
2. !"#$%&'#()* %)$+,+#

!" #$%& %' (")*+#,' -"+"%*-" #.,/-0%,(12 -"/&3'$2 4,# %' 5.&6+0-# ,3,'%,-78 4,#

%"%.#498,(':2 5;8#("2, 30+#3< -"/&3'$2 4,# %08 5.'=144,=0 ,3,'%,-78 (#, ,3,'3,#-

8$=-*%98 %"%.#498,(78 5,8*(98. !%08 "8&%0%# 2.1 /# ">',(",9/':-" -" %0 6#=,(<

=%.#%04,(< %98 #.,/-0%,(78 -"/&398 4,# %' 5.&6+0-# ,3,'%,-78, 5'$ ";8#, 0 #8#-

494< %'$ 5.'6+<-#%'2 -" (#%*++0+'$2 -"%#=?0-#%,=-':2 '-',&%0%#2 =" #8%;=%',-

?' 4,# #5+':=%".'$2 5;8#("2, (#/72 (#, -" %08 (#%*=%#=0 %'$ 5.'6+<-#%'2 ,3,'%,-

-78. !%08 "8&%0%# 2.2 /# #=?'+0/':-" -" -,# #5+< #.,/-0%,(< -1/'3', %0 -1/'3'

%98 3$8*-"98, ($.;92 4,# ,=%'.,(':2 +&4'$2, #)': #$%< /"9.";%#, 5+1'8 >"5".#-

=-180. @ "8&%0%# 2.3 #)'.* %,2 ,3,'%,-12 A.-0%,#878 %.,3,#478,98 5,8*(98· -"

(#%*++0+'$2 -"%#=?0-#%,=-':2 '-',&%0%#2, %' 5.&6+0-# ,3,'%,-78 4,# A.-0%,#-

8':2 5;8#("2 #8*4"%#, =%' #8%;=%',?' 4,# A.-0%,#8':2 %.,3,#478,'$2 5;8#("2. @

"8&%0%# 2.4 #8#)1."%#, =%08 #.,/-0%,(< -1/'3' LR 4,# %' 5.&6+0-# ,3,'%,-78, 0

'5';# 6#=;B"%#, =%08 #8*+$=0 LU 5,8*(98. @ "8&%0%# 2.5 ";8#, 6'0/0%,(<: -"-

+"%*-" %08 #8*+$=0 QR 5,8*(98, 0 '5';# =%08 5.*>0 4;8"%#, ";%" -" #8#(+*=",2

Householder ";%" -" 5".,=%.')12 Givens. !%0 =0-#8%,(&%".0 -1/'3' 4,# %' 5.&-

6+0-# ,3,'%,-78, %0 -1/'3' QR, #),".78"%#, 0 %"+"$%#;# "8&%0%#. @ -1/'3'2 QR

#5'%"+"; -"%">1+,>0 %02 -"/&3'$ LR, (#, 6#=;B"%#, =%08 #8*+$=0 QR.

2.1 !"#$%&%"$&'$(

C$%< 0 5.'(#%#.(%,(< "8&%0%# #8#)1."%#, =" 3:' /1-#%#, '.,=-18"2 4"8,(12 5#.#-

%0.<=",2 4,# #.,/-0%,(12 -"/&3'$2 5.'=3,'.,=-': ,3,'%,-78 (#, ,3,'3,#8$=-*%98

5,8*(98 #)’ "8&2 (#, %08 (#%*=%#=0 %'$ 5.'6+<-#%'2 ,3,'%,-78 #)’ "%1.'$.
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2.1.1 !"#$%&' ()*)+,*-."$'

D, #.,/-0%,(12 -1/'3', 4,# %'8 5.'=3,'.,=-& ,3,'%,-78 (#, ,3,'3,#8$=-*%98 "8&2

5;8#(# A 6#=;B'8%#, =$8</92 =%08 "><2 ,31#: !" 18# 5.7%' =%*3,' -" 18# 5"5".#-

=-18' 5+</'2 -"%#=?0-#%,=-78 '-',&%0%#2

A = A0 → A1 → · · · → Am =: B,

Ai = T−1
i Ai−1Ti, i = 1, 2, . . . ,m,

#8*4'$-" %'8 5;8#(# A =" 18#8 “#5+':=%".'” 5;8#(# B,

B = Am = T−1AT, -" T := T1T2 · · · Tm,

(#, =%' 3":%".' =%*3,' 5.'=3,'.;B'$-" %,2 ,3,'%,-12 λ (#, %# ,3,'3,#8:=-#%# y %'$

B, By = λy. E&%", -" x := Ty = T1T2 · · · Tmy, 1?'$-", +&49 %02 =?1=02 '-',&%0-

%#2 B = T−1AT, &%, Ax = λx, 30+#3< &%, =%08 ,3,'%,-< λ %'$ A #8%,=%',?"; %'

,3,'3,*8$=-# x.

D 5;8#(#2 B "5,+14"%#, 7=%" 8# 1?", %,2 "><2 3:' ,3,&%0%"2:

#) D, ,3,'%,-12 (#, %# ,3,'3,#8:=-#%# %'$ B -5'.':8 8# $5'+'4,=/':8 ":('+#,

30+#3< -" =?"%,(* +;4"2 5.*>",2.

6) E' 5.&6+0-# ,3,'%,-78 4,# %'8 5;8#(# B 3"8 1?", 5'+: ?",.&%".0 (#%*=%#=0

#5& %' #8%;=%',?' 5.&6+0-# 4,# %'8 A, 30+#3< -,(.12 -"%#6'+12 %98 =%',-

?";98 %'$ B 3"8 "50."*B'$8 %,2 ,3,'%,-12 %'$ 5'+: 5".,==&%".' #5& #8%;-

=%',?"2 -"%#6'+12 %'$ A.

C2 3':-" %7.# +;4' 572 "50."*B"%#, 0 (#%*=%#=0 %'$ 5.'6+<-#%'2 ,3,'%,-78

-" -"%#=?0-#%,=-':2 '-',&%0%#2. F?'$-"

B = T−1AT (#, B + ∆B = T−1(A + ∆A)T, -" ∆A := T∆BT −1.

!$8"572, 4,# -,# )$=,(< 8&.-# 5,8*(98 ‖ · ‖ (#, %'8 #8%;=%',?' 3";(%0 (#%*=%#=02

κ 1?'$-"

‖B‖ ≤ κ(T )‖A‖,

‖∆A‖ ≤ κ(T )‖∆B‖,
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(#, =$-5".#;8'$-" &%,

(2.1)
‖∆A‖

‖A‖
≤
(

κ(T )
)2 ‖∆B‖

‖B‖
.

@ "(%;-0=0 (2.1) -5'."; 8# ".-08"$/"; 92 "><2: G"3'-18'$ &%, ', 5;8#("2 A (#,

B 1?'$8 %,2 ;3,"2 ,3,'%,-12 (#, %' ;3,' =$-6#;8", (#, -" %'$2 A + ∆A (#, B + ∆B,

“-,(.<” -"%#6'+< ‖∆B‖/‖B‖ =%'8 B -5'."; 8# -"%#6*++", %,2 ,3,'%,-12 %&=', &='

(#, “-"4*+0” -"%#6'+<
(

κ(T )
)2

‖∆B‖/‖B‖ =%'8 A, &%#8 ' 3";(%02 (#%*=%#=02 κ(T )

";8#, -"4*+'2. G0+#3<, #8 ' 3";(%02 (#%*=%#=02 κ(T ) %'$ 5;8#(# T ";8#, 5'+:

-"4#+:%".'2 %02 -'8*3#2, %&%" %' 5.&6+0-# ,3,'%,-78 4,# %'8 5;8#(# B 1?", 5'+:

?",.&%".0 (#%*=%#=0 #5& %' #8%;=%',?' 5.&6+0-# 4,# %'8 A. A5,3,7('$-" +',5&8

8# "5,+14'$-" %'$2 5;8#("2 Ti 1%=, 7=%" 8# -08 1?'$8 -"4*+' 3";(%0 (#%*=%#=02

κ(Ti), '5&%" (#, ' 3";(%02 (#%*=%#=02 κ(T ) %'$ T,

κ(T ) = κ(T1T2 · · · Tm) ≤ κ(T1) · · · κ(Tm),

3"8 /# ";8#, 5'+: -"4*+'2, 4,# =?"%,(* -,(.12 %,-12 %'$ m.

!%08 5.*>0 "5,+14'$-" ";%" 5;8#("2 #5#+',)<2

Ti =

























1 0
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1

mi+1,i
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. . .
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, %1%','$2 7=%" |mki| ≤ 1,
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. . .
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. . .
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(#, "5'-1892, 4,# %0 8&.-# -"4;=%'$ ‖ · ‖∞, κ(Ti) ≤ 4, ";%" './'478,'$2 5;8#("2

Ti = U, )".’ ",5";8 #8#(+*=",2 %'$ Householder < 5".,=%.')12 %'$ Givens (&592

/# 3':-" #.4&%".# =" #$%& %' (")*+#,'), (#, %08 A$(+";3",# 8&.-# ‖ · ‖2, '5&%"

κ(Ti) = 1. @ %"+"$%#;# #$%< =?1=0 15"%#, #5& %' 4"4'8&2 &%, 4,# './'478,'$2

5;8#("2 U ,=?:",

‖Ux‖2
2 = (Ux,Ux)2 = (UTUx, x)2 = (x, x)2 = ‖x‖2

2.

!$8</92 ' #.?,(&2 5;8#(#2 A #8*4"%#, =%0 4"8,(< 5".;5%9=0 =" 18#8 !"#$%$ &'(

Hessenberg B = Am, 30+#3< 5;8#(# 5'$ (*%9 #5& %0 3,#478,' -5'."; 8# 1?", -0

-03"8,(* =%',?";# -&8' =%08 $5'3,#478,', =%,2 /1=",2 (i, j) -" i ≥ j + 2 1?", "5'-

-1892 -03"8,(* =%',?";#, (#, =%08 ",3,(< 5".;5%9=0 A.-0%,#878 5,8*(98 =" 18#8

A.-0%,#8& 5;8#(# %'$ Hessenberg, 30+#3< =" 18#8 A.-0%,#8& %.,498,(& 5;8#(#,

6+. (#, %,2 H#.#%0.<=",2 2.3 (#, 2.4 =%0 =$81?",#.

2.1.2 /)+0.+)., +12 (*134-5)+1' $6$1+$57#

!" #$%< %08 "8&%0%# /# 3':-" '.,=-18# 6#=,(* #5'%"+1=-#%# 4,# %08 (#%*=%#=0

%'$ 5.'6+<-#%'2 ,3,'%,-78.

F=%9 µ ∈ C (#, x ∈ Cn 18# -'8#3,#;' 3,*8$=-#, ‖x‖2 = 1. F=%9 r, r := Ax − µx,

%' $5&+',5'. C8 %' $5&+',5' ";8#, -0318, %' µ ";8#, 5.')#872 ,3,'%,-< %'$ A. !%0

=$81?",# /# 3':-" &%,, =%08 5".;5%9=0 A.-0%,#878 5,8*(98, #8 %' $5&+',5' ";8#,

-,(.&, %&%" %' µ ";8#, (#+< 5.'=144,=0 ,3,'%,-<2 %'$ A.

!"#$%&' 2.1 (!"#$% &'%()"') *&+,'-.,/0" #0(1 '$)*2.."*3 "4")/"516.) )*&+ A ∈ Cn,n

,#$- ./01&2$#3- !"#$%$- %$2 λ1, . . . ,λn '2 (!/$40$&2%,-) 252'&20,- &'(. )*&+ µ ∈ C %$2

x ∈ Cn ,#$ 0'#$52$"' 526#(*0$ +- !/'- &1# .(%78"582$ #3/0$, ‖x‖2 = 1. 9# r := Ax−µx

8"#$2 &' (!37'2!', &3&8 2*:;82

(2.2) min
1≤i≤n

|λi − µ| ≤ ‖r‖2,

(!6/:82 517$5< 252'&20< &'( A !'( $!,:82 &' !'7; ‖r‖2 $!3 &' µ.

9!3582=1. !%08 5".;5%9=0 5'$ %' µ =$-5;5%", -" (*5',# ,3,'%,-<, ' ,=?$.,=-&2 #+0-

/":", 5.')#872. I5'/1%'$-" +',5&8 =%0 =$81?",# &%, µ '= λi, i = 1, . . . , n. F=%9
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Q ∈ Cn,n 18#2 './'-'8#3,#;'2 5;8#(#2 %1%','2 7=%"

Q!AQ = D = diag(λ1, . . . ,λn),

6+. %0 !0-";9=0 -"%* %08 #5&3",>0 %'$ J"9.<-#%'2 1.3 (#/72 (#, %' J"7.0-# 1.2

=%08 ",3,(&%".0 5".;5%9=0 =$--"%.,(': 5;8#(# A. E&%", %' $5&+',5' r 4.*)"%#,

=%0 -'.)< r = QDQ!x − µx, '5&%" 1?'$-"

Q!r = DQ!x − µQ!x = (D − µIn)Q!x.

!:-)98# -" %08 $5&/"=< -#2 µ '= λi, i = 1, . . . , n, ' 5;8#(#2 D − µIn ";8#, #8%,=%.1-

K,-'2, "5'-1892 1?'$-" Q!x = (D − µIn)−1Q!r, =$8"572

(2.3) ‖Q!x‖2 ≤ ‖(D − µIn)−1‖2 · ‖Q!r‖2.

E7.#, 4,# '5','3<5'%" 3,*8$=-# y ∈ Cn, 1?'$-"

‖Q!y‖2
2 = (Q!y,Q!y)2 = (QQ!y, y)2 = (y, y)2 = ‖y‖2

2.

A5'-1892, 0 (2.3) 3;8",, #)': ‖x‖2 = 1,

(2.4) 1 ≤ ‖(D − µI)−1‖2 · ‖r‖2.

C++*,

(D − µI)−1 = diag
( 1

λ1 − µ
, · · · ,

1

λn − µ

)

,

'5&%"

(2.5) ‖(D − µI)−1‖2 = max
1≤i≤n

1

|λi − µ|
=

1

min1≤i≤n |λi − µ|
,

=$8"572 0 (2.4) '304"; =%08 "5,/$-0%< "(%;-0=0 (2.2).

!:-)98# -" %' J"7.0-# 2.1, "5,/$-':-" %' $5&+',5' 8# ";8#, -,(.&. F=%9 %7.#

A 18#2 =$--"%.,(&2 5;8#(#2 (#, x ∈ Rn 18# -0 -03"8,(& 3,*8$=-#. J# 3':-" &%, %'

$5&+',5' "+#?,=%'5',";%#,, 4,# 3"3'-18' x, 4,# -;# #(.,672 "5,+'4<, 4,# %' 50+;('

Rayleigh %'$ x.
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!"#$%&' 2.2 (7(08"*/)')93*3 /)& &')()9')& ."0 4,4)52+) 4"-+&*50.) )*&+ A ∈ Rn,n

,#$- *(008&/2%3- !"#$%$- %$2 x ∈ Rn ,#$ 01 0158#2%3 526#(*0$. >3&8 2*:;82

(2.6) min
µ∈R

‖Ax − µx‖2 = ‖Ax − µA(x)x‖2,

3!'( µA(x) := (Ax,x)2
(x,x)2

&' !17"%' &'( Rayleigh 42$ &' x.

9!3582=1. C-1=92 3,#5,=%78", (#8";2 &%,, #8 ' ,=?$.,=-&2 ,=?:", 4,# (*5',' x, %&%"

,=?:", (#, 4,# &+# %# -0 -03"8,(* 5'++#5+*=,* %'$. L9.;2 5".,'.,=-& %02 4"8,(&-

%0%#2, $5'/1%'$-" +',5&8 &%, %' x ";8#, -'8#3,#;' 92 5.'2 %08 A$(+";3",# 8&.-#,

‖x‖2 = 1. E&%", 5.')#872, µA(x) = (Ax, x)2, (#,

‖Ax−µx‖2
2 = (Ax−µx,Ax−µx)2 = ‖Ax‖2

2−2(Ax, x)2µ+µ2 = ‖Ax‖2
2−2µA(x)µ+µ2.

!$8"572

‖Ax − µx‖2
2 = ‖Ax‖2

2 −
[

µA(x)
]2

+
[

µ − µA(x)
]2

(#, %' #5'%1+"=-# 15"%#, #-1=92.

('$')*$%+% 2.1 F=%9 A ∈ Rn,n 18#2 =$--"%.,(&2 5;8#(#2 (#, x ∈ Rn 18# -0 -0-

3"8,(& 3,*8$=-#. !$83$*B'8%#2 %# J"9.<-#%# 2.1 (#, 2.2 '304':-#=%" =%' =$-51-

.#=-# &%,, #8 =%#/".'5',<='$-" 18# -0 -03"8,(& 3,*8$=-# x ∈ Rn, %&%" %' 50+;('

%'$ Rayleigh µA(x) 4,# %' x #5'%"+"; -,# +'4,(< "5,+'4< 5.'=144,=02 =" (*5',#

,3,'%,-< %'$ A, -"%#>: &+98 %98 5.#4-#%,(78 #.,/-78 µ.

J# 3':-" %7.# 18# #5'%1+"=-# 4,# %08 (#%*=%#=0 %'$ 5.'6+<-#%'2 ,3,'%,-78

4,# 3,#498,'5',<=,-'$2 5;8#("2.

!"#$%&' 2.3 (:0/-*/0*3 /)& '$);(150/)6 "4")/"5<+ 4"0.=+")')"1*"5=+ '"+-#=+ .) )*&+

A ∈ Cn,n ,#$- 52$4+#2'!'2<*20'- !"#$%$- (?7. @8A/10$ 1.1), '!3&8 S−1AS = D =

diag(λ1, . . . ,λn), 08 λ1, . . . ,λn &2- 252'&20,- &'( A. 9# ∆A ∈ Cn,n ,#$- !"#$%$- 52$&$/$-

:<- %$2 µ 252'&20< &'( 52$&$/$40,#'( !"#$%$ A + ∆A, &3&8

(2.7) min
1≤i≤n

|λi − µ| ≤ κ2(S) ‖∆A‖2,

3!'( κ2(S) ' 58"%&1- %$&6*&$*1- &'( !"#$%$ S +- !/'- &1# .(%78"582$ #3/0$.
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9!3582=1. !%08 5".;5%9=0 5'$ %' µ =$-5;5%", -" (*5',# ,3,'%,-<, ' ,=?$.,=-&2

#+0/":", 5.')#872. I5'/1%'$-" +',5&8 =%0 =$81?",# &%, µ '= λi, i = 1, . . . , n.

F=%9 z ∈ Cn 18# ,3,'3,*8$=-# %'$ A + ∆A 92 5.'2 %08 ,3,'%,-< µ. E&%" 1?'$-"

(A + ∆A)z = µz, =$8"572 (µIn − A)z = ∆Az, 30+#3< (µIn − SDS−1)z = ∆Az,

'5&%" S(µIn − D)S−1z = ∆Az. !:-)98# -" %08 $5&/"=< -#2 µ '= λi, i = 1, . . . , n,

' 5;8#(#2 µIn − D ";8#, #8%,=%.1K,-'2, "5'-1892 0 5.'04':-"80 =?1=0 3;8", z =

S(µIn − D)−1S−1∆Az. A5'-1892, 1?'$-"

‖z‖2 ≤ ‖S‖2 ‖(µIn − D)−1‖2 ‖S−1‖2 ‖∆A‖2 ‖z‖2 = κ2(S) ‖(µIn − D)−1‖2 ‖∆A‖2 ‖z‖2,

30+#3<

1 ≤ κ2(S) ‖(µIn − D)−1‖2 ‖∆A‖2.

M#-6*8'8%#2 %7.# $5’ &K,8 %0 (2.5) =$-5".#;8'$-" &%,

min
1≤i≤n

|λi − µ| ≤ κ2(S) ‖∆A‖2,

30+#3< ,=?:", &8%92 0 "5,/$-0%< "(%;-0=0 (2.7).

B108"+*1. @ 5'=&%0%# κ2(S) =%' 5.'04':-"8' J"7.0-# ";8#, 18#2 *(#&878*&<-

%$&6*&$*1- %'$ 5.'6+<-#%'2 5.'=3,'.,=-': %98 ,3,'%,-78 %'$ 5;8#(# A, 6+. &-92

(#, %08 N=(0=0 2.1

C5& %' J"7.0-# 2.3 15"%#, &%, %' 5.&6+0-# ,3,'%,-78 4,# A.-0%,#8':2 5;8#("2

1?", 5'+: (#+< (#%*=%#=0.

(,$-+&' 2.1 (:0/-*/0*3 /)& '$);(150/)6 "4")/"5<+ 7$53/"0+<+ '"+-#=+.) )*&+ A ∈

Cn,n ,#$- ./01&2$#3- !"#$%$- %$2 λ1, . . . ,λn '2 252'&20,- &'(. 9# ∆A ∈ Cn,n ,#$- !"#$%$-

52$&$/$:<- %$2 µ 252'&20< &'( 52$&$/$40,#'( !"#$%$ A + ∆A, &3&8

(2.8) min
1≤i≤n

|λi − µ| ≤ ‖∆A‖2.

9!3582=1. C)': ' A ";8#, A.-0%,#8&2, ";8#, './'-'8#3,#;# 3,#498,'5',<=,-'2, 30-

+#3< $5*.?", './'-'8#3,#;'2 5;8#(#2 Q ∈ Cn,n %1%','2 7=%" Q!AQ = diag(λ1, . . . ,

λn). E7.#, ‖Q‖2
2 = ρ(Q!Q) = ρ(In) = 1, =$8"572 ‖Q‖2 = 1 (#, #8%;=%',?# ‖Q!‖2 = 1,

'5&%"

κ2(Q) = ‖Q‖2 ‖Q!‖2 = 1,

(#, 0 (2.8) 15"%#, #-1=92 #5& %0 (2.7).
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2.2 ) *+,#-#. &/0 -10(*2/0

!" #$%< %08 "8&%0%# /# -"+"%<='$-" %08 #5+':=%".0 #.,/-0%,(< -1/'3' 4,# %'

5.&6+0-# ,3,'%,-78, %0 -1/'3' %98 3$8*-"98. @ -1/'3'2 #$%< /"9.";%#, 5+1'8

>"5".#=-180, %08 5".,4.*)'$-" ($.;92 4,# ,=%'.,(':2 +&4'$2.

F=%9 A ∈ Rn,n 18#2 5;8#(#2 -" ,3,'%,-12 λ1, . . . ,λn %1%',"2 7=%"

(2.9) |λ1| > |λ2| ≥ |λ3| ≥ · · · ≥ |λn|.

I5'/1%'$-", 30+#3<, &%, 0 (#%’ #5&+$%' %,-< -14,=%0 ,3,'%,-< %'$ A ";8#, #5+< (#,

5.#4-#%,(<. (I5"8/$-;B'$-" &%, =%08 5".;5%9=0 5.#4-#%,(78 5,8*(98, #8 λi ";8#,

-,# ,3,'%,-<, %&%" (#, 0 =$B$4<2 %02 λ̄i ";8#, "5;=02 ,3,'%,-<, #)': %' ?#.#(%0.,-

=%,(& 5'+$78$-' 1?", 5.#4-#%,(':2 =$8%"+"=%12.) I5'/1%'$-" "5;=02 &%, ' A 1?",

n 4.#--,(72 #8">*.%0%# ,3,'3,#8:=-#%#, 30+#3< &%, ";8#,, &592 +1-", 01 8772!<-. .

I5& #$%12 %,2 5.'O5'/1=",2, 0 -1/'3'2 %98 3$8*-"98 3;8", -,# #('+'$/;# 5.'-

="44;="98 %02 λ1, 0 '5';# =$4(+;8", =%0 λ1, (#/72 (#, -,# #('+'$/;# 5.'="44;="98

%'$ #8%;=%',?'$ ,3,'3,#8:=-#%'2 x1, 0 '5';# =$4(+;8", =%' x1.

J"9.':-" -,# 8&.-# ‖ · ‖ =%'8 Rn. C.?;B'8%#2 -" 18# %$?#;' -'8#3,#;' 3,*-

8$=-# x(0) ∈ Rn, 30+#3< %1%',' 7=%" ‖x(0)‖ = 1, (#%#=("$*B'$-" -,# #('+'$/;#

-'8#3,#;98 3,#8$=-*%98 x(k) ∈ Rn, k = 1, 2, . . . , 92 "><2

(2.10) x(k) :=
1

‖Akx(0)‖
Akx(0).

J# #5'3";>'$-" =%0 =$81?",# &%, 0 #('+'$/;#
(

x(k)
)

k∈N
=$4(+;8", 5.'2 %' ,3,'3,*-

8$=-# x1. H.7%# &-92 =0-",78'$-" &%,, #8 1?'$-" 5.'=3,'.;=", %' x(k), %&%" 4,#

%' x(k+1) 1?'$-"

x(k+1) =
1

‖Ak+1x(0)‖
Ak+1x(0) =

1

‖AAkx(0)‖
AAkx(0),

30+#3<

(2.11) x(k+1) =
1

‖Ax(k)‖
Ax(k) =

1

‖y(k)‖
y(k) -" y(k) := Ax(k).

P592 /# 3':-" #.4&%".#, "83";(8$%#,, 4,# +&4'$2 "$=%*/",#2, 8# ?.0=,-'5',':-"

%0 (2.11) #8%; %02 (2.10), 30+#3< 8# (#8'8,('5',':-" %# 3,#8:=-#%# =" (*/" 6<-#

(#, &?, 15",%# #5& k 6<-#%#.
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C2 #5'3";>'$-" %7.# %'8 ,=?$.,=-& -#2 &%, 0 #('+'$/;#
(

x(k)
)

k∈N
=$4(+;8",

5.'2 %' ,3,'3,*8$=-# x1. Q.*)'$-" %' x(0) 92 4.#--,(& =$83$#=-& %98 ,3,'3,#8$-

=-*%98 x1, . . . , xn,

x(0) = α1x
1 + · · · + αnxn

(#, $5'/1%'$-" (#%’ #.?*2 &%, %' α1 ";8#, 3,*)'.' %'$ -03"8&2, α1 '= 0. H.')#872,

1?'$-"

Akx(0) = α1A
kx1 + · · ·+αnAkxn = α1λ

k
1x

1 + · · ·+αnλk
nxn = α1λ

k
1

[

x1 +
n
∑

i=2

αi

α1

(λi

λ1

)k
xi
]

,

'5&%", =:-)98# -" %0 (2.10),

(2.12) x(k) =
α1λk

1

|α1λk
1|

1
∥

∥x1 +
∑n

i=2
αi

α1

(

λi

λ1

)k
xi
∥

∥

[

x1 +
n
∑

i=2

αi

α1

(λi

λ1

)k
xi
]

.

E7.#, 5.')#872,

lim
k→∞

(λi

λ1

)k
= 0, i = 2, . . . , n,

'5&%"

(2.13) lim
k→∞

1
∥

∥x1 +
∑n

i=2
αi

α1

(

λi

λ1

)k
xi
∥

∥

[

x1 +
n
∑

i=2

αi

α1

(λi

λ1

)k
xi
]

=
1

‖x1‖
x1.

M#-6*8'8%#2 %7.# $5’ &K,8 (#, %' 4"4'8&2 &%,

α1λk
1

|α1λk
1|

∈ {−1,+1},

#5& %,2 (2.12) (#, (2.13) =$-5".#;8'$-" &%, 0 ().#4-180) #('+'$/;#
(

x(k)
)

k∈N
1?",

";%" 18# ";%" 3:' =0-";# =$==7."$=02, %# 3,#8:=-#%#

±
1

‖x1‖
x1.

R#, %# 3:' #$%* 3,#8:=-#%# ";8#, ,3,'3,#8:=-#%# %'$ A 92 5.'2 %08 ,3,'%,-< λ1. S"

#$%<8 %08 188',# +1-" &%, 0 #('+'$/;#
(

x(k)
)

k∈N
=$4(+;8", =%' x1.

F?'8%#2 <30 5.'=3,'.;=", 5.'="44;=",2 x(k) ,3,'3,#8$=-*%98 %'$ A 92 5.'2

%08 ,3,'%,-< λ1, /"9.':-" %# #8%;=%',?# 50+;(# %'$ Rayleigh λ(k)
1 ,

(2.14) λ(k)
1 :=

(Ax(k), x(k))2

(x(k), x(k))2
, k ∈ N0,
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92 5.'="44;=",2 %02 ,3,'%,-<2 λ1. J# #5'3";>'$-" %7.# &%, ', "8 +&49 5.'="44;=",2

=$4(+;8'$8 =%0 λ1. P8%92, 1?'$-"

lim
k→∞

λ(k)
1 = lim

k→∞

(Ax(k), x(k))2

(x(k), x(k))2
=

(Ax1, x1)2

(x1, x1)2
,

=$8"572

(2.15) lim
k→∞

λ(k)
1 = λ1.

M;4# +&4,# %7.# 4,# %08 5".;5%9=0 α1 = 0. J"9.0%,(*, &%#8 %' #.?,(& 3,*8$=-#

x(0) ";8#, 4.#--,(&2 =$83$#=-&2 %98 xi, . . . , xn, i ≥ 2, -" -0 -03"8,(< =$8,=%7=#

=%08 (#%":/$8=0 %'$ xi, (#, %' λi ";8#, #5+< ,3,'%,-< %1%',# 7=%"

|λi| > |λi+1| ≥ · · · ≥ |λn|,

0 -1/'3'2 %98 3$8*-"98 3;8", 5.'="44;=",2 %98 xi (#, λi. !%08 5.*>0 &-92 %# 5.*4-

-#%# ">"+;=='8%#, 3,#)'."%,(*. F5",%# #5& (*5',# 6<-#%# %02 -"/&3'$, +&49

=)#+-*%98 =%.'44:+"$=02, %' x(k) ";8#, 4.#--,(&2 =$83$#=-&2 %98 x1, . . . , xn, -"

-0 -03"8,(< =$8,=%7=# =%08 (#%":/$8=0 %'$ x1. R#%* =$815",#, ', 5.'="44;=",2

%";8'$8 (#, 5*+, 5.'2 %' ,3,'3,*8$=-# x1 (#, %08 ,3,'%,-< λ1, #8%;=%',?#.

B108"+*1. P592 ";3#-" 5.'04'$-1892, ,=?:",

Akx(0) = α1λ
k
1

[

x1 +
n
∑

i=2

αi

α1

(λi

λ1

)k
xi
]

,

=$8"572

(2.16) lim
k→∞

[ 1

α1λk
1

Akx(0)
]

= x1.

C5& #$%< %0 =?1=0 =$-5".#;8'$-" #-1=92 &%,, =%08 5".;5%9=0 |λ1| > 1, ', #5&+$-

%"2 %,-12 %'$+*?,=%'8 -;#2 =$8,=%7=#2 %98 3,#8$=-*%98 Akx(0) %";8'$8 =%' *5",.',

"87, =%08 5".;5%9=0 |λ1| < 1, %# 3,#8:=-#%# Akx(0) %";8'$8 =%' -0318. Q,# 8#

#5'):4'$-" 5.'6+<-#%# $5".?";+,=02, =%08 5.7%0 5".;5%9=0, (#, $5"(?";+,=02,

=%0 3":%".0, 3"8 5.15", 8# $5'+'4;B'$-" %# Akx(0) (#, "8 =$8"?";# 8# %# (#8'8,-

('5',':-", &592 )#;8"%#, =%0 (2.10). C$%& %' 5.&6+0-# 5#.#(*-5%"%#,, #8 (#8'-
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8,('5',<='$-" =" (*/" 6<-#, 30+#3< #8 $5'+'4;='$-" %# x(k) ?.0=,-'5',78%#2 %0

(2.11).

C!'7'42*&2%3 %3*&'-, %/2&</2' &8/0$&2*0'; %$2 &$:;&1&$ *;4%72*1- &1- 08D35'(. E'

$5'+'4,=%,(& (&=%'2 %02 -"/&3'$ %98 3$8*-"98, #8* "5#8*+0K0, ";8#,:

• F8#2 5'++#5+#=,#=-&2 5;8#(# "5; 3,*8$=-#, 4,# %'8 $5'+'4,=-& %'$ y(k) = Ax(k).

• G:' $5'+'4,=-'; "=9%".,(78 4,8'-1898, 4,# %'8 $5'+'4,=-& %02 5.'=144,=02

λ(k)
1 =

(

y(k), x(k)
)

2
/
(

x(k), x(k)
)

2
. C8 ?.0=,-'5',':-" %08 A$(+";3",# 8&.-#, %&%"

#.("; 18#2 $5'+'4,=-&2 "=9%".,(': 4,8'-18'$ =" (*/" "5#8*+0K0, #)': %' 3,*-

8$=-# x(k) 1?", A$(+";3",# 8&.-# ;=0 -" 18#, =$8"572
(

x(k), x(k)
)

2
= 1.

• D $5'+'4,=-&2 %02 8&.-#2 "8&2 3,#8:=-#%'2, %02 ‖y(k)‖, (#, 0 (#8'8,('5';0=0

%'$ 3,#8:=-#%'2 y(k), 30+#3< ' 5'++#5+#=,#=-&2 %'$ y(k) "5; 1/‖y(k)‖.

C5& %'$2 %.",2 #$%':2 $5'+'4,=-':2, ' 5+1'8 3#5#80.&2 ";8#, ' 5'++#5+#=,#-

=-&2 5;8#(# "5; 3,*8$=-#, 5'$ #5#,%"; O(n2) 5.*>",2. C8 +',5&8 "(%"+1='$-" m

"5#8#+<K",2, %&%" %' (&=%'2 ";8#, O(mn2) 5.*>",2.

Q,# ε > 0 %02 "5,+'4<2 %'$ ?.<=%0, 92 (.,%<.,# %".-#%,=-': %98 "5#8#+<K"98

-5'.':8 8# ?.0=,-'5',0/':8 ";%" %'

|λ(k−1)
1 − λ(k)

1 |

|λ(k)
1 |

≤ ε,

%' '5';' #8#)1."%#, =%08 5.'=144,=0 %'$ =?"%,(': =)*+-#%'2 %02 ,3,'%,-<2 λ1,

";%" %'

‖x(k) − x(k+1)‖ ≤ ε,

%' '5';' #8#)1."%#, =%08 5.'=144,=0 %'$ =)*+-#%'2 (5'$ ";8#, (#, =?"%,(&, +&49

%'$ &%, ‖x(k+1)‖ = 1) %'$ ,3,'3,#8:=-#%'2 x1. !$8</92 5.'%,-*%#, %' 5.7%' (.,%<.,'

%".-#%,=-':, #)': ";8#, +,4&%".' 3#5#80.&.

E1+'2, =?"%,(* -" %08 %#?:%0%# =:4(+,=02 %02 -"/&3'$ %98 3$8*-"98, =0-",7-

8'$-" &%, %' =)*+-# x1 − x(k) ')";+"%#, =%' */.',=-#

n
∑

i=2

αi

α1

(λi

λ1

)k
xi,
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6+. %0 (2.12). Q,# #.("%* -"4*+' 5+</'2 "5#8#+<K"98 k, =" #$%& %' */.',=-# $5"-

.,=?:", ' &.'2

α2

α1

(λ2

λ1

)k
x2,

=$8"572 -5'.':-" 8# 5':-" &%, %' =)*+-# ";8#, %02 %*>02 O
(

|λ2

λ1
|k
)

. H.')#872, &='

-,(.&%".'2 ";8#, ' +&4'2 |λ2

λ1
|, %&=' %#?:%".0 ";8#, 0 =:4(+,=0.

2.3 3-'#&'*+. 4"*5&'%060 &"'-'%760'/0 8'0($/0

@ =0-#8%,(&%".0 #.,/-0%,(< -1/'3'2 5.'=144,=02 ,3,'%,-78 5,8*(98 ";8#, 0 -1-

/'3'2 QR, -" %08 '5';# /# #=?'+0/':-" #.4&%".# =" #$%& %' (")*+#,'. D, ,3,'-

%,-12 %98 A.-0%,#878 %.,3,#478,98 5,8*(98 1?'$8 ,3,&%0%"2 5'$ -#2 "5,%.15'$8

8# %,2 5.'="44;='$-" (#, -" *++"2 #.,/-0%,(12 -"/&3'$2. !" #$%< %08 "8&%0%# /#

-"+"%<='$-" ,3,&%0%"2 ,3,'%,-78 %1%',98 5,8*(98.

D, A.-0%,#8'; %.,3,#478,', 5;8#("2 3"8 ";8#, %&=' ",3,('; &=' "83"?'-1892

)#;8"%#, "( 5.7%02 &K"92: C)’ "8&2 "-)#8;B'8%#, =$?8* =%,2 ")#.-'412, #)’ "%1-

.'$ %' 5.&6+0-# %'$ 5.'=3,'.,=-': ,3,'%,-78 (#, ,3,'3,#8$=-*%98 "8&2 A.-0%,#-

8': 5;8#(# -5'."; 8# #8#?/";, -" 5"5".#=-18'$ 5+</'$2 -"%#=?0-#%,=-':2 '-',&-

%0%#2, &592 #8#)1.#-" <30 =%08 "8&%0%# 2.1.1, 6+. "5;=02 %08 H#.#%<.0=0 2.3

=%08 "8&%0%# 2.5.1, =" 5.&6+0-# ,3,'%,-78 A.-0%,#8': %.,3,#478,'$ 5;8#(#.

J"9.':-" +',5&8 18#8 A.-0%,#8& %.,3,#478,' 5;8#(# A ∈ Cn,n,

A =



















α1 β̄2 0

β2 α2 β̄3

. . . . . . . . .

βn−1 αn−1 β̄n

0 βn αn



















,

-" α1, . . . ,αn 5.#4-#%,(':2 #.,/-':2, )$=,(*. C8 βi = 0, 4,# (*5',' i ∈ {1, . . . , n},
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%&%" ' A 4.*)"%#, =%0 -'.)< A =
(

A1 0
0 A2

)

-"

A1 =



















α1 β̄2 0

β2 α2 β̄3

. . .
. . .

. . .

βi−2 αi−2 β̄i−1

0 βi−1 αi−1



















, A2 =



















αi β̄i+1 0

βi+1 αi+1 β̄i+2

. . .
. . .

. . .

βn−1 αn−1 β̄n

0 βn αn



















.

D, ,3,'%,-12 %'$ A ";8#, 5.')#872 ,3,'%,-12 %'$ A1 < %'$ A2. D, 5;8#("2 A1 ∈

Ci−1,i−1, A2 ∈ Cn−i+1,n−i+1 ";8#, A.-0%,#8'; %.,3,#478,',. !$8"572, #8 βi = 0, %'

5.&6+0-# %'$ 5.'=3,'.,=-': %98 ,3,'%,-78 %'$ A #8*4"%#, =" 3:' #5+':=%".#,

=%'8 5.'=3,'.,=-& ,3,'%,-78 %98 5,8*(98 A1 (#, A2, 5'$ ";8#, -,(.&%".02 3,*=%#-

=02.

L9.;2 5".,'.,=-& %02 4"8,(&%0%#2, $5'/1%'$-", +',5&8, =%0 =$81?",# &%, %#

=%',?";# β2, . . . ,βn ";8#, -0 -03"8,(*. !$-6'+;B'$-" -" pi %' ?#.#(%0.,=%,(& 5'-

+$78$-' %'$ 5;8#(# Ai,

Ai =



















α1 β̄2 0

β2 α2 β̄3

. . . . . . . . .

βi−1 αi−1 β̄i

0 βi αi



















,

i = 1, . . . , n. C8#5%:=='8%#2 %08 '.;B'$=# det(Ai − λIi) 92 5.'2 %08 %"+"$%#;# =%<-

+0, 3,#5,=%78'$-" &%,

pi(λ) = −β̄i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

α1 − λ β̄2 0

β2 α2 − λ β̄3

. . .
. . .

. . .

βi−2 αi−2 − λ β̄i−1

0 0 βi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ (αi − λ) det(Ai−1 − λIi−1),

<

pi(λ) = −|βi|
2 det(Ai−2 − λIi−2) + (αi − λ) det(Ai−1 − λIi−1),
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=$8"572

pi(λ) = (αi − λ)pi−1(λ) − |βi|
2pi−2(λ), i = 3, . . . , n.

@ =?1=0 #$%< ,=?:", (#, 4,# i = 2, #8 '.;='$-" p0(λ) := 1. S" #$%&8 %'8 =$-6'+,-

=-&, 1?'$-" "5'-1892

(2.17)







p1(λ) = α1 − λ,

pi(λ) = (αi − λ)pi−1(λ) − |βi|
2pi−2(λ), i = 2, . . . , n.

!0-",78'$-" &%,, &592 5.'(:5%", #5& %0 (2.17), %# 5'+$78$-# pi 1?'$8 5.#4-#%,-

(':2 =$8%"+"=%12.

S"

q0(λ) = 1, qi(λ) = (−1)i 1

β̄2 · · · β̄i+1
pi(λ), i = 1, . . . , n,

&5'$ /1=#-" βn+1 := 1, /"9.':-" %' -0 -03"8,(& 3,*8$=-# q(λ) ∈ Cn,

q(λ) :=
(

q0(λ), . . . qn−1(λ)
)T

,

(#, 3,#5,=%78'$-" ":('+# &%, 0 (2.17) 4.*)"%#, ,='3:8#-# =%0 -'.)<

(2.18) (A − λIn)q(λ) =















0
...

0

−qn(λ)















.

C)': %# 5'+$78$-# qi ";8#, 5'++#5+*=,# %98 pi, #8 λ = λi ";8#, -,# ,3,'%,-< %'$ A,

%&%" 0 (2.18) 3;8", #-1=92

(2.19) (A − λiIn)q(λi) = 0,

30+#3< %' q(λi) ";8#, ,3,'3,*8$=-# %'$ A 92 5.'2 %08 ,3,'%,-< λi.

H#.#494;B'8%#2 %0 (2.18) +#-6*8'$-"

−q(λ) + (A − λIn)q′(λ) = −















0
...

0

q′
n(λ)















.



2.3. 5,#+'#%)* 6"%&'#.272 '"#,#.872#12 9#2/(12 45

J"9.78%#2 #$%< %0 =?1=0 4,# λ = λi, 5#;.8'8%#2 %' "=9%".,(& 4,8&-"8' -" %'

3,*8$=-# q(λi) (#, ?.0=,-'5',78%#2 %' 4"4'8&2 &%,

q(λi)
T (A − λiIn) =

(

(A − λiIn)q(λi)
)T

= 0,

6+. %0 (2.19), +#-6*8'$-"

‖q(λi)‖
2 = q′

n(λi)qn−1(λi),

(#, =$-5".#;8'$-" &%,

−
pn−1(λi)p′

n(λi)

|β2|2 · · · |βn|2
> 0,

30+#3<

(2.20) pn−1(λi)p
′
n(λi) < 0.

!$-5".#;8'$-" +',5&8 &%, %' λi ";8#, #5+< .;B# %'$ pn, 30+#3< &%, ' A 1?", n #8*

3:' 3,#)'."%,(12 -"%#>: %'$2 ,3,'%,-12. A5; 5+1'8, 0 (2.20) 3;8",

sgn pn−1(λi) = − sgn p′
n(λi)

(#, #5& %0 (2.17) 15"%#, &%,

(2.21) pi(µ) = −|βi|
2pi−2(µ), #8 µ .;B# %'$ pi−1.

T=?$.,B&-#=%" %7.# &%, 0 (2.21) =$8"5*4"%#, &%, pi(µ)pi−2(µ) < 0. H.*4-#%,, ="

3,#)'."%,(< 5".;5%9=0 /# ";?#-" pi(µ) = 0, '5&%", #8#3.'-,(*,

0 = pi(µ) = pi−1(µ) = pi−2(µ) = · · · = p0(µ) = 1,

*%'5'. C8#(")#+#,78'8%#2, #5'3";>#-" %' #(&+'$/' #5'%1+"=-# (' '.,=-&2 #+$-

=;3#2 %'$ Sturm 3;8"%#, #-1=92 -"%*):

($,)'+% 2.1 E6D8 ./01&2$#3- &/252$4A#2'- !"#$%$- A ∈ Cn,n 08 01 0158#2%6 *&'2:8"$

*&1# (!8/52$4A#23 &'(, ,:82 n !/$40$&2%,- 252'&20,- λ1 > λ2 > · · · > λn. .!" !7,'#, &$

!'7(A#(0$ pi *:10$&"F'(# $7(*"5$ &'( Sturm.



46 2. !"#$%&'#()* %)$+,+#

.$-+&,/ 2.1 F=%9 r 18# 5'+$78$-' -" 5.#4-#%,(':2 =$8%"+"=%12. E# 5'+$78$-#

r0, r1, . . . , rm, -" 5.#4-#%,(':2 =$8%"+"=%12, +1-" &%, #5'%"+':8 $7(*"5$ &'( Sturm

4,# %' r, #8 r0 = r (#,:

i. P+"2 ', 5.#4-#%,(12 .;B"2 %'$ r ";8#, #5+12.

ii. Q,# (*/" 5.#4-#%,(< .;B# ξ %'$ r ,=?:", sgn r1(ξ) = − sgn r′
0(ξ).

iii. Q,# i = 1, 2, . . . ,m−1 (#, 4,# (*/" 5.#4-#%,(< .;B# ξ %'$ ri ,=?:", ri+1(ξ)ri−1(ξ)

< 0.

iv. E' 5'+$78$-' rm 3"8 1?", 5.#4-#%,(12 .;B"2.

C8#)1.'$-", ?9.;2 #5&3",>0, &%, ', #+$=;3"2 %'$ Sturm -#2 3;8'$8 %' 5+</'2

%98 .,B78 %'$ r =" (*/" 3,*=%0-# [a, b): C8 w(x) ";8#, %' 5+</'2 %98 #++#478 5.'-

=<-'$ 3,#3'?,(78 &.98 =%08 #('+'$/;# r0(x), r1(x), . . . , rm(x), %&%" =" 18# 3,*=%0-

-# [a, b) %' r 1?", #(.,672 w(b) − w(a) .;B"2.

D, 5.'#8#)"./";="2 ,3,&%0%"2 %98 ,3,'%,-78 %'$ A, "5,%.15'$8 %08 5.'=144,-

=0 %98 .,B78 %'$ ?#.#(%0.,=%,(': 5'+$98:-'$ )".’ ",5";8 -" %0 -1/'3' %02 3,?'-

%&-0=02. A8#++#(%,(*, -5'."; 5.'2 %':%' 8# ?.0=,-'5',0/"; (#, 0 -1/'3'2 %'$

U":%98#. F8#2 ?'83.,(&2 "8%'5,=-&2 %98 ,3,'%,-78 λ, 5'$ ";8#, ?.<=,-'2 =%,2

#.,/-0%,(12 -"/&3'$2, -5'."; 8# 4;8", -" %08 #8,=&%0%# %'$ Gerschgorin,

|αi − λ| ≤ |βi| + |βi+1|, 4,# (*5',' i ∈ {1, . . . , n},

-" β0 := βn+1 := 0, <, #(&-0 (#+:%".#, -" +"5%'-".1=%"."2 "(3'?12 %02.

2.4 ) *+,#-#. LR

@ #.,/-0%,(< -1/'3'2 LR 4,# %08 5.'=144,=0 ,3,'%,-78 (#, ,3,'3,#8$=-*%98 5,8*-

(98 5.'%*/0(" #5& %'8 Rutishauser %' 1958 (#, 6#=;B"%#, =%08 #8*+$=0 LU "8&2

5;8#(#, -" L (*%9 %.,498,(& 5;8#(# -" -'8*3"2 =%0 3,#478,' (#, U *89 %.,498,-

(& 5;8#(#. @ -1/'3'2 LR ";8#, "5#8#+05%,(< (#, /"9.";%#, 5+1'8 >"5".#=-180,

#)': 0 -"%">1+,>< %02, 0 -1/'3'2 QR, 5'$ 5.'%*/0(" %' 1961 #5& %'8 Francis (#, -"

%08 '5';# /# #=?'+0/':-" #.4&%".#, 5#.'$=,*B", =#)< 5+"'8"(%<-#%# 18#8%, %02
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LR. Q,# ,=%'.,(':2 5".,==&%".' +&4'$2 /# #8#)"./':-" "37 "8%"+72 =$8'5%,(*

=%0 -1/'3' LR.

J"9.':-" 18#8 5;8#(# A ∈ Rn,n (#, %08 #8*+$=< %'$ =" 4,8&-"8' LU (5'$ $5'-

/1%'$-" &%, $5*.?",). J# ?.0=,-'5',':-" %'8 =$-6'+,=-& R #8%; U 4,# %'8 *89

%.,498,(& 5;8#(#. D.;B'$-" 3,#3'?,(* -,# #('+'$/;# 5,8*(98 Ai, i ∈ N, 92 #('-

+':/92 ($5'/1%'8%#2 &%, &+', ', 5;8#("2 Ai 5'$ 5.'(:5%'$8 #8#+:'8%#, =" 4,8&-"-

8' LU ): J1%'$-" A1 := A, (#,, /"9.78%#2 %08 #8*+$=0 LU %'$ 5;8#(# Ai, %08 '5';#

4.*)'$-" =%0 -'.)< Ai = LiRi, '.;B'$-" %'8 5;8#(# Ai+1 #++*B'8%#2 %0 =",.* %98

Li (#, Ri =" #$%& %' 4,8&-"8', 30+#3< 92 "><2

Ai+1 := RiLi.

G;8'$-" %7.# 18# ":('+', 5.'(#%#.(%,(& #5'%1+"=-#:

($,)'+% 2.2 )*&+ 3&2 (!6/:'(# 378- '2 $#$7;*82- Ai = LiRi. >3&8 2*:;'(#:

#) G2 !"#$%8- Ai+1 %$2 Ai 8"#$2 30'2'2· *(4%8%/20,#$, Ai+1 = L−1
i AiLi, 42$ i ∈ N.

6) H8&$=; &'( Ai+1 %$2 &'( A ,:'(08 &1 *:,*1

Ai+1 = (L1L2 · · · Li)
−1A(L1L2 · · · Li), i ∈ N0.

4) H8 &'# %6&+ &/24+#2%3 !"#$%$ Ti := L1L2 · · · Li %$2 &'# 6#+ &/24+#2%3 !"#$%$

Ui := RiRi−1 · · · R1, ' !"#$%$- Ai $#$7;8&$2 *8 42#308#' LU *&1 0'/I<

Ai = TiUi, i ∈ N.

9!3582=1.

#) H'++#5+#=,*B'8%#2 %08 ,=&%0%# Ai = LiRi #5& #.,=%".* -" L−1
i (#, #5&

3">,* -" Li, +#-6*8'$-" L−1
i AiLi = RiLi, 30+#3< %08 5.'2 #5&3",>0 =?1=0

L−1
i AiLi = Ai+1.

6) @ #5&3",>0 /# 3'/"; "5#494,(* 92 5.'2 i. Q,# i = 0 ,=?:", 5.')#872 +&49 %'$

#5'%"+1=-#%'2 =%' #). Q,# %' 6<-# %02 "5#494<2, $5'/1%'$-" &%, 0 =?1=0
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,=?:", 4,# (*5',' i (#, /# #5'3";>'$-" &%, ,=?:", (#, 4,# i + 1. H.*4-#%,,

1?'$-" Ai+1 = L−1
i AiLi, =$8"572, =:-)98# -" %08 $5&/"=0 %02 "5#494<2,

Ai+1 = L−1
i (L1L2 · · · Li−1)

−1A(L1L2 · · · Li−1)Li,

30+#3<

Ai+1 = (L1L2 · · · Li)
−1A(L1L2 · · · Li).

4) !0-",78'$-" (#%’ #.?*2 &%,, =:-)98# -" %' #5'%1+"=-# =%' 6),

L1L2 · · · LiAi+1 = AL1L2 · · · Li.

A5'-1892,

TiUi = L1L2 · · · Li−1(LiRi)Ri−1 · · · R1

= L1L2 · · · Li−1AiRi−1 · · · R1

= AL1L2 · · · Li−1Ri−1 · · · R1 = ATi−1Ui−1,

(#,, #)': T1U1 = L1R1 = A, "5#494,(* 3,#5,=%78'$-" #-1=92 &%, TiUi =

Ai, i ∈ N0.

G;8'$-" %7.#, ?9.;2 #5&3",>0, 18# #5'%1+"=-# =:4(+,=02 %02 -"/&3'$ LR.

!"#$%&' 2.4 )*&+ A ∈ Rn,n ,#$- !"#$%$- 42$ &'# '!'"'# 2%$#'!'2';#&$2 '2 8=<- *(#D<-

%8-:

#) J 0,D'5'- LR 0!'/8" #$ (7'!'21D8" 42$ &'# A, 517$5<, 42$ %6D8 i ∈ N, '2 !"#$%8-

Ai $#$7;'#&$2 *&1 0'/I< Ai = LiRi, '!3&8 Ai+1 := RiLi.

6) K2$ &2- 252'&20,- λ1, . . . ,λn &'( A 2*:;82

|λ1| > |λ2| > · · · > |λn|.

4) G2 !"#$%8- S %$2 S−1 *&1 *:,*1 A = S−1DS, 08 D = diag(λ1, . . . ,λn), $#$7;'#&$2

*8 42#308#$ LU. (L&2 ' A 8"#$2 52$4+#2'!'2<*20'-, !/'%;!&82 $!3 &' 6) !$/$!6#+.)
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>3&8, '2 !"#$%8- Ai, Ri, Li *(4%7"#'(# %$2 2*:;82

lim
i→∞

Ai = lim
i→∞

Ri =















λ1 ) . . . )
. . . . . . )

. . . )

0 λn















, lim
i→∞

Li = In.

('$')%$*+"-/ 2.2 G:' %"+"$%#;"2 5#.#%0.<=",2 =?"%,(* -" %0 -1/'3' LR:

1. I5*.?'$8 3,*)'."2 "(3'?12 %'$ J"9.<-#%'2 2.4, -" #=/"81=%"."2 =$8/<("2

&='8 #)'.* %08 $5&/"=0 =%' 6).

2. C8 ' 5;8#(#2 A ∈ Rn,n ";8#, =$--"%.,(&2 (#, /"%,(* '.,=-18'2, ' #+4&.,/-'2 LR

(#%#=%.1)", %0 =$--"%.;#. C8 #8%; %02 #8*+$=02 LU ?.0=,-'5',<='$-" %08

#8*+$=0 %'$ Cholesky LLT , &5'$ L (*%9 %.,498,(&2 5;8#(#2 -" /"%,(* 3,#478,#

=%',?";#, '304':-#=%" =%08 #(&+'$/0 "(3'?< 5'$ 3,#%0."; %0 =$--"%.;#:

Ã1 := A,

Ãi = LiL
T
i ,

Ãi+1 := LT
i Li = LT

i Ãi(L
T
i )−1 = L−1

i ÃiLi,

Ãi = L−1
i−1 · · · L−1

1 AL1 · · · Li−1 = (L1 · · · Li−1)
T A
(

(L1 · · · Li−1)
T
)−1

,

Ai = L1 · · · LiL
T
i · · · LT

1 = (L1 · · · Li)(L1 · · · Li)
T .

2.5 90(:1;5 QR

F=%9 A ∈ Rm,n, m ≥ n, 18#2 5;8#(#2. !" #$%< %08 "8&%0%# /# #=?'+0/':-"

-" #.,/-0%,(12 -"/&3'$2 5.'=3,'.,=-': (30+#3< 5.'=144,=02) './'478,'$ 5;8#-

(# Q ∈ Rm,m (#, 6#+ &/$!8F'825';- 5;8#(# R ∈ Rm,n (30+#3< -" -03"8,(* =%',?";#

Rij 4,# i > j) %1%',98 7=%"

(2.22) A = QR.

H.,8 5.'?9.<='$-" #8#)1.'$-" &%, 3'/";=02 %02 #8*+$=02 (2.22) (#, "8&2 3,#47-

8,'$ 5;8#(# D ∈ Rm,m, (*/" 3,#478,' =%',?";' %'$ '5';'$ ";8#, ";%" 1 ";%" −1, (#, 0
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#8*+$=0 A = (QD)(DR) 1?", %,2 "5,/$-0%12 ,3,&%0%"2, 30+#3< 0 #8*+$=0 QR 3"8

";8#, -'8'=<-#8%# '.,=-180.

C)': B0%':-" ' 5;8#(#2 R 8# ";8#, *89 %.#5"B'",3<2, #8#4(#=%,(* ', %"+"$-

%#;"2 m − n 4.#--12 %'$ /# ";8#, -03"8,(12, =$8"572 /# ";8#, %02 -'.)<2
(

R1

0

)

-"

R1 ∈ Rn,n. S" #8%;=%',?0 3,*=5#=0 Q = (Q1 Q2) %'$ 5;8#(# Q, -" Q1 ∈ Rm,n (#,

Q2 ∈ Rm,m−n, 1?'$-" 5.')#872

A = QR = (Q1 Q2)

(

R1

0

)

= Q1R1.

@ #8*+$=0 A = Q1R1, &5'$ %7.# ' Q 3"8 ";8#, 5+1'8 %"%.#498,(&2, *.# ':%" './'-

478,'2, #++* ', =%<+"2 %'$ ">#('+'$/':8 8# ";8#, './'-'8#3,#;# 3,#8:=-#%# (#,

' R1 ";8#, *89 %.,498,(&2, (#+";%#, #8*+$=0 QR '2%'#'02%'; 084,D'(- < (#, #5+72

#8*+$=0 QR. C8%;=%.')#, #5& %08 #8*+$=0 A = Q1R1 ',('8'-,(': -"41/'$2 '30-

4':-#=%" =" #8*+$=0 QR -" 5.')#8< %.&5'.

!%08 ",3,(< 5".;5%9=0 5'$ ', n =%<+"2 %'$ A ";8#, 4.#--,(72 #8">*.%0%# 3,#-

8:=-#%# %'$ Rm, 0 ',('8'-,(': -"41/'$2 #8*+$=0 Q1R1, =$8"572 (#, 0 #8*+$=0

QR, -5'."; 8# #5'3",?/"; 5'+: ":('+#. P8%92, ' 5;8#(#2 AT A ";8#, %&%", &592

3,#5,=%78", (#8";2 #-1=92, =$--"%.,(&2 (#, /"%,(* '.,=-18'2. A5'-1892, =:-)9-

8# -" %08 #8*+$=0 %'$ Cholesky, ,=?:",

(2.23) AT A = RT
1 R1,

-" 18#8 #8%,=%.1K,-', *89 %.,498,(& 5;8#(# R1 ∈ Rn,n. E&%" ,=?:", 6"6#;92 A =

AR−1
1 · R1 (#, ', =%<+"2 %'$ 5;8#(# Q1, Q1 := AR−1

1 , ";8#, './'-'8#3,#;# 3,#8:=-#-

%#, #)':

QT
1 Q1 = (R−1

1 )T AT AR1 = (R−1
1 )T RT

1 R1R
−1
1 = (R−1

1 )T RT
1 = (R1R

−1
1 )T = In.

S*+,=%#, =%08 5.'(",-180 5".;5%9=0, ";8#, 489=%& &%, #8 #5#,%<='$-" ' R1 8#

1?", /"%,(* =%',?";# (R1)ii, %&%" 0 #8*+$=0 Q1R1 ";8#, -'8'=<-#8%# '.,=-180.

!%0 =$81?",# /# 3':-" &%, 0 #8*+$=0 QR ";8#, "),(%< (#, =%0 4"8,(< 5".;5%9-

=0.

!%08 #8*+$=0 QR 6#=;B"%#, 0 5+1'8 3,#3"3'-180 #.,/-0%,(< -1/'3'2 4,# %08

5.'=144,=0 ,3,'%,-78 5,8*(98, 0 -1/'3'2 QR. A5; 5+1'8, 0 #8*+$=0 QR 5#;B",
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=0-#8%,(& .&+' =%08 #.,/-0%,(< "5;+$=0 %'$ 4.#--,(': 5.'6+<-#%'2 "+#?;=%98

%"%.#47898.

I5*.?'$8 3,*)'."2 %"?8,(12 =%,2 '5';"2 6#=;B'8%#, ', #.,/-0%,(12 -1/'3', 4,#

%'8 5.'=3,'.,=-& #8#+:="98 QR. D, 5+1'8 3,#3"3'-18"2 6#=;B'8%#, =%0 -1/'3'

'./'(#8'8,('5';0=02 %98 Gram–Schmidt, =%'$2 08&$*:10$&2*0';- &'( Householder

(#, =%,2 !8/2*&/'I,- &'( Givens. D, -"%#=?0-#%,=-'; %'$ Householder (#, ', 5"-

.,=%.')12 %'$ Givens 5#.'$=,*B'$8 =#)< 5+"'8"(%<-#%# 18#8%, %02 -"/&3'$ '.-

/'(#8'8,('5';0=02 %98 Gram–Schmidt. Q,’ #$%& (#, /# %,2 -"+"%<='$-" =%,2 3:'

5#.#4.*)'$2 5'$ #('+'$/':8. Q,# %0 -1/'3' './'(#8'8,('5';0=02 %98 Gram–

Schmidt 5#.#51-5'$-" =%08 N=(0=0 2.4.

2.5.1 8"+).9,5)+$.51: +12 Householder

!" #$%<8 %08 5#.*4.#)' /# -"+"%<='$-" %'$2 08&$*:10$&2*0';- &'( Householder.

D, -"%#=?0-#%,=-'; #$%'; ?.0=,-'5',':8%#, =%08 #8*+$=0 QR 5,8*(98, (#/72 (#,

=%08 #8#494< 5,8*(98 =" -'.)< Hessenberg, (#, =%08 ",3,(< 5".;5%9=0 A.-0%,#-

878 5,8*(98 =" A.-0%,#8':2 %.,3,#478,'$2 5;8#("2.

@ 6#=,(< ,31# =%08 #8*+$=0 QR -" -"%#=?0-#%,=-':2 %'$ Householder ";8#,

"8%"+72 #8*+'40 "(";802 =%08 #5#+',)< %'$ Gauss ?9.;2 '3<40=0: L.0=,-'5',7-

8%#2 (#%*++0+'$2 './'478,'$2 -"%#=?0-#%,=-':2, %'$2 +"4&-"8'$2 08&$*:10$&2-

*0';- &'( Householder, 4.*)'$-" 5.7%# %'8 5;8#(# A =" *89 %.#5"B'",3< -'.)<,

&592 /# ">04<='$-" =%0 =$81?",#.

.$-+&,/ 2.2 F8#2 n × n 5.#4-#%,(&2 5;8#(#2 U %02 -'.)<2

(2.24) U = In − 2uuT ,

&5'$ %' 3,*8$=-# u ∈ Rn 1?", A$(+";3",# 8&.-# ;=0 -" 18#, +14"%#, 08&$*:10$&2-

*03- &'( Householder =%'8 Rn.

D, -"%#=?0-#%,=-'; %'$ Householder +14'8%#, (#, “=%',?",73",2 A.-0%,#8';” <

“=%',?",73",2 5;8#("2 #8*(+#=02”. Q,# %08 "><40=0 4,# %'8 &.' =%',?",73",2 5;-

8#("2 #8*(+#=02 5#.#51-5'$-" =%08 N=(0=0 2.3. D, -"%#=?0-#%,=-'; %'$ House-
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holder ";8#, =$--"%.,('; 5;8#("2, #)':

UT = In − 2 (uuT )T = In − 2uuT = U,

(#/72 "5;=02 (#, './'478,',, #)': uT u = ‖u‖2 = 1 (#, =$8"572

UTU = U 2 = (In − 2uuT ) (In − 2uuT ) = In − 4uuT + 4uuT uuT

= In − 4uuT + 4uuT = In.

!$?8*, #8%; %02 -'.)<2 (2.24), 0 '5';# 5.'O5'/1%", -'8#3,#;' 3,*8$=-# u, ?.0=,-

-'5',':-" -"%#=?0-#%,=-':2 %'$ Householder =%0 -'.)<

(2.25) U = In −
1

ϑ
uuT ,

&5'$ u 18# -0 -03"8,(& 3,*8$=-# %'$ Rn (#, ϑ = ‖u‖2/2. D 5;8#(#2 5'$ 3;8"%#,

#5& %0 (2.25) ";8#, 5.*4-#%, -"%#=?0-#%,=-&2 %'$ Householder, #)': -" v = u/‖u‖

1?'$-" 5.')#872 ‖v‖ = 1 (#, U = In − 2v vT .

@ 6#=,(< ,3,&%0%# %98 -"%#=?0-#%,=-78 %'$ Householder ";8#, &%, 5.&(",%#,

4,# './'478,'$2 -"%#=?0-#%,=-':2, 5'$, &%#8 ")#.-&B'8%#, =" (#%*++0+# 3,#8:-

=-#%#, -"%#%.15'$8 =" -03"8,(* 5'++12 =$8,=%7="2 %'$2. V".’ ",5";8, ,=?:", %'

"><2

0*&&' 2.1 )*&+ x ∈ Rn %$2 σ = ±‖x‖. )*&+ 3&2 x '= −σe1, 3!'( e1 = (1, 0, . . . , 0)T

∈ Rn. 9# u = x + σe1 %$2 ϑ = ‖u‖2/2, &3&8 42$ &'# 08&$*:10$&2*03 &'( Householder U,

U = In − uuT /ϑ, ,:'(08 Ux = −σe1.

9!3582=1. F=%9 x1 0 5.7%0 =$8,=%7=# %'$ x. E&%"

ϑ =
‖u‖2

2
=

(x + σe1)T (x + σe1)

2

=
xT x + σ(e1)T x + σxT e1 + σ2(e1)T e1

2

=
xT x + 2σx1 + σ2

2

=
σ2 + 2σx1 + σ2

2
= σ2 + σx1,
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=$8"572

Ux = x −
1

ϑ
uuT x

= x −
1

σ2 + σx1
(x + σe1) (x + σe1)Tx

= x −
1

σ2 + σx1
(x + σe1) (xT x + σx1)

= x − (x + σe1) = −σe1.

F=%9 x ∈ Rn. E' 3,*8$=-# u %'$ M<--#%'2 2.1 $5'+'4;B"%#, %&%" -" %'$2 %:5'$2

u1 = x1 + σ (#, ui = xi, i = 2, . . . , n, (#, #5'/0(":"%#, =%0 /1=0 %'$ x. !%08 5.*>0

"5,+14'$-" =$8</92 σ = sgn(x1)‖x‖ 4,# 8# #5'):4'$-" =)*+-#%# =%.'44:+"$=02

(#%* %'8 $5'+'4,=-& %'$ u.

S"%* %08 (#%#=("$< %'$ U, 5'++12 )'.12 /1+'$-" 8# $5'+'4;='$-" %' 4,8&-"8'

UA, &5'$ A 18#2 n×r 5.#4-#%,(&2 5;8#(#2, &592 5#.#3";4-#%'2 ?*.,8 =%' "5&-"8'

/"7.0-#. Q.*)'8%#2 %'8 A (#%* =%<+"2, A = (a1, . . . , ar) -" ai ∈ Rn, 6+15'$-"

#-1=92 &%, UA = (Ua1, . . . , Uar). E' 5.&6+0-# 30+#3< #8*4"%#, =%'8 $5'+'4,=-&

3,#8$=-*%98 Ua, -" a ∈ Rn, %# '5';# $5'+'4;B'8%#, 92

Ua =
(

In −
1

ϑ
uuT

)

a = a −
1

ϑ
(uT a) u

-" 2n 5'++#5+#=,#=-':2. E' #5'%1+"=-# Ua #5'/0(":"%#, =%0 /1=0 %'$ a. E'8;-

B'$-" &%,, &%#8 -#2 "83,#)1.", 0 3.*=0 %'$ n × n 5;8#(# U, 30+#3< ' $5'+'4,=-&2

%'$ Ua 4,# 3"3'-18' a, 3"8 ?.",*B"%#, 8# (#%#=("$*='$-" %'8 5;8#(# U.

@ =0-#=;# %98 -"%#=?0-#%,=-78 %'$ Householder )#;8"%#, =%' "5&-"8' 6#=,(&

#5'%1+"=-#.

!"#$%&' 2.5 )*&+ A ,#$- m × n !/$40$&2%3- !"#$%$- %$2 r = min(m − 1, n). >3&8

(!6/:'(# 08&$*:10$&2*0'" &'( Householder < 0'#$52$"'2 !"#$%8- U1, . . . , Ur ∈ Rm,m,

&,&'2'2 A*&8 ' m × n !"#$%$- Ar+1,

(2.26) Ar+1 = UrUr−1 · · · U1A,

#$ 8"#$2 6#+ &/$!8F'825<-.
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9!3582=1. P592 =%0 -1/'3' #5#+',)<2 %'$ Gauss, 0 ,31# ";8#, 8# (#%#=("$*='$-"

-"%#=?0-#%,=-':2 %'$ Householder Uk, k = 1, . . . , r, %1%','$2 7=%" ' 5'++#5+#=,#-

=-&2 #5& #.,=%".* -" Uk 8# -"%#%.15", =" -03"8,(* &+# %# =%',?";# %02 =%<+02 k

%'$ 3"$%1.'$ -1+'$2, %# '5';# 6.;=('8%#, (*%9 #5& %0 3,#478,'.

H.,8 #5& %' 5.7%' 6<-# 4.*)'$-" %'8 A = A1 =%0 -'.)<

A1 =
(

c1 |D1

)

,

&5'$ c1 ";8#, 0 5.7%0 =%<+0 %'$ A (#, D1 18#2 m × (n − 1) 5;8#(#2. C8 &+"2 ',

=$8,=%7="2 %'$ c1, "(%&2 ;=92 #5& %08 5.7%0, ";8#, -0318, %&%" %' 5.7%' 6<-#

5#.#+";5"%#,, 30+#3< /1%'$-" U1 = Im. G,#)'."%,(*, =:-)98# -" %' M<--# 2.1,

5.'=3,'.;B'$-" 18# 3,*8$=-# u1 %'$ Rm (#, 18#8 /"%,(& #.,/-& ϑ1, 1%=, 7=%" '

m × m 5;8#(#2

U ′
1 = Im −

1

ϑ1
u1u

T
1

8# ";8#, -"%#=?0-#%,=-&2 %'$ Householder -" %08 ,3,&%0%# U ′
1c1 = p11 e1 -" e1 =

(1, 0, . . . , 0)T ∈ Rm, 30+#3< /1%'$-" σ = ±‖c1‖ (#, 1?'$-" u1 = c1 + σe1, ϑ1 =

‖u1‖2/2 (#, p11 = −σ. R#%&5,8 /1%'$-" U1 = U ′
1, A2 = U1A1 (#, 1?'$-"

A2 =
(

U1c1 |U1D1

)

=
(

p11 e1 |U1D1

)

.

Q"8,(* %7.#, -"%* %' 6<-# k − 1, ' m × n 5;8#(#2 Ak = Uk−1Uk−2 · · · U1A ";8#, %02

-'.)<2

Ak =

(

Rk rk Bk

0 ck Dk

)

,

&5'$ ' (k − 1) × (k − 1) 5;8#(#2 Rk ";8#, *89 %.,498,(&2 (#, ck ∈ Rm−k+1. C8

&+"2 ', =$8,=%7="2 %'$ ck, "(%&2 ;=92 #5& %08 5.7%0, ";8#, -0318, %&%" %' 6<-# k

5#.#+";5"%#,, 30+#3< /1%'$-" Uk = Im. G,#)'."%,(*, =:-)98# -" %' M<--# 2.1,

5.'=3,'.;B'$-" 18# 3,*8$=-# uk %'$ Rm−k+1 (#, 18#8 /"%,(& #.,/-& ϑk, 1%=, 7=%" '

(m − k + 1) × (m − k + 1) 5;8#(#2

U ′
k = Im−k+1 −

1

ϑk
uk uT

k
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8# ";8#, -"%#=?0-#%,=-&2 %'$ Householder -" %08 ,3,&%0%# U ′
kck = pkk e1 -" e1 =

(1, 0, . . . , 0)T ∈ Rm−k+1. D.;B'$-" %7.# %'8 m × m 5;8#(# Uk,

Uk =

(

Ik−1 0

0 U ′
k

)

,

&5'$ Ik−1 ";8#, ' (k − 1) × (k − 1) -'8#3,#;'2 5;8#(#2. A:('+# 3,#5,=%78'$-" &%,

' Uk ";8#, 18#2 -"%#=?0-#%,=-&2 %'$ Householder, 6+. %08 N=(0=0 2.2. J1%'8%#2

%7.# Ak+1 = UkAk 1?'$-"

Ak+1 =

(

Rk rk Bk

0 pkk e1 U ′
k Dk

)

=

(

Rk+1 rk+1 Bk+1

0 ck+1 Dk+1

)

,

-"

Rk+1 =

(

Rk rk

0 pkk

)

,

ck+1 ∈ Rm−k (.+5.. D ,=?$.,=-&2 %'$ /"9.<-#%'2 ";8#, %7.# 5.')#8<2.

!%,2 ")#.-'412, =:-)98# -" &=# #8#)1.#-" 5.'04'$-1892, %# 3,#8:=-#%# uk ∈

Rm−k+1 #5'/0(":'8%#, =%,2 /1=",2 -8<-02 5'$ (#%";?#8 %# ck, "87 ', #.,/-'; ϑk

(#, pkk #5'/0(":'8%#, =" 81"2 /1=",2. Q,# 8# $5'+'4,=/"; ' Ak+1 %1+'2, #.(";

8# $5'+'4;='$-" (#, 8# #5'/0(":='$-" %'8 U ′
kDk =%0 /1=0 %'$ #.?,(': Dk (#%*

=%<+"2, &592 ";3#-" 5.'04'$-1892.

A5",3< ', -"%#=?0-#%,=-'; %'$ Householder ";8#, './'478,', 5;8#("2, ":('+#

6+15'$-", =:-)98# -" %' J"7.0-# 2.4, &%, 4,# (*/" m × n 5.#4-#%,(& 5;8#(# A

$5*.?", m × m './'478,'2 5;8#(#2 Q (-*+,=%# =:-)98# -" %0 (2.26) -5'.':-" 8#

5*.'$-"

(2.27) Q = UrUr−1 · · · U1),

%1%','2 7=%" ' 5;8#(#2 Ar+1 = QA 8# ";8#, *89 %.#5"B'",3<2. !$8"572, 1?'$-"

A = QTAr+1 (#, #$%< ";8#, -,# #8*+$=0 QR %'$ 5;8#(# A.

('$')*$%+% 2.3 P592 #8#)1.#-" <30 =%08 "8&%0%# 2.3 ', A.-0%,#8'; 5;8#("2 -5'-

.':8 8# #8#?/':8 -" -"%#=?0-#%,=-':2 '-',&%0%#2 =" A.-0%,#8':2 %.,3,#478,'$2
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5;8#("2 (-" %,2 ;3,"2 ,3,'%,-12). C$%& -5'."; 8# "5,%"$?/"; (#, -" -"%#=?0-#%,-

=-':2 Householder, ,3,#;%".# 30+#3< -" './'-'8#3,#;'$2 5;8#("2. C)': "-";2 ="

#$%< %08 "8&%0%# #=?'+0/<(#-" -" 5.#4-#%,(':2 5;8#("2 Householder, /# #5'3";-

>'$-" -" "5#494< %' =?"%,(& #5'%1+"=-# -&8' =%08 5.#4-#%,(< 5".;5%9=0, 30-

+#3< 4,# =$--"%.,(':2 5;8#("2. E' 4"8,(&%".' #5'%1+"=-# #5'3",(8:"%#, "8%"+72

#8%;=%',?#.

F=%9 +',5&8 A ∈ Rn,n 18#2 =$--"%.,(&2 5;8#(#2. J1%'$-" A0 := A (#, $5'/1-

%'$-" &%, ' 5;8#(#2 Ak−1 ";8#, <30 %02 -'.)<2









Jk−1 ck−1 0

cT
k−1 αk aT

k

0 ak Dk









,

-" Jk−1 18#8 (k − 1) × (k − 1) %.,3,#478,' 5;8#(#, ck−1 ∈ Rk−1 18# 3,*8$=-# -"

-03"8,(12 %,2 5.7%"2 k − 2 =$8,=%7="2, 30+#3<

(

Jk−1 ck−1

cT
k−1 αk

)

=



















α1 β2 0

β2 α2 β3

. . . . . . . . .
. . .

. . . βk

0 βk αk



















(#, Dk ∈ Rn−k,n−k 18#8 =$--"%.,(& 5;8#(#. H.')#872, ' A0 = A ";8#, #$%<2 %02

-'.)<2, =$8"572 4,# k = 1 ,(#8'5',";%#, 0 $5&/"=< -#2. J# #5'3";>'$-" =%0 =$-

81?",# &%, -" (#%*++0+' -"%#=?0-#%,=-& Householder Uk (< =" ",3,(< 5".;5%9=0,

6+. 5#.#(*%9, #5+72 -" %'8 -'8#3,#;' 5;8#(#) ' 5;8#(#2

Ak = U−1
k Ak−1Uk = UkAk−1Uk

";8#, %02 "5,/$-0%<2 -'.)<2, 4"4'8&2 5'$ '304"; =%' =$-51.#=-# &%, ' 5;8#(#2

B := An−2 ";8#, =$--"%.,(&2, %.,3,#478,'2 (#, &-','2 %'$ A. E7.#, =:-)98# -" %'

M<--# 2.1, $5*.?", 18#2 5;8#(#2 Householder

U ′
k ∈ R

n−k,n−k, U ′
k = In−k − 2un−ku

T
n−k,
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%1%','2 7=%" U ′
kak = −σe1, -" e1 = (1, 0, . . . , 0)T ∈ Rn−k. (H.')#872, =%08 5".;5%9-

=0 5'$ %' ak ";8#, 5'++#5+*=,' %'$ e1, 3"8 ?.",*B"%#, 8# (*8'$-" (*%, =" #$%& %'

6<-#, 30+#3< "5,+14'$-" #5+72 U ′
k = In−k.) D.;B'$-" %7.# %'8 5;8#(# Householder

Uk ∈ Rn,n,

Uk :=

(

Ik 0

0 U ′
k

)

,

6+. %08 N=(0=0 2.2, (#,, -" βk+1 := −σ, 1?'$-"

Ak = UkAk−1Uk =









































α1 β2 0

β2 α2 β3 0
. . . . . . . . .

. . . . . . βk

βk αk βk+1 0 . . . 0

βk+1

0

0
... U ′

kDkUk

0









































,

4"4'8&2 5'$ '+'(+0.78", %' "5#494,(& 6<-#.

!0-",78'$-" #(&-# &%, $5*.?'$8 (#, *++"2 %"?8,(12 4,# %08 #8#494< A.-0%,#-

878 5,8*(98 =" &-',' A.-0%,#8& %.,3,#478,' 5;8#(#· #8#)1.'$-" ?9.;2 +"5%'-1-

.","2 &%, #$%& -5'."; 8# 4;8", (#, -" 5".,=%.')12 Givens (#/72 (#, -" %0 -1/'3'

%'$ Lanczos.

('$')*$%+% 2.4 !%08 5".;5%9=0 "8&2 4"8,(': 5.#4-#%,(': n × n 5;8#(# (#++*

#(&-# (#, -,4#3,(': 5;8#(#, #8 /"9.<='$-" (#, -,4#3,(':2 5;8#("2 Householder),

0 3,#3,(#=;# 5'$ 5".,4.*K#-" =%08 5.'04':-"80 H#.#%<.0=0 ")#.-&B"%#, "5;-

=02, -" -&80 3,#)'.* &%, ', 5;8#("2 Ai 3"8 ";8#, 5+1'8 =$--"%.,(';. E# =%',?";#

%'$ %"+,(': #5'%"+1=-#%'2 B = An−2 =%,2 /1=",2 (i, j), i ≥ j+2, ";8#, ;=# -" -0318,

#++* +&49 1++",K02 =$--"%.;#2 =%,2 /1=",2 (i, j), j ≥ i+2, $5*.?'$8 4"8,(* -0 -0-

3"8,(* =%',?";#, ' B ";8#, 30+#3< 5;8#(#2 Hessenberg. !0-",78'$-" "5;=02 &%, 0

#8#494< "8&2 5;8#(# =" &-',& %'$ =" -'.)< Hessenberg -5'."; 8# "5,%"$?/"; (#,

-" =$83$#=-& -"%#=?0-#%,=-78 (5,8*(98) -"%*/"=02 (#, -"%#=?0-#%,=-78 #5#-

+',)<2.
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2.5.2 ;"*$.+*1<&' +12 Givens

F=%9 ϑ ∈ [0, 2π). D 2 × 2 5;8#(#2 R(ϑ),

R(ϑ) :=

(

cos ϑ − sin ϑ

sin ϑ cos ϑ

)

,

";8#,, 5.')#872, './'478,'2. C8 x = (x1, x2)T ∈ R2, %&%" %' x̃ := R(ϑ)x 5.'(:-

5%", 3,# 5".,=%.')<2 %'$ x 5".; %08 #.?< %98 #>&898 (#%* 498;# ϑ (#%* %0 /"%,(<

)'.* (%08 #8%;/"%0 "(";802 %98 3",(%78 %'$ 9.'+'4;'$). C$%& -5'.':-" 8# %' 3,#-

5,=%7='$-" ":('+# 92 "><2: #8 a ";8#, 0 A$(+";3",# 8&.-# %'$ x (#, ϕ ∈ [0, 2π) 0

498;# -"%#>: %'$ '.,B&8%,'$ *>'8# (%'$ *>'8# %98 x1) (#, %'$ 3,#8:=-#%'2 x, %&%"

5.')#872

x1 = a cos ϕ, x2 = a sin ϕ.

C8 =$-6'+;='$-" -" x̃ %' 3,*8$=-# 5'$ 5.'(:5%", 3,# 5".,=%.')<2 %'$ x (#%* 498;#

ϑ, %&%", 5.')#872,

x̃1 = a cos(ϑ + ϕ), x̃2 = a sin(ϑ + ϕ),

6+. !?<-# 2.1. A5'-1892, 1?'$-"

x̃1 = a cos ϑ cos ϕ − a sin ϑ sin ϕ = cosϑ · x1 − sinϑ · x2

x̃2 = a sin ϑ cosϕ + a cos ϑ sin ϕ = sin ϑ · x1 + cos ϑ · x2,

30+#3<, &8%92, x̃ = R(ϑ)x.

A8%"+72 #8%;=%',?#, ' 5;8#(#2 Rk$(ϑ) ∈ Rn,n, 1 ≤ k < . ≤ n, -" =%',?";#
(

Rk$(ϑ)
)

ii
= cosϑ, 4,# i = k < i = .,

(

Rk$(ϑ)
)

ii
= 1, 3,#)'."%,(*,

(

Rk$(ϑ)
)

ij
= sin ϑ,

4,# i = . (#, j = k,
(

Rk$(ϑ)
)

ij
= − sin ϑ, 4,# i = k (#, j = ., (#, &+# %# *++# =%',?";#
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x1x1

x2

x2 x

x̃x̃2

x̃1

ϕ
ϑ

!"#$% 2.1: -4"#;'"+<= '+3 x (.'/ 812>. ϑ, x̃ = R(ϑ)x.

;=# -" -0318,

Rk$(ϑ) =

















































1
. . .

1

cos ϑ − sinϑ

1
. . .

1

sinϑ cos ϑ

1
. . .

1

















































,

";8#, './'478,'2, (#, &%#8 ")#.-'=/"; =" 18# 3,*8$=-# x ∈ Rn 5".,=%.1)", %08

5.'6'+< %'$ x =%' "5;5"3' 5'$ =?0-#%;B'$8 %# 3,#8:=-#%# ek (#, e$ (#%* 498;# ϑ

=%0 /"%,(< )'.*, #)': #)<8", %,2 =$8,=%7="2 xi, 4,# i '= k, ., #8#++';9%"2, x̃i = xi,

4,# i '= k, ., (#, 3;8",






x̃k = cosϑ · xk − sin ϑ · x$

x̃$ = sinϑ · xk + cosϑ · x$,
30+#3<

(

x̃k

x̃$

)

= R(ϑ)

(

xk

x$

)

.

H;8#("2 %02 -'.)<2 Rk$(ϑ), 1 ≤ k < . ≤ n, (#+':8%#,, 4,# 5.')#8";2 +&4'$2,

!8/2*&/'I,- &'( Givens. D, #8%;=%',?', -"%#=?0-#%,=-';, Rn → Rn, x )→ Rk$(ϑ)x,
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'8'-*B'8%#, 08&$*:10$&2*0'" &'( Givens. D, -"%#=?0-#%,=-'; %'$ Givens -5'.':8

8# ?.0=,-'5',0/':8, &592 /# 3':-" =%0 =$81?",#, 4,# 8# '304<='$8, &592 (#,

', -"%#=?0-#%,=-'; %'$ Householder, =%08 #8*+$=0 QR "8&2 5;8#(# A ∈ Rm,n.

Q,# (#%*++0+' ϑ, ' -"%#=?0-#%,=-&2 Rk$(ϑ) ∈ Rm,m, . > k, -03"8;B", %' =%',?";'

=%0 /1=0 (., k) %'$ 5;8#(# A. C$%& 4;8"%#, 4,# (*/" =%',?";' %'$ A (*%9 #5& %0

3,#478,', #.?;B'8%#2 #5& %08 5.7%0 =%<+0 (#, 5.'?9.78%#2 5.'2 %0 3":%".0 (.'.(.

F=%9 A ∈ Rm,n 18#2 5;8#(#2. I5'/1%'$-" &%, %' =%',?";' %'$ a$k, =%0 /1=0

(., k), ";8#, 3,*)'.' %'$ -03"8&2. (!" 3,#)'."%,(< 5".;5%9=0 3"8 ?.",*B"%#, 8#

(*8'$-" (*%,, '5&%" -5'.':-" 8# /"9.<='$-" &%, 5'++#5+#=,*B'$-" -" %'8 5;8#(#

Rk$(ϑ) = Im.) C2 5.'=3,'.;='$-" 18#8 5;8#(# %'$ Givens Rk$(ϑ) ∈ Rm,m, . > k,

5'$ -03"8;B", %' =%',?";' =%0 /1=0 (., k) %'$ A, 30+#3< %1%','8 7=%" 8# ,=?:",
(

Rk$(ϑ)A
)

$k
= 0. C$%< 0 =$8/<(0 4.*)"%#, =%0 -'.)<

sin ϑ · akk + cosϑ · a$k = 0.

C-1=92 3,#5,=%78'$-" &%, 0 =?1=0 #$%< ,(#8'5',";%#, 4,#

sinϑ = −
a$k

√

a2
kk + a2

$k

, cosϑ =
akk

√

a2
kk + a2

$k

((#/72 (#, 4,# %'$2 #8%;/"%'$2 #$%78 %98 #.,/-78).

C2 $5'/1='$-" %7.# &%,, )".’ ",5";8 -" ")#.-'4< (#%*++0+98 -"%#=?0-#%,-

=-78 Givens, 1?'$-" (#%#+<>", =" 18#8 5;8#(# A ∈ Rm,n, -" n 4.#--,(72 #8">*.-

%0%"2 =%<+"2, -" 0158#2%6 =%',?";# (*%9 #5& %0 3,#478,' =%,2 5.7%"2 k − 1 =%<+"2,

30+#3< =%,2 /1=",2 (i, j), j = 1, . . . , k − 1, i = j + 1, . . . ,m. E&%", 0 ")#.-'4< %'$

-"%#=?0-#%,=-': Rk$(ϑ) =%'8 5;8#(# A /# "50."*=", -&8' 3:' 4.#--12 %'$, %,2

4.#--12 k (#, ., %08 5.7%0 #5& %' =%',?";' =%0 /1=0 (k, k) (#, 3">,*, 30+#3< %#

=%',?";# =%,2 /1=",2 (k, k), (k, k + 1), . . . , (k, n), "87 %0 3":%".0, 51.#8 %'$ "5,3,9-

(&-"8'$ -03"8,=-': %'$ =%',?";'$ =%0 /1=0 (., k), =%,2 /1=",2 (., k + 1), . . . , (., n).

!$4("(.,-18#, =%0 /1=0 (k, k) /# 5*.'$-" %' =%',?";' ãkk,

ãkk = cos ϑ · akk − sinϑ · a$k =
√

a2
kk + a2

$k,

(#, =%,2 /1=",2 (k, k + 1), . . . , (k, n) %# =%',?";#

ãkj = cosϑ · akj − sin ϑ · a$j =
akkakj + a$ka$j
√

a2
kk + a2

$k

, j = k + 1, . . . , n,
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"87 %# =%',?";# %02 4.#--<2 ., 5'$ /# #++*>'$8, /# 4;8'$8

ã$j = sin ϑ · akj + cosϑ · a$j =
−a$kakj + akka$j
√

a2
kk + a2

$k

, j = k + 1, . . . , n.

G,#3'?,(< ")#.-'4< %98 -"%#=?0-#%,=-78 Rk,k+1(ϑ), Rk,k+2(ϑ), . . . , Rk,m(ϑ), =%'8

5;8#(# A, -" (#%*++0+' (*/" )'.* ϑ, '304"; =" 18#8 81' 5;8#(# -" -03"8,(* =%',-

?";# =%0 =%<+0 k (*%9 #5& %0 3,#478,' (=$8"572 -" -03"8,(* =%',?";# (*%9 #5&

%0 3,#478,' =%,2 5.7%"2 k =%<+"2). @ =",.* -" %08 '5';# ")#.-&B'$-" %'$2 -"%#-

=?0-#%,=-':2 4,# 8# -03"8;='$-" %# =%',?";# (*%9 #5& %0 3,#478,' =" -,# =%<+0

k 3"8 5#;B", .&+', =" #8%,3,#=%'+< -" &%, =$-6#;8", -" %0 =",.* 5'$ ".4#B&-#=%"

=%,2 =%<+"2, =%,2 '5';"2 5.15", 8# 5.'?9.':-" #5& %08 5.7%0 5.'2 %08 %"+"$%#;#.

Q,# 8# '3040/':-" =" #8*+$=0 QR "8&2 5;8#(# A ∈ Rm,n, m ≥ n, -" 5".,-

=%.')12 Givens, 5.15", 8# ")#.-&='$-" %&='$2 -"%#=?0-#%,=-':2 Givens, &=' %'

5+</'2 %98 =%',?";98 5'$ 5.15", 8# #5#+",)/':8, 30+#3< mn − n(n+1)
2 . R#%’ #$-

%&8 %'8 %.&5' #5#,%':8%#, 5'+: 5".,==&%"."2 5.*>",2 #5& &="2 #5#,%':8%#, -" %'8

#8%;=%',?' #+4&.,/-' 5'$ 6#=;B"%#, =" #8#(+*=",2 %'$ Householder. !0-",78'$-"

&-92 &%, ', 5".,=%.')12 Givens ";8#, ?.<=,-"2, #)': =%08 5+1'8 #5'%"+"=-#%,(<

"(3'?< %02 -"/&3'$ QR 4,# %08 5.'=144,=0 ,3,'%,-78 5,8*(98 ?.0=,-'5',':8%#,

=$83$#=-'; -"%#=?0-#%,=-78 Householder (#, Givens. !$4("(.,-18#, =" 18# 5.7-

%' =%*3,' #8*4"%#, 18#2 5;8#(#2 A =" 18#8 &-',& %'$ 5;8#(# Hessenberg B, (#, "8

=$8"?";# ")#.-&B"%#, 0 -1/'3'2 QR =%'8 B (#, =" #$%& %' 3":%".' =%*3,' ?.0=,-

-'5',':8%#, -"%#=?0-#%,=-'; Givens, 6+. %08 "8&%0%# 2.6.1.

P='8 #)'.* %,2 #5#,%':-"8"2 /1=",2 -8<-02, 5.')#872 4,# %08 #5'/<("$=0

"8&2 5;8#(# Givens Rk$(ϑ) #.("; 8# #5'/0(":='$-" 3:' #.,/-':2, %,2 5'=&%0%"2

cosϑ (#, sin ϑ. S*+,=%# 18# %1?8#=-# -#2 "5,%.15", 8# #5'/0(":='$-" %08 #5#,-

%':-"80 5+0.')'.;# 4,# (*/" %1%','8 5;8#(# =" -;# -&8' /1=0 -8<-02: C8 | sin ϑ| ≤

| cos ϑ|, #5'/0(":'$-" %08 5'=&%0%# p, p = sin ϑ · sgn(cos ϑ), "87 =" 3,#)'."%,(< 5"-

.;5%9=0 #5'/0(":'$-" %08 5'=&%0%# p, p = sgn(sin ϑ)
cos ϑ . D, #5#,%':-"8"2 5'=&%0%"2

sin ϑ (#, cosϑ (< ', 5'=&%0%"2 − sin ϑ (#, − cosϑ, 5'$ '304':8 =" 5".,=%.')< %'$

Givens 5'$ -03"8;B", %' ;3,' =%',?";' &592 (#, "(";80 -" #8%;/"%' 5.&=0-') -5'-

.':8 8# 5.'=3,'.,=/':8 %7.# 92 "><2: C8 |p| ≤ 1, /1%'$-"

sin ϑ = p (#, cos ϑ =
√

1 − p2,
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"87 3,#)'."%,(* /1%'$-"

cos ϑ =
1

p
(#, sin ϑ =

√

1 −
(1

p

)2
.

2.6 ) *+,#-#. QR

@ #.,/-0%,(< -1/'3'2 QR 6#=;B"%#, =%08 #8*+$=0 QR "8&2 5;8#(#, 5.'%*/0("

#5& %'8 Francis %' 1961, (#, ";8#, 0 #5'%"+"=-#%,(&%".0 489=%< -1/'3'2 4,# %08

5.'=144,=0 ,3,'%,-78 (#, ,3,'3,#8$=-*%98 5,8*(98. P592 (#, 0 -1/'3'2 LR, 0

-1/'3'2 QR ";8#, "5#8#+05%,(<.

J"9.':-" 18#8 5;8#(# A ∈ Rn,n (#, -,# #8*+$=< %'$ =" 4,8&-"8' QR -" Q ∈

Rn,n './'478,' 5;8#(# (#, R ∈ Rn,n *89 %.,498,(& 5;8#(#. P592 ";3#-" =%08 5.'0-

4':-"80 5#.*4.#)', 0 #8*+$=0 QR $5*.?", 5*8%# (#, -5'."; 8# $5'+'4,=/"; %&='

-" #8#(+*=",2 Householder &=' (#, -" 5".,=%.')12 Givens. J1%'$-" %7.# A1 := A,

(#,, /"9.78%#2 -,# #8*+$=0 QR %'$ 5;8#(# Ai, Ai = QiRi, '.;B'$-" %'8 5;8#(# Ai+1

#++*B'8%#2 %0 =",.* %98 Qi (#, Ri =" #$%& %' 4,8&-"8', 30+#3< 92 "><2

Ai+1 := RiQi.

S" "8%"+72 #8%;=%',?' %.&5' "(";8'$ %02 #5&3",>02 %02 H.&%#=02 2.2 #5'3",-

(8:"%#, &%, =%08 5.'(",-180 5".;5%9=0 ,=?:", %' "><2 5.'(#%#.(%,(& #5'%1+"-

=-#:

($,)'+% 2.3 G2 !"#$%8- Ai, Qi %$2 Ri, !'( $#$I,/D1%$# !/'14'(0,#+-, %$DA- %$2 '2

Pi := Q1Q2 · · · Qi, Ui := RiRi−1 · · · R1 ,:'(# &2- $%37'(D8- 2523&1&8-:

#) G2 !"#$%8- Ai+1 %$2 Ai 8"#$2 30'2'2· *(4%8%/20,#$, Ai+1 = QT
i AiQi, 42$ i ∈ N.

6) H8&$=; &'( Ai+1 %$2 &'( A ,:'(08 &1 *:,*1

Ai+1 = (Q1Q2 · · · Qi)
T A(Q1Q2 · · · Qi), i ∈ N0.

4) Ai = PiUi, i ∈ N.

G;8'$-" %7.#, ?9.;2 #5&3",>0, 18# #5'%1+"=-# =:4(+,=02 %02 -"/&3'$ QR.
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!"#$%&' 2.6 )*&+ A ∈ Rn,n ,#$- !"#$%$- &,&'2'- A*&8

#) K2$ &2- 252'&20,- λ1, . . . ,λn &'( A 2*:;82

|λ1| > |λ2| > · · · > |λn|.

6) G !"#$%$- S *&1 *:,*1 A = S−1DS, 08 D = diag(λ1, . . . ,λn), $#$7;8&$2 *8 42#3-

08#' LU, S = LU.

>3&8, '2 !"#$%8- Am, Qm, Rm &1- 08D35'( QR 42$ &'# A ,:'(# &2- 8=<- 2523&1&8-: C!6/-

:'(# 5;8#("2 )*=02 Sm, Sm = diag(eiϕ1, . . . , eiϕn), ϕ1, . . . ,ϕn ∈ [0, 2π), &,&'2'2 A*&8

lim
m→∞

S!
m−1QmSm = In

%$2

lim
m→∞

S!
mRmSm−1 = lim

m→∞
Sm−1AmSm−1 =















λ1 ) . . . )
. . . . . . )

. . . )

0 λn















.

M52$"&8/$, 08 Am =
(

a(m)
ij

)

i,j=1,...,n
, 2*:;82

lim
m→∞

a(m)
ii = λi, i = 1, . . . , n.

('$')*$%+% 2.5 D -&8'2 +&4'2 4,# %08 $5&/"=0 6) =%' J"7.0-# 2.6 ";8#, 4,# 8#

">#=)#+,=/"; &%, %# 3,#478,# =%',?";# a(m)
ii =$4(+;8'$8, 4,# m → ∞, =%,2 ,3,'%,-12

λi 3,#%"%#4-18"2 (#%* )/;8'$=# #5&+$%0 %,-<. L9.;2 %08 $5&/"=0 #$%< %' #5'-

%1+"=-# ">#('+'$/"; 8# ,=?:",, 4,# (#%*++0+0 -"%*/"=0 %98 ,3,'%,-78 λ1, . . . ,λn.

2.6.1 ;*)%+$%- "<)*51=- +,' 5">?612 QR

!%08 #.?,(< "(3'?< %02 0 -1/'3'2 QR 5#.'$=,*B", 3:' ='6#.&%#%# -",'8"(%<-#-

%#: C)’ "8&2 ";8#, 5'+: 3#5#80.<, #)': =" (*/" "5#8*+0K0, 30+#3< =%'8 $5'+'-

4,=-& %'$ Ai+1 #5& %'8 Ai, =%08 5".;5%9=0 "8&2 5$(8': n×n 5;8#(# A #5#,%':8%#,
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O(n3) 5.*>",2, #)’ "%1.'$ 0 =:4(+,=0, =%08 5".;5%9=0 5'$ (*5','2 #5& %'$2 +&-

4'$2 |λj/λk| ";8#, ('8%* =%0 -'8*3#, ";8#, #.4<. R#, %# 3:' #$%* -",'8"(%<-#%#

-5'.':8 8# #8%,-"%95,=/':8.

E' 5.7%' -",'81(%0-# #8%,-"%95;B"%#, 92 "><2: @ -1/'3'2 ")#.-&B"%#, =" 5;-

8#("2 Hessenberg, 30+#3< =" 18# 5.7%' =%*3,' ' #.?,(&2 5;8#(#2 A #8*4"%#,, -"

#8#(+*=",2 Householder, =" 18#8 5;8#(# Hessenberg B (#, "8 =$8"?";# 0 -1/'3'2

QR ")#.-&B"%#, =%'8 B (-*+,=%#, =%08 5".;5%9=0 A.-0%,#8': 5;8#(# A, ' B ";8#,

%&=' A.-0%,#8'2 &=' (#, %:5'$ Hessenberg, 30+#3< ";8#, %.,3,#478,'2). R"8%.,-

(& .&+' "37 5#;B", %' 4"4'8&2 &%, &%#8 >"(,8*-" #5& 18#8 5;8#(# Hessenberg A,

0 -1/'3'2 QR 3;8", =" (*/" 6<-# 5;8#("2 Hessenberg, 30+#3< &+', ', "83,*-"=',

5;8#("2 Ai ";8#, 5;8#("2 Hessenberg. !%08 5".;5%9=0 5,8*(98 Hessenberg, %' 6<-#

Ai → Ai+1 $+'5',";%#, -" (#%*++0+"2 5".,=%.')12 Givens, (#, %' $5'+'4,=%,(& (&-

=%'2 ";8#, O(n2) 5.*>",2· -*+,=%# =%08 5".;5%9=0 %.,3,#478,98 5,8*(98 %' (&=%'2

";8#, -&8' O(n) 5.*>",2.

!?"%,(* -" %' 3":%".' -",'81(%0-#, %08 "83"?&-"80 #.4< =:4(+,=0, #8#)1.'$-

-" #5+72 &%, #$%& #8%,-"%95;B"%#, -" &8:#2%,- 08&$&3!2*1-, ")#.-&B'$-" 30+#3< %0

-1/'3' =" 5;8#("2 A − kIn -" (#%*++0+0 5#.*-"%.' -"%#%&5,=02 k, #8%; %'$ A.

S*+,=%#, %' k -5'."; 8# -"%#6*++"%#, #5& "5#8*+0K0 =" "5#8*+0K0, 30+#3< =%'

6<-# Ai → Ai+1 -5'."; 8# ?.0=,-'5',";%#, (#%*++0+0 5#.*-"%.'2 -"%#%&5,=02 ki.

G"8 /# $5",=1+/'$-" "37 =" +"5%'-1.","2.

@.%-."$'

2.1 ?;'1 A ∈ Rn,n )2.* ,#.812#+9+#=;#%+* 9>2.(.*, S−1AS = D = diag(λ1, . . . , λn). !2

D̃ ∈ Rn,n 4>2.# )2.* .2'#;'")@#%+* ,#.872#+* 9>2.(.* (.# S̃ := SD̃, .9+,4>A'4 B'# S̃−1AS̃ =

D.

2.2 ?;'1 U ∈ Rm,m )2.* %4'.;C&%.'#;%B* '+3 Householder, (.# In + %+2.,#.>+* n × n

9>2.(.*. !9+,4>A'4 B'# + (n + m)× (n + m) 9>2.(.* Ũ ,

Ũ =

(

In 0

0 U

)

,

4>2.# %4'.;C&%.'#;%B* '+3 Householder.
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u
v

−v

x

Ux

w

O

ϑ
ϑ

!"#$% 2.2: !9+'):4;%. 9+::.9:.;#.;%+D 42B* 9>2.(. Householder U, U = I −

2uuT , 49> ,#/23;%. x.

[!"#$%&'(: ?;'1 U = Im−2uuT , u ∈ Rm, ‖u‖2 = 1. E);'4 ũ =
(

0, . . . , 0 | uT
)T

(.# $41"=;'4

'+2 9>2.(. In+m − 2 ũũT . ]

2.3 .) ?;'1 B'# + 9>2.(.* U, U = In − 2uuT , 4>2.# )2.* %4'.;C&%.'#;%B* '+3 Householder

;'+2 Rn. ?;'1 x ∈ Rn, v & 9"+F+:= '+3 x ;'+2 %+2+,#/;'.'+ C7"+ 〈u〉 (.# w = x − v.

!9+,4>A'4 B'# Ux = −v + w. G7;'4 841%4'"#(= 4"%&24>. 8#. n = 2.

F) ?;'1 x, y ∈ Rn, n ≥ 2, ,D+ ,#.<+"4'#(/ ,#.2D;%.'. %4 '&2 >,#. 63(:4>,4#. 2B"%..

!9+,4>A'4 B'# 39/"C4# %4'.;C&%.'#;%B* '+3 Householder U ')'+#+* 7;'4 Ux = y.

[!"#$%&'(: E);'4 u := (x− y)/‖x− y‖2.]

2.4 .) ?;'1 A )2.* m × n 9".8%.'#(B* 9>2.(.*, m ≥ n, %4 8".%%#(/ .24A/"'&'4* ;'=:4*.

!9+,4>A'4, C1">* 2. C"&;#%+9+#=;4'4 %4'.;C&%.'#;%+D* '+3 Householder = 94"#;'"+<)*

'+3 Givens, B'# 39/"C+32 %+2.,#(+> m × n (.# n × n 9>2.(4* Q (.# R, .2'>;'+#C., B9+3 +

Q )C4# +"$+(.2+2#()* ;'=:4* (.# + R 4>2.# /21 '"#812#(B* %4 $4'#(/ ,#.872#. ;'+#C4>.,

')'+#+# 7;'4 A = QR.

[!"#$%&'(: H AT A 4>2.# ;3%%4'"#(B* (.# $4'#(/ +"#;%)2+*. ID%<12. %4 '&2 .2/:3;& '+3

Cholesky, )C+3%4 AT A = RT R. H">;'4 Q = AR−1. ]
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F) !9+,4>A'4 B'# + 9.".(/'1 )*+#,&-./0 123 Gram–Schmidt

8#. k = 1, 2, . . . , n

8#. i = 1, . . . , k − 1

rik = (qi)T ak

qk = ak −
k−1
∑

j=1

rjk qj

rkk = ‖qk‖

qk ←
1

rkk
qk

39+:+8>J4# '#* ;'=:4* qi '+3 Q (.# '. ;'+#C4>. rij '+3 R ;'&2 .2/:3;& 9+3 .2.<)"4'.# ;'+

.). K. ai 4>2.# +# ;'=:4* '+3 A. I&%4#72+3%4 B'# + .:8B"#$%+* .3'B* 4>2.# .;'.$=*.

[!"#$%&'(: !9+,4>A'4 49.818#(/ B'# (qj)T qk = 0, j = 1, . . . k − 1, (.# B'# '. qk #(.2+9+#+D2

'&2 A = QR. ]

2.5 ?;'1 U ∈ Rn,n )2.* ;3%%4'"#(B* (.# +"$+872#+* 9>2.(.*. !9+,4>A'4 B'# U 2 = In.
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