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1. Problems related to random sequences

In this section we give a list of problems related to the study of multiple ergodic averages
involving iterates given by random sequences of integers.

The random sequences that we work with are constructed by selecting a positive integer n
to be a member of our sequence with probability σn ∈ [0, 1]. More precisely, let (Ω,F ,P) be a
probability space, and let (Xn)n∈N be a sequence of independent 0−1 valued random variables
with

P(Xn = 1) := σn and P(Xn = 0) := 1− σn

where σn is a decreasing sequence of positive real numbers that satisfies
∑∞

n=1 σn = ∞ (in which
case

∑∞
n=1 Xn(ω) = +∞ almost surely). The random sequence (an(ω))n∈N is constructed by

taking the positive integers n for which Xn(ω) = 1 in increasing order. Equivalently, an(ω)
is the smallest k ∈ N such that X1(ω) + · · · + Xk(ω) = n. If σn = n−a for some a ∈ (0, 1),
then one can show that almost surely an(ω)/n1/(1−a) converges to a non-zero constant. On the
other hand, if σn = 1/n, then almost surely there exists a subsequence (nk) of the integers,
of density arbitrarily close to one, such that the sequence (ank

(ω)) is lacunary [5] (this is no
longer the case if nσn → ∞). So it makes some sense to call random non-lacunary sequences
the random sequences one gets when σn satisfies nσn →∞.

We say that a certain property holds almost surely for the sequences (an(ω))n∈N, if there
exists a universal set Ω0 ∈ F , such that P(Ω0) = 1, and for every ω ∈ Ω0 the sequence
(an(ω))n∈N satisfies the given property.

The next result was proved by M. Boshernitzan [1] for mean convergence and by J. Bourgain
[2] for pointwise convergence (see also [6] for a nice exposition of these results).

Theorem. If nσn → ∞, then almost surely the following holds: for every invertible measure
preserving system (X,X , µ, T ) and function f ∈ L∞(µ), the averages

(1)
1
N

N∑

n=1

T an(ω)f

converge in the mean and their limit equals the L2(µ)-limit of the averages 1
N

∑N
n=1 Tnf . Fur-

thermore, if nσn/(log log n)1+δ →∞ for some δ > 0, then the conclusion also holds pointwise.

It is known that the mean convergence result fails if σn = 1/n and the pointwise convergence
result fails if σn = (log log n)1/3/n (for both results see [5]). It is unclear whether the pointwise
convergence result fails when say σn = log log n/n.
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One would naturally like to extend the previous convergence result to multiple ergodic av-
erages:

Problem 1. Suppose that nσn → ∞. Show that almost surely the following holds: For
every probability space (X,X , µ), commuting invertible measure preserving transformations
T1, . . . , T` : X → X, and functions f1, . . . , f` ∈ L∞(µ), the averages

1
N

N∑

n=1

T
an(ω)
1 f1 · . . . · T an(ω)

` f`

converge in the mean and their limit equals the L2(µ)-limit of the averages 1
N

∑N
n=1 Tn

1 f1 · . . . ·
Tn

` f`.

A special case of this problem was mentioned in 2004 by M. Wierdl, it can be found here
http://math.stanford.edu/yk70/ik70-op.pdf. Mean convergence is known when ` = 2 and
σn = n−a where a ∈ (0, 1/2) [4]. The methods of [4] also work for mean convergence when
` > 2, but for a smaller range of eligible exponents a that depends on `. Under the assumption
that nσn →∞, pointwise convergence is known when the transformations are given by powers
of the same nilrotation [3] and the functions are continuous. On the other hand, when σn = n−a

for some a > 1/2, ` = 2, and T2 = T 2
1 , mean convergence is not even known when we restrict

ourselves to the class of weak mixing systems.
Next we mention a problem where one combines deterministic and random iterates.

Problem 2. Suppose that nσn → ∞. Show that almost surely the following holds: For
every probability space (X,X , µ), commuting invertible measure preserving transformations
T, S : X → X, and functions f, g ∈ L∞(µ), we have

lim
N→∞

1
N

N∑

n=1

Tnf · San(ω)g = E(f |IT ) · E(g|IS)

where the limit is taken in L2(µ). Furthermore, if σn = n−a for some a ∈ (0, 1), show that the
convergence also holds pointwise.

The desired convergence (in the mean and pointwise) is only known when a ∈ (0, /14)
[4]. The problem does not appear to be much easier to solve when T = S is a weak mixing
transformation and we are only interested in mean convergence.

In the next problem we are going to work with two random sequences with different growth
rates that are chosen independently of each other. More precisely, let X1, Y1, X2, Y2, . . . be a
sequence of independent 0-1 valued random variables with P(Xn = 1) := n−a and P(Yn = 1) :=
n−b for some a, b ∈ (0, 1). We construct the random sequence (an(ω)) by taking the positive
integers n for which Xn(ω) = 1 in increasing order, and the random sequence (bn(ω)) by taking
the positive integers n for which Yn(ω) = 1 in increasing order.

Problem 3. Suppose that a 6= b. Show that almost surely the following holds: For every proba-
bility space (X,X , µ), commuting invertible measure preserving transformations T, S : X → X,
and functions f, g ∈ L∞(µ), we have

lim
N→∞

1
N

N∑

n=1

T an(ω)f · Sbn(ω)g = E(f |IT ) · E(g|IS)
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where the limit is taken in L2(µ) or pointwise.

The problem seems non-trivial even when T = S is a weak mixing transformation.
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