
                                                                             
ΜΕΤΑΠΤΥΧΙΑΚΟ ΜΑΘΗΜΑ ΕΑΡΙΝΟΥ ΕΞΑΜΗΝΟΥ 2005-2006 ΜΕ ΤΙΤΛΟ 
«MAΘHMATIKΗ ΘΕΩΡΙΑ ΣΟΛΙΤΟΝΙΩΝ» !
Θα εισαγάγουµε τις βασικές έννοιες  της θεωρίας σολιτονίων (γνωστής και ως 
θεωρίας πλήρως ολοκληρωσίµων συστηµάτων) και την βασική µεθόδο επίλυσης 
προβληµάτων  αρχικής τιµής για  εξισώσεις σολιτονίων, ήτοι την µέθοδο 
αντίστρoφης σκέδασης. !
Πιό συγκεκριµένα, θα αναφερθούµε στις βασικές εξισώσεις της θεωρίας όπως 
η εξίσωση ΚdV,  η µη γραµµική εξίσωση Schroedinger, η εξίσωση sine-Gordon, 
αλλά και το σύστηµα συνήθων διαφορικών γνωστό ως  «άλυσος του Toda»,  
στην ιστορία τους και σε βασικές εφαρµογές (στην  υδροδυναµική, στην µη γραµµική 
οπτική, στο πρόβληµα των Fermi-Pasta-Ulam). Θα  δώσουµε ορισµένα παραδείγµατα 
ειδικών λύσεων και θα εισαγάγουµε την έννοια του σολιτονίου. Έπειτα θα 
εστιάσουµε την προσοχή µας στο πρόβληµα αρχικών τιµών για την άλυσο του Toda 
και θά παρουσιάσουµε αναλυτικά την µέθοδο αντίστροφης σκέδασης, η οποία έχει 
βέβαια  ενδιαφέρον ανεξάρτητο από την εφαρµογή της στα σολιτόνια καθώς επιλύει 
ένα σηµαντικό πρόβληµα της κβαντικής µηχανικής.  !
Θά εξετάσουµε το φασµατικό πρόβληµα του τριδιαγωνίου τελεστή Jacobi και θα 
ορίσουµε τα δεδοµένα σκέδασης. Θα εξετάσουµε επίσης το αντίστροφο πρόβληµα 
σκέδασης, θα λύσουµε την  εξίσωση Gelfand-Levitan-Marcenko και θα παραγάγουµε 
τον τύπο του F.Dyson για την γενική λύση της αλύσου ως ορίζουσα τύπου Fredholm. 
Θα αποδείξουµε ότι το αντίστροφο πρόβληµα σκέδασης είναι ισοδύναµο µε 
πρόβληµα παραγοντοποιήσης αναλυτικών πινάκων τύπου Riemann-Hilbert.  
Θα εισαγάγουµε τις βασικές έννοιες της θεωρίας παραγοντοποιήσης Riemann-
Hilbert. Τέλος θα αναφερθούµε σε ασυµπτωτικά προβλήµατα και θα εισαγάγουµε 
την ιδέα της µεθόδου steepest descent (µέθοδος µεγίστης καθόδου), τονίζοντας την 
αναλογία µε την αντίστοιχη γραµµική περίπτωση. 
Αν υπάρξει χρόνος θα αναφερθούµε και στο περιοδικό πρόβληµα της αλύσου Toda. 
Θα µελετήσουµε το αντίστοιχο φασµατικό πρόβληµα (διακριτο πρόβληµα Sturm-
Liouville) και θα δείξουµε ότι το αντιστροφο φασµατικό πρόβληµα είναι ισοδύναµο 
µε το πρόβληµα αντιστροφής της απεικόνισης Αbel από µία επιφάνεια Riemann προς 
την Ιακωβιανή της. !
Δεν θα απαιτούνται ειδικές γνώσεις για διαφορικές εξισώσεις εκτος απο πολύ βασικά 
πράγµατα για συνήθεις διαφορικές εξισώσεις, ενώ οι γραµµικοί τελεστές που 
εµφανίζονται στο πρόβληµα της αντίστροφης σκέδασης επιδέχονται αναπαράσταση 
ως πίνακες (άπειρης βέβαια διάστασης) και συνεπώς θα είναι διαισθητικά πιό 
εύπεπτοι. Η έννοια του φάσµατος τελεστη σε χωρο Hilbert θα οριστεί απλά.    
Μόνες απαιτούµενες γνώσεις: Βασικά πράγµατα για µιγαδική ανάλυση, τά οποία θά 
καλύψω αν χρειαστεί. 
Ο βαθµός του µαθήµατος θα βασιστεί αποκλειστικά σε εβδοµαδιαίες ασκήσεις.  !
Σπύρος Καµβύσης 



                                                                                         !!
ΜΑΘΗΜΑΤΙΚΗ ΘΕΩΡΙΑ ΣΟΛΙΤΟΝΙΩN !!

0. ΕΙΣΑΓΩΓΗ. ΣΗΜΑΣΙΑ ΤΩΝ ΣΟΛΙΤΟΝΙΩΝ.  !!
Η επίλυση διαφορικών εξισώσεων είναι  βασικό πρόβληµα της µαθηµατικής 
φυσικης. Τα φυσικά φαινόµενα περιγράφονται από διαφορικές εξισώσεις. !
Διακρίνουµε ανάµεσα σε «συνήθεις διαφορικές εξισώσεις (ΣΔΕ)» και 
«διαφορικές εξισώσεις µε µερικές παραγώγους (ΜΔΕ)».  !
Επίσης διακρίνουµε ανάµεσα σε «γραµµικές» διαφορικές εξισώσεις και «µη 
γραµµικές» διαφορικές εξισώσεις. Γραµµική είναι µία εξίσωση όταν γραµµικός 
συνδυασµός λύσεων είναι επίσης  λύση της εξίσωσης. Το πρόβληµα επίλυσης 
γραµµικών εξισώσεων είναι σε “µεγάλο βαθµό” λυµένο. Για ΜΔΕ σηµαντικά 
βήµατα έγιναν το 2ο µισό του 20ου αιώνα.  Ο χώρος των λύσεων  γραµµικής 
εξίσωσης είναι γραµµικός διανυσµατικός χώρος  και η απλή δοµή τέτοιων χώρων 
καθιστά το πρόβληµα απλούστερο. Επίσης, το πρόβληµα αρχικών τιµών για  
γραµµικές εξισώσεις εξέλιξης (evolution equations)  τείνει να επιδέχεται λύσης 
για όλους τους χρόνους, σε αντίθεση µε την µη γραµµική περίπτωση όπου 
φιανόµενα blow-up είναι συνήθη. !
Η σηµασία των γραµµικών εξισώσεων είναι τεράστια. Πολλές θεµελιώδεις 
εξισώσεις της κλασικής φυσικής είναι γραµµικές (π.χ. εξισώσεις Maxwell).  
Επίσης  εξισώσεις που εκφράζουν «καθολικά» φαινόµενα είναι συχνά γραµµικές 
(π.χ. κυµατική εξίσωση, εξίσωση διάχυσης θερµότητας, εξίσωση Laplace). 
Επιπλέον ακόµα και όταν έχουµε να µελετήσουµε µια µη γραµµική εξίσωση, 
είναι πολλές φορές χρήσιµο να «γραµµικοποιήσουµε», δηλαδή να  θεωρήσουµε 
µία γραµµική προσέγγιση (γύρω από µία λύση). !
Από το σύνολο των µη γραµµικών εξισώσεων, υπάρχει ένα ενδιαφέρον και 
σηµαντικό υποσύνολο, όπου ο χώρος των λύσεων δεν είναι µεν γραµµικός,  
αλλά έχει µία πλούσια γεωµετρική και αναλυτική δοµή που µας επιτρέπει 
να λύσουµε τουλάχιστον ορισµένα επιµέρους προβλήµατα. Αυτές είναι οι 
λεγόµενες «πλήρως ολοκληρώσιµες εξισώσεις» ή «εξισώσεις σολιτονίων». 
Υπάρχουν πλήρως ολοκληρώσιµες συνήθεις διαφορικές εξισώσεις (π.χ. εξίσωσεις 
Painleve), πλήρως ολοκληρώσιµα συστήµατα συνήθων διαφορικών εξισώσεων 
(π.χ. η άλυσος Toda) και πλήρως ολοκληρώσιµες διαφορικές εξισώσεις µε µερικές 
παραγώγους (π.χ. εξισώσεις Korteweg-de-Vries, µη γραµµικές εξισώσεις 
Schroedinger σε 1+1 διαστάσεις (µια χώρου και µια χρόνου), Kadomtsev-
Petviashvilli   σε 2+1 διαστάσεις, self-dual Yang-Mills σε 4 διαστάσεις, 



κλπ.) Υπάρχουν ακόµα και «διακριτά πλήρως ολοκληρώσιµα » συστήµατα (σε 
χώρο και χρόνο!). Τα πιο ενδιαφέροντα προβλήµατα αφορούν δυναµικά 
συστήµατα. !
Τι ακριβώς  εννοούµε όταν µιλάµε για «επίλυση» εξίσωσης; Στην καλύτερη 
περίπτωση έχουµε απλούς τύπους για το σύνολο των λυσεων. Αυτό συµβαίνει  
πολύ σπάνια. Στην χειρότερη περίπτωση µπορούµε να εγγυηθούµε µόνο υπαρξη 
(ή και µοναδικότητα) κάποιων αποδεκτών λύσεων µε κάποια  οµαλότητα 
(π.χ. συνεχείς, διαφορίσιµες, κλπ.) Σε ενδιάµεσες περιπτώσεις (κάτι που 
συµβαίνει συχνά στην ολοκληρώσιµη περίπτωση) µπορούµε να βρούµε 
περίπλοκους τύπους (π.χ. ορίζουσες άπειρης διάστασης τύπου Fredholm) ή 

      να αναγάγουµε τη λύση σε ένα πρόβληµα µιγαδικής ανάλυσης τύπου Riemann- 
      Hilbert.  Για προβλήµατα αρχικών τιµών  σε γραµµικές εξισώσεις,  
      εφαρµόζοντας µετασχηµατισµούς Fourier καταλήγουµε σε ολοκληρωτικούς  
      τύπους. Ούτως ή άλλως το σηµαντικότερο  πλεονέκτηµα µιάς τέτοιας «επίλυσης»  
      είναι η  δυνατότητα ασυµπτωτικής έκφρασης,  έιτε για µεγάλους χρόνους, είτε   
      όταν κάποια παράµετρος τείνει στο άπειρο. [Παρεµπιπτόντως ακόµα και στην  
      περίπτωση  των γραµµικών εξισώσεων, λύσεις σε κλειστή µορφή δεν υπάρχουν   
     πάντα. Το πρόβληµα  µικτών προβληµάτων αρχικών – οριακών τιµών (πέρα από  
     ερωτήµατα ύπαρξης, µοναδικότητας και οµαλότητας) «λύθηκε» µόνο πρόσφατα  
     (βλέπε εργασίες Φωκά και συνεργατών), ανάγεται δε και αυτό σε προβλήµατα  
     τύπου Riemann-Hilbert.]  Λύσεις σε µορφή σειράς ή ολοκληρώµατος είναι  
     χρήσιµες όχι τόσο διότι  προσφέρουν  κάποια διαίσθηση όσον αφορά ποιοτικά  
     χαρακτηριστικά της λύσης αλλά κυρίως  διότι τέτοιες µορφές προσφέρονται σε  
     ασυµπτωτική ανάλυση ή σε  εύκολα  συµπεράσµατα περί οµαλότητας της λύσης. 
     Όπως θα δούµε αργότερα τα προβλήµατα τύπου Riemann-Hilbert επιδέχονται 
     ασυµπτωτική ανάλυση, και µάλιστα γενικεύοντας τις µεθόδους που εφαρµόζονται  
     και στην ασυµπτωτική ανάλυση ολοκληρωµάτων  (steepest  descent, βλέπε 
      [DΖ], [KMM]). !
      H σηµασία λοιπόν τών εξισώσεων σολιτονίων (όπως άλλωστε και των γραµµικών  
     εξισώσεων) έγκειται στό ότι αφ’ενός είναι  «επιλύσιµες», αφ’ετέρου έχουν  
     σηµαντικές «καθολικές» εφαρµογές. Μία  µεγάλη κατηγορία τών εξισώσεων  
     σολιτονίων είναι κυµατικές. (Η γραµµική κυµατική εξίσωση δεν  είναι η µόνη που  
     περιγράφει  κυµατική διάδοση.) Τα σολιτόνια είναι µεν κύµατα, αλλά έχουν και 
     ιδιαίτερες ιδιότητες που θυµίζουν σωµατίδια. (Γι’αυτο άλλωστε και  ονοµάστηκαν  
    «σολιτόνια» από τους Kruskal  και Zabusky το 1965.) Για την ακρίβεια, είναι  
     µοναχικά (solitary) κύµατα, εντοπισµένα χωρικά  (localized in space), και  που αν 
     συγκρουστούν, διατηρούν  την µορφή και την ταχύτητά τους. Επίσης (εν αντιθέσει  
     µε τα περισσότερα  γραµµικά κύµατα) είναι ευσταθή (stable) παρά την ύπαρξη  
    διασποράς. (Η  διασπορά αντισταθµίζεται απο την µη γραµµικότητα.) Ιδού λοιπόν  
    ένα καινούργιο φαινόµενο που δεν καλύπτεται από τις γραµµικές εξισώσεις! 
       
     Tελειώνοντας αυτή την µικρή εισαγωγή, αξίζει να τονίσει κανείς ορισµένες  
     εφαρµογές των σολιτονίων σε προβλήµατα που αρχικά φαίνονται τελείως άσχετα. 
     Ισως το εντυπωσιακότερο αφορά το πρόβληµα της κατανοµής των ιδιοτιµών    



     τυχαίων αυτοσυζυγών (και όχι µόνο) πινάκων µεγάλης διάστασης. (Εδώ δίνουµε 
     µία κατανοµή π.χ. Gauss  στα ανεξάρτητα στοιχεία του πίνακα.) Αποδεικνύεται    
     ότι  υπάρχει οριακή κατανοµή και ότι οι οριακές συναρτήσεις συσχέτισης 
     ικανοποιούν εξισώσεις σολιτονίων, είναι δε ανεξάρτητες της αρχικής κατανοµής 
     (εφ’όσον κάποιες συνθήκες συµµετρίας  ικανοποιούνται). Αυτό το φαινόµενο 
     λέγεται καθολικότητα (universality) στη στατιστική µηχανική. 
  



Korteweg-de-Vries (KdV)

qt − 6qqx + qxxx = 0.

Schrödinger

iqt + qxx ± 2|q|2q = 0.

+ focusing
− defocusing

Sine-Gordon

qtt − qxx + sinq = 0.

Kadomtsev-Petviashvilli

(qt − 6qqx + qxxx)x + 3qyy = 0.

Toda

ẋn = yn, ẏn = exn−1−xn − exn−xn+1

Painlevé II

g
′′′

+ (6g − η)g′ − 2g = 0.

q(x, 0)
q(x, y, 0) Schwartz

|n|

xn = n, yn = 0.



Korteweg-de-Vries (KdV) KdV

x, z

φ

φz = 0, z = 0.

hz a
h l

α = a/h, δ = h/l
z = 1 + αζ δ = O(α2)

ζ φ
α KdV

ζ

Bernoulli

Newell [N] Drazin-
Johnson [DJ]

[SW]



q(x, t) = f(ξ), ξ = x − ct,

c ≥ 0

−cf ′ − 6ff ′ + f
′′′

= 0.

−cf − 3f 2 + f
′′

= A,

A f ′

1/2(f ′)2 = f 3 + 1/2cf 2 + Af + B,

A, B

f, f ′, f ” → 0, ξ → ±∞,

(f ′)2 = f 2(2f + c),

f 2f + c ≥ 0

∫ df

f(2f + c)1/2
= ±

∫
dξ

f = −1
2sech

2θ

q(x, t) = f(x − ct) = −
1

2
csech2[

1

2
c1/2(x − ct − x0)],

x0

solitary wave

f ′, f ” → 0, ξ → ±∞,



A = B = 0

F (f) = f 3 + 1/2cf 2 + Af + B.

1/2(f ′)2 = F (f)

f1, f2, f3 F =
0 f2, f3 f1 < f2 = f3 f1 < f2 < f3

f1 = f2 < f3 f1 = f2 = f3

f(ξ) = −
c

6
+

2

(ξ − b)2
.

f1 < f2 < f3 c = −2(f1 + f2 + f3)

f(ξ) = f2 − (f2 − f3)cn
2[(f1 − f3)

1/22−1/2(ξ − ξ3)|m]

f(ξ3) = f3, m = f2−f3

f1−f3
cn(.|m)

cn(v|m) = cos(φ), v =
∫ φ

0

dθ

(1 − msin2θ)1/2
.

m → 1 cn(.|m) → sech(.)
m → 0 cn(.|m) → cos(.)

q(x, t) = 2
x2 , q(x, t) = 6x(x3

−24t)
(x3+12t)2

KdV q(x, t) = − g(η)
(3t)2/3

η = x(3t)−1/3 g Painlevé II

g
′′′

+ (6g − η)g′ − 2g = 0.



KdV

q(x, t) = −2
d2

dx2
logA(x, t),

A(x, t) = [1+
c2
1

2k1
exp(−2k1x)][1+

c2
2

2k2
exp(−2k2x)]−

c2
1c

2
2

(k1 + k2)2
exp(−2(k1+k2)x),

k1 > k2 c1,2(t) = d1,2exp(4k3
1,2t) d1, d2

t → ∞

q(x, t) ∼ −2k2
1sech

2[k1x − 4k2
1t − x1)] − 2k2

2sech
2[k2x − 4k2

2t − x2)]

x → −∞

q(x, t) ∼ −2k2
1sech

2[k1x − 4k2
1t − y1) − 2k2

2sech
2[k2x − 4k2

2t − y2)],

x1, x2, y1, y2

q(x, t)

(Kruskal-Zabusky 1965, [KZ])
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KdV
qt − 6qqx + qxxx = 0.

qt + qxxx = 0,

q(x, 0) = q0(x).

Schwartz
Fourier

q̂(ξ, t) =
∫

e−ixξq(x, t)dx.

q̂t(ξ, t) = −iξ3q̂(ξ, t).

q̂(ξ, t) = q̂(ξ, 0)e−iξ3t

Fourier

q(x, t) =
∫

q̂(ξ, 0)eixξ−iξ3tdξ.

KdV

ω(ξ) = −ξ3.

sechx



Burgers-Hopf

qt − 6qqx = 0,

q(x, 0) = q0(x).

Riemann

Burgers-Hopf
t

shock waves



TODA

Toda Flaschka

xn

n yn

n

ẋn = yn, ẏn = exn−1−xn − exn−xn+1 .

n n = 1, ..., N N
x0 = −∞, xN+1 =

∞
−∞ < n < ∞

xn = xn+N N

Toda

H = Σn(exn−xn+1 +
1

2
y2

n).

an =
1

2
e(−xn+xn+1)/2, bn = −yn/2.

an, bn Flaschka
Flaschka Toda

ȧn = 2(b2
n − b2

n−1), ḃn = bn(an+1 − an).



Lax
Toda

L̇ = [L, B(L)] = B(L)L − LB(L),

L B(L) Hilbert l2(−∞,∞)
f ∈ l2(−∞,∞)

(Lf)n = an−1fn−1 + bnfn + anfn+1,

(Bf)n = an−1fn−1 − anfn+1.

an, bn n
L, B

L B(L)

l2(−∞,∞)

L B(L)

(1, N) (N, 1) L aN

0 (1, N) (N, 1) B(L) aN −aN

L
B(L)

L B Lax

Lax



L

dL

dt
= BL − LB,

B = −BT L
L t L 0

dφ(t)

dt
= B(t)φ(t).

U

dU

dt
= BU,

U(0) = I
U

G
dG

dt
= −GB,

G(0) = I

d(GU)

dt
= 0,

GU(0) = I G = U−1 t

dU−1LU

dt
= 0.

U−1LU (U−1LU)(t = 0) = L(t = 0)

L(t) = U(t)L(0)U(t)−1.

U

dUT

dt
= −UT B,

UT (0) = I
G = UT UUT = I t



L(t)

det(λI − L(t)) = det(λI − U(t)L(0)U(t)−1) = det(U(t)(λI − L(0))U−1(t))

= det(U(t))det(λI − L(0))det(U−1(t)) = det(λI − L(0)).

φ(t) λ(t)

L(t)φ(t) = λ(t)φ(t).

L(0)φ(0) = λ(0)φ(0).

L(t)U(t)φ(0) = U(t)L(0)φ(0) = U(t)λ(0)φ(0) = λ(0)U(t)φ(0) = λ(t)U(t)φ(0).

L(t)

φ(t) = U(t)φ(0),

dφ(t)

dt
= B(t)φ(t).

λ(t) det(L−λI) = 0
an, bn N

L̇k = [Lk, B(Lk)] = B(Lk)Lk − LkB(Lk),

k = 1, 2, 3, ... Lk

tr(Lk)
tr(Lk), k = 1, 2, 3, ..., N

Σbn 2Σλn.
Σ(exn−xn+1 + 1

2y
2
n) 2Σλ2

n.



Ik = tr(Lk), k = 1, 2, 3, ..., N
{Ik, Ij} = 0, k, j, = 1, 2, 3, ..., N {A, B} =

Σ( ∂A
∂an

∂B
∂bn

− ∂B
∂an

∂A
∂bn

) dIk

(an, bn)

2N

Liouville-Arnold

M = {(a, b) : Ik(a, b) = jk, k = 1, ...., N, an > 0, bn ∈ R}

dIk M M
Toda M

TN = {(Φ1, Φ2, ...., ΦN )mod(2π)}.

TN

dΦ/dt = Ω(I1, I2, ..., In).

Ik, Φk Fk = Fk(I1, ..., IN)
Fk, Φk, k = 1, ...., N,

(ak, bk) → (Ik, Φk)

Liouville-Arnold

{A, B} = 0



Moser, 1975

Liouville-Arnold
Jürgen

Moser
Stieltjes

ẋn = yn, ẏn = exn−1−xn − exn−xn+1 .

x0 = −∞, xN+1 = ∞,

N

a0 = aN = 0, b0 = bN+1 = 0

L N

a1f
2
j + b1f

1
j = λjf

1
j ,

λj L fj

ḟ 1
j = −a1f

2
j .

fj 1

Σjf
n
j fn′

j = δnn′ , Σnfn
j fn

j′ = δjj′.

Σjλj(f
1
j )2 = b1.

d

dt
Σj(f

1
j )2 = 0,

ḟ 1
j = −(λj − Σiλi(f

1
i )2)f 1

j .



(f 1
j )2(t) =

(f 1
j )2(t = 0)e−2λjt

Σl(f 1
l )2(t = 0)e−2λlt

.

Λ : {a1, a2, ..., aN−1, b1, b2, ..., bN} → {λ1, λ2, ..., λN , f 1
1 , f 1

2 , ..., f 1
N−1}

Λ−1

Σj |f 1
j (t)|2 = 1 fN

N − 1
Λ, Λ−1

Λ
{λ1, λ2, ..., λN , f 1

1 , f 1
2 , ..., f 1

N−1}
λj j = 1, ..., N − 1,

Toda

Lfk = λkfk, (L − λI)fk = (λk − λ)fk.

R(λ) = (L − λI)−1

λ ̸= λk

Rfk =
1

λk − λ
fk.

F (λ) R11 R

F (λ) = Σk
r2
k

λk − λ
,

rk = f 1
k . |λ| → ∞

Σkr
2
k = 1.

∆N = det(L − λI) ∆N−n+1

n − 1
R

∆N = (b1 − λ)∆N−1 − a2
1∆N−2



∆N−n+1 = (bn − λ)∆N−n − a2
n∆N−n−1, n = 1, 2, ....

∆−1 = 0, ∆0 = 1 n = N
E, Z N

El = Σkf
l
kf

1
k , Zl = Σk

f l
kf

1
k

λk − λ
.

El = δl1 RE = Z (L − λI)Z = E

(b1 − λ)Z1 + α1Z2 = 1,

α1Z1 + (b2 − λ)Z2 + α2Z3 = 0,

αN−1ZN−1 + (bN − λ)ZN = 0,

Z1

ZX ∆N Z1 = F

F (λ) = Z1 =
∆N−1

∆N
.

∆N

∆N−1
= b1 − λ −

a2
1

∆N−1

∆N−2

∆N−n+1

∆N−n
= bn − λ −

a2
n

∆N−n

∆N−n−1

.

F

F (λ) =
1

b1 − λ − a2
1

b2−λ...

−
a2

N−1

bN − λ



F (λ)

Stieltjes

n ≥ 1

a2
N−n =

detCn−1detCn+1

detCn

Cn n − 1 C ij
n = ci+j−1

cj Laurent F

F (λ) = Σj(−1)j cj

λj
.

Toda
[Sy],



TODA
INVERSE SCATTERING PROBLEM

Toda

ẋn = yn, ẏn = exn−1−xn − exn−xn+1 ,

n −∞ < n < ∞

H = Σn(exn−xn+1 +
1

2
y2

n).

Flaschka

an =
1

2
e(−xn+xn+1)/2, bn =

yn

2
.

Toda

ȧn = an(bn+1 − bn), ḃn = 2(a2
n − a2

n−1).

L̇ = [L, B(L)] = B(L)L − LB(L),

L B(L) Hilbert l2(−∞,∞)
f ∈ l2(−∞,∞)

(Lf)n = an−1fn−1 + bnfn + anfn+1, (Bf)n = an−1fn−1 − anfn+1.

L B

|n|

an =
1

2
, bn = 0.



λ f ∈ l2 Lf = λf
λ f L

L

λ f ∈ l∞\l2 Lf = λf
λ f

Jost L

L
L

Reed-Simon [RS]

Lf = λf

n

((L − λI)f)n = an−1fn−1 + (bn − λ)fn + anfn+1 = 0.

n N |n| >
N, an = 1/2, bn = 0

fn−1 − 2λfn + fn+1 = 0.

fn |n| > N

fn = C(t)z±n,

2λ = (z + z−1) fn = C(t)zn

dfn

dt
=

1

2
(fn−1 − fn+1),

C(t) = cexp(−iωt) c 2iω = (z − z−1)
c = 1



f |z| = 1 −1 ≤
λ ≤ 1 λ = cosk, 0 ≤ k ≤ π ω = sink, 0 ≤ k ≤ π

λ
f n

n → −∞
f an, bn

f −n
n → ∞

λ −1 ≤ λ ≤ 1

λ = λ1 z = z1 |z1| < 1
fn = exp(βt)zn

1 , 2λ = (z1 + z−1
1 ), 2β = (z1 + z−1

1 )
n → −∞ fn zn

1 z−n
1

z1 zn
1

0
0

t = 0

fn(z) = Σ∞

m=nK(n, m)zm,

K(n, m) z an, bn

fn(z) C\{0} 0
n K(n, m) = 0

m ̸= n
fn−1(z) fn(z), fn+1(z)

fn(z)
z

K(n, m) an, bn K(n, m)
an, bn

zn−1, zn, zn+1, .....

an−1K(n − 1, n − 1) = 1
2K(n, n)

an−1K(n − 1, n) + bnK(n, n) = 1
2K(n, n + 1)

an−1K(n − 1, n + 1) + anK(n + 1, n + 1) + bnK(n, n + 1) = 1
2 [K(n, n) +

K(n, n + 2)]

an =
K(n + 1, n + 1)

2k(n, n)
, bn =

K(n, n + 1)

2k(n, n)
−

K(n − 1, n)

2k(n − 1, n − 1)
.



fn(z) fn(z−1)
fn(z) = zn fn(z−1) = z−n n

gn(z) gn(z−1) gn(z) = zn

gn(z−1) = z−n −n
gn(z) gn(z−1) fn(z)

fn(z−1) α(z) β(z)

gn(z) = α(z)fn(z−1) + β(z)fn(z)

gn(z−1) = α(z−1)fn(z) + β(z−1)fn(z−1)

ᾱ(z) β̄(z)

fn(z) = ᾱ(z)gn(z−1) + β̄(z)gn(z),

fn(z−1) = ᾱ(z−1)gn(z) + β̄(z−1)gn(z−1).

α(z)ᾱ(z−1) + β(z)β̄(z) = 1
α(z)β̄(z−1) + β(z)ᾱ(z) = 0
ᾱ(z)α(z−1) + β(z−1)β̄(z−1) = 1
β̄(z)α(z−1) + β(z−1)ᾱ(z−1) = 0
ᾱ(z)α(z−1) + β(z)β̄(z) = 1
ᾱ(z)β(z−1) + β̄(z)α(z) = 0
ᾱ(z−1)α(z) + β(z−1)β̄(z−1) = 0
ᾱ(z−1)β(z) + β̄(z−1)α(z−1) = 0

ᾱ(z) = α(z), β̄(z) = −β(z−1)
α(z)α(z−1) = 1 + β(z)β(z−1)

|z| = 1 |α(z)|2 = 1 + |β(z)|2.
T (z) = 1

α(z) .

R(z) = β(z)
α(z) .

|T (z)|2 + |R(z)|2 = 1.
T, R

fn, gn

α(z) =
gn(z)fn+1(z) − gn+1(z)fn(z)

Wn(z)



Wn(z) = fn(z−1)fn+1(z) − fn(z)fn+1(z
−1)

Wn(z)an = Wn−1(z)an−1

Wn = aN/anWN N WN(z) =
z − z−1 an = 1/2

Wn(z) =
z − z−1

2an
.

α(z) =
2an

z − z−1
(gn(z)fn+1(z) − gn+1(z)fn(z)).

α(z)
±1

α(z)
{z1, z2, z3, ..., zn} α(z)

gn(zj) = β(zj)fn(zj).

gn(zj), fn(zj) n → ∞
n → −∞ Hilbert l2

λj = 1/2(zj + z−1
j ) L

gn, fn

L
[−1, 1] fn, gn z ∈ [−1, 1]

Jost
(an, bn)

Paley-Wiener Fourier

Fourier



λj zj

cj

gn(zj), fn(zj)

ζn(zj) = µgn(zj) = µβ(zj)fn(zj),

µ

Σn|ζn(zj)|
2 = 1.

cj = µβ(zj)

(norming constants)
T (z) = 1

α(z)
zj

T (z) =
1

α(z)
∼ −

zjc2
j

β(zj)(z − zj)
.

g′

n(z) gn(z) z

an−1gn−1 + (bn − λ)gn + angn+1 = 0,

an−1g
′

n−1 + (bn − λ)g′

n + ang′

n+1 = λ′gn.

an−1fn−1 + (bn − λ)fn + anfn+1 = 0.

fn g′

n

λ′fngn = an−1[g
′

n−1fn − g′

nfn−1] − an[g′

nfn+1 − g′

n+1fn].

λ′(zj)Σ
n
−∞

g′

n(zj)f
′

n(zj) = −an[g′

nfn+1 − g′

n+1fn]

λ′(zj)Σ
∞

n+1g
′

n(zj)f
′

n(zj) = an[f ′

ngn+1 − f ′

n+1gn].



λ′(zj)Σ
∞

−∞
g′

n(zj)f
′

n(zj) = −
zj − z−1

j

2
α′(zj).

α′(zj) = (−1/zj)Σ
∞

−∞
g′

n(zj)f
′

n(zj) =
−1

zjµ2β(zj)
Σ∞

−∞
|ζn(zj)|

2.

α′(zj) = −
β(zj)

zjc2
j

. OED

Gelfand-Marchenko

zm−1 α(z)
C 0

zj

1

2πi

∮
C

gn(z)

α(z)
zm−1dz =

1

2πi

∮
C
(fn(z−1) + R(z)fn(z))zm−1dz.

0

fn(z) = Σ∞

m=nK(n, m)zm,

Cauchy

1

2πi

∮
C

fn(z−1)zm−1dz =
1

2πi
Σ∞

n′=nK(n, n′)
∮

C
zm−n′

−1 = K(n, m), m ≥ n.

1

2πi

∮
C

R(z)fn(z)zm−1dz =
1

2πi
Σ∞

n′=nK(n, n′)
∮

C
R(z)zm+n′

−1dz

1

2πi

∮
C
(fn(z−1) + R(z)fn(z))zm−1dz = K(n, m) + Σ∞

n′=nK(n, n′)Fc(n
′ + m),

Fc(m) =
1

2πi

∮
C

R(z)zm−1dz



1

2πi

∮
C

gn(z)

α(z)
zm−1dz = Ia + I0,

Ia = −Σjgn(zj)z
m−1
j

zjc2
j

β(zj)
= −ΣjcjΣ

∞

n′=nK(n, n′)zn′+m
j

I0

0

I0 =
δnm

K(n, n)
.

Fd(m) = Σjc
2
jz

m
j ,

Ia = Σ∞

n′=nK(n, n′)Fd(n
′ + m), m ≥ n,

δnm

K(n, n)
= K(n, m) + Σ∞

n′=nK(n, n′)F (n′ + m), m ≥ n,

F = Fd + Fc = Σjc
2
jz

m
j +

1

2πi

∮
C

R(z)zm−1dz.

κ(n, m) =
K(n, m)

K(n, n)
, m > n,

κ(n, m) + F (n + m) + Σ∞

n′=n+1κ(n, n′)F (n′ + m), m > n,

m = n

K(n, n)−2 = 1 + F (2n) + Σ∞

n′=n+1κ(n, n′)F (n′ + n).

Gelfand-
Levitan

K(n, m) an, bn

R(z), λj , cj

an, bn

Fredholm.



Poisson-Jensen

T (z) = ΠN
j=1

|zj|(z − z−1
j )

z − zj
exp[

1

4πi

∫
C

ln(1 − |R(s)|2)
s + z

s(s − z)
ds.

R T

an, bn

Σn|n|(|1 − 2an| + |bn|) < ∞.

K(n, m)
Fourier fn

R(z), λj , cj

([Te], p.179)

Σn|n|(|1 − 2an| + |bn|) < ∞.

R
−1 1

R∗(z) = R(z∗),

C

C2|1 − k2|2 ≤ |1 − R(k)|2

Fourier Fj R(k−1)

Σ∞

j=1|Fj − Fj+2| < ∞,

z∗ z
α = 1

T
cj

Gelfand-
Levitan [Te], p.181.



Gelfand-Marchenko

Gelfand-Levitan

X : l2 → l2, Xm(f) = ΣnF (n + m)fn

κ κ(m, n) = 0, m < n
Gelfand-Levitan

(I + X)κ = F.

X

κ = (I − X + X2 + ....)F

Gelfand-Levitan
R(z) = 0

R(z) ̸= 0
Fredholm

Dyson).



IV.

IV.1. an, bn Toda

α(z, t) = α(z, 0), β(z, t) = β(z, 0)exp[(z−1−z)t], c±j = cj(0)exp[(z−1
j −zj)t/2].

t

Toda

S(n, z) =
gn(z)

α(z)
= fn(z−1) + R(z)fn(z)

t n

S(n, z) = (z−n + +R(z, t)zn)eiωt, iω = (z − z−1)/2.

S(n, z) LS = λS dS
dt = BS

Ṡ(n, z) = an−1S(n − 1, z) − anS(n + 1, z)

n

Ṡ(n, z) =
1

2
(z−n+1−z−n−1)+R(z, t)(zn−1−zn+1)eiωt =

1

2
(z−z−1)(z−n+R(z, t)zn)eiωt.

Ṙ(z, t) = [
1

2
(z−1 − z) − iω]R(z, t) = (z−1 − z)R(z, t).

R(z, t) = R(z, 0)exp[(z−1 − z)t].

α(z, t)S(n, z, t)

α(z, t) = α(z, 0)



β(z, t) = β(z, 0)exp[(z−1 − z)t].

L α

[−1, 1]

ζ̇n(zj, t) = an−1ζn−1(zj, t) − anζn+1(zj , t)

cj(t) = cj(0)exp[
1

2
(z−1 − z)t].

Toda
an, bn 0

R, λj, cj

an, bn Toda

t
an(t), bn(t) Gelfand-

Levitan



Fourier

Fourier
Paley-Wiener

IV.2.
R Schrödinger

Sobolev Hk,j = {f : f, ∂k
xf, xjf ∈ L2(R)} Hj,k ∩ {f : ||f ||∞ < 1}

||f || = (||f ||22 + ||∂k
x||

2
2 + ||xjf ||22)

1/2 k ≥ 0, j ≥ 1

Fourier

Toda

Fourier
Schrödinger

L1

IV.3.
Schrödinger∫
|q(x, 0)|dx < +∞. Lax

Schrödinger

∫
|q(x, 0)|dx < ln(2 + 31/2) = 1, 32......

[NMPZ]

IV.4. r(ξ)
q(x, 0)

∫
|q(x, 0)|dx < +∞ rϵ(ξ)

ϵq(x, 0)

||rϵ(ξ) −
i

2

∫
R

ϵq(x, 0)exp(−ikξ)dx|| = O(ϵ2),

x ϵ → 0.

Fourier



V.

R = 0 Gelfand-Levitan
Toda

Lax

N Lax
N
V. Toda

R = 0 z1 = ±e−γ , c1 > 0 L
0,∞ z1

z1 = ±e−γ , γ > 0

2a2
n(t) − 1 = β2sech2(γn − βt + δ0),

β = ±sinhγ eδ0 = c1(1 − z2
1)

−1/2

κ(n, m) = c1A(n)zm
1

Gelfand-Levitan

V. Toda
R = 0 zj = ±e−γj , cj > 0, j = 1, ..., N

2a2
n(t) − 1 =

detB(n)detB(n − 2)

(detB(n − 1))2
.

B(n) B(n)ij = δij + cicj
(zizj)n+1

1−zizj
.

κ(n, m) = ΣjcjA
(n)
j zm

j

Gelfand-Levitan

t → ±∞

Σjβ
2
j sech

2
j (γjn − βjt + δ±j ),

δ±j zj, cj , j = 1, ..., N
N



Toda
t → ±∞

||2a2
n(t) − 1 − Σjβ

2
j sech

2
j (γjn − βjt + δj)||∞ → 0,

t → ±∞ zj , cj δj

zj , cj, j = 1, ..., N R(z)

V. L0 Lax
a0

n = 1/2, b0
n = 0, n tr(Lp−Lp

0)
an, bn Toda λ ∈ C, |λ| →

∞

−Σ∞

p=1

tr(Lp − Lp
0)

pλp
= ln

α(z)

α(z = 0)
,

2λ = z + z−1.
L l2

an, bn n
L λ Rλ(L) = (L − λI)−1.

Rλ(L) =
fngm

W
, n ≤ m,

Rλ(L) =
fmgn

W
, n > m,

fn, gn W w
Rλ(L) λ ∈ C

zj α
Rλ(L) λ L

tr(Rλ(L)−Rλ(L0)) = d
dλ logα(z).

Neumann λ
tr(Lp − Lp

0)

Σn|n|(|1 − 2an| + |bn|) < ∞.



L

an, bn L
Hilbert

λ L Rλ(L) =
(L− λI)−1

Hilbert



VI. A RIEMANN-HILBERT FACTORIZATION

PROBLEM FOR THE TODA LATTICE

We begin by recalling the analysis of the scattering and inverse scattering for
the discrete Lax operator L (the analogue of the Schrödinger operator in the KdV
case). It is defined on the Hilbert space l2 as follows:

(VI.1) (Lf)n = an−1fn−1 + bnfn + anfn+1,

where bn and an − 1/2 are decaying fast as n → ∞.
It is easy to see that the continuous spectrum of L consists of the band [−1, 1]

with multiplicity 2. In this chapter, we will assume for simplicity that the discrete
spectrum is empty. (This means that no solitons are allowed.)

Let us focus on the time t = 0 for the moment. Recall the definition of the Jost
functions as follows:

(VI.2)
Lfn(z) = λfn(z) ; φ(n, z) ∼ zn, as n → ∞,

Lgn(z) = λgn(z) ; ψ(n, z) ∼ zn, as n → −∞.

Note that in the more general initial data case we cannot have equality for large n
but only asymptotic equivalence, Here the spectral variable z is defined by

2λ = z + 1/z.

The band [-1,1] in the λ-plane with multiplicity 2 is thus mapped to the unit circle
in the z-plane with multiplicity 1.

Next, let A+
n = Π∞

k=n(2ak)−1 , A−
n = Πn−1

k=−∞(2ak)−1 and A = A+
n A−

n . Then we
have the following analyticity results (see e.g.[Te]). We can write

(VI.3)
fn(z) = A+

n znvn(z)

gn(z−1) = A−
n z−nun(z)

where vn(z) = 1 +Σ∞
n=1vn,kzk and un(z) = 1 + Σ∞

n=1un,kzk, both series converging
uniformly in |z| ≤ 1. Futhermore from (VI.2) we can derive the following recursive
relation

vn(z) = 1 − Σ∞
j=n+1

1

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z))

+Σ∞
j=n+1

z2(j−n)

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z)).
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2

Now, as n → −∞, we get

(VI.4)
vn(z) ∼ 1 − Σ∞

j=−∞
1

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z))

+z−2nΣ∞
j=−∞

z2j

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z)).

On the other hand, when z ̸= ±1, fn(z), gn(z) and fn(z−1), gn(z−1) are two sets
of independent solutions of the second order difference equation Lχ = λχ. Hence
there exist α(z),β(z), ᾱ(z), β̄(z) such that
(VI.5)
fn(z) = ᾱ(z)gn(z−1) + β̄(z)gn(z), gn(z−1) = α(z−1)fn(z) + β(z−1)fn(z−1)z ∈ C, z ̸= ±1.

Making use of (VI.3) and (VI.5) we get

vn(z) =
A−

n

A+
n
α(z)z−2nun(z) +

A−
n

A+
n
α(z)un(z−1).

As n → −∞, A−
n → 1, A+

n → A, un(z) → 1, un(z−1) → 1. Hence,

Avn(z) ∼ α(z)z−2n + α(z).

Using (VI.4) we get

β(z)

A
= −Σ∞

j=−∞
z2j

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z)),

α(z)

A
= −Σ∞

j=−∞
1

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z)).

Define T (z) = 1
α(z) and R(z) = β(z)

α(z) . Then,

1

AT (z)
= 1 − Σ∞

j=−∞
1

1 − z2
(2bjzvj(z) + (4a2

n − 1)z2vj+1(z)),

for |z| ≤ 1. Thus, T (z) is defined not only on |z| = 1, but is also extended
meromorphically to |z| < 1, and in fact T (0) = 1/A . Our assumption that no
bound states exist is in fact equivalent to the fact that T (z) is indeed holomorphic
in |z| < 1.

We note here that in general, the reflection coefficient R(z) cannot be extended
meromorphically unless the decay of bn and an − 1/2 is exponential.

Next define

(VI.6)
U1(n, z) = ψ(n, z),

U2(n, z) = T (z)φ(n, z).

Since φ(n, z) ∼ A+
n zn and ψ(n, z) ∼ A−

n z−n near z = 0, we have

(VI.7)

U1(n, z) ∼ A−
n z−n,

U2(n, z) ∼ (A−
n )−1zn,

near z = 0.
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The following relation is easy to prove:

α∗(z) = α(z−1), |R(z)|2 + |T (z)|2 = 1.

Hence α(z)α(z−1) = |α(z)|2 = 1
|T (z)|2 = 1

1−|R(z)|2 .

We can now rewrite (VI.5) as

U1(n, z) = −β(z)α(z)U2(n, z) + |α(z)|2U2(n, z−1)

U2(n, z) =
β(z)

α(z)
U1(n, z) + U1(n, z−1).

By their definitions, and by the properties of the functions f and g (see discus-
sion after VI.3) we can extend U1 and U2 inside, but also outside the unit circle
(extending U1(n, z−1) and U2(n, z−1)). On the unit circle we denote the inner nor-
mal limit of U1 by U+

1 and the normal limit from outside by U−
1 (and similarly with

U2) . We finally get

( U+
2 U+

1 ) = ( U−
1 U−

2 )

(
1 − |R(z)|2 −R∗(z)

R(z) 1

)

with asymptotics

( U1 U2 ) ∼ ( A−
n z−n (A−

n )−1zn )

at z = 0 and
( U1 U2 ) ∼ ( A−

n zn (A−
n )−1z−n )

at z = ∞.
Defining

y1(n, z) =
U2(n, z)

zn
when |z| < 1,

y1(n, z) =
U1(n, z)

zn
when |z| > 1,

y2(n, z) =
U1(n, z)

z−n
when |z| < 1,

y2(n, z) =
U2(n, z)

z−n
when |z| > 1,

and letting Y = (y1, y2), we end up with the Riemann-Hilbert matrix factorization
problem:

(VI.8) Y+ = Y−

(
1 − |R(z)|2 −R∗(z)z2n

R(z)z−2n 1

)

with asymptotics at ∞ :

(VI.9) Y (∞) = ( (A−
n )−1 A−

n )

Futhermore,
Y (0) = ( A−

n (A−
n )−1 ) .
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Note that the solution of (VI.8)-(VI.9) is unique as follows easily by Liouville’s
theorem.

During the Toda flow the evolution of the reflection coefficient with time is given
by

R(z) = R(z, t) = R(z, 0)exp(t(z − z−1)).

So, at time t, relation (VI.8) becomes

(VI.10) Y+(z, t) = Y−(z, t)

(
1 − |R(z, 0)|2 −R∗(z, 0)z2ne−t(z−z−1)

R(z, t)z−2net(z−z−1) 1

)
.

As the Riemann-Hilbert problem for Y has an inconvenient condition at infinity,
we will reduce it to the one as follows: let Q(z) be analytic in C − C, with normal
limits Q+ and Q− on C, satisfying

(VI.11)
Q+ = Q−un,t,

Q(∞) = I,

where un,t is the 2x2 matrix appearing in the right hand side of (VI.10).

THEOREM VI.1. Let

Q(0) =

(
α β
γ δ

)
,

say, and

(VI.12) Y =
(

(1+β
α )1/2 ( α

1+β )1/2
)
Q.

Then V solves (VI.8)-(VI.9), up to a constant scalar multiple.
PROOF: Clearly (VI.8) holds. On the other hand we have the following lemmas.

LEMMA 1. Q(z) =

(
0 1
1 0

)
(Q(0))−1Q(z−1)

(
0 1
1 0

)
.

PROOF: We observe that

u(z) =

(
0 1
1 0

)
(u(z−1))−1

(
0 1
1 0

)
.

Thus,

Q+(z) = Q−(z)

(
0 1
1 0

)
(u(z−1))−1

(
0 1
1 0

)
,

hence

(
0 1
1 0

)
Q+(z)

(
0 1
1 0

)
=

(
0 1
1 0

)
Q−(z)

(
0 1
1 0

)
(u(z−1))−1.

Applying this to z−1,

(
0 1
1 0

)
Q+(z−1)

(
0 1
1 0

)
u(z) =

(
0 1
1 0

)
Q−(z−1)

(
0 1
1 0

)
.
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Defining

H(z) =

(
0 1
1 0

)
Q(z−1)

(
0 1
1 0

)
,

we have
H+(z) = H−(z)u(z)

and thus (by Liouville’s theorem)

H(z) = F−1Q(z)

for some constant invertible matrix F. Thus,

(VI.13) Q(z) = F

(
0 1
1 0

)
Q(z−1)

(
0 1
1 0

)
.

Letting z → ∞, we get

I = F

(
0 1
1 0

)
Q(0)

(
0 1
1 0

)
,

which gives F. The lemma now follows from (VI.13).

It follows from Lemma 1 that for Y defined by (VI.12) we have

(VI.14) Y (z) = Y (z−1)

(
0 1
1 0

)
.

LEMMA 2. If Y satisfies (VI.8) and (VI.14) then Y also satisfies (VI.9), up to a
scalar multiple.

PROOF: We show that there is only one solution of (VI.8) satisfying the sym-
metry condition (VI.14). In fact, suppose there is a second one, say X. Consider
the matrix

Z =

(
Y
X

)
.

Then, Z+ = Z−u, hence detZ+ = detZ− detu = detZ−, and by Liouville’s theorem,
detZ is constant, say c. On the other hand, by assumption,

M(z) = M(z−1)

(
0 1
1 0

)
,

and, taking determinants,
c = c(−1),

hence c = 0, thus X and Y are dependent. This proves Lemma 2, and the theorem
also follows.

LEMMA 3. If

Q(0) =

(
α β
γ δ

)
,

then β = −γ and αδ − βγ = 1.
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PROOF: By a Liouville’s-theorem-argument as in Lemma 2, it follows that detQ
is constant, and in fact 1, from which the second assertion of Lemma 3 follows. The
first assertion follows immediately, by setting z = 0 in Lemma 1.

A direct consequence of the Theorem above together with Lemma 3 is that the
solution of (VI.8)-(VI.9) satisfies

Y (0) = k
(

( α
1+β )1/2 (1+β

α )1/2
)
,

for some constant k. Comparing with (VI.9) we get k = 1 and

(VI.15) A−
n = (

α

1 + β
)1/2

from which an can be recovered by dividing.

(VI.16) 2an =
A−

n+1

A−
n

.

Thus we have reduced the inverse scattering problem (and hence the Cauchy
problem for the Toda lattice) to the Riemann-Hilbert problem (VI.11) and in par-
ticular to finding the first row of the solution Q(z) at z = 0.



VII. RIEMANN-HILBERT FACTORIZATION,

SINGULAR INTEGRAL EQUATIONS AND

THE METHOD OF STATIONARY PHASE

1. THE RIEMANN-HILBERT PROBLEM FOR NLS

The solution of an integrable system via the inverse scattering transform can

always be reduced to the solution of a Riemann-Hilbert factorization problem. In

particular, the asymptotic analysis of the given equation is thus reduced to the

asymptotic analysis of a Riemann-Hilbert problem.

Consider, for example, the nonlinear Schrödinger equation (defocusing case).

(1) iut +
1

2
uxx − |u|2u = 0.

Suppose we want to solve it under some initial data u0(x) that, for simplicity, are

considered to belong to the Schwartz class.

Let r(z) be the reflection coefficient corrsponding to u0. It is a fact of direct

scattering theory that r is also Schwartz, and that |r(z)| < 1, for all z ∈ R. Also,

there are no eigenvalues for the Lax (or Zakharov-Shabat or Dirac) operator. The

continuous spectrum is the whole real line.

Let Q solve

(2) Q+(z) = Q−(z)

(
1 − |r(z)|2 −r∗(z)e−2izx−4iz2t

r(z)e2izx+4iz2t 1

)
, Imz = 0,

Note that the jump matrix has determinant 1. Also

(3) limz→∞Q(z) = I.
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This is a Riemann-Hilbert factorization problem: Q is a matrix function, analytic in

the complement of the real line, satisfying the jump condition and the asymptotics

above.

The solution of the Riemann-Hilbert problem enables us to recover u(x, t). In-

deed one can prove

(4) u(x, t) = −2limz→∞zQ21.

Thus, the initial value problem for NLS is reduced to the above Riemann-Hilbert

factorization problem.

Conversely, suppose we are given a Riemann-Hilbert problem of the form

Q+(z) = Q−(z)eiθ(x,t,z)adσ3v(z), z ∈ Σ,

where v(z) is independent of x, t. Above, for example, θ(x, t, z) = 2izx + 4iz2t and

v(z) =

(
1 − |r(z)|2 −r∗(z)

r(z) 1

)
.

Define m(x, t, z) = Q(z)eiθ(x,t,z)σ3 . Then m+ = m−v for z ∈ Σ. Differentiating

with respect to x or t, we also get ∂xm+ = ∂xm−v and ∂tm+ = ∂tm−v, for z ∈ Σ.

Hence both ∂xm · m−1 and ∂tm · m−1 have no jumps, so they are entire functions.

By calculating ∂xm and ∂tm at infinity, we find

mx = U(x, t, z)m,

mt = V (x, t, z)m,

where U, V are polynomials in z [quadratic in the NLS case].

This is essentially the Lax pair arising from the Riemann-Hilbert problem above.

The compatibility condition mxt = mtx leads to NLS.

So, the Riemann-Hilbert formulation entails the Lax pair but also encodes the

inverse scattering problem. Perhaps then this is the essence of integrability!
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2. SCALAR RIEMANN-HILBERT PROBLEMS

In the scalar case, a Riemann-Hilbert problem can be explicitly solved. For

example, let d solve
d+(z) = d−(z)q(z),

limz→∞d(z) = 1,

where q is a scalar 1 + L1 ∩ L∞ function on the real line. Taking logarithms

logd+(z) = logd−(z) + logq(z),

and by the Plemelj-Sokhotskii formula

logd =

∫
R

logq(s)

2πi(s − z)
ds,

hence

d = exp[

∫
R

logq(s)

2πi(s − z)
ds].

Note that indeed

limz→∞d(z) = 1.

However, it is not a priori clear that the integral
∫

R

logq(s)
2πi(s−z)ds is defined. For this

we need to have ensured that the index of q is zero, i.e
∫

R
dlogq(s) = 0.

In any case, scalar problems, to the extent that they are solvable, are explicitly

solvable. This is not so for matrix problems.
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3. PROOF OF THE PLEMELJ-SOKHOTSKII FORMULA

LEMMA. Suppose φn is a sequence of bounded non-negative functions in R such

that
∫
φn = c, a positive constant independent of n and that for every positive ϵ

we have limn→∞

∫
|x−x0|>ϵ φn(x)dx = 0.

Then φn → cδ(x − x0) weakly (in say the Schwartz distribution sense).

PROOF. I want to prove that for every smooth g of local support
∫
φn(x)g(x)dx →

cg(x0). I thus split

∫
φn(x)g(x)dx =

∫
|x−x0|>ϵ

φn(x)g(x)dx +

∫
|x−x0|≤ϵ

φn(x)g(x)dx.

The first term is bounded by ||g||∞
∫
|x−x0|>ϵ φn(x)dx and thus tends to 0 for all

ϵ. By the mean value theorem for g in |x − x0| ≤ ϵ we have g(x) = g(x0) +

(x − x0)g′(s), for some s with |s − x0| ≤ ϵ. We thus express the second term as
∫
|x−x0|≤ϵ φn(x)g(x)dx = g(x0)

∫
|x−x0|≤ϵ φn(x)dx+

∫
|x−x0|≤ϵ g′(s(x))(x−x0)φn(x)dx.

The first term tends to cg(x0) as n → ∞. The second term is bounded by ϵ||g′||∞c,

for all ϵ > 0. Hence result.

Applying the Lemma to

φn(x) =
1

n

(x−x0)2+ 1

n2

we get

limn

∫
g(x)

1
n

(x − x0)2 + 1
n2

dx → πg(x0).

Now
∫

R

g(s)
2πi(s−z−i/n)ds −

∫
R

g(s)
2πi(s−z+i/n)ds =

∫
R

2ig(s)
2πin((s−z)2+(i/n)2)ds and taking

the limit as n → ∞ we recover the Plemelj-Sokhotskii formula.

COROLLARY. One has

limn
1

x − x0 + i
n

= PV
1

x − x0
− iπδ(x − x0).

PROOF: Just note that

limn
x − x0

(x − x0)2 + (1/n)2
= PV

1

x − x0

and apply the above result.
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4. RIEMANN-HILBERT DEFORMATIONS. A SINGULAR INTEGRAL EQUA-

TION AND THE BEALS-COIFMAN FORMULA

The solution of a Riemann-Hilbert problem can be reduced to the solution of a

singular integral equation. Using the NLS case as a model we have Σ = R. But the

discussion below is fairly general.

Define the matrix Cauchy operators as follows:

C± : (L2(Σ))2x2 → (L2(Σ))2x2

(C±f)(z) =
1

2πi

∫
Σ

f(ζ)dζ

ζ − z±

where z ∈ Σ and the signs ”+” and ”-” conote normal limits as z → Σ, from the

right and the left of Σ respectively (with respect to its orientation).

It is a fact from analysis that C+ and C− are bounded (see e.g. [S], p.29, and

use the corollary above). From the Plemelj-Sokhotskii formula

C+ − C− = I.

Note that the jump of the RH problem for NLS can be factorized as

(b−)−1b+

where

(5)

b+ =

(
1 −r∗(z)e2izx+4iz2t

0 1

)
,

b− =

(
1 0

−r(z)e−2izx−4iz2t 1

)
.

Now, given any 2x2 matrices w+, w−, we can introduce the following singular

integral operator Cw : L2 → L2. First define the ”Cauchy” operators C:

for z ̸∈ Σ, let (Cf)(z) = (2πi)−1

∫
Σ

f(w)dw

w − z
and

Then, let the operator Cw be defined by

Cwf = C+(fw−) + C−(fw+)

for a 2x2 matrix valued f. Let µ ∈ L2 solve the singular integral equation

(*) µ = I + Cwµ.
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THEOREM Given any two matrices b+, b− such that detb− = detb+, let Q be

defined by the integral formulae ([BC]-[Z])

Q+ = I + C+(µw)

Q− = I + C−(µw)

Q = I + C(µw) on C \ Σ,

where w = w+ + w− and

w+ = b+ − I and w− = I − b−.

Then Q provides the unique solution of the following Riemann-Hilbert problem.

(**)
Q+(z) = Q−(z)(b−)−1(z)b+(z), z ∈ Σ,

limQ(z) = I,

as z → ∞ in compact subsets of C \ Σ.

PROOF: Uniqueness: The jump matrix in has determinant 1. Hence det Q is

holomorphic. It is also equal to 1 at infinity. By Liouville’s theorem it is constant,

and hence equal to 1 everywhere. In particular Q−1 exists. Now, suppose there was

another solution, say Q̃. Then Q̃Q−1 exists, is holomorphic, and is I at infinity.

By Liouville, it has to be identically I.

To show that Q defined above solves (**) note that

Q+(I + w+)−1 = (I + C+(µw))(I + w+)−1 =

(I + C+(µw+) + C+(µw−))(I + w+)−1 =

(I + µw+ + C−(µw+) + C+(µw−))(I + w+)−1,

since C+ − C− = I,

= (I + µw+ + Cwµ)(I + w+)−1, by the definition of Cw,

= (µw+ + µ)(I + w+)−1 = µ, by (12).

Similarly Q−(I − w−)−1 = (I + C−(µw))(I − w−)−1 =

(I + C−(µw+) + C−(µw−))(I − w−)−1 =

(I − µw− + C−(µw+) + C+(µw−))(I − w−)−1 =

(I − µw− + Cwµ)(I − w−)−1 = (µ − µw−)(I − w−)−1 = µ.

Hence Q+(I + w+)−1 = Q−(I −w−)−1 and thus Q−1
− Q+ = (I −w−)−1(I + w+) =

(b−)−1b+ and thus Q+ = Q−(b−)−1b+.
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The above theory is useful if one seeks asymptotics of the solution of a Riemann-

Hilbert problem with respect to a parameter [e.g. time t]. The idea is to ”deform”

the factorization problem (**) into one that can be solved explicitly, in a series

of steps each of which involves either an extension or a deletion of a part of the

factorization contour, or a substitution of w± by approximate (for large times)

matrices, or an appropriate conjugation. The choice of the contour extensions or

deletions depends on the phase of the exponentials appearing in b±. For each step,

the final factorization problem is an approximation to the initial one in the sense

that the solution as given by the corresponding integral formula is close to the exact

solution of (**).

There are basically two kind of deformations used. Deformations of a ”geometric

type” involve a contour deformation. This is allowed if the jump matrix on that

contour is analytic. These deformations are exact, not approximate. There are also

”analytic” type deformations that involve perturbing the formula

(***) Q = I + C(µw) = I +

∫
Σ

(I − Cw)−1(I)(s)w(s)

2πi(s − z)
ds

with respect to w while keeping the contour Σ fixed. Such deformations are only

approximate, with respect to some underlying parameter (like t for example).

5. FOURIER TRANSFORM AS LINEAR LIMIT OF THE INVERSE SCAT-

TERING TRANSFORM

If w is small (say ||w||∞ is small) and because the Cauchy operator is bounded

(in L2 but not only), we can expand (I−Cw)−1(I) as a Neumann series of operators

from L2 to L2 : (I − Cw)−1(I) = I + Cw(I) + C2
w(I) + C3

w(I) + ...

The solution of the RH problem near ∞ is

Q ∼ I +

∫
Σ

w(s)

2πi(s − z)
ds

and hence

(6) u(x, t) = −2limz→∞zQ21 ∼
i

π

∫
Σ

r(z)e2izx+4iz2t.
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6. THE METHOD OF STATIONARY PHASE FOR LINEAR PDEs

Consider the Cauchy problem for the linear equation

ut + uxxx = 0, u(x, 0) = u0(x).

It can be solved via Fourier transforms. Let

û(ξ, t) =

∫
e−ixξu(x, t)dx.

Then

ût(ξ, t) = −iξ3û(ξ, t),

so

û(ξ, t) = û(ξ, 0)e−iξ3t

and

u(x, t) =
1

2π

∫
û(ξ, 0)eixξ−iξ3tdξ.

To understand the long time asymptotic behavior of the solution one needs to

apply the stationary phase method to the above fomula. The principle is that the

dominating contribution comes from the vicinity of the two stationary phase points

ξ1,2 = ±( x
3t)

1/2. Through a local change of variables at each stationary phase point

τ(ξ) such that τ(ξj) = 0 we can calculate each contributing integral asymptotically

to all orders with exponential error.

In general, suppose one has an integral of the form

f(t) =

∫ b

a
g(z)eith(z)dz,

where t is meant to be a large and positive variable, g is continuous and h is twice

differentiable. Suppose z0 is the only stationary phase point of h in (a, b), with

a < z0 < b, h′(z0) = 0, h”(z0) > 0.

The assumption of Stokes and Kelvin is that the dominating contribution to f

arises from the immediate vicinity of the stationary phase point. This assumption

can be rigorously justified (see e.g. [E]).
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Accepting the assumption above, we perform the local change of variables h(z)−

h(z0) = u2 and obtain

f(t) =

∫ b

a
g(z)eith(z)dz ∼

∫ z0+ϵ

z0−ϵ
g(z)eith(z)dz =

∫ u2

−u1

2u
g(z)

h′(z)
eit(h(z0)+u2)du,

where u1 = [h(z0 − ϵ) − h(z0)]1/2, u2 = [h(z0 + ϵ) − h(z0)]1/2. Near u = 0 we have

g(z) ∼ g(z0) and 2u 1
h′(z) ∼ [ 2

h”(z) ]
1/2. So,

f(t) ∼ [
2

h”(z)
]1/2g(z0)

∫ u2

−u1

eit(u2+h(z0))dz.

Accepting the same assumption above, we extend the integral domain to the whole

real line.

f(t) ∼ [
2

h”(z)
]1/2g(z0)

∫ ∞

−∞
eit(u2+h(z0))dz.

This can now be computed exactly. Indeed

(6) f(t) ∼ [
2π

th”(z0)
]1/2g(z0)e

ith(z0)+iπ/4.

In particular the oscillating exponential integral decays like t−1/2.

REMARK. If instead of the phase xξ − ξ3t we had a non-real phase, or if the

stationary phase points themselves were not real, then it would be necessary to

deform the contour of integration to a union of contours of steepest descent. We

will not concern ourselves with this more general case (again see [E]). We simply

note that the analogous situation for nonlinear integrable PDEs appears when the

underlying Lax operator is not self-adjoint. In such a case the Riemann-Hilbert

problem must be deformed to one supported on a union of contours of steepest de-

scent. The problem of finding such contours is equivalent to a maximin non-convex

variational problem of electrostatic type with external field in two dimensions. See

[KMM] and [KR].
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7. THE METHOD OF STATIONARY PHASE FOR NONLINEAR INTE-

GRABLE PDEs

Consider, again, the nonlinear Schrödinger equation (defocusing case).

iut +
1

2
uxx − |u|2u = 0,

under initial data u0(x) that belong to the Schwartz class.

It was first realized by Its [IN], motivated by the study of the work of Jimbo,

Miwa, Ueno, that the long time asymptotics for the solution of (1) can be extracted

by reducing the problem (2)-(3) to a ”local” RH problem located in a small neigh-

borhood of the stationary phase point z0 such that θ′(z0) = 0 where θ = zx +2z2t.

The deformation method has been made rigorous and systematic in [DZ]. Here are

the basic ideas.

Suppose z0 = − x
4t , the stationary phase point of θ(x, t, z) = 2izx + 4iz2t. Con-

sider the region z0 < M , some positive constant. Apart form the factorization (5),

we also note
(

1 − |r(z)|2 −r∗(z)e−2iθ

r(z)e2iθ 1

)
=

(
1 −r∗(z)e−2iθ

0 1

)(
1 0

r(z)e2iθ 1

)
for z > z0,

=

(
d−1
− (z) 0

r(z)d−1

−

(z)e−2iθ

1−|r(z)|2 d−(z)

)(
d+(z) −r∗(z)d+(z)e2iθ

1−|r(z)|2

0 d−1
+ (z)

)
for z < z0.

where d is a function analytic and bounded in C \ (−∞, z0] such that

d+(z) = d−(z)(1 − |r(z)|2) for −∞ < z ≤ z0,

d+(z) = d−(z) for z > z0

d → 1 as z → ∞.

Thus

d(z) = exp[

∫ z0

−∞

log(1 − |r(s)|2)

2πi(s − z)
ds].

The above factorizations suggest the following transformation. Consider an in-

finite cross centered at ξ0 such that all four branches of the cross, denoted coun-

terclockwise starting at argz = 0 by C1, C2, C3, C4,. The angles between the four

half-lines are not important, as long as they lie in the appropriate quadrants. Let
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D1 be the region between C4 and C1, D2 be the region between C1 and C2, D3 be

the region between C2 and C3, and D4 be the region between C3 and C4.

Note that Re(θ) < 0 when z ∈ D1 ∪ D3 and Re(θ) > 0 when z ∈ D2 ∪ D4.

Define a new matrix M by

M = Q, z ∈ D2 ∪ D4,

M =

(
d−1 r∗de2iθ

1−|r|2

0 d

)
Q, z ∈ D3 ∩ {Imz > 0},

M = Q

(
d−1 0

rd−1e−2iθ

1−|r|2 d

)
, z ∈ D3 ∩ {Imz < 0},

M = Q

(
1 −r∗e−2iθ

0 1

)
, z ∈ D1 ∩ {Imz < 0},

(
1 0

−re2iθ 1

)
Q, z ∈ D1 ∩ {Imz > 0}.

Here we have assumed that r, r∗, r
1−|r|2 , r∗

1−|r|2 admit analytic continuations in the

appropriate domains. This is not generally true but this obstacle can be overcome

by approximations of these functions by analytic functions (see [BC], [DZ]).

It is immediate seen that there is no jump for M across the real axis. The jumps

across the four halflines of the cross are

(
1 0

re2iθ 1

)
,

(
d −r∗de2iθ

1−|r|2

0 d−1

)
,

(
d−1 0

rd−1e−2iθ

1−|r|2 d

)
,

(
1 −r∗e−2iθ

0 1

)
,

in counterclockwise order starting at the first quadrant. It is easy to see that the

off-diagonal terms are exponentially small away from the center of the cross. So,

they can be neglected asymptotically!

REMARK. We are implicitly assuming that neglecting small errors in the jump

matrix implies only small fluctuations in the solution of the Riemann-Hilbert prob-

lem near infinity (which is all we need). This is not trivial. The proof requires

perturbation of formula (***) as in section 5. More precisely, in general, suppose

that one has two Riemann-Hilbert problems for m and n on the same contour

S, with jumps Jm, Jn resepctively and assume that factorizations exist as in sec-

tion 4. Assume that the corresponding wm and wn are such that the differences
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||wm −wn||2,∞ are uniformly (in x, t) small. Then from formula (***) we easily see

that the difference m − n is uniformly small near infinity. This argument justifies

deletion of the contour away from z0.

After deletion, one ends up with a Riemann-Hilbert problem that is essentially

defined on a small cross centered at z0. By this we mean that, apart from a small

cross centered at z0, the jumps are diagonal everywhere. Now a diagonal jump can

be always removed by multiplication to a diagonal matrix (it is essentially decou-

pled into two scalar problems). In this sense, the dominating contribution to the

solution of the Riemann-Hilbert problem comes from a small neighborhood of the

stationary phase point. The Riemann-Hilbert problem can be solved explicitly via

parabolic cylinder functions and the asymptotics for the Riemann-Hilbert problems

are recovered!

More specifically, the last step is a rescaling ξ = z0 + z(tz0)−1/2. The Riemann-

Hilbert problem is then deformed to a new problem on an infinite cross, which can

be explictly solved. In fact, after deforming the components of the cross back to

the real line, it is equivalent to the following problem on the real line.

H+(ξ) = H−(ξ)exp(−iξ2σ3)

(
1 − |r(z0)|2 −r∗(z0)

r(z0) 1

)
exp(iξ2σ3),

H(ξ) ∼ ξiνσ3 , as ξ → ∞.

where ν = − 1
2π log(1− |r(z0)|2) and σ3 =

(
1 0
0 −1

)
(a Pauli matrix).

The last ”local” Riemann-Hilbert problem above can be solved explicitly, since

(after conjugating) the jump is constant ([IN]). Indeed, setting Y (ξ) = H(ξ)exp(−iξ2σ3)

we have

Y+(ξ) = Y−(ξ)

(
1 − |r(z0)|2 −r∗(z0)

r(z0) 1

)
,

Y (ξ) ∼ ξiνσ3exp(−iξ2σ3), as ξ → ∞

and by differentiating the above jump relation we get

(
dY

dξ
)+(ξ) = (

dY

dξ
)−(ξ)

(
1 − |r(z0)|2 −r∗(z0)

r(z0) 1

)
.

Of course dY
dξ does not have the same asymptotics at ∞. Indeed
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dY
dξ ∼ −iξ2σ3ξiνσ3exp(−iξ2σ3). Thus dY

dξ = −iξ2σ3Y (ξ), by a Liouville-type

argument (checking that [ dY
dξ ]−1(−iξ2σ3Y (ξ)) has no jump and is I at infinity).

This is a linear ODE which decouples into two scalar linear ODEs. We end up

with the so-called parabolic cylinder equation that can be solved explicitly in terms

of parabolic cylinder functions. We thus recover Y and hence H.

By tracing back the definitions we recover M, Q etc. and finally the long time

asymptotics for our original problem (1).

We end up with the following

THEOREM. Let M be any positive constant. In the region |n/t| < M we have

the following uniform asymptotics for the solution of the defocusing NLS equation.

(8)

u(x, t) = ul(x, t) + o(t−1/2), where ul(x, t) = [
1

2t
]1/2a(z0)e

i x
2

4t
−iνlogt,

z0 = −
x

4t
, ν = −

1

2π
log(1− |r(z0)|

2), |a(z0)|
2 = −

1

4π
log(1 − |r(z0)|

2),

arga(z0) = −3νlog2 −
π

4
+ argΓ(iν) − argr(z0) +

1

π

∫ z0

−∞
log|z − z0|dlog(1− |r(z0)|

2).

REMARKS. 1. By focusing near the stationary phase point we end up with a

constant jump problem (moreless; there are also some exponentials of quadratic

terms that can be factored away). This is analogous to the linear case of section

6, where by focusing near the stationary phase point we ended up with an integral

where one factor of the integrand is constant and another factor is the exponential

of a quadratic and hence explicitly computable.

2. Note that the asymptotics (8) for the defocusing NLS equation express de-

caying oscillations of order [ 1t ]
1/2. Compare with the formula (7) arising from the

linear stationary phase method. Note also the existence of a logt term in (8) which

is not in (7).

3. If we apply the linear stationary phase method on the (small r) formula (6)

we will arrive at a formula similar to (8) but without the logt term. The phase

correction term logt is a nonlinear phenomenon.
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VII.
WHITHAM

g ∈ CN [a, b] N
[a, b] h [a, b] h′(t) = (t− a)ρ−1(b− t)σ−1h1(t)
ρ, σ ≥ 1 h1 > 0 h1 ∈ CN [a, b]

f(x) =
∫ b

a
g(t)eixh(t)dt = B(x) − A(x),

A(x) ∼ AN(x) B(x) ∼ BN(x) N → ∞,

AN(x) = −ΣN−1
n=0

k(n)(0)

n!ρ
Γ(

n + 1

ρ
)exp(πi

n + 1

2ρ
)x

−n+1

ρ eixh(a).

|A(x) − AN(x)| ≤
1

(N − 1)!
Γ(

N

ρ
)x

−N
ρ

∫ u1

0
|
dN(ν1k)

dun
|du.

k(u) = g(t) dt
du u uρ = h(t) − h(a)

ν1(u) = ν(t) ν ν ∈ C∞[a, b] ν = 1
t ∈ [a, a + η], ν = 0 t ∈ [b − η, b] a + η < b+a

2 < b − η < b.

BN(x) = −ΣN−1
n=0

l(n)(0)

n!σ
Γ(

n + 1

σ
)exp(πi

n + 1

2σ
)x

−n+1

σ eixh(b)

|B(x) − BN(x)| ≤
1

(N − 1)!
Γ(

N

σ
)x

−N
σ

∫ v1

0
|
dN(µ1v1l)

dvn
|dv

l, v, v1, µ1.

a
ρ = 2 ρ

AN BN N
f 1/x

x → ∞



f(x) =
∫ b

a
g(t)eixh(t)dt =

∫ b

a
ν(t)g(t)eixh(t)dt+

∫ b

a
(1−ν(t))g(t)eixh(t)dt = B(x)−A(x)

A(x) = −
∫ b−η

a
ν(t)g(t)eixh(t)dt, B(x) =

∫ b

a+η
(1 − ν(t))g(t)eixh(t)dt.

uρ = h(t) − h(a) uρ
1 = h(b − η) −

h(a)

uρ = h(t) − h(a) =
∫ t

a
h′(s)ds =

∫ t

a
(s − a)ρ−1(b − s)σ−1h1(s)ds.

s ∈ [a, t] s = a + (t− a)y, 0 ≤ y ≤ 1,

uρ = (t − a)ρ
∫ 1

0
yρ−1(b − a − (t − a)y)σ−1h1(a + (t − a)y)dy.

CN+1 t
[a, b − η] [0, u1] CN+1

ν1(u) = ν(t) k(u) = g(t) dt
du k

CN [0, u1].

A(x) = exp(ixh(a))
∫ u1

0
ν1(u)k(u)exp(ixuρ)du = exp(ixh(a))

∫ u1

0
ν1(u)k(u)φ′

−1(u)du =

= exp(ixh(a)) − exp(ixh(a))
∫ u1

0

d(ν1(u)k(u))

du
φ−1(u)du,

φ−1(u1) =
∫ ∞
u1

exp(ixzρ)dz. N
A = AN + RN

AN(x) = −ΣN−1
n=0 (−1)nk(n)(0)φ−(n+1)(0)eixh(a)

φ−(n+1)(u) = (−1)n+1 1

n!

∫ ∞

u1

(z − u)nexp(ixzρ)dz

RN (x) = (−1)N+1eixh(a)
∫ u1

0
φ−N(u)

dN(ν1(u)k(u))

duN
du.

arg(z − u) = π
2ρ .



φ−(n+1)(0) = (−1)n+1 1

n!

∫ ∞

0
(z)nexp(ixzρ)dz.

φ−(n+1)(0) = (−1)n+1 1

n!ρ
Γ(

n + 1

ρ
)exp(πi

n + 1

2ρ
)x

−n+1
ρ

Γ(z + 1) =
∫ ∞

0
exp(−x)xzdx

φ−N

|φ−(n+1)(u)| ≤
1

n!
Γ(

n + 1

ρ
))x

−n+1

ρ

|φ−N(u)| ≤
1

(N − 1)!
Γ(

N

ρ
))x

−N
ρ .

|exp(ixzρ)| ≤ e−x|z−u|ρ.

ixzρ + x|z − u|ρ = iρx
∫ u

0
[ζ + |z − u|exp(πi/2ρ)]ρ−1dζ .

iρx
∫ u
0 [ζ + |z − u|exp(πi/2ρ)]ρ−1dζ

exp[ixzρ +x|z−u|ρ] = exp[iρx
∫ u
0 [ζ + |z−u|exp(πi/2ρ)]ρ−1dζ ] < 1.

φ−(n+1)(u)
|φ−(n+1)(u)| ≤ 1

n!

∫ ∞
u |z−u|ne−x|z−u|ρd|z−u| = 1

n!

∫ ∞
o |w|ne−x|w|ρd|w|

RN = A − AN

B − BN



Whitham

f(t) =
∫ b

a
g(k)eith(k)dk,

f(t) ∼ [
2π

t|h”(k0)|
]1/2g(k0)e

ith(k0)+i π
4
sgnh”(k0),

k0 (a, b)

h(k) = −W (k) + k x
t

φ(x, t) =
∫

R
g(k)eikx−iW (k)tdk = Σjg(kj) ∼ [

2π

t|W”(kj)|
]1/2g(kj)e

ikx−iW (kj)t−i π
4
sgnW”(kj),

kj

t−1/2 [ 2π
t|W”(kj)|

]1/2g(kj)e−i π
4
sgnW”(kj)

W (kj)
(modulated waves)

th x, t

θ(x, t) = −W (k)t + kx,

θx(x, t) = (x − W ′(k)t)kx + k, θx(x, t) = −W (k) + (x − W ′(k)t)kt.

k W ′(k) = x/t

θx(x, t) = k, θx(x, t) = −W (k).

Whitham
Whitham

”modulated”
k

k

W W (k)



W ′(k)

k0 W ′(k0)t t
θ θx

dx
dt + θt = 0 dx

dt = −θt

θx
= W

k ,
W
k k, W (k)

k, W (k) x, t

Whitham a

(a2)t + (W ′(k)a2)x = 0.

x/t =
c1 x/t = c2

Whitham
W a

W (k) = W0(k) + W2(k)a2 + ........

a Whitham

kt + (W ′
0(k) + W ′

2(k)a2)kx + W2(k)(a2)x = 0.

W ′
2(k)a2

Whitham

kt + W ′
0(k)kx + W2(k)(a2)x = 0

(a2)t + W ′
0(k)(a2)x + W0”(k)a2kx = 0.

Whitham KdV,
NLS

Whitham KdV
NLS

NLS
Whitham

shocks

”modulated”

Whitham
Whitham



Riemann

KdV [LL]
NLS [LL]

ut + uux + h2uxxx = 0

ihut +
h2

2
uxx + |u2|u = 0,

u(x, t)
h → 0

x, t ≥ 0
h → 0 u(x, t) h → 0

O(1/h) Whitham
Whitham

[DVZ] KdV
NLS

Whitham
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th x, t

θ(x, t) = −W (k)t + kx,

θx(x, t) = (x − W ′(k)t)kx + k, θx(x, t) = −W (k) + (x − W ′(k)t)kt.

k W ′(k) = x/t

θx(x, t) = k, θx(x, t) = −W (k).

Whitham
Whitham

”modulated”
k
k



W W (k)

W ′(k)

k0 W ′(k0)t t
θ θx

dx
dt + θt = 0 dx

dt = −θt
θx

= W
k ,

W
k k, W (k)

k, W (k) x, t
Whitham a

(a2)t + (W ′(k)a2)x = 0.

n/t =
c1 n/t = c2

Whitham
W a

W (k) = W0(k) + W2(k)a2 + ........

a Whitham

kt + (W ′

0(k) + W ′

2(k)a2)kx + W2(k)(a2)x = 0.

W ′

2(k)a2

Whitham

kt + W ′

0(k)kx + W2(k)(a2)x = 0

(a2)t + W ′

0(k)(a2)x + W0”(k)a2kx = 0.

Whitham KdV,
NLS
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