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EIXATQI'H

[pdhror apduol Tne poponc  x>+ny”

IMoArég popéc cav epappoyn g Bempiog Tov dakTvAlmV arnodetkvietat 0Tt Evag TEPITTOS TPAOTOG AplOUOS P YPAPETUL GTNV HOPON
p=x*+y* Y10 KGTO0VG AKEPOIOVG aPBRODS X,y av Kat uovo av p=1(mod4). H epappoyh avth kaddg kot aviroyeg mpotdoelg Tov Fermat
Y0 TPOTOVG OPIOOVS TOV YPAPOVTOL OTIC HOPPES X +2y> , X*+3y7 , divouv To £VOLGHA Yl TNV HEAETN TOV TPOTOV apldpdV mov
TopicTavToL 0md TETpoyOVIKES Hopeés ( NAadh TV Tpd@Tav aptBpdV Tov Ypdeoviol Ty popel ax>+bxy-+cy® ,a,b,ceZ yuo K4moLg
aKéPALovs aptOpovg X,y ).

YKomOg aVTAG ™G €PYACiog gival Vo XOpaKTNPLETOVY Ol TEPLTTOl TPAOTOL aptBpol oV ToPIcTAVTOL O TIS TETPUYMVIKESG LOPQOES
x*+ny?® , nell. T tov okomd avtd Bo "emotparevBodv” §ho moAd onuaviikol KAGSot g Bewpiag apdudv : n class field theory konn
Oewpia Tov pryodikod moAlamlacioouod. H katovoun tov keolainy TeptypaeeTol OVOIAVTIKA TOPOKATM.

270 TPDOTO KEQOANIO YIVOVTOL GTOUXELMOELS TPOCEYYIGES TOV TPOPANUOTOG ammd TV pio. péow NG yevikng Oewpiog yévoug
TETPOYOVIKAOV LOPPOV Kat amd v G péoo tov ovpPorev Legendre. Onwg Oo Somiotdoel o avayvdoTs , SOVAEVOVTOG UE TETOLL
OTOEWDSN EpyOdein. PTOPOVE VO XpaKTNPIGOLLE TPAOTOVS apBpodC TS HopeTic X>+ny® v opiopéva pévo nel. Kabiotaton Aowmdv
ovoaykoio 1 HEAETN TOVL TPOPANUATOS OO IO O TPOYWPNUEVT) OKOMA , KATL TOL MPOYUOTOTOLEiTOL 6TO0 devTEPO KePAAaro. [To
GUYKEKPIUEVA , HETO OO GUVTOUN VIEVODUNGT OpLoUOY Kol BEmPNUATOV 0td TNV oToLElmon olyefpikn Oewpio apBudv Kot v Beopia
tov moduli , yiveton ektevig mapovsioon g Oewpiog TV TEEEDV TETPAYOVIKOV COUATOV apliudv KobdS Kol Tov 1810t Tev Toug. (X10
onueio avtd o amoderyBel n wopopeio petadd ™G OpAdaS KAACEMV TETPAYOVIKMOV LOPPDV KoL TNG OUAONS KAAGEMV TAENG Yo ApVNTIKA
Sakpivovoa , AmoTELECHO. TOL GLVOEEL TNV Bempia TETPAYOVIKOV HOpO®V Kot TNV Bempia Td&e@y.). Ztnv cuvéyeld , apov yivel avapopd
omv class field theory kot 610 Oedpnua mokvomrag tov Ceboterev , opiletor 1 évvolo Tov ring class field td&ng kot amodekvietar T0
axoAovbo Bempnpa

OEQPHMA : 'Ecto nell kot éotm K=0( +/-N ). Yrdpyet avéymyo povikd tolvdvouo f,(x) Babuov h(-4n) dote
Yo KGBe TEPLTTO TPMOTO 0PN p TOL dev dapel TV dlakpivovsa tov f, va 1oyvEL | TAPUKATO

-Nn
Wodvvapia :" Ix,yel : p=x"+ny’" <> " (—) =1 xan f(x)=0(modp) &xe1 Adon 610 Z "
P/

Eniong cav f, pmopei va ekheyet onorodnnote avaywyo molvdvopo move and 1o 0 mpoypaticod

aAyeBpiko axepaiov a , dote to K(a) va eivar to ring class field g taéng Z[ ﬁ ] Tov
TETPAY®OVIKOD QavtaoTtikov oopatoc K. Téhog , av f(x) etvon povikd molvavopo Pabpov h(-4n)
0V Z[X] ®oTE N 7O TAVE® 16odvuvauia vo. tkavoroteital yio kG p teprrtd mpdTo mov dev dtopel
mv dwkpivovoa tov f, tote 0 f €lvor avdymyo ToAvdvvpo Tave amd To K kot givat to
avayoyo mToAvmvopo mave amd to K kdmolov otoryeiov b dote o K(b) va eivon to ring class

field g taEng Z[vV-n ] tov K.

T20 Ka(ptzikmo 2 heivel eQoprOLoVTag TO TOPOUMEVE BEGPNLLL Y100 TOV XAPAKTIPIGLO TPHTOV ApOUGOY TV Hopedv x+14y? | x*+27y* kot
X +64y”.

To kepdhoo 3 aocyoAeitol e TO VTOAOYIGTIKO HEPOG TOV TPOPANLATOS KOl 0 GKOTAG TOL givar va yopaktnpicel 660 To dvvatdv
mo "ebypnota" ta ring class fields dote va givar €0koAn VITOAOYIOTIKG 1 €PAPUOYN TOL BewPNUOTOG TOL avaEEPONKE TOPATAV® .
Svykekpyéva , oty §1 ypnoomoidvtog TV @ - cuvaptnon tov Weierstrass opiletar 1 j - availoiotn evog lattice. v §2 opiletan
1 modular eicwon kot yivetoar Aemtopepng perétn towv TtV e Xty §3 , mov givol kot 1 IO OLGLACTIKY TOPAYPUPOS TOL
kepalaiov 3 , ypnowonowdvrog v modular e€icwon , yapaxtpilovror ta ring class fields t6éng péow g J - avarroiome. Téhog otnv
§4 amodewvieton Bedtiopévn Ekdoon tov Bewpfpotog (Osdpnuo 3.4.1.3) oty omoia &xovv emcvvapdel o1 TAnpogopieg g §3 mov
aopovV Tov vroroyloud Twv ring class fields.

To tehkd Bedpnuo (Bedpnuo 3.4.1.3) amd vVIOAOYIGTIKNG Gmoyng umopei vo. unv givar 10avikd , dpog 1 a&io tov Ppioketor 6to
veyovog o0t cuvdéel v class field theory kot v Oempio Tov pIyadikod TOALATANGLOGHOD YOl VO dDGEL ATAVINGT] GTO GTOLXELDOEG
£PHTNLA TNS TAPGOTAGC TPHOTOV apldpdY amd Tic popeéc x>+ny” , nell.

Evyapiotd tov kabnynm k. I'dvvn Avtoviddn yo v moddtun Borbeia mov pov mapeiye oty mpoomddeio Lov va yvopicwo Eva
opopeo KAGS0 TV pabnuotikev kabmng emiong kot ywo TV kafodnynon Tov cg OAN TV SIPKEW GLYYPAPNS OLTAG TNG €PYOCLOC.
Evyapiotd eniong Tovg Yoveig Lo TTov pE TV GUUTAPAGTACT) KOl TV DITOUOVI] TOV SNILOVPYNCAV EVVOIKEG GUVOTKES Y10l TIG GTOVOEG LOV.

TNopyog E. ZuAiydpdog
Hpduckero 23/ 12/ 1996



KED®AAAIO 1

TETPAT'QNIKEX MOPOEX
&
YYMBOAA LEGENDRE



§1 YINENOYMIZEIZ AMO THN 2TOIXEIQAH ©OEQPIA
APIOMQN

1.1.1 ZYMBOAA LEGENDRE KAI JACOBI

1.1.1.1 OPIZMO3Z : 'EcTWw p TTEPITTOG TTPWTOG KAl M évag akEpalog. Opifoupe To

TETPAYWVIKOG cUMBOAO Tou Legendre (%j wg £§1¢g
2

e Av p|m 161¢ (%} =0

2

e Av (m,p)=1 kai utrdpyel xeZ pe x’=1(modp) , T61E (%j =1
2

e Av (m,p)=1 ka1 8ev utrdpyel xeZ pe x’=1(modp) T6TE

-1 a
I vacZ , a:-= (;) (modp)
1L vp,qeP’ (E =(ﬂ) 1z
q 2 2
L.  VpeP* (ij =(-1)
P/,

IV. VpeP* , vm,neZ (Ej (E) :(m)
P/, \P/, P/,

p?-1

V.  VpeP* (3 _(-1) 8
2

m

VI. Av m=n(modp) 16T¢ , (—j =(_j
P 2 2

1.1.1.3 OPIZMOZ 'Eotw m>0 mepITTOg aképaiog Kal M eZ pe (M,m)=1 ."EocTtw £mmiong

m=pipz...Ps
N avadAucn Tou m O€ TTPWTOUG apIBoUg.OpiOUNE TO YEVIKEUUEVO
oUuBoAo Tou Legendre (ocUpBoAo Jacobi) wg €§A¢ :

)

2 i=1



1.1.1.4 AHMMA Av a4,0,...,0y, Eival aképaiol TTEPITTOI apiBuoi , TOTE Ta ak6Aouba
gival 100dUvaua :

I. aq+az+t...+a,=v(mod4)-a4as,...a,=1(mod4)
IL (a4 atz...a,)°=1(mod16)>a*+a,+...+a,’=v(mod16)

1.1.1.5 NPOTAZH
I. Av M,N,m aképaiol kai M=N(modm) 161¢ (—) :(—)
2 2

m
II. Av M,N,m aképaiol TOTE (—I N) =(—) (—N)

m/, m/,\m/,
III. Av M,N,m,n aképaiol (—j :( ) ( )
2 2 2

mn m n
IV. Av  M,m @uoikoi apiBpoi epitToi kKai (M,m)=1 téte

(0=

V. (a). Av m aképaiog apiBudg , 10T1E (%j =(-1)

2

2
m-1

m2-1
2

(B). Av m aképaiog apifuog , TOTE (%) =(-1)
2

VI. Av D,m,n aképaiol pe D =0,(mod4) KAl m=n(modD) TOTE (%) =(%j
2

VR
gN

VII. Av M,m aképaiol Kai n IooTIgia x? =M(m) £xel AUon , TOTE E) =1
2

1.1.1.6 MPOTAZH Av D aképaiog d1d@opog Tou undevog Kai D = 0,1(mod4) , TOTE
UTTAPXEI HOVABIKOG OMOUOPPICHOG ¥ : Zp — {1} pe nvidiéTnTa y([plp) = (%) yia
2

+1, av D>0

1, och<0} KOl AKOMa

KAOe p repITTd TTPpWTO APIOUS pe p/D Emriong y([-1lo) = {
[Zo: kery]=2 (BA. Ajppa 1.14 o£A.16 [Cox]).

1,1,1,7 MOPIZMA 'EoTw p TEPITTOC TTPWTOS Kal neZ-{0} pe pin. Av y: Z4n — {1} 0
OHOHOPPIONOG TNG TTPpOTaOoNG 1.1.6 , TOTE Ta akOAouBa gival 10080vapa

I. p|x*+ny’®yia KGTTOIOUG OKEPAIOUG X,y ME (X,y)=1

II. (‘—"j =1
P/,

II1. [ploekery

10



1.1.1.8 OPOTAIH Av p, g TepPITTOI TTPWTOI , TOTE [ij =1 p=+b’(moddq), yia
P,

KATTOIoV b TTrEPITTO TTPWTO.
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§2 TETPAIQNIKEZ MOP®EXZ

1.2.1 TENIKA TIA TETPAIONIKEX MOPO®EZ

1.2.1.1 OPIZMOZ : ‘Eva moAuwvupo duo petafAntwy f(x,y) Tou Z[x,y] TnG HOP®PNG
f(x,y)=Ax2+Bxy+Cy2 0a Aféyeral TETPAYWVIKA pop@ry . Av emmTAéov 10)UEl

MKA(A,B,C)=1, 1671€ n f AéyeTal rpwTapXIkn (primitive)

1.2.1.2 OPIZMOZ : AUo TeTpaywvVikéG pop@ég f,g Oa Aéyovral 10006UvapES av Kal

HOvOo av UTTApXEl TTivakag M :(: ZJ M,,,(Z) ME det(M) = +1 WOTE , yIA [3 =(: 2}[3 ME

u,V,X,y aKegpaioug , va 1oxvel f(x,y)=g(u,v)
e Av det(M)=1, o1 f,g 8a AéyovTal Kavovikd Icoduvapeg(properly equivalent)

e Av det(M)=-1 , o1 f,g 6a Aéyovral avTtikavovikd icoduvapeg(improperly
equivalent)

1.2.1.3 ZHMEIQ3H : H 1c00duvapia Kal n Kavovikr 1ocoduvapia opifouv OxEOEIg
I008UVapiag OTO OUVOAO TWV TETPAYWVIKWY Hopewv . O1 kKAdoeig 1008uvdpuwy
TETPAYWVIKWV HOPPWYV TTou opifouv n I0oduvapia Kal n Kavoviki iocoduvauia Ba
AéyovTtal Langrangian-KAdo€ig Kal KAAOEIG avTioTOoIX .

1.2.1.4 OPI2XMO2Z: '‘EoTtw f pia TETPAYWVIKA HOP®PN Kal m évag aképalog. Av UTTapyXouv
K,A aképaiol woTte m=f(k,A) T6TE Aépe OTI 0 M TTapioTaTal ( | avarrapioTaTal ) Awé TNV
popon f . Av emitTAéov (K,A)=1 TOTE Aépe OTI 0 M TrapioTaTal Kavovikd atd Tnv f. Av
UTTAPXOUV K,A,n aképaiol woTte m=f(k,A)(modn) , Ba Aéue 611 0 m rapioTaral modulo n
amd tnv f. Téhog , Ba Aépe OTI éva ouUvoAo TrapicTatal (TTaAPiCTATAlI KOAVOVIKA,
mapioratal modulo n) amwd Tnv f av kabe oToIXEio TOU TrapioTartal (TrapicTaral
KavoVvIKd, Trapiotatal modulo n) armré tnv f.

1.2.1.5 NAPATHPH}H : ‘Eotw f(x,y)=Ax2+Bxy+Cy2 Mid TETPAYWVIKA HOP®R Kal
@ = (: Zj(;j pe a,b,c,d akepaioug T6Te f(u,v)=f(a,c)x*+(2Aab+B(ad+cb)+C2cd)xy+f(b,d)y?

1.2.1.6 MOPIZMA : Av f,g €ival Hop@ég 1008UVAUES KAl N g €ival TTPWTAPXIKE , TOTE KAl
n f gival TpwTapXIKA.
AMOAEI=H
H amodeign otnpidetal o ammAi epappoy Tng oxéong tng Traparipnons 1.2.1.5 kai
Q@AVETAl WG AOKNON.

12



1.2.1.7 NAPATHPHEH : Av M:c ZJ M, ,(Z) Kai (\‘j:(: ':j(’;] ue (uv)=1 , T6TE Kai

(X,¥)=1 . Apa ka0e apiBuo6G TTapicTATAI KAVOVIKA ATTO MIG TETPAYWVIKE HOP@N av Kal
MOVO av TrapicTaTal KAVOVIKA a1Té KABE 1I008UvVaun TG HOoP®H .

1.2.1.8 NMAPATHPHZH : Av o aképaiog m Trapiotartal amrdé tnv popen f , T6Te 0 M
ypa@eTal m=d’m’ , 6mrou m’ TMAPICTATAI KAVOVIKA aT1ré Tnyv f.

1.2.1.9 MIPOTAZH : Mia popen f avatrapioTd KAVOVIKA £éva aKEPAIO m av Kal pévo av
n f €ival Kavovikd 10000vaun ME MIO TETPAYWVIKA HOP®R g(X,y) TN MOPPNS :
g(x,y)=mx?+bxy+cy? , yia Kd1roloug akepaioug b,c.

AMNOAEI=H

(=) 'Eotw kI aképaior pe (k,1)=1 kai f(k,))=m .Agpou (k,-)=1 , 8a utrdpyouv s,r aképaiol

woTe ks-Ir=1 .Apa det(l; 3 =1 .©¢ToUupE (uj =(l; g(xj , OTTOTE a1o TNV TTaparrpnon 1.2.1.5
v Y

éxoupe ot f(u,v)=f(k,)x*+Txy+Ly? ,yia KA&ToIoUG okepaiou¢ T kai L Kol GUVETTWC yia
g(x,y)=mx?+Txy+Ly? éxoupe f(u,v)=g(x,y).

(<) Av n f eival kavovikd 1000UvaUN ME HIA TETPAYWVIKI) HOPPr g TNG HWOPPNG

g(x,y)=mx?+bxy+cy? , 101 €meid g(1,0)=m kai €IS 100DUVAPES HOPPEC TTAPICTOUV
KavoVIKa Toug idloug aplBpougs , Ba éxoupe 6T 0 m TTAPIOTATAI KAVOVIKA aTTd TNV f.

1.2.10 OPIZMOZ : Aiakpivouoca MIOG TETPAYWVIKNG HMOPPNAS f(x,y)=Ax2+Bxy+Cy2
AéyeTal o apiBuog B2-4AC kai cupBoAileTal pe Dy,

1.21.11  MNPOTAZH : lNa kdBs aképaio apilOué D pe D=0,1(mod4) UTTAPXEI
TPWTAPXIKA MOPPN HE Siakpivouoa D.
AMOAEI=ZH

D _
OewpoUpe TNV HopYN X2»4y2 ,av D=0(mod4) kal TNV popen >8+xy+14D}? av D=1(mod4)

1.2.1.12 OPIZMOZ : Kda0s aképaiog D pe D=0,1(mod4) 6a AéyeTan Siakpivouoa.

1.2.1.13 NMPOTAZH : 'Eotw f,g TETpaywVIKEG HOPPEG Kal M:(a 2) eM,,(Z2). Av yia
C

(uj = (a 3(3 1oxUel f(x,y)=g(u,v)=g(ax+by,cx+dy) , 16T Di=det(M)?- Dg

Vv Cc

AMNOAEI=H
EUkoOAeg TTpaEEIg
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1.2.1.14 NOPIZMA : loodUvapeg pop@Eég EXouv Tnyv idia dlakpivouoa

1.2.1.15 MPOTAZH : Av f(x,y)=Ax’+Bxy+Cy’ MIa TETPAYWVIKA MOPPH TOTE
4Af(x,y)=(2Ax+By)*-Dsy?
ANOAEI=H
EUKOAeg TTpaEEIS

1.2.1.16 IPOTAZH : Av f(x,y)=Ax*+Bxy+Cy’ HId TETPAYWVIKA HOpQH| , TOTE :
(i) Av D=0 16T1E n f TTAPIOTA KOl BETIKOUG KAl APVNTIKOUG OKEPAIOUG
(ii)) Av Di<0 T16TE
e Av A>0, 16T1E n f TTAPIOTA HOVO BETIKOUG aKképailoug ( yia X,y=0 )
e Av A<0 , 101 n f TapIOTd POVO aApvNTIKOUG akepaioug ( yia
x,y=0 )

AMNOAEI=H
H mrpoTaon ival rpogpavrg ouveTTela TnG TTpoTtaong 1.2.1.15

1.2.1.17 OPIZMOZ :

() Mia TeTpaywvikl HOP®KR TTOU TTAPIOTA MOVO M ApvnTIKOUG OKEPAIOUG
Aéyetau OeTIKa opiopévn (positive definite)

(ii) Mia TeETPAYWVIKH HOP®@I TTOU TTAPICTA MOVO M OETIKOUG akepaioug AéyeTal
apvnTika opiopévn (negative definite) (iii) MNa aképaio apiOué D ue
D=0,1(mod4) 8a cupBoAioupe pe F(D) To 0UVOAO AWV TWV TETPAYWVIKWV
Hopewyv diakpivouocag D kal Pe Fpg(D) To 0UVOAO TV TTPWTAPXIKWYV BETIKA
OPICHEVWYV pHopPwYV dilakpivoucag D

1.2.1.18 NAPATHPHZEIZ :
(1) Av pia TETPAYWVIKRA HOoP@N €ival BETIKA (apvnTIKA) opIoPEVN , TOTE KAl KABE
I008Uvaun TG Hop@n Ba gival BeTIKA (apvnTIKA) oplopévn

A B
(ii) Av f(x,y)=Ax*+Bxy+Cy? HIO TETPOYWVIKN HOPPI TOTE VIO M, :(V é] IoXUEI
2

f(x,y) = (x y)Mf(;j, OTroTE MIa Hop®n gival BETIKA (apvnTIKA) OpICUEVN AV Kal

HOvo av o Trivakag M gival BeTiKa (apvnTIKA) OPICUEVOG.

1.2.1.19 MNAPATHPHZH Av f(x,y)=Ax*+Bxy+Cy’ IO TETPOYWVIK MHOPPRH TOTE
D=0,1(mod4)
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1.2.1.20 MPOTAZH : Av D aképaiog apiOuég pe D=0,1(mod4) ka1 m aképaiog TTEPITTOG
ME (m,D)=1 161€ T aKGAouBa €ival I00SUVapQ :
(). O m TapioTaTal KAVOVIKA OTT6 MIO  TTPWTAPXIKA HOPYN
Siakpivoucag D.
(ii). O m TrapioTaTal KAVoOVIKAa atré pia pop@n diakpivouoag D.
(iii). O D gival TeTpaywviké utroAoiro modulo m
2TNV TTEPITITWON TTOU 0 M JeV gival aTTaApAITNTA TTEPITTOS , IOXUEI N CUVETTAYWYN

(i) — (iii)
AMNOAEI=H
() — (i) TNpoavég
(i) > (i) 'Eotw f(x,y)=Ax*+Bxy+Cy? teTpaywvikry poper e m=f(k,1) yia k,leZ . Amé v

mpoTaon 1.2.1.9 €xoupe 6T uttdpyouv akEpaiol T,L woTe n f va gival Kavovika 100duvapn
e TNV Hop@r g(x,y)=mx* +Txy+Ly* . ‘Emeid ol f,g eival Icod0vapeg Ba éxoupe Df =Dg=T>-
4mL . Apa D=T?(modm) ométe D=D=T%(modm). AnAadr] o D eival TETPaywVIKS UTTOAOITTO
modulo m (OTTwg eival gavepd n TTapaTTavw atrodeItn IoXUEl yia KABE aképalo m. )

(iii) —» (i) 'EoTw 611 0 D €ival TeTpaywviké uttéAoito modulo m . Apa uttdpxel BeZ woTe

Dsz(modm). ©a a1TodEiEoUPE OTI UTTOPOUUE , XWPIG TTEPIOPIOUO TNG YEVIKOTNTAG ,

va utroBéooupe 611 D=B*(mod4). Mpdyuari :

Av B=trepiT1é¢ Kai D=1(mod4) 161€ T0 {NTOUPEVO €ival TTPOPAVEG

Av B=mepirtoc kai D=0(mod4) , 1é1e B+rm=dptioc kai €101 (B+m)?=0=D(mod4) E€aAAou
(B+m)?=B?=D(modm) dpa ptropoupe va BéAhoups otnv Béon Tou B To B+m Av B=dpTiog
kal D=0(mod4) T6T€ TO {NTOUWPEVO Eival TTPOPAVEG

Av B=dptioc kai D=1(mod4) T161e B+m=mrepirté¢ kai (B+m)’=D(mod4) Etriong
(B+m)?*=B?=D(modm). ‘ETo1 agou m=TrepITTéC Oa éxoupe D=B%*(mod4m), dpa umrdpyel CeZ
woTte D=B%4mC Zuvemw¢ n TeTpaywviky pop@r f(X,y)=mx>+Bxy+Cy? éxel Slakpivouoa
D=D ka1 mapiotd kavovikd tov m (BA. MNMpotaon 1.2.1.9) . Emiong n f ival mpwtapxIikn
agou (m,D)=1 dpa (m,B)=1 ommdTe kKot MKA(m,B,C)=1

1.2.1.21 NMPOTAZH : Av D aképaiog pe D=0,1(mod4) , D<0 kai p TrEPITTOG TTPWTOG

apiBuég pe p/ D ToTE (%j =1 av Kol JOvo av O p TrapioTATAl KAVOVIKA o1Td
2

TPWTAPXIKA OETIKA opIiouévn pop@n dlakpivouocag D
AMNOAEI=H
E&’ opiopou €xoupe ot (Bj -1 Qv Kal yovo av o D eival TeTpaywvikd uttoAoitto modulo p .
P/
D

‘Etor, n mpétacon 1.2.1.20 divel oTi [_j - 10V Kal yévo av o p TrapioTatal amd TPWTAPXIKA
P/,

Mopery dlakpivoucag Ouwg D<0 kal €101 a@ou n v AOyw JOP®r TTAPIOTA TOUAAGXIOTOV €va
BeTIKO aképailo (Tov p ), n TpoTacn 1.2.1.16 pag divel 6T n Hop@n €ival BETIKA OpIoPEVN.
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1.2.1.22 MMOPIZMA : Av n gival £évag QUOIKOG KOl p TTEPITTOG TTPWTOG HE P/ N TOTE

(") =1 av Kal JOVO av O p TTAPICTATAI ATTO MIO TIPWTAPXIKA BETIKA OpIouEVN HOPPR
2
Silakpivouoag -4n.

ANOAEI=H

MNa D=-4n<0 &xoupe (_?n) =1<—>(_T4n) =1 H(Bj =1 . To {nTOUMEVO Eival TWPA TTPOPAVES
2 2 2

ato Tnv mpdétaon 1.2.1.21
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1.2.2 OEQPIA ANHIMENQN TETPAI QONIKQN MOP®QON

1.2.2.1 PIZMOX : ‘Eotw f pia mTpwTtapXIKl OeTIKA OpICHEVN HOPPR ME
f(x,y)=Ax2+Bxy+Cy2. Av n fikavoTroigi Ta akéAouba :
(i) |B|<A<C

(i) (a) Av |B|=A 161€ B>0

(iii)y Av C=A 161¢ B>0
Tore n f Aéyetan avnypévn. Av n f ikavotroiei pévo 10 (1) , T0TE AéyeTan OXeEdOV
avnyuévn.

1.2.2.2 MAPATHPHSH : Av f pop@n OeTikG opiopévn pe f(x,y)=Ax*+Bxy+Cy? 16TE
A=f(1,0)>0 ko C=F(0,1)>0.

1.2.2.3 OEQPHMA : Kadafe mpwTapXIKfl BETIKA OpPICHEVN MOPPN Eival KAVOVIKA
10080vaunN JE Jia povadiki avnypévn Hopon.

ANOAEI=ZH
H amddeign civar texvikh kal Trapaleitretal.( BA. [Cox] oeA 27 Bewpnua. 2.8 )

1.2.2.4 OPIZMOZ : Etreidn amé tnv 1.2.1.11 mwpdétaon Kai 10 1.2.2.3 Ocwpnpa €XOUME
om av D=0,1(mod4) pe D<0 Té1e UTTApXEl avnyuévn popen diakpivouoag D , éxel
vonua yia éva tétolo D va opiocoupe To cUvoAo RF(D) Twv avnyHEVWV TETPAYWVIKWYV
HopwvV diakpivouoag D.

1.2.2.5 MTAPATHPHZEI :
(1) O1 popéc 3x*+2xy+5y? , 3x2-2xy+5y? gival avnypéves . Eivai
€mmiong 1000UVapEG AAAG OXI KAVOVIKA 1I00OUVAEG.

(1) O1 popeég 2x*+2xy+3y? , 2x%-2xy+3y’ cival 10080VANES KAl
MGAIOTA KOVOVIKG 1008UVOUES , OUWS MOVO N 2x*+2xy+3y? eival
avnyuEévn.

1.2.2.6 OPIZMOZ : 'EoTtw D aképaiog apiOuog pe D<0 . Me C(D) 6a ocuppoAifoupe 1O
OUVOAO TWV KAGOEwV ( HE TNV KAVOVIKR 1000UVAMIO ) TwV OETIKA OPICHEVWYV
TPWTAPXIKWV Hoppwv dlakpivoucag D . Emiong 8a ocuppoAioupe pe h(D) TO
TARB0G TwV oToIXEiWV TOU C(D).

1.2.2.7 OEQPHMA : Av D aképaiog apiOuog pe D<0 kai D=0,1(mod4) 161e 0o h(D)
givalr o apIiBu6g TwWV avnyHéEVWY BOETIKA  OPICHEVWV TTPWTAPXIKWY HOPPWV
diakpivouoag D, kai h(D)<c. ( AnAadn h(D)=#C(D)=#RF(D) )
AMOAEI=H
Emeidr) kGBe oToixeio-kAdon 1ou C(D) avmimmpoowTtreveTal TTARPWG atrd  HIa
Movadikr) avnypévn TETPAYWVIKN Hop@R €xoupe katapxfhv o1 o h(D) eivar o
aApPIBUOG TWV AVNYHEVWY BETIKA OPIOUEVWV
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TTPWTAPXIKWYV Hopewv diakpivoucag D . Mével Twpa va d€i¢oupe 611 apiBudg Twyv
AVNYMEVWY  BETIKA OPIOUEVWY  TTPWTAPXIKWY Hopewyv  dlakpivoucag D eival
TeTePAcpévog . Mpdyuat , av Ax*+Bxy+Cy? sival avnypévn Hop@r dlakpivoucag
D, 1616 €€0piopol : B?4AC=D . Emiong |B|<A dpa kai B?<A? A<C ométe

-D=4AC-B? >4A? -A? =3A? Kal £T01I AomévAg/%. H TteAeutaia oxéon Oeixvel
OTI UTTAPXOUV TIETTEPACHEVEG ETTIAOYEC yia TO A ( ManoTa 1oxver Omi
‘A€ {0,1,2,..{%}} )- Etriong 10 611 |B|<A divel TrETTEPACHEVEG ETTINOYEG VIO TO B .

¢\ogn oxEon B2-4AC=D divel To C ouvaptioel Twv A,B kai OUVETTWG €XOUUE
TTETTEPAOUEVEG ETTIAOYEG Kalyia TO C dpa Kal yia TNV TETPAYWVIKH JOpeH .

1.2.2.8 E@apuovyn} : Me Baon tnv péBodo mTou gpgavideral oTnv amodei§n Tou
Oecwpnuarog 1.2.2.7 uTOPOUHE VA UTTOAOYICOUE :
D |h(D) C(D)
4 | 1 {Ix%+y?1}
-8 | 1 { x? +2y?] |
12 | 1 { x? +3y?] |
~20 | 2 { Ix? +5y?], [2x? +2xy + 3y?] |
~28 | 1 [x2+7y%] |
~32 | 2 [ x? +8y?1 , [3x? +2xy+3y?] |
_56 | 4 { X2 +14y?], [2x? +7y?], [3x? + 2xy + 5y?] |
~108| 3 { X2 +27y?1, [4x2 +2xy + Ty?] |
-124 | 3 { [5x2 +4xy +Ty?], [x2+31y2]}
-256 | 4 { [x2 +64y?], [4x2 +4xy +17y?], [5x2 + 2xy +13y?] }

(O1 popPEG TWV OTTOIWV O KAAOEIG EPPAVI{OVTAl OTOV TTOPATTAVW
Tivaka gival ogavnypévn Hopen.)
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1.2.3  p=x*+ny? KAl TETPAFQONIKEEZ MOPO®EY
STOIXEIQAHY OEQPIA TENOYS

1.2.3.1 NPOTAZH :
() Av D aképaiog pe D<0 , D=0,1(mod4) ka1 p TTEPITTOG TTPWTOG APIONOG UE
p/D, 16T¢€ (E) —1 OV Kal pévo av o p mrapiotaral amwod pia €k Twv h(D)
P/,
avnyMévwy popewyv diakpivouoag D.
(if) Av n gival UOIKOG apIBOG Kal p TTEPITTOG TTPWTOG APIBUOS JE p | N TOTE
[_—p") =1 av Kal poévo av o p avarrapiotaral amd pia amé Tig h(-4n)
2
AVNYMEVEG TETPOAYWVIKEG HOPPEG Slakpivouoag -4n.
AMNOAEI=H
Eival Trpogavig ouvétteia Tou Tng mpdétaong 1.2.1.21 , Tou mmopiopatog 1.2.1.22 kai Tou
Bewpnparog 1.2.2.3

1.2.3.2 OEQPHMA : Av D aképaiog pe D<0 kai D=0,1(mod4) , ka1 y:Zp —{+1} : x(
[plb )= [E] O OMOHOPYICHOG TNG TTPOTAONG 1.1.1.6 , TOTE YIO P TTEPITTO TTPWTO ICXUEI
P/,
om [plocker(y) av kai pévo av o p TrapioTaral amwd pia €K Twv h(D) avnypévwy
TETPAYWVIKWYV poppwyv Siakpivouoag D
AMNOAEI=H

[plbekery < (%J -1 , OTTOTE TO {NTOUMPEVO TTPOKUTITEI aTTO TNV TTpoTacn 1.2.3.1
2

1.2.3.3 OEQPHMA : Av n QuUOIKOG apiBuég , 10T1e h(-4n)=1 <~ ne{1,2,3,4,7}
AMNOAEI=H
(<) Mpogavég arrd Tnv epapuoyn 1.2.2.8

(=) ©Oa oeicoupe 61 av h(-4n)=1 161¢ avaykaoTikd. ne{1,2,3,4,7}. MNpdyyat , E0Tw OTI

ne{1,2,3,4,7}..Emeidn n x> +ny° civar avnypévn popen diakpivouoag -4n , av deifoupe
OTI UTTAPXE! avNYHEVN HOPQR dIOKPivOUsaC -4n BICPOPETIKA TS X>+ny®  TOTE £XOUME
KaTaAngel o arotro agou h(-4n)=1 .

1" NepimTwon_ : “O n va pnv ival d0vaun TpwTou apiduol”

ToTe UTTAPXOUV PUOIKOI a,c pe 1<a<c kal (a,c)=1 woTe n=ac . Apa n JopePn

ax2+c%/2 gival avnypévn popen dlakpivouoag -4n Kal €ival dIAQOPETIKA TNG

x2+ny OUVETTWG £XOUUE ATOTTO

2" Nepimrwaon : “O n va gival dUvaun TPWToU apiBuoy”

(1) Av n=2" ,ue reN 16T £TTEIdA N#2,4 B £XOUME >3

(a) Ma r=3 éxoupe h(-4 - 2°)=h(-32)=2 (BA. Epappoyr] 1.2.2.8)

(B) Mar>3, n Hop®n 4¢ +4xy+ (22 +1)? €ival avnyuévn agou

4<27+1, €xel dlakpivouoa —4n Kai gival SIAQPOPETIKA TNE
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X2+Nny? Kol GUVETTWE EXOUNE GTOTIO .
(1) Av n=p’ éTTou p ival TTEPITTOC TTPWTOC TOTE :
(a) Av 0 n+1 dev gival dUvVAN TTPWTOU TOTE UTTAPXOUV QUOIKOI
a,c Je 2<a<c kal (a,c)=1 waoTe n+1=ac, oToTE N YOPPN
ax’ +2xy+cy’ €ival avnypévn dlakpivouoag -4n Kal
SIAQOPETIKA TNG X>+ny? OTTATE £XOUE Kal TIAN GTOTTO
(B) Av 0 n+1 gival duvaun TTPpwWTOU TOTE O p Eival TTEPITTOS dpa
Kl O N €ival TTEPITTOG KAl CUVETTWG O n+1 gival ApTIOG.
'Eto1 3sell woTe n+1=2° ETreidn 0pwg ng{l234.7) Oa
£XOUME avayKaoTIKA s>4, OTToTE :
e [a s=4,5 éxoupe avrioToixa n=15,31. Ouwg 10 15 dev gival
OUvaun TTPWTOU Kal n TTepITTTwon n=31
OIVEIh(-4-31) = h(-124) =3>1 TIPAYMA ATOTTO .
o [0 5>6 BeWPOUNE TNV HOPPN 8K +6xy+(27° +1)y
n otroia €ival avnyuévn diakpivouoag -4n Kai
SIAQOPETIKA TNG X*+Ny? OTIOTE EXOUNE GTOTIO .

1.2.34 OPIZMOZ : Tévog pIag BeTIKA OPICHEVNG TTPWTAPXIKAG Hopeng f pe
D=D{<0 AéyeTal TO OUVOAO OAWV TWV OETIKA OPICHEVWV TTPWTAPXIKWY HMOPPWV
Siakpivouoag D mou avatrapiotouv modulo D Toug idioug apiBoug TpwToug TTPog
10 D apifuoug.

1.2.3.5 NAPATHPHZEIZX loodUvapueg BETIKA OPICUEVES TTIPWTAPXIKEG MOPPEG EXOUV
TO i010 YEVOG KOI CUVETTWG OTTWG UTTOPEI KaVEIG EUKOAA va d€l n Evvolda TOU YEVOUG
opigel oxéon 10o0duvapiag oTto oUVOAO Fyy(D) n otroia gival yevikoTepn KAaTd KATTOI10
TPOTTO ATTO TNV KAVOVIKE 1I008uvapia Adyw Tou OTI n £évvola TOU YEVOUG OTTOTEAEI
Kal oxéon 1coduvapiag oto ouvoAo C(D)

1.2.3.6 OPIZMO2Z : ‘Eotw D aképaiog api@uég pe D<0 kai D=0,1(mod4). Opifoupe TNV
KUp1a popon (principal form) diakpivouoag D va givai :

Xz_%yz av D =0(mod4) Kka

X2 +xy+ 1;]) y? av D =1(mod4).

Etriong n kAdaon tng C(D) n otroia trepiéxel Tnv Kupia popen diakpivouocag D Ba
AéyeTal KOpIa KAGOT).

1.2.3.7 MPOTAZH : Av f(x,y) eival TpwTapyxikn pop@n kai M aképaiog apiBudg , 10T1e
utTdpxouv x,y aképaiol wote MKA(f(x,y),M)=1 ka1 MKA(x,y)=1 . ( AnAadn, nf
TTAPICTA KAVOVIKA Kal api@poug TrpwToug Trpog Tov M. )
AMOAEI=H
H amédeign civar texvikr kal Trapaleitretal (BA. aok.2.18 aeh 45 [Cox] )
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1.2.3.8 OEQPHMA : ‘EcTtw oképaiog D pe D < 0,D = 0,1(mod4), kai x : Zp — {+1} :
x([m]D)z(%) VmeZ pe (m,D)=1 , 0 yVwWOTOG OLOUOPPIOUOGS TNG TTpoTaong 1.1.1.6
2

NG §1 . loxUouv Ta akéAouba :
(1) Kdabe aképaiog m mTpwTtog Tpog 1o D 1Tou avartrapiortaral armro
KATrola Jop®n 6|ou(p|vouoag D , av mapOei modulo D , divel
OTOIXEIO TOU Zp TO oOTroio avikel  €101KOTEPpA OTO kery.
EmitrAéov , ol TrpwTol TTpog To D apiBuoi Trou TrapioTavral amrod
TNV KUpla pop@n diakpivoucag D , av mapBouv modulo D
OUYKPOTOUV utroopdda H Tou kery.

(n) Av f(x,y) Tuxaia TpwTtapyxikn popen diakpivouocag D , T6TE av
6Aol1 o1 TrpwrTol TTpog To D apiBuoi TTou Trapiotavral amoé Tnv f
mapBouv modulo D , cuykpoTouUv éva coset Tng H otov kery
AMNOAEI=ZH
(i) 'EoTw aképalog m TTPWTOG TTPOG Tov D Kal 0 OTT0iog TTapioTatal atmmd KATTola Jopen
dlakpivoucag D. Oa deigoupe O gm]Dekerx. Amo mapatipnon 1.2.1.8 €xoupe o
uttdpyouv d,m4 aképaiol woTte m=d“my Kal 0 m va TTapioTaTtal Kavovika omo tnv  f.
‘Exoupe x([m]D)=x([d2]D)-x([m1]D)=x([m1]D) Twpa amdé mpdétacn 1.2.1.20 €xoupe OTI
x(Im4lp)=1 dpa kar x([m]p)=1 dnAadr [m]pekery. 'EoTw TWpa f(X,y) N KUpIa Pop®N
diakpivoucag D kar €otw H:={f(x,y)mod(D) | x,yeZ}. ©Oa 1ox0el Tpopavwg atmd Ta
TTapatmavw o1 Hcokery. Alokpivoulue TIG TTEPITITWOEIS :
1" Mepirtwon : D=0(mod4)
"‘EoTw D=-4n yia n @uaiko. H kUpia yoper yia Tnv D gival n fixy)=x +ny’. AAAG
(X +ny)(Z +nW) =(Xztny W Hn(xweyz), W,y z,weZ |, omrote av [al,.[bl, €H | 16Te
€€’ opiopou NG H utrdpyouv a €[al,,b'elbl, woTe va uTTdpyouv X,y,z,w aKEPAIOI
pe a=x+ny’,b=7+mw oTToTE T TNV TTAPATIAVW TAUTATNTA TTPOKUTITEI &TI O a'b'
TTapioTaTal AT TNV KUPIa popen diakpivouoag D.
Apa [ab'], eH—[a'],[b'], eH—[a],[b], eH kaiI ouveTtwg Hcokery.

2" Mepitrrwon : D=1(mod4)

2TNV TTEPITITWON auTH N Kupla popenr dlakpivoucag D eival n ﬂx,y)=x2+xy+%)yz

1-D
EOkoha BAémroupe  OT 1oxvel VX, yel 4(X2+Xy+Ty2)E(2X+Y)2(mOdD)

XPNOIYOTTOIWVTAG QUTAV TNV oxégn Ba dcigoupe OTI TO OUVOAO H eival akpifwg n
UTTOONAdA TWV TETPAYWVWY Tou Zp . Mpdyuar :
e Av y=dpTiog 101 agpou D=1(mod4) Ba éxoupe

4(X +Xy+14 y) x+ )(modD)

o Av y=TTepITTOC TOTE y+D apTlog Kou Ba £xoupe
Dy+D)?y=(x+ ;D)z(modD)

Dy )—4(X +x(y+D)+

1—
(x? + Xy +

2€ KABe AotV TrepiTITwon Ta 0T0|x£|a f(x,y)modD yia ta did@opa x yeZ avr]Kouv 0Tr|v
UTTOONABA TWV TETPAYWVWY Tou Zp . AvTioTpoa , av ae’Z pe [ale Zp 161 [0)°e( Zp )?
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OTTOTE ypagovtag a=2x+y yia X,yeZ, Ba EXouue
(2x+y)? =4(x" +xy+ I_TD y') = (2%)7 +(20)(2y) + I_TD (2y)*(mod D)

Apa [a’] eH —[a]’ eH kal ouveTwg 10 H ival akpIBWG N UTTOOPAdA TWV TETPAYWVWY
Tou Zp OTIOTE KAI OTNV TrEPITITWOoN auth Hekery (agou Zp ckery).

(i) 1" NepimTwon : D=0(mod4)
‘EoTw 1.X. D=-4n pe n Quoiké apiBud. Ao tnv Tpotacn 1.2.3.7 €xoupe o1 n f
TTOPIOTA KAVOVIKA Kal aplBpous TTpwToug Tpog 1o D. 'EoTw m €évag TETOI0G aKEPAIOG
apiBuéc. Zupewva Aoirév pe Tnv TTpoTacn 1.2.1.9 n f ival kavovikd 100d0vaun Ye hia
HopeR g(x, y)=mx*+Bxy+Cy? , B,CeZ . Twpa Dg=Ds=-4n dpa B2-4mC=-4n «al
ouveTTwg o B eivar dpmiog. 'EoTw Aoimmov B=2B; , BieZ A6 Tnv TQUTOTNTA TNG
mpotaong 1.2.1.15 éxoupe : mg(x,y)=(mx+Biy)?+ny? (T). Emiong améd 1o TopIoua
1.2.1.6 ka1 emmeid n f €ival TpwTapxikr, €XOUuphe OTI KAl N g €ival TTpwTapXIKh. Oa
dcicoupe Twpa 6T o1 akEpaiol apiBuoi TTou TTapioTavTal atrd TNV g Kal €ival TTPWTOI
mpog 10 D, av mapBolv modulo D cuykpoTouv éva 1o coset [m]; H Tng H oTov kery
OTTOTE Kal Ba €XOUPE TEAEIWOEI apou ol f Kal g TTapIoTOUV TOUG idIOUG OKEPAIOUG. (2TO
€€NG MEXPI TO TEAOG TNG aTTOdEIENG , TIC KAGoeIig modulo D Ba TG cupBoAifoupue yia
amAdtnta  xwpic Tov Otiktn D. ) H T1pog amddeign oxéon cival n  €&ng
[m] ' H= {g(x,y)modD)|x,y €Z,(g(x,y),D)=1} . Kat™ apxAv 0 eyKAEIOUOC D gival TTpoQavig yioTi
av X,y oképaiol  kai  (g(x,y),D)=1 161¢ n oxéon (T) pag divel
mg(x,y) = (mx + B;y)? + ny?(modD) , oTTOTE €TTEISA N KUPIA pop@r] TNS D=-4n eival n x>+ny? |,
Ba £xoupe 611 TO myg(X,y) TTapioTatal modulo D atmé mnv kupia poper diakpivoucag D
Kal ouveTTwg 10 [Mg(X,y)] aviker otnv H. Apa [m][g(x,y)] e H Kal €101 [g(x,y)] €[m] ' H .
Méver Aoimmov o eykAeiopdg <: EOTw [u]le[m]'H, OmOTE [mu]eH KaI €701
mu=z’ + nw’(modD) yia KATTOIOUG Z,W OKEPAIOUS apiBuolUc pe (z°+nw? D)=1. Emeidn
(m,D)=1 éxoupe OTI n egiowaon mz*+B,w=zmodD)£xel AUON WG TTPOG TOV z*, OTTOTE AV
yla  €UKOAia  oTou¢  OUuuPBOAIChOUG  Béooupe w*:=w  Ba  €XOuuE
7> +nw’ =(mz*+B,w*)* + nw ** (modD) — mu = (mz*+Bw*)’ +nw* (modD) KaI £TOI QO TNV
mpdéTaon 1.2.1.15 €Xoupe mu = g(z*, w*)(modD), OTTOTE €1TE10N (M,D)=1 , Ba 10X UEl
u=g(z*,w*)(modD) . ZUVETTWG , [u] =[g(z*,w*)] Kal €101 , aQOU [u]e[m] 'Hc kery Ba
€xoupe  (u,D)=1- (g(z*w¥), D) =1->[gz* w")] e {glx, y\modD)[x,y Z,(g(x,y), D) =1} Kai €701
[u] e {g(x, y)modD)|x,y €Z,(g(x,y),D) =1} .

2" Nepimmrwon : D=1(mod4)
H 1TepitTrTwon autr) atrodeIKvUETAI QUOIA JE TNV TTPWTN KAl £TO1 TTAPAAEITTETAI.

NAPATHPHZEI2>Av D aképaiog pe D<0,D=0,1(mod4) , H* coset Tng opaddog H otov
kery Tou Bswpnuarog 1.2.3.8 Kal pia TTPWTAPYXIKN TETPAYWVIKN Hopen f TTaplioTa
modulo D éva oToixeio Tng H* , Té61e TrapIioTd modulo D kail kaBe oToixeio Tng H*.
MdAioTa 1oxUel 6T1 H*={ f(x,y)modD|f(x,y)modDeZp , x,yeZ}. ( Mpdyuar , To cUvolo
S={f(x,y)(modD)| f(x,y)(modD)eZp, x,yeZ} eivai —Adyw Bewprjuartog 1.2.3.8 éva coset
g H oTov kery kai SNH, ométe Ba éxoupe  H*=S={f(x,y)(modD)| f(x,y)(modD)eZp

X,yel} )
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1.2.3.10 OPIZMOX ‘EoTtw D aképaiog apiBuég pe D<0,D=0,1(mod4) kou x:Zp —>{+1}

: x([plo)= (%j 0 YVWOTOG opopop@iopds. ‘Eotw etriong H<kery , n utroopdda Twv
2

avatrapioTdpevwyv modulo D api@pwyv TG KUplag pop@ng diakpivoucag D. MNévog

evog Tuyaiou coset H* tTng H otov kery Oa ovopdldetalr To cUVOAO TwWV BETIKA

OPICHEVWV TIPWTAPXIKWY HOopPwyV Jlakpivouocag D trou Trapiotouv modulo D

KATTOI0 KOl CUVETTWG KABe oToixeio Tng H* (A6yw Tou Bswpnipuarog 1.2.3.8 (1) ) , Kkau

0a cupBoAieral gen(H*). To yévog Tng H Ba ovopddeTal KUplo yévog.

1.2.3.11 OAPATHPHZEIX : O opiopog 1.2.3.10 dev gival KevOG TrEPIEXOMEVOU.
Mpdypari, av H* gival coset Tng H oTtov kery (pe Toug yvwoToug cupfoAicuoug)
To1E gen(H*)=W. H TeAeutaia oxéon 1oxUel yiati av [m] aviikel otnv H*, 16T€ eTe1dn)
H'ckerycZp , 8a éxoupe kar apxfiv 6T (m,D)=1. Emiong umopoUpe Xwpic
TEPIOPIOUO TNG YEVIKOTNTAG VA UTTOOECOUE OTI O M gival TTEPITTOG aApIOUOG. (Av O
m egival ApTiog TOTE AVAYKAOTIKA o D eival 1epitté6g apou (m,D)=1 ka1 €T0l
epyadopaoTe Traipvovrag tov mePITTO m+D o otroiog avikel oTnv KAAon Tou m
modulo D.) Twpa , emeidl [m]ckery , 0a Eéxoupe OTI (':j =1, KOl ETTOMEVWG N
2

mpoéTaonuag divel OTI UTTApPXEl TIPWTAPXIKA OETIKA OpPICHEV HOopP®n
fdlakpivoucag D , mou va TapioTd Kavovikd Ttov m (H Trpdéraon Trou
XpNnoipgotroloUue divel UTrapén TTPWTAPXIKAG HOPPNRGS dlakpivouoag D. To yeyovog
OTI auTth €ival BeTIKA opIoHévn TTPOKUTITElI a1rd TO OTI D<0 , TO OTI N popPYN
TTAPIOTA TOUAAXIOTOV €va BeTIKO aképalo : Tov m Kai Tnv mpoétaon 1.2.1.16 .) .
‘Etor fegen(H*) Av (pe TOoug yvwoToug oupBoAicpoug) gegen(H*) TtoTE
gen(g)=gen(H*)

1.2.3.12 QEQPHMA : "EoTtw D aképaiog apiBuoég pe D<0 , D=0,1(mod4) kai y,H o
OHOMOPPIOHOG KAl N OJAda avTioToIXa OTTWG Kal oTov opiopo6 1.2.3.10 . Av H*
gival éva coset Tng H otov kery Kai p £évag TEPITTOG TTPWTOG APIOUOG ue p /D, TOTE :
[PloeH* ©& " o p TrapioTaral modulo D atré pia avnypévn pop@n diakpivouoag D n
otroia avnkel oto yévog Tng H* "

AMNOAEI=H
(—) Eotw [p]lo eH* dpa av fegen(H*) éxoupe 611 0 p TTapioTaral kavovika atrd Tnv f kai
H*={f(x,y)(modD) | f(x,y)(modD)eZp , x,yeZ}. Twpa n f gival BTIKA opIouéVn , TTPWTAPXIKA
Kal Kavovik& 1coduvaun he avnypévn pop@n g diakpivoucag D. Ométe o1 f,g TTapiotouv
TOUG iDI0UG aKEPAIOUG Apa TTAPICTOUV Kal TOUG akepaioug modulo D Kal GUVETTWG aviiKouv
oto 0o yévoc. Apa gen(g)=gen(f)=gen(H*) Gpa n g avrikel oTo yévog TnG H* kai
TTPOPAVWG TTAPIOTA TOV P.

(<) 'Eotw g avnypévn popen Tou TrapioTd modulo D Tov p kail avikel oTo yévog Tng H*.

loxver 161¢ H*={g(X,y)(modD)| g(x,y)(modD)eZD* x,yeZ } omote [plo €{g(x,y)(modD)|
g(x,y)(modD)eZp’, x,yeZ}=H*
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1.2.3.11 NOPIZMA : Av n @uUOIKOG apiBudGg Kal p TTEPITTOG TTIPWTOG UE pln , TOTE TA
ak6AouBa gival Icoduvapa
() O p rapioTaral ard yopen dSiakpivouoag -4n TTOU AVAKEI OTO
KUpI10 Yévog dlakpivouoag -4n
(ii) Yrdpyxel aképaiog a woTe va ocuppaivel éva ek’ Twv akOAoubwyv dUo
e p=a’(mod4n)
e p=a’+n(mod4n)
AMNMOAEI=H
H kUpia popen diakpivouoag -4n gival n x§+n;/z . Avahoya pe 170 av 0 y gival ApTIoG N
TEPITTOC €xoupe X>+ny?=x%(mod4n) 1 x*+ny’=x*+n(mod4n) . Twpa , o p TTAPIOTATA
atmo pop®r dlIaKPivouoag -4n TTOU AVIAKEI OTO KUPIO YEVOG dlakpivouoag -4n av Kal Jovo
av o p mmapiotaral modulo 4n a1rdé TNV KUPIa pop@n dIaKPivouoag -4n KAl CUVETTWG AV KAl
pMOvo av uttdpyxouv a,B aképalol apiBuoi Pe psa2+n62(mod4n) , OnNAadnA av Kkal yévo av
p=a® i a®+n(mod4n)

1.2.3.14 NAPAAEIFMA-EQAPMOIH : XapaKTNpIOHOG TWV TTEPITWYV TTPWTWV
aplBpwyv TNG HOPPNG X +5y

Eival yvwoTo o1 p;1,3,7‘9(m0d20)(_)(;5) -1. Opwg [;5] -1 av kal yévo av o p TrapioTaral
P/, P/,
aTTo TTPWTAPXIKA Mop®r dlakpivouoag -4-5<0 . ‘Opwg e1meidn autr) n poper) Ba TTapioTd
Tov p>0 Kal Ba £xel diakpivouoa apvnTikA Ba gival BETIKA opIoPévn, OTTOTE KATA TA YVWOTA
o p 6a tapioTatal ammd pia ek Twv h(-20) avnyuévwy BETIKA OPICUEVWV TETPAYWVIKWV
Mopoewv . ‘ETOI oUp@wva Pe TOV TTIVAKA TG EQAPUOYNS £XOUNE OTI [ij —1 Qv Kal uévo
P/,
av UTTEPXOUV X,yeZ WoTe p=x’+5y> 1 p=2x*+2xy+3y?> . Opwg Vx,yeZ I1oxUEl
2+5y?=1,9(mod20) kai 2x*+2xy+3y*=3,7(mod20) . ( Edw kery={ [1L[3L[71.[9] } «kai
oUP@wva Pe Toug oupBoAiocpoug Tou 1.2.3.8 Bewpnpartog H={ [1], [9] } < kery , kai TO {
[3], [7] } cival éva coset Tng H oTtov kery . ) Apa p=1,9(mod20) <> " utmrdpxouv X,yel

WoTe p=x>+5y?" kal  p=3,7(Mod20) <> " UTTEPXOUV X,yeZ WOTE p=2x>+2xy+3y? ".

1.2.3.15 ZXOAIA : ZTnv mepimTwon auth gixape 800 yévn , Ta oTroia aTroTeAoUvTav
ammd pia KAdon 1o KaBéva. Mevika , av yia tov aképaio D pe D<0,D=0,1(mod4)
éxoupe yévn otnv C(D) atroteAoUpeva atrd pia KAAon (kAT TrTou dev 1I0XUEI TTAVTA
), TOTE MITOPOUME HE TNV TTAPATAVW MEOOSOAOYIO va XOPAKTNPICOUUE TOUG
TTPWTOUG apIiBuoUg TTou TrapioTavTal atrd Tnv Kupla popen diakpivoucag D. ZTov
TTAPOAKATW Trivaka ava@époupe pepIKd nelN ( opadorroinuévacUp@wva pE ToV
apiOpé kKAdoewv h(-4n) ) yia Ta omroia n opada C(D) éxel pia KAdon avayévog.

h(—4n) n pE pio KAOLGT OLVAL YEVOS
1 1,2,3.4,7
2 5,6,8,9,10,12,13,15,16,18,22,25,28,37,38
4 21,24,30,33,40,42,45,48,57,60,70,72,78,85,88,93,102,112,130,133,177,190,232,253
8 105,120,165,168,210,240,273,280,312,330,345,357,385,408,462,520,760
16 840,1320,1365,1848
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1.24 2YNOEXH KAAZEQON KAl OMAAA KAAZEQON -
ANMOTEAEZMATA AIO GEQPIATENOYX -

1.2.41 OPIZMOZ : 20vOeon (composition) dU0 TTPWTUAPXIKWY OETIKA OPICHEVWV
HopoewyV dilakpivouocag D Ba AéyeTal KAOE TTPWTAPXIKA BETIKA opiopévn popen F pe Tnv
1516tnTa @ F( B1( X,y;2,W),B2(x,y;z,w) ) = f(x,y)-g(z,w) yia Bi(x,y;z,w)=aixz+bixw+ciyz+diyw
otTou i=0,1 Kal ai,bi,ci,dieZ .

1.2.4.2 OPIZMO2Z : Etreidn yia D+0 pe Toug cupBoAICHOUG TOU TTPONYOUHEVOU OPICHOU

Exoupe OTI atbz-a;b1=+f(1,0) kau 611 ascz-a2¢c1=+g(1,0) ( BA. [Gauss] §235 ) pia ocuvOeon Ba
Aéyetal eubBeia ouvBeon (direct composition) Twv f,g av aibz-a;b4=f(1,0) kou aic,-
acq1=g(1,0)

1.2.4.3 MMPOTAZH : Av o1 poppég f,g gival Kavovikd 1Ic00duvapeg pe Tig f1,9¢ avrioToixa ,
TOTE KAOE OUVOeON (eUBtia oUvOeoN) TwyV f,g €ival KAVOVIKA 1I000UVAMN ME OTTOIASTTOTE
ouvleon (euBeia ouvOeon) Twv f4,941. ETiong yia D<0,D=0,1(mod4) 1oxuelI 6TI TO 0UVOAO
TWV KAAOEwV (CUMQWVO HE TNV KAVOVIKH 1008uvalia) Twv BeTIKA OpPICHEVWYV
TMPWTAPXIKWYV HopPwyV diakpivouoag D yiverar aBeAiavi opdada pe mpdagn tnv ouvoeon.
AMOAEI=ZH

H mTpoéTaon utropei va akodeixTel pe atreuBeiag UTTOAOYIONO. Ma AETTTOPEPEIEG TTAPATTEUTTOUNE
oToBIBAio Tou Gauss : [Gauss] §236,245,249.

1.2.4. MNPOTAZH :
(1) Av a4,0z,...,04 81,82,...,8v;m aképaiol apiOpoi pe MKA(a4,as,...,0,,m)=1

aaey

aif=a;Bi(modm). MaAioTa , v utTdpxel AUon yia TO CUCTNHA TOTE Eival
Movadikil modm.

(2) Av f(x,y)=ax’+bxy+cy? , g(x,y)=a;x’+bixy+ciy* gival TETPOAYWVIKES
Hop@ég dlakpivouoag D , 16Te
b+b,
a) el
2
b) Av MKA(a,aq, b+2b1 ) =1 , 161€ UTTApXEl aképalog B povadikog
B =b(mod2a)
mod2aai WoTe { B=b,(mod2a,) (21.2.4.4)

B’ =D(mod4aa,)

AMNOAEI=H
(1) (=) Av Xo Auon Tou {aix=Bi(modm)}i=1 2. n TOTE Vi aixo=Ri(modm) o1roTe Vi,j I0XUEI
aiB=aioiXe(modm) — aiB=Ria(modm)
(«-) "EoTtw o1 aif=Riaj(modm) Vi,j . ETreidry MKA(a4,az,...,0,m)=1, Ba uttapxouv ki,k

.....
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i=1,2,...,n woTte km+kqa1+...+K,0n=1 KQI OUVETTWG (z ijj)qiE(z kiBjot)=( Z kiBioy) =(
= = =

n €ival n

.....

Z kio;)Bi=Bi(modm) Vi , omoTte Auon Tou cuoTiuaTog {aix=Bi(modm)}i=12
=1 =1

kiB; . Twpa av x,y AUCEIG TOU CUCTANATOG TOTE (z kia;)=1(modm) — [z Kj(ajx)]=x(modm)
=1 =1

- [Zn: (k;Bj)l=x(modm) . Opola (Zn: kiB;)=y(modm) otote Kal x=y(modm). (2) a) D = b2-
=1 =
4ac = by%-4aici - b’=bs’(mod4) — b=bi(mod2). b) MpokUTTEl EUKOAA XPNOIUOTIOIVTAS TO

(1) Kal TO yeyovog oTI IoXUouV ol aKOAouBeg ICOBUVAIES
B=b(mod2a) Ba, =ba,(mod2aa,) Ba, =ba,(mod2aa,)
-1 B=b;(mod2a,) { < Ba=b,a(mod2aa, ) <~ Ba=b,a(mod2aa,)
B? = D(mod4aa, ) (b+b,)B=bb, + D(moddaa, ) (b+b1 JB= bb, +D (mod2aa, )
2 2

1.2.4.5 OPIZMOY : Av f(x,y)=ax*+bxy+cy? , g(x,y)=a;x’+bixy+ciy? TETPAYWVIKES
HOP®PEG TTPWTAPXIKEG Kol  OBeTiIKGA  oplopéveg  Olakpivouocag D<0 worTe

b+b,
MKA(a,aq, 5

F(x,y)=aaix*+Bxy+(

)=1 , TOTE KABe  TETPAYWVIKA Hop®n F(x,y) ME

B: D )y*> , 6mou B gival pia AGon Tou cuoTiparog £ 1.2.4.4 TG
aa,

mwponyoupevng mpotaong Aéyetan Dirichlet ouvBeon Twv popewv f kai g Kai
ouppoAifoupe F=fog.

1.2.4.6 MPOTAZH : Av f ka1 g €ival TTPpWTAPXIKEG OETIKA OPICHEVEG HOPYPES
Siakpivouoag D<0 kai F pia Dirichlet c0vBeon Toug 16T€ N F gival TrpwTapXiKi OeTIKA
opiouévn popen diakpivouocag D kai eriong n F gival euBeia ouvBeon Twy f,g.

AMNOAEI=ZH
Oa deigoupe kat’ apxiv o1 n F gival euBeia ouvBeon Twv f,g .MpdayuaTi, akoAoubwvTag Toug
2
OUMBOAICUOUG TOU TTPONYOUUEVOU OpPIoHoU , BéToupe C= B4a;D , OTTOTE F=aa1x2+Bxy+C2.
1

TWwpa , N HOPPR f*(x,¥)= ax?+Bxy+Caqy? eival kavovikd 10080vaun Je TNV f Kal N Hop®n
g*(x,y)=a1x2+Bxy+Cay gival kavovika 1coduvaun pe TNV g. lMpdypamn :To ovotnua
1.2.3.5 divel 6m B=b(mod2a). ‘Etor ypdgovrag B=2ak+b JkeZ Traipvoupe

f*(x,y)=ax*+(2ak+b)xy+(ak’+kb+c)y? Kol OUVETTWC VIO (“j:(; ‘;)(XJ Ba Tépoups
v y

f(u,v)=f(x,y). O1 ff Aomév eival Kavovikd I10030VapES. EVIEAWS Opola , ypapovTaG

B=2a:A+b; ,AeZ Kol BEWPWVTAC TOV HETACXNMUATIONO [“) _ [; :“J(Xj , éxoupe g(u,v)=g (x,y)
v y

, OTIOTE Ol g,g €ival 100dUvapes. Apkei Aormdv va deixtei (Adyw TrpdTacng 1.2.4.3) 4T ol
f*,g* éxouv eubeia ouvBeon Tnv F. Tlpdyuar, av Béooupe B4(xy;z,w)=xz-Czw
Ba(x,y;z,w)=axw+aiyz+Byw , 101 f*(X,y)-g*(zZ,w)=F(B1(X,y;Z,W),B2(X,y;Z,w)). Zuvemmwgs n F
gival ouvBeon Twyv f*,g*.To 611 n oUvOeon gival eubeia TTPOKUTITEI E ATT EUBEIAG UTTOAOYICHO.
Mével Twpa va deigoupe Ot N F gival Tpwtapxik BeTIKA opiouévn pop@r) diakpivouoag D.
Emeidn o1 f,g €ival BeTIKA opliopéveg pe apvnTikni dlakpivouoa , Ba éxoupe a,a>0 — a-
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a;>0. Emiong , pe ammeuBeiag uttoAoyiopo ptropei va deixtei 611 D=D<0 ka1 ouvemwg n F
gival BETIKA opiopévn. Av Twpa p TTPWTOS apIBUOS TTou dialpei TOUG CUVTEAEOTEG TG F TOTE
emeidn *(x,y)-g*(z,w)= = F(B1(x,y;z,w),B2(x,y;z,w)).kal o1 f,g Kavovikd 1000UVAPEG PE TIG
f*,g* avrioToixa, Ba £xoupe OTI 0 p dlaipei KABe apiBud TG HopPnic f(x,y)-a(z,w) , X,y,z,wel
emeidn 6pwg c=f(0,1) , a=f(1,0), a+b+c=f(1,1) , c1=9(0,1) , a1=g(1,0) , a;+bs+c4=g(1,1) , Ba
éxoupe 0TI 0 p dlaipei KABe yivopevo K-A O0tTTou Ke{a,c,atb+c} kal Ae{aq,cqi,a1+tb+cq}
EEGAou MKA(a,b,c)=1 ( &16T n f civar mpwTtapyik) omote MKA(a,c,a+b+c)=1. Ouoia
MKA(a4,cq1,a1tbq+cq)=1. Apa utrdpxel oToixéio Tou {a,c,a+b+c} mou dev diaipeital amd 10 p
Kal oToixeio Tou {ai,cq,ai+bstce} TOU dev diaipeital ard 10 p , TPAyua AToTTo ATTO TA
TTAPATTAVW.

1.2.4.7 MOPI2ZMA : H ouvBeon Dirichlet gival 181K} TrepiTrTwon Tng eubeiag ouvBeong

1.2.4.8 OEQPHMA : 'EoTtw D aképaiog apiBudg pe D=0,1(modm) ka1 D<0. To cUvoAo
TWV KAdoswv C(D) epodiacpévo pe Tnv ouvBeon Dirichlet yiveral afeAiaviy opdada pe
Movadiaio oToiXeio TNV KAAON TTou TreEPIEXEl TRV KUpla pop@n Siakpivouocag D.
Emiong , yia kG0s kAdon [ax*+bxy+cy?]eC(D) 10xUe1 [ax*+bxy+cy?] '=[ax*-bxy+cy?].
AMOAEI=ZH

‘Eotw f(x,y)=ax*+bxy+cy? | g(x,y)=a1x2+b1xy+c1yz OUO OeTIKA OPICUEVEG TTPWTAPXIKES
Mop@EG dlakpivouoag ETreidn n g mapiotd apiBpoug TpwToug 1Tpog 1o a ( BA. Mpdtaon
1.2.3.7), ummopouue AOyw Ttng mpotacns 1.2.1.9 va umoBéoouue o611 MKA(a,aq)=1 kai

b+b
ouvetws MKA(a,aq, 5 1 )=1. OpiCetai Aoimtév n Dirichlet cuvBeon F Ttwv f,g .OpiCoupe

Twpa v Pagn [f(x,y)lo[g{x,y)I=[F(x,y)] petagl twv kAacewv [f(xy)] kai [g(x,y)] .H Tp&gn
auTh gival KaAa opiopévn (Mpayparl, amd v mpdétaon 1.2.4.6 n F gival TTpwTtapyIkr OeTIKA
oplopévn diakpivouoag D kal To 611 yia diapopeTikéEG ouvBEoelg Dirichlet F,F Twv f,g 1oxUel
[FI=[F1 ., kaBwg «kai 10 oM  [fi(x,y)lo[g1(x,y)I=[f(x,y)lo[g(x,y)I6Tav  [f(x,y)]I=[f1(x,y)]
19(x,¥)]1=[g1(x,y)] TTpokUTITOUV HE atreuBeiag uttoAoyioud.). Eotw Ttwpa f, n kKOpia popen
dlakpivoucag D. ATTd Tov opiopho NG f, MTTOPEI KaveiG auéowg va dgl 0TI N ouverikn Tou
MKA 110U XpeialeTal yia va uttapxel n ouvBeon Dirichlet Tng f, pye otroiadATTOTE HOPPN TNG
Foda(D) , 1kavoTroieital autépara. Twpa av feFpe(D) pe f(x,y)= ax?+bxy+cy? , 161€ T0 B=b
IKavoTrolei To ouotnua 2 1.2.4.4 1Tng pdétaong 1.2.4.4 yia tnv mepimtwon Twv f kai f,
MpdayuaT , otnv mepitmTwon Twv f, f, To ovotTnua 2 1.2.4.4

B = b(mod2a) B = b(mod2a)
yivetal | B=(mod2) - qv D=0(mod4) kai yivetar | B=1(mod2)
B’ = D(mod4a) B’ = D(mod4a)

av D=1(mod4) , ométe ypdgoviag D=b%*4ac kai Tapatnpwviag 61 "b=1(mod2) <«
D=1(mod4)" , civai eUkoAo va doupe 6T n B=b €ivar AUon TOou OUCTAPATOG O€ KAOE
mepimtwon. H ouvBeon Dirichlet F twv f,f, €ival Aoimtév oUpgpwva pe tov opioud 1.2.4.5 n
F(x,y)=f(x,y) ka1 ouvettwg 10 [fo] €ival TO oudétepo oToixeio Tou C(D) pe rpdagn tnv Dirichlet
o0vOeon.Téhog yia feFpg(D) e f(x,y)= ax*+bxy+cy? Oétoupe f(x,y)= ax’-bxy+cy? kai

Bewpoule TNV HOPON g(x,y)=cx2+bxy+ay2 n oToia PYEow TOu TTivaka (? _01) esl(2,Z) eivai

Kavoviké 1co0duvaun pe tnv f*."Exoupe MKA(a,c,szb) = MKD(a,c,b)=1 , oméTe n ouvBeon
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B = b(mod2a)
Dirichlet F Twv f,g opiCetal kai 10 oUotnua £ 1.2.4.4 yia 1i¢ f,g yiveran { B=b(mod2c) +  To
B’ = D(mod4ac)
oUoTNUG auTd €Xel TTPoQavw¢ AUon To b kai é101 Ba €xoupe F(x,y)=acx’+bxy+y’ Oa
dcigoupe Ot n F gival kavovikd 1coduvapn pe Tnv Kupla popen diakpivouoag D.MpdayuaTi ,
OTIWC EITTaPE Kol O TTAvW , eTTeEIdA D=b?-4ac Ba ioxUel 6T "b=1(mod2) <> D=1(mod4)" ¢To1

), av D=0(mod4) ue

Bewpwvtag Tov Tivaka A Tng sl(2,£)o otroiog opiCeTal va givai (_1 0

0

fo(u,v)=F(x,y) ( omou f, e€ivai n «kUOpia popery Olakpivoucag D ). Xuvertwg
[fo]=[F1=[flo[g]=[flo[f*] , SnAadr [f]'=[f*].

k
b=2k , keZ (1 j , av D=1(mod4) pe b=2k+1 , keZ ka1 BéTovTag (3) :A(;j , Ba Tépoupe

1.2.4.9 OPIZMOZ : (I) Tia kGO pop@r (ax*+bxy+cy? )eFoq(D) n popen (ax?-bxy+cy?
)eFoa(D) 8a AéyeTan avTifeTn (opposite) Tng ax’+bxy+cy® ko ouppoAiletan f— ( Ao
Ta TrponyoUpeva éxoupe 611 [f—(x,y)I=[f(x,y)]")

(1) Av f(x,y)eFpa(D) T6TE n Langranzian-kAdon ( Langranzian-class )
™G f opideTal va givan To ouvolAo [f(x,y)JU[f—(x,y)]

1.2.4.10 MPOTAZH : Av D sivai aképaiog pe D<0 , D=0,1(mod4) kai f(x,y)= ax*+bxy+cy?
gival avnypévn pop@n diakpivouoag D (oroTe £§’opiopol éxoupe |b|<a<c ). loxUel o
n [f(x,y)] éxe1 Taén 2 otnv C(D) yia a=|b| | a=c , evw yia |b|<a<c n [f(x,y)] €éx&1 Tagn 2
av Kai pévo av b=0.
AMOAEI=ZH

Emeidn [ f1'=[ f— ], Ba éxoupe oTi n [ f ] éxel 16€n 2 otnv C(D) av kai uévo av f = f—. Av
|b|<a<c , 101€ N f—e¢ival emmiong avnyuévn (BA. opiopod 1.2.2.1) , omore " f = f— <« b=0
"(AOyw Bewpriuatog 1.2.2.3). Av Twpa a=|b|tote €' opiopoU Twv avnyuévwy popewy Ba
11

j@ , €xoupe f(x,y)=f—(u,v). Av TaAI a=c ,

¢xoupe b>0 kail €101 a=b oTTOTE GéTOVTag(:j = (0 )

0 -

y 0)@ éxoupe f(x,y)=f—(u,v). 'ETol Aoimév yia a=|b| i a=c éxouus

P . u
T6TE B€TOVTOG (Vj :(

mavra [f]=[f—1].

1.2.4.11 EQAPMOTIH : ‘EcTw D=-164. XpNOIMOTTOIWVTAG TOV TTiVAKA TNG EQAPHUOYAS
1.2.2.8 BAétroupe 611 h(D)=h(-164)=8 , ka1 pévo pia KAGon £xel Tagn <2 , omdéte n C(-
164) cival aBeAiavn Ta§ewg 8 pe poévo éva oToixeio Taewg 2 kal cuveTTwg C(-164)=Zg

a Aéyoug mAnpornTag avapépouus Kai Ta ak6Aouba armrd tnv Bswpia yévoug:

1.2.4.12 OPIZMOZ : '‘EoTw DeZ pe D<0,D=0,1(mod4). ‘EcTw e1iong r To TARB0OG TWV
OI0QOPETIKWYV TTEPITTWV TTPWTWYV SiaipeTwV Tou D. Opifoupe Tov apiBud Pp we €§AG :
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e lNa D=1(mod4) opioupe pp=r

e lNa D=0(mod4) ye D=-4n , opifoupe

e Mp=r av n=3,7(mod8)
e Mp=r+1 av n=1,2,4,5,6(mod8)
o MD=r+2 av n=0(mod8)

1.2.4.13 NPOTAZH: 'Eotw DeZ pe D<0,D=0,1(mod4). loxUouv Ta ak6Aouba :
o To TARBOG TWV OTOIXEIWV HE TAEN<2 OTnNV opdda kKAdocewv C(D)
givar 20! (61TOU Mp EiVal O APIBOG TTOU OPICTNKE TTIO TTAVW)
o YTapxouv akpifwg 20! Yévn pop@wv dlakpivoucag D kal 1O
KUplo Yévog €ival akpIfwg TO C(D)2 (AetrTOPEPEIEG VIO TRV
amrédeign propouv va Bpedoulv oto BiRAio Tou Cox : [COX] Bewp.
3.15 o¢eA. 54)
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§ 3 KYBIKO KAI AITETPAIQNIKO 2YMBOAO TOY
LEGENDRE KAI EOAPMOrIEX

1.3.1 TENIKATIA TO Z[w]

OPIZMOI-YNENOYMIZEIZ : Z& 6An Tnv § 3 10 W 6a ocupBoAiler Tnv 3" pifa Tng

2mi
3

Hovadog : e (61TOU i2=1). Emiong 8a ocupBoAifoupe pe R 10 Z[w] , kau pe o - )
TRV  MIyadik ouduyia.. Omrwg gival yvwoTtd o R gival gukAgidliog SakTUAIOg Kal
OUVETTWG OaKTUAIOG Kupiwv 10ewdwyv. Ta avdywya oToixeia Ttou R €ival kai
mpwra.Ma kGBe a Tou R 1oxUel Ass(a)= {ta,twa,tw’a} Kal £miong yia (x+yw)
oToixeio Tou R pe x,yeZ, n voppa Tou (x+yw) gival N(x+yw)=x2-xy+y? .(Mpo@avwg av
N(x+yw) egivalr mTpwtog apiOuég 16TE TO (X+yw) ¢givalr mpwTto oOTOoIXEio TOu R
Ava@époupe Twpa KATTOIO aTTOTEAéOHATA ATTO TNV Bswpia aplBuwyv Kal Tov vouo
avdAuong oto Q(w)
e Av p TPpWTOG APIBUOGS TOU Z TOTE
Av p=3, 167€ p=-w?(1-w)? kai (1-w) gival TPGWTOG Tou R
Av p=1(mod3) , 16T UTTAPXEI TTPWTOG TT TOU R woTE Kal
o o(1T) va gival TTPpWTOG ToUu R pn cuveTaipikdg Tou T Kal
=1m- o(1).
Av p=2(mod3) , T6T€ 0 p €ival TTPWTO OTOIXEIO TOU R.
e To oUvVOAO TwWV TTPWTWYV OTOIXEIWV TOU R gival n §Evn évwon Twv
ouvoAwy : Ass( {reR | N(1r)eP ka1 N(r)=1(mod3) } , Ass(1-w) , Ass(
{p<P | p=2(mod3)} ).
e [Na KABe TTPpWTO OTOIXEIO TOU R : 11 10XU0OUV Ta aKOAouOa :

(1) To _R_ egival cwpa pe mARBog oToixeiwv N(m). Emiong
R

N(m)e{p,p?} yia kdmoio peP kai pdAiota av N(m)=p? T61¢

m=p=2(mod3 ka1 n TpofoAn Z,— LR gival HOVOUOPPICHOG.
T

Av N(1r)=p , 16T p=1(mo0d3) 1} p=3 Kai n TTPOROAN Zp—>LR
T

gival IcopopPIoHOG.
(2) AvacR-{0} peja, 161€ a
(3) /3 & mwgAss(1-w) <> N(1r)=3
(4) Avr|3 101e :

3|N(m)-1
Ta 1(mod1r) , w(modtr) , w?(modTr) , gival SlaPoPETIKA

N(M—1(modm) oto R

, . R
oTolxXEia TOUu SAKTUAiou X
T

MNa Asmrrouépeiss mapaméumroupue oo BiAio rou Cox : [Cox] §4 ocA. 75
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1.3.2 KYBIKO 2YMBOAO TOY LEGENDRE KAI BAZIKEZ
IAIOTHTEZ TOY

1.3.2.1 IXOAIA : Av acR kal T TpWwTOo OTOIXEIO TOUR petrfa, w /3, 161 N0 -1 7
- 3

N>t
Kal To a * gival AUon Tng egiowong x’=1(modm) . Emaidi Twpa Ta 1(modir),
w(modm) , w’(modt) eivar Adoeic TN x*=1(modTr) kai Sia@opeTiké modm , Ba

N(n)-1
EXOUME OTITO a * gival 1I00TIMO modTr pe éva povadikéd amrd Ta 1(modtr) , w(modTr)
, wX(modrr)

1.3.2.2 OPIZMOZ : 'Eotw T TPpwTOo OTOoIXEio Tou R pe mw |3 . Opifoupe TNV

ouvdpTnon (—) : Z[w] = {1,w,w?U{0} we €8¢ : Ma acZ[w] To (ij givai
T/ 3

T
av | a ,T70 0

av T [a ,TO Hovadikd OTOIXEIO TOU {1,w,w2} TTou €ival
N(rn)-1

1I00TIMO HE a *  modulo 1.

To (—j ovopddetal KUBIKOG XapakTApag utroAoitTtwyv 1 KUBIK6 oUMBOAO TOU

3

Legendre.

1.3.2.3 MPOTAZH : ( 1816TnTEG KUPBIKOU OupfBoéAou Legendre ) ‘Eotw 1 mpwro
otoixeio Tou R pe 1w |3 kal éoTw a,beR kal eeE(R) . loxUouv Ta TapakaTw :

(2 -(3) (3
2.(2) =(2)
3. Av a=b(modm) 161¢ (%j 3 =(%j
(4 (4

5.Av 1 [a 10T1¢ (Ej =1

3

3

3

3

@ -0H2) )
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(N(n)—l)
© Nm-1
9. (—j =0 3

3

T

( Mo AerrTopépeieg Trapatréutroupe oto BiAio Twyv Ireland kai Rosen : [Ir.Ro] 1TporT.
9.33 oeA. 112)

1.3.2.4 MNAPATHPHZEIZY : Av 1 mpwTOo OTOIXEiO TOU R pe 1 |3, T6TE TO OUMBOAO TOU

, RY . . R
Legendre (_j MEPIOPICUEVO OTO (—) ETIGYEI OHOHOPQPITHE OHGSWY | — | —

T/, nR TT

{1,w,w?) . Emiongn ( (n%j , — ) €ival KUKAIKA opdda wg TTOAAATTAACIOOTIKE) OpAda

OWHMOATOG.

1.3.2.5 MPOTAZH : Av 11 rpwTOo OTOIXEi0O TOUR pe 1 /3 Kol acR pye 1w [a , TOTE TO
ak6AouBa gival 1008Uvapa :

SR

N(n)-1

Il. a * =1(modmr)

ll.x*=a(modr) givau emAGoIUN oTo R

AMNOAEI=H
(Le 1) TMNpogavég atrd Toug opIoHOUG Kal TV JOVAdIKOTNTA TOU KUBIKOU
oupPBoAou Tou Legendre

%
(L= 1) Maipvoupe u+mR yevvTopa TNG KUKAIKAG Ouddog ( (%) , * ) Kal
T
Nem)-1
ypdpoupe a=u(modmR) , omdTe emeid a *  =1(modTr) uTropoUpe eUKoAa va SoUpe 6T 3 |
A ka1 611 To U™ gival Adon Tng x’=a(mod).

(> 1) Avx, eival Abon Tng x’=a(modTr) T6TE Aol T [a Ba EXOUME Kal TT
N(m)-1 N(n)-1

[ %o omdTe 1=(x}) * =a * (modm).

1.3.2.6 NPOTAZH : Av peP* ka1 acZ , T0TE :
= Av p=3 i p=2(mod3) , TOTE X’=a(modp) emIAUOIUN OTO Z
Kol gaAiota n Avon gival yjovooruavtn modulo p.

e Av p=1(mod3) , ToTE :
. MNapla , nx*=a(modp) gival emMAUCIUN OTO Z
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e Na p Ja , n x’za(modp) eivar emAUoIUn oTO Z

. a . — .
av Kal yoévo av [—j =1 (o6moup=n -1 navdAuon Tou
T 3
p o¢ TTpWTA OTOIXEia TOU R).

AMOAEI=ZH

2TNV TTEPITITWON TTou p# 1(mod3) gival atrAry doknon aAyeBpag va deIXTel OTI N ATTEIKOVION
Z, -, e U—U’ yia KGBe ueZ, eival IGo0popPIoUSS. Mével Aoimrév n TrepitrTwon p=1(mod3)
oTnv omoia av p==-7m  €ival N avdAucn Tou p O€ TTPWTA oToIXEia Tou R, TOTE N TTPOBOAR
Lp—> (RER) gival 1copop@Iopos (BA. 1.3.1.1 opiououg kal utrevBupioelg otn ogAida 21). ‘ETol
MooV av pla , 10T n x°=a(modp) éxer Abon v x=0 . Ma p [a , Twpa , Adyw TOU TTIO
TTAvVW 100poP@PIoHOU N X°=a(modp) ival emMAUGIUN 0To Z av kal pévo av n x°=a(modtr)
emAUoIun oto R. Opwg 10 611 p [a 010 Z ouvetrayetal 011 1/ a 010 R( Av 11 | a 161 N(TT) |
N(@) - p | a> >p |a Tpdypa drotro.). Emiong p=1(mod3) — N(1r)=1(mod3) Kol GUVETTLIC
éxoupe | 3 (BA. 1.3.1.1 opiopoug kai utrevBupioelig otn oeAida 21 ) kai €101 eQapudlovTag
TNV 1I00duvayia | <> Il Tng mpoTaong 1.3.2.5 kal Ta TTapaATTAvVW £XOUNE TO {NTOUUEVO.

1,3.2.7 MOPIZMA : TNa peP ye p=1(mod3) ka1 p== - © N AvdAucT TOU p O€ TTPWTA TOU
R 1ox0el VaeZ 6T x’=a(modp) emIAGOIUn oTO Z av kol pévo av x’=a(modrr)
€mAUoIun oto R.

1.3.2. PIXMOZ : 'Eoctw 1 TpwTOo OTOoIXEio ToUu R. To 1 Ba Aféyetan TTpwWTEUOV
(primary) av r=-1(mod3 oTo R.

1.3.2.9 2XOAIA : O opIoHOG TOU TTPWTEUOVTOS TTPWTOU SiveTal yia va e§aAeipOei n
OOd@EIO TTOU TTOU TTPOKUTITEI OTTO TO YEYOVOG OTI KAOe oToIxeio Tou R éxel 6
OUVETAIPIKA O& KATTOIEG TTEPITITWOEIS KAl €ival avdAoyo HE To OTI 01O Z OswpoUpe
TPWTOUG MOVO BETIKOUG aplBuoUg Kal X1 Toug avTiBeToug Toug. O opIopog Ba yivel
KaTavontog oTnVv ouvéxela TTou Ba atrodei§oupe 6T yia KaBe TTpwTO OTOIXEIO T TOU R
€KTOG a1ré TO 1-W , TO OUVOAO Ass(TT) £XEI aKPIBWGS Eva TTPWTEVOV OTOIXEIO.

1.3.2.10 2XOAIA : 1. Av meR kal T=a+bw pe a,bcZ, 161E A6 TOV OPICHO 1.3.2.8
TPOKUTITEl €UKOAA OTI TO T gival mTPpwTtelov av Kal povo av  a=-1(mod3) kai
b=0(mod3)

2. A6 TOV OpPICHO TOU TTPWTEUOVTOG TIPWTOU TIPOKUTITEI
auéocwg OTI O6Aol ol TTpwWTOl aKEPAlIOol aplOuoi TTou gival Kal TTpwTol 610 R givai
TpwTeUOVTEG TTpWTOI ToU R. ( Oupifoupe 611 P N P(R) = {peP : p=2(mod3)}.)

3. Mg apeon eraAnBeuon Pmropoupe va arrodei§oupe 611 Kavéva
oTtolx€io Tou Ass(1-w) dev gival TTpwTeUOV.

4. Ta kdBe mpwrevtovra TPWTO T ToUu R opiletal To KUBIKO
ouUupoAo Tou Legendre
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1.3.2.11 MPOTAZH : lNa kKaBe rpwreUovTa TTPWTO T TOU R pe e Ass(1-w) , utTTadpXEl
aKPIBWG £évag TTPWTEUOVTAG TTPWTOG OTO OUVOAO Ass(TT)
AMNOAEI=H

Kar' apxfiv emeid meAss(1-w) éxoupe 61 meP R om me{ueP(R) :ueP(R), uueP,
uu=1(mod3)} . ETriong emeidA To T €ival TTPWTOC Tou S, éxouds OTI Kal To Ass(TT) €ival
oUVOAO TTPWTWV TOU S.

1" MepimTwon : " el "
ToOTE 1O T €ival €¢'OPIOPOU TTPWTEUOV KAl ETTEION Ass(1'r)={i1'r,iw1'r,iw2rr} €UKOAa BAETTOUNE
OTI €ival TO JOVABIKO TTPWTEUOV TTPWTO OTOIXEIO TOU ASS(TT).

2" Nepimmwon : " me{uelP(R) :u eP(R), uu eP, uu=1(mod3)} " ToTE apkei va
Oei€oupe OTI UTTAPXEI Jovadikd aToixeio x+yw ( X,yeZ ) Tou Ass(1T) ge x=-1(mod3) kai
y=0(mod3) (BA. 1.2.3.10 oxoAia).Av T=a+bw ( a,beZ) 161e Ass(m)={ +(a+bw) , +(b+(a-
b)w) , +((a-b)+aw) }. EoTw p= - n=a?-ab+b?cP. Exoupe p=1(mod3) Kai IoXUouV ol
TTOPAKATW 100TNTEG

T = a+bw (£ 1.3.2.11.1)
wTt = -b+(a-b)w (£ 1.3.2.11.2)
w? = (b-a)-aw (£ 1.3.2.11.3)
-TT = -a-bw (£ 1.3.2.11.4)

-wT = b+(b-a)w (X 1.3.2.11.5)

W’ =(a-b)+aw (X 1.3.2.11.6)
Oa d¢iCoupe TWPa OTI UTTAPXEI OTOIXEIO TOU ASS(TT) TO OTTOIO €ival TTpwTeVOV.MMpdyuarTi,
emeld)  p=n-n=a’-ab+b? Ba £youpe OTI TAa a,b Bev PTIOPEl va eival TauTOXpOVA
dlaipoupeva pe ,To 3 (aAAIwG 9|p TTou gival AToTTo). AIGKPIVOUUE TIG TTEPITITWOEIG :
(A) 3/a. Tore:
« yia a=2(mod3) éxoupe p= a’-ab+b?=1-2b+b?*(mod3) — 1=1-2b+b*(mod3)
— b(b-2)=0(mod3) omdTe yvia 3|b éxoupe TT=-1(mod3) (BA. £ 1.3.2.11.1),
onAadrn 1o T eival TTpwTevov , evw yia 3|(b-2) éxoupe -wtr=-1(mod3)
(BA. £ 1.3.2.11.5) KaI CUVETTWG TO -WTT €ival TTPWTEUOV.

o via a=1(mod3) éxoupue (-a)=2(mod3) kal atrd Ta TTAPATTAVW £XOUME OTI
yia Tov -mr=(-a)+(-b)w oT10 ASS(-TT) UTTAPXEI OTOIXEIO TTPWTEUOV Kal £TOI
€XOUME TO {nNTOUHEVO aPOoU Ass(TT)=Ass(-TT).

(B) 3|a. Tore:
3/b (apoU 3/Tr) , omoTE YIa TOV TTPWTO -wT=b+(b-a)w £xoupe 10 ¢nTOUPEVO OTTO TNV
epiTTwon (A) Adyw Tou O11 Ass(TT)=Ass(-wTT).

Mével Twpa va O€iEouE TNV JOVadIKOTNTA.
(1) 'EoTtw 611 0 17 €ival TTPWTEUWY TTPWTOC.
e Av -mr=-1(mod3) 161¢ TT=1(mMo0d3) TTPAyHa AToTTO.
o Av twtr=-1(mod3) 161¢ W=*+1(Mmod3) Tpdyua AToTTO.
o Av tw?m=-1(mod3) 16Te w?=+1(mod3) TTou pag Sivel TTEAI GTOTTO.

2TNV TTEPITITWAN auTr) AoITTOV £XOUME TNV JovadIKOTNTa.
(2) 'EoTtw 611 0 17 BV Eival TTPWTEUWYV TTPWTOG.
2TNV TIEPITTTWON authl €Xoupe Tnv Utrapén (6mmwg Oci€aue TTPOoNyoUUEVWG) €VOG
TIPWTEUOVTOG TTPWTOU U 0TO Ass(TT). ATTO 10 (1) OPwG €xoupe OTI TO U gival 0 PovadIkdg
TTPWTEUWV TTPWTOG Tou Ass(u) Kal €TTEION AsS(U)=ASS(TT), EXOUUE TEAEIWOEL.
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1.3.2.12 MIPOTAZH : Av 1 TTpwT0 OTOIXEiO TOU R pg Tz Ass(1-w) TOTE UTTAPXEI
akpIfwg éva oToixeio u Tou Ass(1r) ge Tnv 1816TNTA U=1(MoOd3)

AMNOAEI=H
A6 Tnv 1.3.2.11 1rpoTacn €xouphe OTI UTTAPXElI MOVADIKO veAss(TT) heE TRV 1016TNTA V=-
1(mod3), omréte (-v)=1(mod3). Av TTéAI V'eAss(1T) pe v'=1(mod3), 161€ (-v')=-1(mod3) , Kai
aT1rO TNV JOVABIKOTNTA TOU V. EXOUME V' = -V — V' = -V,

1.3.2.13 MMOPIZMA : Av peP pe p=1(mod3) , T6Te 0 p YPA@ETAI p=7 - 1t , OTIOU
n,n €P(R) ka1 0 © gival TTpwelwy.

AMNOAEI=H
A6 utrevBupioeig 1.3.1.1 €xoupe OTI 0 p ypA@eTal p=n-7_r 4Tou 1,7 e P(R). ATé TnVv
mpoTaon 1.3.2.11 dpwg uttdpxel eeE(R) woTe 0 €1T va gival TTpwTelwv. To {nTouuevo gival
TWPA TTPOPAVAC CUVETTEID TNS OXEONS P=(en)(en). ( ZNuEwvoude o1l E(R)={+1,+w,tw?} Kai
€101 Vee E(R) o(g)=¢® d1rou o givai n piyadikry ouluyia. )

lNa Aoyoug¢ mAnpornrag¢ Oivoupe TNV EMEKTAON TOU OPOU "MPWTEUWV"” Of KABe
oroixeio Tou R (Ox1 svvada), kKaBwgs Kal Tnv £mMEKTAON TOU KURBIKOU ouufoAou Tou
Legendre og 6A0 10 R e HePIKES BACIKES IGIOTNTES TOU. ZNUEIWVOUNE OTI N ETTEKTAON
TOU KUPBIKOU ouufoAou civar xpnoiun yia tnv amodeiln ToOU OUNTTANPWMUATIKOU
vouou tn¢ kupikng avriorpoers (BA. [Ir.Ro] aok 17,18,19 oA 135)

1.3.2.14 OPIZMOZ : 'Eva oTtoixeio u Tou R Ba AéyeTal TrpwTedov av dev gival evvada
Kal €riong u=-1(mod3) oto R. ( Znueiwon : OTTwWG KAl OTNV TTEPITTTWON TWV TTPWTWV
TPWTEUOVTWY, éva OTOIXEIO X+yw TOUu R gival TrpwTevov av Kal pévo av x=-1(mod3)
Kai y=0(mod3) )

1.3.2.15 NPOTAZH : Av ucR TpwTtelov oToIxXEio TOU R TOTE UTTAPXOUV HOVOOHHAVTA
opiopéva selN kal  1rq,1r2,...,TMs  TTPWTEUOVTEG TTPWTOI TOU R WOTE U= m2-... s N
u=-mqTry i 1

1.3.2.16 OPIZMOZ : Av ucR mrpwTtevov oToIXEiO, TOTE OPICOUNE TRV OUVAPTNON
(;) : R > {0} U {1,w,w?} wg e&ic: Ma veR opifoupe
w3

0 ,ovulv
v
(:) =411 ;av veE[R)

3
v](v v . .
[—j (—j (—j L0V U=% MT,...T, 1] OVOAVOT) TOL T GE TPWTOL ToL R
)\

1.3.2.17 NIPOTAZH : ( IAIOTHTEZXZ ) Av u,u’'cR mrpwrtelovTa oToIXEia TOTE

() ) Ve

3 3 3
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N

o

(=2]

u

(3) c{1l,w,w? ,VvacR
Av a,beR peg a=b(modu) , TéTE (3) =(R)
Wi N/,

Av acZ kol ueZ kaiuja ToTE (3) =1
us,

(ﬁ) =w™" | 61TouU w¢ ouVABwE w=e?"? Kkai
u 3

u=(3m-1)+3nw (BA. onpeiwon otov opioud 1.3.2.14)

. To o(u) gival rpwTtevov oToixeio Tou R .( 0 = piyadiki
ouduyia.)
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1.3.3 NOMOZ KYBIKHZ ANTIZTPO®HZ

2Tnv Tapaypa@o autny avapiépoupnE Tov VOUO KURBIKNS avrioTpo@ns Kabwc kai Tov
ouutTAnpwuariko tou. Or1 arrodeieic Exouv Tapalsipbsi Aoyw Tou OtI gival AdpKeTa
TEXVIKEC Kal NAKPOOKeEAEiS. (FCiveralr xprion moAAQmAaoIaoTIKWY XAPAKTAPWY KABwS
kai aBpoiouarwyv Gauss kai Jacobi.) INa Asrrrouépeies BA. [Ir.Ro] oA 114-118.

1.3.3.1 QEQPHMA : (N6pog KuBIKAG avTIOTPO®NRG) Av 14,12 €ival TTPWTAPXIKOI

mpwTtol Tou R kai N(1rq)=N(1T2) , TOTE (%j =(ﬂj .
3 3

1 T,

1.3.3.2 MMOPIZMA : Av 4,11, €ival TpwTol Tou R pe N(1r¢)=N(12) Kai 14, m2=t1(mod3)

. T, T
TOTE |— | =|— | .
), \my )/,

1.3.3. EQPHMA : (ZupmAnpwpaTtikO TOU VOHMOU avTIiIoTpOo®ng) Av 1 gival
. . . 1-0) _ 2m . p —~2mil3
TPWTAPXIKOG TTPpWTOG TOU R ToTE () =W , OTTOU WG ouviBwg w=e Kal
T /3

m=(3m-1)+3nw m,neZ (BA. 1.3.2.10 oxoAia)
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1.3.4 XAPAKTHPIZMOX TPQTON APIOMQON THX
MOP®HT A2+27B?

1.3.4.1 AHMMA : Av r=a+bw a,beZ évag mpwTtelwyV TPWTOG TOU R PE 1T/ 2 TOTE
Ta akOAouBa gival Icoduvapa :
1. H eiowon x*=2(modm) eivai emAvoIun oto R
2. m=1(mod2) oto R
3. a=1(mod2) ka1 b=0(mod2)
AMNOAEI=H
) TMpogavég.
) AIOKPIVOUUE TIG TTEPITITWOEIG :
1" NepimTwon : 7 meP "
2TNV TTEPITITWON auTr] €TTEIdN 11/ 2 Ba €xouue T2, Ta 1,2 gival TTpwTa oToiXEia Tou R Kai
MAAIOTO TTPWTEUOVTA Kal £TTEION TO TI=1(M0d2) oTnV TEPITTTWON AUTH TTAVTA IKAVOTTOIEITAI (
a@ou 1T,2eP ka1 m#2 ) yia va dgifoupe TNV Icoduvapia 1<>2 Ba TrpéTrel va deioupe 6T OTNV
TEPITTTWON auTh N eSiowon x°=2(modtr) éxel TavTa AUon oto R. Mpdyuat, TO T €ival
TTPWTEUOV Kal OUVETTWG TTAss(1-w). (BA. oxohia 1.3.2.10) omore 11/ 3 (BA. 1010TNTEG
N(m)—-1 B
= -

(23
(12

1
1.3.1.1). Emiong N()=1° kai (n—l)% otToU 1T TTPWTEUOV , dnNAadN TT=-1(mod3)

N(rn)—1 1
(T;) Kal )\=% , éxoupe 2°=(2MN™V=1(modm) (apou =2

kal 1T,2€P) kal ouveTTwg N TPoTaon 1.3.2.5 pag Sive 6Tl n e€iowon x°=2(mod1r) éxel TavTa
AUon oto R.

1 . .
— % eZ. Twpa, BETOVTag K=

2" MNepimrrwon @ " meP "

2
Eteidn o 2 cival TpwTelwyv TTPWTOG Tou R, a1md KUBIKN avTIOTPOPr £XOUME (E) =(§j
3 3
( A@oU TT[N(TT) Kot 1T/ 2 Ba éxoupe kal N(11)%2%=N(2). ) . Twpa  €TTEIBA TO TT €ival TTPWTEUOV
éxoupe TgAss(1-w) (BA. oxohia 1.3.2.10) ki cuverrwg 11/ 3 (BA. utrevBupioeig 1.3.1.1) ,

2
€101 n TTpoTacn 1.3.2.5 divel 6T [;) =1 av Kal uoévo av n x°=2(modtr) eivai emAUoIun oto R
3

T
, OTTOTE TEAIKG AOYyW TWV TTAPATTAVW , CUVAYOUE OTI (Ej =1 av kai yévo av n x352(mod1'r)
3

givar emAUoiIun oto R. Emriong N(2)=4 kai apou 11/ 2 Ba éxoupe 21 ( 2,mel’ ) . EEaAAouU
4-1

eC'oplopyou Tou KUBIKOU oupBoéAou 1oXUEl (g) =n 3 (mod2) oToTE Gj =1(mod2) «Kai
3 3

OUVETTWG " G) =1 < m=1(mod2) ". XpnoIuoTToIwvTag TWEA KAl T TTPONYOUUEVA €XOUME
3
TEAIKA OTI N x352(mod1'r) gival emAvoiun oto R av kai yovo av m=1(mod2).
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1.3.4.2 DAPATHPHZH : Av peP pe p=1(mod3) 161e amd 10 TopIopa 1.3.2.13 éxoupe
OTI p=7m-m OOV T gival TTPWTEVWYV TTPWTOG Tou R Kal £€To1 ypdgovtag n=(3m-1)+3n[]
pe m,neZ (w=e?™3) 8a éxoupe p=n-n=[(3m-1)+3nw]-[ (3m-1)+3nw?] omoére 4p=(2a-

b)2+27(%j 6mou a=3m-1 kai b=3n.

1.3.4.3 MPOTASH : Av peP ue p=1(mod3) 167€ uTTdpXouVv c,dcZ woTte 4p=c’+27d>.
Ta c,d gival povadikd opicHéEVa PEXPI TTPOCTIHOU aTTd TIG OXE0EIG c=2a-b Kai d=%
6mou p=(atbo)atbo) pe a,beZ ka1 TO (a+bw) va gival TpwTtelov oToIXEio Tou R.(
BA. mépiocua 1.3.2.13)

AMOAEI=ZH

Kat' apxfv amd tnv mapartipnon 1.3.4.2 mapamdvw €xoupe OTI Ta ¢,d TTOU ava@EPOVTal
oTnVv TTPoG amrédeign TpoTacn utrdpxouv. Mével va arrodei¢oupe OTI €ival govooruavTa

opIopuéva PEXPI TIPOONKOU OO TIC OXECEIC c=2a-b Kal d=% . "EoTw AoImrév 611 4p=x>+27y>
(Z 1.3.4.3.1) ye x,yeZ . H oxéon
x=y(mod2) apa x+3y=0(mod2). Av Twpa Béooupe C=

¥ 1.3.4.3.1 pacg Sivel x’=y*(mod2) Kal CUVETTGIC
x+3y

kair D=3y 101€ Ba £xoupe y=%

Kal x=2C-D Kal avtikaBiotwvtag oty 2 1.3.4.3.1 Ba mmadpoupe p=(C+Dw)(C+Dw). AQoU
Opwg T161E N(C+ Do )=N(C+Dw )=pelP , Ba éxoupe OTI T0 C+Dw, C+Do €Vl TTPWTA
oToixeia Tou R, Kal €101 A1TO JOVOCHPAVT avaAuon Tou p o€ TTPwWToug 010 R Ba éxoupe OTI
(c+ Do )eAss(a+bw) U Ass(a+bw). Twpa :

a+tbw (a-b)-bo
-b+(a-b)o b+aw
(b-a)-am -a-(a-bo
Ass(a+bm)e)| _4-bo , Ass(a+tbw)e _(a-b)+ b
b+(b-a)w -b-am
(a-b)+tam at(a-b)o
Emiong 10 (atbw) cival mTpwtapxikd kar cuvemws a=1(mod3) kar b=0(mod3) otroTe
a+bw
(a-b) =1(mod3)
-a-bw

a = 1(mod3)
(b-a) =2(mod3)

Kal €101 agou D=0(mod3) Ba €xoupe (C+Dw)e KAl OUVETTWG

(a-b)-bw
-(a-b)+bw

x+3y c+3d

avTikaBiotwvTtag Ta C,D pe T1a , 3y avtioToixa Kkal Ta a,b pe Ta , 3d atmoé Ta

TTponyoupeva Ba 1oxuel (x,y)e{ (c,d),(-c,d),(c,-d),(-c,-d) } .

1.3.4.4 OPOTAZH : Av p<cP, 161€ Ta ak6AouBa gival Icod0vapa :
e p=1(mod3) ka1 n x’=2(modp) givai emAUGIEN OTO Z
e uUTGpxouV aképaiol apiBpoi A,B woTte p=A%+27B2
AMOAEI=ZH
Kat'apxfiv av p=2 n ammod<IKTéa 1000uvadia TwV TTPOTACEWY I0XUEl TETPIYUEVA.
Aommov n mepimtwon  pel’.

Mével
Mpwta Ba kdvouue OpPICPEVEG TTAPATNPACEIS TIPIV
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TTPOXWPAOOUPE OTO  KUPIWS PEPOC TG atrodelEnc.Av pelP” pe p=1(mod3) , 161€ 0 p
oUpewva Pe 1o Mopiopa 1.3.2.13 ypdgetal otnv yopPry p=(a+bw)(a+bw) OTTOU TO GTOIXEIO
atbo cival TpwTelwv TPpWTOG Tou R. ETriong amd mapartipnon 1.3.4.2 €xouue OTi

b 2
4p=(2a-b)2+27(§) , 6Tou a=3m-1 kai b=3n. Tuvemw 4p=c?+27d°* yia c=2a-b Kkai

d=§. O¢toupe TT=a+bo Kai €101 1I0XUEl OTI T/ 2. (MpdypaTti, av 1|2 1éTE agou o 2 ival

TpwTog Tou R Ba cixaue meAss(2) emopévwg p=N(1m)=N(2)=4 mrpdyua drotro.) ETriong

ioxuer 1) 3. ( Mpdyuart, av 1|3 161 TeAss(1-w) - BA.1.3.11 utrevBupioeig - TTpayua ATOTTO

a@ou 10  Ass(1-w) dev £xel TTPWTEUOVTA OTOIXEIA. ) ZTNV OUVEXEIQ TTPOXWPANE OTO KUPIWG
MEPOG TNG ATTOEIENG.

(—) ‘Eotw pelP’ pe p=1(mod3) kai) x*=2(modp) emAUCIuN oT0 Z. loxUouv AoITév OAa

Ta TTApaTTdvw yia  Tov p. Emeidh x°=2(modp) emAUoiun oto Z Ba €xouus

eIdIKdTEPa ATl N X°=2(mod™) emAUoIun oto R. ( MpdyuaT, k&dBe Z-AUon NG

x*=2(modp) eival kai AUon TN¢ x°=2(modTr) a@ol p=m-7 . ) SUPPWVA OPWC HE

QuUTA TTOU EITTAPE OTNV €l0aywyn TNG atrodeigns Ba éxoupe 1T/ 2 Kal €701 TO

Mppa 1.3.4.1pag divel 61 T=1(mod2) mpdyua 1Tou onuaivel a=1(mod2) kai

b
b=0(mod2). (BA. Auua 1.3.4.1) Emeidr) 6uwg c=2a-b kai d= 3 Ba €xoupe oI

2|c kai 2|d. ©ftovtag AoITTov A=§ Kal B=% Kal avTikaBioTwvTag oTnv

4p=c’+27d? , Ba TTapoupe p=A>+27B2.

(«) Eotw pel kai éotw 61 p=A%+27B? yia kdmoia A,BeZ. ‘Exoupe Aoimdv
4p=(2A)*+27(2B)?>. E€GAou  p=A%*+27B%*=A%(mod3) — p=A%(mod3). Emeidn
Twpa VkeZ k250,1(mod3) Ba éxoupe kai 6Tt p=0,1(mod3). Av 3|p 10TE 3=p
TTPAYHa GTOTTO 0ol 0 3 Sev PTTOPEl va YPaPei TNV Hop@r K>+27A pe KAe’
otmoTe p=1(mod3). Mével Aoimdv va dei€oupe Twpa 6Tl n x°’=2(modp) eival
emAUoIuN oT1o Z. ‘Exoupe p=1(mod3) kai étal n rpdTtacn 1.3.4.3 divel (Adyw

b
MovadIkoTnTag) 611 2A=+(2a-b) ka1 2B= i(?j . Opwg 2A=%(2a-b) — b=0(mod2)

Kal emmiong a=1(mod2). ( MNpdyuat oTnv elcaywyn TNG aTTodEIgNG eixape O€igel
OTl yia p=(atbw)a+bw) pe 10 T=a+bw va cival TPWTEULWV TTPWTOG Tou R,
loxvel 1T/ 2. Autd onpaivel 61t 2¢Ass(1r) kai €1meldr) o T gival TpwTog Ba
¢xoupe 2 [ . Opwg m=a+bw pe b=0(mod2) kai €101 2/ 1T — 2 a — a=1(mod2).
) O1 oxéoeig b=0(mod2) kai a=1(mod2) oe ocuvduaouo pe 1o Afuua 1.3.4.1 pag
divouv 0TI n x3z2(mod1'r) gival emAvoiyn oto R. H mpdétaon 1.3.2.5 Twpa pag

Oivel (agou 1T/ 2 Kal 1 3 ) OTI (%) =1 ka1 €101 TEAIKG atrd Tnv TpodTacn 1.3.2.6
3

oupTepaivoupe 8Tl X°=2(modp) gival emAUGIUN OTO Z.
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1.3.5 AITETPAIQNIKO 2YMBOAO LEGENDRE KAl
NOMOZ AITETPAITONIKHX ANTIZTPO®OHX

1.3.5.1 OPIZMOI 2XOAIA : Z1ig Trapaypdapoug 1.3.5 ka1 1.3.6 , pye S 8a cupBoAifoupe
Tov SakTUAIo Z[i] 6Trou i*=1. O SakTUAIOG S gival UKAeiBIog Kai E(S)={+1,+i}. H UAn ,
Ta BewpPRMATA KAl Ol TTPOTACEIS TG TTAPAYPAPOU QUTHG Eival EVTEAWG avaAloya pe
TNV KUBIKAR TTEPITITWON Kal o1 atrodei§eig eival Opoieg kai trapaAeitrovral.  lMNa
AemrTopépeieg Trapatréumroupe ota : [Cox] oeA. 81-83 ka1 [Ir.Ro] §8,§9, oeA. 121-
127.

1.3.5.2 MPOTAZH : Av peP 161€ 1I0XU0oUV Ta akOAouBa atréd Tov vopo avdAuong oTo S:
e Av p=2 T16TE O 1+i €ival TPWTOC ToUu S Kau 2=i*(1+i)%.
Av p=1(mod4) T16Te UTTAPXEI TTPWTOGE 7 TOU S WOTE KAl TO T VA Egival

TPWTOG TOU S OXI CUVETAIPIKO TOU T KOl VO IOXUEI p=T - T .
e Av p=3(mod4) 16TE O p €ival TTPWTO OTOIXEIO TOU S.

1.3.5.3 MPOTAZH : lNa K&Bg TrTpwTO OTOIXEIO Tr TOU S I0XUOUV TA aKOAouBa
e Av ac$ kai agmS 161 aV™'=1(modm)
o Ta +1,%i gival diakekpippéva modulo 1
N(m)-1
e 4| N(m)-1 MNa kéBe oToIixeio aTou S, T0 a +  gival Abon Tng x*=1(modr)
KOl OUVETTWG TauTtietan pe  oakpifwg éva amé T1a  1(modm),-
1(modrr),i(modrr),-i(mod1r)

1.3.5.4 OPIZMOZ : Av T €ival TTPWTO OTOIXEIO TOU S OXI CUVETAIPIKO TOUu 1+i
opifoupe TRV ouvdpTNON

(;) : Z[i] —>{=1,%i} U{0} wg £&ig : Ma acZ[i] To (i) givai :

n/, n/,
e« Avmmr|ja , 100
« Avmr/a , T1O povadikd oToixelo Tou {+1,+i} TToU €ival IC6TIMO HE
N(n)-1
a ¢ modulo . To (;j OVopdadeTal OITETPAYWVIKOG XOPAKTAPAS
4

UTTOAOITTWYV 1 dITETPAYWVIKO cUMBOAO Tou Legendre.

1.3.5.5 NPOTAZH : MNa kd&Be rpwTo 1 TOU S 1I0XU0oUV Ta ak6Aouba :
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1. Av r¢Ass(1+i) Kal acS pe 1/ a, T6TE 1I0XUEI N TTAPAKATW 1I00BUVAIA :
" (%j =1 " " x*za(modm) givan emIAGOIPN oTO S”.
2. Av mEAss;1+i) TOTE TO JITETPAYWVIKO cUMBOAO Tou Legendre opilel
MOHOPQPIoHO (;j (ij —{+1,+i}
4

TS

3. (a) " N(m)eP " < " N(1r)eAss(1+i) f N(1r)=1(modd4)" . Av N(1r)=p<P téTe

~ S
Zp%g ( péow Tng atreikoviong k+pZ —k+mS yia keZ)

(B) " N(1r)=p” pe pcP " & " meP ". Av P 161¢ TO Z, £ival UTTOCWHA TOU

S
S ( Méow Tng avTioToIXiag k+pZ — k+mS ,keZ)

1.3.5. PIXMOZ : ‘Eva mpwTto oOTOoIX€io T TOU S Ba Afyetal TTpwTeEUOV av
m=1(mod(2+2i))

1.3.5.7 NMPOTAZH : lNa kdBe TpwTo OTOIXEiIO T TOU S pE TreAss(1+i) utrapyxel
aKPIBWG £vag TTPWTEUOVTASG TTPWTOG OTO OUVOAO Ass(TT).

1.3.5. EQPHMA : (N6pog OITeTpayWwVIKAG avTIoOTPO®PRnGg) Av T,mm* €ival
SlakekpIgévol TTPWTEUOVTEG TTPWTOI Tou S Kal mr=a+bi pye a,beZ T16TE 10K0UOUV TO

akOAouba :
N(x,)-1 N(x;)-1
(n_2j :[ﬂ} (D ¢ 4
T/, T/,
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1.3.6 XAPAKTHPIZMOZ MPQTON APIOMQN THE
MOP®HT A%+64B%

1.3.6.1 MPOTAZH : Av peP 16T€ Ta ak6AouBa gival I00dUvVaua :
. Ywdpyouv aképaiol apiBuoi A,B wote p=A%+64B>
« p=1(mod4) kai n e§iowon x*=2(modp) givai emAUGIUN OTO Z
ANOAEI=H

Kat' apxfv yia p=2 n 1coduvapia Twv TTPOTACEWV TNG €KPWVNONG Eival TTpoPavic.Oa

dcigoupe Twpa TNV Cr]Touusvr] Icoduvapia yia p=2.

( —> ) ‘Eotw oM yia TOV peP IOXUEI OTI UTTAPXOUV AKEPAIOI ap|6p0| A,B wote p=A*+64B2.
‘Exoupe Aoimmév p=A%(mod4) omoTe agol VkeZ 1oxUel k’=0,1(mod4) kai agou p
TTEPITTOG TTPWTOG Ba €XOUNE p=1(mod4). Mével va dci¢w TNV €MAUCIUOTNTA TNG
x452(modp) oT1o Z. ‘Exoupe o1 yia x=A, y=8B 10XU¢l p=x2+y2=n - TOTTOU T =X+yi .
Twpa N(m)=p omdte 0 m eival TTpwTogToU S. MTTOpOUNE va uTToBETOUNE OTI O TT
gival mpwrevovtag pwTtoG. ( Mpdyuat :Av meAss(1+i) 101€ p=N(1T)=2 TTPAYMC
ATOTTO aPoU £xoupe p=2. Apa TTgAss(1+i), ordéte atrd TNV TTpdTaon 1.3.5.7 €xoupe
OTI UTTAPXEI € JOvAdA TOU S WOTE TO €-TT VA €ival TTPWTEUOV TTPWTOG Tou S. ETTiong

p= em-en aQoU e=g ' Kal €701 PTTOPOUME VA OVTIKATOOTACOUME TO T HE TO

TTpwTeEUOV TT-€. ) 'Exoupe Twpa OTI TO TT €ival TTPWTEUOV TTPWTO CTOIXEIO TOU S Kal
é€ro1 T=1(mod(2+2i)) — m=1(mod2), aAAd TT=x+yi OTTOTE 0O X €ival TTEPITTOC KAl O Y

gival aptiog (atmA doknon). ECGANoOU O 100UOPPICPOG Zp;is Tou 3(B) g
T

mpétaong 1.3.5.5 Ba pag dwoel 6Tl N X*=2(mod1r) gival emMAUCIUN 0To S av Kal PuGvo
av n x452(modp) gival emAUaIun oto Z. Emeidn opwg 1/ 2 (Av 1|2 1éTE €1T€1ONA TO 2
gival TTpwTog Tou S Ba eixape meAss(2) kal ouvertwg p=N(1)=N(2)=4 arotro.) 10 4
¢ TpodTaonc 1.3.5.5 Ba dwoel 6T N x*=2(modp) eival eMAUCIUN OTO Z av Kal JOvVo
2\ _ . . L (2) _ <z , .
av () =1. Na 70 {NTOUPEVO AOITTOV QPKEI (j =1. AuTO OPwG 1oXUEl AOyw TOU
Ty ny,
) 2 o .
TUTTOU () =i2 KaiTou Ot y=8B.
n 4
(« ) Eotw 6m n x4z2(modp) gival emAUOIUN 010 Z kal p=1(mod4). AT Tnv TTpOTACN
1.3.5.2 éxoupe 611 0 p ypd@eTal p=m - , OTTOU TA T, T €ival TTPWTEUOVTEG TTPWTOI
Tou S. Npdovtag m=a+bi pe a,belZ Ba £xoupue p=a’+b? omdTe yIa TO {nToupevo
apKei va docicoupe 0TI 8|b. '/Exoupe OTI O TT €ival  TTPWTEUWV TTPWTOG OTTOTE O a gival
ab

TEPITTOS Kal 0 b gival GpTiog Kal €101 8|b <> i2 =1. MNa 10 {nNTOoUPEVO ApKE AOITTOV
ab

i2 =1 &nAadn o (2j =1. H teAeutaia 106TNTA 1I0XUEl yiaTI agou 11/ 2  ( Av T1|2
n 4
161 TTeASS(2) —» p=N(1)=4 atotro. ) T10 4 TG TPdTaong 1.3.5.5 Ba pag dwoel o
(2) =1 av kal Pévo av n x*=2(modm) emAloIun oTo S Kai €101 ASyw Tou
n 4
ICOMOPPICHOU Zp;is Tou 3(B) Tng TTPoTaong 1.3.5.5 Ba TTapoupe OTI (2) =1 av Kal
T T

4
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MOVO av n x452(modp) emMAUOIUn  oT10 Z Opwg n x452(modp) gival mAUOIPN €¢'
UTTOBE0EWG Kal £TO1 £XOUNE TO CNTOUNEVO.
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KEDAAAIO 2

RING CLASS FIELDS



§1 YNENOYMIZEIZ KAl OPIZMOI AMNO zZTOIXEIQAH
AAIEBPIKH ©EQPIA APIOMQN

211 AATEBPIKA >OMATA APIGOGMQON KAl NOMOZ
ANAAY2ZHZ

2tnv 2.1.1 dev Ba dwlouv amodeilsiC pIa Kal ol TPoTaceliS mou Oa avapepbouv
Oswpouvral yvwortécn gival amAéc aoknoesig. Amodeiésic umopouv va Bpegdouv ora
[COX] ocA. 98-105 ka1 [Aviwyv].

2.1.1.1 2XOAIA : AAYeBpIKO ocwpa aplBuwyv ([ atTAd cwua aplOuwy J)ovopddeTal KAOE
memepacpévn  eméktaon Tou @ , TTou gival uréowpa Tou G. Av K gival éva ocwpa
apiBuwyv 16T1€ pE Rk 00 ocupBoAifoupe Tov SAKTUAIO TWV akepaiwyv aAyeRpikwy Tou K (
AnAadi 10 Rk atroteAcgital amrd Ta ortoixeia Tou K Twv omoiwv TO €AAXIOTO
TOAUWVUMO Travw amd 1o @ €xel aKeEPAioUg OUVTEAEOTEG KAl O HEYIOTORAOUIOG
ouvTeAEOTNG TOU €ival 1.) kail pe Dk} dk TNV dilakpivouoa Tou K. YtrevBupifoupe 611 av
L/K eméKkTa0on OTTOIOVOATTOTE CWHATWY Kal u aAyeRpIko oToixeio Tou L mavw amrd 1o K
16TE PE Irr(u/K)(x)eK[x] 8a cupBoAifoupe TO avaywyo TTOAUWVUHO TOU U TTAVW OTTO TO
K. Ké8e owpa tng pop@ng 0(gm) 6mou Zm=e’™™ yia meN Ba AéyeTal KUKAOTOMIKO.
Omrwg gival yvwoTo , KABe KUKAOTOMIKA €TTEKTAON TTAVW a1ré To O €ival eTéKTaoNn TOU
Galois. H opdda Twv avTIoTPEWPINWY KAAOHATIKWVISEWdwWYV Tou Rk Ba cupBoAileTal pe
I(K) ) Ik ka1 n utroopdda TnG Ik Twv Kupiwv 10ewWdwv pe 0a ocupoAileTar pe H(K) i Hk.
H opada mrnAiko tng I(K) modulo H(K) 8a ocuppoAietar C(K) B Ck kai to #C(K) 6a
oupBoAileTal pe hk. loxuel 611 hg=1 av kai pévo av o Rk gival SAKTUAIOG HOVOCHUAVTNG
avaAuong.

2.1.1.2 OPIZMOZ : ‘Eotw K éva aAyeBpikd cwua apiBuwy.
MNemepaocpévog TPWTOG Tou K Ba AéyeTal KABE TTpwTO 10£WBEG TOU R
Atreipog TpwTtoS Tou K Ba Aéyetal kaOe Q-gpgpuTteuon Tou K oTo (.
‘Evag ameipog mpwTog p Tou K Ba AéyeTal
MNpayuartikdg , av p(K)cR.
Miyadikég , av p(K)«R.
To Po(K) 8a cupBoAilel Twv TeTepacpévwy TTPWTWY Tou K, evw 10 P.o(K) Ba
oupBoAilel To oUvoAo Twyv amreipwv TPpWTWV Tou K. ETriong Bétoupe P(K)=Po(K) UP.(K).

2.1.1.3 OPIZMOZ : 1. Av L/K cgival emékTaon OAyERPIKWY CWHATWY APIBUWYV Kal p
armreipog TpwTog Tou K, 16T 0 p B AéyeTal SiakAadI{Opevog oTo L av Kal pévo av o p
gival TTPAYMATIKOG , KOl UTTAPXEl €TTEKTAON TOU OTO L n omoia armroteAei piyadiko
TTPWTO TOU L.

2. Mia eméktaon aAyeRpikwy cwudTwy apiBuwyv L/K 0a AéyeTai
O10kAad1opevn O6TaV UTTAPXEI KATTOI0G TTPWTOG Tou K (TTeETTEPAOUEVOG 1| ATTEIPOG) O
otroiog diakAadileTal oTo L.
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2.1.1.4 JHMEIQZJH : Ortav ava@epOopaocTe adpioTa o€ " mpwTto Tou K " - yia KdT1roio
aAyeBpIikO cwua aplfpwyv K - o TpwTog autdg Ba ptTOopEi va gival TTETTEPAOHEVOS N
arreIpog.

21.1.5 NMPOTAZH : 'Eotw TeTpaywviké cwpa apifpwv K ( dnAadni tremrepaocpévn
eméktaon Tou 0 Babuov 2), 16TE I0XUOUV Ta aKOAoUBa :
. Ymwdpxel meZ ye m eAeUOEPO TETPAYWVOU WOTE K=@(\/E )
. DKE{ m av m=1(mod4)
4m ov m=2,3(mod4)

. K=Q(py )

Z[vm] av m = 2,3(mod4)

IV. Rg= Z{“\/;

KOl OUVETTWG RK=Z[

DK"‘M:I
2

2

} av m =1 (mod4)

V. MNa ka6e autopop@iopd 1 Tou G 1o0)xUel T(Rk)=Rk ka1 T(K)=K.
VI. Av G(K]|Q)={1,1} 16Te T(RK)=R«.

2.1.1.6 MPOTAZH : ‘Eotw nelN. Av K=Q(+-n) , T6T€ Ta ak6AouBa givail I008Uvapa :
l. Dg=-4n

Il. Rk=Z[-n]

lll. To n gival eAe0BepO TETPAYWVOU Kal n= 3(mod4)

21.1.7 MPOTAZH (N6pog avdAuong oe TETPAYWVIKA ocwuaTta apifuwyv) : '‘EcTw o n
MiIyadikj ouluyia. Av K=@(«/E) gival éva TETPAYWVIKO CWHA apIOuwyY 61TOoU m E€ival
eAevBepoOg TETPAYWVOU Kal pelP ToTE:

e Av p#2 Kal
(%j =1 , TOTE pRk=p - p' 61TOU p,p' TPpWTA 16£WAN TOU Rk KaI p'=0(p)
2
(%j =-1 , TOTE pRK=p 61TOU p TTPWTO 10£WdEG TOU Rk
2
(%) =0 , TOTE pRK=p* 6TTOU p TTPLWTO IBEWSES TOou Rk
2
e Av p=2 Kai
m=1(mod8) , T61e pRk=p-p’' 61TOU p,p’ TTPpWTA 1I6£WBN TOU Rk KaI p'=0(p)
m=5(mod8) , TOTE pRK=p 61TOU p TTPWTO 16£WdEG TOU R

m=2,3,6,7(mod8) , T6Te pRx=p? 61TOU p TPWTO 15£(WEEC ToU Rk

2.1.1.8 NPOTAZH (N6pog avdAuong o€ KUKAOTOUIKG cwpaTta apifuwy) : ‘Eotw K=0(Iy)
6mou {m=e?™™ meN kukAoTopiké owpa apiBuwv kai peP. Mpdpoupe m=p*-n yia
nelN,k>0 6tmou p/n . Av pe e ocupBoAifoupe Tov BeikTn SIOKAGBWONG TNG ETTEKTACNG
Galois K/Q ka1 pe f Tov Badbuod adpaveiag TngG , TOTE :

e=g(p")
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f=min{vel| p'=1(modm)}
H avdAuon Ttou pRk ot TTpWwTa 15sWdn Tou Rk gival : pRk=(p1p2-...pr)°  Kai
Nk(p)=p' Vie{1,2,....,1}

2.1.1.9 MNPOTAZH : (E1dikn TepimTwon vopou avdaAuong) : ‘Eotw L/K erékraon Galois
AAYERPIKWY CWHATWY aplBuwyv Kal £€0Tw R=Rk , S=R.. 'EoTtw €mmiong 611 L=K(u) yia
KATtrolo ueS. Av p gival TpwTo 18ewdeg Tou R Kal To avdywyo mroAuwvupo f(x) Tou u

. . . . . . R .
mavw ato 1o K gival diaxwpicigo Bewpoupevo oav TTOAUWVUHO Tou ( o )[x] To71€ :

1. To p dev SdiakAadileTal oTo L.

2. Av f(x)=f1(x) - f2(x) - ... - f(x)(modp) O1TOU TO fj Eival dlaKEKPIPEVA Kl avaywyd
modulo p Vje{1,2,...r} , 161€ BéTOVTOG q;=pPS+fj(U)S Vje{1,...,r} EXoupe 611 Ta q;
gival mpwta 1I8ewdn Tou S Kal dia@opeTIKa avd dUo. Etriong n avdAuon Tou p
ot TPpwTa 18ewdn Tou L gival n  pS=qiqz-... - dr. TEAOG o1 BabBuoi Twv f;
TauTidovTal Kal n KoIvi} TIMA Toug gival o BaBudg adpaveiag Tou p.
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2.1.2 BAZIKOI CPIZMOI AIO QEQPIA TQN MODULI

2121 OPIPMO?Z : 'EoTw K éva aAyefpikd cwpa api@uwyv. ‘Eva modulus m Tou K eival éva Tutrikd

YIVOHEVO m= Hp““” o1rou oXeS0v 0Aol ol n{p) eival yndév , o p SiaTpéxel TOUG
3
TTpWTOUG TOU K (TTETTEPQOMEVOUS Kal GITEIPOUS ) KAl eTriong &

« ni{p)=0 , GV 0 p gival ATEIPOg HIYadikég Tpitog Tou K,
= n(p)=0RQ1 ,avo p cival ATEIpOg TPAYHATIKGE TrpdTog Tou K.
« n{pleN , AV 0 p EiVal TTETTEPATHEVOG TTPWTOG TOU K.

24.2.2 OPIZMOZ : Av K éva aAyefpIikd gwpa apBuv Kol m= Hp”“” Eva modulus Tou K 1d7E
9
« Av n'(p]=0 yia kdBe p wpwro Tou K T6TE TOo modulus m 8a oupBoAileTar pe 1.
+« Avn(p)=0vyia kGBe p amaipo Tpwro Tou K 16T TO modulus m 8a Aéyerar aképaio.,
* Av utrdpxe! ac Rg WwoTe m=aRy 167e To modulus m 8a Aéyerai kUpro.

2.1.2.3 OPITMOZ : Av K £éva aAyERpIkG guwyd apl8Uv Kal m = Hp"M"” , n=H p™'? B0o moduliTou K
p p
TOTE 8a Aépe 6T To m Siaipgi To n av n,(p)< n, (p) yia k@8e rpwro 5 Tou K. LTV
TrepiTTTWon TTou autd cuppaivel 8o cupRoAifoupe min.

2424 QPIZNO3Y : "EoTw K éva aAyeBpikd owpa api8pwy. Afo moduli m,n Tou K 8a Aéyovral wplta
HETAE0 Toug &Tav Sev Exouv Kolvolg SIaIpéTeg. ZTNV TEpITITWON TTOU Ta m, n Eival
Tpwra peTaiu Toug Ba cupRoAifovye (m,n)=1

2.1.2.5 OPIZMOZF : "Eotw K éva aAyefpiko cwua apiBuwyv. MNa xdee modulus m tou K 8a cuppoAifoups
HE m, TO aKEpdIo modulus Tou m TToU Eival TO YIVOHEVO SAWY TWY TETEPATUEVIV
TpWTWY Tou K trou Staipolv To m Kai P m.. To modulus Tou m TTou gival To
YIVOHEVO OAWV TWV GTTEIpWY ( TTPAYHATIKWY ) TpWTwy Tou K Tou Siaipolv To m.
Mpoyavweg AoITTAY m=mgy m..

2.1.2.6 OPIZMOZ¥ : "Eotw ne N ka1 K éva ahyeBpikd clpa api@pioy ug a,be K., .

1. Av p gival évag Trpwrog Tou K T6TE. T
Av 0 p eival TTpayuarikog ATEIpGE TOTE Ba ypdgoups asb(modp)
av kal yévo av p(a)p(b)>0.
Av o p eival TTETTEpagpévog TOTE Ba ypd@oupus asb(modp”)
av kal govo av (a-b)e p"

2. AV m= H p™® givar éva modulus Tou K Té1E Ba ypdgoups a=b(modm)

P

av kat yévo av asb(mod p™*®') yia oTroI108ATTOTE TTRWTO p TOU K.

2.1.2.7 OPIZMOZE : "Eorw K éva aAyeBpikd owpa apIBHWV KAl m= Hp“"' éva modulus Tou K.
2

+ Me lg(m) 8t cupPBoAifoupe TV uTTOOPESA TOU lk TTOU TTAPAYETAI QITO TQ TTPWTA
15£W3an Tou K 1rou dev Siaipodv TO m.
» Me Hk({m) €a gupBoAifoupe Tnv utroquada Tou I(m) TTou TapdysTal amo Ta
KUpia 18ewdn Tou R
« Mz Hgi(m) ,yia oroiodrtrore ic N, 8a oupRoAifoupE TNV UTTooNaSA Tou Ix(m)
TTOU TrapAyETAl a1 Ta KUpia 15£wdn aRk Tou Rk pe asi(modm).
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» Me Hg;(m) 8a cupBoAifoups TRV uTToopdda Tou Ik TTOU TTapdyEeTal atrd Ta

kupia 15ewdn aRk Tou Rg yia Ta oTroia utrdapxe! ie Z pe (iRk,m)=1
woTe a=i{modm).

» [a otrotodrjtrorte ue Rk 8a cupBoAilovps
« Mz Ik(u) To Ik{uRk)
Me Hy(u) To Hk(uRk)
Me Hy,{u) To Hy,i(uRk)
Me Hy 7 (u) To Hy z (UR).

21.2.8 OAPATHPHIEIF : 1. Ik{m) = < p- wplTo 18EWSEG TOu Rk | p+mRk=R >.
2. Hgz(1) =Hg_
3. Na meN 1oy bel Hy ; (m)= < aRk | ae Rk, Sie Z: "(i,m)=1 ka1 asi(modmRy)" >.
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§2 TAZ=EIZ TETPAITQNIKQN ZOMATQN APIOMQN

2.21 EIZATQINH 2TIZ TA=ZEIZ TETPAITONIKQN ZQMATQON
APIOMQON

2.2.1.1 OPOTAZH : Av K cgivai aAyeBpiké owupa apiBuwv pe (K:Q)=n ka1 M éva
TEMEPATHEVA TTAPpAYOEVO Z-uTtomodule Tou K, T16T€ 1I0X0U0UV Ta akOAouBa :
1. To M €ival eAelBepo Z-module.
2. rank(M)=n < "1to M Trepiéxer pia Q-Baon Tou K".
AMNOAEI=H
ATTAR Goknon aAyeBpag.

2.2.1.2 OPIZMOZ : Av K cival TeETpaywVviKO ocwpa aplfpwv Kal O évag utrodakTUAIOg
Tou K 1TOU IKavoTrolgi Ta ak6Aouba :

« To O gival reTrepacpéva Trapayopevo Z-module

[ 160

« To O mepiéxer pia Q-Bdon Tou K
ToTe 1o O Ba Aéyetan Tagn Tou K.

2.21.3 NAPATHPHZEIX : 1. Av K cival TeTpaywvikdé cwpa apiBupwv kar O évag
utrodakTUAIOG Tou K pe 10, 161 0 O ¢gival Ta¢n Tou K av kai pévo av o O givai
eAelBepo Z-module pe rank(0)=2.

2. Av K cgival TeTpaywviké cwpa apiBuwyv kal O pia 1a¢n
Tou K, 1616 K=quot(O). 3. Av K gival TETpaywVviké ocwpa aplBuwyv 10T 0 R €ival pia
148N Tou K Kai paAioTa gival n péylotn 1aén tou K, pe tnv didragn Tou €yKAEIONOU
onAadn kdaBe aAAn tagn tou K gival utroouvoAo Tou Rk. Mg Tov 6po maximal Tagn n
maximum T1a¢n (L€yioTn TA¢n) 8a evvooupue AoITTov Tov SAKTUAIO aKEPAiwV aAYEBPIKWV
TETPAYWVIKOU CWHATOG apIOuwy.

2.2.1.4 MPOTAZH : Av K gival TeTpaywVvikdé cwpa apifuwyv kai O pia tagn tou K, 1616 0
Oeiktng [ Rk : O ] gival mrerepaocpévog kai £181koTEPa av Béooupe f = [ Rk : O ] kai

wK:=D"+2‘/ﬂ T6TE ExOUpE O=Z+f- Ry = Z[fwi]

AMNOAEI=ZH
@¢toupe kat' apxnv R=Rk. Ta O,R twpa gival d0o Z-modules ye rank ico pe 2 kai emiong Oc
R ,ouvemwg o [ Rk : O] cival rerepaocpévog. Emeidn éxoupe f=[Rk: O] = # % , Ba 1oxUEl
ot f-RcO kai ouvertwg Z+ f-RcO. Emiong eival eUkoAo va &¢i kaveig oT1 2+f - R=Z+fwg - Z ( =
Z[fwk] ) kai ouvettwg 6Tl Z[fwk]=O. Opwg 10 R=Z[wg] kai [ Z[wk] : Z[fwk] ] =2 ka1 agou Ta O,
Z[fwg] €xouv Tov idl1o deiktn oTov R ( evw Z[fwk]cO ) Ba mrpétmel va TauTiovTal .
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2.2.1.5 MNOPIZMA : Av K cival TETpaywVvikdé cwpua apiBuwyv , T0Te o1 Tagelg Tou K givail
akpIfwg Ta ouvoAaZ+f- Rk O1rou 1O f SlaTpéxEl TOUG PUOIKOUG.

2.2.1.6 MPOTAZH : Av K €ival TETpaywVIKO @avTaoTiKO owpa kail O pia tagn tou K 161¢
O*={i1} , EKTOG ATTO TIG TTEPITITWOEIG
« K=Q(i) 6Trou yia O=Rk 1o0x0e1 O ={+1,+i}.
. K=0(w) 61rou yia O=Rk IoxUel O ={+1,+w,tw?} , (w=e
AMNOAEI=H
ATTAA Goknon.

2Tri/3).

2.2.1.7 OPIZMOZ : Av K gival TETpaywVvIKO cwpa apiBuwyv Kai O pia Tagn Tou K, 1612 0
o0eiktng [ Rk : O ] 8a ovopdderar odnyog (conductor) Tng O kai Ba cupBoAileral
cond(O).

2.2.1.8 MPOTAZH : Av O gival pia Tdgn Tou TETPAYWVIKOU CWHATOG ApIOpuwV K=@(\/;1)
,yioa meZ eAe0Bepo TETpaywvou, Kal n opada Galois G(K|0) Tou K utrép Tou Q cival
G(K|Q)={1,0} ToTE :

. Ma «kdBe ab,c,decK kot AcMxo(Z) ue (ajzA@ 1o0x0el

b
det| = detA - | det|
c(a) o(b) c(c) o(d)

2 2
i a b B C d
Il. Av O=aZ+bZ ka1 O=cZ+dZ ToTE [detL(a) c(b)D —[detL(c) G(d)D

lll. vTeAut(C) 1(0)=0.
AMOAEI=H
H amddeign civar ammAfl e@apuoyry OTOIXEIwdWY YyVWOEWV atrd TNV AAyefpa yiautd  Kal
TTAPOAEITTETAL.

2.2.1.9 OPIZMOZ : Av O gival pia TAgn ToUu TETPAYWVIKOU CWHATOS APIOuwWY K=@(\/;1)
,yioa meZ eAe0Bepo TteTpaywvou kai G(K|Q)={1,0} , TéTe yia (a,b) pia Z- Baon Tou O,

2
b
(dnAadn yia O=aZ+bZ) 1oxuel 0TI 0 aApIOUOG (det{c?a) c(b)D gival ave§dptnTog TnG Z-

Baong (a,b) Tou O (BA. 10 Il Tng TTpdTaOoNg 2.2.1.8). O APIBUOG auUTOG Ba AéyeTal
Silakpivouoa tng Tagng O kail 6a cupBoAileTal Do A do.

2.2.1.10 NPOTAZH : '‘Eotw O T1a¢n Tou TETpaywvikoUu owpatog K kai f = cond(O).
loxUouv Ta akd6Aouba :
1. (a). Do=F- d.
(b). Do=0,1(mod4).
(c). K=Q({Dy ).

2. A6 10 1 éXoupe 611 Do=0,1(mod4). AIOKPiVOUME TIG TTEPITITWOEIG :
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Do= 4m , yio KATOI0 MmeZ. ITnV TEPITITWON OUTH BETOVTAS To=vm I0XUEI

O=Z[1,]. Do=_m , Yla Katmolo meZ pe m=1(mod4). ZTnv TEPITTWON AUTA

3++vm
2

0éTovTag To= 1Io0X0e1 O=Z[T,].

ANOAEI=ZH
H amddeign civalr ammAf e@apuoyry OTOIXEIWdWY YVWOEWV a1td TNV AAyeEBpa yiautd  Kal
TTAPAAEITTETAI.

2.2.1.11 AHMMA : To ouvolo {xeZ | x=0,1(mod4) ,|x|=0} icoUTai ye TNV évwon Twv dvo
aK6AouBwv cuvoAwy :
S={f’meZ | feN, m=1(mod4) ka1 m=gAelBepO TETPAYWVOU} Kal
T={4’meZ | feN, m=2,3(mod4) ko1 m=gAelBepo TETPAYWVOU m=-1}.
AMNOAEI=H
H amddeién cival TToAU EUKOAN Kal a@rjveTal wg aoknon.

2.2.1.12 NPOTAZH : Av DeZ pe D=0,1(mod4) kai o |D| dev eival TéAelo TETPAywVO
OKEPAIOU TOTE UTTAPXEI HOVADIKO TETPAYWVIKO owpa aplBuwyv K kai povadikn tagn O
ToU K woTte Do=D. MaAioTa 10XU€I Kal n akdAouBn 1coduvapia : D>0 < "K €ivai
TPAYHATIKO cwua™. Mo ouyKekpIpéva :

e« Av De{fPmeZ | feN, m=1(mod4) Ko mM=gAeUBEPO TETPAYWVOUITOTE

K=Q(vp) = 0(vm ), ue Dxk=m ka1 O=Z+fRg
«  Av De{d4fPmeZ | feN, m=2,3(mod4) ka1 m=eAeUOEPO TETPAYWVOU, M=-1}T0TE
K=Q /D)= Q(+/m ), pe Dxk=4m kau O=Z+fR.
AMNOAEI=H

AT6 10 Afjupa 2.2.1.11 éxoupe 61 To D avAkel otnv évwon Twv dUo0 akdAoubwv cuvoAwy :
S={PmeZ | fell, m=1(mod4) kai m=eAeUBepo TeTpaywvou} kol T={4fPmeZ | fel,
m=2,3(mod4) kai m=gAelBepo TeETpaywvou}. Av To D avrkel aTo oUVOAO S, TOTE TTAIPVOUE TO
owpa K=0(+m ) kai TV 16€n Tou O= Z+fRk yia Ta otroia éxoupe dx=m kai do=f’dx=D. Av TTéAI
10 D avikel oto T , 10T Traipvoupe 10 owua K=0(+/m) kar v 1G€N Tou O= Z+fRk omodTe
dk=4m ka1 do=Fdx=D. ‘Exoupe AoITTév O¢igel TNV UTTapEn Kal BEAoupE va OEiCouPE aKOPa TNV
wovadikétnTa Twv K,O. Exouue kar' apxrv amé 1o 1(c) g mpdétacng 2.2.1.10 ém K=0(/D, )
dpa K=0(+/D ) ka1 ouvermwg 1o K cival yovadiko yia 1o D, dpa kai 1o dk givar povadiko yia 1o
D kai ouvettwg kai o cond(O)=D/dk eivai povadikdg yia 1o D. Emeidn twpa O=Z+cond(O) - Rk
gExoupe TeAIKG OTI Kal n O opiletal povooriuavta atrd Tnv D. H TeAguTaia 1coduvapia TTou
ava@épeTal aTV EKPWVNON eival TTpo@avrg cuvémeia Tou K=0( /Dy )=0(+/D ).

2.21.13 OPIZMOX : Osguehiwdng Jdiakpivouca O0a Aéyetal kdabe diakpivouoa
TETPAYWVIKOU CWHATOG apIOuwv.

2.2.1.14 3>XOAIA : Eival eUkoAo va &€l kaveig (BA. Afppa 2.2.1.11 ka1 rpéTaon 2.2.1.12)
611 ka0e DeZ pe D=0,1(mod4) kai |[D|=0 , éxel pia povadiki TTapdoTacn cav D=f’D, ,
6mrou felN kai D, gival 0epeAiwdng diakpivouca. MdAioTa, utrdpxer pia "1-1" kai "erri"
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avTioTolXia METAg0 Twv ouvoAwv A={DeZ | D=0,1(mod4) , |D|=0O} ki B={f’D, | feN ,
D,=0epeAilwdng diakpivouoa} n otroia diveral HEOW TOU eyKAEIopoU B—HA.
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2.2.3 TA=EIlx KAl TETPAIQONIKEZ MOPO®EZX

2.2.3.1 OPIZMOZ : 'Eoctw K TeTpaywvikd cwpa api@pwyv kal O pia 1agn Tou K. Me
I(0) Alo, Ba ocupBoAifeTal To CUVOAO TWV AVTIOTPEWYINWY KAACHATIKWY 10EWdWV
™M¢ 1aéng O ko pe H(O) R Ho , 6a ocupBoAiletal To oUVOAO TwV Kupiwv
KAQOHATIKWYV 18ewdwvV TnG O. MNMpogavwg , To I(0) gival TToAAATTAACIACTIKE Opada

ka1 To H(O) gival uroopdda Tng 1(0). H opéda TrnAiko % 8a oupBoAileTal pe

C(O) ka1 Ba ovopdaderan " opdada KAdoewv 1I8ewdwyv TG O ". Emiong , ye ho R h(O)
, 0a oupBoAieTal To #C(O). EIdIka yia Tnv TEPITITWON TNG HEYIOTNG TASNGS Rk ,
éxoupe atd Ta oxoAia 2.1.1.1 61 Ik=I(Rk) , Hk=H(Rk) ka1 C(K)=C(Rk).

2.2.3.2 AHMMA : Av 7<C ka (': 3 eMz2(R) , TOTE

Im(

PT+q )= det[p q) Jrr+s|2- Im(T).
rT+s r s

_ ANOAEIZH
Im(PTra) = (BTG L PI2A) = | rras|?. - o[ (preg)(rivs) - (pr+q)(rT¥s)] =
rT+s 21 r1+s rT+s 2i
| 45| Imf(pera)(rres)] = | rres[?-Im( pr |« [*+pst+qrr+gs) = | r+s[ - (ps- Im(r)-

qr-Im(1)) = | rT+s|'2det($ :j Im(T).

2.2.3.3 AHMMA : ‘Eotw D diakpivouoa pe |D|=0.

1. Av f(x,y)=ax*tbxy+cy? gival TETpaywviki HOPQR
dlakpivoucag D=D pe a#0 ka1 T pia pifa Tng ediowong f(x,1)=0 161E n f €ival
0eTIKA opiouévn av Kal povo av " a>0 kai TR .

2. Av f(x,y)=ax*+bxy+cy? €ival BETIKG OPICHEVN TETPAYWVIKNA
Hop®n diakpivouocag D=D pe a=0 kau T gival pia pi¢a Tng egiowong f(x,1)=0 , TéTe
10 owpa Q(T) gival TETPAYWVIKO QAVTAOTIKG Kal To O=Z+a1Z gival pia Ta¢n Tou Q(T)
Me Siakpivouoa Do=Dskai To Z+1Z gival proper 16ewdeg Tng O.

3. Eotw O8UO0 OtTIKA OPICHEVEG TETPAYWVIKEG HOPYPES
f(x,y),g(x,y) Slakpivoucag D (woTe ol ouvteAeoTéC Tou X2 Twv f,g va pnv eivai
HNndév. Av ol g§lowoeig f(x,1)=0 , g(x,1)=0 £€xouv koivij AUon , TOTE ol popPéS f Kal
g TauTifovTai.

AMNOAEI=H
[ 10 1: ‘EXOULE T e {'bz;/D_f, 'b'Zan }(£2.2.3.3.1)
(—) Av n feival BeTikd opiopévn , 161 N TTPpdTACON 1.2.1.16 pag divel a>0 kal D<0 (agou
a=0 ka1 D=0 — D=0 ). Emiong D<0 — 1¢R Adyw Tng £ 2.2.3.3.1..
(<) Av1gR kai a>0 161 " 1¢R — D<0 " kan €101 apou a>0 , aAI n rpdéTacn 1.2.1.16
Ba pag dwael 0TI N f gival BETIKG opIopévn.

JBr by

D 1. Ao 10 1, agou n f gival TTpwWTaPXIK ETIKA
a

Mo 102 : EXOUNE T € {'bJr2
a

opIoPEVN  TETPAYWVIKN Hop®r , Ba éxoupe a>0 kai T¢R. kai ouverrwg 10 0O(T) €ival
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TETPAYWVIKO QavTtaoTIKO owua. Etriong amd 1o Afupa 2.2.2.10 €xoupe 611 To O=Z+atZ
eival pia 1a&n Tou Q(T) KOl TO  Z+1Z €ival proper 10ewdeg TNG O. Mével va deifoupe OTI
Do=Ds. AuTto Ba yivel xpnoigotroiwvtag mpoétaon 2.2.1.12 :

Na 1o 3

Av Die{k’meZ | kell, m=1(mod4) kai m=gAeUBepO TeTPAYWVOU} TOTE D givan n
dlakpivouca Tng Tagng Z+kRk , Tou K=0(Jm) pe Dx=m. AAAG

RK=Z+(—DK+M)Z =Z+(—m+‘/E)Z Kal ya 1 =D
2 2 2a

T=-(bikm)ikm+2\/a

a . Opwe k’m=Ds=b*-4ac —k’m=b*(mod4) ka1 eTTeIdA

m=1(mod4) , Ba éxoupe k’=b*(mod4) —> k=:b(mod2) — km=: b(mod2)
—>'(“—2km) eZ. Apa O=Z+atZ=T+(k m+2&
NG 14¢NG Z+kRk €ivail Do.

Av Die{dk’meZ | kell, m=2,3(mod4) kai m=eAeUBepo TETPaywvou} TOTE Df
gival n dlakpivouoa TG TaEng Z+kRk , Tou K=0(+m) pe Dx=4m. AAAG

RK=Z+(@)Z =Z+JmZ Kal ar =@ =-2ikfm. Tapa b™

4ac=D=4k’m — b’*=0(mod4) — b=0(mod2) —>—§ el kai €101

)2=Z+kRk ka1 €101 n diakpivouca Dy

O=Z+aTZ=Z+(—g+k\/E )Z=1+(k+/m )Z=I+kRk , omoTe oI diakpivouoa Df Tng
Ta¢NG 2+kRk gival Do.

. Eotw f(x,y)=ax®+bxy+cy® Kai g(x,y)=a'x?+b'xy+c'y? kal T n KovA pida Twv

f(x,1)=0 ka1 g(x,1)=0. 'Exoupe D=Dg ka1 T = _biz\/D_f =P VD oareb =4 20T+
a

2a’

Etriong ammd 10 1 €xoupe T¢R.  AIGKPIiVOUUE TIG TTEPITITWOEIG :

1" mepimTwon : 2at+b =2a'T+b' . Tote 2(a-a')1=b'-b kai é101 T¢R — a=a',
b=b' , omdTe Kau agou b*-4ac=Di=b"*- a'c’' Ba TTdpPoupE c=C'.

2" mepimTwon : 2at+b = - (2a'T+b'). Tote 2(a+a')1=-b'-b ka1 éT01 TR — a=-
a', b=-b". Opwg a,a>0 (Aéyw 1) omdte a=a'=0 mrpdyua arotro amd TNV
uTTOBEON.

2.2.3.4 AHMMA : Av f(x,y)=ax*+bxy+cy? , g(x,y)=a:x*+bixy+ciy? gival TpwTapxXIKES

OETIKG OPICUEVES TETPAYWVIKEG pOpPPEG dlakpivouoag D kar MKA(a,aq,

b+b, ) =1
2 ’

TOTE N TTPpoTOAON 1.2.4.4 pag divel OTI uTTAp)El aképalog B povadikdg mod2aa,

B =b(mod2a)
WOoTE < B=b,(mod2a,)
B? =D(mod4aa,)

MNa Tov B 1oxuel emimrAéov 611 MKA(a,a',B)=1

ANOAEI=H
Eival atrAr) doknon oToixeiwdoug Bewpiag apiBpwy.
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2.2.3. PIXMO2 : 'Eotw D diakpivouoca pe D<0 ,|D||=Okou f(x,y) TETPAYWVIKN
Hopen dilakpivouoag D. O1 pileg Tng ediowong f(x,1)=0 dev gival TTPAYUATIKES
(apoU D<0) kai paAioTa (agou gival ouduyeig) n Hia akpIBwg atTd auTég -€0TW T-
0a BpiokeTal 0TO Avw MIYadiké nuietitredo : h={z<(|Im(z)>0}. H T 8a kaAgiTal " n
pila TNg pop@nc f ". MaAioTa , av f(x,y)=ax*+bxy+cy? 161€ a,c=0 ( yiari D<0 ) Kai n
-b+y/D
2a
HI0G TTPWTAPXIKAG OeTIKA opiopévng popeng f  dilakpivouocag D<O , T1oOTE
f(x,1)=Irr(7|Z)(x).

pi¢a Tng f eivain 1 = . TENog O1TWG pTTopEi va d¢ei Kaveig, av T gival n pida

2.2.3.6 AHMMA : 'Eoctw D diakpivouoca pe D<O0 kai f,g TETPAYWVIKEG HOPPES
diakpivouoag D. Av 1,1 gival o1 pileg Twv f,g avTrioToIXa , TOTE Ta akOAouBa givai
10080vaa :

1. O1 f,g gival Kavovikd I008UVANEG.

2. Ymdpxel mivakag Ep qj e sl(2,2) wore 1'=PT9,
r s IT+$s

3. Z+1Z=NZ+1'Z) , y1a kamolo AcK*, 6mrou K=Q(T).
AMNOAEI=H
Kot apyfv €Xoupe OTI oI GUVTEAEOTEC Tou X2 Twv f(x,y),g(x,y) dev sival Pndév.
Emiong 71,7¢R ( agpou D<0 ).
1 > 2 ‘Eotw f(x,y)=g(px+qy,rx+sy) , 6mou A=[p qj e sl(2,2). Exoupe rr+s=0 MpdayuaT
r

S
av r+s=0 , 161€ emeIdn T¢R Ba €xouue r=0 omdTe kal s=0 kai €101 det(A)=0

Tpayua droto agou Aesl(2,2).Etol, o=f(T,1)=g(pT+q,rT+s)=(rT+s)2-g(@n)
rm+s

KOl CUVETTWG a@oU rT+s=#0 , Ba éxoupe g('[”;rq ,1)=0. Twpa amd 10 Ajuua
rr+s

2.2.3.2 éxoupe Im(PTE9)=de( -rr+s2-Im(1). Apa P9 ch={ze0]
rT+s rm+s

Im(z)>0} Eto1 n P™9 givai " A pida " TNG g KAl GUVETTWG T'=
rT+ s

2 5 1 Av 1= PTFA e A=(p qj e sl(2,2) , 161 g(pT+q,rT+s)=(rr+s)*-g(PT*9 1)=
[T+ s rs rms

(rr+s)?-g(1',1)=0. Apa T0 T €ivan pia Tou g(px+qy,rx+sy) kai agoU Teh , T0 T Ba
gival " n pia " Tou g(px+qy,rx+sy). To 3 Twpa Tou Afuuartog 2.2.3.3 pag divel
f(x,y)= g(px+qy,rx+sy) ka1 CUVETTWG ol Jop@ég f,g eival Kavovika 1I000UVAEG.

Av T'= F’T: 9 pe A= [p q] e sl(2,Z) , 101e BEToUupE A=rT+s eK*, oTTOTE A(Z+T'Z) =
rt+s r-s

(rT+s)[Z+7'Z] = (rT+s)Z+(pT+r)Z. Oa d¢iCoupe OTI (rT+s)Z+(pT+r)Z = Z+7Z OTIOTE

Kal Ba €xoupe 1O {nTOUMEvVO. [pdypaTi , TpoQavwg : (rT+s)Z+(pT+r)l < Z+TL.

Emiong : Av x+Ty € Z+TZ , TOTE €TMEIBN (p q) e sl(2,2) > det=[p qj #0 , Ba
r s r s

N
(€M)

m

uTTdpxouv m,neZ pE (q S] (
n

]=(X) . ‘Exoupe Twpa x+1y = [(pT+q)m +(r1+s)n]
pr y

e[(rT+s)Z+(pT+r)Z].
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3 5 2 ‘Eotw AeK upe NZ+1'Z) = Z+1Z. Agou T,T'2¢R , Ba €xoupe oT ol B=(1,1) kai
B'=(A,AT) gival Z-BaoeicTwy eAeUBepwv aeAiavidv TTPOCBETIKWY OPGdwY Z+TZ
AZ+NTZ  avTioToixa. Emeidn A(Z+1'Z) = 2+1Z , o1 B,B' Ba gival Bdoeig TG idiag
ouadog kal ocuvemwg Ba utrdpxel unimodular mivakag (Trivakag opioucag +1)

A= [p q] » ME (“'] = (p qj @ . Exoupe Aoimmév T'A=pT1+q Kol A=rt+s. EE{AGAAou
]

S A r s

A0 — rr+s20 kal ouvemig T=PT9 . Av det[p qj = -1, 1018 Qb 2.2.3.2
rT+s r-s

Ajupa éxoupe Im(T') = - | rr+s|2-Im(7). ‘Emeidn 6pwg e h={z<l| Im(z)>0} , 6a
¢xoupe Im(1)>0 kai ouvermwg Im(1)<Ompdyua d&romo agou kai T'eh.H

TTEPITITWON det[IO q] = -1 &ivEl OUVETTWCG ATOTIO Kal £TOI det(p qj =1. Apa
rs r s

(p q) e sl(2,2) kai é€xoupe 10 NTOUUEVO.
r s

2.2.3.7 QEQPHMA : 'Eotw D diakpivouoa , pe D<0 kau D0 . Av O sival 1aén

diakpivoucag D og TeTpaywviké ocwpa K , T16te K=Q(V/D) Kai 10X00UV Ta
ak6Aouba:
1. Av f(x,y)=ax*+bxy+cy’ gival TTpWTAPXIKA BETIKG OPICHEV TETPAYWVIKN
-b+\/5

Hopen dlakpivoucag D pe a=0 , T0TE TO aZ+( )Z eival aképaio

2
proper 15ewdeg TNG O pe véppa ion e a Kol HAAICTA , AV T gival n

pila Tou f, TOTE O=Z+atZ Kau aZ+( 'b;‘/a )2 =a(Z+1Z).

2. H ameikévion Ttou OTEAVEI KABE TTPpWTOPXIKN OETIKA OPICHUEVN
TETPpOayWVIK pop@n f(x,y)=ax*+bxy+cy? Siakpivoucag D pe a=0 oTo
-b+/D
2 2
ICOHOPQPIOHO AVANESO OTNV OUAdA KAGCEWYV TETPAYWVIKWY HOPPWV
C(D) ka1 otnv opdda KAGoewv 156ewdwv C(O).

aképaio proper 15ewdeg aZ+( ™¢ Tta¢ng O , emrayel

3. 'Evag @uoikdg aplOudég m Trapiotartal amo Hia TPWTAPXIKR BeTIKA
opiopévn popen f diakpivouocag D av kail yovo av utrdpxel aképaio
1I0ewdeg a TN O 1O Omoio va avAkel otnv kKAdon tng C(O) TToU
avTioTolXei otnv KAdon tng f oTnv C(D) - oUp@wva pe TOV
ICOHOP@IOHO TOU 2 - pe N(a)=m.

ANOAEI=H
Kat' apxnv , 1o 61 K=0(+/D ) mpokdtrrel amd 10 1 (c) Tng pdracng 2.2.1.10.
MNa 10 1 : Atmd opiopo 2.2.3.5 €xoupe 611 n piCa ¢ f civai n 1 = 'b;f. ‘Exoupe

Aoimmov K=0(+/D ) —» 1eK. Oa d¢ci¢oupe o1 K=0(1) (X 2.2.3.7.1). Mpayuat , 1¢R —
120 — [Q(1) : 0]>2. Emiong , 2 =[K: Q] =[K : Q(1)] - [Q(1) : @] ko ouveTtwg [K : O(T)] =
1, pdyua trou onpaivel 611 K=0(1). Twpa emeidn n f gival TTpwTtapxiki Kal 1o T €ival
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piCa Tou f(x,1) , Ba é€xoupe Ot Irr(1|2)(X)=f(x,1). Oa &¢i€oupe 611 O = Z +a1Z ( Z
2.2.3.7.2). MpayuaT , To Aupa 2.2.3.3 pag divel 611 To Z +atZ gival yia 1aEn Tou K ue
olakpivouca D. Etmeidn kai n O éxel diakpivouoa D Ba éxoupe Adyw  Tng TTpdTACNG
2.21.12 611 O = Z +atZ. Tapatnpoupe Twpa 6T To Afjuua 2.2.3.3 pag divel o1 T0 Z+T1Z
gival proper 10ewdeg TG TA¢NG O , Tpdyua Tou (AOyw Tou 5 Twv TTAPATNPHOEWV
2.2.2.9) onuaivel o1 kKal To a(Z+12) givai proper 10ewdeg NG TéENg O. Opwg 1 =
0D, o2 -b*dD ar+(200
2a 2 2
_b+\/5
2

KOl OUVETTWG a(Z +1Z) = )Z , OTTOTE £XOUME TENIKA

)Z gival proper 10ewdeg NG O. TEAog eTreIdr) TTpoPavws a(LZ+1Z)c Z
_b+\/5
2

0TI TO aZ+(

)L €ival proper akéPalo. TNV OUVEXEIDQ OEiXVOUNE OTI

+a12=0 €xoupue OTI TO aZ+(

N( aZ+('b+2\/5 Y2 ) =a. ‘Exoupe N( az+('b+2J5 )2 ) = N( a(Z+1Z) ) = #(azfaTZ )= #
( azzifrzzp# (2 ) =a (agov a>0).

MNa 1o 2 : Acixvouue kat' apxiv o6t n armeikévion C(D) — C(O) Tng ekpwvnong eivai
kaAd opiopévn 1 Av  f(x,y)=ax®+bxy+cy? , g(x,y)=a'x?+b'xy+c'y’® eivar  10080VaES
TTPWTOPXIKEG BETIKA OPIOCPEVES TETPAYWVIKEG HMOPYEG  dlakpivouocag D pe a,a'#0 kai
piCeg 1,1 avrtioToixa , 1OTE TO AfUMa 2.2.3.6 pag divel o1 uttapxel AeK pe A0 woTe
NZ+T1'Z) = Z+71Z. ZuveTrwg ammod 10 1 €xoupe (Z+1'Z)- (AO) = Z+1Z , TTpAyHa TTOU CNPaivel
OTI T Z+71'Z, Z+1Z avAkouv aTnv 181a kKAdon otnv C(D) , kal cuveTtwg Adyw Tou 1, 10O idio
'b';\/B )Z , az+(_b+-2\/5
oto idlo oToixeio NG C(O) kai n ameikdvion TIoU HPEAETAUE €ival TTPAyuaT  KAAd
opiopévn. Acgixvoupe otnv cuvéxela ot n atreikovion C(D) — C(O) Tng ekpwvnong ivai
‘b+2\/5 )Z , alz+( 'b+2\/5
Hop@WV f(x,y)=ax?+bxy+cy? , g(x,y)=a'x*+b'xy+c'y? avrkouv otnv idia kAdon g C(O) ,
16T €TEIdA 1O 1 pag divel aZ+('b+2‘/5 ) = a(Z+1Z) a'Z+('b+2‘/5 )2 = a(Z+71'Z) , Ba
Exoupe TEAIKG a1Td TO Afpua 2.2.3.6 o1 o1 f,g €ival KaVOVIKA 1000UVANEG KAl CUVETTWG
avrikouv aTnyv idla kKAaon tng C(D). Oa o&¢ciCoupe Twpa 6T N atreikévion C(D) —» C(O)
NG ekPwvnong givar " etmi " : 'E0Tw a éva proper KAaopaTiko 10ewdeg TnG 1agns O. Qg
proper , T0 a Ba €ival dIAPoPO TOU TETPIUPEVOU 10EWDOOUC KOl CUVETTWG N TTPOTAON
2.2.2.6 pag divel 611 To a €ival Z-module pe rank ico pe 2. 'EoTw AoImmév a=uZ+vZ , ue

Ba oupBaivel kKal ge Ta @'Z+( )Z. Ta f,g  dnAadn arreikovifovtal

"1-1": Av oI eIKOveG aZ+( )Z TWV TTPWTAPXIKWY BETIKA OpIoUEVWV

u,veK'. ETreidf rank,(a)=2 6a éxoupe 4TI Ta % , 5 oev avrkouv oto RNK. Opwg

. . ’ P u Vv z
v_1 (g) KOI CUVETTWG £va akpIBws ammo 1o — , —  Ba avikel ato  h={z(| Im(z)>0.
\Y \ u

v
Xwpig TTEPIOPIOPS TNG YEVIKOTNTAG MTTOPOUNE VA UTTOBEOOUE OTI %eh. O¢ToupEe T =
%eh. ‘Eotw 61 Irr(1]Z)(x)=ax?+bx+c. Ocwpolpe TOTE TNV HOPPR f(X,y)= ax?+bxy+cy?.

Emeid MKA(a,b,c)=1, kai a>0 (BA . opioud Tou Irr(-|Z) oToug cupBoAIGHOUG) TO 1 aTTd
70 Ajupa 2.2.3.3 Ba pag dwoel o011 N f eival BeTIKG opiopévn TTPWTAPXIKA Hop@r). ETriong
atro 10 2 Tou idlou AjupaTog , Traipvoupe o1 n f €xel dlakpivouoa ion pe Tnv dlakpivouoa
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NG O=Z+at1Z n otroia eival D kal ouvermwg feFpy(D). Oa dei¢oupe 611 N [f(X,y)] Tng C(D)
avTtioTolxiCetar oto aH(O) tng C(O). nMpaypant , n  [f(x,y)] avrioToixiCetal OTO
alZ+( 'b+2\/5

)Y kai TO T eivar n piCa Tou f (Teh) omdre amd 10 1 €xoupe OTI

al+( 'b+2\/5 )Z=a(Z+7Z). Opwg  aH(O) = (uZ+vZ) H(O) = u(Z+12)H(O) = a(Z+1Z)H(O) kai

éxoupe 10 ¢nrouuevo. TéAog Ba deicoupe 611 n atreikdvion C(D) — C(O) Tng ekpwvnong

givai opopop(ployc')g : H ouvBeon Dirichlet ©U0 TeTpaywviKwy HOPPWV

f(x,y)=ax*+bxy+cy* , g(x,y)=a'x*+b'xy+c'y? diakpivoucac D opioTnKe WS N HOPPR
2

F(x,y)=aa'x +Bxy+(%)y2 , 010U B €ival Tuxaia kai govadikr) modulo 2aa' Auon Tou

B =b(mod2a)
ouoTthuartog: B=b'(mod2a) ;. Oi ekoéves Twv f, g, F  pe TNV atmeikévion NG
B? =D(mod4aa')

EKQWVNONG €ival avTioTolxa ol aZ+( 'b+2\/5 ), a'Z+(% )Y, aa'Z+(¥)Z. Noyw

TWPA TOU TTIO TTAVW CUCTAPATOS IGOTIHILV £XOUE Yia A= B+D o Az@ (mod2a) ,

A=- b'+yD

5 D (mod2a') , kai ouveTtwg ol €ikéveg Twv f, g, F e Tnv ameikdvion Tng

EKQUWVNONG gival avTioToixa Ta 10ewdn aZ+AzZ , a'Z+AZ , aa'Z+Az. Mével va deicoupe OTI

(aZ+AZ)( a'Z+Az)=
2 2 2
=( aa'Z+AZ). NMpdypar, A%+BA =2 +DL;ZBJ5 ,2B ;BJEJB +D
gival AUOn TOU OUCTAPATOG I0OTIMILWY Ba €XOUPE ATTO TNV TEAEUTAIA ICOTIMIA TOU
ouotiuatog 61 A*+BA=0(modaa’) (= 2.2.3.7.3) . Twpa (aZ+AZ)( a'Z+AZ)==
aa'l+all+a'AZ+A’Z ométe amé v X 2.2.3.7.3 Ba éxoupe (aZ+AZ)( a'Z+AZ)=
aa'Z+alAZ+a'AZ+BAZ. Opwg amd 10 Aquua 2.2.3.4 €éxouye MKA(a,a',.B)=1 kai €10l
a/+a'’+BZ=L (atmAfl aoknon AAyeRpag) Tpdyua TTou onuaivel  AZ= alAZ+a'AZ+BAZ
otréte (aZ+AZ)( a'Z+ALZ)= =aa'Z+ AL Kal €XOUNE TEAEIWOEL.

KOl OUVETTWG agou 10 B

MNa 10 3 : pIv TTPOXWPNOOUPE OTO KUPIWG PEPOG TNG ATTOdEIENG Ba KAVOUNE TTPWTA

KATtToleg TTapatnpenoeig. Av a cival aképaio 10ewdeg TnG T1ag¢ng O , T6TE KAl TO G(a) €ival

aképalo 10ewdeg ( O01Tou O €ival N piyadikry ouluyia ) ¢ O. MaAioTa av 1o a €ival

proper 18T kai To a(a) eival proper kai yéhiota  [a] ' = [o(a)] otnv C(O). Mpdyyat 10

o(0) eivar pia 1G¢n Tou K kal 1o o(a) civar aképaio 10ewdeg TG 0(O) . Ad 10 3 TNG

mTpotaong 2.2.1.8 ouwg éxoupe o(0)=0 , kai €10l €ivar aképalo 10ewdeg Tng O.

EMTAEOV TO a gival proper , TOTE TTPOPAVWG Kal To To a(a) gival proper Tng o(O) , Kal

ouveTtwg Kal Tng O. MdaAiota atmd v mpdtaon 2.2.2.14 éxoupe o(a)-a=N(a)-O kai
ouveTtixg [a] ' = [0(a)]. Suvexifoupe TWPA PE TO KUPIWS PEPOS TNS ATTODEIENC.

(— ) 'EOTW OT1 0 QUOIKOG M TTapioTaTal ATTd Hia TTPWTAPXIK BETIKG OpIoHEVN

popon f diakpivouocag D. O m ptropei va ypagei m=d?a pe d,acl 6mou

o a va mapiotatal amd TNV f (BA. TTapampnon 1.2.1.8). ‘Exoupe 6T

uttdpxouv b,ceZ waote n f €ival va €ival kavovikd 10000vaun Pe TNV

Hoper  g(x,y)=ax*+bxy+cy® (BA. TpdéTaon 1.2.1.9). TWpa Kavovikd

I00dUVapEG HOPPEG €xouv Tnv idla dlakpivouoa Kai €10l Dg=D<0.

Emiong a>0 ka1 ouvettwg amod tnv pdtaon 1.2.1.16 £xoupe 011 n g

gival BeTik& opiopévn. Eival emTiong TpwTtapxIkr , AOyw TOU TTOPIouaTOg
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1.2.1.6. 'Exoupe Aoitrév o1l péow ToU Icopopiopol C(D) — C(O) trou
opicauye oto 2 n kAdon [g(x,y)] Ba armeikovietal oTnv KAGon TOU
_b+\/5

2

1I0ewWdOUG a = al+( )2 1nG O otnv C(O). Av 1 givai n pifa NG g,

_b+\/5
2a

Exoupe OTl O=z+atZ ka1 61 a eival aképaio 10ewdeg Tng O
aZ+('b+2*/5
TTpo@avwg [da]=[a] otnv C(O). Zuvowilovtag , €xouue OTI 0 M IoouTal
ME TNV vopua Tou aképaiou 16ewdoug da tng O , kai etTiong [dal=[a] .
AAN\G TO [f(X,¥)]=[g(x,y)] €C(D) avtioToixei otnv KAGon [a]= [da] Tng
C(O) yéow 1ng  C(D) —> C(O) , otdTE KOl £XOUME TO {NTOUMEVO.

( < ) 'Eotw 61 N(a)=mell 6110U a cival 10ewdeg TG O TTOU avrikel TNV KAGON
NG eikévag ¢S [f(x,y)] péow TN C(D) — C(O). Oa d¢citoupe o1 N f
Tapiotd Tov m. MpdydaT , av ypdwoupe f(x,y)= ax*+bxy+cy? kai
Béooupe T TNV piCa g f, TOTE TO [f(X,Y)] avTioTOIXiCETO (AOYW 1 ) OTO

_b+\/5

2

‘Exoupe Aoitov omi [a]=[ a(Z+7Z) ] otnv C(O) kai ouveTtwg Ba uTTapxeEl

ueO e a=ua(Z+1Z) (X 2.2.3.7.4) ECaA\ou 161¢ aN(u) = N( a(Z+12)

)N(u) = N(ua(Z+12)) = N(a) = m — m=aN(u) (X 2.2.3.7.5) Twpa €1meIdA

T0 a €ival aképaio kal O=Z+atZ , Ba umdpxouv (Aoyw Z 2.2.3.7.4)

p,q,r,seZ ye au=p+qart , aut=r+sar. OmoTe (p+gaT)T= r+sat . Opwg 1

gival pia TN f kai €101 ar’=-bt-c , omoTE (p+qaT)T= r+sat —

pT+qat’=r+sat —» pT-bqr-cq=r+sat —> r+(sa+bq)t= -cq+pt . AANG TR

OTIOTE I = -Ccq Kal p=sa+bq (Z 2.2.3.7.6). Exoupe Twpa amd tnv (2

2.2.3.7.5) 6T m = aN(u) _N(@u) _ (p+qan(p+gan) _ (p+qar)(p+gar)

a a a

T0TE MO 2.2.3.5 €x0oUpE T= KOl OUVETTWG a = aZ+1Z. Amé 10 1

)Z pe N(a) = a. ‘Exoupe Twpa m=d?a=N(d)N(a)=N(da) 61rou

aKEPAIO 1I0eWOEG al+( )L=a(L+TZ) véppag a TnG 1agng O=Z+artl.

E¢aAou T=_b;\/5 OTTOTE T+T= b , TT=
a a

KOl OUVETTWG

[Vl e}

, pbga g’a’c
PP- "a " a p’-pab+q’ca
a B a

2 2.2.3.7.6 10 p Pe sat+bq, Ba mapoupe m=f(s,q).

m = . AvTikaBI0TWVTAG TEAOG aTTO TNV

AZKH2H : H avtiotpogn atreikévion tng C(D) — C(O) eivau n €86 :
1

NG@) (ux-vy)(ux-vy)] , 6TTOU a tivai proper 1I5£Wdeg TNG O Ye a=uZ+vZ ,u,vel

[a] > [

2.2.3.8 NAPATHPHZH : Av D diakpivouoca , pe D<0|=0.1é1e KABE TTPWTAPXIKA
TETPAYWVIKA pop@n f diakpivoucag D , TTou TTapIioTd TOUAAXIOTO éva QUOIKO ,
gival OeTika opiopévn. (BA. rpéTaon 1.2.16)

2.2.3.9 NMOPIZMA _ : 'Evag @uOIKOG aplOuog m TrapioTartal amrd pia mTpwTapXIKh
Hopon f dilakpivouoag D<0, |D|=0 av kal pévo av utrdpxel akéEPalo IBEWDES a TG
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O 1ou va avijkel otnv KAdon tng C(O) oTtnv otroia avrioToixei otnv KAdon tng f
otnv C(D) - cup@wva pe Tov icogop@iopé C(D) — C(O) Tou Bewpiuarog 2.2.3.7 -
ME N(a)=m. (To moépiopa gival dueon ocuvérreia Tou 3 Tou Bewpruatog 2.2.3.7 kal
™G TTaparnpnong 2.2.3.8)

2.2.3.10 NOPIZMA : Av O cival Tdn o€ QAVTAOTIKO TETPAYWVIKO CWHA Kal mel-
{0} , 161 KABe OTOIXEIO TNG C(O) Trepiéxel aképalo proper 10ewdeg PeE VOpua
TTPWTN TTPOG TO M.

AMNOAEI=H
Apeon ouvémela Tou 1oopopPiopgou C(D) — C(O) tou Bewpnparog 2.2.3.7 kAl TNG
TTpoTaong 1.2.3.7

lMapakarw B8a avagépouus 11 1I0XUEI METASU TASEWV KAl TETPAYWVIKWVY HOPPWV
ornv mepimTtwon Ostikng dSiakpivouoag. la AsmrouépeieS mMapaméUITOUNE OTO
BiBAio Tou Cox : [COX] ocA. 142

2.2.3.11 2XOAIA : O 1copop@ioudg C(D) — C(O) mrou avagépeTral 010 Bewpnua
2.23.7 yia D<0, |D|#0O, dev IoxUel yevika yia DeZ, |D|x0O. MNpdaypar , ag
Oswpnooupe TNV Trepimrwon D=12 otnv omoia éxoupe DezZ, |D|#0. loyuoel
Rk=Z[V3] ka1 dx=12 , omoTe N TGN O= Rk=Z[/3] TOU TETPAYWVIKOU CWHATOG
K=0Q(+/3) éxe1 diakpivouoa 12. O Z[+3] cival SAaKTUAIOG MOVOOHHAVTNG AVAAUONG
Kal GUVETTWG hk=1 , oroTe #C(0)=#C(K)=1. Opwg o1 popéc x3-3y? , -x*+3y? éxouv
olakpivouoca 12 kai dev gival Kavovikd 1Icoduvapeg lMpaypar , av ATav , T6TE O
UTTAPXE Trivakag A= (: 3) Mg  sl(2,2) pe u-3v’=-x*+3y? yia (3 =(: 2)[;) Opwg
10T1E N TMaparipnon 1.2.1.5 Ba pag dwoel 2ab-6cd=0 ka1 agou ad-bc=1 ( Adyw
Acsl(2,2) ) , 0a éxoupe TeAIka 4cd=1 pe c,deZ Trou gival drotro. Zuvemrwg #C(D)>1
Kal €101 dev gival duvatov ta C(D),C(O) va gival iIcépop@a.

2.2.3.12 OPIZMO?Z : 1. ‘EoTtw K TeTpaywviké owpa Kai O pia 1aén Tou K. Me H*(0)
0a cupBoAieTal To ouvoAo { a | JueO: a=uO ka1 N(u)>0 }. Eival Trpo@avég OT1 TO

I©)  g¢ gupBoAiZeran C*(0) ka
' ©) MBOAIg (o))

0a ovopdaderal otevi) opada kKAdoswv (strict class group , narrow class group)
g O.

H*(0) ivan utroopdda Tng H(O). H opdda trnAiko

2. 'Eotw D diakpivouoa. 1o ouvoAo F(D) opiletal n oxéon ~

w¢ €&n¢ : Na f,geF(D) , f~g av ka1 pévo av uTTdpxel A=(: ZJ esl(2,Z2) woTe yia

[:j =(: 3@ va 1oxver  f(x,y)=(detA)g(u,v). H ~ eivai oxéon i1coduvapiag oTo

F(D) ka1 ovopdaletan  "mrpoonuacuévn iocoduvapia” (signed equivalence). H
TTPOONUACHEVN 100dUVapia gival TTPOPAVWG Kol 1000UVAHia 0TO OUVOAO TWV
TPWTAPXIKWYV  Hop@wV dilakpivouocag D kal opiel ekei éva ouvoAo 1rnAiko. To
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ouUvoAo mnAiko auté B8a cupBoAietal Cs(D) kai 8a ovopdderal "mTPooNUACHEVN
opada kAdocewv"” (signed class group).

2.2.3.13 NPOTAZH : ( Zxéon C*(0O) kau C(O) ) Av O givau TAEn TETPAYWVIKOU
ocwpartog K, t1é1e
1. Av oupBaivel éva ek’ Twv 800 akOAoubwy :
« To K ival gavTaoTiko
o To K gival Trpaypatikd kai 3ecE(O) pe N(g)=-1

1612 C(0)=C*(O).

2. Av o K gival mrpaypaTikdé Kal dev utrdpxel evada tou O pe voppa -1, TOTE
|C"(O)] =2-|C(O)I.

2.2.3.14 NPOTAZH : 'Eotw D diakpivouoa. Tote n Cs(D) ptropei va mdpel Tnv dopn
opadag.

2.2.3.15 OEQPHMA : Av K gival TETpAywVvIKO OWwpa apl@pwv pe 1a¢n O
Odilakpivouocag D , Té1e

1. YITapXel QUOIKOG Icopop@iopds C(D)= C*(0)

2. Yrdpyel @uUOoIkOg 1copop@iopdg Cgs(D) = C(O).
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2.2.4 |AEQAH TMNMPQTA TNPOX TON OAHI'O

2.2.41 OPIZMOZ : 'Eotw O pia 1a¢n o€ TETPAYWVIKO owpa apifpwv K kal a
aKEPAIO PN MNOEVIKO 10ewdeg TG O. Av m gival aképalog apiOuodg pe a+tmO=0 ,
TOTE TO a Ba AéyeTal "TTPWTO TTPOG TOV M".

2242 AHMMA : Eotw (G,+) aBehiavy opdada pe |G|=n. Mpogavwg , o
moAAatmrAaciacuog pe melN gival opopop@iouds. EidikoTepa , Ta ak6Aouba givai
1I0080vaua :

1. O wmoAAamrAaciaopog pe mell gival IcoOpop@IoUOG

2. O moAAatrAaciacpog pe melN ival empop@IoCU6g

3. O moAAamrAaciaopuog e mel ival povouop@iouog

4. MKA(m,n)=1.

ANOAEI=ZH

Apeon ouvémrela Tou BepeAiwdoug BewprpaTog BOUAG TTETTEPACUEVWY  aBeAlavwyV
OMAdWV.

2.2.4.3 NPOTAZH : Eotw O pia T4gn o0& TETPAYWVIKO ocwpa aplfpwv K pe
f=con(O).
1. Av a gival aképaio 18ewdeg TG O kKal meZ , TOTE Ta aKOAouBa  &ivai
1Ic080vaua :
a. To a gival TpwWTO TTPOG TO M

b. O TToOAAATTAQCIOCNOG HE M OTNV o gival IcopopPIouoG.
a
c. (N(a),m)=1.
2. Kabe aképailo 10ewdeg TG O, TrpwTO TTPO¢ TO f €ival proper.

AMOAEI=H
1. a <& b Av n amekoévion ToAAatTAaciacuou pe m oto O €ival ICOPNoPPIoTHOG ,
TOTE Ba €ival Kal ETIPHOPPIOPOG , OTTOTE yIa KABe ueO , Ba utrapyel veO pe mv+a=u+a
Kal €101 uea+mO. Zuvermwg Oc a+mO Kkal €701 a@ou TO a €ival aképalo Ba €Xouue
O=a+mO. Av avtioTpopa O=a+mO , 101¢ yIa KGBe ucO , Ba uttapxel veO pe uemv+a
—mv+a=u+a Kal OUVETTWG O TTOAAATTAQCIAOPOG YE M gival ETTINOPPICUOS.Apa aTrd TO
AMppa 2.2.4.2 givai kal 1I00pop@Iopds. b« ¢ Twpa atrd 10 Ajpua 2.2.4.2 £€xoupe 0TI 0

TTOAQTTAOCIAONOG PJE M OThV OPAGda (2,+) gival 1I00POPPICUOS av Kal PJOVO av
a

MKA(N(a),m)=1.

2. Av a gival aképalio 10ewdeg TTpwTo TTPpog T0 f, TéT1E €€ OpIopoUu : a+fO=0.
Emiong av beK pe baca 161¢ beRK.Mpdyuar , To a ivalr Z-module pe rank 2 (BA.
TTpotacn 2.2.2.6) kai ypdgovTtag a=uZ+vZ pe u,veK éxoupe Adyw Tou baca o611 uTTapxEl

AeMayyo(2) pe b[”j =A[Uj . Twpa (blx-A) (“j =0, omou BEPaia (u,v)#(0,0) Kal CUVETTWG
\Y Vv \'

det(bl-A)=0, omdTe 10 b €ival piCa Tou det(xl-A)eZ[x] , ordTe beRk. ‘Exoupe Aoimrdv

bO = b(a+fO) = ba+bfO < a+fRx < O (yiari a eival aképaio kai emmiong O=Z+fRk.) TeAikda

bO < O. Aci¢aue Aoirov 011 {beK | baca}cO kai €101 €€’ opiopoU 2.2.2.8 €xoupue OTI TO a

gival proper.
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2.2.4.4 DAPATHPHZEIZ : Av O cival gia Td§n o€ TETpaywvikoé cwua apifpwyv K ue
f=con(O) , 161€¢ Ta 16ewWdn TNG O TrOU €ival TTpwWTA TPOg TO0 f Ppiokovral oTO
ouvoAdo [(O) Twv avTioTpeWipwy 10ewdwv TG O Kai  paAiota Adyw
TTOAAATTAQOIATIKOTNTAG TNG VOpPHAGS (BA. rpéTaoNn 2.2.2.14) atroteAoUv afeAiavi
moAAatrAaoiaTikl nuiopdada. Me 1(O,f) 8a ocupBoAileTral n TTOAAATTAACIOOCTIKE
apeAiavi opada Trou TTapAyETaAl ATTO TNV NHIONAdA TWV 1I8eWdwV TG O Ta oTroia
gival mpwta mpog 1o f . Me H(O,f) , Ba ocupBoAileral n utroopdda Tng I(O,f) TwvV
Kupiwv 10ewdwv. ( Mpopavwg atrd Toug opiououg pokutrtel 611 1(O,f) < I(O) kai
o6m H(O,f) = I(0,f)NH(O). ) TéAog n opdda mrnAiko tng I(O,f) modulo H(O,f) Ba
ouppBoAietan pe C(O,f). Kavovrag katdaxpnon OupBoAIOMOU , yid OKOTTOUG
g€ukoAiag , 6a ocupBoAifoupe otnv ocuvéxela pe  1(0,f)NO 1O UTTOCUVOAO TWV
aKepaiwv TPWTWV TPog To f 18ewdwyv Tou [(O,f) kai épola pe I(Rk,f) NRk 1O
OUVOAO TWV aKEPAiwV TTPWTWYV TTPOG To f 18ewdwyv Tou IK(f)=I(R,f).

2.2.4.5 NMPOTAZH : 'Eotw O 1d¢n diakpivoucag D pe D<O0 o€ TETPAYWVIKO CWHA
apiBuwv K. Av f =cond(O) , téte n kavovik évleon 1(O,f) — 1(O) emrayel

icogopiopé C(O) ——> C(O,f) rou diveral amdé Tnv avriotoixia a-H(O) —
as- H(O,f) vacO. 6é1rou as gival otrolodnTroTe 18ewdeg TNG O TTpWwTO TTPOg TO f TTOU
va aviijkel otnv KAdon [a] Tou a otnv C(O)

AMNOAEI=H
ATIO Tépiopa 2.2.3.10 éxoupe 611 KGBe KAGon TnNG C(O) €xel aképalo I0EWES PE VOpUA
TpwTtn TTpog 10 f. H kavovikn évBeon [(O,f) — 1(O) emTopévwg , eTrayel "eti" atreikdvion
I(O,f) » C(O). O mupnrvag NG ateikéviong autng eival akpiBwg 1o 1(0,f)N H(O).

Emreidn &' opiopou 1(O,f)n H(O) = H(O,f) , Ba £xoupe 1copop@iopd C(O,f) — C(O)
, TOU OTTOIOU O AVTIOTPOYOG ICOPOPPICHOG EiVAI O  AVAPEPOUEVOG OTNV EKPWIVNON.

2.2.4.6 MPOTAZH : 'EoTtw 1a¢n O diakpivoucag D o€ TETPAYWVIKO CWHA apIBuwv
K. 'Eotw etriong f = cond(O). loxUuouv Ta ak6Aouba :
1.  Av b gival 18ewdeg Tou Rk rpwTo TTpdg TO f, TOTE KOl TO bNO €ival
1I5ewdeg TNG O TTpwTO TTPOGg 1O f, KO PaAloTa PE VOpUA ion ME TV
. Rk _ D
vopua Tou b. (AnA. #T = #bﬂ—o)
2. Av acival 18ewdeg TG O TTpwTo TPOog 1O f, TOTE TO aRK Eival 1I0EWDEG
ToU Rk TrpwTO TrpOog 10 f KOl paAioTa pE vOpua ion TRV vOpua Tou a.

(AnA. #%= # Ry

aRy
3. Ta I(Rk,f) NRk ka1 I(0,f) N O gival TTOAAATTAACI0O0TIKEG NUIOUADES Kal Ol
opadeg Tou Trapdyovrtal amwd autég givai ol Ik( f) , 1(O,f) avrioToixa.
H amekévion F: I(Rk,f) "Rk — 1(0,f)nO T1ou o€ kdBe aképaio
1I0ewdeg btou Rk TpwTOo TPOG TOV f, AVTIOTOIXEI TO AKEPAIO , TTPWTO
mwpog 10 f ,10ewdegTng O : bNO , gival ICOHOPPIOHOG PETASU TWV
nuiopadwyv I(Rk,f) NRk kau  1(0,f)NO kai gmrdyel iIcopop@ioud Ik( f

)——> 1(0,f). ( M&AioTa F™ : 1(0,f)nO — I(Rk,f) NRk : F'(a)=aRx. )
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AMOAEI=ZH
1.  Av b civar 18ewdeg Tou Rk TpwTto 11pd¢ TO f, TOTE KAT' ApXriv 1o bNO gival aképaio
10ewdeg TNG O. ATTOG 10 2 TNG TTPOTAONG 2.2.4.3 , Ba £XOUME TO {NTOUPEVO VvV N VOPUQ
Tou bNO ¢ival ion pe TNV véppa Tou b. Apkei Aoimmév va deigoupe 611 N atrelkévion @ :
(bﬂ%’ﬂ — (RTK,+) :utbnNO — utb , ueO , eivai  1c0o0pop@IoUGS. Mpayuari , Kar'
apxiv ammdé 10 Afuua 2.2.4.2 €xoupe OTI 0 TTOAAaTTaAacIloopog pe f oto Rk €ival
ICOMOPPICHOS ( agou To b gival TTpwTo TTPog 10 f ). Av ueRk TOTE UTTAPXEI VERK pe u=fv

Rk

Kal €101 u+b=fv+b Opwg f = cond(O) = #F , kal €101 fve O , omrdTe fv+bNO € : 9 ki

o(fv+b)=u+b. H amekdvion ¢ Aoimmév civar "em". H @ Opwg eival Tpo@avws Kai
OMOMOPPIOUOG TTETTEPACHEVWY OPABdWY , OTTOTE Eival KAl ICOUOPPIOUOG.

2. Av a cival 10ewdeg TG O mrpwTto TTpog T0 f, TOTE KAT' apxrv 10 aRk €ival aképalo
10ewdeg Tou Rk. ©a amodeigoupe v oxéon N(aRk) = N(a) , 1Tou €ival n {nToUuuevn ,
epapuolovtag 1o 1. lMaparnpouue kat' apxnyv ot emmeidr) a+fO=0 Ba £xoupe aRk+Rk
o(a+fO)Rk=ORk=Rx — aRk+fRkx oRk. E&GAAou Trpogavwg aRk+fRkcRk , otrére
aRk+fRk =Rk (Z 2.2.4.6.1). Oa d¢i¢oupe Twpa 611 aRkNO=a (2 2.2.4.6.2). MpdayuaTi , TO
aRkNO cival aképaio 10ewdeg NG O kai Tpopavwg acaRkNO. Emiong f = cond(O) =
#F%K kar €101 fRkcO , omore aRkNO = (aRkNO)O = (aRkNO)( a+fO) =
(@aRkNO)a+(aRkNO) fO ca+f(aRkNO) ca+faRkc a+aO = a. Twpa n oxéon Z 2.2.4.6.1
Mag divel 61 To aRk €ival 18ewdeg Tou Rk mpwTo 1pog 10 f. EQapudlovrag Aoimmédv 10 1
yla b=aRg , 8a mdapoupe 611 N(aRk) = N(aRkNO) «kai ouvermwg Adyw TnG oxéong Z
2.2.4.6.2 Ba 1oxuel N(aRk) = N(a).

3. Oa armodei¢oupe KAt apxnv ot

« aRkNO=a, yia kdBe 18ewdeg a Tou O TTpwTo TTPog 1O f (£ 2.2.4.6.3)

e (bNO)Rk=b , yia KGOt 10ewdeC b Tou Rk TTpwTo TTpog 10 f (£ 2.2.4.6.4)
MpayuaTt, n oxéon 2 2.2.4.6.3 ival akpIfwg N 2 2.2.4.6.2 n oTtroia £Xel NN atmodEIXTEN.
Ooovyiatnv % 2.2.4.6.3, £€xoupe Ta akdAouBa : INa 18ewdeg b Tou Rk TTpwTo TTpog 10 f
10 1 pag divel 611 To bNO eival 16ewdeg Tou O TTpwTo TTPOg 10 f, oTTdTE bNO + fO = O.
‘Exoupe tTwpa b = bO = b(bNnO + fO) = b(bNO)+HO < Rk(bNO)+b — b <
Rk(bNO)+fb.Opwg f = cond(O) = #'%K — fRkcO — fbc fRkcO. E¢GAN\ou TTpopavwg
focb , omére TeAikd fbcbNO kai éto1 b < Rk(bNO)+fb < Rk(bNO) + bNO < Rk(bNO)
— b < Rk(bNnO). Téhog 10 0TI Rk(bNO) < b civar rpopavég kar €ral (bNO)Rk=b.
YTtrevOupioupue 6T 1O Ik(f) €ival n TTOAAQTTAQOIOOTIKA OuAda TTou TTaPAyouV T TTPWTA
10ewdn Tou K Ta  otroia dev diaipouv 10 fRk (BA. opiopd 2.1.2.7). Ouwg , TO TTPWTA
10ewdn Tou K Ta otroia dgv diaipouv 10 fRk gival akpifwg Ta TTpwTa 18ewdn Tou K, Ta
otroia  €ival TpwTta TPOog 10 f. H Ik(f) eTopévwg , €ivain  TTOAAGTTAQCIACTIK OpGda
TTOU TTapAyeTal atrd 70 oUVOAO { p< Rk | p = TpwTo 10eWdEC Kal TTpwTO TTPOg 10 f },
otrote N Ik(f) Oa givar n TTOAAATTAACIOOTIK) Opdda TToU TTAPAYETAl ATTO TNV NUIOKAdA {
a<Rk | a = mpwrto mpog 10 f } = I(Rk,f) NRk. ETiong , 10 I(O,f) cival €€' opiopou n
opdda TTou TTapayeTal atrd TNV nUIopada { a< O | a = mpwTto rpog 10 f } = 1(O,f)NO. Oa
ocicoupe OTI n atreikOvion F TTou opioTNKE OTAV €KPWVNON €ival 1I00UOPPIOUOS TWV
nuIopadwyv  [(Rk,f)NRk kar I(O,f)NO , ommdte n F Ba eTrekTEiVETAI ICOPOPPIKA KAl OTIG
opddeg TTOU TTAPAyovTal ATTO QUTEG TIG NIONAdeG , dnAadn oTig Ik(f) , I(O,f)
avTioToIXa.
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Ma 1o "etri” : Av a gival 15ewdeg Tou 1(0,f)NO , dnAadn aképaio 15ewdeg TG O
TpwTto TIPog 10 f, TOTE TO ARk €ival , Adyw 2 , 18ewdeg Tou |(Rk,f) NRk ( dnAadh
aképalo 10ewdeg Tou Rk TpwTto 1mpog 10 f ) Kal F(aRk)=aRkNO =a, Aoyw 2 2.2.4.6.3.

Ma 1o "1-1": Av b,b' gival 1dewdn Tou I(Rk,f) NRk (dnAadn aképaia 16€wdn Tou
Tpwta Tpog 10 f ), ue F(b)= F(b') , 161 b'= (b'NO)Rk =F(b')Rk=  =F(b)Rk = (bNO)Rk
=b , Aoyw 2 2.2.4.6.4.

(o TNV opouop@IKOTNTA : _ETTe1dr) éxoupe ndn deigel 6T n F gival "1-1" kai "eri"
, uTTopoUE va Bswpicoupe TNV F' kai va Sei€oupe 6T eival OMOMOPYIONOG , OTTOTE KAl N
F  Oa cival opopop@iopds. ‘Exoupe ,( BA. ammddeién Tou "etri" ) 611 yia b TpwTo  TTPOG TO
f , aképalo 1I5ewdeg Tou Rk , 1oxUel F'(b)=bRk. Av Aormrév b,b' sival Tpwta Trpog 1o f |
aképaia 1I5ewdn Tou Rk , 101€ F'(bb')=(bb")Rk=(bRk)(b'Rk)=F " (b)F(b").

2.2.4.7 AHMMA : Av K cgival TETpaywVviKé ocwpa aplOuwyv kal meZ , a,eRk pe
a=B(modmRk) , Té1e N(a)=N(B)(modm).

AMNOAEI=H
Av n opdda Galois Tng K|O eivar G(K|O)={1,0} , T61€ (BA. TTpdTOCN 2.1.1.5) 0(RK)=R« ,
OTToTE  YIa a=p(modmRk) B6a €xouue o(a)=0(B)(modmRk) KaI OUVETTWG
ao(a)=po(B)(modmRk) — N(a)=N(B)(modmR). OmoTe uttapxel ueRk pe N(a)-

N(B)=mu. Topa [N(a)-N(B)]eZ — mueZ. ETeidn R.@Z{ﬂ] =z+[ﬂ}z , av

Béooupe u=x+yﬂ , X,yeZ , T101¢ emeid) mueZ. kai Dg ¢Z , Baéxoupe y=0 ,

otoTe uelZ , kai €101 N(a)=N(B)(modm).

2.2.4.8 AHMMA : Av K gival TETpaywvVviké ocwua api@uwyv kail O pia 1agn Tou K pe
odnyo f, 16Te yIa KGBe acRgk , Ta ak6AouBa gival Ic0dUvaua :

1. Ywdpyel acZ pe MKA(a,f)=1 wote a=a(modfR).

2. acO kai MKA(N(a),f)=1.

AMNOAEI=H
1 ‘EoTtw 6T uttdpxel aeZ pe MKA(a,f)=1 wote a=a(modfRk). ATrd 1o Ajuua 2.2.4.7
TOTE , €XOUME N(a)=a?(modf) - MKA(N(a),f) =MKA@%f) = 1 ( apou
MKA(a,f)=1 ). Emiong f = cond(O) = # F%K kar €101 fRkcO , omorte

o=a(modfRk) — (a-a)efRk — (a-a)eO. Ouwc¢ acZcO kal ouveTtwg acO.

2 > 1 ‘Eotw aeO kal MKA(N(a),f)=1. ‘Exoupe O=Z+fRk (BA. mpdtaon 2.2.1.4) ,
omoTe ae(Z+fRk) Kal CUVETTWG UTTApxEl KATTolI0 aeZ pe a=a(modfRk). Etriong
atré To AMupa 2.2.4.7 8a rapoupe  N(a)=a?(modf) omdTe emeidr MKA(N(a),f)=1
, Ba 1ox0el MKA(a%,f)=1—> MKA(a,f)=1.

2.2.4.9 OEQPHMA : Av K gival TETPAOYyWVIKO QAVTACTIKO WA aplbuwyv , kai O
Mia Tagn Tou K pe odnyo f, 16T1e uTTApXOUV OI aKOAOUBOI PUOIKOI ICOHOPPICHOI :

c(0)——c(0,f) —> M
Hy (f)
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ol otroiol divovral pEow Twv avTioToiXiwv a-H(O) — as-H(O,f) — (aRk) - Hy (f)

,VacO. 61rou pe as oupBoAifoupe Tuxaio TrpwTo TrPog 1o f 1I8ewdeg TG O TO OTTOIO
aviikel otnv [a]eC(O).

AMOAEI=ZH
Ao Tnv TIpdTaon 2.2.4.5 €xoupe om n évBeon 1(O,f) — I(O) , emdyel iIcopopPIoud

C(0O)——> C(O,f) wate k@B kAdon 10ewdoug a g O va avriaToIxifetal aTnv KAAoN
TUXaiou TTPpWTOU TTPOG TO f 1dewdoug ar TNG O TTou va aviikel oTnv KAGon [a] Tou a oTnv
O. Mével Aoirrév va atrodeixTei o 1IcopopPiopog C(O,f) — HIK—(f()f) :b -H(O,f) —
K.z

(bRk) - Hkz (f) .Mpaypat , amd v mpétaon 2.2.4.6 £xoupe 611 O ICOUOPPIOHOG P :
(O,f)NO — I(Rk,f) NRk : P(a)=aRk , Twv nuiopdadwyv 1(0,f)NO , I(Rk,f) NRk ETTAYEI
IGopopPIoRS P' : 1(0.f) ——> Ix(f). ETeid Aormov €€ opiopou C(O,f) = % ,

EXOUE TO {ntouuevo av degicoupe o1 n utrooudda H(O,f) tng I(O,f) avrioToixeital
puEow Tou P' otnv utroopdda Hy, (f) TG Ik(f). Mpdyparn , n H(O,f) eival n opdda twv
10ewdwv TG O TToU TTapdayeTal aTrd Ta KUpla  10ewdn NG O TTOU €ival TTpwTa TTPOG TO f
Kal ouveTtwg (AOyw a<>c Tou 11ng mrpdTtaong 2.2.4.3) n H(O,f) TTapPAyETAl ATTO TA
10ewdn TNG popens aO pe acO kai MKA(N(a),f)=1. Z0pewva Aoimmév Twpa Pe 10 AjuPa
2.2.4.8 , n H(O,f) Ba civai n opdda Twv 16ewdwv TNG O n otroia Ba TTapayeTal amd 10
ouvolo { a0 | aeRk kai uttadpxel aeZ ye MKA(a,f)=1 wote a=a(modfRk) }. To auvoAo
Ouwg auté avTtioToixeital péow TNG P' ato { aRk | aeRk kal uttdpxel aeZ ye MKA(a,f)=1
wote a=a(modfRk) } To otroio €&’ opiopoU gival To Hy, (f) (BA. TTapatrpnon 2.1.2.8).
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2.2.5 YINOAOIZMOZ TOY APIOMOY KAAXZEQN

2TV mapaypa@o autn avagEPoUNE yid AOyous TTANpoOTNTAS UEPIKA XpHOoIud
amoreAéouara mou apopouv apiBuoUSC KAAOswv TASswV Kal TETPAYWVIKWV
Hopowyv. Ia mepIioooTepes AsTTrouépeies mapamréumouus  oro : [COX] oeA.
146-149.

2.2.5.1 OEQPHMA : Av O gival pia Tagn TETPAYWVIKOU (pAVTAOTIKOU CWHATOG
K, pe odnyo f, 16te hg | h(O) kai €181kOTEPQ
hy -f 1(d
h(0) = —%— [1-—(—")].
( ) [R: O ]lpl_! P\P/,
peP

2.2.5.2 OEQPHMA (Siegel): Eotw D diakpivouoa pe D<0 , kai mel.
1. Ymdpxel @avraoTiKo TeTpaywviké ocwpa K kai tageig O, O' tou K pe
diakpivouoeg D, m’D avrioToixa , wote O'cO ka1 [0 : O'] = m.
2. Av K gival @avtaoTiKO TeTpaywvVviké cwpa K kal Tégeig O, O' Tou K
pe Siakpivouoec D, m?D avrioToixa wote O'cO kai [0 : O'1=m ,

TOTE h(m?D) = [thf.’)g:*_]ll_[@ - %(%} ]
: pl m 2
peP

2.2.5.3 OEQPHMA : Eotw K TeTpaywviké @avtaoTiké cwpa. loxiouv Ta

ako6Aouba :
Id -1 dy
1. h(dg) = D, [n-(T) ]
2

n=1

2 loglh(dk)] _ 1
. m — . . = .
des o log|dy| 2

1

3. Ve>0 , 3¢0: h(dk) > celdgl?2 -
i B

4. 1 L=VP]
h(dk) > 7500 !_I[d log|d|
peP

p+1

2.2.5.4 2XOAIA : To 2 Tou Bswpnparog 2.2.5.3 gival yvwoTo Kal wg Bswpnua
Tou Siegel. To 4 Tou idI0U BEWPNMATOG €ival CUVETTEIO EVOG ONUAVTIKOTATOU
atroteAéopatog Twv Gross Kal Zagier Tng dekasgriag Tou 80.
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§3 CLASS FIELD EORY KAl OEQPHMA
[MTYKNOTHTAZ TOY CEBOTAREV

2& 6An tnv §3 dev Oa doOouv amodeiéeic. EKTOC amdé Toug amapairnTous opiouoUS
Kai Ta oxoAia , Ba yiver amAn avagopd Twv Bswpnudrwv tng Class field theory kai
ToU Bswprnjuarog mmukvornrag tou Cebotarev - KaBwg Kal Twv AUECWV EQAPLOYWV
Tous. Na avaAurtikéc amodei§eis Twv OswpnuATwyY TNG TAPAYPAPOU - Ol OTTOIES
ONUEIWVOUNE OTI  gival APKETA OSUOKOAEC KAl UAKPOOKEAEIC- TAPATTEUTTOUNE OTO
BiBAio Tou Janusz : [JANUSZ] keep. V. Mia ouvroun mapouagiaon tng Class field
theory umrapyeir oro BiIBAio Tou Cox : [Cox] ocA. 1569-164 e TOAU KAAEC TTAPATTOUTTES
yia 1i¢ amodei§eis. Emiong yia 1ig amodei§eic TnS mapaypapou 2.3.2 maparméUITOUNE
oro : [Cox] ocA. 169-172.

2.3.1 CLASS FIELD THEORY

2.3.1.1 OPIZMOZ : 'EcTtw K éva aAyeBpiké cwpa apiBuwyv kai m éva modulus Tou K.
Mia utroopdda P Ttou Ik(m) 8a AéyeTal " utroopdda 1Icoduvapiag yia To m ", av 10xXUEl
Hk 1(m) < P < Ik(m). ZTnV Trepimrwon tou n P gival utroopdda iIcoduvapiag yia To m
n opdda TrnAiko, 8a ovopddeTal " yeviIKEUPEVN OPAda KAAOEWV 10£WOWYV yia To m ",

2.3.1.2 IXOAIA : To Baoiké amrotéAeopua Tng class field theory , To omoio kai 8a @avei
oTNV OUVEXEIA gival OTI yia aAYERPIKO cwpa aplBuwyv K , 01 YEVIKEUUEVEG OMADEG
KAdoewV 10ewdwyV yia ta diagopa modulus Tou K gival akpiBwg ol opddeg Galois
TwV dpeAiavwy eTEKTACEWYV ToUu K. ZTO atroTéAeopa auto , KUpIo pOAo Ba Traigel n
amreikdévion Tou Artin yia apeAliavég emekTtdoelig Tou K n omoia kai 8a oploTei
TMAPOAKATW.

2.3.1.3 MPOTAZH : 'Eotw L/K aBeAiavi) €méKTaon AAYERPIKWY CWHATWY aApPIOUWYV.
Av m cgivai éva modulus Tou K diaipéocigo amé OAoug Toug mpwrtoug Tou K
(TreTrepaocpévoug Kal armreipoug) rou diakAadifovral oto L , TO0TE TO OUNBOAO TOU
Artin (ﬁj , ETTEKTEIVETAI TTOAAATTAAOIAOTIKG OTO Ik(Mm) eTdyovrag opopop@Iouo

Ik(m) = G(L|K).

2.3.1.4 OPIZMO?Z : ‘EoTtw L/K apeAiavi} eTEKTAON OAYERPIKWY CWHATWY APIOUWY Kal

m éva modulus Tou K Siaipéoipo amd 6Aoug Toug TTpwToug Tou K (Trerepacévoug

Kal arreipoug) mrou diakAadiovral oto L. H gmwékraon tou ocupyfoAou tou Artin oTo

Ik(m) , 0a ocupBoAietar pe @, o amAd P, - 6TAV dEV UTTAPXEI TTEPITITWON
K,m

ouyxuong -.

2.3.1.5 OEQPHMA ( 1° 8zswpnua 1ng class field theory - @swpnua AvTICTPOPHG TOU
Artin ) : '"EoTtw L/K aBeAiavi eTTEKTAOTN OAYERPIKWY OCWHATWY AplBuwyv. Av m givai
éva modulus Tou K diaipéoipgo atrdé 6Aoug Toug TTpwToug Tou K (TTETTEPACTHEVOUG Kal
darreipoug) rou diakAadifovral oto L, TOTE I0XUOUV T akKOAouba :
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1. H amreikévion @, Tou Artin gival "etri".

2. Av Ol EKBETEG TWV TTETTEPACHEVWYV TTPWTWYV Tou K TTOU d1a1pouv
TO M €ival apkeTd peydlol , Téte o mupnvag Ker(®,) tng O,
gival utTtoopdda 1Icoduvapiag yia To modulus m.

2.3.1.6 ZXOAIA : 1. Apeon ouvérrela Twy Bewpnudtwy 2.3.1.3 kai 2.3.1.5 givai oTi
oTNV TTEPITTTWON ABEAIAVIG ETTEKTAONG OAYERPIKWY CWHATWYV
apiBuwyv L/K , kai modulus m tou K 1rou  diaipeital amré 6Aoug
TOUG TPWTOUG TOoUu K (TTETTEPOAOCHEVOUG KOl ATTEIPOUG) Trou
SlakAadifovral oTo L pe apKeTd peydAoug €KOETEG , N opdda
Galois G(L|K) tTng eméktaong L/K eival yevikeupévn opada
KAGOEWV I0EWOWYV yIia TO m.

2. NMaparnpoupe 611 yia To modulus m Tou Bswpniuarog 2.3.1.5
Exoupe utroBéoel OTI diaipeiTal atrd 6Aoug Toug TTpwToug Tou K
rou di1akAadifovral oTo L pe apkeTd peydAoug ekBETeg . TETOIA
moduli 6pwg uUTTadp)XOoUV ATTEIPA KAl CUVETTWG Ba utTTdpyouVv Kai
ameipa moduli n wote 10 Ker(®,) va eival utroopdda
Icoduvapiag yia To n. QoTéc0 utrdpyxel Katmoio modulus Tou K
TO OTT0i0 €ival KAAUTEPO a1rd Ta AAAA , UTTO TNV £évvola OTI €XEI
TO Alyotepo duvard TARBog dlaipeTwv evw dlartnpei Tnv
1I316TNTA N aTreIKOvion Tou Artin yia To modulus auté va éxel
TTUpfiva utroopdada 1ooduvapiog. To akdéAoubo Bswpnua Ba
gekaBapioel yia T1 akpIBWG MIAGUE.

2.3.1.7 OEQPHMA (Oswpnua odnyou ) : Av L/K gival afeAiavi €TEKTaON AAYERPIKWV
OCWHATWY aplfuwy , T6TE UTTdpXel modulus f Tou K povadika opiopévo amrd Tnv
emékraon L/K , wore :
1. 'Evag mpwtog Tou K (TreTrepaocpévog i ameipog) diakAadieral
oto L av kai yévo av diaipei 1o f.

2. Av m gival modulus Tou K T1ToU TTEPIEXEI OAOUG TOUG TTPWTOUG
Tou K (Trerepaocpévoug Kal armreipoug) rou diakAadifovral oT1o
L, 161 710 Ker(®,) €ival utroopdda 1Ico0duvapiag yia To m av
Kal pévo av fim.

2.3.1.8 OPIZMOZ : lNa aBeAiavh €méKTAON OAYERBPIKWY CWHATWY apiBuwyv L/K , TO
povadiké modulus Tou K pe 1ig 18160TNTEG 1 KO 2 TOU Otwprparog 2.3.1.7 , Ba
ovopddetal "odnyog” Tng emékraong L/K kai 0a cupBoAileTan pe f(L|K).

2.3.1.9 2XOAIA : To erépevo Bewpnua TTOU gival KAl YVWOTO w¢ "fswpnua Utrapéng™
, EXEl WG CUVETTEIO TO YEYOVOG OTI KAOE YEVIKEUHMEVN ONAdA KAGOEWV 10eWdWV gival
I06op@n pe opada Galois kamrolag aBeAlavig ETTEKTAONG.
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2.3.1.10 OEQPHMA ( 2° Bswpnpa TG class field theory ) ‘Eotw K aAyefpiké cwua
apiBuwyv kKal m éva modulus Tou K. Av P gival gia utroopdda iIcoduvapiag yia To m (
onAadn , av Hg1(m) < P c Ik(m) ), 161E UTrdp)el povadiki afeAiavn eTrékTaon L Tou
K woTte To m va diaipeital amd 6Aoug Toug rpwTtoug Tou K 1rou diakAadi{ovral oto L
Kai emriong P = Ker(®, ).

K’

2.3.1.11 2XOAIA : Av L/K gival aBeAiavi emréktaon , T101€ yia To modulus f(L|K) atrd
Ta oXOAIa 2.3.1.6 e§ayoupe 611 n G(L|K) gival utroopada 1coduvapiag ( yia To f(L|K) ).
Av maAiI P gival utroopdda 1coduvapiag yia karmoio modulus m tou K , 1é1e 1O
fswpnua 2.3.1.10 8a pag dwoel o1 n P gival 1Ic6popen pe opdda Galois kdatrolag
apeAiavig eékTaong Tou K. Me Ta géXpl Twpa AOITTOV ATTOTEAEOHATA QAiIVETAI AUTO
TTOU TTPOEITTapE oTa OXOAIa 2.3.1.2 , 611 SnAadA yia aAyeBpikd cwua apiBuwyv K, ol
YEVIKEUMEVEG OMAOEG KAAOEWV 10ewdwWV  yia Tta didgopa modulus Tou K givai
akpIfwg o1 opadeg Galois Twv apeAlavwy eTeKTACEWV ToU K. Zav €@apuoyn Twv
TMAPATTAVW OBewWPNUATWY  AVOQPEPOUME TNV TTAPAKATW TrpoTaon 2.3.1.12 kai 10
fswpnua Twv Kronecker-Weber.

2.3.1.12 NMPOTAZH : '"Eotw L ka1t M aBeAiavég eTTEKTACEIS TOU OAYERBPIKOU CWHATOG
apifuwyv K. Ta akoéAouBa gival iIc0d0vaua :
. LQM.
o Ymdapxel modulus m Tou K Jlaipéoigo amd OAoug TOoug
mpwTtoug Tou K 1Tou diakAadifovral og kdamoio amé ta L,M
woTe : Hki(m) c Ker(o,, )cKer(®, ).
K™ K"

2.3.1.13 OEQPHMA (Kronecker-Weber) : Av L gival aAyeBpikd cwpa apiBuwyv Kai
aBsA;a_\//ﬁ emékraon Tou @ , 1éTe urdpxel melN pe LcQ(yn) , 61TTou wg ouvibwg
Zm=e 1Tl m.

2.3.1.14 OPIZMOZ : Eotw K aAyeBpiké cwpa apifuwyv Kai m éva modulus Tou K.
Emeidi n Hgk 1(m) gival mpopavwg pia utroopdada icoduvapiag yia To m (BA. opiopo
2.3.1.1) , amd 1o Oswpnua utTapéng 2.3.1.10 £rmreTan 6TI UTTAPXEI povadik aBeAiavi
eméktaon K, Tou K woTte kaBe diakAadifopevog rpwrtog Tou K oto K, va diaipei To
m , ka1 emiong Hk,1(m) = ker(®, ). To K, 8a ovopadetal " owpa akrivag kKAGong”
K ,m

(ray class field) yia To modulus m. To owpa akTivag kAdong yia To modulus 1 8a
ovopdadetal " Zwpa kKAdoewg Tou Hilbert yia to K" (Hilbert class field).
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2.3.1.15 OEQPHMA ( 1816TnTEG TOU OWHATOG KAdoewv Tou Hilbert ) :
1. Av L gival To owpa kKAdoswv Tou Hilbert evog aAyeBpikou
owpaTtog aplfuwyv K 16T1¢ :
a. C(Rk) = G(L/K).
b. H emékraon L/K gival pn diakAadiopevn.
c. f(L/IK)=1.
2. To owpa kKAdoewv Tou Hilbert evog aAyeBpikoU cwWHATOG
aplBuwv eival n péyiorn afeAiavy pn diakAadi{opevn
EMEKTAOT TOU.

2.3.1.16 MOPIZMA : Av L/K givai afeAiavi eTTEKTOOTN GAYEBPIKWY CWHATWY APIBUWY ,
TOTE 0 00NnYOG f(L/K) €ival o pé€yioTog KOIVOEG diaipéTng OAwvV Twv moduli m yia Ta
omroia LcK,, .
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2.3.2 OEQPHMA NYKNOTHTAZ TOY CEBOTAREV

2.3.2.1 OPIZMOZ : 'Eotw K aAyeBpiké cwpa api@pwyv Kal ScPo(K). Av utmrdpxel 1o
2 N(p)™

o6pio lim peS
x — 1° -log(x-1)

Dirichlet " Tou S.

101E 0 OoupBoAileTal &(S) ka1 0a ovopdaleTal TTUKVOTNTA

2.3.2.1 NPOTAZH ( 1816TnTEG TrUKVOTNTOG Dirichlet ) : 'Eotw K aAyefpiké cwua
apifuwyv Kai S, TcPo(K).

1. To 8(Po(K)) umrdpxel kai paAiota 8(Po(K)) =1.
Av ScT kai Ta 5(S) , 8(T) utrapxouv , Téte 8(S) < &(T).
Av 10 &(S) utTrdpxEel , TOTE 0 < J(S) < 1.
Av SNT=0J ka1 Ta (S) , 8(T) umrdpyouv , T6Te d(SUT) = 5(S) + &(T).
Av 10 S gival TreTrepacpévo , T161E 5(S) = 0.

o kb

AvS - T (dnAadn av Ta S, T dia@épouv KATA TTETTEPATHEVO TTARO0G)
Kal Ta &(S) , 8(T) utmrdpyouv , 161E 5(S) = &(T).

7. Av 8éooupe P, 1(K) To 0UVOAO TWV TTETTEPACHEVWYV TTPWTWYV Tou K pe
Baduoé adpaveiag 1 kal utrdpyxel To 8(S) , TOTE Ba UTTapXEl Kal To &( S
N Po,1(K) ) kai pahiota 3(S) = &( S N Po1(K) ).

2.3.2.3 JHMEIQZH : YtmrevOupifoupe atrd tTnv otoixeiwdn aAyeRpiki Bswpia aplOpwv
oM av L/K gival Galois €mékTaon aAyEBPIKWY CWHATWY apiBuwy Kol p E€ival
TETEPAOHEVOG TTPWTOG TOU K pn d1akAadi{opevog oto L pe q,q" TTETTEPAOCHEVOUG
. . . . . . L|K LIK| _.
TPWTOUG TOUu L Tradvw atrd 10 p , T0TE Ta oUUBOAa Tou Frobenius {T} Kal {q—} givai
ouduyn otoixeia tng G(L|K). 'ETol , yevikd To oUufoAo Tou Artin {%} opideTal wg n
KAdon ouluyiag evog amrd Ta cupBoAa Tou Frobenius yia Katroio mpwTto Tou L Trdvw
atrd 10 p. XTNV TrEPITTTWON TTou N L/K gival aBeAiavr , Ta cUpBoAa Tou Frobenius yia
TOUG S1d@Oopoug TTPWTOUG Tou L Trdvw atré 1o p Oa tautifovral , oTrOTE TO CUMBOAO
Tou Artin 0a gival povoouvoAo Kal £€TO1 Oa pTTOPEiI VO TAUTIOTEI PE TO HOVadIKO
OTOIXEIO. XTNV YEVIKN TTEPITTTWON TAVIWG TO OUMBOAO TOoUu Artin €ivanl kAdon
ouduyiag.

2.3.24 OEQPHMA ( Mukvotnrag tou Cebotarev ) : 'Eotw L/K eméktaon Galois
aAyeBPIKWY CWHATWY aplfpwyv Kal €0Tw ocG(L|K). Av pe (o) oupBoAiooupe Tnv
kKAdon ouluyiag Tou 0 oTnv G(L|K) , 16T€ To 0UvoAo { pcPo(K) | 0 p dev diakAadileTal
#(o)

oto L kai {%} =(o)} éxe1 rukvoTnTa Dirichlet ion pe LK
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2.3.2.5 MOPIZMA : ‘Eotw L/K aBeAiavnh eTEKTAON OAYEBPIKWYV CWHATWY aApPIOUWYV.
To oUvoAo TwV TTETEPACHEVWYV TTPWTWYV Tou K 1Tou avaAvovTtal TTARpwg oT1o L, £xel

TTuKvoeTnTa Dirichlet i 1 K] KOl CUVETTWG gival ATTEIPO.

2.3.2.6 OPIZMOZ : Av L/K cgival emékTaon aAyEBPIKWYV CWHATWY APIBUWY , TOTE HE

spl(UK) peE sﬁl(%() n ME sﬁl(&), 0a cuppoAileTal To oUvoAo : { pePo(K) | o p Bev
SiakAadileTal oto L kai utrdpxel qePo(L) rdvw amé 1o p, He f(%j =1} (Npogavwg av
n L/K givanr Galois , 161e spi(L/K)=spl(L/K) ) Emriong pe spiL) 0a ocuppoAileTar To
spl(L/ Q)

2.3.2.7 MPOTAZH : 'Eotw L/K ka1 M/K €£TTeKTACEIG OAYERBPIKWY CWHATWY aApPIOPwWV.
loxUouv Ta ak6Aouba :
1. Av M/K givail Galois , TOTE 10XUEI N 1I00dUVApia :

"LcM < spl(M/K)< spl(L/K) "
2. Av L/K gival Galois , T01€ 10XU€I n 1I000UVaia :

"LcM o[ c spl(L/K) "

2.3.2.8 OEQPHMA : Av L/K ka1 M/K egival etrektdoelig Galois aAyeBpIKWV CWHATWV
apiduwyv , TOTE :

1. Lc M < spl(M/K) < spl(L/K).
2. L=M < spl(M/K) = spl(L/K).
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§4 RING CLASS FIELDS

2.4.1 RING CLASS FIELDS

2411 3XOAIA : 'Eotw K teTpaywviké cwpa aplOupwv kar O tagn tou K pe f =
cond(O). A6 Tov opiopd 2.1.2.7 yia ta Hk1(f) , He, () kar ard maparipnon 3 Tng

2.1.2.8 £xoupe Oml Hk1(f) < He (Hc Ik(f). Zuvemrwg , n Hg. () €ival utroopdada
Ik (f)

K,z
KAdoewv 10ewdwv yia to modulus fRk Tou K (BA. opiopé 2.3.1.1). 'Eto1l otnv
mwepiTTwon mou 1o K gival avraoTiko , amrdé 10 fswpnua 2.2.4.7 0a £€xoupe OTI n
opada C(O) sivar yevikeupévn opdda kKAGoewyv 1I8ewdwyv yia To modulus fRk Tou K.
Ao tnv class field theory {Epoupe O6TI O1 YEVIKEUPEVEG OPADEG KAAOEWV 10EWOWV
gival 1I00popPeg HEOCW TNG aTrelkoviong Tou Artin pe opddeg Galois aBeAiavwv
emekTaoewv Tou K (BA. ox6Aia 2.3.1.9). 'Etol Aoirév Kal oTnv mrepimtwon tng C(0) ,
0a Bpoupe aBeAhiavry emékTaon Tou K (TnVv otroia 6a ovoudooupE TTAPAKATW ring
class field Tng O), pe opada Galois 106popen pe TV C(O). MaGAIoTa oTnNV TTPOTAON
2.4.1.4 6a utTOAOYiOOUME KOI TNV  ATTEIKOVION ICOUOPPICHOU.

iIcoduvapiag yia To modulus fRk Tou K kail n opdada gival yevikeupévn opada

2.4.1.2 OPIZMOZ : 'Eotw K TeTpaywviké owpa apiBuwv kar O tagn tou K pe f =
cond(O). Emre1dn n opddaHy, (f) €ival utroopdda 1Icoduvapiag yia To modulus fRk Tou

K (BA. ox6Aia 2.4.1.1) , To Bswpnua UTapéng 2.3.1.10 Jdivel OTI UTTAPXEI HOVADSIKN

apeAiavi emréktaon L tou K wote To modulus m=fRk Tou K va Siaipgital amré 6Aoug

ToUG TPpWTOUG Tou K Tou diakAadifovrar oto L ka1 emiong va 10xUEl

He () =Ker(®, ). To ocwpa L 8a ovoudderar " ring class field " (owpa kAdong
K,m

dakTuAiou) Tng Ta¢ng O.

2.4.1.3 MAPATHPHZH : Av K gival TETpaywvVIKO CWHA apiBuwy , TOTE a1mdé TO 2 TV
maparipnong 2.1.2.8 «kai amwd Tov opiocud 2.3.1.11 TPOKUTITEl OTI TO CWHA
kKAdoewg Tou Hilbert gival 1o ring class field Tng péyiotng T1agng R.

2.4.1.4 NPOTAZH (1816TnTeg TwV ring class fields) : 'EoTtw L 10 ring class field 1d¢ng
O 1TeTpaywvikoU ocwpatog apifpwyv pe cond(O)=f. loxuouv Ta ak6Aouba :
1. Kdabe mrpwrtog Tou K 1Tou diakAadiletal oto L diaipei To modulus
fRk ToOU K.
2. Ta K eavraoTiké , n ameikévion tou Artin grdyel 1Icopop@IoUO

HIK(f()f)—E>G(L|K) O OToiog ME TN O€lpd TOU E€Tdyel
K,z

Icopop@PIop6é C(0) ——> G(L|K) trou yia m=fRk SiveTan ammd Tnv
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avTioTolXia a — <D.: (afRk) , 61TOU a; €ival OTTOI0BNTTOTE IBEWDEG
K,m
NG O TrpwTO TrpO¢ TO f TTOU Va avikel oTnv [a]e C(O).
AMOAEI=H
1. MpokutrTel kat' gubeiav aTrd Tov opIouo6 2.4.1.2.
2. Kart' apxnv ammo 1, 1o m diaipeital amd dAoug Toug TTpwTous Tou K 1Tou diakAadifovTal
Ik (f)

oto L. O 1copop@iopog C(O)—;—> e, Tou Bewpnparog 2.2.4.7 divetal armmd tnv
K.Z

avriotoixia :  a — (aRk)- Hgz () , YaeO ( otrou 10 af eival Tuxaio 19ewdeg TG O
TTPWTO TPO¢ 1O f TTou avrkel oTtnv [a] ). Ao 10 Bewpnua 2.3.1.5 Twpa £xoupe OTI N

atreikévion Tou Artin ‘DE : k(f) > G(LIK) :a > b, (@) , €ival emMPoOPPICUOS Kal
K,m R,m

OUVETTWG ETTEIDN Hy, (f)= ker(q’k ) (BA opioud 2.4.1.2) , Ba emTdyel ICOUOPPICHO
K,m

H'K(f()f) —Z 5 G(LIK) :b-H,® — P (b), Vbelk(f). Maipvoviag Aormév Ty ouveeon
KZ K™

C(O)—>E HIK—(f()f) — G(LK) : a —> CDE (aRk) Ba éxoupe TOV CNnTOUMEVO
K,z K’m
IoopopPPIopo C(O)= G(L|K).

2.4.1.5 MPOTAZH : '‘Eotw O 1A¢n Ot QAVTAOTIKO TETPAYWVIKO owpa K , pe f =

cond(0). Av m=fRk kau "o" gival n giyadiki ouluyia , TOTE I0XUOUV Ta ak6Aouba :

1. o(m)=m ka1 o( Hg,(f)) = He,(f).

2. ker(Poy )=ker(®L ).

K ,m R,m

AMOAEI=ZH

1. To 611 o(m)=m, eivar aueon ouvéreia Tou O o(f)=f kai Tou 6T 6(Rk)=Rk (BA. TTpdTOON
2.1.1.5). Emiong A6 mapatipnon 2.1.2.8 éxoupe Hy, ()= < aRk | aeRk , JieZ : "
(i,m)=1 kar a=i(modfRk) > ka1 €101 av aRk € Hy (f), TOTE JieZ pe (i,m)=1 kal a=i(modfR).

‘Exoupe  o(aRk)=0(a)Rk kai o(a)=i(modo(fRk) ) —» o(a)=i(modfRk) . 'ETol o(aRk)e
Hykz (f) KQI OUVETTWG O(Hy (f)) SHkz (f) , OTTOTE Kal O(Hy 7 () )=Hy 2 (f) .
2. Apkei va dgicoupe O ker( ‘D@m) c ker( (DE ) ((agol 0®=1) Kal CUVETTWC (ASyw Tou 1
K’ K
Kal Tou Ot ker(¢£m) = Hy,(f) apou 10 L €ivar 10 ring class field Tng O) apkei va

K
deigoupe ot ker( q’@m) c o( ker( (DL ) ). Emeidn n ameikdvion Tou Artin Py, eiva
K’ K" ® "

oL)IK

TTOAATTAQCIOOTIKA ETTEKTACN TOU OUMBOAOU Tou Artin [ } , 070 Ik(m) , Ba €xoupe

TEAEIWOEI av yia p TTETTEPATUEVO TTPpwTO Tou K 1ToU dev diaipei To fRk ue {M} =1,
p

Ioxuel pe o( ker( CDE ) ). Mpdyuat , Ba éxoupe 611 0 o(p) eivanl TTPpWTOG Tou O(K)=K KaI
K,m
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oev diaipei 7o modulus o(fRk)=fRk ( agou 10 p dev diaipei 1o fRk). ETTiong {C(L)l K} =1
p

— {M} =1 > {L'—K} = 1 , kot éxoupe 61 o(p)e ker(®PL ) , Tpayua TTOU
o(p) a(p) o

onpaivel 61 p=o(o(p)) €o( ker( (DE ) ) OTTOTE KAl £XOUNE TO NTOUMEVO.
K,m
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2.42 EMIAYZIH THZ p=x*+ny* I'A OAA TA nell EKTOZX
NEMNEPAZMENOY MAHOOYZ

2.4.2.1 AHMMA : ‘Eotw K @avTaoTIKO TETPAYWVIKO owua apifuwy kal L/K pia Galois
EMEKTAOTN OAYEBPIKWYV CWHATWV aplOpwyv. Av 10 "0" OUupBOAiIfel TRV MIYadIKA
ouduyia , TOTE :
1. H emékTaon % gival Galois av kai pévo av o(L)=L.
2. Av 1o L gival To cwpa KAdoegwg Tou Hilbert yia To K, 16T n €réKTaON
% givai Galois.

3. Avn eméKTOOoN % givan Galois , T6TE

(@). [LNR: Q] =[L : K], ka1 n emwékTaon LHTR givai

Galois.
(b). NMa kd&Be oToixeio u Tou LNR 10x0&1 n

icoduvapia : " LNR =Q(u) <> L=K(u)".
AMNOAEI=H

1. (=) 'EoTtw 6T n eméKTaON %? gival Galois. 'Eotw 61 K=0(+/m) (BA Tpdraon 2.1.1.5)
Me m<0. Ymdpyouv OUo eu@uteloeis Tou K oto G. H pia eivar n tautoTikA
atreikévion 1 kar n GAAn n piyadik ouluyia :o. To o(L) €ival utrépowpua Tou
o(K)=K. Oa &¢i¢oupe 611 o(L)cL otrdte kai Ba €xouue TeAsiwoel ( apou  TOTE L=
o(o(L))co(L) ). 'Eotw Aoimmév wel kar éotw f(x)=Irr(w|Q)(x). ETT€10A n % givai
Galois , o1 piCeg Tou f Ba avrikouv oto L. Twpa f(w)=0 - o(f(w))=0 — f(o(w))=0 (
agou f (x)el(x) ). Apa a(w)eL kai €101 o(L)cL.

(<) Avo(L)=L , 161€ 0 €G(L|C). Oa deifoupe 6T TO UTTGOWHA TNG L Tou oTroiou Ta
oToixeia Trapapévouv  avaAloiwta atrd Toug autopop@iopols Tng G(L|Q) eival
akpIBwg 10 0 , oTroTE €€'0ploPol TwWV  eTTekTdoEWV Galois , Ba éxoupe OTI N %D
gival Galois. Mpogavwg Ta otoixeia Tou O Tapapévouv  avaAloiwTta atmd Tnv
G(L|0). Eotw Twpa wel pe 1(W)=w ,vT1eG(L|Q). ETeidn 1o K gival TnG HopPrg
K=0(+m) (BA poTtaon 2.1.1.5) pe m<0 , Ba 1ox0el K=0(v/m )=0[vVm ]={x+yVm |
x,yel}. Ao Tnv TeAeutaia oxéaon @aivetal eUkoAa 61 KNR=0 ka1 ocuvettwg yia va
éxoupe well TTou eival kal To {nToUuuevo , apkei va deifoupe 611 we KNR. ‘Exouue
o‘LeG(Ll@) , oTmoTe w=0(w), kai €101 welR. Emiong €meidi 10 w  Trapapével
avaAAoiwTo amd tnv G(L/0) , Ba rapapével avarloiwTo kal amd Tnv G(L|K) ( apou
G(LIK) < G(L|@) ). Opwg n VK givar Galois kal €101 Ta OTOIXEiO TOU L TTOU
TTapapévouv avaAloiwTta atrd Tnv G(L|K) eivar akpifwg Ta oToixeia Tou K. Oa
éxoupe hoitmov weK kal €101 atrd 1o mapatrdvw weKNR=0.

2. Av 7oL gival To owpa kKAdoswg Tou Hilbert yia 1o K, 101€ yIa va d€i¢oupe OTI n %2 givai

Galois , apkei amé 10 1 va ocigoupe o6mt o(L)=L. TMpdypan , To o(L) eivar un

d1akAadICouevn aBehiavr) atréktaon Tou o(K)=K otroTe e1eidr) 1o L €ival n p€yiotn un

d1akAadIfouevn etékTaon Tou K (BA. Bswpnua 2.3.1.12) Ba éxoupe o(L)cL. Ouwcg [o(L) :
K] =[o(L) : o(K)] = [L : K] ka1 €101 L=0(L).
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3. (a). Emaidn n VQ eivar Galois , éxoupe amd 10 1 6T o(L)=L kai €101 o) eG(L|Q).

O@ewpoupe TNV uttooudda <o.> g G(L|@) 1Tou Trapdyel n o - Mpogavwg <o >

={1, 0‘,_} kal LNR €ival To urbowpa Tou L Twv avaAAoiwTwy oToixeiwv Tou L

amé My <o >. Exoupe Thpa [LNR : 0] = [L[I:_Lr?]R]= [L[l:_}:(]l'_”;%?]

om [K: (0] =[L:LNR]. MNpbayuat , amd Bewpia Galois éxouue [L : LNR] = #G(L|

LNR) = #<o, >=2= [K: 0]. Zuverrwg atod Ta TTapatravw TpokuTITel [LNR : O] =

[L:K]. EE&iAou, 1o yeyovog 6m 2= [K: @] =[L: LNR] ouvemayeran 6T [(G(L|Q) :

G(LILNR)] = 2 kai emopévwg n G(LILNR) eivar kavovikr utrooudda tTng G(L|Q) ,
TTPAYHO TTOU ONUOIVEl OTI N ETTEKTACN Lﬂ% gival Galois.

(b). (=) Av ueLnR pe LNR =0(u), T61€ a1md 10 (a) £xoupe [O(u) : O] = [A(u)NR: @] =L

Kl =11 - . S K =[l - Ku):Ql _p - [K(u) : Qu)I[Qu) : QI
: K] = [L : K(u)]-[K(u) : K] =[L : K(u)] K 0l [L : K(u)] K. O :
Opwg [K 0] = [K(u) : Q(u)] =2 kai étor [Q(u) : @] =[L : K(w)]-[O(u) : @] - [L :
K(u)] = 1 — L=K(u).

(<) Av L=K(u) vyia ueLnR , 161t amd 10 (a) éxoupe [K(u)NR : @] = [K(u) : K],

. : . co = KU QI _ [K(u) : Qu)I[QAu) : Q] .

omoTe [K(U)NR = Q(u)]-[Q(u) : O] K 0l K O , Kal €TT€10N
[K :@] = [K(u) : Q(u)] Ba éxoupe [K(u)NR : O(u)] =1 ouvemmwg LNR = K(u)NR =
Q(u).

. Oa d¢itoupe

2.4.2.2 TAPATHPHZH : A6 tnv mTOoAAATTAACIAOTIKOTNTA TOU BaOuOU adpaveiag Kai
TOU O€ikTn S10KAGdWoNg ota aAyeBpIka cwpata apl@pwv éxoupe 611 av M/L kai L/K
gival emekraoeig Galois aAyeBpIKwV CWHATWY aplBuwv Kal p gival éva TTPWTO
1I0ewdeg Tou K, T6TE T akGAouBa gival Icoduvapa :
o To p avaAvetal TARPwWG o1o M ( 5nAadn pespl(M/K) ).
o« To p avaAveral TARPwWg o1o L ( dnAadni pespl(L/K) ) ka1 utrdpyel
TPWTO 10eWdEG q Tou L TTavw atrd 1o p TTou avaAueTal TTARPWG OTO
M ( dnAadni qespl(M/L)).

2.4.2.3 AHMMA : ‘Eoctw O 1d§n @avTaoTiKkoU TETpaywVvikoU cwuaTtog K kai L 1o ring
class field Tng O. ‘Eotw etriong "o™ n piyadikn cuduyia. loxuouv Ta akéAouba :
1. H emékraon L/Q eivon Galois pe o).eG(L|Q) kau emiong VTeG(L|K)
Iox0e1 o)L -T-OL =T,
2. Av K=0Q(+-n) ka1 O=Z[J-n], TOTE yIOa KAOE p TTEPITTO TTPWTO APIBMS
IoxUel N 100duvapia :
e "pespl(L)" & "Ix,yel : p=x*+ny*"
AMNOAEI=H
1. ©a d¢igoupue 61 o(L)=L , 6mou "¢" eival n piyadikry ouluyia. Av f=cond(O) , Bswpolue 10
modulus m=fRx Tou K. Amé mpdtaon 2.4.1.5 €xoupue ker( q’@m) = ker(cDLm). ETriong
K’ K
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eTTEIdN TO M TTEPIEXEI TOUG TTPWTOUG Tou K TToU diakAadifovtal oto L (BA. TTpoTaon 2.4.1.4) ,
10 o(m)=m (BA pdétacn 2.4.1.5) Ba mepiExel Toug TTpwToug Tou o(K)=K (BA mTpdTacn
2.1.1.5) mou diakAadiCovral oto o(L) , érol n mpdtaon 2.3.1.12 Ba dwoel ( agou Hk 1(m)
CHy, ()= ker( CDE ) , ©16m 10 L ¢€ivanr ring class field tng O ) 6m o(L)cL. Opoiwg
K,m
L=o(o(L))co(L) kai éto1 L=o(L). Apou o(L)=L , To 1 Tou AfuuaTtog 2.4.2.1 Ba dwaoel OTI n
eméktaon L/0  eivar Galois kai pahiota o)L eG(LIK). Twpa , éotw T1eG(LIK). Ao TOV
I0ogopPIoud C(O)—— G(L|K) Trou emrdyel n armeikovion Tou Artin (BA. TTpdTacn 2.4.1.4) ,
Exoupe Ot uttdpxel KAaopatikd 10ewdeg a Tng O woTe TO a va avTioTolXi(eTal OTo
TOUMQWVA PE TOV TTI0 TTAVW Icohop@Ioud. MAAioTa av ar gival 1I0ewdeg TG O TTPWTO TTPOG
10 f TOU Va aviikel otnv KAGon Tou a otnv C(O) 161¢ N KAGon aH(O) Tou a otnv C(O)
QVTIOTOIXEI OTO CDE (aRk) = 1. Eival mpogavéc Twpa 6T To a 'H(O) Ba avTioTixei Héow Tou
K,m
C(0)—— G(L|K) oto 7. Mapatnpolue duwc 61 ar+fO = O ( aPoU To ar gival TTPWTO
mpog 10 f ) kai €101 o(artfO)=0(0) — o(af)+o(f)o(O) = o(0O) — o(ap)+fO=0 , o1dTE TO O(a¥f)
gival mpwto mpog 10 f 18ewdeg TNG o(O)=0 (BA. 10 Il TnG TTPOTACONG 2.2.1.8). ETTiIONg
o(a)H(O) = a'1H(O) (BA. T0 2 TnG TTPOTAONG 2.2.2.14) Kal £T01 N KAGON a'1H(O)= o(a)H(O)
Ba avTioToIxsi péow Tou C(O)—— G(L|IK) otnv CDE (o(ar)Rk). Emreidry , 6mmwg eimmape
K,m
TTponyoupévwg , To a H(O) Ba avTioTixei péow Tou C(O)—— G(LIK) oTo 1, Ba éxoupe
TENIKA OTI qJLm(O-(af)RK) =17, TUVETTWG CDEm(O-(afRK)) =17 (BA. T0 V NG TTpdTaONG 2.1.1.5).

K K
ATé yvwoTtn 1816TNTa Tou CUNPBOAOU Tou Artin Kal €TTEIBN TO (DL N QTTOTEAEI ETTEKTACN TOU
<
oT0 Ik(m) , Ba £XOUpE 0-||_’(q)£m(afRK))'0-||_-1 =17, ANMG o'=0, ka1 P _(aR¢) =T, omoTe
K K

€XOUME OjL- T O)L=T .

2. ‘Eotw K=0(+-n) ka1 O=Z[yJ-n]. ‘EoTw £mmioNg p TEPITTOC TTPWTOS.  AIOKPIVOUUE TIG

TTEPITITWOEIG
1" Nepimrrwon : p|n.
2TNV TTEPITITWON auTh , aTTd TOV VOUO avAAUONG O€ TETPAYWVIKA CwuaTa apIOPwyV
EXoupe 0TI 0 p dev avaAveTal TTAApwG o1o K o1rdTe dev Ba avaAuetal TTAApwG oTo L.
Emiong mpogavwg dev UTTAPYXOUV X,yel ME p=x2+ny2. Kavéva pEAOG AoITTOV TG
atrodeIKTEQGIo0dUVANiag dev gival aAnBEG , oTTOTE N 1Ic0duUvaia gival aAnong.
2" Mgpirrwon : pn.
Kat' apxfjv atmdé tov vopo avaAuong oe TeTpaywvikd cwpata (BA. pdétacn 2.1.1.7)
MTTOPOUNE €UKOAA va doupe OTI o1 TTPWTOI aplBuoi TTou dIaKAAdICovTal OE TETPAYWVIKO
owua , Ba TpéTTel va diaipouv Tnv diakpivouoa Tou cwuatog. H diakpivouoa tng Taéng
O=Z[J-n] €ival -4n. OTéTe -4n=Ffdx. ETreIBA p/ n , Ba éxoupe p | dk KaI GUVETTWC O p
dev  diakAadiletal oo K. Mapakdtw n - Ba ekppdlel Tnv diyadiky ouluyia. Oa
atrodeigoupe 6T 01 akOAOUBEG TTPOTACEIS €ival I00OUVANES

(@). Ix,yeZ: p=x>+ny>.

(b). pRk=p- p, OTTOU p,p cival dlapopeTikoi TTPWTOI Tou K Kai p eival

KUpI0 18ewdeg Tou Rk TG pop®n¢ uRk pe ue OcRk.
(c). pRk=p- p, 6TTOU P, p €ival SiapopeTikoi TTPWTOI Tou K Kl pe Hy, (f) -
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(d). pRk=p- p, OTTOU p, p €ival dlapopeTIKoi TTpwTOoI Tou K Kal {%} =1,

(e). pRk=p-p, OTOU p,p civar dlagopeTikoi TPwTol Tou K Kai
pespl(L/K)..
(f). pespl(L).

(a)—>(b) ‘Eotw p=x*+ny? via x,yeZ. Exoupe p=(x+v-ny)(X-v-ny). p=(x++-ny)R«.

Téte pRe=p-p. Ta p,p  £€Xouv VOppa ion HE N (x++-ny) =x+ny?=p ,
Q

eTToMéVWG ival TTpwTa 10ewdn Tou K. Ettiong emmeidf o p dev diakA&diCeTal

oto K éxoupe p=p. TENOG , TO p cival KUPIO IBEWDEC Kal  (X++/-ny) €

O=Z[J-n].

(b)—>(a) 'Eotw pRk=p- p, OTTOU p,p cival SIAQOPETIKOI TTPpWTOI Tou K Kai p gival KUpIo
1I5eWdeC Tou Rk NG pop@ric uRk pe ueOcRk. Mpagoups p=(x++-nYy)Rx,
ométe  PRe= prp= (xHV-ny)x-v-ny)Rk = (P+ny?)Rk.  ZUVETTUIG
p=g(x*+ny?) , 6mou € eival povada Tou Rk. Opwg nell |, omére
ge{+1,4,+w,+w? Kal 101 p=x2+ny?.

(b)—>(c) 'EoTw pRk=p: p, OTTOU p,p €ival dIAQOPETIKOI TTPWTOI Tou K Kal p €ival KUpIo
10£WdeC Tou Rk NG Hop@ri¢ URk pe ue OcRk. Mpagoupe p=(x++/-n y)Rk Ao
TOV I0OPOPPICPO Tou Bewpriuatog 2.2.4.7 , €xoupe OTI N €IKOVA TNG KAGONG
a-H(O) tou 1dewdoug a=uO g O civar n (aRk)- Hxz (f) , 6TTOU & €ival
Tuxaio 10ewdeg ™G O TpwTto TPOG TO f TTOU QVAKEI OTAV KAAON
a-H(O)=H(O). Ouwg n eikéva Tou a-H(O) =H(O) eival n Hy, (f). MNpdyuari,
TO a cival Kupio 10ewdeg NG O otmote emeldry  area-H(O) , Ba €xoupue
areH(O,f) —» aH(O,f)=H(O,f) ka1 cuveTTwg TEAIKA JECW TOU I0O0UOPPICHUOU
Tou  Bewpriuatog 2.2.4.7 1o aH(O) Ba avtioToixiBei 010 Hy, (). 'ETOI
(aRk)e Hkz (). Av a=vO, veO, 1018 (aRk)eHk, () = (VRk)eHk, () (apou
OcRk). 'E10o1 p= URk €(VRk) Hk 2 (f)= Hyxz () > pe Hcz ().

(c)—>(b) 'Eotw pRk=p-p, 6TOU p,p €ival SiapopeTikoi TTPWTol Tou K Kal pe Hy, (f).
padpoupe p=uRk pe ueRk. ATIO TOUG ICOUOPPICHUOUG TOU BEWpPHPATOG
2.24.7 éxoupe OTI uTTApxEl 10ewdeC a TNG O woTe KABe 10ewdeg ar TG O
TTPWTO TTPOG 70 f TTOU va avhiker otnv a-H(O) va divel (af- Rk)
Hy 2 () =p - Hgz () =Hk ; (f) .Oa dcigoupe kAt apxfiv OTI WTTOPOUME Vva
ekAEEoupe To ar woTe aRk#Rk Mpdyuarti, av a=Rk 161 Bewpolpe mell pe
(m,f)=1. To 1dewdeg mas Tng O civar TmpwTo TTPog T0 f (BA. TTPpdTACN 2.2.4.3)
kar avAikel otnv a-H(O) ( agou 71O idlo kKAvel kai n af ). Emiong
(maf)Rk=fRk=R. Maipvoupe Aoimmov €€ apxng afRk#Rk AT 1OV
loopopPiopd C(O,f) — HIK—(f()f) TTOU ava@épETal oTo Bewpnpa 2.2.4.7 kal

K,Z
Aoyw ToU 6T To H(O,f) (oudétepo oToixeio tng C(O,f) ) avtioToIxei O0TO
Hy 2 (f) (oudétepo OTOIXEIO TNG HIK—(f()f)) éxoupe ot aH(O,f)=H(O,f).
K.z
pagoupe a=vO , veOcRk kai £€xoupe (URk)e(VRk)Hg (f) OTTOTE UTTAPXEI
weRk pe p=UuRk=(VRk)(WRk). ETT€1dr 10 p €ival TpwTo 18ewdeg Tou Ry
atrd povoonuavtn avadAuon Ba £xoupe OTI KATtTolo atmd Ta VR , WRk gival To
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Rk. AMG  VRk=Rk kai éto1 wRk=Rk otmote €xouue p=vRk pe veO Kal
€XOUME TO {NTOUMEVO.
(c)>(d) 'Eotw pRk=p-p, OTOU p,p €ival JIOQOPETIKOI TTPWTOI Tou K Kal pe Hy, (f).

O 1oopop@Ioudg HIK(f()f) i>G(L|K) TTou €TTAyel N aTreikdvion Tou Artin
K,Z
B0 pag dwoel ,apou peHy, (f), o1 Pu_(p)=1, yia m=fRk. Emeidn p eival
K"

aképalo , Ba £xoupe {HTK} =1.

(d)>(c) ‘Eotw pRk=p- p, OTTIOU p,p cival SIAPOPETIKOI TTPWTOI Tou K Kal [%} =1.
‘Exoupe -4n=f’dx Kal OUVETTWG a@oU o p eival TTEPITTOS KAl p | N Ba £XOUNE
p/f. Twpa N(p)=p kai €101 (N(p),f)=1. Eival eukoAo va dgl Kaveig Twpa OTI

pelk(f) ( Av p|fRk 16T N(p) | N(fRK) = N(p)|f* Tpdyua drotro.). MTopoupe

Aoimév yia m=fRx va Bewprijcouue T0 CDE (p). 'Exoupe :{HTK}fﬂ —
K,m

CDEm(p):ﬂ. To Hg () €ival To OUBETEPO OTOIXEIO TNG HlK(f)f) , kai 10 1 givar 1o

K K.Z

oudéTepo aToixeio TNG G(L|K). 'ETol iIcopop@ioudg HIK—(f()f) i)G(L|K) TTOoU
K.Z

etTayel n ameikovion Tou Artin (DE 04 avTioToIxiCel TO Hy, () oTo 1. ETreidn
K,m
Mooy L (p)=1 Ba £XOUPE P+ Hyz () =Hyz () —> peHgz ().
K,m
(d)<>(e) Ao oToixeiwdn aAyePpiky Btwpia aplBuwv €xoupe OTI yia afeAiavi)
eméktaon N/M  aAyeBplkwWY  CWPATWY  ApIBUWY KAl U TTPWTO [N
OlakAadIfOpEVO 10ewdeg Tou Ry 1oxUEl "[Nl—M}ﬂ} <> uespl(N/M)”. H

u
{nTouuevn 1Ic0duvauia gival TWPA TTPOPAVNAG.

(e)>(f) Amod 1OV VOPO avaAuong o€ TETPAYWVIKA cwuata apiBuwyv (BA. Tpdtaon
2.1.1.7) éxoupe om " pespl(K/Q) " <> " pRx=p- p, OTTOU p, p €ival SIAPOPETIKOI
mpwTol Tou K " H 1o0o0duvapia (e)«(f)eivar twpa tmpoavig Adyw Tng
TTapartipnong 2.4.2.2

2.4.2.4 AHMMA : 'Eoctw K @avtaoTikd TeTpaywviké cwpa kal L/K Galois emékraon
AAYEBPIKWY CWHATWY apiBuwyv. loxuouv Ta akéAouba :
1. YIrapxel mpaypaTIKOG aAYERPIKOG aKEPAIOG O, WOTE L=K(a,).
2. Av a gival TpayuaTikog aAyeBpikog aképalog wote L=K(a) , 16TE
yia f(x)= Irr(a]@)(x) 1axUouv Ta akéAouba :
f(x) = Irr(a]K)(x).
Kafe mrpwTtog apiBudg p mmou dev diaipei Tnv diakpivouoca Ds
Tou f IKavoTrolgi TNV ak6AouBn Icoduvapia :

"pespl(L)" & " [d?"j =1 kai n f(x)=0(modp) givai emAUCIPNn oTO Z"
2
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AMOAEI=ZH
1. To LNR eivar mpopavwg aAyeppikd cwua apiBuwyv Pe SaKTUAIO aKEPAiwY aAYERPIKWV

TovV Rnr=R. NRg. H emmékToon Lﬂ% gival TreTTepacpévn Kal dlaxwpiolun , dpa Kal atrAn.
Oa Bei€oupe  OTI UTTAPXEl 0o R (g ME LNR = O(a,). Mpdyuar , H '—ﬂ% gival aTTAf OTToTE

uttdpxel ae LNR pe LNR = Qa). ‘Eotw om  Irr(a]@)(x) = actaix+asx®...an X" +x"  ue
30,a1,...,an-1€0. Apa aptasa+asa®...ana™ ' +a"= 0. [pagovrag a; = Z—‘ ,t=0,1,2,,,n-1 OTTO0U
t

pt,qt €ival TTPWTOI PETAEU TOug aképaiol apiBuol Kal TToAaTTAacidlovtag e q" , 0Tou q =

EKM(q1,92,...,0n-1) , Ba Tré@poupe (aq)" + an1q(aq)™ + ... + axq"(aq)® + a1q™ ' (aq) + a.q" =

0, omou BéRaia X" + (an1q)X™ " + ... + (a29™2)x? + (a1q" )X + (@q") € Z[x] . Oftoupe

AoImtév  ap,=aq , ommote LNR = (O(a) = O(a,) kal 0 a, €ival aképaiog aAyeBpikds ,  dnAadn

0o R (r. ATIO TO 3 TWpa TOoU Ajupatog 2.4.2.1 £xoupe Ot L = K(a,) Kai €TTEIdN 0 O, Eival

TTPAYMATIKOG  aAYEBPIKOS aKEPAIOG , EXOUME TO {NTOUUEVO.

2. ‘Eotw a mpayuaTikds ahyeBpikdg aképaiog pe L = K(a) kar éotw f(x)= Irr(al@)(x)eZ[X].

‘Exoupe kat'apxnv 611 aeLNR kar eidiké1epa ae R g . ETiong 3 Tou Afuuartog 2.4.2.1 pag

divel LNR = @(a). To f(x) wg moAuwvupo Tou 0O(x) eivar kai TToAuwvupuo Tou K(x). Oa

ocigoupe o1 deg(f)=[L : K] otréte €me1dn) 10 f €x€1 pifa 10 a kai L=K(a) 8a £éxoupe ot f(x) =

Irr(a|K)(x). Mpayuat , Emedn LNR = Q(a) kai f(x)= lrr(al@)(x) , 8a éxoupe 611 deg(f)=[LNR :

0]. Opwcg agou L=K(a) , To 3 Tou AMjuuartog 2.4.2.1 Ba pag dwael [LNR : 0] = [L : K] kai

éxoupe 10 ¢nTouuevo. Aci¢aue Aoirov ol f(x) = Irr(alK)(x). ‘EoTtw Twpa TpwTog apiBuds p

TToU dev dlaipei Tnv diakpivouoa Ds Tou f. ETreidA p | D, 10 f(X) €ivan diaxwpioipo modulo p (

onAadn gival dlayXwpioIgo oav TTOAUWVUPO Tou  Zg[X] ).

(=) 'Eotw pespl(L). EE' opiopol Aoirév , 10 pZ avaAvetal TARpws oto L, ommdTe Ba
avaAuetal TARpwS kai oto K (BA TTaparipnon 2.4.2.2). Atmé 10 vouo avdAuong oTta
TETPAYWVIKG owpata apiBpwyv (BA. rpdtacn 2.1.1.7) €xoupe OTI (%K] =1."EoTw TWpa

2
p éva TpwTo 10ewdeg Tou K Tavw atrd 1o pZ. ETeidn 10 pZ avaAuetal TARpws o1o K,

0 BaBuodg adpaveiag f(piZj otnv eméktaon K/O Ba eival 106G pe 1. Opwg 10 Z, péow
TTPOPBOANG , EPQPUTEUETAI OTO RTK OTTou  €¢'opiophoU f(piZj =[ RTK: Zp] ka1 €101 N

TTpoavaQEePOUEVN £vOeon Zp—>RTK €ival I00POPPICPOG CWHATWY. AQoU AoiTTév TO f(X)

eival dlaxwpiolyo modulo p Ba cival kal dlaxwpiclyo modulo p. ETriong €1eidn
pespl(L) , Ba éxoupe OTI Kal 0 p avaAvuetar TTAApwG oTo L kal amd Tov vOuo
avaluong Tng mpotaong 2.1.1.9 €xoupe 61 10 f(X) €x€1 degf- 10 TTANBOG pieg OTO

RTK,O'IT(')TE n f(x)=0(modp) €ivai emAUGIUN OTO Z AGyWw TOU ICOUOP@PIGHUOU TTOU ETTAVEI
n évbeon Zp—>RTK.

(«) Eotw (%Kj =1 kai n f(x)=0(modp) emAUcIun oto Z. Ao vouo avdAuong ota
2
TETpaywvikG cwuata (BA. mpdéTtaon 2.1.1.7) , éxouue 6T TO pZ avaAleTal TTAPWS GTO

K. O BaBuodg adpaveiag f(piZj eival ioog emrouévwg pe 1. ‘ETol f(piZj = RTK: Ze]=1 > n
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évBeon Zp—>RTK gival ICOMOPPIOPOS owudTwy. ETTaidry Aoimmov  f(x)=0(modp)

eMAUCIUN oTo Z Ba €xoupe 6T kai  f(x)=0(modp) emAUoIun oto Rk. Etiong To f €ival
dlaxwpioipo o1o Z, , apa gival diayxwpioiuo Kal 0To RTK. NAéyw Tou 61 n f(x)=0(modp)

gival emAUoIun oto Rk kai €1r€1dn n L/K givar eméktaon Galois, 710 2 Tng TTpdTOONG
2.1.1.9 diver 611 T0 p avaAueTal TTAAPwWG oTo L. 'Exoupe AoImmév 10 10ewdES pZ TO OTTOIO
avaAvetal TAApw¢ oto K kal 10 10ewdeg p Tou K mdvw amd 10 pZ TO OTI0IO
dlakAadiCeTal TTAApwg oTo L. H mapampnon 2.4.2.3 emopévwg Ba dwoel Ot

pespl(L).

2.4.2. EQPHMA : Eotw nelN kai éotw K=Q(v-n). Ymwdpxel avaywyo MOVIKO
mmoAuwvupo fy(x) BaBpou h(-4n) woTe yia KABE TTEPITTO TTPWTO APIBUS p TTOU dev
Siaipei Tnv diakpivouoa Tou f, va 1I0XUEI N TTapakdaTw 1d8oduvapia :
" 3Ix,yel : p=x>+ny?" & " (?"j =1 ka1 n f.(x)=0(modp) éxe1 A\Gon oTo Z" (£ 2.4.2.5)
2
Etriong oav f, ymropei va ekKAgyei OTTOIOBATTOTE AVAYWYO TTOAUWVUMO TTOVW OTTO TO
Q TrpaypatikoU aAyeBpikol akepaiou a , woTe To K(a) va €ival 1o ring class field
™G TaéNg Z[vV-n] TOU TETPpaAyWVIKOU @avTaoTikou owpatog K. Téhog , av f(x) givai
MOVIKG ToAuwvupo Baduol h(-4n) Tou Z[x] woTe n 1coduvapia ¥ 2.4.2.5 va
IKOVOTTOIEITAI YIO KAOE p TTEPITTO TTPWTO TTou dev Siaipei TV diakpivouoa Tou f, TOTE
1o f gival avdywyo TToAuwvupo Travw atrd 1o K Kal gival To avaywyo TToAuwvulo
mavw amrd 1o K katroiou otoixeiou b woTte 1o K(b) va gival To  ring class field Tng
T4¢ng Z[v-n] Tou K.
AMNOAEI=H
‘Exoupe nell kai K=0(v-n). EoTtw L 10 ring class field Tng 1¢ng Z[v-n] Tou K. A6 10 1 TOU
Auuatog 2.4.2.3 éxoupe Om n eméktaon L/Q) eival Galois , omméTe a1 10 Afupa 2.4.2.4
EXOUME OTI UTTApPXEl TTPAYMATIKOG OAYEBPIKOG aKEéPAIOG O, , woTe L=K(a,). ©Oftoupe
fa(X)=Irr(ac|K)(x). ATé 10 AMjuua 2.4.2.4  11GANI €XOUpE OTI KABE TTPWTOG APIBUOGG TTOU dEV
diaipei TNV dlakpivouca Tou f, IkavoTrolei TV akdAoubn 1coduvayia : " pespl(L) " < "
(?n) =1 kai n fy(X)=0(modp) éxel Abon oto Z" (Z 2.4.2.5) Opwg atd 10 2 ToU ARUUATOG
2

2.4.2.3 €xoupe OTI yia KGO TTEPITTO TTPWTO APIOUO p 1o0XUEl N akdAoubn 1c0duvapia
pespl(L) " < " Ix,yeZ : p=x*+ny*" (I 2.4.2.6). O1oxéoeic X 2425 ka1 I 2.4.2.6 pag
divouv Twpa OTI yia KABe TTepITTO TTPWTO p TTou dev diaipei TNV dlakpivouoa Tou f, 1oxUEl N
lcoduvapia X 2.4.2.5 TTOU ava@EPETAl OTNV EKPWVNON Tou BewprpaTtog. Etriong o BaBuodg
Tou f, givar h(-4n) 16T kot apxrv n diakpivouoa NG TAENS Z[vJ-n] civar -4n (atAn
emaAnBsuan) kai €101 C( Z[V-n] )= C(-4n) (BA. Bewpnua 2.2.3.7). Emiong f.(x)=Irr(as|K)(x) ,
L=K(ao) ka1 [L : K] = # G(LIK) = # C(O) = # C(-4n) = h(-4n) ( BA. TpbéTOCON 2.4.1.4).
Mapatnpolue atmd TNV TTAPATTAVW aTTOdEIKTIKA Oladikaoia 611 cav f, PTTOpEl va ekAeyei
OTToI0dNTIOTE AVAYWYO TTOAUWVUKO TTavw atrd 1o O Trpayuatikol aAyeBpikoU akepaiou a
wate 10 K(a) va gival 1o ring  class field Tng 1dgng Z[v-n] Tou TETPAYWVIKOU QAVTAGTIKOU
owpatog K. Oa amodeiCoupe Twpa TNV - KATd KATTOI0O TPOTIO - HOVABIKOTNTA TWwV
TToOAUWVUPWYV f, TTou avagépetal 010 Bewpnua. 'EcTw Aoimmov f(x) povikd TToOAUWVUUO Tou
Z[x] BaBuou h(-4n) woTte n  1coduvapia X 2.4.2.5 va IKAVOTTOIEiTal yiIa KABE p  TTEPITTO
TpwTto Tou Otv diaipei TNV diakpivouca Tou f.  Oa deigoupe O6T 1O f €ival avaywyo
TToOAUWVUPO TTavw atrd To K Kal €ival TO avaywyo TTOAUWVUPO TTavw atrd 1o K KA&tTolou
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oToixeiou b wate 10 K(b) va  civai 1o ring class field Tng 1a&ng Z[v-n] Tou K. "Eotw g(x)
évag avaywyog trapayovtag Tou f(x) mavw ammd 10 K[x] Kkai €0Tw u pia pifa tou g(x).
O¢toupe M=K(u). Etreidn 1o u €ivai pida Tou g(x) , Ba ival kai pida Tou f(X) Kal CUVETTWG TO
u Ba gival aAyeBpikdG  aképalog ( agou To f(x) gival yoviké TToAuwvupo Tou Z[x] ). Oa
aTTodEigOUPE OTNV CUVEXEID Ta aKOAoUBA :

(a). spl(L) = {peP | pespl(K) kai f(x)=0(modp) emAUoIun oT0 Z }.
(B). sBIM)C spI(L).

(y). L=M.
MNa 10 () : Kat' apxnv atmmd Tov VOO avaAuong o€ TETPAYWVIKA CWHATA apIOPwyV EXOUNE OTI

spl(Q(vn))-{2}={ pel’ | (?nj =1} (BA. mpdTaon 2.1.1.7) KAl OGUVETTWC
spl(K)=spl(Q(+n ))={ peP | [?n) =1}. ‘Evo1 6a 1oxUel o1 { peP | pespl(K) ka

f(x)=0(modp) €mAUCIUN OTO Z }; Z {pelP | (_”j =1 kai f(x)=0(modp) emAUCIUN
P/

oto Z }. Noyw Aoimmév 1ng = 2.4.2.5 éxoupe ot { pelP | pespl(K) kal
f(x)=0(modp) emAUCIuN 0TO Z } Z ;spI(L) TTOU €ival Kal To {NTOUMEVO.

MNa 10 (B) : Av pespl(M) , T0TE TO p dev dlakAadiCeTal 0TO M Kal UTTAPXEl TTPWTO I0EWOES q
Tou Ry woTe f(izj =1. O¢frtoupe p=gqNRk , omoTe ATTd TTOAAATTAQCIACTIKOTNTA

p
Twv BaBuwv adpaveiag EXoupe f(izj =1. Opwg 10 pZ dev diakAadiletal oto M |
p

apa dev diakAadileTal ouTe a1o K. Emreidn Twpa n emréktaon K/0 eivar Galois , Ba

£xoupe AGyw Tou 6Tl {LZ) =1 61 pespl(K). Twpa g(u)=0 — f(u)=0 , oméTe
p

ueRu. H f(x)=0(modq) eival eTTopévwg €mIAUCINN OTO Ry. ZUuveTmwg €1TeIdn

RM

[—L: i] = f(ij =1, 0 JOVOUOPYIOUOS £—>R—M TTOU €TTAYEI N EPQUTEUCN Zp
q9 pZ pZ pZ q

— Ru €ival icopop@ioudg. ‘Etal Aoimrév kai n f(x)=0(modp) Ba eival emAUoIUN
oTo Z. ZuvouyilovTtag éxoupe Ot pe { gel’ | gespl(K) kai f(x)=0(modq) emAUaIun

ot0Z}, omoTE TO () hag divel OTI SPI(M)e spl(L).

MNa 1o (y) : H emékraon L/O eivar Galois (BA. Aquua 2.4.2.3) , omrdTe 10 2 TNG TTPATACNG
2.3.2.7 pag divel Adyw tou (B) 611 LcM. Twpa [L : K] = h(-4n) ( apou L=K(a,) kal
0 BaBudg Tou fr(x)=Irr(as|K)(x) eival h(-4n) ), otrdTte emmeIdry LcM |, Ba 1oxuel : h(-
4n) =L : K] <[M: K] = deg(g) < deg(f) = h(-4n) kai cuvertwg [L : K] =[M: K],
TTPAyHa TTou onpaivel 61t M = L.

Aci¢ape Aoimov o011 L=M , emropévwg deg(f) = h(-4n) = [L : K] = [M : K] = [K(u) : K] = deg(g) ,
TTou onuaivel ( Adyw Tou o1 To g diaipei 70 f ) Om f(X)=g(Xx). AQ@OU TO g(X) EKAEKTNKE
avaywyog trapayovtag Tou f(x) oto  K[x] pe pida 10 u , Ba éxoupe Ot f(X)=Irr(u|K)(x).
Emiong to L=M=K(u) givai 7o ring class field Tng 1a¢ng Z[-n] Tou K.

2.4.2.6 2XOAIA : INa Adyoug TTANPpOTNTAG aVaPEPOUHE OTI I0XUEI avaAoyo Bswpnua pe
T0 2.4.25 vVyia Tnv KOpia pop@n diakpivoucag D pe D<O kai D=1(mod4). Ta
AetrTopépeieg Trapatréutroupe  oto BiBAio Tou [COX].
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§5 EOAPMOINEzX TQN RING CLASS FIELDS :zE
2YITKEKPIMENA MNMAPAAEITMATA

2.5.1 YNOAOFZMOZ TQON RING CLASS FIELDS TQN
TAZEQN 7[/7] , Z[v77] KAl Z[ve]

2.5.1.1 AHMMA : ‘EocTtw L/K e1réKkTa0n aAYERBPIKWY CWHATWY apIOuWYV Kal ucRk. Av p
gival éva TpWTO 1IB£WdeC Tou Rk Kai v pia A0on Tng e§iowong x°=u pe L=K(v) , T61¢
IocXUouv Ta akéAouba:
1. Av 2u¢p , T61E TO p d¢ev dlakAadideTal oTo L.
2. Av ugp Kal utrdpxouv b,ceRk pe u’=b?*-4c , 167€ To p Sev SiakAadieTal
oto L.
AMOAEI=H
‘Exoupe OTI TO TTOAUWVUUO f(x)=x2-u Tou KI[x] €ivalr dlaxwpioigo kar €xel pia 10 v. H
eméktaon L/K emopévwg ( agou L=K(v) ) eivar Galois. [lMpoxwpoUue Twpa OTO KUPiwg
MEPOG TNG ATTODEIENG :
1. Av 2ugp , 161 4ugp lpdyuat , Av 4uep 1oTE €TTEId 2Uugp Oa €xouue 2ep Kal
OUVETTWG 2uep , TTpdyua arotro. Etreidn n diakpivouoa tou f eival -4ugp , Ba Exoupue OTI
TO TTOAUWVUNO f(x)=(x2-u) eRk[x] eivar diaxwpioipo modulo p , Kal CUVETTWG aTTO TO 1
NG TTpdTaoNnG 2.1.1.9 éxoupe 611 TO p dev  dlakAadileTal oTo L.
2. To moAuwvupo g(x)=x+bx+c Tou Rk[X] éxel dlakpivouoa b?-4c=u’gp «Kal eival

ouveTtwg dlaxwpioipgo modulo p. O1 pileg Tou g(x) , €ival ol 'b2+ v, -b2- V kal eTTopévwe

-b+v

, apou g(x)eRk[x] , Ba €xouue OTI eR\. Eival 1pogavéc Twpa OTI

L=K(v)=K( 'b2+V) , ommote 10 1 TG TPoOTaong 2.1.1.9 Ba pag dwoel om p dev

dlakAadiceTal oTo L.

2.5.1.2 AHMMA : Av M civai kuBikf eméktaon (6nAadn emékraon Baduou 3) Tou
K=Q(J-3) , woTte n emwéktaon M/Q va civon Galois kou G(M|Q)=S; , TOTE UTTAPXE!
QUOIKOG apIBUOS m eAelBepog KUBOU woTe M=K(3/m ).
ANOAEI=H

‘Eotw M kuBikn eméktaon tou K=0(v-3) , wote n emékraon M/0 va eivar Galois kai
G(M|@)=S;. Exoupe #G(M|K)=[M : K]=3 kai ouvetwg G(M|K)=Z3. ‘Eo0Tw T yevvATOpaG
G G(M|K). ©a éxoupe Aoimmov kai Te G(M|Q). H piyadikr ouluyia "c" avAkel TTPOQAVWG
otnv G(M|0). Oa amodeifoupe 611 10 = 0T ( X 2.5.1.2.1) MpdyuaT , n T6EN Tou T ivar 3
kal N T4én Tou o eival 2. Ta 1,0,1,12,10,7°0 €xouv TIABOC 6 Kai gival PETAEY TOUC
SIAQOPETIKA ( av T.X. TO=T?0 , TOTE TO’=T°0° — T=T°  TIPAYHA GTOTIO ). SUVETTWC
G(M|Q)={1,0,1,1%,70,7°0}. Twpa Tpogavw oTeG(M|0) kai e To PATI PBAETTOUPE OTI
o1£1,0,1,7%. Av OT = 10 , 10T (10)°=T0 , OTdTE N UTTOOPAda TNS G(M|Q) TToU TTapdyeTal aTTd
Ta o,7eivai n V4 = <o0,7 | 0%=1 , 1°=1, 01=10> n omoia  £xel TTARBOC oToIXEIWV 4. OuWwC
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#G(M|Q) = #S; = 6 T0U onuaivel 6T 4 #G(M|0) kai €101 n V4 dev pTTopei va eival
uttoopdda tng G(M|Q) , dpa éxoupe atotTro. Aev eival Aoirév duvaTov va IoxUel TO=0T ,
OTIOTE ATT® TA TTAPATIAVW Ba EXOUHE AvayKaOTIKG OTI 0T=T°0. TWpa OT0 = T°0° =12 =T —
T0=01". MapatnpoUpe TWpa OT amd To 1 Tou Appatog 2.4.2.4 €xoupe OTI UTTAPXE!
TTPAYHATIKAG GAYEBPIKAG aKEPAIOG Oo WOTE M=K(a,). OETOUNE U= o + W (a) + WwT2(a0)
,j€{0,1,2} , 610U WG CUVABWS W=e*™*. Oa aTodeifoue Ta akdAoUBd :

1. uyeRw , Vje{0,1,2}.
T(uj)=wjuj , Vje{0,1,2}.
O'(Uj)=Uj ,Vj€{0,1,2}.
u’eZ , Vje{1,2} Kkai uoel.
Av us0 , 101E M=K(U4).
Av U0 , T0TE M=K(U>).
Aev ptropei Tautoxpova u4=0 kai ux=0.
Nato1: Exoupe 0oeRwm (apou M=K(a,) ka1 0 a, €ival TrpayuaﬂKog aAyeBpIkOG akEPAIOG).

Emiong 1eG(M|0) — 17(0b),72(0o)eRu. EEGANOU w = 2“/_ -1+\/_ eKcM —

NGO RWN

weRwu ( agou w’+w+1=0 )- E&' opiopou twpa Twv y; yia je{0,1,2} , EXOUME OTI

UjERm.
Na 10 2 : Kat apxiv w= '1+2\/3

eK kai €101 e11e1dr) Te G(MIK) €xoupe T(w)=w. Twpa T(U;) =

T(Qo)+Wag++w?t(a0) = w’[a +WT ! (Go)+WT(a0)]. Opwg w’=w? (agov w’=1), kai
€101 TENKA T(U))= W +wT (ao)+w?T(a,)]= wu;.

Na 10 3 TllpokuTrTel pe TIPAEEIC OTTWG OKPIBWSG KAl TTPONYOUMEVWG OTO 2 Kal
XPNOoIJOTToOIWVTAG TNV oxéon £ 2.5.1.2.1 .

Na 10 4 : Na je{1,2} , Ta 2 ka1 3 pag divouv o(uP)=u® , T(u’)=u? , oméTE Aol Ta o,T
mapdyouv Tnv G(M|@), Ba éxoupe 6T TO u; TTapapével avaAloiwTo atéd Toug
autopop@iopols Tng G(M|0). Emeidq n  eméktaon M|O eivar Galois Ba éxoupe
167e U ell. EEGMou To 1 Sivel 6T uPcRy , oméTe TeAkG uleZ. Emriong Ta 2,3
divouv O(Uo)=Uo , T(Uo)=Uo. OTTWG AOITTOV KaI TTPONYOUHEVWG , TO Uy TTOPAMEVEI
avaAAoiwTo atré Tnv G(M|Q) , otrdTe uoel Kai €101 ATTd 1 £XOUNE Uoel.

MNa 10 5 : 'Eotw uy=0. Etreidn [M : K] = 3, éxoupe [K(uq) : K] = 11 3 kai ouveTtwg K(uq) = K
N K(ui)=M. Av K(u1)=K , 161¢ U1eK ka1 emTe1dr) Te G(M|K) , Ba éxoupe T(uq)=uq ,
TTOU onuaivel ammd 10 1 0TI wu=u4, TTPAYPA AToTTO VIa Uu=0. Zuvertwg M=K(u,).

[MNa 10 6 : EvieAwg Gpola pe 10 5.

[0 70 7 1 AV u1=0 , TOTE U1 = 0o + WT (o) + W T2(0) = 0. Av U=0 , TOTE U2 = 0o + W2T ' (a,) +
WT?(a,) = 0. MpooBéTovTag Katé WEAN TIC TTOPATIAVW I0OTNTEC TIAIPVOUME
20+ (WHW)T 7 (06)Hw?+w)T2(00)=0. Emeidy w?+w+1=0 , n TeAeuTtaia 106TNTA
VIVETAl 206=T"(0o)+T2(0s). OPWC ETEID  Ug=0o+T (0o)+T%(0) , Ba €xoupe
300=Uo. TWpa atd T0 4 £XOUUE UoeZ , Kal N oxéon 3d,=U, Ba pag dwoel a,ell
o1réTE Kl dpeK. 'ETol M=K(0,)=K , TTOU €ival arotro agou [M : K]=3.

ATI6 10 7 , €xoupe 0TI u1£0 1 ux=0. AIOKPIVOUPE TWPA TIG TTEPITITWOEIG :

1" Nepimrrwon : u=0

AT To 4 éxoupe usleZ. Tpdgoupe uP=k’m , ye k,meZ kar m eAeUBepo KUBoU. To uy eival

Aoimrév pia Auon Tn¢ e€iowong x>-k®’m=0. O1 dMec Auoeig T x>-k’m=0 eivai o1 wuy, w?us.

Emeidn ka1 7o k¥m eivar pia T e€iowonc x>-k>m=0 , 6a éxoupe  k¥m e{us,wuq,w?uq}.

Emeid) w= ks \/_
K(¥m) = (kJ_)

eK , Ba éxoupe Adyw Tou 5 611 M=K(us)=K(wu)=K(w?u;). ZUVETTWC
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2" Mepitrrwon : u,#0
Opoiwg ue TNV TTPWTN TTEPITITWON , XPNOIMOTTOIWVTAG TO 6 PTTopoUuE va Oeicoupe OTI
uTTdpxel meZ eAeUBepo KUPBoU WoTe M=K(/m).

2.5.1.3 OEQPHMA : 1. To ring class field Tng 16¢ng Z[ V141 civai 1o K(/2v2 -1).
2. To ring class field Tng Ta&ng Z[ -27 ] civai 1o K(3/2).
3. Toring class field Tng Ta&ng Z[ V-64 ] civai 1o K(%2).
AMNMOAEI=H

1. O dakTUMNiog O=Z[-14] ival TGN oTo owpa K = quot(Z[v-14]) = O(+-14) ( BA. TO 2 TG
mapatipnong 2.2.1.3 ). Emiong 10 14 gival €AelBepo TeTpaywvou kal (-14)=2(mod4).
SUVETTWS Rk = Z[V-14]=0 (BA. pdtaon 2.1.1.5 ). Zntaue Aoimov T1o ring class field tng
HéyIoTNG TAENG Tou TETPAYWVIKOU @QavTaoTiKoU owpartog K= O(v-14). Amé v
Tapartipnon 2.4.1.3 Twpa @aivetal 011 To {nTOoUuEVO ring class field gival To cwpa KAdoEwg
Tou Hilbert yia 10 cwua K. ‘ETo1 AOyw TOUu 2 TOU Bewpruatog 2.3.1.15 €éxoupe va
UTTOAOYIOOUME TNV MEYIOTN PN OIaKAAdICOMEVN aBehiavry emméktaon Tou K.  Of&toupe
a:=42+2 -1 Kol L=K(a). Oa d¢ci¢oupe 611 10 L €ival n péyiotn  pn diakAadi{opevn aBeAiavn
eméktaon Tou K, kal ouvemwg 10 L Ba givalr To {nTouuevo ring class field. ‘Eotw H n
MéyioTn aBeAiavry pn dlokAadigdpevn etréktaon Tou K. Até Tov Trivaka Tng €Qapuoyng
1.2.2.8 maipvoupe ot h(-56)=4. H diakpivouca g O eival do= dg = -4-14 = -56. Amo
ToV 1I00HoP@IoH6 C(do)= C(O) Tou Bewpnruatog 2.2.3.7 Ba mdpoupe Twpa 611 #C(O) = #C(-
56) = h(-56) = 4. E¢aA\ou n mpdétaon 2.4.1.4 pag divel iIcopopeiopd C(O)=G(HIK) kai
éto1 [H: K]=#G(H|K)=4 (Z2.5.1.3.1). To avaywyo TToAuwvuuo Tou a Tévw atéd 1o 0
uTTopei va eTTaAnBeuTel eUkoAa 6Tl gival To X*+2x3%-7. EmaAnBeUeTal £TTiong sUkoAa OTI TO
x*+2x%-7 gival kal To avaywyo TTOAUWVUPO Tou a Travw até 1o K = O(J-14) = Q[J-14].
‘Exoupe Aoimtév [L : K] =4 ( £ 2.5.1.3.2). Emiong #G(L|K)=[L : K] = 4. Opwg k&Be oudda
TaEewg 4 cival aBeliavn ( Yrapxouv 000 ouadeg TaEews 4. H yia gival n Z4 kal n GAAn givai
n Vs4=<a,b | a®=b?=1, ab=ba>. ), ométe n G(L|K) eivar aBeAiavr. ETeidn Twpa 10 x*+2x>-7
€xel piCeg akpIBWG T 0=4242-1 , b=y-2y2-1 , -a, -b, €ival dlaxwpiolpyo. Oa deigoupe

Twpa o1l belL Mpayuat , b= i(y2v2+1) =\/%="(/j=‘/f el ( apolu K=0(+-14) ).
242 —1
2UVETTWG n emméktaon L/K , wg owpa pidwv mTdvw aommd 10 K €vOg dlaxwploipou
TToAuwvUpouU , gival  emméktaon Tou Galois. Etreidr) n G(L|K) eival aBehiavr , Ba £xoupe OTI
n emékraon L/K eivar aBehiavr. @a dciCoupe Twpa OT1 n eméktaon L/K eivar un
o1akAadIfouevn. Kart' apyxnv €mmeidn 1o K gival TETpaywvikd @aviaoTIKO owua , Ol ATTEIPOI
TTPWTOI TOU  €ival N TAUTOTIKY aTTelkOvion Tou K kail n piyadikr) cufuyia. O1 TTpwTol auTtoi dev
dlakAadifovrar oto L €g'opioyou (BA. opiopd 2.1.1.3). Mével va Odsixtei OTI Kal Ol
TeTEPacpévol TpwTol Tou K Sev SiakAadifovtal oto L. ‘Exoupe o®=2y2-1 — 2 el.
O¢toupe  Ki:=K(+2). Adyw TTOANOTTAQCIOOTIKOTNTAG TOU OeikTn  SIOKAGdWONG , ApPKEei va
oceixTei 611 oTIg eekTdoelc L/Ky kai Ky/K &gv utTdpyxouv TTETTEPACHUEVOI TTPWTOI  TTOU va
diakAadi¢ovTal.
Na 1nv K4/K : Av p eival TpwTo 10ewdeg Tou Rk , TOTE yia 2¢p a1d 70 1 TOU AfPUATOG
2.5.1.1 éxoupe o1 0 p Oev dlakAadiCeTal oto L. Mével n repimrrwon  2ep.
Av  2ep, 10T1E emedf] V14 =4-14 eKcK; Ba éxoupe kai  ieKq. Apa

J2eK; - f:“J‘lz“ eKi — T eKi. loxGel  TOpa 6T
K1=K(~-7 ).(Mpayuari, £XOUpE K(+-7 )cKi Kal gTTiong
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\/_=%e@(\/7,M)=K(\/7) , oToTe Ki=K(42 )cK(J7 ). ) Av -Tep

, TOTE €1meIdn 2ep Oa €xoupe 1 = (-7+2-3)ep , &TOTTO YIATI TO P €ival
TPWTO 15eWdeg Tou Rk. ETol -7¢p. ETedn twpa -7=1%-4-2 , 70 2 TOU
AupaTog 2.5.1.1 Ba dwaoel 6T 1o p dev dlakAadiletal ato  Ki=K(+-7).

Na v LK : ©étoude p=o?= 242 -1, u'= -242-1. 'Exoupe homév Ki= K(12) = K(u) =
K(u') kai L=K(yu) .Emiong , émwg deiaye kal otV TEQITITWON TNG
eméktaong Ki/K , 1oxver V-7 eKy (mpayuar, ieKy —J-2eK; —
\/_:\/gem — -7 €Ky ) kai ouvemmwg LJup'=+-7 eKy.  H TeAeutaia
oxéon ouvetrayetal 6T \Ju' L. MdahioTa L=K1(\/ﬁ)=K1(%)=K1(\/ﬁ). Av

¥

TWPa p41 E€ival TETEPAOUEVOG TTPWTOG Tou Ky , dIAKPIVOUUE TIG

TTEPITITWOEIG:

1" MepirTwaon : 2¢p1.
Tote a@oUu p+u'=-2 , Ba €xoupe OTI KATTOIO ATTO TA W,
Oev avAKel OTO p1. AV pgpq , TOTE 2u¢gps KOl ETTEION
L=K4({u), T0 1 Tou Afuuarog 2.5.1.1 pag divel 6T T0 py
oev diakAadicerTal oTo L.

2" MepimTwon : 2eps.
TNV TEPITITWON auTr] €TTEd TOo 2  €ival akEPAIOG
oAyeBpikdg kai avikel oto Ky , Ba éxouupe O
ueps.(Mpaypar, av (242-1)=pepq, 161 1eps ,TIPAYHA
AarotTmo vyiaTi To pq1 €ival TTpwTo 10ewdeC. ). Twpa
YPAQOUUE YU = (1+\/§)2-4-1 Kal €T01 TO 2 TOU AfPUATOG
2.5.1.1 Ba dwoel TENIKA OTI To pq Ogv dlaKAadIeTal  OTO
L.
2uvoyicovtag Aoitrév €xoupe OTI n L/K cival aBeAiavi
emrékTaon Tou K, un diakAadifépevn pe [L : K]=4. ETtiong
n oxéon (£ 2.5.1.3.1) pag divel 6t [H : K]=4. TéAog LcH ,
aou H eivar n pé€yiotn apeAiavn pn dlakAadiCdpEvn
ETTEKTAON TOU K.  ZUMPTTEPQIVOUMPE ETTOPEVWG ATTO TA
TTapaTravw o1l L=H 110U €ival kai n oxéon 1Tou BéAaue va
QATTOOEIEOUE.

2. O daktuhiog O=Z[-27] givar TGN OTO  QAVTAOTIKO  TETPAYWVIKO  OWHA

K=0(+-27 )=0(~-3 )=0(i+3). 'Eotw L 1o ring class field Tng 1d¢ng O. Oa d¢ci€oupe Kar' apxniv

Ta akdAouba :
a. To L givai kuBikn) aBeAiavry eréktaon Galois Tou K.
b. H emréktaon L/O eivalr Galois pe oudda Galois Tnv Ss.
c. O1 mpwrtol Tou K 1Tou diakAadifovtal ato L diaipouv 1o modulus 6Rk.

Ma 10 a : 'Exoupe do=-4-27. ETtriong amod Tov TTivaka NG epapuoyng 1.2.2.8 €xoupue

h(-4-27)=h(-108)=3. Am6 T1oUG I100oMopYIouous C(O)=C(do) ,
C(O)=G(LIK) TOU Bewpnruatog 2.2.3.7 Kal NG mpoéTtaong 2.4.1.4
avTioToixa , 6a mmdpoupe emmouévwg OTI [L : K]=#G(L|K)= h(-108)=3. To 6T
n L/K eivar aBeAhiavr) TTpOKUTITEI ATTO TOV OPICHO Twv ring class fields (BA.
opIouO 2.4.1.2).
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Na 1o b

Na 10 ¢ :

: To 1 Tou Ajuuatog 2.4.2.3 divel ot emméktaon L/0 eivar Galois. ‘Exoupe

Twpa #G(L|0)=L : O]=[L : K][K : 0] =3-2=6 — #G(L|0)=6. YTrdpyouv dUo
"TUTTOI"OPAdWY TACEWS 6 : N KUKAIKA  Kal n Sz. ©a aTmTOoKAgicOUE TNV
mepiTTwon n G(L|@) va eival kukAikr. 'Eatw 611 n G(L|Q) eivar  KUKAIKA kal
TTapdyeTal atmd 10 PoeG(L|Q). Oa deioupe dTI p2=1 , TToU gival GToTTO.

‘Exoupe 6T po’eG(LIK) ( Adyw Tou 6T [G(L|Q) : G(LIK)] =2 ) kai eTTioNg

OLL*Po’ - O1L=Po > ME O1LeG(L|0) (BA. To 1 Tou AfupaTog 2.4.2.3). ETeidf n
TAEN TNG O €ival 2 , Ba £XOUPE OL=P,° KaI GUVETTWS O EXOUHE Po Po’ Po =
Po2=po" = po-=1.

‘Eyoupe K=0(43) , omote RK=Z{1+§3 }(B)\. mpoTaon 2.1.1.5) Twpa

1+;/3 =w-1  (w=e’"°) kai €101 R=Z[w]. ‘Exoupe dk=3 (BA. TpoTaon
dp _108

K
T0 6. H mpotaon 2.4.1.4 twpa  B6a pag dwaoel 611 KABe TTpwTog Tou K
TTou dlakAadiletal oto L diaipei To modulus 6Rk. TMNapartnpoupe tTwpa Ot
amdé 10 AMjupa 2.5.1.2 kal 10 yeyovog Ot n L/K givar KuBikr) €mméKTOON
woTe n eméktaon L/Q va gival Galois pe opdda Galois Tnv Sz pag divel OTI
UTTAPXEl aKEPAIOG apPIBUOC M eAeUBepog kUBou waTe L=K(¥m). Oa
oci¢oupe otnv ouvéxela OTI oI POvol TTPWTOol apIBuoi TTou diaipouv TO M

givar 0 2 ka1 o 3. Tlpdypat, Kkat apxnv K=@,(\/3)=K('1+2\/3 )=K(w) ,

2.1.1.5) omére emeidn - 36=62, EXOUME OTI 0 0ONYO¢ TnNG O cival

omote L=K(¥m )=0(¥m ,w). Av p gival TpwTog apiBuog ou diaipsi 1o m
T6TE dlakAadieTal 01O L Kal ouvettwg Kal To pRk diakAadietal oto L. Ao
TO ¢ TTapatavw £xoupe OTI PRk | 6Rk  Kal ETTOPEVWG ATTO HOVOOTHUAVTN
avaAuon o€ TpwTa 10ewdn oTov dakTUAIo Tou Dedekind Rk , éxouue Ot
p=2, 17 p=3 (PA. utrevBupioeig 1.3.1.1 yia Toug TTPWTOUG ToU Rk ). ATIO
TO vyeyovog Om TO m  givar  eAelBegpo  KUBou  €xoupe 0TI
me{2,3,4,6,9,12,18,36} Emeidr K(¥4)cK(¥2) , K(¥9)c=K(¥3) ka
3/~3
§/5=%=%/22 K(¥4), x/_—£ % eK(¥9), Ba éxoupe K(%/4)=K(/2)
. K(%9)=K(/3). Ef,a)\)\ou K(18 )=K(¥2 - Y9 )=K(%6) Kal
K(3/36 )=K(3/2 - ¥18 )=K(3/2 - ¥6 )=K(%12). Zuvemwg yia ta didpopa m
TTOoU avrjkouv aTo cUvolo  {2,3,4,6,9,12,18,36} Traipvoupe Le{ K(32) ,
K(¥3), K(¥6) , K(312) }. Oa atrokAéiooupe Tnv Trepitrwon L=K(33) :
Av L=K(3¥3), T161E ekAéyoupe TO TTOAUWVUNO fo7 TOU Bewprparog 2.4.2.5
va €ival To avaywyo TTOAUWVUPO TOU TTPAYHATIKOU OAYERPIKOU aKEPAIOU
¥3. O apiBudc 31 eival TPWTOC Kai To f27(X)=x>-3 , éxel Siakpivouoa -3°
n oTroia emopévwe dev diaupeital amd 1o 31. Emedy 31=2%+27-12 | 10
Bewpnua 2.4.2.5 Ba pag dwoel  Twpa OTI N I00duvalia x3-350(mod31)
Ba €xel Auon oto Z. Autd OuwG OTTWG  PTTOPEI KATTOIOG va aTTodEiEl
€UKOAa e atTAG uttoAoyiopd cival arotro. EvreAwg ouoia ptropouue va
atrokAciooupe TG TrepImTwoelg L= K(3/6 ) kai L= K(312), omdre Ba éxoupe

L= K(¥2).
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3. Opola pe 10 2 KaI XPNOIYOTTOIWVTAG aVAAOYO Afjuua he To 2.5.1.2 utropei va deIXTEl OTI
10 ring class field Tng Ta&ng Z[J-64] eival 1o K(¥2). H amodeiEn mapaleimeral Adyw Tng
MEYAANG TNG OMOIOTNTAG WE TNV TIEPITTITWON 2 TNG TAENGS Z[V-27 .
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2.5.2 XAPAKTHPIEMO: TPQTON APIOGMQON TON
MOP®OON x*+14y? , x*+27y* KAl x*+64y’

2.5,2.1 OEQPHMA : lNa kade rpwTto apiBud p 10x0ouv o1 akOAouBeg 1I00OUVAlIES :

1. " Ix,yel: p=x*+14y*" & " (ﬁj =1 kai n (x*+1)’=8(modp) givai emAGoIUN oTO Z".
P/,
o " p=1(mod3) ka1 n x*=2(modp) givail emAUOIHN 6TO Z ".
< " p=1(mod4) ka1 n x452(modp) gival emIAUOIPNN OTO Z ™.
AIMOAEI=H
1. Kat' apxiv eivar mmpo@avég Ot yia p=7,2 , TO APIOTEPO MEAOG TNG ATTOOEIKTEQG

Icoduvapiag dev 10xUel. ETTeIdn (%j :(#) -0 , EXOUME OTI oUTE TO BECIO PENOG IOXUEL.
2

2ll
2ll

2. " Ix,yel : p=x*+27y
3. " 3Ix,yel : p=x*+64y

2UVETTWG N aTTOOEIKTEN 1I000UVadia Io0XUEl yia p=7 Kal p=2. 'Eotw Twpa p=£2,7. ATo 10
Bswpnua 2.5.1.3 €xoupe 6T TO ring class field Tng T1GENC Z[V-14] TOU QAVTACTIKOU
TETPAyWVIKOU owpartog K=0(v-14 ) sival 10 K(4/2v2-1). To avAywyo TTOAUWVUHO TTAVW
atré 10 0 Tou TTPaYUATIKOU OAYEBPIKOU AKEPAIOU +/24/2-1 €TTAANBeUETAl EUKOAQ OTI  €ival
10 (X*+1)?-8. ETreidn n diakpivouoa Tou (x*+1)%-8 eival -2'*-7 ( emaAnBevetal eUKoAa ) ,
T0 Bewpnua  2.4.2.5 Ba pag dwaoel OTI yia KABe TTPpwTo apIBUd p PE p#2,7 10XUEl N
akOAouBn 1ooduvapia " Ax,yel : p=x*+14y*" > (%j =1 ka1 n (x*+1)’=8(modp) ival
2

€MAUCIUN oTO Z". TTOU €ival akpIBWG auTh TTou BEAoUPE va atrodeifouE.

2. Eival Tpogavég OTl yia p=2,3 TO apIOTEPO PEAOG TNG OTTOOEIKTEQS I00OUVANIAG eV
loxuel. Eeidn 2+ 1(mod3) kai 3% 1(mod3) , dev 1o0xUEl KAl TO BEEIO PEAOG. . ZUVETTWG N
atrodeIKTéQ I00duUVapia 1oxUel yia p=2 kal p=3. 'EoTw Twpa p=£2,3. A6 10 Bswpnua
2.5.1.3 £€xoupe OTI TO ring class field TNg TAENG Z[+-27 ] TOU PAVTACTIKOU TETPAYWVIKOU
owpatog K=(+-27) eival 10 K(¥/2).To avaywyo moAuwvuygo mTavw amé 1o 0 Tou
TTPAYHATIKOU OAYEBPIKOU OKEPAIOU 32 eTTaAn®eUsTal UKOAa OTI  gival To x°-2. ETreidn n
Siakpivouoa Tou x>-2 gival -22- 3% ( emaAnBeeTal eUKOAa ) , To Bewpnua 2.4.2.5 Ba pag
dwael 0TI yia KABe TTpwTo apIBud p ue p#2,3 10x0el N akdAoudbn Icoduvapia " Ix,yel :

p=x>+27y? " © (ﬂ] =1 kal n eival x’=2(modp) emAUoIun oto Z". EmedA
P/,

-27 -33] (1) 3) LA T p . . (-27) _ .
A S22 2 2] =en2e=n2 2| B -[B] | Ba éxoupe OTI |Z£L] =1 av Kal poévo
( p )2 ( P/, p Z(p 2 CH=Eh (3)2 (3)2 XOUH P/, H

p - , . , . , . z - l —
av n (gjz 1. 'Exoupe Opwe o1 To p modulo 3 givalr 1 ) 2. ETe1dn (3)2 1 kai (3)2 1,
Ba éxoupe (ﬂ] =1 & [%) =1 & p=1(mod3). O1 TeAeuTaieg OXETEIC O CUVDIAOO UE TA
P /s 2
TTAPATTAVW PAG divOuV TO ATTODEIKTED.

3. H 1repiTrTwoon eival evieAwg GPoIa e TIG TIPONYOUNEVES KAl AQrVETAI WG AoKNoN.
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KEDAAAIO 3

MIT'AAIKOZ ITOAAAIIAAXIAXMOX



§1 EAAEINTIKEZ ZYNAPTHZEIX KAI MIFAAIKOZ
MOAAATMNAAZIAZMOZ

3.1.1 EAAEINTIKEZ Z2ZYNAPTHZEIZ KAl H -
2YNAPTHZH TOY WEIERSTRASS

Amodciéeic yia tnv mapaypago 3.1.1 umopouv va Bpebouv oro : [Cox] oeA. 200-
208 , evw mePIOOOTEPES IGIOTNTES TNS (0 -OouvapTnong rou Weierstrass urrdapyouv
oro kepaAaio 1 Tou [Lang].

3.1.1.1 OPIZMOZ : KdBe ocUvoAo L Tng pop@rig L= wiZ+w,Z , 6TTOU OI Wq,W2 Eivai
Miyadikoi apiBupoi ypaupikd ave§dprntol oto R , 8a ovopdderan lattice Tou G R
atrAd lattice.

3.1.1.2 OPIZMOZ : ‘Eotw L éva lattice Tou C. KdBe piyadikq ocuvdptnonf:GC — G
0a Aéyetan eAAsimrTikil ouvdptnon Tou L (elliptic function ) av gival pepépopen
kai f(z+w)=f(z) ,vzeC,vwel.

3.1.1.3 OPOTAZH : Kdfe eAA&ITITIK] OUVAPTNON HE OAGHOP®N eéKTaON OTO G
gival otafepn.

3.1.1.4 OPIZMOZ : Av L civai éva lattice Tou G kai reN pe r>2 , 161€ n ocIpd

Z lr ouykAivel améAuta. H oeipd autl Oa ouppoAidetar Gi(L) ko Ba
weL-{0y W

ovopddetal ogipd Tou Eisenstein Emiong , pe gz(L) kai g3(L) 6a ocupBoAifovral
avrioToia Ta 60G4(L) , 140Ge(L).

3.1.1.5 AHMMA : Av L givai éva lattice Tou G , T6Te n ceipd Z (L—%J

2
weqop \(ZW)° w

ouykAivel oto 0C-L. H ouvdptnon 12+ Z [ 1 —lz) gival apTia eAAEITTTIKA
w

weL-{0} (z-w)?
ouvdptnon Tou L T1ou gival oAépopen oto G-L kai oTta oToixeia Tou L éxel
moAoug TAgNG 2.
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3.1.1.6 OPIZMOZ : Av L civai éva lattice Tou G , T0Te n dpTia €AAEITTTIKA

ouvdptnon go( -;L) : (C-L) - G : gp(z;L)= zl2+ z [ 1 sz 6a ovouddeTal

-
weqoy\(Z-W)" W

© = ouvaptnon Tou Weierstrass via 1o lattice L.

3.1.1.7 MPOTAZH : Av L civai éva lattice Tou G , T6TE
go(z;L)=i2 + ) [(2n+1)Gy,p(L)2*"] (2 3.1.1.7.1)
z n=1

3.1.1.8 MPOTAZH : 1. Av L gival éva lattice Tou G ka1 0€00UE yIo EUKOAIO OTOUG
OUMBOAIONOUS  o( - ) :==p( - ;L) , T6TE N © IKAvOTTOIEi
v Siagopiki ediowon : ©'(2)* = 40(2)>-gz(L) ¢ (2)-g(L)
(x 3.1.1.8.1)
2. Zmnv ékgpaon X 3.1.1.7.1 1mng @(z;L) oav ccipd Laurent
TOMIKA OTO (0,00 o1 ouvreAeoTéG TG OEIPAg
an:=(2n+1)Gzn:2(L) avikouv oTto Q(gz(L),gs3(L)) (MdaAioTa
=92(L) = 9s(L) = 9(L)°
U= 132 5 AT g )

3.1.1.9 MNOPIZMA : Av L eivai éva lattice Tou G , 161 Ta g2(L) , gs(L)
Xapaktnpifouv TARpwg TNV ouvdptnon tou Weierstrass @o( - ; L) yia 1o lattice
L.

3.1.1.10 MPOTAZH : Av L givau éva lattice Tou G ka1 8écoupep( - ) :==p( - ;L),
TOTE 1I0XUOUV Ta akOAouba :
1. "p(2)=p(w) < z=+tw(modL)", vVz,we(C-L).
2. Tawe(C-L), n e§iowon @(z)=p(Ww) wg Tpog z éxel TO
TTOAU 800 Auoelg modulo L. O1 AUoceig auTég gival ol
W,-W.

3.1.1.11 OOPIZMA : Av L civai éva lattice Tou C ko1 Béooupep( - ) :==p( - ;L),
TOTE yIa w¢L 10XU€El n akOAouBn 1ocoduvapia : " p'(z)=0 < 2welL ".

3.1.1.12 OPOTAZH : Av L sivai éva lattice Tou G kai 8éooupep( - ) :=p( - ;L),

TOTE YIa KAOe z,wel pe z,weL kal z=+w(modL) 10x0g1 0 ak6AouBog TTPoCBETIKOG
Kavovag :

o (ztw) = - p(2) - p(w) + 1(Mj

4\ p(z) - p(w)
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3.1.1.13 NPOTAZH : Av L civai éva lattice Tou G, T0T1E 1I0XU0UV Ta akOAouBa :
1. KdaBe daptia gAAsITTiIKp ouvdpTtnon Tou L , n otroia givai
oAbépopen oto C-L avikel oto C[p( - ;L)]. Eival dnAadn

TTOAUWVUHIKN ék@paon TnG @( - ;L).
2. Kabg aptia eAA&ITTTIK OuvdpTNON OVAKEI OTO C(
@( - ;L)). Eivan d8nAadn pntA ékppaon Tng o( - ;L).

3.1.1.14 OPOTAZH : Av L givail éva lattice Tou G, T61E N @ ( - ;L) €ivan "emri” Tou C.

3.1.1.15 IXOAIA : Eival eUkoAo va dei Kaveig 6Tiav n - eK@PAlel TNV HIYadIKnA
ouduyia , I0XUouV oI aKOAOUBEG 1010TNTEG :
1. p(z;L)=p@z;L) , Vze(C-L)

2. gz(E)= g,(L).
3. g3(L)= m
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3.1.2 H j-ANAAAOIQTH ENOZ LATTICE

Amodeieic yia TiIS 1610TNTES TNS j-avaAAloiwrng urmropouv va Bpe@ouv oro : [Cox] OeA.
205-208.

3.1.2.1 OPIZMOZ : AvUo lattices L,L' 0a Aéyovral opoidBsTa av utrdpxel AeC-{0} ue
'=A- L.

3.1.2.2 MAPATHPHZEIZ : 1. H opoloBecia Twv lattices gival oxéon 1coduvapiag.
2. Av f(z) eival eEAA&ITTTIKA ouvdpTnon yia KAtrolo lattice L
Kal AcC-{0} , TOTE n f(Az) €ival eAAEITTTIKA ouvdpTnON YiA
1O lattice AL. E181KOTEPA , 1I0XUOUV OI AKOAOUBEG OXEOEIG
a. p(Az;AL)=A?p(z;L), Vze(C-L).
b. g:(AL)=A*gy(L).
c. gi(AL) =N'gy(L).

3.1.2.3 OPIZMOZ : Av L civan lattice Tou G , T6Te 0 apiBudg g (L)’ - 27g3(L)* Oa
oupBoAideTal pe A(L) ki Ba AéyeTan diakpivouoa Tou lattice L.

3.1.2.4 NAPATHPHZEIZX : 1. Maparnpouue 6T yia lattice L, To A(L) gival n diakpivouoa
Tou TToAuwVUPOoU 4x’-g,(L)x-g3(L).
2.Avn - £Kk@pAalel TNV piyadikAi ouluyia , TOTE A(L )= A(L).

3.1.2.5 MPOTAZH : Av L €ivai lattice Tou G , ToTe A(L)=0.

3
gZ(L) ea
A(L)
oupBoAileTan pe j(L) kai Ba ovopdadetal j - avaAAoiwTtn Tou lattice L. ( ZTnNV apéowg
EMOMEVN TTPOTAOCT) Ba PAVEI ATTO TTOU TTPOEPXETAI O XAPAKTNPIOHOG "avaAloiwTn™. )

3.1.2.6 OPIZMOZ : Av L givai lattice Tou G , TOTE 0 HIYaSIKOG apIOUOG 1728

3.1.2.7 NPOTAZH : Av L,L' ¢ival lattices Tou G , T01€ j(L)=j(L) av kal pévo av Ta L,L'
gival opoldBera.

3.1.2.8 NAPATHPHZH : Av L civai lattice Tou G, kot n - gk@pddel TNV HIyadikn
ouluyia , TOTE j(L) = j(L).
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3.1.2.9 MPOTAZH : Av L civai lattice Tou G , TOTE I0KUOUV Ta akO6Aouba :
1. g,(L)=0 av kail pévo av 1o L gival opoi60eTo pe 10 lattice Z+HZ , (
22
i=1).
2. g3(L)=0 av Kai pévo av 1o L €ival opgo160eTo pe 10 lattice Z+wZ ,
(w=e21Ti/3 )
3. Av g,(L),g3(L)#0 , T0TE UTTApXOUV A,pueb-{0} pe
o g(AL)=A"gy(L)=20p Kai
o gi(AL) = N'gs(L) = 28
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3.1.3 MIFTAAIKOZ NMOAANANAAZIAXMOZ

1.3.1 MPOTAZH : 'Eoctw K @avTaoTikO TETpaywVvIiké cwpa Kal O gia 1agn Tou K. Av
a gival KAaopaTIKO 10ewdeg TnNG O , ToTE (AOYW TrPpdTOAONG 2.2.2.6) TO a €ival EAeUBEpPO
Z-module pe rank ico pe 2. Av a=aZ+BZ ,yia kamoia o,BcK , 16T Ta a,B givan R-
YPOUMIKWG avegdpTnTa.

AMNOAEI=H
_B

Av 10 0, ATaV YPAPPIKWG eEapTnuéva , Ba ETTPETTE TO T =5 Ve avikel oto R. Opwg [0O(T) :

0>2 (av 1€ 161€ Ta O, Oa ATAV O-yPAPMIKWS £LapTnUéva , oTrdTe Ba ATAV KOl Z-
YPOUMIKWG £EapTnéva TTou gival  AToTro agou To a éxel rank ico pe 2 ). Etriong 0 < O(1) <
K pe [K:0]=2 ko ocuverwg K=0(T) , omoTe agou 1€l , Ba eixaue KcR tmou eival drotro
agou 10 K gival pavtaoTiKdé owia.

3.1.3.2 NOPIZMA : Kdabs proper 18ewdeg TAENG GAVTACTIKOU TETPAYWVIKOU CWHATOG
givai lattice Tou (.

3.1.3.3 NAPATHPHZH : Amé tnv maparipnon 3.1.2.8 ouvdyoupue sUKoAa OTI av a
gival proper 1I8ewdeg TAENG PAVTACTIKOU TETPAYWVIKOU CWHATOG , TOTE j(a)cR av kai
MOvo av n Tad¢n TnG KAdong Tou a modulo Tnv utroopdda H(O) otnv C(O) givan 2.

3.1.3.4 MPOTAZH : Av L civai lattice Tou G, T0TE n  ouvdptnon z— p(kz ; L) egivai
pNTH éKk@paon TG z— p(z;L) yia kdBe aképaio apiOud k. MdAAioTa prropoUpe va
YpAyoupue go(kz)=% pe A(x),B(x)eC[x] , 6Tou To A va éxel Baduoé k? , kai To B
[
va £€xel Baduod k3-1.
AMNMOAEI=H
Kat' apxfjv 6a ocupPoAioupe pe @o( - ) v @( - ; L) kar ye g2 , g3 10 go(L), gs(L)
avtioToixa. Ao Tnv TTpotacn 3.1.1.12 éxoupe 6T yia piyadikoug aplBuouls z,w he z,w,2z¢L

1 1 2
Kal z#2w(modL) 10XUEl OTI p(z+w) = - p(2) -p(w) +1[Mj . E@apudloviag Twpa 10
4\ p(z)- p(w)

" 2
Bewpnua de I' Hospital Ttaipvovtag w—z , Ba mpokUWel 0TI p(2z) = - 2p(z) + %(50 ((Z))) .
©'(z

Twpa av mmapaywyiocoupe TN diagopikn egiowon £ 3.1.1.8.1 1ng 1pdTaong 3.1.1.8

TTaipvoupue go"(z)=6go(z)2-g—2 KAl OUVETTWG TIponyoupevn oxéon Ba  dwoel
0(22) = - 20(z) + i( (12p() - %)’ j H TeAeutaia oxéon pag Sivel 6T N z— o (2z) eivai
16 40(2)° - 9,0(2) - 93

pNTA €KPpPacn TNG z— @ (z). To cuuTTépacpa Tou BeEwPANOTOG TTOU agopd Toug Babuoug
givalr rpoavég 6Tl IkavoTTolgiTal.  'EoTw Twpa 6T yia KATToIo QuUOIKO nelll €xoupe OTI n
z—>p(nz) cival pnth €kPpacn TNG . TOTE Ao TOV TTPOCBETIKO Kavova TnG TTPOTA0NG
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1 |l 2
3.1.3.4 Ba TAPOUPE OTI o((n+1)2) = - p(2) -p(n2) +1(M) yiad KGBe  piyadikd
4\ p(2) - p(nz)

apiBud z pe z,nzgl kal zxnz(modL). ATd Tnv emmaywyikr} uttéBeon £xoupe To {NTOUPEVO
yia 10 @ ((n+1)z). Oco apopd TO CUUTTEPOACHA TOU BEWPRPATOS YIa TOUG BaBuoug , gival
OOUA&Id pouTivag va atrodeIXTel XPNOIMOTTOIWVTAG TNV ETTAYWYIKN UTToBeon Kai 1o 0TI

1(9'@ - ¢'(n2))°
P((n+1)2) = - p(2) -p(nz) *Z(mj '

3.1.3.5 MPOTAZH : ‘Eotw L = aZ+BZ lattice Tou C yia a,B<C. OféToupe T=% e(C-R) xkau

ouverwg 1o L gival opoi60ero pe 1o lattice L' = Z+1Z. Av umdpxel uo,cC-Z worTe
uoL'cL' , Téte 1I0KUOUV Ta aKOAoOUOQ :

* To owpa K=0Q(1) eival TeTpaywviké @aAVTACTIKO Kal TO oUVOAo

O={ucK | uL'cL'} egival pia Tagn Tou K.
« To L' gival proper KAaopATIKO 10ewdeG TNG TAENGS O.
e Yue(0-Z) , K=Q(u).
AMNOAEI=H

‘Exoupe uol'cl' — 3Ja,b,c,deZ pe uo=a+bt , u,t=c+dr. ETEIdA u.gZ , Ba éxouue b=0.

EEGANoU 1= %: = ::: , oTIoTE b1?+(a-d)1-c =0. ETreidf b0 , 6a £XOUPE ETTOPEVWE OTI TO

K=(0(t) eival TeTpaywvikd kal @avTaoTikd ( a@ou T¢R ) cwpa. To olvolo O={ueK | uL'cL'}
@aivetal apéowg Ot gival uttodakTUAIog Tou K kal 1€0. Etriong , 1o O €ival Z-module pe
rank igo pe 2. Mpaypat , K=0(1)=0(a+bT)=0(u,). Emeidny [K: 0]=2, urdpyouv 10 TTOAU dUo
O-ypapuikwg aveEdpTnTa aToixeia Tou K Kol GUVETTWG UTTAPXOUV TO TTOAU BU0 Z-YPaPMIKWG
aveEaptnTa aTtoixeia Tou O. ‘Exoupe €€ opiopgol  u,eO. Emreidn 1R , éxoupe €tmiong 6T Ta
1,Uo  €ival Z-ypauuIKWG aveEdptnta.  A@ouUu uTtdpxouv TO TIOAU OUO Z-yPOUMIKWG
ave¢dptnta oToixeia Tou O , Ba €xoupe OmI O=Z+u,Z. EEGAAOU agou Ta 1,u, E€ival Z-
YPOUMIKWG avegdpTtnta , To rank Tou gAelBepou Z-module O=Z+u,Z eival 2. Adyw Tou 1
Twv TTapatipnocwy 2.2.1.3 Twpa éxoupe 011 10 O €ival Tédé¢n Tou K. ATtTodeikvUoupe Twpa
ot to L' eivar KhAaopaTiko 10ewdeg NG O. Kat' apxrv 1o L' BAEToupe eUkoAa o1 gival O-
utrtomodule Tou K. ETiong u,eO — (buy)eO. Tia 1o {NTOUPEVO , QPKEI ETTOPEVWG va
oeixtei o1 (buo)L'cO 1 100d0vaua 611 (bu,T)eO ( agou L'=Z+1Z ). Amdé 1oV opioud NG O
TTPOKUTITEl OTI TO (buoeT)eO eival 1I000Uvauo pe 10 (bueT)e {ueK | ul'cL' }. O TeAeuTaiog
gykAgiopog IoxUel yiati av (x+yT)el', pe x,yeZ, 101€ buoT(X+yT) = (bucX)T+ uoy(bTZ) oTTOTE
a@oU UsL'cL' kai br?=c+(a-d)T , Ba éxoupe bu,T(x+yT)el'. To L' eival proper 18ewdeg Tng O
€¢' opiopou NG O. TEéAoG , yia kGBe ueO-Z €xoupe uL'cL', ommdTe Ba uTTdpyouV X,yeZ e
u=x+yT kai ouverrwg K=0(1)=0(x+yT)=0(u).

3.1.3.6 OPIZMOZ : ‘EoTtw L = aZ+BZ lattice Tou © yia a,BcC. Oétoupe T=% e(C-R) kan

L' = Z+71Z.
1. KdBe piyadikdg apiBudg u pe Tnv 1816TnTa uLl'cL' , Oa Aéyetal 611 €XEl
piyadiké mroAAatrrAaciopd pe T1o lattice L. Emeaidn av éva lattice L €xel
MIyadiké TTOAAATTAACIOOUO JE KATTOIOV MIYOOIKO aplOuo , TOTE Kal KABE
opoi60eTo pe 10 L lattice éxel piyadiké moAAatrAaciaopd  HE Tov idio
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apIOu6 , PTTOPOUME VO ava@ePONEOTE Ot MIYASIKO TToAAaTTAaCIaOuS
ap1Buou pe KAGon opoloBeoiag evog lattice.

2. Av utrdpxel piyadikog apiBudg u, rou dev avinKel 0TO Z WOTE TO U, VO
éExel MIyadiké ToAAatrAaociaopd pe 1o L, 16TE n 14§ O 1ToUu opideTal
otnv mwpotaon 3.1.3.5 Ba ovopdalerar wARPNG SAKTUAIOG pIyadikou
TMOoAAaTTAOCI00UOU TOU L.

3.1.3.7 MPOTAZH ( I1516TnTEG TTARPOUG SakTUAiou pIyadikoU TTOAAATTAACIAOHOU ) :
1. 'EoTw lattice L. Oewpolpe 1e6-Z , woTe 10 L va gival opoldBeTo pe 10
latice L'=Z+7Z (BA. ek@wvnon mwportaong 3.1.3.5). 'EoTtw o1 utrdpxel o
TARPNG SakTUAIOG MpIyadikoU TtroAAatmrAaciacpou T0oU L. Av pe O
oupuBoAloTei 0 daKTUAIOG aUTOG , TOTE I0XUOUV Ta aKOAouBa :
(a). O={ueK |ulL'cL'}..
(b). Av 10 L gival opoiéBero pe lattice Ly , 16t KO yia 10 L4
utrdpxel TARPNg dakTUuAiog piyadikoUu TroAAatrAaciacuou , o
otroiog paAioTa givai o O.
2. Av O cival Ta¢n o€ QAVTAOTIKO TETPAYWVIKO owpa K kal a gival éva
proper KAAoMHATIKO 18ewdeg TG O , TOTE TO a gival lattice Tou G e TTARPN
SakTUAIo piyadikou TroAAatrAaciaopou 1o O.
AMNOAEI=H
1. Av Ae(-{0}, 16T¢ Vuel , uLcl <> UALcAL. Ta (a),(b) cival Twpa TTpopavi
2. Ma 70 lattice a €xoupe OTI UTTAPXEI U,eO-Z |, HE Uj,aca ( MAAIOTA OTTOIOONTTOTE OTOIXEIO
Tou O-Z éxel autrv TNV 1I016TNTA ) KAl GUVETTWG atrd Tnv TTpdTtacn 3.1.3.5 Ba utrdpxel o
TARPNG OakTUAIOG uIyadikoU TToAAatTAaciacpou Tou lattice a. 'Eotw O' o dakTUAIOG
auTtdg Kal €o0Tw K' TO TETPAYWVIKO @QAVTOOTIKO cwua oto otroio o O' gival Ta¢n (BA.
mpéTaon 3.1.3.5). Ipdgovrtag a=aZ+BZ kal BETovTag T =g Ba £xouue oUPPWVA PE TNV
mpotaon 3.1.3.5 611 K'=0(1). Emépévwg K'=0(T)cK , omméte agou [K': 0] = [K: 0] =2,
Ba éxoupe K=K'. Twpa e1e1dr 10 a cival proper 10ewdeg TG O Ba €xoupe 611 O = {ueK |
uaca}. E€aAAou atrd 1o (a) Tou 1 €xoupe 611 O'= {ueK | uaca}, omorte kar O=0".

3.1.3.8 AHMMA : Av A(x),B(x) €ival TToAuwvupa Tou G[x] TpwTa peTASy TOUg , TOTE
UTTAPXEI TTETTEPAOCHEVO TTARB0G HIYOSIKWV aplOpwyv A woTe 10 TTOAUWVUPO  A(X)-
AB(x) va éxe1 TToAAaTTAR pida.
AMNOAEI=H

‘EoTw PIyadikog apiBuog A kar €éatw o1 To A(X)-AB(x) €xel TToOAaTTAR pia zeC. ‘Exoupe
emopévwg o1l A'(z)=AB'(z) kai ouvertwg A(z)B'(z)-A'(z)B(z)=0. 'Exoupe Aoimmov deitel Tov
akOAouBo eykAeiopd : { zel | IAel : To z €ival TOAATTAR pifa Tou A(x)-AB(x) } < { zel |
A(z)B'(z)-A'(z)B(z)=0 } Opwg 10 oUvoho { zel | A(z)B'(z)-A'(z)B(z)=0 } civa
memepacpévo. lMpdyuart , 1o ToAuwvupo A(x)B'(x)-A'(x)B(x) eival didpopo Tou PndeVIKoU
TToAUWVUpouU 16T Ta TToAuwvupa A(x) kai B(x) eival TrpwTa yetallu toug. 'Exoupe Aoimrov
6T T0 oUvoAo {zel | A€l : To z €ival TTOAQTTAR pida Tou A(X)-AB(X) } gival  TTeETTEPACUEVO.
Av AoItov  utTdpxel atmeipo TTANB0G piyadikwy A woTe Ta A(X)-AB(X) va €xouv TTOAAATTAR
pia , Ba uTTapxel zoeG kal akoAouBia EEvwyv avda dUo PIYadIKWY apIBPWY (A, ), WOTE TO
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Z, va givalr  TToAAaTTAR pifa Twv TToAUWVUOPWY A(X)-AB(x) , Vnell. Autdé kat apxnv
onuaivel 0T A(z,)-AnB(z,)=0, Vnell. Etreidf n akoAouBia (A,),, OTTOTEAEITAI ATTO EEVOUG
avda dUo uiyadikoug apiBuoug , Ba uTTapxEl KATToI0G 6p0G TNG A BIAPOPOG Tou uNdEVOS. Oa
EXOUME AOITTOV A(Z,)-AoB(Z5)=0 ka1 ouvettwg e1eidr T1a A(x),B(x) ival TTpwTa YETAU TOUG
oev ptropei 1a A(z,) kail B(z,) va givar Tautdxpova  pndév. Av B(z,)#0 , 101 Vnell ,

A= QE?; , OTTOTE n akoAoubBia (A,),., €ival oTaBepr , Tpaypa aromo.  Av maAhi A(z,)=0 ,

161 VNnell . A= iﬁ:; , OTTOTE N akoAouBia (A,),.y Eival oTabepr Kal £XOUpE TTAAI ATOTTO.

3.1.3.9 OEQPHMA : ‘EoTtw L lattice Tou G ka1 ¢ n ouvdptnon Tou Weierstrass yia 1o
L. Av aeC-Z, ToT1e :
1. Ta ak6Aouba givail Ic0dUvVaua :
(i). H p(az) €ival pnTA éKPpaocn TG (z).
(ii). alLcL.
(iii). To L éx&1 wARpn dakTUAlo piyadikoU TroAAatTAaociacpou o
OTroi0G TTEPIEXEI O .
(iv). Ymdpyxel ta§n O o0& @avraoTIKO TETPAYWVIKO cwua K woTe
va 1o0XUouV Ta ak6Aouba :
« acO.
o To L opoi168eTo pe proper KAaoHaTIKO 18ewdeg TnG O.
2. Av ioyvel 1o (iv) Tou 1, 161 Ta O,K €ivanl povadika kai o O €ival o
wARPNG SAKTUAIOG MIyadikoU TTOAAATTAACIAOHOU TOU L.
3. Av ioxuel 10 (i) Tou 1 , TOTE n ocuvdApTnONn @ (0z) ytTOopPEi Va £pBel oTnV
Hopei g (az)= 5 22)
B(p(2))
Tou G[x] 61Trou deg(A[x]) = deg(B[x])+1 = [L : aL] = N(a). ( H véppa N(a)
ToU a agopd Tnv emréktaon K/Q étrou 1o K gival TO TETPAYWVIKO CWHA
Tou (iv) Tou 1).

, Yio TpwTa HeTagU Toug TToAuwvupa A[x],B[x]

AMNMOAEI=ZH

1. (i) > (i) Eotw 6m p(az)= —ggf;g;; yia kamola ToAutvua A[x],B[x] Tou C[x] , Ta oToia
(xwpig TTEPIOPIOUO TNG YEVIKOTNTAG) €ival TTPWTA PETAEU TOUG. Oa €XOUUE
Aoittov A(p(z)) = g (az)-B(gp(z)). Emeidn 1o 0 gival TTOAOG TG¢NG 2 TNG ¢
Ba eival kal TTOAOG TAENG 2 ¢ (az). ‘Exoupe Twpa o1 n ouvaptnon A(g(z))
éxel TTOAo o1o 0 1agng 2-deg(A[x]) kai n ouvdptnon g (az)-B(w(z)) Oa
éxel TTOAo oto 0 1a¢ng  2-deg(B[x])+2. Zupmrepaivoupe Aoittév Ot
2-deg(A[x]) = 2-deg(B[x])*+2 «kai emouévweg deg(A[x])=deg(B[x])+1. H
TeAeuTaia oxéon pag divel OTI n ouvapTNOoN % EXEl TTONO O€ KABe onpeio
w Tou lattice L (AOyw Tou 0TI n o €xel TTOAOUG oTa onueia Tou L ) kal €101 N
¢ (0z) éxel TTONO 0€ KABe onueio w Tou lattice L, mpdyua tmou onudivel 611 N
@ €XEl TTOAOUG o€ KABe onueio Tou aL. ATO 10 Ajupa 3.1.1.5 dpwg éxoupue

OTI N o €XEI TTOAOUG OKPIBWG OTa onueia Tou L kal ouvettwg alcL.
(i) — (iii) Av aLcL , 161e emeidn aelb-Z , IkavotToloUvTal Ol UTTOBECEIC TOU OpPICHUOU
3.1.3.6 ka1 ouveTtwg TO L €xel TTARPN SAKTUAIO piyadikoUu TTOAAATTAQCIaouOU.
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EEGAoOU  a1md TOV  OpIOPOG  TOU  TTARPOUG OOKTUAiOU  HIyadikou
TTOAATTAQCIOOUOU €XOUME OTI TO O TTEPIEXETAI O AUTOV TOV OAKTUAIO.
(iii) > (iv) Av 10 L €x€1 TTAApN BAKTUAIO pIyadikou TTOANATTAQCIOOUOU O OTTOI0G TTEPIEXEI
a, 761e amo v TpoTtacn 3.1.3.5 €xoupe OTI 0 OAKTUAIOG AUTOG OTTOTEAEI
TAEN yia 1O TETPAYWVIKO @avtaoTiké owpa K=0(a) kar pdAiota 10 L €ival
OMOIOBETO e proper KAaoUATIKO IDEWOES TNG  TTPOAvVAPEPOPEVNG TAENG.
(iv) > (i) 'Eotw oOm uttapyel Tagn O o€ @avtaoTiKO TETPpaywVvikO cwpa K wote aeO
kal To L va eival opoidBeto pe proper KAAoUaTIKO 10ewdeg a TNG O. 'Exouue
Kat' apxAv OTI T0 a €xel TTAPn OakTUAIO piyadikou TToAAaTTAaciaopou 10 O
(BA. T0 2 Tng TTPpoTacNnG 3.1.3.7). Zuvettwg O={ ueK | uaca } (BA. 10 1(a)
™G TpoTaong 3.1.3.7) kai emopévwg O={ ueK | uLcL } (BA. 10 1(b) TG
mpoTaong 3.1.3.7). Etreidr acO , 6a 1oxvel aLcL. Apa n ocuvaptnon g (az)
gival TTePIOdIKA WG TTPOG Ta oToIXEia Tou aL ( apou n ¢ cival TTEPIOBIKA WG
Tpog 1o L ) kai gival pepdpopen oto G ( agou kal n g €ival yepduopen oTo
C), omoTe Ba gival eAAEITTTIKA ouvdpTtnon Tou L kal pdAioTta dptia ( agou Kal
n ¢ €ivar apmia ). To 2 tng pdétaong 3.1.1.13 Ba pag dwaoel Twpa Ot n
@ (0z) &ival pnTA €EKPPacn TNG .
Av 10xUel TO (iv) Tou 1, Kal TO L gival opoid8eTo pe proper KAaouatiko 16ewdeg a Tou O |
161 a1d TO 2 TNG TTPoTACcNG 3.1.3.7 €xoupe OTI TO a €XeEl TTANPN OAKTUAIO PIyadikou
TToAAaTTAacIacpoU 10 O , Trpdaypa 1mou onuaivel O={ ueK | uaca } (BA. 10 1(a) T™ng
mpoétaong 3.1.3.7) ka1t O={ ueK | uLcL } (BA. To 1(b) Tng TpoTaONG 3.1.3.7). AT TNV
poTaon 3.1.3.5 duwg éxoupe K=0(a) , ouverrwg 10 K €ival povadikd , TTpdyua TTou
onuaiver Aoyw 1nG 100TNTag O={ ueK | uLcL } 61 ka1 o O gival yovadiko. EEGAAou
emmeidl 1o L €ival opoidBeTo pe TO a Kal To a €xel TTARpn OAKTUAIO pIyadikou
TToAaTTAaciacpou 10 O , amd 10 1 NG pdTtaong 3.1.3.7 éxoupe 6T o O eivar o
TTAPNG OOKTUAIOG  pIyadikou TTOAAATTAACIOCUOU Tou L.

Alp(2))

3. ‘Eotw o1 p(az)==—"=2 yia katmola TToAuwvupa A[x],B[x] Tou C[x] , Ta oTroia (Xwpig

B(p(2))
TTEPIOPIOPO TNG YEVIKOTNTOG) Eival TTPWTA PMETALU TOUG. TNV aTTOOEIEN TNG CUVETTAYWYING
(i) — (ii) Tou 1, d¢iaue ue emeixeipnua TOAwv o611 deg(A[x])=deg(B[x])+1. EE&&AAou atrd
TNV 100duvalia Twv TTPoTdcewy Tou 1 €xouue OTI TO L €ival opoldBeTo pe proper
KAaoPaTIKG 10ewdeC a TagNS O TETPAYWVIKOU QavTAOTIKOU cwuaTog apiBuwyv K pye aeO.
Eival eUkoAo va dei kaveic 0TI agou Ta L kal a gival opoidbeta , ioxvel [L: al] =[a : aal=
O

# =
# > = (““j = N@) _ NN = N(@). Méver hormov va Seigrei 611 [L : aL]=deg(A[x]).
aa #(g) N(a) N(a)

a
‘Exoupe ael-Z — a=0. Oa dcifoupe OTI UTTAPXEI PIYODIKOG APIOUOG Zo ME  20aZo¢L (Z
3.1.3.9.1) warte 10 TTOAUWVUPO P(X)=A(X)- ¢ (0Z0)B(X) va pAv €xel TTOAAATTAR pida. Kar'
apxAv atro 10 Auua 3.1.3.8 £Xoupe OTI UTTAPXE! BETIKOG TTPAYMATIKOG aplBudg r woTe
yia k&Be piyadiké apiBud u mmou dev avikel ato auvolo B(0,r)={ vel | |v|<r}, T10 A(X)-

uB(x) va pnv éxer ToAaTTAR piCa. [Napatnpoupe OPwWG OTI ETTEIBN TO OUVOAO go(%L)
eival apiBunoipo , 1oxvel ( G-B(0,r) )-go(%L) = . Y1méapxel Aoirrév piyadikdg apiBudg u

woTe ugB(0,r) kal ug go(%L). AANG n o eival "emi" Tou G (BA. pdTaon  3.1.1.14) «kai

éxel TOAoug oto L , ommdte av mapoupe piyadikd apibud we(C-L) wote @(w)=u Kal
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Béooupe zoz=% , TOTE a@' evOg Ba €xoupe (Zoa)=p (W)=ug go(%L) TTou Ba dwoaotel
20z,2L , a@' €tépou  TO A(X)-uB(Xx) = A(X)-(W)B(X) = A(X)-p(Z,a)B(x) dev Exel
TOAAQTTA piCa. ‘Exoupe twpa o611 deg(A[x])=deg(B[x])+1 «kai ouvemmws Ba 1oxUEl
deg(P(x))=deg(A(x)). E¢GAou alLcl otmoTte LglL. Av {Wie €ival TTAAPES oUVOAO

QVTITTIPOOWTTWYV TwV KAGOEWV TNG Oopadag ( L,+) modulo Tnv utroopdda 1ng (L,+) ,

16TE Ba deigoupe Kat' apxnv OT TA go(zo+wt) tel eivar diakekpipyéva. Mpaypat , av
0 (ZotW;) = p(Zotwj) , OTT0U i,jel pe i# , 10T€ ammd 10 1 NG TTPoTaong 3.1.1.10 €xoupe
OTl  (ZotWi) = £(Zo+wj)(modL). Av (Zo+wi) = (zo+wj)(modL) , 161 wi=wj(modL) Trpayua
arommo AOyw Tng €kKAoyng Twv wi , tel.  Av TGN (Zo+Wi) = -(Zo+wj)(modL) , TéT1E -

2z=(wjtw;)(modL) , oSpwg {w | tel }c %L — a(wjtwj)el ka1 ouveTrwg -

2az,=a(w;+w;)=0(modL) , oréte 2z,aeL TTOU €ival atotro amo Tnv oxéon 2 3.1.3.9.1. Oa
atrodeigoupe Twpa OTI Ta @ (Zotwy) , tel eivan pieg Tou P(x) : Mpdaypat , KAt apxnv

ocixvoupe oOml Vel , (zotwi) el kai a(zo+twi)gLl 'Exoupe Wte%L — awiel , omoTe av

(zo*twy)el , 161E Q(Zo+wWi)e(al)cLl — azoel — 2az,eL , paypa  darotro amo  3.1.3.9.1.
Av AN a(zotwi)el , 10TE azoel omodte 20z,eL , TTpdypa arotmo amd £ 3.1.3.9.1.

‘Exoupe Twpa Vtel , wie lL—> awieL— a(zotwi)e(al)cl— @ (a(zotwi))= ¢ (0z,) . ANNG

opg  plaz)=g P o Alp@)=p(@) Be) - A (zo+W)

= 0 (a(Zo+Wi))B( 9 (2otWi))= 2 (0Z0)B( 9 (ZotWr)) = A(9(zo*Wi))= 9 (0Z0)B( 9 (Zo+Wr)) —
P(g(zotw))=0 , Vtel. Ztnv cuvéxeia Ba dciCoupe OTI Ta @ (Zo+wy) , tel gival o1 povadikég
piCec Tou P(x) : ‘EoTw U, pia Tou P(x). Ymdapxel woel-L pe o (wo)=uU, (BA. TTpdTOCN
3.1.1.14) ’Exoupe 0=P(Uo)=A(Uo)- ¢ (0Zo)B(Uo)= A(g (Wo))- 0 (0zo)B( g (Wo)) Apa
A (Wo))- 9 (0Z0)B( 0 (Wo))=0 (X 3.1.3.9.2). loxuel 611 B(gp(Wo))~20 Av B(p(Wo))=0 ,
T6TE 1o 2 3.1.3.9.2 €x0oupe OTI KAl A( % (Wo))=0 , TTOoU €ivanl ATOTTO YIATI TA TTOAUWVUUA

A[X] , B[x] €ival TrpwTa YeTA&U Toug. MTTOpOUUE AoITTOV va ypdwouue ¢ (0zZ,)= %.
PW,

A)\Adp(cxz)=g(“’(z;; Kal €101 0 (0Z,)=p(aw,) — (azo)=t(awe)(modL) (BA. 10 1 Tng

mpotaong 3.1.1.10). Emedf p(-Wo)=p(Wo) (n g ouvdptnon eivalr dptia ), Oa
MTTOPOUCANE XWPIS TTEPIOPIOHO TNG YEVIKOTNTAG AOXOANBOUUE JOVO JWE TNV TTEPITITWON

(aze)=(aw,)(modL) , n otroia Ba pag dWoEel (Wo-2o)€ %L KOl OUVETTWG aTTO TNV €KAOYR
Twv W , tel , Ba éxoupe Om 3toel pe  (Wo-2Zo)=w, (modL) Tmpdyua TTOU onpaiver OTI
Uo= 2 (Wo)= o (Zo+w, ). ETmeidn emopévwg 10 OoUVOAO Twv pIgwv Tou P(x) eival 10
{p(Zotwy) | tel}, Ba éxoupe 611 deg(A(x)) = deg(P(x)) = # {{ (zotW;) | tel}. ATTO TNV GAAN
Ta @ (ZotWi) Eival JIAKEKPIMEVA , OTTOTE # { ¢ (ZotwWy) | tel} =# {w; | tel} = [%L tL] =1L
alL]. 2uvemmwg deg(A(x))=[L : aL].

3.1.3.10 MAPATHPHZEIZ : Av K gival TETpaywvViké @avTtaoTiké cwpa Kal O gival pia
Ta¢Nn Tou K, T0TE 10X0UOULV TO aKOAoUBQ :
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1. Av a,b gival proper KAaopaTtikd 18ewdn tng O , 16T¢ TA a,b givai
opo160eTa wg lattices av kai pévo av aH(O)=bH(O).

2. Av a cival proper KAaopaTiKO 18ewdeg Tng O , 101€ j(a)eR av kai
MOvo av n 1a¢n Tou aH(O) oTtnv C(O) gival 2. (MpokUTrTel a1rd TO 1
, TNV TpoéTaon 3.1.2.7 , Tnv raparfipnon 3.1.2.8 Kai To yeyovog OTi
a"'H(0) =4 H(O) rou cuvemdyeTal To TopIoHA 2.2.2.12)

3.1.3.11 MPOTAZH : Av O cival TaG§n o€ TETPAYWVIKO QAVTAOTIKO cwpa K , 1éTE
utrapxel "1-1" kan "emri" avriotoixia avapeoa otnv opdada kKAdoswv 10ewdwv C(O)
Kal OTIG KAdoeig opoloBeciag Twv lattices pe TTAARPN OaKTUAIO HIYadiKouU
moAAatrAaciaopou 1o O, woTe KGBe kKAdon aH(O) Tng C(O) ( yia proper 10ewdeg a
NG O ) va avioToixei oTnv KAdon opoloBeciag Tou lattice a.
AMOAEI=H

OewpoUue TNV aTTEIKOVION TTOU QVOQEPETAl OTNV EKQWVNON. H ateikdvion autr] gival KaAd
opiopévn kar  "1-1" Adyw Tou 1 Tng TapatApnong 3.1.3.10. Emriong €ival "emi" agou av C
gival KAaon opoioBeciag lattices pe AP dakTUAIO piyadikoU TToAAatTAaciacupou 1o O |
161€ Qv L gival évag avrirpéowTrog  TNG kKAaong C, ammd 10 2 Tou Bewpriuatog 3.1.3.9 Ba
g€xoupue Ot To L gival opoiéBeto pe proper KAAouaTIKO 18ewdeg a TG O. Eméuévwg 10 a
EXeEl TTAPN BAKTUAIO piyadikou TToAAaTTAaciaopou 10 O (BA. 0 2 Tng TTpoTacng 3.1.3.7) kai
N KA&Gon opoloBeaiag TTou opilel To a eivai n C.

3.1.3.12 MOPIZMA : Av O €ival Tagn oe TETPAYWVIKO @QAVTAOTIKO cwpa K , 1éTE
UTTAPXEl TTETTEPAOCHUEVO OUVOAO HIYASIKWV aplfpwyv A , pe mAnRdog #A=h(0) worTe
yia KGOe lattice L pe 1wARpn dakTUAIO piyadikou tTroAAatrAaociacuoU 1o O va 1oXUEl
j(L)eA.
AMOAEI=ZH

‘Eotw {a1,a2,...,an0) } TANPEG OUOTNUA QVTITTPOOWTIWY TNG OPAdAG TTNAIKO C(O)=%.
Oéroupe A = { j(a1),4(a2),.....J(ano)) }. AOyw TNnNG avtioToIXiag TTOU ava@EPETal OTNV
mpoTaon 3.1.3.11 ka1 NG TpdTaong 3.1.2.7 éxoupue 611 TO A €xel TANBAGPIBUo h(O) kai yia
KAO¢ lattice L ye mmAApn dakTUAIo  uiyadikou TToAAatTAaciacpou 10 O |, 1oxUel j(L)€A.

3.1.3.13 NAPAAEICMA-E®QAPMOIH : Eivair rpo@avég o1l av éva lattice £xer piyadiko
TTOoAAaTTAQCIOONO ME KATTOIOV HIYadIKO aplBud o , TéTE Kal KABe opoldBeTo TOU
lattice éxe1 piyadiké TroAAatrAaociaopd pe 1o a. lMapadeiyparog xdpiv  Ta lattices

TToU £Xouv MIYadiké TroAAaTTAaciaond ME TO -5 Eival Ta L= Z+J5Z
L,=2Z+(1+ /-5 )Z ka1 6Aa Ta OOIGBETA TOUG.
AIMNOAEI=H

‘Eotw lattice L 1o otroio éxel piyadikd TTOANATTAQCIOOUO pe TO +-5. AT 10 Bswpnua
3.1.3.9 €xoupe 6T 10 L £€xel TARPN SakTUAIO piyadikou TToAatTAaciaopou O pe +-5 eO o¢
TETPAYWVIKO PavTaoTiKO owua K. Emedn -5 ¢Z , 8a éxoupe atd v TpdTacn 3.1.3.5 61
K=0(+-5 ). A6 Bswpia TETPaywVIKWY £TekTdoswy Tou O (BA. TpoTacn 2.1.1.5) aipvoups
o1l Re=Z[v-5]. Twpa av f=cond(O) , Ba 1oxUel O = Z+fRk = Z+fZ[ -5 ]. ETeIidf) Opwe TpETTEl
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J-5 €0 , Ye OTOIKEIWDEIG TTIPALEIC PTTOPOUNE va deifoupe 6T O=Z[y-5 ] Kal CUVETTWG do= -
20. AT6 Tov Trivaka TNG QappoyAg 1.2.2.8 éxoupe 6T C(-20) = { [X*+5y?] , [2x*+2xy+3y?] )
, TIpayua Tou onuaivel o1t C(0) = { (Z+-5 Z)H(O) , (2Z+(1+ -5 )Z)H(O) }kai GUVETTWG N
mpoTaon 3.1.3.11 Ba pag dwael OT1 Ta lattices TTou £xouv piyadikd TTOANATTAACIQONO  ME
104-5 cival Ta L= Z+{-57Z , Ly=2Z+(1+-5 )Z ka1 OAa Ta OopoIOBETA TOouS. MAMOTA N
mpotaon  3.1.3.11 pag divel emTTAéoV OTI UTTAPXOUV OKPIBWS dUO KAAOEIG OUOIoBETiag
lattices Ta oTroia éXOUV MIYABIKO TTOAAATTAQCIAONO PE TO -5 .
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§2 MODULAR ZYNAPTHZEIZ

3.2.1 Ol SYNAPTHZEIZ j,g»,gs, A

Amodciéeic yia tnv mapdaypago 3.2.1 umropouv va BpeBouv oric ogAides 220-224 Tou
[Cox].

3.21.1 OPIZMOZX : 1. H j - ouvdptnon opiletal oTo TTAVW MIYASIKO nUIETTITIE®O
h=(zeC | Im(2)>0} wg €§ng: Ta Tech, 10 j(T) €ivau n j -
avaAAoiwTn Tou lattice Z+1Z. AnAadn j(1) := j(Z+7Z).

2. H g2- ouvdptnon opiletal 0TO TTAVW MIYASIKO NMIETTITTESO
h=(zeC | Im(z)>0} wg €§ng: Vreh, ga(T) := g2(Z+1Z).

3. H g3 - ouvdptnon opileTal oTO TTAVW MIYOSIKO NUIETTITIESO
h=(zeC | Im(z)>0} wg €§ng: Vreh, gs(T) := g3(Z+12).

4. H A - ouvdptnon opifeTal 0TO TTAVW MIYOSIKO NMIETITTESO
h=(z<C | Im(z)>0} wg €§ng: Vreh, A(T) := A(Z+712).

3.2.1.2 NAPATHPHZEIZ : 1. A(1)20, VTeh.
2. Av 1<¢(iRNh), 1618 g2(T),93(7),A(T),j(T) €R (BA. OXOAI
3.1.1.15 ka1 Traparipnon 3.1.2.8).

3.2.1.3 2XOAIA : O1 1816TnNTEG TG j OUVAPTNONG Eival OTEVA OUVOEDEUEVEG ME TNV
Spdon Tng opadag sl(2,Z) oto ouvolo h.H dpdon auth opifeTal wg €§Rg : TMa

; _(a b ; . .r = artb
TTivaka y—(c d) esl(2,Z) ka1 oToixeio Teh, opifoupe y- T po—
0a Aéyovral sl(2,2)-1c08uvapa. Eival e0koAo va dei kaveig 611 n sl(2,Z)-icoduvapia
givar oxéon 100duvapiag oto h kai 611 yia vy,y'e sl(2,Z) kai Teh 1ox0el y-(y'-T) =
(Yy)-T.

eh. Ta otoixeia 1,y-T

3.2.1.4 AHMMA : 1. KdB¢g otoixeio Tou h givai sl(2,Z)-icod0vapo pe kdmolo 1'ch worte
|Re(1")|£% kot [Im(1")|> %
2. AvT,1'ch, 1618 UTTApYXOUV TTEPIOXEG U TOU T KOl V TOU T' WOTE TO
ouUvolo {yesl(2,2) | VzeU, (y-z)¢V } va gival Temepaocuévo.
3. Av 1eh, 161€ UTTdpXEl TTEPIOXA U TOU T WOTE yia KABE oTOIXEIO ¥
™¢ sl(2,2) va 1ox0el n ak6Aoubn 1ooduvapia : " v3izel :
(y-z)eU" & "y-1=1"
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3.2.1.5 MPOTAZH : Av 1,7'ch , T61€ Ta lattices Z+71Z , Z+T1'Z ¢€ival opoI6BETA v Kal
Movo av utrdpxel yesl(2,Z) ye y-1=1". ( H mrpéTOON QUTA €ival akpIBWG N Icoduvapia
23 Tou AfuuaTog 2.2.3.6 Kail £XEl ATTODEIXTEI. )

3.2.1.6 MPOTAZH ( I1816TnTEG TG OUVAPTNONG j ) :

1.
2.

P

H j ouvdpTtnon givai oAépopen oto h.
Av T1,7'ch , 16TE 10XU€El N akdAoudn 10oduvapia : " j(1)=j(T") ©

dyesl(2,Z) : y-1=1"".

. . _ 8

|m(TI)IT+oo g3(T) 27"
. 4 4

° | = —
|m(T)IT +0 9:(1) 3"

. lim A1) =0
Im(1) > +

* lim j(r) = ©
Im(1) > +x

Hj ouvdaptnon givai "etmri" Tou C.
MNa k&Be Teh 10xVEl j(1)#0 , EKTOG ATTO TIG AKOAOUBEG TTEPITITWOEIG
(a). Ymdpyxel yesl(2,Z2) ye 1=y i . TNV TEPITTTWON AUTH ICXUEI
om j'(1)=0 kou emitrAéov j(1)=0.
(b). Ymrdpxel yesl(2,Z) e 1=y - w . ZTNV TEPITTTWON AUTH 10XUEI
om j(1)20 kau emirAéov j(1)=0, j"(1)=0.
Aev umrdpxel moAuwvupo P(x)eCG[x] pe P(j(1))=0. ( A@oU amrd Tnv
avdAuon Fourier tTng j - BA. [COX] 0Oswp. 11.8 oeA. 225 -
TTPOKUTITEI OTI |m(TI)iT+oc P(j(1)) =)

3.2.1.7 NOPIZMA : Av g,,g3 €ival pgiyadikoi apiOpoi pe 923-279327&0 , TOTE UTTAPXEI
lattice L pe g2(L)=g2 ka1 g3(L)=gs. ( H TrpéTaon auti TTpoKUTITEl ATrd TO OTI N j €ival

"emri" Tou 0.)
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3.2.2 EIZAITQIH 2Tl MODULAR ZYNAPTHZEIZ

3.2.2.1 OPIZMOZ : ‘Eotw melN. O1 uroopddeg Mo(m) kai Fo(m)' kai F(m) Tng SL(2,2)
opifovTal wg £§AG :

. Fom) :={ c 3] eSL(2,2) | c=0(modm) }

. Fo(m):={AcSL(2,2) | Ate o(m) } = {(: ZJESL(z,szEo(modm)}

.  F(m):=Te(m)N Fo(m).
IV. Emiong opiletai To urtooUvoAo C(m) Tou My(Z) wg €§ig : C(m) : = {

(: :J eM2y2(2) | ad=m , a>0 , 0<b<d , MKA(a,b,d)=1 } O TAn6&pI6uoc Tou C(m)

0a oupBoAideral e c(m).

3.2.2.2 MPOTAZH : 1. ,(1) = SL(2,2).
2.¢c(m)=m- H(1 + 3 (BA. [Cox], aoknon 11.9, oeA 245).

peP
plm

3.2.2.3 IXOAIA : YmrevOupiloupe 611 av ScSL(2,Z) kau f gival pia giyadikp cuvaptnon
opiopévn o€ uTtooUvoAo A Tou G Aéyetal avaAAoiwTtn atmrd Tnv S o1o A av f(yet)=f(T)
, VTeA,VyeS.

3.2.2.4 NPOTAZH : Av melN kai f gival ouvdptnon opiopévn oto h={z<GC | Im(z)>0}
WOTE va IoXUoUV Ta aKOGAouba :

(a). H f givan pepoépopen oto C.

(b). H f gival avaAAoiwTtn atrd Tnv N,(m).
Kal oTnv op1dovTia Awpida L={zcC | a,<Im(z)<b,} , Y€ ao,bocR, ao<b, , TOuh n  dev
£Xe1 TTOAO , TOTE N fiL ypa@eTal KATd povadikd TpoTTO Cav oeipd Fourier :

2mwir

4o +o 1 .
f|L(T)= z ae m n = Z anqan , q=e21T|1'.
(BA. [Cox] oeA. 225).

2.2.5 AHMMA : 'Eotw melN kai piyadikn ouvdptnon f: h —» G pe 116 1816TNTEG (a)
kai (b) Tng wpoéTaong 3.2.2.4. Av yeSL(2,Z) , T161€ ka1 n ouvdpTnon T — f(y-1) éxel
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TIG 18160TNTEG (@) Kau (b) Kal cuveTTwg o€ 0pI1dOVTIEG AwpPideg Tou h oTIg otroigg N f(y - T)
Oev éxel1 TOAoug , éxel Ekppaon oe ocipd Fourier. (BA. [Cox] ogA. 225).

3.2.2.6 OPIZMOZ : Mia upiyadiki ouvdprtnon f(r) opiopyévn oto mavw MHIyadiko
emimedo h={z<( |Im(z)>0} yia Tnv omroia n oeipd Fourier Tng f(y-1) (61T0U UTTAPXEI) ,
VyeSL(2,2) EXEl TTETTEPOACHEVO mARBOg apvnNTIKWV €KBeTWV ovopadetonr ™
meromorphic at the cusps ".

3.2.2.7 OPXMOZ : 'Eotw melN. Mia piyadikp ouvdptnon f(1) opiopyévn oto mavw
MIyadiko emiredo h={zc(|Im(z)>0 TToU IKaVOTIOIEi TIG AKOAOUBEG IBIOTNTEG :

(a). H f gival pepépopen oto G.

(b). H f givar avaAAoiwTtn atmréd tnv MN,(m).

(c). H f givai meromorphic at the cusps.
Aéyetran "modular cuvdpTtnon yia tnv I,(m) ".

3.2.2.8 MPOTAZH (I516TnTeg modular ocuvaptAoewyv) : Eotw melN. loxlouv Ta
ak6Aouba
. ABpoiocpa , yivopevo Kal TrTnAiko modular cuvaptiiogwyv yia tnv I,(m)
givai
Il. modular cuvdptnon yia Tnv [,(m).
lil. O1 o1aBepég ouvapTnoeig eival modular cuvaptioeig TG MNo(m).
IV. Avf givai oAbpopen modular cuvdaptnon yia tnv lN,(m) oto h, 1671¢
Ta akOAouBa gival Icoduvapa :
. lim f(r) e C.

Im(1) > +x
Teh

+0 1
« H éppaon fourier Tng f otOo h £X€1 TNV pOPPN > aqm , g=e

n=0

21iT

V. Av f gival oAépopen modular ocuvdptnon via Tnv SL(2,Z) oto h,
WoTE i fr)e G , TOoTE N f €ival oTaBEPN.
T<h

(Ta 1,2,3 ecival atTAég AOKAOEIG , EVW YIA TO 4 TTApATTENTTOUNE 0TO AQUpa 11.10 Tou
[Cox] o€A.226).

2.2.9 MPOTAZH : H j ouvdptnon givar modular yia tnv SL(2,Z) ka1 ydAiota n

21iT

ékppaon Fourier Tng  €ivan : j(T)=%+ chq" , OTTOU gq=e Kal cheZ ,Vn>0 pe
n=0

Cc0=744,c1=196884. (Na tnv amwodeiin mapaméumoupe ota [Lang] §4.1 ka1 [Apostol]
§1.15).

111



3.2.2.10 2XOAIA : ZTnv 1TI0 TTAVW TTPOTACT PAIVETAI YIATI UTTAPXEI O OUVTEAEOTHG 1728
otov opiocpd 3.1.2.6 Tng j - avaAdoiwtng. [MoAAatrAaocialovrag pe 10 1728 , oI
OUVEAEOTEG TNG éEKPpaong fourier TG j ouvdapTnong yivovtal aképalol apiOuoi.

3.2.2.11 AHMMA : ‘Eotw 0,= (r: (1)) €C(m). loxUouv Ta ak6Aouba :

I. Mo(m) = (0, SL(2,2)- 0, )NSL(2,2).
Il Ymdpyxel “1-1” kau “etmi” avrioTolxia HeTAgU TwWV oToIXEiwv TNG C(mM)
kol Twv de§iwv cosets Tng MNo(m) otnv SL(2,Z). H avmioToIXia auth
SiveTal amoé 1O TAPAKATW SIAYPAMMA :
o > (0,"- SL(2,2)-0)NSL(2,2) .
(BA. [Cox] daoknon 11.8 oeA. 245).

3.2.2.12 AHMMA : 'Eotw meN ka1 yeSL(2,Z). Av o €ival To povadiké oToxeio Tou C(m)
pe ( 0,7 SL(2,2)-0 )NSL(2,Z) = Mo(m)-y (BA. AQpupa 3.2.2.11) , 16T€ 10X0EI OTI
Jim-y-71) =j(or), Vreh. (Z3.2.2.12.1). MdAiota, To O €ival TO JOVODIKO CTOIXEIO TOU

C(m) ME TNV 1816TNTA 2z 3.22121 Kalr  av o=(: 3), TOTE

jlon= 3" cn;:nbn[qu] , Vieh ( I 3.22.12.2) émou gq=e*™", {,=e™™ ka

O

(ch)me N akoAouBia cuvteAeoTwv Fourier Tng j ouvdaptnong ( BA. mpéTaon 3.2.2.9 ).
(ATr6d£1EN TOU AfppaTOog UTTAPXEl OTNV OgAida 229 Tou [Cox]).

3.2.2.13 MPOTAZH ( Apxn qg- avamToyparog tou Hasse ) : 'Eotw A mpooOeTIKA

utroopada tng (C,+) kai f(t) oAdpopen modular cuvdptnon yia Tnv SL(2,Z). Av 1O

avamruypa Fourier ng f ivar f(1)= > a,q", 60U q=€°™, Mel , KaI OM,0M+1,...,00€A
n=-M

, ToTE N f €ival TOAUWVUNIKA éKQPACT TNG j OUVAPTNONG HE CUVTEAECTEG aTTO TO A.
(BA. [Cox] aoknon 11.12 , oeA. 246).
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3.2.3 H MODULAR E=IZQzH

3.2.3.1 MPOTAZH : A6 10 2 TnG TPoTaong 3.2.2.2 £xoupe c(m)=#C(m)<w. Av f givai
é€va OUMMETPIKO ToAuwvupo Twv j(oT) , 0eC(m) , TOotE n f(1) €ivar modular
ouvdpTtnon yia Tnv SL(2,Z) kai €181k6Tepa utrdpXel TToOAuwvUpo A(Xx) Tou Z[x] woTe

f(r) = A(i(T)).
AMOAEI=H

ATT6 10 2 ToU AMjuparog 3.2.2.11 €xoupe 011 ¢(m)= #C(m) = [SL(2,2) , [o(m)]. 'EoTw Aoimmov
om Ta cosets Tng Mo(m) otnv SL(2,2) civar ta [o(m)y1, Fo(M)yz,....,lo(M)Yem) ,  YIO
Y1,Y2,- -, Yom€SL(2,2). To f(1) €ival €TTOYEVWG OCUPMETPIKO TTOAUWVUPO TWV  j(M-yi-T) ,
t=1,2,..,c(m). Oa O&¢cioupe kar apxAv oOm T1O f(T) €ivar avaAoiwTto amd Tnv SL(2,Z) ,
onAadn on f(yr)=f(1) ,vyeSL(2,2). Npdayuam , av yeSL(2,Z) 161€ TO {Y1°Y, Y2V, ...
Yem) Y} ( Adyw TG ekAoyng Tou {y: | t=1,2..c(m)} wg TTApoUG CUCTAPATOS AVTTTPOCWTTWY
0e€lwv kKAdoewv modulo o(m) ) e€ival kKol autd TTARPESG CUCTNUA AVTTTPOCWTTWY BEEIWV
KAGoewv modulo [,(m). ZuveTtwg yia KABE OUPETPIKO TTOAUWVUUO c(m)- METARANTWV
P(X1,X2,.--,X¢(m)) ME OUVTEAEDTEG aTTd Tov BakTUAIO H(h ; ) Twv oAdpopewyv GuvapTAoEwy
oTO TTAvw MIYadiko nuiemiedo h 1oxoer : P@(myq-y-T1), j(my2-y-T),..., J(MYem) Y+T)) =
P(@(my1-T), j(myq-7),..., j(myq-T)). Autd onuaivel omi f(y-T1) = f(1). Exoupe etiong 611 n (1)
gival oAduogn ouvdaptnon oto h agou n j - ouvaptnon givar oAopop®n oto h ( BA. 10 1 ng
mpéTaong 3.2.1.6 ). H f emduévwg civar oAépopen ato h kar avaAloiwtn amd tnv SL(2,2)

Kal €XEI KATA OUVTTETTEIQ avaTITu¢n Fourier 010 h TNG HOPYNAGg idne””” , 0hel ,vnelZ.
Oa &¢i¢oupe TWpPa OTI n f eivar meromorphic at the cusps. [paypati , n oxéon Z
3.2.2.12.1 Tou AMjupaTtog 3.2.2.12 kai n avrioToixia Tou 2 Tou  Afuuatog 3.2.2.11 pag divel

OTI o1 ouvapTAoelg j(m-vy¢-T) , t=1,2,...,c(m) ekppdalovTai oe o€ipd Fourier e
TTETTEPAOUEVO TTANBOG apvnTIKwV €kBeTWV. ETeIdnA 10 f(T) €ivar  TToAuwvupo Twv j(m-y;-T)
, t=1,2,..,c(m) , Ba umopei va ypagei wg ocipd Fourier pe TTETTEPAOUEVO TTARBOG

APVNTIKWV €KOETWV. ATTO TN HOVABIKOTNTA TNG £KPPAONG o€ o€lpd Fourier , £xoupe OTI n
oclpd Fourier Tng f Ba éxel merepacpévo TTARBog  apvnrikwyv ekBeTwv. Eteaidn f(yT)=f(T)
,VyeSL(2,Z) , 6a éxoupe erTAéov OTI OTI yia  KABe yeSL(2,Z) , n aeipd Fourier Tng f(yT) 6a
EXEI TIETTEPAOUEVO TTANBOG apvnTIKwY  ekBeTWV Kal €101 N f gival meromorphic at the cusps
(BA. opiopo 3.2.2.6). H f(1) emouévwg oup@wva pe Tov opioud 3.2.2.7 Ba givar modular
ouvapTnon yia Tnv SL(2,Z). Ao Tnv apxA Tou q - avamTuypatog Tou Hasse (BA. rpdéTtacn
3.2.2.13) éxoupe o6t uttapxel ToAuwvupo  A(x)el[x] pe f(T)=A(j(1)). ©Oa O&¢eifoupe otnv
ouvéxela oml A(x)eZ[x]. To Ajuua 3.2.2.12 dive 61l yia kGBe oceC(m) , 10 j(OT) €ival
1

21T 21'ri/m)

HEPOUOPQPIKY] EKPpacT Tou g™ , ( 6TTou q=e°™" ) pe ouvteheoTég amd 10 O(Gy) , (Cm=e
Q¢ TpwTo PrAua  Ba deiCoupe OTI KABE aTOIXEIO TNG OpaGdag Galois G(O(Cy) | @) emayel
METABeon TOou ouvoAou { j(oT) | ceC(m) } BpwWVTAG OTOUG OUVTEAEDTEG TWV EKPPATCEWV
Fourier Twv j(oT) , 0eC(m). Mpdayuarti, av ¢ eival aTtoixeio TNg opdadag Galois G(O(Zr) | @)

, ToTE UTTApXEl kell ye MKA(k,m)=1 waoTe (p((m)=ka. Eival eUkoAo va d€i kaveig 0110 @
1

eTTayel OQUTOMOPPIOPO ¢ OTO OUVONO TWV MEPOMOPPIKWV EKPPACEWY TOU qm  WE

ouvteAeoTég amd 1o O(fm) , dOpwvTag oToug ouvTeAeoTéG. ‘EoTw Twpa o= [2 2) eC(m).

‘Exoupe Aoirév ad=m , 0<b<d , MKA(a,b,d)=1 (BA. opiopd 3.2.2.1). Twpa , TO Ajuua
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2

3.2.2.12 Ba poc dwoel ot ¢ (j(oT)) = Cﬁbkz . icnéfnb”k[q;] . O¢toupe b' TO

[1Ja n=0
qm

pHovadikd oTolxEio TOoU ouvolou { 0,1,2,..., d-1} us
b'=bk(modd) , oTTéTE Aol ad=m Ba éxouue cmabk cm
ZuvoyilovTag , IoXUEI ¢ (j(oT)) = _Gm +z nC;bn[ 1} _
n=20
Gl
Mapatnpouue Opwg Ol (z t;') eC(m) , omoére BETovrag 0'=(Z t;) Ba Tdpouue

¢ (j(o1)) = j(o'T) (BA. Ajpua 3.2.2.12). H teAeutaia oxéon pag divel 611 KABe OTOIXEIO TNG
opadag Galois G(0(Cy) | O) emayel petdbeon Tou ouvolou { j(oT) | ceC(m) } dpwvTag
OTOUG OUVTEAEOTEG TWV ekPpAcewv Fourier. Oa dgioupe O'TI‘]V ouvéxela ot n f(1) éxel
HEPOHOPPIKA ékppacn Fourier pe aképaiec Suvapelic Tou g=e’™ Kal UE OUVTEAEOTEC
akepaioug apiBuoug. Agou 1o f(T) €iva cuppeTpikO TTOAUWVUPO Twv j(oT) , 0eC(m) Ba
€xoupe OTI k&Be oToixeio TG opddag G(O(Cm) | 0) dpwvTag OTOUG CUVTEAECTEG TNG
ékppaong Fourier g f(T) Ba Toug agrvel avaAloiwToug. AuTO onuaivel OTI OI CUVTEAEOTEG
NG ékppacng Fourier Tng f(1) avikouv aTo 0. Mapatnpolue dPWG OTI OI CUVTEAEDTEG TWV
ekppdoewv Fourier Twv j(oT) , 0eC(m) eivalr aAyeBpikoi aképaiol (BA. Afuua 3.2.2.12 kai
OUVETTWG Kal Ol OUVTEAEDTEG TNG €kppaong Fourier Tng f(1) TTpémmel va cival aAyeBpikoi
aképalol.  2uvowifovTag, ol OUVTEAEOTEG TNG ék@paong Fourier Tng  f(T) TTpétmel va eival
aAyeBpIkoi aképaiol kal TauTdxpova pntoi apiBuol , omméTe Ba avrikouv oTo Z. EEGANou oTnv
apxn Tng amodeigng ocigape Ot n (1) £xel Ekppaonoe ogipd Fourier pe aKspouag OuUVAuEIG
Tou g=e“™" , omoTE £xoupe To {NTOUUEVO . MpdpovTtag Twpa A(X)=AX" +ALX T+ AAXHAg
ME rell, Ar;tO , Aiel ,t=0,1,...,r kal BewpwvTag TIG ekppdaoelg Fourier Twv f(1) , j(oT) ,
0eC(m) (BA. Mjupa 3.2.2.12) gival eUKoAo - AapBavovtag utroyiv ot f(T)=A(j(1)) , KaBwg
kol 0TI n f(T) éxel HEPOHOPPIKA ékppacn Fourier pe aképaieg dUVAPEIC Tou g=e°™ Kal e
OUVTEAEOTEG aKepaioug aplBuolg - €AEyXovTag TOug OuvTeAeaTEG Fourier apvnTiKwy
Suvauewy Tou g=e™ - va SoUue 61 AceZ , t=0,1,...I.

YmrevOuuilouue ot yia tuxaia urroouvoAa S,T rou G, wore 1o T va givar avoixré , 1o
ouuBoAo H(T ; S) ekppalel To ouvoAo Twv oAduoppwyv ouvaprioswv T — S. Eivai
gUKoAo va Scixrei ( Aoyw avoixrn¢ amrsikovions ) ori ro H(T ; S) sivar avriueraOsriko6¢
OaKTUAIOC XWPIC HNOEVOSIAIPETES.

3.2.3.2 OPIZMOZ : To MOAUWVUHO Dp(Xx ; T) := H(x - jlor)) € H(h ; C)(x) éxe
ogc€(m)

OUVTEAEOTEG OUHMETPIKA TTOAUWVUNO TWV j(OoT) , 0eC(m). ZUpewva AoITTév PE TRV

mwpoétaon 3.2.3.1 , 6a umrdpxel TMOAUWVUHO Dpn(X,y)eZ[X,y] woTte Dn(x,J(T)) =

H(x - jlo1)). H ediowon ®n(x,y)=0 0Oa ovopdaletar modular g§icwon. Etriong -
oc€(m)
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KAVOVTOG KaTtaxpnon opoAoyiag - 0a ovopdderar modular e€§icwon 10 TTOAUWVUMO
Dn(X,y) , KaBwg Kal To ®py(X ; j(T)).

3.2.3.3 NAPATHPHZEIZ : Adyw Tng avrioTolxiag peTagu C(m) kai Twv dediwv coset
™G Mo(m) otnv SL(2,Z) TTou ava@éperal oTo 2 Tou AQUpaTog 3.2.2.11 , BéToupe OTI

¢(m)

1I0X0El Dy(X,j(T)) = H(x - j(0'~T))=H(X - j(my,T1)) (Z 3.2.3.3.1) 610U Y1,Y25...,Yc(m)

oe€(m) t=1
gival TAARpeg ouoTnua dSediwv avTimpoowTwyv TG SL(2,Z) modulo TRV [o(m).

ESaAAou n oxéon Z 3.2.3.3.1 ocuvemdyetal auécwg OTI yiA oo=(': (3 €C(m) 1oxUEl

(a@oU 05T =mt) OTI ®py(j(mT),j(T)) =0 , VTch (Z 3.2.3.3.2).

3.2.3.4NMPOTAZH (I516TnTeg modular e§iowong) : ' Eotw meN. loxuouv Ta akéAouba :

1. To ®y(x,y) gival avdywyo TTOAUWVUMO METABANTAG X ME OUVTEAEOTEQ

a6 1o cwpa G(y). 'Exel Baduoé c(m) kai yaAioTa :
i ®m(x,j(1)) = Irr(j(mT) | G(i(T) )(x).
2. Op(X,Y)=Dn(y,X).
3. Av m=0 , 161 TO ®[(X,X) €ival TTOAUWVUHO BaBuou peyaAutepou Tou 1
Kol JE peyioTofdaduio ouvteAeoty 11 -1.

4. Av m=pclP, 161 ®pH(X,y)=(xP-y)(x-y") (mod pZ[x,y] )

5. ®n((mT); j(T)) =0 KO P(j(o-T); j(T)) =0 , VTeh, YVoeC(m).
(H 1316TnTa 4 gival yvwoTh wg " oxéon 1coduvapiag Tou Kronecker ".)

ANOAEI=H

1. Oétoupe F, TO OWPO OCUVAPTACEWV TWV PNTWV EKPPACEWV Twv j(T), j(mT) ME
ouvTeAeaTég atd 1o 6. AnAadnly Fm = G(j(T),j(mT)). EmeIdn Om(x,y)eZ[x,y] , 0a €xouue Om(X,
NeZ j1Ix]. Oa deitoupe kat apxnv 6Tl [Fm : G(j(1))] < c(m). MNpdyparti, amd v = 3.2.3.3.1
€XOUME OTI N ouvapTtnon j(mT) gival pida Tou Om(X,/(T)). ATIO Tov OpIouO dPwg TG modular
eiowang (BA. opioud 3.2.3.2) éxoupe 611 deg( @m(X,j(T)) ) = c(m) , omoTe [Fr 1 G(j(T))] = [C(
J(mT),j(1)) 2 C(j(1))] < deg( Om(X,(T)) )= c(m). ZTnv ouvéxela deixvoupe 6T [Frm : G(j(1))]
>c(m). Av Béooupe pe F TO0 owpa Twv PEPOUOPPWY ouvapThoewy oTto h , 161e TO Fry €ival
TTPOPAVWG UTTOOWHA Tou F. Otwpoulpe Tnv avtioTtoixia Fy: Fn — F woTe KGBe aToixeio f(T)
ToUu Fry va avTioToIxei aTo oToixeio f(y-1) Tou F. H F, eivar pia C(j(T)) - epeuteuon Tou Fr,
oto F. Mpaypari, n F, givar KaAG opiopévn yiati yia KaBe pepouopen cuvaptnon g(t) Tou h n
g(y-1) €ivar pepduopen (emaAnBeletal eUkoAa). Emiong n j ouvdptnon eivar SL(2,2)-
avaAloiwtn (BA. To 2 Tng mpdtaong 3.2.1.6) , omdte n F, eivar o1aBepry ato C(j(T)).
E¢aAou n F, eival Tpopavwg opopop@iopdsg , otroTe yia 10 “1-1”  apkei va JEIXTE OTI
Ker(F,)={0}. Av P(x,y)e(C[x,y] mmoAuwvupo 800 petaBAnTwv pe P(i(m-y-1),,4(y-T1))=0 , 16T€
QVTIKABIOTWVTAC TO T HE TO Y ' -T  TIpoKUTITEl 6T P(i(mT), j(T)) = 0. Agi€ape Aormmév v
ouvetraywyn : “ P({(m-y-1),4(y-1)=0 — P(@(mT), j(1)) = 0" amd Tnv oT1roia TTPOKUTITEI
kateuBeiav ot Ker(F,)={0}.0a dcicoupe Twpa Ot av {y1,Y2,...,Yem)} Eival TTANPEG cuaTnua
Se€IwV avTITTpooWwTTwV NG SL(2,Z) modulo o(m) , TOTE 01 EPPUTEUOEIS F, Ty, - » 8 Eival

Ola@opeTIkEG. Av yia katrola t,se{1,2,...,c(m)} pe tzs ioxue 3§, =3, TOTE Ba ioXUE Kal
8, (i(m1))=5, (j(m7)), OTOTE €§’0pIopol Twv §, , §, Ba gixape jm-yi-T)=ji(m-ys-T). AAAG
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T6TE a1Té TO Afuua 3.2.2.12 Ba cixape 611 Ba utpxe povadikdé ceC(m) woTte j(O-T) =
Jm-yi-1)=j(m-ys-T) , O0TOU TO O  Ba IKavotolouoce TV [o(m)-ys = (0o
1.SL(2,2)-0)NSL(2,Z) = [o(m)-y; , K&TI TTOU €ival GTOTTO atrd TNV EKAOYA TWV Yi,Vs. 'EXOUME
AoIttév TouAdxioto c(m) - To TTARBOG euguTevoelg Tou Fr, oTt0 F , OTTOTE QQOU Fm =
G(j(t),j(mT)) , Ba €xoupe OTI [Fr, : G(j(T))] =c(m). ZuveyxiCoupe deixvovTag 6Tl To Oy (X,f(T)) €ival
T0 avaywyo TTOAUWVUMPO Tou j(mT) TTavw atmd 1o G(j(1)) : AT TIG OXECEIG TTOU €XOUME
OeiCel TpokUTITEl OTI [Fryy 1 G(j(T))] =c(m). Zuvemrwg €TTeIdN Om(X,f(T))eZ[j(T)][X] Kai TO j(mT)
gival pida TOU Dp(X,)(T)) ME deg( Pm(X, (1)) )= c(m) , Ba Exoupe Dy(X,4(T)) =
Irr( j(mT) | C(j(1) )(X). TéAog , TTapatnpouue ot n ameikévion G(x) — G(i(1)) pe x — j(1),
(6110U TO (G(Yy) €ival o dakTUAIOG  TTOAUWVUPWY PETABANTAG Yy HE ouvteAeoTég ammd o G )
gival 1I0o0pp@Iopog Mpdyuat , atrd 10 6 TG TTPOTACNG 3.2.1.6 £X0UME OTI N AVTIOTOIXIA X —>
j(1) eméyel iIcopoppiopd peTalu Twv G[x] kai C[j(t)]. O 1I00pop@IoudS auTdg Ba TTEKTEIVETAN
TTPOPAVWS Kal ata avTtigoixa cwuata TNAiKwy G(x) kai G(j(T)).  A@oU Twpa To Oy(X,/(T))
gival avaywyo BewpoUuevo oav TTOAUWVUMO TOU X WE ouvTeAeoTéG atrd To cwua  G(j(T)) ,
Ba 1oxvuel OTI Kal TO Dp(X,y) €ivalr avdywyo O£wpoUPEVO OaV TTOAUWVUPO TOU X WE
ouvTeAeOTEG aTTd To cwpa G(y).

2. E& opiopgou NG modular egiowong €xoupe 0TI VoeC(m) 1oxuel @n(j(oT),(T)) =0.
, , 1 0 1.0) .+ = l z 2 H l i =
Emeidn Aoirév [o mj eC(m) «ai (0 mj T o Ba £xoupe OTI DO ( J( - ), J(1)) =0, VT1eh.

Emmopévwg @m(j(1),j(mT))=0 ka1 €101 Adyw TnG oxéong Z 3.2.3.3.2 1ng mapatripnong 3.2.3.3
Ba £xoupe OTI Ta TTOAUWVUPG @Pp(t,j) , Pm(j,t) pe peTABANTA t Kl cUVTEAEOTEG ATTO TO Z] §
] éxouv koiv pia. Emiong , atd 10 1éx0oupe 6T TO Pp(t,,j ) €ival avaywyo oto Z[j]. Oa
ocigoupe OTI UTTAPXEI TTOAUWVUNO dUO PETABANTWY  g(X,y) woTe Dp(y,X) = Dp(X,Y)-g(X,y)
(Z 3.2.34.1) Tpbyuat , Adyw Tng 1816TNTag 6 TNG TTPoTacng 3.2.1.6 €xoupe OTI n
TAUTOTIKI]  OTTEIKOVION OTO Z ETTEKTEIVETAI O€ IGOPOPPITUO PETAEU TOUu dOKTUAIOU Z[j] Kal
TOoU OOKTUAIOU TTOAUWVUOPWYV Z[ s ] péOw TNG avTioTolxiag j — s.  Autd onuaivel OTi
OpPWVTAG O I00MOPPIOPOG AUTOG OTOUG OUVTEAEOTEG TWV TTOAUWVUPWY Dn(t,j ) , DPm(j 1)
Kal e Baon 1o 6Tl Autd Ta TTOAUWVUUA €XOUV Koivr) pifa oTo Z[ j ] evw TO On(t,,j ) eival
avaywyo ot1o Z[ j ], Ba 1ox0el  Dm(t,s) | Pm(s,t) oto (Z[ t D[ s ] YTmApxel €TOPEVWG
TToAuwvupo g(t,s)el[t,s] ue Pm(s,t) = DPm(t,s)-g(t,s). To aTTOBEIKTED €ival TWPA TTPOPAVEG.
Mapatnpouue otnv ouvéxela o611 n oxéon 2 3.2.3.4.1 ouvemmayetal 011 ®Pp(y,X) =
Dm(X,y) - 9(X,y) =Pm(y,x)-g(y.x) - 9(x,y). ZUVETWG Dry(y,x) [ g(x,y)-g(y.x) -1]=10, omdre
a(x,y)-a(y,x) = 1. Me amrAd emeixeipnua BaBPwv TTOAUWVUPWY €XOUME ATTO TNV TEAEUTAIA
oxéon g(x,y)e{£1}. Mével Aoimtév va atmokAgiooupe Tnv TePITTTWON g(x,y) =-1. Av g(x,y) =
-1, 161¢ noxéon Z 3.2.3.4.1 divel Dpy(y,x) = -Oy(X,y) , oMOTE  Dy(y,y)=0. AUTO OPwWG
onuaivel 0TI TO TTOAUWVUPO Dp(X,y) METABANTNG X PE OUVTEAEOTEG aTTO TO cwWa G(y) , €xel
piCa 1o yeb(y) , kTl TToU gival dtoTro  a1od TO 1.

3. 'EoTw o011 TO m O¢v gival TEAEIo TETpAywvo. [lpogavwg T0TE m=1 , ordTe c(Mm)>1 (BA.
mpoTacn 3.2.2.2). 'Exoupe Aoimtév  kar apxnv  deg( dm(x,y) ) = c(m)> 1 (BA. opioud
3.2.3.2). A6 Tnv oxéon £ 3.2.2.12.2 Tou AMjupatog 3.2.2.12 kal atro Tnv Fourier ékgpaon
™G j ouvaptnong (BA. Tpotacn 3.2.2.9) TTPoKUTITEl OTI UTTAPXEI akoAouBia piyadikwyv

apiBuwv (A,)”, wate yia kaBe oceC(m) va ioxlel :

1 c-ab - 1 & 1 C-ab 0 1 a’n .
J(1) - j(oT) =a_ m >+ ZAn(qm] = 1 _ m_ ZAn[qu ,q= g2mt

( 1Ja n=0
qm



2
’ P , a P e P
Twpa emedy m=0 , Ba éxoupe m=a’ — Fﬂ , OTTOTE O OUVTEAEOTNG TNG TTEPICOOTEPO

]
apvnTIKAS  SUVAPNG Tou g™ avAkel 0To {1,-{n™® } Kal emopévwg eival pida TG HOVASaC.

EEGANoU , €€’ opiopou Tng modular e€iowong €xouue (x,4(1)) = H(x jo1))  (BA.
geg(m)
oxéon Z 3.2.3.3.1) , ommdte  DO(j(1),4(T)) H(j - j(0T)) KOl OUVETTWGS O OUVTEAEOTNAG TNG
ge€(m)

]

TEPICOOTEPO APVNTIKAG dUvaung Tou g™ oTtnv  ékepacn Fourier (TTou TIPOKUTITEI ATTO TIG

ekppdoeic Fourier Twv dlagopwyv j(r) - j(otr) , 0eC(m) TOU utToAOYioTNKaV

TTponyoupévwg) eival pia TG povadog . Twpa , emeldn Oy (X,X)eZ[X] , 0 TNG TTEPIOCTOTEPO
1

apvnTIKAG  dUvaung Tou gm oTnv ékepaon Fourier TG modular yia v SL(2,2)
ouvdaptnong ®m(j(1),4(1)) (BA. To 1 Tng TpPoTaong 3.2.2.8) eival 0 peyIoTORABUIOG
OUVTEAEOTAG TOU  Dp(X,X). TMPoKUTITEL AOITTOV aTTO TA TTOPATTAVW OTI O MEYIOTORABUIOG
OUVTEAEOTAG TOU Dpy(X,X) €ival pia NG povados. AANG ol pdveg pideg TNG PJovAadog TTou

UTTGpXouVv aTo Z gival ol 1,-1 , oTroTe Ba £XOUPE TEAIKA OTI O PEYIOTORBABUIOG GUVTEAEDTNG
1

ToU Dp(x,x) €ival 1 4 -1. TENOG , 0 eKBETNG TNG TIEPICOOTEPO  APVNTIKAG dUvaUNg Tou gm
otnv ékppaacn Fourier TnG Om(j(T),/(T)) €ival pikpdTEPOG TOU -1 ( apoudeg(Pm(x,j(T)) = c(m)>1
) , o1réTe deg(dm(x,x)) > 1.

2t

4. Y 6Ao 104, 10 q Ba oupPBoAiCel To €™, yia Teh. 'Eotw m=pelP. Téte C(m) = C(p) =

{((1) k) I Kefo1,... p-1}}U {[g :’)} Mpiv apxiooupe TNV OTTOOEIEN KAVOUMPE TTPWTA
p

KATTOIEG TTAPATNPNOEIG:
Maparipnon 1 : p=(1-Gp)(1 Cp) (1 Cf .

Mpaypatt ,  xP+xP2+, +x+1 = (x-Gp)(X-Gp2)...(x-G" ) , OTOTE  yIA
x=1Taipvoue p=(1-G)(1-G:2)...(1-5,). 1
Maparripnon 2 : (f(x)>-g(x )p) (f(x)-g(x))” (mod (1-Gp)(ZIgpl)<a” >) , yia kGO f(x).g(x)(

(ZIGeD< q" > )Ix]-
Mpdyuatt , otov OGKTUAIO TTOAUWVUPWY METABANTAG X HME aTtd TO
1 1

(ZGN)<a”> 1ox0er (f(x)P-g(x)P)=(f(x)-g(x))I° (mod p(Z[G])<a®>) , via kGBE

1

f(x),g(x)e ( (Zg])<a”> )Ix] . Emopévwg , Adyw g apatipnong 1, Ba
1

éxoupe 1 (g(x)P-f(x)P)=(g(x)-f(x))*( mod(1-Zp)(ZIGp])<qP >.
MPOXWPAKE TWPA OTNV KUPIQ aTTODEIEN : OETOUPE O = [(1) kj , ke{0,1,...,p-1} ka1 o,
p

(g 0] Mpogavwg 101 C(mM) = C(p) = { ok | 0<k<p }. ATO6 10 Ajuua 3.2.2.12 TTPOKUTITEI

0 1 n
) 4 4 kn 7 7 , ’,
Kar apxfv ot j(ox-T) = -+ chcp { J , OTTOoU o1 aképaiol apiBuoi ¢, , nell eivar ol

OUVTEAEOTEG TOU o)\opop(pou MEpOUG TNG €kppaong Fourier Tng j ouvaptnong (BA.
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1\ "N 1
mpotaon 3.2.2.9). Zuvemmwg , j(ok-T)=( 1+Zc[ ] ) (mod (1-Go)(ZILp))<a®>)  Kau
CL
eTTOPévwG  IOXUEl N akdAoudn oxéon : j(ok-T) = j(Go-T) (mod (1-Zp)(Z[Zp])<qP >) (Z

1

3.2.3.4.2) Qa dei€oupe 0NV GUVEXEID OTI  : j(Tp-T) = j(T)° (mod (1-Gp)(ZIGp])<aP>) (2
1 o0

3.2.3.4.3) MpaypaTi , 10 Ajupa 3.2.2.12 Sivel j(op-T) = et D cad” . Opwg crel , Vnell
n=0

, OTTOTE yia KABe nell 1oxUel c,P=c,(modp). H TeAeuTaia 100TIHia ocuvETTAyETal OTI yia KAOE
1

1 P 2
n, 1ox0el  cyP=c, (mod p(Z[Gp])<qP >) Tou onuaivel 6T j(Op-T)= (%j +Z(qun)p (mod
n=1

1 1

P(Z[Ge)<a® >).Emopévg  j(0p-T)= (—+ chq J (mod p(Z[Gpl)<q®>) Kai £T01 j(0p - T)= j(T)

1
(mod p(Z[¢o])<a”>) (BA. mpdTtaon 3.2.2.9). A6 v maparipnon 1 twpa , EXoupe OTI
1

J(Op-T)= j(1)° (mod (1-Cp)(Z[Cp])< qP >) , Tou gival To {nToUuevo. Suvexiloupe BAZovTac oTo
“maiyvid” Tnv modular €giowaon pe TNV TTAPAKATw OXEON @ Dp(X,i(T)) = (XP=j(00 - T)P)(X=(T)P)
1

(mod (1-Cp)(Z[Cp])< q° >[x]) (Z 3.2.34.4)Hoxéon Z 3.2.3.4.4 ammodekvUeTal WG €EAG :
Oi1 oxéoeig 2 3.2.3.4.2ka1 £ 3.2.3.4.3 pag divouv dedopévou 611 C(p) = { ok | 0<k<p } kai

p-1
on Dp(xj(1) = [ - jem)= [ - j@1) , TV akéAoubn 1ooTIpia 1 Dp(x,i(T)) = (x-
o<g(m) k=0

J(00-1))P (x+(1)) (mod (1-Cp)(Z[Cp])< q° >[x]). ATTO TNV TTOPATAPENOCN 2 £XOUNE ETTOPEVWG OTI
Dp(%,(T)) = (x°-(00 - T)P) (x(T)°) (Mod (1-Gp)(ZIGo])< aP >[X]). Oax amTodEiEOUpE THPDl BT
J(Oo-T)P=j(1)  (mod  (1-p)(Z[Cp])< qP >) (z 3.2.3.4.5) ’'Exoupe j(oo-T) =

p

+ZCnC§”[ J BA. Aquua 3.2.2.12). Emopévwg , j(Oo-T)® = +ZC[ ] =
P

qP

1 < 1
q" 2.c.*a" (mod p(Z[G])<a®>) (Aoyw Trapatipnong 2). OHwG c’=cn(modp) —> Co’=Cn
n=0
1 1 &
(mod p(Z[¢p])<aP >)yia kGBe nell , Tpdypa TTOU Cnuaivel OT j(T) =3 chq" = j(op-T)°
n=0
1

(mod p(2[¢p])< q° >).Eival e0koho va Bei Kaveic Twpa 6T ol oxéoeic £ 3.2.3.4.4 kai T
1

3.2.3.4.5 oguvemdyovral OTI ®p(X,i(1)) = (X=(1))(X=i(T)°) (mod (1-Cp)(Z[Cp])<qB >[x]) (2
3.2.3.4.6 ) MNapatnpoupe Twpa OTI Kal Ta dUO PEAN TG 100TIiag > 3.2.3.4.6 €ival oToIXEia
1

Tou (2<g>)X]. OT6Te , emeidii [ (1-5)(2GN<a® > N Z<g>]= [ (1-L:)AUGN<q > N 7<g>]=

pZ<q> (BA. mapatipnon 1) Ba éxoupe 6T Dp(x,f(T)) = (X (T))(x=i(T)?) (Mod pZ<g>[x] ). (
T 3.2.34.7 ) ©étouge F(x ; j(T)) 1 = @p(X,4(T)) - (XP-f(T))(x-f(T)P).  O1 ouvteAeoTéG TOU
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TToAuwvUpou F(x ; j(1)) € (Z[j(T)] )IX] eivalr TTOAUwvVUPa Tou j(T) Kal CUVETTWG , OTTWG PTTOPEI
eUKoAa va O¢i kaveic , Ba eival modular ouvapTtioeig yia Tnv SL(2,Z). Emiong n oxéon Z
3.2.3.4.7 pag divel OTI oI UVTEAEOTEG Tou TTOAUWVUPOU F(x ; j(T)) avikouv oto pZ<g>
TTPAYUa TTOU onuaivel 0TI oI ouvTeAeoTEG Fourier Toug Ba aviikouv ato pZ. A6 TNV apxn
Tou Hasse (BA. pdtacn 3.2.2.13 ) yia (A,+)=(pZ,+) , TTaipvouue OTI O CUVTEAEDTEG TOU
F(x ; j(t)) eival ToAuwvupa NG j(T) HE OUVTEAEOTEG aTTd TO pZ. AUTO Onuaivel 0TI UTTAPXEI
ToAuwvupo Fi(x,y) geTaBANTWY X,y ME ouvteAeaTég ammd 1o pZ[j(T)] ue F1(x,(T)) = F(X ;
JM). Eto1,  @p(x,f(1)) = (x°+(1))(x+(1)°) ( mod pZ[x,(1)] ). E@appéloviag Thpa v Z-
Icopop@ia Z[j(t)]=Z[y] n omoia TrPokUTITEl aTTé TNV avTigToixia j(1) >y (BA. 10 6 NG
mpoTaong 3.2.1.6) éxoupe &1 Dp(Xx,y) = (XP-y)(x-yP) ( mod pZ[x,y] ).

5. O1 a1odeIKTéEEC OXETEIC Eival TTPOPAVEIC OUVETTEIEG Twv Ooxéoewv 2 3.2.3.3.1 kal Z
3.2.3.3.2 ¢ maparipnong 3.2.3.3.

2Tnv ouvéxeia 0a avagépoups yia AGyoug mAnpornrag éva Ioxupo OGswpnua tng
complex multiplication padi ue éva Anuua amapairnro yia rnv amodeién Tou , KABwg
KAl KATTOIEC ONUAVTIKES TTPOTAOCEIS TTOU agopouv tnv modular e§iowon.

3.2.3.5 AHMMA : Av f(r) eivon modular cuvdptnon yia Tnv SL(2,Z) kai n f(1) €xe
moAo oto w=e*"?  1a&nc m , yia k&mwoio mel , TéTE IGXUOUV Ta aKOAOUBA :

1. 3| m.

2. H ouvaptnon j(t)™3f(1) eivai oA6pop®n oT0 ONpEio w.
(BA. [Cox] aoknon 11.7 o€A. 245).

3.2.3.6 OEQPHMA : Av mel, 1612 1I0XU0UV Ta ak6Aouba :
1.. H j - ouvdptnon ¢ivai modular cuvdptnon yia tTnv SL(2,Z) ka1 kKGBe
modular ocuvdptnon Tng SL(2,Z) eivan pntA ék@paon TngG j(T).
2.. Av melN, 161e o1 j(1) , j(mT) €ivar modular ocuvapTtAoeig yia Tnv (M) kai

KaBe modular cuvdptnon yia Tnv ,(m) gival pnTR éKPpaon Twv J(T)
j(mt) ( dnAadn avikel oto G(j(T) , j(mT)). Mo ouykekpipéva , av f(T) givai
modular ouvdptnon yia tnv ,(m) , 16TE n enNTn éKEPOON TOU X HME

x - j(my,7)
gival TTANpeg ouoTnua d&diwv avTiImpoowWTwV TG SL(2,Z) modulo Tnv
Mo(m) ) givar  €1d1kOTEPA TTOAUWVUHMO HETABANTAG X ME OUVTEAEOTEG
TOAUWVUNIKEG eKppdoelg TG j(T) ko n f(t) divetan wg pnTA éKPpaon
TWV  ouvaptRoewv j(1) , j(mT) amé TnVv akéAoubn oxéon f(r) =
P(j(mT), j(1))

@,
UM, i)

P(x.j(1))=G(x; j(T)).
(A1réde1§n Tou Bewpnparog utrdpxel oto BiIRAio Tou Cox : [Cox] Bswp. 11.9 oeA. 226).

c(m)
TapGRETPO T 1 G(x 5 T) = B(x(1) Y — D) (61100 {y4,vz,eee,Vem )
t=1

, omou T0 P(x,y)eC[x,y] eivalr ToAuwvupo pe
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3.2.3.7 NPOTAZH : Av f(1) €ivar modular ocuvdptnon yia Tnv Me(m) kai To,eh={z<0|
Im(z)>0} , T67€ :
1. Av o1 fourier ekppdoeig Tng f(r) - 6TOU OpifOVTOI - €XOUV PNTOUG
ouvteAeoTég, TOTE N f(T) €ival pnTA éKPpaon Twv cuvapTAoEwV j(T)
, J(MT) , M€ OUVTEAEOTEG  pNTOUG aPIONOUG.
2 Avioxuel 1o 1 kai emiITTAéov 1I0XUOUV Ta akOAouba :
. n f(r) eivai oAdbpopen o1o TTAVW HIYadIkd nuietTiTedo h

a0, . .

O (j(mro).i(ro)) =0
P(j(mT,), j(7,))
T;‘(j(mTo),j(To))

C[x,y] €ival auté Trou avagépeTal oTo Bewpnua 3.2.3.6.
(Ma Tnv amédei§n Tng mpotaong mapatréUroupe o1o BiIAio Tou Cox : [Cox] TrporT.
12.7 o€A. 252)

ToTE 1o)YVEl f(To) = , Omou 10 TToAuwvupo P(x,y) Tou

.2.3.8 NMPOTAZH : '‘Eotw O pia Ta¢n oe @avraoTikd TeTpaywvikdé cwpa K yia tnv
otroia 1o0x0el 6T E(O) = {+1}. Av umdpxouv aecC kai scZ WOTe va I0XUOUV TA
ak6Aoula :

. O=7+al.

« s|Tr(a) ( 6mou Tr(a) eival To ixvog Tou a oto K ).

. 0 MKA(s?, N(a)) givai €AeBepOg TETPAYWVOU.
TOTE YIa KAOE @QUOIKS aplOud m I1oYXUEl : O(Ii:m (i(?),j(%));to.

(BA. [Cox] Anpua 12.11 oeA. 254)
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3.24 PIZEZ THX MODULAR E=IZQ2HX

2.4.1 OPIXMOZ : 'Eotw L, L' lattices pe L'c L. Av [L: L']=m kaln
TTPOCOETIKN) opada (% ,4)eivar KUKAIK} , TOTe TO L Ba Aéyetar  KUKAIKO utrolattice

T4ENg M ToU L.

3.2.4.2 AHMMA : ‘Eotw lattice L pe L=Z+1Z , yia kdmoilo 1ch={z<( | Im(z)>0} .
‘EoTw emiong L' utrolattice Tou C. loxUouv Ta ak6Aouba :
1. Av L'=(ar+b)Z+(ct+d)Z vyia a,b,c,dcZ , 161€ [L : L'] = |ad-bc]|
2. Av L'= (at+b)Z+(ct+d)Z vyia a,b,c,deZ , TOTE 10XUEI N akK6Aoubn
Icoduvapia

“H opdaa(Eﬁ) gival KUKAIKR 7 < ““ MKD(a,b,c,d)=1"

3. Av {kelN | keL'} # & , T6TE uUmrdpxouv a,beZ woTe L'=(at+b)Z+d.Z ,
6mou do=min{ kel | keL'}.
AMNOAEI=H
To 1 cival Gueon ouvétela Tou 3 Tou BewpApaTog 2.2.2.13 , evw Ta 2 Kal 3 €ival ATTAEG
QOKAOEIC Kal N atrédeItn Toug TTapaAEiTTeTal.

3.2.4.3 MPOTAZH : 'Eotw Teh={z<( | Im(z)>0} ka1 L=Z+7Z. loxUouv Ta ak6Aouba :
1. Av L' egival KukAIkO utrolattice Tou L Td§ng m , 16T€ uTTApXEl pOVADIKO

oToIXEiO o=(: :j eC(m) pe L'=d(Z+o-1Z). Emiong d= min{ kel |
keL'}.

2. Av o= (: :D eC(m) , 161€ TO d(Z+0 - 7Z) gival KUKAIKO uTrolattice Tou L 1agng

m kol d= min{ kelN | keL'}.
AMNOAEI=H
1. 'Exoupe OTI TO L' €ival KUKAIKO uTtrolattice Tou L. A1ré 1o 3 TOoU AfjupaTog 3.2.4.2 €Xouue
om av Béooupe d= min{ kell | keL'} , TOTE UTTApYOUV aképaiol apiBuoi a,b woTe
L'=(aTt+b)Z+dZ. Tlpo@avwg XWPISTTEPIOPIOUO TNG YEVIKOTNTAG PTTOPOUUE VO BewpPACOUNE
a>0. Amo6 10 1 ToUu AjupaTog 3.2.4.2 éxoupe 6Tt m = |ad|. AAAG a,d>0 kal ouveTTwg
m=ad. Emiong, yia kaBe aképaio aplOud k , ioxvel L'= (at+b)Z+dZ = (at+b+kd)Z+dZ =
[aT+(b+kd)]Z+dZ , KAl OUVETTWG MTTOPOUUE XWPEIG TIEPIOPIOUO TNG YeVIKOTNTAG Va
utroBéooupe 6T 0<b<d ( EukAcideia diaipeon ). TEAog 1o 2 Tou AjupaTog 3.2.4.2 divel OTI

MKA(a,b,d)=1 , mpdyua 10U ONnuaiver Ot TO o=(3 Zj avrkel oto C(m). MdAioTa, L' =

(aT+b)Z+dZ = d( a:b 7+7) = d(Z+0 - 7).
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2. 'Exoupe OTI TO O =(Z Z] avikel ato C(m) , ommote MKA(a,b,d)=1. Emeidn L’ = d(Z+0 - 1£)=

d(Z+ 3P 7) = (at+b)Z+dZ , éxoupe aTd To 2 ToU AfppaTog 3.2.4.2 8TI N opAda (%,+) gival

d
KUKAIKN
L']=m.

. E¢aAou |ad|=m ( apou oeC(m) ), ommoTe 10 1 TOU AfpuaTtog 3.2.4.2 divel [L :
2UN@WVA AOITTOV PE Ta TTAPATTAVW £XOUME OTI TO L' gival KUKAIKO uTrolattice Tou L.

3.2.4.4 OEQPHMA : 'Eotw melN. Av u,ve(, 161 Ta ak6AouBa gival Ic00dUvaua :

152

N
REN

1. ®p(u,v)=0
2. Ymapyx € lattice L kol KukAiké utrolattice L' Ttou L T4§ng m
woTe u=j(L') kou v=j(L).
AMOAEI=H
H j- ouvdptnon civai “emti” Tou G (BA. T0 4 TG TTpdTaong 3.2.1.6) , oTroTE UTTAPXEI
Toeh (h={zel | Im(z)>0} ) pe j(1o)=v. Oftoupe L=Z+1,Z, omodTe j(L)=v. ‘Exoupe

Twpa 611 0 = Op(u,v) = On(u,,i(To)). Opwg VTeh |, On(x,j(T)) = H(x - j(o1)) (BA.

geg(m)
opiopo 3.2.3.2) KAl OUVETTWG H(u - j(o1,))= 0.  XUVETTWG UTTOPXEI
oge€(m)
oToIXEIo 00=(aoo ZOJTOU C(m) HE US(0o-To). OéToupe L'= do(Z+0, - Tol).

ATT6 T10 2 TnG TTPdTaoNnG 3.2.4.3 éxoupe OTI To L’ gival KukKAIKG uTrolattice Tou L
TaEnc m. Emiong j(L') = j(do(Z+00 - ToZ)) = j(Z+0, - ToZ) (BA. TTPOTOON 3.1.2.7, OTIoOTE
J(L') = j(Z+00 - ToZ) = j(ToTo) = .

‘Eotw 6m u =j(L) kar v = j(L'), yia KkukAiké utrolattice L' tou L T1Gg§ng m.
pdooupe L=aZ+bZ , ye a,bel. Emeidn ta a,b cival ypapuikwg ave¢dptnta oto R/ ,

Ba €xoupe a,bz0 kal geFa. ExkAéyoupe Aoimmév 1, TO povadikd oToIXEiO TOU {%, -
g} 10 o1r0io avrkel a1o h. ‘Exoupe L = a(Z+1,Z) — (Z+T10L) =%L. Eival rpogavég

OTI TO %L‘ Ba eival KUKAIKO uTrolattice Tou (Z+71,2) =%L Tagng m. Ao 10 1 1n¢g

TTpoTacng 3.2.4.3 éxoupe OTI UTTAPXEI OTOIXEIO 00=(""0° zoj Tou C(m), woTe % L'

do(Z+0, - ToZ). Oa Ocifoupe OTI U = j(To) Kal OTI V=j(To - To). Mpdyuati , u = j(L)
J@a(Z+tol)) = j(£+ToL) = j(To). Emiong , v = j(L') = j(% L') = j(do(Z+00 - ToL))

J(Z+00 - Tol). ZUVETTWG , V = j(Oo°To). Twpa €med) Dm(j(0o-To), J(To))=0 (BA.
opIopo 3.2.3.2) Ba éxoupe OTI Op(v,u)=0 , otrdTe amd 10 2 TNG TTPOTaong 3.2.3.4
TTPOKUTITEl Opy(u,v)=0.
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§3 MIFAAIKOZ TMOAAAMNAAZIAZMOZ KAI RING
CLASS FIELDS

3.3.1 TIPQTAPXIKA XTOIXEIA KAI IAEQAH TA=HX

3.3.1.1 OPIZMOZ : Av O gival Tadgn o0& QAVTAOTIKO TETPAYWVIKO CWHA apIiOuwV Kal a
gival éva proper KAAOMATIKO 10ewdeg TNG O , TOTE TO @ Ba AédyeTal TTPWTAPXIKO av dev
gival duvatov va ypa@ei otnv popen a=db , é6mou delN, d>1 kai b gival aképaio
proper 15ewdeg Tng O.

3.3.1.2 OPIZMOZ : Av O cival Ta§n o0& QAVTAOTIKO TETPAYWVIKO CWHA apIOuwyV Kal
acO, 161e TO a Ba AéyeTal TTPWTAPXIKO av dgv gival dSuvaTov va ypa@ei oTnV HOPPR
a=db , 6rou delN, d>1 ka1 beO.

3.3.1.3 MAPATHPHZEIZX : Apeon CUVETTEIO TWV TTAPATTAVW OPICHWYV KAl TWV IB1I0TATWYV
NG vOpHag 10ewdwyv (BA. poéTaon 3.2.2.14) gival Ta akéAouba :
1. Av O gival TG¢n o€ @AVTACTIKO TETPAYWVIKO Cwa aplBuwy Kal a
gival éva proper aképaio 16ewdeg g O , T0TE TOo a Ba gival TTPWTAPXIKO
av Kal pévo av n vopua Tou N(a) ival EAeUBepn TeETpaywvou.
2. Av O gival Tagn o€ QAVTAOTIKO TETPAYWVIKO Cwua apiBuwyv KalacO , TOTE TO
o gival TPpwTApPXIKO oTolixeio TG O av Kal H6vo avn vopua Tou o Egival
€AEVBEPN TETPAYWVOU.
3. Av O ka1 a gival 6TTwg oT1o 1 Kl €TTiong To a gival KUpIo 10ewdeg pe a=aO
, Yio acO, 16T€ TO @ B0 gival TpWTAPXIKO 18ewdeg TNG O av Kal pévo av
TO O gival TPWTAPYXIKO oTolxEio Tng O.

3.3.1.4 AHMMA : Av G cival Trerepacpévn aeAiavi opada , T10Te N G gival KUKAIKR av
Kal povo av dev utrdpxel delN , d>1 woTte n (ZgxZg,+) va gival ICOHOPE@N ME UTTOOHAS A
™G G.

AMNOAEI=H
Eivalr dueon ouvérreia tou yeyovotog Ot Vkell pe k>1 |, n ZxZg dev €ival KUKAIKF) KAl TOU
BewpPAPATOG BOUAG TWV TTETTEPACHEVWY OREAIAVWV OUAdWV.

3.3.1.5 MPOTAZH : Av O €ival Tad§n o€ @AVTAOTIKO TETPAYWVIKO CWHa apiduwy Kal a,b
gival proper KAaocpaTtika 18ewdn tng O , TOTE :
1. To 10ewdeg ab €ivan utrolattice Tou b pe [b : ab] = N(a).
2. To ab civali KukAiké uTtrolattice Tou b av kair poévo av 1o a givail
MPWTAPXIKO 18ewdeg TNG TA¢NG O.
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AMOAEI=H
1. To ab wg¢ kKAaouaTikd 10ewdeg cival lattice kai emTeidr) abcb |, Ba éxoupe 6T TO ab eivai
utrolattice Tou b. ETreidry 1o b €ival KAAopaTiko 10ewdeg ™G TAENGS , Ba uttapxel beO pe

bbcO. H ameikdévion TTPooANg % - % EXEl TTUPRVA TO % KAl OUVETTWG ( €TTEIONA N
a a

artreikovion ivail “etri” ) Ba €xoupue (#% )(#i) = #(%) — N(a)-[b : ab] = N(ab) = N(a)N(b)

ab
— [b : ab] = N(a).

2.(«) 'Eotw 611 TO a cival TTpwTapxIké evw 1o ab dev eival KUKAIKO uTrolattice Tou b. ToTe

ammdé T0 AAUPO TTPOKUTITEI OTI N oudda (ib,+) EXEl UTTOOPAdA 1I06UOPPN HE TNV
a
(ZgxZg,*) , yia katrolo dell ye d>1. Autd onuaivel 611 UTTApPXEl TTPOCOETIKA UTTOOUAdA
b' Tn¢ b pe abcb'cb |, worte (b—b ,+) = (ZgxZg,+). Ouwg n oxéon abcb'cb , pag divel
a
omi To b' eival eAeU pxIkd.Bepn TTPOCTOETIKA uTToOUAda Tou G pe rank ico ye 2 ( agou
Kal Ta ab,b eival eAeUBepeg TTPOCOETIKEG OUAdES e rank ioo pe 2 ). Oa deicoupe OTI
db'=ab ‘Exoupe #"_h = #(ZexZg) = d%.  EEGMOU eTTEIBA ("_b )= (ZaxZg,+) KQI  €TTEIOA
a a
KGBe oToIxeio TNG (ZgxZg,+) €Xe€l TAEN dlaupétn ToUu d , Ba 1oxUel 611 db'cab. Ouwg
gival TTpo@avég ot #% =d?, omére #[’—b = #% Kal €101 n oxéon db'cab divel
a

db'=ab.H oxéon db'=ab , pag divel kat’ apxAv o1 To b' ¢€ival proper KAQOUATIKO
15ewdec TN O.  ‘Exoupe Twpa db'=ab — a=d(bb"'). E&aMou bb"'= bb' = O,
oTTéTE TO 13eWdeC bb'™ gival aképaio Kal EXOUPE GTOTTO €TTEIDH £XOUHE UTTOBEDE! TO a
va gival TpwTa

(=) 'EoTw 611 n opdda (ib ,+) €ival KUKAIKA aAAG To a dev gival TTpwTAPXIKO 10€WOES TNG
a
1a¢nc O. Oa utrdpxel Aoimmév delll ye d>1 kai proper 10ewde¢ ¢ NG O woTe a=dc.
‘Exoupe OUVETTWG OTI N OPAGda (dll1 ,+) €ival KUKAIKr).  Apa Kkal n uttoouada Tng :
C

(;—bh ,+) gival KUKAIKA. MapatnpoUue OUwS 0TI KABE OTOIXEIO TNS ONAEdAC (J—bb +) EXEl
C C

T6EN TTou diaipei 0 d , evd # (dc—[’h +) = d?. Kotd ouvémela n (;—[’b ,+) Sev PTTopEi va
C C

€ival KUKAIK) Kal KATAA)YOUNE O€ ATOTTO.

3.3.1.6 MOPIZMA : Av O cival Ta§n o0& QAVTAOTIKO TETPOAYWVIKO CWHA APIONWYV ME
acO kail a gival éva proper KAAoHATIKO 10ewdeg TnNG O, TOTE ICXUOUV Ta aKOAouba :

1. To aa givai utrolattice Tou a Taewg N(a).

2. To aa eival KUKAIkS uTtrolattice Tou b av kal yévo av To a e€ivai

TPWTAPXIKO oTOoIXEiO TG TAgNGS O.
AMOAEI=ZH

Apeon epappoyn Tng TpoTtaong 3.3.1.5 yia 10 proper 10ewdeg a = aO kal Aappavovrag
utr'owiv 61 N(a)=N(a) , kai To 3 Twv TTapaTnprnoswy 3.3.1.3.
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3.3.2 XAPAKTHPIZMOZ TON RING CLASS FIELDS
XPHZIMOINOIQONTAXZ THN j - ANAAAOIQTH

3.3.2.1 AHMMA : Av L &ivai 10 ring class field Ta§ng O o€ QAVTAOTIKO TETPAYWVIKO
ocwpa apiBuwy K, 101E

= spl(L) ;{ peP | 3acO : N(a)=p } ka1 €181KOTEPQ
= spl(L)-{2} = { pcP | 300 : N(a)=p }-{2}.
AMNOAEI=H

H amdédeign Ba yivel ydévo otnv mepimrwon mou  do=0(mod4). Tia tnv TepiTTwon
do=1(mod4) Ttrapaméutroupge otnv aoknon 9.3 0eA.192 tou [Cox]. ‘Eotw Aoirév
do=0(mod4). Amoé tnv mpotacn 2.2.1.10 éxoupe 6T yia do=-4n , ye nell , 1ox0el
O=Z[J-n] ka1 K=0(+v-n). Amé 10 2 TOU Afjupatog 2.4.2.3 TIPOKUTITEI OTI Ol TIEPITTOI
TTPWTOI PIBUOI  TTOU YPAPOVTAl OTNV Hop®ry X2+ny? | x,yeZ gival akpIBWS oI TIEPITTOI

TpwTol Tou spl(L). Suvermdg spl(L) ={ x>ny? | x,yeZ , (x*+ny?)eP }. MahioTa spl(L)-{2} = {
x2+ny? | x,yeZ , (*+ny®)eP }-{2}). Mapatnpolpe Twpa o1l av  acO-{0} , TdTE UTIAPXOUV

x,yel pe a=x+y+n , omote N(a)=x*ny> Suveric , spl(L) ={ peP | JaeO : N(a)=p } kai
e101k6TEPQ spl(L)-{2} = { peP | JaeO : N(a)=p }-{2}.

3.3.2.2 MPOTAZH : Av O cival Ta¢n @avTaoTIKOU TETPAYWVIKOU owpatog K, 1oTe
Io0XUouUV Ta akOAouba :
1. Av a gival proper KAaocpaTtiké 16ewdeg Tng O , T61E O j(a) €ival
aAyeBPIKOG aKEPAIOG.
2. O j(O) givanr TrpayuaTikdg aAyeBpIkOg akEépalog.
AMOAEI=H

1. ©a deigoupe kar apxfiv Ot uttapxel otoixeio a TG O pe vopua N(a) eAéuBepn
TeTpaywvou. Mpdyuat , Atdé moépiopa 2.3.2.5 €xouue 611 av L eival 1o ring class field
G O, 161 TO GUVOAO spl(L) eival amreipo. ETropévwg kai 1o guvoho { pelP | 3aeO :
N(a)=p } eivar amreipo (BA. Aquua 3.3.2.1). Ymdpxel Aoimmov aeO pe N(a)elP. Zuverrwg
10 N(a) eival eAeUBepo TeTpaywvou. OEtoupe m:=N(a). ATO TO 2 TNG TTAPATAPNONG
3.3.1.3 kai Adyw ToU OTI 0 QUOIKOG N(Q) €ival EAeUBEPOG  TETPAYWVOU , EXOUME OTI TO
OTOIXEIO @ gival TTPWTAPXIKO. E@apuolovrag 10 TopIopa 3.3.1.6 Aoirrév  Ba TTapoupe
OTI TO @aa €ival KUKAIKO uTrolattice Tou a T1déng N(a)=m. To Bewpnua 3.2.4.4 eTTOPEVWG
Ba dwoel 011 ®p(j(0a),f(a))=0. Etreidn j(aa)=j(a) (BA. potaon 3.1.2.7) , Ba €xoupe OTI
®dn(j(a),j(a))=0. To j(a) katd cuvémeia eival pia TNG e€iowong Om(x,x)=0 , oméTe Adyw
Tou 3 TNG TTPOTaoNnG 3.2.3.4 €xouue OTITO j(a) eival aképalog aAyeBpIkOS apliBudG.

2. 'Exoupe O=9 (BA. 10 lll Tng TTPpdTAONG 2.2.1.8) , 0TTdTE AdYyW NG Traparipnong 3.1.2.8
loxVel  j(O)=j(D)=j(O) , Tpayua TTou anuaivel o1 j(O)eR. Adyw Tou 1 TWpa £XOUUE TO
{nToupuevo.
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3.3.2.3 AHMMA : 'Eotw O 1dgn @avrtaoTikoU TETpAywVIKOU cwuatog K , kal a éva
proper KAaopatiké 15ewdeg NG O. 'EoTw emmiong L 1o ring class field tng tagng O.
Oéroupe M:=K(j(a)).
1. Av UTTApXel TrEPITTOG TTPWTOG APIBUOG p O OTroiog va IKAVOTTOIEI T
ak6Aouba :
« pespl(L).
. O p dev diakAadifeTal oto M.
TOTE TO TPWTO 10eWdeg gu Tou Rk , TTou gival Tdvw amméd 1o pZ ( dnA. pZ
=qmNZ) IKavoTrolgi Ta akéAouba :
[a]. j(a)’sj(a) (modqu).
[p]. Rkli(a)] < Rm ka1 padAiota [Rwm : Rk[j(a)]] < «.
Av gemirAéov p | [Rm: Rk[j(a)]] , Tote
(i) aP=a(modqm), VacRw.

(i) N(gw)=p Ko f[:_;) =1,

2. spl(L) < spl(M).

3. McL.
ANOAEI=H

1. [a]. Oa ociCoupe kAT apxnv OTI UTTAPXElI OTOIXEIO O, TNG O pe vopua ion e p.
Mpdyuat , ATré Ajuua 3.3.2.1 éxouue ( emmeidr) o L e€ival 10 ring class field
g O ) om spl(L)-{2} = { qeP | 3aeO : N(a)=q }-{2}. Emedn p e spl(L){2} ,
Ba uttapxel doeO pe N(aop)=p. ZTNV CUVEXEIQ OEIXVOUUE OTI TO Ooa €ival KUKAIKO
utrolattice Tou a T1a¢Ng N(ao)=p. MNpdyuat , n vopua ToUu d, , WG TTPWTOG
apiBuodg civalr eEAeUBEPOG  TETPAYWVOU KOl CUVETTWG TO do €ival TTPWTAPXIKO
oTtoixeio NG O. To mopiopa 3.3.1.6 Twpa pag divel To {nTouuevo. To Bewpnua
3.2.4.4 1wpa , pag divel 011 Dy(f(aca)j(@)) = 0. Zuvertwg dy(j(a)j(@)) = 0 (BA.
mpoTtacon 3.1.2.7). Amd tnv iIcoduvapia Tou Kronecker (BA. 1o 4 Tng TTpéTACNG
3.2.3.4) mpokuTTel 611 0 = -(j(a)° - j(@))? ( mod pZ[j(a),j(a)] ). ZUVETIWS UTTAPXEI
TToAuGVUPO BUo peTaBAnTwv f(X,y)eZlx,y] wote 0 = -(j(@)® - j(a))*+pf(j(a),j(a)).
Opwg 10 j(a) cival aAyeBpikds aképaiog (BA. To 1 Tng pdTaong 3.3.2.2, omodTe
agou j(a)eM ( M=K(j(a)) ), Ba éxouue j(a)eRu. Katd cuvémeia f(j(a),,j(a))eRwm.
Emeidn Twpa 10 qu Ppioketal Tavw atmod 1o pZ , Ba éxouue pZcqu , OTTOTE
peqm , TTOU onuaivel OTi pf(i(a),,j(a))egu. Apa Adyw Tou 611 0 = -(j(a)® -
j(@))? + pf(j(a),.(a)) , Ba éxoupe j(a)® = j(a) (Modqw).

[b] Mpogavwe Rilj(a)lesRm (BA. mpdT. 3.3.2.2). To Ry eival eAelBepn afeliavi
opdda pe rank ico e [M : K]. Emiong emeidn 1o mToAuwvupo Irr(j(a)|K) éxel
Babud ico pe [M K] , Ta 1,@), j@)3..., j@M - gival Z-yPOPPIKWC
avetaptnra. Adyw emTopévwg Tou Adyw Tou 1 Tou Bewpnuatog 2.2.2.13 £xoupe
om  kai To Rk[j(a)] gival eAeUBepn aBeAiavh oudda pe rank ico pe [M: K]. Ao
10 3 TOU Bewpnpatog 2.2.2.13  mpokuTTel Twpa o1 [Ry @ Rk[j(a)]] < .

‘Eotw 61 p[Rwm: Rkli(a)]l.

(1). Exoupe pespl(L) — pespl(K). Eotw p = gunK. To p €xel vopua ion e p
(apou pespl(K) ) kai  pZcpcqu. ‘Exoupe aof=a (modp) , VaeRk — of=a
(modqum) , VaeRk. Adyw ouvettdag Tou [a]. Ba é€xoupe 611 oP=a (modqu) ,
VaeRk[j(@)]l. (Z 3.3.2.3.1) Eotw n :=[Rw: Rklja)]] ©Oa deigouue 611 n
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arreikovion L : Ru — Ru

qm qm
owuaTwy. Mpdyuat , n L eivar “1-17 yiati av n(a-B)equ yia katroia a,BeRy
, T0TE €mmeidn ngqgu (av neqm, T0TE nequNZ=pZ — p|n , KATI TTOU gival ATOTTO
atmod TNV utméBeon) Oa €xoupe avaykaoTIKA (a-B)equ KOl OUVETTWG
a=p(modqu). ETiong n L gival Tpo@avws ouopopPIouds CwWHUATWY , OTTOTE YEVEI
va amodegi¢oupe OTI gival kal ouvaptnon “emmi’. Av aeRy , 101€  (na)eRk[j(a)]
Kal €101 n oxéon Z 3.3.2.3.1 Ba dwoel (na)’=(na)(modqm). H TeAeuTtaia
icoTigia ouveTrayetal o1 n(n"'a-a)equ.  ANAG €TTeIB nequ ( Adyw Tou OTi
aqunZ=pZ kol pin ), Ba éxoupe (N*'a-a)equ kal cuverwg L(an®'+qu) = a+qu.
‘EoTw Twpa aeRy. Emadn n L eivar 1copyop@iouds , Ba uttdpxel BeRy ME
nB=a(modqm). E¢GAAou n=[Rwm : Rk[j(a)]] , ( mou onuaivel 611 nBeRk[j(a)] )
omdTe Ba 1oxvel (nB)P=(nB)mod(qm) (BA. £ 3.3.2.3.1). 'Exoupe Aoitrév
ouvoAikd a=nB = (nB)° =a’ (mod qu).

a+gqu — na+qu , V aeRy €ival 1copop@Iouog

. . . R . ) . R .
(n). ATé 10 (1) €xoupe OTI Vce —M oxUel cP=c. Katd ouvémeia, Vce —M -{0} 1oxUel
M m

c™'=1 (X 3.3.2.3.2) Opwg n TOMOATAACIAOTIKA oudda (R—M-{@J}, - ) €ival
am

KUK)\IKI‘] ( apou 1O Oowpa —M  gival TTETTEPACUEVO ) OTTOTE QAV Cgy Elval
am

YEVVITOPAG TNG (R—M-{@J}, - ), emedn omd v oxéon T 3.3.2.3.2 £xoupe Co™
am

'=1 | Ba 1oxVEl #(R—M-{@J}) | (p-1). AAMG N(gwm) =#R—M Kal ouveTtwg  (N(qm)-1)
q

M am

| (p-1). EE€GAAou 0 apiBudg N(qm) eival duvaun Tou p  (quNZ=pZ) , OToTE

i
avaykaoTika N(gqu)=p. Emriong N(qm) =p (PZ] , OTTOTE f(q—“ﬂ =1.
p

2. Av pespl(L) pe pJ[Rm: Rklj(d@)]] kaio p ogv diakAadiCetal oto M |, 10T Q11O TO (IN)
ToUu 1 €xoupe pespl(M). TMpdaypart , emme1dr; o p Oev dlakAadifeTal oto M 10XVl
{q_“éj =1, yia KGBe TTPWTO 1I0eWdES qu Tou Ry Tavw amd 1o pZ. EEGAAou atrd 1o (i)

p

Tou 1 éxoupe OTI Kali f[q_;j =1, yia KGBe TTPWTO 1I0eWdES gu Tou Ry mmavw ammd 10 pL.
p

2uvenmwg pespl(M).Ouwg o1 mpwrtol apiBpoi 1Tou diakAadifoviar oto M egival
memepacpévol (BA. Bewpnua 2.3.1.7) kal €Tmiong ol TTpWwTOI ApIBuoi TTou diaipouV To
[Rm : Rk[j(a)]] ival TreTTEpacuévOl , OTTOTE EKTOGC ATTO  TTETTEPACHUEVO TTARBOC TTPWTWV
apiBuwv , Ta atoixeia Tou spl(L) Bpiokovtal ato spl(M). AnAadr spl(L) < spl(M).

3. Amé o 1 TOoU Ajuuatog 2.4.2.3 éxoupe Ot n emréktaon L/K eivalr Galois. To 1 1ng
mpoTaong 2.3.2.7 emopévwg divel TNV akdAoudn 1coduvapia “McL” < “spl(L) < spl(M)”
Kal TO {nTOUPEVO TWPA gival AUECN CUVTTETTEID TOU 2.

3.3.2.4 AHMMA : ‘Eotw O 148N @avTtaoTIKoU TETpaywvVvikoU cwpatog K, pe odnyo f
= cond(O) ka1 a, éva  proper KAaoHaATIKO 10ewdeg TNG O. 'EocTw €tmiong L 710 ring
class field Tng Ta§ng O ka1 M=K(j(a,)). loxuouv Ta ak6Aouba :
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. Na kalg proper KAaopaTikd 10ewdeg NG O : a , 1oxUe&l j(a)cL.

2. Av ajaz,...,an €ival avrirpéowTrol KAdoswyv yia Tnv C(O) , 161 0 apiBuog
A:= H(j(“i) - j(s;)) €ivau oToixeio Tou R -{0}. MdAioTa ka6 Trapdyovrag Tou A

1<i<j<h

(i(ai) - j(a;)) , 1<i<j<h avAkel oTo R..

3. Av pespi(m), pye p/f wore MKA(pRL,AR\)=1 , 161 yIa KAOe
TTPWTO 10eWdEG p TOU Rk TAVW a1d TO P I10XUOUV T AKOAOUOA :

4. p=N(p)=N(p NO).

5. To 10swdeg (p NO)a eival proper KAaouaTikd 18ewdeg TG O Kal

Ta  a,(p NO)a divouv Tnv idia kKAdon otnv C(O).

spl(M) < spl(L).

LcM.

N o

AMNOAEI=H

1. A6 170 3 TOU AfjppaTog 3.3.2.3 €xoupe OTI yia KABe proper KAaouaTikd 10ewdeg a Tng O
loxvel K(j(a))cL. Zuverrwg j(a)cL. Emeidn 1a ai, a yia iz Otv givalr ogoloBeTa (BA.
10 1 TwWv Taparnpnoewy 3.1.3.10) Ba £xoupe j(a)=i(a) (BA. mpotaon 3.1.2.7).
EEGNouU  Vie{1,..,h} 1oxvel 611 o j(a) eival aAyeBpikOg aképaiog (BA. TTpdTOON
3.3.2.2) omére agou j(a)eL , Ba éxouue TeEAIKG Vie{l,...,h} j(a)eR.. Emouévwg
AERL.

2. Kar apxAv 1oxuer McL (BA. Afppa 3.3.2.3). 'Exoupe pespl(M) oTtoTeE TO p OtV
olakAadiCeTal oto M Kal uTTadpXEl TTPWTO 10€WdEC g Tou Ry mmavw atmd 10 pZ WoTe

f(g—gj =1 (BA. opiopd 2.3.2.6). Oa d¢cicoupe apxika OTI yia KAOE TTPWTO 1I0EWOEG p TOU

Rk mavw amd 10 pZ 10XUEl f[izj =1. MpaypaT , o1 Babuoi adpaveiag Twv TPWTWV
p

10ewdwv Tou K Trévw atré 10 pZ TauTifovtal agoul n emréktaon K/O eivar Galois , otréTe

MK

eTTeIdn f(q'\"p—zj =1 (AOyw TTOAAQTTAQCIOOTIKOTATOS TwV PBabuwv adpaveiag kal Tou

yeyovoTtog Ol f(g—'\g =1) o1 BaBuoi adpaveiag OAWV TwV TTPWTWV 1I0EWdWYV Tou K TTavw

atrd 10 pZ Ba gival 1. Apeon ouveTTEla TNG TTPOTACONG TTOU POAIG atrodeifape ival 0TI av
P
p €ival TpwTo 10eWdeg Tou Rk mavw atmd 10 pZ, 161 N(p) = p. (N(p) = pf(ij = p).
21NV ouvéxela mapatnpouue o1l pespl(K). Mpdyuat , ol BaBuoi adpaveiag Twv TTPWTWV
10ewdwv Tou K Tévw atd 1o pZ Eriong 1o pZ dev diakAadiCetal ato M dpa oUTe Kal 0TO
K. Acixvoupe Twpa 6T KABe TTPWTO 10£WdEC p Tou Rk TAvw atd 10 pZ €ival TTPWTO
mpog 10 f kai €miong  p = N(p) = N(p NO). Emreidn éxoupe e§'utobéoewg 6T pf , Ba
loxuer  MKA(p,f)=1 - MKA(N(p),f). ATté 10 1 TG TpdTaong 2.2.4.3 TTPOKUTITEI OTI TO
10ewdeg p Tou Rk eival Tpwto pdg 10 f , ommdTe a1md 10 1 TNG TTPOTAONG 2.2.4.6
TIPOKUTITEI OTI KAl TO 10ewdeg pNO TG O cgival TpwTo TTpog 10 f Kal yahiota N(p) =
N(p NO). Mével Aoirdv va degi¢oupe OTI av p gival TTpwTo 10€WdEC Tou Rk TTavw atrd 1o
pZ , T0TE TO 10eWdeC (pNO)a gival proper kAaopatiko 18ewdeg Tng O kal Ta a
(p NO)a b&ivouv v idla kKAaon otnv C(O). Mpayyatt , 10 p OTMWG Ocicaue
TTponyoupévwg eival TTpwTto tpog 1o f. Zuvermwes (N(p),f)=1 — (N(p NO),f)=1. To
10ewdeg p NO ™G O emmopévwg eival TTPWTO TTPOG Tov 0dnyd f 1Tng O Kal CUVETTWG
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gival akEpaio proper 10ewdeg NG O (BA. 10 2 TG TTPOTAONG 2.2.4.3). Twpa emmedry N(p
NO) = N(p) = p, 10 10ewdeg p NO TS Ba cival MpwTapxikd (BA. 10 1 Twv
maparnenocwy 3.3.1.3) kai n mpotaon 3.3.1.5 Oivel 611 70 (pNO)a eival KUKAIKO
utrolattice Tou a kal paAiota Ta¢ng p. To Bewpnua 3.2.4.4  €TTOPEVWG CUVETTAYETAI
om dp(j(@'),j(a))=0, émou a'=(pN0O)a. Ao TV oxéon Icoduvapiog Tou Kronecker (BA.
T0 4 TG TpoTaong 3.2.3.4) €xoupe OTI UTTAPXEl TTOAUWVUPO Ouo MPETABANTWY
P(xy)eZlxy] wote 0 = dy(j(a’)j(a)) = (@) - j@)(@) - j@P) + pP (j@)ja)) (=
3.3.24.1) Amo 1o 3 Tou 3.3.2.3 Ajuparog €xoupe McL. Otgwpoupue AOITTOV TTPWTO
10ewdeg q. Tou R mavw atmd 10 gu (YTrevligiCoupe OTI TO Qu  EKAEXTNKE WG TTPWTO

10ewdeC Tou Ry mavw atmd 10 pZ WOoTe f(g—';j =1.) @a &¢citoupe 611 MKA( p, (j(a) -

j@@") )1 oto R.. MpdyuaT, emeidn Ta j(a), j(@') eivar ahyeBpikoi aképaiol (BA. TTpdTAON
3.3.2.2) kai amdé 10 1 TTpoKUTITEl OTI avikouv oto L , Ba €xouue j(@'), j@) ,
P@(a")j(@))eRL. AANAG TO gL €ival TTAVW OTTO TO gu KAl CUVETTWGS TTAVW o110 TO pZ. AUTO
onuaivel Ol peqL, ométe pR.cq. — pP(ia'),j@a))eq.. Hoxéon ¥ 3.3.2.4.1 Ttwpa

Ba dwoer (@) - j(@)i(@') - j@)°) = pP (j(a')j(@))eqL. . Mapatnpolpe Gpwg 611 T0 f(g_@

eival n diIdoTaon Tou Zp - dlavuoPATIKOU XWPOU F;—M. Etreidn f(;—"g =1, Ba £xoupedT n
M

KavovikA TTpoBoAn  Z, — R—"": k+pZ — k+qm , keZ €ival iIcopop@iouds. Apa #(R—M-{O})
q am

M
= b1 o | @P=i@)meday { j@P=i@)mod @) (s o L @) =
P {j(a')p =j(a') (mod qy) j@'P=j(a') (mod q) (e - Ja)
pP(j(a'),j(a)) = 0 (modqL) ka1 €1Te1dr TO QL €ival  TTPWTO 1I0eWdEG Tou R Ba TTapoupe
((@") -j(@)) € qL.. Av Aoitov Ta a', a avikav o€ dIaPopeTIKEG KAGaelg TnG C(O) , 161E TO
((@") - j(@)) 6a diaipouce 10 A (TTOU OpioTNKE OTO 2) 010 R. Apa AeqL — qL | AR,.
Opwg gL | pRL kai é1a1 MKA(pRL ,ARL)#1 , Tpdyua  GT1oTTO €€’'UTTOBETEWG.

. 'EoTw TTEPITTOC TTPWTOG p HE pesplM) , pff kai MKA(pRL,ARL)=1. Ta 1dewdn a, a":=([
p NO)a (atmd 10 2 ) avAkouv oTnv idla kKAdon t1ng C(O). Zuvemwg a'a” eH(O) —
(pNO)eH(O). Ipagpoupe (pNO)=a0 ,yia aeO. Exoupe p =N(pNO)=N(a) (BA. T0 2)
kal ouventws pe{gel’ | 3O : p=N(B) } , Tou onpuaivel 611 pespl(L) (BA. Aquua 3.3.2.1
). Opwg o1 ouvBnkeg p/f kai MKA(pRL,ARL)=1 IkavotroloUvTtal yia TTETTEPACUEVO
TARBOG TTpWTWV apIBuwy p. lMpdyuat , o R €ival dAKTUNIOG HOVOCHNAVTNG avaAuong
o€ TTPWTA 10ewdn , oTTOTE av p eival TPWTOS apIBPog pe MKA(pRL,ARL )1 , T16TE TO
mpwTa 10ewdn Tou R 10U Ba  diaipovocav  Tov MKA(pRL,ARL) 8a Atav akpifwg
(Trerepacpévoug To TTANB0G) o1 TTpwTol dlaipéTeg Tou AR TTOU €ival TTAvw atmo 1o p.
Etreidn kdBe TpwTo 10€WOES £XEI AKPIBWGS €va TTPWTO APIOPO atTd KATW TOU , Ol TTIPWTOI
aplBuoi TTou PBpiokovTal KATW atmo Ta TTpwTa 10ewdn TG avaiuong tou AR( €ival
TIETTEPAOPEVOI TO TIABOC. ZUVETTWG  spI(M) < spl(L).

. Aueon ouvétreia Tou 3 Kal Tou 2 Tng TpodTaong 2.3.2.7 ( n L/0 eivan Galois Adyw Tou 1
Tou AquuaTog 2.4.2.3).
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3.3.2.5 OEQPHMA : Av O gival TG§n @avTtaoTIKOU TETPAYWVIKOU owpatog K, kol a
gival proper KAaopaTiKO 10ewdeg Tng O , T61E TO oWHa K(j(a)) €ival To ring class
field Tng O.

AIMOAEI=H
To Bewpnpa gival TTpoPavhng cuveETTEID TwV AnuudaTtwy 3.3.2.3 kai 3.3.2.4

3.3.2.6 MOPIZMA : Av K c¢gival TETPAYWVIKO @QAVTAOTIKO CWHA apIOuwyV , TOTE TO
K(j(Rk)) eivai To owpa kAdoswg Tou Hilbert.

AMNOAEI=H
To ocwpa kAdoewg Tou Hilbert cival 10 ring class field Tng péyiotng 1a¢ng : Rk (BA.
Taparpenon 2.4.1.3). To {nTouuevo £mmeTal Twpa dueoa ammo 1o Bewpnua 3.3.2.5.

Eivar yvworo amé tnv mporaon 2.4.1.4 ori av L civail ro ring class field piag raéng
O rerpaywvikoUu eavraotikou cwuaro¢ K , 101e n ameikovion tou Artin  smayei
1oopopiondé C(O) - G(L|K). Twpa rmou ro Bswpnua 3.3.2.5 uag éxel xapakrnpioel
10 ring class field , gival uUOIKO OTI uTTOpPEi va TTPOOOIOPIOTEI IO CUYKEKPIUEVA KAl
o 1oouopeiouds C(O) — G(L|K). Avagépouus ornv ouvéxeia éva Bswpnua amo 1o
OTTOiO TTPOKUTITEI EUKOAA N pope@r Tou icopopeiouou C(0O) —» G(L|K). Amodeisic Tou
Oswpnuarog¢ umopouv va BpeBouv oro [Lang] Keg. 12 §3, Kep. 10 §3 , kabwg kai
oro [Cox] Bswp. 11.36 oeA. 240.

3.3.2.7 OEQPHMA : 'Eoctw O pia TA¢n o€ @AVTACTIKO TETPAYWVIKO cwpa K kai L
16 ring class field Tng O. Av a egivail éva proper KAaouaTiké 10ewdeg Tng O kal p
givalr éva TTpwTto 1I0ewdeg Tou Rk T1ou dev dlakAadifetar oto L , T1OTE
L|K

[T]ma» =j(pND - a).

2av dueoco mOpPIoHA TOU TTAPATTAVW BswPNATOC AVAPEPOUNE TTAPAKATW TTWS MITOPEI
va xapakrnpiorei o ioopoppiouos C(O) —» G(L|K) tng mpoéTaong 2.4.1.4

3.3.2.8 MOPIZMA : 'Eotw O pia Tagn o€ @AvVTAOTIKO TETPAYWVIKO cwWpa K pe odnyod

f ko L 16 ring class field Tng O. Ta kAdBe proper KAaopaTiko 10ewdeg as Tng O

mpwTto TMPog 10 f , TO OTOIXEIO TO ¢£ ( afRk) ¢ G(L|K) , yia m=fRg ,
K,m

TPOKUTITEI WG £§NG : OcwpoUpe TUXaio proper KAaoHaTIKO 18ewdeg b Tng O (.. TO
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as) Ao Bswpnpua 3.3.2.5 1oxvel L=K(j(b)) , oréTe apkei va TTpoodiopioTei N TIMA TNG
¢£ (afRk) oTo j(b). lox0el Aoyw Tou Bewpriuarog 3.3.2.7 6m P ( aRx) (j(b)) = j
K,m R,m
ab). A@oU AoImrév £xoups XopakTnpiosl TTARPWS TO ¢£ (afRk) , XxapakrnpideTai
K,m
auTopata Kail o 1Icopop@iopog C(O) —» G(L|K) Tng pdétaong 2.4.1.4 OTwg @aiveral
mapakdTw (BA. poétaon 2.4.1.4) : Na kabe avrimpéocwto a kKAdong Tng C(O) ,
Taipvoupe Tuxaio rpwTto TPOg 1o f 10ewdeG af TTOU va AVAKEI OTNV KAAon Kai
opiouye TO OTOIXEIO (o ™m¢ G(LIK) va e&ivalr TO ¢£ ( afRk).
K,m
H avTioToixia a-H(O) — o, ETMAYElI TOV ICOHOPQPIONO TnNG TPOTAONG
241.4.
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3.3.3 H MODULAR E=IZQzH

3.3.3.1 OPIZMOZ : 1. 'Eoctw 14N O 0t QAVTAOTIKO TETPAYWVIKO ocWwua aplfpwyv K.
Me Ho(x) 0a cuppoAileTar TO avaywyo TToAuwvupo tou j(O)
mavw ammd 1o 0. H e§iowon Ho(x)=0 6a ovopdaleral eficwon
KAGoswv . Egiowon kKAdoswv 60a ovopddeTal KATaXPnoTIKA
Kal TO TTOAUWVUMO Ho(X).

2. Av DeZ kai utrdpyxel Ta§n O o€ TETPAYWVIKO CWHA ApPIOUWYV HE
dlakpivouoa ion pe D, 161E opifoupe Hp(x) : = Ho(x).

3.3.3.2 MAPATHPHZH : Emeidn yia 1a§n O o0& @QAVTAOTIKO TETPOAYWVIKO CWHA
apiBuwv K, 10 j(O) eivar aAyeBpikdg aképaiog (BA. poéTaon 3.3.2.2) , €XOupE OTI
Ho(x)eZ[x].

3.3.3.3 MPOTAZH : Eotw O pia Td4gn o€ @AVTACTIKO TETPAYWVIKO CWHa apiBuwyv K.
Oétoupe h:=h(0). Av {as,az...,an } €ival TTARPEG OUVOAO AVTITIPOOWTTWYV KAACEWV

g C(0) , T61e Hofx) = [ [tx- ita) -
i=1
AMNOAEI=H
A6 10 Bewpnua 3.3.2.5 €xoupe 611 10 L:=K(j(O)) civai 1o ring class field Tng O ka1 atd 10 1
Tou Afuuatog 2.4.2.3 tpokuTrTel 6T N emmékTtaon L/K eivalr Galois. ETtriong , 10 3b ToUu
Mupuartog 2.4.2.1  cuverdyetal 611 LNR = Q((O)) ka1 10 3a TOU idlou AfuuaTtog divel OTI
n eméktaon LNR / O eivar Galois. Ao Tov oplopd TG e€iowong KAGoewv EXOUME
emopévwg Ho(x) = [ - o(i(9). Oa Bei€oupe 611 Ho(x) = []x - o(j(9)).  Apxika
0eG(Q(9) 19 0G(LIK)
deixvoupe 0Tl {oqr| 0€G(LIK)} < G(LNR |@). Mpaypan , oe G(LIK) , 161e 0eG(L|Q).
Emeid n eméktaon LNR / 0 eivar Galois , 10 cwpa  LNR  eivalr euotabig evdidueon
emméktaon g L/0 Kol eTTOPEVWG TO o Eival auTopop@Iopds  Tou LNRE. EEGAAou
0eG(LIK) , omdte n o a@rvel avaloiwta Ta otoixeia Tou KNR=0 kai ouverwg
0eG(LNR |@).Ztnv ouvéxeia deixvoupe OTI # {o qr| 0€G(LIK)} = #G(L|K). TMpogavwg #
{onr| 0€G(LIK)} < #G(L|K). Apkei hoimrév va deixtei ot av 0,0'e G(LIK) WE o nr=0" nr
, 101e 0=0". Emeidn j(O)eLNR (BA. 10 2 Tng mpoTaong 3.3.2.2) , Ba £XOUME ok (
J(O))=0c" nr ((O)) = 0(j(0))=0"(j(O)). Emeidr 6pwg 0,0'e G(LIK) kar L= K(j(O)) , Ba 1oxUel
TeEANKG 0=0". 'Exoupe emopévwg {onr| 0€G(LIK)} =G(LNR |@) (BA. To 3a Tou AjupaTog
2.4.2.1.). A6 10 2 TnG TTpoTaong 3.3.2.2 €xoupue 611 0 j(O)elk , omote  { 0(j(O)) | e G(LIK)
} = { onr((0)) | 0eG(LIK) } = { 0(j(O)) | oeG(LNR |0}  Zuvemg Ba éxoupe  { o(j(O)) |
0eG(LIK) } = {0(j(0)) | 0eG(Q((O))|0)} , mpdyua  Tou onpaiver Ho(x) = G(QQDE; : o(j(D))
0eG(Q(j

= H(x - 0(j(9))). A6 TOV 100popYIoud C(O) — G(L|K) Tou TTopiopaTtog 3.3.2.8 TTPOKUTITE

GeG(LIK)

om G(LIK) = { o, | 1<t<h } kai €101 Ho(x H[x o (J(O)].  Xwpig TTEPIOPIOPO TNG

1<t<h
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YEVIKOTNTAG PTTOPOUNE Va UTTOBECOUNE OTI OAa Ta a; , 1<t<h , cival TTpwTa TTPOS 1O f (BA.
moépiopa 2.2.3.10). Amo 10 mopiopa  3.3.2.8 Ba mapoupe om Vie{1,2,...h} , o, (f(O)) =
jla; O) = j(ay-9) = j(ay) (MOyw TOU 6T O=9 amd v Tpdracn 2.2.1.8). Twpa 1O
{a;,a5,...,a,} €ival TTANPEC OUVOAO QVTITIPOOWTIWY KAGCEwWV yia TNV 1a¢n  9=0 , Kal
ouvettwg {j(ay) | 1<t<h } = {j(a,) | 1<th }. ZuvowilovTag Ta TTapammavw £xoupe : Ho(x)
=1 1x - o oM = [1x - s = []x - ta).

1<t<h 1<t<h 1<t<h

3.3.3.4 MMOPIZMA : 'Ectw O pia Tagn o€ @AVTAOTIKO TETPAYWVIKO cwua apifpwv K.
Av a gival éva proper KAaopaTiko 1I8ewdeg Tng O , T6Te Irr(j(a)|@)(x) = Ho(x).
AMNOAEI=H
Av {ai| 1<t<h } e€ival TARpeg auvolo avTimpoowtTiwy TNG C(O) , 161E a1d TNV TTPoTACN
3.3.3.3. £xoupe Ho(x) = H(x - j(ay)). Xwpig TTEPIOPICPO TNG YEVIKOTNTAG BEWPOUNE OTI N
1<t<h
KAGon a-H(O) tou a otnv C(O) ecivai n a;-H(O) , omére j(aq) = j(a). To j(a)
eTmopévwg eival pifa Tou Ho(x) 1O otoio eival avdywyo Tmavw amd 1o 0. Emopévwg

Irr(j(a)|@)(x) = Ho(x).

lNa Aoyoug mAnpornTac ava@époups To MAPAKATW Oswpnua mou OuvodEEl TNV
modular §icowon ue Tnv e§iowon KAdoswv.

3.3.3.5 OEQPHMA : 'Eotw mel eAéuBepog TeTpaywvou. lMa kdbe T1afn O umrdpxel
Teh pe O = Z+1Z (BA. 10 2 TG TTPOTAONG 2.2.1.10 Ka1 BéTOUME r(O,m):= #{ ocC(m) |

j(o-1)=j(t) }. loxoel 6T urdpxel cmeC-{0} woTe ®p(x,x) = cmHHD(x)"D'“‘) 6TTou 1O
0

YIVOHEVO €ival TTAVW O€ OAEG TIG TASEIG TETPAYWVIKWY CWHATWY Kal To "+" dnAWVEl
om vyia tageig 0,0 TeTpaywvikKwv cwpdtwyv KK' avriotoixa pe Ho(x) = Ho(x) ,
MOvo éva €K’ TwVv Ho(x) , Ho(Xx) epavileTal oto yivopevo. (BA. [Cox] Bswp. 13.4 o€A.
287).

Avagépouue TEAog, xwpic amrodsién , To akoAoubBo Oswpnua

3.3.3.6 OEQPHMA : Av O cival Tadgn o€ QAVTAOTIKO TETPAYWVIKO owpa K, T1oOTE
UTTAPXEl aAyopiOpog utroAoyiopou TnG e§iowong KAdoswv Ho(x). (BA. [Cox] oeA.
286-298).
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§4 TO TEAIKO ©GEQPHMA

3.4.1 TO TEAIKO GEQPHMA

2Komo¢ TG mapaypdeou 3.4.1 aAAd Kai 0 yeviKOTEPOS OKOTTOSC OANG TN gpyaociag
givar n amrédeién rou Oswpnuarog 3.4.1.3. Zekivouue avapépovrag xwpic amodeién
TNV akoéAouln mporaon ( Amodei§n tne mporaong umopei va Bpebei oro [Deuring]
kai oro [Lang] §13.4.)

3.4.1.1 MPOTAZH : 'Eoctw 04,0, TALEIG OE QAVTACTIKA TETPAYWVIKA owpata Kq,K;
AVTIOTOIXO KOl aj,az proper KAAoOHATIKA 10ewdn Twv 04,0, avrioTtoixa. ‘Eotw
emiong L éva cwpa aplBuwyv 1Tou va TrepiEXel Ta j(aq) , j(az) ko q éva mTpwTto
1I0ewdeg TOU R . OETOUNE HE p TOV HOVADIKS TTPWTO APIOUO TTOU UTTAPXEI OTO (.
Av 1o0xU0UV Ta ak6Aouba :

1. j(a1)%i(az).

2. "K=K;" — "p/cond(O,) ka1 p|cond(Oz)".
ToTe 10X0EI N TTAPAKATW CUVETTAYWYN :

"j(a1)=j(az)(modq.)" — p¢ ( spl(K1)Uspl(Kz) ).

3.4.1.2 NOPIZMA : Eotw DeZ pe D<0, D=0,1(mod4) ka1 D=0. '‘EcTw emiong p évag
TEPITTOG TTPWTOG APIONOG Kal O pia TAEN TETPAYWVIKOU @QAVTOCTIKOU CWHATOG
apiBuwyv K pe do=D. loxUouv Ta ak6Aouba :
1. Av o p Biaipei Tov 6TaBepd 6po Tou Ho(x) kau Q(+/D )=0Q(+v-3 ), TOTE
1I0XU0UV TA TTOPAKATW

a. (%j #1.

b. p=3 A p=2(mod3).
2. Av o p diaipei Tnv diakpivouoa Tou Ho(x) , TOTE (E) #1.
P/,

ANOAEI=ZH
Oa Béooupe kar apxrlv  h:=hp «kai Ba Bswpnooupe {as,az.. an} £€va TTANPES oUVOAO
avTImpoowTwy KAaoswv g C(O). H mpdtaon 3.3.3.3 divel Hp(x) =H(x - j(a)). O

1<t<h
oT00ePOG 6poG Tou Ho(x) €ivalo ¢ = (-1)th(at). O¢étoupe L:=0(i(a1),j(@z),...j(an)).
1<t<h

1. 'Eotw 611 p|c. Av mmdpoupe g €va TTPwTo 1I0ewdeg Tou L mévw atd 10 pZ , TOTE : plC
— Ceq. Zuvemrwg Ba utmapxel to pe 1<t,<h , woTe j(a, )eq. EMedA j(w)=0 (BA. T0 1
g mpoéTaong 3.1.2.9) , Ba éxoupe @ j(a )=i(w)(modqg) (= 3.4.1.2.1) OcTouue
Ki:=Q(v/D) kai Kai=0(w) , (w=e®™3). Emed K, = O(+- 3) , Ba £€xoupe ommd TNV
utmoBeon  om KizKz. Oa deigoupe o111 j(ay )~ j(w) (2 3.4.1.2.2) MNpayuar , j(w)=0
(BA. T0 1 Tng TpoTaong 3.1.2.9) , omote av j(a, )=j(w)=0 , TOTE c=0 , omdre 10
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TTOAUWVUPO Hpo(x) Ba diaipeital ye 10 X, TTPAYPA ATOTTO A@oU TO Ho(x) eival
gg’'opiopgol avaywyo. Oftoupe O1:=0 kai O2:=Ry =Z[w]. H mpoétacn 3.4.1.1 divel
on pe (spl(Q(w)Uspl(Q(vD)). A6 ToV vOuo avAAUCNG OTA TETPAYWVIKA CWHATA
ap1Buwv Ki=0(¥D) kai Ko= Q(+- 3) (BA. TpdTaon 2.1.1.7 £XOUdE TWPA : (E) 21 (

2
ouvémela Tou 61 pespl(Ky) ) kar “p=3 1 p=2(mod3)” ( cuvérmela Tou 0TI pespl(Ky) ).
2 H diakpivouoa tou Ho(x) eival dy = H(j(ai) - j(a;))* . Mapartnpoulpe 61 j(a)eR. ,

1<i<j<h
vte{1,2,...,h} (BA. TpoTaon 3.3.2.2) , KAl CUVETTWG ETTEIDN OTTO UTTGOEON I0XUEI Pp|dy;
, Oa pémel dyep-Ri. AvoAuovtag 1o p- Ry o€ TpwTa 15ewdn Tou R, BAETTOUpE OTI
TO dy_ QVNKel 0€ KAOE TTPWTO 10eWdeg TOou Ry MAvw atmo 1o p. 'EoTw Aoimdv g éva
TTPWTO 10eWdEG Tou Ry TAvw atro 1o p. ETeIdn dy; eq  Ba €xoupe 6T UTTAPXOUV io,jo
, M€ 1<ic<jo<h , WOTE (j(a; ) - j(a; ) €Q- ZUVETIWG  j(a; )=j(a; )(modq). MdahioTa ,
emedn io#o , Oa €XOUME j(a, )#j(a; ) (BA. TO 1 Twv Taparnpriewv 3.1.3.10 kar v
TpoTaon 3.1.2.7). AlakpivOUUE TIG TTEPITITWOEIG :
1" Mepirrwon : pjD.
2TnV TEPITITwon auth , Ba 1oxvel kar pfcon(O) (BA. To 1a TG
mpoTaong 2.2.1.10 ) , omdte n mpdtaon 3.4.1.1 (1Tou epapudleTal yia
01=0,=0 ka1 K1=Ky=K ) divel 611 pespl(0(/D) kal CUVETTIWG , aTTo
Tov vOUO avaAuong O€ TETPAYWVIKA cwuata apiBuwv Ba 1oxUel

(2] 21 (BA. péTaon 2.1.1.7).
P/,

2" Nepimmwon : p | D.
Tote , €€ opiouoU (B} = 0 #1. Ze KGBe TEPITTTWON AOITTOV £XOUE
P/

(Rj #1 KOl TO ATTOBEIKTED IOXUEL.
P/y

3.4.1.3 OEQPHMA : Av n €ival QUOIKOG apIiBuOg , TOTE UTTAPXEI MOVIKO aVAYWYO
moAuwvupo f,(x)eZ[x] Paduol icou pe h(-4n) , wWoTe yla KAOE TTEPITTO TTPWTO
apiBudé p vaioxuein akoAoubn iIcoduvapia :
' (L‘) =1 kai n fy(x)=0(modp) eivai emiAvoIpn oto 2"

P/,

EmimrAéov , utrdpxel aAyopiBpuog utroAoyiopou Tou fh(x).
ANOAEI=H

©t¢toupge  K:=0(+-n). To oclvoho O:=Z+-nZ cival pia 1a¢n Tou K (BA. T0 IV g
mpoTaong 2.1.1.5 kai Tnv pdétaon 2.2.1.4). loxuel do=-4n (BA. opioud 2.2.1.9). 'Exoupe
H.an(X) = Ho(x) = Irr(j(+-n)|Q)(X). Oétoupe fo(X):= Han(X) kot a:=j(O)=j(J/-n). A6 TV
mpoTaon 3.3.2.2 éxoupe OTI TO A gival  TTPAYMATIKOG aAYERPIKOG aképalog Kal atrd TO
Bewpnpa 3.3.2.5 mrpokuTTel 611 TO cWpa L:=K(a) eival To ring class field Tng tagng O. To
Bewpnua 2.4.2.5 emopévwgs , Ba dwaoel 0TI yia KABe TTepITd TTPWTO  apPIBPNO p TToU Oév
Siaipei TV Siakpivouoa Tou f, 10XUEI N akGAoudn 1coduvapia @ " Ix,yeZ: p= x>+ny* " <"
(;“) =1 kai n f,(x)=0(modp) emAUOIuN aTo 2" Mével va deixTei AoITtdv 6Tl N TTapATTAvW

P/,
Icoduvaia 1oxXUel Kal oTnV TTEPITTTWOon Tou 10 p  Olaipei Tnv diakpivouca Tou  fi.
Maparnpoupe 611 yia TTEPITTOUG TTPWTOUG apPIBPOUG p TTou diaipouv Tnv dlakpivouoa Tou f,

"3Ix,yel: p=x+ny’" o'
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IOXUEI (Qj #1 (BA. T0 2 TOU TTOpPicPaTOG 3.4.1.2) , oTrOTE €1TEId] D=-4n , Ba 10X VeI (Jj #1.
p 2 p 2

Oa deigoupe OTI O€ TTEPITITWOEIG TTEPITTWV TTPWTWV APIBUWYV TTou diaipouv TNV dIaKpivouoa
Tou f, dev  10XUEI OUTE TO APIOTEPO PEAOG, OUTE TO OECIO HENOG TNG TTAPATTAVW I00OUVAUIOG
Kal ETTOPEVWG N 1I00duvapia Ba gival aAnBnig. MpdayuaTt, av p €ival TTEPITTOG TTPWTOG TTOU
O¢ev diaipei Tnv diakpivouca Tou f, , TOTE
[l 10 aploTepd PEAOC : Av uTIipXav X,yeZ pe p=x>+ny? , Oa ioxue : x’=-ny*(modp) — 1 =

[Xz] = [”Vj =(ﬂj , TIPAYMa ATOTTO aQoU TTPONYOUNEVWE JEifape

P 2 P 2 2
OTI yia  TEPITTOUG TTPWTOUG aplBuols p  Tou dlaIpouv Thv
dlakpivouoa Tou f, 1oxUEl (J) #1.
P/,
MNa 10 6€€16 PEAOG @ To Oe€I6 HEAOG Bev 10XUEN YIATI yia TTEQITTOUG TTPWTOUG aplBuous p
TToU dlaIpouv Tnv dlakpivouoa Tou f, 1oXUEl [Jj #1.
P/,

TéNog , To Bewpnua 3.3.3.6 pag divel 611 uTtdpxel aAyopiBuog utTToAoyiouoU Tou f.

3.4.1.4 IXOAIA : 1. To fswpnua 3.4.1.3 yevikelel yvwoTd amoteAéopara. M.x. yia
TNV éKQPOON TTPWTWV aPIBUWY aTrd TNV HopPl X*+27y* To ring
class field Tng Tdéng O=Z[27] eivai To K(32) , oméTe Ho(x)=x>-2
(BA. rpéTaon 1.3.4.4).

2. Ta moAuwvupa Hp €ival yevikd ToAU 8U0KOAO va utToAoyioTOUV
ASyw TwV TTOAU MEYAAWV ouvTeAEOoTWYV TOUG ( Tr.X. YIa Tagn O
pe Siakpivouoa -56 1oxuel :  Ho(x)=x* - (28-19-937-3559)x> +
(2%°-3-21323)x + (28-11%2-17-41)%, OTmToU 01 CUVTEAEOTEC  £XOUV
avaAuBei o€ YIVOUEVO TTPWTWYV ) KAl CUVETTWG To Bewpnua 3.4.1.3
mapd Tnv TEPAOTIO OewpnTIKA adia Tou , €XEl HEIWMEVN
UTTOAOYIOTIKH) onupaoia. MAnpo@opIakd ava@époupe OTI gival
duvatév va XapokTnpliotouv Ta ring class fields
xpenoipotroiwvtag Tnv 3" pifa Tng j - avaAAoiwTng Kabwg Kai
OUVOPTAOEIG Weber , mpdypa 1Tou €&l WG OUVETTEIQ TTIO
€UXPNOTEG UTTOAOYIOTIKA TTapaAAayég Tou Bswpnparog 3.4.1.3.
Mapatréutroupe Tov £dia@epopevo oto BiBAio Tou Cox : [Cox].
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2YMBOAIZMOI

Me [Nl Ba cupBoAileTal To GUVOAO TWV QUOIKWY apIBuwy : 1,2.3.4, ...
Me I, Ba cupBoAiCeTal To ouvoAlo NU {0} .
Me Z Ba ocuuBoAileTal TO OUVOAO TWV QKEPQiWY apIBUWV.
Me 0 Ba cupBoAileTal To oUVOAO TwV PNTWYV CPIOUWV.
Me R 6a ocupBoAileTal TO 0UVOAO TWV TTPAYHATIKWY apIOUwWV.
Me C Ba oupBoAileTal To GUVOAO TwV PIYadIKWVY apIOUWV.
Me P 8a oupBoAileTal To GUVOAO TWV TTPWTWYV AKEPAIWY APIOPWV.
Me P* 8a cupBOAIZETaI TO GUVOAO TWV TIEPITTWV TIPWTWY AKEPGIWY APIBUWV.
Mo SakTOAo R , Ba oupBoAiletal pe R™ A pe E(R) To 0UVOAO Twv HOVABWVY (
avTioTpéWiua oToixeia ) Tou R. (Mpo@avwg , av o R gival owpa 16Te R'=R-{0}.)
Nna dakTuAIo R Kal ueR , Ba cupoAileTal pe Ass(u) TO GUVOAO TWV CUVETAIPIKWV
oToIXEiwv Tou u. ( Twv oToIXEiwv Tou R dnAadr TNG HOPPNAG €-u , OTTOU € JOVAdA
TOU R.)
MNa aképaia repioxn R , 6a cupPoAicetarl pe quot(R) To cwpa TnAikwy Tou R.
MNa m,nell kar S olvoAo , Ba cuuBOAICETAI HE Myn(S) TO GUVOAO TWV mxn TTIVAKWY
ME oTOoIXEia aTTd TO S.
Me I, 8a oupBoAiCeTal 0 povadiaiog TTivakag nxn.
MNa teTpaywvikd trivaka A Ba cupBoAiletal pe det(A) /| Pe |A| n opiouoca Tou A.
MNa G,G' opadeg ( dakTUAiIOUG , CWHPATA , BIAVUCUATIKOUG XWwpPoug ) Ba
oupBoAiCetal ye Hom(G,G') To oUvoAo
TWV opopopPiIouwy G — G'.
MNa G oudda ( dakTUAIO , cwua , diavuouaTikd Xwpeo ) Kal H uttoopdda (
UTTOOAKTUAIO , UTTOOWHA , UTTOXWPO TNG G Ba cupBoAideTal pe
Endu(G) 10 0UVOAO TWV €vOoPOPPIoPWY TNG G TTOU OPrivouVv Ta OTOIXEIA
NG H avaAAoiwTa.
Auty(G) TO OUVOAO TWV QUTOMOPQPICHWY TNG G TTOU A@AVOUV Ta OTOIXEIO
™G H avaAAoiwrTa.
MNanell, Ba cuuBoAiCeTal pe S, N opdda peTaBéaewy Tou ouvolou { 1,2,..., n }.
Emiong pe A, 6a oupBoAideTal n utTtooudda TG S, TV APTIWV PYETABETEWV.
lNa R dakTuAIo Kal M éva R-module pe a,beM , Oa cupBoAileTal ue <a,b>g TO
OUVOAO TwV R-ypapuIKWY OUvOIOOPWY TwV a Kal b. AnAadr) <a.b>r = {Ka+Ab |
K,AeR }.
MNa S dakTUAIO Kal R uttodaKkTUAIO TOU S e xS Ba oupPoAideTal pe -
R[x] , 0 OAKTUAIOG TWV TTOAUWVUNIKWY EKPPACEWV TOU X ME
ouvTeEAEOTEG aTTd TO R.
R(x) , TO cwpa TTNAiKwv Tou R[x].
R[[x]], 0 OOKTUAIOG TWV TUTTIKWYV dUVANOOCEIPWY TOU X HE
OUVTEAEOTEG aTTO TO R.
R((x)) , To owpa TNAikwy Tou R[[x]].
R<x>, 0 OKTUAIOG TWV TUTTIKWYV JEPOUOPPWY dUVANOOTEIPWY TOU X
(ogipwv Laurent )
ME ouvTeEAEOTEC aTTd TO R.
R<<x>>, 10 owpa TTNAIKWV Tou R<x>.
‘Evag aképaiog apiBPog pe Tnv 1810TATA va un dlaipeital ammd Kavéva TETPAYWVO
akepaiou aplBPou Ba ovouddleTal "eAeUBEPOG TETPAYWVOU".
MNa pnt6 apiBud m o cupPoAiopog m=0 Ba onuaiver 611 0 m gival TETPAYWVO
pnTtou apibuou.
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MNa pnt6 apiBud m o cupPoAiopos m=0 Ba onuaivel 611 0 m dev gival TETPAYWVO
pnTtou apiBuou.

Me 0 Ba cupBoAileTal To uNdevIKO aToIxEio pIag ouddag.( My 1o 0 yia cuvapTAoElg
gival n undevikr ouvapTnon , 1o 0 yia 16ewdn gival o PNdevIKO I0EWAEGS , K.0.K. )

Av K owpa kal u éva oToixeio aAyeBpikd Tou K, 101 pe Irr(u/K) Ba ocupBoAieTal To
€AAXIOTO TTOAUWVUNO Tou u TTavw a1ro 10 K. Eidikd , av K=0 161€ Ye Irr(u|Z) Ba
oupBOAiCeTal TO avAYWYO TTOAUWVUUO TOU Z[X] ME MEYIOTORABUIO OCUVTEAEDTA
OETIKO , TTOU TTPOKUTITEl ATTO TOV TTOAAATTAACIOONS Tou Irr(u|() e To EAdXIOTO
KOIVO TTOAAQTTAGCIO TWV TTAPAVOUAOTWY TWV CUVTEAECTWYV TOU ( Ol CUVTEAEOTEG
Tou Irr(u|() BcwpouvTal KAdopata ag avaywyn popen). Eival elkoAo va dei kaveig
OTI TO u gival pia Tou Irr(u|Z) kal 6T oI GUVTEAEOTEG ToU Irr(ulZ) £€XOuvV PEYIOTO KOIVO
dlaipétn 1

Mo piyadiké apiBuod z , 8a cupBoAifoups pe z Tov piyadiké ouluyr Tou Kail Je ||| )
|z| TO HETPO TOU , €KTOGKaAI AV O z N Ol ||Z]|, |z| £XOUV OPICTEI TTPONYOUUEVWG WG
KATI d10popeTIKG. Me Rez 6a cupBoAieTal TO TTpAyUATIKO PEPOG TOU z Kal e Imz ,
TO QAVTOOTIKO HEPOG TOU z. MOAAEG QOpPEC Ba XpnOIKOTTOINBEI KAl 0 GCUMPBOAICHOG 7'
yia Tov z. ETiong TToAAEG QopEG OTO Keipevo To ypduua  "o" Ba gupBoAilel Tnv
MIyadIkry ouduyia.

Ma n,mel kar mivaka nxm A=[a;;lij-1..n , ME OTOIXEIO OTTO KATTOI0 CUVOAO S, Ba
oupBoAiZetal ue AT o avaoTpo@og Trivakag Tou A , SnAaSH o [aiilij=1..n . ETTiONG VIO
S=C , 6a oupBOAiZeTal pe A O TVAKAG [0 ]ij=1..n

lNa cwuoata L kai K, Ta ouyBoAa L/K % Kal LK Ba onuaivouv 611 KcL.

MNa emékraon cwpdatwy L/K , Ba oupBoAicetar pe (L : K) A pe [L : K] o BaBudg 1ng
emékTaong Kal he G(LIK) n opdda Galois TNG €TTEKTAONG.

MNa otTo1081TOTE GUVOAO S , Ba cUpBOAICeTal e #S A e |S| A pE card(S) , 0
TANBG&pIOuOG TOU S.

Kd&Be utrdowpa Tou G Ba Aéyetal piyadikd owpa Kal Kabe uttoocwua Tou R Ba
AEYETQI TTPAYMATIKO CWHA

PavTaoTIKO owua Ba AéyeTal KABE UIyadIKO CWPa TTou eV €ival TIPAYMATIKO.

MNa meZ 6a oupPoAileTal pe Z, o OakTUAIOG %

MNa nell kar R dakTUAio 6a cupBoAiletal pe sl(n,R) 1o UVOAO { AeMpyyn(R) |
detA=+1}.

Me h Ba cupBoAiletal To dvw Piyadiké emitredo : {zeb| Im(z)>0}.

MNa a,BeC kar meZ, 10 oUPPoAo a=R(modm) Ba onuaivel 0TI uTTdpxEl keZ Pe
a=B+km.

MNa opdda (G,*) e geG kal kavoviki uttooudda H tng G, Ba cupBoAideTar pe [g] (
N MeE [glu Y1a akpiBeia ) 1o coset gxH TG g otnv G.

MNa ay,0,,...,aveZ , 8a oupPoAileTal ye MKA(ay,qs,...,0y) TOV HEYIOTO KOIVO dIaIpETN
TWV Q1,0,...,0v€Z KAl YE

EKM(ay,q,,...,ay) TO EAdXI0TO KOIVO TOug TTOAAATTAGGCI0. OTav eV UTTAPXEI
Kivduvog TTapepunviag 8a cupBoAifeTal  pe (ay,0y,...,0y) 0 MKA(ay,a,,...,0y) Kal UE
[a1,00,...,0¢] TO EKIM(ay,05,...,0y).

Ma zeC-{0} , 10 ™ Ba oupPoAieTal pe g, ETriong 1o w Ba cupBoAilel o §; av
OeV £XEI KOBOPIOTEI TTPONYOUNEVWG WG KATI DIOPOPETIKO.

MNa aAyeBpikd cwpa apiBpwy K, 10 Po(K) Ba cuuBoAilel To alvoAo Twv
TTETTEPACTHEVWY TTPWTWV Kal TO P(K) , Ba cupBoAilel To cUvoAo Twyv atreipwyv
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mpwTwyv ToUu K. To P(K) Ba cuuPoAilel To olvoAo dAwv Twv TTpwTwV Tou K. (
AnAadn P(K)=Po(K)UPx(K) ).

MNa emékTaon aAyeRpikwv cwudtwyv apiBuwv L/K , 6a cupBoAiletar pe spl(L/K) A
spl(%) A spl(Lg ) To olvoAo

TWV TTETTEPACPEVWYV TTPWTWV Tou K TTou avaAuovTtal TTApw¢ oTo L. ETTiong 10
spl(K/0) Ba oupBoAiceTal kai spl(K).

Av L/K gival eTTékTaon aAyeBPIKWV CWHATWY apIBuwy , TOTE PE spl(L/K) 1 YE

sﬁl(%() N ME sﬁl(%), Ba cupBoAiletal To auvoAo :{ p ePy(K) | 0 p dev diakAadileTal

oTo L kai uttdpyel qePo(L) Tédvw atod 10 p, PE f(ij =1 }. Emiong e spi(L) Oa
P

oupBoAiCeTal TO OUVOAO spl(L/ Q).

Av ST €ival dUo oUvoAa , TOTE 0 CUUBOAIOUGS SéT Ba onpaivel Ot UTTAPXEI

TTETTEPACUEVO OUVOAO E, woTe

S < TUE. Etriong, o cupBoAiopog ST 6a onuaivel ot SéT Kal Té S. (O1wg
@aiveTal atro Toug opIouoUg ,

0 CUMBOANIOUOG S-T onuaivel 6T Ta S, T dla@EPouV KATA TTETTEPACUEVO TTANB0G
OTOIXEIWV. )

Av R gival dakTUAIOG Kai S gival uttepdAKTUAIOG Tou R T16TE yIa XS Ba
oupBoAiCeTal e R[X] 0 dAKTUAIOG TwV TTOAUWVUUIKWY EKPPATEWY TWV OTOIXEIWV
TOU X Y€ OuvTeEAEOTEG aTTO TO R Kal pe R(X) 10 quot(R[X]).

Av R gival dakTUAIOG , Kal f(X) €ival oToIxEio TOU daKTUAIOU TTOAUWVUPWY R[X],
16T 0 BABPOGS TOu TTOAUWVUPOU f(x) Ba cupBoAileTal pe deg(f) A deg(f(x)).

MNa ouvoAa A,B,I" pe AcB kai ouvdptnon f: A > I 8a cuppoAideTal pe fig O

TTEPIOPIOPOG TNG £ OTO OUVOAO B.
MNa L/K Galois eTTEKTOON AAYERPIKWY CWHATWY OPIBPWY Kal q TTPWTO [N
d1akAadICOuEVO 10eWdEG TOU L Ba
OUMBOAICeTaI e {ﬁ} TO oUUPBOAO Tou Frobenius. ( AnAadrh 1o {H—K} gival 1o
q q

povadikd aToixeio TNG G(L|K)
HE TNV 1ID16TNTA {ﬁ} x)=x"®(modq) , VxeR. 6mou p=KNRL). ETriong otnv

q
TTEPITTTWOoN 1ou N L/K gival
apeAiavn) , b {%} Ba oupBoAieTal TO CUPPBOAO Tou Artin yia TTPWTO p Tou K un
dlakAadIfouevo oTo L.
MNa eTékTaon aAyeRpIKwv cwudTtwy apiBuwyv L/K kal p, g TTpwTa 10£wdn Twyv K,L

QvTIOTOIXO WOTE TO q Va gival  TTAvw oTTd TO p , Ba cupBoAifovTal pe f[ﬂj ,e[ﬂj o
p p

Babudg adpaveiag kal 0 deiKTNG dDIOKAGdWONG TOU q TTAVW  ATTO TO p AVTIOTOIXA.
Emiong pe t(i) Ba oupPBoAiletal To _ [L:K] |
*’ (4
p/ \p
Ma Tuxaia uttooUvoAa S, T Tou G, woTe 1o T va gival avoixté , 7o auuBoAro H(T ;

S) 6a cupPBoAilel To cuvoAo Twv oAduopYwyv cuvaptioewv T — S. (To H(T ; S)
€ival avTIHETABETIKOG OAKTUAIOG XWPIG UNOEVODIAIPETEG).
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