ergastirio9 29/11/22, 5:04 AM

90 Epyaotrplo
Ma v apBunTikn €miAvon evog TIPORANUATOS APXIKWY TIUWV (M.A.T.)

y/(t) = .f(tay(t))a te [av b]7 y(O) = Yo

BewpnoaUE TIETIAEYUEVES LLOVORNUATIKEG LEBOSOUG OTIWG N TIETAEYIEVN Euler )
Tpamediou.

Ma va uTIOAOYICOVHE TNV TN Yy, 11 XPELAZETAL VO AVCOUUE (0TN YEVIKN TIEPITITWOT TIOU N
f elval pun ypapuikn wg mpog y) Ka Un ypappikn egiowon. ‘Evag Tpomog ivat
XPNOLUOTIOW)COUE HLA ETTAVAANTITLKT) Sladlkaoia OTiwG 0TOV UTIOAOYLOO TOU 0TaBgPOL
onueiov. ‘ETol, og KAOe Priua Touv alyopiBuou Tng memAsyuevng Euler, yia tov uTtoAOYLIoUO
dnAadn tov Y, 1 BETOLHE

g(S) = Yn T h.f(tn+l7 3)’

Kat avadntolpe s* TETOL0 WOoTE

ETeldn umopoUpe MOVO Va TIPOCEYVICOUE TO 87, TNV TIPOOEYYLON S), TIou Ba
UTTOAOYIOOUE XPNOLHOTIOLWVTAG TNV €TTAVAANTITIKT Stadlkacia tou otabepol onpeiov, Ba
Beooupe WG Yy, 1, SNAAST) BewpoLEe TNV akoAoubia

Sk1 =9(sp),k=0,...,
yta doopevo tol, urtoAoyi{oupEe TO S, TETOLO WOTE |sk — sk_1] < tol kal Bgtoupe
Yn+1 = Sk
KOL TIPOXWPALLE YLa TNV ETIOUEVN TIPOCEYYLON TNG HEBOSoL eTemAeyEVNG Euler.

Tnv i6la dtadikacia umopouue va epapOCOUUE Kal LA TIOAUBNUATIKEG ueBOSoug.
Oewpeiote TN HEB0S0 Adams Multon(2) kat ™ BDF(2)

M£6o8og Adams Multon(2) lNa doopéva yg, Y1,

5 2 1
Yn+2 = Yn+1 + h(ﬁf(tn+27yn+2) + g.f(tn—o—l,yn—l—l) - Ef(tn7yn))a n = Oa s 7N

M£60obdog BDF(2) lNa dooueva yo, Y1,

4 1 2
Yn+2 — §yn+1 + gyn - gh.f(tn+2’yn+2), n — 07 .. 'aN — 2.
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Acknon 1: Eotw y(t) = (¢ + 1)2, oo [0, 2] n omoia sivat Abon oTo

y'(t) = 4t(y(t)V?, te€0,2], y(0)=1.

Oewpeiote 11§ peBOSoug Adams Multon(2) kat ™ BDF(2), €éva Slapeplopod tou [O, 2] oe
N + 1 onueia, Kat yia va UAOTIOWOETE AUTEG TIG SU0 HEBOSOUG XPNOLUOTIO|OTE TIG
OPXIKES TIMES Yo = 1 kat y; va divetal amod tnv aueon peBodo tou Euler. Bpeite 1o
opaAHa maxg<,<n Y, — Y(t,)], via N = 20,40, 80, 160 kabwg Kat TIG THES yia

t =0.5,1,1.5,2. MNapatpnote 6t kKaBwG to N avgdvel 1j To h EAATTWVETE OL TIUES Y,
Teivouv va otabepotonBouv. (AnAadn n neEBodog paivetal va cuykAivel)

import numpy as np
import matplotlib.pyplot as plt
def y exact(t):

S=(t**2+1)**2

return s

def f(t,y):
s=4*txy**(1/2)
return s

def g(t,x,y1,y0):
# 01 uetaBAntec yl, y0 €1val 01 7POCEYYIOELC OTA 2 mPONYOUVUEVA Bnuata
# H uetaBAnthi x €ivat n npooeyyion mov €xovue N6n Bpetl otov aAyoptiBuo

s=(1/3)*(4*yl-y0)+(2*h/3)*f(t,x) # BDF-2
#s=yl+h*((5/12)*f(t,x)+ (2/3)*f(t-h,yl)-(1/12)*f(t-2*h,y0) )# AM2
return s

### Mapakdtw 6ivete H uebobo¢ uévo yila t™h Ul m7EP1ZTWON N
### [lpeme 1l va bNUIOVPYNOETE MU1a £maVaAnyn yla va TPEEETE yla OAEG TIGC mEPLs

#### BDF2 (Mn ypauuikn f w¢ npoc y)
N=20

t=np.linspace(0,2,N+1)

h=t[1]-t[0]

y=np.zeros (N+1)

y[0]=1
y[1l]=y[0]+h*£(t[0],y[0]) # llpWto Brua ue TNV AuUECn Euler

### O£TOVUE TOL KA1 NMAX UEY10TO aplOUl £mVAANYEWY Yy1a TOV VmOAOY10UO TNG
tol=1l.e-3
Nmax=100

# lpoooxn otTov ApPlOUO TWYV E£mAVAARYEWY
#Atn 61Bnuatikn ueBobo Kavovue 1 AlyoTepn Emvainyn

for i in range(N-1):

x0=y[i+1] #Apx1KQ mpooéyyion oto i+1-Bnua
k=0
err=1. #0ETOVUE QAPY1KA& TO opdAua i{oov pue 1 yia va Eekivhoelr n 6tabikao
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while (err>tol) and (k<=Nmax):
x=g(t[i+2],x0,y[i+1],y[i]) # €mduevn mpooéyyion
err=abs (x-x0) #0QAAUx
k=k+1 # auédvovue TOV pETPENTH BNUATWY
x0=x;

y[i+2]=x #TEAEWWVEL N €mvaAnyn oTABEPOV ONUETIOV KAl BETOVUE TN mPOOE)
HHAAAAHAAAH  WC TNV mpPOOCEYY 10N TN¢ AVONC o0tTo onueio t[i+1]

err_y=max(abs(y_exact(t)-y)) #opdAua
print('Méyioto o@dApa yla N=',N,':',err y)

print('h="',h)
n0=int (N/4) # To 7ANOo¢ twv onueiwv e€ivatr moAdazAacia ToV 4,

## Kat ta onuela t=0.5,1,1.5,2 nov ¢ntagt n doknon €ivat moAdazAaoia 1
n=n0

print('t=',n*h,' ',y[nl])

n=2*n0

print('t=',n*h,"' ',y[nl])

n=3*n0

print('t="',n*h," ',y[nl)

n=N

print('t=',n*h,"' ',y[n])

Méy10To OQAApX Yyl N= 20 : 0.14298187021714526

h= 0.1

t= 0.5 1.533797657611489
t= 1.0 3.9877243136686094
t= 1.5 10.601922617337417
t= 2.0 25.142981870217145

Acknen 2: Eotw y(t) = (t* + 1)2, oo [0, 2] n omoia ivat Abon oTo

y'(t) = 4t(y(t)?, te€0,2], y(0)=1.

OewpeioTte TN akOAoLON 2-BnuaTikn uEBodo:
Ma doopeva Yo, Y1,

h
Yn+2 — Yn+1 = E(4f(tn+21 yn+2) + Sf(tn+1’yn+1) - .f(tnayn))a n = Oa cee 7N — 2.

Oewpniote £va Stapeplopo tou [0, 2] oe N + 1 onpeia, Kat yia va LAOTIOW|OETE AUt TN
1EB0S0 XPNOLLOTIOMOTE TIG APXIKES TIHES Yo = 1 kaL y; va Sivetal amd v dueon

,yia N = 20, 40, 80, 160
Kabwg kat Tig pooeyyioeg ya t = 0.5,1, 1.5, 2. Napatnpnote 6t kabwg 1o N av&avel

HEBoS0 Tou Euler. Bpeite 10 0pAAUA MaXg<,< N |Yn — Y(,)

1 T0 h eEAATTWVETE oL TIUES Y,, Telvouv va atabeporomBolv. (AnAadn n uEBodog daivetat
VA CUYKALVEL), OUWGS TO 0PAAUA SEV HELWVETE!
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import numpy as np
import matplotlib.pyplot as plt
def y exact(t):

S=(t**2+41)**2

return s

def f(t,y):

S=4*t*y**(1/2)
return s

def g(t,x,yl,y0):
# UN-0VVEMNC

return s

### To u6vo mov aAAdletr o€ oxeon ue tnv Acoknon 1 €ivat n uéBobog. Tpomomoic

Aoknon 3: OewpeloTe TIG TTPOOEYYIOELS Y, TTOU TIPOKUTITOUV TNV TIPONYoUEVT ACKNON

, ~ 11 , 2 : :
2, kaL tn ovvdptnon g (t) = (Et + 1)°. Yrohoyiote ta odpdApata

,yia NV = 20, 40, 80, 160. Teivouv autd oto 0;

maxp<p,<nN |yn - g(tn)

MNapatipnon yia tig Aoknoelg 2 kat 3:H uebodog mov Bewpnoape otnv AcKnon 2,
MUTIOPOUE EUKOAA Va SLATILOTWOOULE OTL €ivatl eVoTABNG AAAA OXL GUVETING (EAEYXOUUE Qv
TA AVTIOTOLXA XOPAKTINPLOTIKA TIOAVWVULA LKAVOTIOLOUV TIC ATIAPAITNTES OUVONKEG).
Emopevweg olpdwva pe tn Bswpia BAEToupe OTL dev eival cuykAivouoa Kat dpa ot
Tipooeyyioelg y,, yia to MAT tng Aoknong 2 dev Ba cuykAivouv atnv Avon tou MAT y(t),
OaAAd o€ pia AAAN cuvdptnon TV gj(t) MmopoUpE va SLaTLOTWOOoUKE OTL N ¢ elvat Avon
Tou MAT

11

y'(t) = 4t(u()'?, t€0,2], y(0)=1.

AnAadr| oL TIPOCEYYIOELS TIOU TIAIPVOUE LIE ULA YN oLVETIT) AVoT 08nyouv oTn AVOoN VOGS
AAAOU TtPORBAIUATOG aTtd AuTo TIou BEAouLE va AUCOULUE!
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Acknon 4: Eotw y(t) = e 1%, 010 [0, 2] n omoia eivat Abon oTo

y'(t) = —10y(t), t€[0,2], y(0)=1.

Oewpeiote TN akoOAovbn pebodo:
Ma doopeva yg, Y1,

| S

Yn+2 + Yn+1 — 2yn = (.f(tn+27 yn+2) + 8f(tn+1a yn—l—l) + 3f(tn’ yn))a n = Oa cee 7]\

OewpnoTte €va Slapeplopnd Tou [O, 2] oe N + 1 onueia, kat yta va UAOTIOWOETE AUTEG TG
800 PEBOSOUG XPNOLUOTIOOTE TIG APXIKES TIES Yo = 1 kat y; va Slvetat amo tnv aueon
HeBodo tou Euler. Bpeite 10 0paAua maxo<,<n |y, — y(t,)|, via N = 20,40, 80, 160

Kabwg kat T pooeyyioes yiat = 0.5, 1, 1.5, 2. Napatnprote 6t kabBwg 1o N avgdvel

1 10 h EAATTWVETE, OL TYUES Y, YivovTal TTIOAU LeyANeg. (AnAadn n uebodog dpaivetal va
ATIoOKALVEL Kal va gival actabng).

MNapatnpnon: H uEBodog Tov Bewpnoaie, UTIOPOVUE EUKOAA VA SLATILOTWOOUE OTL SV
elval evotadng aAld sival ocuvemig. ETopgvwg BAETIoupEe OTL Sev elval cuykAivouoa Kal
apa oL tpooeyyloelg y,, yia to MAT tng acknong dev Ba cuykAivouv atnv Avon tou MAT

y(t).

Yuotipata Atadpoplkwyv eELCWTEWV

Oewpole TWPA To akOAouB0o cloTNUA SLadOoPLKWVY EELCWTEWVY

d(t) = osa(t)(1 - Tsu(t), v/(0) = Tou(t) (g alt) ~2), t € [0,150],2(0)

AUTO eival eva cuoTnua Tou TiEpLYPAdEL TN €EEAIEN TOL TIALBUOLIOU AaywV Kal aAsTIoVSwWYV,
otou z(t) eivat 0 TALBVOHAG TwY Aaywv Kat () Twv aAemolSwV.

Acknon 5: Oswpeiote 10 Mapandvw cbotnua A.E. kat wa dtapépton tou [0, 150], pe
N = 2500 kat epapuodoTe T Apeon HEBodo tou Euler, Tn peB0S0 TOU HECOL KAl TN
neBodo Adams-Bashforth(2) yia cuotriuata yia va Bpeite 1§ Tpooeyyioes (Zy,, Yy, ) Twv

(w(tn)ay(tn)), n = O, .. .,N,

Anuovpyeiote TN YPadIKN TIAPACTACT TWV AVCEWV WG TIPOG TO XPOVO t.
Anuloupyeiote TN YPAdIKY) TTAPACTACT TWV 2 TIPOCEYYICEWV (a:n, yn) oto Tedio xy.
Moldg elval o TALBUOOS TWV AayWV KAl Twv aleTtoLdwvV yia xpoévo t = 150;

P oObd -~

Av peTABAAETE (AVENOETE 1) MEWWOETE) TOoV aplOud Twv onueiwv IV, o TANBUOUOG 0TO
xpovo t = 150 petaBAalete TOAU;
5. Mold pebodo moteveTe oTL Sivel KAAUTEPA ATIOTEAECLIATQ;
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import numpy as np
import matplotlib.pyplot as plt
def fl(t,x,y):

return (0.05)*x*(1-0.01*y)
def f2(t,x,y):

return (0.1)*y*(0.005*x-2)

N=2500
t=np.linspace(0,150,N+1)
h=t[1]-t[0]

x=np.zeros (N+1)
y=np.zeros (N+1)

%x[0]=500
y[0]1=100

### AUEoN Euler

for i in range(N):
x[i+1]=x[i]+h*f1(t,x[i],y[i])
yli+1l]=y[i]+h*£2(t,x[i],y[i])

### Tpap1Kn mapaotTacn Twv 2 OVVAPTACEWY
plt.plot(t,x,t,y)
plt.show()

### [paplkn mapdotaon xy-e£mizebo
plt.plot(x,y)
plt.show()

## [AnBvoudc oto TEAOC
print (x[N],y[N])

29/11/22, 5:04 AM

### 01 akp1Beic Avoei¢ givar neprodikég ovvapthioeic. 000 pueyaAwvetr o apilby
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500

400 -

300 1

200

100

160 -

140 -

120 -

100 -

35 350 375 400 425 450 475 500
322.99841812316043 127.73974461414167
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