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IMPOAOI'OX

0 padnua avagépetot 6To TPOPANO TOL VTOAOYIGHOD TOV NYNTIKOV TTediov 6TO

BoAdoolo mepiBdAdlov mov mpoépyetor amd pion onuelky] appovikn mnyn. To

BoAldoolo mepPdAlov  povieAomoleitol ®G KLHOTOONYOS HE oOVOopa  TTOV
YEOUETPIKA OVTIGTOLYOVV omnv emedveln Ko otov mubpéva g Bdraccog. O
moOuévag HOVTEAOTOLEITOL OC PEVOTO OKOVGTIKO HEGO WE TEMEPOUGUEVO 1) MUIITELPO
T 0G.

H pafnpotikn povrelomoinon tov mpoPAnpotog tepthapupavet n Sotdnmon Kot 61N
ovvéyew emilvon TPOPANUATOS HEPIKAOV O0POPIKOV EEICDOCEMV HE GLVOPLOIKES
ovvOnkes. Amd Tig oyetikéc pebdoovg enthvong Ba vioBeticovpe kat o avapepBovue
07O TEVYOG OWTO HOVO otV HEB0OO ™S avdmTuéng TG TPOG LIOAOYIGUO GLVEAPTNONG
(aKoVoTIKNG TieonC) o€ oelpd WioovvapTNoe®V. Ol 1010GVLVUPTNGEIS €V TPOKEYEV®
opilovtar pe Paon €va TpOPANUA oplak®dv cuvinkav og pia didotoom, Tomov Sturm-
Liouville. H oyetikn Oswpio civar yvootn ot diebvy Biproypagpia, o¢ "Osmpio
Kavovikov Idtopopeav" (Normal-Mode theory).

Y10 mAaiow Tov podnpatog yiveton pio avackonnon g Bempiog twv mpofAnuatov
Sturm-Liouville, evé mopotifevtar Bépota cvvaptioewv Green kobmg Kol 101KV
CLUVOPTNCEMV OV &ivol oamapoitnTo oTNV aOVATTLEN TOV HAONUOTIKGOV HOVTEA®V
eniAvong tov mpofAnudtov mov Ba culnmbovv. Avagépovtal emiong Ta Bempnuoto
avamopdotaong ent ™ Pacel Tov omoiwv gival duvatny N EKEPOCN TNG UKOVGTIKNG
Tieong o€ GEPA 1010GVVAPTICEWMV.

Q¢ epappoyn g oyxetikng Oewplog eEetdlovion cvykekpyéva  TpoPAnuaTa
OKOVOTIKNG 016000M¢ 011 BdAacoa Kot oyoMAaleTon 11 PUOIKY oNuUacio TV ueyedov
TOV VREIGEPYOVTAL GTNV LoONUOTIKY pHeAéTn TV TpoPAnpdtov. Ta tepiBdAilovia ota
omoio avaeEPOVTAL TA MG Gve TPOPALATE TAPOLGLALOVY AEOVIKT) GUUUETPIO, EVD Ot
LETAPOAEC TOV QUOIKOV TOPAUETPOV TOV VREIGEPYOVIOL MG GUVIEAECTEC GTO
avtiotoyo TPOPANUA HEPIKAOV Spopk®dv eélodoewv mov opiletar, pmopel vo
petafariovron pe o BAB0C Kot TNV andGTAcT) ATd TNV NYNTIKY TNYN.

Epapuoyéc tov poviéhov mov mapovcidloviar 6to pdnpo cuvavtd kavelg o kdOe
TpoPANpa mov oyetiletan pe v ypnon tov Nyov ot Bdrlacoa. Ta wpoPfAnuata avtd
avapépovtol o€ BoAdooieg emkowmvieg, o€ BEUATO OKOVOTIKNG OvVayvVAPIoNG NG
oLGTAoNG TOV OAGGG10V VOATOG Kl TOV TLOUEVE, TAPOKOAOVONONG TV peTAROADV
010 BoAdocilo mepifariov KOOMG Kol 6e €QUPUOYEG TG BOAACGOG EMOTAUNG Kot
TEYVOAOYiOG TOV GYETILOVTOL [UE TOV EVIOTMICUO KO TNV OVAYVAPLIOT AVTIKEWEVOV GTO
vepo Kat Tov mobpéva.

Yy mopovoa teAevtaior £kdoom €xouvv yivel apketéc OopBwoelg oe oyéomn e
TPOTNYOVLEVES EKOOGELS TV CNUEIDCEMY Kol TPOGONKES KEPAAOIWMY TOV avaPEPOVTOL
ot 0146001 gVPLLOVIOV OKOVGTIKOV KUUAT®V, 6TO peTacynpaticpd Fourier kafog
Kot ot Puoikn e€acBévnon tov Nyov. Emiong oe mapdptmua didovton ctotyeion amod
™ Wyodiky] avaAvon o€ oxéon He To Bed@pnua 0OAOKANPOTIKGOV VTOAOIT®OV TOV
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Cauchy mov éyel ypnowonombel oto maicia ¢ mapovoag avdivong. Ilap’ oo
AVTE EVOEXOUEVMS VO VTTAPYOVY OPKETA AGON akdun mov dev £xovv dopbwbel yio Ta
omoio. {NT® TNV KATOVONGN TOV OVAYVOCSTOV 0AAL Kot v Ponbeid tovg yoo v
dopbwomn tovg.

Méduog 2020

Muyding Tapovdakng
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1. OEMEAIQXH KYMATIKHX OEQPIAX

1.1  Ewoayoym

0. OKOVOTIKG KOpaTa givatl dtatopoyn TG TEoNS EVOS OKOVGTIKOD LEGOV TTOV

dwdidetan 610 €v Ady® pécov. H pelétn tov yopaktnpioTik®dv d1ddoong Tmv

KUHATOV Tpobmobétel ) dotdmmon TV £lo®ee®mV Tov S1EMOLVV TN HeTafoAn
TOV YOPOKINPIOTIKOV HeEYEBmV Tov pécov. Ta peyédn avtd elvor m_mieon p, M
TOYVTNTO TOV GTOWEIMIDV COUOTIOIMV Tov pnécov U kot 1 mokvotta p. Ta peyén
aVTA ElvaL GLVOPTAGELS TOV YOPIKOV UETAPANTAOV Kot TOL XPOVOU :

p=p(Xt), u=Uu(Xt), p=p(X1),

6mov pe X ovpPorilovpe tig ywpikég petafintéc. Asdopévov 6tL Bo aoyoinbodue pe
™ d1ddoomn tov Mov oto Bardccio mepiParlov, Ba avtipeTOmicovue HOVO PELOTA
OKOVOTIKA HEGH, GTO OTTOlo To aKOLOTIKG KOpato givor owaunkn. H mepintwon g
d1ad600MG 0V MOV o€ &va TEPPAAAOV GTO OTOI0 GLVLTAPYOVV KOl OKOVOTIKG UECH
e apket okapyic @ote vo dwdidovv Kot ooTunTikd KOpoto dgv Oa pog
anacyoAncel £0d. IIpocéEte OTL N TOYLTNTO TOV CTOWEIWOMOV COUOTOIOV &ivol
dtvvopatikd péyedog.

To mpoPAnua o 1o peAeTHCOLE KAT™ OpYV OTIC TPELS OLUOTACELS KOl OTN CUVEXELN
o meploploTOvE Yo AOYOVLG OAMAOTNTOC OTIS OVO Jdwotdoelg Omov kot Oa
HEAETNOOVUE UEPIKES YOPOKTNPIOTIKEG AVoelc. To mpdPAnua diémetor amd TV
OKOVOTIKN €EI0CMON OV TPOKVTTEL OO TNV EPUPLOYT TV PACIKOV £EICOOEOV TOV
PELOTAOV 7OV UE TNV OCEPA TOVG TEPLYPAPOLY HOOMUOTIKE TIG HETOPOAES TV
YOPOKTNPLOTIKOV peyedmdv Tov pécov. Ot Tpelg e£IGMOELS TOV VIEIGEPYOVTIOL GTIV
aviivon elval

e H eficmwon g cuvéyelog
e H g&iowon tov Euler ko
¢ H xataoctatikn e€icmon

H axovotikn d1éyepon €xel ©G AmoTEAESHA TV LETAROAN TOV TYOV 1GOPPOTING TOV
Bacikdv peyebdv mov avapépOniay TponyovUEVAC.

P(X,t) = po (X, 1) + p, (X, 1),
(X, 1) = U, (X,1) +0, (%, 1),

p(X,1) = py (X, 1) + p (X, 1).

Ed®d ot petaforéc ovpPoirilovrar pe tov deiktn 1 ko ot tég 1coppoming pe tov
deiktn 0. Ot petaforéc avtég sivor pukpég o€ oyéon Ue TIS TWWES 1oppomiog etvar
OUMC OPKETES Yo va. dleyeipovv o dpyava mov givar gvaichnta 6 ovTég Kot Vo Lo
dmcGovV 10 aicOnua Tov Nyov. Melet®vtog Aowmdv TV S1GG00T TOV YOV UEAETOVUE
OTNV TPOYUATIKOTNTO TNV S10000T TOV SLTOPAYDY QVTMV.

Amnpovtoag 6povg TpOTNG TAENS O TPOG TS UETAROAEG TV avaOTEP® HEYEDDV, M
ovlevén tov POV efichoemv pog odnyel evkoAa (PA. my. Boyles 1994 kot
onuewwoelg tov pobnuatog Ewaymyn oty Axkovotiky Qxeavoypopio) otnv
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CYPOULKOTOMUEV 0KOVOTIKY e€icmon mov ekgpaletor cuvnBwg ywoo v mieon
dtapayns (0KoVoTIKY ieon) Tov gival 10 Péyehog Tov EVOLOQEPEL TIG EQAPUOYES TNG
OKOVOTIKNG!

10%p
2

2
V pl = c ?, (111)

6mov 0 6pog ¢’ avtioTotyel oTOV AdYO 6%p , EKOPAELeL TO TETPAYOVO TNG TOYVTNTOG
0

dadoong ¢ oartapoyns (Oeppodvvoptkdg optopos TG ToLTNTAG) Kot gfvor Ko
OVTOC OTN YEVIKN TEPITTOON GLVAPTNOT TOV YOPIKOV UETAPANTOV KOl TOL Y¥POVOL
c(%,t). Tyohaoud g dwdikaciog dtummong g mapandve eEicmong pmopei o
EVOLPEPOLEVOG avayvmdotng va. Bpet omnv Piprloypapio Tov mapatifetal 6to TEAOG
TOV CNUEWDCEMY Kol OTIS ONUEIOOoELS Tov pobnuotog «Ewcaymyn omv AkovoTikn
Qxeavoypopion.

1.2 Zrouyei®oEglg ADoELg TG 0KOVOTIKNG Eicmong

1.2.1 Xwpiouog uetofAncav yapoo-ypovoo

Mo texvikn emiAvong TV  SloPopIK®V eEICHOCEMV LE HEPIKES TAPOUYDYOVS lval M
néBod0g tov Ywplopov petapintodv. Me Bdorn ™ pébodo avtr pa dtapopikn e€icwon
HE UEPIKEG TOPAYDYOVSG MG TPOS Mol cuvAPTNON TOAAGDV HETAPANTOV Umopel va
YoOpotel oe por opdda cvuviBwV SlPOPIKMOY EEICHOGE®MY KAOE po amd TIC Omoieg
opileton v o ovvaptnon mov eaptdror amd pio poévo petaPfAnty (GLVOPTNGELS
mov petafdirovtal aveEdptnta N pio omd v dAAN). O YOpopoS LETOPANTOV Oev
etvar BéPara dvvatdg oe kdbe mepintwon. Ewdwd yio v xopatikny eicwon, o
YOPIoUOG givarl duvatdc oe 11 ovothuata cvvietoyuévov (BA. Morse and Feshbach)
Kol povov €dv ot dempdveleg tov mpoPAnuatoc (obvopa mov ywpilovv péca
SPOPETIKNG oVLVOESTNC), CLUTITTOVY UE IO ETPAVEIL GUVTETAYUEVOV TOV MG OVE®

1
11 ovotnudrov. Emmiéov o 6pog —- g Kupatikig eGicwong Bo npénet va eivon eite
c

dBpoopa Opov kabévag amd tovg omoiovg e€aptdtot amd pe povo petafanty , i va
etvar 0 1010¢ cvvdptnon piag povo petafAntgc. X ocvvéyela Bo Bewprcovpe O6TL O
avoTéEPO Opot TAnpovvtor Kot Ba odnynbodue oe cvotuate GVVHBOV SPOPIKDOV
eflowoewv mov Bo pog OdcoLV TN AVON OmMADV GYETIKG TPOPANUATOV OV
avaPEPOVTaL 6T S1d0cT TOV YOV 61N BdAacGa.

Oa mpocmafcovLE KAT' apynV VAL ATOLOVAOGOLLLE TNV XPOVIKN EApTNo.
Bewpovpe OTL N AKOVOTIKY Ttieon Hmopel va Ypopel og:
pi(X,0) = p(X)T (). (1.2.1)

Inuerdvoovpe 0Tt amd 10 oNUEID aVTO, Bal YPNCILOTOMGOVE TO GUUBOAMGHO P Yo T
YOPIKN CLVIGTAOCH TNG OKOVOTIKNG mieong (avti yw p) ko dev B mpémel vo
ovyyéetalr pe TNV OMKN mieon Tov pécov. Emiong yww Adyovg evkoAiag Oa
TOPOAEITOE TOL OPIGUOTO TOV GLVOPTAGE®V OTAV aVTA eivar mpopavr. H toydtnta
dudoong tov Nyov € Ba Bewpnbel e mG GUVAPTNON UOVO TOV YOPIKOV UETARANTAOV
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¢ =c(X). 'Etol pmopovpe va avtikotactioovpe v 1.2.1 oy akovotikn e&icwon
1.1.1 xou va Tépoope:

2
vp=—tpd 2T , (1.2.2)
c dt
n
2 2
v, ld ,ZT . (1.2.3)
p T dt

M kat o apiotepdg 6pog g 1.2.3 glval cuvapTnon HOVO TOV YOPIKOV LETOPANTOV
Kol 0 0e€10¢ Opog cuvapTNoN UOVO TOL ¥POVOVL, Yo Vo 1oYVEL ThvToTe M €lowon, Ha
npémel kKabe 0pog va 16ovTon e po otabepd. ‘Etot maipvovupe :

2
1dT_ e (1.2.4)
p T dt

OmoV TO APVNTIKO onueio AL Kat 1) 1510 1 popen TG otadepdc @’ &xovv emiheysi
€161 MOTE VO O1ELKOAVVOVTOL O podnuatikol yepiopol o’ evOg OAAG Kot 1 QLGIKN
epunveia ag’ etépov. Etol, omv 1.2.4 avayvopiler koveic otnv otabepd o v
KUKAIKT ovyvotnta tov kouatog (o =27z f , dmov f eivan | ouyvotta o Hz).

Ao v 1.2.4 maipvovpe dV0 £E1I0MGEL :

2
v2p+i‘:’—2 p=0 (1.2.5)
Kol
d’r
= +0’T=0. (1.2.6)

Ano 11¢ eEloMoEIg aVTEC N TPDTN eivan yvooty o¢ eéiewan Helmholtz evd n Adon
™G OeVTEPNG SIVEL TNV YPOVIKT EEAPTNOT TNG AKOVGTIKNG TTiEONG

H 1.2.6 £xe1 800 aveEdpnreg petald toug AGELS :

T(t)= Ae"™ +Be ™, (1.2.7)
ue A, B otaBepéc.

Xopic va yabei  yevikdOmta g Adong Ba Bewpricovpe 611 n otabepd A givon 1, ko
Ba deyBovue amd T1g dvo mBavEG ADGELS eketvn TOL avTioToLEl o8 apPVNTIKO TPOGN O
otov ekB€n ™G ekBETIKNG cLVAPTNONG. AVTO onuaivel 6Tt Ba LEAETNGOVLE TTNYES Ol
omoieg ekmépmovy evépyelo. 6to mePIPAALOV pe ypovikh eEdptnon e . Katolfyopue
ONAadN o€ AGELS TG LOPPNG

T(t)=e"". (1.2.8)

Katomy avtodv, n A0on pog yo v mieor dotapoyng YpapeToL

pi(%,1) = p(X)e™. (1.2.9)
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1.2.2 Xwpiouog uetofAntav yio v ywpikn eCaptnon e wieons

O AOYOG IOV avOQEPOLOCTE GTNV E0IKN HOPPT TNG AVGNG Yo T GLVAPTNHOY P £ivan
OTL pag evolapépel va Ppovpe Ekepaot Yo enineda KOHOTA TOV B0 AmToTEAEGOVV TO
TPAOTO £WOIKO avTiKeipevo g peAETNg pog. To cdotnpa cvuvietaypuévev 6to onoio Ha

AVOPEPOILAGTE EIVOL TO KOPTEGLAVO, Y10. TO 0m0io 0 TeEAesTG V72 maipvel T HopeT|

o> o° &
+ + . Oswpavtog axoun ot
o o o PeVHs GO
()2 = k> = k2 +k2 +42, (1.2.10)
C
omov kabe évag amd tovg mpooletéovg k2, i=X,Y,zelaptdron omd pio povo

petofAnt (v avtictoyn oto cvpPfoiicud mov viobetOnke), Ba Kavovue YOPIGUO
TV petafAntov kot o {ntoovpe AGELS TN LOPPNS

p(x,3,2)=p . (X)p,(¥)p.(2). (1.2.11)

Avtikabiotoviog ™V avetépo  Ekepacn oty e€iowon  Helmholtz Ko
ypnoonowwvtag v 1.2.10, maipvoue

2 62 2
L L O R ek e 0. (121D

ox* p, o’ p, o p.

[Mapatnpodpue 611 610 AVOTEP® ABpoloua Exovue €€ TpocsheTtéong ol omoiotl ava 6o
elval ocuvoptnoelg pog petafAnmge. Zntaue ta Cevyn TV 0pwV aLTOV Vo, EX0VV
aBpotopa 0 (otabepd yOPIGHOD), OTOTE KATAAYOLE GE GLOTNUO TPLUDV EEICDOCEWV :

2

dd P +k2p, =0, (1.2.13a)
X

d’p

dyzy +kyp, =0, (1.2.13p)
2

dd P: 4 k2p, =0. (1.2.13y)
VA

[Ipocééte v aAlayr 610 cLUPOAICUO TNG TTOPAYDYOL TOL TAEOV givol GLVIONG Kot
Ol HEPIKN TaPAy®YOS pe dedopévo 0Tt k@be pio amd TG cuvaptoes P;, 1 =X,Y,Z
eoptdron amd pio povo petofFAnt.

¥t0 onueio avtd vo vrevBopicovpe O6tL dgv €yope AGPel v OYIWV HOG OPLOKES
ouvinkeg oto TpoPinua. Emopévog dev piddpe axodpn yio Abon evog mpoPAnpatog
aALG AVoelg pog eEliomong, kivovtog akdun v vobeon 6Tt dev vdpyel TPOPANLL
®G TPOG TNV EPAPLOYT TOV YOPIGHOV TV HeTofANToV. Katony avtdv, mpoywpdpe
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ot OwtHnwon ovoATIKOV Abcewv yo TG e&lomoelg 1.2.13(a-y) oty €1dikn
’ , . r 1 ’
TEPIMTOON TOL 01 GLVIOTAOCES k; (I =X, y,z) # 0 elvan otabepéc kot maipvope:

P, (X) = Ae™ + A, (1.2.140)
p,(x)=Be"" +B,e™ (1.2.14B)
p,(x)=Ce"* +Ce™’. (1.2.14y)

OOV 01 GVVTEAECTEG Bl VTOAOYIGTOVV €O’ OGOV £YEL OPIGTEL TANP®G TO TPOPANLLA KO
0€ GLVOLOGHO LE TIG AVTIGTOLYEG OPLOKEG CLUVONKEG.

Edv vroBéoovpe 0Tt 1 akovotikn wieorn e€aptdron poévo amd pio petafAntn, £xope
duadoon mpog pio povo devbuvon. Oewpdvtag X v 01elBvvon avTr|, 1 0KOVOTIKN
mieomn ypaeetal

pl(X,t) — px (X)efiwt — (Aleikxx + AzefikXX)e—ia)t — Alei(kxxfwt) + Azei(kaxfwt) . (1215)

Ao tovg 000 TEAELTOIOVG OPOVG, O TPDTOG OAVTUTPOCMOTEVEL KO 00£DOV TPOG TOL
avéavopeva (BeTikd) X Kot 0 SEVTEPOC, KOO 0OEVOV TTPOS TO. LELOVUEVA. (OPVITIKAL) X.

IMa 11g avaykeg g Bewpioc pog Oa mpénel va opicovue to emireda kvpara. Eva
KOpo Aéyetal eminedo, €av M em@dvelr otabepng edong oe pion dedouévn Ypovikn
oty elvan eminedo. IMapammpodvrog v Abon ¢ akovoTikhg e&iomong Ommg
otdeton amd v 1.2.15, PAEnope 6T Yo t otabepd, 1 pdomn Tov KdUATOC eivon otabepn|
otav X etvar otabepd. H emopdveln otabepng @dong emouévag sivon pio emimedn
empdaveln KAOeTN otov Aova TV X 6 0TOONTOTE oNUeio TOV AEova. XVVETMOC 1M
Aoon 1.2.15 avtimpocmnevet exinedo KA.

OewpOVTOC TO TPOPANUA HOG OTIC TPEIS OLUOTACELS KOl KPATMOVING TOV TPOTO Ood
TOVG 600 OPoVG TNG AboNg pag Yo KGBe pio amd Tig cuvaptoels Py, Py, P, , PAémope
OTL M OKOVGTIKY Ttieon maipveL T Hopoen|
Pi(%,9,2,0) = 4,B,C e’ (1.2.16)
KOl G€ SVUGLLOTIKY LOPON OG TPOGS TOV €KOETN TOL €,
py(x,p,2,0) = D' (12.17)

o6mov D = A,B,C, .

BAémope omradn 01t o apBudg xopatog K umopei vo Oswpnbei g dravuopotiko

uéyebog pe cvviotwoes k. k, k. Katd T0Ug avticTorovg GEoves.

11 H nepintoon cuvieheotdv mov petafdiloviar pe Ty avtiotoym petapAntd Oa pag anacyorMoet
apyoTEPO OE [ia EOIKT TEPITTMON.
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v

Zyquo 1.1 O aptBpdg kOUATOG Kot 01 GUVIGTMGEG TOV.

H Bewdpnon avtm givon copPatn pe v e&icmon 1.2.10 mov pag o6idel pio Ekppaon
TOV TETPOYOVOL TOL UETPOL TOL OPlBUov kvuaroc. Xto oynuo 1.1 PAEmope v
YEOUETPIKN OMEWKOVION TOL aplBUoD KOUOTOG HE TIG OVTIOTOES OULVICTMOEG.
[Mapatnpodue téhog OTL empavele otabepng @aong eivor emineda kdbeto oTO
dlavuopa k . Emo pévog amd v 1.2.17 maipvope Ko Tl Aon yio enimedo KOUOTOL

1.2.3 H Avon oto kvAvopiko cOoThuo. coVIETAYUEVDY

Ye moAAQ mpoPAnuata mov oyetiCovtal pe tn O1ddoon tov Myov oty BdAacca 1
Baoikn vrobeon ®G TPOG TNV AKOLGTIKY J1EYEPON €ivol OTL | AKOLGTIKY TTNYN €ivo
ONUELNKN OPUOVIKN. & GUVOLAGHO LLE TN YEMUETPIO TOV OKOVGTIKOV YDPOV (EMITEDES
LYY MPIOTIKEG EMPAVEIEG ) TO CLGTNUO GLVTETAYUEVOV IOV PonBd otnv enilvon twv
OYETIKOV TPoPAnuaTOV @oivetor OTL €ivarl TOo KLAWOPIKO. XPNCIUOTOIOVTOS TNV
ékppaon tov teheotny Laplace oto kvAwdpikd cvommua (Zy. 1.2) maipvovpe v
eEiowon tov Helmholtz oty popoen :

2 2
laﬁ(rg—pnég E+%+k2p:0. (1.2.18)
r or r r Q Z
0 r
®Q
v
Z

Zyqpo 1.2 To kohvdpikd GUGTILO CUVTIETOYUEVOV
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Inueidvoope OTL Ol GYECELS AVAUESO OTIC KOPTEGWOVEG KOL TIS KLAWOPIKEG
ouvvteTaypéveg BempmvTog Koo agova Twv Z gival: X=rcose, y=rsing, z=z2

Epapuolovrog yopiopd petafAntdv, ypaeovue Ty P oc:
p(r,z,¢) =F(r,p)u(z) (1.2.19)
Kot avtikadiotovtag oty eEicwon Helmholtz naipvope:

19
rF or

1 o°F 1d%
+

W1 K2=0. 1.2.20
r’F 0p®> u dz? ( )

oF
r—)+
( ar)

Qa Bcowpioovpe 61N GuVEYE OTL T0 & eivan 6tafepd omdTe 0 OpoC TOV EEAPTATOL
HUOVo amd To Z yio va £l TAVTO 101 1 veOTEP® GYEom Ba mpénet emiong va gival i60g
ue pia otadepd (= —k>) ondte maipvoope v eicoon:

1 d*u

2

+k2=0, (1.2.21)

u dz

Tavtoypova to dBpoicua Tov 6vo Opwv mov efaptdvion amd I kol ¢ Bo TpEmel va
givar emiong ioo pe pio otodepd (= —q°)

2
Lo F) LOF e g 1222
rkor or” r°F Op

ko Qo Tpémet va oyvel k2 =kZ +q.

INUELOVOLHE OTL | ®OC VD dlodIKOGTo UTopel va. EQOPUOCTEL KOl OTIS TEPUTTOCELS
ov M tayvInTo d1ddoong (ocvvende kot 1o K) e€optdrar povo amd 10 Z . ETnv
nepintoon avt) kot 10 K, Ba wpémet va eEaptdton and To Z.

2V aKkovoTIKY 0ddoomn M mepinTmon avt] oyetiletal pe d1ddoom o€ BaAGcTI0VG
KOHOTOONY0VS, GTOVG OTOIoLG 1 TOYLTNTO O1O0GNS TOV NYOV, e&opTOUEVT amd TN
Bepurokpacio, TV VIPOGTATIKN TEON KO TV AAATOTNTA, HETABAAAETOL KVPIOS e TO
Baboc g Bdlocoag. Xtoug KLUATOONYOUS GvTOVG 1 GuvIHONG povieAomoinom
YPNOWOTOLEL KLAMVOPIKO GUGTNILO GUVTETAYUEVMV LE TOV AEOVA TMV Z VO, OVTIGTOLYEL
010 BdaBog g VOATIVNG GTNANG, OTT™G Ba doVLLE GE EMOLLEVA KEPAALAL.

H ovving dapopuicn e&icwon 1.2.21 katd ta yvootd £yel og yevikn Avon yo K,
6TadEpo:

u(z) = De"’ + D™ . (1.2.23)

211 ovvéyeln Kavovpe xopiopd petafAntodv oty F kot Bewpdvtag to q aveEaptnto
0o TO @ TOIPVOUVUE :

2 , . . , . .
O dovpe o emdpEvo kepdhao v mepintwon mov o K, efaptéron and to 2
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F(r,p)=R(r®(p). (1.2.24)
Avtikafiotovtog oty 1.2.22 éyope :

1 d°R 1dR, 1 d%P
RUar? v ar) T e dg? == (+:229)

r* d°R 1drR, ,, 1 d*®
+=—)+Qr = ———
rdr @ do

R dr?

(1.2.26)

Ké0e 6pog g 1.2.26 Oa mpémet va sivan otadepd (= m?) yio va éxovpe 160 yio. kGe
r(=0) ko ¢. "Etotl maipvovpse :
d’®

10 =-m’d , (1.2.27)
Ko
%(62;§+%j—f)+(q2—7—22):0. (1.2.28)
H yevucen Mon g 1.2.27 eivau
O=Ee™ +E,e", (1.2.29)

Amopével va pehetnoovpe v e&icmon 1.2.28.

Edv to q eivon otabepd, n e€iomon 1.2.28 eivau pia e&icwon Bessel m taéng. o v
Bewpio tov eflowcewv Bessel vmdpyer opxetn PiPproypagio. Epeic €dd Oa
OPKECTOVUE OTNV TAPAOEST OPICUEVOV 1O0THTOV TOVG oL B0l LG YPEGTOVY GOTN
GUVEYELO.

1.2.4 H eiowon Bessel kar o1 Aboeic tne

H dwpopum e&icmon :

2

2d” 4 2 -
[x e +xdx+(x v)lf(x)=0, (1.2.30)

O6mov v mporypoTikog apduog, sivar pia e&icwon Bessel v taéng .

H gficwon avt) xabog sivor devtépov Pabupov €xel dvo aveEdpmreg petald tovg
Mogg. Xmv nepintoon tng e&iowong Bessel, o1 600 avtég Aoelg exppalovton pe
000 Baotkovg eVOALAKTIKOVS TPOTOVE. ZOUPMOVO LE TOV TPAOTO OO 0VTOVS, 01 AVGELS
g e&lowong Bessel ekppdalovior wg cvvaptoelg Bessel mpmtov gidovg J, (x), Kot

ovvaptioelg Bessel devtépov €idovg 1 cuvaptioeig Neumann N (x), Zopeova pe

Tov dgbtepo, Aoelg ¢ e&iowong eivor ol cvvaptioelg Bessel tpitov &idovg M
cuvapthoelg Hankel H" (x)koauw H ' (x). Ot cuvapthcelg mpdTov Kat Tpitov idovg

oLVOEOVTOL PETOED TOVG, OAAG KAOe (evydpt amoteleitor amd aveEaptnteg petald
TOVG GUVOPTNOELC.
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Ynrdpyovv moAlol TpdmotL pe TOVG 0T010VG PIopEl va avarTuéel kKaveic pio cuvaptnon
Bessel kot dev givat Tov mapdvtog vo avaAvBohy OAEC Ol TEPITTMOGELS. ¢ TAPAOELY QL
KOL LOVO OVOPEPOVLLE TNV EKPPOCT) TV cuvaptioewy Bessel tpdtov gidovg tééng v
LE TN HOPOT GEPAGS Y1 v Ol AKEPOLO MG :

. ( l)n x 2n+v
7, ()= ,Z‘n'l“(v+n+l) PU (1.2.31)

o6mov I'(x) etvan ovvaptioeig I'dpo Tov amoteAovv GALO €006 EOIKOV GUVAPTHCEWV
(BA. Gradshteyn & Ryzhik).

O1 ovvoptioelg Hankel tpoxdntovv and tig cvvaptioeig Bessel kot Neumann péow
TOV GYECEDV:

H"(x)=J,(x)+iN (x) (1.2.32)
Ko
H®(x)=J,(x)—iN,(x). (1.2.33)

O1 ovvaptioeig Hankel givar avaivtikég cuvaptioeig yio X >0, oAl Topovoialovv
Wopopeio yioo X=0.

Etvor evolapépov va 000pe 0pIGHEVES ACVUTTOTIKES EKPPACEIS TMV GLVOPTNCEDV
Bessel yio pikpa i peydio opiopata:

1 X\,
JV(X)_)F(V+1)(E) v>0
1.2.34
v x>0 3[|n(5)+y], v=0 (1239
N, (x)—>17%
F(V)( 2y, vs0
OTov
y = —Te’ Inzdt.
J (x)a\/icos(x—v—”—z)
N (x)—>\/73|n(x————)
Yoo X >> (1.2.35)

@ iy YT
H, (X)—n/ﬂx exp{i(x 5 4)}

) 2 v T
HO() > | exp{-i(e -2 - T
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2T1¢ teElevtaieg OUTEG EKPPACELS UTOPOVUE VO TOPOTNPTCOVUE OTL GLUVOPTNOELS
Bessel ka1 Neumann® avtiotoyovv o€ otdoylo Kopato eved ot cuvaptioelg Hankel oe
amokAivovta 1| cuyKAivovTo KOpate Yo T oVuPacn mov £yovpe eMAEEEL WG TPOG

v ypovikh eEdptnon g Avong pog (e’).

Mepikég avadpopkeés oxEcelg mov  avoeépovtal o pioa ocuvvaptnon Bessel
omoovdnmote €idovg £, (x) etvar:

Fra 0 fra @) =22 £, (1.2.36)
S ()= frn () = f@“) (1.237)
L0000 =) (1.2.38)
S I(X)——f( x)=———" df (x) (1.2.39)

1.2.5 Exppaon ¢ ADong o1o K0AIVOPIKO GOTTHIUG COVIETAYUEVDV

Onwg pmopovpe vo mopatnprioovpe eokoia m 1.2.28 yio q otabepd, eivar pio
eEiowon Bessel m téénc wg mpog qr.

Emopévoe n Adon g etvan pia omd Tig EKQPACELS:

R(r) = EJ, (gr)+ E,N,, (qr) | (1.2.40)

R(ry=EH ) (gr)+ E;H? (qr) . (1.2.41)

e emdpeva €daia Oa avapepBope Le TEPIGCOTEPES AETTOUEPEIEG GTNV KATAAANAN
EMAOYN LOG.

Inuewdon: Ot cuvaptioeg Bessel aviikovv oty katnyopio tov "oxeddv” meplodikmv
ocvvaptioewv. (BA. Zy. 1.3)

2o ocvvaptioglg Neumann ovopdotnkav €1t mpog Tiunv Tov Ieppavod pobnuatucod C.Neumann
(1832-1925) mov perétnoe T1g 1810t TéG Tove. TNV BiffAoypagio cupBorilovtat eniong pe o oduPoro
Y, (x)
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Zyauo 1.3 Tpaein topdotocn tov cuvapticemv Bessel kon Neumann tov tpidv npdtov 1désmv

1.3 To mwpépinua Sturm-Liouville

1.3.1 Tevikoi opiouoi

Onwg pmopel vo domotdoet Kovelg ot cuvnoelg S10popikés €EIGOGES TOL
GUVOVTNCOUE LEXPL TOPO, ATOTEAOVV EWOKEG LOPOES TG e&lomaong

di[p(x)d—‘”]+[q(x)+zr(x)]w=o,
X dx

v pio cvvaptnon w(X) mov opiletar oto drdotua [a,b], pe Tig e€ng WO T TEC:

e p(x), q(x), r(x) Tpaypatikég kot cuveyeic cuvaptioec oto [a,b],

e p(X) dapopicun cvvaptnon oto [a,b],
e p(x) xar r(x)>0 oto [a,b],
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To mpoPAnua dvo onueiov mov opiletanr amd v e€icwon 1.3.1 kot TG oprakég
ouvOnKeg

A S (2) - A(@) =0, (13.20)

Bl‘jj—":(b)+ B, (b) =0, (1.3.2B)

ue A, A, B, B, tpaypatikovg apiBpovs, ovopdletor mpoPinua Sturm-Liouville
(S-L). Ot ovvtereotéc A, A,, B, B, Bewpovvtar aveEaptnrot Tov 4 kot dev pmopet to
A, A, ku B, B, va givon og Cedyn tavtoypova 0.

Oa avapepBodpe 6T CLVEYELD GE OPICUEVES O TIG IO1OTNTES TOL TPOPANUATOS POV
onuewcovue 6Tt To TPOPANUa S-L glvar mpdpfinua wrotip@yv. Ot dotipég eivar ot
EMTPENTEG TYWES TOL A KAt 0omd TG oplakég ovvOnkeg 1.3.2a ka 1.3.2B. Ze kabe
gmTpentn TN T0V A, A, avtictoryet pio wrosvvaptnon v, (X) .

1.3.2 Ocuchiwoeg Ocopnuo. oto mpofinue Sturm-Liouville

OEQPHMA Ocwpodpe 10 mpdfinua S-L, dmwg opiotnre avotépm. ToOte vadpyet
pio amepn opddo TpoyHaTKdv aplbudv A, 4,, ... A, ..... €010 dOTE A —> 0 Y0
M — o0 oL KavoTOolEl TOo v AOY® TTPOPAnua. Edv ot avtictotyeg 1010cvvaptioelg

gtvor ov ¥y, Wy, W, M WOWOCLVAPTNON ¥, €XEL KPS M-1 undevicpoidc oto

ddotnuo a< x<b. EmmAéov, eav q(x) < 0oto [o,b] kou o1 cvvteheotég A, A, kat

B,. B, givat 6ot un apvnrcoi, tote A4, > 0y 6Aa Ta M.

Mo Pabotepn avaivon oto wpoPAnpa S-L mapoaméumovpe tov €vOlPEPOUEVO
avayvootn oe oxetikn Piproypoeic cuvibov dwpopikedv egiochdcewv (PA Y.
Zauderer). @o dOGOLHE OUMG GTN GLVEXEW TNV JATOT®ON Kot TNV amddelEn 600
BepnUdtOV TOV 0POPOVV GE WIOTNTEG TOV OI0CVVAPTHCEMY KUl TOV WO0TILOV TOV
npofAnuartog S-L.

e Ol. Ot 1010vvaptijeels Y, W,,.... 0/ ,...to0 mpofijuaros Sturm-Liouville
givat opOoydvieg ue covaptiyon fapovs Ty r(X).

ATIOAEIZH: 'Ecto 01 10106LVOPTAGELS ¥, , ¥/, TOL OVTIGTOLYOVV GE WI0TEG M Kot N
14&nc avtictoya. Ot avticToryeg drapopikég eElomaels ypdpovtal:

di[p(x)%] () + A,r 0y =0, (133)
X dx

S0 + 1900+ 2,00, =0 (134)
X dx
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[MoAramiaciélovpe v 1.3.3 pe w, ko v 1.3.4 pe y Kot apopovpe TIG EI0MGELS
katd péAn. To amotélecpa glvat:

d d d
(=2 ) (W + AP, 2 — P,y —} = . (1.35)
dx dx dx

OloxAnpadvovpe arnd o émg b kot maipvovpe :

dx dx dx
(1.3.6)

b d d d d
(o =) r(x)wmwndxw(b)[wn Y W“} —p(a)[‘”n oY %} -
a ° 3

Muw kot ot 106VVAPTNCES ¥, , ¥, LIOKEWTOL oTlG oplokég ocuvbnkeg 1.3.2, o
devtepog kar tpitog Opog ¢ 1.3.6 undeviCovtar. ‘Etot, yio A, # 4,00 mpénet va
oyveL

b

[, (0w, ()dx =0, (1.3.7)

a
mov givai ) cuvOnNKN opboywvidTnTaC.

O1 18106VVOPTNGELS WO PEL, YPIg dpomn TG YEVIKOTNTOG TNG AVomG, va BewpnBoiv el
A éov opBokavovikéc. 'Etot dexdpacte cuvibwg ) cuvOnkm

b

[ rO0w, (w, ()dx =5, - (1.3.8)

a

To ovvolo TV 1810TIH®VY TOV TPoPAfuaTog ovopdaletar @dopa (Spectrum) kot KéTw
and TG ocvvOnkeg mov opioape yw To TPOPANUa S-L, etvar dakpird. Ot cuvOnkeg
avtéc opiouv éva kavoviké (regular) S-L mpofinua. Eivar mévtog dvvatdv va
opilotel Eva pn kavoviko (singular) Tpopinua S-L wov o mepthopfdvel kot cuveyés
oaopo Omwsg Ba dovue otn cvvéxew. Avtd pmopet va yiver €dv yio mapddetypo
Bempnoovpe Pyodtkovg cLVTEAESTEG 1) Gmelpo ovvopo (b — =),

. ®2  O1 10wtyués tov Kavovikob mpofifuaros Sturm-Liouville eiveu
TPAYUATIKES

ATIOAEIZH: 'Ecte® 0Tt o1 310TIHég T0v Kovovikov mpofAruatog Sturm-Liouville
etvar  pyadwéc.  Tote ko ot wwoovvapmioelg  Ba givor  pryadukég
v,(X)=u,(X)+iv,(X) 6mov U, Kol V,TPOYUOTIKEG GLVOPTNGELG. AVATPEXOVTOG
oV e&iomon 1.3.1 pmopovpe va dovdue 6t edv A, €lvar 1010Tn, T0TE Kot 1) GLEVYNG
mg A etvon ot pe avtictorm wiocuvépmon my . . Ot eklodoelg S-L yio ty

.. ko1 v ov{uyM TG V., YPAPOVTOL mG:

d| dy
— | p—= |+ g+ AT =0, 1.3.9
dx[p dx} [a+2,r v, (1.3.9)
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d| dy, L
—| p—/ Ar =0. 1.3.10
dx{p - }+[q+ s (1.3.10)

[oAamhooialoviag v mpdtn e&lowon pe w, Kol Ty de0Tepn UE W, AQAPOVTAG
Katd péEAN, olokinpavovtag amd o £o¢ b kot epappoloviag Tig 0plokés cLVONKEG
TOPVOVLE:

b
(A = A) [ FOOW X =0 . (1.3.11)

AMG w, ., =u?+Vv?>0. Apov yia 10 kovovikd Tpdfinua S-L &yovue r(x) >0,
kou A, # A, kotoAqyovpe o€ Grono. To GTomo &gl TN apopuy Tov 61NV vIEddeon
v pryodkég 1otipés. Emopévmg o1 1010tyéc A mpémet var tvon mporyLoTikes.

®o cvveyiocovpe TOPU PE HEPIKEG O10TNTEC TOV OYETILOVTOL HE TIG 1O10GVVOPTNGELG
KOl T1 SVVOTOTNTO OVOTOPAGTACTG TNG AVONG HaG SpopIknG eElomong Le HePIKES
TOPAYDYOVS HEGM GELPAS 1010GVLVUPTNCEDV.

1.3.3 [1Anpotynro oudoas 101060vopTHoEmY

»  Xoykhon oto puécov (in the mean)

Oewpovue ™ cvvaptnon f(X):[a,b] kot pioc opdda 13106VVAPTACEDY TOV KAVOVIKOD
npofinpatog S-L {y,, }. Zymuatiovpe v memepacpévn cepa

M
D ol (X) (1.3.12)
m=1
KOl TA{PVOLE TNV TOGOTNTO
b M 2
l,, = j [f(x)—Zcmy/m(x)} dx . (1.3.13)
a m=1

Eivon mpooavég 6tt to |, givar éva pétpo tov mdéoo KaAG 1 TETEPAGUEVT GEPAQ
npooeyyiCer v f(X). Eav |, teivet 610 0 yio M — o, 1016 M oepd 1.3.12
ovykAivel oto péoov oty f(x) (converges in the mean). Me dAda Aoy

Ve>0, IMy(g):VM >M, =1, <&

Kéro and tig cuvnkeg avtés, ypaeouvpue :
] M
f(x)= !v.ll;rp();cmwm (x) . (1.3.14)

(L.i.m onpaiver limit in the mean)
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H ovykhon ovt) ovopdletor kot péon tetpaymviky ovykion. H oupdda twv
1010GLVOPTNCEDV ¥/, LUE TO TOPUTAVE YOPUKTNPLOTIKE ovopdleton "aApngs .

H oudoa {y,(x),m=12,.....} Tov kavovikov mpofifjuaros S-L eivou pia miipng
OUAOO TETPAYWVIKG 0LOKINPOGIUMY GCOVAPTHGE®Y 6T0 oldeTnua [a,b].

Q¢ GUVETELN TOV AVAOTEP® SAUTLITMVOVE Ta £ENG BEWPLTA OVOTOPAGTOONG:
> 1° @copnua Avomapdotaong

Eav pio cvvaptnon f(X) sivor teTpoyovikd ohokinpdciun oto diaotnpa [a,b],
1 ovarapdaotoon T péom s oepdcs 1.3.12, 6mov y, €ival 18106VVEPTHGELS TOV
apofipatog S-L , cvykhivel €1g To péoov oty f (X) . O ovvrereotéc g 1.3.12
gival o1 ovvrelestég Fourier tyg f(X):

C, :ir(x)f(x)wm(x)dx : (1.3.15)

H ovykhion avt) dev ivan n 1oyvpdTeEpN oL pmopet vor emtdyel kaveic. Eivon opwg
KOV OTIC TEPLGGOTEPES MEPUTTAOGELS VO OGS ODCEL IKOVOTOMTIKEG EKQPPACELS HLOG
ovvéptnone. Ot 18106VVOPTACES TOL TPoPANHaTOC S-L mavtmg umopodv va pog
dmoovv 0v0 axoun Bewpnuoto avamapdoTacons mov Bo To YPNCIUOTOU|COVE GTN
OLVEXELN KOl TOL OTTO10L oG H100VV 1GYVPOTEPT] CUYKAION TWV OVOTOPUCTAGEWDV.

> 2° Osopnua Avomapdotaong

‘Eoto I pia opado ovvey®dv ocvvoptiosov f(X) mov dowlétovv Tunpatikd
ocuveyll mPATN Tapaymyo ot1o hdotnpa [ab]. ‘Ecto {y . }n opdda tov
10100VVOPTIOEMV EVOS KOVOVIKOU TTpofipatog S-L oto didotnpo avto. Edv or
cuvaptioelg f(X) tkavomorovv Tig oprakés cuvOnkeg Tov Tpofiquatog S-L, toTE
KGOe ovvaptnon f(x)€ 3 pmopel vo avamtvyBel oe pio oepd mov cvyKAivel
amOlVTH Kot opordpopea 6to [a,b]:

) =Y a0, (%), (13.16)
m=1
omov a, eivan o1 cuvteleotég Fourier mg f(x). H ogipd ovopdleton «Zepd Fouriers»
me f(X).
> 3° Ocopnua Avomapdotaong

"Ecto 6T f(X) € I wavomorei Tig oprokég ouvOikes Tov mpofinpoartog S-L ko
gival TpqpoTikd ovveyng oto [a,b]. Tote n oapa Fourier tng f(X) suykiiver
amOAVTO KOl OPOLOHOPP U OTO:
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1. f(x) é6mov X €[a,b] ko X dev givar onueio acvvéyerag ™ f (X) .
2. %[f (x* )+ f (x’)] o6Tav X onueio acvvéyerag g f(X).

Ed® f(x"), f(x7)elvar ta mpog T 6e&1d ko aprotepd oplo ¢ f(X) oto onueio
OCLVEYEWG X.

AYXKHZEH: Amodei&te 0t1 o1 cuvtedeotés a, g 1.3.16 givan o1 cuvtedeotég Fourier
me f(X). Opoiwg omodeicre Ot o1 ocvviereotéc c g 1.3.14 etvon emiong ot
ovvteheotég Fourier tng f(X).

EPQTHXH: YyoMdote TIC 010(p0pEG avapesa oto BempnUaTo oVOTapAcTAoTG.

1.3.4 To ovveyéc paoua

Méypt tpa  avaeopd pog oto Oewpnuato ovamapdoTacns N TANPOTNTOS oG
oOAd0G 13106VVAPTAGEDY Elye TN PAon NG 610 Kavoviko TpdPAnua Sturm Liouville ,
OT®C 0TO opioTnKe oV apyn. MAAIoTO 0 TEAEGTIG

__ 1 Al d
L= r(x){dx{ (x) dx}+q(x)}, (1.3.17)

ovopdleton kavovikog (proper) teleotig evo n e€icmon Tov TpofAnuatoc S-L pmopet
voL Ypapet g

Ly+ly=0 . (1.3.18)

Edv dev oydet kdmota and Tig w00 TEg TOL TeEAesT| L, OTg Yo mapdaderypa dtav
KGmola oo TG P, g, I dgv givor opiopéveg o 6Xo to dtdotua [o, b] cdupova pe tig
1010t TES TOL TPOPANHATOG 1| dTaV KATO10 07Td TO. GKkpa. TOL droThpatog [, b] teivet
010 Gmepo, o tedeotng L kakeitar tdrduoppog (singular). ‘Evog 1510p0p@og TeAeoThg
L dev umopet va opicet pio mANpn opdda WO10GLVOPTNCEMY Kot (io Tuyaio GLVAPTHOT)
dev umopet va avantuyBel o¢ amelpn oepd 10106VVAPTHGE®V. TNV TEPINTOOT AV
vapyel pio avtiotoyn oavomopdotacn yw. TV Toyaio. cvvaptnon  f(X) mov
OVOTTUGGETOL TALOV MG:

f(x) = iamy/m(x) +[b(A)p(x, A)d 4, (1.3.19)

o6mov @(X, A) eivar cvvaptoelg oplopeveG cLVEYDS TAVED GTO dtdotnua S Tov 4 Kot
ovopdalovtar un xavovikég idroovvoptioeis (improper eigenfunctions) oe avtifeon pe
TS kavovikeg (Proper) wioocvvaptioelg mov anaptifovv 1o dakpitd eaopa {w, }. To

dtonua S elvan EMOUEVOG V0L VTOGVVOAD U1 SLOKPITOV TY®V TNG 4 Kot ovopdletan
ouveyés eacpa Tov teAeotn L.
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Ot  «xovovikéc loovvaptioelg  elvar  opBoydvieg Kol Kotd  Tto  YVOOTA
opBokavomoloHvtal HECH TNG GYECNG

j r()w, (w, (X)dx =3, (1.3.20)

omov | eivor 0 dSwoTnNUO OPIGUHOV TNG ¥, . AVTICTOWYO Yo TIC UM KOVOVIKEG
1010GVVOPTNGELS 1oYVEL

j r(x)p(x, ' )d(x, 1)dx = S(1'=1), (1.3.21)

|
o6mov 6 (A'=1) eivan n cuvaptnon Dirac (dérta).

1.3.5 Mepikéc 1016tntes e ovvaptnong oéAta (Dirac)
H ocvvapmon 8édta o(X) €€ opiopov sivar undév yia kébe tiun tov opiocpatog X
eKTOG omd TNV apyn 6oL £xel dmepr T, Kot oyvet

T§(x)dx =1. (1.3.22)

Edv ta 0pla oAoxinpwong lval menepoacpéval, 1oY0OEL

2 1 x , X
ja(x—xo)dXZ{ o €1 %] (1.3.220)
" 0 X &[X,X]
Mmopei va detytel 0Tt Yo Kabe cuveyn cvvaptnon f(x) oydet:
[ f500dx = 1(0) | (1.3.23)
[ F 008 (x=x,)dx = f(x,) - (1.3.24)

Mepkég 1010tTEC NG oLVAPTNONG O0éATO. TOL B YPEOGTOVUE OTN GULVEXELL
TapatifevTol KOTOTEP®:

o(—x)=5(x), (1.3.25)
xo(x)=0, (1.3.26)

S(ax) = ( %)5(x) , (1.3.27)
o[f(x)]= / ——0(X—X,), f(x,)=0, (1.3.28)
T&(x—x")5(x"—x')dx"= o(x—x"), (1.3.29)

9 s =-Ls . (1.3.30)
dx X
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2. OEMATA XYNAPTHXEQN GREEN

2.1 Opopog

nedlo 0pPIGHOV Kot TNV TNYN NG KLHOTIKNG O1éyepons. H poviehomoinon g

OKOVOTIKNG TNYNS Yivetar cuvifwg pe ohvOeon GTOXEIMI®OV TNY®OV 01 0TTOiEg
BepoVVTOL ONUEINKES KOl OPLOVIKESG, OVOTOPICTOVIOL 0€ HECH CLUVOPTNOEWDY OEATA.
H Ymapén g mync Aappdvetar v’ Oy e TNV €1G0YMYN U1 OROYEVOVS OPOV GTNV
Kopatiky] e€lowon mov €xel g ovvémew vo. dtvmmBel 1 AVOT TG KLUATIKNG
eéiowonc péow ovvapticenv Green®. Tto kepdhoo avtd o mpoomadfcovpe va
ocuvoyicovpe 1010tTEC TV ouvaptioswyv Green mov eival amapoitmreg oy
avéivon mov o akoAovOnoet.

2 : € TPOPANLO KOUATIKNG d1000MG, TOALES Popéc Ba pémetl vo Oemprcove 6To

Ac Bewpnoovpe v e&icmon
d dG
—[p(2)—1+[q(2) + Ar(2)]G = =6(z - 2,) , (2.1.1)
dz dz

v pio cvvéptmon G oprouévn oto ddotnua [a,b].

H &&iowon pog OBvpiler v avtiotoryn tov mpoPAruatog Sturm-Liouville, 6mov n
Baowkn owapopd PpickeTon otV VIOPEN TOL PN OUOYEVOVG Opov Tov eKPPAleTon
Héom g cuvaptong 6éAta. Ag Bewpricovpe eriong 6TL N dyvoot cuvaptnon G(z)
KAVOTOlEL TIG oLVOPLIKES cuvOnkeg tov mpoPfAnuatog S-L kot ioyvovv ot 1d1eg
vroBéoelg Kot yio TIg vroAomeg mopapéTpoug e e€lowong. H Abon g e&icmong
avti¢ eivar pioo sovaprinoen Green piog didotaong kot cvpPoriletar wg G(z,20,4)
YnevOopilovpe 6t n cuvaptnon déhta undevietal yuo z # z, kot

T5(z—zo)d2 =

2

1 z,elz,z,]
0 z,¢[z,2,]

[Na ™ ovvéptmon G Ba dextodue OTL €ivar GLVEYNG GTO SACTNUA OPIGUOY TNG LE
oLVEYN TPATN TOPAYMYO TOVTOV €KTOG omd T 0éom 2=2p. Ilpocé&te Ot 6T0 Hpiopa
g Green mepiéyovtor ¢ LETAPANTES TO WOIOHOPPO oNuelo Zg Kot 1] TapapeTpos A mov
eupaviCetar oty dapopikn e€icmon..

H mapdywyog g G eivar acvveyng oto wW0Hoppo onueio z,. X cvveyew Oa
TPOGOOPIGOVILE TNV AGLVEXELD TNG TapaydyoL TS G vy =2 .

Oloxinpdvovpe v e&icoon 2.1.1 and z, — & €og z, + & 1o e>0. [laipvoope:

zo+& d dG zZy+€ Zpte
j z [p(2)~ "1z + j Eq(z) + r(2)]Gdz = —j f(z —z,)dz. (2.1.2)

To devtepo ohokApopa yoo € = 0 Adym cuvéyewag tov G ,g ko I teiverl oto 0.

* T Aemtopepf] avagopd o€ cuvaptioelg Green cvviotdtar to Piprio Tov Zauderer “Partial
Differential Equations of Applied Mathematics”
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AOY® TV BI0TATOV TNG GLVAPTNONG J, TO OAOKAPOLO 6TO de0TEPO PEAOG TG 2.1.2
etvau

zo+E

j S(z—z,)dz=1. (2.1.3)
"Etot éxovpe:
Zyt+e d Zo+e
[ &t oz —{p(z) @ zo,z)} Te-1 (214
Emopévoc:
p(z, +8)Oc|i_cz;(zo +&,2,,4) - p(z, _8)(31_(23(20 -&,2,,4)=-1, (2.1.5)

OTOV £YOLE TAEOV YPNOUOTOMGEL KOl TO dpiopa NG cvuvaptnong Green.
INa &€ »> Okot €9’ 6cov p(z) ovveyng cvvdptmon ko p(z) #0 €yovpe:

1
P(z,)

(2.1.6)

&0

dG dG
||m|:d—(Zo + &, ZO,/l) d—(ZO 8,Zo,i)j|:—

Mio evolopépovco ONUEI®ON OTO ONUEID OVTO OVAPEPETAL OTO OVATTUYHO TG
oLVVAPTNONG OEATA GE GELPA 1O10GVVOPTICEWMV.

Oewpoviog pia ocvvaptnon f(z) mov avomtucostoaw katd To OewpruoTa
OVOTOPACTOCNG OE GEPA 1O10GVVAPTICEMYV, TAIPVOVUE S1000YIKA

F=Y 4,0, (2.1.7)
0oL 7
4, =[r(2)f (@, (2)dz (2.1.8)

kot avtikabotovtag mv 2.1.8 om 2.1.7 (aAlalovtag Yo amo@vyn cOyyvuons Tov
ocuopuporiopd oty HeTafANTH OAOKANPOGNC) EXOVLUE:

&)= [rE 1w, e (21.9)
F@) = [12 w3 () (2.1.10)

[N va woydel n tedevtaio 6ot TO, O TPETEL
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o0

> W, (2, (2) = 8(z - 2) . (2.1.11)

n=1

7oV glval YvooTn Kot og oyxéon TAnpotntog (completeness relation) tov mpoPAnuaroc
S-L.

Xpnowonowwvrog v wotta 1.3.25 n mapondve cyéon ypaeeTot :

> 1@, @), (2) =5z ~2) (2.1.12)

n=1

2.2 Avamtoypo g Green o€ 6E1pd 10106VVOPTHGEMV

H ovvdéptmon Green minpoi tig omoutnoslg mov Béoape ywo vo givor dvvatny m
avamtuén g o€ cuyKAivovsa Gepd 11cVVAPTIGE®Y VO TpoPAnuatog S-L. ‘Etot,
UTOPOVLLE VO YPAWYOLLLE

G(2,2,A) =D A, (2) . (2.2.1)
n=1
Avtikabiotoope 1i¢ G ko 6 and g 2.2.1 xou 2.1.11 avtictorya, oty 2.1.1 ko

ToipVOLLE:
%p(z){i/x%(z)}q(z)i A D)+ AN (@)Y A, (D) =X r@w, (20w, (2)
(2.2.2)

Ady® TG OHOWOUOPENG GLYKAIONG UmopoOue vo. aviyletafécovue dfpolopa pe
TOPAY®YO KOL VO TAPOVLLE:

o0

2, {%(p(z) dvxn)+q(z)wn}+zr(z)i AV, (D) == r@w(2v,(D),  (2:23)

n=1 dz =1

N 1ehMkd ypnopomoldvag v e&icwon S-L yia t1g 10106vvapToELS

=3 A AW (D) + DY A, (2) =D W, (20w, (2) | (2.2.4)
i
MY A, (A= 2,)0,(2) = ~5(2=2,). (2.25)

Xt ovvéyew, morhamiacialovtag v (2.2.4) pe v, (z), OAOKANP®OVOVTIOG GTO
ddotnuo  [a,b] kot kdvoviag ypnion g ouvvOnkng opBoywmvidotntog ToV
1010GVVOPTNCEDV TOIPVOVLLE:

> A= 2) [ 1@, @@z ==Y 1, (@) [r @, @w, @)z, (2.26)
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S 4, (A= 3)8 == ()5, (2.2.7)
A A=) =—w,(z). (2.2.8)

"Etot to avamruypo g Green (e€iomon 2.2.1) yivetan

(2,20, 1) :i% | (2.2.9)

H ovvéptnon Green tov mpofAuatog emopévmg avomtoydnike oe oelpd, LSO TV
1010CVVOPTNCEDY TOV OVTIGTOLYOV opoyevoyg mpoPAnuatos. H ocuvdptmon Green
elval GUUUETPIKT, YEYOVOS OV emTPENEL TV avTineTdOeon ¢ BEong g mnyng Kot
TOV TTEO1KOV onpeiov. (yoti;).

G(z,24,4) =G(z4,2,4) . (2.2.10)

Oo mpémel emiong vo TapoTnpriocovpe 0Tl T0 A dgv elval WO10TU TOL TPOPANUOTOG
S-L aAld omotedel TOPAUETPO NG UM OHOYEVOLS dtapopikng e&iowone. Emumiéov
OopiCovpe 6T o1 1WBOTWEG €vOC Kavovikov mpoPfAnuotoc S-L givor mpoypatikol
apOpoi.

Ac¢ Bewpnoovpe topo 6Tt T0 A givon pryadikn mapdapetpoc. H cvvdptnon Green tov
avtiotoryov mpoPAnuatog Ba eivar emouévog pyadikn. Ady®m S Spopisc Tov
eupaviCetar otov mapovopoot) ¢ avomapdotaons 2.2.9, n G(z,z,;A) elvan
AVOALTIKN TOvTOU €KTOG 0o To onpeia ywo to omoion A = A, . Ta onueio avtd eivon ot
nolor g G 610 piyadikd eminedo tov 4 Ko ivort amAol.

Edv ohoxAnpdcovpe t cvvaptnon Green oto eninedo tov 4 mave o€ pio KOUmTHAN
C, mov mePEYEL TOVG TOAOVG, TOIPVOLLLE:

J, 622,202 = 3w, @ @], T2 (2.211)

Xpnowomowwvtag 1 Oedpnuo olokAnpoTik®v vroAoinwv tov Cauchy (residue
theorem — BA. Topdptua A) Taipvoupe:

a—y (2.2.12)

6mov 1 eivon M @ovroaotikn povada. ‘Etor mpoxdmrer M €€ng ékppoomn Tov
0AOKANPOLOTOC TNG cuvaptnong Green

[G@ 2, 1A =23 v, (2w, (2). (2.2.13)

c, n=1

EVD YPNOLOTOIDOVTAG T cLVON KT TAnpdTTag 2.1.11 £povpe
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1 __6(2—20)
2_7zi ClG(z,zO,/’L)d;L_ —r(z) ) (2.2.14)

To amotéAlespa ovTO ol TO YPNCIUOTON|COVE GE ETOUEVO ESAPIO.

2.3  H cvvdptnon Green ywo o yeVikn o€ygpon.
Ac¢ Bewpnoovpe v dapopikn e&icwon:

di{p(Z) d—F} +[q(2) + r(2)]F ==S(2). (23.1)
z dz

H e&iowon avt) pog Bopilel v e&icwon opicpod g cvvaptnong Green (2.1.1) pe
™ dapopd vo Ppicketal otV EKEPacT ToL Un opoyevovc 6pov S(z). O 6pog avtdg
Oa pmopovoe va exepalel pia di€yepon (mnyn) mov opiletar mave o pio cuveym
KOTOVOUT ONUEWKAOV 1O10H0pP®V onpeimv otov aova Z, mov eKtelveTon o€ pia
nepoyn Zr. To onuaviikd oty mpokeévn nepintmon givor 6t ) suvaptnon F mov
amotehel Avon ¢ 2.3.1 pumopei va ekepaoctel pe ypnon g cvvdpmmone Green tov
avtiototryov wpoPAnuatog 2.1.1 péow g oyéong :

F(2) = Lre-(z,zo,/l)S(zo)olz0 , (2.3.2)

pe v petaPAnt z,vo opilet pa Oéon myng.
H F woavomotet tic idieg oprakég ovvOnkeg pe mv G(z,z,;4) .

Enopévoc apxel va peretnost kavelg to mpoPAnua yo tic svvaptioelg Green mov
opilovtar amd TV amAn 01€yepon Tov eKPPALEL 1] GUVAPTNON OEATA.

2.4 O ovvopToELS 0EATO OTO KUMVOPLKO KOl GQUIPIKO GUGTINO,
GUVTETAYPUEVOV

Méypt topa gidape tov opopd g ocvvapmnong Green pécom Kamowng cvviboug
dwpopkng eElomwong. 'Eywve oavepd 01t m ocvvdptnon Green cuvoéetar pe
diéyepon (forcing) evog mpoPAaruatog mov opiletan yio pio onpelokn anyn. Xtn evon
BéPara tar mpoPAnpata eivar TpioddoTato Kot e TV €vvola auty Bo mpémel va
avalnToovUE EKPPACEIS TG ONUEWNKNG OEyEPONS OTAL JPOPO  GLGTNHLOTO
CUVTETOYUEVOV (DOTE VO YPNCLOTOIEITOL G EKPPOUCT] OVAAOYQ LE TO GUGTILO
ocuvteTayévOV Tov vwobeteitor oe éva cuykekpyévo TpdPAnua. Xta mpofAnpoTa
KOUUOTIKT O1d00nG, M ONUEWNKN OppHoviky mnyn opiletal pécm g ouvapTNoNg
—S(X,t) (to Tpdonuo ¢ cuvaptnong tifetar £T61 Yo AOYOVG TOL £XOVV VO, KAVOUV
pe v emdeyeioa ddtkacio TG Avong) mg e&ng:

S(%,t) = S(%,%,,1) = AS(F — %, )e " . (2.4.1)
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Zmv ékppaon avth avayvopilope 1o dtvocpa Béong e TS X,, TNV XPOVIKY
apuovikn e€aptnon pe v kukAikn ovyvotnte o =27z f ( f eivar 1 ouyvomTa g
TNYNG) Kot To TAATOG TG d1€yepong A.

H &&iowon 1.1.1 mov diémet ) S1d0GN TOL MOV GE £VOL PEVGTO OKOVGTIKO UEGOV, EAV
emParovpe ™ d1€yepon mov meprypdoetal and v 2.4.1, yphoetol ¢ :

1 8%p
ViR

S . (2.4.2)

Kobohg and v vndbeon pog, n mnyn eKTEUTEL GE GLYKEKPEVT] GLYVOTNTO @, KO
aeov 1M ypovikn &&aptmon elvar avegaptntn omd TOV YOPIKY,  UTOPOVUE Vo
Bewpnoope oty Adon g (2.4.2) v 010 ypovikn eEGPTNOTN Kot VoL TAPOLE.

p,(X,t) = p(X)e™" . (2.4.20)

AvtikafiotdvTag TNV Hope1| TG Ttieong amd v 2.4.2a oty 2.4.2 Kan Oewpdvtog 0Tt
kK(X) =@/ c(X), odnyovpaote oty un opoyevn e€icmon Helmholtz :

VZp(X) +k*(X)p(X) = —6(X = X,) , (2.4.3)

OOV Yo Adyovg amAoTnTag £xovpe vroBiéoel A=1. AnAaodn Exoue Bempnoetl onuelKn
OPLOVIKT TTNYY| LOVOO1010V TAATOVG SEYEPCNG.

H e&iocwon avt diénel 10 TpoPANUO TOL VITOAOYICUOD TNG YOPIKNG EEAPTNONG NG
OKOVOTIKNG TIEONG Y HOVOYPOUATIKA 7TNyn, ONAodN 7Nyn 7TOL EKTEUTEL GE
OLYKEKPIEVN GUYVOTNTA (PUOVIKT TTNYT)).

Epyalopevotl 6e Sl0pOpETIKG GLGTHUATO CUVTIETAYUEVOV Ba TPETEL VO EKQPPAGOVUE

o€ aTd, 1060 ToV TEAesT V (Aomhociovni) 660 Kot T GuvapTnon SEATa.

2.4.1 KoAvdpiko adotnuo oovietayuévay.

Ot ovvietayléveg To KLAVOPIKOD GLGTNUATOS €ival F,Z,¢p Kol GLUVOEOVTOL WE TIC
KOPTECIOVEG LECH TOV OYECEMV: X=ICOSp, Y=rISing, z=2.

e éva tuyaio ovomnua cvvietaypévov(S,,5,,4,), N cvvdptnon délta Exet vonua
povo v pmopet vo ekepactel HEG® OAOKANPOLOTOS TNG LOPPNG

[[[o(a-£)8(&, - £)5(&, - &)d&dgds, . (2.4.4)
270 KAPTEGLOVO GUGTNLO GUVIETAYUEVAOV EXOVLLE :
m S(x—x,)0(y = ,)8(z — z, )dxdydz = j j j S(x-%,). (2.4.5)

INo va petatpéyovpe to otoyeimon oyko dxdydz oto tuyaio choTNUA GLUVTETAYUEVOY
gxovpe T oyéon
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dxdydz =|J|d&,dé,dé, (2.4.6)

6mov J givan 1 TaxopPravr (Jacobian)tov petaoynpaticpod amd 1o Eva cOGTNIO 6TO
dAAo mov opiletal ¢ :

oo o
dg, 05, 0c;
dg, 05, 0Oc;
o0z o2 oz
dg,  0g, Oc;

‘Eto1, ypdoovpe ) cvvdptnon 6éhta pe yprion tav cvvietoypevev &, <, ,E o

S(X=%)3(y ~¥)3(2~2,) =ﬁ5(§1—§;)5(§2 ~8)5(6-8) . (248)

wote ol exppaocelg 2.4.4 ko 2.4.5 va eivor 16000vopeS. LTV TEPITTMOOT TOV
KLAWVOPIKOH GUOTNHLOTOG CUVTETAYUEVMV EXOVLLE:

or op o cosp —rsing O
1-1Y XY Q:Sin(p rcosp 0|=r(cos’ p+sin®gp)=r (2.4.9)
or op oz
0 0 1
a a &
or op o

Enopévoc n cuvéptnon 0€ATa 610 KOAMVOPIKO GUGTI IO GUVTIETAYLEVOV YPAPETUL OG
ooy 1
5(X—X0)=F5(r—r0)5((p—¢0)§(2—20), (2.4.10)

AO6y® 0V 0Tt Y1 r=0 1 laxoProvn undeviletor, dev £xovpe avtiotoryio Eva mpog Eva
o 0éon r=0 avdpecsa oto SVO CLGTILATO GUVTETUYUEVOV.

YmrevOouiCovtag ™ oxéon 1.2.18, n un opoyevig Helmholtz ypdeetar oto koivdpicod
cLOTNHOL:

2 2
10, o 15 2%
ror or  r°op° oz

+k2p=—%5(r—ro)5(<o—¢o)5<z—zo). (2.4.11)

Mia evolopépovca mtepintmon mov Oo Lo amacyoANcEL 6T cLVEKEL ival ekeivn Yo
v omoia 1 P dev e€aptdtal amd ™ yovia ¢. Xtnv mepintmon avt| £xovpe agovikd
ooppeTpiké mepipairov. H myn Ba Ppioketon oe Béon ry = 0 kou emopévag n un
opoyevng Helmholtz ypdoetar to1e oc:
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p 1op 62p

2y 1 - -
T Rk p=—5(0)6( - 4)5(2 - 2;) (24.12)

OloxkAnpmvovtag amd 0 £0¢ 27 o dV0 PEPN TOUPVOVLE:

2 0%p 1op 02
I(arEﬂLFap =3

0

2 Tk°p)dg= j(——ﬁ(r)5(¢ $,)6(2—12,))d¢ (2.4.13)

KOl 0OV 1 TPOG OAOKANPMOT] TOGOTNTO GTO OAOKANP®LO TOV TPOTOL HEPOVS £fvar
otafepd WG TPOG TNV YOViol EVA 1] OAOKANPMOOT TS GLVAPTNONG 0 MG TPOG TN Yvio
dtver 1, éyope

2 2
0 p+1ap 0 p+k2p)———5(r)5(2—zo))- (2.4.14)

2
ﬂ(arz ror oz°

Apa

2 2
aE+16p ag K2
o” ror oz

p:——1 o(r)o(z-z,), (2.4.15)
27ar
mov givai 1 {ntovpevn EKQpOo.

2.4.2 Xpaipiko cOOTHUO. GOVTIETOYUEVWY

H avtictoyio kopTec1avov-cQapIK®V GUVTETAYUEVOV Elval:

X=rsin@cosep, y=rsindsing , z=rcosd (2.4.16)

kot N lakoProvh Tpokdmtel svKoAw : |J| =r’siné

Enopévac,
dxdydz =|J|drd@de (2.4.17)
Ko
- o 1
5(X_Xo):m5(r_ro)5(0_‘90)5(¢_¢0) 1 (2-4-18)
onAadn
. 1
S(X—%,) = ) n05(r_r0)5(9_90)5((ﬂ_(00)' (2.4.19)

Agv &yovpe avtiotoryio Eva mpog Eva avAUESH GTo OV0 GLUGTNLOTH GLVIETAYUEVAY,
pévo otav 1 LakwpPovn undeviletar. Avtod 1oyvet 6Tig TepurtOcelg mov =0 1 6=0.

370 GQUPIKO GUGTNLO GUVTETAYUEVOV eVOL0QEPOV Tapovotdlel | e€icmon Helmholtz
otov M Ayveotn cvvaptnon P dev eEaptdtan and Tig yovies. H mnyn Bsmpeitor 611
Bpioketar oty apyn tov a&ovev kat & eEicmon Helmholtz (pe tov un opoyevn 6po )
YPAQETAL TOTE:
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1d| ,dp 2 o(r)
——|rr—=|+kp=-— . 2.4.20
r dr[ dr}r P Ar?® ( )

Onwg B dobue 0T GLVEYELWD, VTAPYEL Li0L TOVAGYICTOV TEPITTMON TOL 1| EKQPACT
avt Oa pog etvor gpAoun aKOUN KOl Yo TV HEAETN UAG GTO KLAWVOPIKO GUGTN LN
GUVTETAYUEVOV.
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3. TO HPOBAHMA THX AKOYXTIKHX ATAAOXHX XE ITEAIA
ME EIIIIIEAA XYNOPA

3.1 Teviki] yeopetpia-oplokés ovvOnKeg

Bordoolo mepiaiiov mov opileton amd eminedo GUVOPA YPNCIUOTOIDVTOS TO
pofnpotikd epyoreio mov avamtuydnKov ot TPONYOUUEVO KEQAANLN AL KO
pdcOetec peBod0oLg oV Ba avapepBodv 6T cLVEKELA.

2 : T0 KEPAAO10 aVTO Ba peleTnoovpe T0 TPOPANUO TNG S1AO0GNG TOL YOV GE Eval

H amAovotepn yeopetpia tov mpoPAnpatog meptypdpetot oto oynua 3.1.

[Mpokertar vy éva mepipdArov mov opileton o €va KLAVOPIKO GUOTNUO
CUVTETAYUEVOV HE TNV EMPAVELD TG BdAacoag va eivon enimedn empavewn o Pdbog
z=0 kot tov mhuéva va amoteheiton amd eTGAANIO oTpOUOTE TOV Ywpiloviot amnd
emimedn Kot opovtio cuvopo. To TpdPANU LEAETATOL Y10 Lol GNUELOKT) TNy TTOV Bt
Bewpnbel 611 tomobeteiton oe amodotaon =0 Ko Pabog z=zp. Emnv yevikOTEPN
nepintoon N mokvoTnTa. (p) Kol M ToLTNTO Sdoong Tov NYov (C) pmopel va
petaBdAietal pe to fabog kot v omdoTac, o€ OAN TO OKOVGTIKE GTPOLOTA, OO TO
omoio To teAevtTaio pmopet va ekteiveTon péypt to dmepo. Ta otpdpoTa 6TOV TLOUEVQ
umopel va eivar ocadnmote oe opOud. Mo vo amo@idyovpe TIC TEPITAOKES TOV
wpofAquatog Oa meplopicovpe TN HEAETN LOG OTIG TEPUTTOCELS TOL 1] TUKVOTNTO Efvat
otafepn og KABe oTPpOUA , 1) TOYXOTNTO TOL YOV WITOPEL Vo, LETARAAAETOL LOVO LLE TO
Babog, evd oV mepintwon mov BewpnBel nuidmelpo televTaio oTpOUA , 1) TOYXOTNTO
oV YoV Ba givon otabepn 6'ovToO .

0 r
Zy C1,01
hy
C2,02
h
Cs3,p3
v

ynua 3.1 H yeopetpio tov TpofApatog g 0kovoTikng d1ddoons o medio pe emineda
GVVOpO.
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H pévn opaxn cuvinkn tov mpofAnuatog mov Ba Oempndel apetdfAnt oe dAeg Tig
TEPIMTAOGELG oV O peketnBovv givar oty emeaveia (z=0) 6mov n wieon p Ba sivon
navta 0. H cuvOnkn avt) avietoyel oty vrdbeon 611 n emedveia g BdAacoag
etvar ehevBepn mEoemv Kat dgv glval duvartn 1 LETAGOGT TOV YOV amd TO VEPO GTOV
aépa mov Bewpeitar pe avtd tov TPOTO ®G «KeVO». H mapamdve amlovoteutikn
napadoyn Oev dnuovpyel TPOPANUOTA GTO YEWPIGHO PEOMOTIKGOV TPOPANUAT®DV
AKOVGTIKNG 014006MG GTO VEPD, AOY® TNG TOAD HKPNG TUKVOTNTOS TOV 0EPO GE GXECT
pe ekeivn tov vepo.

210 O6p1o vepov-muOuéva (ntape cvveyel ¢ mieons Kot g KAOETNS ¢ mPog 10
oUVOPO GLVIGTMOCHG TNG TAXVTNTAS U TOV GTOYEIWODV COUATIIMV TOL GLUTIEGTOV
pécov evd O amaitnom &xovpe yuo kdbe oempdvelr otov mobuéva. Ot cuvOnKeg
avTéG amd QLGIKN oKOTA EEACPAAILOVY TNV GUVEKTIKN dOUN T®V OVO OKOLGTIKOV
HECOV KO TOV U1 OTOYWPIOUO TOVG GTNV OWPIOTIKY EMLPAVELD. B0 OTaITNGOVE
emiong n mieon va teivel 6to 0 Yoo z —> 00 dTAV TO TEAELTAIO GTPOUA TOV TLOUEVA
eMEKTEIVETAL UEYPL TO ATELPO, EVD [0, cLVONKN akTtvoBoliag tomov Sommerfeld Oa
telel yio 7 — 00. Xe e1dég mepurtdoelg Bo BOempricovpe Ot 10 TEGIO HOG TEAEIDVEL
®g TPog To Z og évav axkAdovnto muBuéva. H €vvolwa tov axidvnrov mubuéva
weptypdeeTon pabnuoTik@ mov pe po opoyevn ocvvOnkn Neumann kot ex@palet
HaONUOTIKA TN QUGIKT] W1OTNTO 1] KAOETN CLVICTMOGCA TNG TOYVTNTAS TV CTOLYEIMODV
ocopotdiov tov péoov U va pndeviCetarl. Mo ) oyéon tayxdTTAG CTOLEI®OMV
couatwdiov kot mieong tapanéunope otov Boyles aAld kot oto kepdroo 3.3 TV
TapOVTOV onuetwcewyv. [Ipog to mapdv apkel va Tovpe 0T 1 €V AOY® GLUVIGTMOCN TOV
OTOYEIMOMV COUOTIOIOV givar avaioyn g kABeTNG (G TPOS TO GVVOPO) TOAPAYDYOL
g mieong.

A&ilel va onueiwdel 6T KdT® amd TIC AVOTEP® TAPASOYES , | AVOT| TOL TPOPANUATOC
dev efoptdtonl amd TN YOVid @ TOV KLAWOPIKOD GULGTHUOTOS GULVIETOYUEVOV
(mep1BdAlov  0EOVIKNG GLUUETPIOG) EVD Ol YOPAKTNPLOTIKEG TOPAUETPOL TOL
nepPdArovToc 0ev e€aptdvTal amd TV amdotaot (TeptBdAlov otafepdv GUVOPTNGEL
¢ omdoToong topoustpmy —fange independent environment).

B0 UEAETCOVUE OTN CULVEYEW UEPIKEC YOPOUKTNPIOTIKEG TMEPUTTMOCES OKOVOTIKNG
dddoong oe kvpatodnyovc. Kupatodnyoc (waveguide) eivor éva pécov dtddoong
KUUOTIKNG EVEPYELQG Pe chvVopa oL PonBovv oty amodoTikn d1dd0cn ToV KOLUTOS
¢ mPog pio Kopla devbuvvon.

3.2 O amhog Kopotodnyog — [Mpofinua 111

O amlog Kvpatodnydg opiletor amd v emedvewn g OdAaccag, mov Bewpeitan
eminedn kot oplovTa ko Tov mubuéva mov emiong Bempeiton enimedog kot oplovTiog
og Babog h. Ztov mubuéva dexodpaote opoyevy cuvOnkn Neumann (oyfua 3.2) eved m
ToYVTNTA SLO0CNG TOL NYOL 6TO veEPD Bewpeitan oTadepd (aveEApTNnTN TOV YOPIKOV
CUVTETOYLEVOV).
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0 p(0)=0 r
20 ¥ CLp1, Ki=w/C1 otalbepd
dp/dz(h)=0
h
//
7 Y

ynpa 3.2 O amhog Kopotodnyog

To mpdPAnua mov kakovpeda va emAvcovpe £xel oG €ENG @ (mpoPAnua I11)

e Bpeite T cvvaptmon p(r,z) mov vrakovel oty e€icmon:
2 2 1
Vip(r,z)+k p(r,z)=———06(r)o(z—z,), (3.2.1)
2mr
KAT® oo T1G OPLoKEG cLVONKEG :

p
p(vo) :01 8_('1 h) :O (3'2'2)

z

Kot pio KatdAANAN cvvOnkn axtvoPoAiog yio I —> 0.

O ovpPoiioudg pe v TeAein 6TO 0PI LTOONAMVEL OTL 1] GLVOTKN £xEL VOO Y10,
Ka0e T g avtictoyng petafAnTe.

H e&icmon 3.2.1 og KLMVOPIKES GUVTETAYUEVES YPAPETOL

2 2

3.2.1 Xwpiouog uertafiintav

Eav Oswpnoovpe v opoyevn e&iowon Helmholtz, oto avetépe mepiditov,
Umopovpe €0KOAN VO SOMICTOCOVUE OTL UTOPOVUE VO KOTOPOYOLUE GE YWPIGUO
petafAntadv Kot vo odnynbovpe o 600 cuvnBelg dapopikég eELGMGELS TG LOPONG:

2
i§+lj—R+ﬂR:O : (3.2.3)
r r ar




36 Mofnpatik Movtelonoinorn Akovotikig Atddoong ot Odlacca

d*Z

2
Z

+(k*-0)Z=0, (3.2.4)

o6mov &yovpe vrobéoel 6Tt p(r,z) = R(r)Z(z) xot A givor n otabepd YoPLoHOD.

O avotépo YOPIOHOS PeTAfANTdV pog odnyel 610 va opicovpe 600 GUVOPTNCELS
Green yw o pun opoyevég mpoPinua (e&iocwon 3.2.1) amd tig omoieg N pio e&optdron
and poévo 1o I Kot 1 GAAN pOvo amd To Z, Kot vo. 00VUE KOTd TOGOV UTOPOVUE Vo
exppacovpe ™ Avon tov mpofAnuartoc 11 péow avtov.

3.2.2 O1 ovvoptioeis Green tov mpofinuatog

Oewpovpe dvo cvvapmoes Green G, (r,r7,,A) kot G,(z,z,,4) WOV VTOKOVOLVY OTIG

eClonoelg :
d’G, 1dG, 1
-l + AG, =——56(r 3.2.5
dr’* v dr 1 2mr ) ( )
Ko
d’G
72%(/(2 ~ )G, =—-6(z—z,). (3.2.6)

H evbeio avtotoyyio avapeoa otic e€iomoelg avtég ko 11 3.2.3 xou 3.2.4 etvon
TPOPAVIC.

[Mapatnpodpue kat’ apynv 0Tt edv oty e&icmon 2.1.1 Kévope TIG AVTIKOTAGTAGEL :
z>r,zy >71,, p(2) > 2w, q(z) >0, r(z) > 2w
odnyovuaocte otnv 3.2.5 pe v mapatipnon 6t I, =0.
AvticToyo L TIG AVTIKATUGTAGEL :
p(z) =1, qz)—=k*, r(z)—=>1, 1->-1
odnyovpaocte omd v 2.1.1 oty 3.2.6

Ta media opiopod 1wV cvvapticeov G,xor G, givar avrtictorya [0,), ko [0,h]. H
G, éyet1d10popeo onueio oty apyn (K, =0) evon G, evdidueoa (z,).
o to mpoPAnua mov opileton yuoo v G, (IIpo6Pinpa Ila) ot oplaxég cuvOnKeg
elvat:
. dG 1
lim{e—2(g,A)p=—, 3.2.7
infe B} aar
Kol

!in;ﬁ{%(r,/l)—i\/zq(r,i)}:O. (3.2.8)
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ATd 11 cLVONKEG aVTEG, M TPOTY TPopyeTol and Vv e&icwon 2.1.6 mov opilel v
TEMEPACHUEVT ACVVEYELD TG Topay®@YoL TG G oto 1Wdpoppo onpeio Zg €dd ry =0
g e€lowong 2.1.1 .

H debtepn ouvOnkn (3.2.8) avtiotoyel oty ovumepipopd ¢ AVong 6T0 GmEO.
[Ipoxertan yio pio Ekppaomn tng cvvOnkng axtivoforiog Tov Sommerfeld kot opilet
0Tl 10 dmepo amoppoPd kot dev emovoktivoPolel evépyelo H ocuvOnkn avt) eivon
ATOPOLTNTN Y10 VO £XOVUE HOVOOIKT AVGT 6TO TPOPANUE LOG.

Ot opraxég ouvOnkeg yuo v G gtvon :

G,(0,2,,4) =0, (3.2.9)
1ing{G2 (2o + 6,20, A) = Gy (2, = €,29, A} =0, (3.2.10)
lim @(zo +5,ZO,/1)—dG2 (zp —&,24, A7 =1, (3.2.11)
e20 | dz dz
ﬁ(h,zo,/i) =0 . (3.2.12)
dz
(mpoPinpo IT1P)

Ot 3.2.10 xou 3.2.11 edkoAa dwmoTt®vel Koveig OTL avTioTorobV otV £&icmon
OUVEYELNG KOl TEMEPACUEVNG OOLVEYEWS TNG TOPAYDdYOL 1Tng ocvvaptnong Green
(2.1.5) ot0 1816p0pPO oMuEiD.

Ot ovvOnkeg 3.2.9 ko 3.2.12 emdéyovion va gival avtiototyeg pe Tig cuvonkeg 3.2.1
kot 3.2.2 tov TpoPAnpaToc.

3.2.3 H Zbon tov mpofinuarog

Oa deifovpe TOpa 10 akdAovBo Bedprnua :

OEQPHMA 'Ecto G,(r,r,,A)xu G,(z,z,,A) cvuvopticelg Green nov anotehodv
Moeig Tov tpofinudtov Ila kot IT1B avtictorya. Tote 1 Abon tov TpofAnquatog
11, mpoxdmter péom tov Gi ko Gz g e&ng:

Pty 2:20) == [ 6,013, DG (220, 2 (3:2.13)
v/ c,

omov C; eival KaTAAANAN KOUTOAN 6TO Hyadtko eminedo mov AapPdveral pe Betikn
QOpa.
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Amddeién

I'vopilovpe amd v avtictoyio Tov tpofinudtov Ila kot IT1P pe to TpoPAua g
Tapaypaeov 2.2 4T 1oyvEL :

1 [G. (.. a2 = _otr=n) (3.2.14)
27 z, 2mr
Kol
L [G. (2.2, 0)dA=6(z-z,). (3.2.15)
27 e,
Avtikabiotodpe v Ekppaom e P omd v 3.2.13 oy 3.2.1 ko maipvovpe :
82p 16p 8p k7 p __L d’G, A 1 dG]Ga%—L Gdsz/i
8r2 r 8r oz’ 27 o dr 27ir & dr 27 ¢ dz’
2
—k—_leszzz—i_j{d Cj 146G, e, d/i——jG d°G, d/l——_[GG di =
e 2mi s dr r dr dz*

—L_ J‘{—/1G1 —Lé‘(r—ro)}sz/l——_ _[Gl {—kZG2 +AG, —6(z—z,)}dA
7 27 27t

——jGGdz_—szG d/1+4 S(r - ro)jG d/1+—jk G,G,dA

1 1 k*
_2_711 szledz +o 0= zO)IGld/I = 2—7”_[6162011
(3.2.16)

S(r— ro)jG dﬂ.+—5(z zo)jG dA

A

47[1

Oa mpémel TP VoL EMAEEOVLE TNV KAUTOAT OAOKANPOGNG GTO UIYAOIKO EMIMEDO.

Emdoyn 1. @copovpe 611 n C; givar n xopmddn C; mov mepthapPfaver o 810p0pea,
onueio g G1 aAra ot g Gz. H @opd eivar Beticny. Ot 3.2.14 won 3.2.15 o pog
dMGOLVV :

1

4r’ir

S(r—r,) [G,di=0, (3.2.17)

C+

00 =) o L s(a—z)s0r—1).
27 27

1 1
2_7”'5(2_20)6[ Gldﬂy :2_7”'5(2_20)._

(3.2.18)

Amodci&ape emopévog 0Tt M avtikatdotaon g P and v 3.2.13 omv medokn
elomon 610el ™ oot d€yepon Kol EMOUEVOS OMOTEAEL TNV HOVOSIKY] ADON TOV
TpoPAnpatog ool 1o TPOPANU etval KOA®OG TeBEEVO.
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Emnoyn 2. Oswpodpe 6t C, givar ) kapmodn C; mov mepthapfdver ta d1dpopea
onueta g G2 aAld 0yt g Gi. H gopd givar apvnrikn. Ot 3.2.14 ko 3.2.15 t61€ Ot
LLOG OMGOLV :

1 1 . 1
o(r—r Gdi=——--6(r-nr)-0(z-2,)-27i =————6(z2-12,)0(r—r,),
T ( O)CI 2 Arir (r-r)-o( 0) 27 oor ( 0)o(r—n,)
(3.2.19)
1
—8(2-2,) [ Gdi=0. (3.2.20)
27l s

z

Emopévac kat oty emthoyn avt) g C; katain&ope oto 1010 amotédespo. H emidoyn
g kapumoAng C, i C, e€aptatat and tnv evkoria xeptopod g Aong.

3.2.4  Yrmoloyiouog twv ovvoptioewv Gy kou Gy

Etvar avtovonrto ot to emduevo Prjpa oty emidvon tov mpoPinuoatog I11 eivor o
VITOAOYIoUOG TV cuvaptoewv Gy ko Gy

| H ovviptnon G;

H G; mpoxvmter wg Avom g 3.2.5 . T'a va vroloyicovpe v Gi umopodue va
Mooovpe v 3.2.5 vy r>0, ondte doev Ba €yovue TOV PN OpOYEVH] OPO, Kol V.
emPArLOVE GTN GLVEKELD TN GMOTH Wopopeia 610 Iy =0 péow e 3.2.7.

H 3.2.5 otV opoyeviy g popoen, eivar pio eicmon Bessel undevikng taénc. H
YEVIKY TG Aon ekppacuévn uécw cvvoptioswv Hankel sivon :

G,(r,1,,A) =G,(r,0,1) = AH® (Ar) + BH? (/ar) . (3.2.21)

H opuokn cuvOnkm 3.2.8 emPdlrel kopoto mov amoxiivovy and v Ny o€ peyOreg
amoGTacElS. Asdopévou OTL BEmPMOVTOG OPLOVIKG KOLOTO e YPovIKY eEdpTtnon €'
ovvaptnon Hankel Jevtépov €ldovg avimpoowmedel cvykhivovio  KOpoTO,
dwmotdvovpe pécm g 3.2.8 611 B=0. Etot ya r>0 éyovpe :

G,(r,0,2) = AH® (J/ar). (3.2.22)

INo peyéda opiopoato and v 1.2.35 maipvoupe:

2 iar-7)
HOWNary~ |—S= 74 (3.2.23)
o WA=

Endpevo Prua sivor m epappoyn mg ovvinikng 3.2.7. T v epoppoyn g 0o
YPEWCTOVUE TIG avadpopikég oyéoelg 1.2.38 . Taipvovpe dadoyikd :

)

o (2.0,2) = AedZHE Vie) :-%. (3.2.24)
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Xpnoiponotwvtog v 1.2.32 €yovpe :

AgJZ{J(;(JZg)n N(')(\/Zg)} :-% , (3.2.25)
—Agﬂ{Jl(ﬁg)+i Nl(ﬂg)} :—% . (3.2.26)

AMG O0tav € = OumopoOue vo. YPNOILOTON|COVUE TIS OCLUTTOTIKES EKQPAGELS
1.2.34 ko pe dedopévo ot I'(1) =T'(2) =1raipvoope :

Jie
I (Jre)~ =20 (3.2.27)
N, (WA &)~ -2 g0 (3.2.28)
TNA &g
omoTE
2 1 i
_Agﬁl — =—— A:— . 3.2.29
( 7[\/;5) 27 4 ( )

Enopévoc maipvovpe ™ cmot 10opopeia yio tn TIun autr Tov 4 Kot

Gl(r,ro,z)zel(r,o,z):%Hgn(ﬂr) . =0 (3.2.30)

Il H cuvéptnon G,

[Mapatnpodpe kot €d®d 6t N 3.2.6 petoanintel o opoyevny 0tov 10 Z, dev Pploketar
ot0 medlo opwopoV g ‘Etor pmopovue va Avcovpe v opoyeviy g 3.2.6 v
0<z<zykomyw z, <z<h Kol VO OTOLTIGOVIE GTO OPLO YO Z —> Z, TNV EQUPUOYN
TOV 0PLOK®OV GLVONKOV.

H yevikn Aoon g opoyevoig 3.2.6 yia K otabepd sivan :

G, (2,2, A) = A (25, 1) +B,(z,,A)e 7", 0< 2 < 2, (3.2.31)
= A, (24, A)"" +B,(z,, 1) 7", 2, <2<h , (3.2.32)

OTov
kK> =y>+ 2. (3.2.33)

Epapuodlovpe Tig oprokéc cuvOnkeg :
(3.29) = A, +B, =0 (3.2.34)

(3.2.10) = A,e™ + By = 4,e" + Be " (3.2.35)
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(3.211) = i]/{A3e[’Q° — B — 4,e™ + B,e " }: -1 (3.2.36)
(3.212) = iyd,e™ —iyBe™™ =0. (3.2.37)

To avotépm cuotnua emAveTon EDKOAN didoVTaG :

Az__LCOSV(Zo_h) B _ i cosy(z,—h)
2y cosyh ' % 2y cosyh
_e " sinyz, 8 _e""sinyz, |
2y cosyh’ ° 2y cosyh

H avtikatdotaon tov cuvtedleotdv avtav otig 3.2.31, 3.2.32 6idet :

cos y(z, —h)

G,(z,2y,4) = sinyz, 0<z<z,, (3.2.38)
ycosyh
G, (2,2, 2) =227 cosy(z—h), z,<z<h . (3.2.39)
¥ C0S yh

Emopévac :

p(r,o,z,zo):—ijE 0SB = Gy HOWANdA, 0<z<z,  (3.2.40)
8¢y cosyh

_ LN B o HO(VANdA, z,<z<h.  (32.41)
8z ¢ y [ cosyh

®o Tpoomabncove TOPA Vo LITOAOYIGOVUE Ta. OAoKANpopata. H cvvdptnon oto
oAoKANpopo Eival TovToD OVOALTIKY] EKTOC amd To onueio Yoo Ta omoio cosyh = 0.
[Mopatmpodpue ot1 ta onueia y tao omoia y=0, dev eivor W1OpOpPa onuein kKabdg
oLvdLALoVTaL PUE GUVAPTAGELS SIN YZ TOL VILAPYOLY GTOV OPOUNTH Kot 0 AOYOG TOVG
dev odnyel oe WWOHopeo onueio. Ot Twég oV y Y TG omoieg 1oyveL M oyéon
cosyh = 0 amotelohv ta 1WOWOHOPPO oNUElR TNG TPOS OAOKANP®GT GLVAPTNONG
aoV e€aptdvtor amd 1o 4 péom g 3.2.33. I'a 11g Tipég avtéc Ba amodeiovpe v
EMOEVN TPOTOON :

IIPOTAXH : Outipéc Tov p Y10 TIg 0moieg woyvel cosyh = 0, givar mpaypotikéc.
Amdoeln : ‘Eoto y =y+iy'" xar y"#0. Tote Oa elyape :
cosyh =cosy 'h coshy "h—isiny 'h sinhy "n= 0. (3.2.42)

AoV sinhy"h#0 0o mpéner siny'h =0, aAld 10Te amd Vv 3.2.42 Bo npémel Kot
cosy'h=0, apov coshy"h=0. Avtd BéPora eivar dtomo. Emopévac y''=0 o
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B a

v

Y P

KAoO1KN TOUN

Syquo 3.3 H kAadikn Topn Kot ot HETOKIVILEVOL TOAOL TG YOPUKTNPIOTIKNG GUVAPTNONG.
Ed® A=a+ip

H &&iowon

cosyh=0, (3.2.43)

ovopdleton "yapaxtnproTiki] e&icwon" tov KupATOdINYOD.

O1 Moerg g eivon apBuot yn Yo Tovg omoiovg oyvet :

7, =(2n —1)%, N=12,3... (3.2.44)

A =k?=[(2n —1)2—’;]2 . n=123... (3.2.45)

OewpdvTog 0Tl EpYALONOOTE GTO UIYOOIKO EMMEDO, Ol EMTPENTEG TIES TOV A Umopel
va, BewpnBodv mOAo1 TG TPog oAokApwon cuvdptnons. (YrevOouiletonr mévimg 0Tt
Bpiokovtal 6Tov Tpoypatikd aEova) .

[Mopatmpovpue eniong, 6t N TPog OAOKANPW®GT GLVAPTNGN £xEL £vo KAadKO onueio
oto /=0 (o70 Optopa tng ocvvaptnong Hankel £xovpe Ja ). 'Etol, o1 suvaptioeig p,
dev gtvar avaAvtikéc 6e 0Ao o Hryadkd eminedo. Mo KAaOIKY TOUN OV TTEPVE Omd
10 onueio 4=0 Kot dikaoAoyeitor amd TV €N’ ATEPOV CLUTEPIPOPE THG AVOTG LA,
opiletar and v arnaiton Im(v/2) = 0kar Re(1) >0° (oxfpa 3.3).

Me dedopévo 0Tt kot ot mOAol Ppiokovial 6Tov TPaypatikd a&ova, UmopoVUE vo
QVTILETOTICOVUE TO TPOPANUA HE UIKPY| KETATOMION TOV TOAMV GTO (QOVIOCTIKO
NWETINEdO Kol GTN GLUVEXEW VO TAPOVUE ®G ADGN TO OPO0 TOL OAOKANPDUATOG
3.2.40-41, 6tav 10 PAVTOCTIKO HEPOS TV TOAMV TEtvel 610 0.

® L TEPIoGOTEPES AEMTOUEPELES GE O,TL 0POPA 6TV ETAOYT TG KAOSIKAG TOUNG, O EVOIOPEPOLEVOS
avoyvootg Toporiunetol oto Pifiio tov Boyles.
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Yopeova pe to Hapdaptnua I, 1 wpog oAokApwon cuvdptnon eival TG HOPONG

f(z)= P ((Z)) , 0mov  ((z) = cosyh . Emouévmg, yio. tnv €@oppoyn tov Oempipoatog tov
q(z

oAoKANpoTIKGOV vroAoitwv Tov Cauchy ypelaldopoote v mapaymyd TG OTA
WOpopea onueio :

. 0
q'(z,) > a_;t(COS?/h)/l:An '

Epapuodlovrag to Oedpnpo ohokAnpotik®v vroroinmv tov Cauchy yio v Koumdin
C. xouyw Im(4,) — 0 maipvovpe :

|0(r,0,z,20)=if1 cosy(z, =) sinyzHO (Var)da =
87Tc;7 cosyh

(3.2.46)

i i cos 7, (2, —h)sin y, ZH® (\[2, )

P 3
! 7n a(COS}/h)ldﬂ

[Ipocoyn otv oAlayn TOV TPOCHHOL AGY® NG EMAEYEIGOC APVNTIKNG POPAS TNG
KOUTOANG 0AoKANpwonG. O vToAoyIGHOC TG ™G TPOS A mapaymyov ¢ cosyh =0
TPOKVTTEL OC EENG:

7 =Kk-1= {icos;/h} :—{h(sin 7h) 8—7}
oA i N

o iny,h _h(-n" (3247

={h(sin;/h)—(k2—/1)%} _pSinzh _hEDT g,
o4 A=k, 2y, 2y,

dedopévov 01t cos ¥, h = 0. [aipvovpe eniong :
cosy,(z, —h)=cosy,z,cosy, h+siny, z,siny h=(-1)"siny, z, (3.2.48)

Kot ovTikafiotdvtog oty 3.2.46 maipvoue :
p(r,0,2,2,) = iZsin 7,2,siny, zH (\/Zr) : (3.2.49)
n=1

Evdiagépov mapovsialel  acUnTOTIKY EKQPOoT Yo I>> ov tvat:

e enlAr+))
p(r,O,z,zO):ﬁZ"smynzosmynz . (3.2.50)

ITAPATHPHZXH : Xpnowonomoape v ékppacn g mieons ywo 0 <z < z,. Eviehaog

avTioTOLYO KOTOAYOUE GTO {010 OMOTEAEGUA, YPNOLOTOIDOVTIOS TNV EKOPACT] TNG
nleongyw z, <z<h.
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3.2.5 Avamroyuo o€ oeipd 101060VOPTHTEDY

A¢ emavépBovpe oty eficwon mov JKmEL TO TPOPANUE HOC GE KLAVOPIKES
GUVTETAYUEVEG :

2 2
0 P+15_P+5_P+k2p:_$5(r)5(z_zo). (3.2.51)

o> ror 0z°

Oa YpPNOYOTOWCOVUE GTO OPIGUO TNG OKOVOTIKNG TEONC OTN GLVEXEW UOVO TIC
petafintég r ko z. YrevOopileton 6t np suvaptnon p(r, z) 6 opiletal oto OdoTNUHA
[0,h] ka1 givar mavtod cvveyne. Zopeova. pe to BempUaTe OVaTaPAcTUoNS WITOPEL
va avantuyfel oe oepd eqv opiobel KatdAAnAo pia opdoo 1010GVVAPTHCEDY EVOG
npofAnuatog Sturm-Liouville (Bdon) oto 1610 didomua. Edv pédiiota eacpaicbdei
N OUUTT®OY] TOV OPK®V cvbvinkKdv Tov Vo mpoPfAnudtov, 10te M oelpd Ha
oVLYKAIveL amOAvTa Ko opotopopeo. Tlown dpwg eivar n ev Adyw® opdioa ;

Oewpovpe v opoyevny popen ¢ 3.2.51. Katd to yvootd pmopodue vo Kavovue
YOPWOUO  peTaPANTOV Yo TV OdOUEVI]  YE®UETPIL  TOL  TTPOPANMOTOG
p(r,z)=d(r)u(z) «or vo wEpovpe TO CHLOTHUO TOV GLVNOOV  JPOPIKAOV
e€looE®V:

d’® 1do

—t+——+ A0 =0, (3.2.52)
dr r dr
d’u )
= + (k" =ADu=0. (3.2.53)
z

omov A givar M otabepd yOPGHOV. Xt cLVEXEW B YPNCYOTOMGOVUE KOl TNV
avtikatdotaon kX —A=y" .

Oewpovpe toOpa 10 TPOPANUa mov opiletar amd v 3.2.53, pe oplokéc ocvuvOnkeg
OTMOC OVTEC TPOKVTTOLV OO TO OPYIKO (LN OHOYEVES) TPOPANLO YO0 TNV GLVAPTNON

p(r,z).

u(0)=0 , (3.2.54)
@(h) =0. (3.2.55)
dz

To mpoPAnpo pog Bvpiler éva kavovikd mpdfinua Sturm-Liouville” kar cuvendg
opifoupe pia opdda 1O1OCLVOPTAGEOV U, (2) TOV AVTIICTOOVV GE SOKPITES WOIOTILES
A,. Ot 1dcvvaptmoelg givar opfoydvieg oto ddotua [0,h], propodv va emtheyodv

®ote vo givar opbokavovikég kol emi mAéov amotelovv Pdaon oto [0,h]. Ot
10106VVOPTNGELG 0VTEG LITOAOYIoVTaL ™G €ENG :

211 cuvEeld dev Bol LETAPEPOLLE TO OPICLLL Zg GTY] GLVAPTNOT TG OKOVGTIKNG THESTG
" ASKHZH : Amodsifte 611 10 mpoPAnpa mov opiletar omd v ekicwon 3.2.53 Kat TIC OpIoKéS
ovvOnkeg 3.2.54 kot 3.2.55 givan £va kavovied mpoPanua Sturm-Liouville.
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H yevuc Mon g 3.2.53 ya k 6100gp6d (mov onpaivet y otabepo), givar
u(z)= Ae” + Be " (3.2.56)
XPNOHOTOLDOVTOG TIS OPLKES GLVONKEG TOUPVOLLE :

Amd v 3.2.54
A+B=0 . (3.2.57)

Amd v 3.2.55
iyAe”" —iyBe " =0. (3.2.58)

To cvomua tev egichoeny 3.2.57 kot 3.2.58 ywo va €yl un undevikn Avon Ba wpémnet
n opifovoa tov mivaka wov 1o opilel va eivar 0. Taipvope €161 TV YOPOKTNPIOTIKN
eElowon Tov KLHATOON YOV OV Eivarn

1 1
e e T (3.2.59)

il —iy[e™ +e"]=0, (3.2.59a)

R TEMKG cosyh=0 (3.2.60)

o’ OOV TPOKVTTOVV Ol EMTPEMTES TYLES Y10 TO ¥ G €ENG -

(2n—1)E

- n=12, . (3.2.61)

T ,
ynh:(zn_l)E n =

XPNOHOTOLOVTOG TN OXECT] AVALESH GTA Y KO A KOl TOV OgikTn N Yo kGO emTpentn
TN Taipvope

2
A, =k>—y, =k —[(2”]1—_1)%} . (3.2.62)

O1 10106VVOPTNCELS TPOKVTTOVLY EVKOAL MG

un (Z) = Aei;/nz + Be_i}/"z = A(eiy"Z _e—i;/nZ) —
= A(cos y,z+isiny,z—CoSy,z+isiny,z) = (3.2.63)
=2Aisiny,z

Onwg yvopiloue, M opddo TV 1010GLVOPTACE®Y UTOPEL Vo OmOTEAECEL €val
opBokavovikd cOGTNO [Le KOTAAANAN emhoyT| Tov cvvtereotn A. Etot maipvope

j u(z)dz =1 (3.2.64)

KO {PNOLOTOLDVTOS TNV 3.2.63 KOl TPIYOVOUETPIKES 1010TNTEG KATAAYOLE GTNV
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24i = \/% . (3.2.65)

OTOTE 01 IOI0GVLVOPTNOELS YPAPOVTOL GUVOPTNCEL TOV IOOTIUMV MG

u (z)= \/% sin[(k2 —/1,,)%2} | (3.2.66)

Inuetdvoope 0Tt MOAAEG @opég otnv PipAloypaeio ¢ wiotywn epeaviCetor to
péyebog K, = \//1_,1 .

Zoppova Tdpo pe 0 devTEPO Bemdpnpa avarnapdotaons, n ovvaptmon  p(r, z,z,)
umopel va avomtuydei yio k6Oe 0éon I oe cepd Woocvvaptoewy HEow TV u, (z) .
"Etol ypagope :

p(r,z):iA](r)un(z) : (3.2.67)

ATOpEVEL VO VTTOAOYIGOVLE TOVG GUVTEAECTEG Ap,

Avtikabotovrog v p(r,z) amd v 3.2.67 omyv 3.2.51 ko mapodeimovrag to
opicpata yio AOYous EVKOMOG TOUPVOLLE:

SUA I UA S UA YA =505 7), (3268)
n=1 n=1 n=1 n=1 T

OOV ' ONAMVEL TOPAYDYIOT G TTPOG I 1 Z AVAAOYO LE TO OPIGLLAL.

Xpnoponotdvrag tv 3.2.53 éyope U, = (4 —k*)u_ kot aviikadiotdviag oy 3.2.68
KOTOAYOLLE GTNV

o0

> u, {AQ +%A§ MHA} = —%é(r)ci(z -1,) . (3.2.69)

n=1 2

210 onpeio avtd agomoove TV 0pHOKAVOVIKOTNTA TOV 1O10GVVAPTHGEDV KOl 0OV
noAanAacidoovpe to 600 péAN g 3.2.69 pe u, (z), ohokAnpdvovpe amd 0 £og h.

"Etol maipvope

h o l 1 h

IZunum {A] +=A +AnA1}dz = ——'[5(r)5(z ~z,)u,dz. (3.2.70)
0 r 27r g,

AOY® ™G 0pHoYOVIOTNTAG TV 1O10GVVAPTHGEMV TOIPVOLLE GT CLUVEXELN

A; +1 Aﬂ +A,A, = —i5(r)um(zo) : (3.2.71)
r 2rr



MoaOnpatiky) Movtedomoinon Akovotiknig Awddoong otn Odlacoa 47

Oewpaovtog 0Tt u,, (z,) # 0 maipvope

d_Z[ A }li{ A, }z{ A, }_ Lsey. (272
dr-\u,(zy)| rdriu,(z,) u, (z,) 2

H &ficoon 3.2.72 pog mopaméunel dueca otnv 3.2.5 . Ilpocektikn avaivon g
3.2.72 cg ocvvovacud pe TIG 0plokéG cLVONKEG TOL TPOPAUOTOC HOG OO YOOV GTO

A,
Un (25)
dtdetan and v 3.2.30. 'Etot maipvope

ooumépaca OTL 11 GLVAPTNON { } &xel v 101 Aon pe v G1 g 3.2.5 mov

Am _i @
. =1 (A7), (3.2.73)
i A= 1, GHE (1) (3.2.74)

Enavepyopevol oty 3.2.67 kot aviikafiotdvtog tov 0eiktn N pe M youe :

P(r2) =+ 3.0, (2o, DHE VAT (3.2.75)

T£EAOG XPNOYWOTOLDVTOG TNV EKPPAOT) TNG WO106VVAPTNONG HEG® NG 3.2.66 £youe
I & .
p(r,2) == sin(r,2,)sin(z,2) Hg’ (A1) - (3:2.76)
n=1

H éxppaon avt) BéPata eivor mavopodtumn pe v 3.2.49 mov &iye mpokvyel amd
TOV VTOAOYIGUO TV cuvaptioeny G; kot Gy tov mpoPfAnquatog. ‘Etol, PAémope v
PN aviotolyio Tov peBOd®V avamTOYUOTOS G GEPE 1010GVVAPTHCEMY KOl TNG
0AMOKANPOTIKNG £KOPaCoNS NG Avong péow cuvaptnoewv Green. Ot wotpég An
avTIGTOYOLV oTovG TOAOVG TG Go. A&ilelt mévimg va onuewwbdel 6Tt Adym g
omoapEng ¢ myng, dgv elvar dvvatdv va EEPUyoLUE OMO TOV VTOAOYICUO HLOG
ocuvaptnong Green (npPa 3.2.72).

Ka&be o6poc g oepdg 3.2.75 yopokmpileton <«dopopeny (mode) evo ot
0106VVOPTIoES U, (Z) avTimpooorehovy  S10KPLITOvg  TPOTOVG  KOTOVOUNG  TNG
OKOVOTIKNG eVEPYELNS WG TTpog To PaBog. TIpocééte v duvatdtnto evarrayng mnyng
Oéktn (g mpog 1o PaBog) pe To 1010 amOTEAEGUA YOO TO OKOVLGTIKO TEdI0 OV
TPOEPYETOL A0 TIC WOTNTEG TV GuvapTioewv Green.
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K,

A4

|
=~

Zyuo 3.4 O apBpog KOLLOTOG KOl Ol GUVIGTOOES TOL
3.2.6  Kavovikég-Mn kavovikeg 1010TIHES

Agdopévov OtL M wWOTW An gpeaviletor ®g vroplog mocdTNTA, TOPOVGLALEL
eVOLPEPOV VO SOVLE TL YiveTan otn Avon pag, 0tav Ay <0 . Enueudvovpue 0Tl Yo TIg
0plokéG GLVONKES TOL TPOPANLLATOG, O1 WOOTIHEG Ay UmOpEl va efvort apynTIKES , KoL 1M
avTioTotyio Tovg pe Toug ToAovg TG Ga pag mopanéunel oto oyfua 3.3 6mov o £xst
onuewel (yopic dAAN avaeopd) n dSvvatdHTNTO TOV Ay VO EXOVV APVNTIKES TUYLEC.
[Ipwv mpoywpnooLUE O©TN OYETIKN HEAETN, G OOVUE TN (QULOIKY ONUACIO TOV
WO0TIUOV.

O ap1Budc kopatog k pmopei va Oempndei dravvouatikd péyeboc pe dievbvvon kdbetn
0TO0 HETOTO €VOG KOUOTOG OV S1adIdETOL 0 KATO10 aKOVoTIKO pécov. Ot apBpot yy

Kot/ A, =K, givor ta pérpa g kabeng kat opildvTiag cvvietdoag Tov kK .

H oavorapdotaon 3.2.76 pmopetl vo Bewpndei 611 1codvvauel pe ovvheon emimedmv
Kopdtov mov yopaktnpilovtal pe opilovTia GLVIGTMOGCO TOL APLOUOD KOUOTOS UETPOV

VA, . Enueidveton 0Tt To PETPO TOL HIZH =(w/c) mopapével oTabepd, Oyl OL®S KoL M

QOPA TOL TOV HETAPAALETAL AVAAOYOL LUE TO HETPO TOV /A, .

IMa va éyovpe Opmg KO, Bo Tpémet |]/,,| < |k| Yo vo, el vonuo n avéivon tov K oe
TPOYLOTIKEG SLOVUGHATIKEG CLUVIOTMOGES, OTWG Gaivetal and to oyfua 3.4 onote /4,

npémel vo etvon Tpaypatikods apBpog kot eropéveg A, >0 .

H mepintwon Aowmdv mov avtictoyel oe 4, >0 opiler pio opddo Wrocvvaptioewv

nmov ovopdalovtor kovovikég (normal) oe avtifeon pe TIC 1010GLVOPTNGES TOL
opifovton yio 4, <0 mov ovopdlovror un kovovikég (evanescent). Ot un KoVOVIKES
010G VVOPTNGELS GUVEIGEEPOLY BEPata TN AVoT TOL TPOPANULATOG, TOL dev UTOPEL VoL
etvar TANpNG Topd LOVO WE TN GULUUETOYN TOVG, OOTOGO amd Th QLGIKY TAELPA deV
didovv cuvelsPopd 610 KLHATIKO Qavdpevo. Tlepiocdtepa yio ) QLGIKY| onpacia
™mg Avong ¢ Kvpatikng e&lomong pe TN HOPPY] OVOTTUYHOTOS OE GEPE
wWoocvvapmoewv Ba dobel oto kepdrato 3.3.3.

Mia mp®dTn €OV TG [N KOUATIKNG GUUTEPLPOPAS TG Avong otav A, <0 maipvoue
YPNOYLOTOUDVTOG TIS OCVUNTOTIKEG EKPPAGELS TG cvvaptnong Hankel ywo peydio
opiopata. H ékppaon avtn g cuvovaoud pe v avarnapdotacn 3.2.76 pog didet:
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i . _ eiﬁm%
r,z)=—— Y sin(y,z,)sin(y,z) ——.
P8 = 2 )it ) ™

(3.2.77)

H xopatikr cvveispopd tov dpwv g 3.2.77 o¢ Tpog v andctacn I' paivetol yio

z ’ e i/ A, 7 / 7 r
A, >0 ond v ekbetikn ocvvaptnon eV mov avTimpoconevel KOopa. Edv dpog
r = + ’ r i\/an
A, <0 t0te/4, =ib,, b, eR xax n exbetkn ovvapmon e dev
AVTITPOCOTEVEL TAEOV KOO, L0 KO EXOVLE:
. -
VA = et (3.2.78)

Ot 6pot tdéng N oty 3.2.77 divovv Abom mov omocPévvutal ekBetikd pe v
andoTaomn I, Kol ETOUEVAOS GLVEIGPEPOVY CUAVTIKE LOVo Yo kpd I T peyda I,
p koA TpocEyyion g Abong stvan pio avarapdoctaon g 3.2.77 pOvo move GTIG
ta€e1g Ny T1g onoieg /A, € R. To gpdTnua mov tiBeton emopévag givar katd Tdcov

vdpyer M mHAVOTNTO VO EYOVHE AVCT TOL VO, PNV OVTITPOCMTEVEL KLUOTIKO
Qovopevo. Avtd mpdypatt pmopel vo copPel edv:

2
zn:kz—{(Z”T‘l)ﬂ <0 Vned2..) . (3.2.79)

Edv n avotépo avicdOTTa 1oyvetl yuoo N=1, Ba 1oyvel Tpopavadg kot yio Kébe N omodte
maipvope ®g cuvONKN Yo TV Oapén PN KOROTIKNG AVonG :

-Z <0=k=2< 2. (3.2.80)
2h ¢ 2h
H avicotta avtr ypagpeton :
ARSI (3.2.81)
c 2h 4h

Emopévag, yio ouyvotnteg pkpdtepeg and c/4h dev vrdpyel kopotikn 61ddoon. H
ovyvoTNTo, T ovoudletar evyvotnra amokomig (cut-off frequency). Zvyvomrta
amoKomng opileTon Kot Yo KAOE 1010popen yOPIoTA Kol TPOoKHTTEL £V otny 3.2.79
T4EN N mhpel TV avticToym Tyr.

Tovileton kot TaAL OTL 1| GLYVOTNTA ATOKOTYG £lval TO KAT® OPlO THG GLYVATNTAS Yo
™V OmapEn KOUATIKOD QoVOUEVOL. Agv TPEMEL Vo O10PEVYEL TG TPOGOYNG OTL M
OVOTOPACGTACT GE GEPA  1O106VVAPTHCE®MY 1oYVEL TTAvTa, aveCdpnta omd TIC
TOPAUETPOVS TOL TPOPANLLOTOG.

2HMEIQYH Asgv B pog amoocyoAnceL 1 101K1 mepintmon katd tnv omoio =0 .
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3.3 O xvpoaroonyoc PEKERIS - Ipofinpa 112

0 r
(0.25) 3¢ o <+ ©2)
opy k=2
&
h
C, P, ]\2 = (—')
<
Z A,

Yynpa 3.5 H yeopetpio Tov TpofARpatog g 0KovoTikng 61d0omg yio Tov kKupotodnyd PEKERIS.

Oewpeiote To mePPdAiov mov opiletal cOppwva pe o oynua 3.5. To medio opiopov
™¢ akovotikng mieong p(r,z) xatd tov Gfova TV Z ekteivetal péypt T0 O .
Enopévoc n p opileton topa oto ddotnua [0,0)x[0,0). H meprypagn avty givat
TEPIGGOTEPO KOVIA OTNV TPOYUOTIKOTNTA KABMG vmhpyer mavta Oleicdvon g
OKOVOTIKNG eVEPYELDG o€ peydia PaOn otov muBuéva g Bdlaccag o omoiog pmopel
Vo OLOMOEL OKOVOTIKG OTTMG Kol SLOTUNTIKA Kl’)uatag. 210 TAoioto TG mopovoug
aviivong dev Ba e€etachel 1 mepimtwon S1AG00NG KOl STUNTIKOV KUUATOV GTOV
mobuéva 0 omoiog emopévmg Yoo TpOPANUe Tov mapovotdletor €0d OBa BempnOel
pevotdoc. To mepifddlov avtd ovopdleton «kvpotodnydc Pekeris»  (Pekeris
waveguide), mpoc Ty tov 'ewpuowov Chaim L. Pekeris (1908-1993), 0 omoiog
HEAETNGE OVOAVTIKG TOV GUYKEKPIUEVO KLUOTOONYO ©€ oyéon HE TpoPAnuata
CEICUIKNG O1A000MG.

H VYmapén g diemoavelog ot 0éon z=h pog emPdarer v avolimon g
KatdAANANg ovvOnkng mov Bo Katactioel 10 TPOPANUA Kohodg tebeévo. Tnv
andvinon o ™ dMCEL M| PLGIKT TOL TPOPANLATOG TOV EMPBAAAEL :

e Yyvéyela g weomNg

o Juvéyelo TG KAOETNG OTNV OEMPAVEI CLVICTAOCOS TNG TAXVTNTAS TOV
OTOYEIWODV COUATIOI®V TOL pécov U .

Avatpéyovtag ot Ogpedioon g KLHOTIKNG €&iomOoNg Kot YPNOLOTOIDOVTAS TOVG
cLUPOMGHOVG TOV TPDTOL KEPaAaiov Ha dumictdoovpe 0Tt ioyvel (BA Boyles) :

4. (3.3.1)

-Vp, = p, ot

OepOVTOG TNV MG TPOG Z GLVIGTMSa TG TopvTTaG (U = (U, Uy, Uy, ) ) EXOVUE

8 Agite onpedoeig Tov padipotoc “Eioayoyr oty AKovoTikh QKeovoypopion
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op, 0

- = Po = U, - 3.3.2
P Lo o ( )
Ymv  7epintoon TG OpPUOVIKAG  Abong (G, =de ™, p, = pe™)

kor U =(u,,u,,u,), maipvoope:

op .

—— =—iwp,u, , 3.3.3
82 a)po z ( )
-1 P (3.3.4)

lwp, Oz

Agdopévov 0Tl iw elval otabepd, M CLVEXEIL NG ®OC TPOG Z CLVICTOCOS TNG

, , . . 10 , .
TOOTNTOS, IGOSVVALEL LLE GUVEXELD TOV OPOV iy YrevOopiletat ev TPOKEUEVO T

P, 0L
ocvvOnkn tov akAovnTov muOpéva oto mPOPAnua Il oto omoio undeviopds g
KAOETNG CLVICTMOGAG TNG TOYVTNTAS TOV CTOEIMIMY COUATIOIMV ElYe EKPPACTEL e
TOV UNOEVIGUO TNG MG TTPOGS Z TOPAYDYOL TNG TTECTG.

IMa va avipetonicovpe to TpdPANpa oto tpoavapepBEy mepPdAiov, pmopove va
OempNoOovUE TNV YPOULKOTOMUEVT] OKOVOTIKY| £l0mON 01N E0IKN TEPITTOGT TTOL 1|
TokvoTNTa P peTaPdAdetan pe to fabog. H xvpatikn e&icmon tote glvat:

1 10°p
vep, _p_ovpovpl e atgl = (3.3.9)

o appovien Won  p, = pe”', n ekicwon yivetar:
Vzp—inOVp+k2p:O (3.3.6)

0

KOl GTO KLAWVOPIKO GUGTNUO GUVIETAYUEVOV GTNV TEPITTOON aEOVIKNG GUUUETPIOG
TOL LLOG EVOLUQEPEL EOD KOL YIOL Py = P, (2) OIS 610 TPOPANUE pog !

2 2
a g+l@+a—g—i%@+kzp=0. (337)
or” ror or° p, dz oz

p, Yoo 0<z<h

BéBoa €dd €xovpe: 0,(2) :{
P, Yyw z>h

pP(z) yio 0<z<h

Avtioctoya opilovpe v p(2) : p(z)=4
p@(z) yw z>h
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Mo v yn mov éyovpe Bewpnoet, 1 kopatikny e&icmon givar :

2 2
9P 1P 0P 1Aa B o 1 5y50-2).  (338)
o ror o0 p, dz oz 27y

LLE OPLOKES GLVONKEG KOl GLUVOTKEG IETIPAVEIDV:

p"(0)=0, (3.3.9)
PV =pP(h), (3.3.10)
(€)) (2)
L@ (=L P (o, (3:3.11)
py Oz p, Oz

Kot cuvOnkn axtivoPoriog Sommerfeld yo » — 0.

Amopével n ouvOnKn Yo z —> 0. [ va €govpe povadikn AOon oto TpoPANue Kot
TOPAAANAC VoL EYOUE H10L QLOIKE amodekTn cuvONKkm, {nTaue Kt €00 omokAivovteg
Kopatiopovs. H ovvOnkn avty (cuvOnkn oxtvoPoricg) eivor avtictoyn pe v
Sommerfeld. Mropel ®61060 va deryBel OTL 6TV TEPIMTOON TOV OTAUTOVUE SLAGOCN
0€ UEYAAEG OMOGTACELS, LTOPOVLLE VO XPNCYLOTOMGOVLE T1) TEPLOPIOTIKT] CLVONKN:

lim p@(,z) =0, (3.3.12)

oL EMPAAEL UNOEVIGUO TOV OKOVOTIKOV TTediov o€ dmepo PBdboc. o onuetdoove
®WGTOCO OTL O EVOLIPEPOUEVOS AVAYVMOGTNG LITOPEL Vo BPeL piat avoTnpdTEPT OVOPOPa
OTNV OPLOKN GLVONKN Yoo TNV €M’ GMEPO MG TPOG Z GULUTEPLPOPE TG ADONG NG
rkouatikng e€icmong oto Pipria tov Zauderer ko Jensen et. al.

Oo emivoovue t0 TPOPANUa avtd (I12) ypnolpomoidvTac avATTVYUO GE GEPA
1010GVVOPTNCE®V:

‘Eocto 1 e&lowon

d 1 du K2 (z) A )
E(po(z) E(Z)J{m‘m]“(z) =0, (3.3.13)

omov u(z):[0,0), ue

u®(z) yio 0<z<h
u(z) = (2)( ) \
u“’(z) yw z>h

p, Yoo 0<z<h

Z)=
Ao(?) {pz v z>h
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2:kl Yo 0<z<h
C
k()= 1" !
2= k, yw z>h
C2
Ko
uO (hy =u® (h) 5.1
M )
Sy = 52
py dz p, dz
uV(0)=0, 3
limu®(z)=0 . >4
(npoBinua Pabove)

Me avaeopd oto mpoPAnuoe Sturm-Liouville pmopovue vo dgi&ovpe 611 10 TOPOV
TpOPANua givor avtiotoryo pe éva un-koavovikd tpdPAnua Sturm-Liouville, kot opilet
pio opdda wocvvapticewy u, (z) TOL ovTIoTOYEL GE évo OIKPLTO  (QAGLO
nenepacpévav wotipov A, n=1...N ka éva cvveyés odopa. WOTUAOV A TOL

opilovton o pia mepoym S .

Mia ocvvdptnon mov opiletar oto didotuo [0,h) pe tunuoTiKd cvveyn mpoT
TapAymyo pmopet va avomtuyel pe faon Tig avotépm 10106VVIPTHOELS OC EENG:

f(z)=iA1un(z)+ j b(A)u(z,A)dA , (3.3.14)

OmOV S KOADTTEL TO GUVEXEG PAGHA TOV WIOTIUOV A. XN ovvéyela Ba dodue mwg
UTOPOVE VO YEPIOTOVUE TO OVOTEP® OMOTEAEGHO YIOL VO EKQPPAGOVUE TNV TEON
p(r,z) péow tov 1B106VVaPTNGE®Y OV opilovtal Katd Ta aveTépw. o Tig 110 TNTES
tov u,(z,4,)xon u(z, A) nopanépnovpe otig 1.3.20 ko 1.3.21.

3.3.1 Yrmoloyiouog twv 1d10cvvoptioemy

Me Bdon 1t petaforn tov mapapétpov tov TpoPAnuatog Pabovg pmopodpe vo
Bewpnoovpe Eva cvotnuo 0Vo Zvvibov Awgopikdv EEilcdcewmv e Lopen :

d2u®
dz?

+(kZ-HuP =0, *=1,2 (3.3.15)

Kot vo {NTNoovUE EQApPLOYT TV GLVONKOV ota Opa Kot T demipdveta. Ot Adoelg
10V TTpoPAnpatog apov o K givar otabepd og kabe meployn 1 1 2, eivon g yevVIKNg
Hopeng:

u®(z) = Ae”* + Be " | (3.3.16)

omov  y, =K -1,
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u®(z) = Ce"2* ™M (3.3.17)

3 ’ r 2
Y0 ATOKAIVOV KOUE, OOV 7, =k, — 4.

H amaitnon tov mpoPinuatoc pog (deg 3.3.12) sivar vy Avon mov teivel oto 0 yio
Z— 0. O povog 1pémog mov avtd givon dvvatd, eivon va Egovope y, =ib, b, e R”,
onAaodn y2 pavtootiko. Emouévag Oa mpénet

k22 <A (ITepropiopdg I)

H ovvOnin X.3 pog diver
u(0)=A4A+B=0=>A4=-B «xn
u®(z) = Ale”* —e "*]. (3.3.18)
H ouvOnn X.1 pog didet
u®h)=u®@h) = Ale”™" —e""]=C , (3.3.19)
evd M ouvOnkm Z.2 emPardet:

1 du® 1 du® 1 A A 1

Ldu gy L gy L e v e =~ b (3320)
1 2

py dz p, dz o P>

Ore€iomoetc 3.3.19 ko 3.3.20 opilovv Eva YPOUUIKO OHOYEVEG CUCTNLO MG TPOG TOVG
ayvootovg 4, C. H opilovca T@v cuvIEAEGTOV TOL GLGTNUATOG TPENEL Va. etvar 0 yia
un tetpupévn Avon. ‘Etot maipvovpe ) yopaktnplotikn e£lcmon Tov Kupotodnyov,
apOV OVTIKATOGTCOVLE TIG EKOETIKEG CUVAPTNCELS LE TPIYOVOUETPIKES:

Amd v 3.3.19 &yovpe :
2isiny,h-A-C=0. (3.3.21)

Amd v 3.3.20 &yovpe:
2iy, cosyh- A+b, 2LC=0. (3.3.22)

2

Apa Béhope Yo pn undevikn Adon:

b2ﬂ2isin7/1h+2i7/1 cosy,h=0 . (3.3.23)
2
f tany h=-L271 (3.3.24)
P b,

nov eival n yopoktnplotikn egicmwon tov Kvpatoonyov. H e€icmon avt Bo pog
dMGEL TIG EMTPENTEG O10TIUES An TOV GVVOEOVTAL LE TaL Y1 Ko Dy pécw tov oxéoewmv
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2 2 2 2
k™ =y, +4, xau K,”=A1 —-b,,
OTOVL £YOLE EGOYAYEL TOV DEIKTN N KOl OTOL AVTIGTOLYO LEYEDN EKTOG ad TNV 1310TIUN.

H 3.3.24 givon pio pun ypoppkn| e€lcwon o¢ mpog A mov mpénetl va Avbei pe KaTtdAAnAn
néB0d0. Oa dovpEe 6T CLVEKELD TV HOPEN TNG e&lo®ONC YPAPIKA.

Kévovpe tig avrtikataotdoelg y=yh b= P = wh /Lz —Lz Kot 1M
pl Cl Cz

YOPOKTNPLOTIKY| e&lomon ypapeTar :

tan y = —% : (3.3.25)

a -y

Ymoloyilovtag to Y TOL 1KOVOTOWOVV TNV avetépm e&icmon, moipvovue Kot Tig
W010TIEG 4

o va mépovpe pio aicOnon NG MOWOTIKNG GULUTEPLPOPAS TOV  OIOTIUDV
Kataokevalovpe t0 oynua 3.6, Omov £yovv yopoytel VO KOUTOAEG Yoo TNV
cvvapmon g(y) =-by/+/a’ - y* mov aviictor0bv oe $00 SLPOPETIKEG GLYVOTNTES
o kol o', Ta onueio TopNg ™G KOUmOANG mov opilel n €v AOY® CLUVAPTNON UE TIG
Kapmodeg TG tan y, pog 0idovv Tig emTpentés TWES TG Y , Atd OTTOV TPOKVITOVY KOl
01 1010TEC Ap. Ot emutpentéc TIHEG TOV Y elval TEMEPACUEVES GE aplOUo.

Ot avticTotyeg 10106VVOPTHGELS Eivart:

u(z)=24disiny, z = A'sinyk’ -1 z , (3.3.26)
Kol
u®(z) = Ce VD (3.3.27)

Amd ™ ouvONKN X1 Kot TI aveTEP® GYEGELS TOIPVOLLE :

A'sin k.2~ h=C
uf(z) = A'sin(«/klz—)tnz) : (3.3.260)

ui?(z) = A'sin( k? —ﬂnh)ef B (3.3.270)

KOl GUVETMG

Kot

Or tpéc 100 A" Ba mpokdyouvv omd TN ocvvinkn  opbokovovikOTNTOS TOV
1010GVVOPTNGE®YV, TOL £ival TG LOPONG :

1
P

[ @rd=]

(u®(z)*dz +Ti u?(2))’dz =1 (3.3.28)
pO (Z) h

P



56 Mofnpatik Movtelonoinorn Akovotikig Atddoong ot Odlacca

tany 4 0 i1 2

Tynua 3.6 Zynuotikn mapdoToo ToV VITOAOYICUOD TMmV 1310TIL®Y 670 TTepPailov Pekeris

210 onpueio awtd Oa mpénel va mapoaTnpcovpe OTL and T oxéon ¥, = kl2 -4

yivetar eovepd pe Paon Kot v péYpL Tdpa GLLNTNOTN Yo TV PLGIKN GNUOGIN TOV
apBpod KOUATOC, OTL Y10 VO €€l M| AVOT HOG KULUATIKY] CUUTEPLPOPE TOVTOD GTO
vepo, Oa mpémetl y,, € R, OnAadn va oydet

A <k’

n

(ITepropiopdg IT)

Yvvovdlovtag tovg meplopiopovg I ko I, BAémope 0TL kavn Ko avorykoio cuvOnKn
Yo voo €g€l M ADON HOG KLUATIKY HOPPN OT0 vepd Kol vo €Yl OmMOGPEVOUEVN
ocoumeptpopd yio Z>h eivou:

k) <A, <k (3.3.29)

il [ ® ]2 [ a)jz (3.3.30)
—| <4, <|—
G ¢

Enopévaog Bo mpémer xor ¢, >c¢, mov &ivor po omaitnon mov 610 BaAdootlo
nepPailov oyvet yevikd. (O mubuévog g Bdhaccag stvar okAnpoTEPOG amd T0 vEPD
Ko 1 To0TNTA S1dd0onS Tov Myov gtvar peyavtepn). H popen tov diocuvoptioemv
TPOTNG Kol deVTEPNS TAENG Topovotdletor 6to enduevo oynua 3.7. 1o gv Adyw
oYNUO €YOUE TEPIYPAYEL MOLOTIKA KOl HOVO TIG KOUTOUAEG TOV OVOTUPIGTOVV TIG
wwovvaptoels. Onwog pmopel va dgt kavelg amd v ékepaocn 3.3.26 ot
WO0GVLVOPTAGELG £XOVV TNV LOPPN MUTOVOEDOVG cLVAPTNONG oV undeviletar 6to
ddomua (0,h] tdoeg popéc d6oec M TAEN ™S 1B10GVVAPTNONG UEIMUEVT] KOTO EVOL.
‘Etol n mpdtn T4EN dev €xel Kavéva Undevicpd, n ogdtepn taln €xel éva k.0.K. Agv
Aoppdvetor euoKA v'OYy o pNdEVIGHOS otV empdvewn TG OdAocoag mov
TPOEPYETOL AO TNV cLVON KT eAeVBEPNC EMPAVELOG.
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A

u® (2) ul’ (2)

/1

‘Evagundsviopog

z u(2) z ul’(2)

YyAuoe 3.7 H popen tov 181060vapTicemv mpdTng Kot de0tepng Taéng yio to mepiBdAiov Pekeris.
[Mapatnpeicte Tov apBud tov pndevicudv g Wioovvaptmong (ektog and tnv Béon z=0 ) mov givan
Katd évo KkpoTeEPOG TG TaENG TG Wocuvaptongs. H wioocvvaptnon topovcialel acvveyr Khion
o710 BdBog z=h Adym ™G cLVONKNG TG TOPAYDYOL GTNY &V AdY® SIETPAVELQ.

3.3.2 Avamopdotoon ts ADong

Onwc avaeépdnke ©on, n avarnapdotacn thg Adong ¢ e€iocmwong Helmholtz oto un
Qpoyuévo ywpio ToL TPOPANUATOC HECH TMOV 1O10CVVAPTNCEMV €VOG OVTIGTOLYOL
wpoPAquatog «Pabovcy Ba mpémel va yivel mAVO OTIS 1010GVVAPTHOELS TOGO TOV
OLVEYXOVS OGO KOl TOV dtoKpttov edouatog katd v 3.3.14. Ouwg, and to TpdPAnua
oL TEONKE KATO TOV VTOAOYIGHO T®V 1010GLVAPTNCEDV Uy, GAVNKE OTL HOVO
TEMEPAGUEVESG TOV OPLOUO OI0TYES TTPOEKLYAV KO ETOUEVMG LOVO TO O10KPITO PAGHLOL
vroAoyiotnke. Avtd fTov GUVETEWD TOV OTL OMOKAEIGOUE o Tn AVoTN TWEG Tov A
mov B poc Edwvav y2 mpaypatikd (A <k22)8punve1')ovmg HE TOV TPOTO QVTO TNV
amoitnon G oLVONKNG Y TNV CLUTEPWPOPA TG ADONG Yy z —>00. XNV
TPOYLOTIKOTNTO O TEPLOPIGLOG OVTOG UG OTVEL TO SLOKPITO PAGLO TOV O10TILOV KOl
ol avrtiotoyyec Woovvaptioelg ovopdlovtor kovovikés (normal modes). Edv
JTNPNGOVLE TNV GLVONKN Yo ATOKAIVOV KO Y10 HeyOAa Z, TOTE OV VTLAPYEL KATW
neploplopdg 610 A Opmg 10 QAo Tov WB10Tdy Yo A < k,” umopei vo amodetydsi
6TL gfvan GLVEEC Kol avTioTolel oTig Wiocwvaptioelg U(z,4) e 3.3.14°. Oneg
avaeépnke MO, M mEPITTOON ALTH AVTICTOYEL G€ AVGES TOL OVTICTOLYOVV OF
KOpoTa wov e€acBevovv molv ypnyopa pakpld and ) myn. Etot n cvvelspopd tov
ouveyohs QAGHOTOC eivar apeAntéo, Wwitepo 6€ UPEYOAM ' KOl OVTITPOCHOTEVEL
evépyela mov ybvetal 6to muhuéva. Enopévag, oty mepintmon mov evolapepdpacTe
YL TO OKOVGTIKO TTEdI0 68 PEYAAES OMOGTAGES UTOPOVLLE Vo Bempricovpe 6Tt 1 Adon
TOV TPOPANUATOC OV OIdETOL PE OVATOPACTACT) TAVEO GTO JKPITO QACUO TOV
1010GVVOPTNGE®V EIval TOAD KOVTE GTNV TPOYUOTIKY] KOl VO YPOWOLE !

p(r,z) = ZAn (M, (z) . (3.3.31)

Avtikadiotdvrag oty e&icwon Helmholtz oto yopio 0 <z < oo,

S Mapomépmope kot Tal oo, Ppriio tov Zauderer kot Jensen et al. yio o avotnpy avIUETOTIOT TOV
TpoPANLOTOg
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2
T, A R 1da® en L 5oz, (33.32)
o ror a2 p, dz oz 2rr

EYOvpE !

iund2§“+1Nun +iAn d’p 1dp"ZA] +k Zu A =
= o B Py (33.33)
—iﬁ(r)cS(z—zo).

2rr

Me o100 v oafomoinon g  opfoyovidTnTog TOV  1010GVVAPTICEDY
noAhomhoctalope ta 600 pépn pe (1/ p,)u, xor ohokinpmdvovpe ce 6Ao 10 TEdIO
0PIGHODV TOL TPOPALOTOC TA{PVOVTOG -

© N 2 0 N © N
A, 113 dA 1

u u dz+|—u_=>» u —2dz+|—u

! Z”dr2 -([pomrnz‘”dr '[,00 ng;‘A]

- A1 ndz+ —u k> u A1dz——— —u,0(r)o(z—-z,)dz

'([po po Z !)‘po Z '([po ’

(3.3.34)

kol aglomowwvtoc v 3.3.13, 1 ovvOnkn opboyovidntag Kot T W10TNTES TOV
OLUVOAPTNCEMV OEATA, KATOAYOLE CTNV

d’ 1d
Ay

S(r)u. (z,) . (3.3.35)

[IpocéEte OTL OC AMOTEAECUA TOV MG AVO WOOTHTOV, Ol THESG TNE 1010GVVEAPTNONG Kot
™G TUKVOTNTOG GTO 0g0TEPO UEPOG OldeTanl oto PABOC TG TNYNG KOl ETOUEVOC
2o(20) = Py, evO ko U (z,) = U (z,) eév M oxovoTikh YN Ppicketon 6To VEPS.

Apoa,

d_z{ Py Am}rld{ P Am}+ﬂm{ P Am}=—L5(V), (3.3.36)

dr* | ulV(z,) rdr|ul(z,) u(z,) 27r

nov givor  yvoot pag e&icwon yia ™ cvvdptnon Green mov opiletatl omd 0 Adyo
%! .
Lf&’(zo) A“} |

"Etotl maipvoupte:

et H SINZNSY (3.3.37)

U(”(Zo)
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Apa
4, =——H" 2, z,) (3.3.38)
4p,
Kot
;N
p(r,2) = iZHé” A, (z)u, (2), (3.3.39)
1 n=l1

OTOV £YOE KAVEL AVTIKOTAGTAOT TOV dikTn M pe tov deiktn N.

[Mapatnpodpue 6TL N pope TG avamapdoTacns eivatl TapoOUold He KEV TOV ATAOV
KopatodnyoL (PA. 3.2.75) pe v Pacikn dwapopd otn pEyiom taEn tov afpoicpatog
mov glval topa N evd epovifetorl yio mpadTn POopa Kot 1 TUKVOTNTO TOV CTPMOUUTOS
oV EIAOEEVEL TNV TINYN.

IMa peydieg amootdoelg omd TV TNyY|, LWIOPOVUE VO XPNCLOTOMGOVUE GV UTTMOTIKN
ékppaon yio v cvvaptnon Hankel kot va mapovpe :

p(r,z) :Li ul(zu,(z) iei(‘/zpﬁ/‘” (3.3.40)
s 4p1 — n 0 n 72'\//?,_”]/'

O1 aovumtotikég ekppaoelc g Hankel pog didovv onpovtik minpogopio yio tnv
TO10TIKY] GUUTEPIPOPE TOV KOVGTIKOV TESIOV poKpld amd v Y. Etol pmopovue
va, SOVUE Y10 TAPASELYOL OTL TO PETPO TG TEONG UEIDVETOL UE TNV TETPAYOVIKY pila
MG amooTaconG amd TNV TNyn. Avti 1 GLUTEPIPOPA Elvol YOPAKTINPIOTIKY NG
d1a000MG GE £Val KKLAVOPIKO» KLLLOTOONYO.

O «xvpotodnyog Pekeris omotelel v amlobotepn HOPPN EVOC «PEOMOTIKODY
KOUOTOONYOD Y10  OKOVUOTIKEG €QUPUOYEC oto  mepPdAAOV TG NG WOG.
Xpnoomoteitor €upiTATO. GTNV OVOAVLTIKN HEAETN HOOMUOTIKOV HOVTEA®V TOL
epapuolovtar yio vo avTILETOTIGH0HV d10(pOoPETIKAE TPOPANLATO KULATIKNG O10000NG,.
210 Boddocio mepiPdirov, N Pacikr] vedOBeon Yo oTabepn TOLTNTO O1AO00NG TOV
Nyov oto vepd Ogv pmopel va Bewpnbel oTIC TEPIGGATEPEG TEPWTAOOCEL, MG
KOVOTOMTIKY, 0AAG VILAPYEL 1| duvatdTnTa EMEKTACNS TNG Bewpiag mov avaeépbnke
TPONYOVUEVMG KO GTNV TEPITTOON avTh, omdTeE M HOVN dapopd mov Ba Exope Oa
etvar m apOuntikn €kepacn ™G AVoNG Tov TPOPANUOTOS TOL OEMETOL OO TIG
e&lomoelg 3.3.15. H enékraom avtn Ba pog amacyoAncel 6To EMOUEVO KEPAAOLO.

3.3.3 Dovoikn epunveio e ADong e axovotikyg eliocwong oto mepifdiiov PEKERIS

Eivonr evdwepépov oto onueio avtd va dovpe TN QULOIKN onpacio g Avong g
aKoVoTIKNG e&lowong oto mepiPaiiov PEKERIS.

Ta axovotikd kopata pmopel va Bewpnbel O6TL ekméumovion amd v myn HeE ™
HOPPN OKOVOTIKGOV oKTivov (rays). H akovotikr 61ddoon meptypapOpevn pe ™
LOPON OKOVOTIKAOV OKTIVeOV omoTtehel d10itepo Ke@AAMO TG KLHOTIKNG Bewpiag Tov
yapaxmmpiletar «Oempio aktivavy (ray theory). Ztoyeio omd ) Oswpia axktiveov o
oxéon ue TN Odoorn Tov MYov ot Bdrlacco £(OoVV TAPOLGLICTEL GTO HAOMUA
«Ewoaynyn oty Akovotikn Qkeovoypaeion Kot dev Ba avaeepBodv avaAivTikd 3.
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Oa yivel ®otd60 avaPopld oe QLOIKEG évvoleg mov oyetiCovion pe T Bewpia
WO HOPPDOV.

Axovotik| axtiva givatl pio KopmdAin o kdbe onpeio g omoiag o aptBpdg KOHOTOC
Aoppavopevog g divoopo givol e@amtopevos. Mio onuelokn OppOVIKY 7yN
EKTEUTEL EVEPYELD TTPOG OAES TIC KATEVOVVOELS KOl GUVENMDG EKTEUTEL AKTIVEC TPOG
Oleg T1g KotevBuvoels. Edv n toyvmto d1ddoong Tov Nxov 6to HEGO S14000ME TG

AKOVOTIKNG evépyelag eivar otabepn (c;), k0be axtivo avtiotoel oe éva apOud

7 . ’ r 7 w , 3 3 7 ,
KOUaTOG IOV €xel 6Tabepd PETPO ||k|| = — K01 GUVETMG N 0KTiva givar gvBela ypoppn
1

Eyua 3.8).

YNUELOVOVUE €V TPOKEWEVED OTL M OVATOPACTOCT] TNG 014000MG TOL NYOL HECH
OKTIVOV Elvol GLVVEAGUEVT] LE TNV EVVOL0L TOV «ETIMESOV» KOLOTOG TO 0Ttoi0 £ivan Eva
KOpo to omoio €xel otabepn| «pdon» oe éva eninedo. To emimedo avtd eivar kabeto
otov oplfud KOHOTOC Kot emMOUEVMG o KABe akovotiky] axtiva. Kdbe akovotikn
axtivo Aoutdv pumopet va BempnBel g o popéag evog eminedov aKovSTIKOD KOLATOG.

Kobohg ot aktiveg dadidovion 6e £va KOPATOONYO €PYOVIOL GE EMAPY UE TO GHVOPE
OV Kol veiotaviol avakiaon. Amd to Nouo tov Snell yvmpilope 611 1 yovia
TPOCTTMONG 6, evOg eminedov kOpaTOg etvar ion pe TN yovio avdkioong eved vdpyet
N mOavOTNTA S1AO00NG TOV MOV G OEVTEPO KLUATIKO HEGO TOXLTNTOG O16000MG
Nyov ¢, (6mwe o muBuévog oto mepiPdirov Pekeris), omdte opiletan kol ywvia
dédoong B,, to uétpo ¢ omoiag akorovbei to vopo tov Snell svupwva pe Tov omoio

1

¢ _smo, (3.3.41)
c, sind,

210 oynua 3.9 PAémope Ta dStovHopate Tov aplBLoy KOUATOG Yo TOV TPOCTINTOVTO,
TOV OVOKADUEVO KOl TO SL0OOOUEVO KUUOTIOUO. £TO GYLOL CNLELOVOVTOL ENIONG Ol
oLVIOTMOEG TOL aplBuov kdpotog. Ipocééte 6t amd 0 Nopo tov Snell n opildvria
CLVIGTMOGO TOL aPOUOD KOUATOS, TOV OTO GYNLO. CUEIOVETOL UE K , TOPUUEVEL
otabepn o€ PETpo d1evBvvo Kal Popd.

Emedveio 6dhacoog

AxovoTik aktiva

Iypa 3.8 Hyntwn axtiva og Boidooto mepiBdiiov otabepng taydTnTog C;
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CI

Zyuoe 3.9 Ta dravdcpata Tov aplBpdy KOPOTOC 6TV TEPITTOOT VAKANCTG KOLOTOG GE opliovTio
SlemPavelo Ko 10001 GTO EMOUEVO LEGO

Xmv emoeavewn g 0dAaccag Exope mavTa avAKAACT TOV NYOL Y®PIg vo Bempeiton
dladoon otov aépa. Avtd cupPaivel ETEWON 1 TLKVOTNTO TOL AEPA ivor TOAD KT
o€ OYE0M UE EKEIVT TOVL VEPOL KOl TPOGEYYIOTIKA Umopel Kaveic va Bempnoet 0Tt dev
VILAPYEL SLAO0CT AKOVGTIKNG EVEPYEWNG 0td TO vEPO GToV aépa. Avtd BEPona dev eivan
akpPég, aAAd N povTteELOTOINGN TG AKOVOTIKNG 01d000MG 6T BdAacoa Exel dei&etl OTt
1N 6140001 TOV YOV OO TO VEPO GTOV OEPN EAAYIOTA EMNPEALEL TO OKOVOTIKO TESTIO
0TO VEPO KOl Y10l TO AOYO OUTO GE OAEG MPOKTIKA TIS EQAPUOYEG TIBETOL OC OpPLOKN
ovvONKn oV emeaveln TG BGAAAGGOG 0 UNOEVIGUOG TG OKOVGTIKNG TTiEoNG,.

e éva amAd KupaTodnyo, 0ev LIAPYEL d1A00CT GE OEVTEPO HEGO POV O TLOUEVAG
Bempeiton oG TEAELN OVAKAOGTIKOG KOl OAN 1] AKOVOTIKT EVEPYELN TOPAUEVEL GTO HEGO
KOHOTIKNG dtddoons. O cuvovacudg e eAedbepng empdvelag oto vepd Kot eKEIVIG
NG TEAEWL OVOKAOGTIKNG EMPAVELNG 0TOV TLOUEVA 0N YOUV TN ADON TNG OKOVGTIKNG
eElomong HEGH avATTUYIATOS 1010GLVOPTHCEMY G AMEPN GEPE TAVED CE JOKPITEG
10106VVOPTRCELS pE avTioTolyes 1010TIHES. Eidape 1 tetpaywviky pila Tov 1010 TGOV
avtiototyel otnv op1lovTia cuvieT®ca ToL aplBuod kopatog. Eidaue eniong 6Tt yuo vo
VILAPYEL KLUOTIKO QOVOEVO O IOOTIUES TpEmeL va lvan Betikéc, mate 1 pila Tovg va
gtvon mpaypotikdg apiudg ky,. Ot Betikés W0TYWEG 610 gv AdY® TTpdPAnpa opilovv
EMOUEVOG TIG OKTIVEG TTOV GLVEIGPEPOLV GTO KLUATIKO @awvopevo. Kébe axtiva mov
exméuneTal  omd TNV MWNYN HE yovie oG TPOG TNV KOTAKOpLvYo {om  pe

. 1 (VA . _1(k , p .
Hn = sin~ ! (Tn> = sin~?! (f) OUVEICPEPEL OTO KVUOTIKO PUIVOUEVO.

Zypo 3.10 Ot cuvioTtdoeg ToL OptBLoD KOOTOG KOt 1] YOVIK EKTTOUTNG TG OKTIVAG IOV AVTIGTOL EL
oTNV N 6N WB10TIY.
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Ot vdAoUTEG aKTIVEG OEV LETOPEPOVY OKOVGTIKY EVEPYELD, LOKPLE amd TV TIny" !

Oa mpémel va onuEdooLUE OTL KAOE 101010pPT| avTicTotyel o€ éva (edyog akTivov
OV EKTEUTOVTOL amd TNV TNYN Me O Kat’ amdAvto Tun yovio, oAAd pe v pio
OKTiVOL VO EKTEUTETOL TPOG TNV EMPAVELDL KOL TNV GAAN VO EKTEUTETOL TPOS TOV
mobuéva. H opildvtia suvictdca Tov aptfpol KOpatog kot yuo Ti 600 oKTiveg eivat
dw !

1o mepiarrov Pekeris topa, €idape 6TL o epapproyn g Dempiog TOV KAVOVIKMV
B0HOPPOV KoL 0yVODVTAG TO GLVEXEG PAca ToL TpofAnuatog Sturm-Liouville Tov
opiletan and v eElowon «PBdBove» o aplBudg TV KAVOVIK®OV 1O10H0POOV givat
nenepacpévos. Eidape emiong, 6t o1 kavovikég 1010Tipég meplopilovtol 6To disTnpa
k22 <A, <kl. H devtepn avicd™Ta AVTIGTOLXEL 6TV OmaiTnon va £XOpe aviAvon
TOL 0PUOD KOUATOS G TPAYHOTIKEG GLVIGTOGES 6T0 vePd. H mpd avicdta
ypeldleTon Lo TpdGOeTN PULGIKT dlEPEVVNON).

H amaitmon o vo éope k2 <A (| Kk, <k,) mpoékvye amd v cvvOikn g
CLUTEPIPOPAG TNG 1O10cLVAPTNONG TAENG N oe dmepo Pabog kol ovtiotoyel o€
KOTOKOPLEN  OLVICTOGO TOL  OPlBUOL  KOUOTOC  Ya, QOVTOOTIKY)  TOGOTNTO.
YrevOopileton 6Tt

Vo =k — 4 (3.3.42)

KOl GUVETIMG 1] OTOTNOT Y10 POVTIOGTIKY] TOGOTNTO TOPUTEUTEL GE ApVNTIKO LIOP1LO.
Ti onpaivel Spm¢ avTod Yo TV Kopatikn o1dooon ;

Mio axtiva mov avtiotolyel oe WOT A, TPOOTINTEL GTN OYWPICTIKY ETIPAVELL

VA :sin‘{ﬁ

c j Eympa 3.9). Topeova pe to

vepod muduéva pe yovia 6, =sin™

1 1

Nopuo tov Snell, n yovia d1ddoong tov Nxov 610 de0TEPO UEGO B, TPOKLITEL ATTO TN

., ¢, sind .
oxéon —+ = —0”1 . AN,
c, siné,

2

0., :sin‘l(%) . (3.3.43)

2

Qotoco and v anaitnon K, <k, mpokORTEL OTL 0 AOYOG % otv 3.3.43 &ival
2

LEYOADTEPOG NG Hovadas. Emopévmg dev vmdpyet mpaypotikny yovio d1ddoong nyov

oTOV TVOUEVE KOL 1) TEPITTMON 0VTH aVTIoTOKEL G€ «oMKT avakiaon» (PA. Etcaymyn

otV AkovoTikn Qkeavoypapia).

Ot akoVoTIKEG aKTiveg AOWTOV OV GLVEIGPEPOVV GTO OKOLGTIKO TESI0 GTO VvEPO
AVTIGTOLOVV GE OVTEC TTOVL LEIGTAVTOL OAIKY avdkiaon otov muduéva. H yovia
TPOCTTOONG GTOV TLOUEVA YU aVTES TIG axTiveg glvanl peyaAdtepn amd v Kpioyn
yovia yio Tov v Aoy Tubuéva, 1 omoia opiletorl amd ™ oyéon.

0. = sin™! (C—l) (3.3.44)

C2
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BAémope 611 yio va vapyet kpioyun yovia 0o mpénet va woydel ¢; < ¢, , KATL TOL TO
eldape non oto Kepdrowo 3.3.1.

O mobuévag, oouemva pe TNV O¢ Gve Be®dpnor, OEYETOL AKOVGTIKY EVEPYELD TTOV
amooBEvuTal ypryopo Kot OV SNUIOVPYEL AKOVGTIKG KOUATO.

3.3.4 Méyiorog apiBuog d1adidousvwv 1orouoppnv oo mepifaiiov PEKERIS

Oo Kleloovpe TO KEPAAOIO LE OPICUEVEG TOPOATNPNOCES CYETIKE LE TOV UEYLOTO
aplOud TV SOWOUEVOV WOOUOPPAYV (KOVOVIK®OV 1O10H0pQOYV) o610 TePPEALOV
PEKERIS oAd kot pe v ovyvotnto amnokomic (cut-off frequency), évvolo mov
CLVOAVTHGOLE Kol 6TO TEPPAALOV TOV OTAOD KLLLOTOINYOV.

Avapépope 10N 0Tt 01 SO0 UEVES IOIOHOPPES AVTIGTOLYOVV GE WO10GVVOPTNGELS TOL
&xovv exbetikd amooPevipevn petafoin oto devtepo pécov. [Ma Tig W10TEG avTNG
mg mepintoong howmdv woyder ki <A . Kobdg ovalnrodpe Adoeig g
yapakmpiotikig eElcwong pla oplaxy mepintoon eivar vo éxope Ky = A . Tote éyope,
v, =0. I'pdpovtag v 3.3.24 og

tanyh=— 211 (3.3.45)
P 7o

OMOTOVOVIE OTL OTNV  OpPloKy ovt 7wepimtwon 0Oa  €youe omelpopd g
EQATTOUEVNG KOl GUVETMG

7h :%+(n—1)7;. (3.3.46)

Kofag Kk’ =y,° + 1 kaedd A = k,*moipvope

yh=hk?—k,> = wh /iz N (3.3.47)
Cl CZ

Amd 116 3.3.46 xou 3.3.47 maipvope

oh —z—iz:f+(n—1);z. (3.3.48)
¢’ ¢ 2

H oyéon avt pog odnyel otov vroroyopd g cvyvotrog anokomng f., 7y kabe
14&N Wwopopenc. ILy. yio N=1 n mapandve cyéon pog divet

fo 1 B c.C,
o ah /i_i 4h,/c,” —c?
¢’ ¢

(3.3.49)
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H avtictoym ékepaon yio kébe N giva:

_ (n-0.5)cc,

"l
Mmnopei koveic vo aviiAnefetl 1t onuacio Tov TOALUTAOGIOGTY] N HE ovopOpd GTO

oyfua 3.6 6mov mapatnpodue ™ pope g kapmding g(y) =-by/./a’ - y?
vrevBopilovtag 0tt y=yh. To va punv €yope xapic kavoviky 1O10HOPPT GTO

f ~12,...N (3.3.50)

max

npOPANua pog n ovyvotnta dev pmopel va eivoan mapamdve and v f, . Zmyv
nepintwon ovt) N kapmoAn g(y) Oa @tdcel oto 6p0 —oo oto 2. Meyolvtepn
ovyvoTNTO Bl 0N YNGEL TNV KOUTOAN VoL £YXEL TOVAUYIGTOV [0 TOUN UE TNV KOUTUAN
oL TEPLYPAPEL T cvvaptnon tany . [a va punv égope d£dtepn Kavovikn 101010 PP,
0o wpémel n koumoAn g(y) va @Tacel 6to 6po —o oto 3n/2=n/2+nm pe n=1. I'a va
unv éyope Tpitn Kavovikyn Wopoper| Ba mpénet 1 koumwdAn g(y) va etdoel oto dplo
—00 610 S1/2=n/2+nn pe N=2. Emopéveoc o ToAAmTA0GIHGTAG N Uropel va pog dMGEL

Kol TOV PEYIOTO aplOpd KOVOVIKOV 1O10L0pP®V (LEYIOTN TAEN KOVOVIK®V 1010 LOPOOV)
v dedopévn cuyvotnTa Ko Bafog Kupatodnyov amd ) oyéon 3.3.48 :

NW:.NT(w_h iz_iﬁéj:.m(m /iz—iz+o.5J C (@3s)
7 \¢c® ¢ 2 ¢’ ¢,

omov INT cupuPoAilope 10 aKéPALO HEPOG.

[Mapamnpodue 611 0 pPEYIGTOG aPlOUOS KOVOVIKOV 1O10LOPP®Y GTOV KLUATOONYO
Pekeris, av&avetl ue t ovyvotnto kot 1o fabog tov Kupatodnyod. Eniong avéaver pe
™ SPOPE TV TOYVLTHTOV S1A00CGNG GTO VEPO KO TOV NIATELPO TLOUEVAL.
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3.4 O xvopotodnyog pe peTOPairlOpPeEV GUVUPTIGEL TOV Z.TOYVTTA OLAO06TG
MNyov - lipopinpa 113

Oewpovpe toOpa TV yeopetpic Tov mpoPAnuatog I12 pe pio Tpomomoinon mov
gykertan 6To 0Tl 0 optOpdg kOopoTog K petafdiietar povo pe to z, K =k(z) péoa oto

TpOTO oTpOua. (Zynua 3.11).

AxorlovBmvtag v idw ddikacio pe to TpoPAnpa [12 8o vroAoyicovpe TIC IOOTYES
a6 T Avom tov TpoPAnpatog Babovc.

ELQJLAH}+(EKQ__£;JUZO, (3.4.1)
dz\ p(z) dz p(2)  p(2)

omov u(z):[0,) ue :

u®(z) yuu 0<z<h
u(2) = m() Y
u“’(z) yw z=>h

p yw 0<z<h
p(2) =
yox yio z>h

Y k@) 7y 0<z<h
¢,(2)
k(z) =
2= k, Yo z>h
CZ
0 r
c.(2),
(0,2) % 1(2).p1 e 4 2
28 ¢(2)
h
Cy.P;
ks = 2
)
Z v

Zypo 3.11 Eympatikn) topdotaon tepPAlovtog 6To 0moio 1 TayvTNTe S1460061g TOV X0V 6TO vepd
petafdileton pe to fabog
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[Mapatnpodue 6tL 1 pnovn dwpopomoinon ce oyéon pe 1o mepiPdirov Pekeris givar
omv petafoin g taydTTag d1ddoong Tov Nyov pe to Pdbog oto vepd Kat yia Tov
AOY0 0wtd 0 apldudg Kopatog K petafaiieton e 1o Z oto dotnua [0-h]. Ot opraxég
ovuvOnkeg X.1-Z.4 mopapévouv ot id1eg Kot EMOUEVMG EKEIVO TTOL OMOUEVEL VO Yivel
etvar 0 vroloyiopdg TV 1ocvvaptTHoemy. Edd n dvokoria Ppicketal oto OTL N
uetaPoin tov K pe 1o z pe kdmoto yevikd vouo petafoing, mov sivar BéPata ko m
ouvnoiGpéVN TEPITTOOT, OEV HOG EMTPETEL EKOPACT] TNG ADGNG GE OVOAVTIKY LOPON
oto ddotuo [0-h]. Eropévag o mpémel va Avcovue 10 TpdPfAnua apOuntikd 6to
dilonue. avtd eved Yo To dtdotnuo [h—o)oydel 1 avalvtiky Abdon mov gidape
(3.3.17) 0o dev oA alel KATL OC TPOog T0 TPOPAnua. T12.

To mpoPAnpa "Babovc" mov opiletan amd v e&icwon 3.4.1 kot 11 oprokég GLVONKEG
2.1-X.4 pmopet va emAvOel pe v epopproyr evog KOTAAANAOL aplOunTiKov oyNUaTOg
10 omoio Ba Poaciletor og SOUEPION TOV KAEIGTOV TUNUOTOG TOVL TTEHIOV OPIGHOV TOV
TPOPAUATOG Kol EQPOPUOYN KOTAAANANG oLVONKNG o SlEMPAVELD AVAUESH GTO
vepo kol tov mubuéva mov Ba amOTLITOVEL TNV CLVONKT YO TN GULUTEPLPOPA TNG
10106VVAPTNONG OTO ATEPO. YTAPYEL EKTETAUEVN oYETIKN BiMoypapia yio o Opa
avTo Y10 70 0oi0 cvoTiveTal kat to Piprio tov Pryce (BA Biproypapia.)

Agv Ba emextafope pe AETTOUEPELES OTIS OC Gve avapepdueves ueBodovg, aAAd Yo
AOyoug akadnuoikovg ot ovvéxelr Bo meprypapel pio péBodog memepacuévaov
dpopmV Tov pe apketn akpifela Tpooeyyiletl TIC O10TIUES Kot TIG 1010GVVOPTHGELS
1OV TPoPALaTOg PABOVS Yo ToV Kuuatodnyd tomov Pekeris pe petafailopevn dpmg
ovvaptnoetl Tov PaBovg TaydTNTO S10d00TC.

3.4.1 Evo. aynuo. dropopav yia v Avon e ellowang fabovg ue uetofarlouevo
oVVaPTHOEL TOV Z, aplOud KOUOTOG.

Yta emdpevo, odalope tov ovufoiioud tov Pdbovg oty Bdlacoa and h oe d dote
Vo, Ol TNPTOOVUE TOV TLTIKO GUUPOAICUO T®V 16000GTNUATOV €VOG aptBunTikol
OYNUOTOG TEMEPUGUEVMV O10LPOPDV.

Agv mpémel vo ANGUOVOUUE OTL TOWTOYPOVO HE TIC 1OOCVVOAPTNCELS TPEMEL VO
VTOAOYIOTOUV KOl Ol 1010TWEG TOV TPOPANUATOg Kol Yo T0 AOyo avtd 6Oa
TOPOVGLIGOVILE GTI GLVEXELD £V GUVOLAGUEVO GYT|LLOL.

Ag Bewpricovpe mpog otiyunv, 0Tt yvopilovpe t1g WOTWES Ay . 'Eoto emiong évog
oOpOOpOPPOg dtapepiopdg tov [0,d] og I woodotiuata ppkovg h énmg oto oyfuo
3.12. Tote o Béon z=12 =(i—-1)h (edd 10 i avriotoryel og deiktn Kot Oy oTNV
QOVTOOTIKN HOVAdQ), N akpng Avon tov mpofinuatog Oa etvor U (Zi) EVO oKOmOG
pog eival vo. epopUOGOLUE €va GYNUO SPOP®Y Y10 TOV LTOAOYIOUO L0G KOANG
TPOGEYYIoNG U; ‘ET]gU(Zi), i=1,2,...,1+1.
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i—1—7
L Zl' : U” (Zz') :> “HJ
i+1—/7—

d I+1

Yyuoe 3.12 Awkprronoinon og mpog to BAB0g Yo TNV EPUPLOYT OYNILOTOG TETEPUC LEVAV SAPOPDY
Yo TV emidvon tov TpoPAnpatog Bdbovg

H avtikatdotaon tov mapaydywv pe alyefpikéc owapopés eival To Tpdto Prua yo
NV vAomoinom ¢ nebdoov.

Onwg kot 610 Tponyovpevo mpdPinua I12 6o Bswpricovpe v dopopikn e&icmon

d2u(*)
dz?

+ (= =0, *=12 (3.4.2)

oL O01€mel 10 TPOPANUa BdOovG Yo oTaBEPEC TLKVOTNTES GTO VEPO KOl GTOV TLOUEVAL.
YrevOopiCovpe 6tL t0 gv Adym mpoOPANa eivarl TpOPANUA WOOTIUAOV KOl GUVETMS Ol
ovvaptnoelg mov Bo vIoAoyloTovV aplunTIKd avagépovtol o kdmow TAEn N.
ZVVENMG GTOYOG HOG EIVOL O VTOAOYICUOS TV W10GVVOPTHGE®V U, (Z) kot pe Pdon ta
YVOOTE amd TV aplOuntikn AVon TovV OlQopIK®OV eEICMCEMY UE TEMEPUCUEVES
dapopég TV mpoceyyicewv U ; e U, (z;) .

SOUPoVa e To YVOOTE amd TV aplfuntikn Adon Seopikdv eEloM®oEMV Kol amd TIg
OY£0ELG SLPOPDOV, 1 de0TEPN Mapdywyos TS U, (2;) mpooeyyileton pe v oyéon:

d?u Uiy —2U +U; .,
(7))~ n,i+ n,i n,i ' 3.4.3
dZZ ( I) h2 ( )
7oL OTMG gival Yvootd Exet axpifeta devtepng 14N w¢ mpog h
Avtikabotavtog oty 3.4.2 maipvovpe :
&) ® 4O 2
U, —2u +Uu:"
n,i+1 g,l n,i-1 + w _ﬂ'n lJr(]li) — 0 ' (344)
h c(z,) '

2
ud, = thKC(‘Z‘)) ] zn] Unt = Upi.s- (3.4.5)
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H 3.4.5 givon pia dupeon avadpopikn oxéon. Me yvootég TIC TIES TOV Unjra KO Up j
vroAoyiope TO Unji-1. H avadpopkn oyéon ypaeetot Pe TOV TPOTO 0LTO Lo KoL 6TV
EPOPLOYN HOG OTO GVYKEKPIUEVO TPOPANUa eEumnpetel va EEKVIOEL Kavelg amd T
dlempaveln otn 0éon z=d kot o cvvéyela vo vrohoyioel Tig TWéG péxpt o z=0
pewwvovtag tov dgiktn. ‘Evag 1oyvpdg Adyog vt avtd givol n yvdon g Avong pag yuo
z>d (Gpa ko yio Z =d ) mov pmopei va ypaeei (dite kot oygon 3.3.17) :

un(2) (Z) — A |ei72(Z—d) — A 'eXp{—b2n (Z _ d)} (346)
_ | 2
omov by =4 —kz
Yvvendc, Tavo ot demipdaveto (z=d) éyoue :
u?d)=A". (3.4.63)

Ot ocvuvOnkeg ot dlempdvela eTPAArovy :

ul(d)=u?(d) (3.4.7)
Kot
1 dul 1 du?
— () =———(d). (3.4.8)
py dz p, dz

Agdopévov O0TL 0 oLVTEAESTNG A~ TNG OVOTOPACTACNG TNG 1O10GVLVAPTNONG OTO
devtepo  péoov  (mubpévag) Ba  vmoAoylotel TEMKE  omd TV ovvOnKm
0pBoKaVOVIKOTNTOG TOV 1010GVVOPTNCE®V Kol Y10, OELKOAVVGT TOL OPLOUNTIKOV
OYNUOTOC, EYOUE TNV dVVATOTNTO VO, OMGOVIE GE AVTOV GE TPMTN (AN o owbaipetn
TN M omoia pmopet va dopbwbel oto téhoc. ‘Etot deydpacte Katapynv 0Tt

u®(d) =1 (3.4.9)

Enopévag, katd vy 3.4.7 égovpe U, =u®(d) =1.

nl+l =
Amd v gpappoyn e cuvinkng 3.4.8 ko v 3.4.9 &yovpe:

@)
ddi(d) =-ALp, =-Pip, . (3.4.10)
Z

2 2

2
©érovag 2R a B,=b,’ = [/1“ _{Q} } ,
P>

YPOPOVLE:

" (d)=-RBY* . (3.4.11)
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7 4 (1) r .
21 cvvéyelo avorticoovpe TV u, ’ (z) o oepd Taylor:

(1) 2 2. 3 3..(D)
U —hy=u (2)—h P e o)+ hz ddz ()—h—d”

(2)+O0(h*)  (3.4.12)

Epapuolovpe to avamtuyua otn 0éon z=d kot maipvoovpe and ™ dapopikn e&icmon:

d’ul’ || @ 2_ o
2 (D= Hcl(d)} ﬁn}un (d) (3.4.13)

[MoapaywyiCoviag ®wg mpog Z Ko Taipvovtog TPOTNG TAENS TPOCEYYIoT Yo TNV
TOPAYMYO TNG TOGOTNTOG GTNV OYKVAT EYOVUE:

d’ul” o’ du’ o’ 1 1
" (d) ~ - ~ A, | = (d) - — (d) . (3.4.14
PR le(a’) } A L (d) cf(d—h)}u” (@ (3444

2 2
(9

Oétovue so -4 =C xot —————-4 =D,

¢’ " 7 c’@d-hy " 7

KOl TAiPVOLLE:

dz (1) d @

£ () =C,RB, ~11C, ~ D, (A).

7 (d)=-C,u(d),

AMG oo u'”(d) =1, &ope

2 (1) 3, (@)
d " (dy=-c,, U () ~C,RB, - %[cn—Dn].

Avtikabiotdvrag oty 3.4.12 gpapudlovtdag tnv yio z=d Ko maipvovpe:

2 3
u®(d -h) ~1+hRB " —h?cn —E{CHRBHM —%[cn -D,I} = (3.4.15)
2 3
= 1+hRB"? - i —C,-—D,-—C,RB"* . (3.4.150)
3 6 6

Enopévac, 1o apBuntikd pog oynuoe yivetoi:
u®, =22y - 4,19 —u®,, i=2,...1 (3.4.16)
Ci

ue u., =1 (3.4.16a)
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h? h’ h®
Ko ul) =1+hRB,"? —;Cn oy D, —ECnRBnl’Z : (3.4.16B)

'Eto1, ekpetailevdpevol Tic cuvnkeg ocuvepyaciog mpocdtopilovpe TIc dVO apPyIKES
TIUES IOV HaG OTVOLV TIG TPOGEYYIGELS TMV 1O10GVLVOPTHCEMV.

Eivat avtovonto 01t to mopamdve oynpa dev gival To povadikd. Mmopel va gleaydyst
Kavelg oynuata Ko GAANG popeng N akpifeag. To mpotevopevo g dve oynua £xet
wavomomtiky axkpifeta (devtépag TaENG).

3.4.2 O vmoloyiouog twv 1010Tiumv

Xopig va pmovpe o moAAEG Aemtopépeteg Oa meptypdyovpe por HEB0d0 VTOAOYIGHOV
TOV WI0TIUOV oL Paciletonl 6TO GYNUO TOV TPOUVUPEPOLLE.

‘Eotw 011 610 oynua epapudleton yuo pio Toyovoa Tiun 4, mov oV eivar kot avayknyv
wotun tov TpoPAnuatog. Tote Ba pog dmoet pia Tyn oty emeavela g 0dAaccag

u ,ﬁlf mov Oa etvar yevikd d14popn Tov UNdevAas. To cuveyEg TPOPANUa, 6V TO ANTAV 1

oty téEng N (A,,,) t0te 10 1!V (0)0a £npene va etvor undév 0 voxovyovTog GTNV
)

n,l

oplokn ovvOnNkn ehevBepng emodvelag. Tlepypuévoope Aomdv O6TL Ko 1 TN U, TOV

Oa vmoAoylotel yio o cwoty Wt A4, B etvar moAd kovtd oto 0, (ywu v
axpifela Oa Exet pio Tipn £<<). Ildviog otn yevikn mepintwon Oa oydet :

u® = f(4).

O1 W0TWES TOV TPOPANUATOG HTOPOVY EMOUEVMSG VO VTTOAOYIGTOVV MG Ol TWEG A,
nov undevifovv ™ cvvaptnon f(4).

H e&iowon
f(4,)=0, (3.4.17)

pumopet emopévog va Bewpnbel g 1 «opaktnplotikn e&icmon» Tov dakpLtov
TPOPANUATOG WOI0TILOV OTMG TO 0PIGALLE TAPATAV®.

Ag do0pe ®wot060 TG cvumeprpépetor M f(4). To oyqua 3.13 didel mooTKA ™
YPOPIKN TNG TOPAGTACT)

Amd ™ péyxpt topa Bedpnon yvopilovpe 0Tt ta emrpentd A Bo Ppiokovior GTo
SAoTNUO Amin<An<Amax , OOV
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A

f(4)

Syuoe 3.13  Tpagwn mapdotacn g cvvaptnong f (1) . OtapiBpoi n, n-1, ..... aviiotoyobv 6TIC
avtiotoryeg T1a€eig TV 1810TI®V. (Tuyaio KaumTOAN TOL AVTITPOCHOTEDEL TH CVUTEPLPOPE TG
ouvvaptnong f(1)).

Onwg mapatnpet kaveig, €0d £govpe avtiKataotiosl o €1 ¢ oyxéong 3.3.30 pe 1o
Cimin. Avtd ovpPaivel yoti, KOPOTIKO QAIVOUEVO GTO VEPO EYOVUE, Y10, GLYVOTNTEG
Thve omd T oLYVOTNTO OmOKOTNG, OTovV o Kupotopopen (mode) umopel va
d1ad00el TOLAGYIOTOV GE o TEPLOYN TNG VOATIVIG GTHANG, ONAAdT| aKOUN Kot GE €Vl
cuykekpévo PBadoc (z) povo. T v mepoyfy avti (| 10 ovykekpévo Padoc
uovo), 1 KATaKOPLEN CLVICTAOGCO TOL OPLOLOD KOLUTOG YIVETOL TPAYUATIKOG aplOUOG

y,(2)= \/kf (z) -1, . Emopévog, v taydmta 31dd06mG Tov 1Y0v mov HeToffGAAETOL
pe to Pdaboc, apkel o1 WOIOTYWES Vo etvon LIKPOTEPES Atd TOV HEYIGTO OPlOUO KOUOTOG
070 vePO (TOV AVTIGTOXEL GE EAGYIOTN TOYVTNTA S1AO0CTG) MOTE VO EYOVE KUUATIKO
QALVOLEVO.

YrevOopiovpe 0Tt 01 1010TIHEG OV S1O0VY KLUOTIKO @OovOpEVO GTO veEPD) Kot
amooPevipevo medio otov mubuéva ovopalovion Kavovikég wotiég (normal modes).
Emriong n ot pukpdtepng 1aéng eivon peyoldtepn amd aut) HEYOADTEPNS TAENC.

I'vopiCovpe dowdév 10 ddotuo oto omoio Oa yaEovue v tig piCeg g f(1). H
e&iomon f(A)=0eivar BéPara pun ypapkn eicmon. H popen 6mtmg g ypopikng
napdotacng g f (1) (oyuo 3.13) pog emtpénet va ypnouomomoovue pio omin
apOunTikn péboodo ywo v emihvon g OTwe Ty, TV uEBodo g TEUvoLGag GTNV
omoia ka1 Oa avaeepBoie TN GLVEXELD OC TAPADELYLLOL KL LOVO.

Xpnowonowwvtog to oynua 3.14 vrevBopilovpe v avadpopukn oxéon mov pag divet
(o Ttpoceyylotikn Avon g f(X) =0 pe v og dve pédodo :

Edav evtomicovpe dVo Tég X kor Xy mov pog dtvouv  f(x)f(x,)<0 1ote 7
npooeyylotikn Avon Xy g f(X)=0 givau:

X =x, RACH R (3.4.18)
f(x)=f(x,)

Eav f(x,)<¢& 6mov ¢ évag pikpog aplbpog mov tov kabopilope £tol dote va Eyoue
v emBount axpifel 6TOLG VWOAOYICUOVS poG, TOTE M AVon pog Bewpeiton
KOVOTTOMTIKY. XT0 TPOPANUO TTOL oG eVOlOPEPEL EYOE TOAAEG AVGELS KOl Ba TpEmEL
va 11§ vrohoyicovpe 6Aeg. To Pacikd pog kprtplo givol o apBpuog Tmv PNOEVIGUAOV
G avTIoTOYMGS W106VVAPTHONG oV Ba Tpémet va eivor akpPdc N-1 yuo kaOe TaEn N
omwc oavapépOnke kot oto 7wpoPAnua  Sturm-Liouville yu tig  kavovikég
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1WoovvapToels. Oa mpénel cuVen®g va eEacporicovpe 0Tl Eyope eEavtAnoet OAeg
T1G amodeKTéG pileg ¢ e€lcmong 610 ddoTnia EAEYYOV.

Mia drodikacio evIomGHoy TV AMcewv X, &xel og e&ng : Evtomilovpe dvo onueia X
Ko Xy @ote f(x)f(x,)<0. Ymoroyilovpe to f(X,) xon eEléyyovpe edv Kavomoel o
Kptmpo ovykAong g pebodov (dnradn f(X,)<eg). Eqv vor, otopotipe v
EMOVAAN YT, EAEYYOVUE TOV OPLOUO TOV UNOEVICUDV TNG OVTIGTOYNG WO10GVLVAPTNONG
7oV £XEL TPOKVWYEL 101 aO TO GO TOV TETEPUCUEVOV JLUPOPDV KO YHYVOVLE Y10
mv emduevn piCe. Edv oy, eléyyoope mowo omd to ywopeva f(X)f(x) ,

f(x.)f(x,)eivor <0 dote va «eyrkhoPicovue» v pila.

Tote 10 avticToro Xy N X avtikadictaton pe to X ko cvveyiCovpe ™ drodikacio, G
6tov e€avtAnBovv Odec ot duvatég Aoelg g f(X) =0 . Enueidvovpe eV TPOKEIEVD
OTL Yo TNV Tepimton g HeTAPaALOpeEVNC GuvapTtioel Tov Pabovg taydtnrog pio
eEUTEPIKN oy€on KoAng okpifelag mov divet 10 pEYIoTo OplOud OO0 UEV®DV
W0HoPP®OV o€ aVTO T0 TEPPAALOV glvan :

2f h |n(1/l—§l/02 +1)

C, In2

N, = INT +05/ (3.4.19)

omov €, eivau n péon TayvTNTO GTO VEPO.

Onog avtihoppavetor koveic, n uébodoc avty dev divel mhvta KoAn ToydTNTO
oOyKAMong kot mapovoldlel onupoavtikd mpoPAfuoato otav n f(X) eivor évtova
TOAOVTEVOUEVT] GUVAPTNOT UE GLYVEG Kol TUKVEG dtehevoelg amd 1o 0. AvTtd onpaivet
OTL Yo TOAD LYMAEG GLYVOTNTEG 6TO TPOPANUA oV ££E€TALOVE OV 1GOOLVOUEL pE
HEYAAO 0plOUO EMTPENTOV WOOTIUOV, UTOPEl N HEBOSOC Vo unv givarl omodoTikY. Agv
TaHEL ®GTOCO VO EVOL TKAVOTTOMTIKT € YOUUNAEG GUYVOTNTEG.

f(x) A

L s |

X| Xr

o

f(x)) e

v

f(xr)

Zyquo 3.14 MéBodog tng Tépvovoag (ZynHatikn TopdoTooT])
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3.4.3 Kavovikomoinon

Ot 10106VVOPTNGELS OTTOSC VITOAOYIOCTNKAY OvVOTEP®, Paciotnkov oe o avbaipetn
emloyn tov cuvieheoth) g u'”(z). Opog Yl Vo XPNGILOTOMGOVUE THY £TOUN
gkppaon g Aong yio povadiaio di€yepon 3.3.39, ot Wocuvaptnoelg o mpémetl va
amoTeEAOVV 0pHoKAVOVIKO GUGTNUO LEGM TNG OYEONG :

T ! u,’(z)dz =1, (3.4.20)
o P(2)

OV GTNV TEPITTO®ON Hog (000 CTPOUATO) YPAPETOL:

) .
[ L0 gz | Loy = (3.4.21)
0 P u P>

H tuyaio emihoym tov cvvieheot g u'? (z), onwg umopel va Somotdoer ToAd
evkola Kaveig, ennpedlel povo 10 TAATOG NG 1W10cVVApTNoNG. 'ETol 10 oAokAnpopa
3.4.21 0o mper o T N mov Qo givar ev yéver Sidpopn tov 0 Y10, 18106VvapTHGELG

U, (z) un kavovikomomuéveg.

0" (z)dz +Iiﬁn(2)2(z)dz =N_. (3.4.22)
a4 P

2

O e O

1
P
Eqav to0pa dwupéoovpe Tic vmohoywsBeiceg pe v apBuntiky  pébodo

locvvaptioelg  U.(Z) pe N, moipvoope 10  opbokavovikd ocldotmuo  ToOV
1ocvvapTnoe®Vy mov BEAovpe Yo v ypron g 3.3.39 1 3.3.40.

u (z) = U?\I(Z) . (3.4.23)

n

A&iler va mpocBécovpe 6Tt 0 VTOAOYIGUOS TOV OAOKANPOUOTOG YivETOL 0pOUNTIKA
GTO VEPO KOl OVOAVTIKG GTOV NUATEPO TLOUEVA 0OV VIAPYEL OVOAVTIKY] EKOPOOT
TOV 0€VTEPOV OAOKANPpDUATOG otV 3.4.22.

3.4.4 H axovotiky mison

H axovotikn mieon vroAoyiletar 0nm¢ Kot oV mepintmon tov TEPPAAAOVTOG pE
otafepn| TayvTNTA 614000NG :

P2 == S P B G, ) (3.4.24)

1 n=l

OV GE HEYAAES OMOGTACELS OmMd TNV TNYN, YXPNOWOTOIDOVTIOS TIS OGVUTTOTIKEG
ekppacel; Tov cuvoptioemv Hankel ypaopetar :
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I ul ) 2 i(\/ﬂTvr—ﬂ'/4)
p(r,n)y=—> ul(zy)u,(z) |——e : (3.4.25)
4p, 5 A7

[Ipocécte Opmg 0TL TOPO 01 TIES TNG WrocvvapTnong U, (z) dtav To Z avapépetal 6To
vepd kar UM (z,) Oa voroyiotody amd to apdnTikd oyfpe. Ty mepintmon vt
0o mpémel vo avalnmOel n Tiun ™S apOUNTIKNG ADONS Yoo TV 1010GLVAPTIOT TOL
avtiototyel oto ovykekpuévo Pabog. Edv to Pabog z aviictoryel oe onueio to
dapepiopod oL apluNTIKOL GYNUOTOS, OMAadN edv Z=1Z, 10Te OO €xope

uP(z,) =ul . Ze S10QopeTIKY TEPITTOON KAVOUE TAPEUBOAT OVAUEGH GE YEITOVIKG,

BaOn tov Swopepiopov. Enueidvetal 0Tt 6tov TLOUEVE EYOUE TAVTO TNV OVOALTIKN
Abon kat dev yperaletor ypromn g apltuUnTIKng TPocEyyiong.

3.5 H anoiero ovadoong

[ToAAéG @opég, oe mpoPAnuaTa MYMTIKNG dd0oNS, avTti Yio TV miEon o€ TLYOVGO
0éon (r,2) vroloyiletan  andAeio diddoong (transmission loss -TL) mov opiletar wg:

\p(r,2)|

|p0| |

oOmov Po elvar pia wieon avaeopdg mov opiletal cuvibwg wg N wieon oe andotaon 1m
omd pio OMUEKN OPUOVIKY] TNYN TOL EKTEUTEL GE Un @poyuevo ywpio. o va
VTOAOYIGOVUE TNV Po  €MOPEVOC, M omoio elval pio cvppotikny T, Oo mpénel va
Bpovpe 11 Ao Tov TPOPANUOTOS TNG SLAG0GNC TOV YOV GE U1 PPAYUEVO Y®PTo.

TL(r,z) =—-20log (3.5.1)

H g&iowon mov diénet To mpoPAnua givor n Helmholtz :
Vip+kip=-6(x-%,) , (3.5.2)
TOL GE CEUPIKO GUGTNUO GUVIETAYUEVOV KOU GTNV TEPITTMOTN NG GPULPIKNG

ocvppetpiog (0nwg oty mepintmon mov e€etdlope) kot pe p e€aptdpevo poVo amod
™V omoOoTacT I YpAgeTaL -

d’p 2dp , o(r
—+———+k p=——"-7-. 3.53
a rar P ape (3.53)

To mpéfinuo cvuninpovetor PéPoara pe pion cvvOnkn  axtivoPforiog TOTOL
Sommerfeld (amokAivov kopa) mov pog divel Adon:

p)= e (35.4)

‘Etor, pe Baon v ovpuPacn mov €yope vIOOETNOEL Yo TNV OTOAEW SAOOONG
TOPVOUE :
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1 1
=—]=— . 3.55
|po| ‘4 4x ( )

H andrewa d16d00ng exkppaletar oe povadeg dB (decibel) kot givor mpaktikd éva
evepyelokd péyebog mov ekepdalel T0 TOGO NG £VINGNC TOV OKOVOTIKOV TESIOV TOV
pelmvetal kabmg T0 aKOVoTIKO GNHO S1GIOETOL GTOV KUUATOONYO.

210, EMOUEVA CYNLOTO SIOOVTOL HEPIKA TAPOUSEIYUATO VTOAOYICUOD TOV OKOVGTIKOV
nediov oto Pabog kot ™V amdotacn ekppacuévov og povadeg dB. Ta ypaenuata,
3.16-3.18 moapovcialovv v anmdAeln d10d00oNG 6€ TPOTO MOTE va amekoviovtat ot
TEPLOYESG EVTOVIG OMMAELNG (GUVETMC YAUNAOD OKOVOTIKOD TEGIOV) HE YPOUO UITAE,
o€ avtifeon pe TIg TEPOYES YOUNANG ATOAEWS (CVVETDS LYNAOD OKOVGTIKOV TTESIOV)
pe ypopo epvbpod. Ta ypaeruato avtd Pacilovtor ota 600 mepPailovia mov
napovoidlovtol oto oyfua 3.15 and ta omoio, T0 TPAOTO APOPd MYNTIKO TESIO Yo
TPOoPiA TayhnTOC 6TO VEPO OV ALEAVEL YPAUUIKA [E TO BABOC evd TO d€VLTEPO APOPE
nepPAAAOV LE TPOPIA TOL HEIMVETOL YPOUUKA pE TO Babog.

0 1500 m/sec r
¢, () .p;=1000 kg/m?
(z)) ¢
h=150 m
1470 m/sec 1530 m/sec

¢, = 1600 m/sec
p,= 1400 kg/m?

z

A

Zypa 3.15 Kopotodnydg pnyng 06Aaccog yio Tov vToAoyioid ToL aKovoTiko) mediov Tov
epeavifetal 6To ETOLEVA GYLLOTA
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¢,,=1530 m/sec, f=20 Hz,z0=75 m

— 100

90

80

70

depth (m)

60

250 50

300 40
2000 4000 6000 8000 10000

range (m)
ZyAuo 3.16 AndAiewa diadoong péxpt o 10 Km yia to mepipddiov tov oyfuartog 3.15 pe ypappixd
avEAVOUEVO GUVOPTNOEL TOV BABovg TpoPil TayvnTac. Zuyvotnta mnyng 20 Hz. Babog mnyng 75 m

To EZyMuo 3.16 gpeavifel yopakploTiK TEPITT®OON O140001G TOV MOV CE o
1wWwopoper) (mode). Eivar eugavig n peydin andieio 61adoong otov moduéva aAld
KOl 1] ONUOVTIKY] OEICOVOT OKOVGTIKNG EVEPYELNG OTO ETIPOVEINKE TOVAAYIGTOV
OTPOUATO KOVTO otnv ©yn. BAémoue emiong OTL 11 akovGTIKY gvépyela dladideToL
KOVOTIOMTIKA G€ PUEYAAEG OPLLOVTIEC OMOGTACELS OTO VEPO (UKPY] CYETIKG OTTMAELDL).
H mmyn ed0® Ppioketar o fabog 75 m.

Y10 Zynua 3.17 mapotnpovpe ddd0oN G VO OIOUOPQPES, EVA 1 EIGYMPNON TNG
OKOVOTIKNG eVEPYEWNG oTOV TLOUEVA efval TEPIGGOTEPO CNUOAVTIKY G OYEOT UE TNV
mponyovuevn mepintmon. O Adyog etvar 0Tt T0 apynTikd TPoPid TayvtnTag 0dNYel TV
evépyela mpog peyorvtepa fadn. H mnyn edo €xel tomoBetn el og Pdbog 75 m.

¢,,=1470 m/sec, f=30 Hz z =75m

0 100
25
50
75

100

90

80

-
N
193]

70

depth (m)
&

60

40
2000 4000 6000 8000 10000

range (m)

SyAuo 3.17 Andrewa diddoong uéypt to 10 km yia to mepipddlov tov oyfuatog 3.15 pe ypappixd
HEODpEVO GuVaPTNoEL ToV PdBovg Tpoeik TaydTnTag. Xvyvotto mnyng 30 Hz. Babog myng 75 m.
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>10 Zynua 3.18 mopovcialetal pio mepintmon 616.000mMG He TEPIGTOTEPES OO0 LOPPEG,.
A@opd kot TdAr oto mepPdAlov Ttov ynpatog 3.15 pe to BeTikd TPoPiA TaydTNTOS.
H d1apopd o oxéon pe v mepintoon tov oynuatog 3.16 givar 0t tdpo TAEov M
ovyvotnta g mNYNG givar 50 Hz (tpeic opopeéc 61ad00mg).

Oa mpémel vo onuewwoovpe 6Tt movbevd ot cvlnmon pog dev Beswmpnoaype
eowvopeva euotkng e&acBévnong tov Nyov. H puowkn eacBévnon €xel og cvvéneia
UETAALOEN HEPOVC TNG OKOLGTIKNG EVEPYEWG KOL CUVETADC Omontel Ol0POPETIKT
OVTETOMION EEKIVOVTOG otd TNV SOTVTMOT] TG OKOVOTIKNG Elcmong. QoTtdc0 el
amodeyfel OTL pe TOAD KOAG OmOTEAEGHOTA UTOPOVUE VO OEmPNCOVUE TV QVOIKN
eEacBévnon mov dAL®OTE lval GYETIKA WIKPY], MG dTapoyn NG KOTAGTACNG TOL
avaeEpape Kol vo enekteivoope v Bedpnomn tov mpofinudtov pog Aaupdvoviog
v’ Syv TV OLVOTOTNTO EKEPOCNS TAOV OVTIOTOY®V Abcewv pHécw Pdocmv
oLVaPTNOEDV (1010CVVAPTICENDY) TOV OTKOOOUOVVTOL UECH UIYOOIKDOV OI0TIUMV UE
avapopd oe avaroya tov Sturm-Liouville mpopinuata. Aev 8o mpoywpnioovpe
®OTOCO MEPIGGOTEPO GTNV €V AOY® aVAALG.

¢, =1530 m/sec, f=50 Hz, z,=75m
100

| )
1AL M

. ) »

90

1 80

170
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160

40
2000 4000 6000 8000 10000
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Zynuo 3.18 AndAiea diddoong péxpt to 10 Km yia to mepipddlov tov oynpartog 3.15 pe ypappixd
avEAVOLEVO GuVaPTNOEL TOV PABovg TpoPid TayvnTac. Zuyvotnta nnyng 50 Hz. Babog mnyng 75 m
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H oglida avt Tapapével Aevkn.
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4. TO NPOBAHMA THX AKOYXTIKHX AIAAOXHX XE
IHHEPIBAAAONTA METABAAAOMENQN XYNAPTHXEI
THX AIIOXTAXHX TAPAMETPQN

4.1 T'evikn mepintoon

0 LEAETGOVUE OTN GLVEYELX TO TPOPANUO TNG AKOVOTIKNG d1d00NG GE €val

nepPdAiov 0mov ot moapdueTpol mov To Yopaktnpilovv (toyvInTa N0V,

yveopetpio ovvopwv) petafdilovtar kot pe v omdotacn I oe €va
KLAWOPIKO cvotnua cvvtetayuévov. Eva mepiBdAiov g Hoperg avtg eaivetol oto
oynuo 4.1

0 I
Zp ‘7{? Cl(riz)!pl i
h; \_/W
c,(r,2),p,
h;
v

Yynpa 4.1 Eva mepifdilov petaBorlOLevVmV GUVAPTHGEL TG AOGTOONG TOPAUETP®V GE KOAVOPIKO
GUGTNLO GUVTETAYHEVOV.

Oa Bswpricovue 6tL T0 TEPIPAALOV opileTon amd éva eminedo cvvopo o Pabog hy pe
opwKn ovvOnkn akiovntov mubuéva ekel, OOTE Vo KAVOLUE Qe OvVAPOPA GTO
Kavovikd mpoPAnua "Sturm-Liouville". H mokvomnta Bo Bewpnbel aveaptnn amd
™V ondctacn, otabepn| oe kdbe otpdpa vepod (Zynua 4.1). Asdopévng Opuwmg g
yveoueTpiag Tov GVVOpPoL, 10 PBABog oto omoio aAldlel | TLKVOTNTO AO p1 GE P2
e€aptaton and v anodctacn. Eropévac yevikd pmopel va Bewpnbel og cuvaptnon
kot Tov I (p(r,2)). Xto oynua 4.1 éyet apopebei oto cvpPoliopd n eEdptnon
TOYOTNTOG KO TUKVOTNTAG om0 TNV amOcTOoN OAAL OTn Yevikn mepimtoorn Oa
Umopovce va giye AneOei v’ dyv.

Ot oplakég ovvOnkeg Tov TpoPfAnuatog Ba Bewpnbodv dnwe Kol GTo TPOTYOLUEVL
npoPAnuata (erevBepn empaveilo Odlaccog, cuvonkn axtvoBoiiog Ttov Sommerfeld
Kot ouvOnkeg diempdavelag). [Ipocoyn dpmg: Xty Semeaveld, ovapesa 6To vepo Kot
tov molpéva, N cuvONKN amotel cuvEKELn TG KABETNG GTO GVVOPO GLVICTMGCOS TNG
TOYVTNTOS TOV CTOYEIMOMV copatdiov. Mmopovue va deiovpe 0Tt 11 KAOeTN
TOYVTNTO TOV GTOWEWMOMOV COUOTOIOV glval kot €0d avdioyn g kabetg oTo
GUVOPO TOPOYDYOV TNG TTECTG.
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AlompdvTog To supPorioud yio v akovotikh wison o PP (r,z) v o vepd Kon
p?(r,z) yw ™V migon oTov MOUEVE, N GUVONRKN YIoL THY TOPEYOYO THE TECTC GTN
JEMUPAVELD, OUTVTIMVETOL MG -

1 op% 1 op®?
'° (r,h(r)) =— p
P Po

(r,hy(r))

omov N etvar to povadiaio ddvucpa kébeto otn dempavewn (Zymua 4.1).

Emonpaivoope 6t 61N yEVIKN TEPITT®OT OV TEPLYPAPOVUE, AOY® TNG YEMUETPIOG
™G OlEMPAVELNG, 1 KAOETN Tapdymyog dev gival Tapdywyog wg Tpog to PAbog zZ dTmg
elyope O€L GTIC TPONYOVUEVES EPAPLOYES .

IMa pio onuewokn appovikn tnyn o€ Pabog Zo , n Kopatikn eicwon ypaeeton :

o°p p 1 op
2(r z)+ (r z)+ (r )—— (r, z)+k (r,z)p(r,2) =
or p(z) o2 (4.1.1)

= —2—7”5(r)5(z —-2,).

Ye k0be amdotoon r, Oa Bewprioovpe TNV OHAdN 1O10CGLVOPTICEMY TOV KTOTIKOV
wpofAuartog Bébovg:

3[ ! %(r,z)}{kz(r’z)— /I“(r)}un(r,z)=0, (4.1.2)
oz| p(r,z) oz p(r,z) p(r,z)

@
S0 0.(r2) = {u?z)(l’, z) yoo 0<z<h(r)
u,”(r,z) yw h(r)ysz<h,
kP (r,z) = Cl(i), m Yo 0<z<hy(r)
k(r.z)= o(r.z) w
! (2) _
k'“(r,z) = o) yo h(ry<z<h,
A e 0<z<hy(r)
A 2) ‘{pz y h(r<z<h,

Kot

u (r,00=0, (4.1.30)

ul (v, 1, () = u® (r, b (1)) (4.1.3B)
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L2 ) -

(r,h(r) (4.1.3y)

P

2)
a”; (r,h,)=0 . (4.1.35)

I'vopilovpe 0TL VIO TIG AVOTEP® cLVONKES, TO TPOPANUA BaBovg sival £va kKavovikd
npoPfAnua  Wwotwodv  tomov  Sturm-Liouville (ue  dempdvewn), kot Ot Ol
10106VVOPTAGELS amoTeEAOVV éva opbokavovikd cuotnua. EmmAiéov eivar mAnpelg oto
[0,h2] omdte pmopovue va ypdyoovue Ty Adon yio v p tg Helmholtz (16€ 4.1.1) og
pia cuykAivovsa Gepd.

p(r,z)= i@ (Pyu,(r,z) . (4.1.4)

n=1
A&ilel oo onueio avTo Vo TOPOTNPTICOVLLE TA EENG:

1. H axovotikn mieon dev vrdkelton akplPdg oTic 101e¢ GLVONKEG GTN OEMPAVELQ,
o€ oYéon Ue TG 10100VvapThoels. Avtd Ba oydel povo €dv n dempaveln givorn
emimedn kot opovTia, omdTe N KAOETN G VTV TOPAY®YOS Eival TOPAY®YOS MG
mpog Z. Emopéveg pdévo oty mepintworn avt eéaceaiileton amdAvtn Ko
OLOLOHOPPT CVYKALOT TNG GEpdc 4.1.4

2. Ot Wwovvaptioelg opiCovtor oe kdbe I wg ocvvaptioelg tov Z. Opmg otov
ovpPoAlopud mov axkolovOdnoape EOivovIol MG GLVOPTNOES OVO UETARANTOV.
2y npaypatikdtnTa o TPENEL VoL EXOVUE GTO HVOAO LG OTL O1 1O10GVVOPTHGELS
opilovtan cuveydg Yo kKGO I

YNUEIOVOLUE 6TO onueio avTd Tr cLVONKN 0pBOKAVOVIKOTNTOS TOV 1O10GVVOPTHGEDV
Tov giva:

hy

I (:- Z) u” (r’ Z)um(r’ Z)dZ = 5nm (415)

0

Oa Bewpnoovpe TPog oTyUnV OTL 610 TESI0 OPIGUOV TOV TPOPANUOTOS OEV VITAPYEL
mmyn, onote aviwkatdotaon g 4.1.4 oy opoyevny g 4.1.1 kou ypnom mg 4.1.2
dtvel

Z U@, =

-4’0, do, du, <~ 0%, 15209, 1S
Zdr2 Zd ar2”8r2+zar”rn§‘

n=1 n=1 r n=1

(4.1.6)

Edv moAlamiacidcoope v e&icwon pe u,, (r, z) kon ohoxAnpocovpe amd 0

1
p(r,2)

émg hy maipvoope:

d’¢, 1d9, _ by , 99,
T A, (0, = Z{Am,,(r)qﬁ +Bm,,(r>{ " } (41.7)

n=l1



82 Mofnpatik Movtelonoinorn Akovotikig Atddoong ot Odlacca

OOV
%t ou(r,z)
A (1) = '!—p(r,z)um(r'z)—arz dz ko (4.1.8)
_hz 1 ou, (r,z)
an(r)_'([—p(r,z)um(r,z)—ar dz . (4.1.9)

Ot ovvtereotéc Amn Kot Bmn kohoOvtar "ovvtedeotéc ovlevénc"  (coupling
coefficients) ka1 exppdlovv 10 Pobud oAANAEEAPTNONG TIC OKOVGTIKNG O10800MC
HECH TV OPOpV WI0pope®Y. Me dAla Adyl pog divovv tov Babud mov m
wopopen pog tédéng m eaptdror and v WIOHopEN TAENG N, KATL TOV O&V &€iye
VONUO OTIC TEPIMTMOGELS O1000MG TOL NYOL o€ TEPPAALOVTA GTABEPOYV GLVAPTNGEL
NG AmOGTACNG TOPOUETP®Y, OOV 1 0140001 TNG OKOVCTIKNG EVEPYELNS o€ KAOE
WOHopeN NTOV OVEEAPTNTN NG O1O00NGC GE o GAAN WOWOUHOPPN. XN TopovGa
nepinTmon, N didoon pwg Wopopeng (taéng m) eaptdrtal amd T 0140001 OAW®V
TOV  VTOAOW®V  WIOHope®Y. Ot 1010p0pPEg  «avTaALAlovvy evépyeld  KoOMG
dwdidovtan oe TePPAALOVTO LE OLPOPETIKES TOPAUETPOVS N YEDUETPIOL.

A&iler emiong va onuewwdel 6t e€gTdcape To TPOPANUO GTNV OTAN TEPIMTOGT TOL TO
nedio opiopov oev €xel tyn. H elcaywyn g mnyng oto mpdPAnua kot n ovalntnon
G avtiotoyng ovvaptnong Green mepmmAékel akOUn TEPICCOTEPO T TPAYLATO,
0AAG M @LAOGOQi0 ETTAVONG LLE TNV EICAYMYT TOV GUVTEAESTOV GVLELENG TOPAUEVEL |
010, QoT1060 1O TPOPANUA GTNV YEVIKN TOL TEPITTMOT avTO OV €lval €0KOAO va
ABet. [Tapd To yeyovog 0Tt Exovv Tpotabel péBodoL Yoo TV amAomoinon tov, eaivetot
0Tt glpaote akodun pokpld and v emilvon tov TpoPANuaTog oe mePPAALOVTO pE
YEVIKT YEOUETPio. XT1 cvuvéyeln Bo doVUE TOC WTOPOVUE VO TPOGEYYICOVUE KATO10
nePPAAAOVTIO EOIKNG HOPPNG KO VO TOPOVUE IKOVOTOMTIKEG TPOCEYYIGES TNG
nieonc.

4.2 Ieprpariov pe Tomkin avoporopop@ic

Ac¢ Bewpricovpe to mepPdArov Tov enduevov oynuatog 4.2. Xapaxktmpiletor amd pio
TOTIKN avopoopopeia, £€@ amd v omoia OAEC Ol TOPAUETPOL TOL TPOPANUATOS
Bewpoviat oTabepég e TV AmOGTOON.

"‘Eto1 pmopovpe va dtakpivovpe tpeic vmomeployés yuo T UEAETN TOL TPOPANUOTOC:
Tnv mepoyq "wkovtd" ommv mnyn (deiktng N oamd to Near) v mepoyn g
avopotopopiog (7 amd to Intermediate) kot v TEPLOYN LOKPEY TG OVOUOIOHOPPIOG
(F and to Far). Ot oplokég GuVONKeG TNV EMPAVELN KOl TOV TLOUEVE TOPAUEVOVY O1
101eg : (eAeBepm emEAVELL-0KAOVITOG TVOUEVOG) EVD 10YVEL KL TTAAL ) GUVEYELLL TNG
Tieong kot ¢ k@Oetng tayvtnrag oty demedvew (hi(r)). Tnv evoidueon
vromeployn xwpilovpe oe KLAVOPKOUG dakturiovg mov opilovtonr amnd aktives I
omw¢ 6to oynua 4.3 . Ot daxtoAot elvan cuvolkd J Tov aptOpo.
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U Ty Iy r
- Nog ' I & ' Hie
40*,01301 (4)5 placl (7",4) E pIDCI (‘)
Koy
h | |
N I F
P2-€; (Z)f ,02,02(7‘,2) N & (2)
h, :
v
Yynpa 4.2 TepiBddhov e TOmIKY avopLotopopeio
0 vy = Fo == r
Zok |

e Ty
h”f_'_[ E h1,3
hin= A i 5

O3

Zynuo 4.3: Atokpitonoinon g avopoloyEVELNG AVALLEGO GTO Fy Kot TO If.

e k@Be évav amd Tovg OAKTLAIOVG 01 TaPAUETPOL TOV TPOPANUOTOC peTaBAAlovTaL
pévo pe to Paboc. H yevikn dwpopikn eicmon kot ot cuvOnkeg mov d1€movv 10
QoVOLEVO Elval TAVTOONUEG ME EKEIVEG TOL TPONYOVUEVOL TPOPANUATOS LE TNV
napaTnpNnon 0Tt o1 Tapdymyol mov givar kdbeteg oV dempaveia yopilovror TAéov
O€ TOPUYDYOLS OC TPOG TO PABOG Kot TV andSTAoT).

Ye kG0 daxtoMo pe deiktn j opilovpe Eva TpoPinua "BdOovg"”

du_ . k’(z) A
df 1 du; K@ A u,;(2)=0, (4.1.10)
dz| p,(z) oz pi(2)  pi(2)

omov U, ; (Z) opileran pe deikteg (1) kot (2) og kKaBe Awpida (vepd, inua) kot To 1010

wyoeL v ta k; kot p;(z):

Ot ovvOnkeg opiwv kot op1lovtiag dtempdvelog ivor :
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u’(0)=0, (4.1.110)
(b)) =) (hy ) @4.1.11p)
1 du? 1 du®
——(h)) =——2(h), (4.1.11y)
Puj dz ! Pa,j dz .
u?
5, () =0. (4.1.115)
YA

Ot woovvapticelg U, ;(z) eivar opbokavovikég kar emopévog kabe ovvexfig

ovvaptnon oto [0,h;] pe 1d1ec oplakéc cuvOnkes avomthooeTal e [io. OUOOUOPPAL,
oLYKAlvovGa GEPdL:

p.(n2)=Y 0, (N, ,(2). (4.1.12)

[Tpocoyn 611 6T0 TPOPANUA e T VEQ LOpEN SLETPAVELNGS, 01 cLVONKES 6T 0PLLOVTIOL
TUNHATO TNG SLEMPAVELNG ivon 1d1EC e eKetveg TG Tieomg.

Opog xatod&ope €10t otov opiopd ovvoptmoeov P, j = N,1,2,....JF (av
TEPAMAPOVIE TOVG YDPOVS TOL €YYLS Kot TEPAV TEAIOV) 01 omoieg Ba mpémetl va givan
oLpPaTEG PeTAED TOVG ot TEXVNTA GVUVOPL I OGTE VO £XEL TO TPOPANHLO LOVOIIKN
Aoon. Ov ovvOnkec ovvéyewng TG mieong kot NG KEBemng toydTNTOG OTIC
KotakOpupes Olempdveleg mov opilovion 6T anootdoelg I Bo pag ddoovv Tig
amopaitnteg GLVONKES YU OVTO:

p;(r;,2)=p;,(r;,z), (4.1.13a)
p. .

i&(rj,z)= L IO“1(rj,z) . (4.1.13B)
; or Pja Or

Oco Y00 T1g cvvapthicelg @, j(r) ebkora pmopel Kavelg va deifel 0Tt oe kbbe

vroxopio j=1, 2,...., j+1, F vmakovovv oty dwpopiy e&iomon tomov Bessel °:
d’¢,. 1dé, .
o —— A g =0, 4.1.14
dr® rodr i ¥n ( )

7oL £YEL YEVIKN AOon ekppacpévn pécm cuvaptoswv Hankel v :
¢n,j (l") = An,jH(gl) ('\, /ln,j }") + Bn,jH(gz) ('V /1)1,_]' }") ' (4115)

Ot ovvteheotég Anj kot Bnj Oa mpokvyovv and 115 cuvOnKeg cvvepyasiog oTig
KoToKkOpLees dtemipdvelog mov opiCovrar yo r = rj (4.1.13a ko 4.1.13p).

0 Mpooétte 611 o8 KGPE ecmTEPIKO SakTOMO 1) TeoN LIOKETOL G€ piot opoyevn e&iomon Helmholtz
KaBdG dev VITAPYEL TNy 6TO TS0 OPIGLLOD TOL TPOPALLOTOG.
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Amd @uotkng mievpdg ot 0o 6pot oty 4.1.15 ekppalovv evépyeia mov 0dgvEL TPOG
T OVEAVOULEVE KO LEOVUEVA I avTIoTOLY AL

o v mepintoon mov j=F(=J+1) yvopilovpe and T cvvORKn axtvoforiag Ot
B, - =0 koBa¢ dev vrdpyetl evépyeta mov va emavokTvoBoAsitol and To Amepo Kot vo

00€VEL TPOC TNV APy TOV AEOVOV.

Emopévac Ba €yope otov e£mteptkd dakTOAO :
00 (N =AHP (A1) (4.152)

Amopével  perétn g cuvONKng TyNG: 6to Ywpio mov opileton amd O0<r<r =ry
Kol 0T0 0moio TEPAAUPAVETOL 1 OKOVGTIKN TNYN. ZTO Y®PI0 0VTO UTOPOVUE V.
yopicovpe ™ Adon pog oe Vo Opove. O TPAOTOG Opog aPopd Tn ALOT Yo TO
TpOPANUE pog O6tav dev vapyel M avoporoyévela (medio axtvoPoiiag P, ) Kot o
deVTEPOG QLPOPA TN AVON Yo TO TPOPANUA TOV TPOKVATEL AOY® TNG VOO0 HOPPIaG
(medio mepiBraonc Py ) YpapovTog

p(r,z)=p.(r,z)+ p,(r,z). (4.1.16)

H minpoeopio poc vy v mmyn €EVOOUOTOVETOL OTOV TPAOTO Opo (mieom
aKTvoBoAiag) evdd o 0e0TEPOG OPOC «OOPHDOVEY TNV OKOVOTIKN Tieon AOY® TNG
VmapENG TG OVOUOI0YEVEWNS. ZOUPOVA He To Tapoamdve, M e€locwon oty omoia
VIAKOVEL M Pr €lvon  un opoyevhg Helmholtz pe tic mapapérpovg tov pécov (1) evo
N Pd vraxkovel o o opoyevi] Helmholtz. Ot oprakég cuvOnkeg otic opilovrieg
S ®PLOTIKEG EMPAVELIEG TOV TPAOTOV Ywpiov ivan 1d1eg Kot Yoo Too dV0 TPoPAnuaTY
T 07Ol SLPEPOLY POVO MG TPOG TNV VIaPEN TOV OPOv J1EYEPONG OTd TNV YN Yo
10 1edio axtvoBoliag kot v cuvOnkn axtivoBolriag Sommerfeld mwov dev voiotatal
v to medio mepiBiaong. To wpdPfAnua emopévog yio to medio axtivoBoAiog avayston
o€ éva amd o YVOOTA TPOPANUOTO TOL £YOUE OEL LEYPL TMPO KOl ETOUEVMG 1) VoM
oV givol Yvwotng popeng (deite ) oyxéon 3.3.40, mov avapipetor oe TPOPANUA pe
opovtia dtempdvela

i & :
pr<r,z)=EZuH,N(zo)uH,N(z>Hé’(m r . (4.1.17)

1 n=1

Mo to medlo mepibhaong apkel va dmOTOGOVUE OTL AVATOPAYOLUE £vo OO TO
npofAnpate mov SwTVIOcHUE 6 KaBEva amd TOVS KOTAKOPLPOVS EGMTEPIKOVG
dOKTLAIOVG TOL Ywpiov, pe TNV daPopd 0Tt KaB®G To =0 meprrapPdvetar 610 medio
opwoov, M Ao Yo TV cuvaptnon @y Oa TpEmeL va tvat aVOAVTIKY] Kot 6TO onueio
avtd. Ao v Bewpio TV cvvapticewv Bessel yvmpilovue 6Tt yio va cupPei avtod m
Mo g avtiotoyng e&iowong Bessel (4.1.14 yw i= N ) mpémet va. ekppdaletor pécm
¢ cvvaptnong Bessel pdrov idovg I, (X). Taipvope Aowmodv :

0 () =3 Couthn @I (on ) (4.1.18)

211 ovVEXELD TPETEL VO VTTOAOYICOVE TOVG AYVOOTOVG GUVTEAESTEG A, Bn kot Cp ¢
O\ ToL GTPOUOTO. ATIGTOVOLE OTL OV €ivar dSuvatdg 0 VITOAOYICUOG TOVG EAV OEV
Bewpnoovpe memepacpévo aplBpd opwv ot oepés. Evtuydg ta Beopnuota
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avamopaotacns mov eEac@oiilovv v cOyKAMon NG GEPds HOG ETITPETOVY Vo
dwtnprcovpe éva peyddo aplBud opov, €otm M, oe dAeg TIC oepéc. Aoyapldlovtog
TOPO, TOVG OYVAOOTOVS TOV TPOPANUATOG SATIGTOVOLUE OTL avToi givart 2 X M X (J+1),
Omm¢ TpokvTTEL GV Bewpncovpe 6T Exope M ayvodotoug (Chn) Yo To £yyvg medio 2
XM x J ayvdotoug (4nj, Bnj) ota J yopio dwpepiopod e avopoloyévelog kot M
ayVAOoTOVG (4n F) 0TO pokpvo medio.

O vmohoywopdg TV ayvootov o yivel pécm TV cuvOnkdv cuvepyociog ota
KATaKOpLEQ "TEXYNTA" GUVOPA TV EBIKMV YOPI®V SOUEPIGHOD.

H guoum emPdirer cuvéyela g mieong Kot g KAOET S TaydTNTOG OTIS KOTAKOPLPES
TEYVNTEG OlEMPAVELES, O axplPadc amouteitar ot opovriec. Emopévog ot

ovvOnkeg mov wpénetl va emPANOoVV 6TIC empdveleg r=rj ivor ot 4.1.130 ko 4.1.133

YrevOopilovpe T1g EKQPAGELS Yo TIG TEGELS 0TA dtapopa ympia, pe faon T oxéoelg
4.12, 4.15-4.18 ko v Topatnpnon 6Tl KPATAUE TETEPUASUEVOVS Opovg M ot Gelpd.

1 M M
py(r,z)= 4_2“,1,1\/ (zo)u, y (2)H (A, v 1)+ ch,N‘]O (JA,x P, y(2), (4.1.19)
n=1

1 n=1

p,(r,2) =i{A1,ng”(\/er)+ Bn,jH52>(\/ZJr}un,j(z), i=12,..0 (4.1.20)

M
pr(r,z)= ZAH,FHé”(an’F M, - (2) . (4.1.21)
n=1

Ot ovvOnkec 4.1.13 epappoldpeveg yopic enelepyacio dev umopodv vo dOGOLV TIg
amopaitnTeG EEICMGELS Y10 VUL VTOAOYIGTOVV 01 AYVMGTOL TOV TPOPANLLATOC.

- \iﬂ______
>

1j+1
i

|
Tty

hij.1

| |
JA i F E Jjt

h2

Zyquo 4.4 . Aemtopépela ToV do®PICHOD O0TO ECOTEPIKE Tedia

Mo va dwrtvnwbel o avaroyog apBudg e€lcdoemv kol vo katoAnéope oe éva
YPOUMKO CUOTNUO G TPOG TOVG OYVAOGTOVG TOV TPOPANUOTOC, emiPdAietor m
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a&lomoinon ¢ cuvONKNG 0pBOYOVIOTNTOS TOV 1O10CLVUPTHCEMY TTOV YIVETOL LE TOV

1

YV@otd 1pdmo Snhadh pe moAkomiaciooud tov oxéocwv 4.1.13 pe —u, (z) Ko
j

u,, ;(2) avtictorya ka1 odlokApwon amd 0 £wg ha. Ot 6pot yia Tovg omoiovg M N o

UNOEVIGTOVV GTO 0PloTEPO HEPOG KOt Oa TOPAUEIVOUY EKPPAGELS TNG LOPPNG :

An,j Hél) (\Mm,j rj) + Bm,j Hch) (\/ﬂm,j rJ') =
h
] 1 M
= _Z{A\],HJ_H(ED (\,ﬂ’n,jﬂrj) + Bn,j+lH(§2) (\[ﬂ’n,j+lrj)}un,j+1(z)um,j (Z)dz !

0 Pjn=1
(4.1.22)

KOL OVTIGTOUEG ME TOpaydyove Tev ocvvaptioemv Hankel. Mrmopovue tdpo vo
Kévoupe ypron tev wiotntev tov Hankel:

(v)
dHodr(Kr) = —cHY (k1) | (4.1.23)
HY (kr)=—iH" (k) xon HP (xr)=iH (kr) (4.1.24)

KOl VO YPT|GUYLOTTOU|GOVLE TIG OVTIKATOGTAGELS:

h,

Cimn = jium, (Du, 4, (2)dz (4.1.25)
0 /7j
h, 1
Con = [ ——Up (20, 4 (2)dlz. (4.1.26)
0 Mj+l

Y10l VO OTAOTIO GOV E TIG GYECELG.

Evkola pmopel va 6t kaveig 0Tt korodyovpe og 2 X M X (J+1) e&lodoelg g popeng
4.1.22 kou G avtioToyng HE TI TAPAYADYOLS, TOL OmaPTILoLV £va YPORUIKO
oLoTNUA, Kot 1] ENTAVGT TOL OO0V OGS OIVEL TOVG AYVMGTOVS GUVTEAECTEC.

Aev Ba emextaBovpe mEPGGOTEPO GTO €V AdY® TPOPAnUa. Oa onueidcoovpe povo Ot
ot ovvteleotéc Cimn kot Comn ovopdlovion evvteheotés ovlevéng (coupling
coefficients) (deite avtiotoryovg ovviereotég otig oyéoelg 4.1.8 ko 4.1.9),
exQpalovy TV ovToAAayn] €VEPYENG KATA TNV S1000T TOL NYOV OTIS OBPOPES
KOHOTOHOPPES, M Oe néBodog mov avamtvéope ovopdaletar pnébodog "ovlevypévov
WO HOPEOV" KoLl TO YopakTNPoTIKO TG elvar 0Tt dev Pacileton oe Kapio Tapadoyn
®¢ mpog TV popen ¢ eElcmwong kot 1o mPOPAnue mov emhvel. To pdva
EPOTNUATIKA, 0POopovV TNV GLYKAGN TG HeBOdOV dGov apopd TN dtukprtomoinon
0V Yopiov Kot povo. No oNUEMCOVHE MOTOGO OTL €IVl VTOAOYIGTIKG OTOLTNTIKY,
wWwitepa 0tav M okpifeo mov (ntdpe emPdrer ™ OBedpnon peydAng taEng
WWOHOPEOV OTIS avamapacTAcel; (VYNAEg cvyvotnteg peydia Padn). Emiong Oa
TPENEL Vo TOOUE OTL €VIEAMG avtioTolo pmopel vo epoppootel n péBodog oe
TePPAALOV HE MATEPO TVOUEVE, OTTOTE O GEPES TOL AVOTAPIGTOVY TV OKOVGTIKY|
nieon £€xovv €161 Kl OAMOG TMEMEPACUEVOLS OpPOVE, OCEC €ival Kol Ol KOVOVIKEG
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W HOPEES TOL TPoPANpaTOC. TNV Tepintmon avth) PEPata Ba mpénet o apBpdg TV
1o pEVOV O10HOPPOV oe KkbBe TUMHa Tov TEPPAALOVTOG (daKTOA0) Vo gival
id1oc. Xe mepumrTmdoelg mov ovTd dev 1oyvel (my. €viovn pnxwon mov Oiver pikpd
aplOuod S100100UEVOV IIOLOPPDY GTO «P1YO» TUNLO TOV KLUATOOTY0D), TO TPOBANUa.
avtipetoniletonr pe Bewdpnon teyvntod cvvopov ce peyaho PdBog mov avidvel
TEYVNTA TOV aplud TV S1ad100UEVOV IOOUOPOOV GE OAOL TO TUNUATO XOPIS Vo
EMPEPEL OVOLOOTIKY AAAOIWON 61O gmayOUEVO amOoTéEAEGH, KABMG 1odvuvapel otnv
TPOYUATIKOTNTO LE GUVVTOAOYIGHUO TOV OVGIDOO0VG TUNHOTOS TOV GLUVEYOVS PACUATOG
TOV 1010TIUOV/IO10GVVOPTICEDY CGTNV OVATOPACTACT TNG OKOVOTIKNG Tieons. Etot,
®¢ PEY16Tog 0plOrdS S1odOOUEVOV W0 HOPE®OV M Yo TNV €papproyn g Heboddov, e
OAovg Tovg dakTLAMOVG, AaupdveTar VT YV 0 APIOUOS TOV TPAYUATIKAOV KOVOVIKMOV
WI0Hope®OV oL Tapatnpeital 6to Pabdtepo tunua tov mepPdriovtoc. Ilepiocdtepn
aviivon, Eepedyel amd Toug 6TOYOVG ToV podnNuatog kol oev Ba emexktabovpe 6to
onueio avto.

210 EMOUEVO. GYNUOTO TOPOVGLALONE OypAUUATO OTOAEDV O1dd00NG Yo Tpia
YOPOKTNPLOTIKA TEPIPAALOVTA LLE TOTIKT] CLVOLLOIOYEVELQL.

To npwto (ITE1 — Zyua 4.5) avoaeépetor oe mepiPdirov pnyme Odracoag 100
uétpov Pabovc. e amdotoon 5 Km and v mnyn mov Ppioketon oe Pabog 30 m,
EeKva avOY®oN Tov TLOREVO IOV TTEPTYPAPETOL MG YPOUULUIKT KOl QTAVEL GE KOPLOT|
mov Ppioketon o€ Pabog 50 pETPOV KOl GTN GLVEXELDL VTTAPYEL TTOCN TOV TLOUEVQ
uéypt o Paboc twv 100 pétpwv og andotoon 12 km. To aroteléopata didovral yio
ovyvomta 50 Hz éyovtoc dwpepioel v mepoyn g avoywong o€ 20 daktuAiovg
ioov mayovg. H tayvtnta 1ddoomng oto vepd givar 1500 m/sec kot otov mobuéva 1700
m/sec evé ot avtictores TokvoTTes eivar 1000 kar 1300 kg/m®.

To devtepo (ITE2 — Zynua 4.6) avagépetal oe mepiPaiiov pe id meptBarlioviikd
dedopéva ko ovyvotnto myng onwc to IET oAAd pe ™ dwpopd OTL M TOTIKN
AVOLO10YEVELRL apopd avhywon tov Thuéva mov Eekva ota 5 Km, @tdvel og Pdboc
20 pétpov ota 15 km ko petd cvveyiletatl e otabepd Paboc 50 pétpov (priywon).
Kot ovty n mepintwon Ommwg éxet MOM  avoeepbel avtipetomileton pe v
napovolacHeica péhodo.

To tpito mepiBdirov (ITE3 — Zynua 4.7) avagépeton oe Babitepn Bdracca, apyucod
BéOovg 500 pétpmv. Metd amd 4 km o mubuévog avoymvetot ypoppkd péyxpt fébovg
250 m og amootacn 8 km kai ot ocvvéyea Pubileton  péxpt o Pdboc twv 500
uéTpov og amodotacn 12 km. ) cvvéyeia 1o Bdboc mapapéver S00 m. H mnyn edm
Bpioketan oe Pdbog 100 pérpwv kot n cvoyxvotnta g etvor 100 Hz. To mpoeik g
ToOTNTOG 6TO VEPO givan drypapkd. Zekwvdel pe tuf 1500 m/sec oty empdveio
Ko £xet ehdyoto 1490 m/sec oe Babog 150 pétpwv. Ztn cuvéyetlo av&avel péypt tv
T Tov 1530 m/sec oto Pabog twv 500 M, evéd o i810¢ VOO petaBoing oydet Kot
otV mepoyn g avoywong. H taydmra diddoong otov mobuéva givar 1650 m/sec
Kkat 1 okvoTnTa 1250 kg/m®. O Sapepiopds g aviyoong sivar og 20 daktuiiong
{oov TayoLGs.
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Depth (m)
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Yynpa 4.5 Andleieg d1adoong o€ mepPdirov Tomikng aviymong mbuéva TET.

Depth (m)
B 8 s

-
N
o

-
D
(=1

180

200

02 04 06 08 1 12 14 16 18 2
Range (m) %104

Yynpa 4.6 Andleieg d1adoong o€ mepiPdiiov piiywong TTE2
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J =100 Hz, SD=100 m
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Yynpa 4.7 Andleieg 01Gdoong o€ mepipdArov tomikng aviymong mobuéva TTE3
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5. EIZAT'QI'H XTHN EIIEZEEPT'AXIA AKOYXTIKQN XHMATQN

TOWKIAOLV OVOAOYOL LE TNV EQPAPUOYN KOL TIS OTOUTNOEL cvuyvoTitav. Kdpua

KPLTNPLO EMAOYTG TOVG GE 0L GUYKEKPIUEVT] EQAPUOTYT, Elval 1] HETAPOPA OGO
T0 Ovvatd peYOAOTEPNG EVEPYEIDNG O  UHEYOAN omdotoon Kol 1 emitevén
YOPOKTNPIOTIKOV AMYNG mov va givor edkolo avayvopioo kot aSloromoo. Me
™V €vvola ot €va MUToVoeés Kopa (Kopo otabepng cuyvoTnTog @, AmEPNS
JpKeLag), OTwS avTtd 610 omoio Pacicape ) uEpl TP avamtuén dev Bempeitatl To
TAEOV KOTAAANAO, o Kot 0gV €XEL KOAG YOPOKTNPIOTIKA OVAYVOPICILOTNTAS, OTMG
.. p€tpnong ypovov. Ta ofupato mov PETpOVIOL Kol 0&l0To100vTol 610 QoAdoo1o
nepPdAiov Aouwdv omotelobvTol amd TOAAEG ocvyvotnteg mov kaBe pio Exet
dpopeTikd Pabud ocvppetoyng oto ofua. To €Hpog TV GLYVOTNTOV GUVICTA TO
(bandwidth) tov onfpotog kKo pmopel voo VIOAOYIGTEL GO TO PETPOVUEVO ONUOL UE
uetaoynuotiopd Fourier. Avtiotpoga, évo ofjuo umopel va mapaybei omd v
EMOAAMNALDL OPUOVIKADV SOPOPETIKMOV GLYVOTATOV Kol Vo povieAomomBel pe tov
avtioTpo@o uetacynuaticpd Fourier. Zvvendg n péxpt tdpa Bempio Tov avortdéape
KOl 0Qopd HOVOXPOUOTIKG onuoate (UG ovyvotnta) eneKTeiveTol o gupuldVvia
oNHOTO HECH TOV pHETacYNUATIoHOL Fourier yio tov omoio Oa mopabiécovue Pacikég
€VVO1EG TOGO Y10 TOV GLVEYTN OGO KOl Y10l TOV O1OKPITO HETOCYNUOTIGUO. AETTOUEPELES
Yoo T peTafaocn omd tov cuvey oto dlakpltd petacynuaticpd Fourier umopei vo
BpeBovv Kol otTic onuewwoelg Tov pobnuatoc «Eioaywyn oty AKovotikn
Qxeavoypopion.

r I Yo axovoTikd onuate wov ypnoonowvviar 6to OaArdcclo  mEPPAALOV

5.1 Xrovyyeia amd TNV avdivon TOV 0KOVGTIKAOV onudtmy — Avdivoen Fourier.

To 0KOLOTIKA OCNUOTO HUETPOVIOL TPOTOYEVAOS OTO Tedio Tov ypdvov. Edv ta
Osopnoovpe He TNV OVOAOYIKY] TOVUG £KQPOOCY, TEPLYPAPOVTOL G GLVEYEIC
ouvaptnoelg tov xpovov f(t). INa mopdderypa Eva LOVOXP®UOTIKO GTLOL TOV 03EVEL
KOTO WNKOG TOL A&ova I pmopet var £xeL TNV EKQPOoN.

f (t) = Asin(kr — at) (5.1.1)

‘Eva tuyaio onuo (VIETEPUIVIOTIKO OU®G ©C TPOG TNV £KOPOCN TOv) Umopel vo
ovvtelel amd TOALEG OPUOVIKEG, GUVIGTMOGES ONANOT TOV £XOVV TNV MOG AVE® LOPON
(5.1.1) aAAG OV pmopei vo SlPEPOVY ®G TPOG TO TAGTOG Kat Tn ocvyvotnto. Edv
Bewpnoovpe pio GLVEYN KOTOVOUN GLYVOTATAV, N GLVEICEOPE kdBe piog amd Tic
ovyvoTNTEG GTO oNua, Yapaktnpiletar péow g cvvapmmong F(@) . Ot cuvaptioelg

f (t) xou F (@) amotehodv éva {evyog cuvaptioemv mov yopoktnpilel T0 0To100MToTE
avaroywko onua. O vroAroyiopdg tov kdbe pélovg tov (edyovg pmopel va yivel eqv
yvopilovpe to GAlo, péow tov Metasynuoticpod Fourier mov Oa avartvéovpe o
GUVEXEL.
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signal amplitude
A & -

s 7 72
time(sec)

Syquo 5.1 Koatoypogen evog akovaTtikod GHLeTog 6To TS0 TOV YpOvou

Edv o1 og dve cuvaptroelg dev givar cuveyeig aAAd dIdovTal Y100 GUYKEKPIUEVES TYLES
tov petafintov t kot o (4,@;), n oxfon tovg SideTor pécw Tov AlekprToy
Meraoympatiopov Fourier. Me dedouévn ™ oOyxpovn yneuokn texvoloyia, M

televtaio. avt) TEPITTOOTN TOPOLGLALEL 1OWHTEPO EVOPEPOV. XN cLvEXEln Oa
avapepBov e KoL OTIG OVO TEPUTAOGELS apyilovtag amd Tn cuvEYN TEPITTOON).

5.1.1 O Meraoynuotiouog Fourier.

OPIZMOX : Ta {evyn tov uyoadikov ev yéver cuvaptmoeov f(t) ku F(w)
Kahovvtar {evyn petooynuotiopov Fourier, kou ovuforiCovion wg f(t) <> F(w),
otav oyetifovian pécm TV EI6HOCEWV

F(w) = Tf(t)ei“"dt (5.1.2)

f(t)= % TF(w)e““dw (5.1.3)

I'papovtag Tig Tapandve cyécelg vroBETovpe OTL T0 OAOKANPOLOTO VITAPYOVV UE TNV
évvolo. ¢ mpwtevovcag Twnig tov Cauchy. H ovvéptnon F(w)ovopdleton
uetaoynuatiopds Fourier g f(t) ko cvpPoriCeton ko wg F(w) = I{f (1)} evod 1
f(t) yopoxtnpiletor og avtiotpopog petacynuatiopndc ™me F (@) ot copPorileton
wc f{)=3I{F(w)}. No onuedoovpe €30 OTL N YPOUPIK TOPECTAGT TOV
ovvoptioeov F(w) xor f(t) yo TG TPOKTIKEG EPAPUOYES AVAPEPETOL GTO UETPO
TOVG T.Y. (|F(a))|) oV &tvarl Kot €vag evepyElkog OgikTng moAD YPNGIUOG OTIG
EQUPLOYEG.

at

INa topdderypa, v f(H)=e“ a>0 >0 (Tymua 5.2), n F(w) eivon

F(o)=[e e ™ dt = [e " dt = - :Z_w (5.1.4)
0 0
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f(t)
Real(F(x))

Suo 5.2 Tapdderypa onpatog mov ekepaletatl omd ) oyéon 5.1.4 ota wedio Tov ¥POVOL KoL TG
ovyvotrag. Ot Tég apopodv 0=2

Evkola pumopet koveis va emifeformost kot v avtictpoen oyéon 5.1.3.
Onwg eimape, ot cuvaptoelg f(t) ko F (@) elvar yevikd pryadikéc.
f(t) = f(t) +if,(t) F(®) = R(@) +iX (o)
XPNOWOTOIOVTAS TNV EKEPOcN TG €KOETIKNG ovvapTnong UEcw mMuitovov Kot

GLVNUITOVOL UTOPOVUE EDKOAN VO KATUANEOVIE GE EKQPAGELS Y10l TOL TPOLYLOTIKA KO
QOVTOCTIKA LEPT) TOV O AV GLVOPTICEDV TNG LOPPTS

R(w) = 'T[f1 (t)cosart + f,(t)sin wt]dt (5.1.5a)
X(w) = ]g[f2 (t)cosawt — f,(t)sin et ]dt (5.1.5p)
fi@) = L T[R(a)) coswt — X (w)sin wt]dw (5.1.5y)
2r
fz(t)=i T[R(w)sina)HX(a))coswt]da) (5.1.59)
2r ¥,

v Tpdén, ot GUVAPTGELS f (1) avVIUTPOSOTEHOVV TPUYUATIKES LETPNGELS CNUATOV
oto medio Tov Ypovov kar eivor mpaypatikés ocvvaptioelg (f,(t)=0). v
TePITTOON AT EDKOAN UTOPOVLLE VAL SOTIGTOGOLUE OTL IoYVEL

R(w) = j f(t)coswtdt X (w)=-— j f (t)sin otdt (5.1.6)
AMleg oxéoelgc mov oyvovv otV mepintowon ovty eivar  R(—@) = R(w) ko

X (—w) = —X (@) . Etot F(®) = F(-») (pe * vmodnidvovpe tov ouluyn).

Ymv mepintwon mov m ovvaptnon f(t)eivon dptia, (f(-t)= f(t)) maipvoue
X(@) =0. AnLodn 0 HETACYNUATIOUOC UIOG TPAYHOTIKAG APTIOG CLUVAPTNONG OidEL



94 Mofnpatik Movtelonoinorn Akovotikig Atddoong ot Odlacca
TPOYUATIKY] ovvaptnon. Avtictoyya eqv  f(-t)=—-f(t) (mepirty ovvaptnon)
naipvope R(w)=0.

5.1.2 Xvvédiln

Ozwpovpe dVvo ocvvaptioelg f, () ko f,(f) kor ta avtiotoryo doevTEpa PEAN TOV
Levydv tov petacynuaticpod Fourier F (@) ko F, ().

YvvéMén (convolution) tov cuvapticewv f, (1) kot £, (f) ovopdlovpe 0 OAOKANp®LLOL
i * )0 = [ L@ f,(e=0)dr = [ fit=1) fo(0)dr (5.1.7)

To oloxApopa avtd avIPocOTEVEL Ui vEo GUVAPTNON TOL YPOVOL Kol givat
wloitepa oNUOVTIKO ot HEAETN TV QGIATPOV KOl OTO YIWWOUEVO ONUAT®V OV

yapaktnpifovrar amd t1g cuvaptoets f, (£) ko f,(¢).

Eav mapovpe 10 petaoynuatiopd Fourier g ocvvapmong (f, * f,)(), éxope yo
t=7+Xx

o0

J e{ [ £ - r)dr}dt = [ 10 fe 0 et =

) ] (5.1.8)
= [ f@e " dz [ f,(x)e " dx = F (@) F, ()

ATO TV TOPOTAVE GYECT] TPOKVTTEL £V GNUOVTIKO GUUTEPOAGHO GE O,TL APOPA TO
YWOUEVO GUVOPTHGEMY TTOV TEPTYPAPOVTOL GTO TTEHIO TOV GUYVOTHTOV :

H ocvvélén oto medio Tov YPOVOL PETAGYNUOTICETOL GE YIVOUEVO GUVOAPTICEMV
OTO TTEGLO TOV GLYVOTHTOV

H ovpporka : Eav f,(t) & F(o)xa f,(t) < F,(o) t01¢

HO* () « F(o)F,(0) (5.1.9)

Avtictoya propovpe va deitope (Aokmnon) ot
1
L) < gy (0)* F, (@) (5.1.10)

5.1.3 O dwoxprtog petacynuatiouos Fourier

Ta onuoto oe OAec TIG TPOKTIKEG EQOPUOYEG €tvar ynolakd. Avtd onuoaivel 0Tt
petpdype detypoto tov onfpotog f(t) oto medio Tov ypoévov | g F(w) oto medio tov
cuyvotntav. Ta detypota avtd £xovv ypovikn doeopd 71 Kot GLYVOTIKY dPOPA Wo.
O apBudg tov derypdtov egoptdrol amd to Topdbvpo derypatoinyiog Kot To Prjna
derypatonyiog. 'Etol edv emiéEovpe éva mopdbupo derypatoinyiog 6to medio Tov
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xpovov T kar N apBud derypdtwv, to Prpa Oa eivor 73=7/N. Avtictoyyo 610 Tedio
TV ovyvotntev, N dstypoto pe PApo w, 0o ddcovv mapdbuvpo SerypaTtoAnyiog
w1=Nawy.

O Awokprog petaoynuaticpoc Fourier cuvoéet ta delypoto oto medio Tov ypdvou Kot
TOV GLYVOTNTOV HEGH TOV GYEGEMV

f(mT,) =_|_i F(nao,)w,™, w, =" m=012,..N-1 (5.1.11)
n=0
Ko
F(nw,) =T, 2 F(MT)W™,  n=0,1,2,....N-1 (5.1.12)
m=0

omov f(mT) ko F (na,) etvan mpooeyyioeis tov f(t) kaw F(®) ota aviictoyo
YPOVIKA 1| GLYVOTIKA PrilorToL.

H npoocéyyion mov yivetan oto dtokpitd petaoynuatiopd Fourier £xet vo kdvet pe to
yeYovog OTL 1 petdfoon and Tov cuveyn o6To daKPLTd petacynuatiopd Fourier mepva
and tn Bedpnomn TOV GLVOPTHCEDY

fO)=> ft+nT)  F(o)= ) F(o+n,) (5.1.13)
oand TIC omoieg M cvvApTnoN f (1) eivor meplodikn pe mepiodo T, evd nf (w) eivon

emiong mePLoOIKN e mePiodo @ .

Eivar mpogavég 6t ot apykég ovvaptioelg f (t) ko F(w) dev givonr xat’ aviykny
nepodkéc. H emioyn Opwg tov T ko w1 o€ ocvuvdvaocud pe tov oplBpd tov
OEYUATOV UTOPEL VO 0ONYNOEL GE KOAN TPOCEYYIOT] TOV TPOYUOTIK®OV TIUOV TOV
CUVOPTHCEDV OVTOV 0o To MG Avem detypata, eav ot f (t) kou F(w) dev £xovv 1oyvpod
evepyeloko meplexOpevo €€ amod ta evpn T kot wy.

YnevOopilovrtag tig oxécels

T, =T/N, a)0:277[, ®, :2T—7Z:Na)0,

1

ot ekppaoelg 5.1.11 (q 5.1.12) avtiotorya pag 6idovv N e&iomwoelg (Yo m=0,....,N-1),
mov pog didovv Tig  Srakpréc Tipéc F(nNw,) g F(w) ocvvapmioet tov Sakptdv

updv f(mT) me f(t) ko avtiotpoga.

H oyéon 5.1.11 eivon g popong

N-1
A, =Yaw™ m=0,...,N-1 w, =e*" (5.1.14)
n=0

Kain 5.1.12 g popong
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1 N-1

a,=—>A4w, ™ n=0,.,N-1 (5.1.15)

n
m=0

Ta Levyn tov ovvieheot®v mov opiloviar and g oyéoec (5.1.14) ko (5.1.15)
amoteloVOV pia draxprryy oewpa. (evywv Fourier (discrete Fourier series pair) waéne N
kot O svuPorilovron pe

ay, < A4,
H oepd eivon meprodikn, onradr| woyvet

A

m+N m n+

Agv yperdletor emOPEVOC VO KOTOQUYEL KOVEIG 0E OAOKANPOUOTO YL VO TTAPEL
Kémoleg amd TG 0vo TwéC.  Ymapyer PéPora mhvta M amoitmon emilvong evog
ovotnuatog N e&ilomoewv. Ot vroloyiopol yivovtor ypriiyopa oe €vav NAEKTPOVIKO
VIOAOYIOTH, WGTOGO pe 01K TeXVIKN (I priyopoc Metooynuotiouos Fourier — Fast
Fourier Transform 7 FFT) givai duvatdv avtoi va emttoyvvOovv onuavTika.

Oo mwpémel va onueldoovUE €0® OTL dtav €youe €va TuYoio ONUA 6TO TESIO TOV
xpoévov, Ba mpémer va yivel KATAAANAN €TAOYN TOV TAPOUETP®V TOV OL0KPITOV
uetaoynuoticpot Fourier wote va petmbei to AdBoc mov yivetat OTav ot GUVTEAECTEG

™ F (@) mpooeyylotodv Katd To aveatépm UE EKEIVOVS TNG F(w). To AaBoc avto
givor yvootd oty Bproypagia wg aliasing error.

Onwg yiveton @oavepd amd To TOPOTAVED, 1) YNOWIKN EMEEEPYOCSIO GNUATOC
TeEPAAUPAVEL TOAAEG TOPAUETPOVS TTOV Bl TPETEL VOL VITOAOYIGTOVV LLE AVTIKPOVOUEVAL
kpunpla. Eivor onuovtikd Aowdév va kabopioBovv ot avdykeg e enelepyaciog pog
pe Paon to mpaypatikd dedopéva Tov oNUATOC (O1dpKElD, €0POG GLYVOTATMV,
aviivon) wote vo emtevydel o péyrotog Pabuog akpipetag. I[epiocdtepn cvlntnon
vy Oéparta eneepyosiog onudtov Eepedyel omd TOV OKOMO TOV CNUELDCENMV KOl O
EVOLUPEPOEVOG OVAYVMDGTNG TOPOTEUTETOL GE TAEOV £101KA BifAia (w.y. Papoulis).
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6. GAXIKH TAXYTHTA - TAXYTHTA OMAAAX

Kopatodnyd efoptdtar omd T oLYVOTNTO TOV OKOLGTIKOU KOUOTOG.

Meyohbtepn ovyvotnto diver ™ OSvvordTnTa JIO00NG  TMEPLGCOTEPMV
O0HOPPOV EVD EYOUE OVOPEPEL KOl T «ovyvomta amokonfcy (cut-off frequency)
Kt®w amd TV omoio dev eivar duvary O140001 OKOVGTIKOV KOUOTOS GTOV
Kopotodnyo. Elvar mpogavég 6ti o€ £va ouvOeTo KoUATOdNYd 1) GLYVOTNTO OTOKOTNG
OEV TPOKVTTEL OO TNV OTAT GYECT TTOV 10apLE Yio TOV amAd Kvopotodnyd (3.2.81). Xe
YEVIKO KLpatodnyd 1 oxéomn avipeca oty oplldviil GLVIGTOGH TOL 0PlBHoD
KOLOTOG KOL GTY] GLYVOTNTO €IvVOL U1 YPOUUIKY], EVO €Vag KLPOTOoONYOS Topovctdlet
YOPOKTNPLOTIKA 1OV €€0PTAOVTAL OO T GLYVOTNTO.

VOnwg éxet OM avagepdei, o apBpog TV S1d180UEVOVY 1B10UOPPDOY oE éva

6.1 ®aocu) TayvTTO.

"Exope oM det 611 1 op1lévTio cuVIGTMOOO TOL APBOD KOUATOS TOV DTOONAMVEL Kol
v d1Gdoon tov Mxov kotd TNV opdvtia diebBvvon eivar n A4, v kabe TGEN
wWopopeng N. Ze avtd 10 Ke@AAoo 0o GupPOAIGOLE TV GLVIGTMOGO AVTN UE TO K,

Y AOyovg guKoAMag cuUPBoAoHOD 0TS Ko 610 Ke@AAato 3.3.3. Me kdBe 101opopen|
AOuOV UmopoVE Vo, avTIoTOLYiIGoVE pia TovTNTa 0povTIoG 6164000MG TOV YOV AId
™ oxéon :

v=2 (6.1.1)

H taydtnto avt ovoudletar «poaotkn tayvtnton (phase velocity) kot dedopévov Ot
Y100 v £xope Kopotikd eovopevo o mpémel va woyvel &, <K, 1 ook taydnta
elvarl Tévta peyoldtepn amd TV To0TNTO 140006 G TOL YOV GTOV KLUOTOONYO OTOV
avt) Bewpnbel otabepd N omd 10 EAAYIOTO NG TOYVTNTOG O1ddooNC OTOV VTN
UETOPAALETAL. ENUEUDVOVUE OCTOGO £0M OTL 1] PAGIKN TAXVTNTO OEV OVTITPOCOTEVEL
TayOTNTO O1000NG EVEPYEWNS OAAG pmopel vo BewpnBel og n opildvtia cuvicTOGA
g TaOTNTAG S1AG0GNS TOV UETMOMOV €VOG EMMEOOV KOUATOC. LNUEIDOVOVUE €00 OTL
o010 kePdroo 3.3.3 eldape 011 kdBe Wopopen umopel va Bewpnbel wg éva enimedo
Koo Tov O10dideTal 6Tov Kupatodnyo pe opdpd kopatog kn opldévria cuvieTOo

TOV 0To10V givor TAvTa N K, VO 1 01d000M NG pUmopet yeopeTpikd va mopactadel pe
NV 0140001 H10G AKOVGTIKNG OKTIVOLG.

g pHeyaAec cuxvOTNTEG N GOGIKN ToLTNTO TEVEL GTNV TaXOTNTA S1AG0GNS TOL MYOV.
lsopetpwd pnopel eniong va mapatnpriost Koveils 0Tt KpEG TES TG opllovTiog
CLVIGTAOGOS TOVL OPBROD KOUATOG 1GOOVVOUOVV LE OKTIVES OV KaTELOVVOVTAL GTOV
mobpéva g 0dAaccag (N oV EMEAVELR) Le HEYOLES YOViEG MG TPOS TNV 0PLLOVTIO.
Avtég Aowmdv ot aktiveg yapaxtnpilovral pe peydieg pacwkég tayvtntes. Avtifeta
axtiveg mov oyetilovror pe oploviieg GuVIGTMOGEG 0PBUOD KOUATOG KOVIE GTOV
aplOpd KOPATOG £YOVV PAGIKT TOXVTNTO KOVTE GE AT TS SLAG0GNG TOL NYOL KAt 1
KAion Tovg g Tpog TV opldvTio eivar pkpn.
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Yynpa 6.1 dacum tayvnta og arid Kopatodnyod

210 Zynua 6.1 mopovcialope ™ HeTOPOAN NG QOGIKNG TAYOTNTOS YO TG TMEVIE
TPAOTES SLOOOUEVES 1O0UOPPEG € €va amAd kvuatodnyod Pdbovg 100 pétpwv pe
Tay0TNTO 31A600MG TOL oL 6To vepd 1500 m/sec kar yia cvuyvotreg omd 40-100 Hz.
[Tapatnpodue v tdom vy vo OTaveL N QOCIKN TAXLTNTO GTO OPlO0 TNG TOYVTNTOG
d14000MG OTO VEPO GE PEYAAEG GLYVOTNTEC.

6.2 Tayvtnto opadag

Otav M aKovoTIKN eVEPYELN UETAPEPETAL A0 £V €VPOC GLYVOTNTOV (TEPimTmON
TUTIKAOV 0KOVGTIKMOV TOALNDV) KOl TO 0KOVGTIKO GO €V EIval ApLOVIKO, HTOPOVUE
Vo, OIMIGTOGOVE OTL KAOE 101010p@1], £XEL TO OIKO TG pLOUO HETAPOPAS EVEPYELNG
oToV Kopuatodnyo. H 1010mra vty £xel g amoTtéAeco Vo TopoTnpeiTon O10X®PIoUOG
TOV 1O0UOPEAOV HE TO ¥POVO KaOMDC Eva onua petadidetor otov Kopatoonyo. ‘Etot,
opiCeton pio ztaydnra ouddac (group velocity) mov eivor yopaktnplotTiky KaOe
WOOHOPPNG KOl OVIUTPOCMTEVEL TPOYUOTIKY TayOTNTO O014000MG EVEPYELNG OTNV
opovtio katevBuvon. H taydmnta avtn yapoktnpiletor Kot oG TaydTNTo WO10U0PONS
(modal velocity) u, kot amd v KAacowkn kopatiky Oempio propel vo amoderydel ot
N ToOTNTA AVTH O1dETON AmO TN GYECN :

1 ok, (6.2.1)

u, () ~ bw

Emonuaivoope 6t n opiloviia cuvictdsa tov aptpod kopatog eEaptdtat and
oLYVOTNTA KOl €Gv OE®PNGOLUE GULVEYN KOTOVOUN GLYVOTNTOV GTO GNUd, N
napdywyog oty 6.2.1 vmoloyiletoar pe v KAooowK ™G Hopen. Emiong
TOPATNPOVUE OTL M TOYLTNTO OLASNS EEQPTATAL CLVEYXDG Omd TN CLYVOTNTA Yo KAOE
T4EN Wopopens. Mia tedevtaio Tapatipnon ivat 6Tt 1 TaydINTA VTN Ba TPETEL VL
etvan mévta pikpdtepn amd v tayHINTA S14606MG TOV MYOV.
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Yynpa 6.2 dacwn tayvnta (Guvexelg KAUTOAES) Kot ToyOTNTO OUAdOS (SIUKEKOUUEVES KOUTVOAEG)
Yo €va amAO KupoTodnyo.

To oynuo 6.2 6idel doypoploTikd TNV UETAPOAN TNG QOGIKNG TOYVLTNTOS KOl TNG
TayOTNTOC OUAOAG YL TIG TPES TPMOTEG TAEELS IOIO0HOPPDOV GE EVaL ATAO KLUOTOONYO
BaBovc 100 pétpwv ko taydInTog ditddoone nyov 1500 m/sec (ido pe ekeivo Tov
oyfquatog 6.1). IMapatnpodue emiong OTL KAOMOG 0ONYOOUOOTE O UIKPOTEPES
oVYVOTNTEG M TOLTNTO OUAOOG (OIOKEKOUIEVES KAUTOAES) HEIDVETAL Kot punoevileTon
TEMKA o1 ovyvOTNTO amokomng mov PéPata avtiotoryel oe advvapio d1adooNg
OKOVOTIKNG EVEPYELNG GTOV KLLLOTOONYO.

6.2.1 Yroloyiouog ts toydTnTas oucoos
H oyéon 6.2.1 ypdoetan Ko o¢

(@) =22 . (6.2.2)

n

Ap1Ountikdg vroroyiopdg g toxOTNTOG OLAdOS etvar duvatdg pe amAég GYECELS
pkpng opmg axpifelag. Mo mapddetypa, pia oyéon dweopdv mov diver o
TPOGEYYIoN TNG TaXOTNTAG OLAdaS Ba pmopovoe va etvat

_ (o+Ao)-o
() = k (0+Aw)-k, () (6.2:3)

£YOVTAG VTOAOYIGEL TIG WOI0TIEG TTOV OVTIGTOLYOVV GE dVO YEITOVIKES GUYVOTNTEG @
Kot o+ Aw.

M pébodog mov mpooeyyilel kaAbtepa TNV TayvTNTA OpAd0S PacileTol o epapproym
Bewplog LiKpOV doTopay®OV.
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Oa mopoieiyope TN SOIKAGIO VITOAOYIGHOD TNG TOYVTNTOS OUASOS HEC® TNG
Oewplog aVTG (TAUPATEUTOUE TOV EVOLUPEPOLEVO avayvdoTn 6to Pifiio Twv Jensen
et al. ) ka1 d6idope kat’ evbeiav T oyéon VIEOAOYIGUOD OV Eival :

1 ok| @ % U2
u(m) dwl, K,,1p2)C2)

(6.2.4)

6mov 1o 6p1o D avapépetal 6To Katw chHVopo TOV KLHTOdNYoV (6ToV oAb givat To h
otov Pekeris givatr too0) ko U, ,(2) efvar n WoovvapTon TENG N oL AVTIGTOLOL

npoPAnpatog PaOovg, VIOAOYIGHEVT GTN CLYVOTNTA @, .

A&ilel 1€hog vo onuedoovpe OTL Otav €YoUE €vol CNUO. GYETIKO GTEVOD €0HPOVS
ovyvotitev (narrow band signal), pe v oKovoTIKY EVEPYELD VO LETOPEPETOL LE
ovyvoTNTEG TOAD KOVTO G€ Wio KEVIPIKN ovyvOTNTaS (M), OKOVLOTIKN TNYN HE
oLVAPTNON OEYEPONG YKAOVGLOVY KEVIPIKNG GLYVOTNTAG @)y) O VTOAOYIGUOG TNG
TayOTNTOC OPAOOG YIVETAL OTNV KEVTPIKT GLYVOTNTO TOV £TC1 AVIUTPOCMOTEVEL KO TNV
TayOTNTO S1AO0CTG TNG EVEPYELNG TOV CY|LLATOG GTNV KLUOTOONYO. o 0OAOKANPOGOLLE
TNV avoQopa HoG 6€ 010001 EVPLLMOVIOV GNLATOG UE £VO TOPAJELYHO O10O00NG GTO
omoio &tvarl @avepn M S1Ad06N TOV CNUATOS GE OOUOPPEG TOV dlaympilovtal GTo
xpovo. Ilepiocdtepn avaivon Tov @OVOUEVOL TNG O1A000NG €VOG €vpLLOVIOL
ONUOTOG 0€ éva KLPaToonyd Eepedyel amd 1o ™V VAN Tov pobnuatog kol ogv Ha
TEPUANPOEL GTIC TAPOVOESG CNUEIDGELS.

6.2.2 Micooon Evpolmviov Znjuoatog

Oa Bewpnoovpe Eva kopotodnyd Pekeris Babovg 100 m pe tayvnta d14606nG TOV
Nyov oto vepd 1500 m/sec, otov mubuéva 1600 m/sec kot avticTolyeg TUKVOTNTEG
1000 kg/m3 ka1 1500 kg/m3. e Bdbog 25 pétpmv NNtk TNyn EKTEUTEL GTLLOL TOV
07010V TO PACUATIKO TEPIEYOUEVO Elval

S (o) = exp {—”((‘:;w“)?)z] (6.2.5)

[Ipdkettar yio onpo tov omoiov M d€yepom eivar tomov cvvaptnong Gauss pe
KEVIPIKN KLUKAIKN ovyvotnta @, Kor €upog 2Aw (deite oynua 6.3). To onua
Aappévetan og amocotacn 30000 pétpwv kot o€ fabog 20 pétpov.

O vroAoYIG OGS TOL GNHOTOS GTO TTEdI0 TOL YPOVOL akolovbel Ta e&ng Prpata :

Bijpa 1. Yroroyiopdg tov 0KOLGTIKOU eSOV 0€ O10KPITEG CLYVOTNTEG EVTOG TOV
QacpoTog cvyvotntov g myng H(w). Tha kdBe cvyvotra OBeswmpodue mmyn
OMUEWKY] OPUOVIKT Hovadlaiov TAGTouS OTmg Ldbape 610 avTicTor(o KEQAAALO.

Bipa 2. To amotédeopa o moAhandloctdlovpe Le T GuvapTHOT O1EYEPONG TG TNYNG
S(w) (6.2.5) pe Baon 1o Bedpnua cLVEMENG TTOL E1OAUE GTO TPONYOVUEVO KEPAANLO.
Mo mv epappoyn tov Beopnuotog o kvpatodnyos Bewpeitar Gidtpo omdKpLoNg
H(w) 6mov n ©g¢ Gveod cuvaptmon mePLypaQel TV TECN TOL KLUATOONYOD 7OV
vroAoyiletor o€ KABe cLYVOTNTAL.
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Tymua 6.3 Zvvapon Sigyepong myrg S (@) exppaouévn og cuvapton g cuyvomtag oe Hz. H
KeVTIPIKY ouyvotnto gival 50 Hz kot to evepyod evpog 50 Hz (25-75 Hz).

"Etotl maipvope:
P(®) = H(0)S() (6.2.6)

Bipa 3. Egapudlovue avtiotpogo odiakpitd petacynuationd Fourier pe 1ig
KOTOAANAES TOPAUETPOVS TPOKEWEVOL Vo, mhpovpe to ofuo S(t) oto medio Tov
YPOVOV.

s(t) = 3P (w) (6.2.7)

[Mapadeimope 11 AEMTOUEPEIEC TNG EMAOYNG TOV TOPOUETPOV TOV  OLOKPLTOV
uetaoynuotiopot Fourier kot didope kat’ gvbeiav to amotédespo yio to mePBAALOV
OV TEPTYPAYALE AVOTEP® :

Y10 oynuo 6.4 Piémope v AN Omwg vmoloyileton amd TV TmEPLypopeica
JwdKacio. He TIC TOPAUETPOVS TOV OVOQEPNKAY OVOTEP®. XTO OYNpo PAEmope
GLYKEVTIPMOOT] EVEPYELNG GE OVO JKPLTA YPOVIKA TtapdBvpa. AvTé avVTIGTOLXOVV GTIC
O00 SO UEVES WOOHOPPEG otV KEVIPIKN ocvyvotnta Tov 50 Hz. Ipdyupatt, €dv
vroAoyiocovpe T Avorm tov mpoPAnpatog pag ota 50 Hz, Bo dwmictdcovpe Ot
VIAPYOLV 000 KAVOVIKEG OOHOPPES. Ot 0100100 1EVES WOOUOPPEG OE YOUNAOTEPES
ovuyvoTNTEG £lvarl AyoTepes, aALd 6e VYNAOTEPES etvan meptocoTepes. TeAkd, AOy®
™G HOPPNG TNG CLVAPTNGNG SEYEPCNG TOV CTLATOG TOL JiVEL EUPACT| GE CUYVOTNTES
YOP® OO TNV KEVIPIKY], EMKPATOVV 01 GUYVOTNTEG TOL O100100VV dVO 1O10UOPPES Kot
avtég  epeavifovtor oto  onuo.  Znpewwvovpe OTL 10 oo epeavifetor  pe
KOVOVIKOTOMUEVO TAATOG O1EYEPONG OTMOG GTO oyNua 6.3.

Edv vmoAloyicovpe v toydtmta opddos yuoo TV TP®TN Kot deVTEPN 1WOOUOPOT|
ypnowonowwvtog T oxéon  6.2.4, Oa  mopovue  avtiotorreg  TUMEC
u,(50) =1491.95 m/sec kou U, (50) =1465.80 m/sec 6mov o OPiIGHOTO AVAPEPOVTH GE
ouyvotnteg oe Hz. Ot ypdvotl dpiEng Tov 1B10U0pP®V 6To dEKTN VIToAoYiloviatl omd
™V omAn oyéon :
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t =— (6.2.8)

omov r elvar M oploviie amOCTOCT TOL OEKTI] OTO KLAWVOPIKO GUGTNUO
GUVTETAYUEVOV.

H epappoyn tov toHmov pag 6idel ypovove AeiENG 1010HOPPOY YI0. TO OF GV
mapaderypa 11=20.107 sec ko t,=20.467 sec tovg omoiovg avayvopilope 6to oynua
6.4 oTIC KOPLPEG TV SVO SLOKPITOV KVUATOTOKETMV TOV GTAVOLY GTO OEKT).

1 T T T T T T T T
o8 ’| | ‘ ‘ Pekeris example 1
0.6 | | r=30000 m i
) ﬁ | | '| i Zu=25 m
% 0.4 F\r ‘ﬂ| “P Z=20 m 4
=R ITT— i f
: r‘w*"||"ll|‘\ iR M’H'||”‘H ‘||“|"" \
: T NAAN ‘ ‘ in PU—
ERS] |||‘ Ik I ‘|| 'u“
g e U ‘ ‘ \
Z 0.4 1 WI 1
|
~0.6 i “ ‘ \U .
-0.8 .
-12(} 2(I).1 2(;.2 2(;.3 2(;.4 2(;.5 2(;.6 2(I).7 2(;.8 2(;.9 21

t (sec)

Yynpo 6.4 Efpo mov KaToypAaQpeTaL GTO OEKT TOL TapadeElyLoTos. Alakpivovtat ot 600
100100 EVES IBIOHOPPES KOL OL OVTIGTOLYOL YPOVOL APLENG OV £XOVV VTTOAOYIGTEL OO TG OVTIGTOLYES
TOYOTNTEG OULASOG.
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7. DYXIKH EEAXOENHXH AKOYXTIKQN KYMATQN

X uéxpt topa Bemdpnon tov TPOPANUATOS TNG OKOLOTIKNG Old00NG GTOV
KOpoTooNyo dev elyope dgxfel omOOOMMOTE PUNYOVIOUO OOAENS TNG MYNTIKNAG
evépyewng. H mmruikn| evépyelo mov ekméumetor omd TV TNYN TOPOUEVEL GTO
OKOVOTIKO HEGOV YMPIG HETATPOTN o€ GAANG popong evépyewa. H évtaon tg dpmg
petafdrietal pe faon TV YEOUETPIKN eEATAMGT TOL VOIGTATAL TO HETOTO KOUOTOC,
yeyovog mov odnyel oe peiwon g €viaong Tov akovoTikol mediov, kabdg m
petafoln ovt) eivoar cuvnBog pelTIK) (OENoN NG EMPAVEINS TOV UETMTOV
KOLLOTOC).

XMV TPOYHOTIKOTNTO ORmC, d1popol punyaviocpoi oto vepd ko to Oadacova
wnuato 00Myohv GE LETATPOTN TNG OKOVOTIKNG EVEPYEWNG GE GAANG LOPPNG EVEPYELD
(m.y. Beppotnra) yopic dvvATOTNTO ETMAVAKTNONG KOU OVTO ONUoivel OTL YAveTO
OPLOTIKA Y10 TO 0KOVGTIKO pésov. Ot unyoviopoi avtoi eivan mepimlokot kot ogv etvan
eOKOAN M HoONUOTIK HOVTEAOTOINGT] TOVS. ATO TOLG GNUAVIIKOVG EPEVLVNTEC TTOL
&xovv aoyoAnOei pe 1o avtikeipevo a&ilel vo pynuovevovpe tovg Stokes ko Kirchoff,
ot omoiot amédwoav v e&acOévnon (attenuation) tov Myov ce éva uécov, otnv
Oepuic] ay®YLdTNTO KO TN GUVEKTIKOTNTOL

[Tapadeinovrog Aemtopuépele g oyeTikng Bempioc, o meplopiotodue €0 oTnV
avapoOpPa NG EMMTMONG TOV £XEL O UNYOVICHOS PLOIKNG e&acBévnong Tov NYov G6To
TPOPANUA pag, To omoio £xel dttvmwOel Yo Eva LEGOV OV OV TAPOVCIALEL PLOIKES
OTTOAEIEG EVEPYELNG,.

Edv Mowmdv BempnBet 6t1 vdpyet puoikn eEacbévnon (tov mhviog givor ToAd pikpn
oe oyéon pe ™V yeoUeTpkn eEacBivnon mov Eyoue HEAETNOEL), N OGKOLOTIKN
eClooon oAG kou Ol Ta oxeTKG  peyédn  (oplBudg  KOHOTOG,  1O10TUUEC,
1Boovvaptoelg tov TpoPinuatog Sturm-Liouville) dwoupopomoovvial o oyéon ue
TNV KATAGTAOT TOL elyope Bempnoel LEypL Tdpa Kol 1 omoia dev TPoEPAETE PLOIKES
anoAeleg ™¢ evépyelas. H xatdotaon yopic QUOIKES AmMMOAEIES Kol TO ovTioTOL(O
peyedn Ba pépovv ot cvvérela to dgiktn 0, evd ta peyédn mov oyetiCovrol pe v
EMIMTOON TOV UNYOVIGHOV omoAE®V Ba @épovv 10 deiktn 1. Ot e€lcmoelc mov
dK€movv 10 pavopevo ogv Ba emavadiatunwOovy pe BAcT TOVG UNYOVIGHOVS PUGIKNG
e€acBévnong oAAd, Oa Paciotodue om Bewpio piKpdV dSwtapoydv Yoo va
EKQPACOVLE TO daTapayLéVa LeyEON GLVAPTNGEL TOV ad10TAPAYTMV.

‘Eto1 Ba €yope :
"o tov apBpd Kopotog k(z) =k, (2)+ ¢k, (2) (7.1.2)
INo 116 1810cVVapTRoELS U,(z)=u,,(2) +eu,,(2) (7.1.2)

Mo v opldvtia cLVIGTOGH TOV AP0V KOUATOG

K, =Ko+ &K, (7.1.3)

n

OTOL TO & YPNOCOTOLEITAL GTO CLUPOAIGUO Y10 VO VTTOONADGCEL LIKPEG TOGOTNTES OE
oxéon Ue 11§ TocoTNTES avapopds. Edv otovg vmoAoyiopohs vrelcépyovtot yvopeva
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HIKp®V 6pav (~ &% Kal avATEPOV TAEEMV) GVTE OyVOOVVIOL (OC GUVEIGPEPOVTO TOAD
Alyo omn Avon tov mpoPAnpatoc.

INa va ovveyiocovpe v avdAivon Ba Bewprcovpe 6T 1 TaxdTNTA dLAGOCNG TOL YOV
GTOV KLUATOONYO €ivorl Hyadikt) TOGOTNTA LE TO POVTOGTIKO HEPOG VA efval pikpd og
oY£0M UE TO TPOYUOTIKO !

c(z) =c,(z)+ic,(z) (7.1.4)

To mpaypotikd pépog givar ovtd OV £YOUE NOT CLVAVINGEL GTNV KLUATIKY Bempia
Kol ekQPAlel To pLOUO S1AO0oNG TG NYNTIKNG EVEPYELNG EVAD TO (PAVINCTIKO HEPOG
e€aptdror amd 10 aKOLVOTIKO HECOV KOl TN GLYVOTNTO Kol eQappoleTon pe tov ido
TPOTO 6T0 VvEPO OAAG Ko oTo WNUaTo Tov TuOpéEva (T.y. TEPIMTMOON KLUATOONYOV
Pekeris).

And ) oyéon k = C% TPOKVOTTEL KoL Evag uryodikog apduog kopartog K =K, +ik, .

O oOpog k, ovpporiletan ovvibeg ©g @, (PL.onueidoelg AKOLOTIKHS
Qkeavoypapiog), yopaktnpiletar ¢ ovviekeotng eEacbévnong (attenuation
coefficient) xou éyel povadec m™ omwg kot o apOudS Kopatog. v Piproypapia,
omov Ppiokel kovel TUMIKES TIEG TOL ovvieAeoTt) eEacBivnone v Balacovd
wnuato, oAAG Kol Yoo To VEPO, M YPAUUIKT €€ApTNon amd TN cLYVOTNTA TOL EXOVV
TOPATNPNOEL 01 EPELVNTEG, 0ONYElL otV €KPpaoT ToL cuvieAeotn e€acBévnong wg
(m-kHz)™ kot y1o vo. TGpovpE TO GUVIEAESTH 6T GUYVOTNTO EVOPEPOVTOS Oa
TPETEL VO TOV TOAALOTAOGIACOVE LLE OLTT.

Avrtiotoyo maipvope yoo v 0plovTio GLVIGTAOGA TOV aPlBUoH KOLOTOG :

Ky =Ky Tk, ;. (7.1.5)

2V aveTEP® GYECT TO POVTACTIKO HEPOG Taipvel Tn BEom ¢ datapayng OTMC
oVt eKEpacTnke ot oxéon 7.1.3.

Mrmnopet va amoderyBel O6tL m datapoyn ™G opldvIG GUVIGTMOGOS TOL OPLOOY
KOLOTOG oTNV TepinTtwon mov £xope kKopatodnyd M cvvolikd otpopdtov (vepd kot
M-1 otpdparta otov muBuéva) vmoroyiletat and ) oyéon :

M
Knp = D Kn (7.1.6)
j=1
0oV

U, (2)
K~k — 0%~ gy (7.1.7)
Kno n,, ¢;(2)p;(2)

Kol kGOe otpdpa yoapaktnpiCetor amd cvvieheoty Quoikhg e&acbévnong K,
tovmro (mpaypotikh) €;(z) =¢,;(2) ko mokvomro p;(z) (cvvibog n TukvoTHTA

AopBavetoan otabepn og kébe otpdpa) evd h;, etvon o mave ko h; , 10 K4t cvvopo
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TOV GTPMUOTOG VILOAOYILOUEVO GTO KLAWVOPIKO choThua cvvietaypévov ue h, =0
VO QVTITPOGMOTEVEL TV EMPAVELN TG OAAAGGOS. TNV TEPINTOON TEAIKOD GTPOUATOG
nuiamepov oe péyebog éxope hy, , =0 . BAémope 611 0 voAoyiopds PaciCetar otig
10106VVOPTAGELS TOL VTOAOYILovTan 6To TEPPArAOV Ywpic eEacBEévnon (deiktng 0).

To mpdfAnuUe TOL VTOAOYICHOV TOV OKOLGTIKOL TEdIOV O £va KLUATOONYO e
QLOIKEC amdAEIEG LITOAoYiLeTon pe Pdon Ta aveTEP® MG EENG :

YnoAoyilovtat ot B0TIES KO 01 110GVVAPTNGELS Y10 TO TEPIPAALOV YWOPIG ATMAELES.
211N GLVEYELD EIGAYOVTOL O TIHEG TOV WIOTIUOV KOl TOV 0plfuod KOUATOG 6T Avon
TOV  TPOPAMUOTOS COUP®VE HE TOLG avOTEP® TOUTOVG. Ol  1310GVVOPTNGELS
vroAoyifovtal mavtote 610 TEPPAALOV Ywpig amdAeiec. 'Etol maipvel Kaveic pio KaAn
TPOGEYYION TNG AVONG OtV TEPITT®OOoN mov T0 TEPPAALOV TAPOVGIALEL PLOIKEG
OTTOAELEG.

IMa va ddoovpe po EIKOVA Y10 TO TAG EIGAYETAL 1] PLGIKT OTOAELL GTO TPOPANUA
noc, avoaeepopacte oto mepiPdirov Pekeris yia to omoio n Avon tov mpoPALOTOC
NG OKOVOTIKNG O1d0oN G 0ldeTON Od TN YoM

i N o) 2 i(k,r—m/4)
ryz)=—>» u-"(z,)u,(z), [——€"" 7.1.7
p(r,2) 4pan_lj 2y ()Jmcnr (7.1.7)

[IpocéEte Vv avaeopd otnv optlovTid GLVICTOGCO TOV OPBROD KOUATOS TOL TOPQ
ocvpPoiiletan pe K, .

Avtikatdotaon tov k, amd v 7.1.5 omv avotépm oyéon Oivel TV TPOGEYYIOTIKN
EKQpOoN TNG TEOTNG LE GLVLTOAOYIGUO TG PLGIKNG eE0cOEVNONG.

B A\
1 n=1 ”(Kn,o +|Kn,1)r

- |
p(r,z) = 4Lzur(}) (z,)u, (Z)\/ 2 o gi (a0 1=714) (7.1.8)

[Mopatmpodpe pikpég aAhayég 6T0 TAATOS TG WOOUOPPNG TOV TPOEPYOVTAL Omd TOV
o6po ot vaopllo mocoOHTNTO 0AAG kor pio ekBetikr] pelwon Tov TAATOVS NG
WWOHOPENG e TNV amdoTacn 7oL OKooAoyeitor amd To yeyovog OtL ydveton
TEPLOCOTEPT EVEPYELN KAONDS OMOLOKPVVOLOGTE OO TNV TNYT).

Emonuaiveron maviog 0tL 1 tpocéyyion autn Bewpeiton tkavomomriky 6Tav 1 QUGIKNY
e€acBévnon etvan pkpn. Avt etvon 1 kot apynv M TEPITTOON TOL VEPOD. QGTOGO
Kot to. ouvnOn Bokacowvd Wnpata mapovsidlovv euoikn eEacBévnon mov dev etvan
1060 LEYEAN DGTE VO AVOTPENETAL 1] TPOGEYYIOT TPAOTNG TAENGS otV omoia PacileTon
N avotépo Bewpia.

P e e
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ITAPAPTHMA I : OQPHMA OAOKAHPQTIKQN YITOAOIIIQN
CAUCHY

OAOKAHPQTKA YIIOAOIITA

Oewpovpe pio cuvaptnon f(z) oto pyadikd enimedo e O1OUOPPO GNUEID Z,; ONAaon
éva onpeio oto omoio N f(2)dev givar avorvtiky. Eqv to onueio givon pepovouévo (n
ocuovapmon f(z) eivar avaAvtiky mavtoh 6T YETOVIA TOV Z, €KTOG amd T0 onpeio
avto kab’ govtd,) Kot Oewpricovpe KAelot) Kaumdin C, mov mepiBirel 10 onueio z,

N £KQpaon

b= ()2 .
271 Y%

ovoudletar olokinpwtiké vroloimo (residue) g f(z) oto pepovouévo 1610H0pPO
onueio z,. H xapmdin Aapfdverar pe m Oetikn eopd (avtibetn ekeivng tov dekTdv
TOV ®POAOYiOV.)
OEQPHMA
‘Eotow C pio kAeiot] KapmOAn méve oty omoic aAAd Kol 6TO £0MTEPIKO TNG, L0
ovovapmon f(z) elvar ovoAVLTIK TOVIOV, €KTOC OO T UEUOVOUEVO Onueia
Z1, Z9y een e Z, ecotepikd e C. EGv by, by, ..... b, cvopPoricovpe Ta OAOKANPOTIKG

vrorowmo ™ f(2z) ota ev Aoym onueia, t0te 10 ohokAMpmpa g f(2) mepi v og
dveo koumdAn (mov AapPavetar pe tn Betikn opd) vroAoyileTon mg :

[, f(@)dz = 2mi(by + by + -+ ... +by) (I11.2)

Ya

»
|

X

Zyquo IT1. Oloxkdpmwon oto pryadikd eninedo
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r(2) e
q(2)
p(z) xai q(z) avalvtikég oto Zo pe p(zy) # 0, q(z,) =0,9'(z,) #0 éxer anhd WO

YrevOouiletor téhog OtL pio ocvvdptmon mov yphoeton ¢ f(z) =

OTO Z, KOl TO OAOKANPOTIKO TNG VIOAOUTO b, GTO Zo TPOKVTTEL Amd TN GYEON -

b, :%. (111.3)
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