
1. !"#$%#&'( )*# #"#$"#*+,-&*%*

!" #$$%"&' ()$ "*"%("+,$ -." ()$ "*"%*".$/0+1()$ ("*"%0/$.2(30&)$) %245%$(." 6".

62.++"-#' .7&"-%$40&"' 0& #$.$ 62.++"-8 9,2% X. !" #$$%"&' ./(#' &4$." :.0"-#'

-." #9%/$ 7%;;#' &<.2+%6#'. =& ./(8 (% -&<1;."% +&;&(1+& ./(#' ("' #$$%"&' 6".

(&(2.6)$"-%>' 74$.-&', %/0".0("-1 *?;.*3 6". 62.++"-#' .7&"-%$40&"' 0& 9,2%/'

7&7&2.0+#$?' *"10(.0?'. @. +.' .7.09%;30&" &740?' (% A#+. (?' *".6)$"%7%4?-

0?' 7"$1-)$, (% %7%4%, 87)' A. *%>+&, 0/$*#&(." 0(&$1 +& ("' 72%.$.<&2A&40&'

#$$%"&'. B& .2"A+?("-#' +&A8*%/' 72%0#66"0?' "*"%("+,$ -." "*"%*".$/0+1()$ A.

.09%;?A%>+& 0(% &78+&$% -&<1;."%.

1.1 !"#$%#&'( )*# #"#$"#*+,-&*%* .#+/)0+

=& ./(3$ (?$ &$8(?(. A. &"0.616%/+& ("' #$$%"&' ()$ "*"%("+,$ -." "*"%*".$/0+1-

()$ (&(2.6)$"-,$ 7"$1-)$. C740?' A. %240%/+& (% 9.2.-(?2"0("-8 7%;/,$/+%

&$8' 74$.-., (?$ %+%"8(?(. 7"$1-)$, (? 6&)+&(2"-3 -." .;6&:2"-3 7%;;.7;8(?(.

+".' "*"%("+3' &$8' 74$.-., -.A,' -." (? <.0+.("-3 .-(4$. 74$.-..

!"#$%&' 1.1 (!"#$%#&' ()# #"#$"#*+,-&).) D0() A #$.' (&(2.6)$"-8', n×n, 74$.-.' +&

0(%"9&4. +"6.*"-%>' .2"A+%>', A ∈ Cn,n. D$.' +"6.*"-8' .2"A+8' λ ;#6&(." !"!#$!%&

(eigenvalue) (%/ A, .$ /7129&" +? +?*&$"-8 *"1$/0+. x (%/ Cn, x ∈ Cn \ {0}, (#(%"%

,0(& $. "09>&" Ax = λx. D$. *"1$/0+. x ∈ Cn \ {0}, 6". (% %7%4% "09>&" Ax = λx,

;#6&(." !"!#"!'()*%+ (eigenvector) (%/ A )' 72%' (?$ "*"%("+3 λ.

,-%./0*-. D$.' 72.6+.("-8', n × n 74$.-.' A, A ∈ Rn,n, +7%2&4 </0"-1 $. A&)-

2?A&4 -." )' 0(%"9&4% (%/ Cn,n, 0/$&7,' &4$." */$.(8$ $. /7129%/$ -." +"6.*"-#'
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"*"%("+#' -." +"6.*"-1 "*"%*".$>0+.(. &$8' 72.6+.("-%> 74$.-.. E2.6+.("-1 "*"%-

*".$>0+.(. &$8' 72.6+.("-%> 74$.-. .$("0(%"9%>$ 0& 72.6+.("-#' "*"%("+#'.

F(.$ (% x &4$." "*"%*"1$/0+. &$8' 74$.-. A ∈ Cn,n, (8(& (% .7%(#;&0+. (%/ 7%;-

;.7;.0".0+%> Ax ((?' “*210?'” (%/ A 0(% x) &4$." (% 4*"% +& ./(8 (?' .7;%>0(.(?'

*".*"-.04.' (%/ 7%;;.7;.0".0+%> &$8' .2"A+%> +& (% x, &$, 6&$"-1 % /7%;%6"0+8'

(%/ 6"$%+#$%/ Ax &4$." +". 09&("-1 7%;>7;%-? *".*"-.04., 0(?$ 7&247()0? +&61-

;%/ n .7."(&4 .2-&(#' 721G&"'.

H$ x &4$." "*"%*"1$/0+. &$8' 74$.-. A, 7%/ .$("0(%"9&4 0& +". "*"%("+3 λ, (8(&,

72%<.$,', -." -1A& +? +?*&$"-8 7%;;.7;10"8 (%/ &4$." &740?' "*"%*"1$/0+. )'

72%' (?$ 4*". "*"%("+3. I&$"-8(&2., .$ x1, . . . , xm &4$." "*"%*".$>0+.(. (%/ A, 7%/

.$("0(%"9%>$ 0(?$ 4*". "*"%("+3 λ, (8(& -." -1A& +? +?*&$"-8' 62.++"-8' 0/$*/.-

0+8' ()$ x1, . . . , xm &4$." &740?' "*"%*"1$/0+. )' 72%' (?$ 4*". "*"%("+3. H$ ;%"-

78$ &<.2+80%/+& (%$ A 0& #$.$ 62.++"-8 0/$*/.0+8 ()$ x1, . . . , xm, (% .7%(#;&-

0+. &4$." 71;" 62.++"-8' 0/$*/.0+8' ()$ x1, . . . , xm. I"’ ./(8 ;#+& 8(" % 74$.-.' A

(.-2":#0(&2. ? .$(40(%"9? 62.++"-3 .7&"-8$"0?), .<3$&" (%$ 9,2% < x1 . . . , xm >

7%/ 7.216%/$ (. x1, . . . , xm (*?;.*3 (% 0>$%;% ()$ 62.++"-,$ 0/$*/.0+,$ ()$

x1, . . . , xm) .$.;;%4)(%.

=(% .7%(#;&0+. 7%/ .-%;%/A&4, A. *%>+& 8(" "*"%*".$>0+.(., 7%/ .$("0(%"9%>$

0& .$1 *>% *".<%2&("-#' "*"%("+#', &4$." 62.++"-,' .$&G12(?(..

()%%* 1.1 (./)&&#(' )+01)/%2-3) #"#$"#)+,-&*%4+ 45 6/$5 "#)7$/0%#(85 #"#$%#&85.) 1*$0

A ∈ Cn,n 2(+3 ($.$4+50(!673) 8/(+6+3, 6+! x1, . . . , xm ∈ Cn !"!#"!+(9*%+$+ $#) A 03

84#3 +(' "9# "!+:#4.$!623 !"!#$!%23 λ1, . . . ,λm. ;7$. $+ x1, . . . , xm ./(+! 54+%%!6<3 +(.-

='4$-$+.

>87".!=-. J .78*&"G? A. *%A&4 &7.6)6"-1 )' 72%' m. I". m = 1 % "09/2"0+8' .;?-

A&>&", 72%<.$,', .<%> (% x1, )' +? +?*&$"-8 *"1$/0+., &4$." 62.++"-,' .$&G12-

(?(%. K7%A#(%/+& (,2. 8(" % "09/2"0+8' "09>&" 6". m − 1 -." A. .7%*&4G%/+& 8("

"09>&" -." 6". m. D0() 8(" α1x1 + · · · + αmxm = 0. L8(& A. #9%/+& .<’ &$8'

0 = λm · 0 = λmα1x
1 + · · · + λmαmxm
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-." .<’ &(#2%/

0 = A0 = α1Ax1 + · · · + αmAxm = λ1α1x
1 + · · · + λmαmxm.

C7%+#$)'

(1.1) 0 = α1(λm − λ1)x
1 + · · · + αm−1(λm − λm−1)x

m−1.

H78 ./(3 (? 09#0? #7&(." .+#0)', ;86) (?' 62.++"-3' .$&G.2(?04.' ()$ x1, . . . ,

xm−1 -." (%/ 6&6%$8(%' 8(" (% λm &4$." *".<%2&("-8 ()$ λ1, . . . ,λm−1, 8(" α1 = · · · =

αm−1 = 0. C7%+#$)', ? 09#0? α1x1 + · · ·+αmxm = 0 621<&(." 0(? +%2<3 αmxm = 0

-." +.' *4$&" αm = 0. =/$&7,', (. x1, . . . , xm &4$." 62.++"-,' .$&G12(?(..

@. *%>+& (,2. +&2"-#' .7;#' "*"8(?(&' "*"%*".$/0+1()$.

()%%* 1.2 (!"#9%2%05 #"#$:;/4+.) 1*$0 A ∈ Cn,n 2(+3 ($.$4+50(!673) 8/(+6+3, 6+!, 5!+

λ ∈ C, MNO (A,λ) := {x ∈ Cn : Ax = λx} # !"!7?04#3 $#) A 03 84#3 λ. ;7$. !*?9#)(:

i. @!+ 6'A. λ ∈ C, # MNO (A,λ) ./(+! )87?04#3 $#) Cn.

ii. 1(+ λ ∈ C ./(+! !"!#$!%& $#) A +64!B<3 $7$., +( # MNO (A,λ) ".( 8.4!2?.! %7(# $#

%-".(!67 "!'()*%+, MNO (A,λ) $= {0}.

iii. MNO (A,λ) \ {0} ./(+! $# *9(#C# $0( !"!#"!+()*%'$0( $#) A 03 84#3 λ.

iv. D MNO (A,λ) ./(+! # 8)4&(+3 $#) 8/(+6+ A − λ In, "-C+"& $# *9(#C# $0( C9*.0( x

$#) 54+%%!6#9 *)*$&%+$#3 (A − λ In)x = 0, 78#) In # %#(+"!+/#3 n × n 8/(+6+3.

v. @!+ "9# "!+:#4.$!6' λ1,λ2, - $#%& $0( MNO (A,λ1) 6+! MNO (A,λ2) 8.4!2?.! %7(# $#

%-".(!67 "!'()*%+, MNO (A,λ1) ∩ MNO (A,λ2) = {0}.

>87".!=-. L. i., ii., iii., -." iv. &4$." 72%<.$3. L% v. #7&(." %/0".0("-1 .78 (% P3+-

+. 1.1. I". $. (% .7%*&4G%/+&, /7%A#(%/+& 8(" x ∈ MNO (A,λ1) ∩ MNO (A,λ2). L8(&

A. #9%/+& Ax = λ1x -." Ax = λ2x, 0/$&7,' λ1x = λ2x, %78(& (λ1 − λ2)x = 0, -."

&7%+#$)', ;86) (%/ 8(" λ1 − λ2 $= 0, x = 0.

=(? 0/$#9&". *4$%/+& #$. .;6&:2"-8 -2"(32"% 6". ("' "*"%("+#' &$8' 74$.-..

=>+<)$. +& ./(8 %" "*"%("+#' &$8' n × n 74$.-. &4$." 245&' &$8' 7%;/)$>+%/.

+"&,*$- 1.1 (<)/)(%2/#-&95 #"#$%#&;+.) 1*$0 A 2(+3 %!5+"!673, n × n 8/(+6+3. 1(+3

%!5+"!673 +4!A%73 λ ./(+! +64!B<3 $7$. !"!#$!%& $#) A, +( det(A − λIn) = 0.
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>87".!=-. L% λ &4$." "*"%("+3 (%/ A, .$ -." +8$% .$ (% 62.++"-8 0>0(?+. Ax = λx,

3 "0%*>$.+. (% (A−λIn)x = 0, #9&" +? +?*&$"-3 ;>0?. H/(8 8+)', -.(1 (. 6$)0(1,

0/+:.4$&" .-2":,' (8(&, .$ % 74$.-.' A − λIn *&$ &4$." .$("0(2#Q"+%', *?;.*3 .$

? %245%/01 (%/ +?*&$45&(.", det(A − λIn) = 0.

!"#$%&' 1.2 (<)/)(%2/#-%#(9 6$=,;+,&$.) D0() A #$.' n × n +"6.*"-8' 74$.-.',

A ∈ Cn,n. L% 7%;/,$/+% p, p(λ) := det(A − λIn), ;#6&(." ?+4+6$-4!*$!67 8#C)<()%#

(%/ A.

C>-%;. +7%2&4 $. *".7"0(,0&" -.$&4' &7.6)6"-1, 8(" % :.A+8' (%/ 7%;/)$>+%/

p, p(λ) := det(A − λIn), &4$." n. C7%+#$)', 0>+<)$. +& (% A&+&;",*&' A&,2?+. (?'

R;6&:2.', -1A& n × n +"6.*"-8' 74$.-.' #9&", +&(2,$(.' -." (?$ 7%;;.7;8(?(1

(%/', n "*"%("+#'.

!"#$%&' 1.3 (>&$#$# 63+)(05.) N>% 74$.-&' A,B ∈ Cn,n ;#6%$(." 7%#!#!, .$ /7129&"

.$("0(2#Q"+%' 74$.-.' S ∈ Cn,n (#(%"%' ,0(& A = SBS−1.

@&)2%>+& +". 62.++"-3 .7&"-8$"0? .78 (%$ Cn 0(%$ &./(8 (%/. D0() A % 74$.-

-.' 7%/ .$("0(%"9&4 0& ./(3$ )' 72%' +". :10? (%/ Cn -." B % .$(40(%"9%' 74$.-.'

)' 72%' +". 1;;? :10? (%/ Cn. C4$." 6$)0(8 8(" %" 74$.-&' A -." B &4$." (8(&

8+%"%".

@. *%>+& (,2. 8(" 8+%"%" 74$.-&' #9%/$ ("' 4*"&' "*"%("+#'· 0>+<)$. +& 80.

.$.<#2.+& +8;"' 72%?6%/+#$)', ./(8 &4$." .$.+&$8+&$%, .<%> 728-&"(." 6". ("'

"*"%("+#' (?' 4*".' .7&"-8$"0?'.

+"&,*$- 1.2 (!"#$%#&85 9&$#4+ 6#+*(4+.) 1*$0 A,B ∈ Cn,n "9# 7%#!#! 8/(+6.3. ;7$. #!

A 6+! B 2?#)( $!3 /"!.3 !"!#$!%23.

>87".!=-. D0() S ∈ Cn,n .$("0(2#Q"+%' 74$.-.' (#(%"%' ,0(& A = SBS−1. D0()

(,2. λ "*"%("+3 (%/ A. L8(& /7129&" +? +?*&$"-8 *"1$/0+. (%/ Cn, #0() x!, (#(%"%

,0(& Ax! = λx!. C7%+#$)', A. #9%/+&, (SBS−1)x! = λx!, %78(& S−1(SBS−1)x! =

λS−1x!, *?;.*3 B(S−1x!) = λ(S−1x!). H<%> % S−1 &4$." .$("0(2#Q"+%' -." (% x!

+? +?*&$"-8, -." (% S−1x! &4$." +? +?*&$"-8 *"1$/0+. (%/ Cn. C7%+#$)', .78 (?$
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(&;&/(.4. 09#0? 0/+7&2.4$%/+& 8(" (% λ &4$." "*"%("+3 (%/ B. B& (%$ 4*"% .-2":,'

(287% .7%*&"-$>%/+& 8(" -." -1A& "*"%("+3 (%/ B &4$." -." "*"%("+3 (%/ A.

,-%./0*-. C$.;;.-("-1, ? E28(.0? 1.2 +7%2&4 $. .7%*&"9A&4 -." )' &G3': H$ p -."

q &4$." (. 9.2.-(?2"0("-1 7%;/,$/+. ()$ A -." B, (8(&, 92?0"+%7%",$(.' 6$)0(#'

"*"8(?(&' %2"5%/0,$, #9%/+&

p(λ) = det(A − λIn) = det(SBS−1 − λIn) = det
(

S(B − λIn)S−1
)

= det S · det(B − λIn) · det(S−1) = det(B − λIn) = q(λ).

C7%+#$)' %" 74$.-&' A -." B #9%/$ (% 4*"% 9.2.-(?2"0("-8 7%;/,$/+%, 0/$&7,'

-." ("' 4*"&' "*"%("+#'.

H$ λ &4$." +". "*"%("+3 (%/ 74$.-. A, (8(& (. "*"%*".$>0+.(. (%/ A )' 72%'

(?$ "*"%("+3 λ &4$." %" +? (&(2"++#$&' ;>0&"' (%/ %+%6&$%>' 62.++"-%> 0/0(3+.(%'

(A − λIn)x = 0.

I".

A =









a11 . . . a1n

...
...

an1 . . . ann









,

#9%/+&

A − λIn =















a11 − λ a12 . . . a1n

a21 a22 − λ . . . a1n

...
...

...

an1 an2 . . . ann − λ















.

!"#$%&'()" 1.1 1* .2$-"#$23-$4&5 %#( #"#$%#&'( )*# %* #"#$"#*+,-&*%* %$4 .3+*)* A,

A =









1 −1 −1

1 −1 0

1 0 −1









.
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67$4&5, *+*.%,--$+%*( 0( .2$( %8+ %5954%*3* -%:98,

det(A− λI3) = det









1− λ −1 −1

1 −1− λ 0

1 0 −1− λ









= −det

(

1 −1− λ

1 0

)

− (1 + λ) det

(

1− λ −1

1 −1− λ

)

,

5.$&'+0(

det(A− λI3) = −(1 + λ)− (1 + λ)(λ2 − 1 + 1) = −(1 + λ)(λ2 + 1).

;4+5.<( $# #"#$%#&'( %$4 .3+*)* 53+*# λ1 = −1, λ2 = i, λ3 = −i. =#* +* .2$-"#$23-$4-

&5 %* *+%3-%$#7* #"#$"#*+,-&*%*, *2)53 +* 9,-$4&5 %* $&$>5+: >2*&&#)/ -4-%:&*%* (A −

λjI3)x = 0, j = 1, 2, 3.

,-%./0*-. H$ 0(% 72%?6%>+&$% 7.21*&"6+., % 74$.-.' A A&)2?A&4 )' .7&"-8$"0?

(%/ R3 0(%$ &./(8 (%/, (8(& ? +8$? "*"%("+3 &4$." (% λ1.

!"#$%&' 1.4 (?=@0A/#(' ()# @04&0%/#(' 6$==)6=9%2%) #"#$%#&;+.) D0() λk "*"%("+3 (%/

74$.-. A ∈ Cn,n, -." p, p(λ) := det(A − λIn), (% 9.2.-(?2"0("-8 7%;/,$/+% (%/ A.

>C5.B4!6& 8#CC+8C7$-$+ (?' "*"%("+3' λk ;#6&(." ? 7%;;.7;8(?(. (%/ λk )' 245.'

(%/ 9.2.-(?2"0("-%> 7%;/)$>+%/ (%/ 74$.-. A. N?;.*3, ? .;6&:2"-3 7%;;.7;8-

(?(. (?' λk &4$." % </0"-8' .2"A+8' µk, 6". (%$ %7%4% "09>&" p(λ) = (λ − λk)µkq(λ),

+& q #$. 7%;/,$/+% :.A+%> n − µk (% %7%4% *&$ +?*&$45&(." 0(% λk. J 5.0%.$4!6&

8#CC+8C7$-$+ ρk, ρk := dim MNO (A,λk) = dim{x ∈ Cn : Ax = λkx}, &4$." (% 7;3A%'

()$ 62.++"-1 .$&G12(?()$ "*"%*".$/0+1()$ (%/ A )' 72%' λk.

=(? 0/$#9&". A. *%>+& 8(" ? 6&)+&(2"-3 7%;;.7;8(?(. *&$ /7&2:.4$&" (?$ .;6&-

:2"-3 7%;;.7;8(?(..

+"&,*$- 1.3 (B @04&0%/#(' 6$==)6=9%2%) 03+)# %$ 6$=C 9-$ 2 )=@0A/#('.) 1*$0 λ′ !"!#$!-

%& .(73 8/(+6+ A ∈ Cn,n %. +C5.B4!6& 8#CC+8C7$-$+ µ(λ′) 6+! 5.0%.$4!6& 8#CC+8C7$-$+

ρ(λ′). ;7$. !*?9.! 1 ≤ ρ(λ′) ≤ µ(λ′) ≤ n.
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>87".!=-. J 72,(? -." ? (&;&/(.4. .$"08(?(. &4$." 72%<.$&4'. H2-&4 0/$&7,' $.

.7%*&4G%/+& 8(" ρ(λ′) ≤ µ(λ′). @#(%/+& ρ := ρ(λ′) -." µ := µ(λ′). D0() x1, . . . , xρ ∈

Cn 62.++"-,' .$&G12(?(. "*"%*".$>0+.(. (%/ A )' 72%' λ′, *?;.*3 Axi = λ′xi, i =

1, . . . , ρ. N".-24$%/+& (,2. *>% 7&2"7(,0&"', ρ = n -." ρ < n. =(?$ 72,(? 7&-

247()0? *&$ /7129&" 1;;? "*"%("+3, 6".(4 *".<%2&("-1 (% .$(40(%"9% "*"%*"1$/-

0+. A. 3(.$ 62.++"-,' .$&G12(?(% 72%' 8;%/' (%/' 62.++"-%>' 0/$*/.0+%>' ()$

x1, . . . , xn, :;. (% P3++. 1.1. =/$&7,', 0& ./(3$ (?$ 7&247()0?, A. #9%/+& &740?'

µ = n. =(? *&>(&2? 7&247()0?, ρ < n, -.(1 (. 6$)0(1, /7129%/$ xρ+1, . . . , xn ∈ Cn

(#(%". ,0(& {x1, . . . , xn} $. &4$." :10? (%/ Cn. D0() S % 74$.-.' 7%/ #9&" 0(3;&'

(. *".$>0+.(. x1, . . . , xn, S := (x1, . . . , xn). H<%> (. x1, . . . , xn &4$." 62.++"-,' .$&-

G12(?(., % S &4$." .$("0(2#Q"+%'. L,2. #9%/+& Sei = xi, i = 1, . . . , ρ, 12. -."

ei = S−1xi, i = 1, . . . , ρ, &7%+#$)'

S−1ASei = S−1Axi = S−1(λ′xi) = λ′S−1xi = λ′ei.

=/$&7,', % 74$.-.' S−1AS &4$." (?' +%2<3'

S−1AS =

























λ′ 0 $ $ . . . $
. . .

...
...

...

0 λ′ $ $ . . . $

$ $ . . . $

0 $ $ . . . $

$ $ . . . $

























=

(

λ′Iρ B

0 C

)

.

C7%+#$)', 6". (% 9.2.-(?2"0("-8 7%;/,$/+% (%/ A "09>&"

p(λ) = det(A − λIn) = det S−1 det(A − λIn) det S

= det(S−1AS − λIn) = (λ′ − λ)ρ det(C − λIn−ρ),

87%/ 0(? *&>(&2? "08(?(. 92?0"+%7%"30.+& (% 6&6%$8' 8(" det S−1 = 1/ det S, 0/-

$&7,' ρ ≤ µ.

!"#$%&'()" 1.2 ? &@+8 #"#$%#&: %$4 .3+*)* A,

A =















2 1 0 0

0 2 2 0

0 0 2 3

0 0 0 2















,
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53+*# %$ 2, &5 *9>5A2#): .$99*.9@%8%* %'--52*, µ(2) = 4. B$ -,-%8&* (A− 2I4)x = 0 '75#

7<2$ 9,-50+ < (α, 0, 0, 0) >, &5 α .2*>&*%#)@+ *2#C&@. ;4+5.<( 8 >50&5%2#): .$99*.9@-

%8%* %8( #"#$%#&:( 53+*# '+*, ρ(2) = 1.

,-%./0*-. ! 72%0*"%2"0+8' ()$ "*"%("+,$ &$8' n×n 74$.-. &4$.", 6&$"-1, #$. 7%;>-

7;%-% /7%;%6"0("-1 728:;?+., "*".4(&2. 6". +&61;% n. D$.' 9%$*2"-8' &$(%7"0+8'

(%/', 8+)', +7%2&4 $. 64$&" +& (?$ .$"08(?(. (%/ Gerschgorin· :;. R0-?0? 1.15.

@. %240%/+& (,2. (? <.0+.("-3 .-(4$. &$8' 74$.-.. F7)' A. *%>+& ./(3 %24-

5&(." 0/$.2(30&" ()$ "*"%("+,$ -." %<&4;&" (?$ %$%+.04. (?' 0(% 6&6%$8' 8(" (%

0>$%;% ()$ "*"%("+,$ &$8' 74$.-. .$.<#2&(." 0/9$1 -." )' :'*%+ (%/ 74$.-.. J

<.0+.("-3 .-(4$., ? .-(4$. (%/ +"-28(&2%/ ->-;%/ +& -#$(2% (?$ .293 ()$ .G8-

$)$ 0(% +"6.*"-8 &747&*% 7%/ 7&2"#9&" 8;&' ("' "*"%("+#', 7.45&" 0?+.$("-8 28;%

0("' &<.2+%6#', "*".4(&2. 0(? +&;#(? 0>6-;"0?' &7.$.;?7("-,$ +&A8*)$ 6". (?$

.2"A+?("-3 &74;/0? 62.++"-,$ 0/0(?+1()$.

!"#$%&' 1.5 (D)-&)%#(' )(%3+) 63+)().) D0() A ∈ Cn,n #$.' 74$.-.' -." λ1, . . . ,λn

%" "*"%("+#' (%/. L% +#6"0(% ()$ .7%;>()$ ("+,$ ()$ "*"%("+,$ λ1, . . . ,λn (-." 89"

? +#6"0(? -.(’ .78;/(% ("+3 "*"%("+3!) ;#6&(." :+*%+$!6& +6$/(+ (%/ 74$.-. A -."

0/+:%;45&(." 0/$3A)' +& ρ(A),

ρ(A) := max
1≤i≤n

|λi|.

1.2 1#*20+#$.$34-4 .#+/)0+

=& ./(3$ (?$ &$8(?(. A. .09%;?A%>+& +& (? *".6)$"%7%4?0? 7"$1-)$, A. 6$)24-

0%/+& *"1<%2&' 0/$A3-&' 6". $. &4$." #$.' 74$.-.' *".6)$"%7%"30"+%' -." A. .$.-

<&2A%>+& 0(% ;&68+&$% &;19"0(% 7%;/,$/+% &$8' (&(2.6)$"-%> 74$.-.. C740?' A.

+&;&(30%/+& *>% 0/$.<3 +& (? *".6)$"%7%4?0? A#+.(., ("' -.$%$"-#' +%2<#' (%/

Schur -." (%/ Jordan &$8' 74$.-., -.A,' -." (% 7?;4-% (%/ Rayleigh 6". 0/++&(2"-

-%>' 74$.-&' -." (% &;19"0(% 7%;/,$/+% 7"$1-)$.

F7)' A. *%>+& 0& ./(3$ (?$ &$8(?(., -1A& (&(2.6)$"-8' 74$.-.' A &4$." 8+%"%'

(-." +1;"0(. %2A%+%$.*".4. 8+%"%') +& #$.$ 1$) (2"6)$"-8 74$.-. T, :;. @&,2?-

+. 1.3. H$ #9%/+& 0(? *"1A&03 +.' #$.$ (#(%"% +&(.09?+.("0+8 %+%"8(?(.', (8(&
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+7%2%>+& &>-%;. $. 72%0*"%240%/+& ("' "*"%("+#' (%/ A (&4$." .7;%>0(.(. (. *".-

6,$". 0(%"9&4. (%/ T ) -.A,' -." (. "*"%*".$>0+.(1 (%/. H$ &7"(2#Q%/+& (/9.4%/'

+&(.09?+.("0+%>' %+%"8(?(.', (8(& % A &4$." 8+%"%' +& #$.$ *"*".6,$"% 1$) (2"-

6)$"-8 74$.-. J, :;. @&,2?+. 1.4. =& %2"0+#$&' 7&2"7(,0&"' % 74$.-.' J &4$."

*".6,$"%', :;. @&,2?+. 1.1· ./(8 "09>&" "*".4(&2. 6". 0/++&(2"-%>' 74$.-&', :;.

@&,2?+. 1.2.

D$.' 74$.-. D = (dij) ∈ Cn,n ;#6&(." "!+5<(!#3, .$ "09>&" dij = 0 6". i $= j, *?-

;.*3 .$ +7%2&4 $. #9&" +? +?*&$"-1 0(%"9&4. +8$% 0(? *".6,$"8 (%/. H$ λ1, . . . ,λn

&4$." (. *".6,$". 0(%"9&4. (%/ D, (8(& 0/9$1 621<%/+& D = diag(λ1, . . . ,λn).

!"#$%&' 1.6 (E#)@4+#$6$#'-#&$# 63+)(05.) D$.' 74$.-.' A ∈ Cn,n ;#6&(." "!+50(!#-

8#!&*!%#3, .$ /7129&" .$("0(2#Q"+%' 74$.-.' S ∈ Cn,n (#(%"%' ,0(& % 74$.-.'

S−1AS $. &4$." *".6,$"%', S−1AS = D +& D *".6,$"% 74$.-..

=(?$ 7&247()0? *".6,$"%/ 74$.-. D, (% 6"$8+&$% Dx &4$." .7;%>0(.(. (λ1x1,

. . . ,λnxn)T . H$ ;%"78$ #$.' 74$.-.' A +".' 62.++"-3' .7&"-8$"0?' &4$." *".6)$"%-

7%"30"+%', (8(& )' 72%' -.(1;;?;? :10? ? &"-8$. &$8' *".$>0+.(%' +#0) (?' .7&"-

-8$"0?' &4$." .7;%>0(.(% $. 72%0*"%2"0A&4. C740?', 72%<.$,', .$ #$.' 74$.-.' A

&4$." 8+%"%' +& (%$ D, (8(& %" "*"%("+#' (%/ A &4$." λ1, . . . ,λn.

D$. -2"(32"%, 6". (% 78(& #$.' 74$.-.' &4$." *".6)$"%7%"30"+%', *4$&(." 0(%

.-8;%/A% A&,2?+..

./0"-%* 1.1 (<)/)(%2/#-&95 "#)@4+#$6$#'-#&4+ 6#+*(4+.) 1(+3 8/(+6+3 A ∈ Cn,n ./-

(+! +64!B<3 $7$. "!+50(!#8#!&*!%#3, +( )8'4?.! 2(+ *9(#C# !"!#"!+()*%'$0( $#) A, $+

#8#/+ +8#$.C#9( B'*- $#) Cn.

>87".!=-. D0() -.(’ .291' 8(" % A ∈ Cn,n &4$." *".6)$"%7%"30"+%'. L8(& /7129&"

74$.-.' S ∈ Cn,n, S = (s1, . . . , sn), (#(%"%' ,0(&

S−1AS = diag(λ1, . . . ,λn).

C7%+#$)' A. #9%/+& AS = S diag(λ1, . . . ,λn) = (λ1s1, . . . ,λnsn), %78(& Asi = λisi,

i = 1, . . . , n, *?;.*3 (. λ1, . . . ,λn &4$." "*"%("+#' (%/ A, +& .$(40(%"9. "*"%*".$>-

0+.(. s1, . . . , sn. L,2., .<%> % S &4$." .$("0(2#Q"+%', (. s1, . . . , sn &4$." 62.++"-,'

.$&G12(?(., &7%+#$)' .7%(&;%>$ :10? (%/ Cn.
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H$(40(2%<. (,2., .$ x1, . . . , xn "*"%*".$>0+.(. (%/ A, )' 72%' λ1, . . . ,λn, 7%/

.7%(&;%>$ :10? (%/ Cn, (8(& % 74$.-.' S := (x1, . . . , xn) &4$." .$("0(2#Q"+%' -."

"09>&" AS = (Ax1, . . . , Axn) = (λ1x1, . . . ,λnxn) = S diag(λ1, . . . ,λn), 12. S−1AS =

diag(λ1, . . . ,λn), *?;.*3 % A &4$." *".6)$"%7%"30"+%'.

R+&0? .7822%". (%/ @&)23+.(%' 1.1 -." (%/ P3++.(%' 1.1 &4$." (% 6&6%$8' 8("

#$.' n×n 74$.-.' +& .$1 *>% *".<%2&("-#' "*"%("+#' λ1, . . . ,λn &4$." *".6)$"%7%"3-

0"+%'.

+"&,*$- 1.4 (F3+)(05 &0 "#)7$/0%#(85 #"#$%#&85 03+)# "#)@4+#$6$#'-#&$#.) 1*$0 A ∈ Cn,n

2(+3 8/(+6+3 %. +(' "9# "!+:#4.$!623 !"!#$!%23 λ1, . . . ,λn. ;7$. # A ./(+! "!+50(!#8#!&*!-

%#3.

>87".!=-. D0() x1, . . . , xn "*"%*".$>0+.(. (%/ A )' 72%' ("' "*"%("+#' λ1, . . . ,λn,

.$(40(%"9.. =>+<)$. +& (% P3++. 1.1 (. x1, . . . , xn &4$." 62.++"-,' .$&G12(?(.,

%78(& (% .7%(#;&0+. #7&(." .78 (% @&,2?+. 1.1.

@. &"0.616%/+& (,2. %2"0+#$&' -.(?6%24&' 7"$1-)$ 7%/ &+<.$45%$(." 0/9$1

0("' &<.2+%6#'.

!"#$%&' 1.7 (G/&2%#)+$3, -,&&0%/#($3, )+%#-,&&0%/#($3, $/H$@;+#$# ()# $/H$&$+)"#)3$# 63-

+)(05.) D$.' 74$.-. A ∈ Cn,n ;#6&(."

i. E4%-$!+(73 (Hermitian), .$ A! = A, 87%/ A! := ĀT ,

ii. *)%%.$4!673 (symmetric), .$ &4$." 72.6+.("-8' -." 0/+747(&" +& (%$ .$10(2%<8

(%/, A ∈ Rn,n -." AT = A,

iii. +($!*)%%.$4!673 (antisymmetric), .$ &4$." 72.6+.("-8' -." 0/+747(&" +& (%$ .$(4-

A&(% (%/ .$.0(28<%/ (%/, A ∈ Rn,n -." −AT = A,

iv. #4A#5<(!#3 (orthogonal), .$ &4$." 72.6+.("-8' -." % .$10(2%<8' (%/ &4$." .$(4-

0(2%<8' (%/, A ∈ Rn,n -." AT A = In,

v. #4A#%#(+"!+/#3 (unitary), .$ A!A = In. (J #$$%". ./(3 &4$." ? .$(40(%"9? (%/

%2A%6,$"%/ 72.6+.("-%> 74$.-.· 0(?$ 7&247()0? 72.6+.("-,$ 7"$1-)$ %" *>%

#$$%"&' (./(45%$(.".)
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,)%B#C!*%73. =/+:%;45%/+& +& (·, ·) (% C/-;&4*&"% &0)(&2"-8 6"$8+&$% 0(%$ Cn,

(x, y) = x1ȳ1 + x2ȳ2 + · · · + xnȳn,

87%/ x = (x1, . . . , xn)T -." y = (y1, . . . , yn)T . C740?', 0/+:%;45%/+& +& ‖ · ‖ (?$

C/-;&4*&". $82+. (3 0(1A+?) 0(%$ Cn, ‖x‖ := (x, x)1/2.

,-%./0*-. S1A& 0/++&(2"-8' 74$.-.' &4$.", 72%<.$,', -." C2+?(".$8'. I". #$.$

%2A%6,$"% 74$.-. A,A = (a1, . . . , an) "09>&" (ai, aj) = δij , i, j = 1, . . . , n, "*".4(&2.

%" 0(3;&' (%/ &4$." %2A%6,$"&' +&(.G> ()$, 6&6%$8' 0(% %7%4% ./(%4 %" 74$.-&'

%<&4;%/$ (?$ %$%+.04. (%/'.

+"&,*$- 1.5 (G/&2%#)+$3 63+)(05 8:$,+ 6/)@&)%#(85 #"#$%#&85.) >( A ∈ Cn,n ./(+! 2(+3

E4%-$!+(73 8/(+6+3, $7$. #! !"!#$!%23 $#) ./(+! 84+5%+$!6#/ +4!A%#/.

>87".!=-. D0() λ +". "*"%("+3 (%/ A -." x ∈ Cn #$. "*"%*"1$/0+. (%/ A )' 72%' λ,

*?;.*3 x $= 0 -." Ax = λx. L8(& A. "09>&" -." Ax = λx, 12. Āx̄ = λ̄x̄. C7%+#$)'

(Āx̄)T = (λ̄x̄)T , %78(& x̄T ĀT = λ̄x̄T . =/$&7,' #9%/+& x̄T ĀT x = λ̄x̄T x 3 x̄T Ax = λ̄x̄T x

3 x̄T (λx) = λ̄x̄T x, 12. (λ − λ̄)x̄T x = 0. L,2., x̄T x $= 0, .<%> x $= 0, %78(& λ − λ̄ = 0,

*?;.*3 % λ &4$." 72.6+.("-8' .2"A+8'.

=(? 0/$#9&"., 0(% @&,2?+. 1.2, A. .7%*&4G%/+& 8(" %" 0/++&(2"-%4 74$.-&' &4-

$." *".6)$"%7%"30"+%". B1;"0(. A. *%>+& 8(", .$ A ∈ Rn,n &4$." #$.' 0/++&(2"-8'

74$.-.', (8(& /7129&" %2A%6,$"%' 74$.-.' S, *?;.*3 (#(%"%' ,0(& ST = S−1, 6".

(%$ %7%4% "09>&" S−1AS = diag(λ1, . . . ,λn). E2"$ +7%2#0%/+& $. %*?6?A%>+& 0& ./-

(8 (% :.0"-8 .7%(#;&0+., A. *,0%/+& %2"0+#$. 72%-.(.2-("-1 .7%(&;#0+.(. 6".

0/++&(2"-%>' 74$.-&'.

!"#$%&' 1.8 (I/H$@;+#) 9&$#$# 63+)(05.) N>% 74$.-&' A,B ∈ Rn,n ;#6%$(." #4A#5<(!+

7%#!#!, .$ /7129&" %2A%6,$"%' 74$.-.' S ∈ Rn,n (#(%"%' ,0(& B = ST AS. D$.'

74$.-.' A ∈ Rn,n ;#6&(." #4A#5<(!+ "!+50(!#8#!&*!%#3, .$ &4$." %2A%6,$". 8+%"%'

+& #$.$ *".6,$"% 74$.-..

,-%./0*-. H<%>, 6". -1A& %2A%6,$"% 74$.-. S, o .$10(2%<8' (%/ &4$." -." .$(4-

0(2%<8' (%/, *>% %2A%6,$". 8+%"%" 74$.-&', &4$." 8+%"%".

=>+<)$. +& (% .-8;%/A%, 72,(% 72%-.(.2-("-8 .7%(#;&0+., "*"%*".$>0+.(.
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0/++&(2"-,$ 7"$1-)$, 7%/ .$("0(%"9%>$ 0& *".<%2&("-#' "*"%("+#', &4$." %2A%6,-

$". +&(.G> (%/'.

()%%* 1.3 (I/H$@4+#9%2%) #"#$"#)+,-&*%4+ -,&&0%/#(;+ 6#+*(4+ 45 6/$5 "#)7$/0%#(85

#"#$%#&85.) 1*$0 A ∈ Rn,n 2(+3 *)%%.$4!673 8/(+6+3, λ, µ "9# !"!#$!%23 $#) 6+! x, y +($/-

*$#!?+ !"!#"!+(9*%+$+. >( λ $= µ, $7$. $+ x, y ./(+! #4A#5<(!+.

>87".!=-. H<%> % A &4$." 0/++&(2"-8', #9%/+& AT = A. L,2. Ax = λx, 12. (Ax)T =

(λx)T , %78(& xT A = λxT , &7%+#$)' xT Ay = (λxT )y = λ(xTy) = λ(x, y). C7"7280A&-

(., xT Ay = xT (µy) = µ(xT y) = µ(x, y). H78 ("' *>% ./(#' 09#0&"' 0/+7&2.4$%/+&

8(" (λ − µ)(x, y) = 0, %78(& (x, y) = 0, .<%> λ $= µ.

=>+<)$. +& (% *&>(&2% 72%-.(.2-("-8 .7%(#;&0+., 0/++&(2"-%4 74$.-&' +& .$1

*>% *".<%2&("-#' "*"%("+#' &4$." %2A%6,$". *".6)$"%7%"30"+%".

+"&,*$- 1.6 (J,&&0%/#($3 63+)(05 &0 "#)7$/0%#(85 #"#$%#&85 03+)# $/H$@;+#) "#)@4+#$6$#'-

-#&$#.) 1*$0 A ∈ Rn,n 2(+3 *)%%.$4!673 8/(+6+3, %. +(' "9# "!+:#4.$!623 %.$+=9 $#)3

!"!#$!%23 λ1, . . . ,λn. ;7$. # A ./(+! #4A#5<(!+ "!+50(!#8#!&*!%#3.

>87".!=-. D0() x1, . . . , xn "*"%*".$>0+.(. (%/ A )' 72%' ("' "*"%("+#' λ1, . . . ,λn,

.$(40(%"9.. O)24' 7&2"%2"0+8 (?' 6&$"-8(?(.' +7%2%>+& $. *&9A%>+& 8(" (. x1, . . . ,

xn &4$." +%$.*".4., *?;.*3 ‖xi‖ = 1, i = 1, . . . , n. C7"7280A&(., 0>+<)$. +& (%

72%?6%>+&$% P3++., (. x1, . . . , xn &4$." .$1 *>% %2A%6,$". +&(.G> (%/', 0/$&7,'

"09>&" (xi, xj) = δij , i, j = 1, . . . , n. L,2., % 74$.-.' S, S := (x1, . . . , xn), &4$." %2A%-

6,$"%' -." "09>&" STAS = ST (Ax1, . . . , Axn) = ST (λ1x1, . . . ,λnxn) = ST S diag(λ1,

. . . ,λn) = diag(λ1, . . . ,λn).

B&(1 (. 72%?6%>+&$. *>% 72%-.(.2-("-1 .7%(&;#0+.(. &4+.0(& (,2. 0& A#0?

$. *,0%/+& -." (% :.0"-8 .7%(#;&0+.. =?+&",$%/+& 8(" "09>&" -." (% .$(40(2%<%

./(%> (%/ .7%(&;#0+.(%', ? .78*&"G? (%/ %7%4%/ &4$." +1;"0(. 7%;> &/-%;8(&2?,

:;. (?$ R0-?0? 1.17.

./0"-%* 1.2 (J,&&0%/#($3 63+)(05 03+)# $/H$@;+#) "#)@4+#$6$#'-#&$#.) F'A. n × n *)%-

%.$4!673 8/(+6+3 ./(+! #4A#5<(!+ "!+50(!#8#!&*!%#3.
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>87".!=-. J .78*&"G? A. *%A&4 &7.6)6"-1 )' 72%' n. I". n = 1 (% .7%(#;&0+.

&4$." 72%<.$#'. =(% &7.6)6"-8 :3+., /7%A#(%/+& 8(" % "09/2"0+8' +.' "09>&" 6".

(n − 1) × (n − 1) 74$.-&' -." A. .7%*&4G%/+& 8(" "09>&" -." 6". n × n 74$.-&'.

D0() A ∈ Rn,n #$.' 0/++&(2"-8' 74$.-.', λ1 +". "*"%("+3 (%/ -." x1 #$. .$(4-

0(%"9% +%$.*".4% "*"%*"1$/0+.. L8(& /7129%/$ x2, . . . , xn ∈ Rn (#(%". ,0(& (%

0>$%;% {x1, . . . , xn} $. .7%(&;&4 %2A%+%$.*".4. :10? (%/ Rn. ! 74$.-.' S, S :=

(x1, . . . , xn), &4$." %2A%6,$"%' -." "09>&"

ST AS = ST (λ1x
1, Ax2, . . . , Axn) =















λ1(x1, x1) $ . . . $

λ1(x2, x1)
... B

λ1(xn, x1)















=















λ1 $ . . . $

0
... B

0















,

87%/ B #$.' (n − 1) × (n − 1) 72.6+.("-8' 74$.-.', B ∈ Rn−1,n−1. H<%> % 74$.-.'

A &4$." 0/++&(2"-8', A. #9%/+& (ST AS)T = ST AT (ST )T = STAS, *?;.*3 % ST AS

&4$." 0/++&(2"-8', %78(&, 0>+<)$. +& (. 72%?6%>+&$., A. #9&" (? +%2<3

ST AS =















λ1 0 . . . 0

0
... B

0















,

-." % B &4$." &740?' 0/++&(2"-8'. L,2., 0>+<)$. +& (?$ /78A&0? (?' &7.6)63',

/7129&" #$.' %2A%6,$"%' 74$.-.' T ∈ Rn−1,n−1 (#(%"%' ,0(& T T BT = diag(λ2, . . . ,

λn). @#(%/+& (,2.

T1 :=















1 0 . . . 0

0
... T

0
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-." #9%/+&, +& 72%<.$3 0/+:%;"0+8,

(ST1)
T A(ST1) = T T

1 (STAS)T1 = T T
1

(

λ1 0

0 B

)

T1

=

(

1 0

0 T T

)(

λ1 0

0 B

)(

1 0

0 T

)

=

(

λ1 0

0 T T BT

)

= diag(λ1, . . . ,λn).

L,2., % 74$.-.' ST1 &4$." %2A%6,$"%', )' 6"$8+&$% %2A%6,$")$ 7"$1-)$, -." #(0"

0/+7&2.4$%/+& 8(" % "09/2"0+8' +.' "09>&" -." 6". n × n 0/++&(2"-%>' 74$.-&'.

+*"*,)"-$- 1.1 (F/$-"#$/#-&95 #"#$%#&;+ ()# #"#$"#)+,-&*%4+.) D0() A ∈ Rn,n #$.'

0/++&(2"-8' 74$.-.' -." S ∈ Rn,n #$.' %2A%6,$"%' 74$.-.' (#(%"%' ,0(& STAS =

D = diag(λ1, . . . ,λn), :;. (% @&,2?+. 1.2 -." (?$ .78*&"G3 (%/. L8(& %" "*"%("+#'

(%/ A &4$." λ1, . . . ,λn. C740?', 6". (. "*"%*".$>0+.(. #9%/+&, :;. (?$ .78*&"G? (%/

@&)23+.(%' 1.1, AS = SD, %78(& .$ x1, . . . , xn &4$." %" 0(3;&' (%/ S, Axi = λixi,

i = 1, . . . , n, *?;.*3 %" 0(3;&' (%/ S &4$." "*"%*".$>0+.(. (%/ A, -." +1;"0(. (% xi

.$("0(%"9&4 0(?$ "*"%("+3 λi.

=>+<)$. +& (% 72%?6%>+&$% A&,2?+., -1A& 0/++&(2"-8' 74$.-.' &4$." %2A%-

6,$". *".6)$"%7%"30"+%'. L% .7%(#;&0+. ./(8 6&$"-&>&(." &>-%;. 0(% 8(" -1A&

C2+?(".$8' 74$.-.' &4$." %2A%+%$.*".4. *".6)$"%7%"30"+%'. L2%7%7%",$(.' -.-

(1;;?;. (?$ .78*&"G?, %*?6%>+.0(& 0(? ;&68+&$? 6+(#(!6& %#4:& $#) Schur, 0>+-

<)$. +& (?$ %7%4. 6'A. (&(2.6)$"-8' 74$.-.' &4$." %2A%+%$.*".4. 8+%"%' +& #$.$

1$) (2"6)$"-8 74$.-..

./0"-%* 1.3 (K)+$+#(' &$/7' %$, Schur.) 1*$0 A ∈ Cn,n 2(+3 $.$4+50(!673 8/(+6+3.

;7$. )8'4?.! 2(+3 #4A#%#(+"!+/#3 8/(+6+3 Q ∈ Cn,n $2$#!#3 <*$. # 8/(+6+3 Q!AQ (+

./(+! '(0 $4!50(!673, Q!AQ = T.

>87".!=-. J .78*&"G? A. *%A&4 &7.6)6"-1 )' 72%' n. I". n = 1 (% .7%(#;&0+.

&4$." 72%<.$#'. =(% &7.6)6"-8 :3+., /7%A#(%/+& 8(" % "09/2"0+8' +.' "09>&" 6".

(n − 1) × (n − 1) 74$.-&' -." A. .7%*&4G%/+& 8(" "09>&" -." 6". n × n 74$.-&'.

D0() A ∈ Cn,n #$.' (&(2.6)$"-8' 74$.-.', λ +". "*"%("+3 (%/ -." u #$. .$(4-

0(%"9% +%$.*".4% "*"%*"1$/0+., ‖u‖ = 1. L8(& /7129%/$ x2, . . . , xn ∈ Cn (#(%".
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,0(& (% 0>$%;% {u, x2, . . . , xn} $. .7%(&;&4 %2A%+%$.*".4. :10? (%/ Cn. I21<%/+&

(%$ %2A%+%$.*".4% 74$.-. U,U := (u, x2, . . . , xn), 0(? +%2<3 U := (u | Ũ), *?;.*3

A&)2%>+& (%$ n×(n−1) 74$.-. Ũ +& 0(3;&' (. *".$>0+.(. x2, . . . , xn. L,2. #9%/+&

U !AU =

(

u!

Ũ !

)

A(u | Ũ) =

(

u!Au u!AŨ

Ũ !Au Ũ !AŨ

)

=

(

λ u!AŨ

λŨ !u Ũ !AŨ

)

.

H;;1, .<%> % U &4$." %2A%+%$.*".4%', "09>&" Ũ !u = 0, %78(& ? 72%?6%>+&$? 09#0?

*4$&"

(1.2) U !AU =

(

λ u!AŨ

0 Ũ !AŨ

)

.

=/+:%;45%/+& +& B (%$ (n − 1) × (n − 1) 74$.-. Ũ !AŨ, B ∈ Cn−1,n−1. =>+<)$. +&

(?$ /78A&0? (?' &7.6)63', /7129&" %2A%+%$.*".4%' 74$.-.' P ∈ Cn−1,n−1 7%/ *4$&"

(?$ -.$%$"-3 +%2<3 (%/ Schur 6". (%$ B, P !BP = S, +& S 1$) (2"6)$"-8 74$.-..

C7%+#$)', % B 621<&(." 0(? +%2<3 B = PSP !. =/$&7,', #9%/+& Ũ !AŨ = PSP !,

%78(& ? (1.2) *4$&"

(1.3) U !AU =

(

λ u!AŨ

0 PSP !

)

=

(

1 0

0 P

)(

λ u!AŨP

0 S

)(

1 0

0 P !

)

.

L,2., % 74$.-.' ( 1 0
0 P ) ∈ Cn,n &4$." 72%<.$,' %2A%+%$.*".4%'· &740?' -." % 74$.-.'

Q, Q := U ( 1 0
0 P ) , &4$." %2A%+%$.*".4%' )' 6"$8+&$% %2A%+%$.*".4)$ 7"$1-)$, :;.

-." (?$ R0-?0? 1.27. R2., ? (1.3) *4$&"

Q!AQ =

(

1 0

0 P !

)

U !AU

(

1 0

0 P

)

=

(

1 0

0 P !

)(

1 0

0 P

)(

λ u!AŨP

0 S

)(

1 0

0 P !

)(

1 0

0 P

)

= In

(

λ u!AŨP

0 S

)

In =

(

λ u!AŨP

0 S

)

= T,

*?;.*3 (% .7%(#;&0+. "09>&" -." 6". n×n 74$.-&'. D(0" %;%-;?2,A?-& ? .78*&"-

G?.

,-%./0*-. D0() A ∈ Cn,n #$.' C2+?(".$8' 74$.-.'. B& (%/' 0/+:%;"0+%>' 0(?$
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72%?6%>+&$? .78*&"G?, #9%/+& (8(&

u!AŨP = (Au)!ŨP = λ̄u!ŨP = 0,

.<%> u!Ũ = 0, ;86) (%/ 8(" % U &4$." %2A%+%$.*".4%'. J 72%?6%>+&$? .78*&"G?

%*?6&4 &7%+#$)' 0(% 0/+7#2.0+. 8(" % 74$.-.' T &4$." 0(?$ &$ ;86) 7&247()0?

*".6,$"%', *?;.*3 8(" -1A& C2+?(".$8' 74$.-.' &4$." %2A%+%$.*".4. *".6)$"%7%"3-

0"+%'. =(?$ 7&247()0? 0/++&(2"-%> 74$.-. A ∈ Rn,n, :;#7%/+& &>-%;. 8(" % Q

&4$." -." 0/++&(2"-%', %78(& &4$." %2A%6,$"%'· (% @&,2?+. 1.2 &4$." &7%+#$)' #$.

782"0+. (%/ @&)23+.(%' 1.3. N,0.+& G&9)2"0(1 (?$ .78*&"G? (%/ @&)23+.(%' 1.2

6". $. *"&/-%;>$%/+& (%$ .$.6$,0(? 0(?$ -.(.$8?0? (%/ A#+.(%'.

+*"*,)"-$- 1.2 (K)+$+#($3 63+)(05.) =(?$ 72.6+.("-3 7&247()0?, 87)' &4*.+&, #$.'

74$.-.' A ∈ Rn,n &4$." .-2":,' (8(& %2A%6,$". *".6)$"%7%"30"+%', .$ &4$." 0/+-

+&(2"-8'. =(? +"6.*"-3 7&247()0?, 87)' .$.<#2.+& 0(?$ 72%?6%>+&$? =?+&4)0?,

#$.' C2+?(".$8' 74$.-.' &4$." %2A%+%$.*".4. *".6)$"%7%"30"+%'. =(?$ 72%-&"+#-

$? 7&247()0? *&$ "09>&" (% .$(40(2%<%.

I". $. 9.2.-(?240%/+& (%/' %2A%+%$.*".4. *".6)$"%7%"30"+%/' 74$.-&', &"01-

6%/+& 72,(. (?$ #$$%". (%/ -.$%$"-%> 74$.-.. D$.' 74$.-.' A ∈ Cn,n -.;&4(."

6+(#(!673 (normal), .$ .$("+&(.(4A&(." +& (%$ A!, A!A = AA!. !" C2+?(".$%4 -." %"

%2A%+%$.*".4%" .7%(&;%>$ &"*"-#' 7&2"7(,0&"' -.$%$"-,$ 7"$1-)$. M09/2"58+.0(&

(,2. 8(" % 1$) (2"6)$"-8' 74$.-.' T 0(?$ -.$%$"-3 +%2<3 (%/ Schur, :;. @&,2?-

+. 1.3, &4$." *".6,$"%', .$ -." +8$% .$ % A &4$." -.$%$"-8'. E2"$ 72%9)230%/+&

0(?$ .78*&"G? (%/ "09/2"0+%>, 0?+&",$%/+& 8(" #$.' 1$) (2"6)$"-8' 74$.-.' &4$."

-.$%$"-8', .$ -." +8$% .$ &4$." *".6,$"%', :;. R0-?0? 1.28.

K7%A#(%/+& 72,(. 8(" % 74$.-.' T &4$." *".6,$"%' -." A. .7%*&4G%/+& 8(" % A

&4$." -.$%$"-8' 74$.-.'. H78 (? 09#0? Q!AQ = T ;.+:1$%/+& A = QTQ!, %78(&

#9%/+& .<’ &$8'

AA! = QTQ!QT !Q! = QTT !Q!

-." .<’ &(#2%/

A!A = QT !Q!QTQ! = QT !TQ!,

%78(& AA! = AA!, .<%> % T &4$." -.$%$"-8', *?;.*3 % A &4$." 8$()' -.$%$"-8'

74$.-.'.
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H$(40(2%<. (,2., /7%A#(%/+& 8(" % A &4$." -.$%$"-8' 74$.-.' -." A. .7%*&4-

G%/+& 8(" % 74$.-.' T &4$." *".6,$"%'. =>+<)$. +& (. 72%.$.<&2A#$(., .2-&4 $.

.7%*&4G%/+& 8(" % T &4$." -.$%$"-8'. F+)', #9%/+&

TT ! = Q!AQQ!A!Q = Q!AA!Q

-."

T !T = Q!A!QQ!AQ = Q!A!AQ,

0/$&7,' TT ! = T !T, *?;.*3 % T &4$." -.$%$"-8', %78(& -." *".6,$"%', -." ? .78-

*&"G? (%/ "09/2"0+%> &4$." 7;32?'.

+*"*,)"-$- 1.3 (F/$-"#$/#-&95 #"#$%#&;+ ()# #"#$"#)+,-&*%4+.) D0() A ∈ Cn,n #$.'

74$.-.' -." Q!AQ = T ? -.$%$"-3 +%2<3 (%/ Schur 6". (%$ A. L8(& %" "*"%("+#'

(%/ A &4$." %" "*"%("+#' (%/ 1$) (2"6)$"-%> 74$.-. T, *?;.*3 (. *".6,$". 0(%"9&4.

λ1, . . . ,λn (%/ T. =(89%' +.' (,2. &4$." $. 72%0*"%240%/+& (. "*"%*".$>0+.(. (%/

A. H$ x &4$." "*"%*"1$/0+. (%/ T )' 72%' (?$ "*"%("+3 λi, (8(& ? 09#0? Q!AQ = T

*4$&" Q!AQx = λix, *?;.*3 AQx = λiQx. D(0" 0/+7&2.4$%/+& 8(" (% Qx &4$."

"*"%*"1$/0+. (%/ A )' 72%' (?$ "*"%("+3 λi. L,2., .$ (. "*"%*".$>0+.(. x1, . . . , xm

(%/ T &4$." 62.++"-,' .$&G12(?(., (8(& -." (. "*"%*".$>0+.(. Qx1, . . . , Qxm (%/ A

&4$." 62.++"-,' .$&G12(?(.. C740?', 72%<.$,' %" T -." A #9%/$ (% 4*"% 7;3A%'

62.++"-,' .$&G12(?()$ "*"%*".$/0+1()$.

H7%+#$&", &7%+#$)', $. 72%0*"%240%/+& (. "*"%*".$>0+.(. (%/ T. H' &G&(10%/-

+& 72,(. (?$ 7&247()0? 7%/ ? .;6&:2"-3 7%;;.7;8(?(. +".' "*"%("+3' λi &4$." #$.

(%78(&, 72%<.$,', -." ? 6&)+&(2"-3 7%;;.7;8(?(1 (?' A. &4$." #$.). I21<%/+&

(8(& (% 0>0(?+. Tx = λix 0(? +%2<3









T11 − λiIi−1 t2 T13

0 0 tT3
0 0 T33 − λiIn−i

















x1

x2

x3









= 0

+& x1 ∈ Ci−1, x2 ∈ C, x3 ∈ Cn−i -." 72%<.$3 0/+:%;"0+8. L,2., .78 (? 09#0? (T33−

λiIn−i)x3 = 0 ;.+:1$%/+& x3 = 0, .<%> % 74$.-.' T33 − λiIn−i &4$." .$("0(2#Q"+%'

)' 1$) (2"6)$"-8' +& +? +?*&$"-1 *".6,$". 0(%"9&4., &7";#6%/+& &$ 0/$&9&4. (%
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x2 ./A.42&(., <&2’ &"7&4$ x2 = 1, -." -.(87"$ /7%;%645%/+& (% x1 .78 (? 09#0?

(T11 − λiIi−1)x1 = −x2t2.

=(? 6&$"-3 7&247()0?, +& -.(1;;?;%/' +&(.09?+.("0+%>' 62.++,$, 621<%/-

+& (% %+%6&$#' 62.++"-8 0>0(?+. (T − λiIn)x = 0 0(? +%2<3 Bx = 0, +& B #$.$

-;"+.-)(8 74$.-.. (@/+45%/+& 8(" #$.' 74$.-.' ;#6&(." -;"+.-)(8', .$ %" +? +?-

*&$"-#' 62.++#' (%/ &+<.$45%$(." 72"$ .78 ("' +?*&$"-#' -." (% 72,(% +? +?*&$"-8

0(%"9&4% -1A& +? +?*&$"-3' 62.++3' &+<.$45&(." *&G"8(&2. (%/ 72,(%/ +? +?*&-

$"-%> (?' 72%?6%>+&$?' 62.++3'.) L% 7;3A%' ()$ +? +?*&$"-,$ 62.++,$ (%/ B

+.' *4$&" (%$ :.A+8 (%/ B, 0/$&7,' ? *"10(.0? (%/ 7/23$. (%/ B &4$." (% 7;3A%'

()$ +?*&$"-,$ 62.++,$ (%/. C>-%;. +7%2%>+& (,2. $. 72%0*"%240%/+& .$(40(%"-

9% 7;3A%' 62.++"-,' .$&G12(?()$ ;>0&)$, *?;.*3 "*"%*".$/0+1()$ (%/ T )' 72%'

(?$ "*"%("+3 λi.

1.2.1 ! "#$%$&"' (%)*' +%, Jordan

F7)' &4*.+& 72%?6%/+#$)', #$.' 74$.-.' A ∈ Cn,n &4$." .-2":,' (8(& *".6)$"%-

7%"30"+%', *?;.*3 8+%"%' +& #$.$ *".6,$"% 74$.-. D, .$ #9&" n 62.++"-,' .$&-

G12(?(. "*"%*".$>0+.(.. L% A#+. 7%/ A. +.' .7.09%;30&" &*, &4$." -.(1 780%$

+& -17%"&' 7.2.9)230&"', +&",$%$(.' ("' .7."(30&"' 0(%$ 74$.-. D, +7%2%>+& $.

%*?6?A%>+& 0& -17%"% 9230"+% .7%(#;&0+. 7%/ $. "09>&" 6". 8;%/' (%/' (&(2.6)-

$"-%>' 74$.-&'. E216+.(", 87)' A. *%>+&, 0>+<)$. +& #$. "*".4(&2. 9230"+% .7%-

(#;&0+., (?$ 6+(#(!6& %#4:& $#) Jordan, -1A& (&(2.6)$"-8' 74$.-.' &4$." 8+%"%' +&

#$.$ 74$.-. J 7%/ &7"(2#7&(." $. #9&" +? +?*&$"-1 0(%"9&4. 0(? *".6,$"8 (%/ -."

0(?$ /7&2*".6,$"8 (%/, *?;.*3 0("' A#0&"' (i, i) -." (i, i + 1), 6". (. i 7%/ ./(8 #9&"

$8?+.. B1;"0(., ./(8' % *"*".6,$"%' 74$.-.' #9&" 0("' A#0&"' (?' *".6)$4%/ ("'

"*"%("+#' (%/ .29"-%> 74$.-. -." 0("' A#0&"' (?' /7&2*".6)$4%/ &4(& +%$1*&' &4(&

+?*&$"-1. N4$%/+& (% .-2":#' .7%(#;&0+., 9)24' .78*&"G?.

./0"-%* 1.4 (K)+$+#(' &$/7' %$, Jordan.) 1*$0 A ∈ Cn,n 2(+3 $.$4+50(!673 8/(+-

6+3. ;7$. )8'4?.! 2(+3 +($!*$42G!%#3 8/(+6+3 S ∈ Cn,n $2$#!#3 <*$. # S−1AS (+ ./(+!
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"!+5<(!#3 6+$' %8C#6, S−1AS = J = diag(J1, . . . , Jp), %. %8C#6 $-3 %#4:&3

Ji =



















λi 1 0

λi 1
. . .

. . .

λi 1

0 λi



















∈ C
ni,ni , i = 1, . . . , p,

6+! n1 + · · · + np = n.

,-%./0*-. C4$." 6$)0(8, 8(" (. +7;%- Ji &4$." +%$%03+.$(. %2"0+#$. -." ? +8$?

.;;.63 7%/ +7%2&4 $. 64$&" 0(?$ -.$%$"-3 +%2<3 Jordan J &$8' 74$.-. A &4$." $.

+&(.A#0%/+& (. +7;%- Ji. =(? *".6,$"% -1A& +7;%- &+<.$45&(." +". "*"%("+3 (%/

74$.-. A. J 4*". "*"%("+3 +7%2&4 $. &+<.$45&(." 0& 7&2"008(&2. +7;%-, +1;"0(.

&+<.$45&(." 0& (80. +7;%- 80? &4$." ? 6&)+&(2"-3 7%;;.7;8(?(1 (?'. L% 7;3A%'

()$ 62.++"-,' .$&G12(?()$ "*"%*".$/0+1()$ (%/ A &4$." p, 80% -." (% 7;3A%' ()$

.$(40(%"9)$ +7;%- 0(?$ -.$%$"-3 +%2<3 (%/ Jordan J.

+*"*,)"-$- 1.4 (F/$-"#$/#-&95 #"#$%#&;+ ()# #"#$"#)+,-&*%4+.) D0() A ∈ Cn,n #$.'

74$.-.' -." S−1AS = J = diag(J1, . . . , Jp) ? -.$%$"-3 +%2<3 (%/ Jordan 6". (%$

A. L8(& %" "*"%("+#' (%/ A &4$." %" "*"%("+#' (%/ J, *?;.*3 (. *".6,$". 0(%"9&4.

λ1, . . . ,λn (%/ J. =(89%' +.' (,2. &4$." $. 72%0*"%240%/+& (. "*"%*".$>0+.(. (%/

A. H/(8 A. 64$&" 0& *>% 0(1*".. =(% 72,(% 0(1*"% A. 72%0*"%240%/+& (. "*"%*".$>-

0+.(. (%/ J. B& (%/' 0/+:%;"0+%>' (%/ @&)23+.(%' 1.4, +7%2%>+& $. 72%0*"%24-

0%/+& #$. "*"%*"1$/0+. x (%/ J 7%/ .$("0(%"9&4 0(?$ "*"%("+3 λi )' &G3': J 09#0?

Jx = λix *4$&"

Ji









xn1+···+ni−1+1

...

xn1+···+ni−1+ni









= λi









xn1+···+ni−1+1

...

xn1+···+ni−1+ni









,

*?;.*3


















0 1 0

0 1
. . . . . .

0 1

0 0





































xn1+···+ni−1+1

xn1+···+ni−1+2

...

xn1+···+ni−1+ni−1

xn1+···+ni−1+ni



















= 0.
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H78 &*, 0/+7&2.4$%/+& .+#0)' 8(" xn1+···+ni−1+2 = · · · = xn1+···+ni−1+ni
= 0 -."

8(" (% xn1+···+ni−1+1 +7%2&4 $. &7";&6&4 (/9.4.. C7%+#$)', #$. "*"%*"1$/0+. x 7%/

.$("0(%"9&4 0(?$ "*"%("+3 λi &4$." ./(8 +& 0/$"0(,0. xn1+···+ni−1+1 = 1 -." 8;&' ("'

1;;&' 0/$"0(,0&' +?*#$. S.(’ ./(8$ (%$ (287% %*?6%>+.0(& &>-%;. 0& p 62.++"-

-,' .$&G12(?(. "*"%*".$>0+.(. x1, . . . , xp (%/ J, -." ./(8 &4$." (% +#6"0(% 7;3A%'

62.++"-,' .$&G12(?()$ "*"%*".$/0+1()$.

=(% *&>(&2% 0(1*"% A. 72%0*"%240%/+& (. "*"%*".$>0+.(. (%/ A. H$ x &4$." "*"%-

*"1$/0+. (%/ J )' 72%' (?$ "*"%("+3 λi, (8(& ? 09#0? S−1AS = J *4$&" S−1ASx =

λix, *?;.*3 ASx = λiSx. D(0" 0/+7&2.4$%/+& 8(" (% Sx &4$." "*"%*"1$/0+. (%/ A

)' 72%' (?$ "*"%("+3 λi. L,2., -.(’ ./(8$ (%$ (287% %*?6%>+.0(& 0& p 62.++"-,'

.$&G12(?(. "*"%*".$>0+.(. (%/ A, .<%>, ;86) (%/ 8(" % S &4$." .$("0(2#Q"+%', .$

(. "*"%*".$>0+.(. x1, . . . , xp (%/ J &4$." 62.++"-,' .$&G12(?(., (8(& -." (. "*"%*".-

$>0+.(. Sx1, . . . , Sxp (%/ A &4$." 62.++"-,' .$&G12(?(..

1.2.2 -% ./01"% +%, Rayleigh

=& ./(3$ (?$ &$8(?(. /7%A#(%/+& 8(" #$.' 74$.-.' A ∈ Rn,n &4$." 0/++&(2"-8'· 0?-

+&",$%/+& 71$()' 8(" (. 09&("-1 .7%(&;#0+.(. 6&$"-&>%$(." &>-%;. -." 6". C2+?-

(".$%>' 74$.-&'. D0() x ∈ Rn #$. +? +?*&$"-8 *"1$/0+.. L% 7?;4-%

(Ax, x)

(x, x)
=

xT Ax

xT x

-.;&4(." 8-C/6# $#) Rayleigh. D0() λ1 ≤ λ2 ≤ · · · ≤ λn %" "*"%("+#' (%/ 74$.-

-. A. F7)' A. *%>+&, ? &;19"0(? "*"%("+3, λ1, &4$." (% &;19"0(% (%/ 7?;4-%/ (%/

Rayleigh, &$, ? +#6"0(?, λn, (% +#6"0(% (%/ 7?;4-%/ (%/ Rayleigh, *?;.*3

(1.4) λ1 = min
x∈Rn

x%=0

(Ax, x)

(x, x)
-." λn = max

x∈Rn

x%=0

(Ax, x)

(x, x)
.

=?+&",$%/+& -.(’ .291' 8(", .$ x1 -." xn &4$." "*"%*".$>0+.(. (%/ A )' 72%' ("'

"*"%("+#' λ1 -." λn, .$(40(%"9., (8(&

(Ax1, x1)

(x1, x1)
=

(λ1x1, x1)

(x1, x1)
= λ1 -."

(Axn, xn)

(xn, xn)
=

(λnxn, xn)

(xn, xn)
= λn.
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=/$&7,', 6". $. %;%-;?2)A&4 ? .78*&"G?, .2-&4 $. .7%*&4G%/+& 8("

(1.5) ∀x ∈ R
n \ {0} λ1 ≤

(Ax, x)

(x, x)
≤ λn.

I". $. .7%*&4G%/+& (?$ (1.5), A&)2%>+& +". %2A%+%$.*".4. :10? {x1, . . . , xn} (%/

Rn .7%(&;%>+&$? .78 "*"%*".$>0+.(. (%/ A, Axi = λixi, i = 1, . . . , n. S1A& x ∈ Rn

621<&(." ;%"78$ )' 62.++"-8' 0/$*/.0+8' ()$ x1, . . . , xn, x = α1x1 + · · · + αnxn.

C7%+#$)', #9%/+&

(Ax, x) = (α1Ax1 + · · · + αnAxn,α1x
1 + · · · + αnxn)

= (α1λ1x
1 + · · · + αnλnx

n,α1x
1 + · · · + αnxn)

= λ1(α1)
2 + · · · + λn(αn)2.

=/$*/15%$(.' ./(3 (? 09#0? +& (?$

(x, x) = (α1)
2 + · · · + (αn)2,

7%/ .7%*&"-$>&(." 7%;> &>-%;., %*?6%>+&A. 0(?$ &7"A/+?(3 &-(4+?0? (1.5).

1.2.3 -% 2034&5+% .%0,6$,(% 2$78 .1$#"#

D0() A ∈ Cn,n #$.' 74$.-.'. C7&"*3 ? *"10(.0? (%/ 62.++"-%> 9,2%/ Cn,n &4$."

n2 -." %" */$1+&"' Ai, i = 0, . . . , n2, &4$." 0(%"9&4. (%/ Cn,n, %" 74$.-&' In, A, . . . , An2

&4$." 62.++"-,' &G.2(?+#$%". C7%+#$)' /7129%/$ +"6.*"-%4 .2"A+%4 α0, . . . ,αn2 ,

89" 8;%" +?*#$, (#(%"%" ,0(& α0In + α1A + · · · + αn2An2

= 0, 0 ∈ Cn,n, *?;.*3

/7129&" +? +?*&$"-8 7%;/,$/+% :.A+%> (% 7%;> n2, (%/ %7%4%/ % 74$.-.' A &4$."

“245.”. L% A#+. 7%/ A. +.' .7.09%;30&" 0(? 0/$#9&". &4$." -.(1 780%$ /7129&" +?

+?*&$"-8 7%;/,$/+% P, :.A+%> +"-28(&2%/ (%/ n2, (#(%"% ,0(& % A $. &4$." “245.”

(%/, P (A) = 0. L% :.0"-8 .7%(#;&0+. &*, &4$." (% @&,2?+. ()$ Cayley–Hamilton,

0>+<)$. +& (% %7%4% (% 9.2.-(?2"0("-8 7%;/,$/+% &$8' 74$.-., :.A+%> n, #9&"

./(3$ (?$ "*"8(?(..

!"#$%&' 1.9 (G=*:#-%$ 6$=,;+,&$ 63+)().) D0() A #$.' n × n 74$.-.', A ∈ Cn,n. L%

7%;/,$/+% p (%/ &;19"0(%/ */$.(%> :.A+%> +& +&6"0(%:1A+"% 0/$(&;&0(3, *?;.*3

0/$(&;&0(3 (?' +&6.;>(&2?' *>$.+3' (%/, (? +%$1*., 6". (% %7%4% "09>&" p(A) = 0,

;#6&(." .C'?!*$# 8#C)<()%# (%/ A.
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L% &;19"0(% 7%;/,$/+% &$8' 74$.-. &4$." 72%<.$,' +%$%03+.$(. %2"0+#$%.

E216+.(", .$ /7329.$ *>% *".<%2&("-1 &;19"0(. 7%;/,$/+. p -." q &$8' 74$.-.

A, (8(& ? *".<%21 (%/' A. 3(.$ +? +?*&$"-8 7%;/,$/+% +"-28(&2%/ :.A+%> -." A.

"-.$%7%"%>0& (? 09#0? (p − q)(A) = 0, *?;.*3 (. p -." q *&$ A. 3(.$ &;19"0(.

7%;/,$/+., 1(%7%.

()%%* 1.4 (K*H0 6$=,;+,&$ &0 /3L) 8+)+ 63+)() "#)#/03%)# &0 %$ 0=*:#-%$ 6$=,;+,&9

%$,.) 1*$0 A ∈ Cn,n, p $# .C'?!*$# 8#C)<()%7 $#), 6+! P 2(+ 8#C)<()%# 5!+ $# #8#/#

!*?9.! P (A) = 0. ;7$. $# p "!+!4./ $# P.

>87".!=-. H78 (%$ %2"0+8 (%/ p #7&(." 8(" % :.A+8' (%/ &4$." (% 7%;> 80%' -." %

:.A+8' (%/ P. C7%+#$)' "09>&" P = pq + r, +& 7%;/,$/+. q -." r (#(%". ,0(& %

:.A+8' (%/ r $. &4$." +"-28(&2%' (%/ :.A+%> (%/ p. @#;%/+& $. .7%*&4G%/+& 8(" (%

r &4$." (% +?*&$"-8 7%;/,$/+%. H$ /7%A#0%/+&, 72%' 0("6+3$, 8(" ./(8 *&$ &4$."

.;?A#', A. &49.+& .<’ &$8' r(A) = P (A) − p(A)q(A) = 0 -." .<’ &(#2%/ % :.A+8'

(%/ r A. 3(.$ +"-28(&2%' (%/ :.A+%> (%/ p, 1(%7%.

=(? 0/$#9&". A. *%>+& 8(" 8+%"%" 74$.-&' #9%/$ (% 4*"% &;19"0(% 7%;/,$/+%.

()%%* 1.5 (M)C%#-2 0=):3-%4+ 6$=,4+C&4+ 9&$#4+ 6#+*(4+.) H%#!#! 8/(+6.3 2?#)( $#

/"!# .C'?!*$# 8#C)<()%#.

>87".!=-. D0() A,B ∈ Cn,n 8+%"%" 74$.-&', *?;.*3 B = S−1AS +& S ∈ Cn,n. H$ i

&4$." #$.' </0"-8' .2"A+8' 3 (% +?*#$, (8(& Bi = (S−1AS)i = S−1AS · · · S−1AS =

S−1AiS, -.", .-2":,' .$(40(%"9., Ai = SBiS−1. C7%+#$)', .$ 6". -17%"% 7%;/,$/-

+% p "09>&" p(A) = 0, A. #9%/+& &740?' p(B) = S−1p(A)S = S−10S = 0. H$(40(2%<.,

.$ 6". -17%"% 7%;/,$/+% q "09>&" q(B) = 0, A. #9%/+& &740?' q(A) = Sq(B)S−1 =

S0S−1 = 0. H78 (. .$)(#2) #7&(." &>-%;., .$ ;1:%/+& /7’ 8Q"$ +.' -." (% 6&6%$8'

8(" (% &;19"0(% 7%;/,$/+% &$8' 74$.-. %245&(." +%$%03+.$(., 8(" %" 74$.-&' A -."

B #9%/$ (% 4*"% &;19"0(% 7%;/,$/+%.

=>+<)$. +& (% .-8;%/A% :.0"-8 .7%(#;&0+., ()$ Cayley–Hamilton, #$.' 74$.-

-.' &4$." “245.”, +& #$$%". 7%/ 64$&(." 0.<3' 0(% @&,2?+., (%/ 9.2.-(?2"0("-%>

(?' 7%;/)$>+%/. C$, ;%"78$ +#92" (,2. G#2.+& 8(" % :.A+8' (%/ &;.940(%/ 7%;/)-

$>+%/ &$8' n×n 74$.-. &4$." (% 7%;> n2, (,2. A. *%>+& 8(" ./(8' % :.A+8' &4$." (%



1.2. D#*>0+#$.$38-8 .#+/)0+ 23

7%;> n. E2"$ *,0%/+& (% A&,2?+., +". /7&$A>+"0? 09&("-1 +& (%$ 72%0.2(?+#$%

&$8' 74$.-..

I8.(A9%!*-. (I 6/$-)/%2&8+$5 0+95 63+)().) D0() A ∈ Cn,n #$.' 74$.-.', A = (aij).

=/+:%;45%/+& +& cij (% +C5.B4!67 *)%8C&40%+ (3 (%$ *)%8+4'5#($+) (%/ 0(%"9&4%/

aij, cij = (−1)i+j det Aij , 87%/ Aij % 74$.-.' 7%/ 72%->7(&" .78 (%$ A .$ *".621Q%/-

+& (? 62.++3 i -." (? 0(3;? j. ! .$10(2%<%' C (%/ 74$.-. +& 0(%"9&4. cij (*?;.*3

% C #9&" (% 0(%"9&4% cji 0(? A#0? (i, j)) ;#6&(." 84#*+4$-%2(#3 (%/ A, 0/+:%;45&(."

0/$3A)' +& adj A, -." +". :.0"-3 (%/ "*"8(?(. &4$." 8(" "-.$%7%"&4 (? 09#0?

(1.6) A adj A = (det A)In.

./0"-%* 1.5 (M4+ Cayley–Hamilton.) >( p ./(+! $# ?+4+6$-4!*$!67 8#C)<()%# .(73 8/-

(+6+ A ∈ Cn,n, $7$. !*?9.! p(A) = 0.

>87".!=-. D0() p(t) = (−1)n(tn + αn−1tn−1 + · · · + α0), +& αi ∈ C, i = 0, . . . , n − 1,

(% 9.2.-(?2"0("-8 7%;/,$/+% &$8' 74$.-. A. C7&"*3, 0>+<)$. +& (?$ (1.6), "09>&"

(A − λIn) adj(A − λIn) = det(A − λIn)In, #9%/+&, ;.+:1$%$(.' /7’ 8Q"$ -." (%$

%2"0+8 (%/ 9.2.-(?2"0("-%> 7%;/)$>+%/,

(1.7) (A − λIn) adj(A − λIn) = p(λ)In.

L,2. % adj(A − λIn) #9&" 0(%"9&4. 7%;/,$/+. )' 72%' λ :.A+%> (% 7%;> n − 1,

+7%2&4 0/$&7,' $. 62.<&4 0(? +%2<3

(1.8) adj(A − λIn) = B0 + B1λ + · · · + Bn−1λ
n−1.

H78 ("' (1.7) -." (1.8) ;.+:1$%/+&

(1.9) (A − λIn)(B0 + B1λ + · · · + Bn−1λ
n−1) = (−1)n(λn + αn−1λ

n−1 + · · · + α0)In.

=>6-2"0? 0/$(&;&0(,$ 0(. *>% +#;? (?' (1.9), *?;.*3 0>6-2"0? ()$ 0/$(&;&0(,$

4*")$ */$1+&)$ (%/ λ, +.' *4$&"

AB0 = (−1)nα0In

−B0 + AB1 = (−1)nα1In

...

−Bn−2 + ABn−1 = (−1)nαn−1In

−Bn−1 = (−1)nIn.
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E%;;.7;.0"15%$(.' ./(#' ("' 09#0&"' +& In, A, . . . , An, .$(40(%"9., -." 72%0A#(%-

$(.' -.(1 +#;? ;.+:1$%/+&

0 = (−1)n(α0In + · · · + αn−1A
n−1 + An),

*?;.*3 p(A) = 0.

=/$*/15%$(.' (% P3++. 1.4 +& (% @&,2?+. 1.5 %*?6%>+.0(& .+#0)' 0(% .-8-

;%/A% .7%(#;&0+..

+&"#$%* 1.1 (M$ 0=*:#-%$ "#)#/03 %$ :)/)(%2/#-%#(9 6$=,;+,&$.) ;# .C'?!*$# 8#C)<()%#

.(73 8/(+6+ "!+!4./ $# ?+4+6$-4!*$!67 $#) 8#C)<()%#.

!"#$%&'()" 1.3 B$+3E$4&5 @%# $ A*C&@( %$4 59*73-%$4 .$940+,&$4 5+@( .3+*)* &.$253 +*

53+*# .$9, &#)2@%52$( *.@ %$+ A*C&@ %$4 7*2*)%82#-%#)$, %$4 .$94<+4&$. F52’ 5#.53+,

*&'-0( .53C5%*# )*+53( @%# %$ 7*2*)%82#-%#)@ .$94<+4&$ %$4 &$+*"#*3$4 n × n .3+*)* In

53+*# p, p(λ) = (1− λ)n, 5+< %$ 59/7#-%$ .$94<+4&@ %$4 53+*# q, q(λ) = λ− 1.

5-)6-7#(

1.1 G2$-"#$23-%5 %#( #"#$%#&'( )*# %* *+%3-%$#7* #"#$"#*+,-&*%* %$4 .3+*)* A,

A :=









1 0 −1

1 2 1

−1 −1 1









.

1.2 H.$"53I%5 @%# '+*( .3+*)*( A ∈ Rn,n 53+*# *)2#A<( %@%5 *+%#-%2'J#&$(, *+ %$ &8"'+ "5+

53+*# #"#$%#&: %$4.

1.3 6-%0 A ∈ Cn,n '+*( *+%#-%2'J#&$( .3+*)*(, λ &#* #"#$%#&: %$4 A, )*# x '+* #"#$"#/+4-&*

%$4 A 0( .2$( %8+ #"#$%#&: λ. G2$-"#$23-%5 &#* #"#$%#&: %$4 A−1 )*# '+* #"#$"#/+4-&/ %$4

0( .2$( *4%:+ %8+ #"#$%#&:.

1.4 6-%0 A ∈ Cn,n '+*( .3+*)*(, λ &#* #"#$%#&: %$4 A, )*# x '+* #"#$"#/+4-&* %$4 A 0( .2$(

%8+ #"#$%#&: λ. G2$-"#$23-%5 &#* #"#$%#&: )*# '+* *+%3-%$#7$ #"#$"#/+4-&* %$4 .3+*)* A2.

1.5 6-%0 A, B ∈ Cn,n ",$ .3+*)5(. H+ $ B 53+*# *+%#-%2'J#&$(, )*# x '+* #"#$"#/+4-&* %$4

AB 0( .2$( %8+ #"#$%#&: λ, .2$-"#$23-%5 &#* #"#$%#&: )*# '+* *+%3-%$#7$ #"#$"#/+4-&* %$4

.3+*)* BA.
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1.6 6-%0 A ∈ Rn,n '+*( /+0 %2#>0+#)@( .3+*)*(. G2$-"#$23-%5 %#( #"#$%#&'( %$4.

1.7 G2$-"#$23-%5 %#( #"#$%#&'( )*# %* #"#$"#*+,-&*%* %$4 .3+*)*

A :=









3 2 4

2 0 2

4 2 3









.

1.8 6-%0 A ∈ Cn,n '+*( %5%2*>0+#)@( .3+*)*( )*# λ1, . . . , λn $# #"#$%#&'( %$4. H.$"53I%5

@%# %$ >#+@&5+$ λ1 · · · λn %0+ #"#$%#&<+ #-$,%*# &5 %8+ $23E$4-* %$4 A, λ1 · · ·λn = detA.

1.9 (B$ 37+$( 5+@( .3+*)*.) 6-%0 A = (aij) ∈ Cn,n '+*( %5%2*>0+#)@( .3+*)*(. B$ /C2$#-&*

a11+a22+ · · ·+ann %0+ "#*><+#0+ -%$#7530+ )*953%*# !"#$% %$4 A. H+ λ1, . . . , λn $# #"#$%#&'(

%$4 A, *.$"53I%5 @%# %$ /C2$#-&/ %$4( λ1 + · · · + λn #-$,%*# &5 %$ 37+$( %$4 A.

[&'()*+,-: 1502:-%5 %$ 7*2*)%82#-%#)@ .$94<+4&$ p %$4 A. K5A*#0C53%5 @%#

p(λ) = (a11 − λ) · · · (ann − λ) + p̃(λ)

&5 p̃ '+* .$94<+4&$ A*C&$, %$ .$9, n− 2.]

1.10 G2$-"#$23-%5 %8+ *9>5A2#): )*# %8 >50&5%2#): .$99*.9@%8%* %0+ .2*>&*%#)<+ #"#$-

%#&<+ %$4 .3+*)*

A :=









7 −1 −2

−1 7 2

−2 2 10









.

1.11 6-%0

A :=















3 6 6 −2

−2 −5 −6 2

2 4 5 −2

4 6 6 3















.

G2$-"#$23-%5, *+ 4./275#, '+*+ "#*><+#$ .3+*)* @&$#$ %$4 A.

1.12 6-%0 n ∈ N )*# A ∈ R2n+1,2n+1. H.$"53I%5 @%# $ .3+*)*( A '75# %$49/7#-%$+ &3*

.2*>&*%#): #"#$%#&:.

1.13 6-%0

A :=
1

15









10 5 10

5 −14 2

10 2 −11









.

G2$-"#$23-%5 '+*+ "#*><+#$ .3+*)* @&$#$ %$4 A.
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1.14 LI5%/-%5 )*%/ .@-$+ $# .3+*)5(

A :=









1 0 −4

0 5 4

−4 4 3









, B :=









1 −1 −1

0 3 2

0 −1 0









, )*# C :=















3 −4 0 5

1 −1 0 1

2 −3 1 4

0 0 0 1















53+*# "#*>0+#$.$#:-#&$#.

1.15 (H+#-@%8%* %$4 Gerschgorin.) 6-%0 A = (aij) '+*( n × n .3+*)*( )*# λ &#* #"#$%#&:

%$4. H.$"53I%5 @%#, >#* )/.$#$ i ∈ {1, . . . , n}, #-7,5#

|aii − λ| ≤
n
∑

j=1
j %=i

|aij |,

"89*": )/C5 #"#$%#&: λ A23-)5%*# -5 )/.$#$+ ),)9$ -%$ &#>*"#)@ 5.3.5"$, &5 )'+%2$ aii )*#

*)%3+*
∑n

j=1
j %=i

|aij |. M# ),)9$# *4%$3 9'>$+%*# ./.0$+ 1$2 Gerschgorin. N5 *4%@+ %$+ %2@.$ "5+

.2$-"#$23E$4&5 O4-#)/ %#( #"#$%#&'( 5+@( .3+*)*, *99/ '7$4&5 -%8 "#/C5-: &*( &#* &'C$"$

7$+"2#)$, 5+%$.#-&$, %0+.

[&'()*+,-: 6-%0 x '+* *+%3-%$#7$ #"#$"#/+4-&*. H+ xi 53+*# &#* )*%’ *.@94%$ %#&: &'>#-%8

-4+#-%<-* %$4 x, %@%5 C* '7$4&5

(aii − λ)xi = −
n
∑

j=1
j %=i

aijxj .]

P28-#&$.$#:-%5 %$ >5>$+@( @%# $# .3+*)5( A )*# AT '7$4+ %#( 3"#5( #"#$%#&'(, >#* +* *.$-

"53I5%5 @%#, >#* )/.$#$ j ∈ {1, . . . , n}, #-7,5# 5.3-8(

|ajj − λ| ≤
n
∑

i=1
i%=j

|aij |.

1.16 ;4+"4/-%5 %#( H-):-5#( 1.2 )*# 1.15, >#* +* *.$"53I5%5 @%# '+*( n×n .3+*)*( A = (aij)

&5 *4-%82/ )42#*27#): "#*><+#$, "89*": %'%$#$( <-%5

|aii| >
n
∑

j=1
j %=i

|aij |, i = 1, . . . , n,

53+*# *+%#-%2'J#&$(. (B'%$#$# .3+*)5( *+*O'2$+%*# )*# 0( )+345#+3 2'671*7$+.)
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1.17 6-%0 A ∈ Rn,n '+*( $2C$><+#* "#*>0+#$.$#:-#&$( .3+*)*(. H.$"53I%5 @%# $ A 53+*#

-4&&5%2#)@(.

1.18 6-%0 A ∈ Rn,n '+*( *+%#-4&&5%2#)@( .3+*)*(, "89*": %'%$#$( <-%5 aij = −aji, i, j =

1, . . . , n. H.$"53I%5 @%# $# #"#$%#&'( %$4 A 53+*# O*+%*-%#)$3 *2#C&$3.

1.19 6-%0 A ∈ Rn,n '+*( *+%#-4&&5%2#)@( .3+*)*( )*# x ∈ Rn. H.$"53I%5 @%# xT Ax = 0.

1.20 6-%0 A, B ∈ Rn,n ",$ -4&&5%2#)$3 .3+*)5(. H.$"53I%5 @%# $ .3+*)*( AB 53+*# -4&&5-

%2#)@(, *+ )*# &@+$ *+ $# .3+*)5( A )*# B *+%#&5%*%3C5+%*#, "89*": *+ AB = BA.

1.21 6-%0 A ∈ Rn,n '+*( .3+*)*( )*# AT $ *+/-%2$O@( %$4. H.$"53I%5 @%# $# .3+*)5( A )*#

AT '7$4+ %$ 3"#$ 7*2*)%82#-%#)@ .$94<+4&*, #"#*3%52* 9$#.@+ %#( 3"#5( #"#$%#&'(.

1.22 1502$,&5 %$+ .3+*)* A = ( 1 0
1 2 ) )*C<( )*# %$+ *+/-%2$O@ %$4 AT = ( 1 1

0 2 ) . K5A*#0C53%5

@%# $# #"#$%#&'( %$4( 53+*# λ1 = 1 )*# λ2 = 2. K5A*#0C53%5 5.3-8( @%# %* *+%3-%$#7* (&8

&8"5+#)/) #"#$"#*+,-&*%* 53+*# (x1,−x1)T >#* %$+ A )*# (x1, 0)T >#* %$+ AT , 0( .2$( %8+

#"#$%#&: λ1 = 1, )*# (0, x2)T >#* %$+ A )*# (x1, x1)T >#* %$+ AT , 0( .2$( %8+ #"#$%#&: λ2 = 2.

;5 *+%#"#*-%$9: &5 %#( #"#$%#&'(, A9. Q-)8-8 1.21, $ *+/-%2$O$( AT 5+@( .3+*)* A "5+

'75# "89*": %* 3"#* #"#$"#*+,-&*%* &5 %$+ A.

1.23 6-%0 A, B ∈ Cn,n ",$ .3+*)5( )*# '-%0 @%# )/.$#$( *.@ %$4( ",$ 53+*# *+%#-%2'J#&$(.

H.$"53I%5 @%# $# .3+*)5( AB )*# BA '7$4+ %#( 3"#5( #"#$%#&'(.

[&'()*+,-: H+, O52’ 5#.53+, $ A 53+*# *+%#-%2'J#&$(, %# -7'-8 '7$4+ $# .3+*)5( BA )*#

A(BA)A−1;]

(N.$253 +* *.$"5#7C53 @%# $# AB )*# BA '7$4+ %#( 3"#5( #"#$%#&'(, )*# @%*+ $# A, B 53+*# &8

*+%#-%2'J#&$#.)

1.24 6-%0 A ∈ Rn,n '+*( -4&&5%2#)@( .3+*)*(, x ∈ Rn '+* &8 &8"5+#)@ "#/+4-&*, )*# λ

'+*( .2*>&*%#)@( *2#C&@(. H+ λ1, . . . , λn $# #"#$%#&'( %$4 A, *.$"53I%5 @%#

min
1≤i≤n

|λ− λi| ≤
‖Ax− λx‖

‖x‖
,

@.$4 ‖ · ‖ 8 L4)953"5#* +@2&* -%$+ Rn.

[&'()*+,-: N5 %$4( -4&A$9#-&$,( %$4 5"*O3$4 1.2.1, *.$"53I%5 @%#

‖Ax− λx‖2 = (Ax− λx, Ax− λx) =
n
∑

i=1

(λi − λ)2(αi)
2 ≥ min

1≤i≤n
|λ− λi|

2 (x, x).]

1.25 R'&5 @%# '+*( .3+*)*( A ∈ Rn,n 53+*# 8*1+.9 $7+:;6#$%, *+ %$ L4)953"5#$ 5-0%52#-

)@ >#+@&5+$ (Ax, x) 53+*# C5%#)@, >#* )/C5 &8 &8"5+#)@ "#/+4-&* x %$4 Rn. H.$"53I%5 @%#
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'+*( :2;;*17+.(% .3+*)*( A ∈ Rn,n 53+*# C5%#)/ $2#-&'+$(, *+ )*# &@+$ *+ $# #"#$%#&'( %$4

λ1, . . . , λn 53+*# C5%#)'(.

1.26 H.$"53I%5 @%# $ .3+*)*( A =
(

1 −4
0 1

)

"5+ 53+*# C5%#)/ $2#-&'+$(.

[&'()*+,-: =#* x = (1, 1)T '7$4&5 (Ax, x) = −2.]

G$#$ -4&.'2*-&* -4+/>5%5 -4+"4/E$+%*( *4%@ %$ *.$%'95-&* &5 %8+ .2$8>$,&5+8

Q-)8-8;

1.27 6-%0 A, B ∈ Cn,n $2C$&$+*"#*3$# .3+*)5(. H.$"53I%5 @%# )*# %$ >#+@&5+@ %$4( AB

53+*# 5.3-8( $2C$&$+*"#*3$( .3+*)*(.

1.28 6-%0 T ∈ Cn,n '+*( /+0 %2#>0+#)@( .3+*)*(. H.$"53I%5 @%# $ T 53+*# )*+$+#)@(, *+

)*# &@+$ *+ 53+*# "#*><+#$(.

[&'()*+,-: ;4&A$93E$4&5 &5 tij , 1 ≤ i ≤ j ≤ n, %* -%$#753* %$4 T .$4 A23-)$+%*# -%$ /+0

%23>0+$ %$4 T (@9* %* /99* 53+*# &8"'+). K5A*#0C53%5 @%#

(TT !)ii =
n
∑

k=i

|tik|
2 )*# (T !T )ii =

i
∑

k=1

|tki|
2

)*# *.$"53I%5, 5.*>0>#)/ 0( .2$( i, >#* i = 1, . . . , n− 1, @%# ti,i+1 = · · · = ti,n = 0.]

1.29 6-%0 A ∈ Cn,n '+*( .3+*)*( %8( &$2O:( A =
(

A11 A12

0 A22

)

&5 A11 ∈ Ck,k, A12 ∈ Ck,n )*#

A22 ∈ Cn−k,n−k. H.$"53I%5 @%# 8 '+0-8 %0+ #"#$%#&<+ %0+ A11 )*# A22 "3+5# %$ -,+$9$ %0+

#"#$%#&<+ %$4 A.

[&'()*+,-: H.$"53I%5 @%# )/C5 #"#$%#&: %$4 A 53+*# )*# #"#$%#&: 5+@( 5) %0+ A11 )*# A22. ;4-

>)5)2#&'+*, *+ λ #"#$%#&: %$4 A )*# x *+%3-%$#7$ #"#$"#/+4-&*, &5 x = (x1, x2)T , x1 ∈ Ck,

x2 ∈ Cn−k, *.$"53I%5 @%# *+ x2 '= 0, %@%5 %$ λ 53+*# #"#$%#&: %$4 A22 &5 *+%3-%$#7$ #"#$"#/-

+4-&* %$ x2, 5+< *+ x2 = 0, %@%5 %$ λ 53+*# #"#$%#&: %$4 A11 &5 *+%3-%$#7$ #"#$"#/+4-&* %$

x1.]

1.30 6-%0 ρ, ρ(z) := α0 + α1z + · · · + αn−1zn−1 + zn, '+* .$94<+4&$ A*C&$, n &5 &5>#-%$-

A/C&#$ -4+%595-%: %8 &$+/"*. 1502:-%5 %$+ n× n .3+*)*

A :=















−αn−1 −αn−2 . . . −α0

1 0 0
. . .

. . .

0 1 0















.

H.$"53I%5 @%# $# #"#$%#&'( %$4 .3+*)* A -4&.3.%$4+ &5 %#( 23E5( %$4 ρ.
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[&'()*+,-: H+*.%,--$+%*( ..7. %8+ $23E$4-* 0( .2$( %8+ %5954%*3* %8( -%:98, A5A*#0C53%5

@%# det(A − λI) = (−1)nρ(λ). L+*99*)%#)/, *.$"53I%5 @%# $.$#*":.$%5 23E* λ %$4 ρ 53+*#

#"#$%#&: %$4 A &5 *+%3-%$#7$ #"#$"#/+4-&* (λn−1, λn−2, . . . , 1)T .]

1.31 (R5.%$&52'-%528 5)"$7: %8( *+#-@%8%*( %$4 Gerschgorin.) 6-%0 A ∈ Cn,n '+*( .3+*-

)*( &5 -%$#753* aij , )*# K1, . . . , Kn $# ),)9$# %$4 Gerschgorin %$4 A &5 )'+%2* a11, . . . , ann,

*+%3-%$#7*. S.$C'%$4&5 @%# $ ),)9$( Ki '75# )5+: %$&: &5 %8+ '+0-8 @90+ %0+ /990+

),)90+ Kj , j = 1, . . . , n, j '= i. H.$"53I%5 @%# -%$+ Ki .52#'75%*# *)2#A<( &3* #"#$%#&: %$4

A.

[&'()*+,-: =2/O$4&5 %$+ A -%8 &$2O: A = D + R &5 D := diag(a11, . . . , ann) )*# R :=

A −D. M23E$4&5 %$4( .3+*)5( At := D + tR, t ∈ [0, 1]. K5A*#0C53%5 @%# $# #"#$%#&'( %0+ At

.52#'7$+%*# -%$4( ),)9$4( %$4 Gerschgorin %$4 .3+*)* A. ;%$+ Ki .52#'75%*# *)2#A<( &3*

#"#$%#&: %$4 D = A0, %$ )'+%2$ aii %$4 Ki. M# #"#$%#&'( %0+ At 5I*2%<+%*# -4+57<( *.@ %8+

.*2/&5%2$ t (*+ *2#C&8C$,+ )*%/9989*), *O$, $# 23E5( .$940+,&0+ 5I*2%<+%*# -4+57<(

*.@ %$4( -4+%595-%'(. L.$&'+0( )*&&3* #"#$%#&: "5+ &.$253 +* &5%*.8":-5# *.@ %$+ Ki

-%8+ '+0-8 %0+ 4.$9$3.0+ ),)90+, $,%5 )*# *+%3-%2$O*. ;4+5.<( -%$+ Ki .52#'75%*#

*)2#A<( &3* #"#$%#&: )*# %$4 A1 = A. ]


