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YupPBoiouof

> 6h0 10 POV xeluevo, ue ¢ Vo cupBoiiCouue TNV pavtaoTixr povada. Me
Gn Vo oupPohriCouue Ty Tpwtapy e otla e Lovadac e, n e Nevd o (s
ouyvd Yo oupBorileton xou we w. Av Q(y/m) mporypatind odua apltiudy UE &y,
Vo oupBoiiCoupe Ty Vepehtddn povdda tou. ['a éva Soxtolo R oupBoiiCouue
ue R* tnv mohhamlactooTixy oudda v povidwy tou. Av F' éva ahyeBpixd
owua apriuwy e Rp Yo oupBoiiCoupe tov doaxtiAlo TV axepalwy ohyeBoixmy
autol xou yio xdde 18ewdec a < F touv Rp | o € Rp pe Np(a), Np(«)
Va oupBoriCoupe tig avtiotoryeg améhutes (Snhadh we mpog to Q) norms.
Av F'/F elvar Galois enéxtaon ahyeBpxdv ooudtwy aprduov,ue G(F'/F)
Vo ovpBorilovue v avtiotoyn oudda Galois xau, av emmiéov n F'/F elvou
offetavy| xou P elvon TewTo 13eWOEC Tou F' ToTE UE [¥] Vo oupPohiCoupe to
oOufolo Tou Artin yio Tov mpwto p. o plo enéxtaon tou Galois ahyeBoxy
ooUdTLY oprdudy F' [ F xou éva tpwto p tou F' e sply (F'/F) Yo oupBohilouue
T0 oGP avdhuone Tou p oty F'/F. Emmiéov, av o p Sev dohadileton otny
F'/F ye fo(F'/F) Yo oupBohilovpe pe tov xov6 Podud adpaveiog Ghwy tomv
TewTwy Tou F' tove and 1o p otny F'/F xaw 6tay F = Q, ydpw amhétnrog,
Va oupPoriloupe 10 frz(F'/Q) ve fp(F') xou 1o splyz(F'/Q) e spl,(F'). Av
F elvar oodpa aprduoy, p évac tenepacuévog npwtoc Tou F', o € Rp xoun € N

ue p { an, ¢, € F t6te 10 (2), Vo oupPorilet to n-otob Baduod chyBoro tou

a
p
a

Legendre . Ankadf) to (3),, opileton oav 1 povadu] n- pllo ™ povddog
ol Gote o i = (5)n(modp). Etvar yvewoté 6t (BA. [3] doxnon 5.13):
(%)n =1 ovxoupovoavrn a=z"(modp) elvor emAdown otov Rp
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[l v mepintwon n = 2 Yo tapaieitovye Tov delxtn n.

‘BEotw D évac, ehedlepoc TETpay®dVOL, aevnTixdc axépatog TETOLOC WOTE
D = 0,1(mod8). Tpdgouue D = f2Dy, émou Dy Yepehddne Staxpivouca
xau f € N. Me H(D) ©a cuuBoliloupe v oudda xAcemv 6Aov Ty VeTixd
OPIGUEVRY TEOTURYIXWY SUAOIXDY TETPAYWVIX®Y Hop@oV Staxpivovoac D xat
ue A(D) (n amh& h) v 18&n e H(D). Eoto k = Q(v/Dy). Me k(D)
Vo oupPBoiiCoupe to ring class field modulo f tou k. And tnv Vewplo x-
NGEWY COUATWY €youue, uéow Tou ouufBohlou tou Artin, Toug axdhouvloug
LGOUOPPLOUOUC

~  Li(f)
" Pea(f)

Ed& Ii(f) etvon n opddor Ohwv v dewddv tou k mou elvon mpota tpog 1o f

H(D) < «— G(k(D)/k).

xot Prz(f) eivou m vmoopdda tov xuplwy dewddy aRy tne Ix(f) 6mov a €
(Z+ fRy). Méow twv mopandve toopopglouoy 1 exéve evoc C' € H(D) av-
TioTolyel 6To oluBoio Tou Artin [%] ‘Eotw tdpa e évac etinde axépotoc.
Me H.(D) Yo oupforilouvpe 10 yvouevo 6wy twy ¢-Sylow utoouddwy tou
H(D) yw 6houc toug mpdhtoug dtawpétes g tou e xat ue he(D) (f anhd h,)
™y td&n tou. ‘Eotw H(D) = H.(D) x H.(D). Me h,(D) (f anhd A.) Vo
oupPoriloupe v td€n tou H.(D) xau emouévec (R, e) = 1. Me k(D) Vo
oupPoAiloupe to udowpa Tou aduatoc k(D) to omolo avtioTtotyel oV opddo
H!(D). Yuvente 1o ooua k(D) elvon enéxtaon ool ke mdve and to k to
omolo meptéyet Gha to evdidueca owpata tne k(D) /k tov onolwy o Badude név-
w ond 1o k Soupel 0 he. Elvar npogavéc 6ti ta He (D), k(D) xAn. e€optddvon
UOVO OO TO GUVOAO TOV TEOTWY SLOUPETMY TOU € Xl O)L aTo Toug eXVETES UE

4 7/ / 7 7/
TouC omoloug eugaviCovion oTNY avdAUCT TEWTWY Tou e 010 Z. Av H elvou pia
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vroopddo e He(D), ue LS) Yo supBoiiCovpe To oOUA TOL AVTIGTOLYEL 0TV
H péow avuotoyioac Galois otny k.(D) xou, av H = (C, Cy, ..., Cy), t61€ 10

WU, LS) Vo to ouuBoiiCoupe ue L(gl),@’_‘_ o Téhog, yia éva otoryelo C' e

»~r
H (D) xou éva axépono m, n napdotacn C' — m Yo Selyvel 61t 0o m nopiototon
and vy C' xaw 6tay ypdgoupe yio pla opddo G 6t G = (my, my, ..., m;) Yo

evvoolue 6Tt N G elvor offehtovi| xon Tapdyeton ané [ ototyela Tdlewy my, ma,

ooy T AVTIOTOLY AL
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Ewooywy

[otopixd, n uehétn mopdotaone aptducdy YEGEK SUASLXWY TETEAYWVIXDY Lo~
OV, SNAadA péow popedv Tou TOTou: ax? + bry + cy? éTou a, b, ¢ € 7, Topo-
Téunel oe epyooiec xou uerétec tou Fermat. O Fermat oe éva ypdupo tou
T0 1640 otov Mersenne avagéoeton 0NV TUEAGTACT TEWOTOY AELIUGY ond TNV
wopwh 22+ 42, xou o€ xatomvd ypdupata Tou Teog To Pascal 1o 1654 avapépe-
ol 6NV TopdoTaoT TEOTOY aptdudy and Tic poppéc 22+ 2y?%, 22+ 3y%. [dve
ot anoteAéopota xou Ti¢ etxaciec Tou Fermat epydotnxe apyotepa o Euler
EVE 1) OUCTNUATIXY UEAETN) TV BLUBIXWDY TETRAUYWVIXDY HOPPOY UE UXEQALOUC
ouvteheoTég Zexlvnoe apyotepa amd tov Lagrange (o omoloc mpwtoc etofyoye
Tic déec e Stoxpivouoag, Tne tooduvapiog xat Tne avnypévng woppnc). Tlopd-
Ao Tou oL €YVOLEC TNC OUVIEONC TETRUYWVIXGY LOPPHY xS xot Tne Vewplog
YEVOUC NTay xaTd xdmoto TedTo “xpuuuevec” oTic epyaoiec Tou Lagrange n
CLOTNUATLX Xt VeeNWUEVT UEAETN Toug Bploxeton apydTEQR OTNV gpyaoia
Tou Gauss pe titho : ”"Disquisitiones Arithmiticae”. H mopdotaon axepad-
©V oELIUGY UEGK SUADXDY TETPUYWVIXWY HOPP®Y GUVOEUNXE UETAYEVESTER,
YENOWOTOLWOVTOC TEOYWENUEVL dodnuatind epyohela, e tov TOTO avdhuong
TV TEWTWY OLULPETHY TOUS O XATOLN UTOOMUATH TV avTloTolywy ring class

fields .

H nopoloa epyaoto ywpiletar o dbo uéen.

2TO TPMOTO UEPOC WEAETATOL 1) TUPAOTAON OXEPULWY PECW TETPUYWVIXWY
Loppdy dtaxpivoucag —256gr émou g, r eivon Tpwtol aprduol pe ¢ = 5(mod
8),r = 3(mod8), uné v mpoilndieon ha(Dy) | 4. Xenowonoolyue rdtnTeS
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eUPOTEVONC UTOOWUATWY Tou avtioTotyou ring class field yio va Bpolue yev-
VATOPES TWY COUATMY Yol VO EEAYOUUE GUVUHXES TORAOTACNC GUYXEXPLUEV®Y
SLVAUEWY TEWTOVY aotduwy and ambiguous xhdoelc, dnhady and xAdoelc ye
TEn 1 A 2, TETpaywvdY popphy Stoxpivovooag —256qr otny H (—2564r).
Yy mepintwon mou (£) = —1, 1o amotehéoypara efvar TOA) XA apol -
TOPOLUE Vo Bpolue xavég xan avaryxalec cuvinxec TopdoTtaong yia xdie uia
ambiguous x\dom. Ltnv nepintoon mov () = 1, ta anoteréoporta dev efvou
OG0 xS oA o OGN AUTE UTOPOVIUE VO THPOUUE IXAVES XOUL ALYy XalEC OUV-
Uxec mopdotaone and xdrowo Ledyoc ambiguous xhdoewy. To mpwto époc
TEAELOVEL PE ULot GUVTOUN UEAETN TAVG OTO TWC 1 SUVATOTNTA TORAOTACNC
WV SUVGUEWY TPOTWY Tou UeAeToluE amd ambiguous xAdoelc doxplvoucac
—256gr oyetileton ue TV SUVATOTNTA TAUPAOTAONS TWV SUVAUE®Y OUTOY ATo
ambiguous xhdoelc doxplvovoac —2%qr ye s € Z, s > 4.

270 deUTEPO PEPOC GLUOYETICOUPE HATOLOL CWUATA XALCEWY UE GOUNTO TOU
TOPAYOVToL YENooTolwVToC pllec YeUeAwdmY LOVAS®Y TEAYUATIXWY TETOOY-
OVXGY CoUdTwY apuiuony. To arnotéhecua elvon 6Tt umopolue va TdEOUUE
IXOVEC GUVITIXEC TOEAOTUCNC CUYXEXPEV®DY SUVAUEWY TEMTWY oElIU®Y amd
XAAOELS poppy dtaxplvoucac D uéow cuufolwy Tou Legendre amd whdoelc

Lop@wv Staxplivoucac D oTic axdhovleg TEQITTOOELC:
1. D = —=256qr, ¢, mporot e ¢ = 5(mod8), r = 3(mod8), ho(Dy) | 4.
2. D =—4m, m > 1 axépotoc, ehetepoc tetparydOvou pe m = 1(mod12),

hs(Dy) | 9.

Ewdixd oty mpotn meplntwon 1 omolo yeAeTdTon Xou 0TO TEOTO PEPOC TNG
TapPoLGUC EpY Aol xaTapepvouue va Tdpoupe axptBeic cuviixec Topdotaong
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v x&le xhdomn tne ouddoc xAdcewy ye tdln Stanpétn tou 4. To Sedtepo
UEQOC TEAELOVEL UE TNV Topouciaon eVOC TEOTOU UTOAOYLOUOU TwV GUUBOA®Y
Legendre mou eugaviovtou.

H epyaoio oauth yiveton ota TAaloLa TV UTOYEEWMOEWY UOL YIOL TNV OTOXTNOT)
Stdaxtopxol Simhwuatoc oty Oswelor Aptuwmy. Oo fieha vo evyaploThowW
Tov emPBAETovTa xod Nt %. lwdvvn Avtwviddn yia Ty uvtooTAplin xat Ty
xadodiynon tou, xodwe to I8pupa Keatwdv Trotpogidv (LK.T.) yio tnv
oovouxT| evioyuon mou uou Tapelye xatd TNV didpxelo exTOVNoNC TNS dlo-

TEBNC.

Yulhydpdoc IMpyoc

Hodoeto 12 / 8 / 2000
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ITooxataptind

LTV ToEAYEUPo oUTH UEAETOUUE TNV TUEAOTAOT SUVALEWY TEOTWY oELIU®Y
LEOW TETPAYOVIXMY Lop®KY oTotacdhrtote Staxpivovoac D, D = 0, 1( mod 4).
To amoteréopota autd Yo ypnowomonoly oTic EOXEC TEQITTWOELS oL Vo

UEAETACOVUE GTNY CLVEYELQL.

ITp6taon 0.0.1 Eotw D apynuikés axépaios, eAetifepos tetpaywvou, e D =
0,1(modd). Foww e € {2,3,4,6}, p mepirtds npcddrog apiuds p > 2 e
(%) =1. Av C € H(D) nue C° =1 ka1 spl,(k.(D)) = L(Ce) t6te C — ple.
Av e = 4 tdte emmAéor o1 oyéoeg sply(ka(D)) = Lg) ke C — p etvar

1006Uva)L€S.

Anddeln: 'Eotw p = pop1 n avdAuon tou p oe mpwta 1dewdn Touv k. ‘Apa

N(po) = N(p1) = p xou [p1] = [po] ™ ‘Eotw eniong 6t sply(ke(D)) = LY.

Auté onoaiver 6t <[k(p%]> = <[%]> Or opddeg <[%]> : <[M]>

C
€xouv T&&n mou Stoupel To e. Luvenwe, ened (A, e) = 1, Vo éyouue <[%]> =

<[ke(D)|k]> xou apol x&e xuxhxh opddo tdéne 2, 3, 4 K 6 €yet o TOND

pa e
/ / - , / k(D] _
d0o yevvhtope (oL omoiol eivor avtioTpopol UeTall Toug) €xoupe: [~S5] =
[%] H televtaia oyeon unopel va ypopel oc:
po °
k(D) | k., k(D) |k
FOEEDIIE ¢ ao)h(o)),
Po
H G(k(D)/k.(D)) éyer ouwe t8EN TpdTn TROg TO € X0t GUVETC [MLCWC] =

7 / 4 4 :l:hl 7, 7, :*:hl
] To omolo pag diver Tehixd 61t C' = [py ¢] xaw ouvende, apod N(py )
ple, Vo eyouue: C — ple.
Oewpolpe Thpa TV TEpiTTwoN: e = 4 xou uTodétouue 61t C — P2, Ou
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€Y OLPE AOLTOV OTL uTdEYEL axépato WeDdeC A Tou k mou vo avtiotolyel oTny
xhdon C pe norm N(A) = p. Enopévoc A = pip! vy xdmow z,y € 7Z

A

e z +y = p*. ‘Eyouue howmoy [H2IA] — [MDIE) [k(f())lk]ﬂf[k(fl)lk]y _

[—k(iﬂk]x_y. 2TNY GUVEYELD, TAUlEYOVTAC TOV TERLOPLOUO Tou GUUoAoL Tou Artin
016 ka(D) ouvdyouue 6Tt [Lg”k] — [k?(p%]x_y_ Ouoc 0 [kz(i)lk]l‘—y, ooc

atoryeio tng G(ka2(D)/k), éxer 1é&n SOvopn tou 2. Apa tar obuBola tou Artin

[k2(£)|k]$_y’ [@] napdyouy v o utooudda e G(ka(D)/k) (ol = +

! 4 4 7. 4 4 / 4
Yy = th EYOLUE OTL O T + Y elval TEPQLTTOC apd Xl O T — Y Elval TCSPLTTOQ).

Enouévec spl,(k2(D)) = Lg). O

IMopatRpnon: Ytnv anddelln tou avtioteogou tne teotaonc 0.0.1 yia tny

TeplmTwon e = 4 GTNELY TAXOUE GTO YEYOVOC OTL Yo T,y € Z, av 0 T + y clvou
TEPLTTOC TOTE Xt 0 £ —y elvon Teptttoc. H amddelln Sev undpeoe vo e@uplocTel
OTIC GAAEC TIEPLTTWOELS APOU O POVOC QUOIXOC . > 1 pe Ty Wotnta Ve, y € Z,
av (z+y,n) =116t (. —y,n) =1 elvou o 2. Autd mou toyder Yo O
tae € {2,3,4,6} civa 6t av C — ple, w61 spl,(ko(D)) C L(C?). TéNoc,
N Topomdve TpdTaoN avapépetal Lovo ot e € {2,3,4,6} agpol autol eivar o

uovol guoxol Yyl Toug oToloug 1 elz €YEL T0 TOAL 0O YEVVATOPEC.

'Eotw Dy depehiddne doxplvouca xau f € N. 'Eoto enionc k = Q(v/Dy).
O¢touue D = 2Dy ondte to D ebvon Sroncplvousa ue odnyé f. Ynv cuvéyeta
VeToupe ¢

Iy=Aala<k}, B={aB|acky, L(f)=1{a|a<k (N(a),f)=
1},

Pi(f) = {aRy | o € By, (N(e), f) = 1}, Bia(f) = 1ol | a € (Z+
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Eivor yvwoté (BA. [3] Oedpnuo 7.24, oyéon 7.25) bti undpyet ENLULop@Lon6S

Ik(f) Ik 7 7. /. 4 4 4 / 7.
Pez(f) — P, TOLU OTtolov, ELval eUXoNO Vo Oel HOVELG, OTL O TUPTVAC ELVAL T

P , T ) ,
P:Z({})' Emewdn opec P:;J(CJ)‘) ~ H(D) xo JI.#’; ~ H(Dy), eyoupe Ty axbérouidn

oxpLBr) oxohoutior:

~ B(f)
" Pez(f)

Ernlone, yéow tou toopopgiopol Tou endyel o oduolo Tou Artin yetold twv

1

» H(D) — H(Dy) — 1

OpASWY XAACEWY xat Twv ouddwy Galois, o TpoavapepIfc ETLOPPIoUOS ETAYEL
EVAY ETLLORPLOUO:

G(k(D)/k) — G(k(Do)/k)
Tov omolo dlvel o meploponde oto k(Dy).
YNy ouvéyeta Ya Yewprioouvue Tic axdroviec dV0 TEQIMTOOELC:

o In Ilepintwon: D = —256gr, ¢,r mpodtol pe ¢ = 5(mod8), r = 3(mod
8), ho(Dy) | 4.

o 2n llepimtwon: D = —4m, m > 1 axépouog cheliepog teTOAYOVOU

m = 1(mod4),
hs(Dy) | 9.

H depehaddne Staxpivovoa oe xdle mepintwon etvou:
—qr , oty 1n leplnttwon
Dy =
—4m , oty 2n lleplntwon
XNV damporyddteuon aut@y mou Yo oxohouNoouy GTNY GUVEYELX TNC Ep-
yootag Vo yenotwomotniel eupEwe To TapaxdTey AU
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AAupa 0.0.2 Ay M /K enéktaon Galois owpdrwr apiBudy je oudda Galois
tomou (2,2) ue evdidueoa oduata Fy, Fa, F3 ka1 p éva mpddto aképaio 166d0es
tov K ou bev braxAadiletar oto M téve 17 akpipas éva and wa fio(F1/K), fo(F2/K), fo(Fs/1

efvar 1 17 6Aa efvar ioa e 1.

Anédeiln: H opdda adpaveiac tou p oty M/ K eivar TeTplupévn, oUVETHOC

1 oudda avdhuong efvol LoOULORPT UE TNV

q’ - p

6mou g Tuylo TEWTO axépato WeMdec Tou M mdvw amd To p. Emopévec n
opddar avdAvang etvar xuxhix| ondte amoxheleton va twobvton e v G(M/K).
To ooua avéhuone xatd cuvénewo tou p oty M/ K elvor:

elte 1o Fy ondte f(F1/K) =1, f,(Fy/K) =2, f,(F3/K)=2,

elte 10 Fy ondte fo(Fy/K) =1, f,(Fi/K)=2, f,(F3/K)=2,

elte 1o F3 onote fo(F3/K) =1, f,(Fi/K)=2, f,(F,/K)=2,

elte 1o M ondte f(F1/K) = f(F2/K) = f,(F3/K) =1. O

14



Kegdhauo 1

Avvapuelc ITowTtwy Aptdumy o
Tetpaywvixeg Moppeg Alaxpivovcog
—200qr

210 xe@dhato owtd Vo acyoinlolue povo pe v 1n meplntwon tng mpo-
NYOUUEVNC Taparypdpou , dnhadn) e TETPUYWVIXES HoppEc dlaxplvoucac D =
—256gr 6mou ¢, r elvar wpdtol aprduol ue ¢ = 5(mod8) xou 7 = 3(mod8)
xau eniong A(—gqr) | 4. To odpa yévouc tou k = Q(y/—qr) civar 10 X =
QT V7, V2,7) = k(G)(va) (Bh [3] oeh. 121 dedpnuo 6.1 xou [11]
Ocwpnua 2). Oétoupe: Dy = 2%Dy, s > 4 émou BéPara Dy = —qr xou
étot D = Dy. T Aoyouc amhotntoc otov cupfBohioud, av H elvor umoouddo

e Ha(Dy) Yo ovuBorilovye pe Ly 1o unbowua Lg) tou ko(D).

1.1 Aroteréopata and Yewpio yYEvoug

O ambiguous x\doeic e Ha(Ds) elvon ( BA. [3] Lemma 3.10 xou [9] Table
2):
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[s = [1, 0, 223—2q’[“], [4, 4, 1—|—223—4q’[“], [q'r” 0’ 223_2]’ [4q,’n’ 4q,’,,’ QT+228_4],
[q,0,2%7%r],  [4q,4q,q+ 2% %], [r,0,2%7 2], [4r,4r,r+ 2274

Av meploptotolue Twpa og axépotoug aptduolc m € Z, m > 0 téTtolouc

WOTE (%) =1, y1& x&de mpwto p pe p | m, éyouue to axdrovio :

16



Afppo 1.1.1

e O1 k\doeig I kar [4,4,1 + 22 4gr] mapiototv arxepaiovg apidjols m jue
m = 1(mod8) ka1 (%) =1

e O1xAdoes [gr, 0,2%7%] ka1 [4qr, 4qr, qr + 2%*~4] mapiototv axepaiovs ap-

m

1Wpots m e m = 7(mod8) ka1 (?) =1

e O1 kAdoes [q,0,2%7%r] ka1 [4q, 4q, ¢+ 225~4r] mapiotodv axepaiovs apid-
povs m ue m = 5(mod8) kai (%) = (g) Kai

e O1 kAdoes [r,0,2%72q] ka1 [4r, 4r, r + 22744 mapioTovy arxepaiovs apid-

povs m ue m = 3(mod8) kai (%) = (g)

Anddeln: ‘Eotw 6t Iy — m ye m > 0 xau (%) =1, Vp | m. Trdpyouvv

223—2

z,y € 7 &ote x° + qry? = m. Tpogavac o x eivor Teprttéc (apol o y

etvan epitTéC) omdte m = 2 = 1(mod8). EZdihou

(m> B ($2+228_2q7"y2> B ($2> B 1
q q q '

Eoto tdhoa [4,4,1+ 2% 4gr] — nue n > 0 xou (D) =1,Vp | n. Autd

S |

onuaiver 6t vmdpyouy z,y € Z ¢ote 4z? + dzy + (1 + 2% gr)y® = n.

[opatnpolye duwe 6t 0 ¥ elvon avaryxaotixd meptttoc (av Hrav dptiog Vo
elyope n = 0(mod2) mou eivon dtono) xar €tol z(z + y) = 0(mod2). Ou

€Y OUUE ETOUEVLC OTL
— 42 2 _ 4.2 _ _
n=4z"+4dzy+y° =4z + 4y + 1 = 4dz(z + y) + 1 = 1(mod8).

Téloc,

q q q q

17
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Or mepintwoetc e o dAla Cebyn Twyv ambiguous xAdcewy umoeody va ueAetnioly

avéhoya. O

YLUVETKS oL oxT) ambiguous xhdoelc Stopotpdlovton o€ 4 yévn xou xdie yévoc

4 7 4 4 7, 4 /
el 800 xAGoELC. LTNY CLVEYELN ATOSEVOOUUE TNV axdAoudn TEoTUoT:

Ipétaon 1.1.2 KdOe oroeio C tng Ha(Dy) 1e C — m yia kdnowom € Z,

D\ _
mZO]K(;)_l,

yia kdOe mpddto p pe p | m, avuotoiyel o€ éva olufolo tov Artin

Y|k
=17
€TO1 (OOTE VA €TAYETAL O 1001LOPPIOUOS:
HQ(Ds) ~ X
r (Zfgg)" x {£1}
HQ(DS)Q 87

HE

Q(¢s) | @] [ (va) | Q

m m

C mod (Hy(Dy)?) — (] ).
Anédeiln: Eotwm € Z, m > 0 ye C — m yw xdnowo C € Hy(Dy). Tr-

Goyel ouvenhe axépato Wemdeg A < Ry, ye N(A) = m tétolo dote [w] =

kZDsk kzDSk
[()I]:[ (Ds)]

1 s 0ToU A = pi"pa" . p M avdhuon Tou A oe Ted-

TOUG TOPAYOVTEC UE Pe TEWTO 13eddeC Tou k mévw amd to pe, € € {1,2, ..., K}

6mov m = pi'pyt...pY N avdhuon tou m oe TpwToug tou Z. ‘Etot, molpvov-

TOC TEQLOPLOKO OTO X EYOUUE: [%k] = [i'k]yl[i—“c]y2...[i—w]y”. AN emet-
: 1z . Zlky Bl Sk _ Ele ;2

O fpe = 1 émetan 6T [W] = [E] omote [Zr] = [=°]. Emedh duwc

Hy(Dy)? = Hy(Dg)NH(Dy)?, and tov 0ptoud ToU GOUATOC YEVOUC, TpOXTTEL
ou vy C, C" € Ho(Dy) 1oyler 1 1ooduvogio:

Sk, S|k

C = C'(modHy(D,)?)  av xou uévo av [T] = | o |-
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Téhog, apol ¥ = k((3)(\/q), T0 [%] uropel va avtiototyolel oto Lebyoc:
([Q(%)IQ]’ [@(‘{3)'@]) TOU UE TNV Oelpd Tou avtotolyel oto Ledyoc: (m(mod

8), (%)) TOU 8% x {£1}. Ov avtiotoryiec autég elvon © éva mpog évar ~ xou

OUOUOPPLOUOL OUAdWY OTOTE TAUlPVOUUE VOV LOVOUORPLOUO:

Hy(D,)
Hy(D,)?

— (L/gz)" x {£1}
o omofog, olupwva ue to Tpornyoluevo Muua 1.1.1, elvar 1oopopgloude. O

IMopathenon: Autd tou €youue hotmoy péypl ottypnc amd tny Yewpio yévoug

efvon 611 yroe x&de Letyoc (m(mod),e) € ((%/gy)™ x {£1}) undpyet éva
v € Z &ote v = m(mod8) pe C' — vy xdmowo C € Hy (D).

Pk (82)
Pr,z(2°)

Ané tny mapdypago 2 tou [7] éxoupe ot = (2°72,2) xou oLVETHC AEYW

e axplBoic axohouldiog

€youpe TNV axohovdn axetBr axoloudio:

1 — (2°7%,2) — Hy(Dy) — Ho(Dy) — 1 (1.1)

v s > 4.
Av (1) = 1 t6te 1 dogavtind eklowon u? — 4gv? — Dow? = 0 éyer Moo
(B [2] Bedpnua 4) xou pio Noon e (u, v, w) Vo Aéyeton TpwTapynh 6Toy o

UEYLOTOC XOWVOC SLaLpE€TNE TwV U, v, w elvon 1.

ALoxplvoUUE TIC TEPLTTWOELS:

o lepintwon To: (%) = —1.
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o Mepintwon IB: (£) = 1 xan (£) = —1, 6mou (u, v, w) elvon TpLTAUEY XA

Aoon e

u? — 4qv? — Dyw? = 0.

o Mepintwon Iy: (%) = 1 xou (£) = 1, émov (u,v,w) elvor Tpw Ty XA

Aoon e

u? — 4qv? — Dyw? = 0.

A6 [3] proposition 3.11 éyouue 6t n H(Dy) éxer axpfcde 2 ambiguous
x\doewg, onéte | Ha(Dy) eivon avayxootxd xuxh. Enione, n H (D) éyet
8 ambiguous x\doeic oméTe elvor yevixd tou tomou: (27,24, 28) ahhd, bmec
eldae oLy, uTdEyoLy uovo dlo ambiguous xAdoelc o€ xdde yévoc, omoTE 1)
H(Dy) etvor tou tomou: (2572F¢r 2 2), émou 26 elvon n td&n tne Ha(Dy).
OEtoule cgr(s) = 5 — 2+ ¢y, s > 4. 'Oty avopepOUacTeE GE GUYXEXPILEVY
g, Vo mapaheitoupe tov Seixtn gr. Anéd to Vedpnua 4 tou [2] mpoxintet bt
oty mepintwon lo: ¢(s) = s — 2, xou oty nepintwon 1B: ¢(s) = s—1. H
nepintwon Iy diver ¢(s) > s xar dev Yo pog amooyolioer 6mwe €youue Te
oty etoaywyl (apod oty tepintwon auth 1 utooudda xhdoewy Hay(Dy) éyet
TAEN peyolhtepn Tou 4) agol eucic éyouue unodéoel ot ho(Dy) | 4. Oétoupe:
Hy(D,) = (A, By, C5) émou AX” = B2 = C2 = I, o 101 o1 ambiguous
x\doeic tne Ha(Dy) elvou:

I,, A7 B, C, A7 .B, A*W7.C, B,-C, A¥7.B,.C,
ol omolec dtapolpdlovtal otor axohouto 4 yévn:

Gi . G2 = B:G1 . Gs = CsG1 xon G = B;C,Gy , 6mov Gy = {1, AT},
xow ETOPEVWC, oo To Muua 1.1.1, éyoupe: Ag““)‘l = [4,4, 14+ 2% gr]. Xopic
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TEPLOPIOUS TNG YEVIXOTNTAC uTopolpe va ypdipoupe: B = [gr,0,2%7%] xou

Cs = [q,0,2%7%r] 610t éyoupe 10 axdrovdo Muud

Afuppo 1.1.3 Ta arxdovda 10youvy:

Agc(s)—l _ [4, 4, 14+ 225—4(]7"], Bs — [qr, 0, 225—2], Cs — [q, 0, 225—27,,],
Agc(s)fl - Bs = [4qr,4qr, qr + 225—4], A?“H -Cys = [4q,4q,q9 + 228_47"],
A By Oy = [dr dr,r +227Yq], B, - Cy = [r,0,2% 7.

Amnodeien: To cbotnua

p

4z = 0(mod(8rq))
§ rgr = 4rq(mod8rq)) ’
| 2z = —2251rg(mod8rq)) )
éyer Noon © = 4rq xau emopévoc A2 B, = [4gr, 4qr, —16’2‘{2;328“] -
[4gr, 4qr, qr + 2274 (Bh. [3] Mupa 3.2).
To chotnuo
e 0(mod(8¢q)) W
qr = 4q(mod8q)) >
| 2z = —225—1q(m0d8q))J
ExeL Noon « = 4q xou eTouévec Agc(s)fl-Cs = [4qr, 4qr, —16‘121;328qr] = [4q,4q, g+

225—47“].

Eniong éyouvue C; 1 = [gq, 0, 2%72r] xou cuvernde, enedh) to clotnua

( gr = 0(mod(2rq)) W
re = 0(mod2rq)) 0
| 0z = —223—1qr(m0d2rq))J
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éyer Moonz = 0, Yo éyovpe: [r,0,2%2|CT1 = [r,0,2%7%q]-[q, 0, 2% 2r] 71 =
[qr,0,2%7%] = B,. Tehxd Ya éyouvue By-Cys = [r,0,2%7%g] 1o omolo diver xou
A2 B Oy = [4r, A, 4 22574,

XpnoWoTolmvTag Ta Tapamdve arotehéouato and TNy Yewplo YEvoug urtopolue

vl AmOSEIEOVUE TNV EMOUEVT :

IMpétaon 1.1.4 Av p elvar nepittés mpdtos e (%): 1, téte

R 7 e , 26'(3)_1 7 7 e
1. Av o P rapiotatar ano pia €K Ttwy Is, AS T0Te maplotatalr ano

arp1fes pia kar erions wyvea p = 1(mod8) rar ()= 1

! c(s)—1
2. Av o pl rapiotatarl and jia ex twv B, A - By tdte mapiorazar and

axpips pia kai eriong wyva p = 7(mod8) kai (I)=1

' c(s)—1
3. Av o p" rapiotatar and uia ex twv Cs, A2 - Cs tdte mapiotatar ard

akpips pia kai eriong wyve p = 5(mod8) rar (f)= ()

r
% 7 7 / 2‘7(5) 1 7 ,
4. Av o p" mapiotatar ané pia ex twv BsCy, A: - By - Cs, tdte mapiotatai

r

and akpifds pia kai erions wyde p = 3(mod8) kar ()= (7).

Amodeiln: Oa avagpepoiye uévo otny anodetln tou 1. Avdloya amodetxviov-

2¢(s)—1

Ton xou ot umohotneg. Ou xhdoeg I xan A ToEAY 0LV SLUPOPETINES OUADEC.

YUVETC

Ly # L
medrypa mou onuadvet, amd v tedtacn 0.0.1, 6t av o p naploTotan and plo
ex Ty I, Ag““)‘l T6Te Toplotaton and oxpBoc plo. Amo to AMuuo 1.1.1
Tpa Eyoupe 6Tl (p7)_ 1 o p™ = 1(mod8). ‘Ouwc o hh eivon Tepittoc Xo
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OUVETHC 1 = (ﬁ): (1). E€dhhov, ened) p nepittoc xon by — 1 dptiog, €youye

6t p2~! = 1(mod8) oo 1 = p2 = p(mod8). O
yY e p D

1.2 Mekétn TV vocwdTwY oL ka(D;)

Octoupe Ly = Ly, c,- To Ly modlel onuavtixd poho o omolog Vo qavel
napoxdtw. H oudda Galois G(L 42 /k) eivon tou tomou (2,2,2). Enopéveg to
ooua L g2 toautiCeton ye 1o ooua yévoug L. To cwpa Lyz éyel 7 utocouata
Ta omola elvon emextdoeic Boduod 2 mdvew and to k. Xuyxexpluéva, oautd To
oopata etvon o k(1/q), k(V2), k(3), k(v/2q), k(i/q), k(iv2), xou k(iv/2q).
To Ly elvou umdowua tou L 42 10 onolo Tepieyeton o€ xuxhixr enextaon foduod

4 mavew amé to k (Lo € Las , ¢,). To Yewpnua 22 tou [10] pag divel otu:

Ilpbtaon 1.2.1 Av dy,dy € Z dote va opilovtar o1 akoAovles TeTpaywviikés
erextdoas tov Q- ky = Q(v/dy), ks = Q(v/d3) pe k1 # ko, téte 7O
Q(Vd1, v/ d3) mepiéyerar o€ kukhirry enéxtaon tov Q(v/div/dz) n omofa efvai

o1eopikn) Paduov 8 tdvw amé to Q av kar pévo av yia kdOe tpaito p tou Z to

oUpporo tou Hilbert (%) efvai ioo e 1.

Av mpoywpoloaue o€ uTohoylopole, Yo XoTaARYUUE OTO OTL:

_ {k(\/a) y AV (%): 1
U k(v2a) Loy (9= -1,

=R

Aev Vo To xdvouye €56, d16TL To Ly Yo mpoxihiher mapandte xordde Yo utoloyi-
Coupe OAec Tic xAEC Porduod 4 un Stohadilloueveg TEpaY TOL 2 EMEXTACELS
Tou k Tou divouyv Siedpint| ouddo Galois mavew and to Q.
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Yuveyilovtag, mapatneoltue 61t Dy = 4Dg xon 61t ko(Ds) C ko(Dsi1).
Eniong, o yevwAtopac A, unopei vo emieyei étol Hote o enpopgpropéc G(ka(Dst1)/k) —
G(ka(Ds)/k), o omoloc Sivetar péow tou meptoptopol oto ka(Ds), vo emdryet
ETULULOPPLOUO

O, : Hy(Dyp1) — Hy(D,) : [a, 2D, 4c] =2 [a, b, d]

6mou b? — 4ac = Dj (BA. moapdypago 1 tou [7] yio avdhoyn mepintwon) ue
Qs (Ast1) = As, Ds(Bsy1) = Bs xou 4(Csy1) = Cs. Enlong, yio xde Ledyoc
oxepadwy s,t ue s>t >4, éyovpe G(ko(Ds)/ka(Dy)) = <A§C(t)>.

[oogpavie oy et o axdrovio AMuuo

Aupa 1.2.2 Ay Heyy < Hy(Dgy1) kat ®(Hgy1) = Hy, téve Ly, C Ly

s+1°

Eniong unopolue edxoha va miotonotiooupe 61t ot uéveg urtoouddes tne Ha(Dy)
TV omolwy 1 opdda TNAixo we tog TNy Ha(Dy) eivon xuxdn| tdng 4 elvan
<A§BS,C’S>, <A§C’S,BS>, <A2BS,BSC’S> YOl <A‘SL,BS,C’S>. Hopanddtes Yo um-
ONOY{COUUE TOL GOUATO TTOU TOUC AVTLOTOLYOUV.

Yty etoaywyh e epyaoiog [9] avagépeton 1 oxdhoudn tedtaon:

ITpbtaon 1.2.3 [a éva eAetlepo tetpaywvov Jetiké aképaio apidué m,
ard é\es tis avti-Pell Sopavtinés ebiodoeag: w2 —my? = dt, émrovd > 1 efvar
Oeticog draipétng tou m, dt # 1 kai
1 ,avm = 1,2(mod4)-
- {1 n2 ,avm=3(mod4)-

axpBas pia eivar emAdoiun oo 2.

Enopévwc oty neplntworn poc:
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Aqupo 1.2.4
° (%): 1 av Kkai puovo av n z? — qry® = q evai emAvoun oo 4.

o ()= —1 av ka1 pdvo av n z* — qry* = 2q elvar emAoiun oo Z.

Anddeln:  Ov mbavée mepintdoelc ebvon: d = g, r,qr xauv t = 1,2. 'Eotw
(£)= 1. Oa anodeifouue 6TL Ge OAEC TIC GANEC TMEQITTOOELS 1 AlogoavTixh
eliowon z? — qry? = dt dev elvou emhlown oto Z. 'Eyouue
Av 2% — gry? = 2q 161 (%): 1. "Aono.

Av 2% — qry? = r t6te 22 + y? = 3(mod8). Atoro.

Av 2% — gry? = 2r té1e (%): 1. Atorno.

Av 22 — gry? = qr w6t qra’®* — 2 = 1 yio ' € Z onébre (_71): 1. Atorno.
Av 22 — gry? = 2gr t6te qra’* — y? = 2 yia 2’ € Z ordre (%): 1. Atorno.
YUVETOC, Aoyw tne mpdtaonc 1.2.3 anedelydn to mpwto uépoc Tou AMupatoc.
Eotw topa (1)= —1. Téte

Av z* — gry* = g t61e (%)= 1. Atono.

Av 2 — qry? = r t61¢ ()= 1. Aoro.

Av 22 — qry? = qr tote gra” —y® =1 yia &’ € 7 ondre (=)= 1. Atoro.
Av 22 — qry? = 2qr tote qra’”® —y? =2 i &’ € Z onbre (%): 1. "Atoro.
Av 2% — qry? = 2r t61c 2% + y? = 6(mod8). Atoro.

LUVETWC, X0l TEAL Aoyw Tne mpodtaone 1.2.3, anedetydn xou to dedtepo pépoc

ToU Afupotoc.d

2TNV CUVEYELY, XAVOVTaC Yenor Tou Auuatoc 1.2.4, Yo anodellouye Tnv axdrou-
Un mpodToo
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ITg6taon 1.2.5 FEorw
{ I ,ar(f)=1
t =
2 ,ar($)=-1
H Swgavrixr) eéiowon qr? — ry? = t etvar emAvoun oto Z. Oérouue p =
t —yv/—tr, v =2(t —z\/1q), i =t +yv/—tr, v = 2(t + z/1q) rxa1 Jew-
polje ta téooepa oduata: k(y/wp) , w = *£1,+£2. Ta odpara avrd ei-
val kUkAikéS emextdoels tov k Paduol 4 kar 01€0pikés emextdoes tov Q jue
G(k(yywp)/k) =<0 > x <71 > drov ot =72 =1xaro(y/=qr) = /=qr,
o(ywp) = ywit, 7(y/—=qr) = —v/—qr, T(Jwp) = Jwp . Etions ta od-

pata avtd eivai Sikekpiupéva ikar un dakAaoi(opeva ektds tov 2 mdvew amo To

k a1 to owdypappa Galois twv owpdtwr gatvetar axéAovda:

k(y/on)

R

Q(vwv) QWwd) k(vig) Qvwp) Qlywp)

NN

Q(v) k Q(1)

\ / Yiyfua 1

An6dein:  ‘Eyouue 61 n 2% — qry? = tq elvon emhdown oto Z onéte q | x
xou GUVETOC 1) gz — ry? = t elvor emhloun 670 Z. 'Eotw homdv x, y axépoua
Aoon e qr? — ry? = t xou Vétoupe p = t — yy/—tr, v = 2(t — z+/1q),
f=t—yv/—tr, v = 2(t+ z/tq) xou Yewpodye to €ooepa oodpate: k(,/wi)
, w = +1,4+2. Eyouye qr? = t + ry? ondre tgz? = t2 + try? xou cuvend
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tqr? = (t + yv/—tr)(t — yv/—tr) mov tehxd diver tqz? = fp. Tpopavae

oy Vel To axdrovdo didypauua Galois:

k(VEq) = k(u

) = k(v)
AN
Q(v) k Q(u)
\ o / iy 2

Hopatnpolue 61t ot pilec Tou avary®yYou TOAUWVOUOL TOL Wit TV atd To Q

elvon ot /W, T\/wii Tou dev avixouvy dheg oto Q(y/Wi) xow auTtd onuoivel
ot n Q(/wp)/Q dev elvar Galois. Ilpdyuatt, av elyape wp € Q(\/wi),
t61e Moyo tqr? = fp Vo elyape xau v/Iq € Q(\/wp) omdre xou k(p) = k(v) C
Q(y/wm) (Br. to Sidypopua Galois mo mdvw). Av dewpriooupe Aotmdv to
vy YO TOAGOVULO ToU /Wit Téve amd to Q(v), autéd Ja éyet Ty popeh
2?2 — (a + bv) vy xdmowx a,b € Q xou ouvenwe w?p? = a + bv mou diver
Q(p) = Q(va + bv) 1ol eivor dromo agol n Q(u) ivon Barduon 2 Téve and
10 Q evey n Q(va + bv) Badpot 4. AeiZaye howmdy 6t n Q(/wp)/Q Sev etvou
Galois . Ioyvel enlong 6t n Q(\/wp)/Q éyel éva udvo evdidueco cwua: o
Q(p). Hpdeypartt, xdie evdidueon enéxtaon e Q(/wp)/Q eivon tng popprig
Q(VA) pe A € Z ehetiepo tetparydvou. Av elyoue hody Q(vVA) # Q(u)
161, Moyw Tou 6Tt ot Baduot eméxtaonc twv Q(vV/A) xou Q) méve and to Q
efvau {dtot, Yo oupmepaivoe 61t Q(y/wi) = Q(VA, 1) mou Sev unopet vor 1oy et
apot 1 Q(VA, 1) /Q eivon Galois. Mmopolue thpa eixoha v Sodue 6Tt To
ooua Q(y/w) dev mepéyet xavéva and ta Q(v), k xou 6Tl elvan diapopeTind
a6 1@ Q/E), Q/wm), Q(vur), Qvwd). Mupbyo: ymopoiye ve
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Solue ot xaw n Q(y/wp)/Q dev eivon Galois xou 6Tt €xel u6vo éva evdldueco
oo 1o Q(f2). Axbéhouvda, Yo detfovye 6t wii, ywv, Vwo € k(\/wp).
Eyovus uliy/wi = \/wtqz® = wrEg. Ouec k(vig) = k(L) =
WW/=E) = k() C k(@) onére VTl € KB, y/R) = k(y/). Apo
Vwii € k(y/wp). Erione, (ywp £ ywi)® = wp + wh £ 2wy/pfi = w(p +
R) £+ 2wy/pp = 2tw + 2zw+\/tq = 2w(t £ x+/tq). Yvunepaivovye Aomdy ot

(i + Vo) = (Var) s (Vg — VoR) = (vVaw)’

pdypo Tou onuoivel 6Tt \Jwo, Vwt € k(\/wp). Sy ovvéyeto da delfoupe
ot n k(ywp)/k evon xudhnr Baduod 4 xan n k(\/wp)/Q Galois ye oudda
Galois tnv diedpwnr| opdda Dy. Kat' apynv ot pllec Tou avorydyou Toluwviuou
TOU (/Wi Tévew amd 1o Q omee éyouue el elvon ou &y /wp, £4/wii oL omoleg
del€ope 6TL avixouy 1o k(\/wp) xou cuvenwe n k(y/wp)/Q civow Galois .
Apo xan 0 k(\/wp)/k eivon Galois xau éotw 0 € G(k(y/wp)/k) ue o(/wp) =

Vwii. Ta 1, o, % 0% elvou 6ha Sapopetind petall toug. Ipoc ambddelén

T00tou Vo delfoupe 6Tt T 1, 0, 0%, o3 malpvouv SagopeTinéc Téc 6TO

Vwp. pogavoe: 1(y/wp) = Jwp, o(y/wp) = Jwi. Aol o(/wp) =
Vwii, Yo woylel o(y/wp®) = VUTI® %0l GUVETOC o(p) = p. ANG p =
t — yv/—tr mpdrypa mou onpoiver 6t o (v/—tr) = —v/—tr. Enopévwe éyoupe

et to(=qr)  t/—qr
”(‘@“< —ir ) " o(v=tr) _\/_Tr__*@

Tedrypa Tou onualvel Ot
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(TR) = o (V) = o ( “’uf‘;) e J@ =~ Vi
z

Enfong etvau elxoro va Solue 6t o®(\/wp) = o(—/Wp) = —/Wi xou

o(vwp) = —ywp, o(p) =g, o(v) = o(v). Lougova e to Topandy-

w: G(k(y/wp)/k) = (0). Eow thpa 7 € G(k/Q) pe /—qr = —/—qr.

Enextetvoupe 10 7 oty G(k(y/wp)/Q) ue 7(y/wp) = Jwp xaw €yovde T

axo vV

(ro)(V=gqr) = 7(vV=gqr) = =v/—qr
(07)(ar) = ~0*(y"a) =~y
EZdd o, T(ywp) = Jwp = 7(p) = p = 7(v/—tr) = /—tr. Suvende

XalL TEAXEL €Y OUNE:

(r0) (VTR) = (/i) = /0T
(637 (VTE) = 0Y(/T) = — /T

mou anmodewviel 6t G(k(/wi)/Q) = (o) x (1). Oua del€ouue tdpa 6TL 7

enéxtaon k(\/wp)/k etvon un Stdhadilopévn extog tou 2. Eyouue k(y/1q) =

k(v/—tr) xou amé Yewpla enextdocwv Tou Kummer (BA. [6] chapter V §39)

éyouue ot 1 enéxtaon k(1/tq)/k elvar un Stvdadilloyévn extdc tou 2 omdte

29



apxel v del€ouye 6ti N G(k(y/wp)/k(y/Tq)) evar un Stoochadilouévn extoc Tou
2. Tpdryuart, éo0te p mpmTo Wemdec T0U Ry /) e P 1 2. Oa dei€ouue 611 évar
ex Tov T2 —wv, 2 —wp e doywplowo modulo p, Tedyua ToU, YW TNG
wotntag k(yvwv) = k(/wp), Yo pog ddoet 6t 10 P dev dondadiletar oto
k(y/wp). 'Eotw 6t xovéva and o 22 — wo, ? — wp dev elvor Staywplotpo
modulo p. Autd onuabver 6T yio xdie TpwTo WeMdEC q Tou Ry /mm) KE 4 | p

Vo elyope o’ evoc q 12 xow ag’ etépou
Vwv = —ywv(modq) xar Jwp = —/wp(modq).

Yuvenoe 2w, 2\/wp € q = 4wv, dwp € q. Aol dune q 1 2 Yo £youue
q | v, u xou cuvende q | v0 — dpji. Agod VD — dpji = —4t2 TpoxinTel 6T

q| —4t> = q| 2. Atono.0

H o0vdeon e mponyoluevne mpodtaone pe 1o mpdPAnua mou ueletolue Yo

pavel ueTd amd To axdrovdo Auuo:

Appa 1.2.6  KdOe kukdikn enéxtaon L ndvow and to k = Q(y/—qr) Pabuo?
4 un owaxAadilouervn exktos tov 2 n onola eivar kai O1edpikn eméxtaon tou Q

repiévetal o€ kdde k(D 1a ka0e s > 4 ka1 CVVETWOC TEPIEVETAL KAl TTO
X s = X

k(Ds) = k(D).

Anddeiln:  Xougova pe to Yedpnuo 11 tou [10] , 1o L mepiéyeton o€
éva ring class field mévew amd to k xou agol n L eivar pn dtochadiloyev-
N exTéC TOu 2 eméxtaom Tou Kk, €metar 6Tt to L Vo mepiéyetar oc xdmolo
ka(Ds,) vt xémoto sg > 2. ‘Opwc n oudda mnhixo e Ha(Ds,) modulo
G(ko(Ds,)/L) eivon G(L/k) = (2%) xou étor 59 > 4. Enlong, apod n oud-
Sa mnAixo e Ha(Ds,) modulo G(ka(Ds,)/L) elvar xuxhixhy Baduol 4, do

30



éyoue 61 1 G(ky(Dy,)/L) eivor pic e’ tov (A2 By, Cy), (A2 Cy, By,
(A2 B, Bo,Cy) xou (AL B, C.). AW Glhky(Dyy)/ka(Ds)) = <A2C >
on6te Glka(Dy,)/ka(Ds)) C Glka(Dy,)/L) mou onpoiver L C ka(Dy) C
ka(Dy), yiou xéide s > 4. O

Y0UQeve Aottov e To Topamdve AMuua to oopoata k(y/wp), w = £1,42
nou elyope Bpet tepéyovion oto k(D) 1o omolo teptéyet axpiBne 4 utoohuaTo

Borduol 4 xuxAixd méve amd To k. YUVETOC:

{Lazp,c, » Lazc,B,» Lazp,B,c,» Lasp,c.t = {k(v), k(V—n), k(v/2p), k(/—2p)}.

Topa elvar mpogaveg 611 10 cwpa Ly = Lz g, ¢, Tov elyapue Jewproet apyxd

etvar 1o k(+/tq) apol elvon 1 Topr| twy La:p,c,, Lazc,B,, Lag,B,c,, LasB,c,-

oy ouveyloouue Tapatneolue Tor oxdrovia:

Afppo 1.2.7  Ta dAa ta ¢ € {0,1,...c(s)},7 € {0,1} ka1 ¢ € {0,1}
EYOULE:

L sl o, = Laz ic
Anodeln:  And Mupa 1.2.2 éyoupe

LAZL

DL P
s+1> s+1ac§+1 - AgL,Bg,Cf
Autd ta dYo cwpata elvon (Stou Bardo 20+2=0=t 1dvey and 1o k xon GUVETEC

V4 4
TRETEL VU TO(UTLCOVTO(L.D

ITopiopa 1.2.8

L =Lp,c,, L = L1, =ky(Ds).

oc(
Aerl ) S+1vcs+1 s+1
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To Ly p, 0, cuputedeton oe o xuxhixd) enextaon Baduov 8 mdvew ano 1o k
(tnv Las,, By, /K). AT [12] xou 10 local global principle, €youpe o

oxohouto amoTéEAEGUAL

IMpétaon 1.2.9 Av M/Q enéxtaon alyeBpikdv owudtwv apidudy émou
M = Q(\/2(A + By/a),Vb) e A*> —aB? = ab, a,b € Q dy1 terpaywrikds

wootvaua, A, B € Q ka1 z € Q, tdte to M elvar 61edpikn eméktaon tov Q

Batot 8 kukhixii dvew aré to Q(v'b). EmmAéov to M ymopel va eugurevdel

o€ ia 61€6p1kn eméxtaon Paduov 16 tdvw and to Q av kar puévo av:

()= (57)

via kdOe mpwro apidud p, émov (;) eivai o oUpporo touv Hilbert .

Yny ouvéyeta Yo urtoloyloouvue to owua L g, o

ITp6taon 1.2.10
. k(v—2p) ,av()=1
e { Ky=) o (3= 1
ka1 aro da ta Laxp, c,, Laxc, B,, Lazp, B,c,, Lasp,c, 1ovo to Lasp, c, €]
puteletal o€ KUKAIKD eméxtaon Paduov 8 ndvew amd to k mou elvar 61€0p1kn

Patuov 16 tdvw ané to Q.

Anddeln: T tov oplopd xon tic ddtnTee Tou cuuforou tou Hilbert

TOPUTEUTOUKE TOV avaryveotn oto [1].

o Av (1)=1, 61 ypdpouye

v = 0 (vl (L= L), v )

X X




ol ETOUEVLS amd v Teotaon 1.2.9 éyoupe ot av Las g, ¢, = k(\/wit)
TOTE Yio xQE TEWTO P UE

qr,—w\__ [ —qr32r
(55)= (=5

) Vo éyoupe H1u:

. 7 _ / 4 ’ L,]_ _ —qT‘2,27' _
H meplntoon w = —1 odnyel oe dromo agot (£2)=1 xau (=5-=)=
—1.

— H nepintowon w = 2 odnyel oe dromo agol (£2)= 1 xou (#2’27"):

—1.

. 7 . / 7 / qT‘,—]_ . —qT‘2,27' _
H mepintwon w = 1 odnyel oe dromo agod (=)= 1 xau (=5-=)=

q
—1.
Apa xot” avdyxn w = —2.

o Av (J)= —1, tote ypdpouye

k(yom) = Q (\/w (2— - —yﬁ) , ﬁ;)

o, TéAL and Ty medtaon 1.2.9, éyovue 6t av Las g, o, = L(\/wp) t61€
Yo xdde TpTo p e

(qr,—_QUJ): (_2%2’47') y’] LOOB()VO(P.O( (qr’_Qw): (—2q,7“) oL éXOUHE oTL:

P P P

— H nepintwon w = 1 odnyel e dtomo agod (qr’T_Q): 1 xou (@): —1.

— H mepintwon w = —2 odnyel oe drono agpob (%’4): 1 xau (#):
—1.

— H nepintwon w = 2 odnyel e dtomo agod (%{4): 1 xou (%): —1.

‘Apa xot” avdyxn w = —1. O
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1.3 Kbipia anoteréopota

[Teploptlopaote Topa otny Tepintwon s = 4 ot yia amAGTNTA 6TOV GUPBOALG-
uo Yo mapaieitouye Tov Selxtn s uTo¥éTovTog TAVTOTE OTL BOIOXOUACTE GTNV

nepintwon s = 4.

Ocewpnua 1.3.1 FEotw

L, ar (3)=1,
t =

2 ,arv($)=-1

r

ka1 éotw x,y € 7 pe g — ry? = t. ‘Eotww eniong p mepirtds mpdtos jie

D tq
—)=1 ka1 (—)=1
() ()
Oéroupe p =t — y+/—tr ka1 opilovpe to oUpporo u, ws €€ng:

( (—l)prl, av p |z,

up =94 (), av pfx kar ()= —1,
\ (_72“), av pfx kar (£)=1,

drou ota olufola Legendre, mou eugavilovtal, oav \/—tr Gewpolue tuyai-
a axépaia \Von g emAlomung wodvvautag > = —tr(modp). (O avay-
voTng umopel va mapatnprjoel 6t to oUuPolo u, €lvar étol opiojévo wote
up, =1 av ka1 pévo av fp(Las g o) = 1). Kdww ané avtés nig vnodéoeis kai e
avtor to ouppodioud, 10y vovy ta akéAovia:

q

/. 4 / 4 ! / 4 /
o )ty mepintwon la dmov (;) = —1 époupe 6t 0 p" mapioratar and axpiBos

pia ambiguous kAdon kar akpipéotepa:
— Avp = 1(mod8) tére: I — p' & wy, =1 xa1 A2 — p' &
u, = —1-
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— Avp=T7(mod8) wite: B — p" & wu,=1rxa1 A’B — p" &

u, = —1-

— Avp =5(mod8) wire: C — p" & u, = 1 ka1 A*C — " e

u, = —1-

— Av p = 3(mod8) twére: BC — p" & w, =1 ka1t A2BC —

phl & up = —1.

o Yy mepittwon IB drov (1) =1 éyovue:

r

— Av u, = —1 tére A* — p?" ad\d kajia ambiguous kAdon Oev

!

rapiotd Tov pl

. A . 1 e R , ’ 7 b - /\ ¢
vu, =1 téte 0 p" mapiotatar aro akpifs pula ambiguous kAdon.

Anédeiln: H mpodtoon 1.2.10 pog Siver 61t Las g o = k(v/—2tp). Kot apyh
Vo del&oupe 6Tt T0 oluBolo u, €yel oploTEl xoTd TETOLO TEOTO YLX ToL P TOU
AVOUPEPOVTAL OTNY EXPOVNOT BOTE VoL Loy VEL Uy = 1 oy o uovo av fp(Las p o) =
1). Hpdrypatt, mopatneodue apyxd 6Tt 1 auvinxn

tq,
(E)_ 1

mou Yéhoupe va ixavorotel o p elvar toodivaun (BA. oyhAuo oty TpdTAON
1.2.5) Moyw (%): 1 pe 1o 61t f(Loy) = 1 xou cuvET®S 0 p avahbeTon TAHEWS

010 Lt g av xat wovo av fp(Laspc/Lo) = 1 1 10od0vapa av xat gévo av

(ﬂ

’ )= 1. Enedf 10 u, éxel opotel €tot wote yia xdde p { = va woydet

Uy = (%) N tooduvopior Tou INTdue Loy deL TEOYavMS YLor Oha oL p { T, EVE

Yoo T p PE p | @ umopolue va Solue 6Tt agol k(\/wp) = k(y/wv) Yo oy et
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xot L g p o = k(y/—2tv) ondte agol v = 2t(modp), éyoupe TeEAxd 6T

—2tv —4¢2 —1 p1
fo(Laspo/Ly) =1 < ( =1<( )=l (—)=1&(-1) 7.
b p b
L42p Lp L 42pc L 4 L¢ L 42¢

~ X%~

Lip La2pc Lag

N

Ly=La pc

k
2y o 3
Q
Yty ouvéyelo uehetolpe Ty tepintwon lo émou (1) = —1. Stny mepintwon

auTH 1) oudda xhdoewy eivon n H(D) = (A, B,C) ye A* = B2 = C? =T xo
o. ambiguous x\doeic eivon ov I, A%, B,C, A’2B, A>C, BC xan A2BC. "Eyouue
fo(Lo) = 1 xou ool Lg2/Ly2 p e elvar tomou (2,2), axpiBde éva omd to
fo(Lazg), fp(Lazpc), fy(Lazc) wwolton ye 1 oho elvon (oo e 1 (BA. oyhAuo
3).

o Av fp(La2p) = fp(La2pe) = fp(Laze) = 1 16t€ fp(Laz) = 1 xou
ETOPEVKC, TO ooua avdhuone tou p oty ke(D) elvon eite o Ly elte 10
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L, onéte I — p” i A —s .

o Av axpBdde éva omd to fp(La2 p), fp(Lazpe), fp(Laze) toobtou pe 1

161 fp(La2) # 1 xon

— Av fp(La2p) = 1 t61€, agol L1/ L 4 p elvor tomou (2, 2), Yo €youpe
fo(Lazp) = 1 fp(Lp) = 1 xou enopévig 10 6OUAL avGAUGNS TOL

p 070 ky(D) Yo evor | t0 L2p f To Lp, onéte A2B — pl A

B — p".

— Av fp(La2pc) = 1 161, epyalduevol OTme Topamdve, €YOUUE OTL

A’BC — ", 4 BC — p"..

— Av fp(Lazc) = 1 t61€, xou téAL epyal GUEVOL OTIOC TAUPATAVE, EYOUUE

6t A2C — pl HC — Pl

Auto mou péypet topa €youue deilel elvan To avtlotpogo tnc meodtaonc 1.1.4.
XNy ouvéyeta Ya Staywpeicouue Tic ambiguous xAdoeic. ‘Eyouue unodécel 6t
(%): 1 xou (%): 1, ovvenoe fp(Lo) = 1. Ernlonc up, = 1 axpBoe tote
6ty fp(Lpe = 1. Av p = 7(mod8) detfope mpwv 6t pio ex tov B, A’B

!

TAUPLGTE TOV p", omdte 10 obuo avdhuong tou p 6to k(D) elvar ) o Lp A
10 L42p. Aol 10 owua L 42p clvar yviolo utocivoho tou Lp oL 42p, €Youue
6Tl T0 ooua avdAuong tou p oty k(D) eivon to Lp ov xow gévo av u, = 1
xou étot B — ph' av xou ovo av u, = 1. O dhAec mepinTt®oel oTic omoleg

p = 1,3, 5(mod8) unopodv va amoderyolv eviehdc avdhoya (BA. oyruc 4).
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Ly Ly Ly L[

/ /| /|
Ly Lyp Lp Lyc Lo LAQBC’ LBC
o W T N
I L L
IL ll: I|<: 2y 4 k
0 0 0 0

Suveylovpe pe my mepintwon I8 oty onofa (1) = 1. E8G 1 opddo xhdoewmy
etvar n H(D) = (A, B,C) ye A® = B? = C? = I xou ol ambiguous »xhaoeig
etvan 1, A%, B, C, A*B, A*C, BC xon A*BC. Trevdupilouye 6t up, = 1 av
xou wévo av fp(Laspeo) = 1. ‘Eyouue fp(Lo) = 1 xou enetdh n enéxtoon
Ly2/Ly2p o elvar tou tomou (2,2), oxefog évog ex twy Badudy adpaveiog
fo(LazB), fp(Lazpc), fp(Lazc) elvon (ooc pe 1, ¥ 6hot elvon {oo pe 1 (BA.
i 5).

o Av f(Larg) = fo(Lazpe) = fp(Laze) = 1 t6te fp(La2) = 1. Em-

TAEOV:

—Av fp(Laspe) = 1 t6te xu fp(LaeLaspe) = 1. H odvdeon
UG TWV OWUATOY L2 xou Lgs g o elvor 10 cwpa Lgs. Enopév-
we Vo ebyape fp(Lat) = 1 mpdyua mov onuaiver 61t A* — p 4
I — ph/.(Enpsiwon To ooduo L s p o Oev maplotaton oTo didypoupa
ToU oY fHaTOC 5.)

— Av fy(Laipc) = —1 w6t fo(Las) = —1 xon étor A2 — p" mou
onualver 61t A — p a0 Pl ey maploTatar and xouia am-
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biguous xAdor).

o Av axpiBdde évar ex v fp(La2p), fp(Lazpe), fp(Laze) toobtou pe 1

161 fp(La2) # 1. Yuvendc:

— Ay fp(LAQE,B) =1 t61¢

* AV fp(LA4,B,C) =1 TC/)TE, O((POK/) LAQBLA4,B,C' = LA4; ﬂo( E[XO(P’E:

fp(LAZB) = —1 xou étotl fp(LA4,B) = 1 Tou dlvel fp(LA4B) =1 7,]

fo(Lp) =1 onéte A*B — p" 4 B — p".

* Av fp(LA4,B,C) = —1 to1e fp(LA‘l,B) = —1 emopévos fp(Lazp) =
1 étot A’2B — p mou Siver A* — p? xou 0 p" Sev TaploTaTan

amd xoplo ambiguous xAdo.
— Av fp(La2c) = 1 t61€ oyoing

« Av fy(Lyspco) =116t A*C — p" 4 C — p".
* Av fp(Larpc) = —1 t61¢ A* — p? you o p" Bev ToploTato
am6 xoplo ambiguous xAdo.

— Av fp(La2pc) =1 1t61¢

* Av f,(Las pc) = 1 éyouvpe 61t A*BC — p H BC — P

* Av fp(Laspe) = —1 1ot A — p? v 0 p Bev Toplo-
Tatow amd xopia ambiguous xAdor, dnAadr amodeiloue TAYpwC

T0 Yewonua. O
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Lysp Lp Lpc L 44 Lyspc  Lasc L¢

Pk N

Lyup  Lpp Lape La  Laspe Lic  Laic

20 X S

Lip Lapc Lac

N

Ly=La e

Yyfhua 5

Q

Khetvouue v mopdypago mpoodopilovtag ta oduoata Lap o, Lazcp,
La:ppc xou Las . To amotedéopata tapoucidlovion otov axdrovdo mivo-

o

[Tepintwon (;) Lapc Lycp | Lazpeo | Lazppe
|1 /72 | kR | k(2R | ()
B | 1| kYR RV | VA | k20)

An6deidn: Eotw (1) = —1. Ané to dedpnua muxvémrag tou Cebotareb

(BA. [3] Vedpnua 8.17) mpoxiinter 61t T ohvola spl(ka(D)) , spl(Lp,c), €xouv
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TUXVOTNTEC

1 1
now

avTioTolyo. LUVETMC UTOPOUUE VO TEPOUUE TEQITTO TEMTO optdud p €Tol -
GTE TO GMUA avéAuone Tou 670 ka(D) va evon t0 Lpe, onéte BC — p?l,
X ETOPEVLS, AOYw e medtaone 1.1.4, Ja éyovye p = 3(mod8). 'Etol
folLazppc) = fp(Laspe) = 1 (apob Lazp po, Laspe C Lpe). O Po-
Vuoe adpavelog fp(Latpc) evar 1, cuvemdyeton 6Tt (_Tf‘) = 1 %ot GUVETOC
(%) = —1. Apa Lappc # k(vV/—2p) xau Lappe # k(\/1), ouvenag
Lyppe = k(v/2p). Mnopolue enione vo mdpoupe pp €10l WOTE 10 G-

o avdhuone tou oto k(D) va elvar to Lo 1o omolo Siver p; = 5(mod8).

Ouolwe, omwe mponyouuévme, Vo €youue fpl(LAQB,C’) = fpl(LA4,B,C) =1

X0l CLVAYOUUE OTL Vol TEETEL xot TAL (;—1“) = 1 70 omolo cuvendyeton OTL

(p%) = 1. Apat Ly2p o # k(v/—2p) mou diver Lo o = k(\/1t) o emopéverg
Lycp = k(v/=2pu). H nepintwon Ip oty onola (£) = 1 propet va peretnlet
EVIEADC OUOLO ToEYOVTOC TEWTOUC ool p, P1 OOTE TO OWUATA AVAAUCT)-
¢ touc 00 ko(D) va elvar Lo xau Lo avtiotoya (xdtt 1o onolo Yo Sddoet

p = 3(mod8) xou p; = 5(mod8)). O

1.4 To npofAnua nopdotacng yia avdaipeto D,

!

TNV Topdypapo auth teootodolue vo SOUUE XUTd TOCO 1) ToPdGTAUOT) TOU p'=o
amo plo ambiguous xhdon Staxpivoucag Dy, emided 0Ty IXavoTNTO TORAoTACT

C oV phls am6 ambiguous xhdon dtaxpivovcac Dy , s > sg > 4.
ITpbtaon 1.4.1 Ay s aképaios apiducs pe s > 4, p évag mepirtds mpwtos
1S (%): 1 ka1 Xgq1 pia ambiguous kAdon drakpivovoas Dy, tote 10y Vel n
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axdédouvln ouvenaywyn:
Xy — 0 = @y(Xn) — p

AmdeiEn:  Agol X — pl=+1 Do éyouue 6TL T0 GGUA AVEAUOTE TOU P

0710 kg(Ds41) elvan to Ly,,, mou diver fp(Lx,,,) = 1 xou emopévie Adyw tou

s+1)
Mpupotog 1.2.2, éyouue 6t fi(La,(x,,,)) = 1. H mepintwon Xy = L4 ebva
tetpiupévn. Av X1 # I t0te 10 fy(Le,(x,,,)) = 1 ouvendyeton (oY Tou

otn L, /Lg,(x,,,) civar eméxtaon Baduol 2) 6Tt 1o odua avdAuong Tou p oTny

k2(D,) etvan ) t0 Ly, (x,,,) 1) T0 Ly, Av frav o Ly, t61€ agod Ly, = LAZC(f)
s+

O ebyope fp(Lx, L o) = 1 xow ouvenise fp(Ly,,,) = 1 mou ebvou dromo

+1
16Tt Xgiq # Ig4q. O

ITépwopa 1.4.2 Eotw s € Z,s > 4 Kkat p TePITTOS TOWTOS L€ (%): 1. Av
X € {I;, B, Cy, BsCs} téte

o Ay Agc(SHXS — s A X, — pl tére X, —> pM Vi€ {4, ..., 5 — 1},

c(s)—1 7 / - 7 /
o Av Ag Xy —> phls tote Kkauia ambiguous kAdon dakpivovoag D, dev

rapiotd Tov pl Mo > s+ 1.

Anédeiln:  YTreviupillouue 61t ®(Ay) = Ay, ®(Bs) = Bs—1, ®(Cs) =
Cs—1. Hoapatnpolye 6tnyv cuvéyeta 6Tt SATT Y = A2 = (ool P(As) =
Ag_q xan o Ag_y €xer T8EN 2c(s—1) — 26(5)_1). ‘Eoto howmtdy bl AgC(SHXS —
pls. Téte CID(A?(SHXS) — plr, Shadh Xoop — pl1 Av méu X, —
P t61e ®(X,) — pli-t ombte X,y — pl-1. Ye wdde mepintoon hotnéy
éyoupe 6Tt Xy 1 — pl—1 xou ouveyilovtac opoiwe éyoups X, — pM Vi €
{4,...,s — 1}, dnhadh v anddelln tou mpohTou uépouc tou mopiouatoc. Ei-

VO (POVERO OO TAL TUEOTAV®, OTL OL EIXOVEC Twv ambiguous xAACEWY PECW
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e Dy avixouv oto odvoho {Iy, Bs, Cy, BsCs}, s > 4 xau ouvende, ov
Agc(s)_lXS — plls, t6Te dev elvon Suvartdy uta ambiguous xhdon Staxpivoucac
D, va moptotd tov pl vl xdmoto ¢ > s+ 1, Snhadh éyoupe Ty omédelEn Tou
deltepou pépouc Tou Topiouatoc. O
Avtilotpoga €youue o axdhouto Osdonua:
Oedpnua 1.4.3 Avp elval tepittds mpcdTog jie (%): 1 ka1 X € {I;, B, Cs, BsCs}
via s € L,s > 4 pe Xy — pls,  téte 1wy ver akpiPs uia ard tig axodovleg
TapaoTdoels:

® Asp1 — phlsH

o Agisl)Xs—kl — phlsH-
= 1.

Emméov, Xg11 — p1 & fo(Lp,,, c..)

Amodein:  H amddeln elvon oyedov mpogovic av UEAETHOEL xavelc Tol

oxorouda Starypdppotoa Galois

LIS‘H - kQ(DS‘H) LIS+1 = ks(Ds+1)
it M b TR0 T eI
LA30+<15> Koy Ly, Syfua 6 LAzi(ls),l

Av X, # I, t6te f(Lx,) = 1 xouf(ka(Ds)) # 1 ondte 10 obdua avdhuone

T0U p 6NV ka(Dsy1) elvon oxpBdds éva amd o LAQC(S)

L XL AUTO
s+1 XSJrl’ XSJrl

yiatl n oOvieon autody v Slo cwudtwy elvan 1o Ly, | (BA. oyfua 6), tpdyua
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’ / 7 / / c(s) / !
mou onuoiver 6Tt xdmota amd Tig xhdoeic AX X1, Xgp1 Toplotd Tov pln
(xow oOppwva pe Ty tpdtaon 0.0.1 axpBog pio). Av Xy = I t61€ agol

s

Ly = LAQC(S), Exoupe 6Tl T0 oOua avdAuong Tou p oty ka(Dst1) elvon oxpBede
s+1

(S)Xs+1 LBs—‘,—l 7Cs+1

s+1

evaex Twv Ly, LA?i(f)' Tehog mopatneolue 6t Ly, = LAQC

ou onuadver 6t X1 — p av xon uévo av f,(Lg,,, c,,,) = 1.0
And o Oewphuarta 1.3.1 xaul.4.3 teooxintel To axdlovdo ndpioua:

Iépiopa 1.4.4 Eotw (1) = —1. Ta éva mpdto nepittd p pie (%): 1 kai
1, arp=1,7(mod8):

p (Z), avp=3,5(mod8).

To oUpporo u, tov Oewpnparos 1.3.1 eivai kadd opiopévo. Ioyver 6t u, = 1
av kai uévo av akpifos pia €k twy AiBs, Bs rapiotd Tov pls. Emm\éov,
Bs — ps av ka1 uévo av f(Lp,c,) = 1. Enions av n A2Bs napotd tov p's,
Tote Oev umdpyel ambiguous kAdon dakpivovoag Dy mov va mapiotd tov pls,

via kdOe s > 9.
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Kegpdiowo 2

[Topdiotaon Avvipewy Ilpotwy Aptduny

xou 20uBoia Ttou Legendre

> AUTO TO YEPOC Vol EEETACOUNE TNV OYECT UETALD TNC TUPAOTAONC SUVAUEWY
TEMTWY ATO XAAOELS TETEUYWYIXWDY HOPPKOY xou Tou yopaxthoa Legendre tne
VePEAMOOUC HOVADUC TOU EUTAEXOUEVOU TRAYUATIXOD TETPUYWVIXO) GOUATOC
aptduwy. Ot teptmtooelc 1, 2 mou avagéoovtal otny elooywyn Vo ueAetniody

4 7 4 4 7.
Ceywplotd. TreviuuiCouue 6Tt autéc elvou:

e In Ilepintwon D = —256¢r, q,r mpdtol pe ¢ = 5(mod8), r = 3(mod
8), hz(Dy) | 4.

o 2n llepimtwon D = —4m, m > 1 axépatog, eredicpoc TeTRAUYMVOU UE

H 1n mepintwon vrodoupeiton otic mepintadoetc o xon If 6mwe xat oto mpo-

NYOUUEVO XEPAALO.

2.1 TlpoxoatopTixéc MPOTACELS

AAppa 2.1.1 I'a kdle s € Z, s > 2, 10yovy ta akédovla:
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o (i) Ho(—2%qr) = (2872w 2,2), 6mou Hy(—qr) = (2°vT1) oty mpdtn

TepimTwon,

e (ii) H3(D) € {(3),(3,3), (3%} oty dedtepn mepintwon.

AnédeiEn:  H (i) éyer pehetndel oto npdto pépoc e epyaoiac (BA. 1.1)
T v (i) ta avapepbueva oty exponon elvon Tpo@av and Tic UToYETELC.

a

To axdlovido Mo Yo govel ToAD ypnowo oty cuVEYELa ool Yo uag dHoeL
™V SuUVATOTNTA VoL GUVOEGOUNE CWUAT aEPLIU®Y TOL Vol EYOUUE XATACKEVAOEL

UE LTOOMUATA TV EUTAexouévey ring class fields.

Aqppo 2.1.2

o (i) Kdbde xuxhihy enéxtaon L tou k Baduold 4 pn Sohadilopévn extoc
Tou 2 xon Sledpn| unép Tou Q mepLEyeton oo ko(—2564r).

o (ii) Kdle un Sroochadilopévn enéxtaon L tou k tééne 3 (avtiotoryo 1éEng

2) mepéyetar 010 k3(—4m) (avtiotoyo oto ko(—4m)).

Anédeiln: H (i) éyer pehemniel oto mpwto uépoc tne epyaociog xat elvor to
Mupa 1.2.6. T v (ii) éyoupe ot xde pn doxhadilopevn enéxtaon tou k
Beloxeton oto Hilbet class field tou k mou eivan 10 k(—4m). O
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2.2  Emextdoeig tov k nopayoueves pe tny Pordeia ptllixwy tng

Yepehwdoug povadog

IMpétaon 2.2.1 Eoww q, r mpdtor apiiuol pe ¢ = 5(mod8), r = 3(mod8).

Eotw emionsw € {1,2} ka1

(o

I
—
—
Q
X
—~
SR SR
N—
I
—

[\
Q
X
—~
~—
I
I
—

Oéroune: k = Q(v/—qr), ko = Q(\/qr), K = kko, o = /W2y M =

2

K(a). Ta axélovda wyvowv: Trdpya v € K téroo dote wey, = tqv?. H

enéktaon M/K elvar kukhiky Kummerian enéxtaon Baluot 4, M/Q elvar
oredpixry e G(M/Q) = (o, 1) x (0) xar o(\/qr) = \/qr, T(\/qT) = —/qT,
o(\/ar) = ar, o(i) = i, 7(1) = —i, (i) = —i, o(a) = ia, T(a) = %,
o(a) = a. Enionsn M/K elvar urj draxAadildpevn extés tou 2 kai ta odpata
L, L' mov avtiotoolv otis ouddes (1), (oT) péow tns avuororyias Galois
elvar Kukhiké§ emextdoels tov k Paduol 4 un daxladildjeves ektos tov 2
ka1 O1edpirés mdvew ané to Q. Télos K(\/Ey) = k(i,/Tq). Arxolouvlel o

Sidypapjia twy mpoavapepopévwy vroowudtwy s enéktaons M/Q.
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M

_——

L L K(/Eq)

N

k(VE) K = k(i)

\/Q(')\k
N

Anddelln:  Adyw TV 1GYLOLVCOY IGOSUVAULGY Yia To g, T, 1 VeUeNMONC

2y o 7
Q

LOVABO TOU TETPOYwYLX0U Tearypotixod oopatog aptduwy k = Q(v/—qr) éyet
norm {on ye 1. H ddtntor avtry Yo yenotwomotniel ot mopodte ywelc tdt-
aitepn avagopd. Ilapatnpolue 6t Ry, = Z[,/qr]. 'Eyouue 61t 1 Stogavtixh
ellowon 2% — qry? = tq elvon emhlown otoug axepadoug (Bh. Mupa 1.2.4).
Octouue

b=z +y\/qr, b=1x —y/qr (2.1)

xau éyouvue bb = tq. Ta 2,q Sowdadilovioan oto ky. Dpdpoupe (1) = 4,
(q) = g% émou 10 q eivou éva TEAOTO WeMdEC Tou Ry, %ot To qp elvan Eval TEMTO
Weddec Tou Ry, 1 6hog o doxtihog Ry,. Ipogavie to 18emdeg (b) doupet to

(9q:)%. Abyw tou 611 N(b) = bb = tg, amoxheiovian oL TEQMTOOELS

(b) =ar, (b) =q;, (b) =a", (b) = (q:)”

xor ouvendxe (b) = qiq = (b)® = (q:q9)* = (tq) omdrte vmdpyet uovdda €

A

tou Z[\/qr] éto1 Gote b = tge. 'Bow e = ¢,

A € Z 6mou OTWS EYOLUE
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AON avopépet €4 elvan 1 Vepgehtddne wovdda tou Ry, = Z[/qr]. O X npénel
avaryxooTixd vo elvar teptttoc. Ipdypott, av o A Atay detiog toTe
A

(bei )* = tq

onéte Ju € Z[\/qr] : u* = tq xou av u = x + y,/qr t61€ Vo émpene tq = u® =

2% + qry* + 22y, /qr mov cuvendyeta 2y = 0 xou dpa tq = 2% + gry®. Atoro.

Aqgol ooy o A elvar mepttToC unopolue vo Y€couye

a1
w(beg® )

tq
xau Yo éyoupe at = wrey, = tqv?. ‘Eoto tdpa G(K/Q) = (7, 0) pe T(\/qr) =

—/qr, o(y/qr) = \/qr, T(i) = —i, o(i) = —i. Mnopolue elxoho vor Solue

6t T(v) = ;’;—i, o(v) = v xou 7(at) = (g){ o(a?) = o xau éror umopolye va

VvV =

emexteivoupe Ta T, 0 610 M xatd tétolo tpoémo dote T(w) = (g), o(a) = a.
E&édou n M/ K eivor enéxtaon xuxhixf tou Kummer ot propolye enopévenc
va Véoovue G(M/K) = (o) pe o(a) = ia. Iopatnpodye oty ouvéyela 6Tt
M = Q(a,i) xou emouévec éva otoryeio e G(M/Q) xadopiletor mhfpwe

amo TIC TIWEC TOL oTa o xou ¢. Emedn:

(ro)(a) = =¥ = (o7)(a)

éyoue 6 G(M/Q) = (0,7) % (o) pe G(M/K) = (o,7), G(M/ky) =
(0,0), GIM/K) = (0,7, 0) Enlong anbé vouo avdhuone o€ eNEXTAGES TOU
Kummer (BA. [6] chapter V §39) unopolue edxoha va Solue 6t ot M /K xou
K/k elvon un droxhadilopevee extdc tou 2 xou cuvenodg xou  M/k etvon pn
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StonhadLlouevn extoc tou 2. Todpa, T uToowuata tou M Tou avTieToly 0OV
wéow tne avtiototylog Galois otic ouddec (1) xou (o) elvon xuxhixéc tou k
Borduot 4 un drohadilouevec eEXTOC TOU 2 xou UAALGTA Elvon 1o DIESOIXEC ETEX-
tdoeic Tou Q. Téhog, 1 oyéon wre,, = tqv? diver k(,/E5r) = k(i,v/Tq) ( mou
BéPonar onuaiver 6Tt yia p mepLttéd TEwTo pe p = (1 mod 4) xou (%): 1 oy e

()= (4).0

2Ny ouvéyelo Yo UEAETACOUUE TNV TEPITTWOT TOU TETRAYWVIXOD Utyodixo
oopatoc Q(v/—m) émov 0 m elvon puotxdg aprinde ehediepoc TeTEaYMVOU UE

m = 1(mod4).

ITpbtaon 2.2.2 Eotw m eAellepos tetpayvov guoikds apiduds e m =
1(mod4). FEotww k = Q(v/—m), kg = Q(v3m), K = kky = k(w), a =
Ve3m, M = K(«). Ioyve éun M/K eivar Kummerian enéikraon BaOuod 3
kar n M/Q eivar iedpirn) taéns 12. EmmAéor, G(M/Q) = (o,T) X (0) e
o (/=m) = /=, 7(/7m) = Vm, oy =m) = v/, 0(v78) = V7B
r(V73) = V73, o(VB) = —V73, 0(a) = wa, 7(0) = &, of0) = o H
M/K eivar aBehiavny un diaxiadilépern extés tov 3 enéktaon Paduol 6 kai

to undowua L tov M mov avniotoivel otny (1) eivar BaOuol 3 enéktaon tou
k un duaxAadilduevn extds tov 3 kar n 6e€ L/Q elvar biedpikry tdéng 6. To

o1dypaia Twy UToowudTowy ToU avagépovtal oivetal akolovia:
pPapu M pep
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Anddeln:  Hopatneolue xot’ aoyny ot

W — ﬂ Z[\/3m] , av m # 0(mod3)

xau 0Tt Ry, =
2 Z[\/%] , avm = 0(mod3).

M = k(a,v/-3),

H Yepehiddne povéda €3, 100 TeTpaYOVIXOD TRaypaTXo) aouatoc Q(v/3m)
éyet norm {on pe 1. Hpdyuatt, av m #Z 0(mod3) téte 1 dogavtixd| eZiowon
2% — 3my? = —1 dev éyet Moon (apol n oyéon 2 — 3my? = —1 diver 22 +
y?> = 3(mod4) mou elvau dtomo), evéy av m = 0(mod3) téTe 1 Sogavtin
eflowon 2 — By? = —1 dev éyet Mon (yarl m = 1(mod4) mou onuaiver
61 Z = 3(modd) xou ovvende pla oyéon e popgrc z¥ — By? = —1 do
¢dve o2 + y? = 3(mod4) nou elvor dromo). H oudda Galois G(K/Q) eivou
TOmou (2,2) onéte unopolue va mdpovue G(K/Q) = (7, 0) pe 7(v/—m) =
vV=m, o(v/=m) = /=m, 7(v=3) = —V=3, o(v/—3) = —v/—=3. Enionc

M/K elvar Kummerian enéxtoon Boduod 3 ondte unopolue va Vewprioouue

G(M/K) = (o) ve o(a) = wa. Topa, enedh

0} = ezt = (), ola®) =a®

ol



To T, 0 €lvon Suvatdy va enextatolyv og 6ho To M émov T(a) = é, o(a) = a.

Edxola damotdvoupe otu:

(r0)(er) = 57 = (o7)
(00)(e) = w?a = (0%
(r0)(V=3) = —v=3 = (07)(4)
(00)(V=3) = —V/=3 = (¢0)(V-3)

and to onolo ouvendyetar 61t G(M/Q) = (o, 7) X (0). And VYewpio avdhuone

(@)
)(@)
)

otic Kummerian enextdoeic M/K xaw K/k propodue vo dolue 61t dev Stomx-
AadiCovton mépay Tou 3 (BA. [6] chapter V §39). To odua L tou opileton otny

EXOOYNON VO aVTLoTOLYEL oTny (T), €TEON
Pwvnon X n ) N

240 15) 3 (g),

(-

elvon OvTwe dedont| enéxtaon Tou Q xat Boduod 3 mdve and to k.0

2.3  Kbpia anoteAécpata yia Ty nepintworn D = —256gr

[Teproptlbpaote tHpa oty 1n nepintwon 6mov D = —256¢r pe ¢ = 5( mod 8),
r = 3(mod8), ha(Dy) | 4. Tt amhdTnTa OTWS XU GTO TPONYOVUEVO XEQFNLO
Vo mopakeimeton o deixtng s = 4. ©étouue ky = Q(\/qr), K = kko, M =
K(Weq), M' = K({/4g4). And v mpétoon 2.2.1 mpoxinter 61 oto M
mepléyovtan 2 vrnocouata: Ly, Ly to omola amoteholv pn StaxhodiloUevee
eXTOC TOU 2 xuxhixég emextdoelc Tou k Poduod 4 xau elvon Sedoixéc mave
and 1o Q. Eniong xou oto M’ nepiéyovtar 2 vroodpoto: L, Lj mou eivon pn
StoAadt{OUEVES EXTOC TOU 2 XUXALXES EMEXTAGELS Tou k Borduol 4 xou diedpirécg
méve and 1o Q. Ané to Mupa 2.1.2 ta Ly, Lo, Li, Ly mepiéyoviar oo

92



ko(—2564qr) xou ool n ka(—256qr)/k meptéyel axplBie 4 evdidueca ompata
Tou va etvar xuxhxd Barduol 4 xou Siedpixd téve amo to Q (BA. oyl petd

T0 Mupa 1.2.6) o €youue

2 2 2 2
{Ly, Lo, Ly, Lo}y ={L%) ;o0 L5 o0 L o Ly pot = {k(Von) | w = +1, £2}

omov =1t — y/—tr yo z, y tuyaiec axépouec AUOEIC TNG DOPOVTIXNC qr’ —

L oy (9)=1,
t =

2 oy (9)=—1.

ry? =t xou

HMopatnpolpe 6t V2 & M, M' evy i € M,M'. (Av n.y.v/2 € M téte 7
K (v/2) Yo frav utdowua t1ou M. Ouwc n G(K(v/2)/Q) eivan tomou (2,2, 2)
xou auTo amayopeleTor and v Soud tne ouddac G(M/Q).) Eivou edxolo
tpa vo el xavelc 6t { (4, /i), k(i,4/2p) } = {M, M'}. Ytnv cuvéye
Vo mpoodiopicovue note M = k(i, /i) xou néte M = k(i, /2p). Ilpog tolTo,

Vo ypeetaotolue o axorovlo Auu:

Aupa 2.3.1 Av q, r elvar tpdtor apiuol e ¢ = 5(mod8), r = 3(mod8)

Kai €4 = u + vy/qr n Oepedicddng povdda tns Q(,/qr), tte g = u =
—1(modg).

Anodeidn:  H g4, ¢ povéda tou couatoc Q(,/gr), €xer norm 1 xou
ouvendeg u? — qro? = 1 mpdypa mov onuoiver u = +1(modg). Trodérouue
6t u = 1(modg). Mnopolue enopévic va ypdhpoude u = 1 + Kg yio xdmoto
Kk € Z ondte, Talpvovtoc TeTpdywva, Yo éyouue u? = 14 2kq + k2q* xou éto
qrv® = 2kq + k2> = k(gk + 2) = rv®. 'Eotw 61 o k elvon teprttoc. Tote
(k,qK +2) = 1 ondre:
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e Av yev r | k Yo elyaue grv? + 2 = v3 6ToL vV = VIV AU CLVETHC

2
(%) = (%) = 1 movu eivar dtoTto.

Oy (g) = (%) xou éyovpe Téht dromo.

r

4 4 2
'Eotw thpa 61t 0 K eivan dptioc. [pdgoupe k = 2K’ xou étot K/ (g’ +1) = v/

v v = 20,

o Av ey r | K téte ypdgovtac k' =1 ue A € Z Yo éyovpe A(grA+ 1) =
v”?. Enadf ot A, grA + 1 eivon tpdrol petafd toue, Do undeyouy axépatol
oprdpol vy xou ve Wote v = vivg xoL A = U%, grA+1 = ”U%. D IVVETIOC

Vo €youpe Tic axdroviec oyEoelc:
vi—qrvs =1, v=20 =2vwy, u+1=2+rkq=2(qgrA+1)=20%

Or tedeutéeg oyéoeic divouv axépona Noon (v, v2) e dtogavtxic e&iow-
one: 22 —qry? = 1pue 0 < vy < uxan 0 < vy < v, %41t 10 omolo elvar
dtomo ool u + v4/qr elvon YeueAddne Lovada.

e Av de 7 1 K téte vig + 1 = 103 bm0Uv v = vivg ombTE 1 = (g) xou

yedpovtac vig = —1+ rv3 unopolue va tépoupe (£) = —1 tou efvan xou

r
TéAL dromo, apod (S) = (g).

YUVETOS €gr = u + v4/q7 = u = —1(modg).0
Aquppa 2.3.2 Ioyver n akédovOn oyéon

1 ,ar (

folk(\/H,9)) = (



Anodeiln:  Ioylel k(\/i, i) = k(y/v,1), 6mou p, v, énwe oploTnay oY
mpotoon 1.2.5, xo Topatneolue 0Tl

(E) (M): (%)_

q q q
Avt =1, téte (7)=1 ométe fo(k(\/R,1)) =2. Av ndh t =2, té1e (7)= —1

onote fu(k(\/p, i) = 1.0

Afuppo 2.3.3 Eotw p mepirtds mpwtos jie

—256qr
( )=1
p
loyve oui:
1. Av p = 1(mod4) tére

(tq) (6qr) Kar av emmAéov (sqr) 1 téte u (€q7~) (2)
—)=(— T —)=1 1t = (—5), (=
p’ P p T

2. Av p = 3(mod4) tére

)= ()

p p

omou P elvar mpto 10€deS Touv Ry, mdvw amd to p.

Anodeiln: Eyouvue fo(K) =1 (yiaxl fo(k) = f,(Q(7)) = 1) xu K(y/wey,) =
k(i, /1q) = k(i, /—tr) on6te apot (_T”): 1 Yo éyoupe olyovpa 6Tt fo (K (\/Wey)) =
1. Eoto qRy, = g% n avdhuon oe mpdta 8eddn oo ky. To qRk elvon mpdto

Oeddec Tou R xat ydMota

Aot buwnc
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and tov vopo avdhuone otny enéxtoon K (ywe, )/ K Yo éyouue

R (o) /) = 1 e (50 = 1,

T0 omolo, Aoyw Tou Ajuuatoc 2.3.1, elvon 1oodlvouo ue
w2 2

(T)4= I < (%)42 -1 & (g): -1 & w=2.

Yuvenoe f(M') =1, fi(M) =2 xo, obupova ge to Muua 2.3.2, éyouue

(k(ia\/ﬂ)a k(%\/ﬁ)) ’OW( ) -1

OuudpooTe 0uwe 0Tt L p o = k(v/—2tp) = k(v/—2tv) (BX. npdtaon 1.2.10)
onote M’ = LfZ,B’C(i). Yty ouvéyeta tapoatneolpe ot fip(k) = 1. Tdpa,

(0, 1) = { (6, ), 06 V) o

6tav p = 1(mod4), éyouvue 61t fr(K) = 1 mou divel

: ¢ Eqr
F(K(Vem) =2 <= £(k(vTq) =2 o emopévec (f): (L),
Eniong, étav (8—;"): 1, éyoupe (4‘%)4: +1 xou
degr / (2)
( . =1 <= fL,(M)=1 < fp(LA4’B’C) =1 <<= u,=1.

Av néh p = 3(mod4) t6te fi(K) = 2 xau, agol n K(\/E4)/K elvon enéx-

TaoT ToL TOTOL (2, 2), Vo éyouue (K ((/Eqr)) = 2. Etor, étav f,(k(\/1q)) =
2 Yo oy let fp(ngBc) = 4 (Ago\ 7 L%)Bc/k elvat XA pe eviLdpueco

obua 10 k(y/tq)) medypa mou onuaiver f(M') = 4 xau dpo (4;‘”’)4: —1).
Otav fp(k(y/tq)) = 1 Yo woyder 6t o p adpavel oty K (,/E4r)/k(y/Tq) ondte,
apoV n M’ /k(y/tq) eivon tomou (2,2), VYa éyovue f,(M') = 2 mou onuaivel

degry _
(=)= 1.

o6

b } = (k(, @)’k(i’ \/ﬂ)) = (k(t,



k(VEQ) K = k(i)

/Q(')\ k
N

Yiyfua 9
Q
EZdilou 1oydel To axdrovio:
4 2 (2) ,av p = 1(mod4)
S)=0)=9 7 (2.2)
p p 1 ,ovp=3(mod4).

[odypatt, av p = 1(mod4) téte o p avokletor oto Q(7) ondte apod avohle-

T xou 670 k Vo avokletan xou oto K. Katd cuvénea (2)= (%) AOY® TOU

p
Rk Z

OTL ToL OOUOTA oHE xan 7 efvan 106uopga. Av Tl p = 3(mod4) téte o p

Vo adpavel oto Q(i) omdte o Badudc adpdvetac tou oto K Va elvar 2 xon €tol

p—1)(p+1)

N (p) = p*. Ouoc 2P~ = 1(modp) xou cuverde 9= = 1(modp) =

N(p)—1 N(p)—1

272 = 1(modp) = 27>~ = 1(modp) xa, and t0ov 0plopd T0U GUPLOAOL

Legendre, €youpe (%): 1, dnhadn Ty amddelln e oyéone (2.2).0
Mmopolue topa va anodellovpe To axdrovio Oedponua

Ocdpnua 2.3.4 Yy nepirrwon 1 (PA. oed. 33), éotw 6u (L) = —1. E-
ropévas, Ho(—256qr) = (A, B,C) ue A* = B?> = C? = 1. Eotw enfong p
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TEPITTOS TPDTOS L€ (%)

= 1. Ta axdélovda 10y Vovy:
(1) O p™ napioratar ndvra and xdnowa KAdon X wng H(—256qr) pue X* = 1.

(2) O p™ rapiotarar aré ma ambiguous kAdon tov H(—256qr) av ka1 uévo

av (%q) = 1.

(3) Otavp = 1(mod4), téreo p™ mapiotatar and ufa ambiguous kKAdon
tov H(—256qr) av kai uévo av

Cr)=1

’ hl 7 e e
Kai emmAéov o p' mapiotatar and e €x twv I,C av ka1 uévo av

(f)f )

(4) Otav p = 3(modd4),  téte o p™ rmapioratar and ufa ambiguous kKAdon
tov H(—256qr) av ka1 uévo av

Eqr
—),= L.
(5 )s

Amodeign: H opdda
Hy(D)
Hy(D)’
et o axérovda otovyeion {7, AQ}, {B, AQB}, {C, AQC’}, {BC, AQBC'},
{A, A3}, {AB, A3B}, {AC, A3C}, {ABC, A3BC}. Treviuuilovye 6t

0 owpa yévoug modulo D eivon 1o k(4/q, (3) ot 0 1oopoppioude tou Artin

ETALYEL LOOPOPPLOUO

= (L/g7)" x {+1}

o8



e Cmod (Hy(Dy?) —s (219 QDI
m m
210 Ocwpnua 1.3.1 eidope 6TL yio éva TEQLTTO TEWTO P UE (@) = 1 1oy 0et

ot
, 1, v p =

(A). O p™ moplotator amé ambiguous xAdon Staxpivoucac D téte (3)= {
—1, avps=

O 4 ’ q V4 ’ J4 /
L dkec epintoelc tou (£) mpénel va Stopotlpaotody ota utdrotTa YEVT ToU

p

Hy(—256qr) xou étot éyoupe 10 axdhoulo:

—1, avp=1,7(mod8)
n N
(B). Av X — p™ ye X € {A, AB, AC, ABC'} 61e ()= {

1, avp=3,5(mods).

LA2B%A2 i‘{ |
Lap Lap Lapc L4 Lapc  Lyc Lazc
Lap  Lapc Lac
\ / 2y 10
IIpyos owpdrwv otnv tepintwon Ila k
Q
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Aré 1o oyfua 10 Tapamdve xou Ye omAd ETLYELRNUATA AVIAUONS TEMTOY OTWC
oxEBC xat 0TNy anddelén tou Ocwpruatoc 1.3.1 uropolue vo Solue 6Tt Loy Vet
xot To avtioTpogo Tou (B) xau étol éyoupe anodeilet to (1). (Enuetdvouue ot

v xqe X € {A, AB, AC, ABC'} woyber Ly = La2x mou onpoiver: X —

P av xw pévo av A X — p™). Tadpo, f,(Lo) = 1 av xu yévo av

4 ! 7 4 4 : 4
(%q) =1 av xou pévo av o p™ maplotator and xdmoro ambiguous xAdon (BX.

oyfda 3) xou étot to (2) touv Bewphuatog tpoxintet dueca. To o ebxoha
TpoxUnTouy xot o (3), (4) Tou Oewpiuatog yenowonovTag To Oempnuo

1.3.1 xou t6 Mo 2.3.3 O

Ta mpdypata oy nepintwon ()= 1 dev evar 1600 ‘duoppa’ 660 dTay

g - 4 4 7, 4 4 4 4
()= —1. Hopdho autd umopolue var TdEoLPE To oxdhouo, EVBLUPEROY XUTd

™Y Yveun pac, Osopnua:

Ocdpnua 2.3.5 Yy llepittwon 1 (PA. oed 33), éotw du (1) = 1. Avp

(=)

/. / /
€1val mePITTOS TOWTO €
pITTES TATOS i€ (==

= 1 ka1 p elvar mpdto 10€d0€§ Tov Ry, mdvew

/ / / /
amd to p tote ta axodovda 10y Uovy:

(1) O p™ rapiorarar ard kAdon X wng H(—256qr) pe X* = I av ka1 pévo

av (%) = 1.

(2) Av p = 1(mod4), tdre o p™ mapiorarar ané khdon X wns H(—256qr)

e X4 =1 av ka1 uévo av

Cry=1

! .
" rapiotatar ard kdrowa ambiguous kAdon wng H(D) av

Ka1 €mMmAEOY 0 p
Kal uovo av

€ 2
(==)= (=)

p p
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(3) Av p = 3(mod4), tdte o p™ napioratar aré kAdon X tng H(—256qr)
pue Xt =1 av ka1 uévo av

E:qr
—rny = 1.
(5 )4

Anddeln:  Amoé 1o oynua 5 etvon edxoho va del xaveic OTL Yo TouC p TOU
avapépovToL OTNY EXPOVNON ToL Oewpruatog, ulo xhdon X tne H (—256qr) ue
X* =T mopiotd tov p' av xou pévo av (Br. xar mpétacn 0.0.1) f,(Lg) = 1.
‘Ouwe Ly = k(y/tq) xou €10t 1o (1) mpoxinter dueoa. Ta (2) xou (3) eivon

OLVETELEC TOU AfjppaToc 2.3.3 xat Tou Oswpefjuatoc 1.3.1.0

2.4 Kopia anoteAéopata otny nepintwon D = —4m

Mo Ty mepimtwon 2 (Br. oeh. 33) Vétouue k = Q(v/—m), kg = Q(+/3m),
K = kko, M = K({/e3m) xou egapuélovpe v mpbdtaon 2.2.2. Eotww L
T0 oGpo Tov avtioTtolyel oty utooudda (T) péow tne avtotorylac Galois
. To 3 avahletor wg 3 = (1 — w)? oto Q(v/—3) o adpavel oo k (apo
m = 1(mod12) = m = 1(mod3)). Autd onuaiver é1u n avdhuon tou (3) oe
npnTa 3eddn Tou K elvar (3) = (1 — w)?. And vépo avdhuong o€ enextdoetg

Tou Kummer éyoupe 61t 10 3 Stoxhadileton oto M arv xat uévo av 1 tooduvapio
3m = 2°(mod (1 — w)?)
elvon emtAbotun oto K. Emopévag €youpe to axorovlo Ocopnua:

Ocwpnua 2.4.1 Yy nepintwon 2 (L. oed. 33), av p eivar tepitté§ mpddtos
e (_477”) = 1 ka1 n wodvvapia €3, = z*(mod(1 — w)?) dev efvar emAVon
oto K torte:

61



(1) Av H3(D) = (3) n (3,3) tdre undpyer ndvrore uia kAdon X € H(D)

pe X3 =1 éro1 dove X — pls.

(2) Av H3(D) = (3?) téte av p = 2(mod3)’ A ‘p = 1(mod3), (Bm)g =17
téte undpyer tdvrote ufa kddon X € H(D) pe X3 =1 éro1 dove X —

p's.

3) Av urdpyer uia Kddon X € H(D) ue X3 = 1 dore X — p xar
(3) pXEl |t n L p
emm\éov vndpyer uia khdon X' € H(D) pe X" =1 dore X' —s pl,

téte Oa vndpye ka1 E € H(D) jue ES =1 évor dove E — pls.

Anédeiln:  Eivow edxolo va det xaveic 6t woyler n (1). And tnv doph
g ouddog ¥Adoewy €neton 6Tt To oOUa avdAuong Tou p oty k3(D) Yo elvou
| 10 k f xdnow enéxtaon tou k Baduod 3. H (1) mpoxinter dueca Aoy
ne6taone 0.0.1. T v (2) petagepdpaote oto oyfua 8 xou utoVétoupe xat’
v 6Tt p = 2( mod 3). Tty nepintwon auth f,(Q(v/—3)) = 2 o cuverndg
apol, Moyw tne unddeong, toylel fp(k) = 1 Yo éyoupe tehwnd f(K/k) =
2. H enéxtaon M/k buoc eivon tomou (3,3) xou oLVETHOC amoxheletor oty
M/K va éyoupe mAYen adpdvela Yot TOV TpKOTO p Tedypo Tou onuodvel 6Tt
fp(M) = 2 xou ouvene f(L) = 1. To ooua L buwe avtioTolyel o€ xdmota
xhdon @ e ouddoc xAdoEwY Ue TAEN 3 xar €101, Aoyw tne mpotaong 0.0.1,
éyouue 1o {nroduevo. 'Eotw tdpa 61t p = 1(mod3). Xtnv nepintwon auth

fp(@(\/—_3) =1 ondte tedxd f(K) = 1 mpdyuo mov onualver 6Tt

fpo(L) =1 av xou pévo av f,(M/K) =1 av xo poévo av (63—m)3 = 1.
p
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T Ty amdden tne (3), av C1 € H(D) pe C? = 1 dote L(C?’l) = sply(ks(D))

xor Cy € H(D) pe C3 = 1 dote L(C22) = sply(ka(D)), t61€ unopolue va Vew-

erjoouue v E = C1Cy yia Ty onola Tpogoavae 1oy el ES =1 xou emmiéov
Ly = LEILE) = sply(ka(D))sply(ks(D).
‘Ouwe o¢ yvootov ( Bh. [3] Mupa 6.7 xou doxnon 6.6(d) ) toydet
sply(ka(D))sply(ks(D)) = spl(k2(D)ks(D)) = sply(ks(D))

xou ouvenoe B —» ple. O

2.5 Ymnoloyiopog twy cupfolwy Legendre

LTNy mopdyeapo auTy divouue évay xoupd TedTo UTOAOYIGUO) TwY GUUBOAWY
Legendre mou epgaviCovton otny napovoa epyacia. H 18éa mpoéoyetar ano tnv
epyooia [7] oty omoio 0 EVBLUPEROUEVOC AVOYVOOTNG UTOREL Vo AVaTPEZEL YLt

TAEOUOLOUE UTOAOYIGHOUC.

IIpétaon 2.5.1 FEotw m € N, m = 3(mod4) eAellepos tetpaydvov kai
n € N. Eotw eniong p mepirtds mpddtos e p 4 n. Oérovue F := Q(v/m, ()
Kal é0tw P éva mpdto 10ecddes tou Rp mdvw and to p. Av e = u + vy/m

2 —mv? = 1. Opilouue tnv avadpoykr

elvar pia povdda wouv Q(v/m) tdte u
akolovlia arxepaiwv (Aj)jen ws €€nis: Ag = 2, Ap = 2u, Ajro = 2uh iy — A

loyve dnt A; = el 477, V5 €Ny kat:

(E)n =1 av ka1 pévo av- Anpp)1 = 2(modp)

n
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An6deiln:  Oa amodetfoupe v oyéon A; = & + e enayoywd. T
g =0, 1 elvor mpogavic. Trodétoupe 6Tt toyLel yior § xan 7 + 1, dnhadr) ot

Aj =l +e xan Ajpy = &I 4 e U "Eyoupe

2 47U = (u4 vym) T2 4 (u— vy/m)H?
= (u+ovm)(u+vv/m) + (u—vy/m)’(u —vy/m)
= (u+ oY (= oy — 2u) — (6 — o)+ oy — 20)
= —{(u oy + (= vym)] 4+ 20l + oym) T+ (= oy

= —Aj + QUA]'_H
= QUAJ'_H - Aj
— Aj+27

OTOTE Ao TNV LTOVESN TNC LAUNUOTIXNAC ETOYWYNC ETETAL OTL Vo toyVet A =
M T e Jounu N YWY X J

el +¢e77,Vj € Ny. Iopatnpodue o1t

Aj=2(modp) & &+e?2=0(modp) < (¢/-1)*=0(modp) <& ¢

OTOTE

Np(p)—1

(=), =1 & e » =1(modp) < Anpw-1 = 2(modp).

Enedn

Anpp-1 € Z,

n tehevtaia oyéon elvon toodivaun ue

Anpp1 = 2(modp). O

n
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