
MIGADIKH ANALUSH I

Telikì Diag¸nisma-Qeimerinì Ex�mhno 2012, Did�skwn: NÐkoc Frantzikin�khc

Di�rkeia 3 ¸rec. Kal  epituqÐa!!

(1) (2 mon�dec) (i) BreÐte ìlec tic olìmorfec f : C→ C me Re(f) = Im(f).

(ii) BreÐte ìlec tic olìmorfec f : C→ C me f ′
(

1
n

)
= f

(
1
n

)
gia ìla ta n ∈ N.

(2) (2 mon�dec) (i) BreÐte to an�ptugma Laurent thc sun�rthshc f(z) = 1
z(z−2) me kèntro to 0 sto

qwrÐo 0 < |z| < 2 kai sto qwrÐo |z| > 2.

(ii) BreÐte ìlec tic pijanèc timèc tou oloklhr¸matoc∫
CR

1
z(z − 2)

dz

ìpou CR o jetik� prosanatolismènoc kÔkloc kèntrou 0 kai aktÐnac R (R 6= 2).

(3) (2 mon�dec) (i) Taxinom ste tic idiomorfÐec thc sun�rthshc f(z) = sin(π/z)
z−2 .

(ii) 'Estw C o jetik� prosanatolismènoc kÔkloc kèntrou 0 kai aktÐnac 1. UpologÐste to olokl rwma∫
C

sin(π/z)
z − 2

dz.

(K�nte thn allag  metablht c w = 1/z.)

(4) (2 mon�dec) 'Estw f : C→ C olìmorfh kai f(0) = f ′(0) = · · · = f (2012)(0) = 0.

(i) DeÐxte ìti h sun�rthsh g(z) = f(z)/z2013 èqei airìmenh (epousi¸dh) idiomorfÐa sto 0.

(ii) E�n epiplèon |f(z)| ≤ 1 gia |z| = 1, deÐxte ìti |f(z)| ≤ |z|2013 gia |z| ≤ 1.

(5) (2 mon�dec) (i) 'Estw f(z) = f1(z)/(z − z0)m, g(z) = g1(z)/(z − z0)m, ìpou f1, g1 : C → C
olìmorfec kai g1(z0) 6= 0 (m ∈ N). DeÐxte ìti

lim
z→z0

f ′(z)
g′(z)

=
f1(z0)
g1(z0)

.

(ii) 'Estw f, g sunart seic me pìlo t�xhc m sto shmeÐo z0. DeÐxte ìti

lim
z→z0

f(z)
g(z)

= lim
z→z0

f ′(z)
g′(z)

∈ C.

Poia eÐnai h tim  tou limz→z0
f(z)
g(z) e�n oi f, g èqoun pìlo diaforetik c t�xhc?

(6) (2.5 mon�dec) (i) DeÐxte ìti |eiz sin(z)| ≤ 1 gia z sto �nw hmiepÐpedo.

(ii) 'Estw CR h jetik� prosanatolismènh kampÔlh pou apoteleÐtai apì to eujÔgrammo tm ma [−R,R] ⊂
R kai to �nw hmikÔklio kÔklou kèntrou 0 kai aktÐnac R > 1. UpologÐste to olokl rwma∫

CR

eπiz sin(πz)
z2 + 1

dz.

(iii) UpologÐste to olokl rwma ∫ +∞

−∞

eπix sinx
x2 + 1

dx.


