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Prìlogo


To topolìgion e�nai h b�sh enì
 maj mato
 taqÔrrujmh
 eisagwg 
 sthn genik  topolog�a. To onìmasa

topolìgion me k�pw
 allhgorik  di�jesh, giat� h lèxh parapèmpei se mia an�lush th
 shmas�a
 tou

tìpou. O tìpo
 mpore� na e�nai mia majhmatik  afa�resh all� den paÔei na e�nai kai pragmatikì
. O

tìpo
 pou stekìmaste   nom�zoume ìti stekìmaste kai pou jèloume na analÔsoume. Na ft�soume se

mia pio kajar  ant�lhyh tou poÔ briskìmaste kai t� k�noume. H genik  topolog�a, ìpw
 dhl¸nei kai

h lèxh, asqole�tai me ton tìpo, ta e�dh tou, ti e�nai kont�, ti e�nai makri�, ti ja pe� sunèqeia, an h

èktash e�nai peperasmènh   �peirh, an o q¸ro
 ma
 e�nai spasmèno
 se komm�tia   e�nai èna pr�gma,

an up�rqoun drìmoi apì èna shme�o s> èna �llo   e�nai gem�to
 adièxoda ktl.

Ston kl�do autì mu jhka prin sar�nta qrìnia (ti di�sthma mikrì! pou èlege kai o Kab�fh
), sta

semin�ria tou Qrình Str�ntzalou, parèa me to bibl�o tou Dugundji [Dug66], to opo�o e�nai kai h basik 
anafor� gia autì to m�jhma. Up rqe tìte mia om�da apì enjousi¸dei
 ejelontè
 (oi perissìteroi twn

opo�wn e�nai s mera kajhghtè
 sta panepist mia th
 allodap 
 all� kai th
 hmedap 
), oi opo�oi

parakoloujoÔsan aut� ta semin�ria (qwr�
 bajmologik  katoqÔrwsh) sta upìgeia th
 odoÔ Sìlwno
,

pou dièjete tìte to panepist mio sto Majhmatikì th
 Aj na
. To meshmèri, epistrèfonta
 sto sp�ti,

stibagmènoi sta lewfore�a, zoÔsame thn empeir�a th
 majhmatik 
 epagwg 
, ìpw
 mou thn ex ghse

arket� qrìnia argìtera o ae�mnhsto
 K¸sta
 Skand�lh
: e�n se èna lewfore�o qwr�ne n �toma, ìpou

n akèraio
 jetikì
, tìte qwr�ne kai n + 1, �ra qwr�ne �peira. To lewfore�o  tan par�deigma enì


exairetik� sumpagoÔ
 q¸rou me mh kenì eswterikì, se ant�jesh me to sÔnolo tou Cantor (je¸rhma
1.1.10). E�qe ep�sh
 prosanatolismì, kai p gaine kat� m ko
 mia
 suneqoÔ
 kampÔlh
, apì èna shme�o

se èna �llo, ulopoi¸nta
 thn kat� tìxa sunektikìthta th
 Aj na
. àntonh  tan ep�sh
 h a�sjhsh

twn epibat¸n ìti, krat¸nta
 ta qeroÔlia gia na mhn pèsoun, tautìqrona leitourgoÔsan san sÔndesmoi,

sugkrat¸nta
 se èna sunektikì sÔnolo kai ta mèrh twn palai¸n, kat� kanìna, lewfore�wn, pou, ja

èlege kane�
, parous�azan mia èlleiyh stajer�
 Lipschitz, mia diastaltik  sumperifor�, mia t�sh pro


thn ap¸leia twn sunistws¸n tou
.

H genik  topolog�a èqei to qarakthristikì na e�nai pantaqoÔ paroÔsa, se ìlou
, sqedìn, tou
 kl�-

dou
 twn majhmatik¸n kai ìqi mìno. Ja èlege kane�
, �sw
 l�go uperb�lonta
, ìti e�nai san ton q¸ro

pou perièqei ta p�nta kai perièqetai pantoÔ. To prìblhma me thn didaskal�a th
, ìpw
 to ni¸jw,

e�nai ìti sthr�zetai se èna pl jo
 afhrhmènwn ennoi¸n (pou telik� sugkrotoÔn mia gl¸ssa), oi opo�-

e
 proèrqontai apì polÔ sugkekrimèna probl mata kai idiìthte
, pou o foitht 
, kat� kanìna, den

èqei prol�bei na katano sei empeirik�. Moi�zoun me ti
 upìgeie
 upodomè
, Ôdreush
, apoqèteush
,

diktÔwsh
 th
 polite�a
, oi opo�e
 uposthr�zoun thn k�pw
 pio endiafèrousa zw  sthn epif�neia.

àtsi, polÔ eÔkola, mpore� na glistr�sei o foitht 
 sthn nootrop�a, tou na sk�bei l�kou
 kai na

b�zei swl ne
, stou
 opo�ou
 den xèrei ti rèei mèsa tou
, apì pou èrqontai kai pou akrib¸
 p�ne.

Se aut n thn nootrop�a de, ja pagiwje� me stereìthta, an af sei na antiq sei, sto eswterikì tou, o

uponomeutikì
 y�juro
: �nte na xemperdeÔw m> autì. H swst  nootrop�a ed¸, ìpw
 kai se k�je �llo

kl�do twn majhmatik¸n (kai genikìtera se k�je kl�do ìpou k�jetai o ekpaideuìmeno
 qwr�
 o �dio


na ton prion�zei me kofterì priìni), e�nai h akrib¸
 ant�jeth: dhlad  to na mperdeÔetai s> autìn, na
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buj�zetai s> autìn, na agwn�zetai gia thn katanìhsh, na ft�nei sthn apìlaush th
 entrÔfhsh
.

S> autì to shme�o e�nai shmantik , nom�zw, h sumbol  tou dask�lou, pou ja mporèsei na faner¸sei

me parade�gmata kai efarmogè
, k�ti apì to meg�lo endiafèron tou jèmato
. To pr�gma den e�nai eÔkolo

kai jèlei z lo kai apì ta dÔo mèrh, to d�skalo kai to majht . äpw
 akrib¸
 o �njrwpo
, sta pr¸ta

tou qrìnia, kine�tai anèmela ston tìpo tou, p�ei ed¸, p�ei eke�, all� sthn ous�a den xèrei akrib¸


oÔte pou p�ei oÔte giat� p�ei eke� pou p�ei (oÔte an ja tou arèsei eke� pou ja fj�sei), ètsi kai sthn

topolog�a faner¸netai argìtera h shmas�a twn genik¸n apl¸n arq¸n pou diapot�zoun kai en pollo�


kajor�zoun sÔnjeta fainìmena. El�qisto par�deigma e�nai eke�na ta ε kai δ pou emfan�zontai ston

orismì th
 sunèqeia
 tou apeirostikoÔ logismoÔ kai th
 sÔgklish
 akolouji¸n. Ti akrib¸
 shma�noun

aut� ta pr�gmata; An jèlei k�poio
 na katano sei pragmatik� thn shmas�a tou
, prèpei na katafÔgei

sthn melèth th
 topolog�a
.

Sto m�jhma loipìn autì prosp�jhsa na suzht sw ta piì apara�thta kai stoiqei¸dh kef�laia th


genik 
 topolog�a
, pou, kat� th gn¸mh mou, sugkentr¸nontai gÔrw apì thn sunèqeia, tou
 metrikoÔ


q¸rou
, thn sunektikìthta kai thn sump�geia. Katìpin de, na de�xw thn ax�a tou
, analÔonta
 me au-

t� ti
 apode�xei
 se merik� apì ta piì gnwst� jewr mata twn majhmatik¸n, ìpw
 e�nai to jemeli¸de


je¸rhma th
 �lgebra
, to je¸rhma twn Stone, Weierstrass, to je¸rhma tou Brouwerkai to je¸rhma tou

Jordan. àtsi to topolìgion, pou sunhqe� me to dromolìgion, e�nai mia pore�a me afethr�a, diadrom  me

axiojèata kai proorismì sugkekrimèno. Sthn t�xh, bèbaia, up�rqei p�nta mia di�stash tou apotelè-

smato
 apì thn prìjesh. O qrìno
 th
 kataskeu 
 twn ergale�wn mpore� na exantlhje� eÔkola kai oi

majhtè
 na me�noun me ta ergale�a sto qèri, qwr�
 na ta èqoun dokim�sei se mia kataskeu . H lÔsh

e�nai oi ergas�e
 se eidik� jèmata, pou mpore� na anajèsei o d�skalo
 se k�je majht  kai h leptomer 


melèth twn paradìsewn kai ei dunatìn tou bibl�ou tou dask�lou.

Autì loipìn e�nai to bibl�o tou dask�lou, kai apì th fÔsh tou egqeir mato
, se merik� shme�a o

lìgo
 e�nai elleiptikì
 kai h sumpl rws  tou me ti
 uponooÔmene
 leptomèreie
 e�nai mia apara�thth

�skhsh gia ton anagn¸sth. Ti
 upoqrewtikè
, ja èlega, autè
 ask sei
 sumplhr¸noun kai �lle
,

orismène
 apì ti
 opo�e
 dane�sthka apì ta bibl�a pou anafèrw sthn bibliograf�a, ìpou kai parapèmpw

gia epiplèon ask sei
, epekt�sei
 kai enallaktikè
 jewr sei
.

Elp�zw me to pìnhma autì na suneisfèrw kai sthn katanìhsh enì
 �llou aìratou, all� pantaqoÔ

parìnta, par�gonta sth zw  tou majht , pou suqn� ton lhsmone�. Autì
 sun�statai sto ìti, ìse


gn¸sei
 kai an apokt sei, ìti kai na m�jei, ìpw
 kai an qrhsimopoi sei ti
 gn¸sei
 tou, h basik  tou

perious�a kai phg  qar�
 ja e�nai p�ntote to zwntanì endiafèron tou gia to antike�meno, h gn sia

projum�a tou na pa�rnei th jèsh tou majht .

Hr�kleio, 17 Ianouar�ou 2014

P�ri
 P�mfilo
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KEFALAIO1

Topologiko� q¸roi, sunèqeia

1.1 Topologiko� q¸roi

Orismì
 1.1.1 Topologikì
 q¸ro
 onom�zetai èna zeÔgo
 (M, T ) apoteloÔmeno apì èna mh kenì sÔnolo
M kai èna sÔnolo T uposunìlwn tou M (suqn� lème kai oikogèneia uposunìlwn tou). Ta uposÔnola tou

M pou an koun sto T onom�zoume anoikt� tou topologikoÔ q¸rou kai ikanopoioÔn ta axi¸mata:

1. Ta dÔo eidik� uposÔnola ∅ kai to �dio to M e�nai anoikt�.

2. An ta A1, ..., An e�nai anoikt� tìte kai h tom  tou


⋂n
i=1 Ai e�nai anoiktì.

3. An {Ai, i ∈ I} e�nai oikogèneia anoikt¸n, tìte kai h ènws  tou


⋃
i∈I Ai e�nai anoiktì.

Sqìlio-1 àqonta
 kajor�sei, me k�poio trìpo, ta M kai T , qrhsimopoioÔme ton ìro topologikì
 q¸-

ro
 kai gia to �dio to M, en¸ to T to anafèroume w
 h topolog�a tou M. Ep�sh
, ta sÔnola A ∈ T
anafèroume w
 anoikt� th
 topolog�a
 tou M.

Sqìlio-2 To pr¸to ax�wma de�qnei ìti h oikogèneia twn anoikt¸n T perièqei p�ntote to ∅ kai to �-

dio to M, epomènw
 den e�nai potè kenì sÔnolo. To deÔtero ax�wma apaite� h tom  enì
 opoioud pote

peperasmènou pl jou
 anoikt¸n na e�nai anoiktì. To tr�to ax�wma, afor� sthn ènwsh oswnd pote a-

noikt¸n kai apaite� h ènws  tou
 na e�nai p�nta anoiktì. Apì ton orismì prokÔptei ìti to �dio sÔnolo

M mpore� na èqei di�fore
 topolog�e
 T , T ', ... Pìse
 diaforetikè
 topolog�e
 èqei èna sÔnolo me 2, 3
kai 4 stoiqe�a ant�stoiqa;

Parade�gmata

1. Diakrit  topolog�a. Se k�je sÔnolo M (ja upojètoume sto ex 
 ìti to M e�nai mh kenì)

or�zetai, ja mporoÔsame na poÔme, h mègisth topolog�a T , pou perilamb�nei ìla ta uposÔnola

tou M. JewroÔme loipìn w
 anoikt� ìla ta uposÔnola tou M. H diap�stwsh th
 isqÔo
 twn

tri¸n axiwm�twn e�nai tetrimmènh. H topolog�a T pou or�zetai me autìn ton trìpo onom�zetai

diakrit  topolog�a tou M.

2. Tetrimmènh topolog�a. Se k�je sÔnolo M or�zetai, h el�qisth topolog�a T , pou perilamb�nei

dÔo mìno uposÔnola tou M, to ∅ kai to �dio to M. Kai p�li, h diap�stwsh th
 isqÔo
 twn

tri¸n axiwm�twn e�nai tetrimmènh. H topolog�a T pou or�zetai me autìn ton trìpo onom�zetai

tetrimmènh topolog�a tou M.

3. Tom  topologi¸n. äpw
 ton�zetai kai apì ta prohgoÔmena parade�gmata, se èna sÔnolo M
mporoÔme na or�soume perissìtere
 apì m�a topolog�e
 T , T ′

, T ′′
, ktl. E�n, loipìn, {Ti, i ∈ I}
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e�nai m�a oikogèneia apì topolog�e
, tìte h tom  ìlwn aut¸n T0 =
⋂

i∈I Ti ikanopoie� p�li ta tr�a
axi¸mata kai or�zei m�a topolog�a, pou onom�zetai topolog�a tom  twn topologi¸n {Ti, i ∈ I}.

4. H sqetik  topolog�a enì
 uposunìlou B ⊂ M. Se èna uposÔnolo B ⊂ M tou topologikoÔ

q¸rou or�zetai m�a topolog�a mèsw twn tom¸n me ta anoikt� tou M.

TB = {B ∩ A, ìpou A ∈ T }.

H topolog�a aut  onom�zetai sqetik    eisagìmenh apì aut n tou M.

5. H sun jh
 topolog�a tou R. To sÔnolo twn pragmatik¸n arijm¸n R èqei m�a, kat� k�poio

trìpo, fusiologik , topolog�a, th
 opo�a
 ta anoikt� e�nai en¸sei
 anoikt¸n diasthm�twn.

Diapist¸noume eÔkola ìti ta uposÔnola tou R aut 
 th
 morf 
 ikanopoioÔn pr�gmati ta tr�a

axi¸mata. Etsi, l.q. w
 pro
 aut  thn topolog�a, to sÔnolo

R− Z =
⋃

i∈Z

(i, i+ 1)

e�nai anoiktì, w
 ènwsh (ape�rou pl jou
) anoikt¸n diasthm�twn. Ston �dio q¸ro h oikogèneia twn

diasthm�twn {(− 1
n ,

1
n ), n ∈ N} d�nei èna par�deigma �peirh
 oikogèneia
 anoikt¸n twn opo�wn h

tom 

∞⋂

1

(
− 1

n
,
1

n

)
= {0}

den e�nai anoiktì.

6. Topolog�a T+ tou R. Se aut n jewroÔme w
 anoikt� mìno ta �peira diast mata {(α,∞), α ∈ R},
kaj¸
 kai ta R, ∅. An�loga or�zetai kai h Topolog�a T− tou R, sthn opo�a w
 anoikt�, ektì


twn R, ∅, jewroÔme ta �peira diast mata {(−∞, α), α ∈ R}. Profan¸
 h sun jh
 topolog�a T
tou R perièqei ti
 T+ kai T− kai oi tre�
, ìmw
, e�nai an� dÔo diaforetikè
.

7. H sun jh
 topolog�a tou Rn
. O dianusmatikì
 q¸ro
 Rn

èqei ep�sh
 m�a topolog�a, pou kat>

analog�an pro
 to prohgoÔmeno par�deigma, èqei w
 anoikt� ti
 en¸sei
 apì anoiktè
 mp�le
.

Mi� anoikt  mp�la tou Rn
e�nai to eswterikì mia
 sfa�ra
 kèntrou x0 ∈ Rn

kai akt�na
 r:

Br(x0) = {x ∈ Rn : ||x− x0|| < r}.

Ed¸ ta stoiqe�a (dianÔsmata) tou Rn
sumbol�zoume me x = (x1, ..., xn) kai thn apìstash dÔo

shme�wn me

||x− y|| =
√
(x1 − y1)2 + ...+ (xn − yn)2.

äpw
 fa�netai sto sq ma 1.1.1, gia k�je shme�o y ∈ Br(x) up�rqei mp�la Bs(y) me kèntro to y,

x
y

B
r
(x)

B
s
(y)

Sq ma 1.1.1: Mia anoikt  mp�la e�nai ènwsh anoikt¸n mpal¸n

perieqìmenh sthn Br(x). Arke� na p�roume s < r − ||y − x|| gia na isqÔei Bs(y) ⊂ Br(x). Autì
de�qnei ìti h Br(x) e�nai ènwsh (ape�rou pl jou
) tètoiwn mpal¸n

Br(x) =
⋃

y∈Br(x)

Bs(y),

pou shma�nei ìti kai oi oi �die
 oi anoiktè
 mp�le
 e�nai anoikt� sÔnola.
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8. H sun jh
 topolog�a tou C. H topolog�a aut  twn migadik¸n arijm¸n C prokÔptei apì thn

taÔtis  tou
 me to R2
:

C ∋ z = x+ i y ↔ (x, y) ∈ R2.

H apìstash dÔo migadik¸n arijm¸n

|z − z′| =
√
(x− x′)2 + (y − y′)2 =

√
(z − z′) (z − z′),

ìpou z = x− iy o suzug 
 tou migadikoÔ arijmoÔ z = x+ iy. Gia migadikoÔ
 arijmoÔ
 or�zetai

kai to ginìmeno

z · z′ = (xx′ − yy′) + i(xy′ + x′y), an z = x+ iy, z′ = x+ iy,

pou akolouje� tou
 �diou
 kanìne
 (epimeristikìthta, prosetairistikìthta) me ton pollaplasia-

smì pragmatik¸n arijm¸n. O ant�strofo
 enì
 migadikoÔ arijmoÔ

z = x+ iy 6= 0 e�nai o

1

z
=

z

|z|2 =
x− iy

x2 + y2
.

9. Topolog�a paragìmenh apì orismèna uposÔnola tou M. àstw {Bi, i ∈ I} mia oikogèneia

uposunìlwn tou sunìlou M. JewroÔme ìle
 ti
 dunatè
 topolog�e
 Tk pou perièqoun aut  thn

oikogèneia:

{Bi, i ∈ I} ⊂ Tk.
H tom  ìlwn aut¸n twn topologi¸n

T =
⋂

k

Tk,

e�nai h el�qisth topolog�a pou perièqei ta {Bi, i ∈ I} metaxÔ twn anoikt¸n th
 kai lègetai h

topolog�a h paragìmenh apì ta uposÔnola {Bi, i ∈ I}.

Orismì
 1.1.2 Ta dÔo teleuta�a parade�gmata èqoun mia idia�terh shmas�a, kai odhgoÔn stou
 epìmenou


orismoÔ
.

1. àna uposÔnolo anoikt¸n B ⊂ T onom�zetai b�sh th
 topolog�a
, ìtan k�je anoiktì A ∈ T
gr�fetai w
 ènwsh

A =
⋃

i∈I

Bi, stoiqe�wn th
 b�sh
: Bi ∈ B.

2. An h topolog�a T par�getai (ìpw
 sto par�deigma-9) apì m�a oikogèneia sunìlwn B = {Bi, i ∈ I},
tìte lème ìti h B e�nai m�a upob�sh th
 topolog�a
 T .

Sqìlio-3 SÔmfwna me autì ton orismì, h oikogèneia ìlwn twn mpal¸n B = {Br(x) : x ∈ Rn, r > 0}
apotele� m�a b�sh th
 sun jou
 topolog�a
 T tou Rn

. Parìmoia, to sÔnolo B = {(a, b) : a, b ∈ R}
ìlwn twn anoikt¸n diasthm�twn tou R apotele� m�a b�sh th
 sun jou
 topolog�a
 tou.

Je¸rhma 1.1.1 An h oikogèneia uposunìlwn B = {Bi, i ∈ I} tou M e�nai upob�sh th
 topolog�a
 tou

T , tìte to sÔnolo twn peperasmènwn tom¸n

B′ = {Bi1 ∩ ... ∩Bik : Bi ∈ B},

e�nai mia b�sh th
 T .

Apìdeixh: JewroÔme to sÔnolo T0 twn uposunìlwn touM pou gr�fontai w
 en¸sei
 stoiqe�wn th
 B′
.

T0 = {∪i∈IBi : Bi ∈ B′}.

Blèpoume eÔkola ìti to T0 ikanopoie� ta axi¸mata topolog�a
 kai sunep¸
 or�zei m�a topolog�a sto

M. Ep�sh
 eÔkola blèpoume ìti h topolog�a aut  e�nai uposÔnolo

T0 ⊂ T , gia k�je topolog�a T pou ikanopoie� T ⊃ B.
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Sun�getai ìti h topolog�a h paragìmenh apì to B, pou e�nai h tom  ìlwn twn topologi¸n pou perièqoun
to B, ja taut�zetai me thn T0, o.e.d.

Sqìlio-4 Profan¸
 k�je b�sh B enì
 topologikoÔ q¸rou (M,T ) e�nai kai upob�sh tou. To ant�-

strofo, ìmw
, den isqÔei. Gia par�deigma, to sÔnolo twn ape�rwn anoikt¸n diasthm�twn

B = {(−∞, α), (β,∞) : α, β ∈ R}

e�nai upob�sh th
 sun jou
 topolog�a
 tou R. Den e�nai ìmw
 b�sh, afoÔ l.q. to peperasmèno anoiktì

di�sthma (α, β) den gr�fetai san ènwsh tètoiwn ape�rwn diasthm�twn.

Sqìlio-5 Kat� kanìna mia b�sh B mia
 topolog�a
 T perièqei polÔ ligìtera anoikt� ap> ìti h T ,

ta opo�a ìmw
, mèsw twn en¸se¸n tou
 par�goun ìla ta anoikt�. àtsi l.q to sÔnolo twn diasthm�twn

B = {(x− 1

n
, x+

1

n
) : x ∈ R, n ∈ N}

apotele� b�sei th
 sun jou
 topolog�a
 tou R.

Orismì
 1.1.3 To uposÔnolo B ⊂ M enì
 topologikoÔ q¸rou M lègetai kleistì ìtan to sumpl rwm�

tou Bc = M−B e�nai anoiktì.

Je¸rhma 1.1.2 Gi� ta kleist� uposÔnola enì
 topologikoÔ q¸rou (M, T ) isqÔoun oi idiìthte
:

1. Ta dÔo eidik� uposÔnola ∅ kai to �dio to M e�nai kleist�.

2. An ta B1, ..., Bn e�nai kleist� tìte kai h ènws  tou


⋃n
i=1 Bi e�nai kleistì.

3. An {Bi, i ∈ I} e�nai oikogèneia kleist¸n, tìte kai h tom  tou


⋂
i∈I Bi e�nai kleistì.

Apìdeixh: To (1) e�nai profanè
. Gia to (2), gr�foume to

Bi = Ac
i , Ai ∈ T

w
 sumpl rwma enì
 anoiktoÔ. Tìte

B1 ∪ ... ∪Bn = Ac
1 ∪ ... ∪ Ac

n = (A1 ∩ ... ∩ An)
c,

pou apodeiknÔei to (2). An�loga, h tom  oswnd pote kleist¸n {Bi, i ∈ I} gr�fetai

⋂

i∈I

Bi =
⋂

i∈I

Ac
i = (

⋃

i∈I

Ai)
c,

pou apodeiknÔei to (3), o.e.d.

Sqìlio-6 Sto R, me thn sun jh topolog�a, h oikogèneia twn diasthm�twn {[ 1n , 1 − 1
n ], n ∈ N} d�nei

èna tetrimmèno par�deigma �peirh
 oikogèneia
 kleist¸n, th
 opo�a
 h ènwsh den e�nai kleistì (all�

anoiktì)

∞⋃

1

[
1

n
, 1− 1

n

]
= (0, 1).

Orismì
 1.1.4 Dojènto
 uposunìlou E tou topologikoÔ q¸rou (M,T ), or�zontai anoikt� kai kleist�

sÔnola pou sqet�zontai me to E.

1. To eswterikì Eo
tou E e�nai h ènwsh ìlwn twn anoikt¸n pou perièqontai sto E:

Eo =
⋃

i∈I

Ai, ìpou Ai ∈ T kai Ai ⊂ E.
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2. H (kleist ) j kh E tou E e�nai h tom  ìlwn twn kleist¸n pou perièqoun to E:

E =
⋂

i∈I

Bi, ìpou Bi kleistì kai Bi ⊃ E.

3. To sÔnoro ∂E tou E e�nai h tom 

∂E = E ∩ Ec.

4. To sÔnolo E lègetai puknì, ìtan h j kh tou e�nai ìlo
 o q¸ro


E puknì ⇒ E = M.

5. Diaqwr�simo
 lègetai èna
 topologikì
 q¸ro
 (M, T ) pou perièqei èna arijm simo puknì uposÔ-

nolo.

Sqìlio-7 Up�rqoun sÔnola E me kenì eswterikì Eo = ∅. P.q. k�je peperasmèno sÔnolo E =
{x1, ..., xn} ⊂ R tou R me thn sun jh topolog�a èqei kenì eswterikì. �lla parade�gmata tètoiwn

sunìlwn e�nai to sÔnolo twn akera�wn Z ⊂ R, all� kai to sÔnolo twn rht¸n Q ⊂ R, kaj¸
 kai to
sumpl rwma autoÔ, pou e�nai to sÔnolo twn arr twn Qc ⊂ R. Profan¸
 gia anoikt� sÔnola E isqÔei

Eo = E, all� kai ant�strofa, an Eo = E, tìte to E e�nai anoiktì. Profan¸
 ep�sh
 isqÔei Eoo = Eo
.

Sqìlio-8 H j kh enì
 mh kenoÔ sunìlou E e�nai p�ntote mh kenì sÔnolo, afoÔ p�ntote E ⊂ E. Apì

ton orismì èpetai ep�sh
 ìti gia èna kleistì E isqÔei E = E. Kai ant�strofa, h E = E sunep�getai

ìti to E e�nai kleistì. Profan¸
 isqÔei kai h E = E. K�je peperasmèno sÔnolo E = {x1, ..., xn} ⊂ R
tou R me thn sun jh topolog�a e�nai kleistì. Ston �dio q¸ro to sÔnolo twn akera�wn Z ⊂ R, kaj¸
 kai
èna opoiod pote kleistì di�sthma [α, β] ⊂ R e�nai ep�sh
 kleistì. A
 shmei¸soume ìti èna uposÔnolo

E ⊂ M enì
 topologikoÔ q¸rou mpore� na mhn e�nai oÔte anoiktì oÔte kleistì, ìpw
 l.q. to sÔnolo

twn rht¸n Q ⊂ R w
 pro
 thn sun jh topolog�a tou R   kai èna hmi-anoiktì di�sthma [α, β) ⊂ R.

Sqìlio-9 Oi topologiko� q¸roi Rn
me thn sun jh topolog�a e�nai parade�gmata diaqwr�simwn q¸rwn.

àna puknì arijm simo uposÔnolo pou perièqoun e�nai to Qn
.

Je¸rhma 1.1.3 Dojènto
 sunìlou E ⊂ M topologikoÔ q¸rou M, to shme�o x ∈ M perièqetai sthn

j kh E, tìte kai mìnon, ìtan k�je anoiktì A pou perièqei to x tèmnei to E.

Apìdeixh: àstw ìti x ∈ E kai a
 upojèsoume ìti up�rqei anoiktì A ∋ x me A ∩ E = ∅. Autì odhge�

se �topo. Pr�gmati, tìte to Ac
e�nai kleistì kai Ac ⊃ E. ämw
 to E e�nai h tom  ìlwn twn kleist¸n

pou perièqoun to E, �ra Ac ⊃ E, pou sunep�getai ìti x ∈ Ac
kai antif�skei sthn upìjesh x ∈ A.

Gia to ant�strofo, a
 upojèsoume ìti gia k�je anoiktì A ∋ x isqÔei A ∩ E 6= ∅, ìmw
 x /∈ E. Ja

de�xoume p�li ìti prokÔptei �topo. Pr�gmati tìte to A = (E)c e�nai anoiktì pou perièqei to x kai den

tèmnei to E, �ra kai to mikrìterì tou E ⊂ E, ant�jeta me thn upìjesh, o.e.d.

Je¸rhma 1.1.4 àstw {Ai, i ∈ I} oikogèneia uposunìlwn tou topologikoÔ q¸rou (M, T ). Tìte isqÔoun
oi idiìthte
:

1. ∩i∈I ⊂ ∩i∈IAi.

2. ∪i∈I ⊂ ∪i∈IAi, kai isqÔei h isìthta gia I peperasmèno.

3. ∪i∈IA
o
i ⊂ (∪i∈IAi)

o
.

4. (∩i∈IAi)
o ⊂ ∩i∈IA

o
i , kai isqÔei h isìthta gia I peperasmèno.

Apìdeixh: ProkÔptei �mesa apì tou
 orismoÔ
, o.e.d.

Orismì
 1.1.5 Onom�zoume perioq  enì
 shme�ou x ∈ M enì
 topologikoÔ q¸rou M èna opoiod pote

anoiktì A pou perièqei to x.
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Qrhsimopoi¸nta
 thn kajierwmènh aut  orolog�a to prohgoÔmeno je¸rhma perigr�fetai sÔntoma:

x ∈ E ⇔ gi� k�je perioq  Ax tou x : Ax ∩ E 6= ∅.

Je¸rhma 1.1.5 Gi� k�je sÔnolo tou topologikoÔ q¸rou (M,T ) isqÔei Eo = (Ec)c ⇔ (Eo)c = Ec
.

Apìdeixh: Pr�gmati, h Ec ⊃ Ec ⇒ (Ec)c ⊂ (Ec)c = E. ämw
 to Eo
e�nai to mègisto anoiktì

perieqìmeno sto E, �ra (Ec)c ⊂ Eo
.

Parìmoia, h Ec ⊂ (Eo)c ⇒ (Ec) ⊂ (Eo)c, diìti to (Ec) e�nai to el�qisto kleistì pou perièqei

to Ec
en¸ to (Eo)c e�nai apl¸
 èna kleistì pou perièqei to Ec

. Pa�rnonta
 to sumpl rwma èpetai ìti

kai Eo ⊂ (Ec)c, o.e.d.

Pìrisma 1.1.1 àna sÔnolo E ⊂M e�nai puknì tou topologikoÔ q¸rou (M, T ), tìte kai mìnon ìtan to
sumpl rwm� tou èqei kenì eswterikì (Ec)o = ∅.

Sqìlio-10 To sÔnoro ∂E = E∩Ec
enì
 sunìlou e�nai kleistì sÔnolo kai apì to prohgoÔmeno je¸rhma

èpetai ìti an x ∈ ∂E tìte k�je anoiktì A ∋ x pou perièqei to x tèmnei kai to E kai to sumpl rwm�

tou Ec
. Apì ton orismì prokÔptei ep�sh
 ìti to sÔnoro enì
 sunìlou E taut�zetai me to sÔnoro

tou sumplhr¸matì
 tou ∂E = ∂(Ec). Se arketè
 peript¸sei
, ìpw
 l.q. aut  tou sq mato
 1.1.2

E

Sq ma 1.1.2: ∂E = E ∩Ec

mporoÔme na skeftìmaste to ∂E san mia diaqwristik  gramm  (  epif�neia ktl.) metaxÔ tou E kai tou

sumplhr¸matì
 tou Ec
. Up�rqoun wstìso sÔnola, ìpw
 l.q. to sÔnolo twn rht¸n Q, to sÔnoro tou

opo�ou ∂Q = R e�nai ìlo
 o q¸ro
 R w
 pro
 thn sun jh topolog�a.

Je¸rhma 1.1.6 Sqetik� me to sÔnoro sunìlou E topologikoÔ q¸rou M isqÔoun oi idiìthte
:

1. ∂E = E − Eo
,

2. ∂E ∩ Eo = ∅,
3. E = Eo ∪ ∂E,

4. M = Eo ∪ (Ec)o ∪ ∂E e�nai ènwsh xènwn sunìlwn

Apìdeixh: H pr¸th prokÔptei apì to prohgoÔmeno je¸rhma afoÔ E−Eo = E− (Ec)c = E∩ (Ec)cc =
E ∩ Ec = ∂E. Ta upìloipa e�nai �mese
 sunèpeie
 th
 pr¸th
 idiìthta
, o.e.d.

Pìrisma 1.1.2 Oi epìmene
 idiìthte
 prokÔptoun �mesa apì to prohgoÔmeno je¸rhma.

1. E�n to sÔnolo E e�nai anoiktì (Eo = E) tìte E ∩ ∂E = ∅.
2. E�n to sÔnolo E èqei kenì eswterikì (Eo = ∅) tìte ∂E = E.

3. To sÔnolo E èqei kenì sÔnoro (∂E = ∅) tìte kai mìnon tìte, ìtan e�nai tautìqrona anoiktì kai

kleistì (Eo = E = E).

4. E�n to sÔnolo E èqei kenì sÔnoro (∂E = ∅) tìte o q¸ro
 gr�fetai san ènwsh dÔo xènwn anoikt¸n
sunìlwn M = Eo ∪ (Ec)o.

Orismì
 1.1.6 Oi epìmenoi orismo� k�thgoriopoioÔn ta shme�a th
 j kh
 enì
 sunìlou E.

1. àna shme�o x ∈ M tou topologikoÔ q¸rou M lègetai shme�o suss¸reush
 tou E, ìtan k�je

anoiktì A pou perièqei to x tèmnei to E se shme�a diaforetik� tou x. IsodÔnama, x ∈ E − {x}.
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2. àna shme�o x ∈ E lègetai memenwmèno shme�o tou E ìtan up�rqei anoiktì A ∋ x ètsi ¸ste to x
na e�nai to monadikì shme�o tom 
 A ∩ E = {x}.

3. àna sÔnolo E ⊂ M lègetai diakritì ìtan k�je shme�o tou e�nai memonwmèno.

Sqìlio-11 To sÔnolo twn shme�wn suss¸reush
 tou E sumbol�zoume me E′
. Profan¸
 E = E ∪ E′

,

ìpou ta dÔo sÔnola E kai E′
mpore� na mhn e�nai xèna. L.q. sto anoiktì di�sthma E = (α, β) tou R

me thn sun jh topolog�a, to E′
e�nai to ant�stoiqo kleistì di�sthma: E′ = E = [α, β] ⊃ (α, β) = E.

Profan¸
 èna peperasmèno uposÔnolo tou Rn
e�nai diakritì. Blèpoume ep�sh
 eÔkola ìti an èna

uposÔnolo tou Rn
e�nai diakritì tìte e�nai arijm simo.

EÔkola blèpoume ìti to E e�nai kleistì E = E ⇔ E′ ⊂ E.

Je¸rhma 1.1.7 àstw N uposÔnolo tou topologikoÔ q¸rou (M, T ) efodiasmèno me thn sqetik  topo-

log�a (TN = {A ∩ N , A ∈ T }). IsqÔoun oi epìmene
 idiìthte
, ìpou o de�kth
 N shma�nei ìti h pr�xh

jewre�tai w
 pro
 thn TN :

1. E�n B ⊂ T e�nai b�sh/upob�sh th
 T , tìte h BN = {N ∩B,B ∈ B} e�nai b�sh/upob�sh th
 TN .

2. To B ⊂ N e�nai kleistì w
 pro
 TN ⇔ B = N ∩B1, ìpou B1 kleistì tou M.

3. Gia k�je uposÔnolo A ⊂ N isqÔei AN = N ∩A kai A′
N = N ∩ A′

.

4. Gia k�je uposÔnolo A ⊂ N isqÔei Ao ∩ N ⊂ Ao
N kai ∂AN ⊂ ∂A ∩ N .

Apìdeixh: Oi dÔo pr¸te
 idiìthte
 e�nai �mese
 sunèpeie
 twn orism¸n. H pr¸th th
 (3) prokÔptei apì

to ìti to AN , b�sei th
 (2), e�nai h tom  ìlwn twn N ∩B1, ìpou B1 ⊃ A kleistì tou M. H deÔterh

th
 (3) prokÔptei apì to ìti x ∈ A′
N shma�nei ìti gia k�je perioq  tou x : Ux = Vx ∩ N up�rqei

A ∩ Ux ∋ x′ 6= x, pou e�nai isodÔnamo me A ∩ Vx ∋ x′ 6= x. H pr¸th th
 (4) prokÔptei apì to ìti

to Ao
N e�nai to mègisto anoiktì pou perièqetai sto A. H deÔterh th
 (4) prokÔptei eÔkola apì to ìti

N −A ⊂ Ac
, o.e.d.

Orismì
 1.1.7 To uposÔnolo E tou topologikoÔ q¸rou M lègetai:

1. Tèleio ìtan sump�ptei me ta shme�a suss¸reus 
 tou E′ = E.

2. Araiì ìtan to sumpl rwma th
 j kh
 tou (E)c e�nai puknì, isodÔnama (E)o = ∅.
3. 1h
 kathgor�a
 ìtan e�nai ènwsh arijm simou pl jou
 arai¸n uposunìlwn.

4. 2h
 kathgor�a
   mh-araiì ìtan den e�nai 1-kathgor�a
.

Sqìlio-12 àna kleistì di�sthma [α, β] ⊂ R e�nai tèleio w
 pro
 thn sun jh topolog�a tou R. àna,
k�pw
 per�ergo kai di�shmo, tèleio kai tautìqrona araiì, �ra kai 1h
 kathgor�a
, uposÔnolo tou R
e�nai to sÔnolo tou Cantor, pou ja or�soume parak�tw. To sÔnolo twn akera�wn Z sto R me thn sun jh

topolog�a e�nai diakritì, araiì kai 1h
 kathgor�a
. Ston �dio q¸ro to sÔnolo twn rht¸n E = Q ⊂ R
èqei w
 shme�a suss¸reush
 ìla ta shme�a tou q¸rou E′ = R (e�nai puknì), wstìso e�nai 1h
 ka-

thgor�a
. Blèpoume eÔkola ìti k�je uposÔnolo enì
 sunìlou pr¸th
 kathgor�a
 e�nai ep�sh
 sÔnolo

pr¸th
 kathgor�a
. Ep�sh
 h ènwsh arijmhs�mou pl jou
 sunìlwn pr¸th
 kathgor�a
 e�nai p�li pr¸-

th
 kathgor�a
.

Sqìlio-13 A
 jewr soume to sÔnolo E = { 1
n : n ∈ N} ∪ {0}, sto R me thn sun jh topolog�a.

äla ta shme�a tou E ektì
 tou 0 e�nai memonwmèna. To 0 e�nai shme�o suss¸reush
 tou E. Parìmoia

parade�gmata mpore� kane�
 na kataskeu�sei me akolouj�e
 {xn : n ∈ N} pou sugkl�noun se shme�o

x0. Akolouj�e
 pou den sugkl�noun mporoÔn na mhn èqoun kanèna shme�o suss¸reush
   na èqoun pe-

rissìtera apì èna shme�a suss¸reush
, ìpw
 l.q. to sÔnolo {(−1)n + 1
n , n ∈ N}, pou èqei dÔo shme�a

suss¸reush
. EÔkola blèpoume ìti isqÔei genik� gi� èna sÔnolo E ⊂ M tou topologikoÔ q¸rou M :

E diakritì ⇔ E′ ∩E = ∅.

Je¸rhma 1.1.8 Oi epìmene
 sunj ke
 e�nai isodÔname
 me to ìti to uposÔnolo E tou topologikoÔ q¸rou

(M, T ) e�nai araiì.
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1. Gia k�je anoiktì A isqÔei A ∩ (E)c 6= ∅.
2. (E)o = ∅.
3. Gia k�je anoiktì A up�rqei anoiktì A ⊃ B me B ∩ E = ∅.
4. Gia k�je anoiktì A up�rqei anoiktì A ⊃ B me B ∩ E = ∅.

Apìdeixh: Oi dÔo pr¸te
 idiìthte
 e�nai �mesh sunèpeia tou orismoÔ, kat� ton opo�o to (E)c e�nai

puknì. (1) ⇒ (3) prokÔptei pa�rnonta
 san B = A∩ (E)c. Oi (3) ⇒ (1) kai (3) ⇒ (4) e�nai profane�
.
H (4) ⇒ (3) prokÔptei eÔkola me ei
 �topo apagwg , o.e.d.

Orismì
 1.1.8 . H Topolog�a ginìmeno T = T1 × ...× Tn or�zetai sto kartesianì ginìmeno

M = M1 ×M2 × ...×Mn

topologik¸n q¸rwn (M1, T1), ..., (Mn, Tn), qrhsimopoi¸nta
 thn ènnoia th
 upob�sh
. E�n

Sq ma 1.1.3: Lwr�de
 〈Ai〉 = p−1
i (Ai) = M1 × ...×Ai × ...×Mn

pi : M1 ×M2 × ...×Mn → Mi, pi(x1, ..., xn) = xi

parist�nei thn probol  tou ginomènou sthn i-sunist¸sa kai Ai ⊂ Mi e�nai anoiktì tou Mi, or�zoume

thn topolog�a ginìmeno T , w
 thn paragìmenh apì ta uposÔnola tou M th
 morf 


〈Ai〉 = p−1
i (Ai) = M1 × ...×Ai × ...×Mn, i = 1, 2, ..., n, Ai ∈ Ti.

Sqìlio-14 Sthn per�ptwsh tou R2
, h sun jh
 topolog�a tou sump�ptei me thn topolog�a ginìmeno, pou

or�zetai apì thn sun jh topolog�a tou R, me ton parap�nw trìpo. Pr�gmati, ta stoiqe�a th
 upob�sh


p−1
i (Ai) e�nai

′′
lwr�de


′′
kai h bash th
 paragìmenh
 topolog�a
 apotele�tai apì peperasmène
 tomè


tètoiwn lwr�dwn (sq ma 1.1.3) pou, metaxÔ �llwn, sumperilamb�noun ta

′′
parallhlìgramma

′′
.

x

(I)

x

(II)

B

P
x

P

B
x

Sq ma 1.1.4: B�sh apì parallhlìgramma B�sh apì mp�le


Gia k�je shme�o x mia
 mp�la
 tou R2
mporoÔme na broÔme èna anoiktì tètoio parallhlìgrammo

pou perièqei to x kai perièqetai olìklhro sth mp�la (sq ma 1.1.4-I)kai ant�strofa. Gia k�je shme�o e-

nì
 tètoiou parallhlìgrammou, mporoÔme na broÔme mia mp�la me kèntro to x pou perièqetai olìklhrh

sto parallhlìgrammo (sq ma 1.1.4-II). Autì de�qnei to ìti h topolog�a ginìmeno tou R×R taut�zetai

me thn sun jh topolog�a tou R2
. To epiqe�rhma metafèretai autolex� kai sthn per�ptwsh tou gino-

mènou R × ... × R kai de�qnei ìti h topolog�a ginìmeno taut�zetai, kai se aut  thn per�ptwsh, me thn
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sun jh topolog�a tou Rn
. Se aut  thn per�ptwsh ta

′′
parallhlìgramma

′′
prèpei na antikatastajoÔn

me

′′
parallhlep�peda

′′
th
 morf 


p−1
1 (A1) ∩ p−1

2 (A2) ∩ ... ∩ p−1
n (An), ìpou Ai anoikt� tou Mi.

Ta parallhlìgramma aut� kai genikìtera ti
 tomè
 sunìlwn th
 morf 
 〈Aik 〉 = p−1
ik

(Aik ) ∈ Mik

sumbol�zoume me

〈Ai1 . . . Aik〉 = 〈Ai1 〉 ∩ · · · ∩ 〈Aik〉.
A
 shmei¸soume ed¸ ìti o orismì
 ma
, pro
 to parìn, perilamb�nei kartesian� ginìmena me pepera-

smèno pl jo
 paragìntwn. Argìtera (§6.4) ja genikeÔsoume autì ton orismì kai gia ginìmena enì


�peirou pl jou
 topologik¸n q¸rwn.

Sqìlio-15 To kartesianì ginìmeno e�nai mia apì ti
 diadikas�e
 paragwg 
 nèwn topologik¸n q¸-

rwn apì �llou
 dedomènou
. Se k�je tètoia diadikas�a e�nai shmantikì na xèroume pw
 sundèontai

oi di�fore
 ènnoie
 twn paragomènwn q¸rwn me ti
 ant�stoiqe
 twn dedomènwn q¸rwn. E�dame l.q. sto

prohgoÔmeno par�deigma ìti to ginìmeno anoikt¸n e�nai anoiktì. IsqÔei ep�sh
 ìti to ginìmeno kleist¸n

e�nai kleistì. Up�rqoun wstìso anoikt� kai kleist�, ìpw
 oi mp�le
 tou Rn
pou den e�nai ginìmena

anoikt¸n   kleist¸n tou R. To epìmeno je¸rhma exet�zei k�poie
 sqèsei
 autoÔ tou e�dou
.

Je¸rhma 1.1.9 Sto kartesianì ginìmenoM = M1×M2× ...×Mn twn topologik¸n q¸rwn (Mi, Ti),
efodiasmèno me thn topolog�a ginìmeno kai gia uposÔnola {Ai ⊂ Mi, i = 1, . . . , n} isqÔoun oi idiìthte
:

1. (
∏

iAi) =
∏

iAi.

2. (
∏

iAi)
o =

∏
i(A

o
i ).

3. (
∏

iAi)
′ = ∪i(A1 × ...×Ai−1 ×A′

i ×Ai+1 × · · · ×An).

4. ∂(
∏

iAi) = ∪i(A1 × ...×Ai−1 × ∂Ai ×Ai+1 × · · · ×An).

Apìdeixh: Sto (1). àstw x = {xi} ∈ ∏
iAi = A. Tìte k�je perioq  〈Ui〉 = p−1

i (Ui) tou x me

pi(x) = xi ∈ Ui ja tèmnei to A, �ra kai to Ui ja tèmnei to Ai. Autì de�qnei ìti to xi ∈ Ai.

Ant�strofa, an gia k�je i to xi ∈ Ai, tìte to x = {xi} ∈
∏

iAi = A, diìti k�je perioq  〈U1 . . . Un〉
pou perièqei to x ja tèmnei to A.

Sto (2). H (
∏

iAi)
o ⊃ ∏

i(A
o
i ) e�nai profan 
 afoÔ sthn dexi� pleur� èqoume anoiktì kai sthn

arister  e�nai to mègisto anoiktì perieqìmeno sto A =
∏

iAi.

Ant�strofa, x = (x1, . . . , xn) ∈ (
∏

iAi)
o
shma�nei ìti up�rqei perioq  tou x th
 morf 
 〈U1 . . . Un〉

⊂ A, pou sunep�getai ìti xi ∈ Ui ⊂ Ai, dhlad  xi ∈ Ao
i .

Sto (3). H ⊃ e�nai profan 
. ämw
 kai h ⊂ den e�nai duskolìterh, afoÔ x = (x1, . . . , xn) ∈
(
∏

i Ai)
′ = A′

shma�nei ìti k�je perioq  tou x th
 morf 
 〈U1 . . . Un〉 ja tèmnei to A se shme�o

diaforetikì tou x. Autì sunep�getai ìti xi ∈ A′
i gia èna toul�qiston i kai apodeiknÔei ton isqurismì.

To (4). Parìmoia me to (3), o.e.d.

Par�deigma-10. To SÔnolo tou Cantor or�zetai qrhsimopoi¸nta
 thn triadik  graf  enì
 arijmoÔ

x ∈ [0, 1]. Pr�gmati k�je arijmì
 x ∈ [0, 1] gr�fetai san seir� dun�mewn tou 3

x = x1
1

3
+ x2

1

32
+ x3

1

33
+ ... ìpou x1, x2, x3, ... ∈ {0, 1, 2}.

To sÔnolo tou Cantoror�zetai ¸
 eke�no to uposÔnolo C twn x ∈ [0, 1], twn opo�wn h par�stash me

ton parap�nw trìpo èqei xi 6= 1 gia k�je i = 1, 2, .... ApodeiknÔetai ([Sag91,σ. 71]) ìti, gewmetrik� to

sÔnolo autì perigr�fetai me thn ex 
 diadikas�a:

Apì to di�sthma

B0 = [0, 1]

afairoÔme to mesa�o anoiktì tr�to di�sthma

A1 =

(
1

3
,
2

3

)
.
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Apì ta diast mata pou apomènoun

B1 =

[
0,

1

3

]
∪
[
2

3
, 1

]

afairoÔme p�li to mesa�o tr�to, dhlad  ta

A2 =

(
1

9
,
2

9

)
∪
(
7

9
,
8

9

)
.

Suneq�zoume kat> autìn ton trìpo me to sÔnolo pou apomènei

B2 =

[
0,

1

9

]
∪
[
2

9
,
1

3

]
∪
[
2

3
,
7

9

]
∪
[
8

9
, 1

]
,

afair¸nta
 to mesa�o tr�to tou k�je diast mato
. Suneq�zoume ep> �peiron sqhmat�zonta
 dÔo akolou-

j�e
 sunìlwn

Ai akolouj�a anoikt¸n pou afairoÔme i = 1, 2, ...

To sunolikì m ko
 twn diasthm�twn pou afairoÔme e�nai (sumbol�zonta
 me |Ai| to ant�stoiqo �jroisma
mhk¸n diasthm�twn)

|A1|+ |A2|+ |A3|+ ... =
1

3
+

2

32
+

22

33
+ ... =

1

2

∞∑

1

2k

3k
= 1.

H akolouj�a twn kleist¸n Bi pou apomènoun se k�je b ma èqei sunolikì m ko


|B0| = 1, |B1| =
2

3
, |B2| =

22

32
, ..., |Bn| =

2n

3n
−→ 0.

To sÔnolo tou Cantortaut�zetai me to kleistì (w
 tom  kleist¸n sunìlwn)

C =

∞⋂

0

Bi.

Je¸rhma 1.1.10 To sÔnolo tou CantorC èqei, metaxÔ �llwn, ti
 idiìthte
:

1. E�nai èna mh kenì kai m�lista uperarijm simo sÔnolo.

2. àqei kenì eswterikì Co = ∅.
3. E�nai tèleio C′ = C.
4. To sumpl rwm� tou e�nai anoiktì kai puknì sto [0, 1].

Apìdeixh: To ìti e�nai mh kenì e�nai profanè
, afoÔ l.q. to

1
3 ∈ C pou gr�fetai w


1

3
= 0

1

3
+ 2

1

32
+ 2

1

33
+ 2

1

34
+ ...+ 2

1

3n
+ ...

To ìti e�nai uperarijm simo sthr�zetai sthn ant�stoiqh idiìthta tou diast mato
 I = [0, 1], pou
apodeiknÔetai ston apeirostikì logismì ([Sp�04, sel. 372℄). Kataskeu�zetai pr�gmati mia ep�rriyh

tou C sto I

φ(x1
1

3
+ x2

1

32
+ x3

1

33
+ ...) = (x1/2)

1

2
+ (x2/2)

1

22
+ (x3/2)

1

23
+ ...

pou parist�nei èna arijmì tou [0, 1] sto duadikì sÔsthma. To ìti aut  e�nai ep�rriyh kai ìqi isomorfi-

smì
 prokÔptei apì to ìti k�je arijmì
 x ∈ [0, 1] èqei m�a   dÔo parast�sei
 se autì to sÔsthma. P.q.

to

2
3 = 0.101010101... den èqei deÔterh par�stash sto sÔsthma, en¸ to

1
2 = 0.1 = 0.011111111....

Ant�jeta, h par�stash enì
 arijmoÔ x apì to sÔnolo tou Cantorsto triadikì sÔsthma me yhf�a apì

to {0, 2} e�nai monadik .
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To ìti èqei kenì eswterikì (Co = ∅) èpetai apì to ìti to C den mpore� na perièqei kapoio di�sthma

(α, β) m kou
 λ = β − α > 0. Pr�gmati, an èna tètoio di�sthma perieqìtan sto C, tìte ja perieqìtan

se k�je Bi to m ko
 twn opo�wn te�nei sto mhdèn, �ra k�pote ja g�nei mikrìtero tou λ, pr�gma �topon.

To ìti e�nai tèleio prokÔptei apì to ìti k�je anoiktì di�sthma I = (x− λ
2 , x+ λ

2 ) m kou
 |I| = λ
pou perièqei èna x ∈ C ja perièqei ka� èna �llo x′ 6= x. Pr�gmati arke� na p�roume èna apì ta Bn me

m ko
 |Bn| < λ/2. To x ja an kei se k�poio In,k apì ta diast mata tou Bn kai sunep¸
 ìlo autì to

di�sthma ja perièqetai sto I .
To ìti to [0, 1]− C e�nai puknì sto [0, 1], dhlad  ìti k�je perioq  enì
 shme�ou x ∈ [0, 1] tèmnei to

[0, 1]−C èpetai apì to epiqe�rhma th
 apìdeixh
 tou (2), kat� to opo�o to C den perièqei kanèna anoiktì

di�sthma. Sun�getai ìti k�je anoiktì di�sthma pou tèmnei to [0, 1] ja perièqei shme�a tou [0, 1]−C, o.e.d.

ASKHSEIS

�skhsh 1.1.1 àstw M sÔnolo ape�rou pl jou
 stoiqe�wn. De�xe ìti to

T = {∅} ∪ {A ⊂ M : Ac
peperasmèno }

ikanopoie� ta axi¸mata th
 topolog�a
.

�skhsh 1.1.2 De�xe ìti mia topolog�a e�nai diakrit , an kai mìnon an, k�je monosÔnolo e�nai anoiktì.

�skhsh 1.1.3 De�xe ìti to uposÔnolo A tou topologikoÔ q¸rou (M, T ) e�nai anoiktì, an kai mìnon an,

A ∩B = A ∩B gia k�je uposÔnolo B tou M.

�skhsh 1.1.4 De�xe tou
 epìmenou
 tÔpou
: (1) ∂(∂(∂A)) = ∂(∂A), (2) ∂(Ao) ⊂ ∂A, (3) (A − B)o ⊂
Ao −Bo

.

�skhsh 1.1.5 De�xe ìti an A,B e�nai pukn� uposÔnola tou q¸rou (M, T ), tìte kai to A∩B e�nai puknì

tou M.

�skhsh 1.1.6 De�xe ìti o arijmì
 x = 1
4 den e�nai �kro k�poiou apì ta diast mata, pou h tom  tou


or�zei to sÔnolo C tou Cantor (par�deigma 10), ìmw
 an kei sto C.

�skhsh 1.1.7 De�xe ìti h tom  dÔo anoikt¸n pukn¸n uposunìlwn tou topologikoÔ q¸rou (M, T ) e�nai
puknì sÔnolo. De�xe ìti autì den isqÔei gia dÔo m -anoikt� pukn� uposÔnola.

�skhsh 1.1.8 De�xe ìti to sÔnoro ∂B enì
 kleistoÔ   enì
 anoiktoÔ sunìlou B e�nai araiì sÔnolo.

�skhsh 1.1.9 De�xe ìti èna sÔnolo den mpore� na e�nai tautìqrona puknì kai araiì.

�skhsh 1.1.10 De�xe ìti to sumpl rwma tou graf mato
 Gf = {(x, f(x)) : x ∈ R} mia
 suneqoÔ


sun�rthsh
 f : R → R e�nai araiì sÔnolo tou R2
.

�skhsh 1.1.11 De�xe ìti to sumpl rwma [0, 1]− C tou sunìlou tou Cantor e�nai mia arijm simh ènwsh

anoikt¸n xènwn diasthm�twn.

�skhsh 1.1.12 àstw ìti gia k�je n ∈ Z, to Bn ⊂ [n, n + 1] e�nai kleistì. De�xe ìti to ∪i∈ZBi e�nai

kleistì.
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1.2 Suneqe�
 apeikon�sei


Orismì
 1.2.1 àstw f : M −→ M′
mia apeikìnish metaxÔ twn topologik¸n q¸rwn (M, T ) kai

(M′, T ′)

1. H f lègetai suneq 
 ìtan h proeikìna A = f−1(A′) enì
 anoiktoÔ A′ ∈ T ′
e�nai anoiktì A ∈ T

tou M.

2. Mia suneq 
 apeikìnish pou antistrèfetai kai h ant�strofì
 th
 f−1 : M′ −→ M e�nai ep�sh


suneq 
 lègetai omoiomorfismì
 twn topologik¸n q¸rwn.

3. DÔo topologiko� q¸roi, gia tou
 opo�ou
 up�rqei omoiomorfismì
 pou apeikon�zei ton èna ston �llo,

lègontai omoiìmorfoi.

4. Mia idiìthta I topologik¸n q¸rwn lègetai topologik  anallo�wto
 ìtan diathre�tai k�tw apì

omoiomorfismoÔ
, me thn ènnoia ìti an isqÔei gia ton (M, T ) kai h f e�nai omoiomorfismì
 autoÔ

ston (M′, T ′), tìte ja isqÔei kai gia ton (M′, T ′).

5. H f lègetai topikì
 omoiomorfismì
, ìtan gia k�je shme�o x ∈ M up�rqoun anoiktè
 perioqè


Ux, Vy , ìpou y = f(x) ètsi ¸ste o periorismì
 th
 f

f
∣∣
Ux

: Ux −→ Vy,

na e�nai omoiomorfismì
.

Je¸rhma 1.2.1 H f : M −→ M′
e�nai suneq 
 an gi� k�je anoiktì B′

mi�
 b�sh
/upob�sh
 tou M′

to A = f−1(B′) e�nai anoiktì tou M.

Apìdeixh: H apìdeixh prokÔptei �mesa apì tou
 orismoÔ
. K�je anoiktì A′
touM' gr�fetai w
 ènwsh

A′ = ∪i∈IB
′
i k�poiwn stoiqe�wn mi�
 b�sh
 kai

f−1(A′) = f−1(∪i∈IB
′
i) = ∪i∈If

−1(B′
i),

pou, sÔmfwna me thn upìjesh e�nai anoiktì, w
 ènwsh anoikt¸n sunìlwn. An�logh e�nai h apìdeixh

kai gia mi� upob�sh, o.e.d.

Je¸rhma 1.2.2 H f : M −→ M′
e�nai suneq 
 an kai mìnon an,

∀ x ∈ M kai ∀ By perioq  tou y = f(x), ∃ perioq  Ax tou x ètsi ¸ste f(Ax) ⊂ By

.

f

A
x

x

B
y

y

f(A
x
)

Sq ma 1.2.5: Sunèq 
 apeikìnish

Apìdeixh: Pr�gmati, an h f e�nai suneq 
 kai By e�nai perioq  tou y tìte to Ax = f−1(By) e�nai

anoikt  perioq  tou x kai isqÔei

f(Ax) = f(f−1(By)) = By.
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Ant�strofa, an isqÔei h sunj kh kaiB ∈ T ′
e�nai anoiktì touM′

tìte to A = f−1(B) ja e�nai anoiktì
tou M. ToÔto diìti, an x ∈ A me y = f(x) ∈ B, sÔmfwna me thn upìjesh, ja up�rqei perioq  Ax tou

x me f(Ax) ⊂ B, jewr¸nta
 to B w
 perioq  tou y. Autì ìmw
 shma�nei ìti Ax ⊂ f−1(B) = A, �ra
to A gr�fetai w
 ènwsh tètoiwn anoikt¸n A = ∪x∈AAx kai epomènw
 e�nai anoiktì, o.e.d.

Sqìlio-1 To je¸rhma genikeÔei ton orismì th
 sunèqeia
 sunart sewn f : R −→ R, pou sunant�-

me ston apeirostikì logismì ([Sp�04, sel.92℄). Eke� m�a sun�rthsh apì èna di�sthma I = (α, β) se èna
�llo I ′ = (α′, β′) lègetai suneq 
 an gi� k�je x ∈ I kai k�je ε > 0 up�rqei δ (gr�foume δ = δ(x, ε)
gi� na ton�soume thn ex�rthsh autoÔ tou δ apì thn epilog  twn x kai ε) ètsi ¸ste

f((x− δ, x+ δ)) ⊂ (y − ε, y + ε), ìpou y = f(x).

H idiìthta aut  e�nai isodÔnamh me to ìti h ant�strofh eikìna f−1(Bε(y)) tou anoiktoÔ diast mato


Bε(y) = (y − ε, y + ε) (mp�la
) tou R e�nai anoiktì uposÔnolo tou I . àtsi, oi suneqe�
 sunart sei

b�sei tou orismoÔ tou apeirostikoÔ logismoÔ e�nai kai suneqe�
 b�sei tou genikìterou orismoÔ pou

d�noume ed¸ kai toÔmpalin.

Gi� ti
 sunart sei
 pou ikanopoioÔn thn sunj kh tou jewr mato
 lème ìti e�nai suneqe�
 sto shme�o

x. To je¸rhma mpore� tìte na diatupwje� kai me ton epìmeno trìpo, pou faner¸nei ìti h sunèqeia e�nai

mi� topik  idiìthta kai h suneq 
 sun�rthsh, ìpw
 thn or�same, èqei aut  thn idiìthta se k�je shme�o

tou ped�ou orismoÔ th
.

Je¸rhma 1.2.3 Mi� sun�rthsh f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) e�nai suneq 
,
tìte kai mìnon tìte, an e�nai suneq 
 se k�je shme�o x ∈M.

Parade�gmata

1. H tautotik  H tautotik  apeikìnish id(x) = x or�zetai se k�je topologikì q¸ro kai e�nai

suneq 
. Wstìso, an jewr soume aut  thn apeikìnish w
 pro
 dÔo diaforetikè
 topolog�e
 tou

�diou sunìlou M, tìte mpore� na mhn e�nai suneq 
. H sunèqeia th
 tautotik 
 id :(M, T )→
(M, T ′) sunep�getai ìti T ′ ⊂ T .

2. Oi probolè
. Oi probolè
 th
 topolog�a
 ginìmeno stou
 par�gonte
 tou ginomènou

pi : M1 ×M2 × ...×Mn → Mi, pi(x1, ..., xn) = xi

e�nai suneqe�
 apeikon�sei
. ToÔto ofe�letai sto ìti, ex orismoÔ, to uposÔnolo p−1
i (Ai) e�nai

anoiktì, gi� k�je anoiktì Ai ⊂ Mi.

3. Sunart sei
 tou Lipschitz Ton genikì orismì aut¸n twn sunart sewn ja gnwr�soume argìtera,

stou
 metrikoÔ
 q¸rou
. Sthn aploÔsterh per�ptwsh prìkeitai gia sunart sei
 f : Rm −→ Rn

gia ti
 opo�e
 up�rqei stajer� K ètsi ¸ste na ikanopoioÔn thn anisìthta Lipschitz:

||f(x) − f(y)|| ≤ K||x− y||, gia k�je x, y ∈ Rm.

Tètoia, l.q. e�nai h sun�rthsh tou m kou
 dianÔsmato
 f(x) = ||x||, pou ikanopoie� thn sunj kh

Lipschitzme K = 1
| ||x|| − ||y|| | ≤ ||x− y||.

Oi sunart sei
 autoÔ tou tÔpou e�nai suneqe�
, afoÔ gi� k�je perioq  Bε(y) tou y = f(x) h

perioq  B ε
K
(x) tou x apeikon�zetai, lìgw th
 anisìthta
 Lipschitz:

f(B ε
K
(x)) ⊂ Bε(y) kaj¸
 x′ ∈ B ε

K
(x) ⇒

||f(x′)− f(x)|| ≤ K||x′ − x|| < K
ε

K
= ε.

MetaxÔ �llwn, tètoie
 sunart sei
 f : Rm → R or�zontai apì ta prwtob�jmia polu¸numa

y = a1x1+a2x2+...+amxm+b, pou ikanopoioÔn thn anisìthta LipschitzmeK = |a1|+...+|am|:
|y′ − y| = |a1x1 + a2x2 + ...+ amxm + b

−(a1x
′
1 + a2x2 + ...+ amx′

m + b)|
≤ |a1| · |x′

1 − x1|+ ...+ |am| · |x′
m − xm|

≤ (|a1|+ ...+ |am|) · ||x′ − x||.
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4. H prìsjesh/afa�resh H sun�rthsh th
 prìsjesh
/afa�resh
 f : R2 −→ R me f(x, y) =
x+ y   = (x− y) e�nai suneq 
, w
 eidik  per�ptwsh tou prohgoumènou parade�gmato
.

5. Oi sunart sei
 y = hm(x), y = sun(x). H sun�rthsh y = hm(x) (kai an�loga h y = sun(x))
e�nai suneq 
 diìti ikanopoie� thn anisìthta Lipschitzme K = 1

| hm(x) − hm(y)| = |2 sun
(
x+ y

2

)
hm

(
x− y

2

)
|

≤ 2| hm
(
x− y

2

)
| < |x− y|,

ìpou h teleuta�a isqÔei lìgw th


| hm(x)| ≤ |x|, pou isqÔei gi� k�je x ∈ R.

Je¸rhma 1.2.4 H sÔnjesh g ◦ f dÔo suneq¸n apeikon�sewn f : M −→ M′
kai g : M′ −→ M′′

e�nai

mia suneq 
 apeikìnish g ◦ f : M −→ M′′
.

Apìdeixh: AploÔstath efarmog  twn orism¸n. An Γ ⊂ M′′
e�nai anoiktì, tìte, lìgw th
 sunèqeia
 th


g, to B = g−1(Γ) ja e�nai anoiktì tou M′
kai lìgw th
 sunèqeia
 th
 f to

A = f−1(B) = f−1(g−1(Γ)) = (g ◦ f)−1(Γ)

ja e�nai anoiktì tou M, o.e.d.

Je¸rhma 1.2.5 M�a apeikìnish f : M → M′ = M1 × ...×Mn enì
 topologikoÔ q¸rou (M, T ) sto
kartesianì ginìmeno topologik¸n q¸rwn, efodiasmèno me thn topolog�a ginìmeno, e�nai suneq 
, an kai

mìnon an, gi� k�je i = 1, ..., n h ant�stoiqh sÔnjesh fi = pi ◦ f : M → Mi e�nai suneq 
.

Apìdeixh: Pr�gmati, an h f e�nai suneq 
, tìte kai h sÔnjesh fi = pi ◦f , mè thn suneq  pi (par�deigma
2) ja e�nai suneq 
. Ant�strofa, an k�je fi = pi ◦ f e�nai suneq 
, tìte, gi� k�je i kai k�je anoiktì
Ai ⊂ Mi, to f−1

i (Ai) = f−1(p−1
i (Ai)) ja e�nai anoikto tou M. ämw
 ta uposÔnola tou M′

p−1
i (Ai), i = 1, ..., n, Ai ∈ Ti,

apoteloÔn, ex orismoÔ, upob�sh th
 topolog�a
 tou M′
(Je¸rhma 1.2.1), o.e.d.

Je¸rhma 1.2.6 Oi epìmene
 sunj ke
 e�nai isodÔname
 me thn sunèqeia th
 apeikìnish
 f : M −→ M′
.

1. Gi� k�je kleistì B′
tou M′

to B = f−1(B′) e�nai kleistì tou M.

2. Gi� k�je uposÔnolo A ⊂ M isqÔei f(A) ⊂ f(A).

3. Gi� k�je uposÔnolo B ⊂ M′
isqÔei f−1(B) ⊂ f−1(B).

Apìdeixh: An to B′ ⊂ M′
e�nai kleistì, tìte to A′ = B′c

e�nai anoiktì kai sunep¸
 kai to

A = f−1(A′) = f−1(B′c) = (f−1(B′))c

e�nai anoiktì, pou shma�nei ìti to B = f−1(B′) e�nai kleistì tou M. Me ton �dio trìpo apodeiknÔetai

kai to ant�strofo, dhlad , ìti an gi� k�je kleistìB′ ⊂ M′
to f−1(B′) e�nai kleistì, tìte h apeikìnish

e�nai suneq 
.
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Gi� ti
 upìloipe
 isodunam�e
 de�qnoume ìti: (sunèqeia th
 f ) ⇒ (2) ⇒ (3) ⇒ (1). (sunèqeia th
 f )
⇒ (2).

àstw x ∈ A. Tìte gi� k�je perioq  Ux tou x ja isqÔei

Ux ∩ A 6= ∅.
An loipìn y = f(x) kai Vy perioq  tou y ⇒

up�rqei perioq  Ux : f(Ux) ⊂ Vy ⇒
epeid  Ux ∩ A 6= ∅ ⇒ f(Ux) ∩ f(A) 6= ∅ ⇒

Vy ∩ f(A) 6= ∅ ⇒ y ∈ f(A).

(2) ⇒ (3). àstw A = f−1(B). Sun�getai

A = f−1(B) ⇒ (upìjesh) f(A) ⊂ f(A) = f(f−1(B)) = B

⇒ A ⊂ f−1(B).

(3) ⇒ (1). àstw B ⊂ M kleistì. Sun�getai

f−1(B) ⊂ f−1(B) (upìjesh) ⇒
kleistì, kaj¸
 isqÔei p�ntote kai f−1(B) ⊂ f−1(B), o.e.d.

Je¸rhma 1.2.7 E�n N ⊂ M e�nai uposÔnolo topologikoÔ q¸rou (M, T ) efodiasmèno me thn sqetik 

topolog�a, tìte h apeikìnish iN : N → M, iN(x) = x e�nai suneq 
.

Apìdeixh: H apìdeixh prokÔptei apì ton orismì th
 sqetik 
 topolog�a
 tou N , kat� ton opo�on ta

anoikt� tou e�nai tomè
 tou N me anoikt� tou M. àtsi, an A ⊂ M e�nai anoiktì, tìte to (iN )−1(A) =
A ∩ N e�nai anoiktì tou N , o.e.d.

Je¸rhma 1.2.8 àstw f suneq 
 apeikìnish tou topologikoÔ q¸rou (M, T ) ston (M′, T ′) kai to N ⊂
M kaj¸
 kai ta f(N ) ⊂ M′, f(M) ⊂ M′

, efodiasmèna, kajèna, me thn ant�stoiqh sqetik  topolog�a.

Tìte, mèsw th
 f or�zontai oi apeikon�sei


1. H apeikìnish f1 : N → M′
e�nai suneq 
.

2. H apeikìnish f2 : M → f(M) e�nai suneq 
.

3. H apeikìnish f3 : N → f(N ) e�nai suneq 
, an ta N , f−1(f(N )) e�nai anoikt�/kleist�.

Apìdeixh: H pr¸th e�nai sÔnjesh f1 = f ◦ iN dÔo suneq¸n apeikon�sewn �ra suneq 
. Gia thn deÔterh

jewroÔme èna anoiktì A tou f(M) pou e�nai tom  A = f(M) ∩A′
me anoiktì A′

tou M'. Tìte

f−1
2 (A) = f−1(f(M) ∩ A′) = f−1(f(M)) ∩ f−1(A′)

= M∩ f−1(A′) = f−1(A′)

kai to teleuta�o e�nai anoiktì touM lìgw th
 sunèqeia
 th
 f . Gi� thn tr�th per�ptwsh a
 upojèsoume

ìti ta N kai f−1(f(N )) e�nai e�nai anoikt�. Tìte isqÔei, ìti èna anoiktì A tou f(N ) e�nai tom 

A = f(N ) ∩A′
me anoiktì A′

tou M'. Tìte p�li

f−1
3 (A) = N ∩ f−1(f(N ) ∩ A′) = N ∩ (f−1(f(N )) ∩ f−1(A′)).

Lìgw th
 sunèqeia
 th
 f to teleuta�o sÔnolo e�nai anoiktì. E�n upojèsoume ìti ta N kai f−1(f(N ))
e�nai kleist�, tìte apodeiknÔoume thn sunèqeia th
 f3 ìpw
 kai prohgoumènw
, pa�rnonta
 to A w


kleistì tou f(N ) kai apodeiknÔonta
 me ton �dio trìpo ìti to f−1
3 (A) e�nai kleistì tou N , o.e.d.

Pìrisma 1.2.1 Mia sun�rthsh f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) gia thn opo�a

isqÔoun kai oi trei
 epìmene
 idiìthte
 e�nai suneq 
.

1. Up�rqei oikogèneia anoikt¸n sunìlwn {Ai, i ∈ I} ⊂ T , pou kalÔptoun to M, dhlad  h ènwsh

∪i∈IAi = M.
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2. O periorismì
 f |Ai : Ai → f(Ai) e�nai suneq 
 gi� k�je i ∈ I .

3. Ta f−1(f(Ai)) e�nai anoikt� gi� k�je i ∈ I .

Parade�gmata

6. H sun�rthsh y = x2
. H sun�rthsh aut  f : R → R e�nai suneq 
 w
 pro
 thn sun jh topolog�a

tou R. Gia thn apìdeixh mporoÔme na efarmìsoume to prohgoÔmeno pìrisma qrhsimopoi¸nta
 ta

anoikt� sÔnola An = (−n, n) tou R. Se k�je tètoio di�sthma h sun�rths  ma
 e�nai Lipschitz
�ra suneq 
, lìgw th


|(x′)2 − x2| = |x′ − x||x′ + x| ≤ 2n|x′ − x|.

To par�deigma genikeÔetai gia ti
 sunart sei
 f(x) = xk, k > 2, b�sei th
 ant�stoiqh
 anisìthta


|(x′)k − xk| = |x′ − x||(x′)k−1 + (x′)k−2x+ ...+ xk−1|
≤ k · nk−1 · |x′ − x|.

7. To ginìmeno z = xy. H sun�rthsh aut  f : R2 → R e�nai suneq 
 w
 pro
 ti
 sun jei


topolog�e
 twn dÔo q¸rwn. Mi� apìdeixh mpore� na g�nei �mesa me thn bo jeia tou jewr mato


1.2.2. Mi� �llh mpore� na g�nei b�sei th
 isìthta


xy =
1

4

(
(x+ y)2 − (x− y)2

)
,

pou parist�nei thn sun�rthsh san sÔnjesh sunart sewn, pou, b�sei twn prohgoumènwn para-

deigm�twn, e�nai suneqe�
.

8. Poluwnumikè
 sunart sei
. Autè
 e�nai sunart sei
 f : R → R th
 morf 


y = f(x) = anx
n + an−1x

n−1 + ...+ a1x+ a0,

pou gr�fontai san sunjèsei
 sunart sewn, pou kat� ta prohgoÔmena parade�gmata e�nai sune-

qe�
.

9. Poluwnumikè
 sunart sei
 n metablht¸n. Gia suneqe�
 sunart sei
 f, g : Rn → R, efarmì-
zonta
 thn sunèqeia twn x± y kai thn tautìthta tou parade�gmato
 (7) èqoume ìti h sun�rthsh

h(x) = f(x) · g(x) e�nai suneq 
. Qrhsimopoi¸nta
 thn sunèqeia aut¸n twn sunart sewn kat>

epan�lhyh de�qnoume ìti oi poluwnumikè
 sunart sei
 n metablht¸n

f(x1, ..., xn) =
∑

i1,...,in

ai1,...,inx
i1
1 . . . xin

n

e�nai suneqe�
 apeikon�sei
 f : Rn → R.

10. H sun�rthsh y = 1
x . H sun�rthsh aut  f : R − {0} → R − {0} e�nai suneq 
 w
 pro
 thn

sun jh topolog�a tou R. Gia thn apìdeixh mporoÔme na efarmìsoume to prohgoÔmeno pìrisma

qrhsimopoi¸nta
 ta anoikt� sÔnola ( 1n , n) kai (−n,− 1
n ), gia n ∈ N tou R. Se k�je tètoio

di�sthma, l.q. to ( 1n , n), h sun�rths  ma
 e�nai Lipschitz�ra suneq 
, lìgw th


∣∣∣∣
1

x
− 1

y

∣∣∣∣ =
|x− y|
|xy| ≤ n2|x− y|.

11. Migadikè
 poluwnumikè
 sunart sei
. Autè
 e�nai sunart sei
 f : C → C th
 morf 


w = f(z) = anz
n + an−1z

n−1 + ...+ a1z + a0,

ìpou an, . . . , a0, z, w ∈ C,

pou, kat> analog�a pro
 ti
 pragmatikè
 apodeiknÔontai, me ton �dio akrib¸
 trìpo, ìti e�nai

suneqe�
.
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12. Rhtè
 sunart sei
. Autè
 e�nai sunart sei
 pragmatikè
   migadikè
, pou gr�fontai san phl�ka

dÔo poluwnumik¸n sunart sewn. Gia par�deigma, oi aploÔstere
 migadikè
 rhtè
 sunart sei


e�nai oi legìmene
 apeikon�sei
 tou Moebiusf : C → C th
 morf 


w = f(z) =
az + b

cz + d
, gia a, b, c, d, z ∈ C kai ad− bc 6= 0,

pou or�zontai gia k�je migadikì arijmì ektì
 tou z = −d/c. Genikìtera mia migadik  rht 

sun�rthsh e�nai phl�ko dÔo poluwnÔmwn pr¸twn metaxÔ tou
, dhlad  th
 morf 


f(z) =
Pk(z)

Qm(z)
,

ìpou Pk(z), Qm(z) e�nai migadik� polu¸numa antisto�qwn bajm¸n k ≤ m, pou dèn èqoun koin 

r�za, dhlad  den up�rqei migadikì
 z0 ètsi ¸ste Pk(z0) = 0 kai tautìqrona Qm(z0) = 0. Gia
ti
 sunart sei
 autè
 jewroÔme ìti or�zontai gia k�je migadikì arijmì, diaforetikì apì m�a r�za

tou paronomast  Qm(z).

13. KampÔle
. Autè
 e�nai suneqe�
 apeikon�sei
 tou R   enì
 diast mato
 I = [a, b] ⊂ R se èna

topologikì q¸ro (M, T ). Eidikè
 peript¸sei
 e�nai ta eujÔgramma tm mata AB metaxÔ dÔo

shme�wn A,B tou epipèdou (kai genikìtera metaxÔ dÔo shme�wn enì
 dianusmatikoÔ q¸rou). àna

tètoio eujÔgrammo tm ma mpore� na jewrhje� w
 eikìna AB = f([0, 1]) tou diast mato
 [0, 1]
mèsw th
 apeikìnish
.

f(t) = (1− t)A+ t B.

Suqn� qrhsimopoioÔme ton ìro kampÔlh enno¸nta
 thn eikìna f([0, 1]) ⊂ M th
 f ston q¸roM.

Gia thn �dia thn f qrhsimopoioÔme tìte ton ìro paramètrish th
 kampÔlh
. Me aut  thn ènnoia

e�nai eÔkolo na doÔme ìti h �dia kampÔlh mpore� na èqei pollè
 diaforetikè
 parametr�sei
. M�a

suneq 
 kampÔlh f : [0, 1] → M apì to A = f(0) sto B = f(1) kai mia �llh suneq 
 kampÔlh

g : [0, 1] → M apì to B = g(0) sto C = g(1), or�zoun mia tr�th sÔnjeth kampÔlh h = g ∗ f

A

B Cf(s)

g(t)

Sq ma 1.2.6: SÔnjeth kampÔlh h = f ∗ g

apì to A sto C, pou or�zetai tmhmatik�

h(t) =

{
f(2t) t ∈ [0, 12 ]
g(2t− 1) t ∈ [ 12 , 1]

kai e�nai ep�sh
 suneq 
 h : [0, 1] → M.

A
0

A
1

A
n

f
1
(s)

f
n
(t)

f
2
(t)

....
A

2

Sq ma 1.2.7: SÔnjeth kampÔlh h = f1 ∗ · · · ∗ fn

Efarmìzonta
 aut  thn kataskeu  diadoqik� n forè
, blèpoume ìti h sÔnjesh h = f1∗· · ·∗fn n
diaforetik¸n kampul¸n e�nai mia suneq 
 kampÔlh tou epipèdou R2

(sq ma 1.2.7). Eidik�, k�je

polugwnik    tejlasmènh gramm  (ìpou ìle
 oi fi parist�noun eujÔgramma tm mata), e�nai

mia suneq 
 kampÔlh. àna idia�tero e�do
 kampul¸n e�nai tèlo
 autì pou or�zetai mèsw tou

graf mato
 mia
 suneqoÔ
 sun�rthsh
 f : [a, b] → R

g(t) = (t, f(t)), t ∈ [a, b].

H sunèqeia th
 g prokÔptei apì aut n th
 f efarmìzonta
 to je¸rhma 1.2.5.
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Orismì
 1.2.2 Mi� apeikìnish f tou topologikoÔ q¸rou (M, T ) ston (M′, T ′) lègetai anoikt /kleist 
ìtan gi� k�je anoiktì/kleistì A tou M to f(A) e�nai anoiktì/kleistì tou M'.

Je¸rhma 1.2.9 Mi� apeikìnish f tou topologikoÔ q¸rou (M, T ) ston (M′, T ′) pou apeikon�zei ta

anoikt� B mi�
 b�sh
 tou M se anoikt� f(B) tou M' e�nai anoikt .

Apìdeixh: K�je anoiktì A tou M gr�fetai w
 ènwsh A = ∪i∈IBi stoiqe�wn mi�
 b�sh
, �ra f(A) =
∪i∈If(Bi) e�nai, sÔmfwna me thn upìjesh, anoiktì, w
 ènwsh anoikt¸n, o.e.d.

Sq ma 1.2.8: Probol  anoikt  all� ìqi kleist 

Sqìlio-2 To sq ma 1.2.8 d�nei èna par�deigma suneqoÔ
 apeikìnish


f : R2 −→ R, f(x, y) = x probol  ston x-�xona.

EÔkola blèpoume ìti h probol  mi�
 anoikt 
 mp�la
, pou e�nai stoiqe�o mi�
 b�sh
 th
 sun jou
 to-

polog�a
 tou R2
, e�nai èna anoiktì di�sthma tou R pou taut�zoume me ton x-�xona. Ant�jeta, h probol 

enì
 kl�dou tou graf mato
 th
 sun�rthsh
 y = 1/x, pou e�nai kleistì uposÔnolo tou R2
, e�nai èna

anoiktì tou R kai ìqi kleistì. H probol  aut  loipìn e�nai mia suneq 
 kai anoikt  all� ìqi kleist 

apeikìnish tou R2
sto R. Shmeiwtèon ìti aut  e�nai mia eidik  per�ptwsh tou legomènou jewr mato


anoikt 
 apeikìnish
, pou lèei ìti mia grammik  suneq 
 ep�rriyh metaxÔ dianusmatik¸n q¸rwn Banach
e�nai anoikt  ([Sim63,σ. 235]).

Sqìlio-3 An�logo epiqe�rhma me to prohgoÔmeno de�qnei ìti h kanonik  probol 

pi : M1 ×M2 × ...×Mn → Mi, pi(x1, ..., xn) = xi

enì
 topologikoÔ ginomènou ston i-par�gonta Mi e�nai anoikt .

Je¸rhma 1.2.10 Oi epìmene
 dÔo sunj ke
 isodunamoÔn me to oti h apeikìnish f metaxÔ twn topologik¸n

q¸rwn (M, T ) kai (M′, T ′) e�nai anoikt .

1. Gi� k�je uposÔnolo E ⊂M isqÔei f(Eo) ⊂ (f(E))o.

2. Gi� k�je x ∈M kai k�je perioq  Ux ∋ x up�rqei perioq  Vy ∋ y = f(x) me Vy ⊂ f(Ux).

Apìdeixh: De�qnoume ìti (f anoikt ) ⇒ (1) ⇒ (2) ⇒ (f anoikt ).

(f anoikt ) ⇒ (1). Pr�gmati, an h f e�nai anoikt , tìte to f(Eo) e�nai anoiktì kai perièqetai sto

(f(E)), �ra perièqetai kai sto (f(E))o.
(1) ⇒ (2). Kat� to (1) h f(Ux) ⊂ (f(Ux))

o ∋ y. Pa�rnoume loipìn w
 Vy to (f(Ux))
o
.

(2) ⇒ (f anoikt ). àstw to A anoiktì x ∈ A kai y = f(x) ∈ f(A). Jewr¸nta
 w
 Ux to A,
kat� thn upìjesh ja up�rqei perioq  Vy ∋ y me Vy ⊂ f(A). �ra to f(A) ja parist�netai w
 ènwsh

anoikt¸n f(A) = ∪y∈f(A)Vy , o.e.d.

Sqìlio-4 Apì thn migadik  an�lush gnwr�zoume ìti k�je analutik  migadik  sun�rthsh w = f(z), o-
rismènh se èna anoiktì uposÔnolo tou migadikoÔ epipèdou C, e�nai anoikt  apeikìnish ([Ahl79, σ. 132]).
To sq ma 1.2.9 d�nei mia entÔpwsh th
 aploÔstath
 analutik 
 migadik 
 sun�rthsh
 w = w0 + (z −
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Sq ma 1.2.9: H analutik  sun�rthsh w = w0 + (z − z0)
3

z0)
3
. Sto sq ma fa�nontai tèsseri
 kÔkloi c, d, e, h kai oi eikìne
 tou
 c′ = f(c), d′ = f(d), e′ =

f(e), h′ = f(h) mèsw th
 apeikìnish
. Oi mìnoi kÔkloi pou apeikon�zontai p�li se kÔklou
 e�nai auto�

pou èqoun kèntro to z0, ìpw
 o c. àna
 tètoio
 kÔklo
 c p�ei p�li se kÔklo c′ ètsi ¸ste tr�a shme�a

tou c pou or�zoun èna isìpleuro tr�gwno A1A2A3 na apeikon�zontai se èna akrib¸
 shme�o A tou c′.
An�loga me thn jèsh tou kÔklou, h eikìna tou e�nai diaforetik . Ston kÔklo h fa�netai to eggegram-

mèno isìpleuro B1B2B3 kai h eikìna twn shme�wn aut¸n B′
1, B

′
2, B

′
3 p�nw sthn eikìna h′ = f(h)

tou h. H diereÔnhsh th
 sumperifor�
 tètoiwn analutik¸n sunart sewn odhge� sti
 legìmene
 epif�-

neie
 Riemann ([Spr57]) kai ti
 apeikon�sei
 k�luyh
 , pou shmatodotoÔn thn aparq  th
 algebrik 

topolog�a
 ([Kin93], [Hat02]).

Je¸rhma 1.2.11 H apeikìnish f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) e�nai kleist ,
tìte kai mìnon, an gi� k�je uposÔnolo E ⊂M isqÔei f(E) ⊂ f(E).

Apìdeixh: An h f e�nai kleist , tìte to f(E) e�nai kleistì. Tìte hE ⊂ E sunep�getai thn f(E) ⊂ f(E)
kai sunep¸
 thn f(E) ⊂ f(E).

Ant�strofa, an isqÔei h sunj kh aut  kai to E e�nai kleistì, tìte h f(E) ⊂ f(E) (afoÔ E = E)

sunep�getai thn f(E) = f(E), afoÔ isqÔei p�ntote f(E) ⊃ f(E), o.e.d.

Sq ma 1.2.10: Perioq  V tou f−1(B)

Je¸rhma 1.2.12 àstw ìti h apeikìnish f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) e�nai
kleist  kai B ⊂ M′

. Tìte gia k�je anoiktì U ⊃ f−1(B) up�rqei anoiktì V ⊃ B ètsi ¸ste

f−1(B) ⊂ f−1(V ) ⊂ U.

Apìdeixh: Dojènto
 tou U , ìrise to V = f(U c)c ⊃ B (sq ma 1.2.10). To U c
e�nai kleistì kai epeid  h

f e�nai kleist  kai to f(U c) e�nai kleistì, sunep¸
 to V = f(U c)c e�nai anoiktì. Tìte

f−1(V ) = f−1(f(U c)c) = (f−1(f(U c))c ⊂ (U c)c = U, o.e.d.
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Je¸rhma 1.2.13 H apeikìnish f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) e�nai omoiomor-
fismì
, tìte kai mìnon, e�n e�nai 1− 1, ep�, suneq 
 kai tautìqrona anoikt    kleist .

Apìdeixh: To je¸rhma e�nai tetrimmènh sunèpeia tou ìti h f−1
e�nai suneq 
 tìte kai mìnon ìtan h

f e�nai anoikt    kleist . Shmeiwtèon ìti to èna sunep�getai to �llo. àna
 omoiìmorfismì
 e�nai

tautìqrona anoikt  kai kleist  apeikìnish, o.e.d.

Pìrisma 1.2.2 E�n h apeikìnish f metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′) e�nai omoio-
morfismì
, tìte kai gia k�je uposÔnolo N ⊂M , h apeikìnish f1 : N −→ f(N ), pou or�zetai mèsw tou

periorismoÔ th
 f e�nai omoiomorfismì
 w
 pro
 thn sqetik  topolog�a twn N kai f(N ).

Parade�gmata

14. Oi sunart sei
 y = xn
(n perittì). Oi sunart sei
 autè
 f : R → R e�nai suneqe�
 kai 1 − 1

kai ep� tou R. Ep�sh
 gi� k�je di�sthma I = (α, β) ⊂ R to f(I) = (αn, βn) e�nai anoiktì, �ra h

apeikìnish e�nai omoiomorfismì
 tou R.

15. Monìtone
 suneqe�
. To prohgoÔmeno par�deigma e�nai eidik  per�ptwsh th
 kathgor�a
 twn

suneq¸n sunart sewn pou e�nai gn sia monìtone
, dhlad  gn sia aÔxouse
/fj�nouse
. Tètoie


sunart sei
, ìpw
 l.q. h aÔxousa kai suneq 
 y = ex apeikon�zoun, ìpw
 ja doÔme argìtera, èna

di�sthma (α, β) se èna di�sthma (f(α), f(β)) (  (f(β), f(α)) gia fj�nouse
), kai epomènw
 e�nai

anoiktè
 kai or�zoun omoiomorfismì tou ped�ou orismoÔ tou
 D ⊂ R me thn eikìna tou f(D). To

-7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7

-1

1

Sq ma 1.2.11: Omoiomorfismì
 f : R → (−1, 1)

sq ma 1.2.11 de�qnei to gr�fhma enì
 tètoiou omoiomorfismoÔ (aÔxousa suneq 
 sun�rthsh)

f(x) =
x

1 + |x| ,

pou apeikon�zei to R sto di�sthma (−1, 1).

16. Stereografik  probol -I. To epìmeno sq ma de�qnei thn apeikìnish tou monadia�ou kÔklou

S1 − {N} ⊂ R2
, ektì
 enì
 shme�ou tou N ston x-�xona, pou taut�zoume me to R. H sun�rthsh

f : S1 − {N} → R or�zetai mèsw tou tÔpou

f(x, y) = t =
x

1− y
, ìpou (x, y) ∈ S1 = {(x, y) : x2 + y2 = 1}.

ApodeiknÔetai eÔkola ìti h sun�rthsh aut  e�nai omoiomorfismì
 tou S1 − {N} me to R. H
ant�strofh sun�rthsh d�detai apì ton tÔpo:

f−1(t) = (x, y) =
1

1 + t2
(2t, t2 − 1).

H topolog�a tou S1 − {N} e�nai h sqetik  h eisagìmenh apì aut n tou R2
. H eikìna de�qnei kai

èna anoiktì V tou S1 − {N} pou or�zetai mèsw th
 tom 
 V = (S1 − {N}) ∩ U me m�a anoikt 

mp�la tou R2
. H f antistoiq�zei tètoia anoikt� tou S1 − {N} se diast mata tou R, pr�gma pou

sunep�getai thn sunèqeia th
 f all� kai to ìti e�nai anoikt , �ra omoiomorfismì
.
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A(x,y)

B(t)O

N

S1

V

U

Sq ma 1.2.12: Stereografik  probol  I

17. Stereografik  probol  II. Aut  e�nai m�a apeikìnish th
 sfa�ra
, ektì
 enì
 shme�ou th
N , sto

ep�pedo (tautizìmeno me to R2
). Gia thn monadia�a sfa�ra S2 = {(x, y, z) ∈ R3 : x2+y2+z2 = 1}

kai to shme�o N = (0, 0, 1), h apeikìnish aut  perigr�fetai apì tou
 tÔpou


f : S2 − {N} −→ R2, f(x, y, z) = (x′, y′) =

(
x

1− z
,

y

1− z

)
.

Gewmetrik�, h apeikìnish antistoiq�zei sto shme�o A(x, y, z) 6= N th
 sfa�ra
 to shme�o tom 


B(x′, y′) tou (x, y)-epipèdou, me thn euje�a NA (sq ma 1.2.12). H apeikìnish e�nai 1− 1, ep� kai
h ant�strof  th
, gia k�je (x′, y′) ∈ R2

, d�detai apì ton tÔpo

f−1(x′, y′) = (x, y, z) =
1

1 + x′2 + y′2
(2x′, 2y′, x′2 + y′2 − 1).

To par�deigma e�nai gen�keush tou prohgoumènou kai d�dei èna omoiomorfismì tou R2
me thn

sun jh topolog�a kai tou uposunìlou S2 − {N} ⊂ R3
me thn sqetik  topolog�a.

Sq ma 1.2.13: Stereografik  probol  II

To par�deigma genikeÔetai kai sti
 n diast�sei
, gia thn monadia�a sfa�ra

Sn−1 = {x ∈ Rn : ||x|| = 1} ⊂ Rn,

kai to shme�o th
 N = (0, ..., 0, 1). H gewmetrik  perigraf  th
 stereografik 
 probol 
 e�nai

h �dia me aut  tou prohgoumènou parade�gmato
 kai h analutik  perigraf  d�detai apì ton tÔpo

f(x1, ..., xn) =
1

1− xn
(x1, ..., xn−1),



22 KEFALAIO 1. TOPOLOGIKOI QWROI, SUNEQEIA

pou or�zei èna omoiomorfismì th
 Sn−1 − {N} me to Rn−1
kai èqei ant�strofo thn

f−1(t1, ..., tn−1) =
1

1 + ||t||2 (2t1, ..., 2tn−1, ||t||2 − 1).

18. Omoparallhl�e
. K�je parallhlìgrammo tou epipèdou mpore� na apeikonisje� mèsw enì
 o-

1-1

-1

1A

B C

D
A'

B'

C'

D'

f

Sq ma 1.2.14: Omoparallhl�a pou apeikon�zei to A′B′C′D′
sto ABCD

moiomorfismoÔ se èna opoiod pote tetr�gwno (sq ma 1.2.14). M�lista e�nai mia sqetik� eÔkolh

�skhsh th
 grammik 
 �lgebra
 na de�xoume ìti o omoiomorfismì
 autì
 mpore� na perigrafe�

me p�nake
 kai e�nai th
 morf 


(
x′

y′

)
=

(
a11 a12
a21 a22

)(
x
y

)
+

(
b1
b2

)
=

(
a11x+ a12y + b1
a21x+ a22y + b2

)
,

ìpou h or�zousa tou p�naka a11 · a22 − a12 · a21 6= 0. Tètoioi omoiomorfismo� tou epipèdou

ston eautì tou onom�zontai omoparallhl�e
. ànan tètoio omoiomorfismì ja qrhsimopoi soume

kai sthn §7.4. Shmeiwtèon ìti autì
 o tÔpo
 omoiomorfism¸n genikeÔetai me to �dio ìnoma se

omoiomorfismoÔ
 tou Rn
ston eautì tou.

Je¸rhma 1.2.14 àna
 topikì
 omoiomorfismì
 f metaxÔ twn topologik¸n q¸rwn M kai M′
e�nai a-

noikt  apeikìnish.

Apìdeixh: Autì e�nai �mesh sunèpeia tou orismoÔ, kat� ton opo�o gia k�je shme�o x ∈ M up�rqoun

anoiktè
 perioqè
 Ux tou x kai Vy tou y = f(x) ètsi ¸ste o periorismì
 f
∣∣
Ux

: Ux → Vy na e�nai

omoiomorfismì
. Tìte h f ja apeikon�zei mia opoiad pote perioq  U ′
x ⊂ Ux se ant�stoiqo anoiktì tou

Vy , �ra kai anoiktì tou M′
, o.e.d.

Sqìlio-5 àna tupikì par�deigma topikoÔ omoiomorfismoÔ e�nai autì th
 apeikìnish
 th
 euje�a
 ston

monadia�o kÔklo S1
tou epipèdou

f(t) = eit = sun(t) + i hm(t).

Gia k�je shme�o t ∈ R kai to ant�stoiqo f(t) ∈ S1
h eikìna 1.2.11 de�qnei p¸
 mporoÔme na broÔme

perioq  Vy , ìpou y = f(t) pou na ikanopoie� ton orismì tou topikoÔ omoiomorfismoÔ. Argìtera ja

doÔme ìti autì
 o topikì
 omoiomorfismì
 den mpore� na e�nai kai olikì
 omoiomorfismì
 tou R me to S1
.

Sqìlio-6 Topiko� omoiomorfismo� prokÔptoun kai apì apeikon�sei
 f : Rn → Rn
pou èqoun sune-

qe�
 pr¸te
 parag¸gou
 kai o ant�stoiqo
 p�naka





∂f1
∂x1

. . . ∂f1
∂xn

. . . . . . . . .
∂fn
∂x1

. . . ∂fn
∂xn



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e�nai antistrèyimo
 se k�je shme�o tou ped�ou orismoÔ tou
. Kat� to je¸rhma th
 ant�strofh
 a-

peikìnish
 tou dianusmatikoÔ logismoÔ ([Trì12a, sel. 240℄, [Sp�94, sel.36℄), up�rqoun tìte perioqè


Ux, Vy gia k�je x kai y = f(x), ètsi ¸ste o periorismì
 f
∣∣
Ux

: Ux → Vy na e�nai omoiomorfismì
.

Sqìlio-7 äpw
 e�dame kai sta parade�gmata ètsi kai genikìtera, sti
 efarmogè
 th
 topolog�a
, pro-

kÔptoun q¸roi kai apeikon�sei
 pou prèpei na analujoÔn se sunjèsei
 �llwn ¸ste na apodeiqje� ìti

prìkeitai gia suneqe�
 apeikon�sei
  /kai omoiomorfismoÔ
. Gia par�deigma, mia suneq 
 jetik  apei-

kìnish f : [0, 1] → R or�zei to qwr�o Df ⊂ R2
k�tw apì to gr�fhma th


f

g

D
f

D
g

Sq ma 1.2.15: Omoiìmorfa qwr�a Df kai Dg

Df = {(x, y) : 0 ≤ y ≤ f(x), x ∈ [0, 1]}

(sq ma 1.2.15). Gia dÔo tètoie
 sunart sei
 f, g mpore� kane�
 na kataskeu�sei m�a 1 − 1 kai ep�

apeikìnish h : Df → Dg pou e�nai omoiomorfismì
. LÔnonta
 autì to prìblhma, mpore� kane�
 na

A

B

O

f

g

E
f

E
g

Sq ma 1.2.16: Omoiìmorfa qwr�a Ef kai Eg

exet�sei katìpin èna qwr�o Ef ⊂ R2
, pou or�zetai apì mia suneq  jetik  sun�rthsh f : [0, 2π] → R

me f(0) = f(2π), mèsw polik¸n suntetagmènwn (r, φ):

Ef = {(x, y) : x = r sun(φ), y = r hm(φ), 0 ≤ r ≤ f(φ), φ ∈ [0, 2π]}.

DÔo qwr�a Ef , Eg pou antistoiqoÔn se dÔo tètoie
 sunart sei
 e�nai omoiìmorfa (sq ma 1.2.16).

Sqìlio-8 Den e�nai sp�nie
 oi peript¸sei
 pou mia sun�rthsh e�nai dÔskolo na orisje� kai na apodei-

qje� h sunèqei� th
. Gia par�deigma, to jemeli¸de
 je¸rhma th
 �lgebra
 (§7.1) lèei ìti k�je migadikì
polu¸numo zn + an−1z

n−1 + ... + a0 èqei n akrib¸
 r�ze
 (metr¸nta
 kai ti
 pollaplìthtè
 tou
)

ρ1, ..., ρn ∈ C. To ìti autè
 oi r�ze
 e�nai suneqe�
 sunart sei
 twn suntelest¸n {ai} e�nai èna sÔnjeto

jèma kai sthn akrib  diatÔpws  tou kai sthn apìdeixh ([Mar66, σ. 3]). Se autì l.q. an�getai kai h

sunèqeia twn idiotim¸n enì
 p�naka w
 pro
 tou
 suntelestè
 tou p�naka. To teleuta�o jèma parousi�-

zei idia�tero gewmetrikì endiafèron, kaj¸
, oi idiotimè
 metab�llontai entì
 orismènwn d�skwn (tou

Gerschgorin, ìpw
 lègontai [Lax97,σ. 240]), pou upolog�zontai �mesa apì tou
 suntelestè
 tou p�naka.

ASKHSEIS

�skhsh 1.2.1 De�xe ìti gia mia apeikìnish f : M → M′
kai uposÔnolo A ⊂ M, isqÔei f−1(f(A)) =

A ⇒ f(A) ∩ f(Ac) = ∅.
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�skhsh 1.2.2 àstw ìti o topologikì
 q¸ro
 (M, T ) e�nai ènwsh M= A ∪ B kai gia thn sun�rthsh

f : M → M′
oi periorismo� f

∣∣
A
kai f

∣∣
B
e�nai suneqe�
 sto x ∈ A∩B. De�xe ìti h f e�nai suneq 
 sto

x.

�skhsh 1.2.3 De�xe ìti mia 1-1 kai ep� apeikìnish f : R → R e�nai omoiomorfismì
, an kai mìnon an

e�nai gn sia monìtonh.

�skhsh 1.2.4 De�xe ìti mia 1-1, ep� kai suneq 
 apeikìnish f : R → R e�nai omoiomorfismì
.

�skhsh 1.2.5 De�xe ìti mia poluwnumik  sun�rthsh p : R → R e�nai kleist .

�skhsh 1.2.6 De�xe ìti oi upìqwroi tou R2
w
 pro
 thn sqetik  topolog�a [−1, 1]2 kai B1(0) = {x :

||x|| ≤ 1} e�nai omoiìmorfoi.

�skhsh 1.2.7 De�xe ìti h sun�rthsh f(x) =





0, x /∈ Q,

1

q
, an x =

p

q
m.k.d.(p, q) = 1,

e�nai suneq 
 se k�je

�rrhto shme�o kai a-suneq 
 se k�je rhtì shme�o x ∈ R.

�skhsh 1.2.8 De�xe ìti to sÔnolo twn shme�wn x ∈ M sta opo�a dÔo suneqe�
 sunart sei
 f, g : M −→
R sump�ptoun (f(x) = g(x)), e�nai kleistì tou M. Sumpèrane ìti an dÔo tètoie
 sunart sei
 sump�ptoun

se puknì uposÔnolo tou M, tìte sump�ptoun se ìlo to M.

�skhsh 1.2.9 De�xe ìti mia suneq 
 sun�rthsh f : R → R pou ikanopoie� f(x + y) = f(x) +
f(y), ∀x, y ∈ R, e�nai th
 morf 
 f(x) = a · x, gia mia stajer� a. (Upìdeixh: Apìdeixe ìti h idiì-

thta isqÔei gia akera�ou
, katìpin gia rhtoÔ
, kai k�ne qr sh tou ìti oi rhto� e�nai puknì uposÔnolo tou

R.)

�skhsh 1.2.10 De�xe ìti h apeikìnish (antistrof 
, ìpw
 lègetai) f : Rn − {0} → Rn − {0} me

f(x) = r x
||x||2 , ìpou r > 0 stajer�, e�nai omoiomorfismì
.

�skhsh 1.2.11 E�nMm×n(R) sumbol�zei to sÔnolo twn pragmatik¸n pin�kwnm×n diast�sewn, tìte

topojet¸nta
 th m�a gramm  met� thn �llh kataskeu�zoume èna grammikì isomorfismì autoÔ tou sunìlou

me to Rmn
. ärise mia topolog�a sto Mm×n(R), w
 pro
 thn opo�a autì
 o grammikì
 isomorfismì
 na

e�nai omoiomorfismì
.

�skhsh 1.2.12 H antisto�qish se èna pragmatikì m× n p�naka A kai ènan n× p p�naka B tou p�naka

ginomènou A · B, pou e�nai m × p diast�sewn or�zei mia apeikìnish f : Mm×n(R) × Mn×p(R) →
Mm×p(R). De�xe ìti aut  h apeikìnish e�nai suneq 
 w
 pro
 ti
 topolog�e
 twn sunìlwn pin�kwn

Mm×n(R), pou or�zontai sthn prohgoÔmenh �skhsh.

�skhsh 1.2.13 De�xe ìti mia suneq 
 apeikìnish f : C → Rn
epekte�netai se mia suneq  apeikìnish

f ′ : [0, 1] → Rn
. (Upìdeixh: Qrhsimopo�hse thn �skhsh 1.1.11 kai ìrise se k�je tètoio di�sthma Ii mia

kat�llhlh sun�rthsh th
 morf 
 fi(x) = aix+ bi, ìpou ta ai, bi ∈ Rn
prosdior�zontai apì ta �kra tou

Ii pou e�nai stoiqe�a tou C kai thn f .)



KEFALAIO2

Metriko� q¸roi, plhrìthta

2.1 Metriko� q¸roi

Orismì
 2.1.1 Metrikì
 q¸ro
 lègetai èna zeÔgo
 (M, d) apoteloÔmeno apì èna mh kenì sÔnolo M
kai thn metrik  d, pou e�nai m�a sun�rthsh d : M×M → R me ti
 idiìthte


1. d(x, y) ≥ 0 gi� k�je x, y ∈ M kai d(x, y) = 0 tìte kai mìnon, ìtan x = y.

2. d(x, y) = d(y, x) gi� k�je x, y ∈ M (summetrik  idiìthta).

3. d(x, y) ≤ d(x, z) + d(z, y) gi� k�je x, y, z ∈ M (trigwnik  anisìthta).

Ton arijmì d(x, y) onom�zoume apìstash twn x, y w
 pro
 thn metrik  d.

Sqìlio-1 Suqn� me ton ìro metrikì
 q¸ro
 ja anaferìmaste sto �dio to sÔnolo M. ExupakoÔetai ìti

ja èqoume tìte prokajor�sei thn metrik  d me thn opo�a to jewroÔme efodiasmèno. äpw
 ja doÔme

parak�tw, to �dio to sÔnolo M mpore� na èqei perissìtere
 apì m�a metrikè
 d, d′, d′′, ...

Orismì
 2.1.2 Ta epìmena sÔnola e�nai jemeli¸dou
 shmas�a
 se èna metrikì q¸ro (M, d).

1. Anoikt  mp�la tou M me kèntro x ∈M kai akt�na r > 0 lème èna sÔnolo th
 morf 


Br(x) = {x′ ∈ M : d(x, x′) < r}.

2. Kleist  mp�la tou M me kèntro x ∈M kai akt�na r > 0 lème èna sÔnolo th
 morf 


Br(x) = {x′ ∈ M : d(x, x′) ≤ r}.

3. Sfa�ra tou M me kèntro x ∈M kai akt�na r > 0 lème èna sÔnolo th
 morf 


Sr(x) = {x′ ∈ M : d(x, x′) = r}.

4. Anoiktì tou M lème èna uposÔnolo A ⊂M, pou gr�fetai w
 ènwsh anoikt¸n mpal¸n.

5. Fragmèno tou M lème èna uposÔnolo A ⊂M, gia to opo�o up�rqei mp�la pou to perièqei.

6. Fragmènh lème thn metrik  d tou, ìtan o �dio
 ì q¸ro
 M e�nai fragmèno sÔnolo. Tìte to

δ = sup{d(x, y) : x, y ∈ M},

onom�zoume di�metro tou M.
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Je¸rhma 2.1.1 Gi� k�je (M, d) isqÔoun ta epìmena.

1. Oi anoiktè
 mp�le
 e�nai anoikt�.

2. To sÔnolo ìlwn twn anoikt¸n tou M or�zei mi� topolog�a T sto M, pou lègetai topolog�a th


metrik 
 tou metrikoÔ q¸rou (M, d).

3. àna sÔnolo A ⊂M e�nai anoiktì, tìte kai mìnon, ìtan gi� k�je x ∈ A up�rqei n ∈ N ètsi ¸ste h

anoikt  mp�la B 1
n
(x) na perièqetai sto A.

4. Oi mp�le
 {B 1
n
(x), x ∈ M, n ∈ N} apoteloÔn b�sh th
 topolog�a
 T .

Apìdeixh: To (1) apodeiknÔetai ìpw
 to par�deigma 7 sthn §1, qrhsimopoi¸nta
 thn trigwnik  anisì-

thta. To (2) prokÔptei apì mia tetrimmènh epal jeush tou orismoÔ tou topologikoÔ q¸rou. To (3)

prokÔptei ìpw
 kai to (1). To (4) e�nai sunèpeia tou (3), o.e.d.

Sqìlio-2 Oi perissìteroi apì tou
 topologikoÔ
 q¸rou
 pou exet�same sta parade�gmata, mèqri t¸ra,

e�nai metriko� q¸roi. H topolog�a tou
 or�zetai, ìpw
 sto prohgoÔmeno je¸rhma, mèsw mi�
 kat�llhlh


metrik 
. Gia par�deigma h sun jh
 topolog�a tou Rn
or�zetai mèsw th
 metrik 


d(x, y) = ||x− y|| =
√
(x1 − y1)2 + ...+ (xn − yn)2.

O Rn
efodiasmèno
 me aut  thn metrik  e�nai m�a eidik  per�ptwsh mi�
 genikìterh
 dom 
, pou peri-

gr�fetai me ton epìmeno orismì.

Orismì
 2.1.3 àna
 q¸ro
 me norm e�nai èna
 dianusmatikì
 q¸ro
M efodiasmèno
 me mi� sun�rthsh

f : M → R, pou onom�zoume norm, sumbol�zoume me f(x) = ||x|| kai ikanopoie� ta epìmena axi¸mata:

1. ||x|| ≥ 0 gia k�je x ∈ M kai ||x|| = 0 tìte kai mìnon, ìtan x = 0.

2. ||λx|| = |λ| · ||x|| gia k�je λ ∈ R kai x ∈ M.

3. ||x+ y|| ≤ ||x||+ ||y|| gia k�je x, y ∈ M.

Metrik  th
 norm lème thn metrik  pou or�zetai sto M mèsw tou tÔpou

d(x, y) = ||x− y||.

Sqìlio-3 Sto teleuta�o mèro
 tou orismoÔ qrei�zetai mia sumpl rwsh. Prèpei na de�xoume ìti autì
 o

tÔpo
 or�zei pr�gmati m�a metrik . Autì ìmw
 e�nai m�a apl  �skhsh pou sthr�zetai sthn idiìthta (3)

th
 normkai pou anafèretai ¸
 trigwnik  anisìthta th
 norm. To genikì sumpèrasma loipìn e�nai,

ìti k�je (dianusmatikì
) q¸ro
 me normor�zei èna metrikì topologikì q¸ro.

Sqìlio-4 K�je sÔnolo M mpore� na efodiasje� me m�a metrik , kat� tetrimmèno trìpo, l.q. me thn

d(x, y) =

{
1 gia x 6= y,

0 gia x = y.

Diapist¸noume èukola ìti o orismì
 autì
 ikanopoie� ta axi¸mata th
 metrik 
 kai ìti h ant�stoiqh

topolog�a pou or�zetai e�nai h diakrit  tou M, sthn opo�a k�je monosÔnolo e�nai anoiktì. M�a apì ti


idiomorf�e
 aut 
 th
 metrik 
 e�nai ìti isqÔei ∂Br(x) 6= Sr(x), en¸, l.q. gia thn metrik  pou or�zetai

apì m�a norm isqÔei ∂Br(x) = Sr(x).
àna tele�w
 diaforetikì kai polÔ duskolìtero prìblhma e�nai na xekin soume apì èna topologikì

q¸ro (M, T ) kai na prospaj soume na broÔme m�a metrik  d ètsi ¸ste h topolog�a pou or�zetai mèsw

th
 d na sump�ptei me thn doje�sa T . Kat> arq n den e�nai safè
 ìti autì to prìblhma lÔnetai gia ton

tuqìnta topologikì q¸ro (M, T ). Up�rqoun di�fora jewr mata, apì ta arqik� st�dia th
 an�ptuxh


tou kl�dou, pou d�doun krit ria gia to pìte autì e�nai dunatìn. àna
 topologikì
 q¸ro
 pou èqei

aut  thn dunatìthta lègetai metrikopoi simo
. Sto parìn m�jhma, ektì
 th
 per�ptwsh
 ginomènwn

metrik¸n q¸rwn, den ja asqolhjoÔme idia�tera me autì, to k�pw
 eswterikì prìblhma th
 topolog�a
.

Ja protim soume na asqolhjoÔme me jèmata pou èqoun perissìtere
 efarmogè
 se di�forou
 �llou


kl�dou
 twn Majhmatik¸n (de
 wstìso ta jewr mata 3.2.5 kai 6.4.1).
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Orismì
 2.1.4 DÔo metrikè
 d, d′ orismène
 sto �dio mh keno sÔnoloM lègontai isodÔname
, ìtan or�zoun

thn �dia topolog�a sto M.

Sqìlio-5 EÔkola blèpoume ìti h sqèsh aut  e�nai mia sqèsh isodunam�a
 sto sÔnolo D twn metrik¸n

pou or�zontai se èna mh kenì sÔnolo M. Parade�gmata mporoÔme na fti�xoume me tetrimmèno trìpo,

l.q. pollaplasi�zonta
 thn metrik  me mia stajer� k > 0, d′(x, y) = kd(x, y). K�pw
 pio sÔnjeta

parade�gmata isodÔnamwn metrik¸n ja doÔme parak�tw. Edw a
 shmei¸soume ìti h isodunam�a twn

topologi¸n mpore� na diapistwje� sugkr�nonta
 ti
 anoiktè
 mp�le
 twn dÔo topologi¸n. To epìmeno

je¸rhma e�nai profanè
.

Je¸rhma 2.1.2 DÔo metrikè
 d, d′ ston �dio q¸ro M e�nai isodÔname
, an kai mìnon an, k�je anoikt 

mp�la Br(x) w
 pro
 thn m�a metrik  perièqei mi� anoikt  mp�la Br′(x) me to �dio kèntro w
 pro
 thn

�llh metrik .

Parade�gmata

1. Di�fore
 norm tou Rn
. O q¸ro
 Rn

mpore� na efodiasje� me di�fore
 norm, ektì
 aut 
 pou
gnwr�same sto par�deigma 7 th
 §1, mèsw th
 opo�a
 or�same thn sun jh topolog�a autoÔ tou

q¸rou. Merikè
 �lle
 normtou �diou q¸rou e�nai oi ex 
:

(a') Gi� k�je akèraio p > 2, h ||x||p = ((xp
1 + ...+ xp

n))
1
p . or�zei m�a normsto Rn

.

(b') Parìmoia h ||x||∞ = maxi(|xi|).
(g') Parìmoia h ||x||1 = |x1|+ |x2|+ ...+ |xn|.
To ìti oi dÔo teleuta�e
 ikanopoioÔn pr�gmati ta axi¸mata th
 norm, e�nai mia tetrimmènh �skhsh.
Sto pr¸to par�deigma k�poia duskol�a parousi�zei mìno h apìdeixh th
 trigwnik 
 anisìthta


pou isoduname� me thn legìmenh anisìthta tou Minkowski:

(|x1 + y1|p + ...+ |xn + yn|p)
1
p

≤ (|x1|p + ...+ |xn|p)
1
p + (|y1|p + ...+ |yn|p)

1
p .

Mia apl  apìdeixh aut 
 ([Dug66,σ. 182]) prokÔptei apì thn kurtìthta th
 sun�rthsh
 y =
f(x) = xp

, dhlad  ap> to ìti h sun�rthsh aut  ikanopoie� thn anisìthta ([Sp�04, sel.183℄)

f((1− t)x+ ty) ≤ (1− t)f(x) + tf(y), gia k�je x, y ∈ R kai t ∈ [0, 1].

H anisìthta tou Minkowski prokÔptei apì aut n thn genik  anisìthta th
 kurtìthta
, jètonta


X = (|x1|p + ...+ |xn|p)
1
p , Y = (|y1|p + ...+ |yn|p)

1
p

kai t =
X

X + Y
,

gr�fonta
 gia k�je i thn
(
(1− t)

|xi|
X

+ t
|yi|
Y

)p

≤ (1− t)

( |xi|
X

)p

+ t

( |yi|
Y

)p

,

ajro�zonta
 w
 pro
 i kai aplopoi¸nta
.

To sq ma 2.1.1 de�qnei ti
 mp�le
 th
 B1(0) tou R
2
gi� thn norm||x||p kai di�fore
 timè
 tou p. To

exwterikì tetr�gwno e�nai h B1(0) gia thn norm ||x||∞. äpw
 ja doÔme parak�tw oi topolog�e


pou or�zoun ìle
 autè
 oi norm sump�ptoun me thn sun jh topolog�a tou Rn
, sunep¸
 oi ant�-

stoiqe
 metrikè
 e�nai isodÔname
. Autì, an l�boume upìyh to teleuta�o je¸rhma, upodeiknÔetai

kai apì to sq ma 2.1.1.

2. Fragmènh isodÔnamh metrik . K�je metrikì
 q¸ro
 (M, d) dèqetai mia nèa metrik  d′, w
 pro

thn opo�a h apìstash dÔo shme�wn tou e�nai p�ntote d′(x, y) < 1. àna
 sunhjismèno
 trìpo

paragwg 
 th
 nèa
 metrik 
 d′ apì thn d, e�nai mèsw th
 sun�rthsh


d′(x, y) =
d(x, y)

1 + d(x, y)
, gia k�je x, y ∈ M.
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p=1

p=2

p=6

O

Sq ma 2.1.1: B1(0) gi� thn norm ||x||p kai di�fore
 timè
 tou p

W
 sun jw
, h mình duskol�a sthn diap�stwsh ìti h d′ ikanopoie� ta axi¸mata th
 metrik 
,

prokÔptei sthn epal jeush th
 trigwnik 
 anisìthta
, pou antimetwp�zetai qrhsimopoi¸nta
 to

ìti h sun�rthsh

f(t) =
t

1 + t
, e�nai aÔxousa gia 0 ≤ t < ∞ ⇒

d′(x, y) =
d(x, y)

1 + d(x, y)
≤ d(x, y) + d(y, z)

1 + d(x, y) + d(y, z)

=
d(x, y)

1 + d(x, y) + d(y, z)
+

d(y, z)

1 + d(x, y) + d(y, z)

≤ d(x, y)

1 + d(x, y)
+

d(y, z)

1 + d(y, z)
= d′(x, y) + d′(y, z).

Periorizìmenoi se ε < 1 blèpoume amèsw
 ìti isqÔei

d′(x, y) < ε ⇔ d(x, y) <
ε

1− ε
.

Aut , sunduazìmenh me thn d(x, y) < ε ⇒ d′(x, y) < ε
1+ε , odhge� eÔkola sto sumpèrasma ìti oi

topolog�e
 pou or�zontai apì ti
 d kai d′ taut�zontai, dhlad  oi dÔo metrikè
 e�nai isodÔname
.

3. Allag  metrik 
 me ko�lh sun�rthsh. Ko�lh sun�rthsh onom�zetai mia suneq 
 apeikìnish

f : R → R me thn idiìthta ([Sp�04, sel.184℄)

f(t x+ (1− t) y) ≥ t f(x) + (1− t) f(y).

ApodeiknÔetai ìti k�je tètoia sun�rthsh, pou, epiprìsjeta, e�nai gn sia aÔxousa kai ikanopoie�

f(0) = 0, mpore� na qrhsimopoihje� gia ton orismì mia
 nèa
 metrik 
 se èna metrikì q¸ro

(M, d). Pr�gmati, den e�nai dÔskolo na doÔme ìti h

d′(x, y) = f(d(x, y))

or�zei mia nèa sun�rthsh pou ikanopoie� ta axi¸mata th
 metrik 
.

4. O q¸ro
 B(X,R). Gia èna tuqìn mh kenì sÔnolo X or�zetai o dianusmatikì
 q¸ro
 B(X,R)
twn fragmènwn sunart sewn f : X → R. Ston q¸ro autì h

||f ||∞ = sup
x∈X

{|f(x)|}

or�zei m�a norm. H epal jeush twn axiwm�twn th
 norm e�nai mia tetrimmènh �skhsh. An�loga

or�zontai oi q¸roiB(X,C), B(X,Rn) kai genikìteraB(X,V ), ìpou V èna
 dianusmatikì
 q¸ro


me norm. Eidik� o q¸ro
 B(X,R) sumbol�zetai kai me B(X).
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5. O q¸ro
 C[0, 1]. O dianusmatikì
 autì
 q¸ro
 apotele�tai apì ìle
 ti
 suneqe�
 sunart sei


f : [0, 1] → R. Up�rqoun ed¸, metaxÔ �llwn, trei
 normpou sunant�me suqn� se efarmogè
:

(a') H norm ||f ||∞ = supx∈[0,1]{|f(x)|},

(b') h norm ||f ||1 =
∫ 1

0 |f(x)|dx,

(g') h norm ||f ||2 = (
∫ 1

0 f2(x)dx)
1
2
.

äpw
 kai sto prohgoÔmeno par�deigma, h epal jeush twn axiwm�twn th
 norm, gia ta tr�a aut�

parade�gmata, e�nai tetrimmènh �skhsh. To sq ma 2.1.2 de�qnei thn mp�la Bε(f) tou metrikoÔ

-5 -4 -3 -2 -1 1 2 3 4 5 6 7

1

2

3

4

5

f(x)

f(x)-ε

f(x)+ε

g(x)

Sq ma 2.1.2: Bε(f) ston C[0, 1] me thn norm ||f ||∞

q¸rou C[0, 1] efodiasmènou me thn norm ||f ||∞. Aut  apotele�tai apì ìle
 ti
 sunart sei


g ∈ C[0, 1] : f(x)− ε < g(x) < f(x) + ε, gia k�je x ∈ [0, 1].

6. O q¸ro
 R∞
. O dianusmatikì
 autì
 q¸ro
 apotele�tai apì ìle
 ti
 akolouj�e
 pragmatik¸n

arijm¸n, pou sÔntoma sumbol�zoume me {xn}. Ston q¸ro autì mporoÔme na or�soume �peire


diaforetikè
 metrikè
 dm, exart¸mene
 apì ènan arijmo m > 1, mèsw tou tÔpou

dm(x, y) =

∞∑

i=1

1

mi

|xi − yi|
1 + |xi − yi|

, gia x = {xi}, y = {yi} ∈ R∞.

To ìti h dm ikanopoie� ta axi¸mata th
 metrik 
 e�nai tetrimmèno. H ant�stoiqh trigwnik  anisì-

thta prokÔptei ìpw
 sto par�deigma 2.

7. Oi q¸roi ℓp. Oi dianusmatiko� auto� q¸roi e�nai upìqwroi tou prohgoumènou parade�gmato
 R∞
,

all� kajèna
 efodi�zetai me diaforetik  metrik , pou proèrqetai apì m�a normexart¸menh apì

to p ≥ 1. Sugkekrimèna, o ℓp or�zetai w
 to sÔnolo twn akolouji¸n x = {xn} pou h seir� twn

apolÔtwn p-dun�me¸n th
 sugkl�nei

Σi|xi|p < ∞ kai or�zoume ||x||p = (Σi|xi|p)
1
p .

Gia p = 1, ant�stoiqo
 q¸ro
 taut�zetai me to sÔnolo twn apolÔtw
 sugklinous¸n seir¸n. H

trigwnik  idiìthta gia aut n thn normprokÔptei apì to ìti, gi� dÔo akolouj�e


x = {xn}, y = {yn} ∈ ℓp ⇒ x+ y = {xn + yn} ∈ ℓp

kai ||x+ y||p ≤ ||x||p + ||y||p.
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H idiìthta aut  e�nai epèktash th
 anisìthta
 tou Minkowski (par�deigma 1) gia �peira ajro�-

smata. Pr�gmati, apì thn anisìthta aut 

(
n∑

1

|xi + yi|p
) 1

p

≤
(

n∑

1

|xi|p
) 1

p

+

(
n∑

1

|yi|p
) 1

p

⇒

(
n∑

1

|xi + yi|p
) 1

p

≤
(

∞∑

1

|xi|p
) 1

p

+

(
∞∑

1

|yi|p
) 1

p

⇒

(
∞∑

1

|xi + yi|p
) 1

p

≤
(

∞∑

1

|xi|p
) 1

p

+

(
∞∑

1

|yi|p
) 1

p

.

8. O q¸ro
 ℓ∞. Autì
 or�zetai w
 o dianusmatikì
 q¸ro
 twn fragmènwn akolouji¸n x = {xn}
tou R, efodiasmèno
 me thn norm

||x||∞ = max
n∈N

(|xn|).

àna
 dianusmatikì
 upìqwro
 autoÔ tou q¸rou e�nai o q¸ro
 ℓ∞0 , pou apotele�tai apì ti
 ako-

louj�e
 x = {xn} pou sugkl�noun sto 0. M�lista, den e�nai dÔskolo na de�xei kane�
 ìti o ℓ∞0
e�nai kleistì
 upìqwro
 tou ℓ∞.

O ℓ∞ e�nai par�deigma mh-diaqwr�simou q¸rou. Pr�gmati, to uposÔnolì tou D, pou apotele�tai

apì ti
 akolouj�e
 {xn : xn ∈ {0, 1}} e�nai uperarijm simo, afoÔ k�je tètoia akolouj�a pa-

rist�nei èna arijmì x ∈ [0, 1] sto duadikì sÔsthma kai ant�strofa. Ep�sh
 h apìstash dÔo

diaforetik¸n tètoiwn stoiqe�wn e�nai p�ntote d = 1. Epomènw
 oi mp�le
 Bε(y) me kèntra y ∈ D
kai ε ≤ 1

2 ja e�nai an� dÔo xène
. àtsi èna puknì uposÔnolo tou ℓ∞ ja èprepe na èqei toul�qiston

èna stoiqe�o se k�je tètoia mp�la kai den mpore� na e�nai arijm simo.

9. Periorismì
 se uposÔnolo. Se èna uposÔnolo A enì
 metrikoÔ q¸rou (M, d), or�zetai autìmata
mia metrik  mèsw tou periorismoÔ th
 d(x, y) sta shme�a tou A. ProkÔptei �mesa ìti oi anoiktè

mp�le
 touA w
 pro
 aut n th metrik  e�nai tomè
 tou me anoiktè
 mp�le
 touM, �ra h topolog�a

pou or�zetai apì aut  thn metrik  sto A e�nai h sqetik  kai eisagìmenh apì aut  tou M.

10. Topolog�a ginìmeno metrik¸n q¸rwn. To kartesianì ginìmeno M= M1 × ... ×Mn metrik¸n

q¸rwn (M1, d1), ..., (Mn, dn), mpore� na efodiasje� me di�fore
 metrikè
, twn opo�wn h topo-

log�a sump�ptei me thn topolog�a ginìmeno tou M. Oi metrikè
 autè
 tou M or�zontai me thn

bo jeia twn d1, ..., dn. àna par�deigma e�nai h

d((x1, ..., xn), (y1, ..., yn)) = d1(x1, y1) + ...+ dn(xn, yn),

gia (x1, ..., xn), (y1, ..., yn) ∈ M.

To ìti h d e�nai mia metrik  e�nai tetrimmèno. To ìti h d or�zei thn �dia topolog�a me thn topolog�a

ginìmeno prokÔptei ep�sh
 �mesa, sthn ous�a, me ton trìpo tou parade�gmato
 6, §1.1. Pr�gmati,
an y = (y1, ..., yn) e�nai stoiqe�o th
 mp�la
 Bε(x) tou (M, d), èstw ε′ = ε− d(x, y) > 0 kai a


p�roume ε′′ = ε′

n . Tìte gia k�je stoiqe�o

z = (z1, ..., zn) ∈ Bε′′(y1)× ...×Bε′′(yn) ⇒
d(x, z) < d(x, y) + d(y, z)

= d(x, y) + [d1(y1, z1) + ...+ dn(yn, zn)]

< d(x, y) + nε′′ = d(x, y) + ε′ = ε.

Autì de�qnei ìti k�je mp�la Bε(x) w
 pro
 d e�nai anoiktì w
 pro
 thn topolog�a ginìmeno,

afoÔ gr�fetai san ènwsh twn anoikt¸n Bε′′(y1)× ...×Bε′′(yn) th
 topolog�a
 ginìmeno. Gia to

ant�strofo, arke� na de�xoume ìti èna stoiqe�o th
 upob�sh
 th
 topolog�a
 ginìmeno, ìpw
 to

M1 × ...×Bε(xi)× ...×Mn e�nai anoiktì w
 pro
 thn topolog�a pou or�zetai apì thn d. Ed¸
h Bε(xi) e�nai mi� opoiad pote mp�la tou Mi. Pr�gmati, to y ∈ M1 × ...×Bε(xi)× ...×Mn
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isoduname� me to ìti di(xi, yi) < ε. Arke� loipìn na p�roume ε′ = ε−di(xi, yi) kai na jewr soume
thn mp�la By(ε

′) tou M. Gia k�je stoiqe�o z ∈ By(ε
′) ja isqÔei

di(xi, zi) ≤ di(xi, yi) + di(yi, zi)

≤ di(xi, yi) + d(y, z) < di(xi, yi) + ε′ = ε.

11. O q¸ro
 2N. To sÔnolo autì ([Edg08,σ. 44]) apotele�tai apì ti
 akolouj�e
 {xn, n ∈ N} me

stoiqe�a apì to disÔnolo {0, 1}. H metrik  or�zetai mèsw tou m kou
 k tou arqikoÔ koinoÔ

tm mato
 dÔo tètoiwn akolouji¸n. L.q. oi akolouj�e


x = {0, 1, 1, 0, 0, 1, 0, 0, 1, . . .} kai y = {0, 1, 1, 0, 0, 0, 0, 0, 1, . . .}

èqoun pr¸to koinì to arqikì tm ma tou
 {0, 1, 1, 0, 0}. To k = k(x, y) loipìn e�nai 5. Gia dÔo

akolouj�e
 or�zoume thn apìstash d(x, y) = 0 an x = y kai d(x, y) = 1
2k

an x 6= y, ìpou
to k prosdior�zetai me ton prohgoÔmeno trìpo. Apì ta axi¸mata th
 metrik 
, ta dÔo pr¸ta

�sqÔoun profan¸
 kai h trigwnik  anisìthta emfan�zetai me mia isqurìterh morf , kaj¸
 an

k(x, y) = a, k(y, z) = b kai k(x, z) = c, tìte isqÔei c = k(x, z) ≥ min(a, b), pou sunep�getai thn

d(x, z) =
1

2c
≤ 1

2min(a,b)
= max

(
1

2a
,
1

2b

)
= max(d(x, y), d(y, z)),

pou, bèbaia, sunep�getai thn d(x, z) ≤ d(x, y) + d(y, z). Mia metrik , ìpw
 h prohgoÔmenh, pou

ikanopoie� thn isqurìterh anisìthta

d(x, y) ≤ max(d(x, y), d(y, z)),

onom�zetai upermetrik .

Orismì
 2.1.5 àstw f apeikìnish metaxÔ twn metrik¸n q¸rwn (M, d) kai (M′, d′).

1. H f onom�zetai �peikìnish Lipschitz, e�n up�rqei stajer� K ≥ 0 (stajer� Lipschitz), ètsi ¸ste

d′(f(x, )f(y)) ≤ Kd(x, y), gia k�je x, y ∈ M.

2. H f onom�zetai omoiìthta, e�n up�rqei stajer� K ≥ 0 (lìgo
 omoiìthta
), ètsi ¸ste

d′(f(x, )f(y)) = Kd(x, y), gia k�je x, y ∈ M.

3. H f onom�zetai isometr�a, e�n isqÔei

d′(f(x, )f(y)) = d(x, y), gia k�je x, y ∈ M.

4. H f onom�zetai sustol , e�n e�nai Lipschitzme stajer� K < 1.

Parade�gmata

12. Sunèqeia apeikon�sewn Lipschitz. To epiqe�rhma tou eidikoÔ parade�gmato
 3, §1.2 metafèretai

autolex� kai sthn genikìterh aut  per�ptwsh kai de�qnei ìti k�je apeikìnish Lipschitz e�nai

suneq 
. àtsi l.q. h �dia h sun�rthsh th
 apìstash
 se èna metrikì q¸ro

d : M×M −→ R

e�nai apeikìnish LipschitzmeK = 1 kai epomènw
 suneq 
, w
 pro
 thn metrik  tou M×M pou

or�sjhke sto par�deigma 10. Autì prokÔptei apì thn anisìthta

|d(x′, y′)− d(x, y)| ≤ d(x, x′) + d(y, y′),

pou epalhjeÔetai �mesa, b�sei th
 trigwnik 
 anisìthta
 th
 d. To dex� mèlo
 th
 anisìthta


parist�nei thn apìstash twn (x, y), (x′, y′) w
 pro
 thn metrik  tou ginomènou.
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13. Piswtr�bhgma metrik 
. An up�rqei mia 1 − 1 apeikìnish f : M → M′
kai to M′

e�nai

metrikì
 q¸ro
 me metrik  d′(x, y), tìte mporoÔme na efodi�soume to M me mia metrik  d(x, y),
or�zonta


d(x, y) = d′(f(x), f(y)),

kai metatrèponta
 thn f se mia isometr�a twn metrik¸n q¸rwn. H d onom�zetai piswtr�bhgma

th
 d′(x, y). E�n oM e�nai  dh topologikì
 q¸ro
 kai h f e�nai omoiomorfismì
, tìte h topolog�a

pou or�zetai apì aut  thn metrik  sump�ptei me thn arqik  topolog�a tou M. Gia par�deigma,

ton omoiomorfismì f : R → (−1, 1) tou parade�gmato
 15, §1.2, mporoÔme na ton metatrèyoume

se isometr�a or�zonta
 thn apìstash dÔo shme�wn:

d(x, y) = d′(f(x), f(y)) =

∣∣∣∣
x

1 + |x| −
y

1 + |y|

∣∣∣∣ .

SÔmfwna me ta proanaferjènta, ta anoikt� tou R w
 pro
 aut  th metrik  ja sump�ptoun me ta

anoikt� w
 pro
 thn sun jh metrik  th
 apìluth
 tim 
.

Parìmoia parade�gmata mporoÔme na kataskeu�soume kai me ti
 stereografikè
 probolè
, omoio-

morfismoÔ
 pou or�zontai sta parade�gmata 16,17 th
 §1.2. Qrhsimopoi¸nta
 ti
 ant�strofe
 twn
stereografik¸n probol¸n

g : Rn−1 → Sn−1 − {N}

g(t1, ..., tn−1) =
1

1 + ||t||2 (2t1, ..., 2tn−1, ||t||2 − 1),

mporoÔme na or�soume nèe
 metrikè
 stou
 Rn−1
, diaforetikè
 twn sun jwn, mèsw twn tÔpwn

d(t, t′) = ||g(t)− g(t′)|| = 2||t− t′||√
1 + ||t||2

√
1 + ||t′||2

.

H teleuta�a isìthta prokÔptei me èna aplì upologismì apì tou
 orismoÔ
 kai qr sh th


||t||2 = t21 + ...+ t2n−1.

14. Grammikè
 apeikon�sei
. K�je grammik  apeikìnish f : Rm → Rn
e�nai apeikìnish Lipschitz,

epomènw
 suneq 
. JewroÔme ed¸ tou
 dianusmatikoÔ
 q¸rou
 me thn sun jh topolog�a. An

{e1, ..., en} e�nai mia b�sh tou Rn
, tìte gia opoiad pote x, y ∈ Rn

ja èqoume

f(x) = f(x1 + ...xnen) = x1f(e1) + ...+ xnf(en) ⇒
||f(x)|| ≤ |x1| · ||f(e1)||+ ...+ |xn| · ||f(en)||

≤ (|x1|+ ...+ |xn|)max
i

(||f(ei)||) ⇒
||f(x)|| ≤ K · ||x|| ìpou K = max

i
(||f(ei)||) ⇒

||f(x)− f(y)|| = ||f(x− y)|| ≤ K · ||x− y||.

A
 shmei¸soume ìti grammikè
 apeikon�sei
, dhlad  apeikon�sei
 f metaxÔ dianusmatik¸n q¸rwn

M kai M′
pou ikanopoioÔn tupik� thn

f(α · x+ β · y) = α · f(x) + β · f(y),

or�zontai kai gia q¸rou
 ape�rwn diast�sewn. Se aut  thn per�ptwsh, ìmw
, èna epiqe�rhma,

ìpw
 to prohgoÔmeno, den e�nai dunatì, kaj¸
 autì sthr�zetai sthn Ôparxh mia
 b�sh
 me pepe-

rasmèno pl jo
 stoiqe�wn. Gia q¸rou
 ape�rwn diast�sewn up�rqoun parade�gmata grammik¸n

apeikon�sewn pou den e�nai suneqe�
 (de
 par�deigma 15). Arketè
 wstìso apì ti
 gnwstè
 gram-

mikè
 apeikon�sei
 pou or�zontai se autoÔ
 tou
 q¸rou
 e�nai suneqe�
. Gia par�deigma, ston q¸ro

B[0, 1] h apeikìnish Ex ekt�mhsh
 se shme�o x ∈ [0, 1] (jewr¸nta
 to x stajerì kai metablhtè


ti
 f )
Ex(f) = f(x), gia k�je f ∈ B[0, 1] ikanopoie� |Ex(f)| < ||f ||∞,
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�ra e�nai suneq 
. Parìmoia h olokl rwsh I(f) mia
 sun�rthsh
 f ∈ C[0, 1] e�nai suneq 

grammik  apeikìnish, afoÔ ikanopoie�

I(f) =

∫ 1

0

f(x)dx < ||f ||1 gia k�je f ∈ C[0, 1].

Orismì
 2.1.6 àstw (M, T ) topologikì
 q¸ro
.

1. O M lègetai q¸ro
 Hausdorff (  T2), an

Gia k�je x 6= y ∈ M up�rqoun perioqè
 Ux ∋ x, Uy ∋ y : Ux ∩ Uy = ∅.

2. O M lègetai 1−arijm simo
 e�n se k�je shme�o tou x up�rqei mia arijm simh b�sh perioq¸n tou

x, dhlad  mi� arijm simh oikogèneia perioq¸n Un tou x, ètsi ¸ste gi� opoiod pote anoiktì A ∋ x
na up�rqei m�a Un : x ∈ Un ⊂ A.

3. O M lègetai 2−arijm simo
 e�n èqei arijm simh b�sh anoikt¸n.

Je¸rhma 2.1.3 K�je metrikì
 q¸ro
 e�nai 1−arijm simo
 kai Hausdorff.

Apìdeixh: Gia ton pr¸to isqurismì arke� se k�je shme�o x na p�roume ti
 mp�le
 B 1
n
(x). Gia ton

deÔtero parathroÔme ìti an x 6= y, tìte ε = d(x,y)
2 6= 0 kai oi mp�le
 Bε(x), Bε(y) e�nai profan¸


xène
, o.e.d.

Je¸rhma 2.1.4 àna
 topologikì
 q¸ro
 (M, T ) e�nai q¸ro
Hausdorff, tìte kai mìnon, ìtan h diag¸nio

∆ ⊂ M×M e�nai kleistì sÔnolo w
 pro
 thn topolog�a ginìmeno.

Apìdeixh: H diag¸nio
 or�zetai w
 to sÔnolo twn zeug¸n ∆ = {(x, x) : x ∈ M}. An o q¸ro
 e�nai

Hausdorff, tìte k�je zeÔgo
 ∆c ∋ (x, y) : x 6= y ja èqei perioqè
 Ux ∋ x, Uy ∋ y me Ux ∩ Uy = ∅, pou
shma�nei ìti Ux×Uy ⊂ ∆

c
. To epiqe�rhma antistrèfetai kai autì de�qnei thn al jeia tou jewr mato
,

o.e.d.

Je¸rhma 2.1.5 Ean f e�nai mia suneq 
 apeikìnish metaxÔ twn metrik¸n q¸rwn (M, d) kai (M′, d′),
tìte to gr�fhma th
 apeikìnish


Gf = {(x, f(x)) : x ∈ M},
e�nai kleistì uposÔnolo tou M×M′

w
 pro
 thn topolog�a ginìmeno.

M

M'

x

y

A

B

Sq ma 2.1.3: To gr�fhma suneqoÔ
 e�nai kleistì

Apìdeixh: Dia tou sq mato
 2.1.3. An to (x, y) /∈ Gf , tìte f(x) 6= y kai sunep¸
 up�rqoun dÔo xè-

ne
 perioqè
 (mp�le
) Bε′(f(x)) kai B =Bη(y). Lìgw th
 sunèqeia
 th
 f ja up�rqei, tìte, perioq 

A =Bε(x) me f (Bε(x)) ⊂ Bε′(f(x)). Blèpoume tìte eÔkola ìti to anoiktì A × B tou kartesianoÔ

ginomènou, pou e�nai perioq  tou (x, y) den tèmnei to Gf . Autì de�qnei ìti to (Gf )
c
e�nai anoiktì, o.e.d.

Stou
 metrikoÔ
 q¸rou
 mporoÔme na perigr�youme thn sunèqeia me thn bo jeia akolouji¸n {xi, i ∈ N}
pou sugkl�noun.
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Orismì
 2.1.7 Lème ìti h akolouj�a shme�wn {xi, i ∈ N} sugkl�nei sto shme�o x tou metrikoÔ q¸rou

(M, d), ìtan gi� k�je perioq  Ux tou x, oi ìroi th
 akolouj�a
 perièqontai telik� sthn Ux, me thn

ènnoia ìti apì èna de�kth kai pèra (i > N ) ìla ta xi perièqontai sthn Ux. Gia to ìrio gr�foume en

suntom�a

x = lim xn.

Sqìlio-6 O orismì
 gia sugkl�nouse
 akolouj�e
 ja mporoÔse na metaferje� autolex� kai stou
 ge-

nikìterou
 topologikoÔ
 q¸rou
 ([Dug66,σ. 209]). Wstìso to 1-arijm simo th
 metrik 
 topolog�a


epitrèpei èna qarakthrismì th
 sunèqeia
 sunart sewn pou den genikeÔetai �mesa. Stou
 metrikoÔ


q¸rou
 mporoÔme na jewroÔme ìti oi perioqè
 Ux, pou upeisèrqontai ston orismì, e�nai mp�le
 me

fj�nouse
 akt�ne
 (l.q. B 1
n
(x)). To telik� shma�nei ìti

gia dojèn ε > 0, up�rqei N = N(x, ε) : n > N ⇒ d(xn, x) < ε.

Sqìlio-7 O ℓ∞ (par�deigma 8) e�nai par�deigma metrikoÔ q¸rou pou den e�nai 2−arijm simo
. Pr�g-

mati, ìpw
 e�dame sto proanaferjèn par�deigma, o q¸ro
 autì
 den e�nai diaqwr�simo
. Wstìso k�je

2−arijm simo
 q¸ro
 e�nai autìmata kai diaqwr�simo
, afoÔ or�zetai amèsw
 èna puknì arijm si-

mo sÔnolo dialègonta
 èna shme�o se k�je anoiktì mia
 arijm simh
 b�sh
. Tupik� parade�gmata

2−arijm simwn q¸rwn e�nai oi Rn
me thn sun jh topolog�a. Se autoÔ
 to sÔnolo twn mpal¸n

{Br(x), x ∈ Qn, r =
1

n
, n ∈ N}

apotele� mia arijm simh b�sh.

Je¸rhma 2.1.6 àna
 metrikì
 q¸ro
 e�nai diaqwr�simo
 tìte kai mìnon tìte an e�nai 2−arijm simo
.

Apìdeixh: An e�nai 2−arijm simo
, to epiqe�rhma sto prohgoÔmeo sqìlio de�qnei ìti ja e�nai kai diaqw-

r�simo
. Ant�strofa, an e�nai diaqwr�simo
 kai èqei èna arijm simo puknì uposÔnolo {xn, n ∈ N}, tìte
blèpoume eÔkola ìti to sÔnolo twn mpal¸n {Br(xn), r = 1

m ,m, n ∈ N} e�nai mia arijm simh b�sh th


topolog�a
, o.e.d.

Pìrisma 2.1.1 K�je upìqwro
 N enì
 diaqwr�simou metrikoÔ q¸rou (M, d) e�nai diaqwr�simo
.

Apìdeixh: E�n {Un, n ∈ N} e�nai mia arijm simh b�sh anoikt¸n tou M, tìte {N ∩ Un, n ∈ N} e�nai

b�sh th
 topolog�a
 tou upìqwrou N , o.e.d.

Je¸rhma 2.1.7 O q¸ro
 ℓ2 e�nai diaqwr�simo
 kai sunep¸
 2−arijm simo
.

Apìdeixh: Je¸rhse ta arijm sima uposÔnola A1 ⊂ A2 ⊂ · · · ⊂ An ⊂ . . . , ìpou to An apotele�tai apì

ti
 akolouj�e
 {xk} ∈ ℓ2 twn opo�wn ìloi oi ìroi e�nai 0, ektì
 twn n pr¸twn {x1, . . . , xn} pou e�nai

rhto�. àstw to arijm simo sÔnolo A = ∪n∈NAn. Gia to tuqìn y = {yi} ∈ ℓ2, gia to opo�o, ex orismoÔ

h seir� ||y||2 =
∑

i y
2
i sugkl�nei, kai dojèn ε > 0, èstw N ∈ N ètsi ¸ste

∑
i>N y2i < ε. Di�lexe kai

x = {xi} ∈ AN ètsi ¸ste

N∑

i=1

|yi − xi|2 < ε ⇒ ||x− y||22 < 2ε,

apì thn opo�a prokÔptei ìti to A e�nai puknì uposÔnolo tou ℓ2, o.e.d.

Je¸rhma 2.1.8 M�a apeikìnish f apì ton metrikì q¸ro (M, d) ston (M′, d′), e�nai suneq 
 sto x ∈ M,

an kai mìnon an, gi� k�je akolouj�a {xi, i ∈ N} pou sugkl�nei sto x h ant�stoiqh akolouj�a eikìnwn

{f(xi), i ∈ N} sugkl�nei sto f(x).

Apìdeixh: àstw ìti h f e�nai suneq 
 sto x kai h akolouj�a {xi, i ∈ N} sugkl�nei sto x. A
 p�roume kai
perioq  Uy tou y = f(x), tìte, lìgw th
 sunèqeia
 sto x, ja up�rqei perioq  Ux tou x me f(Ux) ⊂ Uy.

Lìgw th
 sÔgklish
 lim xn = x èpetai ìti ìloi oi ìroi th
 akolouj�a
 perièqontai telik� sto Ux, �ra

kai ìloi oi ìroi th
 akolouj�a
 {f(xn)} perièqontai telik� sthn Uy. Autì de�qnei ìti kai lim yn = y.
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Ant�strofa, èstw ìti gia k�je akolouj�a {xn} pou sugkl�nei sto x, èpetai ìti h ant�stoiqh ako-

louj�a {yn = f(xn)} sugkl�nei sto y = f(x). àstw ìmw
 ìti h f den e�nai suneq 
 sto x. Ja de�xoume

ìti autì e�nai �topo. Pr�gmati, tìte ja up�rqei mi� perioq  Uy tou y ètsi ¸ste se k�je perioq  B 1
n
(x)

na perièqetai toul�qiston èna xn : f(xn) /∈ Uy. Profan¸
 h akolouj�a {xn} sugkl�nei sto x, en¸ h

{f(xn)} den sugkl�nei sto y = f(x), pr�gma ant�jeto sthn upìjesh, o.e.d.

Sqìlio-8 Sqhmatik�, b�sei tou jewr mato
, h sunèqeia th
 f mpore� na qarakthrisje� apì thn me-

tajetikìthta twn sumbìlwn f kai lim (ennoe�tai gia k�je sugkl�nousa akolouj�a {xn}).

f(lim xn) = lim f(xn).

Orismì
 2.1.8 àstw A mh kenì uposÔnolo tou metrikoÔ q¸rou (M, d). Or�zetai h apìstash d(x,A)
enì
 shme�ou x ∈M apì to A, mèsw th


dA(x) = d(x,A) = inf
y∈A

{d(x, y)},

h opo�a e�nai mia suneq 
 apeikìnish dA : M → R, gia thn opo�a isqÔei

d(x,A) = 0 ⇔ x ∈ A.

Apìstash dÔo uposunìlwn A,B lème ton arijmì d(x, y) = infx∈A,y∈B{d(x, y)}.

Sqìlio-9 O orismì
 qrei�zetai k�poie
 sumplhrwmatikè
 parathr sei
. To ìti h dA e�nai suneq 
,

prokÔptei ap> to ìti h sun�rthsh aut  e�nai Lipschitz me stajer� K = 1. Pr�gmati h trigwnik 

anisìthta sunep�getai

|d(x, z)− d(y, z)| ≤ d(x, y),

pou qrhsimopoioÔmenh gia z ∈ A ⇒ |dA(x)− dA(y)| ≤ d(x, y).

O deÔtero
 isqurismì
 pou perièqetai ston orismì prokÔptei apì to ìti an d(x,A) = 0, tìte k�je

mp�la B 1
n
(x) ja tèmnei to A kai ant�strofa.

Up�rqei kai mia �llh ènnoia apìstash
 uposunìlwn tou metrikoÔ q¸rou (M, d) (lègetai apìstash
kat� Hausdorff [Dug66, σ. 205], [Edg08, σ. 71]), qr simh sthn paragwg  fractals ([Man89], [Fal90,
σ. 113]) me thn bo jeia genik¸n topologik¸n mejìdwn, all� aut  den ja ma
 apasqol sei sto parìn

m�jhma.

Pìrisma 2.1.2 Gia k�je uposÔnoloA enì
 metrikoÔ q¸rou (M, d) isqÔei x ∈ A an kai mìnon an, up�rqei

akolouj�a {xn} ⊂ A, pou sugkl�nei sto x.

Par�deigma 15 (Mh suneq 
 grammik ) A
 jewr soume ton dianusmatikì q¸ro twn poluwnumik¸n

sunart sewn

P [0, 1] = {f(x) = anx
n + ...+ a0, n ∈ N, an, ..., a0 ∈ R} ⊂ C[0, 1].

Sto q¸ro autì or�zetai h tupik  parag¸gish T (f) mèsw th


T (f) = T (anx
n + ...+ a0) = nanx

n−1 + ...+ 2a2x+ a1, gia k�jef ∈ P [0, 1].

H grammik  aut  sun�rthsh den e�nai Lipschitz, afoÔ l.q. ||T (xn)||∞ = ||nxn−1||∞ = n. Autì
sunep�getai ìti den e�nai dunatìn na up�rqei stajer� K > 0 ètsi ¸ste ||T (f)||∞ ≤ K||f ||∞.

EÔkola blèpoume ìti den e�nai kai suneq 
. Pr�gmati, h akolouj�a

{fn =
xn

n
}

sukl�nei sthn mhdenik  sun�rthsh lim fn = 0. Wstìso h {gn = T (fn) = xn−1} èqei ||gn||∞ = 1 gia

k�je n kai sunep¸
 den mpore� na sugkl�nei sthn mhdenik  sun�rthsh.
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Je¸rhma 2.1.9 Mia grammik  apeikìnish f : M −→ M′
metaxÔ dÔo q¸rwn me norm e�nai suneq 
, an

kai mìnon an e�nai Lipschitz.

Apìdeixh: E�n e�nai Lipschitz, tìte, ìpw
 analÔsame parap�nw sta parade�gmata, ja e�nai kai suneq 
.

Ant�strofa, an e�nai suneq 
, jewroÔme thn monadia�a sfa�ra tou M, pou or�zetai apì ta dianÔsmata

SM = {x ∈ M : ||x||1 = 1},

ìpou ||x||1 sumbol�zei thn norm tou M. De�qnoume pr¸ta ìti h eikìna f(SM ) ⊂ M′
e�nai fragmènh.

Dhlad  up�rqei stajer� K > 0 ètsi ¸ste

||f(x)||2 < K, gia k�je x ∈ SM , (1)

ìpou ||y||2 sumbol�zei thn normtou M′
. Pr�gmati, an den up rqe tètoia stajer�, tìte gia k�je n ∈ N

ja up rqe xn ∈ SM me ||f(xn)||2 > n. Tìte h akolouj�a {yn = 1
nxn} tou M ja ikanopoioÔse

lim yn = 0 kai ||f(yn)||2 > 1,

pou antif�skei sth sunèqeia th
 f , sÔmfwna me thn opo�a 0 = f(0) = f(lim yn) = lim f(yn). IsqÔei
loipìn h (1) kai sunep¸


gia k�je x ∈ M ⇒ ||f(x)||2 < K ||x||1, (2)

afoÔ gia x 6= 0, x ∈ M isqÔei

||f(x)||2
||x||1

= ||f( x
||x||1

)||2 < K . H anisìthta Lipschitz prokÔptei �mesa
apì thn (2) kai thn grammikìthta th
 f , o.e.d.

Je¸rhma 2.1.10 K�je upìqwro
 N peperasmènh
 di�stash
 enì
 apeirodi�statou q¸rou M me norm
èqei puknì sumpl rwma N c ⊂ M.

Apìdeixh: Arke� na de�xoume ìti k�je perioq  Ux shme�ou x ∈ M tèmnei to N c
. Pr�gmati, an den to

ètemne, tìte ja  tan Ux ⊂ N . Mèsw th
 metafor�
 kat� −x, pou e�nai omoiomorfismì
 tou M, ja

pa�rname perioq N ⊃ U0 = −x+Ux tou 0 ∈ M. Epeid  k�je di�nusma y ∈ M èqei èna y′ = λ·y ∈ U0,

ìlo to M ja perièqontan sto N , pr�gma �topo, o.e.d.

ASKHSEIS

�skhsh 2.1.1 De�xe ìti an {di(x, y), i = 1, . . . , n} e�nai metrikè
 tou q¸rouM kai {λi > 0, i = 1, . . . , n}
e�nai stajerè
, tìte h d(x, y) =

∑n
i=1 λidi(x, y) or�zei mia metrik  ston M.

�skhsh 2.1.2 De�xe ìti mia sfa�ra Sr(x) = {y ∈ M : ||x − y|| = r} enì
 q¸rou me norm M e�nai

kleistì sÔnolo kai e�nai to sÔnoro th
 ant�stoiqh
 anoikt 
 mp�la
, Br(x) = {y ∈ M : ||x− y|| < r}.

�skhsh 2.1.3 De�xe ìti to sumpèrasma th
 prohgoÔmenh
 �skhsh
 den isqÔei se genikoÔ
 metrikoÔ
 q¸-

rou
. (Upìdeixh: je¸rhse tuqìn sÔnolo me thn metrik  d(x, y) = 1 gia x 6= y kai d(x, x) = 0).

�skhsh 2.1.4 De�xe ìti an to x e�nai shme�o suss¸reush
 tou uposunìlou A tou metrikoÔ q¸rou (M, d),
tìte mporoÔme p�ntote na broÔme akolouj�a {xn}, diaforetik¸n an� dÔo, shme�wn tou A, h opo�a na

sugkl�nei sto x.

�skhsh 2.1.5 De�xe h d(x, y) = min{1, |x− y|} or�zei mia metrik  sto R.

�skhsh 2.1.6 De�xe ìti an to A e�nai peperasmèno uposÔnolo enì
 metrikoÔ q¸rou (M, d), tìte e�nai
kleistì.

�skhsh 2.1.7 àstw ìti to uposÔnolo A tou metrikoÔ q¸rou (M, d) tèmnei thn sfa�ra Sr(x) kai èqei
di�metro δ(A) < r. De�xe ìti tìte to A ⊂ B2r(x).
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�skhsh 2.1.8 De�xe ìti h euje�a tou epipèdou A = {(x, y) : y = 1} kai to gr�fhma B th
 sun�rthsh


y = x
1+|x| e�nai dÔo kleist� sÔnola tou R

2
me thn sun jh topolog�a, twn opo�wn h apìstash d(A,B) = 0.

�skhsh 2.1.9 De�xe ìti to uposÔnolo K tou metrikoÔ q¸rou (M,d) e�nai kleistì, tìte kai mìnon, ìtan
up�rqei suneq 
 sun�rthsh f : M −→ R, ètsi ¸ste K = f−1({0}).

�skhsh 2.1.10 D¸se par�deigma isometr�a
 f enì
 metrikoÔ q¸rou (M, d) ston eautì tou, pou den èqei
stajerì shme�o, dhlad  den up�rqei x ∈ M me thn idiìthta f(x) = x.

�skhsh 2.1.11 De�xe ìti se k�je dianusmatikì q¸ro or�zetai mia norm. (Upìdeixh: àna
 trìpo
 orismoÔ
normperièqetai sto pìrisma 5.2.2.)

�skhsh 2.1.12 De�xe ìti an {(Mi, ||.||i), i = 1, . . . , n} e�nai dianusmatiko� q¸roi me norm, tìte o M=

M1 × ...×Mn e�nai q¸ro
 me norm ||(x1, . . . , xn)|| = ||x1||1 + · · · + ||xn||n. Qrhsimopoi¸nta
 autoÔ
tou e�dou
 ti
 normstou
 ant�stoiqou
 q¸rou
 ginìmena, de�xe ìti h apeikìnish th
 prìsjesh


+ : M×M → M, (x, y) 7→ x+ y,

kai tou pollaplasiasmoÔ me arijmoÔ


· : R×M → M, (λ, x) 7→ λ · x,

e�nai suneqe�
 apeikon�sei
 gia èna q¸ro me normM.

2.2 Plhrìthta metrik 


Orismì
 2.2.1 Akolouj�e
 Cauchy onom�zontai akolouj�e
 {xn} enì
 metrikoÔ q¸rou (M, d) me thn
idiìthta

h apìstash twn ìrwn tou
 d(xm, xn) na te�nei telik� sto 0.

EnnooÔme ed¸ ìti gi� k�je ε > 0 up�rqeiN = N(ε), ètsi ¸ste n,m > N na sunep�getai d(xn, xm) < ε.

Sqìlio-1 E�nai eÔkolo na doÔme ìti k�je sugkl�nousa akolouj�a {xn} e�nai akolouj�a Cauchy. Wstìso
to ant�strofo den isqÔei. Gia par�deigma, an jewr soume w
 metrikì q¸ro (M, d) ton q¸ro Q me thn

sqetik  topolog�a, pou or�zetai apì thn sun jh topolog�a tou R ⊃ Q, tìte h akolouj�a rht¸n pou

or�zetai epagwgik�

x0 = 1, xn+1 =
1

2

(
xn +

2

xn

)
,

sugkl�nei sto

√
2 to opo�o ìmw
 den an kei stoQ. H akolouj�a aut , w
 sugkl�nousa e�nai Cauchy, sto

q¸ro (M, d). Wstìso den sugkl�nei se shme�o autoÔ tou q¸rou. äpw
 ja doÔme parak�tw, metriko�

q¸roi mpore� na parousi�zoun ken� (trÔpe
) ta opo�a, ìmw
 mporoÔme na exale�youme, epekte�nonta
 to

q¸ro me kat�llhlo trìpo. H diadikas�a aut  pl rwsh
 twn ken¸n èqei w
 prìtupo thn pl rwsh tou Q
kai thn dhmiourg�a ap> autì tou R, to opo�o, akrib¸
, kalÔptei ta (poll�) ken� tou Q sumplhr¸nont�


to me tou
 �rrhtou
 arijmoÔ
. To sugkekrimèno par�deigma, ja epexergastoÔme ep�sh
 parak�tw.

Sqìlio-2 K�je akolouj�a Cauchy{xn} e�nai fragmènh. Pr�gmati, an

d(xn, xm) < ε gia k�je n,m > N(ε)

kai krat soume èna tètoio n > N(ε) stajerì kai af soume to m na te�nei sto �peiro, tìte gia k�je

tètoio m h d(xn, xm) < N(ε) shma�nei ìti ìloi oi ìroi th
 akolouj�a
, ektì
 endeqomènw
 k�poiwn
peperasmènou pl jou
, perièqontai sthn anoikt  mp�la BN (xn).
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Orismì
 2.2.2 Pl rh
 metrikì
 q¸ro
 lègetai eke�no
 tou opo�ou k�je akolouj�a Cauchysugkl�nei.
Q¸ro
 Banach lègetai èna
 dianusmatikì
 q¸ro
 me norm, w
 pro
 thn metrik  th
 opo�a
 e�nai pl rh
.

Parade�gmata

1. Oi q¸roi Rn
. Sto m�jhma pro�pojètoume thn gn¸sh twn pragmatik¸n arijm¸n kai ìti apì thn

kataskeu  tou
 e�nai èna
 pl rh
 q¸ro
 ([Sp�04, sel. 502℄). H diadikas�a kataskeu 
 tou R
apì to Q e�nai, sthn ous�a, aut  pou perigr�fetai parak�tw sto je¸rhma 2.2.5. Genikìtera,

e�nai eÔkolo na doÔme ìti an oi metriko� q¸roi (M1, d1), ..., (Mn, dn) e�nai pl rei
, tìte kai to
kartesianì ginìmeno M= M1 × ...×Mn efodiasmèno me thn metrik 

d(x, y) = d1(x1, y1) + ...+ dn(xn, yn),

gia x = (x1, ..., xn), y = (y1, ..., yn) ∈ M,

e�nai pl rh
 metrikì
 q¸ro
. Apì autì kai thn ek kataskeu 
 plhrìthta tou R sun�goume eÔkola

thn plhrìthta th
 metrik 
 d(x, y) = |x1 − y1| + · · · + |xn − yn| tou Rn
. Apì thn plhrìthta

aut 
 th
 metrik 
 èpetai kat� profan  trìpo kai h plhrìthta k�je �llh
 metrik 
 d′(x, y) tou
Rn

, gia thn opo�a up�rqei stajer� K > 0 ètsi ¸ste

d′(x, y) ≤ K d(x, y) gia k�je x, y ∈ Rn.

Par�deigma mi�
 tètoia
 d′ e�nai kai h sun jh
 metrik  d′ tou Rn
, pou ikanopoie�

d′(x, y) =
√
(x1 − y1)2 + · · ·+ (xn − yn)2

≤ |x1 − y1|+ · · ·+ |xn − yn| = d(x, y).

äpw
 ja doÔme parak�tw, dÔo opoiesd pote norm ||x||1 kai ||x||2 tou Rn
e�nai isodÔname
,

dhlad  up�rqoun stajerè
 K ′ ≥ K > 0, ètsi ¸ste

K ||x||2 ≤ ||x||1 ≤ K ′ ||x||2 gia k�je x, y ∈ Rn,

pr�gma pou sunep�getai ìti an o Rn
e�nai pl rh
 w
 pro
 k�poia metrik  proerqìmenh apì m�a

norm, tìte e�nai pl rh
 kai w
 pro
 k�je �llh parìmoia metrik .

2. Mia mh-pl rh
 metrik  tou N. Sto N or�zoume thn sun�rthsh

d(x, y) =

∣∣∣∣
1

x
− 1

y

∣∣∣∣ .

EÔkola blèpoume ìti h d ikanopoie� ta axi¸mata th
 metrik 
. EÔkola ep�sh
 blèpoume ìti h

akolouj�a {xn = n} e�nai akolouj�a Cauchyw
 pro
 aut  thn metrik 

∣∣∣∣
1

m
− 1

n

∣∣∣∣ <
1

m
+

1

n
.

Profan¸
 ìmw
 den up�rqei akèraio
 pro
 ton opo�o na sugkl�nei aut  h akolouj�a.

3. Sumpagopo�hsh tou C. QrhsimopoioÔme ed¸ mia metrik  d(z1, z2) tou C, pou taut�zoume me to

R2
kai e�nai diaforetik  apì aut n th
 migadik 
 apìluth
 tim 
. H metrik  aut  or�zetai sto

par�deigma 13 th
 §2.1, kai kajist� to C isometrikì me thn S2 − {N} ⊂ R3
me thn metrik  tou

pou eis�getai apì thn sun jh metrik  tou R3
. To sumpagopoihmèno migadikì ep�pedo e�nai to

sÔnolo twn migadik¸n arijm¸n C, sto opo�o èqoume episun�yei èna shme�o sto �peiro, to opo�o

jewroÔme ìti antistoiqe�, mèsw th
 stereografik 
 probol 
 sto exairetèo shme�o N , gi> autì

sumbol�zoume me ∞. To sÔnolo loipìn e�nai to M=C ∪ {∞} kai h metrik  e�nai mia epèktash

th
 (a
 poÔme stereografik 
) d(z1, z2) pou d�detai apì ton tÔpo (me apìluth tim  aut  twn

migadik¸n):

d(z1, z2) =





2|z1 − z2|√
1 + |z1|2

√
1 + |z2|2

, ìtan z1, z2 ∈ C,

2√
1 + |z1|2

, ìtan z1 ∈ C kai z2 = ∞,
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E�nai eÔkolo na doÔme ìti, w
 pro
 aut  thn metrik  h stereografik  probol  f epekte�netai,

or�zonta
 f(N) = ∞, se mia isometr�a th
 S2
me to C ∪ {∞}.

A
 doÔme t¸ra ìti autì
 o metrikì
 q¸ro
 e�nai pl rh
. Pro
 toÔto, jewroÔme ìti h akolouj�a

{zn} tou C ∪ {∞} e�nai Cauchykai de�qnoume ìti sugkl�nei. Up�rqoun dÔo endeqìmena: (a) h

akolouj�a twn migadik¸n na e�nai fragmènh |zn| < M gia k�poio M > 0 kai (b) h akolouj�a na

mhn e�nai fragmènh. Sthn pr¸th per�ptwsh ja isqÔei

d(zm, zn) =
2|zm − zn|√

1 + |zm|2
√
1 + |zn|2

≥ 2

1 +M2
|zm − zn|,

apo thn opo�a prokÔptei ìti h akolouj�a e�nai Cauchykai w
 pro
 thn sun jh metrik  tou C,
pou e�nai pl rh
, �ra h akolouj�a sugkl�nei se k�poio shme�o ζ ∈ C w
 pro
 thn sun jh metrik 

th
 migadik 
 apìluth
 tim 
. To ìti tìte h akolouj�a ja sugkl�nei kai w
 pro
 d èpetai apì thn

profan 

d(z, z′) ≤ 2|z − z′|.
Sthn deÔterh per�ptwsh, th
 mh fragmènh
 akolouj�a
, up�rqoun p�li dÔo endeqìmena: (b1) h

akolouj�a na perièqei �peirou
 ìrou
 �sou
 me ∞ kai (b2) na mhn perièqei   na perièqei pepe-

rasmèno pl jo
 ìrwn �swn me to ∞. Sthn pr¸th per�ptwsh blèpoume eÔkola ìti h akolouj�a

ja prèpei na e�nai telik� stajer  kai ìloi oi ìroi th
 na e�nai telik� �soi me ∞. Sthn deÔterh

per�ptwsh, de�qnoume ìti h akolouj�a sugkl�nei sto ∞. Pr�gmati, se aut  thn per�ptwsh, gia

k�je M = 1
ε > 0 ìloi oi ìroi th
 akolouj�a
 ja e�nai telik�

M < |zn| ⇒ d(∞, zn) =
2√

1 + |zn|2
≤ 2√

1 +M2
≤ 2ε.

Shmeiwtèon, ìti ja mporoÔsame na sumper�noume thn plhrìthta tou C∪∞ apì aut n tou S2
, pou

ja de�xoume parak�tw. Se autì ja qrhsimopoioÔsame to gegonì
 ìti h apeikìnish pou or�sjhke

parap�nw e�nai mia isometr�a w
 pro
 ti
 ant�stoiqe
 metrikè
.

4. Mh diat rhsh plhrìthta
. Poll� qarakthristik� topologik¸n q¸rwn diathroÔntai mèsw o-

moiomorfism¸n, ìqi ìmw
 h plhrìthta. àna par�deigma d�dei h

′′
stereografik  metrik 

′′
tou R2

tou prohgoÔmenou parade�gmato
. JewroÔme loipìn ed¸ to R2 = C me aut n thn metrik  kai thn

eidik  akolouj�a {zn = 1
n}. H akolouj�a aut  e�nai Cauchy, afoÔ

d(zm, zn) =
2|zm − zn|√

1 + |zm|2
√
1 + |zn|2

< 2

∣∣∣∣
1

m
− 1

n

∣∣∣∣ .

äpw
 e�dame sto prohgoÔmeno par�deigma, h akolouj�a aut  sugkl�nei sto ∞, to opo�o ìmw


den to èqoume sumperil�bei ston q¸ro ma
. Ara o q¸ro
 R2
e�nai mh pl rh
 w
 pro
 aut  thn

metrik . àqoume ed¸ èna par�deigma topologikoÔ q¸rou (M = R2) kai dÔo metrik¸n se autìn

(thn sun jh d1 kai thn stereografik  d2), pou or�zoun thn �dia topolog�a (ta �dia anoikt�). Autì

shma�nei ìti h tautotik  apeikìnish id : (M, d1) → (M, d2) e�nai suneq 
 kai h ant�strof  th


ep�sh
, �ra omoiomorfismì
. Wstìso h m�a metrik  (d1) e�nai pl rh
 en¸ h �llh den e�nai. Sum-

pera�noume ìti h plhrìthta enì
 metrikoÔ topologikoÔ q¸rou exart�tai apì thn eidik  metrik 

kai ìqi thn topolog�a pou or�zei aut  h metrik  kai mpore� na e�nai h �dia me thn topolog�a �llwn

(isodÔnamwn) metrik¸n, pou or�zontai ston �dio q¸ro.

Je¸rhma 2.2.1 To uposÔnoloA ⊂M enì
 pl rou
 metrikoÔ q¸rou (M, d), e�nai pl rh
 metrikì
 q¸ro

w
 pro
 thn eisagìmenh apì to M metrik , tìte kai mìnon, ìtan e�nai kleistì.

Apìdeixh: E�n to (A, d) e�nai pl rh
 metrikì
 q¸ro
 kai x ∈ A, tìte up�rqei akolouj�a {xn}⊂ A
pou sugkl�nei sto x. W
 sugkl�nousa, h akolouj�a e�nai kai Cauchy, �ra sugkl�nei se shme�o tou A,
sunep¸
 x ∈ A.

Ant�strofa, an to A e�nai kleistì, kai {xn}⊂ A e�nai akolouj�a Cauchy, tìte sugkl�nei se shme�o
x ∈M, lìgw th
 plhrìthta
 tou M. Epeid  to A e�nai kleistì, èpetai kai x ∈ A, o.e.d.
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Je¸rhma 2.2.2 Oi q¸roi B(X,R) e�nai q¸roi Banach, dhlad  e�nai pl rei
 w
 pro
 thn metrik  pou

eis�getai apì thn norm
||f − g|| = supx∈X{|f(x)− g(x)|}.

Apìdeixh: Oi q¸roi auto� or�sjhkan sto par�deigma 4 th
 §2.1. E�n {fn} e�nai mia akolouj�a Cauchy
autoÔ tou q¸rou, tìte gia k�je x ∈ X ja isqÔei

|fm(x)− fn(x)| ≤ ||fm − fn||,

sunep¸
 kai h akolouj�a twn arijm¸n {fn(x)} ⊂ R ja e�nai Cauchykai ja sugkl�nei, lìgw th
 plh-

rìthta
 tou R. Or�zetai loipìn gia k�je x o arijmì
 g(x) = lim fn(x). H g ∈ B(X,R) diìti an h g
den  tan fragmènh, ja up rqe akolouj�a {xn} ⊂ X ètsi ¸ste g(xn) > n gia k�je n ∈ N kai lìgw th


g(xn) = limkfk(xn), ja up rqe fkn
me

n < fkn
(xn) < ||fkn

||.

Autì shma�nei ìti h upakolouj�a ||fkn
|| th
 {||fn||} e�nai mh fragmènh. Wstìso apì to ìti h akolouj�a

{fn} e�nai Cauchyèpetai ìti kai h {||fn||} e�nai akolouj�a Cauchypragmatik¸n arijm¸n, afoÔ

| ||fm|| − ||fn|| | ≤ ||fm − fn||.

Sun�getai (sqìlio 2.2) ìti h {||fn||} e�nai fragmènh. To �topo apodeiknÔei to je¸rhma, o.e.d.

Je¸rhma 2.2.3 Gia k�je metrikì topologikì q¸ro (M, d), to sÔnolo C(M,R) twn suneq¸n kai frag-
mènwn sunart sewn f : M → R e�nai upìqwro
 kai kleistì uposÔnolo tou B(M,R), �ra pl rh


topologikì
 q¸ro
 (Banach).

Apìdeixh: Gia thn apìdeixh arke� na de�xoume ìti o C(M,R) e�nai kleistì uposÔnolo tou B(M,R).
Pro
 toÔto arke� na de�xoume ìti an h akolouj�a twn sunart sewn {fn} ⊂ C(M,R) sugkl�nei sthn
f ∈ B(M,R), tìte h f ∈ C(M,R). Gia na de�xoume p�li to teleuta�o arke� na doÔme ìti gia k�je

akolouj�a {xn}, pou sugkl�nei lim xn = x, èpetai ìti kai h akolouj�a {f(xn)} sugkl�nei sto f(x).
Autì sthr�zetai sti


f(xn)− f(x) = f(xn)− fk(xn) + fk(xn)− fk(x) + fk(x) − f(x) ⇒
||f(xn)− f(x)|| ≤ ||f(xn)− fk(xn)||+ ||fk(xn)− fk(x)||

+||fk(x)− f(x)|| ⇒
||f(xn)− f(x)|| ≤ ε

3
+

ε

3
+

ε

3
,

pou epitugq�netai lìgw th
 sunèqeia
 twn {fk} kaj¸
 kai tou ìti lim ||fk−f || = 0, arke�, gia dedomèno
ε, na epilèxoume kat�llhlou
 de�kte
 k kai n, o.e.d.

Je¸rhma 2.2.4 Oi q¸roi ℓp gia 1 ≤ p ≤ ∞ e�nai pl rei
 q¸roi (Banach).

Apìdeixh: àstw {xk}(n), n ∈ N, akolouj�a Cauchytou q¸rou ℓp. Tìte gia dojèn ε > 0 ja isqÔei telik�

||{xk}(n) − {xk}(m)||p =

(
∞∑

k=1

|x(n)
k − x

(m)
k |p

) 1
p

< ε. (1)

Aut , gia k�je stajerì k sunep�getai ìti h ant�stoiqh akolouj�a, telik� ikanopoie� thn

|x(n)
k − x

(m)
k | < ε,

dhlad  e�nai Cauchy, �ra, lìgw th
 plhrìthta
 tou R, sugkl�nei se shme�o x
(0)
k . Apì thn (1) èpetai ìti

gia k�je N ja up�rqei n0(N), ¸ste na isÔqei telik�, (gia k�je n,m > n0(N))

(
N∑

k=1

|x(n)
k − x

(m)
k |p

) 1
p

< ε.
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Pa�rnonta
 se aut n to ìrio gia n → ∞ èqoume ìti, gia m > n0 kai k�je N , ja isqÔei

(
N∑

k=1

|x(0)
k − x

(m)
k |p

) 1
p

≤ ε, ⇒

||{xk}(0) − {xk}(m)||p =

(
∞∑

k=1

|x(0)
k − x

(m)
k |p

) 1
p

≤ ε.

Apì aut n èpetai ìti to {xk}(0) ∈ ℓp, afoÔ

||{xk}(0)||p ≤ ||{xk}(m)||p + ||{xk}(0) − {xk}(m)||p ,

kaj¸
 ep�sh
 kai ìti h akolouj�a {xk}(n) sugkl�nei sto {xk}(0), o.e.d.

To endeqìmeno meionèkthma enì
 metrikoÔ q¸rou (M, d), na mhn e�nai pl rh
, jerapeÔetai me k�poio

trìpo. Autì
 sun�statai sto na ton epekte�noume episun�ptonta
 ta shme�a pou

′′
le�poun

′′
. Mia ka-

jierwmènh mèjodo
 e�nai na ton topojet soume (apeikon�soume) isometrik� kai san puknì uposÔnolo,

mèsa se ènan �llo metrikì q¸ro, pou e�nai pl rh
. H diadikas�a aut  perigr�fetai me ton ìro th


pl rwsh
 enì
 metrikoÔ mh-pl rou
 q¸rou.

Orismì
 2.2.3 àna
 pl rh
 metrikì
 q¸ro
 (M̃, d̃) lègetai pl rwsh tou metrikoÔ q¸rou (M, d), ìtan

up�rqei isometr�a f : M → M̃, ètsi ¸ste to f(M) na e�nai puknì uposÔnolo tou M̃.

Sqìlio-3 To klasikì par�deigma pl rwsh
 e�nai autì twn rht¸n (Q, |x− y|), twn opo�wn h pl rwsh

d�dei tou
 pragmatikoÔ
 arijmoÔ
 (R, |x− y|). H paradosiak  diadikas�a aut 
 th
 pl rwsh
 e�nai kai

to prìtupo gia thn genik  per�ptwsh. Sthn per�ptwsh twn rht¸n, h diadikas�a perigr�fetai w
 ex 
:

1. Or�zetai sto sÔnolo C twn akolouji¸n Cauchytou Q mia sqèsh isodunam�a
 ≈.

2. DÔo akolouj�e
 CauchyjewroÔntai isodÔname
 ìtan lim |xn − yn| = 0.

3. To R taut�zetai me to sÔnolo-phl�kon C/ ≈.

Aut� mporoÔn na metaferjoÔn kai se genikoÔ
 metrikoÔ
 q¸rou
 kai odhgoÔn sto epìmeno je¸rhma.

Je¸rhma 2.2.5 K�je metrikì
 q¸ro
 (M, d) èqei mia pl rwsh (M̃, d̃).

Apìdeixh: H apìdeixh ([KF70,σ. 62]) e�nai, sthn ous�a, apom�mhsh th
 diadikas�a
 th
 kataskeu 
 twn
pragmatik¸n arijm¸n apì tou
 rhtoÔ
 kai perilamb�nei tèssera st�dia: (a) thn kataskeu  tou M̃, (b)

thn kataskeu  th
 isometr�a
 f : M→ M̃, (g) thn apìdeixh th
 puknìthta
 tou f(M) sto M̃ kai (d)

thn apìdeixh th
 plhrìthta
 tou M̃.

(a) Sto sÔnolo C, twn akolouji¸n Cauchytou M, or�zoume thn sqèsh

{xn} ≈ {yn} ⇔ lim d(xn, yn) = 0.

Blèpoume eÔkola ìti aut  e�nai mia sqèsh isodunam�a
 kai epomènw
 or�zetai to sÔnolo-phl�kon M̃=

C/ ≈. An me [xn] ∈ M̃ sumbol�zoume thn kl�sh th
 akolouj�a
 Cauchy{xn}, tìte or�zoume w


apìstash sto M̃, thn

d̃([xn], [yn]) = lim d(xn, yn).

Kai p�li e�nai eÔkolo na doÔme ìti h d̃ den exart�tai apì ton eidikì antiprìswpo twn kl�sewn [xn], [yn]
kai ikanopoie� ta axi¸mata th
 metrik 
.

(b) Or�zoume thn isometr�a

f : M −→ M̃, f(x) = [x], gia k�je x ∈ M.

To [x] ed¸ parist�nei thn kl�sh th
 stajer 
 akolouj�a
 x, x, x, ... kai to ìti h f e�nai isometr�a, e�nai

p�li profanè
.
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(g) Gia thn puknìthta tou f(M) sto M̃ de�qnoume ìti k�je stoiqe�o x̃ ∈ M̃ e�nai ìrio mia
 ako-

louj�a
 {f(xn)} tou f(M). Pr�gmati, an x̃ = [xn], ìpou {xn} akolouj�a Cauchytou M, tìte

gia k�je k ∈ N up�rqei nk : d(xn, xnk
) <

1

k
gia k�je n > nk.

Or�zetai tìte h f(xnk
) mèsw th
 ant�stoiqh
 stajer 
 akolouj�a
 [xnk

] kai

d̃(x̃, f(xnk
)) = d̃([xn], [xnk

]) = lim
n

d(xn, xnk
) ≤ 1

k

⇒ lim
k

d̃(x̃, f(xnk
)) = 0.

(d) Gia thn plhrìthta tou (M̃, d̃), jewroÔme mia akolouj�a Cauchy{xn} autoÔ tou q¸rou. Kat� thn

(g) ja up�rqei akolouj�a {yn} tou M ètsi ¸ste

d̃(xn, f(yn)) <
1

n
.

H akolouj�a {yn} e�nai Cauchykai epomènw
 or�zei èna stoiqe�o y = [yn] ∈ M̃. ToÔto diìti h f e�nai

isometr�a kai epomènw


d(ym, ym) = d̃(f(ym), f(ym)) ≤ d̃(f(ym), xm) + d̃(xm, xn) + d̃(xn, f(yn))

<
1

m
+ d̃(xm, xn) +

1

n
.

De�qnoume t¸ra ìti h akolouj�a {xn} sugkl�nei sto y = [yn] ∈ M̃. Pr�gmati

d̃(xn, y) ≤ d̃(xn, f(yn)) + d̃(f(yn), y) ≤
1

n
+ d̃(f(yn), y) =

1

n
+ lim

k
d(yn, yk).

O teleuta�o
 ìro
, ìmw
, mpore� na g�nei mikrìtero
 tou ε, arke� to n na lhfje� arket� meg�lo. Autì

de�qnei thn apaitoÔmenh sÔgklish kai oloklhr¸nei thn apìdeixh tou jewr mato
, o.e.d.

Je¸rhma 2.2.6 DÔo plhr¸sei
 (M′, d′) kai (M̃, d̃) tou �diou metrikoÔ q¸rou (M, d) e�nai isometrikè
.

Apìdeixh: SÔmfwna me to prohgoÔmeno je¸rhma, up�rqoun dÔo isometr�e
 f : M → M̃ kai f ′ : M →
M′

, ètsi ¸ste ta f(M), f ′(M) na e�nai pukn� uposÔnola, ant�stoiqa, twn M̃,M′
. Autì pou k�noume,

e�nai na epekte�noume thn isometr�a

g = f ′ ◦ f−1 : f(M) −→ f ′(M)

se mia isometr�a

g′ : M̃ −→ M′.

Autì g�netai me thn fusiologik  diadikas�a, kat� thn opo�a, k�je x ∈ M̃ gr�fetai san ìrio mi�


akolouj�a
 {xn} ⊂ f(M) kai antistoiq�zetai sto g′(x) ∈ M′
, pou e�nai to ìrio th
 {yn = g(xn)}. To

ìti h {yn} sugkl�nei prokÔptei apì to ìti h {xn}, w
 sugkl�nousa, e�nai Cauchykai epomènw
 kai h
isometrik  th
 {yn} e�nai Cauchy, �ra sugkl�nei sto M′

. EÔkola blèpoume ep�sh
 ìti h antisto�qish

aut  den exart�tai apì thn eidik  akolouj�a {xn} pou sugkl�nei sto x kai ìti h g′ e�nai isometr�a,
o.e.d.

Je¸rhma 2.2.7 (Je¸rhma stajeroÔ shme�ou tou Banach) K�je apeikìnish sustol 
 f : M −→ M enì


pl rou
 metrikoÔ q¸rou (M, d) èqei èna monadikì stajerì shme�o.

Apìdeixh: To je¸rhma lèei, akribèstera, ìti gia mia apeikìnish sustol 
, dhlad  apeikìnish me thn

idiìthta

d(f(x), f(y)) ≤ K d(x, y), gia k�je x, y ∈ M,
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ìpou 0 ≤ K < 1 stajer�, kai k�je arqikì shme�o x0 ∈ M h

′′
epanalhptik  diadikas�a

′′

xn = f(xn−1), gia n = 1, 2, ...

or�zei mia sugkl�nousa akolouj�a me ìrio lim xn = x pou ikanopoie� thn f(x) = x. To sumpèrasma

prokÔptei apì to ìti h akolouj�a pou or�zetai me aut  thn diadikas�a e�nai Cauchy. Pr�gmati,

d(xn+1, xn) = d(f(xn), f(xn−1) ≤ K d(xn, xn−1) epagwgik� ⇒
d(xn+1, xn) ≤ Kn d(x1, x0).

Gia m > n, qrhsimopoi¸nta
 aut  thn anisìthta èqoume ìti

d(xm, xn) ≤ d(xm, xm−1) + ...+ d(xn+1, xn)

≤ (Km−1 + ...+Kn) d(x1, x0)

= Kn (1 +K +K2 + ...+Km−n−1) d(x1, x0) ⇒

<
Kn

1−K
d(x1, x0),

pou de�qnei �mesa ìti h akolouj�a {xn} e�nai Cauchy, �ra sugkl�nei se shme�o x, to opo�o lìgw th


sunèqeia
 th
 f ja ikanopoie�

f(x) = f(lim xn) = lim f(xn) = lim xn+1 = x.

To ìti to stajerì autì shme�o e�nai monadikì prokÔptei ep�sh
 �mesa, afoÔ an Ôp rqe deÔtero x′ 6= x,
tìte ja �sque

d(x, x′) = d(f(x), f(x′)) ≤ K d(x, x′) pou sunep�getai 1 ≤ K,

ant�jeta me thn upìjesh, o.e.d.

Sqìlio-4 A
 xanadoÔme to sqìlio sthn arq  th
 paragr�fou upì to pr�sma tou prohgoumènou je-

wr mato
. H sun�rthsh orismènh sto di�sthma M = [1,∞)

f(x) =
1

2

(
x+

2

x

)
e�nai Lipschitzme K =

1

2
: |f(x)− f(y)| ≤ 1

2
|x− y|.

Autì prokÔptei �mesa apì ti


f(x) =
1

2

(
x+

1

x

)
+

1

2x
> 1 kai thn f(x)− f(y) = (x− y)

(
1

2
− 1

xy

)
.

Kat� to je¸rhma, h f ja èqei sto M èna akrib¸
 stajerì shme�o

x = f(x) ⇔ x2 = 2 ⇔ x =
√
2.

An�loga mporoÔme na de�xoume ìti, gia a > 1 h sun�rthsh

f(x) =
1

k

(
(k − 1)x+

a

xk−1

)
(*)

èqei sto [1,∞) èna stajerì shme�o x0 pou sump�ptei me thn k−st  r�za x0 = k√a.
Shmeiwtèon ìti h

′′
kal 

′′
idiìthta th
 sun�rthsh
 (*), dhlad  to ìti e�nai sustol , exart�tai apì

to ped�o orismoÔ sto opo�o thn perior�zoume. DieurÔnonta
 to ped�o orismoÔ h sun�rthsh paÔei na

e�nai sustol  kai h epanalhptik  diadikas�a g�netai aprìblepth. To sq ma 2.2.4 l.q. katagr�fei thn

sumperifor� th
 an�logh
 migadik 
 th
 (*). Ta a, x se aut  thn per�ptwsh e�nai migadiko� arijmo� kai

to k = 3. H ant�stoiqh f èqei tr�a stajer� shme�a {a1, a2, a3} pou e�nai oi (migadikè
) r�ze
 th
 mon�da

a = 1. An�loga me thn jèsh tou arqikoÔ z0, h epanalhptik  diadikas�a (akolouj�a) {zn+1 = f(zn)}
mpore� na sugkl�nei pro
 m�a ek twn {ai}   kai na mhn sugkl�nei ([Fal90,σ. 220], [Mil06] , [Car11]).
Ta shme�a sÔgklish
 perièqontai, an�loga me to pro
 poi� r�za ai sugkl�nei h ant�stoiqh akolouj�a
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Sq ma 2.2.4: zn+1 = 1
3

(
2zn + 1

z2
n

)

{zn}, se tr�a anoik� uposÔnola tou epipèdou A1, A2, A3, pou lègontai perioqè
 tou Fatouth
 rht 

sun�rthsh
 (*). Kajèna apì ta Ai èqei �peire
 sunektikè
 sunist¸se
, pou sto sq ma apod�dontai me

to �dio qr¸ma. H ènws  tou
 A = A1 ∪ A2 ∪ A3 e�nai èna puknì sÔnolo tou epipèdou. To sÔnoro ∂A
tou A, lègetai sÔnolo tou Julia th
 rht 
 migadik 
 sun�rthsh
 (*) (e�nai èna Fractal) kai taut�zetai
me ta z0, gia ta opo�a h ant�stoiqh akolouj�a {zn} den sugkl�nei.

Je¸rhma 2.2.8 Mia suneq 
 apeikìnish f : M −→ M, gia thn opo�a up�rqei akèraio
 n > 1, ètsi
¸ste h fn = f ◦ · · · ◦ f na e�nai sustol  tou pl rou
 metrikoÔ q¸rou (M, d) èqei èna monadikì stajerì

shme�o.

Apìdeixh: àstw x0 ∈ M to monadikì stajerì shme�o th
 g = fn
. De�qnoume ìti autì e�nai kai monadikì

stajerì shme�o th
 f . Autì sthr�zetai sthn metajetikìthta twn dÔo apeikon�sewn f ◦ g = g ◦ f :

f(x0) = f(lim
k

gk(x0)) = lim
k

f(gk(x0)) = lim
k

gk(f(x0)).

Autì shma�nei ìti kai to f(x0) e�nai stajerì shme�o th
 g, pou lìgw th
 monadikìtht�
 tou ja prèpei

f(x0) = x0. An h f e�qe kai deÔtero stajerì shme�o f(x1) = x1, tìte autì profan¸
 ja  tan kai

stajerì shme�o th
 g kai sunep¸
 ja taut�zotan me to x0, o.e.d.

Je¸rhma 2.2.9 (KibwtismoÔ tou Cantor) Mia fj�nousa akolouj�a kleist¸n A1 ⊃ A2 ⊃ A3 ⊃ . . . , twn
opo�wn h di�metro
 δn te�nei sto mhdèn, èqei tom  A = ∩n∈N pou perièqei èna akrib¸
 stoiqe�o.

Apìdeixh: Dialègoume èna shme�o xn ∈ An. H akolouj�a {xn} e�nai Cauchy, lìgw tou ìti d(xm, xn) <
δmax(n,m) → 0, sunep¸
 sugkl�nei se shme�o x. To x ∈ An gia k�je n, diìti an  tan gia k�poio n h

apìstash d = d(x,An) > 0, tìte ja  tan kai d(xm, x) > d gia m > n, afoÔ tìte Am ⊂ An. Sunep¸


ja e�qame ant�fash sto ìti h {xn} sugkl�nei sto x. To ìti den up�rqei �llo x′ ∈ A, x′ 6= x prokÔptei
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amèsw
 apì thn lim δn = 0, o.e.d.

ASKHSEIS

�skhsh 2.2.1 De�xe ìti mia akolouj�a Cauchytou metrikoÔ q¸rou (M, d) sugkl�nei, an up�rqei upako-
louj�a th
 pou sugkl�nei.

�skhsh 2.2.2 De�xe ìti gia mia upermetrik , h akolouj�a {xn} e�nai Cauchy⇔ lim d(xn, xn+1) → 0.

�skhsh 2.2.3 De�xe ìti {xn} kai {yn} e�nai dÔo akolouj�e
 Cauchytou metrikoÔ q¸rou (M, d), tìte h
akolouj�a arijm¸n {d(xn, yn)} sugkl�nei.

�skhsh 2.2.4 De�xe ìti h akolouj�a sunart sewn tou C[0, 1]

f(x) =





n · x, ìtan x <
1

n
,

1, ìtan x ≥ 1

n
,

den e�nai Cauchy

�skhsh 2.2.5 De�xe ìti èna
 metrikì
 q¸ro
 (M, d) e�nai pl rh
, an kai mìnon �n, k�je akolouj�a

mpal¸n {Bri(xi), i ∈ N} me thn idiìthta, limi ri = 0 kai Bri(xi) ⊃ Bri+1
(xi+1) gi� k�je i ∈ N, èqei mh

ken  tom  ∩iBri(xi).

�skhsh 2.2.6 àstw h akolouj�a pou or�zetai anadromik� apì dÔo oiousd pote arijmoÔ
 a, b ∈ R :
x0 = a, x1 = b kai xn+1 = 1

2 (xn + xn−1). De�xe ìti h akolouj�a aut  e�nai Cauchy. Prosdiìrise to
ìriì th
.

�skhsh 2.2.7 De�xe ìti to sÔnolo C(R) twn sugklinous¸n akolouji¸n {xn} tou R e�nai q¸ro
 Banach
w
 pro
 thn sup norm ||{xn}|| = supn{|xn|}. De�xe ep�sh
 ìti to uposÔnolo C0(R) autoÔ tou q¸rou, to
opo�o apotele�tai apì ìle
 ti
 sugkl�nouse
 sto 0 akolouj�e
, e�nai ep�sh
 q¸ro
 Banachw
 pro
 thn
�dia norm.

�skhsh 2.2.8 àstw x0 shme�o tou metrikoÔ q¸rou (M, d). Kataskeu�zoume mia apeikìnish f : M −→
C(M,R), antistoiq�zonta
 se k�je x ∈ M thn apeikìnish

φx : M → R me φx(y) = d(y, x)− d(y, x0), ∀y ∈ M.

De�xe ìti: (1) h apeikìnish aut  pa�rnei pr�gmati timè
 φx ∈ M → R, dhlad , k�je φx e�nai fragmènh

kai suneq 
. (2) h apeikìnish f e�nai isometr�a. ApodeiknÔetai ([Sim63,σ. 85]) ìti h f(M) ⊂ C(M,R)
e�nai mia pl rwsh tou M.

�skhsh 2.2.9 àstw A uposÔnolo tou metrikoÔ q¸rou (M, d). A
 lème ènan arijmì r > 0 epark ,

an ∀x ∈ A,A ⊂ Br(x). De�xe ìti h di�metro
 δ(A) = sup{d(x, y) : x, y ∈ A} tou A isoÔtai me to

∆ = inf{r : r epark 
}.

�skhsh 2.2.10 Bre
 èna par�deigma uposunìlou A enì
 metrikoÔ q¸rou me di�metro δ(A) < ∞, gia to

opo�o den up�rqoun x, y ∈ A : d(x, y) = δ.

�skhsh 2.2.11 De�xe ìti o metrikì
 q¸ro
 (2N, d) (par�deigma 11, §2.1) e�nai pl rh
.
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Upìdeixh: ([Edg08,σ. 53]) An {xn} e�nai akolouj�a Cauchy, gia k�je k ∈ N up�rqei nk ètsi ¸ste

m,n > nk ⇒ d(xm, xn) <
1

2k
.

Autì shma�nei ìti oi pr¸te
 k sunist¸se
 twn xm kai xn sump�ptoun. KataskeÔase to τ = {ti} ∈
(2N, d) ètsi ¸ste to tk na sump�ptei me thn ant�stoiqh k sunist¸sa tou xnk

. Tìte d(xn, τ) ≤ 1
2k

gia

n > nk.



KEFALAIO3

Jewr mata twn Baire, Urisohn, Tietze

3.1 Je¸rhma tou Baire

Orismì
 3.1.1 àna
 topologikì
 q¸ro
 (M, T ) lègetai q¸ro
 touBaireìtan k�je akolouj�a {An, n ∈ N}
anoikt¸n kai pukn¸n uposunìlwn tou èqei tom  A = ∩n∈NAn puknì sÔnolo.

Je¸rhma 3.1.1 Se èna q¸ro tou Baire (M, T ) k�je akolouj�a {Bn, n ∈ N} arai¸n uposunìlwn èqei

ènwsh B = ∪n∈NBn 6= M.

Apìdeixh: Pr�gmati, an mia tètoia akolouj�a sunìlwn e�qe B = ∪n∈NBn = M, tìte, pa�rnonta


sumplhr¸mata ja e�qame ∅ = ∩n∈NB
c
n ⊃ ∩n∈N(Bn)

c
. Autì ìmw
 antif�skei sthn upìjesh, afoÔ, ex

orismoÔ, ta (Bn)
c
e�nai anoikt� pukn� kai h tom  tou
 prèpei na e�nai puknì, �ra 6= ∅, o.e.d.

Je¸rhma 3.1.2 Gia k�je akolouj�a {An, n ∈ N} anoikt¸n pukn¸n uposunìlwn enì
 pl rou
 metrikoÔ

q¸rou (M, d), h tom  tou
 A = ∩n∈NAn e�nai puknì uposÔnolo tou M. Me �lla lìgia k�je pl rh


metrikì
 q¸ro
 e�nai q¸ro
 tou Baire.

Apìdeixh: Prèpei na de�xoume ìti gia k�je anoiktì U h tom  U ∩A e�nai mh kenì sÔnolo. Xekin�me apì

to anoiktì puknì A1 kai to ìti to anoiktì U ∩A1 6= ∅. Sun�getai ìti up�rqei anoikt  mp�la B′
1 akt�na


< 1
2 perieqìmenh sto U ∩ A1. Pa�rnoume mia sugkentrik  mp�la mikrìterh
 akt�na
 B1 ⊂ B′

1, ètsi

¸ste B1 ⊂ B′
1. Kai p�li apì thn upìjesh to anoiktì B1 ∩A2 6= ∅. An�loga pro
 thn B1 mporoÔme na

kataskeu�soume mp�la B2 me akt�na < 1
4 kai B2 ⊂ B1 ∩ A2 ⊂ U . Suneq�zonta
 kat> autìn ton trìpo

kataskeu�zoume akolouj�a mpal¸n me Bn ⊂ Bn−1 ∩ An :

U ⊃ B1 ⊃ B1 ⊃ B2 ⊃ B2 ⊃ · · · ⊃ Bn ⊃ Bn . . .

me thn akt�na th
 Bn na e�nai < 1
2n . Kat� to je¸rhma 2.2.9 kibwtismoÔ tou Cantor, h tom  ìlwn aut¸n

twn mpal¸n apotele�tai apì èna stoiqe�o x ∈ U ∩ (∩n∈NAn), o.e.d.

Je¸rhma 3.1.3 An o metrikì
 q¸ro
 (M, d) tou Baire e�nai ènwsh M = ∪n∈NBn mia
 akolouj�a


kleist¸n uposunìlwn tou {Bn}, tìte k�poio apì ta Bn ja èqei mh kenì eswterikì.

Apìdeixh: ProkÔptei �mesa apì to prohgoÔmeno je¸rhma pa�rnonta
 ta sumplhr¸mata twn Bn, o.e.d.

Pìrisma 3.1.1 (Je¸rhma kathgor�a
 tou Baire) K�je pl rh
 metrikì
 q¸ro
 (M, d) e�nai 2h
 kathgo-
r�a
.
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Apìdeixh: �mesh sunèpeia tou orismoÔ 1.1.8 kai tou prohgoumènou jewr mato
, o.e.d.

Je¸rhma 3.1.4 (Omoiìmorfh
 frag 
) àstw {fi, i ∈ I} mia oikogèneia suneq¸n pragmatik¸n sunart -

sewn tou pl rou
 metrikoÔ q¸rou (M, d). àstw ìti h oikogèneia e�nai fragmènh kat� shme�o ek twn �nw,

me thn ènnoia ìti, gia k�je x ∈ M up�rqei stajer� Mx ètsi ¸ste gia k�je fi na isqÔei |fi(x)| ≤ Mx.

Tìte Up�rqei anoiktì A tou M kai M0 > 0, ètsi ¸ste |fi(x)| ≤ M0 na isqÔei gia k�je i ∈ I kai k�je

x ∈ A.

Apìdeixh: Je¸rhse ta sÔnola

Bn = {x ∈ M : sup
i∈I

{|fi(x)|} ≤ n}.

Ta Bn e�nai kleist� sÔnola diìti, lìgw th
 sunèqeia
 twn fi e�nai tomè
 kleist¸n sunìlwn

Bn = ∩i∈I{|fi|−1([0, n])}.

Ep�sh
, apì thn upìjesh èqoume ìti M = ∪n∈NBn. Sunep¸
 (je¸rhma 3.1.3), k�poio Bn ja èqei mh

kenì eswterikì A = (Bn)
o 6= ∅. To je¸rhma prokÔptei pa�rnonta
 M0 = n, o.e.d.

Sqìlio-1 To je¸rhma omoiìmorfh
 frag 
, ìpw
 to diatup¸same parap�nw, e�nai se mia genikìte-

rh morf  apì aut  pou sunant�me sun jw
 se q¸rou
 Banach([Sim63, σ. 239]). H apìdeixh e�nai

tupikì de�gma efarmog 
 th
 idiìthta
 twn pl rwn q¸rwn na e�nai 2h
 kathgor�a
. Parìmoie
 efarmo-

gè
 odhgoÔn sti
 apode�xei
 gnwst¸n jewrhm�twn th
 sunarthsiak 
 an�lush
, ìpw
 autì th
 anoikt 


apeikìnish
 kai tou kleistoÔ graf mato
 ([Sim63,σ. 235]). àna �llo e�do
 efarmog¸n tou jewr mato


tou Baire e�nai h qr sh tou gia thn apìdeixh Ôparxh
 pantoÔ mh-diaforis�mwn sunart sewn ([Shi00,
σ. 90, 152]).

Sqìlio-2 To je¸rhma tou Baire de�qnei ìti oi pl rei
 metriko� q¸roi den mpore� na e�nai arai� sÔ-

nola (akribèstera 1h
 kathgor�a
). Up�rqoun wstìso mh-arai� pou den e�nai pl rh. àna par�deigma

e�nai oi �rrhtoi R−Q. To R e�nai pl rh
 q¸ro
 w
 pro
 thn sun jh metrik , �ra den e�nai 1h
 kath-

gor�a
. An to R−Q  tan 1h
 kathgor�a
, kaj¸
 kai to Q e�nai 1h
 kathgor�a
, to �dio ja  tan kai to

R = (R−Q) ∪ Q, pou e�nai �topo. �ra to R−Q e�nai deÔterh
 kathgor�a
.

Ta diast mata touR e�nai ep�sh
 2h
 kathgor�a
, kaj¸
 an  tan 1h
, tìte mèsw par�llhlh
 metafo-

r�
 tou
, ja kalÔptame olìklhro to R me arijm simo pl jo
 sunìlwn 1h
 kathgor�a
 kai sunep¸
 kai

olìklhro to R, w
 ènwsh aut¸n twn diasthm�twn, ja  tan 1h
 kathgor�a
, pr�gma �topo. H parat -

rhsh genikeÔetai gia tou
 q¸rou
 Rn
kai ta uposÔnol� tou
 pou e�nai ginìmena diasthm�twn. Argìtera

(§5.3) ja de�xoume ìti ektì
 twn pl rwn metrik¸n q¸rwn kai m�a �llh endiafèrousa kathgor�a q¸rwn,

oi legìmenoi topik� sumpage�
 e�nai q¸roi tou Baire.
Mia apl  efarmog  tou jewr mato
 de�qnei ìti oi q¸roi Banache�nai   peperasmènh
 di�stash


  èqoun uperarijm simh b�sh. H ènnoia th
 b�sh
 se autoÔ
 tou
 q¸rou
 e�nai tautìshmh me thn

ènnoia th
 b�sh
 Hamel, pou gia peperasmènh
 di�stash
 q¸rou
 sump�ptei me thn gnwst  ma
 ènnoia

([Str12b, sel.97℄). ApodeiknÔetai ìti h Ôparxh mi�
 b�sh
 (Hamel) se k�je dianusmatikì q¸ro e�nai

sunèpeia tou axi¸mato
 th
 epilog 
 (  tou isodun�mou tou l mmato
 tou Zorn) ([Dug66,σ. 35]).

Orismì
 3.1.2 Mia b�sh HamelB enì
 dianusmatikoÔ q¸rou M e�nai mia oikogèneia dianusm�twn tou

B = {vi, i ∈ I} me thn idiìthta: k�je di�nusma x ∈ M na gr�fetai me èna akrib¸
 trìpo w
 peperasmèno


grammikì
 sunduasmì
 x =
∑k

i=1 λivni
dianusm�twn th
 B.

Je¸rhma 3.1.5 Mia b�sh Hamelenì
 q¸rou BanachM e�nai   peperasmènh   uperarijm simh.

Apìdeixh: Upojètonta
 ìti o q¸ro
 den èqei peperasmènh b�sh, h apìdeixh prokÔptei me ei
 �topo

apagwg . Pr�gmati an {vi, i ∈ N} e�nai mia arijm simh b�sh, tìte o M gr�fetai san ènwsh q¸rwn

peperasmènh
 di�stash
M = ∪i∈NNi, ìpouNk o upìqwro
 o paragìmeno
 apì ta pr¸ta k dianÔsmata
th
 b�sh
 {v1, . . . , vk}. Wstìso, k�je tètoio
 upìqwro
Nk e�nai araiì
 (Je¸rhma 2.1.10) kai sunep¸
,

tìte o M = ∪i∈NNi ja e�nai pr¸th
 kathgor�a
, pr�gma �topo, o.e.d.
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Pìrisma 3.1.2 Sto q¸ro Banachtwn suneq¸n sunart sewn C[0, 1] w
 pro
 thn norm

||f ||∞ = max
x∈[0,1]

{|f(x)|},

o dianusmatikì
 upìqwro
 twn poluwnumik¸n sunart sewn den e�nai kleistì
 (�ra den e�nai upìqwro


Banach).

Apìdeixh: O q¸ro
 autì
 èqei mia arijm simh b�sh apoteloÔmenh apì ta {1, x, x2, x3, ...}, �ra den

mpore� na e�nai kleistì
, giat� tìte ja  tan pl rh
 (q¸ro
 Banach) se ant�fash me to prohgoÔmeno

je¸rhma, o.e.d.

Sqìlio-3 Ektì
 apì thn prohgoÔmenh ènnoia b�sh
 (tou Hamel) up�rqoun kai �lle
 ènnoie
 b�sh
,

pou bohjoÔn na parast soume ìla ta dianÔsmata enì
 dianusmatikoÔ q¸rou me èna orismèno trì-

po. Mia b�sh tou Schauderenì
 q¸rou BanachM e�nai mia akolouj�a dianusm�twn {ei, i ∈ N}, ètsi
¸ste gia k�je x ∈ M na up�rqei monos manta orismènh akolouj�a arijm¸n {λi, i ∈ N}, ètsi ¸ste
limn

∑n
i=1 λiei = x.

Par�deigma mia
 Schauderb�sh
 stou
 q¸rou
 ℓp e�nai h apoteloÔmenh apì ti
 akolouj�e
 {ei},
pou èqoun ìla ta stoiqe�a tou
 �sa me 0 ektì
 tou i pou e�nai 1. Den e�nai dÔskolo na doÔme ìti èna


q¸ro
 Banachpou èqei mia b�sh Schaudere�nai diaqwr�simo
. To ant�strofo den isqÔei. Up�rqoun

diaqwr�simoi q¸roi pou den èqoun b�sh Schauder([Enf73]).

ASKHSEIS

�skhsh 3.1.1 De�xe ìti o dianusmatikì
 upìqwro
 P tou C[0, 1], pou apotele�tai apì ti
 poluwnumikè


sunart sei
 den e�nai anoiktì uposÔnolo tou C[0, 1].

�skhsh 3.1.2 De�xe ìti an o topologikì
 q¸ro
 (M, T ) e�nai q¸ro
 tou Baire, tìte kai k�je anoiktì
A ⊂ M e�nai q¸ro
 tou Bairew
 pro
 thn sqetik  topolog�a.

3.2 Ta jewr mata twn Uryshohn kai Tietze

Orismì
 3.2.1 àna
 topologikì
 q¸ro
 Hausdorff(M, T ) lègetai kanonikì
   T3 (regular), ìtan k�je
kleistì tou A kai shme�o x /∈ A diaqwr�zontai, me thn ènnoia ìti up�rqoun anoikt� UA, Ux, pou perièqoun

ant�stoiqa ta A kai x kai e�nai xèna UA ∩ Ux = ∅.
Ep�sh
 o (M, T ) lègetai fusiologikì
   T4 (normal), ìtan k�je zeÔgo
 A1, A2 xènwn kleist¸n tou

diaqwr�zetai, me thn ènnoia ìti up�rqoun anoikt� U1, U2, pou perièqoun ant�stoiqa ta A1, A2 kai e�nai

xèna U1 ∩ U2 = ∅.

Je¸rhma 3.2.1 àna
 topologikì
 q¸ro
 (M, T ) e�nai fusiologikì
, tìte kai mìnon tìte, ìtan gia k�je

kleistì B kai k�je anoiktì pou to perièqei A ⊃ B up�rqei �llo anoiktì A′
¸ste na isqÔei

A ⊃ A′ ⊃ A′ ⊃ B. (*)

Apìdeixh: An o M e�nai T4, tìte gia ta kleist� kai xèna B kai Ac
ja up�rqoun xèna anoikt� A′ ⊃ B

kai A′′ ⊃ Ac
. To A′

profan¸
 ikanopoie� ti
 apait sei
 tou jewr mato
.

Ant�strofa, an isqÔei h idiìthta tou jewr mato
 kai B,B′
e�nai xèna kleist�, tìte to A = (B′)c

e�nai anoiktì kai A ⊃ B , opìte efarmìzonta
 thn idiìthta br�skoume anoiktì A′
ètsi ¸ste na isqÔei

h (∗). ProkÔptei ìti to B′ = Ac ⊂ (A′)c = A′′
kai ta A′, A′′

e�nai anoikt� xèna pou diaqwr�zoun ta B
kai B′

, o.e.d.

Je¸rhma 3.2.2 K�je metrikì
 q¸ro
 (M, d) e�nai kanonikì
 kai fusiologikì
.
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Apìdeixh: Arke� na de�xoume ìti èna
 metrikì
 q¸ro
 e�nai fusiologikì
. ToÔto diìti ta monosÔnola

{x} se èna metrikì q¸ro e�nai kleist�. E�n loipìn ta A1, A2 e�nai xèna kleist� tìte h sun�rthsh

f(x) =
d(x,A1)− d(x,A2)

d(x,A1) + d(x,A2)

e�nai kal¸
 orismènh, afoÔ o paronomast 
 den mhden�zetai gia kanèna x. Ep�sh
 blèpoume eÔkola

ìti h sun�rthsh e�nai suneq 
, w
 sÔnjesh suneq¸n sunart sewn. Tèlo
 gia x ∈ A1 pa�rnei thn tim 

−1, en¸ gi� x ∈ A2 pa�rnei thn tim  +1. Sun�getai ìti ta anoikt� sÔnola U1 = f−1((−∞, 0)) kai
U2 = f−1((0,∞)) e�nai anoikt�, xèna kai perièqoun, ant�stoiqa ta A1, A2, o.e.d.

Sqìlio-1 Ta monosÔnola {x} e�nai kleist� se q¸rou
 Hausdorff. Epomènw
 h idiìthta T4 sunep�-

getai thn T3.

Je¸rhma 3.2.3 (L mma tou Urysohn) Gia k�je zeÔgo
 xènwn kleist¸n uposunìlwn B0, B1 tou fusiolo-

gikoÔ topologikoÔ q¸rou (M, T ), up�rqei suneq 
 sun�rthsh f : M −→ [0, 1] ètsi ¸ste f
∣∣
B0

= 0 kai

f
∣∣
B1

= 1.

Apìdeixh: ([Dug66,σ. 147]) Qrhsimopoi¸nta
 kat> epan�lhyh to je¸rhma 3.2.1, kataskeu�zoume mia

oikogèneia anoikt¸n Ak pou èqei w
 de�kte
 k tou
 rhtoÔ
 arijmoÔ
 tou sunìlou

K = { p

2q
, p, q ∈ N, 0 < p < 2q}.

Thn pr¸th for� efarmìzoume to je¸rhma 3.2.1 kai exasfal�zoume anoiktì A 1
2
ètsi ¸ste

B
0

B
1

A
k

A
m
  m>k

Sq ma 3.2.1: Je¸rhma tou Urysohn

B0 ⊂ A 1
2
⊂ A 1

2
⊂ (B1)

c.

Katìpin to xanaefarmìzoume kai exasfal�zoume anoiktì A 1
4
ètsi ¸ste

B0 ⊂ A 1
4
⊂ A 1

4
⊂ A 1

2
.

Katìpin to xanaefarmìzoume kai exasfal�zoume anoiktì A 3
4
ètsi ¸ste

A 1
2
⊂ A 3

4
⊂ A 3

4
⊂ (B1)

c.

Suneq�zonta
 kat> autìn ton trìpon or�zoume èna arijm simo pl jo
 anoikt¸n Ak me de�kte
 k ∈ K
kai ti
 idiìthte


B0 ⊂ Am ⊂ Am ⊂ An ⊂ (B1)
c, gia m < n, m, n ∈ K.
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To sq ma 3.2.1 d�nei mia entÔpwsh tètoiwn anoikt¸n sunìlwn. Ta bèlh de�qnoun pro
 to eswterikì

tou Ak, to opo�o perilamb�nei p�ntote to B0 kai èqei to B1 sto exwterikì tou. Oi de�kte
 aut¸n

twn anoikt¸n sunìlwn, me ton trìpo pou tou
 kataskeu�zoume, diatrèqoun to K , pou e�nai èna puknì

uposÔnolo tou diast mato
 [0, 1]. Thn sun�rthsh f or�zoume mèsw twn Ak kai thn jèsh tou x w
 pro


aut�:

f(x) = sup{k : x /∈ Ak} kai f(x) = 0 gia x ∈ ∩k∈KAk.

H sun�rthsh aut  èqei ta sÔnora ∂Ak w
 isostajmikè
 f
∣∣
∂Ak

= k. Profan¸
 ep�sh
 f
∣∣
B0

= 0 kai

f
∣∣
B1

= 1. H apìdeixh oloklhr¸netai de�qnonta
 thn sunèqeia th
 f . Pr�gmati, gia x tètoia ¸ste

0 < f(x) < 1 kai ε > 0 èstw m,n ∈ K ètsi ¸ste

f(x)− ε < m < f(x) < n < f(x) + ε.

Apì ton orismì th
 f èpontai oi epìmene
 sqèsei


gia k ∈ K : m < k < f(x) ⇒ x /∈ Ak kai x /∈ Am

x ∈ An ⇒ x ∈ An −Am : anoikt  perioq  tou x

⇒ gia y ∈ An −Am ⇒ m ≤ f(y) ≤ n

⇒ |f(x)− f(y)| < ε.

An�loga, kai k�pw
 eukolìtera, apodeiknÔetai kai h sunèqeia th
 f gia x tètoia ¸ste f(x) = 0  /kai

f(x) = 1, o.e.d.

Sqìlio-2 To di�sthma [0, 1] pou emfan�zetai sto je¸rhma ja mporoÔse na antikatastaje� me opoiod -

pote �llo. E�n mia sun�rthsh f ikanopoie� to je¸rhma tou Urysohn, tìte kai h f ′(x) = (b− a)f(x)+
a, (a < b), ikanopoie� to �dio, elafr� tropopoihmèno je¸rhma, sto opo�o, to to [0, 1] èqei antikatastaje�
me to di�sthma [a, b].

Je¸rhma 3.2.4 (je¸rhma epèktash
 tou Tietze) àstw B kleistì uposÔnolo tou fusiologikoÔ topologi-

koÔ q¸rou (M, T ) kai f : B −→ R suneq 
 sun�rthsh. Tìte up�rqei suneq 
 epèktash F th
 f , dhlad 
suneq 
 F : M → R , ètsi ¸ste F

∣∣
B
= f .

Apìdeixh: ([Boo05]) Kat> arq n upojètoume ìti h f e�nai fragmènh sto B kai b = sup{|f(x)| : x ∈ B}.
Kataskeu�zoume akolouj�a sunart sewn {g0, g1, . . .}, orismènwn se ìlo to M, efarmìzonta
 kat>

epan�lhyh to je¸rhma tou Urysohn. Xekin�me me dÔo kleist� uposÔnola tou B (�ra kai tou M):

E0 = {x ∈ B : f(x) ≤ −b/3} kai Z0 = {x ∈ B : f(x) ≥ b/3}.

àna
 grammikì
 sunduasmì
 mi�
 sun�rthsh
 Urysohngia ta E0, Z0 kai mia
 stajer�
 (de
 sqìlio 2

parap�nw) or�zei mia sun�rthsh g0 : M → R ètsi ¸ste

g0(M) ⊂
[
− b

3
,
b

3

]
, g0

∣∣
E0

= − b

3
, g0

∣∣
Z0
=

b

3
⇒

|f(x)− g0(x)| ≤
2b

3
∀x ∈ B.

Thn �dia diadikas�a epanalmb�noume t¸ra gia thn sun�rthsh f − g0 kai ta

E1 = {x ∈ B : f(x)− g0(x) ≤ −2b

9
} kai Z1 = {x ∈ B : f(x)− g0(x) ≥

2b

9
}.

Kai p�li èna
 grammikì
 sunduasmì
 mi�
 sun�rthsh
 Urysohngia ta E1, Z1 kai mia
 stajer�
 or�zei

mia sun�rthsh g1 : M → R ètsi ¸ste

g1(M) ⊂
[
−2b

9
,
2b

9

]
, g1

∣∣
E1

= −2b

9
, g1

∣∣
Z1
=

2b

9
⇒

|f(x)− g0(x)− g1(x)| ≤
4b

9
∀x ∈ B.
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Suneq�zoume me autìn ton trìpo kai kataskeu�zoume sunart sei
 {g2, g3, ...}, pou ikanopoioÔn

|gn(x)| ≤
2nb

3n+1
kai |f(y)− g0(x) − · · · − gn−1(x)| ≤

2n+1b

3n+1
, ∀ x ∈ B.

Tìte gia ti
 sunart sei


fn = g0 + g1 + · · ·+ gn, gia n ≥ 1 ⇒
|fn(x)− fm(x)| = |gm+1(x) + · · ·+ gn(x)| gia m ≤ n

≤
((

2

3

)m+1

+ · · ·+
(
2

3

)n
)

b

3

≤
(
2

3

)m+1

b.

Sun�getai ìti gia k�je x ∈ M h akolouj�a {fn(x)} e�nai Cauchy, �ra sugkl�nei se arijmì y = F (x) ∈
R. Apì thn teleuta�a anisìthta prokÔptei ep�sh
 eÔkola ìti h F , pou ek kataskeu 
 ikanopoie� to

je¸rhma, e�nai suneq 
 sun�rthsh.

E�n h sun�rthsh f den e�nai fragmènh sto B, tìte, dialègonta
 ènan opoiod pote omoiomorfismì

pou apeikon�zei to R sto [−1, 1], l.q. ton h(x) = x
1+|x| , kai antikajist¸nta
 thn f me thn h◦f , br�skou-

me mia epèktash aut 
 F , tìte h h−1◦F sump�ptei me thn f stoB kai e�nai epèktash aut 
 stoM, o.e.d.

Sqìlio-3 Ta jewr mata twn Urysohnkai Tietzeèqoun pollè
 efarmogè
, dÔo apì ti
 opo�e
 (je¸rhma

5.2.15 kai 7.4.1) ja doÔme parak�tw. Ed¸ a
 anafèroume èna akìmh je¸rhma tou Urysohn([Sim63,
σ. 138]).

Je¸rhma 3.2.5 Gia k�je 2−arijm simo fusiologikì topologikì q¸ro M, up�rqei omoiomorfismì
 me

èna uposÔnolo tou ℓ2. Sunep¸
 o M e�nai metrikopoi simo
.



KEFALAIO4

Sunektikìthta

4.1 Sunektiko� q¸roi

Diaisjhtik�, sunektikì
 e�nai èna
 topologikì
 q¸ro
 pou apotele�tai apì èna

′′
komm�ti

′′
. L.q. dÔo

ep�peda tou R3
pou tèmnontai kat� m�a euje�a, or�zoun èna sunektikì topologikì upìqwro tou R3

.

Ant�jeta dÔo par�llhla ep�peda or�zoun èna mh-sunektikì upìqwro. Ta dÔo

′′
komm�tia

′′
tou, pou

argìtera ja onom�soume

′′
sunektikè
 sunist¸se


′′
e�nai ta dÔo ep�peda.

Orismì
 4.1.1 àna
 topologikì
 q¸ro
 (M, T ) lègetai sunektikì
 ìtan den up�rqoun dÔo mh-ken�

anoikt� A,A′ ∈ T ètsi ¸ste

M = A ∪ A′
kai A ∩ A′ = ∅.

àna uposÔnolo B tou topologikoÔ q¸rou (M, T ) lègetai sunektikì, an e�nai sunektikì
 q¸ro
 w
 pro

thn sqetik  topolog�a, thn eisagìmenh apì to M.

Sqìlio-1 H �rnhsh tou orismoÔ, dhlad  h mh sunektikìthta tou M, isoduname� me thn Ôparxh mia


diamèrish
 tou M me dÔo anoikt�, dhlad  thn Ôparxh mh ken¸n xènwn anoikt¸n A,A′ : A ∪ A′ = M.

TìteAc = A′
kai (A′)c = A, sunep¸
 ta A,A′

ja e�nai tautìqrona kai kleist�. Sumpera�noume amèsw


mia isodÔnamh sunj kh sunektikìthta
.

Pìrisma 4.1.1 àna
 q¸ro
 (M, T ) e�nai sunektikì
 tìte kai mìnon, ìtan ta mìna tautìqrona anoikt�

kai kleist� uposÔnol� tou e�nai to �dio M kai to ∅.

Sto epìmeno je¸rhma d�noume mia �llh �poyh th
 sunektikìthta
. Upeisèrqetai se aut n h ènnoia

th
 topik 
 stajerìthta
 mia
 sun�rthsh
 f : M → M′
, metaxÔ twn topologik¸n q¸rwn (M, T )

kai (M′, T ′). àtsi qarakthr�zetai m�a sun�rthsh f gi� thn opo�a, se k�je shme�o x ∈ M up�rqei

perioq  Ux sthn opo�a h f e�nai stajer . E�nai eÔkolo na doÔme ìti mia topik� stajer  sun�rthsh

e�nai suneq 
.

Je¸rhma 4.1.1 àna
 topologikì
 q¸ro
 (M, T ) e�nai sunektikì
 an kai mìnon an, k�je topik� stajer 

sun�rthsh f : M → M′
se diakritì q¸ro, me dÔo toul�qiston shme�a, e�nai stajer .

Apìdeixh: An upojèsoume thn sunektikìthta tou M kai h f : M → M′
e�nai topik� stajer  all�

ìqi stajer , tìte pa�rnei dÔo toul�qiston timè
 f(x) = y 6= f(x′) = y′. Epeid  se èna diakritì q¸ro,

ìpw
 o M′
ta monosÔnola e�nai anoikt�, èpetai ìti ta A = f−1({y}) kai A′ = ∪y′ 6=yf

−1({y′}) e�nai
xèna mh-ken� anoikt� sÔnola kai A ∪A′ = M, ant�jeta me thn upìjesh.

Ant�strofa, an upojèsoume ìti isqÔei h idiìthta tou jewr mato
 kai tautìqrona upojèsoume ìti to

M den e�nai sunektikì, tìte ja up�rqoun dÔo mh-ken� xèna anoikt� A ∪ A′ = M. Katall goume tìte
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se ant�fash, or�zonta
 thn topik� stajer  sun�rthsh all� mh stajer  f : M → {0, 1} ston diakritì
q¸ro {0, 1} me f(x) = 0, ∀x ∈ A kai f(x) = 1, ∀x ∈ A′

, o.e.d.

Je¸rhma 4.1.2 Mia suneq 
 apeikìnish diathre� thn sunektikìthta. Me �lla lìgia, an f e�nai suneq 


apeikìnish metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′), tìte h eikìna f(M) ⊂ M′
e�nai

sunektikì uposÔnolo tou M′
.

Apìdeixh:Mia apl  apìdeixh g�netai me anagwg  se �topo. Pr�gmati, an upojèsoume ìti to f(M) e�nai
mh sunektikì, tìte ja gr�fetai san ènwsh duo mh ken¸n xènwn anoikt¸n f(M) = A∪A′

. Or�zoume tìte

thn topik� stajer  all� mh stajerh g : f(M) → {0, 1} ston diakritì q¸ro {0, 1} me f(x) = 0, ∀x ∈ A
kai f(x) = 1, ∀x ∈ A′

. H sÔnjesh g ◦ f : M → {0, 1} e�nai kai aut  mia topik� stajer  all� ìqi

stajer  sun�rthsh, pou kat� to prohgoÔmeno je¸rhma qarakthr�zei to M w
 mh-sunektikì, pr�gma

ant�jeto me thn upìjesh, o.e.d.

Je¸rhma 4.1.3 àna
 topologikì
 q¸ro
 (M, T ) e�nai sunektikì
, tìte kai mìnon tìte, ìtan gia k�je

diamèrish tou M se dÔo mh ken� xèna sÔnola A ∪B = M kai A ∩B = ∅ isqÔei

A ∩B 6= ∅   A ∩B 6= ∅.

Apìdeixh: A
 upojèsoume ìti o M e�nai sunektikì
 kai tautìqrona ìti den isqÔei h idiìthta tou jew-

r mato
. Tìte ja up�rqei diamèrish se xèna mh-ken� M = A ∪B kai A ∩B = ∅ kai A ∩B = ∅. Tìte
èqoume sunolik�

A ∩B = ∅ kai A ∪B = M ⇒ A = Bc
kai B = Ac.

A ∩B = ∅ ⇒ A ⊂ Bc
kai B ∩ A = ∅ ⇒ B ⊂ Ac. ⇒

Ac = Ac
kai Bc = Bc

Apì autè
 sun�getai amèsw
 ìti ta A,B e�nai anoikt� kai apoteloÔn diamèrish tou M, ant�jeta me

thn upìjesh.

To ant�strofo e�nai akìmh pio eÔkolo, diìti an isqÔei h sunj kh kai to M e�nai mh-sunektikì,

tìte ja up�rqei diamèrish me sÔnola pou e�nai tautìqrona anoikt� kai kleist� M=A∪B kai sunep¸


A ∩B = A ∩B = ∅ kai B ∩ A = B ∩A = ∅, ant�jeta me thn upìjesh, o.e.d.

Je¸rhma 4.1.4 E�n to uposÔnolo B tou topologikoÔ q¸rou (M, T ) e�nai sunektikì tìte kai k�je u-

posÔnolo B′
pou ikanopoie� thn B ⊂ B′ ⊂ B e�nai sunektikì uposÔnolo tou M. Eidik� to B e�nai

sunektikì.

Apìdeixh: H apìdeixh e�nai profan 
, diìti an to B grafìtan w
 ènwsh anoikt¸n B = A ∪ A′
, ìpou

ta anoikt� e�nai tomè
 A = B ∩A1, A
′ = B ∩A′

1 me A1, A
′
1 ∈ T , tìte ja proèkupte kai diamèrish tou

B. Pr�mgati, tìte ja e�qame, lìgw th
 B′ ⊂ B kai B = (B′ ∩ A1) ∪ (B′ ∩ A′
1) kai oi tomè
 entì
 twn

parenjèsewn ja  tan mh-ken� sÔnola, afoÔ ta anoikt� A1, A
′
1 tèmnoun to B �ra kai to B kaj¸
 kai

to B′ ⊃ B, o.e.d.

Sthn sunèqeia efarmìzoume ta prohgoÔmena jewr mata gia na apode�xoume ìti ta p�sh
 fÔsew
 dia-

st mata tou R e�nai sunektik� sÔnola.

Je¸rhma 4.1.5 To R me thn sun jh topolog�a e�nai sunektikì. To �dio isqÔei kai gia opoiod pote di�-

sthma tou R.

Apìdeixh: ([Arm83, σ. 56]) Efarmìzoume to je¸rhma 4.1.3. àstw R = A ∪ B mia diamèrish tou R me

dÔo xèna mh-ken� uposÔnola kai a ∈ A, b ∈ B. Qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojèsoume

ìti a < b. Or�zetai tìte to

s = sup{x ∈ A : x < b}, to opo�o s ∈ A
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kai up�rqoun dÔo endeqìmena:

(α) s ∈ A ⇒ s < b kai (s, b) ⊂ B ⇒ s ∈ B ⇒ A ∩B 6= ∅.
(β) s /∈ A ⇒ s ∈ B ⇒ A ∩B 6= ∅.

H apìdeixh gia opoiod pote �llo di�sthma e�nai an�logh, o.e.d.

Pìrisma 4.1.2 Ta mìna sunektik� uposÔnola tou R w
 pro
 thn sun jh topolog�a e�nai ta diast mata.

Apìdeixh: To prohgoÔmeno je¸rhma exasfal�zei to ìti ta diast mata e�nai sunektik�. Gia to ant�-

strofo arke� na efarmìsoume thn qarakthristik  idiìthta enì
 diast mato
 I pou ègkeitai sto ìti, me

k�je a, b ∈ I, a < b ⇒ (a, b) ⊂ I . E�n loipìn to sunektikì A ⊂ R den  tan di�sthma, ja up rqan

a, b ∈ A, a < b kai c /∈ A, a < c < b. Tìte, ìmw
, ta anoikt� diast mata B = (−∞, c), B′ = (c,∞) ja
ìrizan diamèrish tou A me mh ken� xèna A = (B ∩ A) ∪ (B′ ∪A), ant�jeta me thn upìjesh, o.e.d.

Sqìlio-2 MporoÔme eÔkola na kataskeu�soume omoiomorfismoÔ
 metaxÔ dÔo opoiwnd pote diasth-

m�twn tou R. Pr�gmati h f(x) = b−a
2 x + a+b

2 e�nai omoiomorfismì
 tou (−1, 1) sto (a, b) kai h

g : R → (−1, 1), g(x) = x
1+|x| omoiomorfismì
 tou (−1, 1) sto R. H sÔnjesh h(a,b) = g ◦ f−1

d�dei

èna omoiomorfismì tou (a, b) sto R. H sÔnjesh h−1
(c,d) ◦ h(a,b) d�dei ènan omoiomorfismì tou (a, b) sto

(c, d). Me an�logo trìpo mporoÔme na kataskeu�soume kai omoiomorfismoÔ
 metaxÔ dÔo diasthm�twn

th
 morf 
 (−∞, a)   (b,∞).

Je¸rhma 4.1.6 Je¸rhma endi�mesh
 tim 
 Gia k�je suneq  apeikìnish f : M → R enì
 sunektikoÔ

topologikoÔ q¸rou (M, T ) sto R me thn sun jh topolog�a, to f(M) e�nai èna di�sthma.

Apìdeixh: To je¸rhma e�nai �mesh sunèpeia tou jewr mato
 4.1.2 kai tou por�smato
 4.1.3. GenikeÔei to

gnwstì apì ton apeirostikì logismì je¸rhma endi�mesh
 tim 
, kat� to opo�o mia suneq 
 apeikìnish

enì
 diast mato
 [a, b] se èna di�sthma [a′ = f(a), b′ = f(b)] lamb�nei k�je endi�mesh timh y ∈ [a′, b′]

a b

f(a)

f(b)

y

x

Sq ma 4.1.1: Je¸rhma endi�mesh
 tim 


(sq ma 4.1.1), o.e.d.

Je¸rhma 4.1.7 Gia k�je oikogèneia sunektik¸n uposunìlwn {Ai, i ∈ I} enì
 topologikoÔ q¸rou (M, T ),
me mh ken  tom  A = ∩i∈IAi 6= ∅, h ènwsh ∪i∈IAi e�nai sunektikì sÔnolo.

Apìdeixh: Pr�gmati, an up rqe mia diamèrish touA′ = ∪i∈IAi me anoikt� mh ken� kai xènaA
′ = B∪B′

,

tìte, lìgw th
 sunektikìthta
 tou, k�je Ai ja èprepe na perièqetai olìklhro se èna apì ta B,B′
l.q.

to B. Tìte kai h tom  A ja peri qeto sto B kai sunep¸
 k�je �llo Aj ja peri qeto kai autì sto B.

Tìte to B′
ja  tan kenì, ant�jeta me thn upìjesh, o.e.d.

Ta

′′
komm�tia

′′
  sunektikè
 sunist¸se
 enì
 topologikoÔ q¸rou (M, T ), or�zontai me thn bo jeia

th
 epìmenh
 sqèsh
 isodunam�a


x ∼ y ⇔ up�rqei sunektikì A ⊂ M me x, y ∈ A.

To ìti aut  h sqèsh e�nai pr�gmati sqèsh isodunam�a
 e�nai tetrimmèno. Oi ant�stoiqe
 kl�sei
 isodu-

nam�a
 aut 
 th
 sqèsh
 or�zoun akrib¸
 ti
 sunektikè
 sunist¸se
 tou M.
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Je¸rhma 4.1.8 Oi kl�sei
 isodunam�a
M th
 sqèsh
∼ e�nai xèna metaxÔ tou
 kleist� sunektik� sÔnola

pou lègontai sunektikè
 sunist¸se
 tou M.

Apìdeixh: An A e�nai mia kl�sh isodunam�a
 kai x ∈ A, tìte gia k�je �llo y ∼ x ja up�rqei sunektikì

Sy ∋ y, x, pr�gma pou sunep�getai ìti kai ìla ta shme�a tou Sy e�nai isodÔnama tou x, �ra Sy ⊂ A kai

sunep¸
 A = ∪y∈ASy e�nai sunektikì, b�sei tou prohgoumènou jewr mato
. To ìti A = A prokÔptei

apì to jewrhma 4.1.4, o.e.d.

Sqìlio-3 E�n o topologikì
 q¸ro
 (M, T ) èqei peperasmèno pl jo
 sunektik¸n sunistws¸n, tì-

te autè
 e�nai tautìqrona kai anoikt� sÔnola, afoÔ ta sumplhr¸mat� tou
 e�nai peperasmène
 en¸sei


(twn upolo�pwn sunistws¸n) kleist¸n. àna
 q¸ro
 ston opo�on oi sunektikè
 sunist¸se
 e�nai shme�a

lègetai olik� mh-sunektikì
. Tètoioi q¸roi, gia par�deigma, e�nai oi diakrito� all� kai to Q kai oi

�rrhtoi R − Q, me thn sqetik  topolog�a thn eisagìmenh apì to R. Olik� mh-sunektikì e�nai ep�sh


to sÔnolo Cantor. Pr�gmati, an mia sunektik  sunist¸sa tou den  tan shmeiak , tìte ja up rqe èna

di�sthma perieqìmeno ex> olokl rou sto sÔnolo Cantor, pr�gma adÔnato (je¸rhma 1.1.10).

Sqìlio-4 Kat� to je¸rhma 4.1.2 èna
 omoiomorfismì
 f metaxÔ twn topologik¸n q¸rwn (M, T ) kai
(M′, T ′) diathre� thn sunektikìthta kai apeikon�zei sunektikè
 sunist¸se
 se ant�stoiqe
 sunektikè


sunist¸se
, epomènw
 oi dÔo omoiìmorfoi q¸roi ja èqoun to �dio pl jo
 sunektik¸n sunistws¸n. Autì

d�nei se merikè
 peript¸sei
 mia �mesh apìdeixh gia to ìti dÔo q¸roi den e�nai omoiìmorfoi. L.q to R
den mpore� na e�nai omoiìmorfo me to Rn

w
 pro
 ti
 sun jei
 topolog�e
. Autì fa�netai afair¸nta


apì to R èna shme�o, l.q. to 0. An up rqe tètoio
 omoiomorfismì
 f : R → Rn
, tìte ja up rqe kai

omoiomorfismì
 tou A = R − {0} sto B = Rn − {f(0)}. ämw
 to A èqei dÔo sunektikè
 sunist¸se


en¸ to B mìno m�a.

Parìmoia, o monadia�o
 kÔklo
 S1 = {(x, y) : x2 + y2 = 1} tou R2
me thn sqetik  topolog�a, den

mpore� na e�nai omoiìmorfo
 touR me thn sun jh topolog�a. Kai ed¸ an, up rqe tètoio
 omoiomorfismì


f kai afairèsoume èna shme�o, l.q. to E = (1, 0), tìte to A = S1−{E} ja prèpei na e�nai omoiìmorfo

me to B = R− f(E). To A ìmw
 e�nai sunektikì, en¸ to B den e�nai.

Je¸rhma 4.1.9 To kartesianì ginìmeno (M, T )= M1 × ...×Mn topologik¸n q¸rwn, efodiasmèno me

thn topolog�a-ginìmeno, einai sunektikì, tìte kai mìnon, ìtan k�je Mi e�nai sunektikì.

Apìdeixh: E�n to ginìmeno e�nai sunektikì, tìte, epeid  k�je probol  pi : M → Mi e�nai suneq 
,

èpetai ìti kai to pi(M) = Mi ja e�nai sunektikì. Gia to ant�strofo qrhsimopoioÔme epagwg  w
 pro


to pl jo
 twn paragìntwn. H �dia mèjodo
 mpore� na qrhsimopoihje� se ìla ta b mata, pou gia dÔo

par�gonte
 M = M×M′
e�nai h ex 
: Dialègoume tuqìn shme�o (x0, y0) kai jewroÔme èna opoiod -

Sq ma 4.1.2: Ginìmeno sunektik¸n e�nai sunektikì

pote �llo shme�o tou (x, y) tou M. Oi

′′
fète


′′ {x0} ×M′
kai M × {y} e�nai sunektik� sÔnola kai

tèmnontai sto (x0, y) (sq ma 4.1.2), �ra h ènws  tou
 e�nai sunektikì (je¸rhma 4.1.7). Autì shma�nei

ìti k�je �llo shme�o (x, y) tou M e�nai sthn �dia sunektik  sunist¸sa me to (x0, y0) kai sunep¸
 to
M èqei m�a kai monadik  sunektik  sunist¸sa, �ra e�nai sunektikì, o.e.d.

Parade�gmata

1. Ta kleist� kouti� tou Rn
. Aut� e�nai ta kartesian� ginìmena

A = [a1, b1]× · · · × [an, bn],
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pou w
 ginìmena sunektik¸n e�nai sunektik� sÔnola. An�loga kai ta anoikt� kouti�, dhlad 

ginìmena anoikt¸n diasthm�twn, e�nai sunektik� sÔnola. Parìmoia kai ta ginìmena hmianoikt¸n

diasthm�twn e�nai sunektik� sÔnola. Eidik�, to �dio to Rn
e�nai sunektikì sÔnolo.

2. Oi anoiktè
 mp�le
 Br(x) ⊂ Rn
. H apeikìnish

y = f(x) =
x

1 + ||x|| , f : Rn −→ B1(0),

e�nai suneq 
 ep�rriyh sthn anoikt  monadia�a mp�la B1(0). To Rn
e�nai sunektikì, �ra kai

h suneq 
 eikìna tou, pou e�nai aut  h mp�la, e�nai sunektikì sÔnolo. EÔkola blèpoume ìti h

mp�la Br(x) e�nai omoiìmorfh th
 B1(0), �ra kai aut  e�nai sunektik . H kleist  mp�la Br(x)
e�nai ep�sh
 sunektik , b�sei tou jewr mato
 4.1.4.

3. Ep�peda tou Rn
. Ta ep�peda Em

diafìrwn diast�sewn 1 ≤ m < n tou Rn
or�zontai mèsw

grammik¸n apeikon�sewn f : Rm −→ Rn
kai stajer¸n dianusm�twn c ∈ Rn

Em = {f(x) + c, gia x ∈ Rm
kai stajerì c ∈ Rn}.

E�nai loipìn eikìne
 sunektikoÔ sunìlou mèsw suneqoÔ
 apeikìnish
 g, pou e�nai h sÔnjesh

g = tc ◦ f th
 f kai th
 tc(x) = x + c. H teleuta�a e�nai mia

′′
metafor�

′′
tou Rn

kat� to

di�nusma c.

4. Parallhlep�peda tou Rn
. Ta di�fora kouti� tou Rm

apeikon�zontai mèsw suneq¸n apeikon�se-

wn g : Rm −→ Rn
, ìpw
 autè
 tou prohgoumènou parade�gmato
, se

′′
eujÔgramma

′′
tm mata kai

genikìtera se

′′
parallhlìgramma

′′
diafìrwn diast�sewn tou Rn

.

Je¸rhma 4.1.10 Gia n > 1, e�n apì to Rn
afairèsoume arijm simo pl jo
 shme�wn, autì pou apomènei

e�nai sunektikì.

Apìdeixh: àstw A to sÔnolo pou apomènei, an afairèsoume èna arijm simo pl jo
 stoiqe�wn tou Rn
.

Dialègoume èna shme�o O ∈ A kai de�qnoume ìti k�je �llo shme�o x ∈ A mpore� na sundeje� me mia te-

jlasmènhOyx, pou e�nai sunektikì sÔnolo kai perièqetai ex olokl rou sto A (sq ma 4.1.3). Pr�gmati,

x

O

y
e

Sq ma 4.1.3: Rn
ektì
 arijm simou pl jou
 shme�wn

s> èna tuqìn shme�o tou eujugr�mmou tm mato
 Ox fèrnoume èna egk�rsio eujÔgrammo tm ma e. K�je
shme�o y ∈ e or�zei mia tejlasmènh Oyx. Up�rqei toul�qiston èna y ∈ e ètsi ¸ste h Oyx na perièqetai

ex olokl rou sto A. ToÔto diìti, diaforetik�, epeid  oi Oyx, gia ta di�fora y ∈ e tèmnontai mìno sta
O, x, ja e�qan me to arijm simo Rn − A èna uperarijm simo pl jo
 koin¸n stoiqe�wn, pr�gma �topo,

o.e.d.

Parade�gmata

5. To sunektikì Rn − Qn
gia n > 1. To sÔnolo Qn ⊂ Rn

e�nai arijm simo, �ra to sumpl rwm�

tou A = Rn −Qn
, gia n > 1, kat� to prohgoÔmeno je¸rhma, ja e�nai sunektikì. Shme�wse ìti h

apìdeixh tou prohgoÔmenou jewr mato
, de�qnei ìti up�rqoun tejlasmène
 metaxÔ dÔo shme�wn

O, x tou A pou den perièqoun kanèna rhtì shme�o, dhlad  shme�o (x, y) me x, y, amfìterou
,
rhtoÔ
 arijmoÔ
.
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6. Oi sfa�re
 Sr(x) ⊂ Rn
. H apeikìnish f : Rn − {0} −→ S1(0) pou or�zetai apì ton tÔpo

f(x) =
x

||x|| , gia x 6= 0,

e�nai suneq 
 ep�rriyh tou sunektikoÔ Rn − {0} sthn monadia�a sfa�ra, �ra aut  e�nai sune-

ktikì sÔnolo. Gia thn tuqoÔsa sfa�ra Sr(x) kataskeu�zoume eÔkola omoiomorfismì pou thn

apeikon�zei sthn S1(0). Sumpera�noume ìti ìle
 oi sfa�re
 e�nai sunektikè
.

7. Oi q¸roi me Norm. àna
 dianusmatikì
 q¸ro
 M me norm e�nai sunektikì
. K�je x ∈ M
en¸netai mèsw tou eujugr�mmou tm mato
 Ox me to O kai o M e�nai ènwsh ìlwn aut¸n twn

tmhm�twn. Genikìtera èna kurtì uposÔnolo enì
 tètoiou dianusmatikoÔ q¸rou e�nai sunektikì.

Kurtì lègetai to sÔnolo A ⊂ M gia to opo�o isqÔei

x, y ∈ A ⇒ to eujÔgrammo tm ma {(1− λ)x+ λ y : λ ∈ [0, 1]} ⊂ A.

ASKHSEIS

�skhsh 4.1.1 De�xe ìti k�je anoiktì tou R e�nai ènwsh, to polÔ, arijm simou pl jou
 xènwn anoikt¸n

diasthm�twn. Sumpèrane ìti k�je kleistì tou R prokÔptei afair¸nta
 apì to R èna, to polÔ arijm simo,

pl jo
 xènwn kleist¸n diasthm�twn.

�skhsh 4.1.2 De�xe ìti to gr�fhma Gf = {(x, f(x)) : x ∈ [0, 1]} mia
 suneqoÔ
 sun�rthsh
 f : [0, 1] →
[0, 1] e�nai sunektikì uposÔnolo tou R2

.

�skhsh 4.1.3 De�xe ìti èna
 q¸ro
 (M, T ) e�nai mh sunektikì
 an up�rqoun dÔo mh ken� uposÔnol� tou

A,B pou ikanopoioÔn m�a apì ti
:

1. A ∩B = ∅ kai A ∪B = M.

2. Ta A,B e�nai kleist� kai A ∩B = ∅ kai A ∪B = M.

3. B = M−A kai ∂A = ∅.
�skhsh 4.1.4 D¸se par�deigma sunektikoÔ sunìlou A tou topologikoÔ q¸rou (M, T ), tou opo�ou ta

Ao
kai ∂A e�nai mh sunektik�.

�skhsh 4.1.5 De�xe ìti k�je suneq 
 apeikìnish f : [0, 1] → [0, 1] èqei stajerì shme�o, dhlad  up�rqei

x0 ∈ [0, 1] me f(x0) = x0.

�skhsh 4.1.6 De�xe ìti m�a 1-1 kai ep� suneq 
 apeikìnish f : R → R e�nai gn sia monìtonh kai w
 ek

toÔtou omoiomorfismì
.

�skhsh 4.1.7 àstw {An, n ∈ N} akolouj�a sunektik¸n uposunìlwn tou q¸rou (M, T ), ètsi ¸ste gi�
k�je n ∈ N na isqÔei An ∩ An+1 6= ∅. De�xe ìti tìte kai h ènwsh ∪n∈NAn e�nai sunektikì sÔnolo.

�skhsh 4.1.8 Ta A,B e�nai mh ken� uposÔnola tou topologikoÔ q¸rou (M, T ) kai toB e�nai sunektikì.

De�xe ìti an to B tèmnei kai to A kai to Ac
, tìte ja tèmnei anagkastik� kai to sÔnoro ∂A.

�skhsh 4.1.9 Je¸rhse ta epìmena uposÔnola tou Rn, n ≥ 2 kai exètase ant�stoiqa thn sunektikìtht�

tou
.

1. To A apoteloÔmeno apì ta x ∈ Rn
me ìle
 suntetagmène
 �rrhte
 (mh sunektikì).

2. To B apoteloÔmeno apì ta x ∈ Rn
me m�a toul�qiston suntetagmènh �rrhth (sunektikì).

3. To C apoteloÔmeno apì ta x ∈ Rn
me m�a toul�qiston suntetagmènh rht  (sunektikì).

�skhsh 4.1.10 Qrhsimopoi¸nta
 ti
 probolè
 stou
 �xone
 suntetagmènwn, de�xe ìti èna mh kenì sune-

ktikì uposÔnolo tou Rn
èqei   mìno èna stoiqe�o   uperarijm simo pl jo
 stoiqe�wn.
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4.2 Sunektikìthta kat� tìxa

Orismì
 4.2.1 Sthn an�lush g�netai eure�a qr sh mia
 isqurìterh
 ènnoia
 sunektikìthta
.

1. Tìxo   drìmo Onom�zoume mia suneq  apeikìnish f : I = [0, 1] −→ M tou diast mato
 I =
[0, 1] ⊂ R ston topologikì q¸ro (M, T ). Ta shme�a f(0) kai f(1) onom�zoume ant�stoiqa arq 

kai tèlo
 tou drìmou.

2. DÔo shme�a tou x, y tou topologikoÔ q¸rou (M, T ) lème ìti sundèontai, ìtan up�rqei drìmo
 f
me f(0) = x kai f(1) = y.

3. Kat� tìxa sunektikì onom�zoume èna uposÔnolo A tou topologikoÔ q¸rou (M, T ), gia to opo�o

dÔo opoiad pote shme�a tou sundèontai me drìmo pou perièqetai stoA, dhlad  drìmo f me f(I) ⊂ A.

Je¸rhma 4.2.1 O topologikì
 q¸ro
 (M, T ) e�nai kat� tìxa sunektikì
, tìte kai mìnon tìte ìtan u-

p�rqei shme�o x0 to opo�o sundèetai me k�je �llo shme�o x tou q¸rou.

x
0

x
1

x
2

Sq ma 4.2.1: Drìmoi apì x0 pro
 ìla ta shme�a

Apìdeixh: E�n o q¸ro
 e�nai kat� tìxa sunektikì
, tìte to je¸rhma profan¸
 ja isqÔei. Ant�strofa an

up�rqei shme�o x0, ìpw
 sto je¸rhma, arke� na de�xoume ìti dÔo opoiad pote shme�a x1, x2 sundèontai.

Pro
 toÔto arke� an p�me apì to x1 p�sw sto x0 kai apì eke� sto x2. An f1, f2 e�nai oi drìmoi

apì to x0 ant�stoiqa, pro
 to x1, x2, tìte èna
 drìmo
 apì to x1 sto x2 d�netai apì thn apeikìnish

f12 : [0, 1] → M:

f12(t) =

{
f1(1− 2t) gia t ∈ [0, 12 ],
f2(2t− 1) gia t ∈ [ 12 , 1].

Je¸rhma 4.2.2 àna
 kat� tìxa sunektikì
 topologikì
 q¸ro
 (M, T ) e�nai kai sunektikì
.

Apìdeixh: K�je drìmo
, w
 eikìna tou sunektikoÔ sunìlou f(I), e�nai sunektikì
. To sumpèrasma tou

jewr mato
 prokÔptei apì to prohgoÔmeno kai to je¸rhma 4.1.7, o.e.d.

Sqìlio-1 äpw
 kai sthn sunektikìthta, ètsi kai sthn sunektikìthta kat� tìxa mporoÔme na or�-

soume ti
 kat� tìxa sunektikè
 sunist¸se
 enì
 topologikoÔ q¸rou (M, T ). ApodeiknÔetai eÔkola ìti

h sqèsh

x ∼ y ⇔ up�rqei drìmo
 sundèwn ta x, y,

e�nai sqèsh isodunam�a
. Oi kl�sei
 isodunam�a
 aut 
 th
 sqèsh
 e�nai oi kat� tìxa sunektikè


sunist¸se
 tou M. Autè
 den sump�ptoun, en gènei, me ti
 aplè
 sunektikè
 sunist¸se
. Wstìso,

w
 sunektik� sÔnola, diamer�zoun ti
 aplè
 sunektikè
 sunist¸se
 se xèna uposÔnola. To sq ma

4.2.2 de�qnei èna sunektikì topologikì q¸ro, pou den e�nai kat� tìxa sunektikì
. Apotele�tai apì èna

komm�ti (uposÔnolo) A tou graf mato
 th
 sun�rthsh
 g(t) = k hm( 1x) kai to tm ma B tou y−�xona

{(0, y) : y ∈ [−k, k]}. To tm ma tou graf mato
 th
 g e�nai autì pou or�zetai sto di�sthma (0, 6].
To A ∪ B e�nai sunektikì. Pr�gmati, blèpoume eÔkola ìti isqÔei A = A ∪ B kai to sumpèrasma

prokÔptei apì to je¸rhma 4.1.4, afoÔ to A w
 eikìna enì
 diast mato
 mèsw suneqoÔ
 apeikìnish


e�nai sunektikì.

Wstìso to sÔnolo A ∪B den e�nai kat� tìxa sunektikì. An  tan, ja up rqe drìmo
 f metaxÔ twn

shme�wn (0, 0) kai (1/π, 0). ämw
 gi� 1
2 ≥ ε > 0 den up�rqei δ > 0 ètsi ¸ste

f([0, δ)) ⊂ (A ∪B) ∩Bε((0, 0)),
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Sq ma 4.2.2: Kat� tìxa sunektikì
 q¸ro


k�ti pou ja èprepe na sumba�nei gia mia f suneq  sto shme�o 0 ∈ [0, 1]. Ed¸ Bε((0, 0)) sumbol�zei, w

sun jw
, thn mp�la gÔrw apì to (0, 0). H topolog�a tou A∪B e�nai h sqetik , eisagìmenh apì to R2

.

Kat� to je¸rhma 4.1.4, e�n up rqe tètoia f , tìte oi sunjèsei
 th
 me ti
 probolè
 p1 ◦ f, p2 ◦ f stou


x kai y �xone
 ant�stoiqa, ja  tan ep�sh
 suneqe�
. Autì ja e�qe san sunèpeia to (p1 ◦ f)([0, δ)) na
perilamb�nei �peira shme�a th
 morf 


1
kπ , sta opo�a h g lamb�nei ti
 timè
 ±1 /∈ (−ε, ε).

Sqìlio-2 To prohgoÔmeno par�deigma, se ant�jesh me thn idiìthta th
 apl 
 sunektikìthta
 (je¸-

rhma 4.1.4), de�qnei ìti kat� tìxa sunektik� sÔnola A mpore� na èqoun kleist  j kh A pou den e�nai

kat� tìxa sunektik .

Je¸rhma 4.2.3 Oi epìmene
 dÔo idiìthte
 enì
 topologikoÔ q¸rou (M, T ) e�nai isodÔname
.

1. K�je kat� tìxa sunektik  sunist¸sa tou M e�nai anoikt  (kai epomènw
 kai kleist ).

2. K�je shme�o tou M èqei mia kat� tìxa sunektik  perioq .

Apìdeixh: H (1) sunep�getai profan¸
 thn (2), afoÔ san perioq  tou shme�ou mporoÔme na p�roume

to �dio to M. Ant�strofa, èstw x shme�o mia
 sunektik 
 sunist¸sa
 N tou M kai Ux mia kat� tìxa

anoikt  perioq  tou x. Tìte h Ux e�nai sunektik  kai to N ∪ Ux ep�sh
 sunektikì. Epeid  to N e�nai

mègisto sunektikì, h Ux ja perièqetai s> autì, o.e.d.

Je¸rhma 4.2.4 O topologikì
 q¸ro
 (M, T ) e�nai kat� tìxa sunektikì
, tìte kai mìnon tìte, ìtan e�nai

sunektikì
 kai k�je shme�o tou èqei mia kat� tìxa sunektik  perioq .

Apìdeixh: E�n e�nai kat� tìxa sunektikì
, to sumpèrasma prokÔptei apì to prohgoÔmeno je¸rhma.

Ant�strofa, e�n e�nai sunektikì
 kai k�je shme�o tou èqei mia kat� tìxa sunektik  perioq , tìte, kat�

to prohgoÔmeno je¸rhma, mia kat� tìxa sunektik  sunist¸sa tou ja e�nai tautìqrona anoikt  kai

kleist . Se sunektikì q¸ro, ìmw
, mìno o �dio
 q¸ro
 èqei aut  thn idiìthta (ektì
 tou kenoÔ), o.e.d.

Pìrisma 4.2.1 àna anoiktì sÔnolo A tou Rn
me thn sun jh topolog�a   tou Sn−1

e�nai sunektikì, an

kai mìnon an e�nai kat� tìxa sunektikì.

Apìdeixh: Pr�gmati, an to anoiktì A e�nai sunektikì, epeid  k�je shme�o tou x èqei mia mp�la Bε(x)
(  tom  mia
 tètoia
 mp�la
 me to Sn−1

sthn per�ptwsh th
 sfa�ra
) pou perièqetai sto A kai h mp�-

la e�nai kat� tìxa sunektik , sun�getai, kat� to prohgoÔmeno je¸rhma, ìti to A ja e�nai kat� tìxa

sunektikì. To ant�strofo e�nai profanè
, o.e.d.

ASKHSEIS

�skhsh 4.2.1 De�xe ìti èna anoiktì uposÔnolo tou Rn
èqei to polÔ arijm sime
 to pl jo
 sunektikè


sunist¸se
. D¸se par�deigma kleistoÔ uposunìlou tou Rn
, to opo�o na mhn èqei thn prohgoÔmenh idiìthta.



KEFALAIO5

Sump�geia

5.1 Sumpage�
 q¸roi

Orismì
 5.1.1 Estw to uposÔnolo A tou sunìlou M kai {Ai, i ∈ I} oikogèneia uposunìlwn tou M.

1. Lème ìti h oikogèneia {Ai, i ∈ I} kalÔptei to A   e�nai mia k�luyh tou A, ìtan ∪i∈IAi ⊃ A.

2. Mia upok�luyh aut 
 th
 k�luyh
 gia to A or�zetai apì èna uposÔnolo J ⊂ I , gia to opo�o

exakolouje� na isqÔei ∪i∈JAi ⊃ A.

3. Mia peperasmènh upok�luyh tou A e�nai mia upok�luyh gia thn opo�a to J e�nai peperasmèno

sÔnolo.

4. àna uposÔnolo A tou topologikoÔ q¸rou (M, T ) lègetai sumpagè
 ìtan gia k�je anoikt  k�luyh

tou A dhlad  k�luyh gia thn opo�a ta Ai e�nai anoikt�: ∪i∈IAi ⊃ A, up�rqei mia peperasmènh

upok�luyh Ai1 ∪ · · · ∪ Ain ⊃ A tou A.

5. O topologikì
 q¸ro
 (M, T ) lègetai sumpag 
 ìtan to A = M e�nai sumpagè
.

Je¸rhma 5.1.1 H jemeli¸dh
 sqèsh metaxÔ sumpag¸n kai kleist¸n sunìlwn perigr�fetai apì ti
 idiì-

thte
:

1. àna kleistì uposÔnolo A enì
 sumpagoÔ
 topologikoÔ q¸rou (M, T ) e�nai sumpagè
.

2. àna sumpagè
 uposÔnolo enì
 q¸rou Hausdorffe�nai kleistì.

Apìdeixh: Gia to (1), èstw {Ai, i ∈ I} mia anoikt  k�luyh tou A, tìte, episun�ptonta
 sthn k�luyh

aut  to anoiktì Ac
pa�rnoume mia anoikt  k�luyh tou M. Lìgw th
 sump�geia
 tou M, ja up�rqei

peperasmènh upok�luyh autoÔ

Ai1 ∪ · · · ∪ Ain ∪ Ac = M.

Epeid  A ⊂ Ai1 ∪ · · · ∪ Ain , sun�getai ìti up�rqei peperasmènh upok�luyh tou A, �ra toÔto e�nai

sumpagè
.

Gia to (2) a
 upojèsoume ìti to A e�nai sumpagè
 tou q¸rou Hausdorff(M, T ) kai x /∈ A. Tìte
gia k�je y ∈ A up�rqoun xène
 anoiktè
 perioqè
 Ux, Uy , ant�stoiqa, twn x kai y. Oi {Uy, y ∈ A}
kalÔptoun to A, �ra ja up�rqoun peperasmène
 to pl jo
 ex aut¸n, pou ep�sh
 ja kalÔptoun to

A : Uy1
∪ · · · ∪ Uyn

⊃ A. Tìte h tom  twn antisto�qwn Uxi
: U = Ux1

∩ · · · ∩ Uxn
e�nai mia perioq 

pou den tèmnei thn Uy1
∪ · · · ∪ Uyn

⊃ A kai epomènw
 perièqetai olìklhrh sto sumpl rwma Ac
, pou

me autì ton trìpo apodeiknÔetai anoiktì, �ra to A kleistì, o.e.d.
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Sqìlio-1 To epiqe�rhma th
 apìdeixh
 de�qnei, ìti gia q¸rou
 Hausdorff(M, T ), èna sumpagè
 A ⊂ M
kai èna shme�o x /∈ A diaqwr�zontai, dhlad  up�rqoun xèna anoikt� U ⊃ A kai U ′ ∋ x. Sto ex 
 ja

upojètoume p�ntote ìti o topologikì
 q¸ro
 (M, T ) e�nai Hausdorff.

Pìrisma 5.1.1 H tom  ∩i∈IAi oswnd pote sumpag¸n sunìlwn {Ai, i ∈ I} enì
 topologikoÔ q¸rou e�nai
sumpagè
. H ènwsh enì
 peperasmènou pl jou
 sumpag¸n e�nai sumpagè
 sÔnolo.

Apìdeixh: H tom  ∩i∈IAi ⊂ Ak gia k�je k ∈ I e�nai kleistì uposÔnolo sumpagoÔ
, o.e.d.

Pìrisma 5.1.2 àna
 topologikì
 q¸ro
 (M, T ) e�nai sumpag 
, tìte kai mìnon, ìtan k�je oikogèneia

kleist¸n uposunìlwn tou me ken  tom  èqei peperasmènh upooikogèneia me ep�sh
 ken  tom .

Apìdeixh: ProkÔptei �mesa apì ton orismì th
 sump�geia
 pa�rnonta
 ta sumplhr¸mata twn kleist¸n,

o.e.d.

Sqìlio-2 To teleuta�o pìrisma e�nai logik� isodÔnamo me to epìmeno, pou qrhsimopoie� thn ènnoia

th
 idiìthta
 peperasmènh
 tom 
 mi�
 oikogèneia
. Lème ìti m�a oikogèneia uposunìlwn tou sunìlou

M èqei aut  thn idiìthta, ìtan k�je peperasmènh upooikogènei� th
 èqei mh-ken  tom . To prohgoÔmeno

pìrisma loipìn e�nai logik� isodÔnamo me to epìmeno.

Pìrisma 5.1.3 àna
 topologikì
 q¸ro
 e�nai sumpag 
, ìtan k�je oikogèneia kleist¸n tou {Ai, i ∈ I},
pou èqei thn idiìthta th
 peperasmènh
 tom 
 èqei mh ken  tom  ∩i∈IAi 6= ∅.

Je¸rhma 5.1.2 E�n f e�nai suneq 
 apeikìnish metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′),
tìte h eikìna B = f(A) enì
 sumpagoÔ
 uposunìlou tou M e�nai sumpagè
 uposÔnolo tou M′

.

Apìdeixh: Pr�gmati, an {Bi, i ∈ I} e�nai mia k�luyh tou B me anoikt�, tìte, lìgw th
 sunèqeia


th
 f h {f−1(Bi), i ∈ I} ja e�nai k�luyh tou A me anoikt� kai lìgw th
 sump�gei�
 tou ja up�rqei

peperasmènh upok�luyh

A ⊂ f−1(Bi1) ∪ · · · ∪ f−1(Bin) ⇒ B ⊂ Bi1 ∪ · · · ∪Bin ,

e�nai ep�sh
 k�luyh tou B, o.e.d.

Je¸rhma 5.1.3 E�n o topologikì
 q¸ro
 (M, T ) e�nai sumpag 
 kai o (M′, T ′) e�nai Hausdorff, tìte
mia suneq 
 apeikìnish tou M ston M′

e�nai kai kleist . E�n h f e�nai suneq 
 1− 1 kai ep�, tìte e�nai

omoiomorfismì
.

Apìdeixh: O pr¸to
 isqurismì
 prokÔptei apì to je¸rhma 5.1.1 kai to prohgoÔmeno je¸rhma, afoÔ

èna kleistì A tou sumpagoÔ
 M e�nai kai autì sumpagè
 kai ja apeikon�zetai se sumpagè
 f(A) tou
q¸rou Hausdorff, �ra kleistì. O deÔtero
 isqurismì
 e�nai sunèpeia tou pr¸tou, o.e.d.

Je¸rhma 5.1.4 E�n o topologikì
 q¸ro
 (M′, T ′) e�nai sumpag 
 kai o M×M′
e�nai efodiasmèno


me thn topolog�a-ginìmeno, tìte h sun�rthsh probol 
 p : M×M′ → M e�nai kleist .

Apìdeixh: De�qnoume ìti an A ⊂ M×M′
e�nai kleistì tìte to p(A) ⊂ M e�nai kleistì   isodÔnama

to U = p(A)c e�nai anoiktì. Pr�gmati, an x ∈ U , tìte to {x} × M′
den tèmnei to A. Tìte epeid 

M'

M

A

 p(A)

x

{x} XM'

Sq ma 5.1.1: ({x} ×M′) ∩ A = ∅
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to Ac
e�nai anoiktì, gi� k�je shme�o y ∈ M′

up�rqei perioq  Ux × Vy tou (x, y) pou ep�sh
 den

tèmnei to A. Ta Vy apoteloÔn k�luyh touM′
, �ra up�rqei, lìgw sump�geia
, peperasmènh upok�luyh

Vy1
∪ · · · ∪Vyn

⊃ M′
. H tom  twn ant�stoiqwn Uxi

: U ′ = ∩iUxi
e�nai mia perioq  tou x kai perièqetai

sto U , o.e.d.

Je¸rhma 5.1.5 E�n o topologikì
 q¸ro
 (M′, T ′) e�nai sumpag 
, o M× M′
e�nai efodiasmèno
 me

thn topolog�a-ginìmeno, A ⊂ M e�nai tuqìn uposÔnolo kai U ⊃ A × M′
e�nai anoiktì, tìte up�rqei

anoiktì V ⊃ A ètsi ¸ste V ×M′ ⊂ U .

Apìdeixh: H apìdeixh e�nai sunèpeia tou prohgoÔmenou jewr mato
 kai tou jewr mato
 1.2.12. To

je¸rhma anafèretai suqn� w
 je¸rhma Ôparxh
 kulindrik 
 perioq 
, dhlad  perioq 
 tou A×M′

th
 morf 
 V ×M′
, perieqìmenh
 se tuqoÔsa perioq  tou U tou A×M′

, o.e.d.

O

G
f

M'

M

U XM' U

Sq ma 5.1.2: Mh-Ôparxh kulindrik 
 perioq 
 U ×M′ ⊃ {0} ×M′

Sqìlio-3 To ìti den up�rqei tètoia kulindrik  perioq , an to M′
den e�nai sumpagè
, fa�netai me to

aplì par�deigma tou sq mato
 5.1.2, ìpou to rìlo tou A pa�zei to (kleistì) gr�fhma th
 sun�rthsh


x = 1
1+y2 . To 0 /∈ p(A) all� 0 ∈ p(A) kai den up�rqei anoiktì U ⊂ M me U ∩ p(A) = ∅.

Je¸rhma 5.1.6 To ginìmeno M = M1 × ... × Mn me thn topolog�a ginìmeno e�nai sumpagè
, an kai

mìnon an, k�je Mi e�nai sumpag 
 q¸ro
.

Apìdeixh: ([Mun75, σ. 167]) An o M e�nai sumpag 
, tìte, epeid  h probol  pi : M → Mi e�nai

suneq 
, to Mi = pi(M) ja e�nai sumpagè
 (je¸rhma 5.1.2).

Gia to ant�strofo qrhsimopoioÔme epagwg  w
 pro
 to pl jo
 twn paragìntwn tou ginomènou.

To shmantikì b ma e�nai to pr¸to, gia dÔo par�gonte
. Upojètoume loipìn ìti oi M kai M′
e�nai

sumpage�
 q¸roi kai de�qnoume ìti kai to ginìmenì tou
 e�nai sumpag 
 q¸ro
. àstw ìti {Ai, i ∈ I}
e�nai m�a anoikt  k�luyh tou ginomènou. Gia k�je x ∈ M to {x}×M′

e�nai sumpagè
 (w
 omoiìmorfo

tou M′
), sunep¸
 kalÔptetai apì peperasmèna

{x} ×M′ ⊂ Ai1 ∪ · · · ∪ Ain .

Tìte, kat� to je¸rhma 5.1.5, ja up�rqei kulindrik  perioq  tou {x} × M′
th
 morf 
 Ux × M′

perieqìmenh sth prohgoÔmenh:

{x} ×M′ ⊂ Ux ×M′ ⊂ Ai1 ∪ · · · ∪ Ain .

H diadikas�a aut  or�zei èna anoiktì Ux ⊂ M gi� k�je x ∈M. Lìgw th
 sump�geia
 touM, prokÔptei

k�luy  tou apì peperasmèna Ux1
, ..., Uxm

, ètsi ¸ste ta ant�stoiqa Uxj
× M′

na kalÔptontai apì

peperasmèna to pl jo
 A
(j)
ik

, ta opo�a or�zoun kai mia peperasmènh upok�luyh th
 {Ai, i ∈ I}, o.e.d.

Je¸rhma 5.1.7 àna
 sumpag 
 q¸ro
 tou Hausdorff(M, T ) e�nai fusiologikì
 (T4) (�ra kai kanonikì


T3).

Apìdeixh: An A,B e�nai dÔo xèna kleist� tou M, de�qnoume ìti up�rqoun xèna anoikt� sÔnola U ⊃
A, V ⊃ B. Pr�gmati, èstw x ∈ A kai y ∈ B. Af noume to x stajerì kai metab�lloume to y dialè-

gonta
 xène
 perioqè
 Ux ∋ x, Vy ∋ y. Tìte B ⊂ ∪Vy kai lìgw sump�geia
 ja up�rqoun peperasmèna

{yi} kai ant�stoiqe
 perioqè
 {Ui} tou x, ètsi ¸ste B ⊂ ∪Vyi
. Pa�rnoume ti
 anoiktè
 xène
 perio-

qè
 Wx = ∩Ui tou x kai Yx = ∪Vyi
tou B. Epanalamb�noume thn diadikas�a gi� k�je x ∈ A kai
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kataskeu�zoume �nt�stoiqe
 perioqè
 Wx, Yx twn x,B. Lìgw th
 sump�geia
 tou A ja up�rqoun pepe-

rasmèna {xi} me ∪Wxi
⊃ A. Tìte h tom  twn antisto�qwn Yxi

kai oi Wxi
or�zoun perioqè
 U = ∪Wxi

kai V = ∩Yxi
pou diaqwr�zoun ta A,B, o.e.d.

ASKHSEIS

�skhsh 5.1.1 Bre
 mia anoikt  k�luyh tou R gia thn opo�a den up�rqei peperasmènh upok�luyh.

�skhsh 5.1.2 De�xe ìti den up�rqei suneq 
 1-1 kai ep� apeikìnish tou monadia�ou kÔklou S1
se k�poio

uposÔnolo tou R.

�skhsh 5.1.3 De�xe ìti an k�je fragmèno kai kleistì sÔnolo enì
 metrikoÔ q¸rou (M, d) e�nai sumpagè
,
tìte o metrikì
 q¸ro
 e�nai pl rh
.

�skhsh 5.1.4 DiatÔpwse mia anagka�a kai ikan  sunj kh gia thn akolouj�a {xn, n ∈ N} tou topologi-

koÔ q¸rou (M, T ), ¸ste to sÔnolo twn shme�wn th
 na e�nai sumpagè
.

�skhsh 5.1.5 àstw (M, T ) topologikì
 q¸ro
 me �peira shme�a, ston opo�o ta anoikt� e�nai ta sum-

plhr¸mata peperasmènwn uposunìlwn tou M. De�xe ìti o q¸ro
 autì
 e�nai sumpag 
. De�xe ep�sh
 ìti

se autìn ton topologikì q¸ro, k�je sÔnolo me �peiro pl jo
 stoiqe�wn e�nai puknì. Sumpèrane ìti o

q¸ro
 e�nai ep�sh
 diaqwr�simo
.

�skhsh 5.1.6 De�xe ìti èna
 diakritì
 topologikì
 q¸ro
 e�nai sumpag 
 tìte kai mìnon, ìtan apotele�tai

apì peperasmèna shme�a.

�skhsh 5.1.7 De�xe ìti ta mìna mh ken� sunektik� kai sumpag  uposÔnola tou R e�nai ta monosÔnola

kai ta kleist� diast mata.

�skhsh 5.1.8 De�xe ìti se k�je sumpag  topologikì q¸ro me �peiro pl jo
 stoiqe�wn up�rqei èna mh

kleistì arijm simo uposÔnolo.

�skhsh 5.1.9 De�xe ìti gia dÔo xèna kai sumpag  uposÔnola A,B tou q¸rou tou Hausdorff(M, T ),
up�rqoun p�nta dÔo xèna anoikt� pou ta diaqwr�zoun: U ⊃ A, V ⊃ B.

�skhsh 5.1.10 àstw ìti h suneq 
 apeikìnish f metaxÔ twn topologik¸n q¸rwn e�nai kleist  kai èqei

thn idiìthta: gia k�je x ∈ M′
to sÔnolo Kx = f−1({x}) na e�nai sumpagè
. De�xe ìti tìte gia k�je

sumpagè
 B ⊂ M′
to f−1(B) e�nai sumpagè
 tou M.

�skhsh 5.1.11 àstw f mia suneq 
 apeikìnish metaxÔ twn topologik¸n q¸rwn (M, T ) kai (M′, T ′).
E�n oM e�nai sumpag 
 kai {B1 ⊃ B2,⊃ . . .} e�nai m�a fj�nousa akolouj�a sumpag¸n touM, de�xe ìti

f(∩iBi) = ∩if(Bi).

�skhsh 5.1.12 àstw f mia suneq 
 apeikìnish tou sumpagoÔ
 topologikoÔ q¸rou (M, T ) ston eautì

tou. De�xe ìti up�rqei mh kenì kleistì uposÔnolo A tou M me thn idiìthta f(A) = A.
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5.2 Sump�geia kai metriko� q¸roi

Stou
 metrikoÔ
 q¸rou
 h sump�geia mpore� na diatupwje� me di�forou
 aploÔ
 trìpou
, ìpw
 auto�

pou perigr�fontai parak�tw. Idia�tero rìlo pa�zoun oi akolouj�e
 kai ta fragmèna uposÔnola A ⊂
M tou metrikoÔ q¸rou (M, d), dhlad  eke�na gia ta opo�a to

δ = sup{d(x, y) : x, y ∈ A} < ∞.

To δ lègetai tìte di�metro
 tou sunìlou A.

Orismì
 5.2.1 Oi epìmene
 ènnoie
 e�nai sten� sundedemène
 me thn ènnoia th
 sump�geia
 se èna metrikì

q¸ro.

1. Lème ìti o topologikì
 q¸ro
 (M, T ) èqei thn idiìthta Bolzano-Weierstrass (sÔntoma BW), ìtan

k�je sÔnolo me �peira stoiqe�a èqei èna toul�qiston shme�o suss¸reush
.

2. Lème ìti o metrikì
 q¸ro
 (M, d) e�nai akoloujiak� sumpag 
, ìtan k�je akolouj�a èqei sugkl�-
nousa upakolouj�a.

3. Lème ìti o metrikì
 q¸ro
 e�nai olik� fragmèno
, ìtan gi� k�je ε > 0 up�rqei peperasmèno pl jo

apì mp�le
 Bε(xi) pou kalÔptoun to q¸ro Bε(x1) ∪ · · · ∪Bε(xn) ⊃ M.

4. Onom�zoume arijmì Legesque mi�
 k�luyh
 {Ai, i ∈ I} tou metrikoÔ q¸rou (M, d), ènan arijmì
δ ètsi ¸ste k�je uposÔnolo A ⊂ M diamètrou mikrìterh
 tou δ na perièqetai se èna toul�qiston

Ai.

5. Lème omoiìmorfa suneq  mia apeikìnish f metaxÔ twn topologik¸n q¸rwn (M, d) kai (M′, d′),
ìtan gi� k�je ε > 0 up�rqei δ(ε) ètsi wste gia k�je x, y ∈ M me d(x, y) < δ na isqÔei

d′(f(x), f(y)) < ε.

Je¸rhma 5.2.1 àna
 metrikì
 q¸ro
 (M, d) e�nai olik� fragmèno
, an kai mìnon an gia k�je ε > 0
up�rqoun peperasmèna to pl jo
 uposÔnola {A1, . . . , Ak} diamètrou < ε pou kalÔptoun to M.

Apìdeixh: An o M e�nai olik� fragmèno
, tìte gia ε = 2ε′ ja kalÔptetai apì peperasmène
 to pl jo


mp�le
 akt�na
 ε′, pou e�nai sÔnola me di�metro < ε. Ant�strofa, an gia ε = 2ε′ > 0 kalÔptetai apì

peperasmèna to pl jo
 sÔnola {Ai} diamètrou < ε′, tìte dialègonta
 èna xi ∈ Ai, ja kalÔptetai apì

ti
 mp�le
 Bε(xi), o.e.d.

Je¸rhma 5.2.2 K�je olik� fragmèno
 metrikì
 q¸ro
 e�nai fragmèno
. To ant�strofo den isqÔei en gènei.

Apìdeixh: An o metrikì
 q¸ro
 (M, d) e�nai olik� fragmèno
 kai x, y ∈M, tìte up�rqoun peperasmèna

{xi, i = 1, ..., n}, twn opo�wn oi ant�stoiqe
 mp�le
 akt�na
 1 kalÔptoun to q¸ro. To x ja perièqetai

se mia tètoia mp�la kèntrou xs kai to y se mia mp�la kèntrou xt. Sun�getai ìti h apìstash twn x, y
ja fr�ssetai

d(x, y) ≤ d(x, xs) + d(xs, xt) + d(xt, y) < 2 + max
s,t

(d(xs, xt)).

Gia to ìti den isqÔei to ant�strofo arke� èna (anti) par�deigma. JewroÔme loipìn thn monadia�a

sfa�ra tou ℓ∞, pou apotele�tai apì ti
 fragmène
 apolÔtw
 akolouj�e
 x = {xn} kai e�nai dia-

nusmatikì
 q¸ro
 me norm thn ||x||∞ = supn |xn|. H akolouj�e
 ei = {0, . . . , 1, . . .} me 1 sthn i
jèsh kai ìle
 ti
 �lle
 jèsei
 0, èqoun ||ei||∞ = 1 kai sunep¸
 perièqontai sthn monadia�a sfa�-

ra S = {x ∈ ℓ∞ : ||x||∞ = 1}, pou e�nai fragmèno sÔnolo. Ep�sh
 h apìstash metaxÔ tou


||ei − ej ||∞ = 1. Wstìso, mp�le
 me kèntra se shme�a th
 S kai akt�na ε < 1
2 perièqoun, èkasth,

to polÔ èna ei, kai sunep¸
 den eparke� èna peperasmèno pl jo
 tou
 gia na kalÔyoun to sÔnolo S,
pr�gma pou de�qnei ìti h S den e�nai olik� fragmènh, o.e.d.

Je¸rhma 5.2.3 O metrikì
 q¸ro
 (M, d) e�nai sumpag 
, tìte kai mìnon tìte, ìtan e�nai pl rh
 kai

olik� fragmèno
.
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Apìdeixh: àstw ìti o q¸ro
 e�nai sumpag 
 kai èstw ìti h akolouj�a {xn} e�nai Cauchyall� den sug-

kl�nei. Ja de�xoume ìti autì odhge� se �topo. Dialègonta
, endeqomènw
, mia upakolouj�a, mporoÔme,

qwr�
 bl�bh th
 genikìthta
 na upojèsoume ìti h akolouj�a apotele�tai apì diaforetikoÔ
 an� dÔo

ìrou
. Tìte ta sÔnola

Am = M− (∪∞
i=m{xi})

e�nai anoikt� kai apoteloÔn k�luyh touM, qwr�
 wstìso na up�rqei peperasmènh upok�luyh, pr�gma

�topo. Autì de�qnei ìti o q¸ro
 e�nai pl rh
. To ìti e�nai olik� fragmèno
 prokÔptei èp�sh
 eÔkola.

Pr�gmati, an o M e�nai sumpag 
 kai ε > 0 tìte oi mp�le
 akt�na
 ε gÔrw apì k�je shme�o kalÔptoun

ìlo to q¸ro. �ra ja up�rqei peperasmèno pl jo
 apì autè
 pou ep�sh
 kalÔptei ton q¸ro.

Gia to ant�strofo, ja jewr soume ìti o M e�nai pl rh
 kai olik� fragmèno
 all� èqei k�luyh me

anoikt� {Ai, i ∈ I}, pou den epidèqetai peperasmènh upok�luyh. Ja de�xoume ìti autì odhge� se �topo.
Pro
 toÔto a
 onom�zoume meg�lo èna uposÔnolo N tou M pou den kalÔptetai apì peperasmèna to

pl jo
 Ai th
 k�luyh
. E�nai profanè
 ìti an to N e�nai meg�lo kai tautìqrona e�nai ènwsh

N = N1 ∪ · · · ∪Nk,

peperasmènou pl jou
 Ni, tìte k�poio apì ta Ni ja e�nai ep�sh
 meg�lo. Kat� thn upìjesh to M
e�nai ènwsh mpal¸n me akt�na

1
2 , �ra k�poia apì autè
, a
 poÔme h B 1

2
(x1) ja e�nai meg�lh. Me to

�dio epiqe�rhma, h B 1
2
(x1) ja kalÔptetai apì peperasmèno pl jo
 mpal¸n me akt�na

1
4 , �ra ja up�rqei

mia tètoia mp�la, a
 poÔme B 1
4
(x2) pou ja e�nai ep�sh
 meg�lh. Suneq�zoume kat> autìn ton trìpo

kataskeu�zonta
 mia akolouj�a apì meg�le
 mp�le


B 1
2
(x1), B 1

22
(x2), . . . , B 1

2k
(xk), . . . ,

pou, lìgw tou trìpou kataskeu 
 tou
 ikanopoioÔn ti


B 1

2k
(xk) ∩ B 1

2k+1
(xk+1) 6= ∅ kai d(xk, xk+1) <

1

2k−1
.

ProkÔptei �mesa ìti h akolouj�a {xk} e�nai akolouj�a Cauchy, �ra sugkl�nei se k�poio shme�o x ∈
M. To shme�o autì ja perièqetai se k�poio Ai kai epomènw
 ja up�rqei mp�la me akt�na ε > 0, ep�sh

perieqìmenh sto Ai. A
 p�roume tìte ènan ìro th
 akolouj�a
 xn me d(x, xn) <

ε
2 kai n : 2−n < ε

2 .

Tìte

gia k�je y ∈ B 1
2n
(xn) ⇒ d(y, x) ≤ d(y, xn) + d(xn, x) <

ε

2
+

ε

2
= ε.

�ra h meg�lh mp�la B 1
2n
(xn) perièqetai se èna kai mìno Ai, pr�gma �topo, o.e.d.

Je¸rhma 5.2.4 Ston Rn
me thn sun jh metrik  oi ènnoie
 tou fragmènou kai olik� fragmènou sunìlou

e�nai isodÔname
. àna sÔnoloA ⊂ Rn
e�nai sumpagè
, tìte kai mìnon tìte, ìtan e�nai kleistì kai fragmèno.

Apìdeixh: To ìti to olik� fragmèno A e�nai kai fragmèno apode�qthke sto je¸rhma 5.2.2. To ìti k�je

fragmèno A ⊂ Rn
e�nai kai olik� fragmèno apodeiknÔetai me thn epexergas�a tou sq mato
 5.2.1, pou

de�qnei ìti an doje� mia mp�la Br akt�na
 r > 0 kai èna ε > 0, tìte h Br kalÔptetai apì peperasmèno

pl jo
 mpal¸n akt�na
 ε. K�je fragmèno A ⊂ Rn
mpore� na kalufje� apì m�a epark¸
 meg�lh mp�la

Br, h opo�a me th seir� th
 kalÔptetai apì peperasmèno pl jo
 mpal¸n opoiasd pote akt�na
 ε > 0.
O deÔtero
 isqurismì
 tou jewr mato
, pou suqn� anafèretai w
 je¸rhma twn Heine, Borel, pro-

kÔptei apì to je¸rhma 5.2.3 kai ton pr¸to isqurismì, se sunduasmì me to je¸rhma 5.2.3, o.e.d.

Je¸rhma 5.2.5 K�je k�luyh enì
 akoloujiak� sumpagoÔ
 metrikoÔ q¸rou èqei èna arijmì Lebesque
δ > 0.

Apìdeixh: Doje�sh
 k�luyh
 {Ai, i ∈ I} tou metrikoÔ q¸rou (M, d), a
 lème èna uposÔnolo tou M
meg�lo an den kalÔptetai apì k�poio Ai. De�qnoume ìti δ = 0 odhge� se �topo. Pr�gmati, tìte gia

k�je n ∈ N ja up�rqei meg�lo uposÔnolo Bn diamètrou mikrìterh
 tou

1
n . Dialègoume èna shme�o xn

se k�je tètoio Bn. Apì thn upìjesh sun�getai ìti ja up�rqei upakolouj�a {yn} ⊂ {xn}, h opo�a ja

sugkl�nei se shme�o y tou q¸rou. àstw èna Ai to opo�o perièqei to y. Tìte to Ai ja perièqei kai mi�

mp�la y ∈ Bε(y) ⊂ Ai kai h mp�la B ε
2
(y) èna yn tou opo�ou h di�metro
 e�nai mikrìterh tou ε/2.

Tìte ìmw
 kai olìklhro to ant�stoiqo tou yn meg�lo Bn ja perièqetai sto Ai, pr�gma �topo, o.e.d.
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Sq ma 5.2.1: Oi mp�le
 tou Rn
e�nai olik� fragmène


Je¸rhma 5.2.6 O metrikì
 q¸ro
 èqei thn BW idiìthta, tìte kai mìnon tìte ìtan e�nai akoloujiak�

sumpag 
.

Apìdeixh: Autì e�nai tetrimmènh sunèpeia twn orism¸n. Pr�gmati, an k�je sÔnolo me �peira stoiqe�a

èqei shme�o suss¸reush
 kai {xn} e�nai akolouj�a, tìte   ja èqei m�a toul�qiston stajer  upakolouj�a
  ja èqei akolouj�e
 me �peirou
 diaforetikoÔ
 an� dÔo ìrou
 kai èna shme�o suss¸reush
. Kai sti


dÔo peript¸sei
 perièqei sugkl�nousa akolouj�a.

Ant�strofa, an to sÔnolo A èqei �peirou
 ìrou
 kai o q¸ro
 e�nai akoloujiak� sumpag 
, tìte

up�rqei akolouj�a {xn} ⊂ A kai kat� thn upìjesh ja up�rqei kai upakolouj�a {yk} ⊂ {xn} sugkl�-

nousa se shme�o y. Profan¸
 to y e�nai shme�o suss¸reush
 tou sunìlou A, o.e.d.

Je¸rhma 5.2.7 K�je akoloujiak� sumpag 
 metrikì
 q¸ro
 (M, d) e�nai diaqwr�simo
.

Apìdeixh: De�qnoume ìti o q¸ro
 perièqei arijm simo puknì uposÔnolo. Pr�gmati, an den up�rqei tètoio

sÔnolo, tìte ja up�rqei èna ε > 0, ètsi ¸ste gia k�je arijm simo sÔnolo X na up�rqei shme�o x se

apìstash d(x,X) > ε. Arq�zonta
 loipìn apì tuqìn shme�o x1 tou q¸rou, kataskeu�zoume epagwgik�

mia akolouj�a shme�wn {xn}, pou eur�skontai, an� dÔo, se apìstash megalÔterh tou ε. E�nai fanerì
ìti mia tètoia akolouj�a den mpore� na èqei shme�o suss¸reush
, pr�gma �topo, o.e.d.

Je¸rhma 5.2.8 àna
 metrikì
 q¸ro
 (M, d) e�nai sumpag 
 tìte kai mìnon tìte ìtan e�nai akoloujiak�
sumpag 
.

Apìdeixh: A
 upojèsoume pr¸ta ìti o (M, d) e�nai sumpag 
 kai ìti X = {xn} e�nai akolouj�a pou

den èqei sugkl�nousa upakolouj�a. Ja de�xoume ìti autì e�nai �topo. Pr�gmati, tìte gia k�je stoiqe�o

xi th
 akolouj�a
 ja up�rqei mp�la Bi me kèntro to xi pou perièqei peperasmèna mìno stoiqe�a th


akolouj�a
. Ep�sh
 gia k�je stoiqe�o x pou den an kei sthn akolouj�a ja up�rqei mp�la Bx me kèntro

to x pou ep�sh
 den perièqei stoiqe�a th
 akolouj�a
. Tìte h ènwsh aut¸n twn mpal¸n ja kalÔptei to

M
(∪x/∈XBx) ∪ (∪iBi) ⊃ M,

kai e�nai fanerì ìti den up�rqei peperasmènh upok�luyh apoteloÔmenh apì tètoie
 mp�le
.

Ant�strofa, to ìti o q¸ro
 e�nai diaqwr�simo
 (je¸rhma 5.2.7), sunep�getai ìti e�nai kai 2− arij-

m simo
, dhlad  èqei arijm simh b�sh anoikt¸n (mp�le
). Sunep¸
 k�je k�luyh {Ai, i ∈ I} ja èqei

kai arijm simh upok�luyh, dhlad  k�luyh apì arijm simo pl jo
 anoikt¸n {Bj , j ∈ N}, ìpou k�je

Bj perièqetai se k�poio Ai. Upojètoume loipìn ìti o M e�nai akoloujiak� sumpag 
 kai de�qnoume

ìti k�je k�luyh {Bj, j ∈ N}, me arijm simo pl jo
 anoikt¸n mi�
 b�sh
 èqei peperasmènh upok�lu-

yh. Pr�gmati, an den sunèbaine autì, tìte ja mporoÔsame na kataskeu�soume epagwgik� akolouj�a

shme�wn {xn}, ètsi ¸ste to xn na an kei se anoiktì Bn all� ìqi sthn ènwsh twn prohgoumènwn

B1 ∪ · · · ∪ Bn−1. Tìte ja up rqe upakolouj�a {yk} ⊂ {xn} sugkl�nousa se k�poio x, to opo�o ja

peri qeto se k�poio anoiktì Bj . Tìte kat� thn upìjesh, gia k > j ta yk /∈ Bj , pr�gma ant�jeto me thn

sÔgklish th
 {yk}, o.e.d.
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Je¸rhma 5.2.9 Mia suneq 
 apeikìnish f tou sumpagoÔ
 q¸rou (M, d) ston q¸ro (M′, d′), e�nai o-
moiìmorfa suneq 
.

Apìdeixh: Kat� to je¸rhma 5.1.2, h eikìna N = f(M) ⊂ M′
ja e�nai sumpag 
. Ja kalÔptetai

sunep¸
 apì peperasmèno pl jo
 mpal¸n

{B ε
2
(yi), yi ∈ N , i = 1, . . . , n}.

H ant�strofh eikìna {Ai = f−1(B ε
2
(yi))} aut¸n twn mpal¸n or�zei mia k�luyh tou M, h opo�a, kat�

to je¸rhma 5.2.5, èqei ènan arijmì Lebesqueδ > 0. Tìte k�je zeÔgo
 x, x′ ∈ M me d(x, x′) < δ ja

perièqetai s> èna Ai kai sunep¸
 d
′(f(x), f(x′)) < ε, o.e.d.

Je¸rhma 5.2.10 K�je suneq 
 apeikìnish f enì
 sumpagoÔ
 topologikoÔ q¸rou (M, T ) sto R me thn

sun jh topolog�a, lamb�nei thn el�qisth kai mègisth tim  th
 gia k�poia ant�stoiqa shme�a x, y ∈ M.

Apìdeixh: Pr�gmati, kat� to je¸rhma 5.2.4, to uposÔnolo f(M) ⊂ R ja e�nai fragmèno, �ra ja

up�rqoun ta X = inf f(M) kai Y = sup f(M). Kataskeu�zoume loipìn akolouj�a {xn}, ètsi ¸-
ste lim f(xn) = X . Kat� to je¸rhma 5.2.8 aut  ja èqei upakolouj�a {xnk

} sugkl�nousa se shme�o

x ∈ M kai lìgw sunèqeia
 ja èqoume X = lim f(xnk
) = f(lim xnk

) = f(x). An�loga apodeiknÔetai

h Ôparxh tou y, o.e.d.

Parade�gmata

1. Oi sfa�re
 Sn−1 ⊂ Rn
. Gia k�je norm ||.|| tou Rn

mporoÔme na or�soume thn ant�stoiqh sfa�ra

Sr(x) = {x ∈ Rn : ||x|| = r}.

Eidik�, gia thn sun jh norm ||x|| =
√
x2
1 + · · ·+ x2

n h ant�stoiqh sfa�ra S1(0) akt�na
 1, sum-
bol�zetai sun jw
 me to Sn−1

. To n − 1 upodhl¸nei ed¸ thn

′′
di�stash

′′
th
 sfa�ra
, gia thn

opo�a den ja mil soume sto parìn m�jhma. W
 kleistì kai fragmèno to Sn−1
e�nai sumpagè


uposÔnolo tou Rn
.

2. Ta kleist� diast mata [a, b]. W
 kleist� kai fragmèna e�nai kai aut� sumpag  uposÔnola tou R.
Shme�wse ìti, kat� to prohgoÔmeno je¸rhma, k�je eikìna f(M) enì
 sunektikoÔ kai sumpagoÔ

topologikoÔ q¸rou M, mèsw suneqoÔ
 apeikìnish
 f : M → R, ja e�nai èna tètoio kleistì

di�sthma.

3. Sugkl�nousa + ìrio. Mia akolouj�a {xn} enì
 metrikoÔ q¸rou, pou sugkl�nei se shme�o x or�zei

èna sumpagè
 sÔnolo apoteloÔmeno apì ta {xn, n ∈ N} ∪{x}.

Je¸rhma 5.2.11 Gia k�je normf tou Rn
, me thn sun jh topolog�a th
 norm ||x|| =

√
x2
1 + · · ·+ x2

n,

up�rqoun stajerè
 K > 0,K ′ > 0 ètsi ¸ste

K ||x|| ≤ f(x) ≤ K ′ ||x|| gia k�je x ∈ Rn.

Apìdeixh: K�je normf tou Rn
, e�nai suneq 
 w
 pro
 thn sun jh topolog�a tou Rn

. Autì sun�getai

�mesa qrhsimopoi¸nta
 mia b�sh {ei} tou Rn
kai thn epìmenh anisìthta:

f(x) = f(x1e1 + ...+ xnen) ≤ |x1|f(e1) + ...+ |xn|f(en)
≤ (|x1|+ · · ·+ |xn|)max

i
(f(ei)) ⇒

f(x) ≤ n · ||x||max
i

(f(ei)) = M · ||x||,

ìpou M > 0 stajer�. H sfa�ra tou Sn−1
tou Rn

e�nai gia n ≥ 1 sunektikì kai sumpagè
 sÔnolo, �ra

to A = f(Sn−1) ⊂ R ja e�nai èna kleistì di�sthma [K,K ′]. To K > 0 diìti an  tan K = 0, tìte kat�
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to prohgoÔmeno je¸rhma ja up rqe x ∈ Sn−1 ⇒ ||x|| = 1 me f(x) = 0, pou lìgw th
 idiìthta
 th


norm, sunep�getai thn x = 0, pou e�nai �topo. Ja èqoume loipìn

K ≤ f

(
x

||x||

)
≤ K ′ ⇒ K ||x|| ≤ f(x) ≤ K ′ ||x||, o.e.d.

Pìrisma 5.2.1 DÔo opoiesd pote normf1, f2 tou R
n
e�nai isodÔname
, dhlad  up�rqoun stajerè
K >

0,K ′ > 0 ètsi ¸ste

K f1(x) ≤ f2(x) ≤ K ′ f1(x) gia k�je x ∈ Rn.

Oi metrikè
 tou Rn
, pou or�zontai apì ti
 f1, f2, e�nai ep�sh
 isodÔname
, dhlad  or�zoun ta �dia anoikt�

sÔnola sto Rn
.

Pìrisma 5.2.2 àna
 dianusmatikì
 q¸ro
 M e�nai peperasmènh
 di�stash
 tìte kai mìnon tìte, ìtan

dÔo opoiesd pote norm e�nai isodÔname
.

Apìdeixh: E�n o q¸ro
 M e�nai peperasmènh
 di�stash
, tìte, kat� to prohgoÔmeno pìrisma o isqu-

rismì
 isqÔei. E�n o q¸ro
 e�nai �peirh
 di�stash
 kai B = {bi, i ∈ I} e�nai mia b�sh (Hamel) tou
q¸rou, tìte blèpoume eÔkola ìti mia opoiad pote sun�rthsh f : B −→ (0,∞) or�zei mia ant�stoiqh

norm

||x||f =

k∑

i=1

|λni
| f(bni

), gia k�je x =

k∑

i=1

λni
bni

∈ M.

Arke� loipìn gia mia tuqoÔsa tètoia f na dialèxoume mia �peirh akolouj�a {bnj
} ⊂ B kai na or�soume

thn g ètsi ¸ste g(b) = f(b) an to b /∈ {bnj
} kai g(bnj

) = j · f(bnj
). Profan¸
 tìte den up�rqei

stajer� K ètsi ¸ste

||x||g ≤ K · ||x||f , gia k�je x ∈ M, o.e.d.

Pìrisma 5.2.3 Se èna dianusmatikì q¸ro M me norm k�je grammik  apeikìnish f : M → M e�nai

suneq 
, an kai mìnon an e�nai peperasmènh
 di�stash
.

Apìdeixh: E�n o q¸ro
 e�nai peperasmènh
 di�stash
, tìte ìpw
 e�dame sta parade�gmata twn metri-

k¸n q¸rwn, k�je grammik  e�nai suneq 
. Gia to ant�strofo, de�qnoume ìti se apeirodi�statou
 q¸rou


up�rqei mia grammik  pou den e�nai suneq 
. Pr�gmati, me tou
 sumbolismoÔ
 tou prohgoumènou por�-

smato
 kai gia mia b�sh {bi, i ∈ I} kai èna arijm simo uposÔnolì th
 B′ = {bnj
} ⊂ B, or�zoume thn

f na e�nai f(bi) = bi gia k�je bi ∈ B − B′
kai f(bnk

) = k · bnk
gia bnk

∈ B′
. Blèpoume amèsw
 ì-

ti den up�rqei stajer�K ètsi ¸ste ||f(x)|| ≤ K · ||x|| gia k�je x ∈ M, �ra h f den e�nai suneq 
, o.e.d.

Parade�gmata

4. Oi sfa�re
 twn �llwn norm tou Rn
. Opoiad pote norm f , diaforetik  apì thn sun jh ||.||

tou Rn
, e�nai, ìpw
 e�dame parap�nw, suneq 
 sun�rthsh w
 pro
 thn sun jh. Autì sunep�getai

ìti h ant�stoiqh

′′
monadia�a sfa�ra

′′ Sf aut 
 th
 norm, pou or�zetai apì thn ex�swsh f(x) = 1,
e�nai kleistì sÔnolo. Apì to teleuta�o je¸rhma prokÔptei ìti e�nai kai fragmèno, �ra h Sf e�nai

èna sumpagè
 uposÔnolo tou Rn
.

5. H norm tou q¸rou pin�kwn Mm×n(R) . O q¸ro
 autì
, twn m × n pragmatik¸n pin�kwn,

e�nai isìmorfo
 me ton Rmn
kai ja mporoÔsame na or�soume s> autìn opoiad pote apì ti
 norm

twn q¸rwn Rn
jèloume. Up�rqei, wstìso m�a, pou e�nai sten� sundedemènh me to ìti oi p�nake


parist�noun grammikè
 apeikon�sei
 kai or�zetai me ton genikì trìpo tou jewr mato
 2.1.9. Je-

wr¸nta
 loipìn ton p�naka A ∈ Mm×n(R) w
 m�a grammik  apeikìnish A : Rn → Rm
or�zoume,

qrhsimopoi¸nta
 ti
 sun jei
 norm,

||A|| = sup {||Ax||, x ∈ Rm
me ||x|| = 1}. (1)
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Apì ton trìpo orismoÔ th
, h stajer� K = ||A|| e�nai o el�qisto
 jetikì
 gia ton opo�o

||Ax|| ≤ K ||x|| isqÔei gia k�je x ∈ Rn. (2)

E�nai eÔkolo na doÔme ìti pa�rnonta
 ||A|| = K , gia to K ìpw
 sthn (2), or�zetai m�a normsto

Mm×n(R). Apì aut  thn idiìthta elaq�stou prokÔptei kai h epìmenh qr simh idiìthta aut 


th
 normpou sqet�zetai me ton pollaplasiasmì pin�kwn. An A ∈ Mm×n(R) kai B ∈ Mn×p(R),
tìte to ginìmeno pin�kwn e�nai p�naka
 A · B = C ∈ Mm×p(R) kai e�nai p�li eÔkolo na doÔme

ìti isqÔei

||C|| = ||A · B|| ≤ ||A|| · ||B||. (3)

H stajer� K èqei kai mia gewmetrik  ermhne�a, pou prokÔptei apì to je¸rhma 5.2.10. Pr�gmati,

kat> autì, gia dojènta p�naka A me ||A|| = K , ja up�rqei monadia�o di�nusma x0 ètsi ¸ste

||Ax0|| = K . Pa�rnoume loipìn èna di�nusma v ep�sh
 monadia�o kai k�jeto sto x0, v ·x = 0 kai
jewroÔme thn kampÔlh g(t) = x0 sun(t) + v hm(t) ∈ Sn−1

. H sun�rthsh

||Ag(t)||2 = (Ag(t)) · (Ag(t))

ja èqei mègisto gia t = 0 kai paragwg�zonta
 èqoume

0 =
d

dt

∣∣∣
0
(Ag(t)) · (Ag(t)) = 2(Ax0) · (Av) = 2((At ·A)x0) · v,

ìpou, sthn teleuta�a, to At
sumbol�zei ton an�strofo (n×m) tou p�naka A (m×n). H ex�swsh

aut  faner¸nei ìti o n×n p�naka
 B = At ·A, pou e�nai summetrikì
, èqei to Bx0 suggrammikì

tou x0, �ra to x0 e�nai idiodi�nusma tou B kai to K2 = ||Ax0||2 e�nai h mègisth idiotim  tou B.

6. H sunèqeia tou pollaplasiasmoÔ pin�kwn. H prohgoÔmenh normpin�kwn, kaj¸
 parousi�zei

mia idiìthta an�logh th
 apìluth
 tim 
 twn pragmatik¸n arijm¸n, epitrèpei thn metafor� th


apìdeixh
 th
 sunèqeia
 th
 sun�rthsh
 f(x, y) = x ·y sthn per�ptwsh pou ta x, y e�nai p�nake
.

Basik  s> autì e�nai h anisìthta

||x · y − x′ · y′|| = ||x · y − x · y′ + x · y′ − x′ · y′||
≤ ||x · y − x · y′||+ ||x · y′ − x′ · y′||
≤ ||x|| · ||y − y′||+ ||y′|| · ||x− x′||,

pou de�qnei ìti an gia ti
 akolouj�e
 pin�kwn lim xn = x, lim yn = y, tìte kai lim (xn ·yn) = x·y.

7. H genik  grammik  om�da GL(n,R). Oi antistrèyimoi p�nake
 A ∈ Mn×n(R) apoteloÔn mia

om�da pou e�nai kai anoiktì uposÔnolo tou Mn×n(R), kaj¸
 autì kajor�zetai w
 ant�strofh

eikìna det−1(R− {0}) tou anoiktoÔ R− {0} ⊂ R mèsw th
 apeikìnish
 th
 or�zousa


det : Mn×n(R) −→ R.

H or�zousa e�nai m�a poluwnumik  sun�rthsh sto Mn×n(R) = Rn2

, �ra suneq 
. H om�da

aut  twn antistrey�mwn pin�kwn sumbol�zetai me GL(n,R) kai anafèretai w
 genik  grammik 

om�da. äpw
 e�dame sto prohgoÔmeno par�deigma, to ginìmeno pin�kwn e�nai suneq 
 apeikìnish.

EÔkola blèpoume ìti kai h antistrof  enì
 p�naka f(A) = A−1
e�nai mia suneq 
 apeikìnish

f : GL(n,R) −→ GL(n,R).

Autì prokÔptei apì thn par�stash tou ant�strofou p�naka mèsw twn sumparagìntwn tou kai

th
 ant�strofh
 th
 or�zousa
 ([Str12b, sel.271℄), pou d�dei ta stoiqe�a tou antistrìfou p�naka

w
 rhtè
 sunart sei
, pou e�dame pw
 e�nai suneqe�
. ProkÔptei loipìn ìti h GL(n,R) e�nai èna

topologikì
 q¸ro
 kai tautìqrona mia om�da th
 opo�a
 h pr�xh kai h antistrof  enì
 stoiqe�ou

e�nai suneqe�
 apeikon�sei
. Tètoie
 om�de
 lègontai topologikè
 om�de
 kai h GL(n,R) e�nai
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èna apì ta pio shmantik� parade�gmat� tou
. A
 shmei¸soume ed¸ ìti h GL(n,R) den e�nai

sunektik . Ta dÔo anoikt� pou or�zontai w
 ant�strofe
 eikìne
 mèsw th
 or�zousa


GL(n,R)+ = {x ∈ GL(n,R) : det(x) > 0} kai

GL(n,R)− = {x ∈ GL(n,R) : det(x) < 0}

e�nai mh ken� anoikt� xèna kai h ènws  tou
 e�nai ìlh h GL(n,R). Pio k�tw (Je¸rhma 5.2.16) ja

de�xoume ìti ta dÔo aut� sÔnola sump�ptoun akrib¸
 me ti
 sunektikè
 sunist¸se
 th
 GL(n,R).
Shmeiwtèon ìti h GL(n,R)+ e�nai (anoikt ) upoom�da th
 GL(n,R) kai tautìqrona topologik 

om�da w
 pro
 thn sqetik  topolog�a, lème sÔntoma topologik  upoom�da. Gia n = 1 hGL(n,R)
sump�ptei me thn pollaplasiastik  om�da R − {0} kai h GL(n,R)+ me thn upoom�da th
 R+,

twn jetik¸n arijm¸n.

8. Oi om�de
 SL(n,R) kai O(n). Oi p�nake
 A ∈ Mn×n(R) me or�zousa det(A) = 1 apoteloÔn

mia kleist  topologik  upoom�da th
 GL(n,R)+ pou onom�zetai eidik  grammik  om�da kai

sumbol�zetai me SL(n,R). Orjog¸nioi n × n p�nake
 lègontai auto� twn opo�wn o ant�strofo


up�rqei kai sump�ptei me ton an�strofo A−1 = At
([Str12b, sel.193℄). Kai auto� apoteloÔn

topologik  upoom�da th
 GL(n,R) pou onom�zetai Orjog¸nia om�da. Pr�gmati, h om�da aut 

mpore� na orisje� w
 ant�strofh eikìna, mèsw suneqoÔ
 apeikìnish
, enì
 (kleistoÔ) monosunìlou

{I}, ìpou I o tautotikì
 n× n p�naka
. Pro
 toÔto arke� na parathr soume ìti oi summetriko�

n× n p�nake
 apoteloÔn ènan grammikì upìqwro Sn(R) ⊂ Mn×n(R) kai h apeikìnish

f : Mn×n(R) −→ Sn(R) me f(A) = At · A,

e�nai suneq 
. H om�daO(n) = f−1({I}) e�nai sunep¸
 kleistì uposÔnolo th
 GL(n,R). Epeid 
k�je orjog¸nio
 p�naka
 A ∈ O(n) èqei w
 st le
 orjokanonik� dianÔsmata èpetai ìti h O(n)

e�nai kai fragmèno uposÔnolo tou Mn×n(R) = Rn2

, sunep¸
 e�nai sumpagè
. Shmeiwtèon ed¸

ìti kai h O(n) èqei dÔo sunektikè
 sunist¸se
: thn O(n)+, pou apotele�tai apì tou
 p�nake


A ∈ O(n) : det(A) = 1 kai thn O(n)− pou apotele�tai apì tou
 p�nake
 A ∈ O(n) : det(A) =
−1. Sun jw
 gia thn O(n)+, pou apotele� upoom�da th
 O(n), qrhsimopoie�tai o sumbolismì


SO(n) kai onom�zetai eidik  orjog¸nia om�da. E�nai eÔkolo na doÔme ìti gia n = 2 h SO(2)
e�nai isìmorfh me ton monadia�o kÔklo S1 = {z ∈ C : |z| = 1} tou migadikoÔ epipèdou, pou e�nai

(topologik ) om�da w
 pro
 ton pollaplasiasmì migadik¸n arijm¸n. Apì thn sunektikìthta

tou S1
sun�getai loipìn h sunektikìthta th
 SO(2) kai, ìpw
 ja de�xoume parak�tw (Je¸rhma

5.2.12), epagwgik�, prokÔptei h sunektikìthta twn SO(3), SO(4), ... ktl.

Je¸rhma 5.2.12 H om�da SO(n) e�nai kat� tìxa sunektik .

Apìdeixh: Gia èna orjog¸nio p�naka A ∈ SO(n) kataskeu�zoume mia suneq  kampÔlh At ∈ SO(n),
ètsi ¸ste A0 = A kai A1 ∈ SO(n − 1). An�goume loipìn thn sunektikìthta se aut n th
 SO(n− 1)
kai epagwgik� sthn SO(n − 2), ..., SO(2) ≈ S1

. To ìti SO(n − 1) ⊂ SO(n), fa�netai or�zonta
 gia
k�je orjog¸nio p�naka B ∈ SO(n− 1) ton p�naka

B′ =




1 0 0 . . . 0
0 b11 b12 . . . b1,n−1

0 b21 b22 . . . b2,n−1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 bn−1,1 bn−1,2 . . . bn−1,n−1




∈ SO(n).

E�nai eÔkolo na doÔme ìti oi p�nake
 th
 parap�nw morf 
 B′
qarakthr�zontai w
 eke�na ta stoiqe�a

B′ ∈ SO(n), gia ta opo�a B′ · e1 = e1, ìpou to e1 sump�ptei me to pr¸to di�nusma-st lh e1 =
(1, 0, ..., 0)t th
 sun jou
 b�sh
 tou Rn

. A
 jewr soume ti
 st le
 tou p�naka A = (a1, . . . , an) kai
a
 upojèsoume ìti ta e1, a1 e�nai anex�rthta. Ta dÔo aut� dianÔsmata or�zoun èna ep�pedo kai se autì

to ep�pedo epilègoume di�nusma g2 k�jeto sto e1 kai g3, . . . , gn orjokanonik� kai k�jeta sta e1, g2.
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φ
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g
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Sq ma 5.2.2: Anagwg  sthn SO(n− 1)

Tìte to a1 gr�fetai

a1 = sun(φ)e1 + hm(φ)g2, gia k�poia gwn�a φ ∈ (o, π) ∪ (π, 2π).

Or�zoume ton p�naka me st le
 E = (e1, g2, . . . , gn) ∈ SO(n− 1) kai ton n× n p�naka tou SO(n) se
mplok

Rs =

(
C(sφ) 0

0 In−2

)
, ìpou C(sφ) =

(
sun(sφ) − hm(sφ)
hm(sφ) sun(sφ)

)

kai In−2 o monadia�o
 (n− 2)× (n− 2),

Blèpoume eÔkola ìti E · R1(e1) = a1 kai ìti h suneq 
 kampÔlh pin�kwn α(s) = (Rt
s · Et · A)

ikanopoie� α(1)(e1) = e1, �ra α(1) ∈ SO(n − 1) kai α(0) = Et · A. Epeid  o E ∈ SO(n − 1)
mporoÔme na upojèsoume ìti up�rqei suneq 
 kampÔlh β(t) ∈ SO(n − 1) ètsi ¸ste β(1) = Et

kai

β(0) = In−1 ∈ SO(n− 1) o tautotikì
. Tìte kai h γ(t) = β(t) · A e�nai suneq 
 kampÔlh kai isqÔei

γ(0) = A, . . . , γ(1) = (Et · A) = α(0), . . . , α(1) ∈ SO(n− 1),

pou de�qnei ìti up�rqei suneq 
 kampÔlh apì to kat� tìxa sunektikì SO(n − 1) ston A ∈ SO(n). H
per�ptwsh kat� thn opo�a ta a1, e1 e�nai grammik� exarthmèna e�nai polÔ eukolìterh, o.e.d.

Je¸rhma 5.2.13 K�je grammik  apeikìnish f : Rn −→ M se èna q¸ro me normM èqei ti
 idiìthte
:

1. E�nai suneq 
.

2. E�n e�nai 1− 1, tìte up�rqei K > 0 ètsi ¸ste gia k�je x ∈ Rn : ||f(x)|| ≥ K||x||.
3. To f(Rn) ⊂ M e�nai kleistì
 upìqwro
 tou M.

Apìdeixh: To (1) prokÔptei apì ti
 idiìthte
 th
 normdialègonta
 mia b�sh {ei} tou Rn
:

||f(x)|| = ||f(x1e1 + · · ·+ xnen)||
≤ |x1| ||f(e1)||+ · · ·+ |xn| ||f(en)||
≤ (|x1|+ · · ·+ |xn|)max

i
(||f(ei)||).

To (2) prokÔptei apì to je¸rhma 5.2.10 kai to ìti h x 7→ ||f(x)|| e�nai suneq 
, sunep¸
 kai o perio-

rismì
 th
 sthn sfa�ra Sn−1 ⊂ Rn
ja e�nai suneq 
. àtsi kat� to proanaferjèn je¸rhma ja up�rqei

x0 ∈ Sn−1
gia to opo�o to ||f(x)|| ja e�nai el�qisto kai �so me K ≥ 0. To K = 0 apokle�etai, diìti

tìte ja e�qame f(x0) = 0, pou lìgw th
 upìjesh
 apokle�etai.

To (3) prokÔptei kat> arq n gia 1− 1 apeikon�sei
, lìgw tou (2). Pr�gmati, an h f e�nai 1− 1, kai
{yn = f(xn)} e�nai akolouj�a pou sugkl�nei sto y0 ∈ f(Rn), tìte, w
 sugkl�nousa, ja e�nai Cauchy
kai sunep¸
, b�sei th
 (2)

||xm − xn||K ≤ ||f(xm)− f(xn)||
kai h {xn} ja e�nai ep�sh
 Cauchy. Lìgw th
 plhrìthta
 tou Rn

h teleuta�a ja sugkl�nei se shme�o

x0 kai, lìgw th
 sunèqeia
 th
 f , ja isqÔei f(x0) = f(lim xn) = lim f(xn) = y0.
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E�n h f den e�nai 1−1, tìte pa�rnoume èna sumpl rwma V tou pur naKern(f) = {x ∈ Rn : f(x) =

0}. Kai efarmìzome to prohgoÔmeno sumpèrasma sthn epagìmenh suneq  apeikìnish f
∣∣∣
V
: V → M,

pou e�nai 1− 1, o.e.d.

Pìrisma 5.2.4 K�je upìqwro
 A peperasmènh
 di�stash
 enì
 q¸rou M me norm e�nai kleistì
.

Apìdeixh: W
 gnwstìn, o dianusmatikì
 q¸ro
 èqei peperasmènh di�stash, ìtan up�rqoun peperasmèna

to pl jo
 anex�rthta dianÔsmata {e1, . . . , en} pou apoteloÔn mia b�sh ([Str12b, sel.97℄), ètsi ¸ste

k�je di�nusma x tou q¸rou na gr�fetai me monadikì trìpo w
 sunduasmì
 x = x1e1 + · · · + xnen.
An loipìn o A ⊂ M èqei peperasmènh di�stash n, tìte dialègonta
 mia b�sh tou {ei}, or�zoume thn
grammik  apeikìnish f : Rn → M me f(x1, . . . , xn) = x1e1 + · · · + xnen, gia thn opo�a f(Rn) = A
kai efarmìzoume to prohgoÔmeno je¸rhma, o.e.d.

Je¸rhma 5.2.14 H monadia�a sfa�ra S = {x ∈ M : ||x|| = 1} enì
 dianusmatikoÔ q¸rou M me norm
e�nai sumpag 
, tìte kai mìnon tìte, ìtan h di�stash tou M e�nai peperasmènh.

Apìdeixh: E�dame, sta prohgoÔmena parade�gmata, ìti oi monadia�e
 sfa�re
 se tètoiou
 q¸rou
 e�nai

sumpage�
. Arke� loipìn ed¸ na de�xoume to ant�strofo, dhlad  ìti, e�n h monadia�a sfa�ra e�nai

sumpag 
, tìte o q¸ro
 èqei peperasmènh di�stash. H apìdeixh ([Sim63,σ. 224]) g�netai me anagwg 
se �topo.

Pr�gmati, an o M den e�qe peperasmènh di�stash, all� h monadia�a sfa�ra tou S  tan sumpag 
,

aut  ja ekalÔpteto apì peperasmène
 to pl jo
 mp�le
 akt�na
, a
 poÔme ε = 1
2 me kèntra e1, . . . , en ∈

S. O upìqwro
 V tou M pou par�getai apì ta dianÔsmata {ei} e�nai peperasmènh
 di�stash
, �ra

kleistì
. IsqÔei ìti V = M. Pr�gmati, an up rqe x ∈ M me x /∈ V , tìte, lìgw th
 kleistìthta
 tou

V h apìstash ja  tan

d(x, V ) = δ > 0 ⇒

ja up�rqei v ∈ V me δ ≤ ||x− v|| ≤ 3δ

2
⇒

gia s ∈ S ja isqÔei: || x− v

||x− v|| − s|| = 1

||x− v|| (||x− (v + ||x− v||s)||)

≥ 1

||x− v||δ ≥ 2

3
.

H teleuta�a anisìthta ìmw
 antif�skei sto ìti k�je shme�o th
 sfa�ra
 S eur�sketai se apìstash

< 1
2 apì k�poio shme�o apì ta {ei}, o.e.d.

Pìrisma 5.2.5 H kleist  mp�la B = {x ∈ M : ||x|| ≤ 1} enì
 dianusmatikoÔ q¸rou M me norm e�nai

sumpag 
, tìte kai mìnon tìte, ìtan h ant�stoiqh sfa�ra S = {x ∈ M : ||x|| = 1} e�nai sumpag 
.

Je¸rhma 5.2.15 àna
 metrikì
 q¸ro
 (M, d) e�nai sumpag 
 tìte kai mìnon tìte, ìtan k�je suneq 


sun�rthsh f : M −→ R e�nai fragmènh.

Apìdeixh: E�n o q¸ro
 e�nai sumpag 
 tìte, kat� to je¸rhma 5.2.10, h f ja e�nai fragmènh. Ant�strofa,

an isqÔei h idiìthta tou jewr mato
 kai o M den e�nai sumpag 
, tìte ja up�rqei mia akolouj�a

X = {xn} qwr�
 kam�a sugkl�nousa upakolouj�a. To sÔnolo X e�nai kleistì. Pr�gmati, an mia

akolouj�a apì autì to sÔnolo sugkl�nei, aut  ja prèpei na e�nai telik� stajer , afoÔ to X den

perièqei sugkl�nouse
 upakolouj�e
. Sto kleistì loipon X , pou e�nai kai diakritì
 q¸ro
, or�zetai h

sun�rthsh f me f(xn) = n, pou e�nai suneq 
. Kat� to je¸rhma tou Tietzeaut  ja epekte�netai se

mia suneq  F : M −→ R pou den e�nai fragmènh, pr�gma �topo, o.e.d.

Pìrisma 5.2.6 H genik  grammik  om�da GL(n,R) den e�nai sumpag 
.

Apìdeixh: Arke� na parathr soume ìti h sun�rthsh th
 or�zousa
 det : GL(n,R) → R den e�nai

fragmènh, o.e.d.
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Je¸rhma 5.2.16 H orjog¸nia om�da O(n) èqei dÔo sunektikè
 sunist¸se
. To �dio isqÔei kai gia thn

genik  grammik  om�da GL(n,R).

Apìdeixh: To ìti h upoom�da SO(n) ⊂ O(n) twn orjogwn�wn pin�kwn me or�zousa = 1 e�nai sunektik 
sunist¸sa th
O(n) to e�dame sto je¸rhma 5.2.12. O pollaplasiasmì
 enì
 p�naka me ton diag¸nio J =
diag(−1, 1, . . . , 1), pou èqei ìla ta diag¸nia = 1 ektì
 tou pr¸tou = −1, e�nai èna
 omoiomorfismì

fJ : O(n) → O(n) me (fJ)

−1 = fJ . E�n èna
 p�naka
 A ∈ O(n) èqei or�zousa det(A) = −1 tìte o

J · A èqei or�zousa = +1 kai ant�strofa. Epomènw
 o fJ enall�ssei to SO(n) me to sumpl rwm�

tou O(n)− = O(n) − SO(n). Epeid  to SO(n) e�nai sunektikì, kai to O(n)− ja e�nai sunektikì kai

h O(n) ja èqei dÔo sunektikè
 sunist¸se
: thn SO(n) kai thn fJ(SO(n)).
H ant�stoiqh idiìthta gia thn GL(n,R) prokÔptei apì aut n th
 O(n) kai to gnwstì je¸rhma

orjokanonikopo�hsh
 ([Str12b, sel.200℄) mia
 b�sh
 tou Rn
. Pr�gmati k�je A ∈ GL(n,R), A =

(a1, . . . , an) or�zei me ti
 st le
 tou {ai} mia b�sh. H orjokanonikopo�hsh isoduname� me thn para-

gontopo�hsh tou p�naka se èna ginìmeno

A = B · T,
ìpou o B ∈ O(n) kai o T e�nai antistrèyimo
 �nw trigwnikì
. E�nai eÔkolo na doÔme ìti gia ènan

tètoio T up�rqei mia suneq 
 kampÔlh γ(t) apì antistrèyimou
 �nw trigwnikoÔ
 me γ(0) = T kai

γ(1) = diag(sign(t11), . . . , sign(tnn)) = T1 ∈ O(n), ìpou sign(tii) sumbol�zei to prìshmo ±1 tou

diag¸niou stoiqe�ou tii tou p�naka T . ProkÔptei ìti h suneq 
 kampÔlh tou GL(n,R), β(t) = B · γ(t)
sundèei to A = β(0) me èna stoiqe�o A′ = B · T1 = β(1) ∈ O(n), o.e.d.

ASKHSEIS

�skhsh 5.2.1 De�xe k�je sumpagè
 sunektikì uposÔnolo A ⊂ R sump�ptei me èna kleistì di�sthma

[a, b], a, b ∈ R.

�skhsh 5.2.2 De�xe ìti h tom  ∩n∈NIn = [an, bn], an, bn ∈ R kleist¸n diasthm�twn {I1 ⊃ I2 ⊃ . . .}
e�nai kleistì di�sthma   monosÔnolo {x} ⊂ R.

�skhsh 5.2.3 De�xe ìti an h f : R → R e�nai suneq 
 kai ta kleist� diast mata {In = [an, bn]}, me
{an, bn ∈ R, n ∈ N} e�nai kibwtismèna {I1 ⊃ I2 ⊃ I3 ⊃ . . .} kai èqoun tom  èna monosÔnolo ∩nIn =
{x}, x ∈ R, tìte kai ta {Jn = f(In)} e�nai parìmoia kibwtismèna {J1 ⊃ J2 ⊃ J3 ⊃ . . .} kai h tom 

tou
 e�nai to monosÔnolo {f(x)}.

�skhsh 5.2.4 De�xe ìti h monadia�a sfa�ra S1 = {x ∈ ℓ2 : ||x||2 = 1} tou ℓ2 den e�nai olik� fragmènh.

�skhsh 5.2.5 De�xe ìti h kleist  monadia�a mp�la B0(1) = {f ∈ C[0, 1] : sup{|f(t)|} ≤ 1} tou C[0, 1]
me thn sun jh tou metrik  den e�nai sumpag 
.

�skhsh 5.2.6 E�n to A e�nai sumpagè
 uposÔnolo tou metrikoÔ q¸rou (M, d), de�xe ìti gia k�je shme�o

x tou M, up�rqei shme�o x′ ∈ A ètsi ¸ste d(x, x′) = d(x,A). De�xe ep�sh
 ìti an δ e�nai h di�metro


tou A, tìte aut  e�nai peperasmènh kai up�rqoun dÔo shme�a x, y ∈ A ètsi ¸ste d(x, y) = δ.

�skhsh 5.2.7 De�xe, diaforetik� apì to je¸rhma 5.2.7, ìti èna
 sumpag 
 metrikì
 q¸ro
 (M, d) e�nai
diaqwr�simo
. (Upìdeixh: Gia k�je n ∈ N kataskeÔase peperasmèna sÔnola shme�wn {xi1 , . . . , xin} twn

opo�wn oi mp�le
 akt�na


1
n kalÔptoun to M. P�re thn ènwsh.)

�skhsh 5.2.8 De�xe ìti m�a isometr�a f tou sumpagoÔ
 metrikoÔ q¸rou (M, d) e�nai p�ntote ep�. (Upì-
deixh: p�re x /∈ f(M) kai je¸rhse thn akolouj�a {f(x), f2(x), . . .}.)

�skhsh 5.2.9 De�xe ìti gia èna pragmatikì antistrèyimo n× n p�naka A, up�rqei k > 0 ètsi ¸ste, w


pro
 thn sun jh norm tou Rn
na isqÔei ||Ax|| ≥ ||x|| gia k�je x ∈ Rn

. De�xe ep�sh
 ìti to k2 sump�ptei

me thn el�qisth idiotim  tou summetrikoÔ p�naka B = AtA.
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5.3 Topik  sump�geia, sumpagopo�hsh

Orismì
 5.3.1 To uposÔnolo A tou topologikoÔ q¸rou (M, T ) lègetai sqetik� sumpagè
 ìtan h j -

kh tou A e�nai sumpagè
 sÔnolo tou M. O topologikì
 q¸ro
 (M, T ) tou Hausdorfflègetai topik�
sumpag 
, ìtan gia k�je shme�o tou x up�rqei anoikt  perioq  Ux ∋ x pou e�nai sqetik� sumpag 
.

Sqìlio-1 Profan¸
 oi q¸roi Rn
e�nai topik� sumpage�
. Ep�sh
 e�nai eÔkolo na doÔme ìti omoio-

morfismo� diathroÔn thn topik  sump�geia, me thn ènnoia ìti an f e�nai omoioforfismì
 metaxÔ twn

topologik¸n q¸rwn (M, T ) kai (M′, T ′) kai o M e�nai topik� sumpag 
, tìte to �dio ja e�nai kai o

M′
= f(M).
Q¸roiM, pou parousi�zoun m�a omogèneia, me thn ènnoia ìti gia k�je dÔo shme�a tou
 x 6= y up�rqei

omoiorfismì
 f tou q¸rou ston eautì tou me f(x) = y, gi na e�nai topika sumpage�
, arke� na èqoun èna
shme�o x me anoikt  perioq  x ∈ Ux kai Ux sumpag . Tètoioi omogene�
 q¸roi e�nai oi dianusmatiko�

q¸roi me norm. Gi> autoÔ
, k�je zeÔgo
 shme�wn (a, b) or�zei mia metafor� y = f(x) = x + (b − a),
pou e�nai omoiomorfismì
 kai apeikon�zei to a sto b. àna shmantikì par�deigma q¸rwn pou den e�nai

topik� sumpage�
 e�nai oi apeirodi�statoi q¸roi Banach.

Je¸rhma 5.3.1 àna
 apeirodi�stato
 q¸ro
 BanachM den e�nai topik� sumpag 
.

Apìdeixh: H apìdeixh e�nai sunèpeia tou por�smato
 5.2.5, kat� to opo�o h kleist  monadia�a mp�la

B1 se èna tètoio q¸ro den e�nai sumpag 
. An o q¸ro
 e�qe mia �llh sumpag  perioq  V tou 0, tìte
aut  ja perie�qe k�poia kleist  mp�la Br akt�na
 r < 1 h opo�a, w
 kleistì tou sumpagoÔ
 V , ja  tan

ep�sh
 sumpag 
. Tìte h omoiojes�a tou M me lìgo

1
r , dhlad  o omoiomorfismì
 tou M f(x) = 1

rx

ja apeikìnize thn Br sthn B1, pou ja  tan tìte ep�sh
 sumpag 
, ant�jeta me thn upìjesh, o.e.d.

Je¸rhma 5.3.2 àna mh kenì kleistì uposÔnolo A tou topik� sumpagoÔ
 q¸rou (M, T ) e�nai topik�

sumpag 
 q¸ro
 w
 pro
 thn sqetik  topolog�a.

Apìdeixh: àstw x ∈ A kai Ux sqetik� sumpag 
 perioq  tou x sto M. Tìte h Vx = Ux ∩ A e�nai

sqetik� sumpag 
 perioq  tou x sto A. Pr�gmati kat� to Je¸rhma 1.1.7 (Vx)A = Ux ∩ A, to opo�o,

w
 kleistì uposÔnolo tou sumpagoÔ
 Ux, e�nai sumpagè
, o.e.d.

Je¸rhma 5.3.3 àna
 topik� sumpag 
 q¸ro
 (M, T ) e�nai kanonikì
 (T3).

Apìdeixh: àstw x ∈ M kai A ⊂ M kleistì me x /∈ A. àstw U mia anoikt  perioq  tou x me U
sumpagè
. Br�skoume xèna anoikt� V ∋ x kai W ⊃ A me thn bo jeia th
 U . Pr�gmati ta {x}, U ∩ A
e�nai kleist� (sumpag ) tou U �ra (je¸rhma 5.1.7) diaqwr�zontai me xèna anoikt� V ′ ∩U kai W ′ ∩U ,

ìpou V ′,W ′
anoikt� tou M. Tìte ta V = V ′ ∩ U kai W = W ′ ∪ (U)c e�nai xèna anoikt� pou

diaqwr�zoun ta {x} kai A, o.e.d.

Je¸rhma 5.3.4 Gia k�je shme�o x topik� sumpagoÔ
 q¸rou (M, T ) kai k�je anoiktì A ∋ x, up�rqei
anoiktì U me x ∈ U ⊂ U ⊂ A kai U sumpagè
.

Apìdeixh: Apì thn topik  sump�geia sun�getai h Ôparxh anoikt 
 perioq 
 W tou x me W sumpagè
.

Tìte to W me thn sqetik  topolog�a e�nai fusiologikì
 q¸ro
 (Je¸rhma 5.1.7). Sunep¸
 up�rqei

anoiktì U ′
tou M, ètsi ¸ste x ∈ W ∩ U ′ ⊂ W ∩ U ′ ⊂ W ∩ A (Je¸rhma 3.2.1 kai Je¸rhma 1.1.7).

Arke� na p�roume U = W ∩ U ′
, o.e.d.

Orismì
 5.3.2 Sumpagopo�hsh tou topologikoÔ q¸rou (M, T ) lègetai èna
 sumpag 
 topologikì
 q¸-
ro
 Hausdorff(M′, T ′), gia ton opo�o up�rqei mia 1-1 suneq 
 apeikìnish f : M → M′

ètsi ¸ste

to f(M) ⊂ M′
na e�nai puknì. H f ( /kai o M′

) lègetai sumpagopo�hsh enì
 shme�ou, ìtan to

M′ − f(M) perièqei èna akrib¸
 shme�o.

Je¸rhma 5.3.5 K�je topik� sumpag 
 q¸ro
 (M, T ), èqei sumpagopo�hsh enì
 shme�ou (M′, T ′).
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Apìdeixh: Or�zoume to M′ = M∪ {x0}, ìpou x0 /∈ M auja�reto shme�o. Thn topolog�a T ′
or�zoume

na e�nai

T ′ = T ∪ S, ìpou S = {Ac ∪ {x0} : A sumpagè
 tou M}.
De�qnoume eÔkola ìti to T ′

ikanopoie� ta axi¸mata th
 topolog�a
. To ìti o M′
e�nai Hausdorffèpetai

�mesa apì to ìti dÔo shme�a x, y ∈ M ⊂ M′
diaqwr�zontai. ämw
 kai èna x ∈ M kai to x0

diaqwr�zontai pa�rnonta
 mia anoikt  perioq  Ux tou x me Ux sumpagè
 kai to V = (Ux)
c
w
 perioq 

tou x0. To M′
e�nai sumpagè
, diìti mia anoikt  k�luyh {Ai, i ∈ I} èqei peperasmènh upok�luyh.

Pr�gmati, ja up�rqei tìte èna A0 to opo�o ja e�nai sumpl rwma sumpagoÔ
 A1 to opo�o ja kalÔptetai

apì peperasmèna ek twn Ai, o.e.d.

Je¸rhma 5.3.6 DÔo sumpagopoi sei
 enì
 shme�ou (M′, T ′) kai (M′′, T ′′) tou id�ou q¸rou (M, T )
e�nai omoiìmorfe
.

Apìdeixh: Taut�zonta
 to M me to f(M) ⊂ M′
de�qnoume ìti dÔo sumpagopoi sei
 M′ = M∪ {x0}

kai M′′ = M∪ {x1} e�nai omoiìmorfe
, mèsw th
 apeikìnish


f(x) =

{
x, ìtan x ∈ M,

x1, gia x = x0.

Lìgw th
 summetr�a
 tou probl mato
 arke� na de�xoume ìti h f e�nai anoikt , pr�gma tetrimmèno,

o.e.d.

Je¸rhma 5.3.7 àna
 topik� sumpag 
 q¸ro
 e�nai q¸ro
 tou Baire.

Apìdeixh: De�qnoume ìti k�je akolouj�a anoikt¸n pukn¸n {An, n ∈ N} uposunìlwn tou M, èqei tom 

A = ∩n∈NAn puknì sÔnolo tou M. H apìdeixh e�nai sqedìn h �dia me aut n tou antisto�qou jewr ma-

to
 3.1.2 gia pl rei
 metrikoÔ
 q¸rou
. Prèpei na de�xoume ìti gia k�je anoiktì U h tom  U ∩ A 6= ∅.
Xekin�me apì to anoiktì U ∩ A1 6= ∅ sto opo�o, efarmìzonta
 to je¸rhma 5.3.4, br�skoume anoiktì

B1 : B1 ⊂ B1 ⊂ U∩A1 kai B1 sumpagè
. ToB1∩A2 ja e�nai p�li anoiktì mh kenì kai me to �dio epiqe�-

rhma br�skoume anoiktì B2 : B2 ⊂ B2 ⊂ B1∩A2 kai B2 sumpagè
. Me ton �dio trìpo kataskeu�zoume

akolouj�a {Bi, i ∈ N} anoikt¸n kai sqetik� sumpag¸n, me thn idiìthta Bn ⊂ Bn ⊂ Bn−1 ∩ An kai

B1 ⊃ B2 ⊃ B2 ⊃ B3 ⊃ B3 ⊃ . . .

Kat� to pìrisma 5.1.3, efarmozìmeno sto sumpagè
 B1, h tom  ∩i∈NBi = B ja e�nai mh kenì sÔnolo

perieqìmeno sto U ∩ A, o.e.d.

ASKHSEIS

�skhsh 5.3.1 De�xe ìti k�je sumpag 
 Hausdorfftopologikì
 q¸ro
 e�nai kai topik� sumpag 
.

�skhsh 5.3.2 De�xe ìti h eikìna f(M) ⊂ M′
enì
 topik� sumpagoÔ
 topologikoÔ q¸rou (M, T ), mèsw

th
 suneqoÔ
 apeikìnish
 f : M → M′
mpore� na mhn e�nai topik� sumpag 
. E�n ìmw
 h f e�nai anoikt ,

tìte o f(M) e�nai topik� sumpag 
.

�skhsh 5.3.3 De�xe ìti an o q¸ro
 (M, T ) e�nai Hausdorffkai to uposÔnolì tou A e�nai puknì kai

topik� sumpag 
 q¸ro
 w
 pro
 thn sqetik  topolog�a, tìte to A e�nai anoiktì.

�skhsh 5.3.4 De�xe ìti an h f e�nai mia suneq 
 ep�rriyh tou topik� sumpagoÔ
 q¸rou (M, T ) ston

(M′, T ′), tìte, gia k�je sumpagè
 B tou M′
, up�rqei sumpagè
 A tou M, ètsi ¸ste f(A) = B.

�skhsh 5.3.5 De�xe ìti ìti h sumpagopo�hsh enì
 shme�ou tou (0, 1) e�nai omoiìmorfh me ton monadia�o
kÔklo S1

.
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�skhsh 5.3.6 De�xe ìti ìti h sumpagopo�hsh enì
 shme�ou tou C e�nai omoiìmorfh me thn monadia�a

sfa�ra S2
(Upìdeixh: Par�deigma 3 th
 §2.2).

�skhsh 5.3.7 E�nai to [0, 1] sumpagopo�hsh tou (0, 1); E�nai h kleist  mp�la B1(0) enì
 dianusmatikoÔ
q¸rou me normsumpagopo�hsh th
 anoikt 
 B1(0);

�skhsh 5.3.8 De�xe ìti h om�da GL(n,R) e�nai topik� sumpag 
.

�skhsh 5.3.9 De�xe ìti h om�da SL(n,R) e�nai topik� sumpag 
. (Upìdeixh: qr sh th
 prohgoÔmenh


�skhsh
 kai tou jewr mato
 5.3.2.)
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KEFALAIO6

Sumplhrwmatik� jèmata

6.1 H topolog�a taÔtish


Orismì
 6.1.1 1. Gia doje�sa ep�rriyh f : M −→ M′
enì
 topologikoÔ q¸rou (M, T ), sto mh-

kenì sÔnolo M′
, onom�zoume topolog�a taÔtish
 thn topolog�a Tf , pou or�zetai sto M′

kai èqei

w
 anoikt� eke�na ta uposÔnola A ⊂ M′
gia ta opo�a oi ant�strofe
 eikìne
 tou
 f−1(A) e�nai

anoikt� tou M.

Tf = {A ⊂ M′ : f−1(A) ∈ T }.

2. Mia ep�rrhyh f tou topologikoÔ q¸rou (M, T ) ston (M′, T ′), lègetai apeikìnish taÔtish
, ìtan
h topolog�a T ′

e�nai akrib¸
 h topolog�a taÔtish
 Tf th
 f .

Sqìlio-1 O orismì
 (1) perièqei kai ènan isqurismì pou jèlei apìdeixh. Dhlad  to ìti to sÔnolo Tf ,
pou or�zetai me autìn ton trìpo, ikanopoie�, ìntw
, ta axi¸mata th
 topolog�a
. Autì ìmw
 e�nai mia

tetrimmènh �skhsh.

Sqìlio-2 Epeid  gia k�je uposÔnolo A ⊂ M′
isqÔei f−1(Ac) = (f−1(A))c, èpetai ìti h ant�strofh

eikìna enì
 kleistoÔ e�nai kleistì, an kai mìnon an, h ant�strofh eikìna enì
 anoiktoÔ e�nai anoiktì.

Autì shma�nei ìti sthn topolog�a taÔtish
 to sÔnolo B ⊂ M′
e�nai kleistì, an kai mìnon an, to

f−1(B) e�nai kleistì tou M.

Sqìlio-3 H topolog�a taÔtish
 e�nai h megalÔterh topolog�a pou mpore� na orisje� sto M′
, gia thn

opo�a h f : M −→ M′
e�nai suneq 
. Pr�gmati an A e�nai anoiktì mia
 tètoia
 topolog�a
 T ′

, tìte to

f−1(A) ja e�nai anoiktì th
 T kai sunep¸
 A ∈ Tf , pr�gma pou de�qnei ìti T ′ ⊂ Tf .

Je¸rhma 6.1.1 Mia suneq 
 anoikt    kleist  ep�rriyh f tou topologikoÔ q¸rou (M, T ) ston (M′, T ′)
e�nai mia taÔtish.

Apìdeixh: Prèpei na de�xoume ìti T ′ = Tf . To ìti T ′ ⊂ Tf sqoli�sjhke parap�nw. To ìti Tf ⊂ T ′
,

prokÔptei p�li amèsw
 apì to ìti f(f−1(A)) = A gi� k�je sÔnolo A ⊂ M′
. àtsi, an l.q. to A ∈ Tf ,

tìte to f−1(A) e�nai anoiktì kai an h f e�nai anoikt , tìte kai to f(f−1(A)) = A ja e�nai anoiktì.

An�logh e�nai h apìdeixh kai gia kleist  f , o.e.d.

Sqìlio-4 Apì to je¸rhma prokÔptei ìti se èna ginìmeno topologik¸n q¸rwn M= M1 × ... × Mn

efodiasmèno me thn topolog�a ginìmeno, k�je m�a apì ti
 probolè
 pi : M → Mi e�nai mia taÔtish

(sqìlio 1.2, §1.2).
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Je¸rhma 6.1.2 Mia suneq 
 ep�rriyh f : M −→ M′
e�nai taÔtish, an kai mìnon an, gia k�je topologikì

q¸ro (N ,S) kai apeikìnish g : M′ → N h sunèqeia th
 g ◦ f sunep�getai thn sunèqeia th
 g.

M M'

N

f

g
gof

Sq ma 6.1.1: f taÔtish: sunèqeia th
 g ◦ f ⇒ g suneq 


Apìdeixh: Pr�gmati, an h f e�nai taÔtish kai h g ◦ f e�nai suneq 
, tìte gia A ⊂ N anoiktì to

(g ◦ f)−1(A) = f−1(g−1(A)) ja e�nai anoiktì, �ra, lìgw th
 taÔtish
 f , kai to g−1(A) ja e�nai

anoiktì, pr�gma pou de�qnei ìti h g e�nai suneq 
.

Gia to ant�strofo, pa�rnoume san N to �dio to M′
me thn topolog�a taÔtish
 Tf . àstw Id : M′ →

N h tautotik  kai f ′ = Id ◦ f . H sunèqeia th
 f ′
sunep�getai, kat� thn upìjesh thn sunèqeia th


Id. Kai kat� to pr¸to mèro
 h sunèqeia th
 Id−1 ◦ f ′ = f , epeid  h f ′
ek kataskeu 
 e�nai taÔtish,

sunep�getai ìti h Id−1
e�nai suneq 
. ProkÔptei ìti h Id e�nai omoiomorfismì
, �ra h f e�nai taÔtish,

o.e.d.

N N'

M M'
f

f
*

g h

Sq ma 6.1.2: f : f(g−1(n)) ⊂ h−1(n′) gia k�poio n′ ∈ N ′

Je¸rhma 6.1.3 àstw ìti g : M → N kai h : M′ → N ′
e�nai dÔo taut�sei
 kai f : M → M′

e�nai mia

suneq 
 apeikìnish pou ti


′′
sèbetai

′′
, me thn ènnoia ìti, gia k�je n ∈ N to f(g−1(n)) e�nai uposÔnolo

tou h−1(n′) gia k�poio n′ ∈ N ′
. Tìte or�zetai suneq 
 f∗ : N → N ′

, pou k�nei to di�gramma 6.1.2

metajetikì.

Apìdeixh: B�sei th
 upìjesh
, h f∗ e�nai monos manta kai kal¸
 orismènh. To f∗(n) prosdior�zetai
pa�rnonta
 to f∗(n) = h(f(m)) gia èna opoiod pote m ∈ g−1(n). Apì ton orismì th
 h f∗ k�nei to

di�gramma metajetikì, dhlad  ikanopoie� thn f∗ ◦ g = h ◦ f . An to U ⊂ N ′
e�nai anoiktì, tìte to

h−1(U) e�nai anoiktì tou M′
kai lìgw th
 sunèqeia
 th
 f to

f−1(h−1(U)) = g−1(f−1
∗ (U))

e�nai anoiktì tou M. Epeid  h g e�nai taÔtish, autì shma�nei ìti to f−1
∗ (U) e�nai anoiktì tou N , �ra

h f∗ e�nai suneq 
, o.e.d.

ASKHSEIS

�skhsh 6.1.1 àstw f mia suneq 
 ep�rriyh tou q¸rou (M, T ) ston (M′, T ′). De�xe ìti an up�rqei

suneq 
 apeikìnish g tou (M′, T ′) ston (M, T ), ètsi ¸ste f ◦ g = IM′
, ìpou h IM′

e�nai h tautotik 

tou M′
, tìte h f e�nai taÔtish.

�skhsh 6.1.2 àstw f mia suneq 
 anoikt  ep�rriyh tou q¸rou (M, T ) ston (M′, T ′). Upèjese kai ìti
gia k�je x ∈ M′

to f−1(x) ⊂ M e�nai sunektikì. De�xe ìti tìte to uposÔnolo A′ ⊂ M′
e�nai sunektikì

an kai mìnon an to A = f−1(A′) ⊂ M e�nai sunektikì.



6.2. H TOPOLOGIA PHLIKON 81

6.2 H topolog�a phl�kon

H shmantikìterh efarmog  th
 topolog�a
 taÔtish
 e�nai aut  th
 topolog�a
 phl�kon. Aut  or�zetai

apì m�a sqèsh isodunam�a
∼ s> èna topologikì q¸ro (M, T ). Pr�gmati mia sqèsh isodunam�a
, qwr�zei
to M se xèna uposÔnola, ti
 kl�sei
 isodunam�a
, to sÔnolo twn opo�wn onom�zetai q¸ro
 phl�kon

tou M w
 pro
 thn sqèsh ∼, pou sumbol�zetai me M′ = M/∼. Or�zetai amèsw
 kai h (fusik )

probol  p : M → M′
, pou antistoiqe� se k�je x ∈M, thn kl�sh tou p(x) = [x].

Orismì
 6.2.1 Topolog�a phl�kon tou q¸rou phl�kon M′ = M/∼ onom�zetai h topolog�a taÔtish


th
 p, kat� thn opo�a to A ⊂ M′
e�nai anoiktì, an kai mìnon an, to p−1(A) e�nai anoiktì touM.

Parade�gmata

1. R/Z. Sto R, me thn sun jh topolog�a, or�zoume th sqèsh isodunam�a
 x ∼ y ⇔ x − y ∈ Z.

ei2πx

(a,b) (a,b)+1 ..... (a,b)+n

B

Sq ma 6.2.1: ei2πx kai p anoiktè
 apeikon�sei


To sÔnolo phl�kon R/∼ sumbol�zoume me R/Z kai e�nai omoiìmorfo me ton monadia�o kÔklo

S1 ⊂ R2
. Pr�gmati, ìla ta stoiqe�a mia
 kl�sh
 [x] = p(x) = {x + n : n ∈ Z} apeikon�zontai

mèsw th
 apeikìnish


h(x) = ei2πx = (sun(2πx) + i hm(2πx)),

sto �dio shme�o tou kÔklou. Or�zetai loipìn mia apeikìnish

g : R/Z → S1 g([x]) = h(x), gia thn opo�a ex orismoÔ g ◦ p = h.

Lìgw th
 sunèqeia
 th
 h èpetai h sunèqeia th
 g (je¸rhma 6.1.2). To sq ma 6.2.1 de�qnei thn ait�a
gia thn opo�a h g e�nai kai anoikt , �ra omoiomorfismì
, afoÔ e�nai kai 1− 1 kai ep�. Pr�gmati,

blèpoume eÔkola ìti h e�nai anoikt , kaj¸
 apeikon�zei èna di�sthma I = (a, b) eÔrou
 mikrìterou
tou 1 se èna ant�stoiqo anoiktì tìxo B tou kÔklou. Apì thn �llh meri� to I ′ = p−1(p(I)) e�nai
ènwsh twn diasthm�twn pou sumbolik� mporoÔme na gr�youme {(a, b) + n, n ∈ Z} kai e�nai oi

metaforè
 tou (a, b) kat� n. To I ′ loipìn e�nai anoiktì, �ra kai to p(I) ja e�nai anoiktì. H g
sunep¸
 apeikon�zei k�je tètoio anoiktì p(I) se èna anoiktì B tou kÔklou.

2. Oi q¸roi M/A. Gi� k�je mh-kenì uposÔnolo A, enì
 topologikoÔ q¸rou (M, T ), or�zetai èna

q¸ro
 phl�kon, mia
 sqèsh
 isodunam�a
 pou èqei w
 kl�sei
 (a) ta monosÔnola {x}, an x /∈ A
kai (b) to �dio to A. Ston q¸ro phl�kon loipìn èqoume ta �dia shme�a me ton M, ektì
 tou A pou

èqoume taut�sei me èna shme�o. Idia�tero endiafèron parousi�zoun oi peript¸sei
 pou to A e�nai

anoiktì/kleistì, kaj¸
 tìte h ant�stoiqh probol 

p : M −→ M/A

apodeiknÔetai ant�stoiqa anoikt /kleist  apeikìnish. Pr�gmati, an l.q. to A e�nai anoiktì kai B
e�nai �llo anoiktì tou M, tìte to p−1(p(B)) ja e�nai   to �dio to B an A ∩B = ∅   to A ∪ B
an to B ∩A 6= ∅. Autì de�qnei ìti h apeikìnish probol 
 p e�nai anoikt . An�loga de�qnoume ìti

e�nai kleist  an to A e�nai kleistì.

W
 par�deigma mia
 tètoia
 kat�stash
, a
 doÔme to phl�kon

I ′ = [0, 1]/{0, 1}



82 KEFALAIO 6. SUMPLHRWMATIKA JEMATA

ìpou taut�zoume ta dÔo �kra tou diast mato
 [0, 1]. E�n me p′ : R → R/Z sumbol�soume

thn probol  tou prohgoumènou parade�gmato
, me p : [0, 1] → [0, 1]/{0, 1} thn probol  se

[0,1] R

R/Z

i

p'
p'oi

[0,1]/{0,1}
i*

p

Sq ma 6.2.2: Metajetikì di�gramma

autì to phl�kon kai me i : [0, 1] → R thn tautotik  ènriyh, tìte sto di�gramma or�zetai èna


omoiomorfismì
 i∗ (sq ma 6.2.2), pou de�qnei ìti to [0, 1]/{0, 1} e�nai omoiìmorfo tou kÔklou,

kaj¸
 h i∗ apodeiknÔetai eÔkola suneq 
, kleist  kai 1− 1.

3. Oi q¸roi Rn/Zn
. Oi q¸roi auto� apoteloÔn gen�keush tou pr¸tou parade�gmato
. DÔo dianÔ-

smata x, y ∈ Rn
jewroÔntai isodÔnama an diafèroun kat� di�nusma me akèraie
 suntetagmène


x ∼ y ⇔ x− y ∈ Zn.

Me trìpo an�logo pro
 to pr¸to par�deigma mporoÔme na de�xoume ìti o q¸ro
 phl�kon e�nai

omoiìmorfo
 me to kartesianì ginìmeno S1 × · · · × S1
(n forè
). To sq ma 6.2.3 de�qnei èna

Rx...xR  

(R/Z)x ...x(R/Z) Rn/Z
n

Rx...xR  

px...xp p'

i

i*

Sq ma 6.2.3: Metajetikì di�gramma II

metajetikì di�gramma pou mpore� na qrhsimopoihje� gia thn apìdeixh autoÔ tou omoiomorfismoÔ.

Oi apeikon�sei
 p, p′ e�nai oi ant�stoiqe
 probolè
 se q¸rou
 phl�ka. H i e�nai h tautotik  kai

o i∗ e�nai o omoiomorfismì
 pou or�zetai ètsi ¸ste to di�gramma na e�nai metajetikì. To sq ma

Sq ma 6.2.4: Spe�ra

6.2.4 de�qnei thn spe�ra mia epif�neia tou R3
omoiìmorfh tou q¸rou phl�kou R/Z × R/Z pou

me th seir� tou e�nai omoiìmorfo
 tou S1 × S1
.

Omoiìmorfo
 q¸ro
 phl�kon me ton prohgoÔmeno prokÔptei kai apì mia �llh taÔtish pou a-

peikon�zetai sto sq ma 6.2.5. Sta shme�a tou (kleistoÔ) parallhlogr�mmou or�zetai m�a sqèsh

isodunam�a
 w
 ex 
: (a) ìla ta eswterik� shme�a èqoun kl�sei
 monosÔnola, dhlad  e�nai iso-

dÔnama mìno me ton eautì tou
, (b) dÔo apènanti shme�a twn pleur¸n AB,Γ∆ e�nai isodÔnama,

(g) dÔo apènanti shme�a twn pleur¸n BΓ ,∆A e�nai isodÔnama, (d) oi tèsseri
 korufè
 e�nai iso-

dÔname
. Sto sq ma fa�nontai oi ant�strofe
 eikìne
 p−1(Uy) perioq¸n Uy orismènwn shme�wn

y = p(x) ∈ M/∼.
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A

B Γ

ΔE

E

Ζ

ΗΗ

Sq ma 6.2.5: Spe�ra II

4. H tain�a tou Moebius. Prìkeitai ed¸ gia ton q¸ro phl�kon pou prokÔptei apì èna parallhlì-

grammo tou R2
sto opo�o taut�zoume dÔo apènanti pleurè
 tou me ènan eidikì trìpo. O trìpo


Α

Β Γ

Δ

ΕΖ

Ζ

Sq ma 6.2.6: Tain�a tou Moebius

autì
 fa�netai sto sq ma 6.2.6. Epilègoume dÔo apènanti pleurè
 (ed¸ ti
 AB,Γ∆ kai taut�zoume

ta shme�a pou e�nai summetrik� w
 pro
 to kèntro summetr�a
 tou parallhlogr�mmou. O q¸ro


phl�kon pou prokÔptei lègetai tain�a tou Moebius. àqei thn idiìthta th
 mh-prosanatolismènh


Sq ma 6.2.7: Tain�a tou MoebiusII

epif�neia
   kai monìpleurh
 epif�neia
. Autì fa�netai sto sq ma 6.2.7, ìpou e�nai fanerì ìti

arq�zonta
 ton qrwmatismì th
 tain�a
 apì m�a pleur� th
 epif�neia
 ft�noume me suneq  trìpo

ston qrwmatismì kai th
 �llh
 pleur�
.

5. H mpot�lia tou Klein. Kai ed¸ prìkeitai gia ton q¸ro phl�kon pou prokÔptei apì èna parallh-

lìgrammo tou R2
sto opo�o taut�zoume ti
 apènanti pleurè
 tou me trìpo diaforetikì apì autìn

pou par�gei thn spe�ra (par�deigma 3). To sq ma de�qnei ton trìpo th
 taÔtish
 twn shme�wn twn

Α

Β Γ

Δ

ΕΖ

Ζ

H

H

Sq ma 6.2.8: Mpot�lia tou Klein

pleur¸n AB,Γ∆ kai BΓ ,∆A. ProkÔptei èna
 topologikì
 q¸ro
 phl�kon (epif�neia) pou den

mpore� na apeikonisje� ston R3
san le�a epif�neia, qwr�
 autotomè
. Up�rqei wstìso mia ènriyh



84 KEFALAIO 6. SUMPLHRWMATIKA JEMATA

autoÔ tou q¸rou se mia epif�neia me autotomè
 pou lègetai mpot�lia tou Klein kai apeikon�zetai

Sq ma 6.2.9: Mpot�lia tou Klein II

sto sq ma 6.2.9.

6. Oi proboliko� q¸roi PRn
. Auto� oi topologiko� q¸roi prokÔptoun apì to Rn+1−{0}, w
 q¸roi

phl�ka gia thn sqèsh isodunam�a


x ∼ y ⇔ up�rqei k 6= 0 : y = k x gia x, y ∈ Rn+1 − {0}.

An�mesa sti
 idiìthtè
 tou
 e�nai kai h sump�geia, pou apodeiknÔetai eÔkola apì thn sump�geia

th
 monadia�a
 sfa�ra
 Sn ⊂ Rn+1. Pr�gmati, h apeikìnish th
 probol 


p : Rn+1 − {0} −→ PRn

e�nai suneq 
 kai h sfa�ra e�nai sumpag 
. Sun�getai ìti kai h eikìna th
 p(Sn) ⊂ PRn
ja e�nai

sumpagè
 sÔnolo. EÔkola ìmw
 blèpoume ìti p(Sn) = PRn
, ap> ìpou kai to sumpèrasma.

To PRn
mpore� na orisje� kai w
 q¸ro
 phl�kon th
 sfa�ra
 Sn

, taut�zonta
 antipodik� shme�a,

dhlad  jewr¸nta
 dÔo shme�a th
 sfa�ra
 isodÔnama ìtan

Sn ∋ x, y, x ∼ y ⇔ y = −x.

H omoiomorf�a f twn dÔo q¸rwn phl�kwnX = (Sn/∼) kai Y = ((Rn+1−{0})/∼) apodeiknÔetai

S n R n+1-{0}

X Y

S n R n+1-{0}

X Y

p p' p p'

Id g

f
 f -1

Sq ma 6.2.10: Diagr�mmata gia ton probolikì q¸ro

eÔkola qrhsimopoi¸nta
 ta metajetik� diagr�mmata tou prohgoumènou sq mato
 6.2.10, ìpou Id
e�nai h tautotik  ènriyh th
 sfa�ra
 ston perib�lonta q¸ro kai g(x) = x

||x|| .

ASKHSEIS
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�skhsh 6.2.1 àstw ∼ mia sqèsh isodunam�a
 ston topologikì q¸ro (M, T ). Gia k�je uposÔnolo A tou

M ìrise to sÔnolo

C(A) = {x ∈ M : x ∼ a, gia k�poio stoiqe�o a ∈ A}.
Ean p : M → (M/ ∼) h probol  sto phl�kon, de�xe ìti to p(A) e�nai anoiktì tìte kai mìnon tìte, ìtan

to C(A) e�nai anoiktì.

�skhsh 6.2.2 àstw f mia suneq 
 �peikìnish tou q¸rou (M, T ) ston (M′, T ′). De�xe ìti h sqèsh

x ∼ y ⇔ f(x) = f(y), or�zei sqèsh isodunam�a
 sto M. De�xe ep�sh
 ìti or�zetai suneq 
 apeikìnish

f ′
apì to q¸ro phl�kon (M/ ∼) sto M′

, ètsi ¸ste f = p ◦ f ′
, ìpou p : M → (M/ ∼) h probol  sto

q¸ro phl�kon.

6.3 Isosuneqe�
 oikogèneie
 sunart sewn

Orismì
 6.3.1 Mia oikogèneia F sunart sewn apì ton metrikì q¸ro (M, d) ston (M′, d′), lègetai iso-
suneq 
, ìtan gi� k�je ε > 0 up�rqei δ > 0 ètsi ¸ste

d(x, y) < δ na sunep�getai d′(f(x), f(y)) < ε, gia k�je f ∈ F . (1)

Sqìlio-1 Profan¸
 k�je mèlo
 f ∈ F mia
 isosuneqoÔ
 oikogèneia
 e�nai mia omoiìmorfa suneq 


sun�rthsh. Ep�sh
 e�nai eÔkolo na doÔme ìti èna peperasmèno sÔnolo F = {f1, . . . , fn} omoiìmorfa

suneq¸n sunart sewn e�nai mia isosuneq 
 oikogèneia. Mia �llh kathgor�a paradeigm�twn prokÔptei

apì sunart sei
 Lipschitz w
 pro
 thn �dia stajer� K , dhlad  oikogèneie
 sunart sewn F gia ti


opo�e
 up�rqei K > 0 ètsi ¸ste, gia k�je mèlo
 f ∈ F na isqÔei

d′(f(x), f(y)) ≤ Kd(x, y), gia k�je x, y ∈ M.

Mia eidik  per�ptwsh tètoia
 oikogèneia
 e�nai l.q. mia oikogèneia F diafor�simwn sunart sewn f :
Rm → Rn

, twn opo�wn h par�gwgo
 f ′(x) e�nai fragmènh ||f ′(x)|| < K apì m�a, koin  gia ìle
 ti


f ∈ F , stajer� K . Pr�gmati, lìgw tou jewr mato
 th
 mèsh
 tim 
 ([Ack09, σ. 181]), ja isqÔei tìte

ìti

||f(x)− f(y)|| ≤ K · ||x − y||.

Je¸rhma 6.3.1 E�n F ⊂ C(M) e�nai isosuneq 
 oikogèneia sunart sewn tou metrikoÔ q¸rou (M, d),
tìte kai h F ⊂ C(M) e�nai isosuneq 
.

Apìdeixh: àstw ε′ = 3ε > 0 kai δ > 0 ètsi ¸ste na isqÔei h (1) gia ti
 f ∈ F . An f ∈ F , tìte ja

up�rqei g ∈ F me ||f − g|| < ε. Tìte gia k�je x, y ∈ M me d(x, y) < δ ja isqÔei

|f(x)− f(y)| ≤ |f(x)− g(x)|+ |g(x)− g(y)|+ |g(y)− f(y)| < 3ε = ε′.

Kaj¸
 aut  isqÔei kai gia ìle
 ti
 g ∈ F , isqÔei gia k�je f ∈ F , o.e.d.

Mia apì ti
 pio qr sime
 idiìthte
 twn isosuneq¸n sunart sewn e�nai ìti qarakthr�zoun ta sumpa-

g  uposÔnola tou C(M) enì
 sumpagoÔ
 metrikoÔ q¸rou M.

Je¸rhma 6.3.2 (Je¸rhma twn Arzela, Ascoli) àstw (M, d) sumpag 
 metrikì
 q¸ro
 kai F ⊂ C(M),
tìte to F e�nai sumpagè
, an kai mìnon an e�nai fragmèno, kleistì kai isosuneqè
.

Apìdeixh: E�n to F e�nai sumpagè
, tìte e�nai kleistì kai kai olik� fragmèno, afoÔ to C(M) e�nai
pl rh
 metrikì
 q¸ro
 (Je¸rhma 2.2.2). De�qnoume ìti h oikogèneia F e�nai isosuneq 
. Pr�gmati,

lìgw th
 sump�gei�
 th
, gia dojèn ε > 0, ja up�rqoun peperasmèna {f1, . . . , fn} ⊂ F ètsi ¸ste

F ⊂ Bε(f1)∪ · · · ∪Bε(fn). Epeid  o M e�nai sumpag 
, k�je m�a apì ti
 fi e�nai omoiìmorfa suneq 




86 KEFALAIO 6. SUMPLHRWMATIKA JEMATA

(Je¸rhma 5.2.9), �ra gia autì to ε ja up�rqei ant�stoiqo δi ètsi ¸ste d(x, y) < δi ⇒ |fi(x)−fi(y)| <
ε. Diapist¸noume eÔkola ìti to δ = min{δi} ikanopoie� thn idiìthta (1) th
 isosunèqeia
 gia ti
 f ∈ F .

Ant�strofa, upojètoume ìti h F ⊂ C(M) e�nai mia fragmènh, kleist  kai isosuneq 
 oikogèneia

sunart sewn. Ja de�xoume ìti to sÔnolo F e�nai sumpagè
 tou C(M), apodeiknÔonta
 ìti tìte e�nai
kai olik� fragmèno (Je¸rhma 5.2.3). Pr�gmati, kat� thn upìjesh, ja up�rqei M > 0 ètsi ¸ste

|f(x)| < M gia k�je x ∈ M kai k�je f ∈ F . Gia dojèn ε′ = 4ε > 0, lìgw th
 upìjesh
 th


isosunèqeia
 th
 F , ja up�rqei δ > 0 pou ikanopoie� thn (1). Ep�sh
, apì thn sump�geia tou M, èpetai

ìti up�rqoun peperasmèna {x1, . . . , xm} tou M ètsi ¸ste M = Bδ(x1)∪ · · · ∪Bδ(xm). Apì thn �llh
meri�, to [−M,M ] e�nai sumpagè
, �ra up�rqoun peperasmèna stoiqe�a tou {y1, . . . , yn}, ètsi ¸ste
[−M,M ] ⊂ Bε(y1) ∪ · · · ∪Bε(yn).

Gia k�je m�a apì ti
 nm
to pl jo
 dunatè
 apeikon�sei


α : {x1, . . . , xm} −→ {y1, . . . , yn} (2)

or�zetai èna uposÔnolo Fα ⊂ F :

Fα = {f ∈ F : |f(xi)− yα(i)| < ε}. (3)

Ta nm
sÔnola Fα kalÔptoun to F kai h di�metro
 tou kajenì
 e�nai mikrìterh tou 4ε. Pr�gmati, gia

f, g ∈ Fα kai x ∈ M ja isqÔei x ∈ Bδ(xi) gia k�poio xi kai epomènw


|f(x)− g(x) ≤ |f(x)− f(xi)|+ |f(xi)− yα(i)|
+ |yα(i) − g(xi)|+ |g(xi)− g(x)| ≤ 4 · ε = ε′.

Sun�getai (Je¸rhma 5.2.1) ìti to F e�nai olik� fragmèno, sunep¸
 (Je¸rhma 5.2.3) sumpagè
 tou

C(M), o.e.d.

Pìrisma 6.3.1 M�a fragmènh akolouj�a isosuneq¸n sunart sewn {fn} ⊂ C(M) tou sumpagoÔ
 metri-
koÔ q¸rou (M, d) èqei sugkl�nousa upakolouj�a.

Apìdeixh: Efarmìzoume to prohgoÔmeno je¸rhma sto F , ìpou F = {fn}. To F e�nai ep�sh
 kleistì,

isosuneqè
 (Je¸rhma 6.3.1) kai fragmèno. Pr�gmati, èstw ìti |fi(x)| ≤ M gia k�je x ∈ M kai k�je

i. Tìte, an g ∈ F kai ε > 0 ja up�rqei fi ∈ F me ||g − fi|| < ε. Tìte

||g|| ≤ ||fi||+ ||g − fi|| < M + ε,

kai epeid  autì isqÔei gia k�je ε, ja prèpei ||g|| ≤ M , o.e.d.

6.4 Apeiroginìmena

Me ton ìro apeiroginìmena ennooÔme kartesian� ginìmena me �peiro pl jo
 paragìntwn. Sta sun jh

(peperasmèna) kartesian� ginìmena M= M1 × ... × Mn, ta stoiqe�a x tou M e�nai diatetagmène


n−�de
 {x1, . . . , xn} pou fti�qnoume epilègonta
 èna stoiqe�o apì k�je Mi. An�loga mporoÔme na

or�soume to apeiroginìmeno me èna arijm simo pl jo
 paragìntwn {Mi, i ∈ N}, w
 to sÔnolo twn

akolouji¸n {xn}, ìpou xi ∈ Mi gia k�je i ∈ N. E�nai fanerì ìti o periorismì
 sto N e�nai teqnhtì


kai ìti to N ja mporoÔse na antikatastaje� apì opoiod pote apeirosÔnolo, to opo�o na qrhsimeÔei gia

thn deiktodìthsh twn q¸rwn. Gia par�deigma, mporoÔme na jewr soume tou
 kÔklou
 Sr tou epipèdou,

me kèntro to (0, 0) kai akt�na r kai na or�soume to apeiroginìmeno th
 oikogèneia
 aut¸n twn kÔklwn

Σ =
∏

r>0

Sr,

to opo�o na apotele�tai apì ìle
 ti
 oikogèneie
 stoiqe�wn {xr : xr ∈ Sr ∀r > 0}. K�je kampÔlh c pou
xekin�ei apì to O = (0, 0) kai p�ei sto �peiro sunant¸nta
 k�je Sr m�a akrib¸
 for� ja ìrize tìte
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O
A

c

S
r

Sq ma 6.4.1: Stoiqe�a enì
 apeiroginomènou

èna stoiqe�o tou Σ , ìpw
 l.q. kai mia hmieuje�a pou xekin� apì to O. To Σ , wstìso, perièqei polÔ

perissìtera stoiqe�a, ektì
 aut¸n twn kampul¸n.

Ft�noume loipìn ston genikì orismì, ìpou ta dedomèna e�nai mia oikogèneia {Mi, i ∈ I}, mh-ken¸n
sunìlwn, pou deiktodote�tai apì èna opoiod pote sÔnolo I . To kartesianì ginìmeno aut¸n twn

sunìlwn sumbol�zoume me

M =
∏

i∈I

Mi

kai apotele�tai apì ìle
 ti
 oikogèneie
 {xi : xi ∈ Mi ∀i ∈ I}.
O orismì
 e�nai genikì
 kai sumperilamb�nei poll� pr�gmata. Gia par�deigma, m�a sun�rthsh

f : M −→ M′
e�nai stoiqe�o tou apeiroginomènou pou sumbol�zoume me

M′M =
∏

x∈M

M′
x

kai apotele�tai apì ant�grafa tou M′
, èna gia k�je x ∈ M. Mia sun�rthsh f , ìpw
 h parap�nw,

or�zei èna stoiqe�o autoÔ tou kartesianoÔ ginomènou, afoÔ gia k�je x ∈ M mporoÔme na jewr soume

to f(x) ∈ M′
x = M′

. Profan¸
 to M′M
apotele�tai akrib¸
 apì ìle
 autè
 ti
 sunart sei
.

E�n gia tuqìn sÔnolo X , jewr soume ìle
 ti
 apeikon�sei
 tou sto disÔnolo ∆ = {0, 1}, tìte
to ant�stoiqo apeiroginìmeno ∆

X
taut�zetai me to sÔnolo twn uposunìlwn tou, afoÔ k�je tètoia

apeikìnish f or�zei èna uposÔnolo A ⊂ X ìpou f
∣∣
A
= 1 kai toÔmpalin.

An ta Mi èqoun topologik  dom , tìte mporoÔme na or�soume kai sto apeiroginìmenì tou
 topolo-

gik  dom  me ton �dio trìpo pou thn or�same gia peperasmèna ginìmena (Orismì
 1.1.8).

Orismì
 6.4.1 àstw oikogèneia topologik¸n q¸rwn Mi, gia i ∈ I . H topolog�a ginìmeno tou M =∏
i∈I Mi or�zetai w
 h topolog�a h paragìmenh apì ti
 fète
 〈Ai〉 = p−1

i (Ai), ìpou Ai anoiktì touMi

kai pi({xk}) = xi h probol  tou M sto Mi.

Sqìlio-1 Apì ton orismì th
 paragìmenh
 topolog�a
 prokÔptei ìti mia b�sh th
 topolog�a
 tou

apeiroginomènou ja apotele�tai akrib¸
 apì ti
 peperasmène
 tomè
 fet¸n

〈Ai1 . . . Ain〉 = p−1
i1

(Ai1) ∩ · · · ∩ p−1
in

(Ain), (1)

ìpou ik ∈ I, Aik ⊂ Mik anoiktì.

Sqìlio-2 Apì to prohgoÔmeno sqìlio sun�getai, ìti sthn per�ptwsh apeiroginomènou, kai kat> an-

t�jesh me ta peperasmèna ginìmena, an dialèxoume èna mh-kenì anoiktì Ai 6= Mi apì k�je Mi, to

ginìmeno A =
∏

i∈I Ai den e�nai potè anoiktì tou apeiroginomènou. An  tan, ja èprepe na up�rqei

basikì sÔnolo th
 morf 
 (1) perieqìmeno sto A, k�ti pou e�nai adÔnaton an Ai 6= Mi gia �peira

i ∈ I . To epìmeno je¸rhma de�qnei ìti k�ti ant�stoiqo den isqÔei gia ta kleist�.

Sqìlio-3 Apì ton orismì sun�getai ìti k�je probol  pi : M → M e�nai suneq 
, afoÔ gia k�je

anoiktì Ai ⊂ Mi to 〈Ai〉 = p−1
i (Ai) e�nai anoiktì tou ginomènou.

Sqìlio-4 Apì ton orismì sun�getai ep�sh
 ìti k�je probol  pi : M → Mi e�nai anoikt , afoÔ
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k�je anoiktì th
 b�sh
 th
 morf 
 〈Ai1 . . . Ain〉 ja prob�lletai sto Mi mèsw th
 pi   sto �dio to

Mi, an to i den e�nai metaxÔ twn {i1, . . . , in}   se k�poio anoiktì Ai an to i e�nai èna apì aut� ta ik.

Je¸rhma 6.4.1 Gia k�je oikogèneia uposunìlwn Bi ⊂ Mi isqÔei w
 pro
 thn topolog�a ginìmeno

∏

i∈I

Bi =
∏

i∈I

Bi.

Apìdeixh: àstw x = {xi} ∈
∏

i∈I Bi = B. Tìte k�je perioq  〈Ai〉 = p−1
i (Ai) tou x me pi(x) = xi ∈ Ai

ja tèmnei to B, �ra kai to Ai ja tèmnei to Bi. Autì de�qnei ìti to xi ∈ Bi.

Ant�strofa, an gia k�je i to xi ∈ Bi, tìte to x = {xi} ∈ ∏
i∈I Bi = B, diìti k�je perioq 

〈Ai1 . . . Ain〉 pou perièqei to x ja tèmnei to B, o.e.d.

Je¸rhma 6.4.2 Gia k�je shme�o x = {xi} tou apeiroginomènou M =
∏

i∈I Mi to sÔnolo Dx twn

shme�wn y tou M, twn opo�wn oi sunist¸se
 tou
 yi diafèroun mìno gia peperasmèna i ∈ I apì ti


ant�stoiqe
 tou x e�nai puknì sto M.

Apìdeixh: To tuqìn stoiqe�o 〈Ai1 . . . Ain〉 th
 b�sh
 tou M perièqei y ∈ M, pou diafèroun to polÔ

kat� ti
 sunist¸se
 me de�kte
 apì to {i1, ..., in}, o.e.d.

Je¸rhma 6.4.3 Mia apeikìnish f tou topologikoÔ q¸rou (M, T ) se èna apeiroginìmenoM′
=

∏
i∈I Mi

efodiasmèno me thn topolog�a ginìmeno, e�nai suneq 
, an kai mìnon an, k�je sÔnjesh pi ◦ f : M → Mi

e�nai suneq 
.

Apìdeixh: An h f e�nai suneq 
, tìte kai h pi ◦ f w
 sÔnjesh suneq¸n, ja e�nai suneq 
 apeikìnish.

Gia to ant�strofo, an upojèsoume ìti h sÔnjesh pi ◦ f e�nai suneq 
 gia k�je i kai 〈Ai1 . . . Ain〉
basikì sÔnolo tou ginomènou, tìte to

(f)−1(〈Ai1 . . . Ain〉) = (f−1(∩k p
−1
ik

(Aik )) =

∩k f
−1(p−1

ik
(Aik )) = ∩k (pik ◦ f)−1(Aik),

e�nai anoiktì, w
 tom  peperasmènou pl jou
 anoikt¸n, o.e.d.

Je¸rhma 6.4.4 To apeiroginìmenoM=

∏
i∈I Mi topologik¸n q¸rwn (Mi, Ti) e�nai sunektikì w
 pro


thn topolog�a ginìmeno, tìte kai mìnon tìte, ìtan k�je Mi e�nai sunektikì.

Apìdeixh: An to M e�nai sunektikì, tìte epeid  k�je probol  pi e�nai suneq 
 ep�rhyh ep� tou Mi,

kai autì ja e�nai sunektikì.

Gia to ant�strofo h mèjodo
 apìdeixh
 e�nai, sthn ous�a aut  th
 per�ptwsh
 gia peperasmèna

ginìmena, tou jewr mato
 4.1.9. H upìjesh ed¸ e�nai ìti k�je Mi èinai sunektikì.

Se èna pr¸to b ma de�qnoume, ìti an ta shme�a {xn} kai {yn} tou M diafèroun mìno se pepera-

smène
 sunist¸se
, w
 pro
 tou
 de�kte
 {i1, . . . , ik}, tìte perièqontai sthn �dia sunektik  sunist¸sa

tou M. Pr�gmati, tìte ta dÔo shme�a ja perièqontai sto M(i1, ..., ik) ⊂ M, pou apotele�tai apì

ìla ta {xn}, ta opo�a èqoun stajerè
 ìle
 ti
 �lle
 plhn twn i1, ..., ik suntetagmènwn. ämw
 to sÔ-

nolo M(i1, ..., ik) e�nai omoiìmorfo tou kartesianoÔ ginomènou peperasmènou pl jou
 paragìntwn

Mi1 × · · · ×Mik , pou kat� to je¸rhma 4.1.9 e�nai sunektikì.

Sto deÔtero b ma dialègoume èna stajerì shme�o a = {an} tou ginomènou kai jewroÔme to sÔnolo

Da ìlwn twn �llwn shme�wn x = {xn}, pou diafèroun apì to a, to polÔ, se peperasmèno pl jo


suntetagmènwn. Kat� to prohgoÔmeno b ma to Da e�nai sunektikì (je¸rhma 4.1.7), afoÔ k�je stoiqe�o

tou x kai to a perièqontai se sunektikì sÔnolo, perieqìmeno me thn seir� tou stoDa. Kat� to je¸rhma

6.4.2, to Da e�nai puknì uposÔnolo tou M, �ra to M= Dn ja e�nai ep�sh
 sunektikì (je¸rhma 4.1.4),

o.e.d.

Je¸rhma 6.4.5 To apeiroginìmeno D =
∏

n∈N
∆n enì
 arijm simou pl jou
 paragìntwn, kajèna
 apì

tou
 opo�ou
 taut�zetai me to∆ = {0, 2} me thn diakrit  topolog�a, e�nai omoiìmorfo tou sunìlou Cantor
C.
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Apìdeixh: ([Dug66,σ. 104]) Ennoe�tai ed¸ ìti to D èqei thn topolog�a ginìmeno. Ja de�xoume ìti h

amfimonos manth apeikìnish pou or�sjhke sto je¸rhma 1.1.10 kai antistoiq�zei sthn akolouj�a x =
{xn} ∈ D to stoiqe�o

f(x) = x1
1

3
+ x2

1

32
+ ...+ xn

1

3n
+ ... ∈ C

e�nai omoiomorfismì
. Gia thn sunèqeia th
 f ja de�xoume ìti, gia ε > 0, up�rqei perioq  Ux ⊂ D, ètsi

¸ste

y ∈ Ux ⇒ f(y) ∈ (f(x)− ε, f(x) + ε).

Pr�gmati an dialèxoume arket� meg�lo N , ètsi ¸ste to

′′
upìloipo

′′
th
 sugkl�nousa
 seir�


∞∑

i=N

2
1

3i
< ε,

kai y ∈ D èna opoiod pote shme�o th
 perioq 
 Ux = 〈x1...xN 〉 tou x, tìte blèpoume amèsw
 ìti

|f(y)− f(x)| ≤
∞∑

i=N

2
1

3i
< ε.

Ed¸ a
 shmei¸soume ìti to ∆ jewre�tai me thn diakrit  topolog�a, sthn opo�a ta monosÔnola e�nai

anoikt�. àtsi, ant� na gr�foume gia ta anoikt� tou apeiroginomènou 〈{x1} . . . {xn}〉 parale�poume ti

agkÔle
 kai gr�foume 〈x1...xn〉.

Gia to ìti h f e�nai anoikt , de�qnoume ìti k�je perioq  th
 morf 
 〈xi1 ...xin〉 èqei eikìna f(〈xi1 ...xin〉)
anoiktì sÔnolo tou C. Pr�gmati, an p�roume san N = maxk(ik) kai ε = 1

3N+1 , tìte gia k�je

x ∈ f(〈xi1 ...xin〉) kai thn mp�la B = Bε(x) ⊂ R kai k�je y ∈ C ∩ B ja isqÔei ìti ta x, y dia-

fèroun se sunist¸se
 me de�kth megalÔtero tou N , �ra y ∈ f(〈xi1 ...xin〉), o.e.d.

Je¸rhma 6.4.6 àstw {(Mi, di), i ∈ N} akolouj�a metrik¸n q¸rwn twn opo�wn h di�metro
 sqhmat�zei

mia mhdenik  akolouj�a: δi = δ(Mi) → 0. Tìte h

d({xn}, {yn}) = sup
k
{dk(xk, yk)}, gia {xn}, {yn} ∈ M =

∏

i

Mi,

or�zei m�a metrik  sto apeiroginìmeno M =
∏

i Mi, th
 opo�a
 h topolog�a sump�ptei me thn topolog�a

ginìmeno twn metrik¸n q¸rwn.

Apìdeixh: ([Dug66,σ. 190]) To ìti h d pou or�zetai me autìn ton trìpo ikanopoie� ta axi¸mata th


metrik 
 e�nai tetrimmèno. De�qnoume sth sunèqeia ìti h topolog�a Td aut 
 th
 metrik 
 kai h topolog�a
ginìmeno T sump�ptoun.

H sqèsh gia ti
 kanonikè
 probolè
 pk({xn}) = xk:

dk(pk({xn}), pk({yn})) = dk(xk, yk) ≤ d({xn}, {yn}) = sup
k
{dk(xk, yk)},

sunep�getai ìti autè
 e�nai suneqe�
 sunart sei
, �ra h topolog�a ginìmeno T , pou par�getai apì ta

〈Ak〉 = p−1
k (Ak), Ak ∈ Tk, perièqetai sthn topolog�a Td th
 metrik 
 d.

De�qnoume ìti kai Td ⊂ T . Pro
 toÔto arke� na de�xoume ìti gia mia d−mp�la Bε(x) enì
 x =
{xn} ∈ M up�rqei anoiktì A = 〈Ai1 . . . Ain〉 th
 b�sh
 th
 T me x ∈ A ⊂ Bε(x). Pr�gmati, apì
to ìti h akolouj�a twn δn e�nai mhdenik , sun�getai ìti up�rqei N , ètsi ¸ste n > N ⇒ δn < ε.
ProkÔptei tìte ìti gia ti
 di−mp�le
 Bi

ε(xi) ⊂ Mi isqÔei

〈B1
ε (x1) . . . B

N
ε (xN )〉 ⊂ Bε(x), o.e.d.

Pìrisma 6.4.1 To apeiroginìmeno M =
∏

i Mi twn {(Mi, di), i ∈ N} e�nai metrikopo�hsimo.
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Apìdeixh: Prèpei na de�xoume ìti or�zetai mia metrik  d stoM, ètsi ¸ste h topolog�a th
 na sump�ptei

me thn topolog�a ginìmeno. Pro
 toÔto tropopoioÔme ti
 metrikè
 twn Mi, ètsi ¸ste oi nèe
 metrikè


na or�zoun thn �dia topolog�a all� na ikanopoioÔn kai thn δi → 0 tou prohgoumènou jewr mato
.

Pr�gmati, mia genik  mh-fragmènh metrik  di mporoÔme na thn antikatast soume me th fragmènh

d′i(x, y) =
di(x,y)

1+di(x,y)
, pou, kat� to par�deigma-2 §2.1, ja or�zei ta �dia anoikt� me thn arqik  metrik .

Aut n ep�sh
 mporoÔme na antikatast soume me èna pollapl�siì th
, ìpw
 to d′′i (x, y) =
1
nd

′
i(x, y),

pou ep�sh
 or�zei thn �dia topolog�a me thn prohgoÔmenh. To pìrisma prokÔptei plèon efarmìzonta


to je¸rhma gia ti
 nèe
 autè
 metrikè
 twn Mi, o.e.d.

Orismì
 6.4.2 O kÔbo
 tou Hilbert H or�zetai w
 to uposÔnolo twn akolouji¸n {xn} ∈ ℓ2 gia ti
 opo�e

isqÔei |xn| ≤ 1

n , efodiasmèno me thn sqetik  topolog�a apì to ℓ2.

To epìmeno je¸rhma de�qnei ìti o kÔbo
 tou Hilbert e�nai omoiìmorfo
 me to apeiroginìmeno

I∞ =

∞∏

k=1

Ik, ìpou gia k�je k to Ik = I = [−1, 1].

Je¸rhma 6.4.7 O kÔbo
 tou Hilbert e�nai omoiìmorfo
 me to I∞ efodiasmèno me thn topolog�a ginìmeno.

Apìdeixh: De�qnoume ìti h apeikìnish

f : H −→ I∞, me f({xn}) = {nxn},

e�nai omoiomorfismì
. To ìti e�nai 1− 1 kai ep� e�nai profanè
. Ep�sh
 h sunèqeia th
 f èpetai apì thn

sunèqeia twn pi ◦ f (je¸rhma 6.4.3), ìpou pi : H →, pi({xn}) = xi h kanonik  probol . H sunèqeia

twn pi ◦ f prokÔptei apì thn

|pk({xn})− pk({yn})| = k |xk − yk| ≤ k ||{xn} − {yn}||2.

H sunèqeia th
 ant�strofh
 g = f−1, g({xn}) = {xn

n } prokÔptei jewr¸nta
 ìti h topolog�a tou I∞

or�zetai apì thn metrik  d = supk{dk(xk, yk)} tou prohgoumènou jewr mato
, pou prokÔptei apì ti


metrikè
 sta Ik = I = [−1, 1]

dk(xk, yk) =
|xk − yk|

n
1
4

.

Pr�gmati, an δ = supk{dk(xk, yk)}isqÔei

‖g({xn})− g({yn})‖2 =
∥∥∥
{xn

n

}
−
{yn
n

}∥∥∥
2

=

√∑

n

( |xn − yn|2
n2

)
=

√√√√∑

n

( |xn − yn|
n

1
4

)2

· 1

n
3
2

≤

√∑

n

δ2 · 1

n
3
2

= δ

√∑

n

1

n
3
2

⇒

‖g({xn})− g({yn})‖2 ≤ d({xn}, ({yn})
√
K,

ìpou K to ìrio th
 seir�


∑
n

1

n
3
2

, pou sugkl�nei ([Sp�04, sel.398℄), o.e.d.

Sqìlio-5 M�a apì ti
 jemeli¸dei
 idiìthte
 tou apeiroginomènou e�nai aut  th
 sump�geia
 kai th


sqèsh
 th
 me ti
 topolog�e
 twn paragìntwn. To ant�stoiqo je¸rhma (tou Tychonoff, [M t06, sel.41℄,

[Loo53,σ. 11], [Dug66,σ. 224]) apodeiknÔetai isodÔnamo me to ax�wma epilog 
, pou an kei sti
 jeme-

li¸dei
 majhmatikè
 arqè
.

Je¸rhma 6.4.8 To apeiroginìmenoM=

∏
i∈I Mi topologik¸n q¸rwn (Mi, Ti) e�nai sumpagè
 w
 pro


thn topolog�a ginìmeno, tìte kai mìnon tìte, ìtan k�je Mi e�nai sumpag 
 q¸ro
.



6.4. APEIROGINOMENA 91

Sqìlio-6 B�sei autoÔ tou jewr mato
 sumpera�noume ìti o kÔbo
 tou Hilbert H e�nai sumpag 
, afoÔ

e�nai omoiìmorfo
 pro
 apeiroginìmeno diasthm�twn, kajèna apì ta opo�a e�nai sumpagè
. Sthn sug-

kekrimènh per�ptwsh h sump�geia mpore� na apodeiqje� piì �mesa me èna diag¸nio epiqe�rhma epilog 


upakolouj�a
, pou perigr�fetai sto [Ste70,σ. 65]. Tèlo
, h sump�geia mpore� na apodeiqje� kai apì to

ìti o H e�nai kleistì kai olik� fragmèno uposÔnolo tou pl rou
 metrikoÔ q¸rou ℓ2.

Je¸rhma 6.4.9 O kÔbo
 tou Hilbert H e�nai kleistì uposÔnolo tou ℓ2.

Apìdeixh: àna shme�o tou sumplhr¸mato
 x = {xi} ∈ Hc
, ja èqei èna toul�qiston xn /∈ [0, 1

n ]. Tìte
ja up�rqei di�sthma (xn − ε, xn + ε), pou den tèmnei to [0, 1

n ]. Sumpera�noume ìti gia k�je y = {yi}
apì thn mp�la Bε(x), ja èqoume ep�sh
 yn /∈ [0, 1

n ], �ra y ∈ Hc
, o.e.d.

Je¸rhma 6.4.10 O kÔbo
 tou Hilbert H e�nai olik� fragmèno uposÔnolo tou ℓ2.

Apìdeixh: ([KF70, σ. 99]) Gia dojèn ε > 0 br�skoume peperasmèno pl jo
 apì mp�le
 {Bε(zi)} pou

kalÔptoun to H. Pro
 toÔto dialègoume pr¸ta èna n ∈ N ètsi ¸ste

∞∑

i=n+1

1

n2
<

ε

2
. (1)

Ep�sh
 gia k�je shme�o x = {xi} ∈ H or�zoume thn probol  tou x′ = pn(x) = (x1, . . . , xn, 0, . . . ) ∈ H,

me ìle
 ti
 suntetagmène
 xk = 0 gia k > n. IsqÔei

d(x, x′) =

√√√√
∞∑

i=n+1

x2
i ≤

√√√√
∞∑

i=n+1

1

n2
<

ε

2
. (2)

To sÔnolo H′ = pn(H) ⊂ H e�nai olik� fragmèno, w
 isometrikì me olik� fragmèno tou Rn
. Lìgw

twn (1) kai (2), an to H′
kalÔptetai apì peperasmène
 to pl jo
 mp�le
 {B ε

2
(zi), i = 1, . . . ,m}, tìte

to H ja kalÔptetai apì ti
 {Bε(zi)}, o.e.d.

Je¸rhma 6.4.11 O kÔbo
 tou Hilbert H ⊂ ℓ2 èqei kenì eswterikì Ho = ∅, sunep¸
 to sumpl rwm� tou

e�nai puknì sto ℓ2.

Apìdeixh: àstw x = {xi} tuqìn stoiqe�o tou H. äla ta shme�a {yn = (x1, . . . , xn + ε, . . . )} periè-

qontai sthn mp�la B2ε(x). Aut  ìmw
 den mpore� na perièqetai sto H, afoÔ, an perieqìtan, tìte ja

èprepe |xn + ε| ≤ 1
n gia k�je n ∈ N, pou e�nai adÔnaton gia ε > 0, o.e.d.

ASKHSEIS

�skhsh 6.4.1 àstw pi h probol  tou apeiroginomènouM=

∏
i∈I Mi sto (Mi, Ti). De�xe ìti h topolog�a

Ti sump�ptei me thn topolog�a taÔtish
 Tpi
th
 pi.

�skhsh 6.4.2 àstw pi h probol  tou apeiroginomènou M=

∏
i∈I Mi sto (Mi, Ti). De�xe ìti gia k�je

anoiktì A tou M, to pi(A) = Mi gi� ìla ta i ektì
 peperasmènwn tin¸n.

�skhsh 6.4.3 àstw gia k�je i ∈ I to uposÔnolo Ai ⊂ Mi tou topologikoÔ q¸rou (M, T ). De�xe ìti
to apeiroginìmeno A =

∏
i∈I Ai w
 pro
 thn sqetik  topolog�a twn Ai èqei thn �dia topolog�a me thn

sqetik  w
 uposÔnolo tou M=

∏
i∈I Mi.

�skhsh 6.4.4 àstw ìti gia k�je i ∈ I or�zetai apeikìnish fi : Mi → Ni apì ton topologikì q¸ro

(Mi, Ti) ston (Ni,Si). Or�zetai tìte kai apeikìnish

f =
∏

i∈I

fi :
∏

i∈I

Mi −→
∏

i∈I

Ni, me f({xi}) = {fi(xi)}.

De�xe ìti an k�je fi e�nai suneq 
, tìte kai h f e�nai suneq 
. De�xe ep�sh
 ìti an k�je fi e�nai anoikt 
ep�rriyh, tìte kai h f e�nai anoikt  ep�rriyh. Sumpèrane ìti an k�je fi e�nai omoiomorfismì
, tìte kai h
f e�nai omoiomorfismì
.
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�skhsh 6.4.5 àstw to apeiroginìmeno D =
∏

n∈N
∆n enì
 arijm simou pl jou
 paragìntwn, kajèna


apì tou
 opo�ou
 taut�zetai me to ∆ = {0, 2} efodiasmèno me thn diakrit  topolog�a. De�xe ìti to D e�nai

omoiìmorfo me to D ×D. Sumpèrane ìti kai to sÔnolo tou CantorC e�nai omoiìmorfo me to C × C.

�skhsh 6.4.6 Me tou
 sumbolismoÔ
 th
 prohgoÔmenh
 �skhsh
, ìrise thn apeikìnish f : D −→ [0, 1]
me f({xi}) =

∑
i∈N

xi

2i . De�xe ìti h f e�nai mia suneq 
 ep�rriyh (Upìdeixh: parìmoia me to je¸rhma

6.4.5.) Sumpèrane ìti up�rqei suneq 
 ep�rriyh f ′ : C → [0, 1], tou sunìlou tou CantorC sto [0, 1].

�skhsh 6.4.7 Qrhsimopoi¸nta
 ti
 dÔo prohgoÔmene
 ask sei
, kataskeÔase mia suneq  ep�rriyh f :
C −→ [0, 1] × [0, 1]. Qrhsimopoi¸nta
 katìpin thn �skhsh 1.2.13, de�xe ìti up�rqei suneq 
 (kampÔlh)

g : [0, 1] −→ [0, 1]×[0, 1]. Tètoie
 kampÔle
, pou h eikìna tou
 gem�zei to tetr�gwno [0, 1]×[0, 1], lègontai
kampÔle
 tou Peano. Parìmoia kataskeu�zontai suneqe�
 kampÔle
 C → [0, 1]n [Dug66,σ. 105], [Sag91].



KEFALAIO7

Merik� axioshme�wta jewr mata

7.1 To jemeli¸de
 je¸rhma th
 �lgebra


To jemeli¸de
 je¸rhma th
 �lgebra
 diate�netai thn Ôparxh mia
 r�za
 gia k�je migadikì polu¸numo

f(z) = an z
n + an−1 z

n−1 + · · ·+ a1 z + a0, me an, . . . , a0 ∈ C, (1)

dhlad  enì
 migadikoÔ z0 gia ton opo�o f(z0) = 0. Sunèpeia autoÔ, e�nai ìti to prwtob�jmio polu¸numo
z − z0 diaire� to f(z), to opo�o tìte gr�fetai

f(z) = (z − z0) g(z), (2)

ìpou g(z) èna polu¸numo n − 1 bajmoÔ. Efarmìzonta
 xan� to je¸rhma, aut  th for� sto g(z)
br�skoume mia r�za autoÔ z1, h opo�a, lìgw th
 (2) e�nai kai r�za tou f(z). Suneq�zonta
 kat> autìn
ton trìpo katal goume sthn paragontopo�hsh tou poluwnÔmou se grammikoÔ
 par�gonte


f(z) = an (z − z0) (z − z1) . . . (z − zn−1), (3)

ìpou ta {z0, . . . , zn−1} e�nai oi n r�ze
 tou poluwnÔmou, merikè
 apì ti
 opo�e
 mpore� na taut�zontai.

Autì, apì thn skopi� th
 �lgebra
, de�qnei, ìpw
 lègetai, ìti to s¸ma twn migadik¸n arijm¸n e�nai

algebrik� kleistì.

Sthn apìdeixh pou ja d¸soume jewroÔme thn suneq  apeikìnish tou C ston eautì tou pou or�zei

èna polu¸numo f(z) pou sumbol�zoume me to �dio gr�mma f : C −→ C. H topologik  dom  tou C e�nai

h sun jh
, pou prokÔptei apì thn taÔtis  tou me to R2
. QrhsimopoioÔme ep�sh
 to gegonì
, ìti gia

A
0

A
1

A
2

A

z
0

w
0

c
c'

Sq ma 7.1.1: Sumperifor� th
 w = w0 + k (z − z0)
3

stajeroÔ
 migadikoÔ
 arijmoÔ
 z0, w0, k, me k 6= 0, h aploÔstath migadik  apeikìnish

w = w0 + k (z − z0)
n, z ∈ C,
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apeikon�zei to sÔnolo twn kÔklwn c me kèntro to z0 sto sÔnolo twn kÔklwn c′ me kèntro to w0. K�je

shme�o w se èna tètoio kÔklo c′ e�nai eikìna n akrib¸
 shme�wn tou kÔklou c pou apoteloÔn ti
 korufè

enì
 kanonikoÔ n−g¸nou, eggegrammènou ston kÔklo. To sq ma 7.1.1 de�qnei thn eikìna A twn tri¸n

koruf¸n enì
 isopleÔrou trig¸nou sthn per�ptwsh mia
 tètoia
 apeikìnish
 gia n = 3. H apìdeixh

sthr�zetai se dÔo l mmata.

L mma 7.1.1 Gia k�je migadikì polu¸numo f(z) up�rqei shme�o z0 ∈ C, sto opo�o h sun�rthsh |f(z)|
pa�rnei el�qisth tim .

Apìdeixh: Pr�gmati, an z1 ∈ C e�nai tuqìn shme�o kai K = |f(z1)|, tìte je¸rhse mia meg�lh sumpag 

mp�la B = Br(0) pou perièqei to z1, sthn opo�a h h(z) = |f(z)|, lìgw sunèqeia
 pa�rnei el�qisth tim 

m s> èna shme�o z0. Epeid  to ìrio

lim
z→∞

|f(z)| = ∞,

h mp�la mpore� na epilege� ètsi ¸ste ektì
 aut 
 h sun�rthsh na èqei |f(z)| > K , opìte to el�qisto

m entì
 th
 B, ja e�nai kai el�qisto sunolik�, o.e.d.

L mma 7.1.2 Gia k�je polu¸numo f(z) h el�qisth tim  th
 |f(z)| gia z ∈ C e�nai to 0.

Apìdeixh: ([Tri12]) De�qnoume ìti an h el�qisth tim  m, pou kat� to prohgoÔmeno l mma lamb�netai

se k�poio shme�o z0 tou C, e�nai m > 0, tìte prokÔptei �topo.
Pr�gmati, tìte h f , diair¸nta
 me to (z − z0) ja gr�fetai

f(z) = f(z0) + (z − z0)
k g(z), (4)

ìpou to g(z) e�nai mikrìterou bajmoÔ apì autìn tou f kai g(z0) 6= 0. Or�zoume tìte thn sun�rthsh

F (z) = f(z0) + g(z0) (z − z0)
k, (5)

kai br�skoume 1 > δ > 0 ètsi ¸ste

|z − z0| = δ ⇒ |g(z)− g(z0)| < |g(z0)|, (5)

pr�gma pou e�nai dunatìn lìgw th
 sunèqeia
 th
 g(z). H F apeikon�zei ton kÔklo c = {z : |z−z0| = δ}

z
0

f(z
0
)δ

|g(z
0
)|

z'

F(z')

δk

Sq ma 7.1.2: Apeikìnish kÔklou se kÔklo

akt�na
 δ ston kÔklo c′ me kèntro f(z0) kai akt�na r = |g(z0)|δn. Dialègoume z′ ∈ c, ètsi ¸ste to

F (z′) ∈ c′ na perièqetai kai sto eujÔgrammo tm ma metaxÔ tou 0 kai tou f(z0) (sq ma 7.1.2), opìte

isqÔei

|F (z′)| = |f(z0)| − r.

Ep�sh
 èqoume ìti

|f(z′)− F (z′)| = |g(z′)− g(z0)||z′ − z0|k < |g(z0)|δk = r.

Sumpera�noume to �topo apì thn sunepagìmenh anisìthta

|f(z′)| ≤ |F (z′)|+ |f(z′)− F (z′)| < |f(z0)| − r + r = |f(z0)|,

pou antif�skei sto ìti to |f(z0)| = m e�nai h el�qisth tim  th
 |f(z)|, o.e.d.
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Je¸rhma 7.1.1 (Jemeli¸de
 je¸rhma th
 �lgebra
) K�je polu¸numo me migadikoÔ
 suntelestè
 èqei m�a

toul�qiston r�za.

Apìdeixh: �mesh sunèpeia tou prohgoumènou l mmato
, afoÔ, an f(z) e�nai to polu¸numo, h el�qisth

tim  th
 sun�rthsh
 h(z) = |f(z)| sto C ja e�nai to 0 kai ja lamb�netai se shme�o z0 ∈ C, sto opo�o

h(z0) = |f(z0)| = 0 ⇒ f(z0) = 0, o.e.d.

7.2 To je¸rhma twn Stone, Weierstrass

To je¸rhma twn Stonekai Weierstrasse�nai sthn r�za poll¸n proseggistik¸n mejìdwn sunart sewn apì
oikogèneie
 �llwn, kat� k�poio trìpo aploÔsterwn. To tupikì par�deigma e�nai autì th
 prosèggish


mia
 suneqoÔ
 sun�rthsh
 mèsw poluwnumik¸n sunart sewn. Upojètoume ed¸ ìti o topologikì
 q¸ro


e�nai èna kleistì (sumpagè
) di�sthma M = [a, b] kai sumbol�zoume me C[a, b] ton dianusmatikì q¸ro

ìlwn twn suneq¸n sto [a, b] sunart sewn f : [a, b] → R. H arqik  morf  tou jewr mato
, diatupwmènh

apì ton Weierstrasslèei ìti gi� k�je suneq  sun�rthsh f ∈ C[a, b] kai k�je ε > 0 up�rqei èna

polu¸numo pn(x) = anx
n + ...+ a0 ètsi ¸ste

||f − pn||∞ = sup
x∈[a,b]

(|f(x)− pn(x)|) < ε.

To sÔnolo twn poluwnumik¸n sunart sewn ektì
 tou ìti or�zei ènan dianusmatikì upìqwro A tou

C[a, b], èqei mia prìsjeth dom  pou ofe�letai sto ìti to ginìmeno poluwnÔmwn e�nai p�li polu¸numo.

H dom  aut  e�nai mi�
 �lgebra
 sunart sewn kai tupopoie�tai apì ton epìmeno orismì.

Orismì
 7.2.1 Dojènto
 sumpagoÔ
 topologikoÔ q¸rou (M, T ), jewroÔme ton q¸roBanachtwn suneq¸n
sunart sewn

C(M) = {f : M −→ R, f suneq 
 }
efodiasmèno me thn norm ||f || = supx∈M(|f(x)|).

1. àna
 dianusmatikì
 upìqwro
 A ⊂ C(M) lègetai �lgebra sunart sewn ìtan e�nai kleistì
 w


pro
 ton pollaplasiasmì:

f, g ∈ A ⇒ fg ∈ A.

2. Lème ìti h A perièqei thn mon�da, ìtan aut  perièqei thn stajer  sun�rthsh: 1M ∈ A.

3. Lème ìti h �lgebra A diaqwr�zei shme�a, an gia k�je x 6= y ∈ M, up�rqei f ∈ A ètsi ¸ste

f(x) 6= f(y).

4. Lème upo�lgebra th
 A èna dianusmatikì upìqwro th
 A pou e�nai kleistì
 w
 pro
 ton polla-

plasiasmì.

Sqìlio-1 To �dio to C(M) e�nai h ′′
mègisth

′′
�lgebra sunart sewn tou M. äle
 oi �lle
 �lgebre
 su-

nart sewn A, pou ja jewr soume parak�tw, e�nai upo�lgebre
 aut 
 th
 mègisth
. SÔmfwna me ton o-

rismì ma
, mia �lgebra/upo�lgebra mpore� na perièqei   kai na mhn perièqei thn stajer  sun�rthsh 1M .

Autì profan¸
 e�nai isodÔnamo me to ìti h �lgebra/upo�lgebra perièqei/den-perièqei ìle
 ti
 stajerè


sunart sei
. Parade�gmata algebr¸n kai upoalgebr¸n sunart sewn mporoÔme na kataskeu�soume

eÔkola l.q. jewr¸nta
 gia mia sun�rthsh f ∈ C(M) ta pollapl�sia fn(x) = f(x) · f(x) · · · · f(x)
(n forè
). àtsi, parak�tw, ja qrhsimopoi soume to gegonì
 ìti o grammikì
 q¸ro
 pou par�getai apì

tètoia pollapl�sia mia
 sun�rthsh
 f

A(f) = {λn1
fn1 + · · ·+ λnk

fnk , ni ∈ N, λi ∈ R}
e�nai mia upo�lgebra th
 C(M). Ja qrhsimopoi soume ep�sh
 to gegonì
, pou apodeiknÔetai èukola

b�sei th
 �skhsh
 2.1.12 kai th


′′
kal 


′′
sumperifor�
 th
 normtou C(M) w
 pro
 to ginìmeno

||f · g|| ≤ ||f || · ||g||, gia k�je f, g ∈ C(M), (*)

ìti an A ⊂ C(M) e�nai m�a upo�lgebra, tìte kai h j kh th
 A e�nai upo�lgebra th
 C(M).
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Je¸rhma 7.2.1 (Stone, Weierstrass) Doje�sh
 mi�
 �lgebra
 A ⊂ C(M) sunart sewn tou sumpagoÔ


topologikoÔ q¸rou M pou perièqei thn mon�da kai diaqwr�zei shme�a, sun�rthsh
 f ∈ C(M) kai ε > 0,
up�rqei stoiqe�o h ∈ A ètsi ¸ste

||f − h|| < ε.

Me �lla lìgia, h A e�nai puknì uposÔnolo tou C(M), isodÔnama, A = C(M).

Sqìlio-2 H apìdeixh ([Goe90,σ. 21]), qrhsimopoie� se ka�rio shme�o to je¸rhma (2.2.7) stajeroÔ

shme�ou tou Banach. Prot�ssoume merik� l mmata pou de�qnoun ìti h j kh A orismènwn algebr¸n

perièqei k�poia qr sima stoiqe�a (sunart sei
) pou pa�zoun kentrikì rìlo sto je¸rhma.

L mma 7.2.1 Gia k�je stoiqe�o f ∈ C(M) me ||f || < 1 up�rqei èna kai monadikì stoiqe�o g ∈ A(f) me
||g|| < 1 ètsi ¸ste

g2 − 2g + f = 0.

Apìdeixh: Gia thn apìdeixh efarmìzoume to je¸rhma stajeroÔ shme�ou tou Banachsthn kleist  mp�la
Br(0) ⊂ A(f), ìpou r > 0 me ||f || < r < 1. Or�zoume pro
 toÔto thn apeikìnish

T (g) =
1

2
(g2 + f), gia g ∈ Br(0) ⊂ A(f).

Lìgw th


||T (g)|| ≤ 1

2
(||g||2 + ||f ||) ≤ 1

2
(r2 + r) < r ⇒ T (Br(0)) ⊂ Br(0).

Epiplèon

||T (g)− T (h)|| = 1

2
||g2 − h2|| = 1

2
||(g − h)(g + h)||

≤ 1

2
(||g||+ ||h||)(||g − h||)

≤ r||g − h||.

Autì de�qnei ìti h T e�nai apeikìnish sustol 
 kai sunep¸
 èqei èna akrib¸
 stajerì shme�o g ston

(pl rh) q¸ro Br(0). Epeid  to r < 1 mpore� na epilege� osod pote kont� sto 1, to g e�nai to monadikì

stajerì shme�o th
 T perieqìmeno sthn anoikt  mp�la B1(0), o.e.d.

L mma 7.2.2 Gia k�je f ∈ B1(0) ⊂ C(M) h ex�swsh

g2 = 1M − f

èqei m�a monadik  lÔsh th
 morf 
 g = 1M − h me h ∈ A(f) kai ||h|| < 1.

Apìdeixh: ProkÔptei apì to prohgoÔmeno l mma gr�fonta


(1M − h)2 = 1M − f ⇔ h2 − 2h+ f = 0, o.e.d.

L mma 7.2.3 E�n A ⊂ C(M) e�nai mia kleist  �lgebra sunart sewn pou perièqei thn 1M kai f ∈ A
e�nai mh arnhtik , tìte up�rqei g ∈ M tètoia ¸ste g2 = f (h tetragwnik  r�za th
 f ).

Apìdeixh: A
 upojèsoume kat> arq n ìti ||f || < 1. Tìte, kat� to prohgoÔmeno l mma, ja up�rqei

monadik  lÔsh th
 ex�swsh
 g2 = 1M − f , th
 morf 
 g = 1M − h me h ∈ A(f) kai ||h|| < 1. Tìte
ja isqÔei f = 1M − g2 kai xanaefarmìzonta
 to l mma sthn g2 br�skoume sun�rthsh k ∈ A(f) ètsi
¸ste 1M − g2 = k2 ⇒ f = k2.

Sthn per�ptwsh pou ||f || ≥ 1 jewroÔme thn sun�rthsh f ′ = f
4||f ||2 , gia thn opo�a ||f ′|| < 1.

Efarmìzonta
 to prohgoÔmeno sumpèrasma, br�skoume g ∈ A(f) ètsi ¸ste f ′ = g2 ⇒ f = (2||f ||g)2
o.e.d.
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Pìrisma 7.2.1 E�n A ⊂ C(M) e�nai mia kleist  �lgebra sunart sewn pou perièqei thn 1M kaj¸
 kai

ti
 sunart sei
 f, g, tìte h A perièqei kai ti
 sunart sei


(1) |f | = (f2)
1
2

(2) max{f, g} =
1

2
(f + g + |f − g|)

(3) min{f, g} =
1

2
(f + g − |f − g|)

Apìdeixh: Jewr mato
 Stone, WeierstrassUpojètoume ed¸ ìti h A ⊂ C(M) e�nai mia �lgebra pou

ikanopoie� ti
 sunj ke
 tou jewr mato
 7.2.1. A
 upojèsoume ep�sh
 pro
 stigm n to x ∈ M stajerì.

Tìte, gia doje�sa f ∈ C(M) kai k�je �llo shme�o y 6= x up�rqei sun�rthsh gy ∈ A ètsi ¸ste

gy(x) = f(x) kai gy(y) = f(y). Autì prokÔptei apì to ìti h A diaqwr�zei shme�a, opìte up�rqei mia

g ∈ A me g(x) 6= g(y). Arke� loipìn na p�roume

gy(t) = f(x) + (f(y)− f(x))
g(t)− g(x)

g(y)− g(x)
.

Gia dojèn ε > 0, lìgw th
 sunèqeia
 th
 gy , ja up�rqei anoikt  perioq  Uy tou y ètsi ¸ste

t ∈ Uy ⇒ gy(t) < f(t) + ε.

Ta anoikt� {Uy} kalÔptoun to sumpagè
 M, �ra up�rqoun peperasmèna to pl jo
 {y1, . . . , yn} ètsi

¸ste M ⊂ ∪n
i=1Uyi

. Or�zoume loipìn thn sun�rthsh

hx(t) = min{gy1
(t), . . . , gyn

(t)} ∈ A,

gia thn opo�a isqÔei hx(t) < f(t) + ε gia k�je t ∈ M.

T¸ra, apì thn sunèqeia th
 hx(t), sun�getai ìti up�rqei perioq  Vx tou x, ètsi ¸ste

t ∈ Vx ⇒ hx(t) > f(t)− ε.

äpw
 kai prohgoumènw
, apì thn sump�geia touM, sun�getai ìti up�rqoun peperasmèna {x1, . . . , xm}
ètsi ¸ste M ⊂ ∪m

i=1Vxi
. Or�zoume p�li thn

h(t) = max{hx1
(t), . . . , hxm

(t)} ∈ A,

gia thn opo�a isqÔei ||f − h|| < ε, o.e.d.

Je¸rhma 7.2.2 Gia k�je sumpag  q¸ro metrikì q¸ro (M, d), o q¸ro
 C(M) e�nai diaqwr�simo
.

Apìdeixh: O q¸ro
 M e�nai diaqwr�simo
 (je¸rhma 5.2.7, �skhsh 5.2.7). àstw loipìn {xi} mia ako-

louj�a, to sÔnolo twn shme�wn th
 opo�a
 e�nai puknì sto M. Je¸rhse ti
 sunart sei


{gi(x) = d(x, xi), i ∈ N}

kai thn �lgebra A ⊂ C(M) pou par�getai apì ta peperasmèna ginìmena aut¸n twn sunart sewn kai

thn 1M .

A = {λ+Σλi1...ikgi1 · · · · · gik .}
H �lgebra aut  diaqwr�zei ta shme�a. Pr�gmati �n x 6= y me 3ε = d(x, y) kai 1

n < ε, tìte up�rqei

xi : d(xi, x) < ε ⇒ gi(x) < ε. Ep�sh
 e�nai d(xi, y) = gi(y) > ε, diìti an  tan d(xi, y) ≤ ε, tìte
ja  tan d(x, y) ≤ d(x, xi) + d(xi, y) ≤ 2ε, pou e�nai �topo. Sun�getai ìti A = C(M). Arke� na

jewr soume to arijm simo uposÔnolo th
 A pou apotele�tai ti
 sunart sei
 th
 me rht� λ kai λi1...ik ,

o.e.d.
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y=
x

y=f(x)

Sq ma 7.3.1: To je¸rhma Brouwergia di�stash n = 1

7.3 Je¸rhma stajeroÔ shme�ou tou Brouwer

To je¸rhma tou Brouwer, genikeÔei thn apl  idiìthta pou perigr�fei to sq ma 7.3.1: K�je suneq 


sun�rthsh f : [−1, 1] −→ [−1, 1] èqei èna stajerì shme�o, dhlad  èna shme�o x ∈ [−1, 1] gia to

opo�o isqÔei f(x) = x. IsodÔnama, to gr�fhma Gf th
 f tèmnei thn diag¸nio tou tetrag¸nou pou

e�nai to gr�fhma th
 sun�rthsh
 y = x. H apìdeixh pou ja d¸soume apaite� mia exoike�wsh me ton

dianusmatikì logismì kai kur�w
 me dÔo apì ta basik� tou jewr mata, pou e�nai to je¸rhma th


ant�strofh
 apeikìnish
 ([Trì12a, sel.240℄, [Sp�94, sel.36℄) kai to je¸rhma allag 
 metablht 
 se

pollapl� oloklhr¸mata ([Trì12a, sel.313℄, [Sp�94, sel.66℄).

Je¸rhma 7.3.1 (Je¸rhma stajeroÔ shme�ou tou Brouwer) K�je suneq 
 apeikìnish f : Bn −→ Bn

èqei èna toul�qiston stajerì shme�o.

Ed¸ me Bn
sumbol�zoume thn kleist  (sumpag ) mp�la tou Rn

Bn = {x ∈ Rn : ||x||2 = x2
1 + · · ·+ x2

n ≤ 1},

th
 opo�a
 to sÔnoro e�nai h monadia�a sfa�ra

Sn−1 = {x ∈ Rn : ||x|| = 1}.

Th
 apìdeixh
 ([How95]) ja prot�xoume èna l mma pou afor� apeikon�sei
 th
 C1
kathgor�a
, dhlad 

apeikon�sei
 pou èqoun suneq  pr¸th par�gwgo. To jèma, ìpw
 e�pame, apaite� mia exoike�wsh me thn

an�lush poll¸n metablht¸n. Ep�sh
 h par�gwgo
 mi�
 apeikìnish


f : Bn −→ Sn−1,

ìpw
 aut  pou ja ma
 apasqol sei parak�tw, or�zetai mèsw th
 dom 
 diafor�simh
 pollaplìthta
 th


Sn−1
([FB70]), pou mèsw sÔnjesh
 me stereografikè
 probolè
 th
 sfa�ra
 an�getai se diafor�sime


apeikon�sei
 tou tÔpou

f : Rn −→ Rn−1,
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kai telik� sthn Ôparxh kai sunèqeia twn merik¸n parag¸gwn

∂fi
∂xj

gia sust mata sunart sewn th


morf 


y1 = f1(x1, . . . , xn),

y2 = f2(x1, . . . , xn),

. . .

yn−1 = fn−1(x1, . . . , xn).

L mma 7.3.1 Den up�rqei C1
diafor�simh apeikìnish

f : Bn −→ Sn−1,

ètsi ¸ste f(x) = x gia k�je x ∈ Sn−1 ⊂ Bn
.

Apìdeixh: àstw ìti up�rqei tètoia f . Tìte gia t ∈ [0, 1] or�zoume th sun�rthsh

x

 f(x)

f
t
(x)

Sq ma 7.3.2: Sun�rthsh ft orizìmenh apì thn f

ft(x) = (1− t)x+ t f(x) = x+ t g(x), ìpou g(x) = f(x)− x. (1)

H ft e�nai ep�sh
 C
1
diafor�simh, kai apeikon�zei thn mp�la ston eautì th
, afoÔ

||ft(x)|| ≤ (1− t)||x|| + t||f(x)|| = (1− t) + t = 1. (2)

M�lista èqei thn �dia idiìthta me thn f , na af nei ta shme�a th
 Sn−1
stajer� afoÔ

gia k�je x ∈ Sn−1 ⇒ ft(x) = (1− t)x+ t x = x.

Apì to ìti h f e�nai C1
diafor�simh èpetai ìti h g e�nai ep�sh
 diafor�simh kai sunep¸
, lìgw tou

jewr mato
 mèsh
 tim 
 ([Ack09, σ. 181]) kai th
 sump�geia
 th
 Bn
, ja e�nai Lipschitz, dhlad  ja

up�rqei stajer� K ètsi ¸ste

gia k�je x1, x2 ∈ Bn : ||g(x1)− g(x2)|| ≤ K ||x1 − x2||. (3)

A
 doÔme gia poi� t h ft e�nai kai 1− 1. àstw loipìn

x1 6= x2 ∈ Bn, me ft(x1) = ft(x2) ⇒
x2 − x1 = t (g(x1)− g(x2)) ⇒
||x2 − x1|| = t ||(g(x1)− g(x2))|| ≤ K t ||x2 − x1|| ⇒

1 < K t ⇒ 1

K
≤ t ⇒

gia k�je t <
1

K
h ft : Bn −→ Bn

e�nai 1-1. (4)

Or�zoume ta sÔnola Gt = ft(B
n). Epeid  h par�gwgo
 th
 ft e�nai �sh me thn grammik  apeikìnish

f ′
t = I + t g′



100 KEFALAIO 7. MERIKA AXIOSHMEIWTA JEWRHMATA

(I sumbol�zei thn tautotik  apeikìnish) kai h g e�nai C1
diafor�simh, h or�zousa det(f ′

t) e�nai diafo-
r�simh sun�rthsh kai det(f ′

0) = 1 gia k�je x ∈ Bn
, ja up�rqei t0 6= 0 ètsi ¸ste

det(f ′
t(x)) > 0 gia k�je t ∈ [0, t0] kai k�je x ∈ Bn. (5)

Pa�rnonta
, sthn an�gkh, èna mikrìtero tou t0, mporoÔme, lìgw th
 (4), na upojèsoume ìti h

ft : B
n −→ Gt e�nai 1-1 gia t ∈ [0, t0].

De�qnoume ìti

Gt = ft(B
n) = Bn

gia k�je t ∈ [0, t0].

Pr�gmati, èstw ìti autì den isqÔei kai h Gt ⊂ Bn
e�nai gn sia. Tìte to sÔnoro ∂Gt ∩ Bn 6= ∅ kai

èstw y0 ∈ ∂Gt ∩ Bn
. Tìte h y0 ∈ ∂Gt = ∂(ft(B

n)) sunep�getai thn Ôparxh akolouj�a
 {xk} ⊂ Bn

me

lim ft(xk) = y0.

Lìgw th
 sump�geia
 th
Bn
ja up�rqei upakolouj�a {xk} me lim xk = x0 ∈ Bn

kai lìgw th
 sunèqeia


th
 ft ja isqÔei ft(x0) = y0. ämw
, lìgw th
 topik 
 antistreyimìthta
 th
 ft, to Gt e�nai anoiktì kai

epomènw
 h tom  tou me to sÔnorì tou Gt ∩ ∂Gt = ∅. Autì sunep�getai ìti to y0 /∈ Gt = ft(B
n) �ra

to x0 ∈ Bn − Bn = Sn−1
. ämw
 gia x ∈ Sn−1

isqÔei ft(x) = x, �ra y0 = ft(x0) = x0 kai to y0 ja

perièqetai sto Sn−1
kai ìqi sto Bn

, ant�jeta me thn upìjesh. E�nai loipìn h

ft : Bn −→ Bn 1− 1 kai ep�. (6)

Or�zoume thn sun�rthsh

F : [0, 1] −→ R

F (t) =

∫

Bn

det(f ′
t(x))dx =

∫

Bn

det(I + t g′(x))dx,

pou, w
 pro
 t, e�nai èna polu¸numo. Gia t ∈ [0, t0] h ft : Bn → Bn
e�nai 1-1 kai ep�, sunep¸
 kat� ton

tÔpo allag 
 metablht 
 th
 olokl rwsh
, to F (t) ja parist�nei ton n− di�stato ìgko th
 eikìna


ft(Bn) = Bn
. H F (t) sunep¸
, ja e�nai m�a stajer� Kn = vol(Bn) gia k�je t ∈ [0, t0]. ämw
 èna

polu¸numo pou e�nai stajerì sta shme�a enì
 diast mato
 [0, t0] e�nai pantoÔ stajerì kai sunep¸


F (1) = Kn > 0. (7)

Autì odhge� sthn epijumht  ant�fash w
 ex 
.

f1(x) = f(x) ∈ Sn−1
gia k�je x ∈ Bn ⇒

f1(x) · f1(x) = ||f1(x)||2 = 1 ⇒

2 f ′
1(x)(v) · f1(x) =

d

dt

∣∣∣
0
f1(x + tv) · f1(x+ tv) = 0 ⇒

Im(f ′
1(x)) ⊂ f(x)⊥ ⇒

t�xh(f ′
1(x)) ≤ n− 1 ∀ x ∈ Bn ⇒

det(f ′
1(x)) = 0 gia k�je x ∈ Bn ⇒

F (1) =

∫

Bn

det(f ′
1(x))dx = 0. (8)

To teleuta�o sumpèrasma antif�skei sthn (7) kai apodeiknÔei to l mma, o.e.d.

Apìdeixh: (tou jewr mato
 tou Brouwer) Thn suneq  f : Bn −→ Bn
th
 upìjesh
 tou jewr mato
,

prosegg�zoume me polu¸numikè
 sunart sei
 kat� to je¸rhma Stone Weierstrass. Kat> autì to je¸rh-

ma, gia k�je k ∈ N up�rqei poluwnumik  sun�rthsh (dhlad  sun�rthsh p(x) = (p1(x), . . . , pn(x)),
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ìpou oi pi(x) = pi(x1, . . . , xn) e�nai polu¸numa n metablht¸n)

p(k) : Bn −→ Rn
ètsi ¸ste ||f(x)− p(k)(x)|| ≤ 1

k
gia k�je x ∈ Bn ⇒ (9)

||p(k)(x)|| ≤ ||f(x)|| + ||p(k)(x) − f(x)|| ≤ 1 +
1

k
.

�ra pa�rnonta


qk =
1

1 + 1
k

p(k),

èqoume akolouj�a poluwnumik¸n sunart sewn {qk : Bn → Bn} pou sugkl�noun omoiìmorfa sthn su-

n�rthsh f .

x

q
k
(x)

f
k
(x)

Sq ma 7.3.3: Sun�rthsh fk orizìmenh apì thn qk

De�qnoume ìti k�je qk èqei èna stajerì shme�o xk ∈ Bn
. Pr�gmati, an  tan qk(x) 6= x gia k�je x ∈ Bn

,

tìte or�zetai mia nèa sun�rthsh fk(x), fk : Bn → Bn
, pa�rnonta
 w
 fk(x) to shme�o sto opo�o h

hmieuje�a [x, qk(x)] tèmnei thn Sn−1
(sq ma 7.3.3). H sun�rthsh aut  e�nai C1

diafor�simh kai èqei

fk(x) = x gi� k�je x ∈ Sn−1
, se ant�fash me to l mma. Kataskeu�zoume loipìn mia akolouj�a {xk}

apì ta stajer� shme�a xk twn qk. Lìgw th
 sump�geia
 th
 Bn
up�rqei sugkl�nousa upakolouj�a kai

mporoÔme na upojèsoume ìti lim xk = x0 ∈ Bn
. Epeid  h akolouj�a twn sunart sewn qk sugkl�nei

omoiìmorfa sthn f sto Bn
, èpetai

f(x0) = lim qk(xk) = lim xk = x0, o.e.d.

Pìrisma 7.3.1 Den up�rqei suneq 
 apeikìnish f : Bn −→ Sn−1
me f(x) = x gia k�je x ∈ Sn−1

.

Apìdeixh: àstw ìti up�rqei suneq 
 tètoia apeikìnish. Tìte h g(x) = −f(x) e�nai ep�sh
 apeikìnish
ìpw
 h f th
 Bn

sthn Sn−1
. An g(x) = x tìte to x ∈ Sn−1

. ämw
 gia x ∈ Sn−1
isqÔei g(x) =

−f(x) = −x 6= x. �ra h g den mpore� na èqei stajer� shme�a, kat> ant�fash pro
 to je¸rhma tou

Brouwer, o.e.d.

7.4 To je¸rhma tou Jordan

To je¸rhma tou Jordanekfr�zei mia idiìthta pou èqei mia apl  kleist  kampÔlh c tou epipèdou, ìpw


o kÔklo
: qwr�zei to ep�pedo se dÔo mèrh, èna fragmèno A kai èna mh fragmèno B (sq ma 7.4.1).

Orismì
 7.4.1 Aplì tìxo onom�zoume èna uposÔnolo K ⊂ R2
, gia to opo�o up�rqei omoiomorfismì


f : I = [0, 1] −→ K sto K me thn sqetik  topolog�a.

KampÔlh tou Jordan onom�zoume èna uposÔnolo K ⊂ R2
, gia to opo�o up�rqeio omoiomorfismì


tou monadia�ou kÔklou f : S1 −→ K sto K me thn sqetik  topolog�a.
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A

B

Sq ma 7.4.1: Je¸rhma tou Jordan

Sq ma 7.4.2: Autotemnìmene
 kampÔle
, anoikt  kai kleist 

Sqìlio-1 Kami� for� ja qrhsimopoioÔme tou
 ìrou
 tìxo, kampÔlh kai gia thn sun�rthsh f mèsw th


opo�a
 or�zontai aut� ta sÔnola. To nìhma ja bga�nei apì ta sumfrazìmena. Sun jw
 h f onom�zetai

paramètrish tou tìxou kai th
 kampÔlh
 ant�stoiqa. O trìpo
 pou or�same autè
 ti
 ènnoie
 apokle�ei

ti
 peript¸sei
 autotom¸n, ìpw
 autè
 tou sq mato
 7.4.2, oi opo�e
 ent�ssontai ston genikìtero

orismì twn kampul¸n tou epipèdou (orismì
 4.2.1).

Je¸rhma 7.4.1 (Je¸rhma tou Jordan) K�je kleist  kampÔlh K tou Jordanqwr�zei to R2
se dÔo sune-

ktikè
 sunist¸se
, m�a fragmènh kai m�a mh-fragmènh, me koinì sÔnoro to K .

Apìdeixh: Thn apìdeixh tou jewr mato
 ([Mae84]) ja d¸soume me thn bo jeia merik¸n lhmm�twn.

L mma 7.4.1 Gi� k�je kampÔlh tou JordanK isqÔei:

1. K�je sunist¸sa tou R2 −K e�nai kat� tìxa sunektik  kai anoikt .

2. To sÔnolo R2 −K èqei m�a mìno mh fragmènh sunist¸sa.

Apìdeixh: To K e�nai ex orismoÔ sumpagè
, �ra to sumpl rwma anoiktì. To (1) prokÔptei apì ta

jewr mata 4.2.3, 4.2.1. To (2) e�nai sunèpeia th
 sump�geia
 tou K , o.e.d.

L mma 7.4.2 E�n to R2−K e�nai mh sunektikì, tìte k�je sunektik  sunist¸sa tou èqei toK w
 sÔnoro.

Apìdeixh: Apì thn upìjesh to R2 − K èqei dÔo toul�qiston sunektikè
 sunist¸se
. àstw U m�a ex

aut¸n. K�je �llh sunist¸sa U ′
e�nai ep�sh
 anoiktì sÔnolo xèno pro
 to U , �ra den èqei koinì shme�o

me to sÔnoro

∂U = U ∩ U c ⇒ ∂U ⊂ K.

Ja de�xoume ìti ∂U 6= K odhge� se �topo. Pr�gmati, an sumba�nei autì, tìte ja up�rqei èna tìxo

T ⊂ K pou ja perièqei to sÔnoro

∂U = U ∩ U c ⊂ T. (1)

Kat� to prohgoÔmeno l mma kai thn upìjesh, ja up�rqei m�a toul�qiston fragmènh sunist¸sa, pou

mpore� na e�nai h U . Pa�rnoume s> aut n èna shme�o p kai mia arket� meg�lh mp�la B = Br(p) pou na
perièqei thn kampÔlh K sto eswterikì th
, opìte h sfa�ra S = Sr(p), sÔnoro th
 mp�la
, perièqetai

sthn mh-fragmènh sunist¸sa tou R2 −K . Epeid  to tìxo T e�nai omoiìmorfo me to [0, 1], h tautotik 

Id : T → T epekte�netai kat� Tietzese m�a suneq  I : B → T . An l.q. g = f−1 : T → [0, 1] h
ant�strofh th
 f pou or�zei to tìxo w
 T = f([0, 1]), epèkteine thn g kat� Tietze(je¸rhma 3.2.4) se

mi� G : B → I kai p�re thn I = f ◦G. Or�zoume thn apeikìnish
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S

B

p

T

I

g

Sq ma 7.4.3: Efarmog  jewr mato
 Tietze

q : B −→ B − {p} me

q(x) =

{
I(x) x ∈ U
x x ∈ U c   q(x) =

{
x x ∈ U
I(x) x ∈ U c.

(2)

Ton pr¸to tÔpo qrhsimopoi¸nta
 an h U e�nai fragmènh kai ton deÔtero sthn ant�jeth per�ptwsh.

Lìgw th
 (1) h tom  twn dÔo kleist¸n U kai U c
perièqetai sto tìxo T , ìpou h I e�nai h tautotik .

E�nai sunep¸
 h q kal¸
 orismènh kai suneq 
. Ep�sh
, apì ton trìpo pou or�sjhke isqÔei ìti

q(x) = x gia x ∈ S. (3)

àstw h : B → S h aktinik  probol  apì to kèntro th
 mp�la
 p�nw sthn sfa�ra kai a : S → S h

antipodik  apeikìnish th
 sfa�ra
. H sÔnjesh

b = a ◦ h ◦ q : B −→ S ⊂ B,

den èqei stajerì shme�o. Diìti an e�qe, tìte to x ∈ S, ìpou q(x) = x, h(x) = x, a(x) = −x, �ra
b(x) = −x → 2x = 0, pou e�nai adÔnaton. ämw
 to ìti h b den èqei stajerì shme�o antif�skei sto

je¸rhma tou Brouwer, pou e�nai �topo kai apodeiknÔei to l mma, o.e.d.

Sto epìmeno l mma jewroÔme kampÔle
, dhlad  suneqe�
 apeikon�sei
 u, v : [−1, 1] → R2
pou diatrè-

a b

c

d

s

t

O

u

v

Sq ma 7.4.4: DiastauroÔmene
 kampÔle


qoun to parallhlìgrammo, dhlad  k�je shme�o tou
 perièqetai sto kleistì parallhlìgrammo (sq ma

7.4.4):

P [(a, b), (c, d)] = {(x, y) : x ∈ [a, b], y ∈ [c, d]}.
Lème ìti oi kampÔle
 u, v en¸noun ti
 apènanti pleurè
 autoÔ tou tetrapleÔrou, ìtan isqÔei

ux(−1) = a, ux(1) = b, vy(−1) = c, vy(1) = d. (3)

L mma 7.4.3 àstw ìti oi kampÔle
 u, v en¸noun ti
 apènanti pleurè
 tou parallhlogr�mmouP [(a, b), (c, d)],
tìte up�rqei shme�o tom 
 tou
, dhlad  up�rqoun s, t ∈ [−1, 1] : u(s) = v(t).

Apìdeixh: Ja de�xoume ìti h upìjesh u(s) 6= v(t) gia k�je s, t ∈ [−1, 1] odhge� se �topo. Pro
 toÔto,
je¸rhse thn sun�rthsh (norm)

N(s, t) =max{|ux(s)− vx(t)|, |uy(s)− vy(t)|},
gia thn opo�a N(s, t) 6= 0 ∀ (s, t) ∈ [−1, 1]2.
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Mèsw aut 
 or�zetai mia apeikìnish f tou [−1, 1]2 ston eautì tou

f(s, t) =

(
vx(t)− ux(s)

N(s, t)
,
uy(s)− vy(t)

N(s, t)

)
,

h opo�a, shmeiwtèon, apeikon�zei to [−1, 1]2 sto sÔnorì tou (*).

H f den mpore� na èqei stajerì shme�o. Pr�gmati, an e�qe èna tètoio f(s0, t0) = (s0, t0), tìte ja
èprepe, sÔmfwna me thn (*)   |s0| = 1   |t0| = 1. E�nai eÔkolo na doÔme ìti k�ti tètoio odhge� se

�topo. An l.q.  tan s0 = −1, tìte ja e�qame

(−1, t0) = f(−1, t0) =

(
vx(t0)− ux(−1)

N(−1, t0)
,
uy(−1)− vy(t0)

N(s, t)

)

=

(
vx(t0)− a

N(−1, t0)
,
uy(−1)− vy(t0)

N(s, t)

)
,

pou e�nai �topo, afoÔ vx(t0)−a ≥ 0. Sun�getai ìti h f den èqei stajerì shme�o, pr�gma pou antif�skei

sto je¸rhma tou Brouwer, efarmozìmeno sto [−1, 1]2, pou e�nai omoiìmorfo th
 mp�la
 B1(O), o.e.d.

Apìdeixh: (tou jewr mato
 Jordan) Kat� to l mma 7.4.2, arke� na de�xoume ìti to sÔnolo R2 − K
èqei m�a akrib¸
 fragmènh sunektik  sunist¸sa. H apìdeixh g�netai se tr�a b mata. Sto pr¸to o-

r�zoume èna shme�o x0 ∈ R2 − K . Sto deÔtero de�qnoume ìti autì to shme�o perièqetai se fragmènh

sunektik  sunist¸sa U . Sto tr�to b ma de�qnoume ìti den up�rqei �llh fragmènh sunektik  sunist¸sa

ektì
 th
 U .

A B

K
n

N

S

Q

P

x
0

M

W

Π Γ

Κ
s

L

α

α
w

Sq ma 7.4.5: Kataskeu  tou x0

Pr¸to b ma: to shme�o x0. Epeid  to K e�nai sumpagè
, up�rqoun shme�a tou A,B ∈ K gia ta

opo�a h apìstash ||A − B|| e�nai mègisth. MporoÔme na upojèsoume ìti A = (−1, 0), B = (1, 0) (me
mia allag  suntetagmènwn akoloujoÔmenh apì omoiojes�a). Tìte to parallhlìgrammo Π = [−1, 1]×
[−2, 2]1 ja perièqei to K kai to sÔnoro Γ = ∂Π tou parallhlogr�mmou ja sunant� to K sta dÔo

akrib¸
 shme�a A,B. (An up rqan kai �lla sto sÔnoro, tìte h mègisth apìstash ja  tan megalÔterh

th
 ||A − B||.) To eujÔgrammo tm ma NS pou en¸nei ta mèsa twn p�nw kai k�tw pleur¸n tou Π ,

kat� to l mma 7.4.3 tèmnei thn K . Estw L(x, y) ∈ K ∩NS to shme�o tom 
 me to mègisto y. Ta A,B
qwr�zoun thn K se dÔo tìxa, ta opo�a sumbol�zoume meKn,Ks, ìpouKn autì pou perièqei to L. àstw

1

Shmeiwtèon ìti to sq ma 7.4.5 ja èprepe kanonik� na èqei dipl�sio Ôyo
. Wstìso sqedi�sthke ètsi gia exoikonìmhsh q¸rou.
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M(x, y) ∈ Kn ∩NS to shme�o me to el�qisto y (to M mpore� na sump�ptei me to L). To eujÔgrammo

tm ma MS tèmnei to tìxo Ks. Diaforetik� h kampÔlh pou prokÔptei en¸nonta
 ta tìxa

NL+ L̃M +MS,

ìpou L̃M sumbol�zei to tìxo th
 Kn me �kra L kai M , den ja ètemne thn Ks, kat> ant�fash pro


to l mma 7.4.3. àstw ìti P,Q ∈ Ks ∩MS e�nai ta shme�a tom 
 me mègisto, ant�stoiqa el�qisto y.
Or�zoume to x0 na e�nai to mèson tou tm mato
 MP .

DeÔtero b ma: h sunektik  sunist¸sa U tou x0 e�nai fragmènh. Pr�gmati, an  tan mh-fragmènh,

tìte, lìgw th
 kat� tìxa sunektikìthta
 th
 U , ja up rqei suneq 
 kampÔlh α apì to x0 pro
 �llo

shme�o th
 sunist¸sa
 ektì
 tou Π . àstwW to pr¸to shme�o tom 
 aut 
 th
 kampÔlh
 me to sÔnoro

Γ tou Π , kai αw to tm ma th
 kampÔlh
 metaxÔ tou x0 kai tou W . E�n to W e�nai sto k�tw misì tou

Γ , tìte mporoÔme na broÔme tìxo W̃S ⊂ Γ pou den dièrqetai apì ta A,B. Tìte h suneq 
 kampÔlh

pou sunt�jetai apì ta tm mata

NL+ L̃M +Mx0 + αw + W̃S,

den sunant� to tìxo Ks, kat> ant�fash pro
 to l mma 7.4.3. Parìmoia, an to W e�nai sto p�nw mèro


tou Γ , tìte h kampÔlh pou sunt�jetai apì ta mèrh

Sx0 + αw + W̃N,

ìpou W̃N ⊂ Γ to mikrìtero tm ma mèsa sto Γ apì to W sto N , den sunant� to Kn, kat> ant�fash

pro
 to l mma 7.4.3. Oi antif�sei
 autè
 de�qnoun ìti to U e�nai fragmènh sunist¸sa.

Tr�to b ma: monadikìthta th
 fragmènh
 sunist¸sa
 U . àstw ìti up�rqei mia �llh fragmènh

sunektik  sunist¸sa U ′ 6= U tou R2 −K . àstw tìte h kampÔlh β pou sunt�jetai apì ta tm mata

NL+ L̃M +MP + P̃Q+QS,

ìpou P̃Q to tìxo th
 Ks apì to P sto Q. Aut  h kampÔlh β den èqei koin� shme�a me thn U ′
, afoÔ

dièrqetai apì to x0 pou perièqetai sthn �llh sunist¸sa U . Epeid  ta shme�a A,B den perièqontai

sthn β, ja up�rqoun perioqè
 tou
 VA, VB ant�stoiqa, oi opo�e
 ep�sh
 den perièqoun shme�a th
 β.
Epiprìsjeta, kaj¸
, kat� to l mma 7.4.2, ta A,B ∈ U ′

, ja up�rqoun shme�a A′ ∈ U ′ ∩ VA kai

B′ ∈ U ′ ∩ VB . àstw Ã′B′
mia suneq 
 kampÔlh sto U ′

, apì to A′
sto B′

. Tìte h suneq 
 kampÔlh

pou sunt�jetai apì ta

AA′ + Ã′B′ +B′B

den sunant� thn kampÔlh β, kat> ant�fash pro
 to l mma 7.4.3, o.e.d.
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