METAIITY XIAKO MAGHMA EAPINOY EEAMHNOY 2005-2006 ME TITAO
«MAOHMATIKH OEQPIA 2OAITONIQN»

Oa eoaydyovue T1c facikég Evvoleg ™G Bempiag coMTOVIOV (YVOOTAG Kot MG
Bewplog TANP®S OAOKANP®GIH®Y GLGTNUATOV) Kal TNV ootk peBddo emiAvong
TPOPANUATOV apYIKNG TING Yo €EIGMOELG COAMTOVIMV, )Tl TNV HEB0SO
avtioTpoPnS oKESAONG.

M6 ovykekpyéva, Ba avapepbovue otig Pacikég e€lomaoelg g Bewplag dmwg

N e€lowon KAV, n un ypappikn e€icmon Schroedinger, n e€icwon sine-Gordon,
AL Kot TO GOUGTNHA GVVHBOV SLPOPIK®V YVMOSTO MG «dAvcog tov Today,

oTNV 16TOPi0 TOVG Kol 0€ PACGIKEG EPUPUOYES (GTNV VOPOSVVOLIKT], GTNV U1 YPOLLIKN
OTTIKY, 670 TPOPANpa twv Fermi-Pasta-Ulam). ®a ddcovpe opiopéva mapadeiypota
E0IKAOV Moewv kal o elcaydyovpe v Evvola Tov coittoviov. Emetta Oa
EGTIOCOVLE TNV TPOGOYN HOG GTO TPOPANUA APYIKAOV TIH®V Yo, TNV dAvco Tov Toda
Kot 06 TOPOLGLAGOVLE AVOALTIKA TNV HEBOSO avTioTPOPNGg OKESOONG, 1| OTTola £)EL
BéPata evolapEpov aveEAPTNTO IO TNV EPAPLLOYT| TNG GTO GOAMTOVIA KAODS EMADEL
éva onuavTikd TPOPANUA TG KPAVTIKNAG UNYOVIKIG.

Od eetdoovie TO PAGLATIKO TPOPAN O TOV TPLdLy®Viov Tehestn) Jacobi kot Ha
opicovpe ta dedopéva okédaong. Oa eEetdoovpe eniong To AvTiGTPOPO TPORAN L
okéoaong, Oa AMoovpe v e&iomon Gelfand-Levitan-Marcenko kot Oa mapaydyovpe
tov 1010 Tov F.Dyson yia tnv yevikn Avon g aAdbcoov wg opilovoa tomov Fredholm.
®a amodeiovpe 6T TO AVTIGTPOPO TPOPANA GKESAONG EIval 1IGOOVVOLO e
TPOPANLLO TOPOYOVTOTOMONG AVOAVTIKAOV Tvakwv TOmov Riemann-Hilbert.

®a eoaydyovue T1c facikég Evvoleg g Bewplag mTapayovtomoong Riemann-
Hilbert. TéAog Ba avapepBodpe o acvopntOTiKd TpoPAnpata Kot o sleaydyovpe
™V 10€a ¢ nebdoov steepest descent (LEBodog peyiotng kabddov), ToviCoviag v
aVOAOYIOL LE TNV OVTICTOLYT YPOLLUIKT TEPITTMOT).

Av vrdp&et ypdvoc Ba avapepHolie Kot 6To mEPL0oKO TPOPAN A TG odvcov Toda.
Oa peAeTGOLVE TO AVTIOTOLO PAGHOTIKO TPOPANUa (Stakprto TpOPAnue Sturm-
Liouville) kat Ba deiovpe 6t1 T0 avToTpoPo Pacuatikd TpoPANLa eival 160dVVapo
1e 10 TPOPANUA AvTIGTPOPNS TG anekoviong Abel and pio emedvela Riemann wpog
mv loxoBlovy .

Agv o omonTovVToL EI01KEG YVMGELS Y1 O10pOPIKES EEIGMOELS EKTOG OO TOAD Poctkd
TPAYUOTO Y10 GUVHOEL SLPOPIKEG EEIGMOELS, EVM O YPOLLUIKOT TEAEGTEG TTOV
epnpavifovrol oto TPOPANUL TNG AVTIGTPOPNG OKEDACTC EMLOEXOVTOL AVATAPACTOOT)
¢ wivakes (dmepng PEPata drdoTaonc) Kot cuvendg Ba givar dStoncOntikd md
evmentol. H évvola tov pdopoatog teleotn og yowpo Hilbert Oa opiotel amdd.

Moveg amaitobpeveg Yvaoels: Baoikd mpdypato yio pryodikn avaivor, Td oroio 04
KOAOY® oV XPELOCTEL.

O Babpodc tov pabnuatog Ba Paciotel amokieloTikd og efOopHadI0iES ACKNOEL.

Yropog Kappoong



MAOHMATIKH OEQPIA XOAITONIQN

0. EIXAT'QI'H. XHMAZXIA TQN XOAITONIQN.

H enthvon dapopikdv eElomcemv givar Pactkd mpdfAnpa g podnuotikng
@uokne. Ta puoKd Eatvopeva TEPLYPAPOVTAL OO SLOPOPIKES EEIGDGELC.

Awkpivovpe avdpeca oe «ovvnoelg dtpopikég e€lomoelc (XAE)» kat
«O10POPIKES EEI0MOELS P pepikés Tapaydyovs (MAE)y.

Emiong dtaxpivovpe avapeso oe «ypopIKES SopOopIKES EEIGADGELG KO «UN
YPOUUIKES) O1apopikes elomoels. ['pappkn etvan pio eicmon dtay YpoppuKog
ouvovaopog Aoewv glvar emiong Avon g e€lowong. To TpoPAnua entivong
YPOUUIKAOV EEloMoemV elval og “peydro Babuo” Avpévo. I'o MAE onpovtikd
Brpoata £ywvav to 2° pied tov 20 aidva. O ydpog TV AVGEMV YPOUUIKNAG
eElomong etvar ypopukdg S1oVOGLATIKOG XDPOG KO 1) GTAY] OO TETOIWV YOP®V
k01614 10 TPOPANUE andovotepo. Eniong, To TpdPANHa apykdV TV Yo
ypoppkég eElomoelg eEEMENG (evolution equations) Teivel vo emd€yetal AOOMG
YL GAOVG TOVG XPOVOVG, GE OVTIOESN LE TNV UN YPOUUIKT TEPITTMON OOV
elavopevo blow-up etvor cuvinOn.

H onuoscio tov ypappikov eEiodoemv sivon tepdotia. [ToAAEC Oepeiidoeig
e€lomoelg ™G KAUGIKNG QLOIKNG etvar Ypappukés (m.y. eElomogic Maxwell).
Eniong eElomwoeig mov ekppdlovv «kaboAkdy orvopeva ival cuyva YPoUUKES
(.. xopatikn eicmon, e€lowon didyvong Beppdtrag, e&icmon Laplace).
Emmiéov axdpa kot dtav EYovpe vo LEAETCOVUE i U Ypappikn e&icmon,
etvat TOALEG POPES YPNOLUO VO «YPOUUIKOTOMGOLUEY, dONAAdN va. Bemprcovpe
pio ypoukn tpocéyyion (yopw amd pio Avon).

A6 10 GHVOLO TOV U1 YPOULK®OV EEIGOCEMV, VTTAPYEL EVOL EVOLUPEPOV KoL
OTUOVTIKO DTTOGVVOAO, OTTOV 0 YDPOG TWV AVGEMV OEV EIVAL UEV YPOUUIKOG,

aAAG Exel pio TAODG10 YEWMUETPIKT KO OVOALTIKT OOUN TTOV UG EMTPETEL

Vo A\OGOVUE TOVAYYIGTOV OPIoUEVA EMUEPOVG TTpoPANHaTA. AVTEG elvar ot
AEYOUEVEG «TTANPMS OLOKANPADOGILES EELGMOELG) 1] KEEICMGELS COATOVIMVY.
Yrbpyovv TANPp®G OAOKANPpOGIUES GLVIOELS dlopopikés eEIGADOELS (T.Y. eEI0CWTELS
Painleve), mAfpmg 0OAOKANPOGILO CLGTHHOTA GLVIOOV SLUPOPIKDOV EEICMDCEMY
(1.x. n dvcog Toda) kot TAPOS OALOKANPOGIUES SLOPOPIKES EEICADGELG LE HEPIKEG
mopaydyovg (m.y. eéicmoeic Korteweg-de-Vries, un ypoppikés eElomoeig
Schroedinger ce 1+1 dnotdoeig (Lo x®pov Kot pia xpoévov), Kadomtsev-
Petviashvilli o¢ 2+1 daotdoeig, self-dual Yang-Mills o€ 4 daotdoelg,



KAT.) YThpyouv akOpo Kot «O1aKpttd mApmG OAOKANPOGILO » GUGTHATO (CE
XOpo Kot xpdvo!). Ta mo evolapEPOVTa TPOPALOTO 0POPOVY JVVaUIKG,
OVGTHUATA.

Tt akpiBodg evvoovpe dtav pAdpE Yo «emilvony eElomong; Xtnv KaAdtepn
TEPITTOON EYOVE ATAOVG TOTTOVG Y10 TO GUVOLO TV AvcemV. Avtd cupfaivel
TOAD GTAVINL. XTNV XEPOTEPT TEPITTMOT LITOPOVUE Vo €yyunBode povo vapén
(1 Ko LOVAOIKOTNTA) KATOL®Y OOdEKTMV AVGEMV LE KATOL OPaAOTHTO
(.. ovveyeis, S1POPIoIUES, KAT.) Xe eVOLAUETES TEPIMTOGELS (KATL TTOL
ocuppaivel cuyxvd TV OAOKANPOGIUN TEPITTWOT) UTOPOVLLE Vo fpodpe
mepimAokovg TOToVG (1., opilovoeg dmelpng didotaong tomov Fredholm) iy
va ovaydryoope T Ao o€ va TPOPANUO Pryadtkng avaivong tomov Riemann-
Hilbert. T'ia tpofAnpata opyik®v TIHOV o€ YPOUUIKES EEI0DGELS,
epappolovrag petaoynuatiopovs Fourier kataAyoupe 6e 0OAOKANPOTIKOVS
TOTOVG. OVTMG 1 AALMC TO CNUAVTIKOTEPO TAEOVEKTIO UIAC TETOLOG «EMIAVLONCY
etvarm duVOTOTNTA ACVUTTOTIKNG EKPPAUCNS, E1TE Y10 LEYAAOVG XPOVOVG, E1TE
0TV KATOlo TapApeETpog teivel 6to amelpo. [[lapepummntoviog akodpo Kol otV
TEPIMTOON TOV YPOUUKDV EEIGDOCEMV, AVGELG 08 KAEIGTN LOPPN dEV LITAPYOLY
névto. To TpOPANUE UKTOV TPOPANUATOV OPYIKOV — OPLUK®V TILOV (TEPO oo
epoTAUATO VTAPENG, LOVOIIKOTNTOG KOl OPLOAOTNTOC) «AVONKE» ndvo Tpdseata
(BAéme epyaciec Dokd Kol CLVEPYOTAOV), AVAYETAL O KOl ALTO GE TPOPANLOTA
tomov Riemann-Hilbert.] Avoelg oe popen| oepdg 1 oAoKANpOUATOS Elvat
YPNOUES OYL TOGO O10TL TPOCPEPOVYV KATOLd d1aicOnon 6GOV aPpopd TOLOTIKA
YOPOKTNPLOTIKA TNG AVONG OAAL KLPIwG S10TL TETOLES LOPPES TPOGPEPOVTAL GE
OCLUTTOTIKY OVAALGN 1] € EVKOAO GLUTEPACUATO TEPT OLAAOTNTAG TG AVOT|G.
Onwg Ba dovpe apydtepa ta mpoPfAnpata tomov Riemann-Hilbert emidéyovton
OCLUITTOTIKY] OVAALGT, KO LAAGTO YEVIKEDOVTOG TIC LeBddovg Tov epapuoloviot
KOl GTNV OCVUTTOTIKY avAAVOT) OAOKANpoudtov (steepest descent, PAéne
[DZ], [KMM)]).

H onuoscio Aowmov tov e€lodoemv coMTovioy (OTmG GAAMGTE KOt TOV YPUUUIKOV
e€looemV) £yKertal 6Td OTL AP’ eVOC vl «EMAVGIUESY, AP’ ETEPOV EXOVV
oNUOVTIKEG «kaBoMKESH epapproyéc. Mia peydin katnyopio tov eElodoemv
coMrtoviov etvar kouoatirés. (H ypappkn kopatikn eicwon dev givat n povrn mwov
TEPLYPAPEL KLHOTIKY] 014000T).) Too coAtdvia ivar pev kopato, oAAd £xovv Kot
wWuaitepeg 1016t TEG TOL Bupilovv cwpatida. (I avto dAA®oTE Kot ovopdoTnKoy
«ooMTovioy amd tovg Kruskal xai Zabusky to 1965.) T'a tv axpipeta, stvot
povoyka (solitary) kopara, eviomopéva yopwd (localized in space), kot mov av
GLYKPOLGTOVV, S10TNPOVY TNV LOPPN Kot TV ToryuTNTd Tovs. Emiong (ev avtiféoet
LLE TOL TEPLOCOTEPO. YPOUUIKA KOpaTa) eivor evotadn (stable) mapd v dmapén
dwomopds. (H duomopd avtiotabuiletor amo v un ypappikotra.) [dov Aowrdv
£VOL KOVOUPYL0 QOLVOLEVO TTOV OV KAADTTETOL OO TIG YPOUUUIKES EEI0ADGELG!

Teleltdvovtag auT TV (Kkpn elcaymyn, a&ilel va tovicel Kaveic optopéveg
EQUPUOYEG TMV GOAMTOVI®MV G€ TPOPAN LT TTOV apyIKd @aivoviol TeEAElwg doyeTa.
[owg T0 evTIVT®G10KOTEPO QPOPE TO TPOPAN L TNG KATAVOUNG TV WO0TILAOV



Tuyoimv avtocvluy®V (Kot Oyt Lovo) Tvakmy peyding dtdotaons. (Edd divovue
plo katovopn m.y. Gauss oto ave&dptnrta otoryeio Tov Tivaka.) ATOdEIKVOETAL
OTL VILAPYEL OPLOKT] KATOVOLT] KO OTL OL OPLOKEG GLVOPTNCELS GLGYETIONG
KovOToloOV €€16M0ELG GOMTOVIOV, givat O aVEEAPTNTES TNG APYIKNG KOTOVOUNG
(e@’ 600V Kamoleg cuVONKEG GLUUETPIOG TKOVOTOL0VVTAL). AVTO TO PAVOUEVO
Aéyeton kaboiikotnro, (universality) 6T GTOTIGTIKY UNYOVIKTY).



[. BAYIKEY, EZIXQYEIY KAI IAEEX.

1. O mo Pooixeg EIOMWOE COMTOVIWY:
(o) H e€iowon Korteweg-de-Vries (KdV)

(B) H pn ypouuwxn e&ioworn Schrodinger
i + e & 2|q|*q = 0. (2)

To mpoonuo + avuoTtoyer 6Ty Aeyouevn nepintwon eatwone (focusing) xou
TO TPOONUO — OVTIOTOLEL GTNY TEptnTwon ageoTaone (defocusing).
(Y) H e€iowon Sine-Gordon

Gt — Qoo + sing = 0. (3)
(8) H egiowon Kadomtsev-Petviashvilli
(@ — 64z + Guaz)s + 34y = 0. (4)
(e) H aduoog Toda.
Ep = Yn, Y = 7717 — OO0 (5)

OTIOU 0 BEIXTNG UTOPEL VO TUPEL TEMEPUCUEVO 1) ATELPO APLIUO TLUWY.
(o7) Luvnine Awgopixn E€iowon Painlevé 11

/

g+ (6g—n)g —2g=0. (6)

To evdiagepov pag Yo eotiactel oe mpofAnuata apyixwy Tuwy. Yrode-
TOUYE, YApLy ELXONAG, OTL TaL apytxa dedopeva ¢(x, 0) v tig (o), (B), () xou
oL apyxa dedopeva q(x, y, 0) yiot v (8) avmxouy oty xhaon Schwartz, eve
oL opytxor dedoyueva Yo TV (€) Etvor TETOWL WOTE Yiot UEYAAQ |1

Tp=mn, y,=0. (7)



2. Hapaywyn tne eZlowone Korteweg-de-Vries (KdV). H KdV ¢ e€iowon
HOXEWY UDATIXWY XUUATOY UXPOU TAATOUC.

YUVTETAYUEVES T, 2.

Actpofitho, aouumesTo LYEO (T.).VERO), YWELS LEWOEC.
@ DUVOULXO TOLYUTNTOC.

Ave emgaveia eAeuepn.

Katw emgavewa

¢, =0, z=0. (8)

Eotw hz n xadetn arocTacn ano To adlaTopaxTo EMNEDO, @ TO TAATOG
NG TAAAVTWONG TNG ETUPAVELNS TOU LBATOS, h To adlatapoxto Badog, I Tumxn
xhpoxa opllovTiou unxous, a = a/h, 6 = h/l.

AYKHYH 1. Eotw 2z = 14+ af. Trodetovroc § = O(a?) xou yprnotuo-
TOLWVTOG TO AVATTUYHATA TOANATA®Y XAWUAXGY Yl To ( XU ¢ WG TPOG TNV
WXET) TORAUETEO ¢, Va Beete ot 1) e€lowar KAV ovtwe meprypagel Ty xvnon
Tou (.

Trodeln. Fpagpte mpwta Tig €€ng e&lowoelg:

E&iowon ouveyetag.

Yuveyea xadetng meone otny eheudepn emgavewa (Yuunderte vy e€lowon
Bernoulli- 8ev unopyer emwpaveronn toon).

Kadetn toyutnta couatidiou xeyevou otny eAcudepn empaveta = Koadetn
TOYUTNTA XYNOTE TNG EAELVEPTC EMLPAVELIS.

[ Bondew, xohec avopopes ewvar ta BBt twv Newell [N] xou Drazin-
Johnson [DJ].

o auotnpeg anodeiéelc Brene [SW].



3. Odevov xuya.

Ac¢ daoupe yia huoeig tne (1), e popeng

q(z,t) = f(§), &=x—cl, 9)
omou ¢ > 0 otadepa. H (1) yveto
—cf —6ff + " =0. (10)
Oloxhnpwvovtog
—cf =32+ [ =4, (11)
omou A otadepa. Ilohhamhacialovtag ye f o ohoxhnpwvovtag
1/2(f')? = f° +1/2cf* + Af + B, (12)

onouv A, B otadepec. A¢ unodecoupe Twpa ot
f?f/7f”_>07 £—>:too7 (13)

horyvouue dnhadn yia AUGEL EVTIOTIOUEVES GTO Ywpeo. Tote

(f')? = f22f +o), (14)
apa yroo xode Avon f exoude 2f + ¢ > 0. ORoxANewvoVTaS %L TUAL, EYOUUE
daf
| farsam ==/ (15)
xou avTixaho TwvTtog f = —%sech29 XATUATYOUUE
q(z,t) = f(x —ct) = —%cseclﬂ[%c”%x —ct — x9)], (16)

OTIOL 1] YACT) T €WV GTAVEPA OAOXANPWOTS.

ITAPATHPHYH. Av 10 Tp0o0cTU0 TOU U] YROUUULXOU 0p0oU YIVEL YETIXO0, TOTE
xou 1 Avor) Vot ahAaeL TPOGTUO.

H naponove Auon etvar eva povaryixo xupa (solitary wave). Apyotepa 9o
OLXALOAOYT)COUUE TNV OVOUOGCLA ‘COALTOVIO’ TIOU UTODNAWVEL CWUATIOLINO YApd-

XTNPeA.

AYKHYH 2. Na fpeite evtomoyeva odevovta xupoata yio Tis (B) (nepintw-
on eonaong) (8) xou (g). Bpewte emong odevovta xupata yio Ty (y) ue

f/’f” —)07 €_> ioo? (17)



4. EMNEImTIXeEC CUVOPTNOELS.

Av o1i¢ Topanave eglowaoelg dev Yecoupe A = B = 0 Ya Bpouye yevixote-

PEC AUCEL.
Eotw
F(f) = f3+1/2¢f*+ Af + B. (18)
[Ma v Auon g
1/2(f')? = F(f) (19)

yeetaletar o drepeuvnon g Yeong twv mpaypatixwy plwy fi, fo, f3 e F =
0. Tropyouy 5 TEQNTWOELS: fa, f3 Un mpaypatixe' fi < fo = f3, fi < fa < f3,
hi=fL<fsfi=f=f.

AYKHYH 3. No ytvet ToloTixn avolucT] TV 00EVOVTOY XUUXTWY Yiol xade
W omo T 5 MEpITTwoElS. Ewdixotepa detlte ott otny nepimtwor Tetmhng plag

N AuoT) EWVaL TNG LOPPNS

(20)

AYKHYH 4. Na yivel TocoTixn avahucr TV 0BEUOVIWY XUUXTWY GTNV
yevuun mepimtwon f1 < fo < f3. Aedte ot c = =2(f1 + fo + f3) xau

F&) = fa—= (f2 = fa)en®[(fr — fs)"/22712(€ = &) Im] (21)

onov f(&3) = f3, m = H xou 1 ENenTixn cuvapTtno cn(.|m) opileton JEGW
¢ do

en(vim) = cos(p), v = /0 0 msin?0) 12 (22)

ITAPATHPHXEIX. 1. H toyutnta, 1o oynuo Xou To UNxog TOU XUPATOG
eCUPTWYTAL OO TO TAATOG UECW Wiag ToAuTAoxne oyeonc. [Tpoxertar yior yopa-
XTNEICTIXO U] YROUUIXWY XUUATMYV.

2. Otav m — 1 avanapayeto ) Auon colrtoviou: cn(.Jm) — sech(.). Otav
m — 0 ovamapoyetat evol Ypouuxo xupo: cn(.|m) — cos(.).

AYKHYH 5. Enakndevoate ot ot g(z,t) = %, q(z,t) = % gLVl

entec Avoee e KdV. Wayvovtag Avoeg tng wopyne q(z,t) = —@“1()—2)3 0Tou
n= x(3t)‘1/3 OelgTE OTL 1) g TEETEL VoL cavoTotel Ty e€lowor) Painlevé 11

g +(6g—n)g —2g=0. (23)



5. Yoltovia

AYKHYH 6. Aei&te ont n mapoxatw ewvon Auor g KdV.

d2
0ToU
o & cics
Az, t) = [14+=——exp(—2k1x)|[14+==—cxp(—2kox)]— serp(—2(ki+ks)z),

2k, 2ks (k1 + k)

(25)
omou ot ky > ko Yetixeg otadepeg, xan ¢12(t) = dl,gexp(élkrizt) ue Tic dy, do
emong Yetineg oTadepeg.

Euxola uroroyilel xavelc oTt otay ¢ — 00 TOTE

q(z,t) ~ —2kisech?[kyx — 4kt — x1)] — 2k3sech?[kox — 4kt — 15)]  (26)
xou oty £ — —o0 tote

q(z,t) ~ —2kisech?®[kyx — 4k%t — 1) — 2k3sech®[kox — 4kt —y5)],  (27)

OTOVL 1, T2, Y1, Y2 OTAVEREC.

Me ahha Aoyt 1 g(x,t) exppoaler aAANAETLEPOY BUO UOVOLYIXWY XUULATWY
TOU DWITNEOUY TO OYNUA, TO TAATOG XA TNV TOUYUTNTA TOUG UETX TNV AAANAETI-
dpaon. Troapyet wovo dragopa aors. H cuunepipopa auvtrn Juulel ocwyatidia,
€€ ou xot 0 opog ‘cohtovia’ (Kruskal-Zabusky 1965, [KZ]). Eva akkho otot-
YELO TIOU EVIOYUEL QUTY) TNV OWUTLOLoNT EpUNVELD Etvar 1) euotadeta (stability)
TV coMTOVIOY. Eve AUcE YEVIXNG YROUUIXNG XUUATIXNG EELOMWOTNG TEVOLY
va dwomapouy, oty mepmtwon e KdV n un ypauuxotnta avtiotadwle
TNV BLIOTIOPOL YE OMOTEAEGUA TNV UTAPEN AUTWY TwV euo Tadwy xugatwy (BAene
ETOUEVT] TORAYPAPO).

O DovUE apYOTERA OTL UTaPYEL YEVIXOTEPA Wat AuoT Tng KdV nou exgpa-
Cet adknhendpoon N ( yia onolovdnmote Quoxo N) UOVOYIXGDY XUPOTOY TOU
EMOTNC DLATNEOUY TO GYNUA, TO TAATOS XAk TNV TAYUTNTO TOUS UETA TNV AAANAE-
mdpact. Eyoupe Aotmov wiot xugotixn Auon U Yeouuxng eElomaong ToU UTOoREL
VoL EPUNVEVTEL ¢ OAANAETLOPUOT, CWUATIOWWY!
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6. Aomopa

A¢ mpoomadnCoUUE Vo AVIAUCOUUE EEYWEICTA TNV ONUACLY TWY DIPORETI-
xwv opwy tne KdV

A¢ Yewpnooupe mpmTa TNV YeaUwxT EELOWOT

UE opytxol DEDOUEVAL
q(z,0) = qo(x). (30)

Trodetovtag, my. 0Tl Ta apywa dedoueva avnxouy otny xhaor Schwartz,
UTOPOUUE Va TOPOUUE UETaoY Nuatiopoug Fourier. Eyoupe

a(€.1) = [ ol t)de. (31)
X0l CUVETWS
Avvovtog Ty cuvnin dapoptxr eELOWOT XATAANYOUUE

Q(&,t) = 4(&,0)e € (33)

xou TEAOG €QapuolovTag ToV aVTIoTPoYo UeTacynuatiopo Fourier, eyouye

ale,t) = [ (€, 00 < e, (34)

O tumog autog pag Aeel ot i Avon g yeauuxne KdV ewvan cuvldeorn anhwy
nutovoedwy xupatwy. Ilapatnpouue ouwe oTl unapyet diaomopa Aoyw TNng
OYEONG CUYVOTNTAC - UNXOUSC XUUATOC

w(§) = —¢". (35)

AUTO OTUOLVEL OTL X0 0LV AXOUOL OPYLCOUUE UE ATAN apytxa BEDOUEVA 0TS Secha
auta Yo dtaomapouy!



7. Mn ypopuxotnto.
A¢ Yewpnooupe twpa TNV un Yeouuwxn e€ioworn Burgers-Hopf
@ — 69g, = 0, (36)

TOAL UE apY(1X0L DEDOUEVL
q(z,0) = qo(x). (37)

H e&iowon autn Auvetar ye tny uedodo twv yopaxtnelotixwy tou Riemann.

AYKHYH 7. Avoate v e€lowor Burgers-Hopf ye v pyedodo twv yapa-
xnptotixwy. Ae&te ot dev unapyel xAaootxn Auon yia xade yeovo t. (Ymog-
YEL opwe acVevng Auon!)

Epurnvevoupe ta tagamove g eéng. O YRouuog 0p0g TEWVEL Vo DLUCTELQEL
TO XU EVEW O U1} YPAUUIXOG 0p0G GUVTEWVEL GTNY aUENOT TG TORUYWYOU TNG
Avone xau oty dnuiovpyla woTixwy xupatey (shock waves). O ypouuixog
0p0¢ UETELACEL TNV U1 YROUUULXOTNTA XAl TO TEALXO AMOTEAECUN EVOL 1) UTOEEN
evoc evoTodouc GoAlToviou!



II. H AATYXO0YX TODA
1. E¢wowoeg Toda xou petafinteg Flaschka

Eotw ocuotnua cwpatidiwy ong walag totovetnuevwy ot evdeta. Eotw x,

7 ATOCTAGT, TOV N-0CTOU CWUATIOIOU U0 EVA GTAVEQO ONUEID XAL Yy 1) TOLYL-

TNTA TOU N-00T0L owpaTdoL. Trovetouye 0Tl 08 xoe CWUATION ACHOUVTL

DUVAUELS LOVO OO TOL DUO YELTOVIXO CWUATIONL, Ol OTOLEG EVOL ATWO TIXES XKoL

exdetixeg. Eyoupe, ye odda Aoyia, eva cuctnua cuviey dlagopixwy eflow-
OEWV.

Ty = Yp, Yp = n717%n — fn7Tntt (1)

Av o dewxtng n manpvel tenepacpevo apriuo Twwy n = 1,..., N, onou N doope-
YOG (QUOIXOGC, EYOUUE ULl TEREQACUEVY) ahLC0. AV VECOLUE Ty = —00, Tn41 =
00 TOTE €YOUPE Wa eEAeudepn TEnepacuevy) ahuco. Emone unopouye va Yewpn-
OOUUE TNV ATELRT AAUGO OTIOL —00 < 1 < 00. AXOUO UTIAPYEL KO 1) TEPLODLXT
AAUCOG OOV Ty, = TN YO XATOLOV QUGLXO N.

Me ahha Aoyt T0 €V A0y DUVOULXO GUG TN UTOPEL VO EYEL TETEQAUCUEVT]
7 amelen oo taor. H ahucog Toda ewvon poiotor XautAToViovo GUG TN OTOL
N XoAtoviavr etvan

1
H = Sy (e 4 o) 2)
OeToLYE TLEA
L (ontonin)/2
an = e nTEAE D by = =y /2. (3)

Or veeg YetaffAnTeS ay, by, ewvan yvwotee w¢ petoBAntee tou Flaschka. ¢
mpog Ti¢ yetaBAntec Tou Flaschka n aAucoc Toda ypapeton

an = Q(bazz - bazz—l)a bn = bn(an—i-l - an)‘ (4)



2. To Cevyog Lax.
Evalhaxtixog tponog exgpaorg g ahucou Toda, uecw tpdaywviwy te-
Aeotwy. Ta v anepn akuoo,

L =[L,B(L)] = B(L)L — LB(L), (5)

onou L xou B(L) tpbiarywvior TeAectec otov yweo Hilbert I?(—o0, 00) teT0101
wote, av f € [2(—o0, 00) ToOTE

(Lf)n = an—lfn—l + bnfn + a'nfn—i—la (6)

nol
(Bf)n = a’n—lfn—l - anfn—i—l- (7)

Eav unodeocoupe ot ta ay, b, evou gpoypeva (tov n yetoafadhouevou) ToTe
ewvoL TeoQaveg oTL ot L, B ewvan gpayuevol telecteg. Auto oyuel, Ty, 0Ty
TEQLTTWOT) TOL ECETALOVUE GTO ETOUEVO XEPAANLO.

Y1y TepnTwo g eEAeudepng ahucou ot L xou B(L) gwvou amha TELOLAY WVIOL
TUVOXES TENEQPACUEVYG SaoTaong (BAhene mopaypapo 4 mapaxatw). [duto evo
IOWE XUAO VO PAVTACTEL XAVELS TOUS TUQATOVEL TEAEGTEG GTOV l2(—oo, 00) ¢
TELOLOY WVIOUS TIVUXES ATELRTC Dlo TAOTC.

Yty meplodixn tepintwon ou L xou B (L) ewvou ETLONG TUVAXES TENEQUCUEVTS
DlC TAONG, ARG Oyt TEWYWVIOL. Y€ OYEST U TNV eAculdepn ahuco uTapyEL
wa Stapopa: To oTotyewa o Yeoeg (1, V) xar (N, 1) tou L ewvar ay vt yio
0 xou T otoyew ot Yeoee (1, N) xou (N, 1) tou B(L) ewon an o —ay
AVTIO TOLY L.

O L ewvou ouguetpog mvaxas (o€ menepaopevy dwotaon) n autooulu-
Yne teheotne (oe ameien daotaoy). O B(L) evon avTIGUUUETPIXOS TVOXOC 1)
avtiawtoouluyng teAectng. Ot L xou B anotelouv o Aeyopevo (euyog Lax.

Mt evtunwotlonn anoppotd NG EXPEACTS TNG AAUCOU UECK Tou (Euyoug
Lax etvar 1) Slatnenom Tou Qaouatog.



OEQPHMA II.1. Eotw L GUUUETEIXOG TEIDIYWVIOG TVAXAS TEREPACHUEVNG
OlC TACTC IOV LXAVOTIOLEL TNV

dL

— =BL—-LB 8
= , Q
ue B = —BT. Tote n efeh&n tou L ewvan toogaopatixn. Me ohha Aoyt t0
ooy Tou L oe ypovo t evar oo pe To gaoua tou L oe ypovo 0. Emong 7
eZeMEr 1BLOBLAVUCUATOS DIVETOL ATO TNV

do(t)
T B(t)o(t). 9)

AIIOAEI=H.
Opwouye tov mvaxa U wg Auon tng YAE

dU
— = BU 1
dt ’ (10)

ue apywa dedoyeva U(0) = I. Ano tnv Vewpta umapéng xon LovadixotnTag
Auone XAE eneton ot 0 U ewvan xada oployevoc. Emiong opilouye tov mivaxa

G peow g

dG
-~ — _GB 11
e apytxa dedopeva G(0) = I. Koadwe enetar euxoha ot
d(GU)
= 12
-0 o, (12)

e apyxa dedopeva GU(0) = I, eyoupe ot G = U~! yia xade t. Euxola
AATAATYOUUE

dU-LU

dt

Apa o UTTLU ewvar otadepoc xan dntooc pe (U1LU)(t = 0) = L(t = 0). Apa

0. (13)

L(t) = U@)LO)U®#)". (14)
[Hopatnpouye €dw ot o mvaxac U ewvar opBoywviog. Ovine, eyouue

d T
% =-U"B, (15)

UE apytxa DEdOUEVA UT(O) = I, ouvvenwe, TaAl ano TNV Yewpta uTaEENg o
wovadixotntag huone LAE eneton ott G = UL apa UUT = Iy xade ¢. |
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Eneton euxoha ot ot Wotiues tou L(t) dratnpouvTa xadwe

= det(U(t))det(\I — L(0))det(U~'(t)) = det(A\I — L(0)).

Eotw twpa ¢(t) odavucya mou avtiotoryel otny Wotun A(t). Apa

YUVETWC

Amo v (15) eyoupe

L#)U(#)¢(0) = U(t)L(0)p(0) = U)A(0)¢(0) = A0)U ()$(0) = A(H)U (t)(aﬁ((;)-

20
Yuyxpwovtag pe v (19) xou enedn ot otiues tou L(t) ewvan poveg (euxoln
AOXNOY)) CUUTEQOUVOUUE OTL

8(t) = U(16(0), (21)
opar Topary wYLLovTag Xou yenotonotwytag Ty (11) xotadnyouue ot

do(t

W0 _ Byo). (22)

3. ITAnerng ohoxAnpwaoipotnTa.

O Brottpeg A(t) ewvan Avoeig tng det(L— A1) = 0, Snhadrn EVOg TOALWYLUOU
UE OUVTEAEOTEC TOAUWYUUO GTA Ay, by. Emeton 1 umopén N TOALGVUUXGWY
DLALTNENTWY TOCOTNTWY.

Euxola enakndever xaverg ot

L¥ = [L*, B(L*)] = B(L*)L* — LFB(L*), (23)

v xade k = 1,2,3,.... Eneton ot xou o1 omipeg tou LF OLLTNEOUVTOL X
ouvenws ot tocotnreg tr(LF) dratnpouvron.
Ewo yvwoto ot ot tr(Lk), k=1,2,3,...,N evou aveCoptnies. Emorng

AYKHYH 8

(o) Aeigte ott 1 cuvohxn opun by, toovtar ue 2XN,,.
(B) Aelte o1t 1 ouvohixy evepyeta S(e™ 1 4 2y2) 1couTon pe 282
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OEQOPHMA IL.2. O [}, = tr(LF), k = 1,2,3,..., N evor oe evelily), dn-

Aadn wavonowuy )y oyeon {1, [;} =0, k,j,=1,2,3,..., N onov {4, B} =

(%% - %%). Enone ot Sapopixes popyes dIj evon ypoppixo avelop-
mtec oe xade onuelo (an, by).

AIIOAEIZH. Ankn enakndevon.

H ornuacia tou nopanave Yewpnuatog eYxertoat 6To 0Tt xoe XoAToviavo
ouoTnpa dtaoTaong 2N TETOL0 WO TE VAL UTAQRYOLY DLUTNPOUUEVES TOCOTNTES UE
TIC TOPATIOV® LOLOTNTEG EWVAL TANPWS OAOXANEWGOYO’, dNAadY umopet vor Audet
ue ohoxAnpwuata. Auto ewvar o Yewpnua twv Liouville-Arnold, Biene [A],
oelN.272.

Ilo cuyxexpweva, av

M={(a,b): Iy(a,b)=jr, k=1,...N, an>0b,€R} (24)

xou ov dI}, ewvon ypouuxa avelaptnteg o€ xade onpeto tou M, tote T0 M evou
Agto. TOAAATAOTN T, AUETHBANTY w¢ Tpog TNy por Toda. Av emiong to M ewvou
OUUTILYES X0l GUVEXTIXO (0w ELVOL) TOTE ELVOL TOPOC

™ = {(®*, 02, ..., @V )mod(2)}. (25)
ITave ctov TN EXOU}.LE ‘ET]V O‘XESOV TEEpLOBL}{T] ){LVT]OY].
d®/dt = Q(I,, I, ..., I,). (26)

Ot I;;, D% Bev etvau OUUTAEXTIXEC CUVTETAYUEVES, 0AAa uTtapyouy Fy, = Fi (1, ..., Iy)
TeToll WoTE ot Fy, ®F k = 1,...., N, vo evou oupmhextixeg ouvtetaypeves. O
uetaoynuatiopog (ak, br) — (I, ®*) ewvou xavovixoc.

To Yewpnua twv Liouville-Arnold npoogepetl evav Eexadapo opioyo tng
EVVOLUG TNG TATIPOUS OAOXATPWOWOTNTAS Yiot XAUIATOVIAVY GUC TNUATY TETEQX-
OUEVNG DO TAOYG. LTNV TEPITTWOY TNG ATELENG Olo TAOTC TETOLOG (n aAhoC)
QUG TNROS 0PICHOG TNG TANEOUS OAoXATPLwGLOTATAS OV UTaEYEL. Now uev eyet
XOVELS OUY VAL ATELRO dpldUo DATNPOUPEVKY GUVAPTNOE®Y TOU VA LXAVOTIOLOUY
napopow oyeon {A, B} = 0 olha auto Sev CUVETAYETOL TOVTOL UTOPEY UETO-
BANTWY DpaoNC-YWVIAG.



4. Avon tne eheudepne akuoou (Moser, 1975).

To Yewpnua twv Liouville-Arnold yag eyyvarton Tnv unapén Auorg Tng eAcu-
Yepng alucou odha Bev Ty xataoxevalel. Oa deiouue edw mwg o Jirgen
Moser avnynaye 1o mpoPinua Auong tng eleudepng aducou 6” eva ToBAnUA
mou eluce o Stieltjes To 1894, ntol TNy avaywyn avanTtuing eNTNS CUVARTNONG
UE UEQWXO XAACUITA O AVUTTUEY) UE CUVEYOUEVO XAACUATOL.

Eyouue v ahuoo
Tp = Yp, Yo =€ — eI (27)

xou YeTOVNE
Tg = —00, TNit1 = 00, (28)

Yo xamoov guotxo aprduo N. Apa eyouue

ag = anN = O, bo == bN—i—l =0 (29)

xou 0 TeEAecTNg L etvan mvaxag dactaong NN.
H npwtn oepa twv e€loncewy (6) yoapetor avahuTio »wg

arf} +0ufj = N, (30)

OTOU \; EWVaL WOOTIUTY TOV TEAECGTN L o f; €Vl TO AVTIOTOLYO LOLODLVUGUOL.
Emong, aro v (9),

fjl = _alff- (31)

Awheyovtag ta Wodavuopata f; ue vopua 1 xou enedn anotehouy opdo-
AAVOVIXO GUGTYUOL EYOUUE

D R N (32)

Ano v (30) xataknyoupe

250 (f;)? = br. (33)
Hapatnpwviag ot
Cn( =0 (34)
ano Tic (31) xou (32) eyoupe
fi == =N (35)



Avvovtag TNy mopanave EYOUYE

oy = U= 0
(f]) (t) = Zl(fll)z(t _ O)e‘”‘lt‘

(36)

Ou del&ouye oTL 1] ATELXOVION

A {a17a27 "‘7aN—17b17b27 7bN} - {Alu)‘Qu ”'7>\N7f117f217 "‘7f]{7—1} (37)

ELVOL QPLLOVOOTUOVTY XorTaoxevaloviag TNy avitotpogn anewxovion) A1 (Tlo-
patneouye edw ot xadwe ;| f7(t)]* = 1 n mpwtn cuvtatayuevn Tou fi eop-
TATOL OO TIG TEWTEG CUVTATAYUEVES TV dhhwy N — 1 L&o&owucpocmw.) Y-
UELWYOUPE E0w 0Tt ot A, A7 Etvor Tal AVTIOTOL(OL TWV ATEIXOVIOEWY OXEDAONG
X0l AVTIOTPOYNS oxedaong Yo TNV eheudepn ahuco (BA.xeg.3).

Eyovtag Auoel 10 mpoPAnua avtiotpopne tou A xat eyovtag un’ o Ty
e€eMln v {1, Ao, oo, AN, f1 f2s oy A1}y ME ahhat hoYtol TV Btatnenon Ty
oty Aj xo toug turoug (36) v j = 1,..., N — 1, 9o eyoupe huoel xou
Vv ekevdepn ahuco Toda.

Ano v (6) eyouue
Lfy = Mefrey, (L—=X)fi = (Mg — A) fr (38)
Optlovtag Tov avaivovta
R\ = (L—-XD)! (39)
Yoo A # Ay €Y0OUUE '
Mo — A

OpwWovtag v ouvaptnon F(A) og tny cuvtetayuevn Ry Tou mvaxa R eyouue

Rfi = fe. (40)

2
r
F\) =Y, —%k 41

onou 1y, = fi. Hawpvovtag |A| — 0o xou ouyxpwvovtag pe v (39) xotahnyouyue
Yeri = 1. (42)

Eotww Ay = det(L — M) xat Ay_p11 1 0ptlouca T0U EAIGCOVOS TVOXOL
TOU XOTOGXEVALETOL OO TNV DYpopy) TV TOTWY 1 — 1 GEp®V Xt GTHAWY
Tou R. Eyoupue

Ay = (b — NAx_1 — aiAx_, (43)
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XL YEVIXOTERW
AN—n—l—l = (bn - )\)AN—n - aiAN_n_l, n = 1, 2, (44)

Oplovtac A1 =0, Ay =1, n mapanavew oyeom loyvel peyet n = N.
Eotw twpa E, Z Ta davuopata ue N GUVTETAYUEVES

| — kfkfk7 | — k)\k_>\ ( 5)

Hpogavee £ = 0y xou RE = Z, apo (L — M) Z = E. Koto GUVTETAYUEVEC,

(b = AN)Z1+ a1 Zy =1, (46)
a1Z1 + (bg — )\)Zg + OéQZg = O, (47)
aN_14n-1+ (bN - )\)ZN =0, (48)

Auvovtag To cUCTNUA Yol Z1 X0 TUPATNEWYTAS OTL 1) 0pt{oVCA TWY CUVTE-
Aectwy tou ZX ewvon ) Ay xaw ot Z; = F, eyouye

Ay

F(\) =7, As (49)
Hogopowa ano v (43) eyouue
AN CL%
=b—A— x— 50
Ay w1 0)
xou amo v (44)
AN_ns1 a?
—— =b,— A — e 1
AN-n Aﬁﬁ;il o

Kataknyoupe otnyv axohoudr avantuén tne F' o€ cuveyouEVa XhaouaTd

L (52)

F()\) =
b~ A — i

A

~ N (53)




Eyouye Aotmov Buo avanapaotacels yio v ouvaptnon F'(A): v (41) ue
wepxar xhoopota xou TV (52) pe ouveyoueva xhaopata. To mpoPinua pog
ELVOIL VO EXPPACOVUE TIC TOQUUETOOUS G TNV OVAUTUQAC TOOT) UE GUVEYOUEVA XA0-
OUOTO UECW TWV TOQAUUETPWY TOU EUQUVILOVTAL OTNY OVATUQAC TUOY) UE UEQIXA
AxAACUUTAL.

To mpofAnua auto eyel Audet ano tov Stieltjes To 1894. Aev mapouctalouye
T Aentopepeieg e emAvong (BAene my. [T] oeAl.159-165), mopa povo tov
telxo Tuno. Eyouue, yian > 1,

a2 _ detC’n_ldetCnH
N=n detC,,

(54)

omou C), evar 0 Tvaxag NACTAGNG 1 — 1 UE GUVTETAYPEVES CY = ¢iy;j-1 OTOU
ou otadepeg ¢; opllovtan amo TV ogpa Laurent tng F', dnhadn

Cj

F(\) = zzj(—1)jF

(55)

ITAPATHPHYH. Evahhaxtixn Avon tng ehevdepne advoou Toda moapou-
otoletar 010 apdpo  [Sy], OmOU TO TEOBANUO AVOYETAL OTO XAAOIXO TEOBANUNL
TOPOYOVTOTOLNOTS AVTIC TOETTOU VXA WS YIVOUEVO 0000YWVIOU XAl XATW TEL-
YWVIXOU TVAXOL.



III. H AIIEIPH AATY0YX TODA. TO ANTIXTPO®O I[TPOBAHMA
YKEAAYHY. ( INVERSE SCATTERING PROBLEM).

1. H ameipn oduoog Toda.
Ocwpouye T0 cuvotnua YAE
Tp = Yn, Yp =€ — eI (1)

OTOL 0 DEWTNG T TOUEVEL ATELRO APIIUO TYW®Y —00 < n < 00.
To ev Aoyw XowAtoviavo duvauxo cuctrua eyel aneer dotaor. H Xo-
WATOVIAVY] EWVOL 1)

1
H =%, (e" %+t 4 §yi). (2)
Ov petoPAnteg tou Flaschka oplovtar wg

H ahvooc Toda ypageTo
an = an(bn-H - bn)a bn = 2(0%21 - ai—l)' (4)

Emong eyouue

L= (L. B(L)] = B)L - LB(L), 6
onou L xou B(L) tpaywvior Tehecteg oTtov ywpeo Hilbert 12(—o00, 00) teT010
wote, av f € [2(—00,0) toTE

(Lf)n - an—lfn—l + bnfn + anfn—l—l; (Bf>n - an—lfn—l - anfn—i—l- (6)

Hapatnpouye ot o L ewvon cuUUETEXOG xat 0 B avTIoUUUETEWOG.
To evdgepoy pag Ya ecTiacVel 610 TEOPANUAT ApYIxwY TwY. Yrode-
TOUUE OTL TOL OPYIX0L DESOUEVOL EWVOL TETOLX WO TE YIoL UEYOAAL |1

1
-, b, =0.
5 =0 ©

Ay =



2.®aopa. Idwotiyec.

OPIZMOX IIL.1. Av urapyouv A xou f € [ tetowa wote Lf = \f, heye
oTt N A ewvau wioTn xou 1 f ewvon wiocuvaptnon tou L. H anodelrn tou
TPOTYOUUEVOU XEPAANOU EREXTEVETOL XU O TNV TEQITTWOT Hag. Eyouue Aotmov

O©EQPHMA III.1. Ot wotyeg Tou L datnpouvta.
Oa BWCOUYE ULol DIAPOPETIXY) ATOBELEY) APYOTERAL.

OPIZMOX IIL.2. Av vropyouv A xat f € [®\[? tetor wote Lf = \f, heye
OTL 1) A EWVOL YEVIXEUUEVTY WDIOTT X0 OTL 1) f ELVOL YEVIXEUUEVY) LBLOCUVAPTNOT)
(n ouvaptnon Jost) tou L.

OPIXMOX IIL.3. H evworn 1wV CUVOA®Y TV IDIOTWY XAl TRV YEVIXEUUE-
VOV IO0TWY AEYETAL Qoo Tou L.

AYKHYH 9. To gacpa tou L eivon mparygotixo.

ITAPATHPHYH. O moapev 0plogog Bev EVOL 0 YEVIXOG OPIOUOS TOU (PUCHO-
T0¢ TEAEC TN Etvan opwg mo amhog, mo uyenoTog xon ETAEXTS Yo T0 TeoBAnua
pog. ot evay o YEVIXO 0PIGUO TOU QUCUATOS U1 QEAYUEVWY TEAECTWY PAETE
70 B30 twv Reed-Simon [RS], Kegahoto 7. Ltnv TepITeo pog opes ot 8uo
0QLOUOL BIVOUV TO 1DI0 ATOTEAECUAL.

H eliowon Lf = Af ewvar eva 6uGTPA YRUUUX®Y EEICHOOEMY DLOPORMY
deutepne TagNe. Apo UTAEYOUY BUO YEAUUUIXA AVEEUOTNTES AUCELS.
Mo xade n

((L - )\I)f)n = an—lfn—l + (bn - A)fn + anfn—i—l = 0. (8)

Ac apylooupe TV avoluon i ueyoda n. Tropyer N TeT0l0 0oTE Yo |[n| >
N, a,=1/2, b, =0. Eyouue

fn—l - 2>\fn + fn-i—l = 0. (9)

Apal 0 aouuntwTiXn wopen Ty f, otav |n| > N ewvo

fo=C()z*", (10)
omou 2\ = (z + z7'). Ac doheZoupe Ty meptntwon f, = C(t)z". Ano tnv
oMY Uepta, Aoyw tou Oewpnuatog 111,

df, 1
% = i(fn—l - fn+1)> (11)

apa C(t) = cexp(—iwt) omov ¢ otadepa xat 2iw = (z — z71). Ac mapouye
c=1



Av evdiogpepopaote yioo gpayueves f a mpener eite |z| = 1, omote —1 <
A< 1xu A= cosk,0 <k <7, ada xw w = sink,0 < k < 7, otny onota
TEQITTWOT 1] A VL EWVOL YEVIXEUUEVT] LOLOTLUY).

H oo bea etvar ¢ e€ng. Apytloude Ty avaAuor Tne f yia MEYOAA 7 o
%01t OVUE WS oLVEYLLETAL EWG 0TOU N — —00. Me aAha hoyia e€etalouye TN
OXEDACY) TNG f TOU OYELNETAL OTA @y, by. AVTIOTOLYOL UTOPOUYE VOL APYICOUUE
TNV OVAAUOT TNG [ Yol HEYOAD — 72 X0 VOL XOLTAEOUUE TG GUVEYILETAL EGG OTOU
n — o0o. Enewdn 10 cuotnua Yog evon DEUTERNS TALNS, UTAEEOUY TTAvVTd UOVOo
dvo Wocuvaptnoes. Ewvar mpogaveg ot xade tun A, tetota wote —1 <A <1
ELVOL YEVIXEUUEVT] IDIOTIUY YL OUTO X0 TO GUYOAO TV YEVIXEUUEV®V LOLOTLUWY
AEYETAUL CUVEYEC QOoUA. AVTIUETA TO CUVORO TMV IBLOTIUMY ELVAL DLOXQELTO Ko
HOALOTOL TEMEQUOUEVO, OTWS Vol DOUUE APYOTEQA, TO ATOXAAOUUE OE DLoXELTO
(POCUOL.

Eotww oty A = Ay nmou avtiotoyer oe 2 = 2z e |z| < 1. Tote
fn = exp(Bt)2t, 2\ = (z1 + 27", 28 = (21 + 21'). Ev yever, otay
n — —o0 N f, Ya evou YPuUUIxog cuYBUACUOS TwY 27 xar z; . Evdeyoueva
OUMG UTIAPYOLY IDIUTERES TWWES TOU 21 YL TIC OTIOIEG CUVTEAEGTNG TOU 27" €tval
0. Tote meTUyUVOUUE WIOTY).

A¢ E0TINOOUUE TWPA TNV TEOCOYT UAS GTNY Ypovixy oTiyurn 0.

OEQPHMA 1II.2. Otav ¢t = 0 eyouye

fn(z) = Eﬁan(n, m)zm’ (12)

omov o nupnvoc K (n, m) ewvor aveEaptnTog ToU 2 oAAd EEUPTOTOL OO TA Gy, by,
Enone n ouvapmon f,(2) ewar avodutixn oto cuvoro C\{0}, pe moho oo 0.

AIIOAEIZH. Ilpogaves 1 (12) wyver vy geyora n. Oviwe K(n,m) =0
otay m # n. Ano v (8) (emarywyixa) EWvaL TEOYUVES OTL UTOPOUUE VoL EXPE0L-
ooude TNV fr_1(2) Bedopevey v f,,(2), fur1(z). Oocov agopa TNy avoluTi-
XOTNTO, TOPATNEOVUE OTL 1 f(2) Evon Yvopevo moAuwyupou xat (EVOEyopeva
ocpw]uxng) duvaung tou z. OEA

Optoaue 10 K (n, m) SeBoUeEVeDY TV ay, b,. Avtiotpoga dedopevou K (n, m)
UTOPOUUE VOL OVOXOTOOXEVAGOVUE TAL Uy, by

Aro g (12) xon (8), OUYXEVOVTAC TOUG CUVTENESTEG TV 2™ 1, 2™, 2T L.
€)Y OUUE

a1 K(n—1,n—1)=3K(n,n)

an_1K(n—1,n) +b,K(n,n) = 1K (n,n+1)

a1 K(n—1,n+1)+a,K(n+1,n+1)+b,K(n,n+1) = 3[K(n,n) +
K(n,n+ 2)] xhn.

Ao 1i¢ Buo TPWTES EEIOWOELS EYOUUE

OEQPHMA III.3.

_ Kn+1,n+1)

K(n,n+1) K(n—1,n)
n = 2k(n,n)

by = - .
2k(n,n) 2k(n—1,n—1)

(13)
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3. Mxedaon

Eyoupe duo ypopuixa aveZaptnte Auoelc tne (8), tic fr(2) xan fr(z71) Tou
0PIOTIXAY OO TNV GUUTERLPOPA fr(2) = 2" xan f,,(271) = 27" yio peyoha n.

Iapoyota eyoupe BUO BLAPOPETIXES YRUUULXA AVEEAPTNTES AUCELS TNG (8),
TS gn(2) %o g,(271) mou opioTixay amo TNV cuUTEPLPOpPA gy (z) = 2" xou
gn(z71) = 27" v peyaha —n.

Avoryxaotixa ot g, (2) xou g, (27 1) Yo etvou ypoppixor suvduacpol TV f,(2)
xou fr(271). Optloupe hotmov Toug ouviehestec oxedaore a(z) xa 3(z) wg

e&rne:

gn(2) = a(2) fu(z71) + B(2) fu(2) (14)
[apopora
gn(z7Y) = alz") ful2) + Bz fu(z7) (15)
Enong opiloupe toug a(z) o B(2) ¢ e&ne:
fu(2) = a(2)gn(z71) + B(2)gn(2), (16)
GUVETIWC
fa(z7h) = a(z7Hga(2) + Bz Hga (7). (17)

a(z)a(z"t) + 8(2)B(z) =1
a(z)B(z7") + B(z)a(z) =0
a(z)a(z7h) + BB =1
Bl2)a(z7) + B(z"Ha(z7) =0
a(2)a(z7!) + B(2)B(2) = 1
0(2)B(z71) + B(z)a(z) =0
1(z7a(z) + B(z71)B(z7!) =0
(z71)B(2) + Bz Ha(z7) =0

a(z) =a(z), Bz)=-B(z")
a(z)a(z"h) =1+ 0(z)B(z™h)

[IPOTAXH T |z| = 1 gyovye |a(2)|> =1+ |B(2) %
OPIEMOI Yuvrtekeotng petadoorg T'(z) = =

a(z)”
Yuvteheotng avaxhoone R(z) = 58

Yuvenwe [T(2)]? + |R(2)|> = 1.
Avtiotpoga umopoupe va UToAoYIooupE Toug T, R UEcw TV WI00uVapTN-
OEWV fr, gn- Eyouue oviwe ott

(18)



Wn(z> = fn(z_l)fn—i-l(z) - fn(z)fn—i-l(z_l) (19)

ewvan eva ewdog draxpltng Bpovoxiavng.
Euxoha mapatnpet xavelg ot

W, (2)an, = Wy_1(2)an_1 (20)

xou ovvenwe W, = an/a,Wy. Otav 10 N ewon yeyoho, eyovye Wi (z) =
z— 2z a, = 1/2. Apa

Wy(z) = 0. (21)
Ano v (19) cuunepouvouye ot
0(2) = 2 (002 foi1(2) — gnis ()1 (2). (22)

Eneton aqueowg ot

OEQPHMA II1.4. H a(z) evor avaluTixn 0Tov XAEIGTO dovadiono Bioxo
EXTOC OO TUYOV TOAOUC GTal onueta £1. Yuvenwe 10 ouvolo Ty pllevy TNng
a(z) oTOV AVOIXTO HOVADILO BLOXO ELVOL TENEPUCUEVO.

Eotww {21, 22, 23, ..., 2n } T0 cLVOAO TV plwY TN (%) OTOV AVOIXTO UOVA-
otano doxo. Eyouue autopata

In(25) = B(25) fn(z;). (23)

Apa ot ouvapTNoES gn(25), fu(z;) @Ovouy xar otay n — 0o ahha xat OTaY
n — —oo. Edixotepa, avnxouy otov yweo Hilbert [2. Me odha hoyta

OEQPHMA IIL5. O nocotreg A; = 1/2(z; + z; ') ewvon Wotyeg tou L
X0 Ol AVTICTOWES Gn, fr EWVAL LOLOGUVOQTNOELS.

OEQPHMA II1.6. To gaocpa tou L amoteAeitar amo Tig WIOTWES X0t TO
ouveyeg gaopa [—1, 1]. Ovavtiotowyes f, gn Yo 2 € [—1, 1] Aeyovtan yevixeu-
UEVES LDIOCUVIPTNOELS 1) tdlocuvapTnoelg Jost.

YXOAIO. H gbvovoa ouuneptpopa tou “Suvauixou’ (an, b,) odnyet oty
UEELXT AVOAUTIXOTNTO TV CUVTEAECTWY oxedaons. Autn n ocuvdeon Yuuwlel
ta Yewpnuata  Paley-Wiener yio tov petaoynuatiouo Fourier. ©a doupe
OQYOTEQA OTL O UETACYNUATIONOG OXEDAoNG ToulEL EVOL PORO AVTIGTOLYO TOU
uetaoynuatiopou Fourier o1 mANpwe oAoxAnpeoyles e€IOWOELES.



4. Yrodepeg xavOVIXOTOMNOTS.

To dedoyeva GXEDACTG ATOTEAOUVTAUL ATO:

TOV GUVTEAEGTY] AVOXAACTNC

TOV GUVTEAEGTY] METADOGTG

T WoTwes A; (n o 2;5)

TIC OTAUEPES XAVOVIXOTIOWNOTNS ¢; TOU OPILOVTOL TUPAXATE.
Kavovixonowupe 1i¢ ¢, (2;), fn(2;) wc €€nc. Eotw

Cn(25) = ngn(z;) = 1B(2;) fn(25), (24)
OTIOU TO (i EYEL EMAEYEL ETOL WOTE
SnlCn(z))* = 1. (25)

Or otadepeg
¢ = pb(z) (26)

Aeyovton oTaepeS XavovixoTotnong (norming constants).
OEQPHMA III.7. H cuuneptpopa tou cuvteAeotn yetadoone 1'(z) =
YUP®W OTO TOUG TOAOUG z; OWOETAL ATO

2
1 2;C5

a(z) B(z)(z — z;)

AITOAEI=H.
Ectw g),(2) n nopaywyos g g,(2) wg mpog 2. IHapaywylovtag tny e&i-
owon

Ap—-19n—1 + (bn - A)gn + Andn+1 = 07 (28)
EXOUP.E / ) ) )
an-19Gy_1 + (bn — A)Qn + nGpi1 = N (29)
Emone
a'n—lfn—l + (bn - )‘).fn + a'nfn—i-l = 0. (30)

[TolhamhaotalovTog TIC TAROTAVE UE f, XAl g), AVTLO TOLYOL X0l OPULOWVTOS EYOU-

ue

N fogn = an-lgn_1fo — gnfu-1l = anlgy frs1 — gnia ful- (31)
Adpolovrag eyoupe
N (%) 22 90 (2) (7)) = —anlgpfoss = g1 frl (32)
xou
N(2)E019n(2) Fo(2) = anlfrgn1 — fri19nl- (33)
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Adpoovtag xou ypnoronowwvtog Ty (18) eyoupe

-1

2

N (2) 220 gn (25) fr(25) = — o' (z5). (34)

MeTta oo amAouG UTONOYIGUOUS X0t YENOHOTOYTOS TNy (24) xataknyouyue

H(5) = (—1/2)5% g (2)f () = — 5% ¢ ()2
o'(z5) = (=1/2;) X% 90 (%) fu(25) ZjMQ/B(Zj)Z—oo|Cn( DI (35)
Aro tic (25) xar (26) eyouye
o(z) = —i (-Z.)‘ OED (36)

5. Avuiotpogo mpoPhnua oxedaong xou 1) e€loworn  Gelfand-Marchenko.

Aro v (14), nodhamhactalovtac e 2™ 1, Sapwvtoc pe a(z), xoa oho-
AATPWYOVTOC TAVW GTOV Hovadiono xuxho C (mou TpOQAVWS TEPLXAELEL TO 0 xou
o 25),

L 0 L G BRGNS (37)

2mi Jo a(z) 2mi
Ano vy avanapactacn (oe ypovo 0)
fn(2) = B, K(n,m)z"™, (38)
xot 10 Yewpnua utoronwy tou Cauchy eyouue
1 -1y ,m—1 1 oo / 7{ m—n'—1
— — %% —~ > n.
o 7{Cfn(z )2z 27?@'2" _,K(n,n") x K(n,m), m>n

[opatnewvTag ot

! %R(z)fn(z)zm_ldz = LZﬁan(n, n’)y{ R(z)2™" " 1dz (40)

2mi i c
XATOATYOUUE
1 —1 m—1 _ 0 / /
)+ R ()2 e = K (nym) + S5, K () Fu(l +m),
(41)
oToL 1)
_ L m—1
Fu(m) = & ]2 R(z)2""'d> (42)



uTopEL Vo VewpnleL we 1) GUVELSQOEA TOU CUVEYOUS PUCUATOG.
Amo v adAn Uepla To 0pLoTERO PEPOS TNG (37) YpagpeTon we

1 gn(z) -1
_— 2y =1, + 1, 43
27 ca(z)z © o (43)

OTOU )
2:C
I o0 n . n'+m
¢ = =YX, K(n,n')2; (44)
B(z)
ELVAL 1) GUVELG(PORA TOU BLOXELITOU QAGUATOS Xott [ EWVAL 1) GUVELT(POEA TOU TOAOU
oto 0.

AYKHXH 10. 5
Iy= —"" 4
7 K(n,n) (45)
Foagovrag
Fy(m) = 3,321, (46)
€)Y OUUE OTL
I, =%%_ K(n,n)Fyn'+m), m>n, (47)
ouvenwe, ano 1 (41), (43), (45), (47),
5nm
K(n.m) =K(n,m)+3X5_K(n,n)F(n' +m), m>n, (48)
WE
1
2,.m m—1
F=Fy+Fo =5 + o~ j{jR(z)z dz. (49)
Oplovrog
K
k(n,m) = %, m>mn, (50)
€)Y OUUE

k(n,m)+ F(n+m)+X%_  k(n,n)F(n' +m), m>n, (51)
evw, ano v (48) pe m = n, eyouye
K(n,n)™ =1+ F(2n) + Z5_, . k(n,n)F(n' +n). (52)

H eCiowon (51) ewvon doprtn popen tne meptpnune ellowone  Gelfand-
Levitan. Eyovtag Avoer v (51), ano v (52) xou tnv (50) mawpvouue tov
mopnva K (n,m). Ano tny (13) Topvouue TOTE Ta dy, by,

Me odha hoyta, Sedopevewy twv dedouevev oxedaons R(z), Aj, ¢; avoxorta-
OUEVACUUE TO DUVOXO Gy, by, ApX, XATU XATOLOY TPOTO, EMAUGUUE TO TRO-
BANUA AVTIC TEOYNE OXEDACTG AVAYOVTAS TO GTNY AUCT] AS YRUUUIXNG ONOXAT-
pwtng egtowong turou Fredholm.



6. To mpoPAnua oxedaong ue mo yevixa dedopeva. ['evixog yapoxTneiouog
TWY OEDOUEVWY GXEDAOT.

AYKHYH 11. Aro tov Tuno Poisson-Jensen tng uyadixrng avaiuvong det&te
0Tt

T(z) =TIV, |Z]‘i_zj o /ln 2)3(8;22)‘“‘ (53)

ApO( aro tov R xat T$ lBlOTlp.EC UTORPOVUE VA AVAXATAOHEVACOVUE TOVY T.

To mpofPAnuo oxedaong Auvetal PE YEVIXOTEPA DEDOUEVA OO OTL EYOUUE
deydel WG TWEA. LUYXEXPUIEVA, UTOPOUUE VoL DEYVOUUE DEDOUEVA Uy, by, TETOLX
WOTE

Eolnl(]1 = 2a,| + |by|) < oo. (54)

[tot Ty amodetén amattouvTaL OPLOPEVES AETTES EXTIUNOELS Tou K (1, m) (Tou
optleton xat ws ouvtereotne Fourier g f,,). Ot avtiototyes ouvinxeg yia ta
dedoUEVA OXEDATTG

R(Z), )\j,Cj (55)

evon ([Te], p.179):
OEQPHMA TII.8. T dedoyeva T.0.

Ean| (|1 = 2a,| + |ba]) < o0. (56)

EYOUUE
(o) 0 R ewvan CUVEY NS OTOV UOVADLOLO XUXAO EXTOC EVOEYOUEVAL A0 TAL OTUELX
—1 xou 1,
R*(2) = R(2"), (57)

unapyet Yetinn otadepa C' 1.0.
C*1 = k*[* < |1 = R(k)|” (58)
xau ot ouvtehesteg Fourier Fj tou R(k™1) mavonoouy tny
5521 F) — Fiael < oo, (59)

omou z* ewvau o wryadixog ouluyng Tou 2,

(B) o pllec Tou a = 7 (omwg opletan amo TV (53) ) evan POVES Xan ot
O TAEPEC XAVOVIXOTIONGNG C; Vol VETIXEC.

Avtiotpoga, dedoueva mou wavorowouy TS (a), (B) odnyouv yovoornuavta
o€ apytxo dedoyeva mou txavoroouy TNy (54) peow e ediowone  Gelfand-

Levitan nou ewvar emAvowun. oty anodeln Prene [Te], p.181.



7. Avon g e€iowong  Gelfand-Marchenko wg oeipa.

H Avon ¢ e€owong  Gelfand-Levitan ynopel va ypagtel wg oepa. Opt-
Covtag Tov TEAE0TY

X: =P X,(f)=Z.F(n+m)f, (60)

XOU ETEXTEVOVTAS TOV 0pIOUO TV Kk Vetovtag k(m,n) =0, m < n, nediowon
Gelfand-Levitan ypogetan
(I+X)k=F. (61)

Eyovtag e€ao@aloel T XATIANAES EXTWNOE Yiot TOV X XATOANYOUUE OTL 1)
ofolfel
k=I—-X+X*+..)F (62)

ouyxhivel xou Auvet Ty e€lowor Gelfand-Levitan.

Oa douye 0pYOTEPA OTL OTNY TERTTWOTN Tou Vecoupe R(z) = 0, n oel-
paL avaYETOL O ApOloUd TETEQUCUEVOU dpLIIOU 0pwY, UTOPEL DE VO YPAUPTEL
w¢ oplovoa. Xtnv yevixn nepintwon R(z) # 0 1 ogipa NN YPOPETAL ©E
optlovuca, aAla ameleng dtactaong, Turtou Fredholm (0 Aeyouevog TuUTOC TOU
Dyson).
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IV. EEEAIZH TON AEAOMENQN YKEAAYHY

OEQPHMA IV.1.. Otav ta ay, b, petoforiovtar xata Toda tote

a(z,t) = a(z,0), B(z,t) = B(z,0)exp|(z 1 —2)t], c;-t = cj(O)exp[(zj_l—zj)t/Q].
(1)

Aro 7o mpomnyouuevo xegolouo BAETOUUE OTL Tal DEBOUEVA OXEDAOTG DTy
EOUV TG BIOTNTES TNG Topaypapou 6. Apd UTOPOUUE TAVTA VO AUGOUUE TO
TEOPBANUA AVTICTEOPTS OXEDAOTS OE OTOOdNTOTE Ypovo t. ATo To augLuovo-
OTUAVTO TOU UETACYNUATIOUOU GAEDACTG GUUTEQOUVOUUE OTL EYOUUE UOVIDLXT)
Auor tng aAucou Toda.

H Auon autn ypagetar w¢ OEIQN, CUUPWVA UE TNV TAEAYEAPO 7 TOU TEOT-
YOUUEVOU XEQPAAALOU.

AIIOAEIZH. Oewpouye TNy 6UVIRTNOT CXEDACTS

S(n.2) = 28— £, 4 ROA() ©)

XL OVOXOAOUPE OTL OE YPOVO X0l UEYOAAL T EYOUUE
S(n,2) = (27" + +R(z,t)2")e™",  iw=(2—2"")/2. (3)

Koot 1) S(n, 2) ewan huon tne LS = AS eyoupe £ = BS (Bhene amodeiln
Vewpnuatog I1.1). Apa

S(n,z) =a,-15(n—1,z) —a,S(n+ 1, 2) 4)

AouunTteTing €YOUUE, YLl 1 UEYOAQ,

. 1 , 1 ,
S(n,z) = 5(2_”“—2_”_1)—1-1%(2,t)(z"‘l—znﬂ)e“"t = 5(2—2_1)(2_”—1—1%(2,t)z")e“"t.

(5)

Hopaywyloviag v (3) xou ouyxpvoviag pe Ty (5) Betoxouue

R(z,t) = [%(2_1 —2) —iw|R(z,t) = (271 — 2)R(2,1). (6)

Avvovtoag vy LAE xataknyouue
R(z,t) = R(z,0)exp[(z~" — 2)t]. (7)
Hopoyotog urohoylopog yio TNV Tapac ooy «(z,t)S(n, z,t) odnyet atny

a(z,t) = a(z,0) (8)



Ol CUVETWC
B(z,t) = B(z,0)exp[(z~" — 2)t]. (9)

Egdboov ot 1BoTigeg Tou TeAec T L v cuvapTnoelg twv pllwy Tou & ETETOL
oTt datnpouvTar, xar anodetxvuet 1o Yewpnua IIL.1. To cuveyec pacua ewvou
novta [—1, 1] apa 0ho T0 @aoua SlaTneettol.

Tehog eyouvue ta €€ng:

AYKHYH 12 Aro v

Cal25,1) = an_1Go1(2),1) = anGara (25, 1) (10)
XATAANEATE OTL

o (t) = cj(O)exp[%(z_l e (11)

YYMIIEPAYXMA

Eyouye mheov oha ta xoupatior Tng pEY0odOU avTIGTROPNS OXEDACTS VLo TNV
Auon tng aducou Toda.

(o) AeBoYEVWY ay,, by, OE YpOVO 0 EYOUUE XATAOHEVAGEL ToL DEBOUEVO OXEDO-
onc R, \j, ¢j xA.

(B) EWape ott av ta ay, by, axohoudouv ) pon akucou Toda, tote ta Sedo-
HEVOL OXEBAOTC axoAoudouy Wiat ToAU amhr) exdeTixn e€eldn,.

() Eyovtag o 0edoyeva oxedaong O Yeovo © EWAUE OTL UTOPOUME VAl
OVOXALTUOXEVOCOUUE Ta AVTIOTOLY L @y, (1), by, () Auvovtog tny ellowon Gelfand-
Levitan.



[TAPATHPHXEIX.

1. H opowtnrta pe tny puedodo tou yetacynuatiopov Fourier yio opiopeva
TeoPBANUoTA apytxwY dedouevwy Yia Yeouwxee MAE ewvor tpogavng.

2. Omwg xar Yo Tov YeTaoynuatiogo Fourier unapyouy Yewpnuota tumou
Paley-Wiener yio tov ouvteheotn avaxhaone. Bhene [Z]. T nopaderypor:

OEQPHMA IV.2.. H areixovion nou oplleTol Ao TOV TEAEC T AVIXAACTS
Ry tny un yeopuxn e€tlowor Schrodinger ot looUop@LoUog AVOUESH GTOUG
ywpoug Sobolev H" = {f: fLOoFf 2l f € L*(R)} xow HP* N {f : || f]loo < 1}
e voppat [|f1] = (11113 + 18513 + lla? F11)"/2 yia xarde k > 0, > 1.

Emong o yetaoynuatiopog Fourier cuvaptnong ue cuunayn Qopea Evat ovo-
AuTixog o€ 0Ao To wyado emnedo. To 1010 GUUBALVEL XAl Yo TOV GUVTEAECTY
AVAXAAOTG OTWS EWOUE TOUAAYLIOTOV O TNy Tenpntwon Toda.

3. To ypautxo 0pl0 TOU GUVTEAECTY) AVAXAACTG O TNV TEQITTWOT U1 UTAQ-
&nc oty evar o yetacynuatiopog Fourier! Emong v unapln wiotyumy ewvo
xodopo U yeauutxo @ouwvouevo. T v un yeauwxrn edlowor Schrodinger,
Y., OTAY 1) VOpUa L TeV dpyixwV DEDOUEV™Y EVAL UXEY) DEV UTORYOUY WLOTL-
pec. o cuyxexprueva eyouue

OEQPHMA IV.3.. Y1y mepntwor aQecTiaons 1 U Yeouuxn eilowon
Schrodinger dev eyel ToTE COMTOVIOL AV TAL AEYtXA DEDOUEVAL ELVAL TETOLX WOTE
[1q(x,0)|dz < 4+00. Me ahha Aoyl o avtiotoryog teheotne Lax Bev eyet wdio-
Tipeg. AvtideTa 0TV TEQITTWOY EGTIACNG 1) U1 Yeouuxn e€lowor Schrodinger
DEV EYEL GOALTOVLAL OV T GO DEDOUEVA ELVOL GPXETA UXEA, ONA. TETOW WO TE
[lq(z,0)|dz < In(2 + 3Y%) =1,32.......

[ Ty anodetén tou deutepou wyuptopou Phene [NMPZ], oeh. 72-73.

Emong

OEQPHMA IV4.. Av r() o OUVTEAEGTNG AVOXAAOYG TOU AVTIC TOLYEL
ot apytxa dedopeva ¢(z,0) pe [|g(x,0)|dr < 400, xa r(§) 0 CUVTEAECTNG
OVOXAAOTG TTIOU AVTLOTOLYEL ool opytxa dedoueva eq(z, 0) tote

{ .
Ir(€) = 5 | ealw, O)exp(—ikg)d|| = O(e"), (12)
opolopoppa 610 T otay € — 0.
Y10 xe@oakono 7 Yo BEIEOVIUE OTL XAl O AVTIOTPOYOS TEAEC TNG OXEDAOTG TELVEL
OTOV AVTIOTPOYO UeTacynuatiopo Fourier oto ypauuixo opto.



V. ATYEIY YOAITONIQN. AIATHPHTEY [TOXOTHTEX
ATYEIY YOAITONION

Octovtag R = 0 oty ediowon  Gelfand-Levitan 9o Bpouue Auceg co-
Mtoviwy g ahucou Toda. Il cuyxexpueva, Yewpwytag apyixa dedoUeva
oTo omotoL avTioTotyel wa Wotun (tou teheotn Lax), Yo Bpoupe tny Auon
evog coltoviou. o yevixa, Yewpwytag apyixa dEBOUEVH GTA OO AVTIG TOL-
youv N Wottpec (tou teheotn Lax), Yo Ppouye pio AuoT) TOU TERLYpOPEL TNV
aAnhemdpacn N GolToviwy.

O©EQPHMA V.1. Ectww Avon tng advoou Toda e (apyixa) dedoyevo oxe-
daong R = 0, 21 = e 7, ¢; > 0. (Em:LBn TO Qaoux Tou L evou mparyuo-
TIXO XL Ol LOWOTIWES OEV umopouy va ewvat 0,00, 0 2z; UTOPEL VA YPAUPTEL WG
71 ==4e?, v>0.) Tote

2a%(t) — 1 = B%sech®(yn — Bt + &), (1)

omou B = sinhy xou e® = ¢;(1 — 22)71/2,

ATIOAEIZH. Trodetovtoc k(n,m) = ¢; A™ 21 uropouue vo Aucoupe Ty
Gelfand-Levitan euxoha. Xpnotponowvtac Tic (13) xou (52) tou xe@.3 xoto-
Anyoupe oty (1).

OEQPHMA V.2. Eotw huon tne ahuoou Toda pe (apyixa) dedopeva oxe-
daong R =0, z; =xe ,¢; >0, j=1,..,N. Tote

_ detB(n)detB(n — 2)

202 (t) — 1 = . 2
alt) (detB(n— 1))? ®
omou o mwvaxag B(n) opilleta wg B(n)y; = i + cic; (Zlijz)jl

AIIOAEIZH. Avutn ) @opa unodetouye k(n, m) = chjAg-")z]m XL VT
xahotouue oty Gelfand-Levitan. To vrohowna ewvon oahyeBpa. Blene [T]

0€X.62-64 yio AeTTOUERELEC.

AYKHYH 13. Anodetlte ot otay ¢t — £00 1) TUPATAVEL AUCT) ELVOL ACUY-
TTWTIXA loodUVOUT UE adpOoloUd COAITOVIWY

Z]ﬂfsech? (y;m — Bt + 5;-5), (3)

OTI0V 5;5 TEAYUATIXES OTadEPES TOU E€APTWVTAL Ao Td 25, ¢;, J = 1,...,N.
Me ahha Aoyia 1 mopamave Auor TEELYPAgEL TNV oaAAnhemdpacy N coAito-
viwv!



Axopol TO EVIUTIWOLAXO EWVOL TO YEYOVOSG OTL OV UPYICOUUE |IE OTOLIONTOTE
apy Lo DEdoEVA, TOTE 1) Auon TNg ahucou Toda xon Tkl AVAYETH ACUUTTOTIXA
oe adpotoya cohToviwy otav t — F00. Ilio cuyxexpyeva eyoupe

1242 (t) — 1 — E]ﬂ?sech?(vjn — Bt +9;)|]c — 0, (4)

otay t — 00, OTOU 1A 25, ¢; 0pWLOVTAL OUOWDS X Ol J; TEAYUATIXEC OTAVEPES
Tou EE0PTWVTOL A0 T 25, ¢j, J = 1, ..., N xar Ty cuvaptnon R(z).

ATATHPHTEY. IIOXOTHTEX

OEQPHMA V.2. Ectw Ly o tpbaywviog TeAectng Lax mou avtiototyet
ota dedopeva al = 1/2, % = 0, yia xade n. Tote oL tosotnrec tr(LP—LE) etvou
otadepeg oTaY TA Ay, by, e€ehiocoviar xata Toda. Emong, otav A € C, A —
OO’
tr(LP — L}

r( 0) —In

pAP alz=0)’ (5)

oo
—-¥e,

omou 2\ = z + 271,

ATIOAEIZH. Avoxohoude 0Tl 0 L ewval QporyUEVOS TEAECTNE OTOV 1?2 xodott
o Gy, by, €WVAL Qpaypevo amo oTtadepeg aveloptntes tou n. Kotaoxevalouvye
TOV avahuovta TEAEGTN Tou L o010 A, dnhadn tov Ry(L) = (L — M\)~'. Tote
guxoAa enaAnUevETOL OTL

Ry(L) = f’;gm, n<m, (6)
no
Ry(L) = f”{;f’”, n>m, (7)

OTOL OL IBOCUVAPTNOELS fr, g xot W 1 Sroxprtny Bpovoxovn w evar onwg
optotnxay oto Kegodawo 3. Tapatnpouye ot o Ry (L) optleton yia xade A € C
EXTOC OO TOUG AMAOUG Tohoug oTa 2, (ptlec Tou «v). Euxola emodndeveton ot
0 Ry(L) evan gporydevog oTay To A dev avnxet 6To gaoud Tou L.

Tehog enahndevouye ot tr(Ry (L) — Ry(Lo)) = 4-loga(z). Avantuscovtag
oe oelpe¢ Neumann xat 0OAOXANEWYOVTOC WE TEOS A XATAATYOUUE 010 emtdu-
unto anoteheopa. Emone emodndeveton guxoha ot ta tr(LP — Lf) Sev onelpt-
Covtar, hoyw Tng ouvinxng

Yalnl(]1 = 2a,| + |by|) < oc. (8)



I[TAPATHPHYH. ®AXMA TEAEXTH.

Y10 Kegahato 3 opioaue 10 Qaoua T0U L G VKO IDOTYMY XKoL YEVIXEUUE-
VoV O0THwY. TETO0¢ 0pIoog BEV ElVOL ETAEXTG GTNV TEPITTWOT] TUO YEVIXWY
TEAECTWY, T.Y. AV TA Gy, by €tvor pryadixa omote o L dev ewvon autoouluyng.

O yevixog oplonog Tou Qacuatos geayuevou tekeoty ot yweo Hilbert opt-
(el 0Tt 0 wyadkog A BeV avnxel 610 Qacua Tou L av o avokuwy Ry\(L) =
(L — XI)~! Bev ewvon gparypevoc. Eldope howmov 6ty nopoamave ot ot duo opt-
ouol divouy Tautoonpa anotekeouata. O YEVIXOG OPIGUOG EIVAL JEV TILO (PUCLXOG
DLOTL DEV AVUPEQETAL OE YWPEOUS PEYAAUTEPOLS Ao ToV €V Aoyw Ywpeo Hilbert,
oAhoL Etva xon o BUCYENCTOC.



VI. A RIEMANN-HILBERT FACTORIZATION
PROBLEM FOR THE TODA LATTICE

We begin by recalling the analysis of the scattering and inverse scattering for
the discrete Lax operator L (the analogue of the Schrodinger operator in the KdV
case). It is defined on the Hilbert space [? as follows:

(VII) (Lf)n = azn—lfn—l + bnfn + a77,.f77,+1;

where b,, and a,, — 1/2 are decaying fast as n — oo.

It is easy to see that the continuous spectrum of L consists of the band [—1, 1]
with multiplicity 2. In this chapter, we will assume for simplicity that the discrete
spectrum is empty. (This means that no solitons are allowed.)

Let us focus on the time ¢ = 0 for the moment. Recall the definition of the Jost
functions as follows:

Lfn(2) =Afn(2) ; 0(n,2z) ~2",  asn — oo,

VI.2
( ) Lgn(z) = Agn(z) ;¢(n,z) ~2", asn— —oo.

Note that in the more general initial data case we cannot have equality for large n
but only asymptotic equivalence, Here the spectral variable z is defined by

2A=z+1/z.

The band [-1,1] in the A-plane with multiplicity 2 is thus mapped to the unit circle
in the z-plane with multiplicity 1.

Next, let At =TI5° (2ax) ", A, =TI}Z'__(2a)"! and A = A} A, . Then we
have the following analyticity results (see e.g.[Te]). We can write

fn(2) = Af 2", (2)

(V1.3) gn(z™Y) = Az 2" (2)

where v, (2) = 1+ X% v, £2% and u,(2) = 1+ X% u,, 125, both series converging
uniformly in |z| < 1. Futhermore from (VI.2) we can derive the following recursive
relation

. 1
vn(2) =1— j:n+1m(2bj2”j(z) + (4a? — 1)Z%j+1(z))

2(—n)
e s

j:n+1ﬁ(2bjzvj(z) + (4a2 — 1)2%0j41(2)).
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Now, as n — —o0, we get

on(z) ~ 1= B3 (970 (2) + (a2 — 1)1 (2))

J=—00 1—
(VL.4) Zgj
T2 T (20205(2) + (4] — 1)205(2):

On the other hand, when z # 1, f,.(2), g (2) and f,(271), gn(z71) are two sets
of independent solutions of the second order difference equation Ly = Ax. Hence
there exist a(z), 3(2), a(z), B(z) such that
(VL5)
fa(z) = a(2)gn(z71) + B(2)gn(2), gn(z71) = alz™) ful2) + BTN fu(z 7z € Cz # £1.

Making use of (VI.3) and (VL.5) we get

Ea(2)s " unlz) + GEal)un(=)

Un(2) =
Asn — —o0, A, — 1, Af — A u,(z) — 1,u,(271) — 1. Hence,
Avy (2) ~ a(2)272" + a(z).

Using (VI.4) we get

) — v @b (e) + (a2 — 12 (2),
@ -2 T 1 (2b zv;(z) + (4a2 — 1)22'Uj+1(z))‘
Define T'(z) = a(lz) and R(z) = 58 Then,
1 o 1 2 2
AT(z) =1-X% o+ 1— (2b 20(2) + (da;, — 1)270j41(2)),

for |z| < 1. Thus, T(z) is defined not only on |z|] = 1, but is also extended
meromorphically to |z| < 1, and in fact T(0) = 1/A . Our assumption that no
bound states exist is in fact equivalent to the fact that T'(z) is indeed holomorphic
in |z < 1.

We note here that in general, the reflection coefficient R(z) cannot be extended
meromorphically unless the decay of b,, and a,, — 1/2 is exponential.

Next define

Ul(”? Z) = ¢(n, Z)u
Us(n,z) =T (2)p(n, 2).

Since ¢(n, z) ~ A z" and ¢ (n, z) ~ A, 27" near z = 0, we have

(VL6)

Ui(n,z) ~ A 27",
(VLT) Uz(n, z) ~ (4,) 12",

near z = 0.
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The following relation is easy to prove:

a’(2) = az7), [R(z)P + [T ()" = 1.

Hence a(2)a(z71) = |a(2)]? = \T(lz)P = 1—\R1(Z)\2'

We can now rewrite (VI.5) as

Ur(n, 2) = ~B(z)a(2)Ua(n, 2) + [a(z)PUa(n, =)

Us(n,z) = @Ul(n, 2) + Uy(n, 27 Y.

a(z)

By their definitions, and by the properties of the functions f and g (see discus-
sion after VI.3) we can extend U; and Us inside, but also outside the unit circle
(extending Uy (n, z71) and Us(n, 271)). On the unit circle we denote the inner nor-
mal limit of U; by U. 1+ and the normal limit from outside by U; (and similarly with
Us) . We finally get

(Us Uf)=( Uf U2)< 1_1%2)‘2 _RI(Z)>

with asymptotics

( Uq UQ)N( Az (Af)flzn)

at z =0 and
(Ui U2)~( Age" (A47)7127")
at z = oo.
Defining
U
y1(n,z) = 2(;’2) when |z| < 1,
U
y1(n,z) = @ when |z] > 1,
z
ya(n,z) = %;12) when |z] < 1,
z
U
ya(n, z) = Uz, 2) when |z| > 1,

and letting Y = (y1,y2), we end up with the Riemann-Hilbert matrix factorization
problem:

(VIL.8) Y, =Y. ( 1—|R(2)? _R*(Z)Z2n>

R(z)z72" 1
with asymptotics at oo :
(VL9) V(o) =( (47)7" A7)

Futhermore,



4

Note that the solution of (VI.8)-(VI.9) is unique as follows easily by Liouville’s
theorem.

During the Toda flow the evolution of the reflection coefficient with time is given
by
R(z) = R(z,t) = R(z,0)exp(t(z — z71)).

So, at time t, relation (VI.8) becomes

(VL10) Yi(z,t)=Y_(z,t) ( 1—|R(z,0)] —R*(z, O)ZQHe_t(z_21)) .

R(z,t)z"2net(z=27") 1
As the Riemann-Hilbert problem for Y has an inconvenient condition at infinity,
we will reduce it to the one as follows: let Q(z) be analytic in C — C, with normal

limits @+ and Q- on C, satisfying

Q—i— = Q—un,tv

(VL.11) Qo) = 1,

where u,, ; is the 2x2 matrix appearing in the right hand side of (VI.10).

eo-( 2 7).

(VL12) Y=( (M2 (:29)Y2)Q.

THEOREM VI.1. Let

say, and

Then V solves (VI.8)-(V1.9), up to a constant scalar multiple.
PROOF: Clearly (VI.8) holds. On the other hand we have the following lemmas.

i Qe = (] §)eone () ).

PROOF: We observe that

= §o)uenr (9 g)

=00 § o)ue( ] ).
hence

(So)ee( o)=(1s)ee( ) un

Applying this to 271,

(Yo)een(fy)ua=( 1 §)e-en(Th):

Thus,
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ae=( ) g)e( ] 5).

H. () = H_(2)u()

Defining

we have

and thus (by Liouville’s theorem)
H(z) = F7'Q()

for some constant invertible matrix F. Thus,

(VL13) Q(z):F( (1) (1)>Q(z_1)< (1) é)

Letting z — oo, we get
0 1 0 1

which gives F. The lemma now follows from (VI.13).

It follows from Lemma 1 that for Y defined by (VI.12) we have
(VL.14) Y(z) =Y (=Y ( ) é) .

LEMMA 2. If Y satisfies (VI.8) and (VI.14) then Y also satisfies (VI.9), up to a
scalar multiple.

PROOF: We show that there is only one solution of (VI.8) satisfying the sym-
metry condition (VI.14). In fact, suppose there is a second one, say X. Consider

the matrix
Y
(1),

Then, Zy = Z_u, hence detZ, = detZ_ detu = detZ_, and by Liouville’s theorem,
detZ is constant, say c. On the other hand, by assumption,

- 1 0 1
e =me (] f).
and, taking determinants,
c=c(-1),

hence ¢ = 0, thus X and Y are dependent. This proves Lemma 2, and the theorem

also follows.
_( « B
eo-( 2 7).

LEMMA 3. If
then § = —y and ad — By = 1.



PROOF: By a Liouville’s-theorem-argument as in Lemma 2, it follows that det@
is constant, and in fact 1, from which the second assertion of Lemma 3 follows. The
first assertion follows immediately, by setting z = 0 in Lemma 1.

A direct consequence of the Theorem above together with Lemma 3 is that the
solution of (VI.8)-(VI.9) satisfies

Y (0) =k ( (ﬁ)lﬂ (%)1/2)7

for some constant k. Comparing with (VI.9) we get k =1 and

(VL15) A, = (ﬁ)”2

from which a,, can be recovered by dividing.
(VIL.16) 2a, = —tL

Thus we have reduced the inverse scattering problem (and hence the Cauchy
problem for the Toda lattice) to the Riemann-Hilbert problem (VI.11) and in par-
ticular to finding the first row of the solution Q(z) at z = 0.



VII. RIEMANN-HILBERT FACTORIZATION,
SINGULAR INTEGRAL EQUATIONS AND
THE METHOD OF STATIONARY PHASE

1. THE RIEMANN-HILBERT PROBLEM FOR NLS

The solution of an integrable system via the inverse scattering transform can
always be reduced to the solution of a Riemann-Hilbert factorization problem. In
particular, the asymptotic analysis of the given equation is thus reduced to the

asymptotic analysis of a Riemann-Hilbert problem.
Consider, for example, the nonlinear Schrédinger equation (defocusing case).
. 1 2
(1) iug + o Uz — |u|“u = 0.

Suppose we want to solve it under some initial data ug(z) that, for simplicity, are
considered to belong to the Schwartz class.

Let r(z) be the reflection coefficient corrsponding to ug. It is a fact of direct
scattering theory that r is also Schwartz, and that |r(z)| < 1, for all z € R. Also,
there are no eigenvalues for the Lax (or Zakharov-Shabat or Dirac) operator. The
continuous spectrum is the whole real line.

Let @) solve

1— ‘T‘(Z)|2 _T*<Z)e—21zw—4iz2t
2izm+4i22t 1 ) I'mz = O’

@) Qi(x)=Q_(:) (

r(z)e
Note that the jump matrix has determinant 1. Also

(3) lim,_oQ(2) = I.
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This is a Riemann-Hilbert factorization problem: @ is a matrix function, analytic in
the complement of the real line, satisfying the jump condition and the asymptotics
above.

The solution of the Riemann-Hilbert problem enables us to recover u(z,t). In-

deed one can prove
(4) u(x,t) = —2limz_>oon21.

Thus, the initial value problem for NLS is reduced to the above Riemann-Hilbert

factorization problem.

Conversely, suppose we are given a Riemann-Hilbert problem of the form
Q1(2) = Q_(2)e "2 y(2), z € 3,

where v(z) is independent of x,t. Above, for example, 0(x,t, z) = 2izx + 4iz*t and

_( 1-Ir(x)F —r*(2)
v(z) = ( r(z) 1 '
Define m(x,t,2) = Q(2)e? @47 Then m, = m_v for z € 3. Differentiating
with respect to x or t, we also get d,m4+ = 0,m_v and dymy = dym_v, for z € 3.

Hence both 9,m -m~! and 9;m - m~! have no jumps, so they are entire functions.

By calculating d,m and 0ym at infinity, we find
my, = Ul(x,t,z)m,
my =V (x,t,z)m,
where U,V are polynomials in z [quadratic in the NLS case].
This is essentially the Lax pair arising from the Riemann-Hilbert problem above.
The compatibility condition m,; = my, leads to NLS.

So, the Riemann-Hilbert formulation entails the Lax pair but also encodes the

inverse scattering problem. Perhaps then this is the essence of integrability!
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2. SCALAR RIEMANN-HILBERT PROBLEMS

In the scalar case, a Riemann-Hilbert problem can be explicitly solved. For

example, let d solve

lim,_sod(z) =1,

where ¢ is a scalar 1 + L' N L™ function on the real line. Taking logarithms
logd.(2) = logd_(2) + logq(2),

and by the Plemelj-Sokhotskii formula

l
logd = / Md&
R 27mi(s — 2)

hence

d= exp[/R Mds].

27i(s — 2)
Note that indeed

lim,_ood(z) = 1.

However, it is not a priori clear that the integral [ 2?&291@5 is defined. For this
we need to have ensured that the index of q is zero, i.e fR dlogq(s) = 0.
In any case, scalar problems, to the extent that they are solvable, are explicitly

solvable. This is not so for matrix problems.



3. PROOF OF THE PLEMELJ-SOKHOTSKII FORMULA

LEMMA. Suppose ¢,, is a sequence of bounded non-negative functions in R such

that [ ¢, = ¢, a positive constant independent of n and that for every positive €

we have lim,,— oo f|w_w0|>6 ¢n(z)dz = 0.

Then ¢,, — c¢d(z — xo) weakly (in say the Schwartz distribution sense).
PROOF. I want to prove that for every smooth g of local support [ ¢, (x)g(x)dx —

cg(xp). I thus split

[ ont@rgtards = /|x_x0|>f’"(x)g(”“°)dx t /|| bu(2)g(2)d.

The first term is bounded by ||g||~ f|x_w0|>6 ¢n(x)dr and thus tends to 0 for all
€. By the mean value theorem for ¢ in |z — 29| < € we have g(z) = g(xg) +
(x — x0)g'(s), for some s with |s — x| < e. We thus express the second term as
[z @@ = () [ o @)t ], . o (5(2)) (0—20)m ()

The first term tends to cg(xzg) as n — oo. The second term is bounded by €||g’||oo¢,
for all € > 0. Hence result.

Applying the Lemma to

1
60(0) = Gy v e

1
limy, /g(m) - :E0n)2 n %da: — mg(zo).

(s) (s) _ 2ig(s) .
Now fR 27'ri(sg—z—i/n) ds — fR 27ri(sg—z—|—i/n) ds = fR Qﬂin((s—5)2+(i/n)2)ds and takmg

the limit as n — oo we recover the Plemelj-Sokhotskii formula.

COROLLARY. One has

limp,———— =PV —imd(x — xg).
r—xo+ T — o
PROOF: Just note that
I T — X9 1
imy, =
(x —x0)%2 + (1/n)? T — I

and apply the above result.
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4. RIEMANN-HILBERT DEFORMATIONS. A SINGULAR INTEGRAL EQUA-
TION AND THE BEALS-COIFMAN FORMULA

The solution of a Riemann-Hilbert problem can be reduced to the solution of a
singular integral equation. Using the NLS case as a model we have > = R. But the
discussion below is fairly general.

Define the matrix Cauchy operators as follows:

Cy : (L(X))202 — (L*(X))242

1 d
(€)= 5 [ TOL
T Jy C— 24
where z € ¥ and the signs ”4” and ”-” conote normal limits as z — X, from the

right and the left of ¥ respectively (with respect to its orientation).
It is a fact from analysis that C'; and C_ are bounded (see e.g. [S], p.29, and

use the corollary above). From the Plemelj-Sokhotskii formula

C,—C_=1.

Note that the jump of the RH problem for NLS can be factorized as
o)
where

0 1

. 1 0
- —T(Z)€_2i2$_4iz t 1 .

Now, given any 2x2 matrices w™,w™, we can introduce the following singular

b+:< 1 _T*(z)e2izm+4iz2t)
(5)

integral operator C,, : L? — L2. First define the ” Cauchy” operators C:
d
for 2 ¢ 3,  let (Cf)(z) = (27ri)_1/ flw)dw and
s w—=z
Then, let the operator C',, be defined by
Cuf = Oy (fur) + C_(fu)
for a 2x2 matrix valued f. Let p € L? solve the singular integral equation

() p=1I+Cyup.



THEOREM Given any two matrices b¥, b~ such that detb™ = detb™, let Q be

defined by the integral formulae ([BC]-[Z])
Q=1+ Cy(pw)

Q- =1+ C_(pw)

Q=1+C(pw) onC\ZX,

where w = wt + w™ and
wr=b"—1 andw =1—-b".

Then @ provides the unique solution of the following Riemann-Hilbert problem.

Q+(2) = Q-(x)(07) ()" (2), z € %,
limQ(z) =1,

(**)
as z — 0o in compact subsets of C\ X.

PROOF: Uniqueness: The jump matrix in has determinant 1. Hence det Q) is
holomorphic. It is also equal to 1 at infinity. By Liouville’s theorem it is constant,
and hence equal to 1 everywhere. In particular Q! exists. Now, suppose there was
another solution, say Q. Then QQ~! exists, is holomorphic, and is I at infinity.

By Liouville, it has to be identically I.

To show that @ defined above solves (**) note that
Q+(I+w™) ™ = (I + Cy (pw))(I +w™) ™ =

(I + Co(pw™) + Cy (pw™)) (I +wh)™H =

(I + pw™ + C_ (™) + C (™) (I +w™) 7,

since Cy —C_ =1,

= (I + pwt + Copup)(I +w*) ™2, by the definition of C.,
= (pw* 4+ p)(I +w ™) = p, by (12).

Similarly Q_(I —w™)™ = (I + C_(pw))(I —w™)™! =
(I +C—(puw™) + C_(pw™ ) —w™) ™' =

(1 = pw™ + C— (pw™) + Cu (pw™))(I —w™) ™! =

(I = pw™ + Cpp)(I —w™ )™= (p—pw™)(I —w™) ™ = p.
Hence Q, (I+wt)™' =Q_(I —w™) ' and thus QT'Qy = (I —w™ ) '(I +wt) =

(b7)~b" and thus Q, = Q_(b~)"1bT.
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The above theory is useful if one seeks asymptotics of the solution of a Riemann-
Hilbert problem with respect to a parameter [e.g. time ¢]. The idea is to ”deform”
the factorization problem (**) into one that can be solved explicitly, in a series
of steps each of which involves either an extension or a deletion of a part of the
factorization contour, or a substitution of wi by approximate (for large times)
matrices, or an appropriate conjugation. The choice of the contour extensions or
deletions depends on the phase of the exponentials appearing in b4. For each step,
the final factorization problem is an approximation to the initial one in the sense
that the solution as given by the corresponding integral formula is close to the exact
solution of (**).

There are basically two kind of deformations used. Deformations of a ” geometric
type” involve a contour deformation. This is allowed if the jump matrix on that
contour is analytic. These deformations are exact, not approximate. There are also

"analytic” type deformations that involve perturbing the formula

ds

(¥¥%) Q=1I+Cluw) = I+/ (I - C’w)_l(l)(s)w(s)

> 271i(s — 2)
with respect to w while keeping the contour ¥ fixed. Such deformations are only

approximate, with respect to some underlying parameter (like ¢ for example).

5. FOURIER TRANSFORM AS LINEAR LIMIT OF THE INVERSE SCAT-
TERING TRANSFORM

If w is small (say ||w|| is small) and because the Cauchy operator is bounded
(in L? but not only), we can expand (I —C,,)~!(I) as a Neumann series of operators
from L? to L? : (I —Cy) Y1) =1+ CW(I)+C2(I)+ C3(I) + ...

The solution of the RH problem near oo is

w(s
Q~1I1+ /2 ﬁd;@
and hence

(6) u(x,t) = _Zlimz—moZQm ~ i/ r(z)e2izm+4iz2t.
T Js



6. THE METHOD OF STATIONARY PHASE FOR LINEAR PDEs
Consider the Cauchy problem for the linear equation
Ut + Ugze = 0,u(x,0) = ug(x).
It can be solved via Fourier transforms. Let

u(&,t) = /e_mgu(a:,t)dx.

Then

w(€,1) = —i€%a(€, 1),
s

(€, 1) = (€, 0)e 7
and

1 . -3
u(z,t) = %/11(5,0)6””’5‘“E 3 X=C t, c otaBepa

To understand the long time asymptotic behavior of the solution one needs to
apply the stationary phase method to the above fomula. The principle is that the
dominating contribution comes from the vicinity of the two stationary phase points
12 = i(%)l/ 2. Through a local change of variables at each stationary phase point
7(€) such that 7(§;) = 0 we can calculate each contributing integral asymptotically
to all orders with exponential error.

In general, suppose one has an integral of the form

b
fw:/mmmwm

where ¢ is meant to be a large and positive variable, g is continuous and A is twice
differentiable. Suppose zy is the only stationary phase point of h in (a,b), with
a < zy<b,h'(z0) =0,h"(20) > 0.

The assumption of Stokes and Kelvin is that the dominating contribution to f
arises from the immediate vicinity of the stationary phase point. This assumption

can be rigorously justified (see e.g. [E]).
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Accepting the assumption above, we perform the local change of variables h(z) —

h(z9) = u? and obtain

b zZo+€ )
f(t) _ / g(z)eith(z)dz ~ / g(Z)GZth(Z)dZ _

a Z0—€

/uz o 9(2) git(h(z0)+u®) gy,
W (z)

—uq

where u; = [h(z0 — €) — h(20)]*/2, us = [h(20 + €) — h(20)]'/%. Near u = 0 we have

g(z) ~ g(z0) and 2uﬁ ~ [%]1/2_ So,

2 w2 g
10) ~ ) (=) / etz e, Fresnel
b —n du _
integral
Accepting the same assumption above, we extend the integral domain to the whole
real line.
2 oo
f(t) ~ [W]I/QQ(ZO) /_OO ezt(u2+h(zo))d%' d
u

This can now be computed exactly. Indeed

8 fe) ~ [thv?zrzo) J1/2g(zg) ettt (o) Him /A,

In particular the oscillating exponential integral decays like ¢ —1/2.

REMARK. If instead of the phase x£ — £3t we had a non-real phase, or if the
stationary phase points themselves were not real, then it would be necessary to
deform the contour of integration to a union of contours of steepest descent. We
will not concern ourselves with this more general case (again see [E]). We simply
note that the analogous situation for nonlinear integrable PDEs appears when the
underlying Lax operator is not self-adjoint. In such a case the Riemann-Hilbert
problem must be deformed to one supported on a union of contours of steepest de-
scent. The problem of finding such contours is equivalent to a maximin non-convex

variational problem of electrostatic type with external field in two dimensions. See

[KMM] and [KR].
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7. THE METHOD OF STATIONARY PHASE FOR NONLINEAR INTE-
GRABLE PDEs

Consider, again, the nonlinear Schréodinger equation (defocusing case).

. 1
Wy + =Ugy — \u|2u =0,

2

under initial data ug(z) that belong to the Schwartz class.

It was first realized by Its [IN], motivated by the study of the work of Jimbo,
Miwa, Ueno, that the long time asymptotics for the solution of (1) can be extracted
by reducing the problem (2)-(3) to a "local” RH problem located in a small neigh-
borhood of the stationary phase point zg such that 6’(z9) = 0 where 0 = zz + 22%t.
The deformation method has been made rigorous and systematic in [DZ]. Here are

the basic ideas.

xT

—1;» the stationary phase point of 0(x,t, z) = 2izx + 4iz%t. Con-

Suppose zp =
sider the region zy < M, some positive constant. Apart form the factorization (5),

we also note

(8 =) (o 8) e

d~1(2) 0 —17 (2)dy (2)e*
= r(2)d=" (z)e—2 d+(2) 1—_|71(Z)|2 for z < zp.
—r2)2 d—(z) 0 di (2)

where d is a function analytic and bounded in C\ (—o0, 2o such that
dy(2) =d_(2)(1 = |r(z)[*) for —oo < z< 2,
dy(z)=d_(z) for z >z
d—1 asz— oo.

Thus

d(z) = exp[/zo log(1 — |r(s) )ds].

Ceo 2mi(s — 2)
The above factorizations suggest the following transformation. Consider an in-
finite cross centered at &y such that all four branches of the cross, denoted coun-

terclockwise starting at argz = 0 by C4, Cy, C3,Cy,. The angles between the four

half-lines are not important, as long as they lie in the appropriate quadrants. Let
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D7 be the region between C4 and C7, Dy be the region between C7 and C5, D3 be
the region between Cy and C3, and D4 be the region between C5 and Cj.
Note that Re(f) < 0 when z € Dy U D3 and Re(f) > 0 when z € Dy U Dy.
Define a new matrix M by

M =@Q, z€ Dy U Dy,

-1 r*dEQiG
M:( dO 1—C|l7“|2)Q,z€D3ﬂ{Imz>0},
d-1 0
M = Q< rd1*1|e*|221‘9 d)’ z € D3N {Imz < 0},
ok, —210
M:Q( (1) Ti ),zEDlﬂ{Imz<0},

—re

< 12i0 (1))Q,Z€D1ﬂ{lmz>0}.

Here we have assumed that r,r*, ﬁ, 1—TW admit analytic continuations in the
appropriate domains. This is not generally true but this obstacle can be overcome
by approximations of these functions by analytic functions (see [BC], [DZ]).

It is immediate seen that there is no jump for M across the real axis. The jumps

across the four halflines of the cross are
1 0 d =i
T@Qie 1 ) 0 d_l )
Edl_izie 0 1 _T*e_Qw
Td1_|er|2 d ’ O 1 ’

in counterclockwise order starting at the first quadrant. It is easy to see that the
off-diagonal terms are exponentially small away from the center of the cross. So,

they can be neglected asymptotically!

REMARK. We are implicitly assuming that neglecting small errors in the jump
matrix implies only small fluctuations in the solution of the Riemann-Hilbert prob-
lem near infinity (which is all we need). This is not trivial. The proof requires
perturbation of formula (***) as in section 5. More precisely, in general, suppose
that one has two Riemann-Hilbert problems for m and n on the same contour
S, with jumps J,,, J, resepctively and assume that factorizations exist as in sec-

tion 4. Assume that the corresponding w,, and w, are such that the differences
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||Wpm — Wy ||2,00 are uniformly (in z,¢) small. Then from formula (***) we easily see
that the difference m — n is uniformly small near infinity. This argument justifies

deletion of the contour away from z.

After deletion, one ends up with a Riemann-Hilbert problem that is essentially
defined on a small cross centered at zo. By this we mean that, apart from a small
cross centered at zg, the jumps are diagonal everywhere. Now a diagonal jump can
be always removed by multiplication to a diagonal matrix (it is essentially decou-
pled into two scalar problems). In this sense, the dominating contribution to the
solution of the Riemann-Hilbert problem comes from a small neighborhood of the
stationary phase point. The Riemann-Hilbert problem can be solved explicitly via
parabolic cylinder functions and the asymptotics for the Riemann-Hilbert problems
are recovered!

More specifically, the last step is a rescaling & = zg + z(tzo)_l/ 2. The Riemann-
Hilbert problem is then deformed to a new problem on an infinite cross, which can
be explictly solved. In fact, after deforming the components of the cross back to

the real line, it is equivalent to the following problem on the real line.

H(©) = H-©enpl-ig?on) (1Y ) ) eniigzan),

H(&) ~ V3 qs £ — o0.

1 0
0 -1
The last "local” Riemann-Hilbert problem above can be solved explicitly, since

where v = —5-log(1 — |r(z0)|?) and o3 = ( ) (a Pauli matrix).
(after conjugating) the jump is constant ([IN]). Indeed, setting Y (£) = H (§)exp(—i&203)
we have . ) .
v =y TG ),
Y (€) ~ 7% exp(—i€203), as & — oo

and by differentiating the above jump relation we get

R RG] (R L

Of course % does not have the same asymptotics at co. Indeed



VII. RIEMANN-HILBERT FACTORIZATION, SINGULAR INTEGRAL EQUATIONS AND THE METHOD OF ST

% ~ —i&203¢"73exp(—it203). Thus % = —it203Y (£), by a Liouville-type
argument (checking that [‘fi—}g “1(—i€203Y (€)) has no jump and is I at infinity).

This is a linear ODE which decouples into two scalar linear ODEs. We end up
with the so-called parabolic cylinder equation that can be solved explicitly in terms
of parabolic cylinder functions. We thus recover Y and hence H.

By tracing back the definitions we recover M, () etc. and finally the long time
asymptotics for our original problem (1).

We end up with the following

THEOREM. Let M be any positive constant. In the region |n/t| < M we have

the following uniform asymptotics for the solution of the defocusing NLS equation.

(8)

1 22 .
u(z,t) = w(z,t) + o(t™Y?%), where w(x,t) = [2_1‘, V20(zy)et 5w —logt
=2 v = —5log(L— lr(0)P), la(e0)P = 5 log(1 = [r(zo) )
20 == v=—glog r(z0)[7), la(20)” = ——log r(20)]%),
1 [*
arga(zg) = —3vlog2 — % + argl'(iv) — argr(zo) + - / log|z — zo|dlog(1 — |r(z0)|?).

REMARKS. 1. By focusing near the stationary phase point we end up with a
constant jump problem (moreless; there are also some exponentials of quadratic
terms that can be factored away). This is analogous to the linear case of section
6, where by focusing near the stationary phase point we ended up with an integral
where one factor of the integrand is constant and another factor is the exponential
of a quadratic and hence explicitly computable.

2. Note that the asymptotics (8) for the defocusing NLS equation express de-
caying oscillations of order [}]'/2. Compare with the formula (7) arising from the
linear stationary phase method. Note also the existence of a logt term in (8) which
is not in (7).

3. If we apply the linear stationary phase method on the (small r) formula (6)
we will arrive at a formula similar to (8) but without the logt term. The phase

correction term logt is a nonlinear phenomenon.
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I[TAPAPTHMA Y¥TO KE®AAAIO VII. AYSTHPH AITOAEI=ZH ©EQ-
PHMATOY. XTAYIMHY, ¢AYXHY. EZIXQXEIY WHITHAM

1. Oewpnua Ytactung Pacrg.
OEQPHMA. Eotw g € CNa,b] (dnhadn ye N GuVEYEC ToQoyWYOUS GTO

[a, b]) xou h moparywyown oo [a,b] ye W' (t) = (t —a)?~ (b —t)7 *hyi(t), omou
p,0 > 1, hy >0 xu hy € CN[a,b]. Tote

b .
f@) = [ gy Ot = B(a) - Afa), 1)
onou A(z) ~ An(x) xou B(z) ~ By(z) otav N — 00, e
EM(0) . n+1 n+1, -
— _yN-1 . - izh(a) 9
Ante) =~ O it Lyt e, o)

Ilo cuyxexpueva

A(2) — Ay(z)| < ——— (X ? /0“1‘dd(;k)

<= |du. (3)

Edw k(u) = g(t)2L omou 1 u opiletan peow e u? = h(t) — h(a) xou tehog

v1(u) = v(t) omou 1 cuvaptnon v evat tetol wote v € C™[a, b] xou v =1 yw

tela,a+n,,v=0ywteb—n0b yea+n<t<b—n<b Iapopow

- 1 0 n+1 n4+1, —np i
By(z) = -3, n!ET)F( . Jexp(mi 5 Yz —e el (4)
ue
1 N, - o dY (o)
— < —_T(—\z iVt P
o - v g [ S,

X0l TOUC AVIAOYOUC OPLOUOUS Yol TIC [, v, Uy, 1.

ITAPATHPHYH. H nepintwon Yovou GTUEOU GTAGUNG QACTS GTO @ Av-
TIGTOLEL OTNY T p = 2. MeYUAUTEQEC UXEPAUES TWES TOU p AVTIG TOLYOUY
o€ mohhamha onueta otacung gaonc. Ov Ay xon By dwvouv toug mpwtoug N
0pPOUC TNG TANPOUC JCUUTTWTIXNG OEoc NS f o€ duvayels tou 1/x otav o
T — 00.

Ev yevel, otav €youue ToAAO DLUPORETIXO OTUELN GTAGIING PAOTG, TEETEL
VO GTIUGOUNE TO OAOXATIPWUN OE OMOXANEOUATO TG TUQAUTOVG LOQPTC.



ATIOAEIZH. Eyoupe

f(x) = /a ' g(t)e" Wt = /a bl/(t)g(t)emh(t)dt—i— /a b(l—u(t))g(t)e”h“)dt: B(x)—A(x)
(6)

Al) = — /ab—n ,/(t)g(t)emh(t)dﬁ Blz) = /ab (1— V(t))g(t)eimh(t)dt- (7)

+n

Adalovag petofintec u” = h(t) — h(a) xou ypagovtac uf = h(b—n) —
h(a), eyouye

w? = h(t) ~ hia) = [ "W (s)ds = / s — )i (b— )" hy(s)ds.  (8)

a

Ectww s € [a,t]. AMalovtac yetahnmm s =a+ (t—a)y, 0<y <1, eyouue

w=(—ap [P 0—a— -y et - gy ©)

To ohoxhnpwyua mopartave ewvo cuvaptnon CN T aulouca we mpoc ¢, Tou
amecovileL 1o [a,b — n] oo [0,u;] pe avtiotpogn cuvaptnor erong CN L

Octoviog 1 (u) = v(t) eyoupe k(u) = g(t)L xu mpogovews n k eva
CN[O,Ul].

OloxAnpwvovtag xato Uepn

ul

A(z) = exp(izh(a)) /0 " o (w)k(w)ezplizu®)du = exp(izh(a)) /0 (W k(W)d, (u)du =

(10)
= caplizh(a) — eapliah(a)) [ T g, )
ue ¢_1(ur) = [,7 exp(izz?)dz. EnavahauBoavovtoc N @opec, xatohnyouue
A=Ay + Ry omou
An(x) = =235 (= 1)K (0) ¢ (a1 (0)e™" (12)
xou .
O-mrn() = (1) [ 7 (e~ w)eap(inz’)dz (13)
xou ) e By
R(@) = (—1)¥tein [ TR g,y

H xaunukn ohoxknpwone oto (13) ewvou 1 oxtvar arg(z — u) = =



Tcopoc
1

O-uin(0) = (=1 — [" (2 eaplis)dz, (15)

Totepa amo AYOUS EUXOAOUS UTOAOYIGUOUS, XATOATYOUUE
1 n-+1 n+1. —np

6—rin(0) = (<1 oD eap(it )

(16)

OTloV

P(z+1) = / ~ eap(—a)ade (17)
0
ELval T] YVO.)GTY" HO(Q GUVO(@TY"GT] FO(P.P.O(.

XpetaloUdoTE TEA EVOL OUOIOU0RPO QEaYU Yo TNV ¢_y. Ev yever Yo
OEILOVYE OTL

[f- ()] < I DEa (18)

p
apoL
1 N, . -n
- < ——I(—))z . 1
-] < g (19)
Hopoatnpouye Tpwta 0Tt
lexp(izz)| < e 2l (20)
[Ovtwe eyoupe
iz’ + x|z —u|f =ipx /u[(’ + |z — ulexp(wi/2p)]P~ dC. (21)
0

Ouwg To TpayuaTxo pepog Tov ipz [i'[¢ + |z — ulexp(ri/2p)]P~ d¢ evon mpo-
pavewe apvnTieo. Apa

explizz’ +z|z—ul|f] = explipx ['[C+ |z —ulexp(mi/2p)]P~1d(] < 1. OEA]

Ao T0V 0ploU0 NG G—(n41)(U) EYOUUE

D—in (W] < & 22 |2~ ue 0 dlz —u] = & 2 ulre~#1el dlu] o
(18) enetor euxoha.

Amo ty (19) xon ueow tne (14) xoTaANYOUUE GTO OTAUTOUUEVO Gparyua (3)
v 10 unohowmo Ry = A — Ay. Tlapopowa xataknyouue ato gpoayua (5) yio
v B — By. OEA.



2. E€wowoeic Whitham.
ATo TNy TEONYOUUEVT TUEAY QAP0 EECOUUE OTL 1) ACUUTTWTLXY) EXPEICT] TOU
OMOXANEWUATOC

£ = [ gty @ (22)

2T
f(t) ~ [W

0TOU kg EWVOL TO UOVABIXO (XU HOVO) GNUELD GTACIUNS Yoone oTo (a, b).

glval

]1/29(1{5 )eith(/lco)—i-i%sgnh”(ko)7 (23)

Poagovrac h(k) = =W (k) + k% xou ohoxhnpwvovtac e ohoxAner Tnv
eudela, EYOUNE

2

¢($, t) — / g(l{;)eikm_iw(k)tdk — Ejg(kj) ~ [ ]1/2g(]€j)eikm_iw(kj)t_i%SQnW”(kj)

R LW (k;)|

(24)
adpotlovTag Ylor OhoL T OTUEL GTAOLUNG @aong k. Me ahha Aoytor plor ouv-
UEoT AMAWY NUITOVOEWDWY XUUATWY CUUTEQLPERETAL WG TETEPACUEVO al)ooLo-
uoL xupotey e @dwov (xata t71/2) mhatog [HW%’EW]1/2g(/€j)e_igsgnw”(kf) Xl
ouyvotnta W(k;). Eyouue adpoiopa oamhwy xupatwy pe apyd HETUBoANopeva
mhatog xat ouyvotnta (modulated waves).

[agatnpouue ot av Yewpnoouue Ty th wg cuvaeTnoY Twv T, t, dNAadn

O(z,t) = =W (k)t + kz, (25)
TOTE
O.(x,t) = (x = W (k))ke + k,  Ou(x,t) = —W(k) + (x — W'(k)t)k,. (26)
Av 10 k ewvou onueo otaowune gaore, tote W/ (k) = z/t apa
Op(z,t) =k,  O(x,t) =—-W(k). (27)

Avtn ewvon wa amo 1ig e€iowoeic Whitham. [Oa CUVAVTNOOUUE JpYOTEQX TO
(Jt)\npsg) ouvotrnuo. Whitham mou meprypager tnv apyrn e&eldn tou unxouc
XUPOTOS X0 TN GUYVOTNTAS TV xuuatwy “modulated”.]

Hapatnpouue o1t 0 xupatxog aptiuog k, 0 0TOWC APYIXA OPLOTNXE GV
T CUYXEXPWEVT) TN TOU xugatixou apriuou k otn cuvieon (24) ewvo xon o
AUUATXOS AEWIUOC TOU U1 OUOLOHOR®O TAAAVTOUUEVOU xupatoc. Tlagouoio xou
n ouyvotnta W. Apa 1 oyeon Sluomopac TOU OWEL TN GUYVOTATA WS W (k)
OLOLTTPELTAL X0l GTO UT) OHOLOUOEHPO XUUA. AUTO OQELAETAL GTO OTL 1) LVOUOLOHOE-
(PLOL ELVOIL AIPXETAL HULXPY).



H nocotnta W/ (k) ewvon 1 opoadixn TayUTnTa TOU XUUATOS. SUUTEPOLYOUUE
AOLTIOV OTL OL XUUATIXOL A0l UETAOLDOVTAL UE TNV AYTLO TOLYT| OMAOLXT) TUYUTY-
to. Kupa aprdpou ko uetaxverton xota W (kg)t oe ypovo t.

H gaon 0 yetadideton xota Ty e£lomon foli—f +0; = 0. Apa Cé—f =3t =7
ONAQOT 1) TOUYUTNTO QUGS ELVOL XOL TOAL % 0ToU ouwe 1) evvola Twv k, W (k)
eyet arhalet. To k, W (k) ewvar twpa GUVOPTYOELS TWV T, L.

H deutepn e€ioworn, Whitham agopa 1o mhatog tng tedaviwong a:
(a®)y + (W' (k)a?), = 0. (28)

Duoixa 1 Topamovew eTaAIEVETUL EUXOAA, AAAAL 1) AOYLXT) TOU OBNYEL OE AUTNHY
EQYETAL ATO TNV ALY Y OLATNENONS TNEG EVEQPYELNG AVOUEGY GE OUO EUVELES x/t =
c1 %o T/t = ¢y TOU AVTIGTOLYOUY GE BLOPOPETIXES OUUDIXES TAYUTNTEC.

YNy yeauuxn tepintewon ot duo e€lowoelc Whitham ewvon aneunieyueves.
Yy un yeoupxn tepintwor) opws 1 Woelaptaton ano 1o a. I'pagovtag

W(l{?) = W(](l{?) + Wg(l{i)a2 + o (29)
Y xpo oty a n mpwtrn e€lowor, Whitham ywvetar (xota npooeyyion)

ko + (W(K) + Wh(K)a?) ks + Wa(k)(a?), = 0. (30)

Ayvowvtac tov opo Wi(k)a* xou oxentopevol opota yio 1) deutept) eflowon

Whitham xatoahnyouye tehixa 610 GUG TN
ke + Wo(k)ke + Wa(k)(a?), = 0 (31)

xou

(@2); + Wi (E)(a?)s + Wy (k)a?k, = 0. (32)

Avutec ewvan ot e€lowoelg Whitham otny un yeouuixn teptntwon (m.y. KdV,
NLS).

Ov eClowoelie Whitham ewvon urnepBolixec v v nepintworn KdV (ps
npaypatixa dedoueva) xou v Ty NLS (nepimtwon agectiaonc). Avtdeta
ewvor erheimuixeg yioo Ty NLS (mpzmwon souozong). Ev yever ot elowoeic
Whitham dev eyouv huor yia yeyaroug ypovous. Xtny unepBolixn TEQITTWAT)
T.Y. Umogel va eyoude shocks. Xtny elelntinn Tepintwon eyouy togotnernde
A(NAOLXES 1OWOUOPYLES. LuVNIwe, OE TETOLEC TEQITTWOELS, OE YPOVOUS UHUECWS
UETa TNV Wogop@ia, TeETEL va Yewprnoouue xuuata “modulated” TTOAAQN
PAYEQN. Ou xuyatixol apriuol xaL oL GUYVOTNTEC TEQLYPAUPOVTAL Xl TAUAL OTO
xamoto ouctrnua Whitham, olha Beloiwe yeyahutepng dactaong. Ewvor ev-
OLIPEPOV OTL TO YEVLX0TEEO cucTrua Whitham emdeyetar epunvela ueco tng

5



Vewplag Olapopixwy ot empaveleg Riemann apyo UETABUANOUEVDY XAADIXWY
ornuelwv!

Puowxa, 1 Tapanavew avartudy ewvor xoe ahho TR AUG TNRT Lo NUATLXAL.
[ awotnpeg anodetiec oty nepintwon KdV napoaneunoupe ota apipa [LL]
xou ytoo v NLS (repintwon eotwong) oto [KMM]. ITo cuyxepeva ota [LL]
eZetaleTon To €€Ng mEoPBAnua:

Up + Uty + h2Uppy = 0 (33)

Y10 TROUYOITLXOL apytXal DEDOUEVOL (PUIVOVTI GTO OTELQO X0l GTO [KMM] eZetale-
TaL To TEoPBANU

h2
thuy + Sty + |u*|u = 0, (34)

ue emone @Vwvovta dedoyeva, olho omou 1 u(x,t) ewvor yryodixn. Otav Tto
h — 0 oL AUGEIC TV TUQATAVL CUUTERLPECOVTOL WS EENC:

Y& o unomepLoy N ToU T, > 0 TUEATNEEL XAVELS UL OUAAOTNTA TWV AUGEWY
otav h — 0. Tropyet woyvpo opo e u(z,t), otav h — 0. EZw ano tnv un-
OTEQLOY T AUTH TNG OUAAOTNTUS TUQATNEOUPE BLOLES TUAUVIWOELS, 0QYA UETHBUA-
AOUEVOU oA PEAYUEVOU TAATOUC X0 00Y oL LETABAAAOUEVTIC GUYVOTNTAC TALEWS
O(1/h). Ot TohavTwoES QUTES neplypagovton oo T e€lowoel Whitham!

Hapatneouue tehog oti e€lowoec. Whitham nou npogpyovton ano ohoxirpewot-
ua ouvotnuoto ewvar emtlvowec! Bhlene n.y. [DVZ] yio v nepintwon KdV
xor [KMM] v tny NLS (nepintwon ectaong). Opwe goveton ott 1 Yewpto
Whitham eyet xou un ohoxAnpwolues QaupUOYES.
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I[TAPAPTHMA. TAAANTQXEIY, APTA METABAAAOMENQN ITAA-
TOYTY KAI ¥XTYXNOTHTAXY. EZIXQXEIY. WHITHAM

1. I'poppixeg e€lowoelg
OuulouyE OTL 1) AOUUTTWTIXT EXPEACT] TOU OAOXANEOUATOC

b )
£ = [ glk)e V. @)
gtvolt 5
- m 1/2 ith(ko)+iZ sgnh” (ko) 9
f(t) [t‘h”(k‘o”] g(k‘o)e ) ( )

omou kg Evou TO JOVOBIXO GNUELD GTACHING YoNG 0T (a, b).

Loagovrag h(k) = —W (k) + k% xou ohoxhnpwvovtag o€ ohoxhnen tny
gvdela, EYOuUE

2

_ ike—iW (k) 77 _ SV (L

ola.t) = [ glk)e ah = 590k ~ =,

(3)
adpotlovtag v oha To onuEla oTacung gaons k. Me odha Aoyl wiar (ou-
VEYNG) OUVIEST AMAWY NUITOVOEIBWY XUUATWY CUUTEPLPERETOL WS TETEQACUEVO
adpotopa xupatey pe gdvov (xata t~/2) mhatog [HW%ifkj)‘]1/29(kj)e_igsgnw”(kf)
xot ovyvotnta W(k;). Eyouue adpotopa anhwy xupotoy Ue apyo YetoSaiho-
ueva TAatog xat ouyvotnta (modulated waves).

Hapatnpoupe ott av Yewpnoouue Ty th wg cuvaptnon Ty ,t, OnAady
O(x,t) = =W (k)t + kx, (4)
TOTE
Op(z,t) = (x — W'(k)Ok, + k,  Ou(x,t) = =W(k)+ (x — W (k)t)k,. (5)
Av 70 k ewvon onuelo otaoung gaong, tote W/ (k) = z/t apa
O (x,1) =k,  Oy(x,t) = =W(k). (6)

Avty evon o ano Tic eiowoelc Whitham. [Oa ouvavtnoouye apyotepa to
(mAnpec) ovotnua  Whitham nou meprypager v apyn eZeM&n Tou pnxoug
XUUATOG XU TNG CUYYOTNTAG TWV XUUATDY "modulated” .

Hopatneouue ot 0 xupatixog aprduog k, 0 0Tol0g apyiXa OPICTNXE CAY 1)
CUYXEXQUIEVY] TUYLY) TOU xupatixou aptdyou k oty cuvideon (3) evon xat 0 xu-
HoTL0g aptiuog Tou U OUOopop(a TOAXYTOUPEVOL xupatog. [lapouoto xou 1)

]1/29(k,j)eikx—iW(kj)t—i%sgnW” (kj)



ouyvotna W. Apa n oyeon Swonopag mou divel T ouyvotnta wg W (k) -
TNPELTOL X0 GTO [A7] OUOLOUOPPO XUPA. AUTO OQPELAETOL GTO OTL 1) AVOUOLOUORPLAL
ELVOL OOXETOL ULXQT)-

H nocotnta W/ (k) ewvor 1 opodixn ToyuTnTd TOU XUUATOS. SUUTEQOUYOUUE
AOLTOV OTL OL XUPATIXOL IOl UETADLBOVTOL UE TNV AVTIC TOLYT OPODIXT] ToLy -
. Kupa aprdpou ko petonaverton xata W (kg)t oe ypovo t.

H qoor 0 yetadidetar xata v e€lowon Gz‘é—f +6, = 0. Apa Cfl—f =t =7
ONAADY 7 TOYUTNTOL PACT|G ELVOL XAl TIOAL % oTou ouws 1 evvola twv k, W (k)
eyet alhaZet. Ta k, W (k) ewvor twpa ouvoptnoels twy ., t.

H Seutepn e€loworn, Whitham agopa 1o mhatog tng toAaviwong a:

-0 _ W

(a®) + (W'(k)a®), = 0. (7)

Quowxa 1 mopanave exahndeveTar EUXOA, AhAA 1) AOYIXY) TOU OBNYEL GE AUTNV
EQYETAL OO TNV 0PY TN BITNENONG TNG EVERYELNS AVOESH OE duo evdeleg n/t =
c1 X n/t = ¢y TOU AVTIGTOLYOUV OE BIPOPETIXES OUADIXES T UTNTEC.

Yy Yeouuxn tepintwot ot duo ediowoelg Whitham ewvon aneumieyyevec.
YNy Un yeouuxn tepintewor) ouns 1 Woeaptatar ano to a. ['pagovrag

W (k) = Wo(k) + Wa(k)a® + ........ (8)
Y lixpa Thatn a 1 teetn e€lowon Whitham yweton (xata npooeyyion)
ke + (WY(k) + Wa(k)a®)k, + Wa(k)(a®), = 0. 9)

Ayvowvtag tov opo Wi (k)a? xu oxentopevor opowa Yo T deutepn e&l0woM
Whitham xatoknyoupe telxa 610 CUCTIHUX

ki + Wi(k)ky + Wa(k)(a®), = 0 (10)

xou
(a®); + Wi(k)(a®), + W (k)a*k, = 0. (11)

Avtec ervan ot e€lowoelc Whitham oty un yeouuxn nepintwon (n.y. KdV,
NLS).
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