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Abstract. The present paper is concerned with the Cauchy problem for the parabolic
equation u, + H(t,X, u, Vu) = ¢Au. New conditions guaranteeing the global classical
solvability are formulated. Moreover, it is shown that the same conditions guarantee the
global existence of the Lipschitz continuous viscosity solution for the related Hamilton—
Jacobi equation.
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Introduction and main results

Consider the following Cauchy problem:

u; + H@t, x,u, Vu) = ¢Au in Il =R" x (0, T), 0.1)
u(0,x) = up(x) for x € R", 0.2)
where ¢ is an arbitrary positive constant.

We suppose that function H(t, X, u, q) satisfies the following two restrictions.
The first one is:

—uH(t,x,u,0) < oju® + a, 0.3)
where o) and «, are positive constants. In order to formulate the second restriction,
introduce the following notation: fori =2,... ,n — 1

/ / 1 "
X = (xla e 7-xl'71’xl'7-xl'+1a A axn)a X = (-xla e 7-xl'717xl' axi+17 A axn)a

q= (q17~'~ ,Qn), q7 - (q17~'~ ,Qifl, _qia qi+1a AR ,Qn);

fori =1

X/ = (xlls x21 . 7-xl’l)7 X” = (-x/]/sx21 . 7-xl’l)7 q_ = (_qls q27 ey Qn)
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and fori =n
/ / 1 1 —
X = (.X], .. 7-xl’l—l9xn)9 X = (-xlv . 9xn—17-xyl)7 q = (Qh ety 7Qn—19 _Qn)~
Now let us formulate the second restriction. Suppose that

H(ta X/9 u, q) - H(ta X”a v, q) Z 09

0.4
Ht,x",u,q”)— Ht x,v,q") >0, ©4)

when x; > x/, u > v, ¢; > 0 and arbitrary ¢; fori = 1,... ,n,i # j.

For the case of one spatial variable these conditions appear as H(t, X', u, q) —
H(t,x",v,q) > 0, Ht,x",u, —q) — H(t,x',v, —q) > 0 for x’ > x", u > v,
g >0.

Conditions (0.4) are fulfilled if, for example:

1) H = H(t, Vu), where H(t, Vu) is an arbitrary function;

2) H = f(t,u)g(t, Vu), where f(t, u) is a nondecreasing (non-increasing) func-
tion with respect to u, g(¢, q) is non-negative (nonpositive) function.

3) H = Y I, filt,x)g(t, u,,), where f; are nondecreasing (non-increasing)
functions with respect to x; and functions g; satisfy the conditions ¢; (¢, ¢;) > 0
(qig(t, qi) < 0) for|g;| > 0.

Concerning the initial data we suppose that
luoy, X)| < Ki, |uo(X)| = Mo and [ugy; (x)] — 0 when |x;| — +o0, (0.5)

wherei =1,...,n, My > 0 and K; > 0 are some constants.
Let us formulate the main result for problem (0.1), (0.2).

Theorem 1. Suppose that conditions (0.3)—(0.5) are fulfilled and, in addition,
suppose that uy(x) € C'(R"), H(t,x,u,q) € C*(IT; x R x R") for some o €
(0, 1). Then for any T > O there exists a solution of problem (0.1), (0.2) which
belongs to C,£*/>*™ (M) N CY ().

Besides, |uy, (t,X)| < K; fori =1, ..., n. If for some m max |ug,, (x)| = 0
then uy,, (t,x) = 0 in I7.

In order to prove Theorem 1 we approximate the Cauchy problem by the third
initial boundary-value problem (1.1)—(1.3) (see Section 1). Condition (0.3) (see [9])
guarantee the following apriori estimate for the solution of problem (1.1)—(1.3):

. [o%)
max |u| < M = min ¢*” max { | ———, max |uo(x)|{ . (0.6)
an A>ory A — o] Q!

The main step is the establishment of the a priori estimate of |Vu|. Here we
use the idea of Kruzhkov [7], [8] of introducing a new spatial variable (see also
[4], [5], [14]). Next we show that

|M(t19 X) - u(t27 X)l
It — 1|12

< Co, 0.7)
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where the constant C does not depend on &. The last step is the establishment
of the estimate of |Vu| in C* norm (this estimate depends on ¢). The existence
of the solution of problem (1.1)—(1.3) follows from these a priori estimates and
Schauder’s fixed-point theorem (see, for example, [10]).

The solution of the Cauchy problem is obtained as the limit of a sequence of
solutions of the third initial boundary-value problem under an unlimited dilation
of the domain.

Let us mention here that the usual restriction (see [3], [9], [10]) on H in order
to obtain the apriori estimate of the gradient of the solution is the following one:

|H(t, x, u, q)] < Const(1 + |q])*.

In the present paper the function H(t, X, u, ) may have an arbitrary growth with

respect to ¢ when |q| — 4-00. In the one-dimensional case analogous results were

obtained in [14] and [16] (in [15] the radially symmetric case was investigated).
Concerning the equation

u, + H(t,x,u, Vu) =0 0.8)

we are interested in the existence of the Lipschitz continuous viscosity solution
for problem (0.8), (0.2). The viscosity solution [2], [11] is a uniformly continuous
function. In order to prove the Lipschitz continuity of this function some additional
restrictions are necessary [1], [17]. We give a new sufficient condition guarantee-
ing the Lipschitz continuity of the viscosity solution. Let us formulate the main
result.

Theorem 2. Suppose that all conditions of Theorem 1 are fulfilled. Then for any
T > O there exists a viscosity solution of problem (0.8), (0.2) satisfying equa-
tion (0.8) almost everywhere in Ilr such that u;, Vu € Lo (Il7).

Besides |luy, (t,X)||Lo, < Kifori =1,...,n.Iffor some m max |ug,, (x)| =0
then uy, (t,x) = 0in Iy.

In order to obtain such a solution we pass to the limit when ¢ — 0 in equation
(0.1) based on the fact that the estimate of the gradient and estimates (0.6), (0.7)
are independent of ¢. The obtained viscosity solution is a Lipschitz continuous
function and satisfies (0.8) almost everywhere.

Let us mention here that if the Hamiltonian H depends only on # and Vu then
in Theorem 2 it is sufficient to require the function H(#, q) to be only continuous.

1. A priori estimates for the auxiliary problem

In this section we consider the problem

u, + H(t, X, u, Vu) = eAu in TI}, (1.1)

Uy, — U |xmy =y, + 8|y =0 for i=1,...,n, (1.2)

u(0,x) = ¢'(x) for x € Q, (1.3)
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where ¢l £ 8¢ e = 0, |¢/| < Mo, |¢}.| < Ki, i=1,...,n Q = {x:
lxil <l,i=1,...,n}and IT" = Q' x (0, T). The constant § satisfies the inequality
0 <8 <min{Ky, ..., K,}/M. Recall that we select K; to be strictly positive.

Lemma 1. Let u(t, X) be a classical solution of problem (1.1)-(1.3) (i.e. u(t,x) €
Cikz(HlT) N CS‘Xl (I:IIT)) and suppose that conditions (0.3)—(0.5) are fulfilled. Then
in l=IZT the inequality

|lel.(l‘,X)| =< Ki7 i = 1, , n
holds.

Proof. Let us prove the lemma fori = 1. Fori = 2, ..., n the proof is similar.
Consider equation (0.1) at two different points of I, (t,x) and (¢, y), where
X = (xla-xZa . ’xn)’ y = (y17x27 . 7-xl‘l) (xl ;é yl):

u(t,x) + H(t, x, u(t, x), Vu(t, X)) = eAu(t, X),
u(t,y) + H@t, y, u(t,y), Vu(t,y)) = eAu(t, y).

One can easily see that the function v(t, X, y;) = u(t,x) — u(t,y) satisfies the
equation

eAv—v, = H(t,x, u(t,x), Vu(t,x)) — H(t,y, u(t,y), Vu(t,y))

in the domain {(z,x,y;) : t € (0,7), |x;| < l,i = 1,...,n,|yi| < l}. Here
Av = Y| vy + Uy, y, . Define the following operator:

Lv=c¢Av— .
Consider the function w = v(z, X, y1) — K{(x; — y1) in the prism
P={t,x,y):0<t<T|xi|<lii=1,...,n, 0| <,0<x1—y1},
here K| = K| + 8o, 8o > 0 is an arbitrary small constant. We have
Lw=c¢Aw—w, = H(t,x, u(t,x), Vu(t,x)) — H(t,y, u(t,y), Vu(t,y)).
Let w = we™, then

L

EAW — W — Wy

= e '[H(t, x, u(t,x), Vu(t,x)) — H(t,y, u(t,y), Vu(t,y)]. (19

Denote by I the parabolic boundary of P (I' = dP \ {(t,x, y1) : t =T, |x;| </,
Ivil <1, 0 <x;1—y}). If_the function W attains its positive maximum at the
point N° = (1,x°,y9) € P\ T then at this point i,, = ®,, = 0, & > 0,
hence uy, (1, X) = uy, (t,y) = K} > 0, uy, (t,X) = u,,(t,y), i =2,3,...,n, and
u(t,x) > u(t,y) (x(l) > y(l)). Thus from (1.4), taking into account (0.4), we obtain

iﬁ)’NO ZO,
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on the other hand, the fact that at N° the function @ attains its positive maximum
implies the inequality

AW — W — W, |yo < 0.
From this contradiction we conclude that w can not attain its positive maximum in

P\T.
Consider I':

1) for x; = y; we have w = 0;
2) fort =0 wehave i = e~/ (¢' (x) — ¢ (y) — K| (x1 — y1)) < e (K1 (x1 — y1) —
Ki(xl —y)) <0.

Now consider the following parts of I':

H{ex,y):0<t<T, —l<xi<l, yw=—I, [x|<Li=2,....n}
Hex,y):0<t<T, xy=1, =l <y <, |x|<Li=2,...,n}
Taking into account condition (1.2) we conclude that

— Wy, (t, X, =1) = e (uy, (t, =1, x2, ... ,xn) — KY}) (L.5)
=e'Gult,—, x2, ... ,x,) — K}) <0 ’
ﬁ)XI (L 19 x27 s 7xn7 yl) = e*’(u)q (t, X) - Ki)

B s , (1.6)
= e~'(=du(t,x) — K|) — k) < 0.

From (1.5) and (1.6) it follows that @ cannot attain its maximum on parts 3), 4).
Let us estimate the derivatives Wy, ,i = 2, ... , n on the following parts of I":

5) {(Z,x, y):0<t =T, x;=-1 |yl <l |xj| <,
j=1,...,n,j Zi, x1—y >0};
and,
6) {(t,x,yl):0<t§ T, xi =11yl <L |x;| <1,
j=1,...,n,j i, x1—y >0}.
We have

— i, (1, X, Y1) |5t = —€ 7 8u(t, X) — u(t, y)) |y=— (1.7)
Wy, (1. X, V1) |yt = €7 8(—ult, X) + u(t, y)) | - (1.8)

Consider part 5). If W attains its positive maximum at some point (£*, x*, y}) of the
part 5), then w(r*, x*, y{) = e (u(t*, x*) —u(r*, y*) — Ki(x7 — 7)) > O0andas
a consequence u(t*, x*) — u(t*, y*) > 0. Hence from (1.7) we obtain that

— iy, (1%, X%, y]) = e S (—u(t*, x*) + u(t*, y) < 0.

On the other hand, at the point of its maximum we have —w,, > 0. From this
contradiction we conclude that @ cannot attain its positive maximum on part 5).
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Analogously we obtain that @ cannot attain its positive maximum on part 6). Hence
w < 0 on P. Thus we have proved that

u(t,x) —u(t,y) < Kj(x; —y) in P.

By analogy, taking the function v; = u(t,y) — u(¢, x) in the place of v, we
obtain
Zﬂ)l = SAﬁ)l — 1])1 - a)lt
= ¢ '[H(t,y, u(t,y), Vu(t,y)) — H({t,x, u(t,x), Vu(t,x))],

where ) = (v — K} (x| — y1))e~". If the function @ attains its positive maximum
at the point N' = (¢!, x!, yI) € P\ T then at this point iy, = @1y, = 0, @ > 0,
hence uy, (t,X) = uy, (t,y) = —K| < 0, uy,(t,X) = uy,(t,y), i =2,3,...,n,
and u(t,y) > u(t,x) (x} > y}). Taking into account the (0.4), we obtain

iﬂ)l |N] >0,

on the other hand, at the point N I the function @ attains its positive maximum and
hence

eAly — Wy — Wy [y < 0.
From this contradiction we conclude that w; cannot attain its positive maximum
in P\T.
Consider T'. For x; = y; we have @; = 0 and for r = 0 Wy = e "(up(y) —

uo(x) — K{(x; — y1)) < e "(Ki(x1 — y1) — K{(x1 — y1)) < 0. On parts 3) and 4)
we have

—iyy, = e (=u—K}) <0 and @y, =e"(Su—K}) <0,

respectively. Hence w; cannot attain its maximum on 3) nor on 4). On parts 5) and
6) we have

— 1y, L=t = €78t %) — ult, ) |y=—1 ,
ﬂ)lx,' |x,-:l = e_ta(u(L X) - M(t, Y))

xi:l .

Consider part 5). If @, attains its positive maximum at some point (f, X, $1) of the
boundary 5), thenAﬁ)l(f, X, )21) =e'(u(,§) —u(@,x) — K| (£; — $1)) > 0 and as
a consequence u(t, y) — u(t, X) > 0. Hence we have

—i1,, (1, %, §1) = e T8(u(, X)) — u(@, §)) < 0.

On the other hand, at the point of maximum we have —i,, > 0. Thus we conclude
that ®; cannot attain its maximum on 5). Analogously we obtain that @; cannot
attain its maximum on 6). Hence w; < 0 on P. Thus we have proved that

u(t,y) —u(t,x) < Ky(x; —y;) in P.
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In view of the symmetry of the variables x and y, in the same way we examine
the case y; > xj. As a result we have that for

OSISTv |-xi|§lyi=17"'9n|yl|ily 0<|x1_y1|7
the inequality

|u(t, %) —u(t, y)| _ Kilxi — y1l
[x1 — y1 — xr =yl

holds, implying that |u,, (t, X)| < K. Passing to the limit when 8y — 0 we fulfill
the proof. O

Now let us prove the Holder continuity of u(#, x) and of Vu(t, x). In [8], for
quasilinear parabolic equations with two independent variables

ur = a(t7 X, U, Mx)uxx + b(ta X, U, u.x)a

the following estimates were established:

a) |u(ty,x) —u(tr, x)| < Colt; — t2|1/2 with the constant Cy depending only on
max|u,| and on the maximum of the coefficients of the equation (see also
Remark 3.3 in [13]);

b) qu|c;x£z,a < C, 0 < o < 1 with C; and « depending on the constant ay,

where 0 < ay < a(t, x, u, uy), max |u|, max |u,| and on the maximum of the
coefficients of the equation.

In the following Lemma 2 and Lemma 3 we give the proof of the similar results
for the multidimensional equation (0.1). The constant Cy in that case depends not
only on max |Vu| and the maximum of H but also on the dimension .

Lemma 2. For any classical solution of problem (1.1)—(1.3) we have
lu(t +h,x) —u(t,x)| < Coh%,O <h<1, t,t+hel0,T],

where the constant Co depends onl)ion M, K;, nand Hy = max H(t, X, u, q), where
the maximum is taken over the set HIT X[—M, M| x[—K;, Ki]x...x[—K,, K,].

Proof. Consider the function u(#, X) as a solution of the linear equation
eAu —u, = H(t,x),
with bounded fl(t, X) = H(t,x,u, Vu). Forty € [0, T — h] denote

s= max |u(t,x*) —u@®, x%).
teltg,to+h]

Suppose that x” is an interior point of the domain 2. Consider the parallelepiped

O0={tx:te@ ®+n),xe(x—px)+p)}
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where 0 < p < d = dist{x’, 3Q}. Introduce the following function:
== u® X" £ [Kp+ (1= o, 5) + —Z )],
where K = )" K; and
2s
u(p,s) = sn; + Ho+ 1.
Obviously

v, x) = u(@®, x" + Kp + iz xi — xP

P

zu(to,xo)—i-K,o

= (u@®,x") —u(t®, x1, 23, ... . X)) + Kip) +

(u(to,xl,x(z),...,xg)—u(to,xl,xg,xg,... ,xg)—i—Kz,o)—i—...
F ((xr e x) = u@®, %) + Kap) +u®,x)
> u(t’, x),
S
v (¢, x) i —0l=p =u@®,x)+ Kp+ @t —Oup,s)+s+ p—Z —x
2

> u(to, X0) + Kp+s

= u(t,X)

Iy Xll o + (u(zo’ XO) — u(t, xo) +S) +
(u(t, XO) — u(t, x(l), o ,ngl,x,,) + K,,,o) +
(u(t, x(l), .. ,xg_l,xn) — u(t, x(l), . ,x2_2,x,,_1,xn) + Kn_l,o) +...

+ (u(t,x), x2, .o x0) — ult, %) i—lzp T+ Kip)
> u(t,X) ||, = -
Analogously fori = 2, ..., n we obtain
V) | Z UET) |0y, -

Thus
v, x) > u(t, x)

on the parabolic boundary of Q. Furthermore

2
L") =eAvt —vf = Snp—; —u(p,s) = —Hy— 1 < —Hy.
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Hence from the maximum principle (taking into account that L™ —u) < —Hy—
H < 0) we conclude that

v, x) > u(t,x) in Q.
Analogously we obtain
v (t,x) <u(t,x) in Q.

So we have
) - 2
e, 0 = @, X1 = Kp+ (= t0)(o,9) + 5 37 (3 = )
1

and
lu@t, x%) — u(®,x°)| < Kp+ hu(p, s)
or
5 el i Jut, %) —u®, )| < Kp + hpu(p. 5)

- (1.9)
< min [Kp + hu(p,s)] < K min [p+h(l +5p" )],
O<p=<d O<p=<d

where K = max{K,2en, Hy + 1}.
Suppose that 24 < M Obviously (hs)'3 < (h2M)'3 < d (recall that
s < 2M). Hence, from (1.7), for p, = (hs)'/? we have

s < Klp, +h+hsp 2] = R2(hs)3 + h).

Consider two cases: h < (hs)% and h > (hs)%. In the first case we have s <
~ 1 ~
3K (hs)3, hence s* < 27K>hs and finally

s < V27K3Vh.

In the second case we have s < h2 and h? < /h forO < h < 1.
Now suppose that 2k > d*M~"'. We have

oM
lu(t +h,x) —u(t,x)| <2M = ==vh < @M)*?d=3*/h.

N

The lemma is proved. O
Lemma 3. For any classical solution of (1.1)—(1.3) we have
|vulca,a/2(QT) S C], [AS (O, 1),

where the constants Cy and « depend onlyon e, K;,i =1, ... ,n, Hyand M.
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Proof. The function p(t,X) = u,, (¢, X) can be considered as a weak solution of
the equation

8Ap—pf = HX]9

where H(t,x) = H(t, X, u, Vu). Then the function w(z, X, z) = p(t,x) + z is the
weak solution of the equation

eAw — (ﬁwxl)z - (I:Iwz)xl + (sz)z — Wy = 0,

where B = 1+ HT(% and z is a new independent variable. This equation is a uniformly
parabolic equation for strictly positive €. In fact, the matrix of the coefficients has
the following form: the diagonal elements are ¢, ... , &, B; on positions 1,n + 1
and n + 1,1 we have —H , all the other elements are zero. The determinant of
this matrix is &~ (¢B — H?) > ¢”". Now we can apply the well-known results of
Nash—De Giorgi (see, for example, [8]). Analogously we can establish the Holder
continuity of uy,, i =2, ..., n. The lemma is proved. O

2. Proof of the existence theorems

The global classical solvability of the auxiliary problem (1.1)—(1.3) follows from
the estimate (0.6), estimates obtained in Lemmas 1-3, linear theory [10] and [6]
(or [12]) and Schauder’s fixed point theorem [10]. Recall that the classical solution
is a solution belonging to C,l,’xz(l'IlT) N Cg’xl (l=[ZT).

The estimates obtained in Lemmas 1-3, as well as the estimate (0.6), are
independent of § and /. Passing to the limit when § — 0 we obtain the global
classical solvability of problem (1.1), (2.1), where

Uy |y=s1 =0, u(0,%) = ¢'(x)
for x € €/, ¢>l

Xi

oot =0, i=1,...,n. (21)

In order to prove Theorem 1 we approximate problem (0.1), (0.2) by (1.1), (2.1).
The initial data uo(x) we approximate in C! norm by functions ué(x) e C'(RM),
where uh(x) = ¢/ (%) for [x;| <1, luhx)| < Mo, |uh, ()| < K.

If ugy, (x) = 0 for some m then u,, (t,x) = 0. In fact, in (1.3) we take
max |uoy,| < § < min{Ky, ..., Ku—1, Knt1,..., Ky}/M. One can easily see
that in that case from the proof of Lemma 1 follows that max |u,, (t,X)] < 4.
Passing to the limit when § — 0 we obtain the requirement.

The solution of the Cauchy problem can be obtained as a limit of a sequence of
solutions u!(t, x) of problem (1.1), (2.1) under an unlimited dilation of the domain
; when I — oo. We apply here the standard diagonal process [9].

Approximate equation (0.8) by (0.1). From the obtained a priori estimates we
have that for the solutions u*(¢, x) of problem (0.1), (0.4) we can find a subse-
quence & — 0 such that u®* converges uniformly to u. Moreover u;* — u,,
uif — Uy, =1,...,n *weakly in Lo, (Q7). Thus we obtain the Lipschitz vis-
cosity solution satisfying equation (0.2) a.e.. Note here that we do not need H to
be coercive.
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Remark. Ifin (0.8) H = H(t, Vu) then in Theorem 2 it is sufficient to require the
function H(t, q) to be only continuous.

In fact, approach H(¢, q) in L, norm by functions H¢(t, q) € C*((0, T) xR").
The equation

u; + H (1, Vu) =0

satisfies the conditions of Theorem 2. We pass to the limit when € — 0 using the
fact that the estimate of the gradient depends only on the max H¢.

Let us give several evident examples of equations (0.1) and (0.8) with H
satisfying conditions (0.4) and (0.3) (see also the introduction):

(a) u; + h(t,Vu) = eAu, u;+ h(t,Vu) =0,

where A(t, q) is an arbitrary function (defined for the finite values of its arguments)
Holder continuous for the parabolic case and continuous for the hyperbolic case;

®  u VN VUl = eAu,  u+ eV Vulf =0, Be(0,1);

n n
© o+ u Y b0l I = eAu,wp 'Y bi@lug | =0,

i=1 i=1
where B; > 0 are constants, b; are Holder continuous functions;
(d)letn =2,

w4 pOx P 0yt = eAu,  u,+ p@)xPuZ @)y u

where ¢(f) > 0, ¥(r) > 0 are Holder continuous functions and k, [ are positive
integers.
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