q ≤ ∞
kai x ∈ Rn, tìte

‖x‖q ≤ ‖x‖p ≤ n(1/p)−(1/q)‖x‖q.

DeÐxte ìti gia k�je ε > 0 up�rqei N ∈ N ¸ste, gia k�je p > N kai k�je x ∈ Rn,

‖x‖∞ ≤ ‖x‖p ≤ (1 + ε)‖x‖∞.

10. DeÐxte ìti o c0 eÐnai kleistìc upìqwroc tou `∞.

11. Ja gr�foume Lp[0, 1] gia ton Lp(λ), ìpou λ to mètro Lebesgue sto [0, 1].
(a) DeÐxte ìti o L∞[0, 1] eÐnai q¸roc Banach.
(b) An f ∈ L∞[0, 1], deÐxte ìti ‖f‖p → ‖f‖∞ kaj¸c p →∞.

12. 'Estw 1 ≤ p ≤ q ≤ ∞. DeÐxte ìti an x ∈ `p tìte ‖x‖q ≤ ‖x‖p kai an f ∈ Lq[0, 1]

tìte ‖f‖p ≤ ‖f‖q.
Eidikìtera, `p ⊆ `q kai Lq[0, 1] ⊆ Lp[0, 1].

13. 'Estw 1 ≤ p < ∞ kai fn, f ∈ Lp[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti
‖fn‖p → ‖f‖p an kai mìno an ‖fn − f‖p → 0.

14. 'Estw 1 ≤ p < ∞ kai fn ∈ Lp[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti ta ex c
eÐnai isodÔnama:

(a) f ∈ Lp[0, 1] kai ‖fn − f‖p → 0.
(b) Gia k�je ε > 0 up�rqei δ > 0 ¸ste, gia k�je metr simo A ⊆ [0, 1] me λ(A) < δ

kai k�je n ∈ N, na isqÔei ∫

A

|fn|pdλ < ε.

15. 'Estw Ck[0, 1] o q¸roc ìlwn twn f : [0, 1] → R pou èqoun k suneqeÐc parag¸gouc,
me nìrma thn

‖f‖ = max
0≤s≤k

(max{|fs(t)| : t ∈ [0, 1]}) .

DeÐxte ìti o Ck[0, 1] eÐnai q¸roc Banach.

16. 'Estw f : [0, 1] → R. H kÔmansh thc f orÐzetai apì thn

V (f) = sup
{ n∑

i=1

|f(ti)− f(ti−1)| : n ∈ N, 0 = t0 < t1 < · · · < tn = 1
}
.

An V (f) < +∞, tìte lème ìti h f èqei fragmènh kÔmansh. JewroÔme ton q¸ro
BV [0, 1] ìlwn twn sunart sewn f : [0, 1] → R pou èqoun fragmènh kÔmansh, eÐnai
suneqeÐc apì dexi� kai ikanopoioÔn thn f(0) = 0. DeÐxte ìti h ‖f‖ = V (f) eÐnai nìrma
ston BV [0, 1] kai ìti o (BV [0, 1], ‖ · ‖) eÐnai q¸roc Banach.
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17. 'Estw x = (xn) ∈ `∞. DeÐxte ìti h apìstash tou x apì ton c0 eÐnai Ðsh me

d(x, c0) = lim sup
n

|xn|.

18. 'Estw 1 ≤ p < +∞ kai K kleistì kai fragmèno uposÔnolo tou `p. DeÐxte ìti
to K eÐnai sumpagèc an kai mìno an gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste gia k�je
n ≥ n0 kai k�je x = (ξk) ∈ K,

∞∑

k=n

|ξk|p < ε.

19. DeÐxte ìti o q¸roc C[0, 1] twn suneq¸n sunart sewn f : [0, 1] → R me nìrma thn
‖f‖1 =

∫ 1

0
|f(t)|dt den eÐnai pl rhc.

20. DeÐxte ìti o q¸roc c0 twn mhdenik¸n akolouji¸n me nìrma thn

‖x‖ =

∞∑
n=1

|xn|
2n

den eÐnai pl rhc.

21. DeÐxte ìti h pl rwsh enìc q¸rou me nìrma X eÐnai monadik . An X ′ eÐnai mia �llh
pl rwsh tou X kai τ ′ h isometrik  emfÔteush tou X ston X ′, tìte up�rqei isometrÐa
epÐ Φ : X̃ → X ′ ¸ste Φ(τ(x)) = τ ′(x) gia k�je x ∈ X.

1.2 Fragmènoi grammikoÐ telestèc

(a) Telestèc kai sunarthsoeid 

'Estw X kai Y dÔo q¸roi me nìrma. Mia apeikìnish T : X → Y lègetai gram-
mikìc telest c an

T (ax1 + bx2) = aT (x1) + bT (x2)

gia k�je x1, x2 ∈ X kai a, b ∈ K. H eikìna tou T eÐnai o upìqwroc Im(T ) =
{T (x) : x ∈ X} kai o pur nac tou T eÐnai o upìqwroc Ker(T ) = {x ∈ X : T (x) =
0}. O T eÐnai grammikìc isomorfismìc an eÐnai èna proc èna kai epÐ, dhlad  an
Im(T ) = Y kai Ker(T ) = {0}.

'Enac grammikìc telest c T : X → Y lègetai fragmènoc an up�rqei M ≥ 0
¸ste

‖T (x)‖ ≤ M‖x‖
gia k�je x ∈ X. Apì thn grammikìthta tou T kai tic idiìthtec thc nìrmac èpetai
ìti o T eÐnai fragmènoc an kai mìno an eÐnai suneq c:

Je¸rhma 1.2.1. 'Estw X,Y q¸roi me nìrma kai T : X → Y grammikìc
telest c. Ta ex c eÐnai isodÔnama:

(a) O T eÐnai suneq c apeikìnish.
(b) O T eÐnai suneq c sto 0.
(g) O T eÐnai fragmènoc.

Apìdeixh. An o T eÐnai suneq c, tìte eÐnai suneq c kai sto 0.
Upojètoume ìti o T eÐnai suneq c sto 0. Gia ε = 1 > 0, mporoÔme na broÔme

δ > 0 ¸ste
‖x‖ ≤ δ =⇒ ‖T (x)‖ ≤ 1.
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'Estw x ∈ X, x 6= 0. Tìte, ‖(δ/2‖x‖)x‖ ≤ δ �ra ‖T ((δ/2‖x‖)x)‖ ≤ 1. Dhlad ,

‖T (x)‖ ≤ M‖x‖

gia k�je x ∈ X, ìpou M = 2/δ.
Tèloc, upojètoume ìti o T eÐnai fragmènoc kai deÐqnoume ìti eÐnai suneq c.

Up�rqei M > 0 me thn idiìthta ‖T (x)‖ ≤ M‖x‖ gia k�je x ∈ X. 'Estw x0 ∈ X

kai ε > 0. Epilègoume δ = ε/M . Tìte, an ‖x− x0‖ < δ èqoume

‖T (x)− T (x0)‖ = ‖T (x− x0)‖ ≤ M‖x− x0‖ ≤ Mδ = ε. 2

SumbolÐzoume me B(X, Y ) to sÔnolo t¸n fragmènwn grammik¸n telest¸n
T : X → Y . O B(X, Y ) eÐnai grammikìc q¸roc.

Orismìc. An T ∈ B(X, Y ) jètoume

‖T‖ = inf{M ≥ 0 : ∀x ∈ X, ‖T (x)‖ ≤ M‖x‖}.

AfoÔ o T eÐnai fragmènoc, to sÔnolo ston orismì eÐnai mh kenì, �ra h ‖T‖
orÐzetai kal�. ParathroÔme epÐshc ìti to inf eÐnai sthn pragmatikìthta min.
Dhlad ,

‖T (x)‖ ≤ ‖T‖ · ‖x‖, x ∈ X.

Autì faÐnetai wc ex c: paÐrnoume fjÐnousa akoloujÐa Mn → ‖T‖ me thn idiìthta

‖T (x)‖ ≤ Mn‖x‖, x ∈ X.

Af nontac to n →∞ blèpoume ìti

‖T (x)‖ ≤ lim
n→∞

Mn‖x‖ = ‖T‖ · ‖x‖.

Prìtash 1.2.2. 'Estw T : X → Y fragmènoc grammikìc telest c. Tìte,

‖T‖ = sup{‖T (x)‖ : ‖x‖ ≤ 1} = sup{‖T (x)‖ : ‖x‖ = 1}.

Apìdeixh. DeÐqnoume mìno thn pr¸th isìthta. 'Estw A = sup{‖T (x)‖ : ‖x‖ ≤
1}. An ‖x‖ ≤ 1, tìte ‖T (x)‖ ≤ ‖T‖ · ‖x‖ ≤ ‖T‖. 'Ara, A ≤ ‖T‖.

AntÐstrofa, an x 6= 0 tìte ‖(x/‖x‖)‖ ≤ 1 �ra

‖T (x/‖x‖)‖ ≤ A =⇒ ‖T (x)‖ ≤ A‖x‖.

Apì ton orismì thc ‖T‖ paÐrnoume ‖T‖ ≤ A. 2

Prìtash 1.2.3. H apeikìnish ‖ · ‖ : B(X,Y ) → R+ me T 7→ ‖T‖ eÐnai nìrma.

Apìdeixh. (a) Profan¸c ‖T‖ ≥ 0 gia k�je T ∈ B(X, Y ). An ‖T‖ = 0, tìte
‖T (x)‖ ≤ 0 · ‖x‖ = 0 gia k�je x ∈ X, opìte T (x) = 0 gia k�je x ∈ X. 'Ara,
T = 0.
(b) An a ∈ K kai T ∈ B(X, Y ), tìte

‖aT‖ = sup{‖aT (x)‖ : ‖x‖ = 1} = sup{|a| · ‖T (x)‖ : ‖x‖ = 1}
= |a| sup{‖T (x)‖ : ‖x‖ = 1} = |a| · ‖T‖.
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(g) An T, S ∈ B(X, Y ) kai x ∈ X, tìte

‖(T + S)(x)‖ = ‖T (x) + S(x)‖ ≤ ‖T (x)‖+ ‖S(x)‖ ≤ ‖T‖ · ‖x‖+ ‖S‖ · ‖x‖
= (‖T‖+ ‖S‖)‖x‖,

�ra T + S ∈ B(X, Y ) kai ‖T + S‖ ≤ ‖T‖+ ‖S‖. 2

Prìtash 1.2.4. 'Estw X q¸roc me nìrma kai èstw Y q¸roc Banach. Tìte,
o B(X,Y ) eÐnai q¸roc Banach.

Apìdeixh. 'Estw (Tn) akoloujÐa Cauchy ston B(X,Y ). Gia k�je ε > 0 up�rqei
n0(ε) ∈ N ¸ste ‖Tn − Tm‖ ≤ ε an n,m ≥ n0.

Tìte, an x ∈ X kai n, m ≥ n0, èqoume ‖Tn(x)−Tm(x)‖ ≤ ε‖x‖. Autì deÐqnei
ìti h (Tn(x)) eÐnai Cauchy ston Y kai afoÔ o Y eÐnai pl rhc up�rqei yx ∈ Y me
Tn(x) → yx.

OrÐzoume T : X → Y me T (x) = yx = limn Tn(x). EÔkola elègqoume ìti
o T eÐnai grammikìc telest c. Ja deÐxoume tautìqrona ìti T ∈ B(X, Y ) kai
‖T − Tn‖ → 0. Gia k�je x ∈ X kai n ≥ n0,

‖T (x)− Tn(x)‖ = ‖ lim
n

(Tm(x)− Tn(x))‖ = lim
n
‖Tm(x)− Tn(x)‖

≤ lim sup
n

‖Tm − Tn‖ · ‖x‖ ≤ ε‖x‖.

Autì deÐqnei ìti (T −Tn) ∈ B(X, Y ), �ra T = (T −Tn)+Tn ∈ B(X, Y ). EpÐshc,
‖T − Tn‖ ≤ ε gia k�je n ≥ n0, kai afoÔ to ε > 0  tan tuqìn, ‖T − Tn‖ → 0. 2

Parat rhsh. An X,Y, Z eÐnai q¸roi me nìrma kai an T ∈ B(X, Y ), S ∈ B(Y,Z),
tìte

‖(S ◦ T )(x)‖ = ‖S(T (x))‖ ≤ ‖S‖ · ‖T (x)‖ ≤ (‖S‖ · ‖T‖)‖x‖,
�ra S ◦ T ∈ B(X,Z) kai ‖S ◦ T‖ ≤ ‖S‖ · ‖T‖. Eidikìtera, an T ∈ B(X, X) tìte
Tm ∈ B(X,X) gia k�je m kai ‖Tm‖ ≤ ‖T‖m.

Orismìc. K�je grammikìc telest c f : X → K lègetai grammikì sunar-
thsoeidèc. O q¸roc B(X,K) ìlwn twn fragmènwn grammik¸n sunarthsoeid¸n
f : X → K lègetai duðkìc q¸roc tou X kai sumbolÐzetai me X∗.

AfoÔ o (K, | · |) eÐnai pl rhc, paÐrnoume to ex c.

Prìtash 1.2.5. 'Estw X q¸roc me nìrma. O duðkìc q¸roc X∗ tou X eÐnai
q¸roc Banach me nìrma thn

‖f‖ = sup{|f(x)| : ‖x‖ = 1}. 2

An X eÐnai ènac q¸roc me nìrma, tìte X∗ 6= ∅. To sunarthsoeidèc f : X → K
me f(x) = 0, x ∈ K eÐnai fragmèno.

Apì thn �llh pleur�, se k�je apeirodi�stato q¸ro me nìrma X mporoÔme na
orÐsoume èna mh fragmèno grammikì sunarthsoeidèc wc ex c: jewroÔme akolou-
jÐa grammik� anex�rthtwn dianusm�twn xn me ‖xn‖ = 1, thn opoÐa epekteÐnoume
se b�sh tou X prosjètontac èna sÔnolo dianusm�twn {zi : i ∈ I}. OrÐzoume



1.2 Fragmenoi grammikoi telestec · 17

f(xn) = n kai f(zi) = 0, i ∈ I, kai epekteÐnoume grammik�. 'Etsi paÐrnoume èna
grammikì sunarthsoeidèc f gia to opoÐo

sup{|f(x)| : ‖x‖ = 1} ≥ sup{|f(xn)| : n ∈ N} = +∞.

To er¸thma {pìso ploÔsioc eÐnai o duðkìc q¸roc} ja mac apasqol sei argìtera.
Ja doÔme (je¸rhma Hahn-Banach) ìti o X∗ perièqei p�nta poll� sunarthsoeid .

(b) ParadeÐgmata telest¸n kai sunarthsoeid¸n

1. 'Estw 1 ≤ p ≤ ∞. OrÐzoume R, L : `p → `p me

R(x1, . . . , xn, . . .) = (0, x1, . . . , xn, . . .), L(x1, . . . , xn, . . .) = (x2, . . . , xn, . . .).

O R (dexi� metatìpish) kai o L (arister  metatìpish) eÐnai grammikoÐ telestèc.
O R eÐnai èna proc èna all� ìqi epÐ, en¸ o L eÐnai epÐ all� ìqi èna proc èna.
Akìma, ‖R‖ = ‖L‖ = 1 kai L ◦ R = Id, en¸ R ◦ L 6= Id kai Ker(R ◦ L) = {x ∈
`p : xn = 0, n ≥ 2}.
2. 'Estw 1 ≤ p ≤ ∞ kai q o suzug c ekjèthc tou p. Gia stajerì y ∈ `q

orÐzoume fy : `p → K me

fy(x) =
∞∑

n=1

xnyn.

Apì thn anisìthta tou Hölder èpetai ìti gia k�je x ∈ `p h seir�
∑

n xnyn

sugklÐnei apolÔtwc kai

|fy(x)| =
∣∣∣∣∣
∞∑

n=1

xnyn

∣∣∣∣∣ ≤ ‖y‖q‖x‖p.

'Ara fy ∈ `∗p kai ‖fy‖ ≤ ‖y‖q (h grammikìthta tou fy eÐnai faner ).
3. TeleÐwc an�loga, an p kai q eÐnai suzugeÐc ekjètec kai g ∈ Lq(µ), orÐzoume
φg : Lp(µ) → K me

φg(f) =
∫

Ω

fgdµ.

Tìte, φg ∈ (Lp(µ))∗ kai ‖φg‖ ≤ ‖g‖Lq(µ).

4. 'Estw t ∈ [0, 1]. OrÐzoume δt : C[0, 1] → K me δt(f) = f(t). Tìte, δt ∈
(C[0, 1])∗ kai ‖δt‖ = 1.
5. 'Estw X, Y sumpageÐc metrikoÐ q¸roi kai τ : Y → X suneq c. OrÐzoume
A : C(X) → C(Y ) me (Af)(y) = f(τ(y)). Tìte, A ∈ B(C(X), C(Y )) kai
‖A‖ = 1.
6. 'Estw κ : [0, 1]× [0, 1] → R metr simh sun�rthsh me thn idiìthta

∫ 1

0

|κ(x, y)|dλ(y) ≤ c1, x− (c .p.)

∫ 1

0

|κ(x, y)|dλ(x) ≤ c2, y − (c .p)
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ìpou c1, c2 jetikèc stajerèc. Gia k�je 1 < p < +∞ orÐzoume T : Lp([0, 1]) →
Lp([0, 1]) me

(Tf)(x) =
∫ 1

0

κ(x, y)f(y)dλ(y).

Ja deÐxoume tautìqrona ìti h (Tf)(x) orÐzetai kal� x− (c .p) kai ìti o T eÐnai
fragmènoc telest c. 'Eqoume

|(Tf)(x)| =
∣∣∣∣
∫ 1

0

κ(x, y)f(y)dλ(y)
∣∣∣∣

≤
∫ 1

0

|κ(x, y)|1/q|κ(x, y)|1/p|f(y)|dλ(y)

≤
(∫ 1

0

|κ(x, y)|dλ(y)
)1/q (∫ 1

0

|κ(x, y)||f(y)|pdλ(y)
)1/p

≤ c
1/q
1

(∫ 1

0

|κ(x, y)||f(y)|pdλ(y)
)1/p

ìpou q o suzug c ekjèthc tou p. Tìte,

‖Tf‖p
p =

∫ 1

0

|(Tf)(x)|pdx

≤ c
p/q
1

∫ 1

0

∫ 1

0

|κ(x, y)||f(y)|pdλ(y)dλ(x)

= c
p/q
1

∫ 1

0

|f(y)|p
(∫ 1

0

|κ(x, y)|dλ(x)
)

dλ(y)

≤ c
p/q
1 c2

∫ 1

0

|f(y)|pdλ(y).

Dhlad , ‖Tf‖p ≤ c
1/q
1 c

1/p
2 ‖f‖p.

7. 'Estw X o upìqwroc tou C[0, 1] pou apoteleÐtai apì tic suneq¸c paragwgÐ-
simec sunart seic. OrÐzoume D : X → C[0, 1] me Df = f ′. O D eÐnai ènac mh
fragmènoc grammikìc telest c (�skhsh).

(g) IsomorfismoÐ, isometrÐec, isodÔnamec nìrmec

'Estw X, Y q¸roi me nìrma. 'Enac grammikìc telest c T : X → Y lègetai
isomorfismìc an eÐnai isomorfismìc grammik¸n q¸rwn (dhl. èna proc èna kai
epÐ) kai oi T, T−1 eÐnai fragmènoi telestèc.

EÔkola elègqoume ìti an o T : X → Y eÐnai isomorfismìc, up�rqoun M1,M2 >

0 ¸ste

(∗) 1
M2

‖x‖ ≤ ‖T (x)‖ ≤ M1‖x‖, x ∈ X.

AntÐstrofa an o T : X → Y eÐnai grammikìc isomorfismìc kai up�rqoun M1,M2 >

0 ¸ste na isqÔei h (∗), tìte o T eÐnai isomorfismìc q¸rwn me nìrma.
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Lème ìti dÔo q¸roi me nìrma X kai Y eÐnai isìmorfoi an up�rqei isomorfismìc
T : X → Y . Oi X kai Y lègontai isometrik� isìmorfoi an up�rqei isomorfismìc
T : X → Y me thn epiplèon idiìthta

‖T (x)‖ = ‖x‖, x ∈ X.

'Enac tètoioc isomorfismìc lègetai isometrÐa. Parathr ste ìti k�je isometrÐa
diathreÐ tic apost�seic: an x1, x2 ∈ X, tìte ‖T (x1) − T (x2)‖ = ‖x1 − x2‖.
Epomènwc, dÔo isometrik� isìmorfoi q¸roi {tautÐzontai} tìso san grammikoÐ
ìso kai san metrikoÐ q¸roi.

DÔo nìrmec ‖ · ‖1 kai ‖ · ‖2 p�nw ston Ðdio grammikì q¸ro X lègontai isodÔ-
namec an h tautotik  apeikìnish Id : (X, ‖ · ‖1) → (X, ‖ · ‖2) eÐnai isomorfismìc.
IsodÔnama, an up�rqoun jetikèc stajerèc a, b ¸ste

a‖x‖1 ≤ ‖x‖2 ≤ b‖x‖1

gia k�je x ∈ X.

Parathr seic. 1. O isomorfismìc q¸rwn me nìrma kai h isodunamÐa norm¸n eÐnai
sqèseic isodunamÐac.

2. An ènac q¸roc me nìrma eÐnai pl rhc, tìte eÐnai pl rhc kai wc proc k�je
isodÔnamh nìrma.

3. An ‖ · ‖1 kai ‖ · ‖2 eÐnai dÔo isodÔnamec nìrmec, tìte h anisìthta a‖x‖1 ≤
‖x‖2 ≤ b‖x‖1, x ∈ X, eÐnai isodÔnamh me thn aB2 ⊆ B1 ⊆ bB2, ìpou Bi h
monadiaÐa mp�la tou (X, ‖ · ‖i).

Ask seic

1. 'Estw X q¸roc Banach kai T ∈ B(X, X) me thn idiìthta
∑∞

n=1 ‖T n‖ < +∞. An
y ∈ X orÐzoume ton metasqhmatismì Sy : X → X me

Sy(x) = y + T (x).

DeÐxte ìti o Sy èqei monadikì stajerì shmeÐo (Sy(x0) = x0), to x0 = y+
∑∞

n=1 T n(y).

2. DÐnontai g : [0, 1] → R kai K : [0, 1] × [0, 1] → R suneqeÐc. DeÐxte ìti up�rqei
suneq c sun�rthsh f : [0, 1] → R pou ikanopoieÐ thn exÐswsh tou Volterra

f(t) = g(t) +

∫ t

0

K(s, t)f(s)ds

gia k�je t ∈ [0, 1]. [Upìdeixh: An M = max{|K(s, t)| : 0 ≤ s, t ≤ 1} kai T : C[0, 1] →
C[0, 1] o telest c pou orÐzetai apì thn

(Tf)(t) =

∫ t

0

K(s, t)f(s)ds,

deÐxte ìti ‖T n‖ ≤ Mn/n! gia k�je n ∈ N.]
3. 'Estw X, Y q¸roi me nìrma kai T : X → Y grammikìc telest c me thn idiìthta: an
(xn) akoloujÐa ston X me ‖xn‖ → 0, tìte h (T (xn)) eÐnai fragmènh akoloujÐa ston
Y . DeÐxte ìti o T eÐnai fragmènoc.
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4. DeÐxte ìti o `p eÐnai isometrik� isìmorfoc me ènan upìqwro tou Lp[0, 1] gia k�je
p ≥ 1. [Upìdeixh: Jewr ste ton upìqwro tou Lp[0, 1] pou par�getai apì tic fn =

(n(n + 1))1/pχ[ 1
n+1 , 1

n
].]

5. Ston c00 orÐste nìrma ‖ · ‖ me thn ex c idiìthta: h ‖ · ‖ den eÐnai isodÔnamh me thn
‖ · ‖∞, all� oi q¸roi (c00, ‖ · ‖) kai (c00, ‖ · ‖∞) eÐnai isometrik� isìmorfoi. [Upìdeixh:
An T : c00 → c00 eÐnai grammikìc isomorfismìc, h ‖x‖ = ‖Tx‖∞ eÐnai nìrma ston c00.]

6. (Krit rio tou Schur) 'Estw (aij)
∞
i,j=1 ènac �peiroc pÐnakac me aij ≥ 0 gia k�je i, j.

Upojètoume akìma ìti up�rqoun b, c > 0 kai pi > 0 ¸ste, gia k�je i, j,

∞∑
i=1

aijpi ≤ bpj ,

∞∑
j=1

aijpj ≤ cpi.

DeÐxte ìti o telest c T : `2 → `2 pou orÐzetai apì thn

T ((ξi)i) =
( ∞∑

j=1

ξjaij

)
i

eÐnai fragmènoc, kai ‖T‖ ≤
√

bc.

7. An x0, x1, . . . , xn ∈ R, tìte
∣∣∣∣∣

n∑
i,j=0

xixj

i + j + 1

∣∣∣∣∣ ≤ π

n∑
i=0

x2
i .

Aut  eÐnai h anisìthta tou Hilbert. Ja qreiasteÐte to krit rio tou Schur, kai thn

∞∑
i=0

1

i + 1
2

+ j + 1
2

· 1√
i + 1

2

<

∫ ∞

0

dx

(x + j + 1
2
)
√

x
=

π√
j + 1

2

.

1.3 Q¸roi peperasmènhc di�stashc

(a) Q¸roi peperasmènhc di�stashc

'Estw X ènac grammikìc q¸roc di�stashc n kai èstw {e1, . . . , en} mia b�sh tou
p�nw apì to K. H `1-nìrma ston X orÐzetai wc ex c: an x =

∑n
i=1 aiei ∈ X,

jètoume

‖x‖1 =
n∑

i=1

|ai|.

L mma 1.3.1. H monadiaÐa mp�la B1 tou (X, ‖ · ‖1) eÐnai sumpag c.

Apìdeixh. 'Estw (x(k)) mia akoloujÐa sthn B1. K�je x(k) gr�fetai monos manta
sth morf 

x(k) =
n∑

i=1

a
(k)
i ei

ìpou
∑n

i=1 |ai| ≤ 1. Eidikìtera, gia k�je i ≤ n kai k�je k, èqoume |a(k)
i | ≤ 1.

AfoÔ h (a(k)
1 ) eÐnai fragmènh, èqei upakoloujÐa pou sugklÐnei se k�poio

a1 ∈ K. Epilègontac diadoqik� upakoloujÐec, mporoÔme se n b mata na broÔme
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aÔxousa akoloujÐa deikt¸n m1 < · · · < mk < · · · me thn idiìthta: gia k�je
i ≤ n,

a
(mk)
i → ai ∈ K.

OrÐzoume x =
∑n

i=1 aiei. Tìte,

lim
k→∞

‖x− x(mk)‖1 = lim
k→∞

n∑

i=1

|ai − a
(mk)
i | = 0.

Dhlad , x(mk) → x. Profan¸c x ∈ B1, �ra deÐxame ìti h B1 eÐnai akoloujiak�
sumpag c. 2

Je¸rhma 1.3.2. 'Estw X ènac grammikìc q¸roc di�stashc n. Opoiesd pote
dÔo nìrmec ston X eÐnai isodÔnamec.

Apìdeixh. JewroÔme thn b�sh {e1, . . . , en} kai th nìrma ‖ · ‖1 tou L mmatoc
1.3.1. 'Estw ‖ · ‖ tuqoÔsa nìrma ston X. Ja deÐxoume ìti oi ‖ · ‖ kai ‖ · ‖1
eÐnai isodÔnamec. Autì apodeiknÔei to je¸rhma, afoÔ h isodunamÐa norm¸n eÐnai
sqèsh isodunamÐac.

JewroÔme th monadiaÐa sfaÐra S1 = {x ∈ X : ‖x‖1 = 1} tou (X, ‖ · ‖1), kai
th sun�rthsh f : S1 → R+ me f(x) = ‖x‖.

H f eÐnai suneq c sun�rthsh: an x, y ∈ S1, tìte

|f(x)− f(y)| = | ‖x‖ − ‖y‖ | ≤ ‖x− y‖ =

∥∥∥∥∥
n∑

i=1

(xi − yi)ei

∥∥∥∥∥

≤
n∑

i=1

|xi − yi| · ‖ei‖ ≤
(

max
i≤n

‖ei‖
) n∑

i=1

|xi − yi|

=
(

max
i≤n

‖ei‖
)
‖x− y‖1.

ParathroÔme akìma ìti f(x) > 0 gia k�je x ∈ S1 (giatÐ ‖x‖ = 0 =⇒ x = 0 =⇒
x /∈ S1) kai ìti h S1 eÐnai sumpag c wc kleistì uposÔnolo thc B1. 'Ara h f

paÐrnei mia gnhsÐwc jetik  el�qisth tim  m kai mia mègisth tim  M sthn S1.
Dhlad , an x ∈ S1 èqoume

0 < m ≤ ‖x‖ ≤ M.

AfoÔ oi dÔo nìrmec eÐnai jetik� omogeneÐc, èpetai ìti

m‖x‖1 ≤ ‖x‖ ≤ M‖x‖1

gia k�je x ∈ X, dhlad  oi ‖ · ‖ kai ‖ · ‖1 eÐnai isodÔnamec. 2

Je¸rhma 1.3.3. 'Estw X q¸roc peperasmènhc di�stashc me nìrma kai èstw
Y q¸roc me nìrma. K�je grammikìc telest c T : X → Y eÐnai fragmènoc.

Apìdeixh. OrÐzoume ston X mia deÔterh nìrma ‖ · ‖′ wc ex c:

‖x‖′ = ‖x‖X + ‖T (x)‖Y .
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(elègxte ìti eÐnai nìrma). Oi ‖ · ‖X kai ‖ · ‖′ eÐnai isodÔnamec, �ra up�rqoun
m,M > 0 ¸ste

m‖x‖X ≤ ‖x‖X + ‖T (x)‖Y ≤ M‖x‖X

gia k�je x ∈ X. Eidikìtera,

‖T (x)‖Y ≤ M‖x‖X

gia k�je x ∈ X, �ra o T eÐnai fragmènoc. 2

Pìrisma 1.3.4. An X kai Y eÐnai dÔo n-di�statoi q¸roi me nìrma, tìte oi X

kai Y eÐnai isìmorfoi.

Apìdeixh. 'Estw X kai Y dÔo q¸roi me nìrma, di�stashc dimX = dimY = n.
AfoÔ oi dÔo q¸roi èqoun thn Ðdia di�stash, up�rqei grammikìc isomorfismìc
T : X → Y . AfoÔ h di�stash twn X kai Y eÐnai peperasmènh, oi T kai T−1 eÐnai
fragmènoi telestèc. 'Ara o T eÐnai isomorfismìc q¸rwn me nìrma. 2

Pìrisma 1.3.5. K�je q¸roc peperasmènhc di�stashc me nìrma eÐnai pl rhc.

Apìdeixh. An ènac q¸roc eÐnai pl rhc wc proc k�poia nìrma, tìte eÐnai pl rhc
kai wc proc k�je isodÔnamh nìrma. An dimX = n, tìte ìlec oi nìrmec ston X

eÐnai isodÔnamec. ArkeÐ loipìn na deÐxoume ìti o X eÐnai pl rhc wc proc mÐa apì
autèc. DeÐxte ìti o X eÐnai pl rhc wc proc thn

∥∥∥∥∥
n∑

i=1

aiei

∥∥∥∥∥ = max
i≤n

|ai|. 2

Pìrisma 1.3.6. Se ènan q¸ro peperasmènhc di�stashc, èna sÔnolo eÐnai su-
mpagèc an kai mìno an eÐnai kleistì kai fragmèno.

Apìdeixh. 'Estw A kleistì kai fragmèno uposÔnolo tou X wc proc k�poia
nìrma ‖ · ‖. Ja deÐxoume ìti to A eÐnai akoloujiak� sumpagèc.

AfoÔ oi ‖·‖ kai ‖·‖1 eÐnai isodÔnamec, up�rqoun a, b > 0 ¸ste a‖x‖ ≤ ‖x‖1 ≤
b‖x‖ gia k�je x ∈ X. 'Estw (xn) akoloujÐa sto A. AfoÔ to A eÐnai fragmèno
wc proc thn ‖ · ‖ up�rqei M > 0 ¸ste ‖xn‖ ≤ M =⇒ ‖x‖1 ≤ bM gia k�je n.
To sÔnolo (bM)B1 eÐnai sumpagèc apì to L mma 1.3.1, �ra up�rqei upakoloujÐa
(xnk

) pou sugklÐnei se k�poio x ∈ X wc proc thn ‖ · ‖1. 'Omwc tìte,

‖x− xnk
‖ ≤ 1

a
‖x− xnk

‖1 → 0,

�ra xnk
→ x wc proc thn ‖ · ‖. Tèloc, x ∈ A giatÐ to A eÐnai ‖ · ‖-kleistì.

O antÐstrofoc isqurismìc isqÔei se k�je metrikì q¸ro. 2

Pìrisma 1.3.7. K�je upìqwroc peperasmènhc di�stashc enìc q¸rou me nìr-
ma eÐnai kleistìc.

Apìdeixh. 'Estw X q¸roc me nìrma kai èstw Y upìqwroc tou X me dimY < ∞.
Apì to Pìrisma 1.3.5, o Y eÐnai pl rhc, �ra eÐnai kleistì uposÔnolo tou X. 2
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(b) To L mma tou F. Riesz

EÐdame ìti h monadiaÐa mp�la enìc q¸rou peperasmènhc di�stashc eÐnai sumpa-
g c. H sump�geia thc monadiaÐac mp�lac qarakthrÐzei touc q¸rouc peperasmènhc
di�stashc. H apìdeixh basÐzetai sto ex c l mma.
L mma tou Riesz. 'Estw X q¸roc me nìrma kai èstw Y ènac gn sioc kleistìc
upìqwroc tou X.
(a) Gia k�je ε ∈ (0, 1) up�rqei xε ∈ SX tou opoÐou h apìstash apì ton Y eÐnai
toul�qiston 1− ε:

d(xε, Y ) := inf{‖xε − y‖ : y ∈ Y } ≥ 1− ε.

(b) An o Y èqei peperasmènh di�stash, tìte up�rqei x ∈ SX tou opoÐou h apì-
stash apì ton Y eÐnai h mègisth dunat : d(x, Y ) = 1.
Apìdeixh. (a) 'Estw ε ∈ (0, 1). O Y eÐnai gn sioc upìqwroc tou X, epomènwc
mporoÔme na broÔme x0 ∈ X\Y . AfoÔ o Y eÐnai kleistìc,

d(x0, Y ) = d > 0.

AfoÔ d/(1− ε) > d, up�rqei y0 ∈ Y ¸ste

0 6= ‖x0 − y0‖ <
d

1− ε
.

JewroÔme to xε = (x0− y0)/‖x0− y0‖ ∈ SX . Gia k�je y ∈ Y èqoume y0 + ‖x0−
y0‖ y ∈ Y , sunep¸c

‖xε − y‖ =
∥∥∥∥

x0 − y0

‖x0 − y0‖ − y

∥∥∥∥ =
1

‖x0 − y0‖‖x0 − (y0 + ‖x0 − y0‖y)‖

≥ d

‖x0 − y0‖ > 1− ε.

'Ara, d(xε, Y ) ≥ 1− ε.
(b) Ac upojèsoume t¸ra ìti o Y èqei peperasmènh di�stash. Gia to x0 sto
(a), brÐskoume yn ∈ Y me d(x0, yn) → d := d(x0, Y ). H (yn) eÐnai fragmènh
ston Y , epomènwc èqei sugklÐnousa upakoloujÐa (ynk

) (ta kleist� kai fragmèna
uposÔnola tou Y eÐnai sumpag ). An limk ynk

= y0, tìte y0 ∈ Y kai ‖x0−y0‖ =
d. H apìdeixh suneqÐzetai ìpwc sto (a). 2

Pìrisma 1.3.8. 'Estw X1 ⊂ X2 ⊂ · · · ⊂ Xn ⊂ · · · upìqwroi peperasmènhc
di�stashc enìc q¸rou me nìrma X (ìloi oi egkleismoÐ eÐnai gn sioi). Tìte,
mporoÔme na broÔme monadiaÐa dianÔsmata xn ∈ Xn ¸ste d(xn, Xn−1) = 1,
n ≥ 2.

Eidikìtera, se k�je apeirodi�stato q¸ro me nìrma X mporoÔme na broÔme
akoloujÐa (xn) apì monadiaÐa dianÔsmata me thn idiìthta ‖xn − xm‖ ≥ 1 an
n 6= m.

Apìdeixh. BrÐskoume to xn efarmìzontac to deÔtero mèroc tou L mmatoc tou
Riesz gia to zeug�ri Xn−1 ⊂ Xn, dimXn−1 < ∞.
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'Estw t¸ra apeirodi�statoc q¸roc me nìrma X. Gia thn kataskeu  thc
akoloujÐac (xn), epilègoume tuqìn x1 ∈ SX kai orÐzoume X1 = span{x1}.
Apì to L mma tou Riesz up�rqei x2 ∈ SX ¸ste d(x2, X1) = 1. OrÐzoume
X2 = span{x1, x2} kai suneqÐzoume me ton Ðdio trìpo: an ta x1, . . . , xn èqoun
oristeÐ, jètoume Xn = span{x1, . . . , xn} kai, qrhsimopoi¸ntac to gegonìc ìti o
X eÐnai apeirodi�statoc, brÐskoume xn+1 ∈ SX ¸ste d(xn+1, Xn) = 1.

Apì thn kataskeu  eÐnai fanerì ìti an n < m tìte xn ∈ Xm−1 �ra

‖xn − xm‖ ≥ d(xm, Xm−1) = 1. 2

MporoÔme t¸ra na qarakthrÐsoume touc q¸rouc peperasmènhc di�stashc wc
ex c:

Je¸rhma 1.3.9. 'Enac q¸roc me nìrma èqei peperasmènh di�stash an kai
mìno an h monadiaÐa mp�la tou eÐnai sumpag c.

Apìdeixh. 'Eqoume deÐ ìti an dimX < ∞ tìte h BX eÐnai sumpag c. Ac upo-
jèsoume ìti o X eÐnai apeirodi�statoc. SÔmfwna me to prohgoÔmeno pìrisma,
mporoÔme na broÔme akoloujÐa (xn) monadiaÐwn dianusm�twn me ‖xn−xm‖ ≥ 1 an
n 6= m. H (xn) den èqei sugklÐnousa upakoloujÐa, �ra h BX den eÐnai sumpag c.
2

Ask seic

1. 'Estw X q¸roc me nìrma kai èstw 0 < θ < 1. 'Ena A ⊆ BX lègetai θ-dÐktuo gia
thn BX an gia k�je x ∈ BX up�rqei a ∈ A me ‖x− a‖ < θ. An to A eÐnai θ-dÐktuo gia
thn BX , deÐxte ìti gia k�je x ∈ BX up�rqoun an ∈ A, n ∈ N, ¸ste

x =

∞∑
n=0

θnan.

2. 'Estw X = (Rn, ‖ · ‖) kai èstw ε > 0.

(a) 'Estw x1, . . . , xk ∈ BX me thn idiìthta: ‖xi − xj‖ ≥ ε an i 6= j. DeÐxte ìti
k ≤ (1 + 2/ε)n.

(b) DeÐxte ìti up�rqei ε-dÐktuo gia thn BX me plhj�rijmo N ≤ (1 + 2/ε)n.

[Upìdeixh gia to (a): Oi mp�lec B(xi, ε/2) perièqontai sthn B(0, 1 + ε/2) kai èqoun
xèna eswterik�.]

3. 'Estw X apeirodi�statoc q¸roc me nìrma.

(a) DeÐxte ìti up�rqoun x1, x2, . . . , xn, . . . ∈ BX ¸ste xn+ 1
4
BX ⊆ BX kai ta xn+ 1

4
BX

na eÐnai xèna.

(b) DeÐxte ìti den up�rqei mètro Borel µ ston X pou na ikanopoieÐ ta ex c:
1. To µ eÐnai analloÐwto wc proc tic metaforèc, dhlad  µ(x+A) = µ(A) gia k�je

sÔnolo Borel A kai k�je x ∈ X.
2. µ(A) > 0 gia k�je mh kenì anoiktì A ⊆ X.
3. Up�rqei mh kenì anoiktì A0 ⊂ X me µ(A0) < +∞.
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1.4 Diaqwrisimìthta

'Estw X q¸roc me nìrma kai D ⊆ X. To D lègetai puknì ston X an D = X.
IsodÔnama, an gia k�je x ∈ X kai k�je ε > 0 up�rqei z ∈ D me ‖x− z‖ < ε.
Orismìc. O X lègetai diaqwrÐsimoc an up�rqei arijm simo sÔnolo D ⊂ X pou
eÐnai puknì ston X.

(a) ParadeÐgmata

1. Oi q¸roi `p, 1 ≤ p < ∞ kai c0 eÐnai diaqwrÐsimoi. DeÐqnoume autìn ton
isqurismì gia ton `p (h perÐptwsh tou c0 af netai wc �skhsh).

Prìtash 1.4.1. Gia k�je 1 ≤ p < ∞, o `p eÐnai diaqwrÐsimoc.

Apìdeixh. Upojètoume ìti K = R (h migadik  perÐptwsh eÐnai entel¸c an�logh).
JewroÔme to sÔnolo

D = {y = (y1, . . . , yN , 0, 0, . . .) : N ∈ N, yn ∈ Q}.
To D eÐnai arijm simo. Ja deÐxoume ìti D = `p. 'Estw x = (xn) ∈ `p kai ε > 0.

H seir�
∑

n |xn|p sugklÐnei, �ra up�rqei N ∈ N ¸ste
∞∑

n=N+1

|xn|p <
εp

2
.

Gia k�je n = 1, . . . , N mporoÔme na broÔme rhtì osod pote kont� ston xn.
MporoÔme loipìn na broÔme rhtoÔc yn , n = 1, . . . , N pou na ikanopoioÔn thn

|xn − yn|p <
εp

2N
, n = 1, . . . , N.

Prosjètontac, èqoume
N∑

n=1

|xn − yn|p <
εp

2
.

OrÐzoume y = (y1, . . . , yN , 0, 0, . . .). Tìte, y ∈ D kai

‖x− y‖p =

(
N∑

n=1

|xn − yn|p +
∞∑

n=N+1

|xn|p
)1/p

<

(
εp

2
+

εp

2

)1/p

= ε.

AfoÔ ta x ∈ `p kai ε > 0  tan tuqìnta, èpetai to zhtoÔmeno. 2

2. O `∞ den eÐnai diaqwrÐsimoc. Genik�, gia na deÐxoume ìti ènac metrikìc q¸roc
den eÐnai diaqwrÐsimoc qrhsimopoioÔme sun jwc ton ex c isqurismì.

L mma 1.4.2. 'Estw (X, d) metrikìc q¸roc. Ac upojèsoume ìti mporoÔme na
broÔme xi, i ∈ I ston X kai a > 0 pou ikanopoioÔn to ex c:

gia k�je i 6= j ∈ I d(xi, xj) ≥ a.

Tìte, gia k�je puknì D ⊆ X èqoume card(I) ≤ card(D).



26 · Basikec Ennoiec

Apìdeixh. Oi mp�lec D(xi, a/2), i ∈ I eÐnai xènec. An to D eÐnai puknì, se k�je
D(xi, a/2) up�rqei k�poio di ∈ D. An i 6= j, tìte di 6= dj afoÔ D(xi, a/2) ∩
D(xj , a/2) = ∅. 'Ara, h f : I → D me f(i) = di eÐnai èna proc èna. Dhlad , to
D èqei toul�qiston tìsa stoiqeÐa ìsa to I. 2

Sthn perÐptwsh tou `∞, jewroÔme to sÔnolo A = {x = (xn) : xn ∈
{0, 1}, n ∈ N}. K�je akoloujÐa me ìrouc 0   1 eÐnai fragmènh, �ra A ⊆ `∞.

ParathroÔme ìti an x = (xn), y = (yn) ∈ A kai x 6= y, tìte ‖x − y‖∞ = 1.
SÔmfwna me to l mma, an D eÐnai puknì uposÔnolo tou `∞, tìte to D èqei
toul�qiston tìsa stoiqeÐa ìsa to A. 'Omwc, to diag¸nio epiqeÐrhma tou Cantor
deÐqnei ìti to A eÐnai uperarijm simo. Sunep¸c, o `∞ den eÐnai diaqwrÐsimoc.
3. O B[a, b] kai o L∞[a, b] den eÐnai diaqwrÐsimoi q¸roi (�skhsh). Apì to
je¸rhma prosèggishc tou Weierstrass prokÔptei ìti o C[a, b] eÐnai diaqwrÐsimoc
(�skhsh: efarmìste to krit rio thc 'Askhshc 1 se sunduasmì me to gegonìc
ìti o q¸roc P [a, b] twn poluwnÔmwn eÐnai puknìc ston C[a, b]). Sthn epìmenh
par�grafo ja deÐxoume ìti, genikìtera, an K eÐnai ènac sumpag c metrikìc q¸roc,
tìte o C(K) eÐnai diaqwrÐsimoc.

(b) Diaqwrisimìthta tou C(K)

'Estw K ènac sumpag c metrikìc q¸roc. Ja deÐxoume ìti o C(K) eÐnai diaqwrÐ-
simoc. H apìdeixh ja basisteÐ sto epìmeno L mma.

L mma 1.4.3 (diamerÐseic thc mon�dac). 'Estw K ènac sumpag c me-
trikìc q¸roc. Upojètoume ìti K = V1∪· · ·∪Vn, ìpou V1, . . . , Vn anoikt� sÔnola.
Up�rqoun suneqeÐc sunart seic φi : K → [0, 1] me supp(φi) ⊆ Vi (i = 1, . . . , n),
¸ste φ1(x) + · · ·+ φn(x) = 1 gia k�je x ∈ K.

Apìdeixh. Gia k�je x ∈ K mporoÔme na broÔme i(x) ≤ n kai anoikt  perioq  Wx

tou x ¸ste W x ⊂ Vi(x). Apì th sump�geia tou K, up�rqoun x1, . . . , xm ∈ K

¸ste K = Wx1 ∪ · · · ∪Wxm .
Gia k�je i = 1, . . . , n, orÐzoume Hi na eÐnai h ènwsh ekeÐnwn twn Wxj , j ≤ m

ta opoÐa perièqontai sto Vi. Efarmìzontac to L mma tou Urysohn, brÐskou-
me suneqeÐc sunart seic gi : K → [0, 1] me thn idiìthta: gi ≡ 1 sto Hi kai
supp(gi) ⊂ Vi.

T¸ra, orÐzoume tic φ1, . . . , φn wc ex c:

φ1 = g1

φ2 = (1− g1)g2

· · · · · ·
φn = (1− g1)(1− g2) · · · (1− gn−1)gn.

Apì ton orismì twn φi èqoume supp(φi) ⊆ supp(gi) ⊂ Vi. Epagwgik� elègqoume
ìti φ1 + · · ·+ φk = 1−∏k

i=1(1− gi). Sunep¸c,

φ1 + · · ·+ φn = 1−
n∏

i=1

(1− gi) ≡ 1,

afoÔ k�je x ∈ K an kei se k�poio Hi kai 1− gi ≡ 0 sto Hi. 2
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Je¸rhma 1.4.4. 'Estw K ènac sumpag c metrikìc q¸roc. O C(K) eÐnai
diaqwrÐsimoc.

Apìdeixh. Gia k�je f ∈ C(K) orÐzoume

ωf (δ) = sup{|f(x)− f(y)| : d(x, y) ≤ δ}.

Parathr ste ìti to gegonìc ìti h f eÐnai suneq c (isodÔnama, omoiìmorfa sune-
q c) perigr�fetai isodÔnama apì thn lim

δ→0+
ωf (δ) = 0.

StajeropoioÔme δ > 0 kai kalÔptoume ton K me peperasmènec to pl joc mp�-
lec D(xj , δ), j = 1, . . . , N . Apì to L mma 1.4.3 up�rqoun suneqeÐc sunart seic
φi : K → [0, 1] me supp(φi) ⊆ D(xi, δ) (i = 1, . . . , N), ¸ste φ1(x)+· · ·+φN (x) =
1 gia k�je x ∈ K. Jètoume Fδ = span{φ1, . . . , φN}.
Isqurismìc. dist(f, Fδ) ≤ ωf (δ).
Pr�gmati, an orÐsoume g =

∑N
i=1 f(xi)φi, tìte g ∈ Fδ kai, gia k�je y ∈ K,

|f(y)− g(y)| =
∣∣∣∣∣

N∑

i=1

f(y)φi(y)−
N∑

i=1

f(xi)φi(y)

∣∣∣∣∣ ≤
N∑

i=1

φi(y)|f(y)− f(xi)|,

kai, lìgw twn supp(φi) ⊆ D(xi, δ), to teleutaÐo �jroisma isoÔtai me
∑

{i:y∈D(xi,δ)}
φi(y)|f(y)− f(xi)| ≤ ωf (δ)

∑

{i:y∈D(xi,δ)}
φi(y) ≤ ωf (δ).

T¸ra, apì ton isqurismì kai apì thn lim
δ→0+

ωf (δ) = 0 sumperaÐnoume ìti C(K) =

∪∞n=1F1/2n . AfoÔ k�je F1/2n èqei peperasmènh di�stash, o C(K) eÐnai diaqwrÐ-
simoc ('Askhsh 1). 2

(g) Diaqwrisimìthta tou Lp(K,B, µ), 1 ≤ p < ∞
'Estw K ènac sumpag c metrikìc q¸roc. Gr�foume B gia thn σ-�lgebra twn
Borel uposunìlwn tou K.

Je¸rhma 1.4.5. 'Estw µ èna peperasmèno mètro ston (K,B). Gia k�je 1 ≤
p < ∞, o Lp(K,B, µ) eÐnai diaqwrÐsimoc.

Apìdeixh. Perigr�foume ta b mata thc apìdeixhc. JewroÔme thn oikogèneia

A = {A ∈ B : up�rqei fn ∈ C(K) : 0 ≤ fn ≤ 1 kai ‖fn − χA‖p → 0}.

ApodeiknÔoume ìti h A eÐnai σ-�lgebra, deÐqnontac diadoqik� ìti eÐnai kleist 
wc proc sumplhr¸mata, perièqei to K, eÐnai kleist  wc proc peperasmènec tomèc
kai wc proc aÔxousec en¸seic (�skhsh).

Sth sunèqeia apodeiknÔoume ìti k�je anoiktì U ⊆ K an kei sthn A. Pr�g-
mati, an U eÐnai anoiktì uposÔnolo tou K kai an orÐsoume fn : K → [0, 1] me

fn(x) =
nd(x,K \ U)

1 + nd(x,K \ U)
,

tìte fn → χU kai, apì to je¸rhma kuriarqhmènhc sÔgklishc, ‖fn − χU‖p → 0.
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'Epetai ìti A = B kai autì deÐqnei ìti oi aplèc metr simec sunart seic φ :
K → R proseggÐzontai apì suneqeÐc me thn ‖ · ‖p.

AfoÔ o C(K) eÐnai diaqwrÐsimoc wc proc thn ‖·‖∞ kai ‖f‖p ≤ ‖f‖∞(µ(X))1/p,
parathroÔme ìti o (C(K), ‖ · ‖p) eÐnai diaqwrÐsimoc. Oi aplèc sunart seic eÐnai
puknèc ston Lp(K,B, µ), sunep¸c o Lp(K,B, µ) eÐnai diaqwrÐsimoc. 2

MporoÔme epÐshc na deÐxoume ìti o Lp(R), 1 ≤ p < ∞ eÐnai diaqwrÐsimoc.
H basik  parat rhsh eÐnai ìti an f ∈ Lp kai an jèsoume fn = χ[−n,n] · f ,
tìte ‖fn − f‖p → 0. Dhlad , o upìqwroc pou apoteleÐtai apì tic g ∈ Lp

pou mhdenÐzontai èxw apì k�poio di�sthma [−n, n], n ∈ N eÐnai puknìc ston Lp.
Me b�sh aut n thn parat rhsh, mporoÔme na anaqjoÔme sto Je¸rhma 1.4.5.
An�logo apotèlesma isqÔei gia ton Lp(Rd), d ∈ N (�skhsh).

Ask seic

1. 'Estw X q¸roc me nìrma. Upojètoume ìti up�rqei arijm simo sÔnolo A ⊆ X

me thn idiìthta o upìqwroc span(A) na eÐnai puknìc ston X. DeÐxte ìti o X eÐnai
diaqwrÐsimoc.

2. DeÐxte ìti o c0 eÐnai diaqwrÐsimoc.

3. DeÐxte ìti o C[a, b] eÐnai diaqwrÐsimoc, en¸ o B[a, b] ìqi. Exet�ste an o L∞[0, 1]

eÐnai diaqwrÐsimoc.

4. DeÐxte ìti, gia k�je d ∈ N kai gia k�je 1 ≤ p < ∞, o Lp(Rd) eÐnai diaqwrÐsimoc.

1.5 Q¸roc phlÐko

'Estw X q¸roc me nìrma kai èstw Z ènac grammikìc upìqwroc tou X. OrÐzoume
mia sqèsh isodunamÐac ston X wc ex c:

x ∼ y ⇐⇒ x− y ∈ Z.

O q¸roc phlÐko X/Z eÐnai to sÔnolo twn kl�sewn isodunamÐac [x] = x + Z, to
opoÐo gÐnetai grammikìc q¸roc me pr�xeic tic

[x] + [y] = [x + y] , a[x] = [ax].

To oudètero stoiqeÐo thc prìsjeshc eÐnai h kl�sh [0] = Z.
Ac upojèsoume epiplèon ìti o Z eÐnai kleistìc upìqwroc tou X. OrÐzoume

mia sun�rthsh ‖ · ‖0 : X/Z → R+ mèsw thc

‖[x]‖0 = inf{‖y‖ : y ∼ x} = inf{‖x− z‖ : z ∈ Z}.

Prìtash 1.5.1. An o Z eÐnai kleistìc upìqwroc tou X, tìte h ‖ · ‖0 eÐnai
nìrma ston X/Z.

Apìdeixh. (a) Profan¸c ‖[x]‖0 ≥ 0, kai an ‖[x]‖0 = 0 tìte up�rqoun zn ∈ Z

¸ste ‖x− zn‖ → 0. Dhlad ,

x = lim
n

zn ∈ Z = Z
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afoÔ o Z eÐnai kleistìc. 'Omwc autì shmaÐnei ìti [x] = [0].
AntÐstrofa, ‖[0]‖0 = inf{‖z‖ : z ∈ Z} = 0, afoÔ o Z eÐnai upìqwroc.

(b) An a 6= 0, qrhsimopoi¸ntac thn aZ = Z èqoume

‖a[x]‖0 = ‖[ax]‖0 = inf{‖ax− z‖ : z ∈ Z} = inf{‖ax− az‖ : z ∈ Z}
= inf{|a|‖x− z‖ : z ∈ Z} = |a|‖[x]‖0.

(g) OmoÐwc, afoÔ Z + Z = Z,

‖[x] + [y]‖0 = ‖[x + y]‖0 = inf{‖x + y − z‖ : z ∈ Z}
= inf{‖x + y − (z1 + z2)‖ : z1, z2 ∈ Z}
≤ inf{‖x− z1‖+ ‖y − z2‖ : z1, z2 ∈ Z}
= inf{‖x− z1‖ : z1 ∈ Z}+ inf{‖y − z2‖ : z2 ∈ Z}
= ‖[x]‖0 + ‖[y]‖0. 2

O q¸roc (X/Z, ‖ · ‖0) lègetai q¸roc phlÐko tou X (me ton Z).

Prìtash 1.5.2. H fusiologik  apeikìnish Q : X → X/Z me Q(x) = [x] eÐnai
fragmènoc grammikìc telest c kai ‖Q‖ ≤ 1.

Apìdeixh. H grammikìthta tou Q elègqetai eÔkola. EpÐshc, afoÔ 0 ∈ Z,

‖Q(x)‖0 = ‖[x]‖0 = inf{‖x− z‖ : z ∈ Z} ≤ ‖x‖.

'Ara, ‖Q‖ ≤ 1. 2

Prìtash 1.5.3. 'Estw X,Y q¸roi me nìrma, T ∈ B(X, Y ) kai Z = Ker(T ).
OrÐzoume T0 : X/Z → Y me T0([x]) = T (x). Tìte, o T0 eÐnai èna proc èna,
fragmènoc grammikìc telest c kai ‖T0‖ = ‖T‖.
Apìdeixh. O Z eÐnai kleistìc upìqwroc tou X giatÐ o T eÐnai suneq c kai
grammik  apeikìnish. JewroÔme ton q¸ro phlÐko X/Z . AfoÔ Z = Ker(T )
èqoume

[x] = [x1] =⇒ x− x1 ∈ Ker(T ) =⇒ T (x) = T (x1),

dhlad  o T0 orÐzetai kal�. EÔkola elègqoume ìti o T0 eÐnai èna proc èna, gram-
mikìc telest c. EpÐshc, an x ∈ X tìte

‖T0([x])‖ = ‖T0[x− z]‖ = ‖T (x− z)‖ ≤ ‖T‖ · ‖x− z‖

gia k�je z ∈ Z, �ra
‖T0([x])‖ ≤ ‖T‖ · ‖[x]‖0.

Dhlad , o T0 eÐnai fragmènoc kai ‖T0‖ ≤ ‖T‖.
'Estw 0 < ε < ‖T‖ kai èstw x ∈ X me ‖x‖ = 1 kai ‖T (x)‖ > ‖T‖− ε. Tìte,

‖T0([x])‖ = ‖T (x)‖ > ‖T‖ − ε kai ‖[x]‖0 ≤ ‖x‖ = 1. 'Ara,

‖T0‖ ≥ ‖T0([x])‖
‖[x]‖0 > ‖T‖ − ε.

AfoÔ to ε  tan tuqìn, ‖T0‖ ≥ ‖T‖. Dhlad , ‖T0‖ = ‖T‖. 2
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Prìtash 1.5.4. 'Estw X q¸roc Banach kai èstw Z kleistìc upìqwroc tou
X. Tìte, o X/Z eÐnai q¸roc Banach.

Apìdeixh. 'Estw ([xn]) akoloujÐa Cauchy ston X/Z. Ja deÐxoume ìti h ([xn])
èqei sugklÐnousa upakoloujÐa.

AfoÔ h ([xn]) eÐnai Cauchy, mporoÔme na broÔme aÔxousa akoloujÐa deikt¸n
n1 < n2 < · · · < nk < · · · gia thn opoÐa

‖[xnk+1 − xnk
]‖0 = ‖[xnk+1 ]− [xnk

]‖0 <
1

2k+1
.

Epagwgik�, brÐskoume zk ∈ Z ¸ste

‖(xnk+1 − zk+1)− (xnk
− zk)‖ <

1
2k

.

H epilog  twn zk gÐnetai wc ex c: jètoume z1 = 0. Ac upojèsoume ìti èqoun
epilegeÐ ta z1, . . . , zk. AfoÔ ‖[xnk+1 − xnk

]‖0 < 1/2k+1, up�rqei yk+1 ∈ Z me
thn idiìthta ‖xnk+1 − xnk

− yk+1‖ < 1/2k. Jètoume zk+1 = zk + yk+1, opìte

‖(xnk+1 − zk+1)− (xnk
− zk)‖ = ‖xnk+1 − xnk

− yk+1‖ <
1
2k

.

H akoloujÐa (xnk
− zk) eÐnai Cauchy ston X, epomènwc up�rqei x0 ∈ X ¸ste

xnk
− zk → x0. Apì thn Prìtash 1.5.2 èpetai ìti Q(xnk

− zk) → Q(x0), dhlad 
[xnk

] → [x0]. 2

KleÐnoume aut n thn par�grafo me mia tupik  efarmog  twn q¸rwn phlÐkwn.

Prìtash 1.5.5. 'Estw X q¸roc me nìrma, Z kleistìc upìqwroc tou X kai Y

upìqwroc tou X peperasmènhc di�stashc. Tìte, o Z+Y eÐnai kleistìc upìqwroc
tou X.

Apìdeixh. JewroÔme thn fusiologik  apeikìnish Q : X → X/Z. AfoÔ o Y

èqei peperasmènh di�stash, o Q(Y ) eÐnai upìqwroc peperasmènhc di�stashc tou
X/Z, �ra kleistìc upìqwroc tou X/Z. AfoÔ h Q eÐnai suneq c apeikìnish, o
Q−1(Q(Y )) eÐnai kleistìc upìqwroc tou X. 'Omwc,

x ∈ Q−1(Q(Y )) ⇐⇒ Q(x) ∈ Q(Y ) ⇐⇒ ∃y ∈ Y : x−y ∈ Z ⇐⇒ x ∈ Y +Z. 2

Ask seic

1. 'Estw X q¸roc me nìrma kai Y kleistìc upìqwroc tou X. An oi Y kai X/Y eÐnai
q¸roi Banach, tìte o X eÐnai q¸roc Banach.

2. 'Estw X q¸roc Banach kai Y, Z kleistoÐ upìqwroi tou X. Upojètoume ìti o Y

eÐnai isìmorfoc me ton Z. EÐnai oi X/Y kai X/Z isìmorfoi? [Upìdeixh: Jewr ste
touc X = `2, Y = {x ∈ `2 : x1 = 0} kai Z = {x ∈ `2 : x1 = x2 = 0}.]
3. 'Estw X grammikìc q¸roc kai Y upìqwroc tou X. 'Enac grammikìc telest c
P : X → Y lègetai probol  epÐ tou Y an, gia k�je y ∈ Y , P (y) = y.
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Upojètoume ìti o X eÐnai q¸roc me nìrma, o Y eÐnai kleistìc upìqwroc tou X kai
ìti up�rqei suneq c probol  P : X → Y . Jètoume Z = Ker(P ) kai jewroÔme ton
Y ⊕ Z = (Y × Z, ‖ · ‖1) ìpou ‖(y, z)‖1 = ‖y‖+ ‖z‖, gia k�je (y, z) ∈ Y × Z.

(a) DeÐxte ìti o Y ⊕ Z eÐnai isìmorfoc me ton X.
(b) DeÐxte ìti o X/Y eÐnai isìmorfoc me ton Z kai o X/Z eÐnai isìmorfoc me ton

Y .

1.6 Stoiqei¸dhc jewrÐa q¸rwn Hilbert

(a) Q¸roi Hilbert

Orismìc. 'Estw X grammikìc q¸roc p�nw apì to K. Mi� sun�rthsh 〈·, ·〉 :
X ×X → K lègetai eswterikì ginìmeno an ikanopoieÐ ta ex c:

(a) 〈x, x〉 ≥ 0 gia k�je x ∈ X, me isìthta an kai mìno an x = 0.
(b) 〈x, y〉 = 〈y, x〉, gia k�je x, y ∈ X.
(g) gia k�je y ∈ X h sun�rthsh x 7→ 〈x, y〉 eÐnai grammik .

Prìtash 1.6.1. (anisìthta Cauchy-Schwarz) 'Estw X q¸roc me eswterikì
ginìmeno. An x, y ∈ X, tìte

|〈x, y〉| ≤
√
〈x, x〉

√
〈y, y〉.

Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh K = C. 'Estw x, y ∈ X kai èstw
M = |〈x, y〉|. Up�rqei θ ∈ R ¸ste 〈x, y〉 = Meiθ. Gia k�je migadikì arijmì
λ = reit èqoume

0 ≤ 〈λx + y, λx + y〉 = |λ|2〈x, x〉+ λ〈x, y〉+ λ〈x, y〉+ 〈y, y〉
= |λ|2〈x, x〉+ 2Re(λ〈x, y〉) + 〈y, y〉
= r2〈x, x〉+ 2Re(rMei(θ+t)) + 〈y, y〉.

Epilègoume to t ètsi ¸ste ei(θ+t) = −1. Tìte, èqoume

r2〈x, x〉 − 2rM + 〈y, y〉 ≥ 0

gia k�je r > 0. PaÐrnontac r =
√
〈y, y〉/

√
〈x, x〉 èqoume to zhtoÔmeno (h perÐ-

ptwsh x = 0   y = 0 eÐnai profan c).
Sthn perÐptwsh pou K = R, parathroÔme ìti gia k�je x, y ∈ X kai gia k�je

t ∈ R isqÔei

0 ≤ 〈tx + y, tx + y〉 = t2〈x, x〉+ 2t〈x, y〉+ 〈y, y〉.

H diakrÐnousa tou triwnÔmou wc proc t prèpei na eÐnai mikrìterh   Ðsh apì mhdèn.
'Ara, 4〈x, y〉2 − 4〈x, x〉〈y, y〉 ≤ 0. Autì dÐnei to zhtoÔmeno. 2

OrÐzoume ‖ · ‖ : X → R me ‖x‖ =
√
〈x, x〉. H anisìthta Cauchy-Schwarz m�c

epitrèpei na deÐxoume ìti h ‖ · ‖ eÐnai nìrma:

Prìtash 1.6.2. 'Estw X q¸roc me eswterikì ginìmeno. H sun�rthsh ‖ · ‖ :
X → R, me ‖x‖ =

√
〈x, x〉 eÐnai nìrma.
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Apìdeixh. ArkeÐ na elègxoume thn trigwnik  anisìthta (oi �llec idiìthtec eÐnai
aplèc). 'Omwc,

‖x + y‖2 = 〈x + y, x + y〉 = ‖x‖2 + 〈x, y〉+ 〈y, x〉+ ‖y‖2
= ‖x‖2 + ‖y‖2 + 2Re(〈x, y〉)
≤ ‖x‖2 + ‖y‖2 + 2|〈x, y〉|
≤ ‖x‖2 + ‖y‖2 + 2‖x‖ · ‖y‖ = (‖x‖+ ‖y‖)2,

apì tic idiìthtec tou eswterikoÔ ginomènou kai thn anisìthta Cauchy-Schwarz.
2

O (X, ‖ · ‖) eÐnai q¸roc me nìrma, kai èqoume deÐ ìti oi (x, y) → x + y,
(λ, x) → λx eÐnai suneqeÐc wc proc thn ‖ · ‖. Apì thn anisìthta Cauchy-Schwarz
èpetai eÔkola ìti to eswterikì ginìmeno eÐnai ki autì suneqèc wc proc thn ‖ · ‖:
Prìtash 1.6.3. 'Estw X q¸roc me eswterikì ginìmeno kai èstw ‖ · ‖ h
epagìmenh nìrma. An xn → x kai yn → y wc proc thn ‖ · ‖, tìte

〈xn, yn〉 → 〈x, y〉.

Apìdeixh. Gr�foume

|〈xn, yn〉 − 〈x, y〉| = |〈xn, yn − y〉+ 〈xn − x, y〉|
≤ |〈xn, yn − y〉|+ |〈xn − x, y〉|
≤ ‖xn‖ ‖yn − y‖+ ‖xn − x‖ ‖y‖.

H (xn) sugklÐnei �ra eÐnai fragmènh, kai ‖yn − y‖ → 0, ‖xn − x‖ → 0. 'Ara,

〈xn, yn〉 → 〈x, y〉. 2

Eidikìtera, gia k�je y ∈ X h apeikìnish x 7→ 〈x, y〉 eÐnai fragmèno grammikì
sunarthsoeidèc ston X.

Orismìc. 'Enac q¸roc Banach lègetai q¸roc Hilbert an up�rqei eswterikì
ginìmeno 〈·, ·〉 ston X ¸ste ‖x‖ =

√
〈x, x〉 gia k�je x ∈ X.

Sth sunèqeia sumbolÐzoume touc q¸rouc Hilbert me H. K�je q¸roc Hilbert
ikanopoieÐ ton kanìna tou parallhlogr�mmou: gia k�je x, y ∈ H,

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

AntÐstrofa, an h nìrma ‖ · ‖ enìc q¸rou Banach X ikanopoieÐ ton kanìna tou
parallhlogr�mmou, tìte proèrqetai apì eswterikì ginìmeno to opoÐo orÐzetai
apì thn

〈x, y〉 =
1
4
{‖x + y‖2 − ‖x− y‖2}

sthn perÐptwsh K = R, kai apì thn

〈x, y〉 =
1
4
(‖x + y‖2 − ‖x− y‖2 + i‖x + iy‖2 − i‖x− iy‖2)

sthn perÐptwsh K = C.
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(b) Kajetìthta

Orismìc. 'Estw X ènac q¸roc me eswterikì ginìmeno. Lème ìti ta x, y ∈ X

eÐnai orjog¸nia (  k�jeta) kai gr�foume x ⊥ y, an 〈x, y〉 = 0. An x ∈ X kai
M eÐnai èna mh kenì uposÔnolo tou X, lème ìti to x eÐnai k�jeto sto M kai
gr�foume x ⊥ M an x ⊥ y gia k�je y ∈ M .
Parathr seic. 1. To 0 eÐnai k�jeto se k�je x ∈ X, kai eÐnai to monadikì stoiqeÐo
tou X pou èqei aut n thn idiìthta.

2. An x ⊥ y, isqÔei to Pujagìreio je¸rhma: ‖x + y‖2 = ‖x‖2 + ‖y‖2.
Orismìc. 'Estw X ènac q¸roc me eswterikì ginìmeno kai èstw M grammikìc
upìqwroc tou X. OrÐzoume

M⊥ = {x ∈ X : ∀y ∈ M, 〈x, y〉 = 0}.

O M⊥ eÐnai kleistìc grammikìc upìqwroc tou X (�skhsh).

Prìtash 1.6.4. 'Estw H q¸roc Hilbert, M kleistìc grammikìc upìqwroc
tou H, kai x ∈ H. Up�rqei monadikì y0 ∈ M ¸ste

‖x− y0‖ = d(x,M) = inf{‖x− y‖ : y ∈ M}.

To monadikì autì y0 ∈ M sumbolÐzetai me PM (x), kai onom�zetai probol  tou x

ston M .

Apìdeixh. Jètoume δ = d(x,M). Up�rqei akoloujÐa (yn) ston M ¸ste

‖x− yn‖ → δ.

Apì ton kanìna tou parallhlogr�mmou,

‖yn − ym‖2 = ‖(yn − x) + (x− ym)‖2
= 2‖yn − x‖2 + 2‖ym − x‖2 − ‖(yn + ym)− 2x‖2

= 2‖yn − x‖2 + 2‖ym − x‖2 − 4
∥∥∥∥

yn + ym

2
− x

∥∥∥∥
2

.

'Omwc, yn+ym

2 ∈ M , �ra ‖yn+ym

2 − x‖ ≥ δ. Epomènwc,

‖yn − ym‖2 ≤ 2‖yn − x‖2 + 2‖ym − x‖2 − 4δ2 → 2δ2 + 2δ2 − 4δ2 = 0

ìtan m,n →∞. 'Ara, h (yn) eÐnai akoloujÐa Cauchy ston H. O H eÐnai pl rhc,
�ra up�rqei y0 ∈ H ¸ste yn → y0. 'Epetai ìti y0 ∈ M (o M eÐnai kleistìc) kai
‖x− y0‖ = limn ‖x− yn‖ = δ.

Gia th monadikìthta, qrhsimopoioÔme kai p�li ton kanìna tou parallhlogr�m-
mou. An ‖x− y‖ = δ = ‖x− y′‖, tìte

0 ≤ ‖y − y′‖2 = 2‖x− y′‖2 + 2‖x− y‖2 − 4
∥∥∥∥

y + y′

2
− x

∥∥∥∥
2

≤ 2δ2 + 2δ2 − 4δ2 = 0.

'Ara, y = y′. 2
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Prìtash 1.6.5. Me tic upojèseic thc Prìtashc 1.6.4, x− PM (x) ⊥ M .

Apìdeixh. Jètoume w = x − PM (x). 'Estw ìti to w den eÐnai k�jeto ston
M . Tìte, up�rqei z ∈ M ¸ste 〈w, z〉 > 0. Gia ε > 0 arket� mikrì, èqoume
2〈w, z〉 − ε‖z‖2 > 0. 'Ara,

‖x− (PM (x) + εz)‖2 = ‖w − εz‖2 = 〈w − εz, w − εz〉
= ‖w‖2 − 2ε〈w, z〉+ ε‖z‖2
= δ2 − ε(2〈w, z〉 − ε‖z‖2) < δ2,

to opoÐo eÐnai �topo giatÐ PM (x) + εz ∈ M . 2

Pìrisma 1.6.6. An H q¸roc Hilbert kai M kleistìc gn sioc upìqwroc tou
H, tìte up�rqei z ∈ H, z 6= 0, ¸ste z ⊥ M .

Apìdeixh. 'Estw x ∈ H\M . PaÐrnoume z = x− PM (x) 6= 0. 2

Pìrisma 1.6.7. 'Enac grammikìc upìqwroc F tou H eÐnai puknìc an kai mìno
an to monadikì di�nusma tou H pou eÐnai k�jeto ston F eÐnai to 0.

Apìdeixh. (⇒) Upojètoume ìti o F eÐnai puknìc ston H, kai ìti 〈z, x〉 = 0 gia
k�je x ∈ F .

'Estw y ∈ H. AfoÔ o F eÐnai puknìc, up�rqei akoloujÐa (yn) ∈ F me yn → y.
Tìte, 0 = 〈z, yn〉 → 〈z, y〉. 'Ara, 〈z, y〉 = 0. AfoÔ 〈z, y〉 = 0 gia k�je y ∈ H,
èqoume z = 0.

(⇐) Ac upojèsoume ìti o F den eÐnai puknìc ston H. Tìte, o F eÐnai gn sioc
kleistìc upìqwroc tou H. 'Ara, up�rqei z 6= 0, z ⊥ F .

Eidikìtera, z ⊥ F , �topo. 2

Je¸rhma 1.6.8. 'Estw H q¸roc Hilbert, kai M kleistìc grammikìc upìqwroc
tou H. Tìte, H = M ⊕M⊥. Dhlad , k�je x ∈ H gr�fetai monos manta sth
morf 

x = x1 + x2, x1 ∈ M, x2 ∈ M⊥.

Apìdeixh. 'Estw x ∈ H. Gr�foume x = PM (x)+(x−PM (x)). Tìte, PM (x) ∈ M

kai x− PM (x) ∈ M⊥.
An x1 + x2 = x′1 + x′2 kai x1, x

′
1 ∈ M , x2, x

′
2 ∈ M⊥, tìte to

y = x1 − x′1 = x2 − x′2 ∈ M ∩M⊥

giatÐ oi M, M⊥ eÐnai upìqwroi, �ra y ⊥ y, to opoÐo shmaÐnei ìti y = 0. 'Ara,
x1 = x′1 kai x2 = x′2, ap� ìpou èpetai h monadikìthta. 2

Pìrisma 1.6.9. 'Estw M 6= {0} kleistìc grammikìc upìqwroc tou q¸rou
Hilbert H. OrÐzoume PM : H → H me PM (x) = PM (x1 + x2) = x1, ìpou
x = x1 +x2 ìpwc sto Je¸rhma. O PM eÐnai fragmènoc grammikìc telest c, kai
‖PM‖ = 1.
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Apìdeixh. EÔkola elègqoume ìti o PM eÐnai grammikìc telest c. EpÐshc,

‖PM (x)‖2 = ‖x1‖2 ≤ ‖x1‖2 + ‖x2‖2 = ‖x1 + x2‖2 = ‖x‖2,

dhlad  o PM eÐnai fragmènoc, kai ‖PM‖ ≤ 1. An x0 ∈ M , x0 6= 0, tìte
PM (x0) = x0. 'Ara,

‖PM‖ ≥ ‖PM (x0)‖
‖x0‖ = 1. 2

'Estw H 6= {0} q¸roc Hilbert. Ja doÔme ìti o H∗ perièqei {poll�} sunar-
thsoeid , ta opoÐa anaparÐstantai me polÔ sugkekrimèno trìpo apì ta stoiqeÐa
tou H.

L mma 1.6.10. Gia k�je a ∈ H, h fa : H → R me fa(x) = 〈x, a〉 an kei ston
H∗, kai ‖fa‖H∗ = ‖a‖H .

Apìdeixh. 'Eqoume

fa(λx + µy) = 〈λx + µy, a〉 = λ〈x, a〉+ µ〈y, a〉 = λfa(x) + µfa(y),

kai
|fa(x)| = |〈x, a〉| ≤ ‖a‖ ‖x‖.

'Ara, fa ∈ H∗ kai ‖fa‖ ≤ ‖a‖. Tèloc, an a 6= 0,

‖fa‖ ≥ |fa(a)|
‖a‖ =

|〈a, a〉|
‖a‖ = ‖a‖.

An a = 0, profan¸c ‖fa‖ = 0 (fa ≡ 0). 2

AntÐstrofa, k�je f ∈ H∗ anaparÐstatai sth morf  f = fa gia k�poio a ∈ H:

Je¸rhma 1.6.11. (Je¸rhma anapar�stashc tou Riesz) 'Estw H q¸roc Hil-
bert, kai f ∈ H∗. Up�rqei monadikì a ∈ H ¸ste f = fa.

Apìdeixh. OrÐzoume M = Kerf = {x ∈ H : f(x) = 0}. O M eÐnai kleistìc
grammikìc upìqwroc tou H.

An M = H, tìte f ≡ 0 kai f = f0.
An M 6= H, tìte up�rqei z 6= 0, z ∈ H pou eÐnai k�jeto ston M . Tìte, gia

k�je y ∈ H èqoume

f(f(z)y − f(y)z) = f(z)f(y)− f(y)f(z) = 0.

'Ara f(z)y − f(y)z ∈ M , kai afoÔ z ⊥ M paÐrnoume

〈f(z)y − f(y)z, z〉 = 0 =⇒ f(z)〈y, z〉 = f(y)〈z, z〉

=⇒ f(y) =
〈
y,

f(z)z
‖z‖2

〉
= fa(y),

ìpou a = f(z)z/‖z‖2. H monadikìthta tou a eÐnai apl . An f(y) = 〈y, a〉 =
〈y, a′〉 gia k�je y ∈ H, tìte a− a′ ⊥ y gia k�je y ∈ H. 'Ara, a = a′. 2
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Pìrisma 1.6.12. 'Estw H q¸roc Hilbert. H apeikìnish T : H → H∗ me
T (a) = fa eÐnai antigrammik  isometrÐa kai epÐ.

ShmeÐwsh. Lègontac ìti h T eÐnai antigrammik , ennooÔme ìti T (λa + µa′) =
λT (a) + µT (a′) gia k�je a, a′ ∈ H kai gia k�je λ, µ ∈ K.

Apìdeixh. (a) Gia thn antigrammikìthta thc T , parathroÔme ìti

fλa+µa′(x) = 〈x, λa + µa′〉 = λ〈x, a〉+ µ〈x, a′〉 = λfa(x) + µfa′(x),

�ra
T (λa + µa′) = fλa+µa′ = λfa + µfa′ = λT (a) + µT (a′).

(b) Apì to L mma 1.6.10 èqoume ‖T (a)‖ = ‖fa‖ = ‖a‖. Dhlad , h T eÐnai
isometrÐa.
(g) An f ∈ H∗, up�rqei a ∈ H ¸ste T (a) = fa = f , apì to Je¸rhma anapar�-
stashc tou Riesz. Dhlad , h T eÐnai epÐ. 2

Je¸rhma 1.6.13. 'Estw M kleistìc upìqwroc tou q¸rou Hilbert H kai èstw
f ∈ M∗. Up�rqei monadikì f̃ ∈ H∗ ¸ste f̃ |M = f kai ‖f̃‖H∗ = ‖f‖M∗ .

Apìdeixh. O M eÐnai q¸roc Hilbert, �ra to je¸rhma anapar�stashc tou Riesz
mac dÐnei monadikì w ∈ M ¸ste

f(x) = 〈x,w〉, x ∈ M.

AfoÔ (profan¸c) w ∈ H, mporoÔme na orÐsoume f̃ : H → R me

f̃(x) = 〈x,w〉, x ∈ H.

Tìte, to f̃ eÐnai fragmèno grammikì sunarthsoeidèc ston H, epekteÐnei to f , kai

‖f‖M∗ = ‖w‖ = ‖f̃‖H∗ .

Mènei na deÐxoume th monadikìthta: èstw ìti k�poio g ∈ H∗ ikanopoieÐ ta para-
p�nw. Tìte, apì to je¸rhma anapar�stashc tou Riesz ston H, up�rqei u ∈ H

¸ste
g(x) = 〈x, u〉, x ∈ H.

'Omwc tìte, 〈x,w − u〉 = 0 gia k�je x ∈ M , opìte w − u = z ∈ M⊥. Tìte,

‖u‖2 = ‖w‖2 + ‖z‖2

apì to Pujagìreio je¸rhma, kai afoÔ ‖u‖ = ‖g‖ = ‖f‖ = ‖f̃‖ = ‖w‖, prèpei na
èqoume ‖z‖ = 0, to opoÐo dÐnei z = 0 =⇒ w = u. 'Epetai ìti g = f̃ . 2

(g) Orjokanonikèc b�seic

'Estw X q¸roc me eswterikì ginìmeno. Mia oikogèneia {ei : i ∈ I} ⊆ X lègetai
orjokanonik , an 〈ei, ej〉 = δij (1 an i = j kai 0 an i 6= j). An {ei : i ∈ I}
eÐnai mia orjokanonik  oikogèneia ston X, tìte to {ei : i ∈ I} eÐnai grammik�
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anex�rthto sÔnolo. Pr�gmati, an
∑n

k=1 λkeik
= 0, tìte gia k�je j = 1, . . . , n

èqoume

0 = 〈
n∑

k=1

λkeik
, eij 〉 =

n∑

k=1

λk〈eik
, eij 〉 = λj .

Orismìc. 'Estw H q¸roc Hilbert. Mi� megistik  (me thn ènnoia tou egklei-
smoÔ) orjokanonik  oikogèneia lègetai orjokanonik  b�sh tou H. Parathr ste
ìti an mi� orjokanonik  oikogèneia {ei : i ∈ I} eÐnai orjokanonik  b�sh tou H

tìte
H = span{ei : i ∈ I}.

Autì eÐnai sunèpeia tou PorÐsmatoc 1.6.7. EpÐshc, qrhsimopoi¸ntac to L mma
tou Zorn mporeÐte eÔkola na elègxete ìti k�je q¸roc Hilbert èqei orjokanonik 
b�sh.

Prìtash 1.6.14. 'Estw H ènac apeirodi�statoc diaqwrÐsimoc q¸roc Hilbert.
Up�rqei orjokanonik  b�sh {en : n ∈ N} tou H kai gia k�je x ∈ H èqoume

x =
∞∑

n=1

〈x, en〉en.

Apìdeixh. ParathroÔme pr¸ta ìti k�je orjokanonik  b�sh {ei : i ∈ I} tou H

eÐnai arijm simo sÔnolo: pr�gmati, an ei 6= ej eÐnai stoiqeÐa thc b�shc, tìte
‖ei − ej‖ =

√
2. Thn Ðdia stigm , afoÔ o q¸roc eÐnai diaqwrÐsimoc den gÐnetai na

up�rqoun uperarijm sima to pl joc shmeÐa tou pou na apèqoun an� dÔo apìstash
Ðsh me

√
2. JewroÔme loipìn mia orjokanonik  b�sh {en : n ∈ N} tou H (h

di�taxh twn stoiqeÐwn thc b�shc eÐnai tuqoÔsa).
Isqurismìc. Gia k�je x ∈ H kai k�je n ∈ N,

d(x, span{e1, . . . , en}) =

∥∥∥∥∥x−
n∑

i=1

〈x, ei〉ei

∥∥∥∥∥ .

Pr�gmati, èstw λ1, . . . , λn ∈ K kai y =
∑n

i=1 λiei. ParathroÔme ìti
∥∥∥∥∥x−

n∑

i=1

λiei

∥∥∥∥∥

2

= ‖x‖2 +
n∑

i=1

|λi − 〈x, ei〉|2 −
n∑

i=1

|〈x, ei〉|2.

'Ara, ∥∥∥∥∥x−
n∑

i=1

λiei

∥∥∥∥∥

2

≥ ‖x‖2 −
n∑

i=1

|〈x, ei〉|2

kai isìthta mporeÐ na isqÔei mìno an λi = 〈x, ei〉, i = 1, . . . , n, dhlad  an y =∑n
i=1〈x, ei〉ei.
'Estw x ∈ X, kai ε > 0. AfoÔ H = span{en : n ∈ N}, up�rqoun N ∈ N kai

λ1, . . . , λN ∈ R ¸ste ∥∥∥∥∥x−
N∑

n=1

λnen

∥∥∥∥∥ < ε.
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'Omwc tìte, gia k�je M > N èqoume
∥∥∥∥∥x−

M∑

i=1

〈x, ei〉ei

∥∥∥∥∥ = d(x, span{e1, . . . , eM})

≤ d(x, span{e1, . . . , eN})

≤
∥∥∥∥∥x−

N∑
n=1

λnen

∥∥∥∥∥ < ε.

AfoÔ to ε > 0  tan tuqìn, autì shmaÐnei ìti
∑M

n=1〈x, en〉en → x kaj¸c to
M →∞, dhlad 

x =
∞∑

n=1

〈x, en〉en. 2

Prìtash 1.6.15. 'Estw {ei : i ∈ N} orjokanonik  akoloujÐa se ènan q¸ro
Hilbert H. Tìte,
(a) IsqÔei h anisìthta tou Bessel

∞∑

i=1

|〈x, ei〉)2 ≤ ‖x‖2, x ∈ H.

(b) An h {ei : i ∈ N} eÐnai orjokanonik  b�sh, tìte isqÔei h isìthta tou Parseval

∞∑

i=1

|〈x, ei〉)2 = ‖x‖2, x ∈ H.

(g) An h isìthta tou Parseval isqÔei gia k�je x ∈ H, tìte h {ei : i ∈ N} eÐnai
orjokanonik  b�sh tou H.
(d) An span{ei : i ∈ N} = H, tìte h {ei : i ∈ N} eÐnai orjokanonik  b�sh tou H.

Apìdeixh. (a) Sthn apìdeixh thc Prìtashc 1.6.14 eÐdame ìti gia k�je n ∈ N

0 ≤ d2(x, span{e1, . . . , en}) =

∥∥∥∥∥x−
n∑

i=1

〈x, ei〉ei

∥∥∥∥∥

2

= ‖x‖2 −
n∑

i=1

|〈x, ei〉|2.

Af nontac to n →∞ paÐrnoume thn anisìthta tou Bessel.
(b) An h {ei : i ∈ N} eÐnai orjokanonik  b�sh, tìte h Prìtash 1.6.14 deÐqnei ìti
lim

n→∞
d(x, span{e1, . . . , en}) = 0. Sunep¸c,

‖x‖2 −
n∑

i=1

|〈x, ei〉|2 = d2(x, span{e1, . . . , en}) → 0,

ap� ìpou paÐrnoume thn isìthta tou Parseval.
(g) An h {ei : i ∈ N} den eÐnai orjokanonik  b�sh tou H, tìte span{ei : i ∈
N} 6= H. Sunep¸c, up�rqei y 6= 0 ston H me thn idiìthta y ⊥ ei gia k�je i ∈ N.
'Omwc tìte, apì thn isìthta tou Parseval paÐrnoume

‖y‖2 =
∞∑

i=1

|〈y, ei〉|2 = 0,
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to opoÐo eÐnai �topo.

(d) 'Estw ìti span{ei : i ∈ N} = H kai ìti h {ei : i ∈ N} den eÐnai orjokanonik 
b�sh tou H. Epilègoume mh mhdenikì y me thn idiìthta y ⊥ ei, i ∈ N. Up�rqoun
zm ∈ span{ei : i ∈ N} ¸ste zm → y. Tìte, èqoume 〈y, zm〉 = 0 gia k�je m, �ra

〈y, y〉 = lim
m→∞

〈zm, y〉 = 0,

dhlad  y = 0, to opoÐo eÐnai �topo. 2

Je¸rhma 1.6.16. (Riesz-Fisher) K�je diaqwrÐsimoc q¸roc Hilbert H eÐnai
isometrik� isìmorfoc me ton `2.

Apìdeixh. O H èqei orjokanonik  b�sh {en : n ∈ N}. OrÐzoume T : H → `2 me

T (x) = (〈x, e1〉, . . . , 〈x, en〉, . . .).

(a) O T eÐnai kal� orismènoc, giatÐ
∑

n〈x, en〉2 = ‖x‖2 < +∞, �ra T (x) ∈ `2.
(b) H grammikìthta tou T elègqetai eÔkola.
(g) ‖T (x)‖2`2 =

∑
n〈x, en〉2 = ‖x‖2, �ra o T eÐnai isometrÐa (eidikìtera, eÐnai èna

proc èna).
(d) 'Estw (a1, . . . , an, . . .) ∈ `2. OrÐzoume xN =

∑N
n=1 anen. Tìte, an N > M

èqoume

‖xN − xM‖2 =
N∑

n=M+1

a2
n → 0

kaj¸c N, M →∞, kai autì deÐqnei ìti h (xN ) eÐnai akoloujÐa Cauchy ston H.
O H eÐnai pl rhc, �ra up�rqei x ∈ H ¸ste xN → x.

'Eqoume 〈xN , em〉 → 〈x, em〉 kaj¸c N →∞, kai an N > m,

〈xN , em〉 = 〈
N∑

n=1

anen, em〉 = am.

'Ara, 〈x, em〉 = am, m ∈ N. Tèloc,

T (x) = (〈x, em〉)m∈N = (am)m∈N,

�ra o T eÐnai epÐ. 2

Ask seic

1. 'Estw X q¸roc me eswterikì ginìmeno, kai èstw x, y ∈ X. DeÐxte ìti
(a) x ⊥ y an kai mìno an ‖x + ay‖ = ‖x− ay‖ gia k�je a ∈ K.
(b) x ⊥ y an kai mìno an ‖x + ay‖ ≥ ‖x‖ gia k�je a ∈ K.

2. 'Estw H q¸roc Hilbert kai èstw xn, yn sth monadiaÐa mp�la tou H me thn idiìthta
〈xn, yn〉 → 1. DeÐxte ìti ‖xn − yn‖ → 0.

3. 'Estw H q¸roc Hilbert, kai xn, x ∈ H me tic idiìthtec: ‖xn‖ → ‖x‖, kai, gia k�je
y ∈ H, 〈xn, y〉 → 〈x, y〉. DeÐxte ìti ‖xn − x‖ → 0.
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4. 'Estw X q¸roc me eswterikì ginìmeno, kai x1, . . . , xn ∈ X. DeÐxte ìti

∑

i 6=j

‖xi − xj‖2 = n

n∑
i=1

‖xi‖2 −
∥∥∥∥∥

n∑
i=1

xi

∥∥∥∥∥

2

.

An ‖xi − xj‖ ≥ 2 gia i 6= j, deÐxte ìti an mia mp�la perièqei ìla ta xi, prèpei na èqei
aktÐna toul�qiston

√
2(n− 1)/n.

5. 'Estw X q¸roc me eswterikì ginìmeno, kai èstw x1, . . . , xn ∈ X. DeÐxte ìti

∑
εi=±1

∥∥∥∥∥
n∑

i=1

εixi

∥∥∥∥∥

2

= 2n
n∑

i=1

‖xi‖2,

ìpou to exwterikì �jroisma eÐnai p�nw apì ìlec tic akoloujÐec (ε1, . . . , εn) ∈ {−1, 1}n.

6. 'Estw X q¸roc me eswterikì ginìmeno, kai èstw A, B mh ken� uposÔnola tou X,
me A ⊆ B. DeÐxte ìti

(a) A ⊆ A⊥⊥, (b) B⊥ ⊆ A⊥, (g) A⊥⊥⊥ = A.

7. 'Estw H q¸roc Hilbert kai èstw Y upìqwroc tou H. DeÐxte ìti o Y eÐnai kleistìc
an kai mìno an Y = Y ⊥⊥.

8. 'Estw M, N kleistoÐ upìqwroi enìc q¸rou Hilbert. DeÐxte ìti

(M + N)⊥ = M⊥ ∩N⊥ , (M ∩N)⊥ = M⊥ + N⊥.

9. D¸ste par�deigma q¸rou Hilbert H kai grammikoÔ upìqwrou F tou H me thn
idiìthta H 6= F + F⊥.

10. 'Estw H q¸roc Hilbert kai èstw W, Z kleistoÐ upìqwroi tou H me thn idiìthta:
an w ∈ W kai z ∈ Z, tìte w ⊥ z (oi W kai Z eÐnai k�jetoi). DeÐxte ìti o W + Z eÐnai
kleistìc upìqwroc tou H.

11. Sto q¸ro C[−1, 1] jewroÔme to eswterikì ginìmeno 〈f, g〉 =
∫ 1

−1
f(t)g(t)dt.

(a) An F = {f ∈ C[−1, 1] :
∫ 1

−1
f(t)dt = 0}, breÐte ton F⊥.

(b) An G = {f ∈ C[−1, 1] :
∫ 1

0
f(t)dt = 0}, breÐte ton G⊥ kai apodeÐxte ìti

G⊥⊥ 6= G.

12. Se ènan q¸ro Hilbert H dÐnetai ènac grammikìc telest c T : H → H me tic
idiìthtec: T 2 = T , ‖T‖ ≤ 1. An F = KerT , deÐxte ìti:

(a) T (H) ⊆ F⊥.
(b) O T eÐnai h orjog¸nia probol  ston F⊥.

13. 'Estw H q¸roc Hilbert kai èstw T : H → H fragmènoc grammikìc telest c, tou
opoÐou h eikìna eÐnai monodi�stath. DeÐxte ìti up�rqoun u, v ∈ H ¸ste

T (x) = 〈x, u〉v, x ∈ H.

Upìdeixh: Up�rqei v ∈ H ¸ste T (x) = λxv, x ∈ H. DeÐxte ìti h x 7→ λx eÐnai
fragmèno grammikì sunarthsoeidèc, kai qrhsimopoi ste to je¸rhma anapar�stashc
tou Riesz.

14. 'Estw X q¸roc me eswterikì ginìmeno kai èstw {ek} orjokanonik  akìloujÐa
ston X. An x, y ∈ X, deÐxte ìti

∞∑

k=1

|〈x, ek〉〈y, ek〉| ≤ ‖x‖ ‖y‖.
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15. 'Estw Y kleistìc upìqwroc tou diaqwrÐsimou q¸rou Hilbert H kai èstw {en :

n ∈ N} orjokanonik  b�sh tou Y . DeÐxte ìti an x ∈ H, tìte to plhsièstero shmeÐo
tou Y proc to x eÐnai to

∑∞
n=1〈x, en〉en.

16. 'Estw H diaqwrÐsimoc q¸roc Hilbert, (em) orjokanonik  b�sh tou H, kai (xn)

akoloujÐa stoiqeÐwn tou H. DeÐxte ìti ta ex c eÐnai isodÔnama:
(a) Gia k�je x ∈ H, 〈x, xn〉 → 0 kaj¸c n →∞.
(b) H (xn) eÐnai fragmènh kai, gia k�je m ∈ N, 〈em, xn〉 → 0 kaj¸c n →∞.

17. 'Estw H q¸roc Hilbert kai èstw (xn) orjog¸nia akoloujÐa ston H (dhlad , an
n 6= m, tìte xn ⊥ xm.) DeÐxte ìti h

∑
n xn sugklÐnei an kai mìno an h

∑
n ‖xn‖2

sugklÐnei.





Kef�laio 2

Je¸rhma Hahn-Banach

2.1 Grammik� sunarthsoeid  kai uperepÐpeda

'Estw X grammikìc q¸roc p�nw apì to K. Lème ìti ènac grammikìc upìqwroc
W tou X èqei peperasmènh sundi�stash k ∈ N an dim(X/W ) = k. An o X/W

èqei sundi�stash 1 kai x0 ∈ X, tìte to x0 + W lègetai uperepÐpedo tou X.
Parat rhsh 'Eqoume dim(X/W ) = k an kai mìno an up�rqoun x1, . . . , xk

grammik� anex�rthta dianÔsmata ston X me thn ex c idiìthta: gia k�je x ∈ X

up�rqoun monadik� w ∈ W kai a1, . . . , ak ∈ K ¸ste

(∗) x = w + a1x1 + · · ·+ akxk.

Pr�gmati, an dim(X/W ) = k kai {[x1], . . . , [xk]} eÐnai mÐa b�sh tou X/W , tìte
gia k�je x ∈ X up�rqoun a1, . . . , ak me [x] = a1[x1] + · · · + ak[xk] = [a1x1 +
· · ·+ akxk], dhlad  x− (a1x1 + · · ·+ akxk) =: w ∈ W . EpÐshc,

a1x1 + · · ·+ akxk = 0 =⇒ a1[x1] + · · ·+ ak[xk] = [0] =⇒ a1 = · · · = ak = 0,

dhlad  ta x1, . . . , xk eÐnai grammik� anex�rthta. Apì thn anexarthsÐa twn [xi]
èpetai kai h monadikìthta thc par�stashc tou x sthn (∗). Sumplhr¸ste tic
leptomèreiec, kaj¸c kai thn apìdeixh thc antÐstrofhc kateÔjunshc.

Eidikìtera, an dim(X/W ) kai x0 eÐnai tuqìn stoiqeÐo tou X\W , tìte k�je
x ∈ X gr�fetai monos manta sth morf  x = w + ax0 ìpou w ∈ W kai a ∈ K.

Oi upìqwroi sundi�stashc 1 eÐnai akrib¸c oi pur nec twn mh tetrimmènwn
grammik¸n sunarthsoeid¸n:

Prìtash 2.1.1. 'Estw X grammikìc q¸roc kai èstw W upìqwroc tou X. O
W èqei sundi�stash 1 an kai mìno an up�rqei grammikì sunarthsoeidèc f : X →
K, f 6= 0, me Kerf = W .

Apìdeixh. 'Estw f : X → K mh mhdenikì grammikì sunarthsoeidèc. O pur nac
W = Kerf eÐnai grammikìc upìqwroc tou X. OrÐzoume f̃ : X/W → K me
f̃([x]) = f(x). To f̃ eÐnai kal� orismèno, èna proc èna kai epÐ, dhlad  grammikìc
isomorfismìc. 'Ara, dim(X/W ) = dim(K) = 1.
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AntÐstrofa, an dim(X/W ) = 1, up�rqei grammikìc isomorfismìc T : X/W →
K. OrÐzoume f : X → K me f(x) = T (Q(x)), ìpou Q(x) = [x] = x + W h
fusiologik  apeikìnish. To f eÐnai mh mhdenikì grammikì sunarthsoeidèc kai
Kerf = W . 2

Sth sunèqeia upojètoume ìti èqoume kai mia nìrma ‖ · ‖ ston grammikì q¸ro X.

Prìtash 2.1.2. 'Estw X q¸roc me nìrma kai èstw W upìqwroc tou X

sundi�stashc 1. Tìte, o W eÐnai kleistìc upìqwroc tou X   puknìc upìqwroc
tou X.

Apìdeixh. O W eÐnai kleistìc grammikìc upìqwroc tou X. An upojèsoume ìti
up�rqei x0 ∈ W\W , tìte oi arqikèc mac parathr seic deÐqnoun ìti k�je x ∈ X

gr�fetai sth morf  x = w + ax0 gia k�poia w ∈ W kai a ∈ K. AfoÔ x0 ∈ W

kai W ⊂ W , autì shmaÐnei ìti X ⊆ W . Dhlad , o W eÐnai puknìc. 2

Oi kleistoÐ upìqwroi sundi�stashc 1 eÐnai akrib¸c oi pur nec twn fragmènwn
mh mhdenik¸n grammik¸n sunarthsoeid¸n. Gia thn apìdeixh ja qreiastoÔme èna
l mma.

L mma 2.1.3. 'Estw X grammikìc q¸roc. DÔo grammik� sunarthsoeid  f, g :
X → K èqoun ton Ðdio pur na an kai mìno an up�rqei b ∈ K\{0} tètoio ¸ste
g = bf .

Apìdeixh. An g = bf , b 6= 0, tìte profan¸c Kerf = Kerg.
AntÐstrofa, èstw f, g : X → K grammik� sunarthsoeid  me Kerf = Kerg.

An f ≡ 0, tìte g ≡ 0 kai g = 1 · f . Upojètoume loipìn ìti f 6= 0, opìte up�rqei
x0 ∈ X me f(x0) = 1. AfoÔ f(x0) 6= 0, èqoume g(x0) 6= 0. Gia k�je x ∈ X,

f(x−f(x)x0) = f(x)−f(x)f(x0) = 0 =⇒ g(x−f(x)x0) = 0 =⇒ g(x) = g(x0)f(x).

Dhlad , g = bf ìpou b = g(x0). 2

Prìtash 2.1.4. 'Estw X q¸roc me nìrma kai f : X → K mh mhdenikì
grammikì sunarthsoeidèc. Tìte, f ∈ X∗ an kai mìno an o Kerf eÐnai kleistìc.

Apìdeixh. An to f eÐnai suneqèc, tìte o Kerf eÐnai profan¸c kleistìc. Gia thn
antÐstrofh kateÔjunsh, ac upojèsoume ìti f : X → K eÐnai èna mh mhdenikì
grammikì sunarthsoeidèc kai ìti o Kerf eÐnai kleistìc.

JewroÔme ton q¸ro phlÐko X/Kerf kai thn fusiologik  apeikìnish Q : X →
X/Kerf . Apì thn Prìtash 2.1.1, o X/Kerf èqei di�stash 1, �ra up�rqei
grammikìc isomorfismìc T : X/Kerf → K. Oi Q kai T eÐnai suneqeÐc, �ra h
g := T ◦Q : X → K eÐnai fragmèno grammikì sunarthsoeidèc.

ParathroÔme ìti g(x) = 0 an kai mìno an Q(x) = [x] = 0, dhlad  an kai mìno
an x ∈ Kerf . AfoÔ Kerg = Kerf , to L mma 2.1.3 deÐqnei ìti f = bg gia k�poio
b 6= 0, b ∈ K. H sunèqeia tou f èpetai t¸ra apì th sunèqeia tou g. 2
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Ask seic

1. 'Estw X grammikìc q¸roc kai èstw W upìqwroc tou X. DeÐxte ìti dim(X/W ) = k

an kai mìno an up�rqoun x1, . . . , xk grammik� anex�rthta dianÔsmata ston X me thn
idiìthta: gia k�je x ∈ X up�rqoun monadik� w ∈ W kai a1, . . . , ak ∈ K tètoia ¸ste
x = w + a1x1 + · · ·+ akxk.

2. 'Estw X grammikìc q¸roc kai èstw H ⊂ X. DeÐxte ìti to H eÐnai uperepÐpedo
an kai mìno an up�rqoun t ∈ K kai mh mhdenikì grammikì sunarthsoeidèc f : X → K
tètoia ¸ste H = {x ∈ X : f(x) = t}.

2.2 To L mma tou Zorn

(a) 'Estw P èna mh kenì sÔnolo. MÐa sqèsh ≤ sto P lègetai merik  di�taxh
an ikanopoieÐ ta ex c:

(1) gia k�je a ∈ P , a ≤ a (anaklastik  idiìthta)
(2) an a ≤ b kai b ≤ a, tìte a = b (antisummetrik  idiìthta)
(3) an a ≤ b kai b ≤ c, tìte a ≤ c (metabatik  idiìthta).

To P lègetai merik� diatetagmèno wc proc thn ≤. Apì ton orismì faÐnetai ìti
mporeÐ sto P na up�rqoun a kai b gia ta opoÐa na mhn isqÔei kamÐa apì tic a ≤ b

kai b ≤ a (tìte, lème ìti ta a kai b den sugkrÐnontai.) Ta a kai b sugkrÐnontai
an isqÔei toul�qiston mÐa apì tic a ≤ b   b ≤ a.

(b) 'Ena mh kenì uposÔnolo C tou P lègetai olik� diatetagmèno (  alusÐda) an
opoiad pote dÔo stoiqeÐa tou sugkrÐnontai.

(g) An A 6= ∅, A ⊆ P kai b ∈ P , lème ìti to b eÐnai �nw fr�gma gia to A an: gia
k�je a ∈ A isqÔei a ≤ b. 'Ena uposÔnolo A tou P mporeÐ na èqei   na mhn èqei
�nw fr�gma.

(d) To m ∈ P lègetai megistikì stoiqeÐo tou P an: gia k�je a ∈ P me m ≤ a

isqÔei m = a. Dhlad , an den up�rqei stoiqeÐo tou P gn sia megalÔtero apì
to m. 'Ena merik� diatetagmèno sÔnolo P mporeÐ na èqei   na mhn èqei megistik�
stoiqeÐa.

ParadeÐgmata (1) To sÔnolo R twn pragmatik¸n arijm¸n me th sun jh di�-
taxh eÐnai èna olik� diatetagmèno sÔnolo pou den perièqei megistik� stoiqeÐa.

(2) 'Estw X 6= ∅ kai M = P(X) to sÔnolo ìlwn twn uposunìlwn tou X (to
dunamosÔnolo tou X). OrÐzoume ≤ sto M wc ex c:

A ≤ B ⇐⇒ A ⊆ B.

H ≤ eÐnai merik  di�taxh sto M (kai an to X èqei perissìtera apì èna stoiqeÐa,
tìte up�rqoun A, B ∈ M pou den sugkrÐnontai: p�rte p.q. A mh kenì, gn sio
uposÔnolo tou X, kai B = X\A.) To M èqei èna (akrib¸c) megistikì stoiqeÐo,
to X.

(3) JewroÔme to sÔnolo M = Rn, n ≥ 2, twn diatetagmènwn n-�dwn pragmati-
k¸n arijm¸n. An x = (ξ1, . . . , ξn), y = (η1, . . . , ηn), lème ìti x ≤ y an ξi ≤ ηi
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gia k�je i = 1, . . . , n. To M eÐnai merik� diatetagmèno wc proc thn ≤, kai den
perièqei megistik� stoiqeÐa.

(4) JewroÔme to sÔnolo M = N twn fusik¸n arijm¸n, kai lème ìti m ≤ n an o
m diaireÐ ton n. H ≤ eÐnai merik  di�taxh sto N (ta stoiqeÐa 3 kai 7 tou N den
sugkrÐnontai.) To A = {2k : k = 0, 1, 2, . . .} eÐnai olik� diatetagmèno uposÔnolo
tou N. To N den perièqei megistik� stoiqeÐa wc proc thn ≤.

An jewr soume to sÔnolo P = {2, 3, 5, 7, 11, . . .} twn pr¸twn arijm¸n me
thn Ðdia di�taxh ≤, tìte k�je stoiqeÐo tou P eÐnai megistikì. P�li me thn ≤,
to {2, 3, 4, 8} èqei dÔo megistik� stoiqeÐa: to 3 kai to 8 (elègxte touc parap�nw
isqurismoÔc.)

L mma tou Zorn 'Estw P 6= ∅ èna merik� diatetagmèno sÔnolo wc proc thn
≤. Upojètoume ìti k�je alusÐda C ⊆ P èqei �nw fr�gma sto P . Tìte, to P èqei
toul�qiston èna megistikì stoiqeÐo.

To L mma tou Zorn eÐnai isodÔnamo me to axÐwma thc epilog c kai ja to deqtoÔme
san axÐwma.

Ask seic

1. DeÐxte ìti k�je grammikìc q¸roc X 6= {0} èqei b�sh. [Upìdeixh: Jewr ste to
sÔnolo P ìlwn twn grammik� anex�rthtwn uposunìlwn tou X me di�taxh thn A ≤
B ⇔ A ⊆ B. DeÐxte ìti to (P,≤) ikanopoieÐ tic upojèseic tou L mmatoc tou Zorn.]

2. DeÐxte ìti k�je q¸roc Hilbert èqei orjokanonik  b�sh.

2.3 To Je¸rhma Hahn - Banach

Orismìc. 'Estw X grammikìc q¸roc p�nw apì to R kai èstw p : X → R. To
p lègetai upogrammikì sunarthsoeidèc, an ikanopoieÐ ta ex c:

(a) p(x + y) ≤ p(x) + p(y) gia k�je x, y ∈ X,
(b) p(λx) = λp(x) gia k�je λ ≥ 0 kai k�je x ∈ X,

dhlad , an eÐnai upoprosjetikì kai jetik� omogenèc. Parathr ste ìti: den a-
paitoÔme to p na paÐrnei mh arnhtikèc timèc, oÔte thn p(λx) = |λ|p(x), λ ∈ R.
EÔkola elègqontai oi p(0) = 0 kai p(−x) ≥ −p(x).

ParadeÐgmata (a) An f : X → R eÐnai grammikì sunarthsoeidèc, tìte ta
f, |f | eÐnai upogrammik� sunarthsoeid .

(b) K�je nìrma ‖ · ‖ : X → R eÐnai upogrammikì sunarthsoeidèc.

(g) H p : `∞(R) → R me p((ξk)) = limsupξk eÐnai upogrammikì sunarthsoeidèc
ston `∞.

Je¸rhma 2.3.1 (Je¸rhma epèktashc tou Hahn). 'Estw X grammikìc
q¸roc p�nw apì to R kai èstw p : X → R upogrammikì sunarthsoeidèc. 'Estw
W grammikìc upìqwroc tou X, kai f : W → R grammikì sunarthsoeidèc me thn
idiìthta: gia k�je x ∈ W ,

(∗) f(x) ≤ p(x).
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Tìte, up�rqei grammikì sunarthsoeidèc f̃ : X → R ¸ste
(a) f̃(x) = f(x) an x ∈ W (to f̃ eÐnai epèktash tou f),
(b) f̃(x) ≤ p(x) gia k�je x ∈ X.

Parathr ste ìti den upojètoume kamÐa topologik  dom  gia to q¸ro X (eÐnai
apl¸c ènac grammikìc q¸roc.) 'Opwc ja doÔme, to ousiastikì b ma thc apìdeixhc
eÐnai p¸c ja epekteÐnoume to f apì ènan upìqwro W1 se ènan upìqwro W2 pou
èqei {mÐa di�stash parap�nw}, me grammikì trìpo kai qwrÐc na qal�sei h (∗).
Apì th stigm  pou autì eÐnai dunatì, to L mma tou Zorn m�c exasfalÐzei mi�
{megistik  epèktash} f̃ , ki aut  upoqreoÔtai na èqei pedÐo orismoÔ olìklhron
ton X.

L mma 2.3.2. Me tic upojèseic tou Jewr matoc, ac upojèsoume epiplèon ìti
gia k�poion grammikì upìqwro W1 tou X o opoÐoc perièqei ton W , èqoume breÐ
f1 : W1 → R ¸ste f1|W = f kai f1(x) ≤ p(x) gia k�je x ∈ W1.

'Estw y ∈ X\W1, kai W2 = span{W1, y}. Tìte, up�rqei grammikì sunarth-
soeidèc f2 : W2 → R ¸ste f2|W1 = f1 kai f2(x) ≤ p(x) gia k�je x ∈ W2.

Apìdeixh. K�je z ∈ W2 gr�fetai monos manta sth morf 

z = x + λy

gia k�poia x ∈ W1 kai λ ∈ R. H grammik  epèktash f2 pou zht�me prosdiorÐzetai
loipìn monos manta apì thn tim  a ∈ R pou ja epilèxoume san f2(y). An jèsoume
f2(y) = a, tìte prèpei na èqoume

(1) f2(z) = f2(x) + λf2(y) = f1(x) + λa,

afoÔ zht�me to f2 na eÐnai grammikì kai na epekteÐnei to f1. H �llh idiìthta pou
zht�me apì to a eÐnai h ex c: Gia k�je x ∈ W1 kai k�je λ ∈ R,

(2) f1(x) + λa ≤ p(x + λy).

IsodÔnama, paÐrnontac up� ìyin tic (1) kai (2), zht�me a ∈ R me thn idiìthta: gia
k�je x ∈ W1 kai k�je λ > 0,

(3) f1(x) + λa ≤ p(x + λy) , f1(x)− λa ≤ p(x− λy).

Epeid  to p eÐnai jetik� omogenèc kai to f1 grammikì ston W1, h (3) eÐnai isodÔ-
namh me to ex c: gia k�je x ∈ W1 kai k�je λ > 0,

(4) f1

(x

λ

)
+ a ≤ p

(x

λ
+ y

)
, f1

(x

λ

)
− a ≤ p

(x

λ
− y

)
,

kai epeid  o W1 eÐnai upìqwroc, isodÔnama zht�me a ∈ R tètoio ¸ste: gia k�je
x, x′ ∈ W1,

f1(x′)− p(x′ − y) ≤ a ≤ p(x + y)− f1(x).

Mi� tètoia epilog  tou a eÐnai dunat  an kai mìno an gia k�je x, x′ ∈ W1,

f1(x) + f1(x′) ≤ p(x′ − y) + p(x + y).
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'Omwc,

f1(x) + f1(x′) = f1(x + x′)

≤ p(x + x′)

= p((x′ − y) + (x + y))

≤ p(x′ − y) + p(x + y),

apì thn upogrammikìthta tou p, thn grammikìthta tou f1 ston W1, thn f1 ≤ p

ston W1 kai to gegonìc ìti to p orÐzetai se olìklhro ton X. Autì apodeiknÔei
to L mma. 2

Apìdeixh tou Jewr matoc 2.3.1. 'Estw W h oikogèneia ìlwn twn zeugari¸n
(W1, f1) pou ikanopoioÔn ta ex c:

(a) o W1 eÐnai grammikìc upìqwroc tou X, kai W ⊆ W1.
(b) to f1 : W1 → R eÐnai grammikì kai f1|W = f .
(g) f1(x) ≤ p(x) gia k�je x ∈ W1.

H W eÐnai mh ken , afoÔ (W,f) ∈ W. OrÐzoume di�taxh ≤ sthn W jètontac
(W1, f1) ≤ (W2, f2) an kai mìno an W1 ⊆ W2 kai f2|W1 = f1.

(1) To (W,≤) eÐnai merik� diatetagmèno sÔnolo. Ja deÐxoume ìti ikanopoieÐ thn
upìjesh tou L mmatoc tou Zorn: 'Estw C = {(Wi, fi) : i ∈ I} mi� alusÐda sto
(W,≤). OrÐzoume W ′ =

⋃
i∈I Wi kai f ′ : W ′ → R me f ′(x) = fi(x), x ∈ Wi.

ApodeiknÔoume eÔkola ìti:
(a) O W ′ eÐnai grammikìc upìqwroc tou X, kai W ⊆ Wi ⊆ W ′ gia k�je i ∈ I

(ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte Wi ⊆ Wj eÐte Wj ⊆ Wi,
afoÔ h C eÐnai alusÐda.)

(b) H f ′ orÐzetai kal�, eÐnai grammik , kai f ′(x) ≤ p(x) gia k�je x ∈ W ′ (ki
ed¸ ja qreiasteÐte to gegonìc ìti an i, j ∈ I tìte, eÐte fj |Wi = fi eÐte fi|Wj = fj

afoÔ h C eÐnai alusÐda.)
(g) Gia k�je i ∈ I, f ′|Wi = fi.

'Epetai ìti (W ′, f ′) ∈ W, kai to (W ′, f ′) eÐnai �nw fr�gma thc C.
(2) Apì to L mma tou Zorn, to (W,≤) èqei megistikì stoiqeÐo (W0, f0). Apì to
L mma 2.3.2 blèpoume ìti W0 = X: An ìqi, ja paÐrname y ∈ X\W0, kai orÐzontac
W ′

0 = span{W0, y} ja epekteÐname to f0 se f ′0 : W ′
0 → R, opìte to (W ′

0, f
′
0) ja

 tan gn sia megalÔtero apì to (W0, f0), �topo.
H f̃ = f0 : X → R eÐnai h zhtoÔmenh epèktash thc f ston X. 2

Orismìc. 'Estw X grammikìc q¸roc p�nw apì to K. H p : X → R lègetai
hminìrma an

(a) p(x + y) ≤ p(x) + p(y) gia k�je x, y ∈ X,
(b) p(λx) = |λ|p(x) gia k�je λ ∈ K kai k�je x ∈ X.

Parathr ste ìti k�je hminìrma ikanopoieÐ ta ex c:
(g) p(0) = 0 kai p(−x) = p(x) gia k�je x ∈ X. 'Epetai ìti p(x) ≥ 0 gia k�je

x ∈ X.
(d) |p(x)− p(y)| ≤ p(x− y) gia k�je x, y ∈ X.
(e) To sÔnolo {x ∈ X : p(x) = 0} eÐnai grammikìc upìqwroc tou X.



2.3 To Jewrhma Hahn - Banach · 49

To Je¸rhma epèktashc tou Hahn paÐrnei thn ex c morf  an to p eÐnai hmi-
nìrma.

Je¸rhma 2.3.3. 'Estw X grammikìc q¸roc p�nw apì to K kai èstw p : X →
R hminìrma. Upojètoume ìti W eÐnai ènac grammikìc upìqwroc tou X, f : W →
K èna grammikì sunarthsoeidèc, kai |f(x)| ≤ p(x) gia k�je x ∈ W . Tìte,
up�rqei grammikì sunarthsoeidèc f̃ : X → K ¸ste f̃ |W = f kai |f(x)| ≤ p(x)
gia k�je x ∈ X.

Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh K = R. JewroÔme thn epèktash f̃

pou m�c exasfalÐzei to Je¸rhma 2.3.1. Gia k�je x ∈ X èqoume f̃(x) ≤ p(x), kai
apì thn grammikìthta tou f̃ kai thn p(−x) = p(x) blèpoume ìti

−f̃(x) = f̃(−x) ≤ p(−x) = p(x).

'Ara, |f̃(x)| ≤ p(x) gia k�je x ∈ X. 2

Gia thn apìdeixh sth migadik  perÐptwsh, ja qreiastoÔme k�poiec aplèc pa-
rathr seic. An X eÐnai ènac grammikìc q¸roc p�nw apì to C kai f : X → C
eÐnai èna grammikì sunarthsoeidèc, tìte mporoÔme na gr�youme to f sth mor-
f  f = Ref + iImf , ìpou Ref, Imf : X → R eÐnai prosjetik� kai R-omogen 
sunarthsoeid  (dhlad , an a ∈ R, tìte Ref(ax) = aRef(x)). EpÐshc, to f

prosdiorÐzetai pl rwc apì to Ref . Pr�gmati, gia k�je x ∈ X èqoume

f(ix) = Ref(ix) + iImf(ix)

kai
f(ix) = if(x) = −Imf(x) + iRef(x),

�ra
f(x) = Ref(x) + iImf(x) = Ref(x)− iRef(ix).

AntÐstrofa, an h : X → R eÐnai èna prosjetikì kai R-omogenèc sunarthsoeidèc,
tìte to g : X → C me g(x) = h(x) − ih(ix) eÐnai grammikì sunarthsoeidèc kai
Reg = h.

Apìdeixh tou Jewr matoc 2.3.3 sthn perÐptwsh K = C: Jètoume h = Ref .
Tìte, to h : W → R eÐnai grammikì sunarthsoeidèc an doÔme ton X san grammikì
q¸ro p�nw apì to R, kai

|h(x)| = |Ref(x)| ≤ |f(x)| ≤ p(x)

gia k�je x ∈ W . Apì thn pragmatik  perÐptwsh tou Jewr matoc, up�rqei
h̃ : X → R prosjetikì kai R-omogenèc, me thn idiìthta h̃|W = h kai

|h̃(x)| ≤ p(x)

gia k�je x ∈ X. OrÐzoume f̃ : X → C me f̃(x) = h̃(x)− ih̃(ix). Tìte, to f̃ eÐnai
grammikì sunarthsoeidèc kai eÔkola elègqoume ìti f̃ |W = f (giatÐ Re(f̃) = h̃

kai h̃|W = h = Ref).
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Mènei na deÐxoume ìti |f̃(x)| ≤ p(x) gia k�je x ∈ X. Ac upojèsoume ìti
f̃(x) = Reiθ. Apì th grammikìthta tou f̃ èqoume f̃(e−iθx) = R ∈ R, �ra
h̃(e−iθx) = f̃(e−iθx). Tìte,

|f̃(x)| = R = |h̃(e−iθx)| ≤ p(e−iθx) = |e−iθ|p(x) = p(x),

kai h apìdeixh eÐnai pl rhc. 2

Sto plaÐsio twn q¸rwn me nìrma èqoume thn ex c {analutik  morf } tou
Jewr matoc Hahn-Banach.

Je¸rhma 2.3.4 (Banach). 'Estw X q¸roc me nìrma, Y upìqwroc tou X,
kai f : Y → K fragmèno grammikì sunarthsoeidèc. Tìte, up�rqei f̃ : X → R
fragmèno grammikì sunarthsoeidèc me f̃ |Y = f kai ‖f̃‖X∗ = ‖f‖Y ∗ . Dhlad ,
up�rqei suneq c epèktash tou f ston X, me diat rhsh thc nìrmac.

Apìdeixh. 'Eqoume |f(x)| ≤ ‖f‖Y ∗‖x‖ gia k�je x ∈ Y . OrÐzoume p : X → R me
p(x) = ‖f‖Y ∗‖x‖. To p eÐnai hminìrma:
(a) Gia thn upoprosjetikìthta, parathroÔme ìti

p(x + y) = ‖f‖Y ∗‖x + y‖ ≤ ‖f‖Y ∗(‖x‖+ ‖y‖)
= ‖f‖Y ∗‖x‖+ ‖f‖Y ∗‖y‖
= p(x) + p(y).

(b) To p eÐnai omogenèc: an λ ∈ K, tìte

p(λx) = ‖f‖Y ∗‖λx‖ = |λ| · ‖f‖Y ∗‖x‖ = |λ| p(x).

Apì to Je¸rhma 2.3.3, up�rqei grammik  epèktash f̃ : X → K thc f , ¸ste

|f̃(x)| ≤ p(x) = ‖f‖Y ∗‖x‖

gia k�je x ∈ X. 'Ara, f̃ ∈ X∗ kai ‖f̃‖X∗ ≤ ‖f‖Y ∗ . Apì thn �llh pleur�, afoÔ
f̃ |Y = f , paÐrnoume

‖f̃‖X∗ = sup
x∈SX

|f̃(x)| ≥ sup
x∈SY

|f(x)| = ‖f‖Y ∗ .

Dhlad , ‖f̃‖X∗ = ‖f‖Y ∗ . 2

H analutik  morf  tou Jewr matoc Hahn-Banach mac epitrèpei na deÐqnoume
thn Ôparxh fragmènwn sunarthsoeid¸n me sugkekrimènec idiìthtec. Eidikìtera,
deÐqnei ìti o duðkìc q¸roc enìc mh tetrimmènou q¸rou me nìrma perièqei poll�
sunarthsoeid . Qarakthristik� apotelèsmata autoÔ tou eÐdouc eÐnai ta ex c.

Je¸rhma 2.3.5. 'Estw X 6= {0} q¸roc me nìrma, kai x0 ∈ X, x0 6= 0.
Up�rqei fragmèno grammikì sunarthsoeidèc f̃ : X → R ¸ste ‖f̃‖ = 1 kai
f̃(x0) = ‖x0‖.
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Apìdeixh. JewroÔme ton upìqwro W = span{x0} pou par�getai apì to x0 kai
orÐzoume f : W → R me f(λx0) = λ‖x0‖. To f eÐnai grammikì, kai

‖f‖W∗ = sup
λ6=0

|f(λx0)|
‖λx0‖ = 1.

Apì to Je¸rhma 2.3.4, up�rqei f̃ : X → R fragmèno grammikì sunarthsoeidèc,
me ‖f̃‖ = ‖f‖W∗ = 1 kai

f̃(x0) = f(x0) = ‖x0‖. 2

Pìrisma 2.3.6. 'Estw X q¸roc me nìrma kai èstw x ∈ X. Tìte,

‖x‖ = max
‖f‖=1

|f(x)|.

Apìdeixh. Apì to Je¸rhma 2.3.5, up�rqei f̃ ∈ X∗, ‖f̃‖ = 1 me f̃(x) = ‖x‖. 'Ara,

(1) sup
‖f‖=1

|f(x)| ≥ |f̃(x)| = ‖x‖.

Apì thn �llh pleur�, an ‖f‖ = 1 tìte |f(x)| ≤ ‖f‖ ‖x‖ = ‖x‖. 'Ara,

(2) sup
‖f‖=1

|f(x)| ≤ ‖x‖.

Apì tic (1) kai (2), ‖x‖ = sup‖f‖=1 |f(x)|. To sup eÐnai max lìgw tou f̃ . 2

Parat rhsh. GnwrÐzoume  dh ìti ‖f‖ = sup‖x‖=1 |f(x)| gia k�je f ∈ X∗ (au-
tì  tan sunèpeia tou orismoÔ thc nìrmac telest .) To Je¸rhma Hahn-Banach,
sth morf  tou PorÐsmatoc 2.3.6, mac dÐnei th duðk  sqèsh ‖x‖ = max‖f‖=1 |f(x)|.
Dhlad , h nìrma tou x {pi�netai} san tim  k�poiou f apì th monadiaÐa sfaÐra
tou duðkoÔ q¸rou.

Pìrisma 2.3.7. An f(x) = f(y) gia k�je f ∈ X∗, tìte x = y.

Apìdeixh. 'Eqoume ‖x− y‖ = sup‖f‖=1 |f(x− y)| = sup‖f‖=1 |f(x)− f(y)| = 0,
�ra x = y. 2

ShmeÐwsh. To Pìrisma 2.3.7 deÐqnei ìti o X∗ diaqwrÐzei ta shmeÐa tou X:
an x 6= y, tìte up�rqei f ∈ X∗ tètoio ¸ste f(x) 6= f(y). To Je¸rhma pou
akoloujeÐ deÐqnei ìti o X∗ diaqwrÐzei shmeÐa apì kleistoÔc upoq¸rouc:

Je¸rhma 2.3.8. 'Estw X q¸roc me nìrma, Y gn sioc kleistìc upìqwroc tou
X, kai x0 ∈ X\Y . An

δ = d(x0, Y ) = inf{‖x0 − y‖ : y ∈ Y },

tìte up�rqei f̃ ∈ X∗ ¸ste ‖f̃‖X∗ = 1/δ, f̃(y) = 0 gia k�je y ∈ Y , kai f̃(x0) = 1.

Apìdeixh. JewroÔme thn fusiologik  apeikìnish Q : X → X/Y . ParathroÔme
ìti

‖[x0]‖0 = inf{‖x0 − y‖ : y ∈ Y } = d(x0, Y ) = δ.
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Apì to Je¸rhma 2.3.5 up�rqei g ∈ (X/Y )∗ me ‖g‖ = 1 kai g([x0]) = δ. OrÐzoume
f : X → K me

f(x) =
1
δ
(g ◦Q)(x).

To f eÐnai fragmèno grammikì sunarthsoeidèc kai f(y) = g([0])/δ = 0 an y ∈ Y .
Apì ton orismì tou g,

f(x0) =
g([x0])

δ
= 1.

EpÐshc,

|f(x)| = 1
δ
|g(Q(x))| ≤ ‖g‖ · ‖Q‖ · ‖x‖

δ
≤ ‖x‖

δ
,

�ra ‖f‖ ≤ 1/δ. Mènei na deÐxoume ìti ‖f‖ ≥ 1/δ. ParathroÔme ìti f(x0 − y) =
f(x0) = 1 gia k�je y ∈ Y . 'Ara,

‖f‖ ≥ sup
y∈Y

|f(x0 − y)|
‖x0 − y‖ =

1
infy∈Y ‖x0 − y‖

=
1

‖[x0]‖0 =
1
δ
.

Autì oloklhr¸nei thn apìdeixh. 2

KleÐnoume aut  thn par�grafo me mia efarmog  tou Jewr matoc 2.3.8.

Je¸rhma 2.3.9. An o X∗ eÐnai diaqwrÐsimoc, tìte o X eÐnai diaqwrÐsimoc.

Apìdeixh. Ja m�c qreiasteÐ èna L mma:

L mma 2.3.10. H SX∗ = {f ∈ X∗ : ‖f‖ = 1} eÐnai diaqwrÐsimh wc proc thn
epagìmenh metrik .

Apìdeixh. Up�rqei M arijm simo puknì uposÔnolo tou X∗. OrÐzoume

M1 = {g = f/‖f‖ : f ∈ M\{0}}.
To M1 eÐnai arijm simo uposÔnolo thc SX∗ , kai ja deÐxoume ìti eÐnai puknì sthn
SX∗ .

'Estw f ∈ SX∗ . Up�rqei akoloujÐa {hk} sto M me hk → f . 'Ara, ‖hk‖ →
‖f‖ = 1, dhlad , telik� hk 6= 0. Oi lk = hk/‖hk‖ an koun sto M1, kai

‖f − lk‖ =
∥∥∥∥f − hk

‖hk‖

∥∥∥∥

=
∥∥∥∥f − hk + hk

(
1− 1

‖hk‖
)∥∥∥∥

≤ ‖f − hk‖+ ‖hk‖
∣∣∣∣1−

1
‖hk‖

∣∣∣∣ → 0.

'Ara, M1 = SX∗ . 2

Apìdeixh tou Jewr matoc. JewroÔme {gn : n ∈ N} arijm simo puknì uposÔnolo
thc SX∗ . Gia k�je n ∈ N èqoume ‖gn‖ = sup‖x‖=1 |gn(x)| = 1, �ra up�rqei
xn ∈ X, ‖x‖ = 1, ¸ste

|gn(xn)| > 1
2
.
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OrÐzoume Y = span{xn : n ∈ N}. 'Estw ìti Y 6= X. Tìte, apì to Je¸rhma
2.3.8, up�rqei f̃ ∈ X∗ ¸ste ‖f̃‖ = 1 kai f̃(y) = 0 gia k�je y ∈ Y . Eidikìtera,
f̃(xn) = 0, n ∈ N.

Tìte, gia k�je n ∈ N,

‖f̃ − gn‖ ≥ |(f̃ − gn)(xn)| = |f̃(xn)− gn(xn)| = |gn(xn)| > 1
2
,

�topo, giatÐ to {gn : n ∈ N} eÐnai puknì sthn SX∗ .
'Ara, Y = X. 'Omwc, o Y eÐnai diaqwrÐsimoc: oi peperasmènoi grammikoÐ

sunduasmoÐ twn xn me rhtoÔc suntelestèc eÐnai puknoÐ ston Y . 'Ara, o X eÐnai
diaqwrÐsimoc. 2

O q¸roc Lp[0, 1], 0 < p < 1.

'Estw 0 < p < 1. Me Lp[0, 1] sumbolÐzoume to grammikì q¸ro twn kl�sewn iso-
dunamÐac (tautÐzoume dÔo sunart seic an eÐnai sqedìn pantoÔ Ðsec) twn Lebesgue
metr simwn sunart sewn gia tic opoÐec

∫

[0,1]

|f |pdλ < +∞.

An f, g ∈ Lp[0, 1], orÐzoume

d(f, g) =
∫

[0,1]

|f − g|pdλ.

H d eÐnai metrik . H trigwnik  anisìthta eÐnai sunèpeia thc anisìthtac

(a + b)p ≤ ap + bp, a, b ≥ 0, 0 < p < 1.

EÔkola elègqoume ìti h d eÐnai analloÐwth wc proc metaforèc kai ìti oi pr�xeic
tou grammikoÔ q¸rou eÐnai suneqeÐc wc proc thn d. EpÐshc, mimoÔmenoi thn a-
pìdeixh thc plhrìthtac tou Lp(µ), p ≥ 1, mporeÐte na deÐxete ìti o (Lp[0, 1], d),
0 < p < 1 eÐnai pl rhc. Ja exet�soume thn Ôparxh suneq¸n grammik¸n sunar-
thsoeid¸n F : Lp[0, 1] → R.

L mma 2.3.11. 'Estw 0 < p < 1 kai èstw G mh kenì, anoiktì kai kurtì
uposÔnolo tou Lp[0, 1]. Tìte, G = Lp[0, 1].

Apìdeixh. AfoÔ h metrik  d eÐnai analloÐwth wc proc metaforèc, mporoÔme
epiplèon na upojèsoume ìti 0 ∈ G. AfoÔ to G eÐnai anoiktì kai 0 ∈ G, up�rqei
R > 0 me thn idiìthta

∫

[0,1]

|f |pdλ < R =⇒ f ∈ G.

'Estw g ∈ Lp[0, 1]. Gia k�je n ∈ N brÐskoume diamèrish 0 = x0 < x1 < . . . <

xn = 1 tètoia ¸ste
∫

[xi,xi+1]

|g|pdλ =
1
n

∫

[0,1]

|g|pdλ, i = 0, . . . , n− 1.
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JewroÔme tic sunart seic

gi = ngχ[xi,xi+1], i = 0, . . . , n− 1.

Tìte, g = (g1 + . . . + gn)/n kai
∫

[0,1]

|gi|pdλ = np

∫

[xi,xi+1]

|g|pdλ =
1

n1−p

∫

[0,1]

|g|pdλ.

An to n eÐnai arket� meg�lo petuqaÐnoume gi ∈ G gia k�je i: arkeÐ na epilèxoume
n gia to opoÐo ∫

[0,1]

|g|pdλ ≤ n1−pR.

AfoÔ to G eÐnai kurtì, blèpoume ìti

g =
g1 + . . . + gn

n
∈ G,

kai afoÔ h g  tan tuqoÔsa, G = Lp[0, 1]. 2

Prìtash 2.3.12. An 0 < p < 1 kai F : Lp[0, 1] → R suneqèc grammikì
sunarthsoeidèc, tìte F ≡ 0.

Apìdeixh. Gia k�je ε > 0, to sÔnolo Gε = {f ∈ Lp[0, 1] : |F (f)| < ε} eÐnai
anoiktì, kurtì kai mh kenì giatÐ F (0) = 0. Apì to L mma, Gε = Lp[0, 1].
Dhlad ,

∀f ∈ Lp[0, 1] ∀ε > 0, |F (f)| < ε.

Af nontac to ε → 0+ blèpoume ìti F (f) = 0 gia k�je f ∈ Lp[0, 1]. Dhlad ,
F ≡ 0. 2

Ask seic

1. 'Estw X q¸roc me nìrma, x1, . . . , xm grammik� anex�rthta dianÔsmata ston X, kai
a1, . . . , am ∈ K. Up�rqei f ∈ X∗ ¸ste f(xi) = ai, i = 1, . . . , m.

2. 'Estw X q¸roc me nìrma kai Y grammikìc upìqwroc tou X. DeÐxte ìti

Y =
⋂
{Kerf : f ∈ X∗ , Y ⊆ Kerf}.

3. 'Estw X grammikìc q¸roc p�nw apì to K kai p1, p2 : X → R hminìrmec. An
f : X → K eÐnai èna grammikì sunarthsoeidèc me thn idiìthta

|f(x)| ≤ p1(x) + p2(x)

gia k�je x ∈ X, deÐxte ìti up�rqoun grammik� sunarthsoeid  f1, f2 : X → K ¸ste
f = f1 + f2 kai

|fi(x)| ≤ pi(x), i = 1, 2, x ∈ X.

[Upìdeixh: BreÐte grammikì sunarthsoeidèc ψ : X ×X → K me |ψ(x1, x2)| ≤ p1(x1) +

p2(x2) kai ψ(x, x) = f(x).]
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4. 'Estw X kai Y q¸roi me nìrma. An o B(X, Y ) eÐnai pl rhc kai X 6= {0}, deÐxte ìti
o Y eÐnai pl rhc. [Upìdeixh: P�rte x0 ∈ SX kai f ∈ SX∗ me |f(x0)| = 1. Tìte, gia
k�je y ∈ Y o telest c T : X → Y me Ty(x) = f(x)y eÐnai fragmènoc kai ‖Ty‖ = ‖y‖.]
5. 'Estw (X, ‖ · ‖) q¸roc me nìrma kai èstw W grammikìc upìqwroc tou X. Upojè-
toume ìti | · | eÐnai mÐa �llh nìrma ston W pou eÐnai isodÔnamh me ton periorismì thc
‖ · ‖ ston W . DeÐxte ìti up�rqei nìrma | · |′ ston X pou eÐnai isodÔnamh me thn ‖ · ‖
ston X kai o periorismìc thc ston W eÐnai h | · |.
6. JewroÔme ton q¸ro `∞(R) twn fragmènwn pragmatik¸n akolouji¸n. DeÐxte ìti
up�rqei fragmèno grammikì sunarthsoeidèc f : `∞(R) → R me thn ex c idiìthta: gia
k�je x = (xn) ∈ `∞(R),

lim inf
n

xn ≤ f(x) ≤ lim sup
n

xn.

7. 'Estw X q¸roc me nìrma kai èstw Y kleistìc upìqwroc tou X. O mhdenist c tou
Y eÐnai to

N(Y ) = {f ∈ X∗ : ∀y ∈ Y f(y) = 0}.
(a) DeÐxte ìti o N(Y ) eÐnai kleistìc upìqwroc tou X∗ kai o X∗/N(Y ) eÐnai isometrik�
isìmorfoc me ton Y ∗. H isometrÐa eÐnai o T : X∗/N(Y ) → Y ∗ me T (f + N(Y )) = f |Y .
(b) DeÐxte ìti o (X/Y )∗ eÐnai isometrik� isìmorfoc me ton N(Y ). H isometrÐa eÐnai o
S : (X/Y )∗ → N(Y ) me S(g) = g ◦Q, ìpou Q : X → X/Y h fusiologik  apeikìnish.

8. 'Estw X q¸roc me nìrma kai èstw Y kleistìc upìqwroc tou X peperasmènhc
sundi�stashc. An f : X → K eÐnai èna grammikì sunarthsoeidèc kai f |Y ∈ Y ∗, deÐxte
ìti f ∈ X∗.

2.4 Diaqwristik� jewr mata

Orismìc. Se aut  thn par�grafo upojètoume ìti X eÐnai ènac q¸roc me nìrma
p�nw apì to R kai A,B eÐnai mh ken� uposÔnola tou X.

(a) Lème ìti ta A, B diaqwrÐzontai, an up�rqoun mh mhdenikì f ∈ X∗ kai
λ ∈ R ¸ste: f(a) ≥ λ gia k�je a ∈ A kai f(b) ≤ λ gia k�je b ∈ B.

(b) Lème ìti ta A, B diaqwrÐzontai gn sia, an up�rqoun f ∈ X∗ kai λ ∈ R
¸ste: f(a) > λ gia k�je a ∈ A kai f(b) < λ gia k�je b ∈ B.

(g) Lème ìti ta A, B diaqwrÐzontai austhr�, an up�rqoun f ∈ X∗ kai λ < µ

sto R ¸ste: f(a) ≥ µ gia k�je a ∈ A kai f(b) ≤ λ gia k�je b ∈ B.
O ìroc {diaqwrÐzontai} sto (a) dikaiologeÐtai apì to gegonìc ìti to {x ∈

X : f(x) = λ} eÐnai èna kleistì uperepÐpedo, to opoÐo qwrÐzei ton X se dÔo
{hmiq¸rouc} ek twn opoÐwn o ènac perièqei to A kai o �lloc to B. AnagkaÐa
sunj kh gia ta (b), (g) eÐnai h A ∩B = ∅.

Ta diaqwristik� jewr mata pou ja suzht soume aforoÔn kurt� sÔnola, kai
h apìdeix  touc basÐzetai polÔ ousiastik� sto Je¸rhma Hahn-Banach. Gi� autì
kai anaferìmaste s� aut� me ton ìro {gewmetrik  morf  tou Jewr matoc Hahn-
Banach}.

L mma 2.4.1. 'Estw X q¸roc me nìrma kai èstw A ⊆ X anoiktì kai kurtì
me 0 ∈ A. OrÐzoume

qA(x) = inf{t > 0 : x ∈ tA}.
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Tìte, to qA eÐnai èna mh arnhtikì upogrammikì sunarthsoeidèc, up�rqei M > 0
¸ste

(∗) qA(x) ≤ M‖x‖, x ∈ X

kai

(∗∗) A = {x ∈ X : qA(x) < 1}.

Apìdeixh. H qA orÐzetai kal�: to A eÐnai anoiktì kai perièqei to 0, �ra up�rqei
δ > 0 ¸ste D(0, δ) ⊆ A. 'Epetai ìti an 0 6= x ∈ X, tìte (δ/2‖x‖)x ∈ A, �ra
2
δ‖x‖ ∈ {t > 0 : x ∈ tA} kai to sÔnolo autì eÐnai k�tw fragmèno apì to 0, �ra
èqei mègisto k�tw fr�gma. EpÐshc,

qA(x) ≤ 2
δ
‖x‖,

dhlad  h (∗) isqÔei me M = 2/δ (an x = 0, tìte 0 ∈ tA gia k�je t > 0, �ra
qA(0) = 0.)

DeÐqnoume t¸ra tic dÔo idiìthtec tou upogrammikoÔ sunarthsoeidoÔc: 'Estw
λ > 0. Tìte,

qA(x) = inf{t > 0 : λx ∈ tA} = inf{t > 0 : x ∈ (t/λ)A}
= λ inf{(t/λ) : t > 0, x ∈ (t/λ)A} = λ inf{s > 0 : x ∈ sA}
= λqA(x).

Gia thn upoprosjetikìthta, èstw x, y ∈ X kai èstw ε > 0. Up�rqoun t, s > 0
¸ste t < qA(x) + ε, s < qA(y) + ε, kai x ∈ tA, y ∈ sA. Apì thn kurtìthta tou
A èqoume

tA + sA = (t + s)A,

�ra x + y ∈ (t + s)A. 'Epetai ìti

qA(x + y) ≤ t + s < qA(x) + qA(y) + 2ε,

kai afoÔ to ε > 0  tan tuqìn,

qA(x + y) ≤ qA(x) + qA(y).

Tèloc, deÐqnoume ìti A = {x ∈ X : qA(x) < 1}. An qA(x) < 1, tìte up�rqei r

¸ste qA(x) < r < 1 kai x ∈ rA ⊆ A. AntÐstrofa, an x ∈ A, epeid  to A eÐnai
anoiktì up�rqei t > 0 ¸ste x + tx ∈ A, opìte qA(x) ≤ 1

1+t < 1. 2

Je¸rhma 2.4.2. 'Estw X q¸roc me nìrma kai èstw A mh kenì, anoiktì kurtì
uposÔnolo tou X pou den perièqei to 0. Tìte, up�rqei f̃ ∈ X∗ me thn idiìthta
f̃(x) > 0 gia k�je x ∈ A. Dhlad , to f̃ diaqwrÐzei to A apì to {0}.
Apìdeixh. 'Estw x0 ∈ A. To A′ = x0 −A eÐnai anoiktì, kurtì kai perièqei to 0.
SÔmfwna me to L mma, up�rqei jetikì upogrammikì sunarthsoeidèc q : X → R
¸ste

q(x) ≤ M‖x‖, x ∈ X,
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kai q(x) < 1 an kai mìno an x ∈ A′. Eidikìtera, q(x0) ≥ 1 giatÐ x0 /∈ A′.
JewroÔme ton upìqwro W = span{x0} pou par�gei to x0, kai orÐzoume

f : W → R me f(λx0) = λq(x0). H f fr�ssetai apì to q: an λ ≥ 0, tìte
f(λx0) = q(λx0), en¸ an λ < 0, tìte f(λx0) < 0 ≤ q(λx0).
Apì to Je¸rhma 2.3.1, h f epekteÐnetai se grammikì sunarthsoeidèc f̃ : X → R,
to opoÐo ikanopoieÐ thn f̃(x) ≤ q(x) ≤ M‖x‖ gia k�je x ∈ X. EpÐshc,

−f̃(x) = f̃(−x) ≤ q(−x) ≤ M‖ − x‖ = M‖x‖,

�ra |f̃(x)| ≤ M‖x‖ gia k�je x ∈ X, to opoÐo apodeiknÔei ìti to f̃ eÐnai fragmèno
(f̃ ∈ X∗).

Tèloc, gia k�je x ∈ A èqoume x0 − x ∈ A′, �ra q(x0 − x) < 1, ap� ìpou
blèpoume ìti

f̃(x0)− f̃(x) = f̃(x0 − x) ≤ q(x0 − x) < 1.

PaÐrnontac up� ìyin kai thn q(x0) ≥ 1, sumperaÐnoume ìti

∀x ∈ A, f̃(x) > f̃(x0)− 1 = q(x0)− 1 ≥ 0. 2

Je¸rhma 2.4.3. 'Estw X q¸roc me nìrma kai èstw A,B xèna kurt� sÔnola,
me to A anoiktì. Tìte, up�rqoun f ∈ X∗ kai λ ∈ R tètoia ¸ste: f(a) < λ an
a ∈ A, kai f(b) ≥ λ an b ∈ B. An to B eÐnai ki autì anoiktì, tìte ta A,B

diaqwrÐzontai gn sia.

Apìdeixh. Jètoume G = A − B := {a − b : a ∈ A, b ∈ B}. EÔkola elègqoume
ìti to G eÐnai kurtì, kai afoÔ G =

⋃
b∈B(A − b), to G eÐnai anoiktì. Apì thn

A ∩ B 6= ∅ èpetai ìti 0 /∈ G. Apì to prohgoÔmeno je¸rhma, up�rqei f ∈ X∗

tètoio ¸ste f(x) > 0 gia k�je x ∈ G.
'Estw a ∈ A, b ∈ B. Tìte, a− b ∈ G �ra f(a− b) > 0. Dhlad , f(a) > f(b).

Up�rqei loipìn λ ∈ R me thn idiìthta

(∗) sup{f(b) : b ∈ B} ≤ λ ≤ inf{f(a) : a ∈ A}.

To A èqei upotejeÐ anoiktì kai kurtì, �ra to f(A) eÐnai èna anoiktì di�sthma
sto R. Tìte, h (∗) dÐnei f(a) > λ gia k�je a ∈ A kai f(b) ≤ λ gia k�je b ∈ B.

An to B eÐnai ki autì anoiktì, tìte to f(B) eÐnai epÐshc anoiktì di�sthma,
�ra f(b) < λ gia k�je b ∈ B, dhlad  ta A, B diaqwrÐzontai gn sia. 2

Tèloc, deÐqnoume èna diaqwristikì je¸rhma gia xèna kleist� kai kurt� upo-
sÔnola tou X, an èna apì aut� eÐnai sumpagèc. Ja qrhsimopoi soume to ex c
l mma:

L mma 2.4.4. 'Estw X q¸roc me nìrma, K sumpagèc uposÔnolo tou X, kai
A anoiktì uposÔnolo tou X me K ⊆ A. Tìte, up�rqei r > 0 ¸ste

K + D(0, r) ⊆ A,

ìpou K + D(0, r) = {x + y : x ∈ K, ‖y‖ < r} = {x ∈ X : d(x,K) < r}.



58 · Jewrhma Hahn-Banach

Apìdeixh. Gia k�je x ∈ K èqoume x ∈ A kai to A eÐnai anoiktì, �ra up�rqei
rx > 0 tètoio ¸ste D(x, rx) = x + D(0, rx) ⊆ A.

Tìte,
K ⊆

⋃

x∈K

D(x, rx/2),

kai afoÔ to K eÐnai sumpagèc, up�rqoun x1, . . . , xm ∈ K tètoia ¸ste

K ⊆ D(x1, rx1/2) ∪ . . . ∪D(xm, rxm/2).

Jètoume r = min{rx1/2, . . . , rxm/2}. Tìte,

K + D(0, r) ⊆
m⋃

i=1

(xi + D(0, rxi)) ⊆ A. 2

Je¸rhma 2.4.5. 'Estw X q¸roc me nìrma kai èstw A,B xèna kleist� kurt�
uposÔnola tou X. An to B eÐnai sumpagèc, tìte ta A,B diaqwrÐzontai austhr�.

Apìdeixh. AfoÔ ta A,B eÐnai xèna, to sumpagèc B perièqetai sto anoiktì X\A,
kai apì to L mma up�rqei r > 0 tètoio ¸ste B + D(0, r) ⊆ X\A, ap� ìpou
paÐrnoume

(B + D(0, r/2)) ∩ (A + D(0, r/2)) = ∅.
Ta A+D(0, r/2), B +D(0, r/2) eÐnai anoikt� kai kurt�: kurt� giatÐ ta A,B kai
D(0, r/2) eÐnai kurt�, kai anoikt� giatÐ h D(0, r/2) eÐnai anoiktì sÔnolo. Apì
to Je¸rhma 2.4.3 diaqwrÐzontai gn sia, �ra to Ðdio isqÔei kai gia ta uposÔnol�
touc A,B. Up�rqoun loipìn f ∈ X∗ kai λ ∈ R ¸ste

f(b) < λ < f(a)

gia k�je a ∈ A kai b ∈ B. To B eÐnai sumpagèc, �ra up�rqei b0 ∈ B ¸ste
f(b) ≤ f(b0) gia k�je b ∈ B. An µ = f(b0) < λ, tìte

B ⊆ {x : f(x) ≤ µ} , A ⊆ {x : f(x) ≥ λ},

�ra ta A kai B diaqwrÐzontai austhr�. 2

Parat rhsh. An ta A,B upotejoÔn apl¸c kleist�, tìte to Je¸rhma 2.4.5
paÔei na isqÔei. Gia par�deigma, sto R2 jewroÔme ta A = {(x, y) : y ≤ 0} kai
B = {(x, y) : x > 0, xy ≥ 1}. Ta A,B eÐnai kleist�, kurt� kai xèna, all� den
diaqwrÐzontai gn sia.

Ask seic

1. JewroÔme ton L2[−1, 1] (to mètro eÐnai to Lebesgue). Gia k�je a ∈ R orÐzoume

Ea = {f ∈ C[−1, 1] : f(0) = a}.

DeÐxte ìti k�je Ea eÐnai kurtì kai puknì ston L2[−1, 1]. An a 6= b, deÐxte ìti ta Ea kai
Eb den diaqwrÐzontai apì kanèna suneqèc grammikì sunarthsoeidèc F : L2[−1, 1] → R.
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2. 'Estw X q¸roc me nìrma p�nw apì to R kai A, B mh ken�, xèna, kurt� uposÔnola
tou X me thn idìthta

0 /∈ A−B.

DeÐxte ìti up�rqei suneqèc grammikì sunarthsoeidèc f : X → R tètoio ¸ste

sup{f(x) : x ∈ B} < inf{f(x) : x ∈ A}.

2.5 KlasikoÐ duðkoÐ q¸roi

Se aut n thn par�grafo perigr�foume touc duðkoÔc q¸rouc orismènwn klasik¸n
q¸rwn. K�poiec apì tic apodeÐxeic dÐnontai leptomer¸c, oi upìloipec af nontai
gia tic ask seic.

Je¸rhma 2.5.1. O duðkìc q¸roc tou `p, 1 < p < ∞ eÐnai isometrik� isìmor-
foc me ton `q, ìpou q o suzug c ekjèthc tou p.

Apìdeixh. 'Estw q o suzug c ekjèthc tou p. Gia k�je y ∈ `q, h apeikìnish
fy : `p → K me fy(x) =

∑
n xnyn eÐnai fragmèno grammikì sunarthsoeidèc kai

‖fy‖ ≤ ‖y‖q.
OrÐzoume T : `q → `∗p me T (y) = fy. H grammikìthta tou T elègqetai eÔkola.

Ja deÐxoume ìti o T eÐnai isometrÐa. Gia k�je y ∈ `q, stajeropoioÔme N ∈ N
kai jewroÔme to x(N) = (x1, . . . , xN , 0, . . .) ìpou xk = |yk|q−1sign(yk), k ≤ N .
Tìte,

‖x(N)‖p =

(
N∑

k=1

|yk|(q−1)p

)1/p

=

(
N∑

k=1

|yk|q
)1/p

kai

fy(x(N)) =
N∑

k=1

|yk|q,

opìte

‖fy‖ ≥ fy(x(N))
‖x(N)‖p

=

(
N∑

k=1

|yk|q
)1/q

gia k�je N ∈ N. 'Epetai ìti ‖fy‖ ≥ ‖y‖q, �ra

‖T (y)‖`∗p = ‖fy‖ = ‖y‖q.

Mènei na deÐxoume ìti o T eÐnai epÐ. 'Estw f ∈ `∗p. Jètoume y = (yn) ìpou
yn = f(en). Ja deÐxoume ìti y ∈ `q kai ìti fy = f (opìte T (y) = f).

'Estw N ∈ N. JewroÔme to x(N) = (x1, . . . , xN , 0, . . .) ìpou xk = |yk|q−1sign(yk),
k ≤ N . Tìte,

f(x(N)) =
N∑

k=1

|yk|q−1sign(yk)f(ek) =
N∑

k=1

|yk|q

kai

‖x(N)‖p =

(
N∑

k=1

|yk|(q−1)p

)1/p

=

(
N∑

k=1

|yk|q
)1/p
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�ra
N∑

k=1

|yk|q = |f(x(N))| ≤ ‖f‖ · ‖x(N)‖p = ‖f‖
(

N∑

k=1

|yk|q
)1/p

,

dhlad ,
N∑

k=1

|yk|q ≤ ‖f‖q

gia k�je N ∈ N. 'Epetai ìti y ∈ `q kai ‖y‖q ≤ ‖f‖.
Gia na deÐxoume ìti fy = f , parathroÔme ìti ta dÔo aut� fragmèna sunar-

thsoeid  sumfwnoÔn se k�je en apì ton orismì tou y. Lìgw grammikìthtac
sumfwnoÔn ston span{e1, . . . , en, . . .} o opoÐoc eÐnai puknìc ston `p kai lìgw
sunèqeiac sumfwnoÔn se olìklhro ton `p. 2

Je¸rhma 2.5.2. 'Estw (Ω,A, µ) q¸roc mètrou me µ(Ω) < +∞ kai 1 < p <

∞. O duðkìc q¸roc tou Lp(µ) eÐnai isometrik� isìmorfoc me ton Lq(µ), ìpou q

o suzug c ekjèthc tou p.

Apìdeixh. Gia k�je g ∈ Lq(µ), h apeikìnish φg : Lp(µ) → K me

φg(f) =
∫

Ω

fgdµ

eÐnai fragmèno grammikì sunarthsoeidèc kai ‖φg‖ ≤ ‖g‖q. OrÐzoume T : Lq(µ) →
(Lp(µ))∗ me T (g) = φg.

DeÐqnoume pr¸ta ìti o T eÐnai isometrÐa. 'Estw g ∈ Lq(µ), g 6= 0. OrÐzoume
f me f(ω) = |g(ω)|q−1sign(g(ω)). Tìte, f ∈ Lp(µ) kai

∫

Ω

|f |pdµ =
∫

Ω

|g|qdµ.

Epomènwc,

‖T (g)‖ = ‖φg‖ ≥ |φg(f)|
‖f‖p

=
‖g‖q

q

‖g‖q/p
q

= ‖g‖q.

Mènei na deÐxoume ìti o T eÐnai epÐ. 'Estw φ : Lp(µ) → K fragmèno grammikì
sunarthsoeidèc. OrÐzoume ν : A → K me

ν(A) = φ(χA).

H ν orÐzetai kal� giatÐ χA ∈ Lp(µ) (afoÔ µ(Ω) < ∞). EpÐshc, h ν eÐnai mètro:
apì thn grammikìthta tou φ èpetai ìti h ν eÐnai peperasmèna prosjetik , kai an
(An) eÐnai mÐa fjÐnousa akoloujÐa sthn A me

⋂
n An = ∅, tìte

|ν(An)| ≤ ‖φ‖ · ‖χAn‖p = ‖φ‖ (µ(An))1/p → 0.

To Ðdio epiqeÐrhma deÐqnei ìti µ(A) = 0 =⇒ ν(A) = 0, dhlad  to ν eÐnai apìluta
suneqèc wc proc to µ. Apì to je¸rhma Radon-Nikodym, up�rqei µ-metr simh
sun�rthsh g ¸ste

φ(χA) = ν(A) =
∫

A

gdµ =
∫

Ω

χAgdµ.
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'Epetai ìti
φ(f) =

∫

Ω

fgdµ

gia k�je apl  metr simh sun�rthsh f . Ja deÐxoume ìti g ∈ Lq(µ). JewroÔme mia
akoloujÐa apì aplèc metr simec sunart seic hk me 0 ≤ hk ↗ |g|q kai jètoume
gk = h

1/p
k sign(g). Tìte, ‖gk‖p

p = ‖hk‖1 kai
∣∣∣∣
∫

Ω

gkg

∣∣∣∣ = |φ(gk)| ≤ ‖φ‖ · ‖gk‖p,

�ra ∣∣∣∣
∫

Ω

gkgdµ

∣∣∣∣ ≤ ‖φ‖ · ‖hk‖1/p
1 .

Apì thn �llh pleur�, gkg = h
1/p
k |g| ≥ h

1/p
k h

1/q
k = hk. 'Ara,

‖hk‖1 ≤
∣∣∣∣
∫

Ω

gkgdµ

∣∣∣∣ ≤ ‖φ‖ · ‖hk‖1/p
1 ,

to opoÐo dÐnei ‖hk‖1 ≤ ‖φ‖q. PaÐrnontac k →∞ kai qrhsimopoi¸ntac to je¸rhma
monìtonhc sÔgklishc, blèpoume ìti

∫

Ω

|g|qdµ = lim
k

∫

Ω

hkdµ ≤ ‖φ‖q.

Autì deÐqnei ìti g ∈ Lq(µ). T¸ra, ta φg kai φ sumfwnoÔn stic aplèc sunart seic
oi opoÐec eÐnai puknèc ston Lp(µ). Lìgw sunèqeiac, T (g) = φg ≡ φ, dhlad  o T

eÐnai isometrÐa epÐ. 2

Sthn apìdeixh tou Jewr matoc 2.5.2 qrhsimopoi jhke to je¸rhma Radon–
Nikodym. DÐnoume mia apìdeixh pou qrhsimopoieÐ thn jewrÐa twn q¸rwn Hilbert
(to epiqeÐrhma eÐnai tou von Neumann).

Je¸rhma 2.5.3 (Radon–Nikodym). 'Estw (Ω,A, µ) ènac q¸roc mètrou.
Upojètoume ìti to µ eÐnai σ-peperasmèno. 'Estw ν èna proshmasmèno mètro ston
(Ω,A) to opoÐo eÐnai apolÔtwc suneqèc wc proc to µ. Tìte, up�rqei monadik 
h ∈ L1(Ω,A, µ) ¸ste ν(A) =

∫
A

h dµ gia k�je A ∈ A.

Apìdeixh. Ja exet�soume mìno thn perÐptwsh pou to µ eÐnai peperasmèno kai to ν

eÐnai mh arnhtikì (apì aut  thn eidik  perÐptwsh paÐrnoume to genikì sumpèrasma
me basik� epiqeir mata thc jewrÐac mètrou).

JewroÔme to mètro λ = µ + ν ston (Ω,A). Apì tic upojèseic mac, to λ eÐnai
mh arnhtikì, peperasmèno mètro. JewroÔme ton q¸ro Hilbert L2(Ω,A, λ) kai
orÐzoume φ : L2(Ω,A, λ) → R me

φ(f) =
∫

Ω

f dν.

To φ eÐnai grammikì sunarthsoeidèc ston L2(Ω,A, λ) kai

|φ(f)| ≤
∫

Ω

|f | dλ ≤
√

λ(Ω)
(∫

Ω

f2dλ

)1/2

=
√

λ(Ω) ‖f‖2,
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dhlad  to φ eÐnai fragmèno. Apì to je¸rhma anapar�stashc tou Riesz, up�rqei
g ∈ L2(Ω,A, λ) me thn idiìthta

φ(g) =
∫

Ω

fg dλ,

dhlad , ∫

Ω

f dν =
∫

Ω

fg dλ

gia k�je f ∈ L2(Ω,A, λ).
DeÐqnoume pr¸ta ìti 0 ≤ g ≤ 1 sqedìn pantoÔ wc proc λ. Pr�gmati, an

An = {ω ∈ Ω : g(ω) ≥ 1 + 1/n} tìte, jewr¸ntac thn f = χAn blèpoume ìti

λ(An) ≥ ν(An) ≥
(

1 +
1
n

)
λ(An),

�ra λ(An) = 0. AfoÔ A := {ω : g(ω) > 1} = ∪∞n=1An, èpetai ìti λ(A) = 0. Me
an�logo trìpo, an Bn = {ω ∈ Ω : g(ω) ≤ −1/n} tìte, jewr¸ntac thn f = χBn

blèpoume ìti

0 ≤ ν(Bn) ≤ − 1
n

λ(Bn),

�ra λ(Bn) = 0. AfoÔ B := {ω : g(ω) < 0} = ∪∞n=1Bn, èpetai ìti λ(B) = 0.
Apì thn λ = µ + ν mporoÔme t¸ra na gr�youme

(∗)
∫

Ω

f(1− g) dν =
∫

Ω

fg dµ

gia k�je f ∈ L2(Ω,A, λ), kai mporoÔme na upojèsoume ìti oi g kai 1 − g eÐnai
mh arnhtikèc pantoÔ sto Ω. Jètontac C = {ω : g(ω) = 1} kai jewr¸ntac thn
f = χC , blèpoume ìti µ(C) = 0. AfoÔ to ν eÐnai apìluta suneqèc wc proc to µ,
èpetai ìti ν(C) = 0. MporoÔme loipìn na upojèsoume ìti 0 ≤ g < 1 pantoÔ sto
Ω.

'Estw A ∈ A. Gia k�je n ∈ N jewroÔme thn fn = (1 + g + · · · + gn)χA kai
apì thn (∗) èqoume

∫

A

(1− gn+1) dν =
∫

A

g
1− gn+1

1− g
dµ.

Apì to je¸rhma monìtonhc sÔgklishc sumperaÐnoume ìti

ν(A) =
∫

A

dν =
∫

A

g

1− g
dµ.

To A ∈ A  tan tuqìn, opìte jètontac h = g
1−g èqoume to zhtoÔmeno (elègxte

thn oloklhrwsimìthta kai th monadikìthta thc h). 2
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Ask seic

1. DeÐxte ìti o c∗0 eÐnai isometrik� isìmorfoc me ton `1.

2. DeÐxte ìti o `∗1 eÐnai isometrik� isìmorfoc me ton `∞.

3. JewroÔme ton q¸ro c twn sugklinous¸n akolouji¸n me nìrma thn ‖x‖∞ =

sup{|ξk| : k ∈ N}.
(a) DeÐxte ìti oi q¸roi c kai c0 eÐnai isìmorfoi. [Upìdeixh: Jewr ste thn a-

peikìnish T : c → c0 pou orÐzetai wc ex c: an x = (an) me an → a, tìte T (x) =

(a, a1 − a, a2 − a, . . .).]
(b) DeÐxte ìti oi c kai c0 den eÐnai isometrik� isìmorfoi. [Upìdeixh: An S : c0 → c

eÐnai isometrÐa epÐ, parathr ste ìti up�rqei n ∈ N gia to opoÐo S(en) /∈ c0.]
(g) DeÐxte ìti o c∗ eÐnai isometrik� isìmorfoc me ton `1.

2.6 DeÔteroc duðkìc kai autop�jeia

'Estw X ènac q¸roc me nìrma. 'Eqoume deÐ ìti o X∗ eÐnai q¸roc Banach me
nìrma thn ‖f‖ = sup{|f(x)| : ‖x‖ = 1}. MporoÔme loipìn na mil soume gia ton
(X∗)∗, ton q¸ro ìlwn twn fragmènwn grammik¸n sunarthsoeid¸n F : X∗ → R,
me nìrma thn

‖F‖ = sup
‖f‖X∗=1

|F (f)|.

Gia eukolÐa gr�foume X∗∗ := (X∗)∗. O X∗∗ lègetai deÔteroc duðkìc tou X.
'Omoia mporoÔme na orÐsoume ton trÐto duðkì X∗∗∗ tou X kai oÔtw kajex c.

Sth sunèqeia, an X eÐnai ènac q¸roc me nìrma ja gr�foume x1, x2, . . . gia ta
stoiqeÐa tou X, x∗1, x

∗
2, . . . gia ta stoiqeÐa tou X∗, x∗∗1 , x∗∗2 , . . . gia ta stoiqeÐa

tou X∗∗ klp.

K�je x ∈ X orÐzei me fusiologikì trìpo èna stoiqeÐo τ(x) tou X∗∗ wc ex c:
orÐzoume τ(x) : X∗ → R, me

[τ(x)](x∗) = x∗(x), x∗ ∈ X∗.

L mma 2.6.1. To τ(x) : X∗ → K eÐnai fragmèno grammikì sunarthsoeidèc.

Apìdeixh. Elègqoume pr¸ta th grammikìthta tou τ(x): An x∗1, x
∗
2 ∈ X∗ kai

λ, µ ∈ K, tìte

[τ(x)](λx∗1 + µx∗2) = (λx∗1 + µx∗2)(x) = λx∗1(x) + µx∗2(x)

= λ[τ(x)](x∗1) + µ[τ(x)](x∗2).

EpÐshc,

|[τ(x)](x∗)| = |x∗(x)| ≤ ‖x∗‖ ‖x‖ = ‖x‖ ‖x∗‖, x∗ ∈ X∗.

'Ara, τ(x) ∈ X∗∗ kai ‖τ(x)‖X∗∗ ≤ ‖x‖X . 2

L mma 2.6.2. H apeikìnish τ : X → X∗∗ me x 7→ τ(x) eÐnai grammik  isome-
trÐa. Eidikìtera, h τ eÐnai èna proc èna.



64 · Jewrhma Hahn-Banach

Apìdeixh. (a) 'Estw x1, x2 ∈ X kai λ1, λ2 ∈ K. Gia k�je x∗ ∈ X∗ èqoume

[τ(λ1x1 + λ2x2)](x∗) = x∗(λ1x1 + λ2x2) = λ1x
∗(x1) + λ2x

∗(x2)

= λ1[τ(x1)](x∗) + λ2[τ(x2)](x∗)

= [λ1τ(x1) + λ2τ(x2)](x∗).

'Ara, τ(λ1x1 + λ2x2) = λ1τ(x1) + λ2τ(x2), dhlad  h τ eÐnai grammik .

(b) 'Estw x ∈ X. Apì efarmog  tou Jewr matoc Hahn-Banach, up�rqei x∗0 ∈
X∗ ¸ste ‖x∗0‖ = 1 kai x∗0(x) = ‖x‖. 'Ara,

‖τ(x)‖X∗∗ = sup
‖x∗‖=1

|[τ(x)](x∗)| ≥ |[τ(x)](x∗0)| = |x∗0(x)| = ‖x‖.

Dhlad , ‖τ(x)‖X∗∗ ≥ ‖x‖. Sto prohgoÔmeno L mma eÐdame ìti isqÔei kai h
antÐstrofh anisìthta. Epomènwc,

‖τ(x)‖X∗∗ = ‖x‖,

kai h τ eÐnai isometrÐa.

(g) Profan¸c, τ(x) = 0 =⇒ ‖τ(x)‖X∗∗ = 0 =⇒ ‖x‖ = 0 =⇒ x = 0. Epeid  h τ

eÐnai grammik , autì deÐqnei ìti h τ eÐnai èna proc èna. 2

'Amesh sunèpeia twn dÔo lhmm�twn eÐnai to ex c:

Je¸rhma 2.6.3. K�je q¸roc X me nìrma emfuteÔetai me fusiologikì trìpo
isometrik� ston X∗∗ mèsw thc τ : X → X∗∗ pou orÐzetai apì thn

[τ(x)](x∗) = x∗(x). 2

Parathr seic. (a) O X eÐnai q¸roc Banach an kai mìno an o τ(x) eÐnai
kleistìc upìqwroc tou X∗∗. Pr�gmati, o X∗∗ eÐnai pl rhc kai o τ(X) grammikìc
upìqwroc tou X∗∗. O τ(X) eÐnai kleistìc an kai mìno an eÐnai pl rhc, ìmwc o
τ(X) eÐnai isometrik� isìmorfoc me ton X. 'Ara, o τ(X) eÐnai pl rhc an kai mìno
an o X eÐnai pl rhc.

(b) Orismìc H apeikìnish τ lègetai kanonik  emfÔteush tou X ston X∗∗. O
X lègetai autopaj c an τ(X) = X∗∗, dhlad  an h τ eÐnai epÐ. Tìte, o X eÐnai
isometrik� isìmorfoc me ton X∗∗.

(g) H idiìthta thc autop�jeiac den eÐnai isodÔnamh me thn Ôparxh isometrikoÔ
isomorfismoÔ an�mesa stouc X kai X∗∗. An o X eÐnai autopaj c, tìte eÐnai iso-
metrik� isìmorfoc me ton X∗∗, all� me polÔ isqurì trìpo: h kanonik  emfÔteush
τ eÐnai isometrÐa epÐ apì ton X ston X∗∗. O James (1951) èqei d¸sei par�deigma
q¸rou pou eÐnai isometrik� isìmorfoc me ton deÔtero duðkì tou, qwrÐc na eÐnai
autopaj c.

(d) Up�rqoun polloÐ mh autopajeÐc q¸roi. Pr¸ta-pr¸ta, ènac q¸roc me nìrma
pou den eÐnai pl rhc den mporeÐ na eÐnai autopaj c. 'Oloi oi q¸roi me nìrma pou
èqoun �peirh arijm simh di�stash san grammikoÐ q¸roi, an koun se aut  thn
kathgorÐa: upojètontac ìti o q¸roc me nìrma X = span{xi : i ∈ N} eÐnai pl rhc
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blèpoume ìti, apì to je¸rhma tou Baire, prèpei na up�rqei n ∈ N ¸ste o Fn =
span{x1, . . . xn} na èqei mh kenì eswterikì (�skhsh: qrhsimopoi ste to gegonìc
ìti k�je upìqwroc Fn eÐnai kleistìc, afoÔ èqei peperasmènh di�stash). 'Omwc
tìte, X = Fn (�skhsh) kai autì eÐnai �topo afoÔ o X eÐnai apeirodi�statoc.

O c0 den eÐnai autopaj c, giatÐ c∗0 ' `1 kai `∗1 ' `∞. An o c0  tan autopaj c,
tìte oi c0 kai `∞ ja  tan isometrik� isìmorfoi. Autì den mporeÐ na isqÔei, afoÔ
o c0 eÐnai diaqwrÐsimoc en¸ o `∞ ìqi.

O `1 den eÐnai autopaj c. An  tan, ja  tan isometrik� isìmorfoc me ton `∗∞,
dhlad  o `∗∞ ja  tan diaqwrÐsimoc. 'Omwc autì ja s maine ìti kai o `∞ eÐnai
diaqwrÐsimoc, �topo.

Prìtash 2.6.4. O Lp(µ), 1 < p < ∞, eÐnai autopaj c.

Apìdeixh. 'Estw q o suzug c ekjèthc tou p. 'Eqoume deÐ ìti h apeikìnish
T : Lq(µ) → (Lp(µ))∗ pou orÐzetai apì thn

[Tg](f) =
∫

Ω

fg dµ, f ∈ Lp(µ)

eÐnai isometrikìc isomorfismìc. 'Omoia, h apeikìnish S : Lp(µ) → (Lq(µ))∗ pou
orÐzetai apì thn

[Sf ](g) =
∫

Ω

fg dµ, g ∈ Lq(µ)

eÐnai isometrikìc isomorfismìc. Jèloume na deÐxoume ìti h τ : Lp(µ) → (Lp(µ))∗∗

eÐnai epÐ. 'Estw loipìn x∗∗ ∈ (Lp(µ))∗∗. Dhlad , h x∗∗ : (Lp(µ))∗ → K eÐnai
fragmèno grammikì sunarthsoeidèc.

Tìte, h x∗∗ ◦ T : Lq(µ) → K eÐnai fragmèno grammikì sunarthsoeidèc ston
Lq(µ), �ra up�rqei f ∈ Lp(µ) ¸ste

x∗∗ ◦ T = Sf.

Ja deÐxoume ìti τ(f) = x∗∗ elègqontac ìti sumfwnoÔn se k�je x∗ ∈ (Lp(µ))∗.
'Estw x∗ ∈ (Lp(µ))∗. Up�rqei g ∈ Lq(µ) ¸ste x∗ = Tg. Tìte,

x∗∗(x∗) = x∗∗(Tg) = (x∗∗ ◦ T )(g) = [Sf ](g) =
∫

Ω

fg dµ

kai
[τ(f)](x∗) = x∗(f) = [Tg](f) =

∫

Ω

fg dµ.

'Ara x∗∗(x∗) = [τ(f)](x∗).
Autì apodeiknÔei ìti h τ eÐnai epÐ, �ra o Lp(µ) eÐnai autopaj c. 2

Me teleÐwc an�logo trìpo apodeiknÔetai to ex c.

Prìtash 2.6.5. O `p, 1 < p < ∞, eÐnai autopaj c. 2

DeÐqnoume t¸ra èna akìma apotèlesma endeiktikì gia ton trìpo me ton opoÐo h
kanonik  emfÔteush τ : X → X∗∗ mporeÐ na m�c d¸sei plhroforÐec gia ton X.

Prìtash 2.6.6. 'Estw X q¸roc Banach. O X eÐnai autopaj c an kai mìno
an o X∗ eÐnai autopaj c.
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Apìdeixh. 'Estw τ : X → X∗∗ kai τ1 : X∗ → X∗∗∗ oi kanonikèc emfuteÔseic.
Upojètoume pr¸ta ìti τ(X) = X∗∗. 'Estw x∗∗∗0 ∈ X∗∗∗. Zht�me x∗0 ∈ X∗

¸ste τ1(x∗0) = x∗∗∗0 . OrÐzoume to x∗0 wc ex c: an x ∈ X tìte τ(x) ∈ X∗∗, opìte
jètoume

x∗0(x) := (x∗∗∗0 )(τ(x)).

EÔkola elègqoume ìti to x∗0 eÐnai grammikì sunarthsoeidèc, kai afoÔ

|x∗0(x)| = |(x∗∗∗0 )(τ(x))| ≤ ‖x∗∗∗0 ‖ · ‖τ(x)‖ = ‖x∗∗∗0 ‖ · ‖x‖,

blèpoume ìti x∗0 ∈ X∗ kai ‖x∗0‖ ≤ ‖x∗∗∗0 ‖.
Ja deÐxoume ìti τ1(x∗0) = x∗∗∗0 . 'Estw x∗∗ ∈ X∗∗. Tìte, up�rqei x ∈ X ¸ste

τ(x) = x∗∗. 'Ara,

[τ1(x∗0)](x
∗∗) = x∗∗(x∗0) = [τ(x)](x∗0)

= x∗0(x) = x∗∗∗0 (τ(x))

= x∗∗∗0 (x∗∗).

AntÐstrofa, èstw ìti τ1(X∗) = X∗∗∗ kai ac upojèsoume ìti τ(X) 6= X∗∗.
Tìte, o τ(X) eÐnai gn sioc kleistìc upìqwroc tou X∗∗ �ra up�rqei mh mhdenikì
fragmèno grammikì sunarthsoeidèc x∗∗∗0 ∈ X∗∗∗ ¸ste x∗∗∗0 (τ(x)) = 0 gia k�je
x ∈ X. Apì thn upìjes  mac, up�rqei x∗0 ∈ X∗ me τ1(x∗0) = x∗∗∗0 . Tìte, gia
k�je x ∈ X èqoume

x∗0(x) = [τ(x)](x∗0) = [τ1(x∗0)](τ(x)) = x∗∗∗0 (τ(x)) = 0,

dhlad  x∗0 = 0. 'Omwc tìte, x∗∗∗0 = τ1(x∗0) = 0, to opoÐo eÐnai �topo. 2



Kef�laio 3

Basik� jewr mata gia
telestèc se q¸rouc
Banach

3.1 H arq  tou omoiìmorfou fr�gmatoc

Prìgonoc thc arq c omoiìmorfou fr�gmatoc mporeÐ na jewrhjeÐ to ex c je¸rh-
ma tou Osgood: an {fn} eÐnai mia akoloujÐa suneq¸n sunart sewn sto [0, 1] me
thn idiìthta h {fn(t)} na eÐnai fragmènh gia k�je t ∈ [0, 1], tìte up�rqei upodi�-
sthma [a, b] tou [0, 1] sto opoÐo h {fn} eÐnai omoiìmorfa fragmènh. Me to Ðdio
ousiastik� epiqeÐrhma apodeiknÔetai h ex c genikìterh prìtash.

Prìtash 3.1.1. 'Estw X pl rhc metrikìc q¸roc kai èstw F oikogèneia su-
neq¸n sunart sewn f : X → R me thn ex c idiìthta: gia k�je x ∈ X to sÔnolo
{f(x) : f ∈ F} eÐnai fragmèno. Tìte, up�rqoun x0 ∈ X kai r,M > 0 ¸ste
|f(x)| ≤ M gia k�je x ∈ D(x0, r) kai gia k�je f ∈ F .

Apìdeixh. Gia k�je m ∈ N orÐzoume

Am = {x ∈ X : ∀f ∈ F , |f(x)| ≤ m}.
(i) K�je Am eÐnai kleistì: an xk ∈ Am kai xk → x, tìte

∀f ∈ F , |f(xk)| ≤ m

kai, apì th sunèqeia twn f ∈ F paÐrnoume f(xk) → f(x) kaj¸c k →∞, �ra

∀f ∈ F , |f(x)| ≤ m,

dhlad  x ∈ Am.
(ii) X =

⋃∞
m=1 Am: 'Estw x ∈ X. Apì thn upìjesh, to {f(x) : f ∈ F} eÐnai

fragmèno, dhlad  up�rqei Mx > 0 ¸ste, gia k�je f ∈ F , |f(x)| ≤ Mx. Up�rqei
m = m(x) ∈ N me m ≥ Mx. Tìte, x ∈ Am.
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(iii) O X eÐnai pl rhc metrikìc q¸roc, opìte to Je¸rhma tou Baire mac exa-
sfalÐzei ìti k�poio Am0 èqei mh kenì eswterikì, dhlad  up�rqoun x0 ∈ X kai
r > 0 ¸ste D(x0, r) ⊆ Am0 . 'Omwc tìte, h F eÐnai omoiìmorfa fragmènh sthn
D(x0, r):

∀x ∈ D(x0, r) ∀f ∈ F , |f(x)| ≤ m0. 2

H arq  tou omoiìmorfou fr�gmatoc diatup¸netai gia mia oikogèneia telest¸n
F ston B(X, Y ) pou èqoun thn idiìthta to {T (x) : T ∈ F} na eÐnai fragmèno
ston Y gia k�je x ∈ X. An o X eÐnai pl rhc, h grammikìthta twn T ∈ F kai h
apl  idèa thc apìdeixhc thc Prìtashc 3.1.1 mac dÐnoun ìti oi nìrmec ‖T‖, T ∈ F
eÐnai omoiìmorfa fragmènec:

Je¸rhma 3.1.2. 'Estw X q¸roc Banach, Y q¸roc me nìrma, kai èstw F mia
oikogèneia apì fragmènouc grammikoÔc telestèc T : X → Y me thn idiìthta: gia
k�je x ∈ X,

sup{‖Tx‖ : T ∈ F} < +∞.

Tìte, up�rqei M > 0 ¸ste

∀ T ∈ F , ‖T‖ ≤ M.

Apìdeixh. Gia k�je T ∈ F orÐzoume fT : X → R me fT (x) = ‖T (x)‖. K�je fT

eÐnai Lipschitz suneq c sun�rthsh. An x, y ∈ X, tìte

|fT (x)− fT (y)| = | ‖T (x)‖ − ‖T (y)‖ | ≤ ‖T (x)− T (y)‖ ≤ ‖T‖ · ‖x− y‖.

Apì thn upìjes  mac gia thn F blèpoume ìti gia k�je x ∈ X

sup{|fT (x)| : T ∈ F} = sup{‖T (x)‖ : T ∈ F} < +∞

dhlad  to sÔnolo {fT (x) : T ∈ F} eÐnai fragmèno.
Apì thn Prìtash 3.1.1 up�rqoun x0 ∈ X kai r,M1 > 0 ¸ste gia k�je

x ∈ B(x0, r) kai gia k�je T ∈ F ,

|fT (x)| = ‖T (x)‖ ≤ M1.

'Estw x ∈ BX . Tìte, gia k�je T ∈ F èqoume ‖T (x0 +rx)‖ ≤ M1 kai ‖T (x0)‖ ≤
M1 (giatÐ x0, x0 + rx ∈ B(x0, r)). 'Ara, gia k�je T ∈ F

‖T (x)‖ =
1
r
‖T (rx)‖ =

1
r
‖T (x0 + rx)− T (x0)‖

≤ 1
r

(‖T (x0 + rx)‖+ ‖T (x0)‖) ≤ 2M1

r
.

AfoÔ to x ∈ BX  tan tuqìn, èpetai ìti ‖T‖ ≤ M := 2M1/r gia k�je T ∈ F . 2

ShmeÐwsh. H upìjesh ìti o X eÐnai q¸roc Banach eÐnai aparaÐthth ìpwc deÐqnei
to ex c par�deigma: JewroÔme to q¸ro c00 twn telik� mhdenik¸n pragmatik¸n
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akolouji¸n, me th nìrma ‖x‖∞ = supk |ak| (ìpou x = (ak)k∈N). OrÐzoume mia
akoloujÐa sunarthsoeid¸n fn : c00 → R me

fn(x) =
n∑

k=1

ak.

K�je fn eÐnai grammikì sunarthsoeidèc kai

|fn(x)| =
∣∣∣∣∣

n∑

k=1

ak

∣∣∣∣∣ ≤
n∑

k=1

|ak| ≤ n sup
k
|ak| = n ‖x‖∞,

dhlad  ‖fn‖ ≤ n. IsqÔei m�lista isìthta: p�rte to x(n) = (1, . . . , 1, 0, . . .) me n

mon�dec. Tìte, ‖x(n)‖ = 1 kai fn(x(n)) = n.
Gia k�je x ∈ c00, h akoloujÐa (fn(x)) eÐnai telik� stajer . Epomènwc, to

{fn(x) : n ∈ N} eÐnai fragmèno. 'Omwc oi nìrmec twn fn den eÐnai omoiìmorfa
fragmènec: ‖fn‖ = n →∞. To prìblhma eÐnai bèbaia ìti o X den eÐnai pl rhc.
2

H arq  tou omoiìmorfou fr�gmatoc efarmìzetai suqn� sthn ex c morf  (je-
¸rhma Banach-Steinhaus):

Je¸rhma 3.1.3. 'Estw X q¸roc Banach, Y q¸roc me nìrma kai èstw (Tn)
akoloujÐa fragmènwn telest¸n Tn : X → Y me thn idiìthta: gia k�je x ∈ X

up�rqei to yx = limn→∞ Tn(x) ∈ Y . Tìte, an orÐsoume T : X → Y me T (x) = yx,
o T eÐnai fragmènoc telest c kai

‖T‖ ≤ lim inf
n
‖Tn‖.

Apìdeixh. EÔkola elègqoume ìti o T eÐnai grammikìc telest c. Apì thn upìje-
sh, gia k�je x ∈ X to sÔnolo {Tn(x) : n ∈ N} eÐnai fragmèno. Apì thn arq 
tou omoiìmorfou fr�gmatoc up�rqei M > 0 ¸ste

‖Tn‖ ≤ M

gia k�je n ∈ N. Tìte, gia k�je x ∈ X èqoume

‖T (x)‖ = ‖ lim
n

Tn(x)‖ = lim
n
‖Tn(x)‖ ≤ lim inf

n
‖Tn‖ · ‖x‖ ≤ M‖x‖.

Dhlad , o T eÐnai fragmènoc kai ‖T‖ ≤ M . Gia thn akrÐbeia, h apìdeixh deÐqnei
ìti ‖T‖ ≤ lim infn ‖Tn‖. 2

Up�rqoun di�forec parallagèc thc {arq c omoiìmorfou fr�gmatoc} gia oi-
kogèneiec fragmènwn telest¸n. Sthn Prìtash pou akoloujeÐ, den upojètoume
thn plhrìthta tou pedÐou orismoÔ all� periorÐzoume touc telestèc se èna {mi-
krì} sÔnolo.

Prìtash 3.1.4. 'Estw X, Y q¸roi me nìrma, K sumpagèc kai kurtì uposÔ-
nolo tou X, kai F oikogèneia fragmènwn telest¸n T : X → Y me thn idiìthta:
gia k�je x ∈ K to sÔnolo {‖T (x)‖ : T ∈ F} eÐnai fragmèno. Tìte, up�rqei a > 0
¸ste

T (K) ⊆ aBY

gia k�je T ∈ F . Dhlad , oi eikìnec T (K), T ∈ F eÐnai omoiìmorfa fragmènec.
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Apìdeixh. OrÐzoume An = {x ∈ X : ∀T ∈ F ‖T (x)‖ ≤ n}, n ∈ N. K�je An

eÐnai kleistì sÔnolo kai apì thn upìjes  mac,

K =
∞⋃

n=1

(K ∩An).

AfoÔ to K eÐnai sumpagèc, up�rqei m ¸ste to K∩Am na èqei mh kenì eswterikì
sto K. MporoÔme loipìn na broÔme x0 ∈ K kai r > 0 ¸ste

(∗) K ∩ (x0 + rBX) ⊆ Am.

EpÐshc, lìgw thc sump�geiac tou K mporoÔme na broÔme M > 1 arket� meg�lo
¸ste

K ⊆ x0 + MrBX .

'Estw T ∈ F kai x ∈ K. JewroÔme to

z =
(

1− 1
M

)
x0 +

1
M

x.

To K eÐnai kurtì, �ra z ∈ K. EpÐshc, z − x0 = (x − x0)/M ∈ rBX , dhlad 
z ∈ x0 + rBX . Apì thn (∗) èqoume ‖T (z)‖ ≤ m kai ‖T (x0)‖ ≤ m. Ara,
gr�fontac to x sth morf  x = Mz − (M − 1)x0 paÐrnoume

‖T (x)‖ ≤ M‖T (z)‖+ (M − 1)‖T (x0)‖ ≤ (2M − 1)m.

Autì apodeiknÔei ìti T (K) ⊆ aBY gia k�je T ∈ F , me a = (2M − 1)m. 2

H Prìtash pou akoloujeÐ eÐnai eidik  perÐptwsh thc arq c tou omoiìmor-
fou fr�gmatoc kai dÐnei krit rio gia to pìte èna sÔnolo fragmènwn grammik¸n
sunarthsoeid¸n eÐnai fragmèno.

Prìtash 3.1.5. 'Estw X q¸roc Banach kai èstw A ⊆ X∗. To A eÐnai
fragmèno an kai mìno an gia k�je x ∈ X isqÔei sup{|x∗(x)| : x∗ ∈ A} < +∞.

Apìdeixh. An to A eÐnai fragmèno, up�rqei M > 0 ¸ste ‖x∗‖ ≤ M gia k�je
x∗ ∈ A. Tìte, gia k�je x ∈ X èqoume

sup{|x∗(x)| : x∗ ∈ A} ≤ M‖x‖ < +∞.

To antÐstrofo eÐnai eidik  perÐptwsh thc arq c tou omoiìmorfou fr�gmatoc
(Je¸rhma 3.1.2). 2

H duðk  prìtash qrhsimopoieÐ thn kanonik  emfÔteush tou X ston X∗∗.

Prìtash 3.1.6. 'Estw X q¸roc me nìrma kai èstw A ⊆ X. To A eÐnai
fragmèno an kai mìno an gia k�je x∗ ∈ X∗ isqÔei sup{|x∗(x)| : x ∈ A} < +∞.

Apìdeixh: (⇒) Upojètoume ìti up�rqei M > 0 ¸ste ‖x‖ ≤ M gia k�je x ∈ A.
Tìte, gia k�je x∗ ∈ X∗ kai gia k�je x ∈ A èqoume

|x∗(x)| ≤ ‖x∗‖ ‖x‖ ≤ M‖x∗‖.
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Dhlad , to {x∗(x) : x ∈ A} eÐnai fragmèno.

(⇐) JewroÔme to sÔnolo τ(A) = {τ(x) : x ∈ A} ⊆ X∗∗. To τ(A) eÐnai
uposÔnolo tou duðkoÔ tou X∗ kai apì thn upìjes  mac,

sup{|(τ(x))(x∗)| : τ(x) ∈ τ(A)} = sup{|x∗(x)| : x ∈ A} < +∞.

AfoÔ o X∗ eÐnai q¸roc Banach, efarmìzetai h prohgoÔmenh Prìtash (me touc
X∗, X∗∗, τ(A) sthn jèsh twn X,X∗, A antÐstoiqa) kai èqoume ìti to τ(A) eÐnai
fragmèno ston X∗∗. AfoÔ h τ eÐnai isometrÐa, to A eÐnai fragmèno ston X. 2

Ask seic

1. Qrhsimopoi¸ntac thn arq  tou omoiìmorfou fr�gmatoc deÐxte ìti an (ak) eÐnai
mia akoloujÐa pragmatik¸n arijm¸n me thn idiìthta gia k�je b = (bk) ∈ c0 h seir�∑∞

k=1 akbk na sugklÐnei, tìte
∑∞

k=1 |ak| < +∞.

2. An x = (xi) kai y = (yi) eÐnai dÔo akoloujÐec pragmatik¸n arijm¸n, orÐzoume

〈x, y〉 :=

∞∑
i=1

xiyi,

an bèbaia h seir� sugklÐnei. 'Estw 1 < p < +∞, q o suzug c ekjèthc tou p kai
x(n) = (x

(n)
i ) mia akoloujÐa ston `p. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) Gia k�je y ∈ `q, 〈x(n), y〉 → 0.
(b) Up�rqei K > 0 ¸ste ‖x(n)‖p ≤ K gia k�je n ∈ N, kai x

(n)
i → 0 gia k�je

i ∈ N.
3. 'Estw (Ω,A, µ) q¸roc mètrou me µ(Ω) < +∞. 'Estw (fn) akoloujÐa ston Lp(µ),
1 < p < +∞. An q eÐnai o suzug c ekjèthc tou p, deÐxte ìti ta ex c eÐnai isodÔnama:

(a) Gia k�je g ∈ Lq(µ),
∫
Ω

fngdµ → 0.
(b) IsqÔei supn ‖fn‖p < +∞ kai gia k�je E ∈ A,

∫
E

fndµ → 0.

4. 'Estw X q¸roc Banach, (fn) akoloujÐa ston X∗ kai (εn) akoloujÐa jetik¸n
pragmatik¸n arijm¸n me εn → 0. Upojètoume ìti gia k�je x ∈ X up�rqei Kx > 0 me
thn idiìthta |fn(x)| ≤ Kxεn gia k�je n ∈ N. DeÐxte ìti ‖fn‖ → 0.

5. 'Estw X, Y, Z q¸roi Banach kai T : X × Y → Z apeikìnish me thn idiìthta: gia
k�je x ∈ X o Tx : Y → Z me Tx(y) = T (x, y) eÐnai fragmènoc grammikìc telest c, kai
gia k�je y ∈ Y o Ty : X → Z me Ty(x) = T (x, y) eÐnai fragmènoc grammikìc telest c.
DeÐxte ìti up�rqei M > 0 ¸ste

‖T (x, y)‖ ≤ M‖x‖ · ‖y‖, x ∈ X, y ∈ Y.

3.2 Jewr mata anoikt c apeikìnishc kai kleistoÔ gra-
f matoc

Orismìc 'Estw X kai Y metrikoÐ q¸roi, kai T : X → Y sun�rthsh. H T

lègetai anoikt  apeikìnish an gia k�je A ⊆ X anoiktì, to T (A) eÐnai anoiktì
uposÔnolo tou Y .

An T : X → Y suneq c, h T den eÐnai aparaÐthta anoikt : gia par�deigma, h
T : (0, 2π) → R me T (x) = sin x eÐnai suneq c, all� T ((0, 2π)) = [−1, 1].
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Je¸rhma anoikt c apeikìnishc (Schauder) 'Estw X kai Y q¸roi Bana-
ch, kai èstw T : X → Y fragmènoc kai epÐ grammikìc telest c. Tìte, o T eÐnai
anoikt  apeikìnish.

To je¸rhma eÐnai ousiastik� sunèpeia thc akìloujhc Prìtashc:

Prìtash 3.2.1. An X, Y q¸roi Banach kai T : X → Y fragmènoc kai epÐ
grammikìc telest c, tìte to T (DX(0, 1)) perièqei anoikt  mp�la me kèntro to 0
ston Y .

Apìdeixh. B ma 1 Parathr ste ìti

X =
∞⋃

k=1

DX(0, k).

AfoÔ o T eÐnai epÐ, paÐrnoume

Y = T (X) =
∞⋃

k=1

T (DX(0, k)).

'Ara,

Y =
∞⋃

k=1

T (DX(0, k)).

O Y eÐnai pl rhc, kai k�je T (DX(0, k)) kleistì. Apì to je¸rhma tou Baire, u-
p�rqei m ¸ste to T (DX(0,m)) na perièqei mia mp�la ston Y . Dhlad , up�rqoun
y0 ∈ Y kai r > 0 ¸ste

(1) DY (y0, ρ) ⊆ T (DX(0,m)).

B ma 2 To sÔnolo T (DX(0, m)) eÐnai kurtì kai summetrikì wc proc to 0. Apì
thn (1) èqoume DY (−y0, ρ) = −DY (y0, ρ) ⊆ T (DX(0,m)) kai

DY (0, ρ) =
1
2
DY (y0, ρ) +

1
2
DY (−y0, ρ) ⊆ T (DX(0,m)).

'Ara,

(2) T (DX(0, 1)) ⊇ DY (0, ρ/m) = DY (0, δ),

ìpou δ = ρ/m.

B ma 3 EÐdame ìti h kleist  j kh thc T (DX(0, 1)) perièqei mi� anoikt  mp�la
DY (0, δ) ston Y . Mènei na doÔme ìti to T (DX(0, 1)) èqei thn Ðdia idiìthta.

JewroÔme thn DY (0, δ/2). 'Estw y ∈ Y me ‖y‖ < δ/2. Tìte,

y ∈ 1
2
T (DX(0, 1)) = T (DX(0, 1/2)),

�ra up�rqei x1 ∈ DX(0, 1/2) ¸ste

‖y − Tx1‖ <
δ

22
.
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Tìte, y−Tx1 ∈ 1
22 T (DX(0, 1)) = T (DX(0, 1/22)), �ra up�rqei x2 ∈ DX(0, 1/22)

¸ste
‖y − Tx1 − Tx2‖ <

δ

23
.

Epagwgik�, brÐskoume xn ∈ DX(0, 1/2n) me thn idiìthta

(3) ‖y − Tx1 − · · · − Txn‖ <
δ

2n+1
.

H akoloujÐa zn = x1 + · · ·+ xn eÐnai Cauchy ston X: an m > n, tìte

‖zm − zn‖ = ‖xm + · · ·+ xn+1‖ ≤ ‖xm‖+ · · ·+ ‖xn+1‖
<

1
2m

+ · · ·+ 1
2n+1

<
1
2n

.

O X eÐnai pl rhc, �ra up�rqei x ∈ X ¸ste zn → x. ParathroÔme ìti

‖zn‖ = ‖x1 + · · ·+xn‖ ≤ ‖x1‖+ · · ·+ ‖xn‖ < ‖x1‖+
1
22

+ · · ·+ 1
2n

< ‖x1‖+
1
2
.

'Ara,

‖x‖ = lim
n
‖zn‖ ≤ ‖x1‖+

1
2

< 1.

Dhlad , x ∈ DX(0, 1). Apì thn (3), T (zn) = T (x1) + · · · + T (xn) → y. 'Omwc
zn → x kai o T eÐnai suneq c, �ra T (zn) → T (x). Dhlad , T (x) = y, ki autì
shmaÐnei ìti y ∈ T (DX(0, 1)).

To y ∈ DY (0, δ/2)  tan tuqìn, �ra T (DX(0, 1)) ⊇ DY (0, δ/2). 2

Parat rhsh. Mia polÔ qr simh sunèpeia thc apìdeixhc tou L mmatoc eÐnai h
ex c.

Prìtash 3.2.2. 'Estw X, Y q¸roi Banach kai èstw T : X → Y fragmènoc
kai epÐ grammikìc telest c. Up�rqei stajer� M > 0 me thn ex c idiìthta: gia
k�je y ∈ Y up�rqei x ∈ X ¸ste T (x) = y kai ‖x‖ ≤ M‖y‖. 2

Apìdeixh tou jewr matoc anoikt c apeikìnishc: 'Estw A ⊆ X

anoiktì. Ja deÐxoume ìti to T (A) eÐnai anoiktì: èstw y ∈ T (A). Up�rqei x ∈ A

¸ste Tx = y. To A eÐnai anoiktì, �ra up�rqei r > 0 ¸ste DX(x, r) ⊆ A.
Apì thn Prìtash 3.2.1, up�rqei δ > 0 ¸ste T (DX(0, 1)) ⊇ DY (0, δ). Tìte,

T (DX(0, r)) = T (rDX(0, 1)) = rT (DX(0, 1)) ⊇ rDY (0, δ) = DY (0, δr).

An y′ ∈ DY (y, δr), tìte y′ − y ∈ DY (0, δr), �ra up�rqei z ∈ DX(0, r) ¸ste
T (z) = y′ − y. 'Epetai ìti x + z ∈ DX(x, r), kai T (x + z) = y′. Dhlad ,

T (A) ⊇ T (DX(x, r)) ⊇ DY (y, δr).

To y ∈ T (A)  tan tuqìn, �ra to T (A) eÐnai anoiktì. 2

Mia eidik  perÐptwsh tou jewr matoc anoikt c apeikìnishc eÐnai to je¸rhma
antÐstrofhc apeikìnishc.
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Je¸rhma 3.2.3. 'Estw X, Y q¸roi Banach kai èstw T : X → Y fragmènoc,
èna proc èna kai epÐ, grammikìc telest c. Tìte, o T−1 : Y → X eÐnai fragmènoc
grammikìc telest c.

Apìdeixh. O T−1 orÐzetai kal� kai eÐnai grammikìc telest c. AfoÔ o T eÐnai
anoikt  apeikìnish, gia k�je A ⊆ X anoiktì èqoume ìti to (T−1)−1(A) = T (A)
eÐnai anoiktì uposÔnolo tou Y . 'Ara, o T−1 eÐnai suneq c. 2

To epìmeno apotèlesma aut c thc paragr�fou, to je¸rhma kleistoÔ graf -
matoc, mac dÐnei èna polÔ qr simo krit rio gia na elègqoume an ènac grammikìc
telest c eÐnai fragmènoc.

Orismìc 'Estw X, Y q¸roi me nìrma, kai T : X → Y grammikìc telest c. To
gr�fhma tou T eÐnai to sÔnolo

Γ(T ) = {(x, y) : y = Tx} ⊆ X × Y.

O T èqei kleistì gr�fhma an isqÔei to ex c:
An xn → x ston X, yn → y ston Y , kai yn = T (xn), n ∈ N, tìte y = T (x).

IsodÔnama, an to Γ(T ) eÐnai kleistì uposÔnolo tou X × Y , me nìrma p.q. thn
‖(x, y)‖ = ‖x‖X + ‖y‖Y (�skhsh).

Je¸rhma kleistoÔ graf matoc 'Estw X, Y q¸roi Banach, kai èstw
T : X → Y grammikìc telest c. An to gr�fhma Γ(T ) tou T eÐnai kleistì
uposÔnolo tou X × Y , tìte o T eÐnai fragmènoc.

Apìdeixh. JewroÔme ton X×Y me nìrma thn ‖(x, y)‖ = ‖x‖X +‖y‖Y . O X×Y

eÐnai pl rhc: an zn = (xn, yn) eÐnai akoloujÐa Cauchy ston X × Y kai ε > 0,
up�rqei n0 ∈ N ¸ste, gia k�je n > m ≥ n0,

ε > ‖zn − zm‖ = ‖(xn − xm, yn − ym)‖ = ‖xn − xm‖X + ‖yn − ym‖Y .

Tìte ìmwc, ‖xn − xm‖ < ε kai ‖yn − ym‖ < ε, dhlad  oi (xn), (yn) eÐnai
akoloujÐec Cauchy stouc X,Y antÐstoiqa. Oi X, Y eÐnai pl reic, �ra up�rqoun
x ∈ X kai y ∈ Y ¸ste xn → x kai yn → y.

'Omwc tìte, an z = (x, y), èqoume

‖z − zn‖ = ‖x− xn‖+ ‖y − yn‖ → 0.

'Ara, zn → z.

Apì thn upìjes  mac, to Γ(T ) eÐnai kleistì uposÔnolo tou X×Y , kai eÔkola
elègqoume ìti eÐnai grammikìc upìqwroc tou X × Y . AfoÔ o X × Y eÐnai q¸roc
Banach, to Γ(T ) eÐnai q¸roc Banach.

OrÐzoume P : Γ(T ) → X me P (x, Tx) = x. O P eÐnai grammikìc telest c, kai

P (x, Tx) = 0 =⇒ x = 0 =⇒ Tx = 0 =⇒ (x, Tx) = (0, 0),

�ra o P eÐnai èna proc èna. Profan¸c, o P eÐnai epÐ. Tèloc, o P eÐnai fragmènoc:

‖P (x, Tx)‖ = ‖x‖X ≤ ‖x‖X + ‖Tx‖Y = ‖(x, Tx)‖X×Y .
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Dhlad , ‖P‖ ≤ 1.

Apì to je¸rhma antÐstrofhc apeikìnishc, o P−1 : X → Γ(T ) me P−1(x) =
(x, Tx) eÐnai fragmènoc. Dhlad , up�rqei M > 0 ¸ste, gia k�je x ∈ X

‖Tx‖Y ≤ ‖x‖X + ‖Tx‖Y = ‖(x, Tx)‖X×Y = ‖P−1(x)‖X×Y ≤ M‖x‖X .

Sunep¸c, o T eÐnai fragmènoc. 2

KleÐnoume aut  thn par�grafo me dÔo paradeÐgmata pou deÐqnoun ìti h upì-
jesh thc plhrìthtac twn X kai Y sta jewr mata antÐstrofhc apeikìnishc kai
kleistoÔ graf matoc eÐnai aparaÐthth.

(a) JewroÔme touc q¸rouc X = C1[0, 1] kai Y = C[0, 1] twn suneq¸c para-
gwgÐsimwn kai suneq¸n f : [0, 1] → R antÐstoiqa, me nìrma thn ‖ · ‖∞. OrÐzoume
T : X → Y me T (f) = f ′.

O T eÐnai grammikìc telest c kai èqei kleistì gr�fhma: an ‖fn − f‖∞ → 0
kai ‖f ′n − g‖∞ → 0, tìte f ′ = g, dhlad  g = T (f).

'Omwc o T den eÐnai fragmènoc telest c. An fn(t) = tn, tìte ‖fn‖∞ = 1 en¸
‖T (fn)‖∞ = ‖ntn−1‖∞ = n. To je¸rhma kleistoÔ graf matoc den efarmìzetai
kai o lìgoc eÐnai (anagkastik�) ìti o X den eÐnai pl rhc (sto par�deigma autì,
o Y eÐnai pl rhc).

(b) 'Estw X apeirodi�statoc diaqwrÐsimoc q¸roc Banach. JewroÔme mia
b�sh Hamel {ei : i ∈ I} tou X. To I eÐnai uperarijm simo sÔnolo. MporoÔme
epÐshc na upojèsoume ìti ‖ei‖ = 1 gia k�je i ∈ I.

OrÐzoume mia deÔterh nìrma ‖ · ‖′ ston X wc ex c: k�je x ∈ X gr�fetai
me monadikì trìpo sth morf  x =

∑
i∈I aiei me peperasmènouc to pl joc mh

mhdenikoÔc suntelestèc ai. Jètoume

‖x‖′ =
∑

i∈I

|ai|

kai jewroÔme ton q¸ro Y = (X, ‖ ·‖′). JewroÔme t¸ra thn tautotik  apeikìnish
I : (X, ‖ · ‖) → (X, ‖ · ‖′). To gr�fhma Γ(I) = {(x, x) : x ∈ X} thc I eÐnai
kleistì: èstw ìti ‖xn − x‖ → 0 kai ‖xn − y‖′ → 0. Genik�,

(∗) ‖x‖ =

∥∥∥∥∥
∑

i∈I

aiei

∥∥∥∥∥ ≤
∑

i∈I

|ai| · ‖ei‖ =
∑

i∈I

|ai| = ‖x‖′,

�ra ‖xn − y‖′ → 0 ⇒ ‖xn − y‖ → 0, dhlad  y = I(x) = x.
'Omwc o I den eÐnai fragmènoc. Apì thn (∗) o I−1 eÐnai fragmènoc, an loipìn

o I  tan fragmènoc, tìte ja  tan isomorfismìc. Autì den mporeÐ na sumbaÐnei,
giatÐ o (X, ‖·‖) èqei upotejeÐ diaqwrÐsimoc en¸ o (X, ‖·‖′) den eÐnai diaqwrÐsimoc:
parathr ste ìti an i 6= j ∈ I tìte ‖ei − ej‖′ = 2 kai to I eÐnai uperarijm simo.

To je¸rhma kleistoÔ graf matoc den efarmìzetai kai o lìgoc eÐnai anagka-
stik� ìti o Y den eÐnai pl rhc (sto par�deigma autì, o X eÐnai pl rhc). To Ðdio
par�deigma deÐqnei ìti h upìjesh thc plhrìthtac den mporeÐ na afairejeÐ apì to
je¸rhma antÐstrofhc apeikìnishc: o I−1 : Y → X eÐnai fragmènoc, 1-1 kai epÐ
grammikìc telest c all� den eÐnai isomorfismìc.
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Ask seic

1. 'Estw X kleistìc upìqwroc tou L1[0, 2]. Upojètoume ìti gia k�je f ∈ L1[0, 1]

up�rqei f̃ ∈ X ¸ste f̃ |[0,1] = f . DeÐxte ìti up�rqei stajer� M > 0 me thn ex c
idiìthta: an f ∈ L1[0, 1], up�rqei f̃ ∈ X me f̃ |[0,1] = f kai ‖f̃‖1 ≤ M‖f‖1.
2. 'Estw (xn) akoloujÐa se ènan q¸ro me nìrma X, me thn idiìthta

∑∞
n=1 |f(xn)| <

+∞ gia k�je f ∈ X∗. DeÐxte ìti up�rqei stajer� M > 0 ¸ste

∞∑
n=1

|f(xn)| ≤ M‖f‖

gia k�je f ∈ X∗.

3. 'Estw X, Y q¸roi Banach kai T : X → Y grammikìc telest c. DeÐxte ìti o T eÐnai
fragmènoc an kai mìno an gia k�je g ∈ Y ∗ isqÔei g ◦ T ∈ X∗.

4. 'Estw X, Y q¸roi Banach kai T : X → Y fragmènoc kai epÐ grammikìc telest c.
(a) DeÐxte ìti up�rqei K > 0 ¸ste: gia k�je y ∈ Y up�rqei x ∈ X me T (x) = y

kai ‖x‖ ≤ K‖y‖.
(b) An H : `1 → Y eÐnai ènac fragmènoc grammikìc telest c, deÐxte ìti up�rqei

fragmènoc grammikìc telest c G : `1 → X ¸ste T ◦G = H.

5. 'Estw X q¸roc Banach, (xn) akoloujÐa ston X kai x0 ∈ X me xn → x0. JewroÔme
mia akoloujÐa (fn) ston X∗ kai f ∈ X∗ pou ikanopoioÔn to ex c: gia k�je x ∈ X,
fn(x) → f(x). DeÐxte ìti fn(xn) → f(x).

6. 'Estw X, Y q¸roi Banach kai T : X → Y fragmènoc kai epÐ telest c. An x0 ∈ X,
y0 = T (x0) kai yn → y0 ston Y , deÐxte ìti up�rqoun xn ∈ X me T (xn) = yn kai
xn → x0.



Kef�laio 4

B�seic Schauder

4.1 B�seic Schauder

Orismìc 'Estw X q¸roc Banach kai èstw (xn) akoloujÐa ston X. H (xn)
lègetai b�sh Schauder tou X an gia k�je x ∈ X up�rqoun monadikoÐ an =
an(x) ∈ K ¸ste

x =
∞∑

n=1

anxn.

An (xn) eÐnai mia b�sh Schauder tou X, tìte mporoÔme na blèpoume ton X san
{q¸ro akolouji¸n} mèsw thc taÔtishc x ←→ (a1(x), a2(x), . . .). H b�sh mac
parèqei èna {sÔsthma suntetagmènwn} gia ton X.

'Estw ìti h (xn) eÐnai b�sh Schauder tou X. Den eÐnai dÔskolo na elègxete
ìti ta xn, n ∈ N eÐnai grammik� anex�rthta (eidikìtera, xn 6= 0 gia k�je n ∈ N).
EpÐshc, o X eÐnai diaqwrÐsimoc (�skhsh).

Je¸rhma 4.1.1. 'Estw X q¸roc Banach me b�sh Schauder thn (xn). Gia
k�je n ∈ N jewroÔme thn fusiologik  {probol } Pn : X → X pou orÐzetai mèsw
thc

Pn(x) = Pn

( ∞∑

i=1

aixi

)
=

n∑

i=1

aixi.

Tìte, k�je Pn eÐnai fragmènoc telest c kai supn ‖Pn‖ < +∞.

Apìdeixh. K�je Pn eÐnai grammikìc telest c kai Pn ◦ Pn = Pn, k�ti pou dikaio-
logeÐ ton ìro {probol }. Piì genik�, an n < m tìte Pn ◦ Pm = Pm ◦ Pn = Pn.
Autì pou den eÐnai profanèc eÐnai ìti oi telestèc Pn eÐnai fragmènoi.

Gia k�je x ∈ X èqoume Pn(x) → x, �ra to {‖Pn(x)‖ : n ∈ N} eÐnai fragmèno
sto R. OrÐzoume mia nèa nìrma ||| · ||| ston X mèsw thc

|||x||| = sup
n
‖Pn(x)‖.
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EÔkola elègqoume ìti h ||| · ||| eÐnai nìrma pou ikanopoieÐ thn

‖x‖ = lim
n→∞

‖Pn(x)‖ ≤ sup
n
‖Pn(x)‖ = |||x|||, x ∈ X.

Isqurismìc: O (X, ||| · |||) eÐnai pl rhc.
Apìdeixh. 'Estw yk =

∑∞
i=1 ak

i xi mia ||| · |||-Cauchy akoloujÐa ston X. Tìte,
oi akoloujÐec (Pn(yk))k eÐnai ‖ · ‖-Cauchy ston X omoiìmorfa wc proc n: Gia
k�je ε > 0 up�rqei k0(ε) ∈ N ¸ste

(1) ∀k1, k2 ≥ k0(ε) ∀n ∈ N, ‖Pn(yk1)− Pn(yk2)‖ < ε.

'Omwc gia k�je n ∈ N h akoloujÐa (Pn(yk))k brÐsketai se ènan q¸ro pepera-
smènhc di�stashc (ton Xn = span{x1, . . . , xn}), epomènwc sugklÐnei se k�poio
zn ∈ Xn. EpÐshc, lìgw thc (1), h sÔgklish eÐnai omoiìmorfh wc proc n. Dhlad ,
gia k�je ε > 0 up�rqei k0(ε) ∈ N ¸ste

(2) ∀k ≥ k0(ε) ∀n ∈ N, ‖Pn(yk1)− zn‖ ≤ ε.

H akoloujÐa (zn)n eÐnai ‖ · ‖-Cauchy: èstw ε > 0. Epilègoume k0 ∈ N ¸ste, gia
k�je k ≥ k0 kai k�je n ∈ N, na èqoume ‖Pn(yk) − zn‖ < ε/3. Tìte, gia k�je
n,m ∈ N paÐrnoume

‖zn − zm‖ <
2ε

3
+ ‖Pn(yk)− Pm(yk)‖

an k ≥ k0. AfoÔ lim
n→∞

Pn(yk) = yk, an stajeropoi soume k�poio k ≥ k0 kai
p�roume ta n,m arket� meg�la, blèpoume ìti

‖Pn(yk)− Pm(yk)‖ <
ε

3
,

dhlad 
‖zn − zm‖ < ε.

O (X, ‖ · ‖) eÐnai pl rhc, �ra up�rqei z ∈ X tètoio ¸ste ‖zn − z‖ → 0. Parath-
roÔme ìti an m > n, tìte

(3) Pn(zm) = Pn(lim
k

Pm(yk)) = lim
k

Pn(Pm(yk)) = lim
k

Pn(yk) = zn.

(h deÔterh isìthta isqÔei giatÐ ìla ta Pm(yk) an koun ston peperasmènhc di�-
stashc q¸ro (Xm, ‖ · ‖) ston opoÐo h Pn eÐnai suneq c).

Apì thn (3) sumperaÐnoume ìti up�rqei akoloujÐa (ai)i∈N sto K ¸ste

zn =
n∑

i=1

aixi

gia k�je n ∈ N (�skhsh). 'Epetai ìti

z = lim
n→∞

zn =
∞∑

i=1

aixi.
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Tèloc, apì thn (2) blèpoume ìti

|||z − yk||| = sup
n
‖zn − Pn(yk)‖ → 0

ìtan k →∞, to opoÐo apodeiknÔei ton isqurismì. 2

JewroÔme t¸ra thn tautotik  apeikìnish I : (X, ||| · |||) → (X, ‖ ·‖). H I eÐnai
grammikìc, 1-1 kai epÐ telest c. AfoÔ ‖x‖ ≤ |||x||| gia k�je x ∈ X, o I eÐnai
fragmènoc telest c. Oi dÔo q¸roi eÐnai pl reic, �ra efarmìzetai to je¸rhma
antÐstrofhc apeikìnishc: o I−1 eÐnai fragmènoc, dhlad  up�rqei K > 0 ¸ste

sup
n
‖Pn(x)‖ = |||x||| ≤ K‖x‖

gia k�je x ∈ X. 'Ara, k�je Pn eÐnai fragmènoc telest c kai

sup
n
‖Pn‖ ≤ K < +∞. 2

Orismìc. O arijmìc M = supn ‖Pn‖ lègetai stajer� thc b�shc (xi). An
M = 1 tìte h b�sh (xi) lègetai monìtonh.

Apì thn Pn ◦ Pm = Pn, n < m paÐrnoume to ex c.

Pìrisma 4.1.2. 'Estw X q¸roc Banach me b�sh Schauder thn (xi). Gia k�je
n < m kai k�je a1, . . . , am ∈ K isqÔei

∥∥
n∑

i=1

aixi

∥∥ ≤ M
∥∥

m∑

i=1

aixi

∥∥

ìpou M h stajer� thc b�shc (xi).

Apìdeixh. Jètoume x =
∑m

i=1 aixi. Tìte, Pn(x) =
∑n

i=1 aixi. To sumpèrasma
prokÔptei apì thn ‖Pn(x)‖ ≤ ‖Pn‖ · ‖x‖ ≤ M‖x‖. 2

'Estw X q¸roc Banach me b�sh Schauder thn (xi). Gia k�je i ∈ N orÐzoume
x∗i : X → K me x∗i (

∑∞
n=1 anxn) = ai. K�je x∗i eÐnai grammikì sunarthsoeidèc,

kai x∗j (xi) = δij , i, j ∈ N.
Orismìc. H akoloujÐa {x∗i : i ∈ N} eÐnai h diorjog¸nia akoloujÐa thc {xi : i ∈
N}. K�je x ∈ X gr�fetai sth morf 

x =
∞∑

i=1

x∗i (x)xi.

Epiplèon, k�je x∗i ∈ X∗:

Prìtash 4.1.3. 'Estw X q¸roc Banach me b�sh Schauder thn (xi), kai
èstw (x∗i ) h diorjog¸nia akoloujÐa thc (xi). K�je x∗i eÐnai fragmèno grammikì
sunarthsoeidèc kai

‖x∗i ‖∗ ≤
2M

‖xi‖ ,

ìpou M > 0 h stajer� thc b�shc (xi).
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Apìdeixh. Jètoume P0 ≡ 0 kai jewroÔme tuqìn x ∈ X. Apì thn x∗i (x)xi =
Pi(x)− Pi−1(x) blèpoume ìti

|x∗i (x)| = 1
‖xi‖ ‖Pi(x)− Pi−1(x)‖ ≤ 2M

‖xi‖ ‖x‖,

ìpou M > 0 eÐnai h stajer� thc b�shc (xi). 2

Prìtash 4.1.4 (arq  twn mikr¸n diataraq¸n). 'Estw X ènac q¸roc
Banach kai èstw (xn) b�sh Schauder tou X, me stajer� b�shc M > 0 kai
δ := inf{‖xn‖ : n ∈ N} > 0. An (yn) eÐnai akoloujÐa ston X h opoÐa ikanopoieÐ
thn

∞∑
n=1

‖xn − yn‖ <
δ

2M
,

tìte h (yn) eÐnai epÐshc b�sh Schauder tou X.

Apìdeixh. DeÐqnoume pr¸ta ìti an h seir�
∑∞

i=1 λixi sugklÐnei, tìte h seir�∑∞
i=1 λiyi sugklÐnei: èstw ìti x =

∑∞
i=1 λixi ∈ X. Gia k�je n < m èqoume

∥∥∥∥∥
m∑

i=n

λiyi

∥∥∥∥∥ ≤ max
n≤i≤m

|λi|
m∑

i=n

‖yi − xi‖+

∥∥∥∥∥
m∑

i=n

λixi

∥∥∥∥∥

≤ 2M

δ
‖x‖

m∑

i=n

‖yi − xi‖+

∥∥∥∥∥
m∑

i=n

λixi

∥∥∥∥∥ ,

ìpou qrhsimopoi same thn trigwnik  anisìthta kai thn |λi| = |x∗i (x)| ≤ 2M
δ ‖x‖.

Apì tic upojèseic mac, to dexiì mèloc teÐnei sto mhdèn ìtan n,m →∞. 'Ara, h∑n
i=1 λiyi eÐnai akoloujÐa Cauchy ston X. 'Epetai ìti up�rqei to y =

∑∞
i=1 λiyi.

OrÐzoume T : X → X wc ex c: k�je x ∈ X gr�fetai monos manta sth morf 
x =

∑∞
i=1 λixi. OrÐzoume

T

( ∞∑

i=1

λixi

)
=

∞∑

i=1

λiyi.

O T eÐnai kal� orismènoc grammikìc telest c, kai gia k�je x ∈ X èqoume

‖x− T (x)‖ =

∥∥∥∥∥
∞∑

n=1

λn(xn − yn)

∥∥∥∥∥ ≤
2M

δ
‖x‖

∞∑
n=1

‖xn − yn‖,

dhlad 

‖I − T‖ ≤ 2M

δ

∞∑
n=1

‖xn − yn‖ < 1.

'Epetai ìti o T eÐnai isomorfismìc: o antÐstrofoc tou T eÐnai o telest c S =∑∞
k=0(I − T )k. H sÔgklish thc seir�c èpetai apì thn ‖I − T‖ < 1: AfoÔ

‖(I − T )k‖ ≤ ‖I − T‖k gia k�je k, paÐrnoume

∞∑

k=0

‖(I − T )k‖ ≤
∞∑

k=0

‖I − T‖k =
1

1− ‖I − T‖ .
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Qrhsimopoi¸ntac thn limn(I − T )n = 0, blèpoume ìti

T

( ∞∑

k=0

(I − T )k

)
= lim

n→∞
T

(
n∑

k=0

(I − T )k

)
= lim

n→∞
(I − (I − T )n+1) = I.

Me ton Ðdio trìpo elègqoume ìti
( ∞∑

k=0

(I − T )k

)
T = I.

Den eÐnai t¸ra dÔskolo na elègxete ìti k�je x ∈ X gr�fetai monos manta
sth morf 

∑∞
n=1 λnyn: arkeÐ na gr�yete to T−1(x) sth morf  T−1(x) =∑∞

n=1 λnxn. 2

4.2 Basikèc akoloujÐec

Orismìc. 'Estw X q¸roc Banach kai èstw (xn) akoloujÐa ston X. H (xn)
lègetai basik  akoloujÐa an eÐnai b�sh gia ton upìqwro Y = span{xn : n ∈ N}
pou par�gei. H epìmenh Prìtash mac dÐnei èna krit rio gia na exet�zoume an mia
akoloujÐa eÐnai basik .

Prìtash 4.2.1. 'Estw X q¸roc Banach kai èstw (xn) akoloujÐa mh mhdeni-
k¸n dianusm�twn ston X. H (xn) eÐnai basik  akoloujÐa an kai mìno an up�rqei
stajer� K > 0 me thn idiìthta

(1)

∥∥∥∥∥
n∑

i=1

aixi

∥∥∥∥∥ ≤ K

∥∥∥∥∥
m∑

i=1

aixi

∥∥∥∥∥

gia k�je n < m kai k�je a1, . . . , am ∈ K.

Apìdeixh. H mÐa kateÔjunsh prokÔptei �mesa an efarmìsoume to Pìrisma 3.3.2
gia ton Y = span{xn : n ∈ N}.

Gia thn antÐstrofh kateÔjunsh, ac upojèsoume ìti h (xn) ikanopoieÐ thn
(1). ParathroÔme pr¸ta ìti ta dianÔsmata xn eÐnai grammik� anex�rthta. An∑m

i=1 aixi = 0, tìte gia k�je 2 ≤ j ≤ m èqoume

|aj | ‖xj‖ ≤
∥∥

j∑

i=1

aixi

∥∥ +
∥∥

j−1∑

i=1

aixi

∥∥ ≤ 2K
∥∥

m∑

i=1

aixi

∥∥ = 0.

H Ðdia anisìthta isqÔei (me stajer� K antÐ gia 2K) ìtan j = 1. 'Epetai ìti
a1 = · · · = am = 0.

JewroÔme ton F = span{xn : n ∈ N}. O F eÐnai puknìc upìqwroc tou Y .
Gia k�je n orÐzoume Pn : F → F me

Pn

(
m∑

i=1

aixi

)
=

min{m,n}∑

i=1

aixi.

O Pn eÐnai kal� orismènoc, lìgw thc grammik c anexarthsÐac twn xi, kai apì thn
(1) sumperaÐnoume ìti ‖Pn‖ ≤ K gia k�je n. Qrhsimopoi¸ntac thn puknìthta
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tou F ston Y mporoÔme na epekteÐnoume ton Pn se olìklhro ton Y , me diat rhsh
thc ‖Pn‖ ≤ K.

'Estw x ∈ Y . Apì ton trìpo orismoÔ twn Pn blèpoume ìti up�rqei (monadik )
akoloujÐa (ai)i∈N sto K ¸ste

Pn(x) =
n∑

i=1

aixi

gia k�je n ∈ N (qrhsimopoi ste thn Pn◦Pm = Pn an n < m). Mènei na deÐxoume
ìti Pn(x) → x. 'Estw ε > 0. Up�rqei z =

∑n
i=1 bixi ∈ F ¸ste ‖x− z‖ < ε. Gia

k�je m > n èqoume Pm(z) = z, �ra

‖x− Pm(x)‖ ≤ ‖x− z‖+ ‖z − Pm(z)‖+ ‖Pm(z)− Pm(x)‖
≤ (1 + ‖Pm‖) ‖x− z‖ < (1 + K) ε,

to opoÐo apodeiknÔei to zhtoÔmeno. 2

K�je apeirodi�statoc q¸roc Banach perièqei kleistì upìqwro me b�sh. Me
�lla lìgia, se k�je apeirodi�stato q¸ro Banach up�rqei basik  akoloujÐa. H
apìdeixh basÐzetai sto ex c L mma tou Mazur:

Prìtash 4.2.2. 'Estw X ènac apeirodi�statoc q¸roc me nìrma kai èstw F

upìqwroc tou X me peperasmènh di�stash. Gia k�je ε > 0 up�rqei x ∈ X me
‖x‖ = 1, to opoÐo ikanopoieÐ thn

‖y‖ ≤ (1 + ε)‖y + λx‖
gia k�je y ∈ F kai λ ∈ K.

Apìdeixh. Y�qnoume x ∈ SX to opoÐo na eÐnai {k�jeto} ston F (sthn perÐptwsh
pou o X eÐnai q¸roc Hilbert, opoiod pote x ∈ SX me x ⊥ F ikanopoieÐ to
zhtoÔmeno, me stajer� 1, apì to Pujagìreio Je¸rhma).

MporoÔme na upojèsoume ìti 0 < ε < 1. AfoÔ dim(F ) < ∞, h monadiaÐa
sfaÐra SF tou F eÐnai sumpag c. 'Ara, mporoÔme na broÔme y1, . . . , yk ∈ SF

ta opoÐa na sqhmatÐzoun ε/2�dÐktuo: gia k�je y ∈ SF up�rqei j ≤ k ¸ste
‖y − yj‖ < ε/2.

Apì to je¸rhma Hahn–Banach, gia k�je j = 1, . . . , k mporoÔme na broÔme

y∗j ∈ X∗ me ‖y∗j ‖ = 1 kai y∗j (yj) = 1. O upìqwroc
k⋂

j=1

Ker(y∗j ) èqei peperasmènh

sundi�stash, sunep¸c, afoÔ dim(X) = ∞, up�rqei x ∈
k⋂

j=1

Ker(y∗j ) me ‖x‖ = 1.

Dhlad ,
y∗1(x) = · · · = y∗k(x) = 0.

'Estw y ∈ SF kai λ ∈ K. Up�rqei j ≤ k ¸ste ‖y− yj‖ < ε/2. MporoÔme loipìn
na gr�youme

‖y + λx‖ ≥ ‖yj + λx‖ − ‖y − yj‖ ≥ ‖yj + λx‖ − ε

2
≥ y∗j (yj + λx)− ε

2
= y∗j (yj)− ε

2

= 1− ε

2
≥ 1

1 + ε
,
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dhlad  ‖y‖ = 1 ≤ (1 + ε)‖y + λx‖ gia k�je y ∈ SF kai k�je λ ∈ K. 'Epetai to
zhtoÔmeno (exhg ste giatÐ). 2

Je¸rhma 4.2.3. K�je apeirodi�statoc q¸roc Banach X perièqei kleistì u-
pìqwro me b�sh.

Apìdeixh. Ja deÐxoume k�ti isqurìtero: gia k�je ε > 0 up�rqei basik  akoloujÐa
(xi) ston X me stajer� M ≤ 1 + ε.

'Estw ε > 0. MporoÔme na broÔme akoloujÐa (εn) jetik¸n arijm¸n, me∏∞
n=1(1 + ε) ≤ 1 + ε.
JewroÔme tuqìn x1 ∈ X me ‖x1‖ = 1 kai jètoume F1 = span{x1}. Apì to

L mma tou Mazur up�rqei x2 ∈ X me ‖x2‖ = 1, to opoÐo ikanopoieÐ thn

‖y‖ ≤ (1 + ε2)‖y + a2x2‖

gia k�je y ∈ F1 kai k�je a2 ∈ K. Jètoume F2 = span{x1, x2} kai epilègoume
x3 ∈ X me ‖x3‖ = 1, to opoÐo ikanopoieÐ thn

‖y‖ ≤ (1 + ε3)‖y + a3x3‖

gia k�je y ∈ F2 kai k�je a3 ∈ K.
Sto n�ostì b ma, jètoume Fn = span{x1, . . . , xn} kai epilègoume xn+1 ∈ X

me ‖xn+1‖ = 1, to opoÐo ikanopoieÐ thn

‖y‖ ≤ (1 + εn+1)‖y + an+1xn+1‖

gia k�je y ∈ Fn kai k�je an+1 ∈ K. Me autì ton trìpo orÐzetai akoloujÐa (xi)
ston X. Ja deÐxoume ìti: an n < m kai a1, . . . , am ∈ K, tìte

(∗)
∥∥∥∥∥

n∑

i=1

aixi

∥∥∥∥∥ ≤ (1 + ε)

∥∥∥∥∥
m∑

i=1

aixi

∥∥∥∥∥ .

Gia thn apìdeixh thc (∗) qrhsimopoioÔme to gegonìc ìti gia k�je n ≤ k < m

èqoume yk =
∑k

i=1 aixi ∈ Fk kai thn epilog  twn xi: èqoume
∥∥∥∥∥

n∑

i=1

aixi

∥∥∥∥∥ = ‖yn‖ ≤ (1 + εn+1)‖yn + an+1xn+1‖ = (1 + εn+1)‖yn+1‖,

kai, epagwgik�,

‖yn‖ ≤ (1 + εn+1)‖yn+1‖ ≤
n+2∏

j=n+1

(1 + εj)‖yn+2‖ ≤ · · · ≤
m∏

j=n+1

(1 + εj)‖ym‖,

dhlad ,
∥∥∥∥∥

n∑

i=1

aixi

∥∥∥∥∥ ≤
m∏

j=n+1

(1 + εj)

∥∥∥∥∥
m∑

i=1

aixi

∥∥∥∥∥ ≤ (1 + ε)

∥∥∥∥∥
m∑

i=1

aixi

∥∥∥∥∥ .

Autì apodeiknÔei ìti h (xi) eÐnai basik , me stajer� M ≤ 1 + ε. 2
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4.3 ParadeÐgmata b�sewn Schauder

K�poioi apì touc klasikoÔc q¸rouc Banach èqoun mia polÔ fusiologik  b�sh
Schauder. Gia par�deigma, eÔkola elègqoume ìti h sun jhc akoloujÐa (en), ìpou
en = (0, . . . , 0, 1, 0, . . .) me th mon�da sth n-ost  jèsh, eÐnai b�sh Schauder gia
ton `p, 1 ≤ p < ∞ kai gia ton c0 (�skhsh).

Se aut  thn Par�grafo ja suzht soume k�poia klasik� paradeÐgmata b�sewn
se q¸rouc sunart sewn.

H b�sh tou Schauder gia ton C[0, 1]

H b�sh tou Schauder (fn) ston C[0, 1] orÐzetai wc ex c: oi pr¸tec pènte sunar-
t seic thc akoloujÐac eÐnai oi

(i) f0(t) = 1 sto [0, 1].

(ii) f1(t) = t sto [0, 1].

(iii) f2(t) = 2t sto [0, 1/2] kai f2(t) = 2− 2t sto [1/2, 1].

(iv) f3(t) = 4t sto [0, 1/4], f3(t) = 2 − 4t sto [1/4, 1/2] kai f3(t) = 0 sto
[1/2, 1].

(v) f4(t) = 0 sto [0, 1/2], f4(t) = 4t− 2 sto [1/2, 3/4] kai f4(t) = 4− 4t sto
[3/4, 1].

Genik�, an k ≥ 1 kai i = 1, . . . , 2k, orÐzoume thn f2k+i jètontac

f2k+i(t) = f2(2kt− i + 1) an
i− 1
2k

≤ t ≤ i

2k

kai f2k+i(t) = 0 alli¸c (k�nete èna sq ma).

Basik  parat rhsh. JewroÔme thn arÐjmhsh t0 = 0, t1 = 1, t2 = 1/2,
t3 = 1/4, t5 = 3/4 klp twn duadik¸n rht¸n k/2m tou [0, 1]. Apì ton trìpo
orismoÔ twn fn èqoume

fn(tn) = 1 kai fm(tn) = 0 an m > n.

'Epetai ìti oi fn eÐnai grammik� anex�rthtec (�skhsh).
Basik  sunèpeia tou trìpou orismoÔ twn fn eÐnai h ex c: gia k�je n ∈ N, o

upìqwroc span{f0, f1, . . . , f2n} sumpÐptei me ton upìqwro Fn twn kat� tm mata
grammik¸n suneq¸n sunart sewn pou èqoun kìmbouc stouc duadikoÔc rhtoÔc
k/2n, k = 0, 1, . . . , 2n. Autì prokÔptei eÔkola an parathr soume ìti kai oi dÔo
q¸roi èqoun di�stash 2n + 1. Mia b�sh tou Fn eÐnai h {g0, g1, . . . , g2n}, ìpou h
gi orÐzetai monos manta apì tic gi(l/2n) = δil, l = 0, 1, . . . , 2n.

H epìmenh parat rhsh eÐnai ìti o upìqwroc pou par�goun oi fn eÐnai puknìc
ston C[0, 1]. Autì prokÔptei apì thn prohgoÔmenh parat rhsh kai apì to ge-

gonìc ìti
⋃∞

n=1 Fn

‖·‖∞
= C[0, 1] (gia ton teleutaÐo isqurismì, qrhsimopoi ste

thn puknìthta twn duadik¸n rht¸n sto [0, 1]).
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SÔmfwna me thn Prìtash 4.2.1, prokeimènou na deÐxoume ìti h (fn) eÐnai b�sh
gia ton C[0, 1], arkeÐ na deÐxoume ìti up�rqei stajer� K > 0 me thn idiìthta

(1)
∥∥

n∑

i=1

aifi

∥∥ ≤ K
∥∥

m∑

i=1

aifi

∥∥

gia k�je n < m kai k�je a1, . . . , am ∈ R. Ja deÐxoume ìti h (1) isqÔei me
K = 1 (h (fn) eÐnai monìtonh b�sh tou C[0, 1]): jètoume Pn =

∑n
i=1 aifi kai

Pm =
∑m

i=1 aifi. Parathr ste ìti, gia k�je k ≤ n isqÔei

Pm(tk) =
m∑

i=0

aifi(tk) =
n∑

i=0

aifi(tk) = Pn(tk),

afoÔ fn+1(tk) = · · · = fm(tk) = 0. 'Epetai ìti

‖Pn‖∞ = max
0≤k≤n

|Pn(tk)| = max
0≤k≤n

|Pm(tk)| ≤ max
0≤k≤m

|Pm(tk)| = ‖Pm‖∞.

Ta parap�nw deÐqnoun ìti h (fn)n≥0 eÐnai b�sh Schauder tou C[0, 1]. K�je
f ∈ C[0, 1] gr�fetai monos manta sth morf  f =

∑∞
n=0 anfn. Qrhsimopoi¸-

ntac m�lista thn basik  parat rhsh, mporoÔme na upologÐsoume eÔkola touc
suntelestèc an: èqoume

an = f(tn)−
n−1∑

k=0

akfk(tn)

gia k�je n ≥ 0, ap' ìpou upologÐzontai diadoqik� oi a0, a1, . . . , an, . . ..

To sÔsthma Haar ston Lp[0, 1], 1 ≤ p < ∞
To sÔsthma Haar (hn) ston Lp[0, 1], 1 ≤ p < ∞ orÐzetai wc ex c: oi pr¸tec
t�sseric sunart seic thc akoloujÐac eÐnai oi

(i) h0(t) = 1 sto [0, 1].

(ii) h1(t) = 1 sto [0, 1/2] kai h1(t) = −1 sto (1/2, 1].

(iii) h2(t) = 1 sto [0, 1/4], h2(t) = −1 sto (1/4, 1/2] kai h2(t) = 0 sto (1/2, 1].

(iv) h3(t) = 0 sto [0, 1/2), h3(t) = 1 sto [1/2, 3/4] kai h3(t) = −1 sto (3/4, 1].

Genik�, an k ≥ 1 kai i = 0, 1, . . . , 2k − 1, orÐzoume thn h2k+i jètontac

h2k+i(t) = h1(2kt− i) an
i

2k
≤ t ≤ i + 1

2k

kai h2k+i(t) = 0 alli¸c (k�nete èna sq ma). Parathr ste ìti to sÔsthma Haar
sundèetai me th b�sh tou Schauder wc ex c: gia k�je n ≥ 1,

fn(t) = 2n−1

∫ t

0

hn−1(s) ds.
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Basikèc parathr seic. (a) Gia k�je n ≥ 1 èqoume
∫ 1

0

hn(t) dt = 0.

(b) An n < m tìte sumbaÐnei èna apì ta ex c dÔo: eÐte oi hn, hm èqoun xènouc
foreÐc   o forèac thc hm perièqetai ston forèa thc hn kai h hn eÐnai stajer 
(Ðsh me 1   −1) ston forèa thc hm. Se k�je perÐptwsh, an n 6= m èqoume

∫ 1

0

hn(t)hm(t) dt = 0.

(g) Apì to (b) èpetai ìti oi hn, n ≥ 0 eÐnai grammik� anex�rthtec: an a1h1 +
· · ·+ anhn ≡ 0, tìte gia k�je j = 1, . . . , n èqoume

0 =
∫ 1

0

(a1h1 + · · ·+ anhn)(t)hj(t) dt = aj .

Ja deÐxoume ìti h (hn)n≥0 eÐnai monìtonh b�sh tou Lp[0, 1]. ParathroÔme
pr¸ta ìti o upìqwroc pou par�goun oi hn eÐnai puknìc ston Lp[0, 1]. 'Estw
k ∈ N kai èstw Hk o upìqwroc pou par�goun oi χI , ìpou I di�sthma thc morf c[

i−1
2k , i

2k

]
, i = 1, . . . , 2k. H di�stash tou Hk eÐnai 2k kai oi h0, h1, . . . , h2k−1

an koun ston Hk kai eÐnai grammik� anex�rthtec. 'Ara,

Hk = span{hn : 0 ≤ n ≤ 2k − 1} ⊆ span{hn : n ≥ 0}‖·‖p
.

Dedomènou ìti Lp[0, 1] =
⋃∞

k=0 Hk

‖·‖p

, sumperaÐnoume ìti

Lp[0, 1] = span{hn : n ≥ 0}‖·‖p
.

SÔmfwna me thn Prìtash 4.2.1, prokeimènou na deÐxoume ìti h (hn) eÐnai monìtonh
b�sh gia ton Lp[0, 1], arkeÐ na deÐxoume ìti: gia k�je g =

∑n
k=0 akhk kai gia

k�je an+1 ∈ R, isqÔei
‖g‖p

p ≤ ‖g + an+1hn+1‖p
p.

ParathroÔme ìti h g eÐnai stajer  (Ðsh, ac poÔme, me c) ston forèa I thc hn+1

en¸ h g + an+1hn+1 paÐrnei tic timèc c ± an+1 se dÔo diast mata m kouc |I|/2.
Sto [0, 1] \ I oi g, g + an+1hn+1 sumpÐptoun. 'Ara,

‖g + an+1hn+1‖p
p − ‖g‖p

p =
∫

I

(|c + an+1hn+1(t)|p − |c|p) dt

=
|I|
2

(|c + an+1|p + |c− an+1|p − 2|c|p) .

H teleutaÐa posìthta eÐnai mh arnhtik : ìtan p ≥ 1, h x 7→ |x|p eÐnai kurt ,
sunep¸c, qrhsimopoi¸ntac thn anisìthta

∣∣∣∣
x + y

2

∣∣∣∣
p

≤ |x|p + |y|p
2

me x = c + an+1 kai y = c− an+1 èqoume to zhtoÔmeno.
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Ask seic

1. 'Estw (X, ‖ · ‖) ènac q¸roc Banach me b�sh Schauder thn (xn). DeÐxte ìti h (xn)

eÐnai monìtonh b�sh gia ton (X, ||| · |||), ìpou |||x||| = supn ‖Pn(x)‖.
2. 'Estw X q¸roc Banach kai (xn) b�sh Schauder tou X. DeÐxte ìti to sÔnolo
{xn : n ∈ N} apoteleÐtai apì memonwmèna shmeÐa. Akìma isqurìtera, deÐxte ìti gia
k�je n ∈ N,

xn /∈ span{xm : m 6= n}.
3. 'Estw (xn) kai (yn) b�seic Schauder twn q¸rwn Banach X kai Y . DeÐxte ìti ta
ex c eÐnai isodÔnama:

(a) H seir�
∑∞

n=1 anxn sugklÐnei ston X an kai mìno an h seir�
∑∞

n=1 anyn sugklÐnei
ston Y .

(b) Up�rqei C > 0 me thn idiìthta: gia k�je m ∈ N kai gia k�je a1, . . . , am ∈ K,

1

C

∥∥∥∥∥
m∑

n=1

anxn

∥∥∥∥∥ ≤
∥∥∥∥∥

m∑
n=1

anyn

∥∥∥∥∥ ≤ C

∥∥∥∥∥
m∑

n=1

anxn

∥∥∥∥∥ .

4. (a) 'Estw X ènac q¸roc Banach me b�sh Schauder kai èstw D èna puknì uposÔnolo
tou X. DeÐxte ìti o X èqei b�sh Schauder pou apoteleÐtai apì stoiqeÐa tou D.

(b) DeÐxte ìti o C[0, 1] èqei b�sh Schauder pou apoteleÐtai apì polu¸numa.

5. 'Estw (X, ‖ · ‖) ènac q¸roc Banach me b�sh Schauder thn (xn). An (x∗n) eÐnai h
akoloujÐa twn diorjog¸niwn sunarthsoeid¸n, deÐxte ìti h (x∗n) eÐnai basik  akoloujÐa
ston X∗.

6. Me ton sumbolismì thc prohgoÔmenhc 'Askhshc, deÐxte ìti h (x∗n) eÐnai b�sh Schau-

der tou X∗ an kai mìno an, gia k�je x∗ ∈ X∗ isqÔei

lim
n→∞

sup
x∈SXn

|x∗(x)| = 0,

ìpou Xn = span{xm : m ≥ n}.
7. OrÐzoume xn = e1 + · · · + en ston c0. Exet�ste an h (xn) eÐnai b�sh Schauder

gia ton c0. ProsdiorÐste thn diorjog¸nia akoloujÐa (x∗n) kai exet�ste an eÐnai b�sh
Schauder tou `1.

8. 'Estw X ènac q¸roc Banach kai èstw (xn) b�sh Schauder gia ton X me ‖xn‖ = 1

gia k�je n ∈ N. Upojètoume ìti up�rqei x∗ ∈ X∗ ¸ste x∗(xn) = 1 gia k�je n ∈ N.
DeÐxte ìti h akoloujÐa (xn − xn−1) (ìpou x0 = 0) eÐnai epÐshc b�sh Schauder tou X.

9. 'Estw X ènac q¸roc Banach. Mia akoloujÐa (xn) lègetai asjen c b�sh gia ton
X an gia k�je x ∈ X up�rqoun monadikoÐ an ∈ K me thn idiìthta x∗

(∑∞
n=1 anxn

)
=

x∗(x). DeÐxte ìti h (xn) eÐnai asjen c b�sh gia ton X an kai mìno an eÐnai b�sh
Schauder gia ton X.





Kef�laio 5

AsjeneÐc topologÐec

5.1 Sunarthsoeidèc tou Minkowski

'Estw X ènac grammikìc q¸roc p�nw apì to K. 'Ena mh kenì uposÔnolo A tou
X lègetai isorrophmèno an gia k�je x ∈ A kai gia k�je λ ∈ K me |λ| ≤ 1
èqoume λx ∈ A. To A lègetai aporrofoÔn an gia k�je x ∈ X up�rqei εx > 0
¸ste tx ∈ A gia k�je t ∈ [0, εx). Apì touc dÔo orismoÔc eÐnai fanerì ìti k�je
isorrophmèno   aporrofoÔn uposÔnolo tou X perièqei to 0. An a ∈ A, to A

lègetai aporrofoÔn sto a an to sÔnolo A−a eÐnai aporrofoÔn: dhlad , an
an gia k�je x ∈ X up�rqei εx > 0 ¸ste a + tx ∈ A gia k�je t ∈ [0, εx).

'Ena isorrophmèno kai aporrofoÔn sÔnolo A ⊆ X eÐnai kat� k�poion trìpo
{perioq } tou 0: se k�je {dieÔjunsh} x 6= 0 perièqei èna di�sthma (−εxx, εxx)
kai an x0 ∈ A tìte olìklhro to di�sthma [−x0, x0] perièqetai sto A.

'Estw t¸ra p : X → R+ mia hminìrma. JewroÔme to sÔnolo A = {x ∈ X :
p(x) < 1}.
L mma 5.1.1. To A eÐnai kurtì, isorrophmèno kai aporrofoÔn se k�je shmeÐo
tou.

Apìdeixh. (a) To A eÐnai kurtì: an x, y ∈ A kai t ∈ (0, 1), tìte

p((1− t)x + ty) ≤ p((1− t)x) + p(ty) = (1− t)p(x) + tp(y) < 1,

�ra (1− t)x + ty ∈ A.
(b) To A eÐnai isorrophmèno: an x ∈ A kai |λ| ≤ 1, tìte

p(λx) = |λ|p(x) ≤ p(x) < 1,

dhlad  λx ∈ A.
(g) To A eÐnai aporrofoÔn se k�je shmeÐo tou: èstw a ∈ A kai x ∈ X. An
p(x) = 0, tìte p(a + tx) ≤ p(a) < 1 gia k�je t ≥ 0. An p(x) > 0, tìte jètoume
εx = 1−p(a)

2p(x) > 0 kai, gia k�je 0 ≤ t < εx elègqoume ìti

p(a + tx) ≤ p(a) + tp(x) < p(a) +
1− p(a)

2
=

1 + p(a)
2

< 1,
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dhlad  a + tx ∈ A. 2

To epìmeno apotèlesma genikeÔei to L mma 2.4.1:

Prìtash 5.1.2. 'Estw X grammikìc q¸roc p�nw apì to K kai èstw A èna
mh kenì uposÔnolo tou X, to opoÐo eÐnai kurtì, isorrophmèno kai aporrofoÔn se
k�je shmeÐo tou. Tìte, up�rqei monadik  hminìrma pA : X → R+ me thn idiìthta
A = {x ∈ X : p(x) < 1}.
Apìdeixh. OrÐzoume

pA(x) := inf{t ≥ 0 : x ∈ tA}.
To A eÐnai aporrofoÔn sto 0, �ra, gia k�je x ∈ X to sÔnolo {t ≥ 0 : x ∈ tA}
eÐnai mh kenì. Autì deÐqnei ìti h pA orÐzetai kal�. DeÐqnoume pr¸ta tic idiìthtec
thc hminìrmac:
(a) pA(λx) = |λ|p(x) gia k�je x ∈ X kai gia k�je λ ∈ K.

An λ = 0 to (a) isqÔei profan¸c. Upojètoume loipìn ìti λ 6= 0. Apì to
gegonìc ìti to A eÐnai isorrophmèno, mporoÔme eÔkola na doÔme ìti βA = |β|A
gia k�je β ∈ K (�skhsh). Tìte, gr�foume

pA(λx) = inf{t ≥ 0 : λx ∈ tA} = inf
{

t ≥ 0 : x ∈ t

λ
A

}

= inf
{

t ≥ 0 : x ∈ t

|λ|A
}

= |λ| inf {s ≥ 0 : x ∈ sA} = |λ|pA(x).

(b) pA(x + y) ≤ pA(x) + pA(y) gia k�je x, y ∈ X.
'Estw ε > 0. Up�rqoun t, s ≥ 0 me t < pA(x) + ε, s < pA(y) + ε kai

x ∈ tA, y ∈ sA. Apì thn kurtìthta tou A èpetai ìti tA + sA = (t + s)A, �ra
x + y ∈ (t + s)A. Sunep¸c, pA(x + y) ≤ pA(x) + pA(y) + 2ε. AfoÔ to ε > 0
 tan tuqìn, èpetai to (b).

DeÐqnoume t¸ra ìti A = {x ∈ X : pA(x) < 1}. An pA(x) = r < 1, up�rqei
s : r < s < 1 kai x ∈ sA. 'Omwc, sA ⊆ A apì thn kurtìthta tou A kai thn
0 ∈ A. 'Ara,

{x ∈ X : pA(x) < 1} ⊆ A.

AntÐstrofa, èstw x ∈ A. To A eÐnai aporrofoÔn sto x, mporoÔme loipìn na
broÔme t > 0 ¸ste x + tx ∈ A. 'Omwc, tìte, pA(x) ≤ 1

1+t < 1.
Tèloc, an q eÐnai mia �llh hminìrma me A = {x ∈ X : q(x) < 1}, eÔkola

blèpoume ìti q ≡ pA: gia par�deigma, ac upojèsoume ìti pA(x) > q(x) gia
k�poio x ∈ X. Tìte,

q

(
x

pA(x)

)
< 1 =⇒ x

pA(x)
∈ A, en¸ pA

(
x

pA(x)

)
= 1 =⇒ x

pA(x)
/∈ A. 2

Parat rhsh. H apeikìnish pA eÐnai to sunarthsoeidèc Minkowski tou A.
H apìdeixh thc Prìtashc 5.1.2 deÐqnei ìti an to A upotejeÐ kurtì, isorrophmèno
kai aporrofoÔn sto 0, tìte h pA orÐzetai kal� kai eÐnai hminìrma. Tìte, {x ∈ X :
pA(x) < 1} ⊆ A qwrÐc na isqÔei aparaÐthta isìthta.
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Ac upojèsoume t¸ra ìti to A eÐnai kurtì kai aporrofoÔn (tìte, 0 ∈ A).
Me autèc tic upojèseic, den mporoÔme na deÐxoume ìti h pA ikanopoieÐ to (a),
ikanopoieÐ ìmwc thn pA(λx) = λpA(x) an λ ≥ 0. To (b) exakoloujeÐ na isqÔei,
afoÔ h apìdeixh thc trigwnik c anisìthtac qrhsimopoieÐ mìno thn kurtìthta tou
A. 'Eqoume loipìn to ex c sumpèrasma:

Prìtash 5.1.3. 'Estw X grammikìc q¸roc p�nw apì to K kai èstw A è-
na mh kenì uposÔnolo tou X, to opoÐo eÐnai kurtì kai aporrofoÔn. Tìte, to
sunarthsoeidèc Minkowski pA : X → R+ eÐnai upogrammikì sunarthsoeidèc, kai

{x ∈ X : pA(x) < 1} ⊆ A ⊆ {x ∈ X : p(x) ≤ 1}.

5.2 Topik� kurtoÐ q¸roi

Orismìc. Topologikìc grammikìc q¸roc eÐnai ènac grammikìc q¸roc efodia-
smènoc me mia topologÐa T ¸ste ta monosÔnola na eÐnai kleist� sÔnola kai oi
pr�xeic tou grammikoÔ q¸rou

(a) + : X ×X → X me (x, y) 7→ x + y

(b) · : K×X → X me (λ, x) 7→ λx

na eÐnai suneqeÐc wc proc tic antÐstoiqec (se k�je perÐptwsh) topologÐec.

ParadeÐgmata. (a) K�je q¸roc me nìrma eÐnai topologikìc grammikìc q¸roc, an
p�roume san T thn topologÐa pou ep�getai apì th nìrma.

(b) O Lp[0, 1], 0 < p < 1, eÐnai topologikìc grammikìc q¸roc, an p�roume san T
thn topologÐa pou ep�getai apì thn metrik  d(f, g) =

∫ 1

0
|f − g|p (deÐxte ìti oi

pr�xeic + kai · eÐnai suneqeÐc). 'Omwc, h T den proèrqetai apì nìrma, afoÔ den
up�rqoun mh tetrimmèna T �suneq  grammik� sunarthsoeid  f : Lp[0, 1] → K.

Parathr seic. Gia k�je x ∈ X, h τx : X → X me τx(y) = x + y eÐnai omoio-
morfismìc: eÐnai suneq c, kai h antÐstrof  thc eÐnai h τ−x h opoÐa eÐnai epÐshc
suneq c. 'Omoia, an λ 6= 0, tìte h σλ : X → X me σλ(x) = λx eÐnai omoiomor-
fismìc (ed¸, σ−1

λ = σ1/λ). 'Epetai ìti: an B0 eÐnai mia b�sh perioq¸n tou 0 gia
thn T , tìte, gia k�je x ∈ X, h Bx = x + B0 := {x + B : B ∈ B0} eÐnai b�sh
perioq¸n tou x (�skhsh: deÐxte autoÔc touc isqurismoÔc).

An Y eÐnai ènac kleistìc grammikìc upìqwroc tou X tìte o q¸roc phlÐko
gÐnetai topologikìc grammikìc q¸roc me thn topologÐa pou ep�getai apì thn
topologÐa tou X: jewroÔme thn Q : X → X/Y me Q(x) = x+Y kai sumfwnoÔme
ìti èna E ⊆ X/Y eÐnai anoiktì an to Q−1(E) eÐnai anoiktì ston X.

Se aut  thn Par�grafo ja mac apasqol sei mia eidik  kathgorÐa topologik¸n
grammik¸n q¸rwn, sthn opoÐa sumperilamb�nontai oi q¸roi me nìrma. 'Estw X

ènac grammikìc q¸roc p�nw apì to K, kai èstw P mia oikogèneia apì hminìrmec
p : X → R+, h opoÐa diaqwrÐzei ta shmeÐa tou X: an x, y ∈ X kai x 6= y,
tìte up�rqei p ∈ P ¸ste p(x− y) > 0.

JewroÔme thn oikogèneia

A0 = {A = {x ∈ X : p(x) < ε} : p ∈ P, ε > 0}.
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H A gÐnetai upob�sh gia mia topologÐa ston X, me ton ex c trìpo: jewroÔme
thn oikogèneia

B = {(x1 + A1) ∩ · · · ∩ (xn + An) : n ∈ N, Ai ∈ A0, xi ∈ X} ∪ {X}.

H B eÐnai b�sh gia mia topologÐa T ston X: h T eÐnai h oikogèneia ìlwn twn
en¸sewn stoiqeÐwn thc B. O (X, T ) eÐnai topologikìc grammikìc q¸roc (�skhsh:
oi + kai · eÐnai T �suneqeÐc). An x0 ∈ X, mia b�sh perioq¸n tou x0 gia thn T
eÐnai h oikogèneia

Bx0 = {(x0 + A1) ∩ · · · ∩ (x0 + An) : n ∈ N, Ai ∈ A0}

(�skhsh). Me �lla lìgia, èna mh kenì sÔnolo U ⊆ X eÐnai T �anoiktì an gia
k�je x0 ∈ U up�rqoun p1, . . . , pn ∈ P kai ε1, . . . , εn > 0 ¸ste

n⋂

i=1

{x ∈ X : pi(x− x0) < εi} ⊆ U.

H upìjesh ìti h P diaqwrÐzei ta shmeÐa tou X, mac exasfalÐzei ìti h topologÐa
T eÐnai Hausdorff: an x, y ∈ X kai x 6= y, tìte up�rqei p ∈ P me p(x − y) > 0.
'Epetai ìti ta {z ∈ X : p(z−x) < p(x−y)/2} kai {z ∈ X : p(z−y) < p(x−y)/2}
eÐnai xènec T �anoiktèc perioqèc twn x, y antÐstoiqa.

Orismìc. Topik� kurtìc q¸roc eÐnai ènac topologikìc grammikìc q¸roc efo-
diasmènoc me mia topologÐa T h opoÐa orÐzetai apì mia oikogèneia hminorm¸n P
pou diaqwrÐzei ta shmeÐa tou X.

Ja mac apasqol soun dÔo paradeÐgmata topik� kurt¸n q¸rwn:

(1) (X, w). 'Estw X ènac q¸roc me nìrma. K�je fragmèno grammikì sunarth-
soeidèc x∗ : X → K orÐzei me fusiologikì trìpo thn hminìrma px∗ : X → R+

me
px∗(x) = |x∗(x)|.

H oikogèneia P = {px∗ : x∗ ∈ X∗} diaqwrÐzei ta shmeÐa tou X: apì to je¸rhma
Hahn–Banach, an x, y ∈ X kai x 6= y, tìte up�rqei x∗ ∈ X∗ me x∗(x − y) 6= 0,
dhlad 

px∗(x− y) = |x∗(x− y)| > 0.

Sunep¸c, h P orÐzei topik� kurt  topologÐa ston X, thn opoÐa sumbolÐzoume
me w. H w eÐnai h asjen c topologÐa ston X. An x0 ∈ X, mia b�sh
w�perioq¸n tou x0 apoteleÐtai apì ta sÔnola thc morf c

{x ∈ X : |x∗i (x)− x∗i (x0)| < ε, i = 1, . . . , n},

ìpou n ∈ N, x∗i ∈ X∗ kai ε > 0 (�skhsh: giatÐ mporoÔme na p�roume to ε koinì
gia ìla ta i?).

(2) (X∗, w∗). 'Estw X ènac q¸roc me nìrma kai èstw X∗ o duðkìc tou. K�je
x ∈ X orÐzei me fusiologikì trìpo thn hminìrma px : X∗ → R+ me

px(x∗) = |x∗(x)|.
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H oikogèneia P = {px : x ∈ X} diaqwrÐzei ta shmeÐa tou X∗: an x∗, y∗ ∈ X∗ kai
x∗ 6= y∗, tìte up�rqei x ∈ X me x∗(x) 6= y∗(x), dhlad 

px(x∗ − y∗) = |x∗(x)− y∗(x)| > 0.

Sunep¸c, h P orÐzei topik� kurt  topologÐa ston X∗, thn opoÐa sumbolÐzoume
me w∗. H w∗ eÐnai h asjen c-∗ topologÐa ston X∗. An x∗0 ∈ X∗, mia b�sh
w∗�perioq¸n tou x∗0 apoteleÐtai apì ta sÔnola thc morf c

{x∗ ∈ X∗ : |x∗(xi)− x∗0(xi)| < ε, i = 1, . . . , n},

ìpou n ∈ N, xi ∈ X kai ε > 0.
To epìmeno je¸rhma mac dÐnei ènan qarakthrismì twn topik� kurt¸n q¸rwn

me b�sh th morf  twn perioq¸n tou 0:

Je¸rhma 5.2.1. 'Estw X ènac topologikìc grammikìc q¸roc kai èstw U h
oikogèneia twn anoikt¸n, kurt¸n kai isorrophmènwn uposunìlwn tou X. Tìte,
o X eÐnai topik� kurtìc an kai mìno an h U eÐnai b�sh perioq¸n tou 0.

Apìdeixh. Upojètoume pr¸ta ìti o X eÐnai topik� kurtìc. Apì ton orismì thc
topologÐac T tou X, h oikogèneia

B0 =

{
n⋂

i=1

{x ∈ X : pi(x) < εi} : n ∈ N, εi > 0, pi ∈ P
}

eÐnai b�sh perioq¸n tou 0. 'Omwc, k�je sÔnolo sthn B0 eÐnai kurtì kai isorro-
phmèno. 'Ara, B0 ⊆ U , dhlad  h U eÐnai b�sh perioq¸n tou 0.

Upojètoume t¸ra ìti o X eÐnai topologikìc grammikìc q¸roc me thn idiìthta
h U na eÐnai b�sh perioq¸n tou 0. Gia k�je A ∈ U jewroÔme to sunarthsoeidèc
Minkowski pA tou A. Parathr ste ìti k�je A ∈ U eÐnai kurtì, isorrophmèno
kai aporrofoÔn se k�je shmeÐo tou (to teleutaÐo giatÐ to A eÐnai anoiktì kai oi
pr�xeic tou grammikoÔ q¸rou suneqeÐc). 'Ara, k�je pA, A ∈ U , eÐnai hminìrma.
JewroÔme thn oikogèneia hminorm¸n

P = {pA : A ∈ U}

kai thn topik� kurt  topologÐa T pou aut  orÐzei ston X. Ja deÐxoume ìti h T
tautÐzetai me thn arqik  topologÐa T0 tou X. H upob�sh thc T apoteleÐtai apì
ta sÔnola thc morf c

{x ∈ X : pA(x− x0) < ε} = x0 + εA, A ∈ U , x0 ∈ X, ε > 0,

ta opoÐa eÐnai T �anoikt�. 'Ara, T ⊆ T0. AntÐstrofa, k�je T0�anoiktì sÔnolo
eÐnai ènwsh k�poiwn Ai ∈ U . 'Omwc k�je A ∈ U an kei sthn T , afoÔ A = {x ∈
X : pA(x) < 1}.

'Epetai ìti T0 = T , dhlad  h T0 eÐnai topik� kurt  topologÐa. 2

ParadeÐgmata. (a) K�je q¸roc me nìrma eÐnai topik� kurtìc: h topologÐa tou
par�getai apì mÐa hminìrma, th nìrma tou q¸rou.
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(b) H topologÐa tou Lp[0, 1], 0 < p < 1, den eÐnai topik� kurt . EÐdame ìti
to monadikì mh kenì, anoiktì kai kurtì uposÔnolo tou Lp[0, 1] eÐnai o Ðdioc o
Lp[0, 1]. Epomènwc, h U den eÐnai b�sh perioq¸n tou 0 se aut  thn perÐptwsh.

To epìmeno apotèlesma dÐnei ikan  sunj kh gia th metrikopoihsimìthta enìc
topik� kurtoÔ q¸rou (tìte, h sÔgklish sto q¸ro mporeÐ na perigrafeÐ mèsw
akolouji¸n).

Prìtash 5.2.2. 'Estw X ènac topik� kurtìc q¸roc tou opoÐou h topologÐa
T orÐzetai apì mia arijm simh oikogèneia hminorm¸n P = {pn : n ∈ N}. Tìte, o
X eÐnai metrikopoi simoc. Dhlad , mporoÔme na orÐsoume metrik  d ston X me
thn idiìthta: k�je d�anoiktì sÔnolo eÐnai T �anoiktì sÔnolo kai antÐstrofa.

Apìdeixh. OrÐzoume ston X mia metrik  d wc ex c: an x, y ∈ X, jètoume

d(x, y) :=
∞∑

n=1

1
2n

pn(x− y)
1 + pn(x− y)

.

EÐnai eÔkolo na deÐxete ìti h d eÐnai metrik  ston X. Gia thn d(x, y) = 0 ⇒ x = y

ja qreiasteÐte to gegonìc ìti h P diaqwrÐzei ta shmeÐa tou X.

'Estw U èna d�anoiktì sÔnolo kai èstw x0 ∈ U . Up�rqei δ > 0 ¸ste: an
x ∈ X kai d(x, x0) < δ, tìte x ∈ U . Epilègoume N ∈ N ¸ste

∑∞
n=N+1

1
2n < δ

2 ,
kai jewroÔme to sÔnolo

A =
N⋂

n=1

{x ∈ X : pn(x− x0) <
δ

2
}.

To A eÐnai T �anoikt  perioq  tou x0 kai A ⊆ U . Pr�gmati, an x ∈ A tìte

d(x, x0) =
N∑

n=1

1
2n

pn(x− x0)
1 + pn(x− x0)

+
∞∑

n=N+1

1
2n

pn(x− x0)
1 + pn(x− x0)

≤
(

N∑
n=1

1
2n

)
max
n≤N

pn(x− x0) +
∞∑

n=N+1

1
2n

<
δ

2
+

δ

2
= δ,

�ra x ∈ U . AfoÔ to x0  tan tuqìn sto U , to U eÐnai T �anoiktì.

AntÐstrofa, èstw U èna T �anoiktì sÔnolo kai èstw x0 ∈ U . Up�rqoun N ∈
N kai ε > 0 ¸ste

⋂N
i=1{x ∈ X : pn(x− x0) < ε} ⊆ U . Jètoume δ = 1

2N
ε

1+ε > 0.
An d(x, x0) < δ, tìte, gia k�je n = 1, . . . , N èqoume

1
2n

pn(x− x0)
1 + pn(x− x0)

≤ d(x, x0) <
1

2N

ε

1 + ε
≤ 1

2n

ε

1 + ε
,

ap' ìpou èpetai ìti pn(x−x0) < ε gia k�je n = 1, . . . , N . Dhlad , an d(x, x0) < δ

tìte x ∈ U . 'Ara, to U eÐnai d�anoiktì sÔnolo. 2
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5.3 Diaqwristik� jewr mata se topik� kurtoÔc q¸-
rouc

'Estw X ènac topologikìc grammikìc q¸roc. MimoÔmenoi thn apìdeixh pou ègine
sth perÐptwsh twn q¸rwn me nìrma, mporeÐte na deÐxete ìti èna grammikì sunar-
thsoeidèc f : X → K eÐnai suneqèc an kai mìno an eÐnai suneqèc sto 0, to opoÐo
me th seir� tou isqÔei an kai mìno an o pur nac tou f eÐnai kleistìc upìqwroc
tou X (wc proc thn topologÐa tou X).

Sthn perÐptwsh pou o X eÐnai topik� kurtìc, èqoume ton ex c qarakthrismì
gia th sunèqeia enìc grammikoÔ sunarthsoeidoÔc.

Prìtash 5.3.1. 'Estw X ènac topik� kurtìc q¸roc pou h topologÐa tou
orÐzetai apì thn oikogèneia hminorm¸n P, kai èstw f : X → K èna grammikì
sunarthsoeidèc. Tìte, to f eÐnai suneqèc an kai mìno an up�rqoun p1, . . . , pn ∈ P
kai a > 0 ¸ste, gia k�je x ∈ X,

(∗) |f(x)| ≤ a(p1(x) + · · ·+ pn(x)).

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai suneq c. AfoÔ h f eÐnai suneq c sto
0, up�rqei basik  perioq  B tou 0 me thn idiìthta: an x ∈ B tìte |f(x)| < 1.
Dhlad , up�rqoun hminìrmec p1, . . . , pn ∈ P kai ε > 0 ¸ste

(1) x ∈
n⋂

i=1

{x ∈ X : pi(x) < ε} =⇒ |f(x)| < 1.

'Epetai ìti
|f(x)| ≤ 1

ε
(p1(x) + · · ·+ pn(x)).

[Pr�gmati, mporoÔme na upojèsoume ìti |f(x)| = 1 kai apì thn (1) blèpoume ìti
up�rqei i ≤ n ¸ste pi(x) ≥ ε, opìte |f(x)| = 1 ≤ 1

ε (p1(x) + · · ·+ pn(x)).]
To antÐstrofo eÐnai aplì: k�je p ∈ P eÐnai T �suneq c. Upojètoume ìti

isqÔei h (∗) kai jewroÔme tuqìn δ > 0. To B =
⋂n

i=1{x ∈ X : pi(x− x0) < δ
an}

eÐnai T �anoikt  perioq  tou x0 kai, gia k�je x ∈ B èqoume

|f(x)− f(x0)| ≤ a(p1(x− x0) + · · ·+ pn(x− x0)) < δ.

'Ara, h f eÐnai T �suneq c. 2

Sth sunèqeia perigr�foume tic genikeÔseic twn diaqwristik¸n jewrhm�twn
pou apodeÐxame sthn Par�grafo 2.4. Basikì rìlo paÐzei h ex c parallag  twn
Prot�sewn 5.2.2 kai 5.2.3.

Prìtash 5.3.2. 'Estw X ènac topologikìc grammikìc q¸roc kai èstw A

èna anoiktì kurtì uposÔnolo tou X pou perièqei to 0. Tìte, to sunarthsoeidèc
Minkowski qA tou A eÐnai mh arnhtikì suneqèc upogrammikì sunarthsoeidèc, kai
A = {x ∈ X : qA(x) < 1}.
Apìdeixh. To A eÐnai kurtì kai aporrofoÔn (giatÐ eÐnai anoiktì kai perièqei to
0). Apì thn Prìtash 5.1.3, to qA eÐnai upogrammikì sunarthsoeidèc, mh arnhtikì
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ex orismoÔ. Gia thn isìthta A = {x ∈ X : qA(x) < 1}, mimhjeÐte to epiqeÐrhma
thc Prìtashc 5.1.2: ja qreiasteÐte to gegonìc ìti to A eÐnai aporrofoÔn se
k�je shmeÐo tou, diìti eÐnai anoiktì. Apì thn teleutaÐa isìthta prokÔptei kai h
sunèqeia tou qA: an x ∈ x0 + εA, tìte |qA(x)− qA(x0)| ≤ qA(x− x0) < ε. 2

Je¸rhma 5.3.3. 'Estw X ènac pragmatikìc topologikìc grammikìc q¸roc kai
èstw A mh kenì, anoiktì kurtì uposÔnolo tou X pou den perièqei to 0. Tìte,
up�rqei suneqèc grammikì sunarthsoeidèc f̃ : X → R me thn idiìthta f̃(x) > 0
gia k�je x ∈ A.

Apìdeixh. 'Estw x0 ∈ A. To A′ = x0 − A eÐnai anoiktì, kurtì kai perièqei to
0. SÔmfwna me thn Prìtash 5.2.3, to mh arnhtikì upogrammikì sunarthsoeidèc
q = qA′ : X → R ikanopoieÐ thn q(x) < 1 an kai mìno an x ∈ A′. Eidikìtera,
q(x0) ≥ 1 giatÐ x0 /∈ A′.

JewroÔme ton upìqwro W = span{x0} pou par�gei to x0, kai orÐzoume
f : W → R me f(λx0) = λq(x0). H f fr�ssetai apì to q: an λ ≥ 0, tìte
f(λx0) = q(λx0), en¸ an λ < 0, tìte f(λx0) < 0 ≤ q(λx0). Apì thn pr¸th morf 
tou jewr matoc Hahn–Banach, h f epekteÐnetai se grammikì sunarthsoeidèc
f̃ : X → R, me f̃(x) ≤ q(x) gia k�je x ∈ X.

Gia k�je x ∈ A èqoume x0 − x ∈ A′, �ra q(x0 − x) < 1, ap� ìpou blèpoume
ìti

f̃(x0)− f̃(x) = f̃(x0 − x) ≤ q(x0 − x) < 1.

PaÐrnontac up� ìyin kai thn q(x0) ≥ 1, sumperaÐnoume ìti

∀x ∈ A, f̃(x) > f̃(x0)− 1 = q(x0)− 1 ≥ 0.

Tèloc, apì thn |f(x)| ≤ max{q(x), q(−x)} prokÔptei ìti h f̃ eÐnai suneq c sto
0, �ra suneq c. 2

Je¸rhma 5.3.4. 'Estw X pragmatikìc topologikìc grammikìc q¸roc kai èstw
A,B xèna kurt� sÔnola, me to A anoiktì. Tìte, up�rqoun suneqèc grammikì
sunarthsoeidèc f : X → R kai λ ∈ R ¸ste: f(a) < λ an a ∈ A, kai f(b) ≥ λ an
b ∈ B. An to B eÐnai ki autì anoiktì, tìte ta A,B diaqwrÐzontai gn sia.

Apìdeixh. H apìdeixh eÐnai akrib¸c ìmoia me aut n tou Jewr matoc 2.4.3. 2

L mma 5.3.5. 'Estw X ènac topologikìc grammikìc q¸roc, K èna sumpagèc
uposÔnolo tou X, kai A anoiktì uposÔnolo tou X me K ⊆ A. Tìte, up�rqei
anoikt  perioq  U tou 0 me K + U + U ⊆ A.

Apìdeixh. DeÐqnoume pr¸ta ton akìloujo isqurismì: an W eÐnai mia anoikt 
perioq  tou 0 ston X, tìte up�rqei summetrik  anoikt  perioq  U tou 0 (dhlad ,
U = −U) me U + U ⊆ W . Pr�gmati, apì thn sunèqeia thc prìsjeshc mporoÔme
na broÔme anoiktèc perioqèc U1, U2 tou 0 me U1 + U2 ⊆ W . Jètoume U =
U1 ∩ U2 ∩ (−U1) ∩ (−U2) kai èqoume ton isqurismì.

Epagwgik�, blèpoume ìti an W eÐnai mia anoikt  perioq  tou 0 ston X, tìte
up�rqei summetrik  anoikt  perioq  U tou 0 me U + · · ·+ U ⊆ W (n forèc).
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DeÐqnoume t¸ra to L mma: 'Estw x ∈ K. Tìte, x ∈ A kai to A eÐnai anoiktì,
�ra up�rqei summetrik  anoikt  perioq  Ux tou 0 ¸ste x + Ux + Ux + Ux ⊆ A.
Apì th summetrÐa thc Ux èpetai ìti

(x + Ux + Ux) ∩ ((X \A) + Ux) = ∅.

JewroÔme thn anoikt  k�luyh {x + Ux : x ∈ K} tou K. To K eÐnai sumpagèc,
�ra up�rqoun x1, . . . , xn ∈ K ¸ste

K ⊆ (x1 + Ux1) ∪ · · · ∪ (xn + Uxn).

An jèsoume U = Ux1 ∩ · · · ∩ Uxn
, blèpoume eÔkola ìti K + U + U ⊆ A. 2

Je¸rhma 5.3.6. 'Estw X ènac topik� kurtìc q¸roc kai èstw A,B xèna klei-
st� kurt� uposÔnola tou X. An to B eÐnai sumpagèc, tìte ta A,B diaqwrÐzontai
austhr�.

Apìdeixh. AfoÔ ta A,B eÐnai xèna, to sumpagèc B perièqetai sto anoiktì
X\A. O q¸roc eÐnai topik� kurtìc, �ra up�rqei b�sh perioq¸n U pou apo-
teleÐtai apì anoikt�, kurt� kai isorrophmèna (�ra, summetrik�) sÔnola. Apì to
L mma, up�rqei tètoia perioq  U me thn idiìthta B + U + U ⊆ X \ A. 'Ara,
(B + U) ∩ (A + U) = ∅. Ta B + U,A + U eÐnai anoikt� kai, apì to Je¸rh-
ma 5.3.4, diaqwrÐzontai gn sia. 'Epetai to je¸rhma (gia na deÐxete ìti ta A,B

diaqwrÐzontai austhr�, ja qreiasteÐte th sump�geia tou B). 2

To Je¸rhma 5.3.6 mac epitrèpei na deÐxoume ìti o duðkìc enìc topik� kur-
toÔ q¸rou eÐnai arket� ploÔsioc ¸ste na diaqwrÐzei shmeÐa, shmeÐo apì kleistì
upìqwro klp (k�ti pou eÐqame dei sthn perÐptwsh twn q¸rwn me nìrma).

Pìrisma 5.3.7. 'Estw X ènac topik� kurtìc q¸roc, A kleistì kurtì uposÔ-
nolo tou X kai x0 /∈ A. Up�rqei suneqèc grammikì sunarthsoeidèc pou diaqwrÐzei
gn sia ta {x0} kai A. 2

Ask seic

1. 'Estw X ènac topik� kurtìc q¸roc kai èstw (xn) akoloujÐa ston X me xn → 0.
DeÐxte ìti

yn :=
x1 + · · ·+ xn

n
→ 0.

2. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw A, B mh ken�, xèna kurt�
uposÔnola tou X ¸ste 0 /∈ A−B. DeÐxte ìti up�rqei suneqèc grammikì sunarthsoei-
dèc f : X → R ¸ste

sup{f(x) : x ∈ B} < inf{f(x) : x ∈ A}.

3. 'Estw L0 o q¸roc twn Lebesgue metr simwn sunart sewn f : [0, 1] → R (dÔo
sunart seic tautÐzontai an eÐnai sqedìn pantoÔ Ðsec). OrÐzoume mia topologÐa T ston
L0 paÐrnontac san b�sh perioq¸n tou 0 thn akoloujÐa twn sunìlwn

Bn =

{
f ∈ L0 : λ({x : |f(x)| > 1/n}) <

1

n

}
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kai thn {f + Bn : n ∈ N} san b�sh perioq¸n thc f ∈ L0. DeÐxte ìti:
(a) O (L0, T ) eÐnai topologikìc grammikìc q¸roc.
(b) O (L0, T ) den eÐnai topik� kurtìc (upìdeixh: gia k�je n ∈ N, co(Bn) = L0).
(g) L∗0 = {0}.

4. 'Estw L0 o q¸roc twn Lebesgue metr simwn sunart sewn f : [0, 1] → R (dÔo
sunart seic tautÐzontai an eÐnai sqedìn pantoÔ Ðsec). Ston L0 jewroÔme th metrik 

ρ(f, g) =

∫ 1

0

|f(t)− g(t)|
1 + |f(t)− g(t)|dλ(t).

DeÐxte ìti ρ(fn, f) → 0 an kai mìno an fn → f kat� mètro. SugkrÐnete thn topologÐa
pou ep�gei h ρ ston L0 me thn T thc prohgoÔmenhc �skhshc.

5. 'Estw 0 < p < 1. 'Estw `p o grammikìc q¸roc twn akolouji¸n x = (xn) me∑∞
n=1 |xn|p < ∞. Ston `p jewroÔme th metrik  d(x, y) =

∑∞
n=1 |xn − yn|p. DeÐxte

ìti o (`p, d) eÐnai pl rhc kai ìti o `p eÐnai topologikìc grammikìc q¸roc, ìqi topik�
kurtìc, me thn topologÐa pou ep�gei h d. Perigr�yte ton q¸ro twn suneq¸n grammik¸n
sunarthsoeid¸n ston `p.

5.4 H asjen c topologÐa

Sthn Par�grafo 5.2 orÐsame thn w�topologÐa se ènan q¸ro X me nìrma, san thn
topik� kurt  topologÐa pou orÐzetai ston X apì thn oikogèneia hminorm¸n P =
{px∗ : x∗ ∈ X∗}, ìpou px∗(x) = |x∗(x)|. Mia b�sh perioq¸n tou 0 apoteleÐtai
apì ta sÔnola thc morf c

B(x∗1, . . . , x
∗
n; ε) = {x ∈ X : |x∗i (x)| < ε, i = 1, . . . , n},

ìpou n ∈ N, x∗i ∈ X∗, ε > 0. Parathr ste ìti, an o X eÐnai apeirodi�statoc,
tìte oi w-perioqèc tou 0 den eÐnai fragmèna sÔnola: èqoume

n⋂

i=1

Ker(x∗i ) ⊂ B(x∗1, . . . , x
∗
n; ε)

gia k�je ε > 0, dhlad  k�je w�perioq  tou 0 perièqei k�poion upìqwro tou X

peperasmènhc sundi�stashc.

Prìtash 5.4.1. K�je w�anoiktì sÔnolo eÐnai ‖ · ‖-anoiktì.

Apìdeixh. 'Estw U èna w�anoiktì sÔnolo. Tìte,

U =
⋃

x∈U

(x + Bx),

ìpou Bx einai w�anoikt  basik  perioq  tou 0. 'Omwc, k�je Bx eÐnai sÔnolo thc
morf c

n⋂

i=1

{x ∈ X : |x∗i (x)| < ε}

dhlad  ‖·‖�anoiktì sÔnolo (diìti, k�je x∗i ∈ X∗ eÐnai suneqèc wc proc thn ‖·‖).
'Epetai ìti to U eÐnai ‖ · ‖�anoiktì. 2
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Prìtash 5.4.2. 'Estw (xi) dÐktuo ston X kai x ∈ X. Tìte, xi
w−→ x an kai

mìno an x∗(xi) → x∗(x) gia k�je x∗ ∈ X∗.

Apìdeixh. Parathr ste pr¸ta ìti an x∗ ∈ X∗ tìte to x∗ eÐnai w�suneqèc: arkeÐ
na elègxoume ìti to x∗ eÐnai w�suneqèc sto 0, to opoÐo eÐnai profanèc afoÔ gia
k�je ε > 0 to sÔnolo {x ∈ X : |x∗(x)| < ε} eÐnai w�anoiktì.

Aut  h parat rhsh mac dÐnei amèswc thn mÐa kateÔjunsh: an xi
w−→ x, tìte

x∗(xi) → x∗(x) gia k�je x∗ ∈ X∗.
AntÐstrofa: upojètoume ìti x∗(xi) → x∗(x) gia k�je x∗ ∈ X∗. 'Estw U mia

w�anoikt  perioq  tou x. Up�rqoun x∗1, . . . , x
∗
n ∈ X∗ kai ε > 0 ¸ste

{y ∈ X : |x∗k(y)− x∗k(x)| < ε, k = 1, . . . , n} ⊆ U.

Gia k�je k = 1, . . . , n up�rqei ik ¸ste: an i ≥ ik tìte |x∗k(xi) − x∗k(x)| < ε.
BrÐskoume i0 ≥ ik gia k�je k ≤ n. Tìte, gia k�je i ≥ i0 èqoume |x∗k(xi) −
x∗k(x)| < ε gia k�je k = 1, . . . , n. Dhlad , xi ∈ U . 'Epetai ìti xi

w−→ x. 2

(a) Asjen¸c suneq  sunarthsoeid 

SumbolÐzoume me (X,w)∗ ton grammikì q¸ro twn w�suneq¸n grammik¸n sunar-
thsoeid¸n f : X → K kai me X∗ ton duðkì tou (X, ‖ · ‖), ton gnwstì mac q¸ro
twn ‖ · ‖�fragmènwn grammik¸n sunarthsoeid¸n. Ja deÐxoume ìti

(X, w)∗ = X∗.

H apìdeixh basÐzetai sto ex c L mma:

L mma 5.4.3. 'Estw g, f1, . . . , fn : X → K grammik� sunarthsoeid  me thn

idiìthta
n⋂

k=1

Ker(fk) ⊆ Ker(g). Tìte, up�rqoun a1, . . . , an ∈ K ¸ste g = a1f1 +

· · ·+ anfn.

Apìdeixh. JewroÔme thn grammik  apeikìnish T : X → Kn me

T (x) = (f1(x), . . . , fn(x))

kai to grammikì sunarthsoeidèc ψ : T (X) → K me

ψ(T (x)) = g(x).

O T (X) eÐnai grammikìc upìqwroc tou Kn kai to ψ eÐnai kal� orismèno grammikì
sunarthsoeidèc ston T (X): an T (x1) = T (x2) ∈ T (X), tìte fk(x1) = fk(x2) gia

k�je k = 1, . . . , n, �ra x1−x2 ∈
n⋂

k=1

Ker(fk). Apì thn upìjesh, x1−x2 ∈ Ker(g),

dhlad  g(x1) = g(x2). H grammikìthta elègqetai eÔkola.
H ψ epekteÐnetai se èna grammikì sunarthsoeidèc ψ̃ : Kn → K. Up�rqoun

a1, . . . , an ∈ K ¸ste: gia k�je t = (t1, . . . , tn) ∈ Kn,

ψ̃(t1, . . . , tn) = a1t1 + · · ·+ antn.

Tìte, gia k�je x ∈ X èqoume

g(x) = ψ(T (x)) = ψ̃(f1(x), . . . , fn(x)) = a1f1(x) + · · ·+ anfn(x).

Dhlad , g = a1f1 + · · ·+ anfn. 2
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Je¸rhma 5.4.4. 'Estw X ènac q¸roc me nìrma. Tìte, (X, w)∗ = X∗.

Apìdeixh. 'Eqoume parathr sei ìti X∗ ⊆ (X, w)∗. AntÐstrofa, èstw f :
X → K èna w�suneqèc grammikì sunarthsoeidèc. Up�rqei basik  perioq 
B(x∗1, . . . , x

∗
n; ε) ¸ste: an x ∈ B(x∗1, . . . , x

∗
n; ε) tìte |f(x)| < 1. Dhlad , an

|x∗k(x)| < ε gia k�je k = 1, . . . , n, tìte |f(x)| < 1.

Autì èqei san sunèpeia thn
n⋂

k=1

Ker(x∗k) ⊆ Ker(f).

Pr�gmati, an x ∈
n⋂

k=1

Ker(x∗k), tìte, gia k�je m ∈ N kai gia k�je k = 1, . . . , n

èqoume |x∗k(mx)| = 0 < ε. 'Ara, |f(mx)| < 1 =⇒ |f(x)| < 1
m gia k�je m ∈ N.

'Epetai ìti f(x) = 0.
Apì to L mma 5.4.3 up�rqoun a1, . . . , an ∈ K ¸ste f = a1x

∗
1 + · · · + anx∗n.

Autì deÐqnei ìti f ∈ X∗. Sunep¸c, (X, w)∗ ⊆ X∗. 2

(b) Asjen c kleist  j kh � je¸rhma Mazur

'Estw A ⊆ X. AfoÔ h w�topologÐa eÐnai mikrìterh apì thn ‖ · ‖�topologÐa,
èqoume

A
‖·‖

=
⋂
{B ⊆ X : A ⊆ B kai B ‖ · ‖ − kleistì}

⊆
⋂
{B ⊆ X : A ⊆ B kai B w − kleistì} = A

w
.

An ìmwc to A eÐnai kurtì, tìte isqÔei isìthta:

Je¸rhma 5.4.5 (Mazur). 'Estw X ènac q¸roc me nìrma kai èstw A kurtì
uposÔnolo tou X. Tìte,

A
w

= A
‖·‖

.

Apìdeixh. Upojètoume gia aplìthta ìti K = R. EÐdame ìti A
‖·‖ ⊆ A

w. 'Estw
ìti up�rqei x0 ∈ A

w \ A
‖·‖. To {x0} eÐnai sumpagèc kai to A

‖·‖ eÐnai kurtì kai
kleistì ston (X, ‖ · ‖). Sunep¸c, up�rqoun x∗ ∈ X∗ kai λ ∈ R ¸ste

sup
x∈A

x∗(x) = sup
x∈A

‖·‖
x∗(x) < λ < x∗(x).

'Omwc, x0 ∈ A
w, �ra up�rqei dÐktuo (xi) sto A me xi

w−→ x, kai

x∗(x0) = lim
i

x∗(xi) ≤ sup
x∈A

x∗(x).

'Etsi, katal goume se �topo. 2

'Amesec (kai qr simec) sunèpeiec tou jewr matoc tou Mazur eÐnai oi ex c.

Pìrisma 5.4.6. 'Estw X ènac q¸roc me nìrma. 'Ena kurtì uposÔnolo tou X

eÐnai asjen¸c kleistì an kai mìno an eÐnai ‖ · ‖�kleistì. 2

Pìrisma 5.4.7. 'Estw X ènac q¸roc me nìrma kai èstw Y ènac grammikìc
upìqwroc tou X. Tìte, Y

w
= Y

‖·‖. 2



5.4 H asjenhc topologia · 101

Pìrisma 5.4.8. 'Estw X ènac q¸roc me nìrma kai èstw (xn) akoloujÐa ston
X me xi

w−→ 0. Tìte, up�rqei akoloujÐa (yk) kurt¸n sunduasm¸n twn xn ¸ste
‖yk‖ → 0.

ShmeÐwsh. K�je yk eÐnai di�nusma thc morf c yk =
∑Nk

n=1 aknxn, ìpou akn ≥ 0
kai

∑Nk

n=1 akn = 1.

Apìdeixh. JewroÔme to sÔnolo A = co{xn : n ∈ N} ìlwn twn kurt¸n sundua-
sm¸n twn xn. To A eÐnai kurtì, �ra A

w
= A

‖·‖. Apì thn upìjesh, èqoume

0 ∈ {xn : n ∈ N}w ⊆ A
w
.

'Epetai ìti 0 ∈ A
‖·‖, �ra up�rqei akoloujÐa (yk) sto A me ‖yk‖ → 0. 2

(g) Asjen¸c suneqeÐc telestèc

'Estw X, Y q¸roi Banach kai èstw T : X → Y ènac grammikìc telest c. Lème
ìti o T eÐnai asjen¸c suneq c an eÐnai suneq c sun�rthsh wc proc tic asjeneÐc
topologÐec twn X kai Y .

Je¸rhma 5.4.9. 'Estw X, Y q¸roi Banach kai èstw T : X → Y ènac gram-
mikìc telest c. O T eÐnai fragmènoc an kai mìno an eÐnai asjen¸c suneq c.

Apìdeixh. Upojètoume pr¸ta ìti o T eÐnai fragmènoc. Gia na elègxoume ìti o T

eÐnai asjen¸c suneq c, arkeÐ na elègxoume thn w�sunèqeia sto 0: èstw W mia
asjen c perioq  tou 0 ston Y . Up�rqoun y∗1 , . . . , y∗n ∈ Y ∗ kai ε > 0 ¸ste

{y ∈ Y : |y∗k(y)| < ε, k = 1, . . . , n} ⊆ W.

OrÐzoume x∗k : X → K me x∗k = y∗k ◦ T . K�je x∗k eÐnai fragmèno grammikì
sunarthsoeidèc kai ‖x∗k‖ ≤ ‖y∗k‖ · ‖T‖. OrÐzoume

V := {x ∈ X : |x∗k(x)| < ε, k = 1, . . . , n}.
H V eÐnai w�perioq  tou 0 ston X kai an x ∈ V tìte |y∗k(Tx)| = |x∗k(x)| < ε gia
k�je k = 1, . . . , n, dhlad  T (x) ∈ W . 'Ara, 0 ∈ V ⊆ T−1(W ).

AntÐstrofa, upojètoume ìti o T eÐnai asjen¸c suneq c. An y∗ ∈ Y ∗ =
(Y, w)∗, tìte (wc sÔnjesh asjen¸c suneq¸n sunart sewn) y∗ ◦ T ∈ (X, w)∗ =
X∗. Dhlad ,

y∗ ∈ Y ∗ =⇒ y∗ ◦ T ∈ X∗.

Qrhsimopoi¸ntac aut  thn parat rhsh, ja deÐxoume ìti o T èqei ‖ · ‖�kleistì
gr�fhma.

'Estw ìti ‖xn − x‖ → 0 kai ‖Txn − y‖ → 0. Gia k�je y∗ ∈ Y ∗ èqoume

(y∗ ◦ T )(xn) = y∗(Txn) → y∗(y)

diìti Txn → y, kai

(y∗ ◦ T )(xn) → (y∗ ◦ T )(x) = y∗(Tx),

diìti y∗ ◦ T ∈ X∗ kai xn → x. 'Ara, gia k�je y∗ ∈ Y ∗ èqoume y∗(Tx) = y∗(y).
AfoÔ o Y ∗ diaqwrÐzei ta shmeÐa tou Y , paÐrnoume y = Tx. Dhlad , to Γ(T )
eÐnai ‖ · ‖�kleistì. Apì to je¸rhma kleistoÔ graf matoc, o T eÐnai fragmènoc.
2
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5.5 H asjen c-∗ topologÐa

'Estw X ènac q¸roc me nìrma kai èstw X∗ o duðkìc tou. OrÐzoume thn w∗�
topologÐa ston X∗ san thn topik� kurt  topologÐa pou ep�getai apì thn oiko-
gèneia hminorm¸n P = {px : x ∈ X}, ìpou px(x∗) = |x∗(x)|. Mia b�sh perioq¸n
tou 0 gia thn w∗�topologÐa apoteleÐtai apì ta sÔnola thc morf c

B(x1, . . . , xn; ε) = {x∗ ∈ X∗ : |x∗(xi)| < ε, i = 1, . . . , n},

ìpou n ∈ N, xi ∈ X, ε > 0. An o X eÐnai apeirodi�statoc, tìte oi w∗-perioqèc
tou 0 den eÐnai fragmèna sÔnola: an τ eÐnai h kanonik  emfÔteush tou X ston
X∗∗, èqoume

n⋂

i=1

Ker(τ(xi)) ⊂ B(x1, . . . , xn; ε)

gia k�je ε > 0, dhlad  k�je w∗�perioq  tou 0 perièqei k�poion upìqwro tou X∗

�peirhc di�stashc.
Oi parak�tw idiìthtec thc w∗�topologÐac eÐnai an�logec me tic antÐstoiqec

thc w�topologÐac:

Prìtash 5.5.1. 'Estw (x∗i ) dÐktuo ston X∗ kai x∗ ∈ X∗. Tìte, x∗i
w∗−→ x∗ an

kai mìno an x∗i (x) → x∗(x) gia k�je x ∈ X. 2

Prìtash 5.5.2. K�je w�anoiktì sÔnolo eÐnai ‖ · ‖-anoiktì.
Apìdeixh. 'Epetai apì to gegonìc ìti k�je sÔnolo

B(x1, . . . , xn; ε) = {x∗ ∈ X∗ : |[τ(xi)](x∗)| < ε, i = 1, . . . , n}

eÐnai ‖ · ‖∗�anoiktì uposÔnolo tou X∗. 2

Prìtash 5.5.3. 'Estw (X∗, w∗)∗ o grammikìc q¸roc twn w∗�suneq¸n gram-
mik¸n sunarthsoeid¸n f : X∗ → K. Tìte,

(X∗, w∗)∗ = τ(X).

Apìdeixh. Apì thn Prìtash 5.5.1 blèpoume ìti τ(X) ⊆ (X∗, w∗)∗. AntÐstrofa,
èstw f : X∗ → K èna w∗�suneqèc grammikì sunarthsoeidèc. Up�rqei basik 
perioq  B(x1, . . . , xn; ε) ¸ste: an x∗ ∈ B(x1, . . . , xn; ε) tìte |f(x∗)| < 1. Dh-
lad , an |[τ(xk)](x∗)| < ε gia k�je k = 1, . . . , n, tìte |f(x∗)| < 1. 'Epetai ìti

n⋂
k=1

Ker(τ(xk)) ⊆ Ker(f). Apì to L mma 5.4.3 up�rqoun a1, . . . , an ∈ K ¸ste

f = a1τ(x1)+ · · ·+anτ(xn) = τ(a1x1 + · · ·+anxn). Autì deÐqnei ìti f ∈ τ(X).
2

Je¸rhma 5.5.4 (Alaoglu). 'Estw X ènac q¸roc me nìrma. H monadiaÐa
mp�la BX∗ = {x∗ : ‖x∗‖ ≤ 1} tou X∗ eÐnai w∗�sumpagèc sÔnolo.

Apìdeixh. JewroÔme to D =
∏

x∈BX

[−‖x‖, ‖x‖] me thn topologÐa ginìmeno: èna

dÐktuo (txi )x∈BX sto D sugklÐnei sto (tx)x∈BX an kai mìno an lim
i

txi = tx gia
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k�je x ∈ BX . Apì to je¸rhma tou Tychonoff, o D eÐnai sumpag c topologikìc
q¸roc.

OrÐzoume G : (BX∗ , w∗) → D me G(x∗) = (x∗(x))x∈BX
. Apì thn |x∗(x)| ≤

‖x∗‖ · ‖x‖ ≤ ‖x‖ èpetai ìti G(x∗) ∈ D gia k�je x∗ ∈ BX∗ . EpÐshc, an x∗1, x
∗
2 ∈

BX∗ kai G(x∗1) = G(x∗2), tìte x∗1(x) = x∗2(x) gia k�je x ∈ BX , opìte x∗1 ≡ x∗2.
'Ara, h G eÐnai 1-1.

H G eÐnai suneq c: upojètoume ìti x∗i , x
∗ ∈ BX∗ kai x∗i

w∗−→ x∗. Tìte,
x∗i (x) → x∗(x) gia k�je x ∈ BX , opìte G(x∗i ) → G(x∗) sto D, apì ton orismì
thc topologÐac tou D.

H eikìna G(BX∗) thc G eÐnai kleist  sto D: èstw x∗i ∈ BX∗ me G(x∗i ) →
(tx)x∈BX ∈ D. Tìte, gia k�je x ∈ BX èqoume

tx = lim
i

x∗i (x).

OrÐzoume f : X → K me f(x) = ‖x‖tx/‖x‖ an x 6= 0 kai f(0) = 0. Qrhsimopoi¸-
ntac to gegonìc ìti

f(x) = ‖x‖ tx/‖x‖ = ‖x‖ lim
i

x∗i

(
x

‖x‖
)

= lim
i

x∗i (x)

gia k�je x ∈ X, elègqoume ìti h f eÐnai grammikì sunarthsoeidèc. EpÐshc,

|f(x)| = ‖x‖
∣∣tx/‖x‖∣∣ ≤ ‖x‖,

�ra f ∈ BX∗ kai x∗i
w∗−→ f . AfoÔ G(f) = (tx)x∈BX

, sumperaÐnoume ìti to
G(BX∗) eÐnai kleistì.

Tèloc, elègqoume ìti h G−1 eÐnai suneq c sto G(BX∗). An G(x∗i ) → G(x∗)

sto D, tìte x∗i (x) → x∗(x) gia k�je x ∈ BX , �ra x∗i
w∗−→ x∗. 'Epetai ìti h

BX∗ = G−1(G(BX∗)) eÐnai w∗�sumpag c. 2

Pìrisma 5.5.5. 'Estw X ènac q¸roc Banach. 'Ena uposÔnolo A tou X∗ eÐnai
w∗�sumpagèc an kai mìno an eÐnai w∗�kleistì kai ‖ · ‖�fragmèno.
Apìdeixh. Upojètoume pr¸ta ìti to A eÐnai w∗�kleistì kai A ⊆ aBX∗ gia
k�poion a > 0. H apeikìnish σa : X∗ → X∗ me σa(x∗) = ax∗ eÐnai w∗�
omoiomorfismìc. Apì to je¸rhma Alaoglu èpetai ìti to aBX∗ eÐnai w∗�sumpagèc
sÔnolo. To A eÐnai w∗�kleistì uposÔnolo tou aBX∗ , �ra eÐnai w∗�sumpagèc.

AntÐstrofa: an to A eÐnai w∗�sumpagèc, tìte to A eÐnai profan¸c w∗�
kleistì kai gia k�je x ∈ X to sÔnolo {|x∗(x)| : x∗ ∈ A} = {|[τ(x)](x∗)| : x∗ ∈
A} eÐnai fragmèno. Apì thn arq  omoiìmorfou fr�gmatoc èpetai ìti sup{‖x∗‖ :
x∗ ∈ A} < ∞. 2

Prìtash 5.5.6. K�je q¸roc Banach X eÐnai isometrik� isìmorfoc me ènan
kleistì upìqwro enìc q¸rou (C(M), ‖ · ‖∞), ìpou M sumpag c topologikìc
q¸roc Hausdorff.

Apìdeixh. Jètoume M = BX∗ . Apì to je¸rhma Alaoglu, o M eÐnai sumpag c
topologikìc q¸roc Hausdorff me thn w∗�topologÐa.
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OrÐzoume thn apeikìnish T : X → (C(M), ‖ · ‖∞) me (Tx)(x∗) = x∗(x),
x∗ ∈ M . H T eÐnai kal� orismènh. 'Estw x ∈ X. An x∗i

w∗−→ x∗ sto M ,
tìte x∗i (x) → x∗(x), dhlad  (Tx)(x∗i ) → (Tx)(x∗). 'Ara, Tx ∈ C(M). H
grammikìthta thc T elègqetai eÔkola, kai

‖Tx‖∞ = sup{|x∗(x)| : x∗ ∈ X∗} = ‖x‖
gia k�je x ∈ X, d lad  h T eÐnai isometrÐa. 'Ara, h T eÐnai isometrikìc isomor-
fismìc tou X me ènan kleistì upìqwro tou (C(M), ‖ · ‖∞). 2

Je¸rhma 5.5.7 (Goldstine). 'Estw X q¸roc me nìrma kai èstw τ : X →
X∗∗ h kanonik  emfÔteush. Tìte,

τ(BX)
w∗

= BX∗∗ .

Apìdeixh. H τ eÐnai grammik  isometrÐa, �ra to τ(BX) eÐnai kurtì uposÔnolo thc
BX∗∗ kai to τ(BX)

w∗
eÐnai w∗�kleistì kurtì uposÔnolo thc BX∗∗ (exhg ste

giatÐ). Upojètoume ìti up�rqei x∗∗0 ∈ Bx∗∗ \ τ(BX)
w∗

kai ja katal xoume se
�topo.

Ston topik� kurtì q¸ro (X∗∗, w∗) mporoÔme na diaqwrÐsoume to x∗∗0 apì to
τ(BX)

w∗
: up�rqei f ∈ (X∗∗, w∗)∗, dhlad  up�rqei x∗0 ∈ X∗ ¸ste

x∗∗0 (x∗0) > sup
x∈BX

[τ(x)](x∗0) = sup
x∈BX

|x∗0(x)| = ‖x∗0‖.

Apì thn �llh pleur�,

x∗∗0 (x∗0) ≤ ‖x∗∗0 ‖ ‖x∗0‖ ≤ ‖x∗0‖,

to opoÐo odhgeÐ se �topo. 'Epetai ìti τ(BX)
w∗

= BX∗∗ . 2

Pìrisma 5.5.8. 'Estw X q¸roc me nìrma kai èstw τ : X → X∗∗ h kanonik 
emfÔteush. Tìte,

τ(X)
w∗

= X∗∗.

Apìdeixh. O τ(X)
w∗

eÐnai upìqwroc tou X∗∗ kai perièqei thn BX∗∗ apì to
prohgoÔmeno je¸rhma. 2

Me th bo jeia twn asjen¸n topologi¸n mporoÔme na d¸soume ènan qr simo
qarakthrismì twn autopaj¸n q¸rwn. Ac upojèsoume pr¸ta ìti o q¸roc Ba-
nach X eÐnai autopaj c. Tìte, h τ : (BX , w) → (BX∗∗ , w∗) eÐnai topologikìc
omoiomorfismìc. Apì thn autop�jeia tou X blèpoume ìti h τ eÐnai 1-1 kai epÐ.
EpÐshc, an x, xi ∈ BX , i ∈ I, èqoume

xi
w−→ x ⇐⇒ ∀x∗ ∈ X∗ x∗(xi) → x∗(x)

⇐⇒ ∀x∗ ∈ X∗ [τ(xi)](x∗) → [τ(x)](x∗)

⇐⇒ τ(xi)
w∗−→ τ(x),

dhlad , oi τ, τ−1 eÐnai suneqeÐc. Apì to je¸rhma Alaoglu, h BX∗∗ eÐnai w∗�
sumpag c. Sunep¸c, h BX eÐnai sumpag c. IsqÔei ìmwc kai to antÐstrofo:
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Je¸rhma 5.5.9. 'Estw X ènac q¸roc Banach. O X eÐnai autopaj c an kai
mìno an h BX eÐnai w�sumpag c.

Apìdeixh. DeÐqnoume thn deÔterh sunepagwg : èstw ìti h BX eÐnai w�sumpag c.
Tìte, to τ(BX) eÐnai w∗�sumpagèc sÔnolo (parathr ste ìti h τ eÐnai (w, w∗)�
suneq c). 'Ara, to τ(BX) eÐnai w∗�kleistì sÔnolo. Apì to je¸rhma Goldstine
èqoume

τ(BX) = τ(BX)
w∗

= BX∗∗ ,

�p� ìpou èpetai ìti τ(X) = X∗∗. 'Ara, o X eÐnai autopaj c.

DÔo idiìthtec twn autopaj¸n q¸rwn

(a) 'Estw X ènac q¸roc me nìrma. Mia akoloujÐa (xn) ston X lègetai asjen¸c
Cauchy an gia k�je x∗ ∈ X∗ h akoloujÐa x∗(xn) eÐnai akoloujÐa Cauchy (iso-
dÔnama, sugklÐnei). O X lègetai asjen¸c akoloujiak� pl rhc an k�je asjen¸c
Cauchy akoloujÐa tou X eÐnai asjen¸c sugklÐnousa.

Prìtash 5.5.10. K�je autopaj c q¸roc Banach X eÐnai asjen¸c akolou-
jiak� pl rhc.

Apìdeixh. 'Estw (xn) mia w�Cauchy akoloujÐa ston X. Gia k�je x∗ ∈ X∗, to
sÔnolo {|x∗(xn) : n ∈ N} eÐnai fragmèno, diìti to lim

n
x∗(xn) up�rqei. Apì thn

arq  omoiìmorfou fr�gmatoc, up�rqei M > 0 ¸ste ‖xn‖ ≤ M gia k�je n ∈ N.
To MBX eÐnai w�sumpagèc lìgw thc autop�jeiac tou X. 'Ara, to sÔnolo

{xn : n ∈ N} èqei asjenèc shmeÐo suss¸reushc x ∈ MBX . 'Estw x∗ ∈ X∗.
AfoÔ to lim

n
x∗(xn) up�rqei, anagkastik� èqoume x∗(x) = lim

n
x∗(xn) (exhg ste

giatÐ). 'Epetai ìti xn
w−→ x. 2

(b) 'Estw X ènac q¸roc me nìrma kai èstw Y ènac gn sioc kleistìc upìqwroc
tou X. An x0 ∈ X \ Y , h apìstash tou x0 apì ton Y eÐnai h

d(x0, Y ) = inf{‖x0 − y‖ : y ∈ Y }.

Den eÐnai genik� swstì ìti up�rqei y0 ∈ Y me d(x0, Y ) = ‖x0 − y0‖. An ìmwc o
X eÐnai autopaj c, autì eÐnai p�nta swstì.

Prìtash 5.5.11. 'Estw X autopaj c q¸roc, Y gn sioc kleistìc upìqwroc
tou X kai x0 ∈ X \ Y . Up�rqei y0 ∈ Y me d := d(x0, Y ) = ‖x0 − y0‖.

Apìdeixh. OrÐzoume M = {y ∈ Y : ‖x0 − y‖ ≤ 2d}. Tìte,

d(x0, Y ) = inf{‖x0 − y‖ : y ∈ M}.

To sÔnolo M eÐnai ‖ · ‖�fragmèno (an y ∈ M tìte ‖y‖ ≤ ‖x0‖ + 2d) kai w�
kleistì: autì prokÔptei eÔkola apì to je¸rhma Mazur, afoÔ to M eÐnai kurtì
kai ‖ · ‖�kleistì. O X èqei upotejeÐ autopaj c, �ra to M eÐnai w�sumpagèc.

Isqurismìc: H f : M → R+ me y 7→ ‖x0 − y‖ eÐnai k�tw hmisuneq c.
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Pr�gmati, gia k�je a ∈ R to sÔnolo {y ∈ M : ‖x0−y‖ ≤ a} eÐnai w�kleistì:
an ‖x0 − yi‖ ≤ a kai yi

w−→ y, tìte gia k�je x∗ ∈ BX∗ èqoume

|x∗(x0 − y)| = lim
i
|x∗(x0 − yi)| ≤ sup

i
‖x0 − yi‖ ≤ a,

�ra ‖x0 − y‖ ≤ a.

ParathroÔme t¸ra ìti k�je k�tw hmisuneq c sun�rthsh orismènh se sumpa-
gèc sÔnolo paÐrnei el�qisth tim : jewr ste yi ∈ M me f(yi) ↓ d. Up�rqei
upodÐktuo yj

w−→ y0 ∈ M . Tìte,

d ≤ ‖x0 − y0‖ = f(y0) ≤ lim inf
j

f(yj) = d.

'Ara, ‖x0 − y0‖ = f(y0) = d(x0, Y ). 2

5.6 Metrikopoihsimìthta kai diaqwrisimìthta

H asjen c topologÐa se ènan apeirodi�stato q¸ro Banach den eÐnai potè metri-
kopoi simh: Ac upojèsoume ìti o (X,w) eÐnai metrikopoi simoc. K�je metrikìc
q¸roc èqei arijm simh b�sh perioq¸n gia k�je shmeÐo tou. Sunep¸c, up�rqei
akoloujÐa peperasmènwn uposunìlwn Dn tou X∗ ¸ste h akoloujÐa (Un) me

Un = {x ∈ X : |x∗(x)| < εn, x∗ ∈ Dn}
na eÐnai w�b�sh perioq¸n tou 0. Tìte, gia to sÔnolo D =

⋃∞
n=1 Dn èqoume:

(∗) X∗ = span{x∗ : x∗ ∈ D}.
Pr�gmati, an x∗ ∈ X∗, to Ux∗ = {x : |x∗(x)| < 1} eÐnai w�perioq  tou 0.
Apì thn upìjes  mac, up�rqei n ∈ N ¸ste Un ⊆ Ux∗ . 'Omwc tìte, to x∗ eÐnai
grammikìc sunduasmìc twn stoiqeÐwn tou Dn (deÐte thn apìdeixh tou Jewr matoc
5.4.4).

Apì thn (∗) sumperaÐnoume ìti o X∗ èqei arijm simh b�sh san grammikìc
q¸roc: èqoume ìmwc dei ìti autì den mporeÐ na isqÔei gia ènan apeirodi�stato
q¸ro Banach.

An�logo sumpèrasma isqÔei gia thn asjen -∗ topologÐa.
Up�rqoun par� ìla aut� k�poia apotelèsmata metrikopoihsimìthtac gia frag-

mèna uposÔnola twn X, X∗. H qrhsimìtht� touc eÐnai profan c: an h w (a-
ntÐstoiqa, h w∗) topologÐa sthn BX (antÐstoiqa, sthn BX∗) proèrqontai apì
metrik , tìte h asjen c sÔgklish sta fragmèna sÔnola perigr�fetai apì ako-
loujÐec.

Je¸rhma 5.6.1. 'Estw X ènac q¸roc Banach. H w∗�topologÐa sthn BX∗

proèrqetai apì metrik  an kai mìno an o X eÐnai diaqwrÐsimoc.

Apìdeixh. Upojètoume pr¸ta ìti o X eÐnai diaqwrÐsimoc. 'Estw D = {xn : n ∈
N} èna arijm simo puknì uposÔnolo thc BX . OrÐzoume metrik  d sthn BX∗ me

d(x∗, y∗) =
∞∑

n=1

1
2n

|x∗(xn)− y∗(xn)|
1 + |x∗(xn)− y∗(xn)| .
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JewroÔme thn tautotik  apeikìnish I : (BX∗ , w∗) → (BX∗ , d).
H I eÐnai suneq c: èstw ìti x∗i

w∗−→ x∗ kai èstw ε > 0. Up�rqei N ∈ N ¸ste∑∞
n=N+1

1
2n < ε

2 . Jètoume

U = {y∗ ∈ BX∗ : |y∗(xn)− x∗(xn)| < ε

2
, n ≤ N}.

Up�rqei i0 ∈ I ¸ste x∗i ∈ U gia k�je i ≥ i0 (exhg ste giatÐ). Tìte, gia k�je
i ≥ i0 èqoume

d(x∗i , x
∗) ≤

N∑
n=1

1
2n
· ε

2
+

∞∑

n=N+1

1
2n
· 1 < ε.

'Ara, x∗i
d−→ x∗.

Apì to je¸rhma tou Alaoglu, h (BX∗ , w∗) eÐnai sumpag c. AfoÔ h I eÐnai
suneq c, 1-1 kai epÐ, eÐnai omoiomorfismìc. Dhlad , oi d kai w∗ topologÐec
tautÐzontai sthn BX∗ .

AntÐstrofa, an h w∗�topologÐa sthn BX∗ proèrqetai apì metrik , tìte u-
p�rqei arijm simh w∗�b�sh (Un) perioq¸n tou 0, ìpou k�je Un eÐnai sÔnolo thc
morf c

Un = {x∗ ∈ BX∗ : |x∗(x)| < εn, x ∈ Dn}
gia k�poio εn > 0 kai k�poio peperasmèno Dn ⊆ X, kai

⋂∞
n=1 Un = {0}.

Jètoume D =
⋃∞

n=1 Dn. ParathroÔme ìti: an x∗ ∈ BX∗ kai x∗(x) = 0 gia
k�je x ∈ D, tìte x∗ ∈ Un gia k�je n, �ra x∗ = 0. Apì pìrisma tou jewr matoc
Hahn–Banach èpetai ìti span(D) = X. AfoÔ to D eÐnai arijm simo, o X eÐnai
diaqwrÐsimoc. 2

Je¸rhma 5.6.2. 'Estw X ènac q¸roc Banach. H w�topologÐa sthn BX

proèrqetai apì metrik  an kai mìno an o X∗ eÐnai diaqwrÐsimoc.

Apìdeixh. Upojètoume pr¸ta ìti o X∗ eÐnai diaqwrÐsimoc. 'Estw τ : X → X∗∗ h
kanonik  emfÔteush. Apì to prohgoÔmeno je¸rhma, h w∗�topologÐa sthn BX∗∗

proèrqetai apì metrik . H τ : (BX , w) → (τ(BX), w∗) eÐnai omoiomorfismìc
(exhg ste giatÐ), �ra h (BX , w) eÐnai metrikopoi simh, afoÔ h τ(BX) me thn
sqetik  w∗�topologÐa eÐnai metrikìc q¸roc.

AntÐstrofa, an h w�topologÐa sthn BX proèrqetai apì metrik , tìte up�rqei
arijm simh w�b�sh perioq¸n (Un) tou 0, ìpou k�je Un eÐnai sÔnolo thc morf c

Un = {x ∈ BX : |x∗(x)| < εn, x∗ ∈ D∗
n}

gia k�poio εn > 0 kai k�poio peperasmèno D∗
n ⊆ X∗, kai

⋂∞
n=1 Un = {0}.

Jètoume D∗ =
⋃∞

n=1 D∗
n kai X∗

1 = span(D∗). O X∗
1 eÐnai diaqwrÐsimoc

upìqwroc tou X∗. Ja deÐxoume ìti X∗
1 = X∗: èstw ìti up�rqei y∗ ∈ X∗ \

X∗
1 . Tìte, d = d(y∗, X∗

1 ) > 0 kai, apì pìrisma tou jewr matoc Hahn–Banach,
up�rqei x∗∗ ∈ X∗∗ pou ikanopoieÐ ta ex c:

(a) ‖x∗∗‖ = 1/d,
(b) x∗∗(y∗) = 1 kai x∗∗(x∗) = 0 gia k�je x∗ ∈ X∗

1 .
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JewroÔme to w�anoiktì sÔnolo (sthn BX)

V =
{

x ∈ BX : |y∗(x)| < d

2

}
.

AfoÔ h (Un) eÐnai w�b�sh perioq¸n tou 0, up�rqei n ∈ N ¸ste Un ⊆ V .
'Eqoume dx∗∗ ∈ BX∗∗ kai apì to je¸rhma Goldstine h τ(BX) eÐnai w∗�pukn 

sthn BX∗∗ . 'Ara, up�rqei x ∈ BX to opoÐo ikanopoieÐ ta ex c:

(i) |dx∗∗(x∗)− τ(x)(x∗)| < εn gia k�je x∗ ∈ D∗
n.

(ii) |dx∗∗(y∗)− τ(x)(y∗)| < d
2 .

Apì thn pr¸th sunj kh èpetai ìti |x∗(x)| < εn gia k�je x∗ ∈ D∗
n, dhlad 

x ∈ Un. Apì thn deÔterh sunj kh èqoume

|d− y∗(x)| = |dx∗∗(y∗)− y∗(x)| < d

2
,

dhlad  |y∗(x)| > d
2 . 'Ara, x /∈ V . SumperaÐnoume loipìn ìti x ∈ Un \V , to opoÐo

eÐnai �topo afoÔ Un ⊆ V . 2

Parathr ste ìti, an h w�topologÐa sthn BX proèrqetai apì metrik , tìte
o X∗ eÐnai diaqwrÐsimoc, �ra o X eÐnai diaqwrÐsimoc. To antÐstrofo den eÐnai
p�nta swstì:

Je¸rhma 5.6.3 (Schur). Ston `1, k�je w�sugklÐnousa akoloujÐa eÐnai ‖·‖�
sugklÐnousa.

Apìdeixh. Apì to Je¸rhma 5.6.1 kai apì to je¸rhma Alaoglu, h (B`∞ , w∗) eÐnai
sumpag c metrikìc q¸roc. Mia metrik  pou orÐzei thn w∗�topologÐa eÐnai h

d(a, b) =
∞∑

n=1

|an − bn|
2n

.

'Estw xk = (xkn) ∈ `1 me xk
w−→ 0. Ja deÐxoume ìti ‖xk‖1 → 0. Gia k�je ε > 0

kai gia k�je m ∈ N orÐzoume

Fm =

{
a = (an) ∈ B`∞ :

∣∣∣∣∣
∞∑

n=1

anxkn

∣∣∣∣∣ ≤
ε

3
, k ≥ m

}
.

K�je Fm eÐnai w∗�kleistì sÔnolo kai apì thn xk
w−→ 0 èpetai ìti B`∞ =⋃∞

m=1 Fm (exhg ste giatÐ). Apì to je¸rhma tou Baire, up�rqei m ∈ N ¸ste to
Fm na èqei mh kenì w∗�eswterikì. Dhlad , up�rqoun a = (an) ∈ Fm kai δ > 0
¸ste

d(a, b) < δ =⇒ b ∈ Fm.

Epilègoume N ∈ N ¸ste
∑∞

n=N+1
1
2n < δ

2 kai, gia k�je k ∈ N orÐzoume bk ∈ B`∞

me bk
n = an an 1 ≤ n ≤ N kai bk

n = sign(xkn) an n > N . Parathr ste ìti

d(a, bk) =
∞∑

n=N+1

|an − bk
n|

2n
≤

∞∑

n=N+1

2
2n

< δ,
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dhlad  bk ∈ Fm gia k�je k ∈ N.
'Estw k ≥ m. AfoÔ bk ∈ Fm, èqoume

∣∣∣∣∣
∞∑

n=1

bk
nxkn

∣∣∣∣∣ =

∣∣∣∣∣
N∑

n=1

anxkn +
∞∑

n=N+1

|xkn|
∣∣∣∣∣ ≤

ε

3
.

'Omwc xk
w−→ 0, �ra mporoÔme na broÔme m1 ≥ m ¸ste gia k�je k ≥ m1 na

isqÔei
N∑

n=1

|xkn| < ε

3
.

Sundu�zontac tic dÔo anisìthtec blèpoume ìti, gia k�je k ≥ m1,

‖xk‖1 =
∞∑

n=1

|xkn| =
∣∣∣∣∣

N∑
n=1

|xkn|+
∞∑

n=N+1

|xkn|+
N∑

n=1

anxkn −
N∑

n=1

anxkn

∣∣∣∣∣

≤
N∑

n=1

|xkn|+
∣∣∣∣∣

∞∑

n=N+1

|xkn|+
N∑

n=1

anxkn

∣∣∣∣∣ +

∣∣∣∣∣
N∑

n=1

anxkn

∣∣∣∣∣

≤ ε

3
+

ε

3
+

ε

3
= ε,

ìpou, gia na fr�xoume ton teleutaÐo ìro, qrhsimopoi same to gegonìc ìti |an| ≤
1 gia k�je n ∈ N. 2

To Je¸rhma 5.6.3 deÐqnei ìti h (B`1 , w) den eÐnai metrikopoi simh. An  tan,
tìte h w�topologÐa kai h ‖·‖�topologÐa ja tautÐzontan ston `1 (exhg ste giatÐ).
Autì ìmwc den mporeÐ na isqÔei se ènan apeirodi�stato q¸ro. To antÐstoiqo tou
Jewr matoc 5.6.3 den isqÔei ston `p, 1 < p < ∞.

Ask seic

1. 'Estw X ènac apeirodi�statoc q¸roc Banach.

(a) DeÐxte ìti SX
w

= BX .

(b) DeÐxte ìti h sun�rthsh ‖ · ‖ : (X, w) → R me x 7→ ‖x‖ den eÐnai suneq c se kanèna
shmeÐo tou X.

2. 'Estw {xn} akoloujÐa ston `p, 1 ≤ p < ∞. Gr�foume xn = (xnk)k∈N.

(a) An 1 < p < ∞, deÐxte ìti xn
w−→ 0 an kai mìno an (i) up�rqei M > 0 ¸ste

‖xn‖p ≤ M gia k�je n, kai (ii) lim
n→∞

xnk = 0 gia k�je k.

(b) An p = 1, deÐxte ìti xn
w∗−→ 0 an kai mìno an (i) up�rqei M > 0 ¸ste ‖xn‖1 ≤ M

gia k�je n, kai (ii) lim
n→∞

xnk = 0 gia k�je k.

3. 'Estw (fn) akoloujÐa ston C[0, 1] me ‖fn‖∞ ≤ 1 gia k�je n. DeÐxte ìti fn
w−→ 0

an kai mìno an fn(t) → 0 gia k�je t ∈ [0, 1].

4. Ston `1 jewroÔme th sun jh basik  akoloujÐa {en}. DeÐxte ìti en
w∗−→ 0 all� den

up�rqei akoloujÐa (yk) kurt¸n sunduasm¸n twn en me ‖yk‖1 → 0.
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5. 'Estw (en) h sun jhc b�sh tou `2. JewroÔme to sÔnolo

A = {em + men : 1 ≤ m < n, m, n ∈ N}.

DeÐxte ìti to 0 an kei sthn w�kleist  j kh tou A all� den up�rqei akoloujÐa (ak)

sto A me ak
w−→ 0.

6. 'Estw X ènac q¸roc Banach. DeÐxte ìti o X∗ eÐnai w∗�akoloujiak� pl rhc: an
x∗n ∈ X∗ kai gia k�je x ∈ X h akoloujÐa (x∗n(x)) eÐnai akoloujÐa Cauchy, tìte up�rqei
x∗0 ∈ X∗ ¸ste x∗n

w∗−→ x∗0.

7. SÔmfwna me to je¸rhma Mazur, an xn
w−→ 0 ston q¸ro Banach X, tìte up�rqei

akoloujÐa (yk) kurt¸n sunduasm¸n twn xn me ‖yk‖ → 0. Den eÐnai ìmwc swstì ìti
mporoÔme na p�roume yk = 1

k
(x1 + · · ·+ xk) ston parap�nw isqurismì.

(a) 'Ena par�deigma eÐnai to ex c: Ston L2(−π, π) jewroÔme thn akoloujÐa

xn(t) =
1

n

n2∑

k=1

eikt.

DeÐxte ìti xn
w−→ 0. BreÐte sugkekrimènh akoloujÐa (yk) kurt¸n sunduasm¸n twn xn

me ‖yk‖2 → 0. DeÐxte ìmwc ìti
∥∥∥x1 + · · ·+ xn

n

∥∥∥
2
6→ 0 ìtan n →∞.

(b) DeÐxte ìti an fn ∈ L2(−π, π) kai fn
w−→ 0, tìte up�rqei upakoloujÐa (fkn) thc

(fn) ¸ste ∥∥∥∥
fk1 + · · ·+ fkn

n

∥∥∥∥
2

→ 0 ìtan n →∞.

8. 'Estw X ènac autopaj c q¸roc Banach, èstw (xn) mia fragmènh akoloujÐa ston
X kai x0 ∈ X. OrÐzoume

Kn = co{xm : m ≥ n}‖·‖.
DeÐxte ìti xn

w−→ x0 an kai mìno an
⋂∞

n=1 Kn = {x0}.
9. 'Estw (xn) fragmènh akoloujÐa se ènan q¸ro Banach X. Upojètoume ìti up�rqei
akoloujÐa (x∗k) ston X∗ me X∗ = span{x∗k : k ∈ N} kai lim

n→∞
x∗k(xn) = 0 gia k�je k.

DeÐxte ìti xn
w−→ 0.

10. 'Estw (xn) akoloujÐa Cauchy se ènan q¸ro X me nìrma. An xn
w−→ 0 tìte

‖xn‖ → 0.

11. 'Estw xn ∈ c0 me xn
w−→ 0. DeÐxte ìti up�rqei upakoloujÐa (xkn) thc (xn) ¸ste

∥∥∥xk1 + · · ·+ xkn

n

∥∥∥ → 0 ìtan n →∞.

12. 'Estw X ènac q¸roc Banach kai èstw A ⊆ X∗. DeÐxte ìti to A diaqwrÐzei ta
shmeÐa tou X an kai mìno an span(A)

w∗
= X∗.



Kef�laio 6

Je¸rhma Krein–Milman

6.1 AkraÐa shmeÐa

'Estw X ènac pragmatikìc (gia aplìthta) grammikìc q¸roc. Upojètoume ìti K

eÐnai èna mh kenì kurtì uposÔnolo tou X.
(b) 'Ena shmeÐo x ∈ K lègetai akraÐo shmeÐo tou K an gia k�je y, z ∈ K kai
gia k�je λ ∈ (0, 1) isqÔei

(1− λ)y + λz ∈ A =⇒ x = y = z.

Dhlad , to x den eÐnai eswterikì shmeÐo k�poiou eujÔgrammou tm matoc [y, z] me
�kra y 6= z ∈ K. Gr�foume ex(K) gia to sÔnolo twn akraÐwn shmeÐwn tou K.
(a) 'Ena mh kenì uposÔnolo A tou K lègetai akraÐo an: gia k�je y, z ∈ K kai
gia k�je λ ∈ (0, 1) isqÔei

(1− λ)y + λz ∈ A =⇒ y ∈ A kai z ∈ A.

Dhlad , an to A eÐnai akraÐo kai an, gia k�poia y, z ∈ K, k�poio eswterikì
shmeÐo tou eujÔgrammou tm matoc [y, z] an kei sto A, tìte ta y, z (�skhsh: kai
ìla ta shmeÐa tou [y, z]) an koun sto A. Parathr ste ìti èna shmeÐo x ∈ K

eÐnai akraÐo an kai mìno an to {x} eÐnai akraÐo uposÔnolo tou K.

ParadeÐgmata

1. JewroÔme ton `n
2 = (Rn, ‖ · ‖2) kai ta sÔnola

Bn = {x : ‖x‖2 ≤ 1}, Dn = {x : ‖x‖2 < 1}, Sn = {x : ‖x‖2 = 1}.

Parathr ste ìti: ex(Bn) = Sn kai ex(Dn) = ∅.
2. An P eÐnai èna kurtì polÔgwno sto epÐpedo, tìte k�je akm  tou P eÐnai akraÐo
uposÔnolo tou P . To ex(P ) eÐnai to sÔnolo twn koruf¸n tou P .
3. Se k�je q¸ro X me nìrma isqÔei ex(BX) ⊆ SX = {x : ‖x‖ = 1}. Up�rqoun
ìmwc q¸roi X gia touc opoÐouc ex(BX) = ∅. Gia par�deigma, an X = L1[0, 1],
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tìte k�je f ∈ SX gr�fetai sth morf  f = g+h
2 ìpou g 6= h kai g, h ∈ SX :

gia to skopì autì, arkeÐ na jewr soume x ∈ (0, 1) ¸ste
∫ x

0
|f | dλ = 1/2 kai na

orÐsoume h = 2fχ[0,x], g = 2fχ(x,1]. Tìte,
∫ 1

0
|g| dλ =

∫ 1

0
|h| dλ = 1, dhlad 

h, g ∈ SX , kai f = g+h
2 . AfoÔ h, g 6= f , èpetai ìti f /∈ ex(BX). Sunep¸c,

ex(BX) = ∅.
H epìmenh Prìtash deÐqnei ìti, par� to Par�deigma 3, ta mh ken� kurt�

sumpag  uposÔnola opoioud pote topik� kurtoÔ q¸rou èqoun akraÐa shmeÐa.

Prìtash 6.1.1. 'Estw X ènac topik� kurtìc q¸roc kai èstw K èna mh kenì,
sumpagèc kai kurtì uposÔnolo tou X. Tìte, ex(K) 6= ∅.
Apìdeixh. JewroÔme thn oikogèneia A ìlwn twn kleist¸n, mh ken¸n, akraÐwn
uposunìlwn tou K. H A eÐnai mh ken , afoÔ K ∈ A. OrÐzoume merik  di�taxh
≤ sthn A wc ex c: an A1, A2 ∈ A, tìte

A1 ≤ A2 an kai mìno an A1 ⊇ A2.

To merik� diatetagmèno sÔnolo (A,≤) ikanopoieÐ tic upojèseic tou L mmatoc
tou Zorn: an (Ai)i∈I eÐnai mia alusÐda sthn A, tìte to sÔnolo A0 :=

⋂
i∈I

Ai eÐnai

�nw fr�gma thc sthn A. Pr�gmati:
(i) To A0 =

⋂
i∈I

Ai eÐnai mh kenì. An upojèsoume to antÐjeto, tìte ta (anoikt�

sto K) sÔnola K \ Ai, i ∈ I, sqhmatÐzoun anoikt  k�luyh tou K. Qrhsimo-
poi¸ntac th sump�geia tou K pern�me se peperasmènh upok�luyh. IsodÔnama,
up�rqoun i1, . . . , in ∈ I ¸ste Ai1 ∩ · · · ∩Ain = ∅. Apì to gegonìc ìti h (Ai)i∈I

eÐnai alusÐda, blèpoume t¸ra ìti k�poio apì ta Aij , 1 ≤ j ≤ n, eÐnai kenì. Autì
eÐnai �topo.

(ii) Profan¸c, Aj ≤ A0 =
⋂
i∈I

Ai gia k�je j ∈ I (o orismìc thc ≤).

(iii) To sÔnolo A0 eÐnai akraÐo uposÔnolo tou K, dhlad  A0 ∈ A. Pr�gmati,
èstw a ∈ A0 kai b, c ∈ K, 0 < λ < 1 me a = (1 − λ)b + λc. 'Estw i ∈ I. AfoÔ
a ∈ Ai kai k�je Ai eÐnai akraÐo uposÔnolo tou K, èpetai ìti b, c ∈ Ai. AfoÔ to
i ∈ I  tan tuqìn, blèpoume telik� ìti b, c ∈ A0.

Apì to L mma tou Zorn up�rqei ≤�megistikì A ∈ A. Ja deÐxoume ìti to A

eÐnai monosÔnolo, dhlad  up�rqei x ∈ K ¸ste A = {x}. Tìte, x ∈ ex(K).
Ac upojèsoume ìti up�rqoun x, y ∈ A me x 6= y. Up�rqei suneqèc grammikì

sunarthsoeidèc f : X → R ¸ste f(x) 6= f(y). Dhlad , h f den eÐnai stajer 
sto A.

JewroÔme to sÔnolo

A1 = {z ∈ A : f(z) = min{f(w) : w ∈ A}}.
To sÔnolo A eÐnai sumpagèc, �ra to A1 eÐnai mh kenì kai kleistì uposÔnolo
tou K, apì th sunèqeia thc f . Epiplèon, to A1 eÐnai akraÐo uposÔnolo tou K:
'Estw z1, z2 ∈ K, z ∈ A1 kai z = (1 − λ)z1 + λz2 gia k�poio λ ∈ (0, 1). Tìte,
z1, z2 ∈ A, diìti to A eÐnai akraÐo kai z ∈ A1 ⊆ A. 'Omwc, minw∈A f(w) =
f(z) = (1− λ)f(z1) + λf(z2) kai z1, z2 ∈ A, �ra

f(z1) = f(z2) = min
w∈A

f(w).
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Dhlad , z1, z2 ∈ A1.
AfoÔ to A1 eÐnai akraÐo uposÔnolo tou K kai A1 ⊆ A, èqoume A ≤ A1.

'Omwc to A eÐnai ≤�megistikì, �ra A = A1. Autì eÐnai �topo, afoÔ tìte h f ja
 tan stajer  sto A = A1.

DeÐxame ìti k�je ≤�megistikì stoiqeÐo A ∈ A eÐnai monosÔnolo. H A èqei
toul�qiston èna ≤�megistikì stoiqeÐo, �ra up�rqei toul�qiston èna x ∈ K ¸ste
to {x} na eÐnai akraÐo uposÔnolo tou K. K�je tètoio x an kei sto ex(K). 'Ara,
ex(K) 6= ∅. 2

ShmeÐwsh. Parathr ste ìti h sump�geia tou K qrhsimopoi jhke ousiastik�
gia na deÐxoume ìti h A ikanopoieÐ tic upojèseic tou L mmatoc tou Zorn. To
par�deigma 3 deÐqnei ìti den mporoÔme na antikatast soume thn upìjesh ìti to
K eÐnai sumpagèc me thn asjenèsterh upìjesh ìti to K eÐnai kleistì.

6.2 Je¸rhma Krein–Milman

H Prìtash 6.1.1 thc prohgoÔmenhc Paragr�fou mac lèei ìti k�je mh kenì, kurtì
kai sumpagèc uposÔnolo K enìc topik� kurtoÔ q¸rou èqei akraÐa shmeÐa. To
je¸rhma Krein–Milman isqurÐzetai ìti to K èqei {poll�} akraÐa shmeÐa:

Je¸rhma 6.2.1 (Krein–Milman). 'Estw X ènac topik� kurtìc q¸roc kai è-
stw K èna mh kenì, sumpagèc kai kurtì uposÔnolo tou X. Tìte, K = co(ex(K)).

Apìdeixh. Ac upojèsoume ìti up�rqei x ∈ K \ co(ex(K)). Tìte, ta sÔnola {x}
kai co(ex(K)) diaqwrÐzontai gn sia. Up�rqoun suneqèc grammikì sunarthsoei-
dèc f : X → R kai λ ∈ R ¸ste

(∗) sup{f(y) : y ∈ ex(K)} = sup{f(z) : z ∈ co(ex(K))} < λ < f(x).

OrÐzoume
K1 = {z ∈ K : f(z) = max

w∈K
f(w)}.

ParathroÔme ta ex c:
(i) To K1 eÐnai mh kenì, sumpagèc, kurtì (apì th sunèqeia kai th grammikì-

thta thc f).
(ii) K1 ∩ ex(K) = ∅ (apì thn (∗)).
(iii) K�je akraÐo shmeÐo tou K1 eÐnai akraÐo shmeÐo tou K (qrhsimopoi ste

epiqeÐrhma an�logo me ekeÐno thc apìdeixhc thc Prìtashc 6.1.1).
Apì to (i) kai thn Prìtash 6.1.1 èqoume ex(K1) 6= ∅. 'Omwc, ex(K1) ⊆

ex(K) ∩K1 lìgw tou (iii). Apì to (ii) odhgoÔmaste se �topo. 2

Sthn epìmenh Par�grafo ja doÔme k�poiec efarmogèc tou jewr matoc Krein–
Milman. DÐnoume ed¸ èna pr¸to par�deigma: sÔmfwna me to je¸rhma Alaoglu,
an X eÐnai ènac q¸roc me nìrma tìte h BX∗ eÐnai èna mh kenì, sumpagèc kai kurtì
uposÔnolo tou topik� kurtoÔ q¸rou (X∗, w∗). 'Etsi, èqoume to ex c.

Prìtash 6.2.2. 'Estw X ènac q¸roc me nìrma. Tìte, BX∗ = co(ex(BX∗))
w∗

.
Eidikìtera,

ex(BX∗) 6= ∅.
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Dhlad , h monadiaÐa mp�la tou duðkoÔ q¸rou X∗ opoioud pote q¸rou me
nìrma X prèpei na èqei (arket�) akraÐa shmeÐa.

ParadeÐgmata

(a) H monadiaÐa mp�la tou L1[0, 1] den èqei akraÐa shmeÐa (deÐte to Par�deigma
3 sthn prohgoÔmenh par�grafo). SÔmfwna me thn Prìtash 6.2.2, o L1[0, 1] den
mporeÐ na eÐnai isometrik� isìmorfoc me ton duðkì q¸ro k�poiou q¸rou me nìrma.
(b) To Ðdio isqÔei gia ton c0: èstw x ∈ Bc0 , dhlad  ‖x‖ = sup

n
|xn| ≤ 1. AfoÔ

xn → 0, up�rqei m ∈ N ¸ste |xm| < 1
2 . OrÐzoume y, z ∈ c0 me yn = zn = xn an

n 6= m kai ym = xm + 1
2 , zm = xm − 1

2 . Tìte, y, z ∈ Bc0 , y, z 6= x kai x = y+z
2 .

'Ara, x /∈ ex(Bc0). Dhlad , h monadiaÐa mp�la tou c0 den èqei akraÐa shmeÐa.

Ta epìmena dÔo jewr mata qrhsimopoioÔntai suqn� ìtan efarmìzoume to je-
¸rhma Krein–Milman.

Je¸rhma 6.2.3. 'Estw X ènac topik� kurtìc q¸roc, K èna mh kenì, sumpa-
gèc kurtì uposÔnolo tou X kai F ⊆ K me thn idiìthta K = co(F ). Tìte,

ex(K) ⊆ F .

Apìdeixh. MporoÔme na upojèsoume ìti to F eÐnai kleistì. Ac upojèsoume ìti
x0 eÐnai èna akraÐo shmeÐo tou K pou den an kei sto F . MporoÔme na broÔme
anoikt , kurt  kai summetrik  perioq  U tou 0 ¸ste (x0 + U) ∩ (F + U) = ∅
(exhg ste giatÐ). Tìte, x0 /∈ F + U .

To F eÐnai sumpagèc, �ra up�rqoun y1, . . . , yn ∈ F ¸ste F ⊆
n⋃

j=1

(yj + U).

Gia j = 1, . . . , n orÐzoume Kj = co(F ∩ (yj + U)). To sÔnolo co(F ∩ (yj + U))
perièqetai sto kurtì sÔnolo yj + U , �ra

Kj ⊆ yj + U = yj + U, j = 1, . . . , n.

Isqurismìc. K = co(K1 ∪ · · · ∪Kn).
Apìdeixh. EÐnai fanerì ìti Kj ⊆ co(F ) = K gia k�je j = 1, . . . , n kai to K

eÐnai kurtì, epomènwc co(K1 ∪ · · · ∪ Kn) ⊆ K. Gia ton antÐstrofo egkleismì,

parathr ste ìti F ⊆
n⋃

j=1

(F ∩ (yj + U)), �ra F ⊆ K1 ∪ · · · ∪Kn, ap� ìpou èpetai

ìti
K = co(F ) ⊆ co(K1 ∪ · · · ∪Kn).

'Omwc, to sÔnolo co(K1∪· · ·∪Kn) eÐnai sumpagèc: eÐnai h eikìna tou sumpagoÔc
C = K1×· · ·×Kn×{t = (tj)j≤n : 0 ≤ tj ≤ 1,

∑n
j=1 tj = 1} mèsw thc suneqoÔc

apeikìnishc Φ(x1, . . . , xn, t) =
∑n

j=1 tjxj . 'Ara,

K ⊆ co(K1 ∪ · · · ∪Kn) = co(K1 ∪ · · · ∪Kn).

Apì ton isqurismì èpetai ìti to x0 ∈ K gr�fetai sth morf  x0 = a1x1 +
· · · + anxn, ìpou xj ∈ Kj , aj ≥ 0 kai

∑n
j=1 aj = 1. 'Omwc, to x0 eÐnai akraÐo

shmeÐo tou K, sunep¸c x0 = xj gia k�poio j ≤ n (exhg ste giatÐ). Tìte,

x0 ∈ Kj ⊆ yj + U ⊆ F + U,
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to opoÐo eÐnai �topo. 2

ShmeÐwsh. Den eÐnai genik� swstì ìti to sÔnolo ex(K) twn akraÐwn shmeÐwn
enìc sumpagoÔc kurtoÔ sunìlou eÐnai kleistì. 'Ena aplì par�deigma ston R3

dÐnei o diplìc k¸noc K = co({A, B} ∪ S), ìpou A = (0, 0, 1), B = (0, 0,−1) kai
S = {(x, y, 0) : (x− 1/2)2 + (y− 1/2)2 ≤ 1/4}. To sÔnolo twn akraÐwn shmeÐwn
tou K eÐnai to {A,B} ∪ (S \ {0}) (�skhsh) to opoÐo den eÐnai kleistì.

Je¸rhma 6.2.4. 'Estw X, Y dÔo topik� kurtoÐ q¸roi, K mh kenì, sumpagèc
kai kurtì uposÔnolo tou X kai T : X → Y suneq c grammik  apeikìnish. Tìte,
to T (K) eÐnai sumpagèc kai kurtì uposÔnolo tou Y kai gia k�je y ∈ ex(T (K))
up�rqei x ∈ ex(K) ¸ste T (x) = y.

Apìdeixh. O pr¸toc isqurismìc eÐnai profan c. 'Estw y ∈ ex(T (K)). To
sÔnolo Ky = {x ∈ K : T (x) = y} eÐnai kleistì (�ra, sumpagèc) kai kurtì.
Up�rqei loipìn x0 to opoÐo eÐnai akraÐo shmeÐo tou Ky. Tìte, x0 ∈ ex(K): an
x0 = (1 − λ)x1 + λx2, ìpou 0 < λ < 1 kai x1, x2 ∈ K, tìte y = T (x0) = (1 −
λ)T (x1)+λT (x2), kai autì shmaÐnei ìti T (x1) = T (x2) = y, diìti y ∈ ex(T (K)).
'Ara, x1, x2 ∈ Ky kai, afoÔ x0 ∈ ex(Ky), èpetai ìti x0 = x1 = x2. 2

ShmeÐwsh. Den isqÔei k�poiou eÐdouc antÐstrofo. Jewr ste, gia par�deigma,
thn probol  T (x, y) = x apì to monadiaÐo dÐsko sto [−1, 1].

6.3 Je¸rhma anapar�stashc tou Riesz

'Estw K ènac sumpag c metrikìc q¸roc kai èstw C(K) o q¸roc twn suneq¸n
pragmatik¸n sunart sewn sto K, me thn topologÐa thc omoiìmorfhc sÔgklishc.
'Ena grammikì sunarthsoeidèc I : C(K) → R lègetai jetikì an I(f) ≥ 0 gia
k�je f ∈ C(K) me f(x) ≥ 0 gia k�je x ∈ K.

Je¸rhma 6.3.1 (Riesz). 'Estw I : C(K) → R fragmèno jetikì grammikì
sunarthsoeidèc. Up�rqei monadikì kanonikì Borel mètro µ sto K ¸ste

(∗) I(f) =
∫

K

f dµ

gia k�je f ∈ C(K).

ShmeÐwsh. 'Ena mètro µ sthn B(K) lègetai kanonikì an µ(K) < ∞ kai gia k�je
A ∈ B(K) isqÔoun ta ex c:

(i) µ(A) = inf{µ(U) : U anoiktì kai A ⊆ U},

(ii) µ(A) = sup{µ(C) : C sumpagèc kai C ⊆ A}.

An µ eÐnai èna proshmasmèno Borel mètro sto K, tìte to µ lègetai kanonikì an
ta µ+ kai µ− eÐnai kanonik�. O q¸roc M(K) twn proshmasmènwn kanonik¸n
Borel mètrwn eÐnai grammikìc q¸roc. H ‖µ‖ = |µ|(K) = µ+(K) + µ−(K) eÐnai
nìrma ston M(K) kai o (M(K), ‖ · ‖) eÐnai q¸roc Banach.
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Apìdeixh tou Jewr matoc 6.3.1. DeÐqnoume pr¸ta th monadikìthta tou µ. 'Estw
ν èna �llo kanonikì Borel mètro sto K ¸ste

(∗) I(f) =
∫

K

f dν =
∫

K

f dµ

gia k�je f ∈ C(K). 'Estw C sumpagèc uposÔnolo tou K kai U anoiktì upo-
sÔnolo tou K me K ⊆ U . Apì to L mma tou Urysohn up�rqei f ∈ C(K) me
0 ≤ f ≤ 1, f ≡ 1 sto C kai supp(f) ⊂ U . Tìte,

µ(C) =
∫

K

χCdµ ≤
∫

K

f dµ =
∫

K

f dν ≤
∫

K

χUdν = ν(U).

PaÐrnontac infimum wc proc ìla ta U ⊇ C kai qrhsimopoi¸ntac thn kanonikì-
thta tou ν, sumperaÐnoume ìti µ(C) ≤ ν(C) gia k�je C. PaÐrnontac supremum
wc proc ìla ta C ⊆ U kai qrhsimopoi¸ntac thn kanonikìthta tou µ, sumperaÐ-
noume ìti µ(U) ≤ ν(U) gia k�je U . Lìgw summetrÐac, èqoume µ(C) = ν(C) kai
µ(U) = ν(U) gia k�je sumpagèc C kai k�je anoiktì U . Apì thn kanonikìthta
twn µ kai ν èpetai ìti µ ≡ ν.

DeÐqnoume t¸ra thn Ôparxh: gia k�je U ⊆ K anoiktì, orÐzoume

µ(U) := sup{I(f) : f ≺ U},

ìpou f ≺ U shmaÐnei ìti 0 ≤ f ≤ 1 kai supp(f) ⊂ U . AfoÔ to I eÐnai jetikì
sunarthsoeidèc, apì ton orismì eÐnai profanèc ìti µ(U) ≥ 0. EpÐshc, an U1, U2

eÐnai anoikt� uposÔnola tou K kai U1 ⊆ U2 tìte µ(U1) ≤ µ(U2). Apì thn
teleutaÐa parat rhsh èpetai ìti an, gia k�je A ⊆ K, orÐsoume

(1) µ∗(A) = inf{µ(U) : U anoiktì kai A ⊆ U},

èqoume µ∗(U) = µ(U) gia k�je anoiktì U ⊆ K. EpÐshc, an f ≺ U èqoume
I(f) ≤ ‖I‖ · ‖f‖∞ ≤ ‖I‖, �ra µ∗(U) ≤ ‖I‖. 'Epetai ìti µ∗(A) ≤ ‖I‖ gia k�je
A ⊆ K.
1. DeÐqnoume ìti to µ∗ eÐnai exwterikì mètro. To µ∗ eÐnai monìtono: an A,B ∈
B(K) kai A ⊆ B, tìte µ∗(A) ≤ µ∗(B). Autì eÐnai fanerì apì thn (1). EÐnai
epÐshc fanerì ìti µ∗(∅) = 0.

An (Ai) eÐnai mia akoloujÐa uposunìlwn tou K, tìte

(2) µ∗
( ∞⋃

i=1

Ai

)
≤

∞∑

i=1

µ∗(Ai).

Apìdeixh. DeÐqnoume pr¸ta ìti µ∗(U1∪U2) ≤ µ∗(U1)+µ∗(U2) an ta U1, U2 eÐnai
anoikt�. 'Estw g ≺ U1 ∪ U2. Apì to L mma 1.4.3 up�rqoun hi ≺ Ui, i = 1, 2
¸ste h1 +h2 ≡ 1 sto supp(g). Tìte, g = gh1 +gh2, �ra I(g) = I(gh1)+I(gh2).
'Omwc, ghi ≺ Ui, �ra I(g) ≤ µ∗(U1) + µ∗(U2). 'Epetai ìti

µ∗(U1 ∪ U2) = sup{I(g) : g ≺ U1 ∪ U2} ≤ µ∗(U1) + µ∗(U2).

Epagwgik�, an U1, . . . , Un eÐnai anoikt� uposÔnola tou K èqoume µ∗(U1 ∪ · · · ∪
Un) ≤ ∑n

i=1 µ∗(Ui).
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'Estw t¸ra (Ai) mia akoloujÐa uposunìlwn tou K. JewroÔme tuqìn ε > 0.
Up�rqoun anoikt� sÔnola Ui ⊇ Ai me µ∗(Ui) < µ∗(Ai) + ε/2i. Tìte,

µ∗
( ∞⋃

i=1

Ai

)
≤ µ∗

( ∞⋃

i=1

Ui

)
.

'Estw f ≺
∞⋃

i=1

Ui. Lìgw thc sump�geiac tou supp(f), up�rqei n ∈ N ¸ste

f ≺
n⋃

i=1

Ui. Tìte,

I(f) ≤ µ∗
(

n⋃

i=1

Ui

)
≤

n∑

i=1

µ∗(Ui) <

∞∑

i=1

µ∗(Ai) + ε.

H f  tan tuqoÔsa, �ra

µ∗
( ∞⋃

i=1

Ai

)
≤

∞∑

i=1

µ∗(Ai) + ε,

kai èpetai to zhtoÔmeno.
Apì to je¸rhma tou Karajeodwr , orÐzetai h σ��lgebra twn µ∗�metr simwn

uposunìlwn tou K kai o periorismìc tou µ∗ se aut n eÐnai mètro.
2. DeÐqnoume ìti k�je anoiktì U ⊆ K eÐnai µ∗�metr simo. 'Estw A ⊆ K.
BrÐskoume anoiktì V ⊇ A me µ∗(V ) = µ(V ) < µ∗(A) + ε kai f ≺ U ∩ V me
I(f) > µ(U ∩V )− ε. To V \ supp(f) eÐnai anoiktì, �ra up�rqei g ≺ V \ supp(f)
¸ste I(g) > µ(V \ supp(f))− ε. Tìte, f + g ≺ V , �ra

µ∗(A) + ε > µ(V ) ≥ I(f + g) = I(f) + I(g)

> µ(U ∩ V ) + µ(V \ supp(f))− 2ε

≥ µ∗(A ∩ U) + µ∗(A \ U)− 2ε.

Autì apodeiknÔei ìti µ∗(A) ≥ µ∗(A ∩ U) + µ∗(A \ U), dhlad  to U eÐnai µ∗�
metr simo. 'Ara, o periorismìc tou µ∗ sthn B(K) eÐnai mètro.
3. An C ⊆ K sumpagèc, tìte µ(C) = inf{I(f) : C ≺ f}, ìpou C ≺ f shmaÐnei
ìti 0 ≤ f ≤ 1 kai f ≡ 1 sto C.
Apìdeixh. 'Estw C ≺ f . JewroÔme to anoiktì sÔnolo U = {x ∈ K : f(x) > 1−
ε} ⊇ C, ìpou 0 < ε < 1. An g ≺ U , tìte g ≤ 1

1−εf sto K, �ra I(g) ≤ 1
1−εI(f).

'Ara, µ(C) ≤ µ(U) ≤ 1
1−εI(f). 'Epetai ìti µ(C) ≤ I(f), dhlad 

µ(C) ≤ inf{I(f) : C ≺ f}.

AntÐstrofa, gia tuqìn ε > 0, up�rqei anoiktì U ⊇ C me µ(U) < µ(C) + ε.
MporoÔme na broÔme g ∈ C(K) me C ≺ g ≺ U . Tìte,

I(g) ≤ µ(U) < µ(C) + ε.

AfoÔ to ε > 0  tan tuqìn, èpetai ìti

inf{I(f) : C ≺ f} ≤ µ(C).
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4. To µ eÐnai kanonikì.
Apìdeixh. Apì ton orismì èqoume autom�twc thn pr¸th idiìthta tou kanonikoÔ
mètrou: gia k�je A ∈ B(K) isqÔei

µ(A) = µ∗(A) = inf{µ(U) : U anoiktì kai A ⊆ U}.
Gia thn deÔterh idiìthta, jewroÔme tuqìn A ∈ B(K) kai ε > 0, kai brÐskoume
anoiktì U ⊇ A ¸ste µ(U) < µ(A) + ε. Up�rqei g ≺ U me I(g) > µ(U) − ε.
Jètoume C = supp(g) ⊆ U . An C ≺ f , tìte g ≤ f �ra I(g) ≤ I(f). Sunep¸c,
µ(C) = inf{I(f) : C ≺ f} ≥ I(g). Dhlad , up�rqei sumpagèc C ⊆ U me
µ(C) > µ(U)− ε. AfoÔ µ(U \A) < ε, up�rqei anoiktì V ⊇ U \A me µ(V ) < 2ε.
Tìte, to F = C \ V eÐnai sumpagèc uposÔnolo tou A kai A \ F ⊆ (U \ C) ∪ V ,
�ra µ(A)− µ(F ) ≤ µ(U \ C) + µ(V ) < 3ε. 'Epetai ìti

µ(A) = sup{µ(F ) : F sumpagèc kai F ⊆ A}.

5. IsqÔei I(f) =
∫

K
f dµ gia k�je f ∈ C(K).

Apìdeixh. MporoÔme (jewr¸ntac tic f+ kai f−) na upojèsoume ìti f ≥ 0, kai
(pollaplasi�zontac me kat�llhlh stajer�) mporoÔme na upojèsoume ìti 0 ≤
f ≤ 1. StajeropoioÔme N ∈ N kai, gia 0 ≤ k ≤ N , orÐzoume Bk = {x ∈
K : f(x) ≥ k/N}. 'Eqoume B0 = K kai k�je Bk eÐnai sumpagèc sÔnolo. Gia
s = 0, 1, . . . , N − 1 orÐzoume

fs = min
{

max
{

f,
s

N

}
,
s + 1
N

}
− s

N
.

K�je fs eÐnai suneq c sto K kai 1
N χBs+1 ≤ fs ≤ 1

N χBs . Parathr ste ìti
f = f0 + f1 + · · ·+ fN−1. 'Epetai ìti

1
N

(µ(B1) + · · ·+ µ(BN )) ≤
∫

K

f dµ ≤ 1
N

(µ(B0) + · · ·+ µ(BN−1)).

Gia k�je 0 ≤ s ≤ N − 1 èqoume χBs+1 ≤ Nfs, �ra µ(Bs+1) ≤ I(Nfs) = NI(fs).
EpÐshc, Nfs ≤ χBs , �ra Nfs ≺ U gia k�je anoiktì U ⊇ Bs, to opoÐo mac dÐnei
NI(fs) ≤ µ(U) gia k�je anoiktì U ⊇ Bs. 'Epetai ìti µ(Bs) = µ∗(Bs) ≥ NI(fs).
SunoyÐzontac,

µ(Bs+1)
N

≤ I(fs) ≤ µ(Bs)
N

,

ap' ìpou blèpoume ìti

1
N

(µ(B1) + · · ·+ µ(BN )) ≤ I(f) ≤ 1
N

(µ(B0) + · · ·+ µ(BN−1)).

Dhlad , ∣∣∣∣
∫

K

f dµ− I(f)
∣∣∣∣ ≤

µ(B0)− µ(BN )
N

≤ µ(K)
N

,

kai afoÔ to N  tan tuqìn, I(f) =
∫

K
f dµ. 2

MporoÔme t¸ra na deÐxoume ìti k�je fragmèno grammikì sunarthsoeidèc I :
C(K) → R anaparÐstatai apì monadikì proshmasmèno kanonikì Borel mètro sto
K.
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Je¸rhma 6.3.2. 'Estw I : C(K) → R fragmèno grammikì sunarthsoeidèc.
Up�rqei monadikì proshmasmèno kanonikì Borel mètro µ sto K ¸ste

(∗) I(f) =
∫

K

f dµ

gia k�je f ∈ C(K).

Apìdeixh. An f ∈ C(K) me f ≥ 0, orÐzoume

I+(f) = sup{I(g) : g ∈ C(K), 0 ≤ g ≤ f sto K}.

An t¸ra f ∈ C(K), gr�foume thn f sth morf  f = f+ − f− kai orÐzoume

I+(f) = I+(f+)− I+(f−).

Tèloc, orÐzoume
I−(f) = I+(f)− I(f).

DeÐxte ìti ta I+, I− eÐnai fragmèna jetik� grammik� sunarthsoeid  ston C(K).
Apì to Je¸rhma 6.3.1, up�rqoun monadik� kanonik� Borel mètra µ+, µ− sto K

¸ste
I+(f) =

∫

K

f dµ+ kai I−(f) =
∫

K

f dµ−.

To I anaparÐstatai apì to proshmasmèno mètro µ = µ+ − µ−. Oi leptomèreiec
af nontai wc �skhsh. 2

Prìtash 6.3.3. 'Estw µ ∈ M(K). OrÐzoume Iµ : C(K) → R me Iµ(f) =∫
K

f dµ. Tìte, to Iµ eÐnai fragmèno grammikì sunarthsoeidèc kai ‖I‖ = ‖µ‖.
Apìdeixh. H grammikìthta tou Iµ eÐnai faner . EpÐshc,

|Iµ(f)| ≤
∫

K

|f | d|µ| ≤ ‖µ‖ · ‖f‖∞

gia k�je f ∈ C(K), �ra ‖Iµ‖ ≤ ‖µ‖.
Gia thn antÐstrofh anisìthta qrhsimopoioÔme to gegonìc ìti up�rqei µ�

metr simh sun�rthsh h : K → R me |h(x)| = 1 gia k�je x ∈ K, h opoÐa
ikanopoieÐ thn

µ(A) =
∫

A

hd|µ|

gia k�je A ∈ B(K). Gia tuqìn ε > 0 brÐskoume (�skhsh) g ∈ C(K) me |g| ≤ 1
kai ∫

K

|h− g| d|µ| < ε.

Tìte,

‖µ‖ = |µ|(K) =
∫

K

h2d|µ| =
∫

K

h dµ < |Iµ(g)|+ ε.

AfoÔ ‖g‖∞ ≤ 1 kai to ε > 0  tan tuqìn, èpetai ìti ‖µ‖ ≤ sup{|Iµ(g)| : ‖g‖∞ ≤
1} = ‖Iµ‖. 2

Sundu�zontac ta parap�nw paÐrnoume to je¸rhma anapar�stashc tou Riesz:
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Je¸rhma 6.3.4. 'Estw K ènac sumpag c metrikìc q¸roc. Tìte, o M(K)
eÐnai isometrik� isìmorfoc me ton [C(K)]∗.

Apìdeixh. Apì ta prohgoÔmena jewr mata, h Φ : M(K) → [C(K)]∗ me µ 7→ Iµ

eÐnai isometrikìc isomorfismìc. 2

6.4 Efarmogèc

6.4aþ Je¸rhma Stone–Weierstrass

'Estw K ènac sumpag c metrikìc q¸roc kai èstw C(K) o q¸roc twn suneq¸n
pragmatik¸n sunart sewn sto K, me thn topologÐa thc omoiìmorfhc sÔgklishc.
'Ena uposÔnolo A tou C(K) lègetai upo�lgebra tou C(K) an gia k�je f, g ∈ A
kai gia k�je t ∈ R èqoume tf, f + g, f · g ∈ A.

Je¸rhma 6.4.1 (Stone–Weierstrass). 'Estw A mia upo�lgebra tou C(K)
me tic ex c idiìthtec:

(i) H stajer  sun�rthsh 1 ∈ A.

(ii) H A diaqwrÐzei ta shmeÐa tou K: an x 6= y sto K, tìte up�rqei f ∈ A
¸ste f(x) 6= f(y).

Tìte, A‖·‖∞ = C(K).

Apìdeixh. ArkeÐ na deÐxoume ìti: an µ ∈ (C(K), ‖ · ‖∞)∗ kai
∫

K
f dµ = 0 gia

k�je f ∈ A, tìte µ ≡ 0.
JewroÔme loipìn ton upìqwro N(A) = {µ : ∀f ∈ A,

∫
K

f dµ = 0} kai th
monadiaÐa tou mp�la B. To B eÐnai w∗�kleistì uposÔnolo thc monadiaÐac mp�lac
tou (C(K), ‖·‖∞)∗, kai sÔmfwna me to je¸rhma Alaoglu eÐnai w∗�sumpagèc. Apì
to je¸rhma Krein–Milman èpetai ìti ex(B) 6= ∅. Ac upojèsoume ìti N(A) 6=
{0}.

'Estw µ ∈ ex(B). 'Eqoume µ 6= 0 (exhg ste giatÐ) kai an C = K \ ⋃{V :
V anoiktì kai |µ|(V ) = 0} eÐnai o forèac tou µ, tìte

(i) |µ|(C) = 1 = |µ|(K), �ra C 6= ∅,
(ii)

∫
K

f dµ =
∫

C
f dµ gia k�je f ∈ C(K).

'Estw x0 ∈ C. Ja deÐxoume ìti C = {x0}: JewroÔme tuqìn x ∈ K me x 6= x0.
Up�rqei f1 ∈ A pou diaqwrÐzei ta x0, x, dhlad  f1(x0) 6= f1(x) =: b. H stajer 
sun�rthsh b ∈ A, �ra h sun�rthsh f2 = f1 − b ∈ A kai f2(x0) 6= 0 = f2(x).
EpÐshc, h sun�rthsh f3 = f2

2 ∈ A kai ikanopoieÐ tic f3 ≥ 0, f3(x) = 0, f3(x0) >

0. OrÐzoume

f :=
f3

1 + ‖f3‖∞ .

Tìte, f ∈ A, 0 ≤ f < 1 sto K kai f(x0) > 0, f(x) = 0.
Gia k�je g ∈ A èqoume gf ∈ A kai g(1− f) ∈ A, �ra

∫
gf dµ = 0 kai

∫
g(1− f) dµ = 0.
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Dhlad , ta mètra µ1, µ2 me dµ1 = f dµ kai dµ2 = (1−f) dµ an koun ston N(A).
EpÐshc, |µ1|(K) =

∫
K

f d|µ| kai |µ2|(K) =
∫

K
(1 − f) d|µ|, diìti 0 ≤ f < 1 sto

K.

Isqurismìc. |µ1|(K) = α ∈ (0, 1).

Apìdeixh. AfoÔ f(x0) > 0, up�rqoun perioq  U tou x0 kai ε > 0 ¸ste f(y) > ε

gia k�je y ∈ U . 'Eqoume U ∩ C 6= ∅ diìti x0 ∈ U ∩ C, �ra

α =
∫

K

f d|µ| ≥
∫

U

f d|µ| ≥ ε|µ|(U) > 0.

Me ton Ðdio trìpo, qrhsimopoi¸ntac thn f(x0) < 1, blèpoume ìti

α =
∫

K

f d|µ| < 1.

EpÐshc,

|µ2|(K) =
∫

K

(1− f) d|µ| = |µ|(K)− α = 1− α.

Gr�foume

µ = α

(
µ1

|µ1|(K)

)
+ (1− α)

(
µ2

|µ2|(K)

)
= αν1 + (1− α)ν2.

AfoÔ µ1, µ2 ∈ N(A), èqoume ν1, ν2 ∈ B. 'Omwc, µ ∈ ex(B). Sunep¸c, µ = ν1 =
ν2. Dhlad , ∫

K

h dµ =
∫

K

hf

α
dµ

gia k�je h ∈ C(K). Gia na sumbaÐnei k�ti tètoio, prèpei upoqrewtik� na èqoume
f = α µ�sqedìn pantoÔ. 'Omwc h f eÐnai suneq c, �ra f ≡ α sto C (exhg ste
giatÐ). AfoÔ f(x) = 0, sumperaÐnoume ìti x /∈ C. To x 6= x0  tan tuqìn, �ra
C = {x0}.

Autì me th seir� tou shmaÐnei ìti |µ|(K) = 1 kai µ({x0}) = ±1. 'Omwc,
1 ∈ A kai µ ∈ N(A), �ra

0 =
∫

K

1 dµ = 1 · µ({x0}) = ±1,

to opoÐo eÐnai �topo. H upìjes  mac  tan ìti N(A) 6= {0}, �ra N(A) = {0} kai
autì deÐqnei ìti A‖·‖∞ = C(K). 2

ShmeÐwsh. To Je¸rhma 6.4.1 efarmìzetai stic ex c peript¸seic:
(a) K = [0, 1], A = o q¸roc twn poluwnÔmwn sto [0, 1]: k�je suneq c

sun�rthsh f : [0, 1] → R proseggÐzetai omoiìmorfa apì polu¸numa.
(b) K = [−π, π], A = o q¸roc twn trigwnometrik¸n poluwnÔmwn sto [−π, π]:

h A eÐnai upo�lgebra tou C[−π, π] (parathr ste ìti to ginìmeno dÔo trigwno-
metrik¸n poluwnÔmwn eÐnai trigwnometrikì polu¸numo kai ìti to {cosx, sin x}
diaqwrÐzei ta shmeÐa tou [−π, π]). 'Ara, k�je suneq c sun�rthsh f : [−π, π] → R
proseggÐzetai omoiìmorfa apì trigwnometrik� polu¸numa.
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6.4bþ Oloklhrwtikèc anaparast�seic

'Estw X ènac topik� kurtìc q¸roc, K èna mh kenì sumpagèc uposÔnolo tou X

kai µ èna kanonikì Borel mètro pijanìthtac sto K. Lème ìti to x0 ∈ X ana-
parÐstatai apì to µ (eÐnai to kèntro b�rouc tou µ) an gia k�je suneqèc
grammikì sunarthsoeidèc f : X → R isqÔei

∫

K

f(x) dµ(x) = f(x0).

To pr¸to mac je¸rhma exasfalÐzei (upì proôpojèseic) thn Ôparxh kèntrou b�-
rouc gia to µ.

Je¸rhma 6.4.2. 'Estw F mh kenì kleistì uposÔnolo tou topik� kurtoÔ q¸rou
X ¸ste to K = co(F ) na eÐnai sumpagèc. Tìte, k�je kanonikì Borel mètro
pijanìthtac sto F èqei monadikì kèntro b�rouc pou an kei sto K.

Apìdeixh. To I(f, µ) :=
∫

F
f(x) dµ(x) orÐzetai kal� gia k�je suneqèc grammikì

sunarthsoeidèc f : X → R. Gia k�je tètoia f orÐzoume to kleistì uperepÐpedo

Ef = {y ∈ X : f(y) = I(f, µ)}.
An deÐxoume ìti

(∗) K ∩

⋂

f

Ef


 6= ∅,

tìte k�je shmeÐo autoÔ tou sunìlou eÐnai kèntro b�rouc tou µ (exhg ste giatÐ).
EÐnai fanerì ìti an up rqan dÔo tètoia shmeÐa x1 6= x2, tìte gia k�je f ∈ X∗

ja eÐqame

f(x1) = f(x2) =
∫

F

f(x) dµ(x),

to opoÐo eÐnai �topo afoÔ o X∗ diaqwrÐzei ta shmeÐa tou X se k�je topik� kurtì
q¸ro.

ApodeiknÔoume loipìn thn (∗): afoÔ to K eÐnai sumpagèc, arkeÐ na deÐxoume
ìti an f1, . . . , fn ∈ X∗ tìte K ∩ Ef1 ∩ · · · ∩ Efn 6= ∅ (exhg ste giatÐ).

JewroÔme thn grammik  apeikìnish T : X → Rn me T (y) = (f1(y), . . . , fn(y)).
ArkeÐ na deÐxoume ìti

w :=
(∫

F

f1dµ, . . . ,

∫

F

fndµ

)
∈ T (K).

'Estw ìti w /∈ T (K). AfoÔ to T (K) eÐnai kurtì sumpagèc uposÔnolo tou Rn,
up�rqei suneqèc grammikì sunarthsoeidèc h : Rn → R ¸ste

(∗∗) max{h(T (y)) : y ∈ K} < h(w).

Up�rqoun b1, . . . , bn ∈ R ¸ste h(x) = b1x1+· · ·+bnxn gia k�je x = (x1, . . . , xn) ∈
Rn. Tìte, h (∗∗) gr�fetai

max
y∈K

n∑

j=1

bjfj(y) <

n∑

j=1

bj

∫

F

fj(x) dµ(x).
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An jèsoume m :=
∑n

j=1 bjfj , apì thn F ⊆ K kai thn prohgoÔmenh anisìthta
blèpoume ìti

max
y∈f

m(y) <

∫

F

m(x) dµ(x).

Autì eÐnai �topo, afoÔ to µ eÐnai mètro pijanìthtac. 2

To epìmeno je¸rhma deÐqnei ìti k�je shmeÐo thc co(F ) anaparÐstatai apì
toul�qiston èna mètro pijanìthtac sto F .

Je¸rhma 6.4.3. 'Estw F mh kenì sumpagèc uposÔnolo tou topik� kurtoÔ
q¸rou X kai èstw x ∈ X. Tìte, x ∈ co(F ) an kai mìno an up�rqei kanonikì
Borel mètro pijanìthtac µ sto F pou èqei kèntro b�rouc to x.

Apìdeixh. (⇐=) 'Estw µ èna mètro pijanìthtac sto F kai èstw x to kèntro
b�rouc tou. An x /∈ co(F ), up�rqoun f ∈ X∗ kai λ ∈ R ¸ste

max
x∈F

f(y) < λ < f(x).

AfoÔ to x eÐnai to kèntro b�rouc tou µ,

λ < f(x) =
∫

F

f(y) dµ(y) ≤ max
y∈F

f(y) < λ,

to opoÐo eÐnai �topo.
(=⇒) 'Estw x ∈ co(F ). Up�rqei dÐktuo apì kurtoÔc sunduasmoÔc

xi =
ni∑

j=1

aijyij , yij ∈ F, i ∈ I

¸ste xi → x. Gia k�je i ∈ I jewroÔme to mètro µi =
∑ni

j=1 aijδyij pou dÐnei
m�za aij se k�je yij . K�je µi eÐnai kanonikì Borel mètro pijanìthtac sto F .
AfoÔ h monadiaÐa mp�la B tou (C(F ), ‖ · ‖∞)∗ eÐnai w∗�sumpag c kai µi ∈ B,
up�rqei upodÐktuo µ`, ` ∈ L, me µ`

w∗−→ µ ∈ B. To µ eÐnai mètro pijanìthtac
sto F kai èqei kèntro b�rouc to x: gia k�je f ∈ X∗ èqoume

f(x) = lim
`

f(x`) = lim
`

n∑̀

j=1

a`jf(y`j)

= lim
`

∫

F

f(y) dµ`(y) =
∫

F

f(y) dµ(y). 2

An to F eÐnai  dh sumpagèc kai kurtì, tìte k�je x ∈ co(F ) = F anaparÐ-
statai apì to mètro Dirac δx. To epìmeno je¸rhma deÐqnei ìti to δx eÐnai to
monadikì mètro pou èqei kèntro b�rouc to x an kai mìno an to x eÐnai akraÐo
shmeÐo tou F .

Je¸rhma 6.4.4 (Bauer). 'Estw F èna sumpagèc kai kurtì uposÔnolo tou
topik� kurtoÔ q¸rou X kai èstw x ∈ F . Tìte, x ∈ ex(F ) an kai mìno an to δx

eÐnai to monadikì kanonikì Borel mètro pijanìthtac sto F pou èqei kèntro b�rouc
to x.
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Apìdeixh. (⇐=) 'Estw ìti x /∈ ex(F ). Up�rqoun y 6= z ∈ F kai λ ∈ (0, 1) ¸ste
x = (1− λ)y + λz. Tìte, to x eÐnai kèntro b�rouc tou (1− λ)δy + λδz 6= δx.
(=⇒) 'Estw x ∈ ex(F ) kai èstw µ kanonikì Borel mètro pijanìthtac pou èqei
kèntro b�rouc to x. Ja deÐxoume ìti µ(F \{x}) = 0 deÐqnontac ìti µ(C) = 0 gia
k�je sumpagèc C ⊆ F \ {x}. Ac upojèsoume ìti up�rqei tètoio C me µ(C) > 0.
Apì th sump�geia tou C sumperaÐnoume ìti up�rqei y ∈ C me thn idiìthta:
µ(C ∩U) > 0 gia k�je perioq  U tou y (exhg ste giatÐ). AfoÔ x 6= y, mporoÔme
na broÔme kurt  perioq  U tou y ¸ste x /∈ U ∩ F (exhg ste gÐatÐ). To U ∩ F

ikanopoieÐ thn
0 < µ(U ∩ F ) < 1.

H dexi� anisìthta isqÔei giatÐ, an eÐqame µ(U ∩ F ) = 1 tìte to kèntro b�rouc
tou µ ja an ke sto sumpagèc kurtì U ∩ F apì to Je¸rhma 6.4.2, to opoÐo den
mporeÐ na sumbeÐ afoÔ x /∈ U ∩ F .

OrÐzoume ta mètra pijanìthtac µ1, µ2 sto F me

µ1(B) =
µ(B ∩ U ∩ F )

µ(U ∩ F )
, µ2(B) =

µ(B \ U ∩ F )
1− µ(U ∩ F )

, B Borel ⊆ F.

'Estw x1, x2 ∈ F ta kèntra b�rouc twn µ1, µ2. 'Eqoume x1 ∈ U ∩F , �ra x1 6= x.
'Omwc,

µ = µ(U ∩ F ) · µ1 + (1− µ(U ∩ F )) · µ2,

�ra (exhg ste giatÐ)

x = µ(U ∩ F ) · x1 + (1− µ(U ∩ F )) · x2,

to opoÐo eÐnai �topo afoÔ x ∈ ex(F ). 2

Sundu�zontac to Je¸rhma 6.4.3 me to je¸rhma Krein–Milman paÐrnoume to
ex c qr simo je¸rhma oloklhrwtik c anapar�stashc:

Je¸rhma 6.4.5. 'Estw X ènac topik� kurtìc q¸roc kai èstw K èna mh kenì,
sumpagèc kai kurtì uposÔnolo tou X. Gia k�je x ∈ K up�rqei kanonikì Borel
mètro pijanìthtac µx sto ex(K) ¸ste: gia k�je suneqèc grammikì sunarthsoei-
dèc f : X → R,

f(x) =
∫

ex(K)

f(y) dµx(y).

Apìdeixh. Apì to je¸rhma Krein–Milman èqoume K = co(ex(K)), opìte efar-
mìzetai to Je¸rhma 6.4.3. 2

Ask seic

1. JewroÔme ton q¸ro X = L∞[0, 1]. DeÐxte ìti f ∈ ex(BX) an kai mìno an |f(t)| = 1

λ�sqedìn pantoÔ kai sumper�nate ìti BX 6= co(ex(BX)).

2. 'Estw X ènac q¸roc Banach me thn idiìthta to ex(BX) na eÐnai peperasmèno
sÔnolo. An dim(X) = ∞, deÐxte ìti o X den eÐnai isometrik� isìmorfoc me duðkì
q¸ro.
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3. JewroÔme ton X = (C[0, 1], ‖ · ‖∞). BreÐte to ex(BX). DeÐxte ìti o X den eÐnai
isometrik� isìmorfoc me duðkì q¸ro.

4. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw K sumpagèc kai kurtì
uposÔnolo tou X. An E ⊆ K, deÐxte ìti ta ex c eÐnai isodÔnama:

(a) K = co(E).
(b) Gia k�je suneqèc grammikì sunarthsoeidèc f : X → R,

sup
x∈K

f(x) = sup
x∈E

f(x).

5. 'Estw X diaqwrÐsimoc q¸roc Banach kai èstw (xn) fragmènh akoloujÐa ston X.
DeÐxte ìti ta ex c eÐnai isodÔnama:

(a) xn
w−→ x.

(b) x∗(xn) → x∗(x) gia k�je x∗ ∈ ex(BX∗)
w∗

.

6. DeÐxte ìti B`∞ = co(ex(B`∞))
‖·‖

.

7. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc tou X. 'Eqoume dei ìti
o Y ∗ eÐnai isometrik� isìmorfoc me ton X∗/N(Y ) (deÐte tic ask seic thc paragr�fou
2.3). DeÐxte ìti gia k�je [x] ∈ ex(BX∗/N(Y )) up�rqei x1 ∈ [x] me x1 ∈ ex(BX∗).

8. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw K sumpagèc kai kurtì
uposÔnolo tou X. 'Estw f : K → R kurt  kai �nw hmisuneq c: gia k�je s ∈ R to
sÔnolo {x ∈ K : f(x) < s} eÐnai anoiktì sto K. DeÐxte ìti up�rqei x0 ∈ ex(K) ¸ste
f(x) ≤ f(x0) gia k�je x ∈ K.

9. 'Estw X, Y sumpageÐc metrikoÐ q¸roi. DeÐxte ìti gia k�je f ∈ C(X × Y ) kai gia
k�je ε > 0 up�rqoun n ∈ N, g1, . . . , gn ∈ C(X) kai h1, . . . , hn ∈ C(Y ) ¸ste

∣∣∣∣∣f(x, y)−
n∑

j=1

gj(x)hj(y)

∣∣∣∣∣ < ε

gia k�je (x, y) ∈ X × Y .

10. 'Estw K ènac sumpag c metrikìc q¸roc kai èstw {Vn : n ∈ N} mia b�sh gia thn
topologÐa tou K. OrÐzoume fn : K → R me fn(x) = d(x, K \Vn). DeÐxte ìti h �lgebra
pou par�getai apì thn (fn) kai apì th stajer  sun�rthsh f0 ≡ 1 eÐnai pukn  ston
C(K), kai sumper�nate ìti o C(K) eÐnai diaqwrÐsimoc.





Kef�laio 7

Jewr mata stajeroÔ
shmeÐou

7.1 Sustolèc se pl reic metrikoÔc q¸rouc

'Estw S èna mh kenì sÔnolo kai èstw f : S → S. To x ∈ S lègetai stajerì
shmeÐo thc f an f(x) = x. Se autì to Kef�laio ja doÔme merik� jewr mata
pou exasfalÐzoun thn Ôparxh stajeroÔ shmeÐou upì proôpojèseic gia thn f kai
to S. To aploÔstero Ðswc tètoio je¸rhma eÐnai to je¸rhma stajeroÔ shmeÐou
tou Banach, sto plaÐsio twn pl rwn metrik¸n q¸rwn.

Je¸rhma 7.1.1 (Banach). 'Estw (X, d) ènac pl rhc metrikìc q¸roc kai
èstw f : X → X sustol : dhlad , up�rqei 0 ≤ α < 1 ¸ste

d(f(x), f(y)) ≤ α d(x, y)

gia k�je x, y ∈ X. Tìte, h f èqei monadikì stajerì shmeÐo.

Apìdeixh. Epilègoume tuqìn x0 ∈ X kai orÐzoume akoloujÐa (xn) ston X jèto-
ntac xn = f(xn−1) gia n = 1, 2, . . .. Epagwgik� deÐqnoume ìti

d(f(xn+1), f(xn)) ≤ αnd(x1, x0),

kai qrhsimopoi¸ntac thn trigwnik  anisìthta gia thn d blèpoume ìti an n < m

tìte

d(xm, xn) ≤
m−1∑
s=n

d(xs+1, xs) ≤ d(x1, x0)
m−1∑
s=n

αs ≤ αnd(x1, x0)
m−n−1∑

s=0

αs

≤ αn

1− α
d(x1, x0).

'Epetai ìti h (xn) eÐnai akoloujÐa Cauchy ston X. O X eÐnai pl rhc, �ra up�rqei
x ∈ X ¸ste xn → x. H f eÐnai suneq c, opìte x = lim

n
xn = lim

n
f(xn−1) =
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f(lim
n

xn−1) = f(x). 'Ara, to x eÐnai stajerì shmeÐo thc f . Tèloc, h f den mporeÐ
na èqei dÔo diaforetik� stajer� shmeÐa: an up rqan x 6= y ¸ste f(x) = x kai
f(y) = y, tìte ja eÐqame 0 < d(x, y) = d(f(x), f(y)) ≤ αd(x, y), dhlad  α ≥ 1.
2

Mia apl  epèktash tou Jewr matoc 7.1.1 eÐnai h ex c.

Je¸rhma 7.1.2. 'Estw (X, d) ènac pl rhc metrikìc q¸roc kai èstw f : X →
X mia sun�rthsh me thn idiìthta h fn = f ◦ · · · ◦ f (n forèc) na eÐnai sustol .
Tìte, h f èqei monadikì stajerì shmeÐo.

Apìdeixh. Apì to prohgoÔmeno je¸rhma, h fn èqei monadikì stajerì shmeÐo
x ∈ X. Parathr ste ìti

fn(f(x)) = f(fn(x)) = f(x).

'Ara, to f(x) eÐnai epÐshc stajerì shmeÐo thc fn. Anagkastik�, f(x) = x.
Tèloc, afoÔ k�je stajerì shmeÐo thc f eÐnai kai stajerì shmeÐo thc fn, h f den
mporeÐ na èqei �llo stajerì shmeÐo. 2

7.2 Jewr mata stajeroÔ shmeÐou se q¸rouc me nìr-
ma

Ta apotelèsmata aut c thc Paragr�fou basÐzontai sto je¸rhma tou Brouwer
(gia mia apìdeixh, deÐte to: N. Dunford and J. Schwartz, Linear Operators).

Je¸rhma 7.2.1. 'Estw Bn = {x ∈ Rn : ‖x‖2 ≤ 1} h EukleÐdeia monadiaÐa
mp�la ston Rn kai èstw φ : Bn → Bn suneq c sun�rthsh. Up�rqei x ∈ Bn

¸ste φ(x) = x. 2

To je¸rhma tou Brouwer genikeÔetai wc ex c.

Je¸rhma 7.2.2. 'Estw X ènac q¸roc peperasmènhc di�stashc me nìrma,
èstw K èna mh kenì sumpagèc kai kurtì uposÔnolo tou X kai èstw f : K → K

suneq c sun�rthsh. Tìte, up�rqei x0 ∈ K ¸ste f(x0) = x0.

Apìdeixh. Upojètoume pr¸ta ìti X = (Rm, ‖ · ‖). H ‖ · ‖ eÐnai isodÔnamh me thn
‖ · ‖2 kai to K eÐnai ‖ · ‖�fragmèno, �ra up�rqei r > 0 ¸ste K ⊆ rBm.

OrÐzoume φ : rBm → K me φ(x) to monadikì y ∈ K gia to opoÐo ‖x− y‖2 =
d(x,K). H φ eÐnai suneq c sun�rthsh: 'Estw xn, x ∈ rBm me ‖xn − x‖2 → 0.

An φ(xkn)
‖·‖−→ y ∈ K, tìte

‖x− y‖2 = lim
n
‖xkn − φ(xkn)‖2 = lim

n
d(xkn ,K)

= d(x,K)

diìti h d(·, K) eÐnai suneq c, �ra y = φ(x). 'Epetai ìti φ(xn) → φ(x). EpÐshc,
φ(x) = x an x ∈ K.
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OrÐzoume h : Bm → 1
r K ⊆ Bm me h(x) = 1

r f(φ(rx)). H h eÐnai suneq c,
opìte to Je¸rhma 7.2.1 mac dÐnei x ∈ Bm ¸ste

1
r
f(φ(rx)) = x ∈ 1

r
K.

Jètoume x0 = rx ∈ K. AfoÔ φ(x0) = x0, paÐrnoume f(x0) = f(φ(x0)) =
f(φ(rx)) = rx = x0. Dhlad , to x0 eÐnai stajerì shmeÐo thc f .

An o X eÐnai tuq¸n m-di�statoc q¸roc me nìrma, mporoÔme na orÐsoume
‖ · ‖ ston Rm wste na up�rqei isometrikìc isomorfismìc σ : X → (Rm, ‖ · ‖).
OrÐzoume g : σ(K) → σ(K) me g(σ(x)) = σ(f(x)). H g èqei stajerì shmeÐo,
dhlad  up�rqei x ∈ K ¸ste g(σ(x)) = σ(x). Tìte, σ(f(x)) = σ(x), �ra f(x) =
x. 2

To je¸rhma stajeroÔ shmeÐou tou Schauder genikeÔei to Je¸rhma 7.2.2 sto
plaÐsio twn apeirodi�statwn q¸rwn me nìrma.

Je¸rhma 7.2.3. 'Estw F èna kleistì, kurtì kai fragmèno uposÔnolo enìc
q¸rou X me nìrma. 'Estw f : F → F sun�rthsh me thn ex c idiìthta: gia k�je
A ⊆ F to f(A)

‖·‖
eÐnai sumpagèc. Tìte, up�rqei x ∈ F ¸ste f(x) = x.

ShmeÐwsh. An to F upotejeÐ sumpagèc, tìte k�je suneq c sun�rthsh f : F →
X ikanopoieÐ thn upìjesh tou Jewr matoc: gia k�je A ⊆ F to f(A)

‖·‖
eÐnai

sumpagèc.

Gia thn apìdeixh tou Jewr matoc 7.2.3 ja qreiastoÔme to ex c L mma.

L mma 7.2.4. 'Estw K mh kenì sumpagèc uposÔnolo enìc q¸rou X me nìrma.
'Estw ε > 0 kai A peperasmèno uposÔnolo tou K ¸ste K ⊆ ⋃{D(a, ε) : a ∈ A}.
Gia k�je a ∈ A orÐzoume ma : K → R+ me ma(x) = ε− ‖x− a‖ an x ∈ D(a, ε)
kai ma(x) = 0 alli¸c. Tìte, h sun�rthsh φA : K → X me

φA(x) =
∑

a∈A ma(x)a∑
a∈A ma(x)

orÐzetai kal�, eÐnai suneq c kai ‖φA(x)− x‖ < ε gia k�je x ∈ K.

Apìdeixh tou L mmatoc. Gia k�je x ∈ K èqoume
∑

a∈A

ma(x) > 0: an  tan

ma(x) = 0 gia k�je a ∈ A, tìte ja eÐqame x /∈ ⋃
a∈A

D(a, ε), �topo. Autì deÐqnei

ìti h φA orÐzetai kal�. K�je ma : K → [0, ε] eÐnai suneq c, �ra h φA eÐnai
suneq c.

'Estw x ∈ K. Tìte,

φA(x)− x =
∑

a∈A ma(x)(a− x)∑
a∈A ma(x)

.

ParathroÔme ìti an ma(x) > 0 tìte ‖a−x‖ < ε. 'Ara, ‖ma(x)(a−x)‖ ≤ ma(x)·ε
gia k�je a ∈ A. Apì thn trigwnik  anisìthta èpetai ìti ‖φA(x)− x‖ < ε. 2
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Apìdeixh tou Jewr matoc 7.2.3. Jètoume K = f(F )
‖·‖

. Apì thn upìjesh gia
thn f , to K eÐnai sumpagèc. Gia k�je n ∈ N jewroÔme peperasmèno uposÔnolo
An tou K me thn idiìthta

K ⊆
⋃

a∈An

D(a, 1/n)

kai orÐzoume th sun�rthsh φn := φAn ìpwc sto L mma 7.2.4. Apì ton orismì
thc φn, gia k�je x ∈ K èqoume

φn(x) ∈ co(K) ⊆ F,

afoÔ to F eÐnai kurtì. Sunep¸c, h fn := φn ◦ f apeikonÐzei to F sto F . EpÐshc,
apì to L mma 7.2.4, gia k�je x ∈ F èqoume

‖fn(x)− f(x)‖ = ‖φn(f(x))− f(x)‖ <
1
n

.

JewroÔme ton peperasmènhc di�stashc q¸ro Xn = span(An) kai jètoume Fn :=
F ∩ Xn. To Fn eÐnai sumpagèc kurtì uposÔnolo tou Xn kai gia k�je x ∈ Fn

èqoume
fn(x) = φn(f(x)) ∈ co(An) ⊆ K ∩Xn ⊆ Fn.

AfoÔ h fn : Fn → Fn eÐnai suneq c, to Je¸rhma 7.2.3 deÐqnei ìti up�rqei xn ∈ Fn

¸ste f(xn) = xn.
H akoloujÐa (f(xn)) perièqetai sto sumpagèc sÔnolo K. 'Ara, up�rqei upa-

koloujÐa f(xkn) → x0 ∈ K. Tìte,

‖xkn − x0‖ = ‖fkn(xkn)− x0‖ = ‖φkn(f(xkn))− x0‖
≤ ‖φkn(f(xkn))− f(xkn)‖+ ‖f(xkn)− x0‖
≤ 1

kn
+ ‖f(xkn)− x0‖ → 0.

Apì thn xkn → x0 sumperaÐnoume ìti f(x0) = lim
n

f(xkn) = x0. 2

ShmeÐwsh. To Je¸rhma tou Schauder genikeÔetai kai sto plaÐsio twn topik�
kurt¸n q¸rwn.

To epìmeno je¸rhma exasfalÐzei koinì stajerì shmeÐo gia mia oikogèneia
affinik¸n apeikonÐsewn pou orÐzontai se èna sumpagèc kurtì sÔnolo kai anti-
metatÐjentai. Mia apeikìnish T : X → X lègetai affinik  an up�rqei x0 ∈ X

¸ste h S : X → X me S(x) = T (x)− x0 na eÐnai grammikìc telest c.

Je¸rhma 7.2.5 (Markov–Kakutani). 'Estw X ènac topik� kurtìc q¸roc,
èstw K èna mh kenì, kurtì kai sumpagèc uposÔnolo tou X kai èstw {Ti : i ∈ I}
mia oikogèneia suneq¸n affinik¸n apeikonÐsewn Ti : K → K oi opoÐec antime-
tatÐjentai: Ti ◦ Tj = Tj ◦ Ti gia k�je i, j ∈ I. Tìte, up�rqei x0 ∈ K ¸ste
Ti(x0) = x0 gia k�je i ∈ I.
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Apìdeixh. Gia k�je i ∈ I kai n ∈ N orÐzoume T
(n)
i : K → K me

T
(n)
i =

I + Ti + T 2
i + · · ·+ Tn−1

i

n
,

ìpou T k
i = Ti ◦ · · · ◦ Ti (k forèc). Apì thn upìjesh ìti oi Ti antimetatÐjentai,

èpetai ìti

(∗) T
(n)
i ◦ T

(m)
j = T

(m)
j ◦ T

(n)
i

gia k�je i, j ∈ I kai n,m ∈ N. JewroÔme thn oikogèneia

K := {T (n)
i (K) : i ∈ I, n ∈ N}.

K�je sÔnolo sthn K eÐnai sumpagèc kai kurtì. Qrhsimopoi¸ntac thn (∗) blè-
poume ìti, gia k�je i1, . . . , ik ∈ I kai n1, . . . , nk ∈ N,

T
(n1)
i1

◦ · · · ◦ T
(nk)
ik

(K) ⊆
k⋂

j=1

T
(nj)
ij

(K).

Dhlad , h K èqei thn idiìthta peperasmènhc tom c. Apì th sump�geia tou K

èpetai ìti up�rqei x0 ∈ K ¸ste x0 ∈ T
(n)
i (K) gia k�je i ∈ I kai k�je n ∈ N.

Autì shmaÐnei ìti, gia k�je i ∈ I kai n ∈ N up�rqei x = x(i, n) ∈ K ¸ste

x0 =
x + Ti(x) + · · ·+ Tn−1

i (x)
n

,

dhlad 

Ti(x0)− x0 =
T (x) + T 2

i (x) + · · ·+ Tn
i (x)

n
− x + Ti(x) + · · ·+ Tn−1

i (x)
n

=
1
n

(Tn
i (x)− x) ∈ 1

n
(K −K).

AfoÔ to K eÐnai sumpagèc, to K − K eÐnai epÐshc sumpagèc kai 0 ∈ K − K.
'Estw U anoikt  perioq  tou 0. Up�rqei n ∈ N ¸ste K −K ⊆ nU (�skhsh).
'Ara, Ti(x0) − x0 ∈ 1

n (K −K) ⊆ U . 'Epetai ìti Ti(x0) = x0 gia k�je i ∈ I (to
i ∈ I  tan tuqìn). 2


