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Abstract In the present paper we consider the Cauchy and the Dirichlet problems for the
equation

ur = (K([7 u)”x)x - f(t7 u)’

where « (z, u) > 0 for u > 0. We formulate conditions on « (¢, #) and f (¢, u) guaranteeing
the existence of a global and local solutions such that u, € L* and u; € L2,
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1 Introduction and formulation of the results

Consider the equation
U = (K(t, u)ux)x — f@t,u), (t,x)ellr =(,T) xR, (1.1)
coupled with initial condition
u(0, x) =up(x) for x € R, (1.2)
where 7' > 0 is an arbitrary constant. We assume that

0<uox) =M, |up(x)—uo()| <=Klx—yl, Vx,y€eR and [|uoxllz2g) < o0,
(13)

B Alkis S. Tersenov
tersenov @uoc.gr

1 Department of Mathematics and Applied Mathematics, University of Crete, 700 13 Heraklion, Crete,

Greece

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-018-0757-5&domain=pdf

1938 A. S. Tersenov

where M and K are some positive constants. Concerning the smoothness of coefficients we
suppose that

Kt u) € Cly 0, T] x (0, +00)), f(1,u) € C*([0, T] x (0, +00)) (1.4)
for some o € (0, 1). We impose the following structure restrictions
k(t,0)=f(t,00=0, «(t,u)>0 and f(t,u)>0 for u>0 (1.5)
and
K?[ku(t. u2) — ku(t,u)] < f(touz) — f(t,uy)  for up > uy >0, te€[0,T]. (1.6)

Definition 1 We say that a bounded nonnegative Holder continuous function u(z, x) is a
strong solution of problem (1.1), (1.2) if u, € L*°(Ily), u; € L2(HT), VK, uuy, €
L?(I17), and for an arbitrary smooth ¢ (¢, x) vanishing for large |x| the following identity is
satisfied

/ u¢pdrdx + / k(t, u)uypydrdx +f f(t,u)¢pdtdx = 0.
7 Mr Iz
Theorem 1 (global existence) Assume that conditions (1.3)—(1.6) are fulfilled, then for any
T > O there exists a strong solution u(t, x) of problem (1.1), (1.2). Moreover
O0<u<MNV(@tx)ellr, |uxllrems <K,
and
Il ) + 20vEuel ] 1,y < luolli, @) Yt € (0.7).
Let us apply this Theorem to the porous media equation with absorption:
u; = (mum_lux))C — f(t,u). (1.7)

Condition (1.6) takes the form

m(m — DK [uy ™2 —u'™2] < f(t,u2) — f(t,u1), u2 > uy > 0. (1.8)

Example 1 Obviously this condition is fulfilled for an arbitrary nondecreasing Holder con-
tinuous f if m € [1, 2] and for such f, m above Theorem 1 guarantees the existence of a
global strong solution of problem (1.7), (1.2). Note that we can take here f = 0 as well.

Example 2 Consider equations
we = (u?) =2 A =15/4K2, (1.9)
wp = (?) =t A= 15/2K*VM, (1.10)

where M = maxp, ¥ = maxg ug. One can easily see that (1.4)-(1.6) are fulfilled in both
cases, and thus Theorem 1 guarantees the global solvability of problem (1.9), (1.2) and (1.10),
(1.2). See also Example 3 in Sect. 2.4.

What happens if no absorption term is present? We will give an answer on this question
for the porous medium equation:

ug = (u™)  in Tr. (1.11)

Let us remind (see [2,6]) that in the one-dimensional case the optimal regularity of a weak
m—1 .

solution of the Cauchy problem (1.11), (1.2) (with m > 1) is the following one: if uy " is
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Lipschitz continuous then u € C# where f = min{1, m — 1)~'}. In particular 8 = 1 for
m € (1, 2] which is consistent with the above Theorem 1 (see Example 1 with f = 0). In the
multidimensional case the situation is more complicated and is not completely set yet (see,
for example [3,16] and the references therein).

Recall that by weak solution of problem (1.11), (1.2) we understand (see for example [1,
16]) anonnegative bounded function «, with bounded generalized derivative (um)x, satisfying
the identity

/ —m/f,dtdx—l—/ (um)xlpxdtdxzfuo(x)l//(O,x)dx,
My My R

for all smooth v (¢, x) vanishing for large |x| and for = T'. Such solution exists for arbitrary
T > 0, see for example [1,8,11,16].

Theorem 2 (local existence) Assume that condition (1.3) is fulfilled and m > 3, then for
some T* > 0 there exists a strong solution u(t, x) of problem (1.11), (1.2). Moreover

0 SusM V(t7x) € HT*v ”MX(I,X)HLOO(HT*) = K*7
and
lllZ, gy + 20Vt l] 1,y < luollz, @y V7 € 0, T%),

where Ty« = (0, T*) x R, T* depends only on m, K*, M™=3 and K* depends only on
K, T*

Actually Theorem 2 states that a weak solution (which as it was mentioned above exists
for any T > 0) has better differential properties for r € (0, T*). Note that 7* and K* can be
find explicitly.

Thus we give an answer to the question formulated above for m € (1,2] U [3, 00). For
m € (2, 3) our approach seems not working.

Let us turn now to the Dirichlet problem. Consider equation

up = (et wuy)  — f@t,u), (t.x)€ Qr =(0,T) x (=11, (1.12)
coupled with initial and boundary conditions
u(0,x) =uo(x) for |x| <, up(£l) =0 and u(t,*l) =0 for ¢ € [0, T]. (1.13)
We suppose that
0 <upx) <M, lug(x) —uo(| < Klx —yl, Vx,y e [~L1]. (1.14)

Assume that conditions (1.4), (1.5) are fulfilled and instead of (1.6) we impose the more
restrictive one

K2[iu(t, u2) — ety )] < f(t,uz) — £t 1) for uz > uy >0, 1€[0,T] (1.15)
Note that (1.15) unlike to (1.6) implies that
K%, (t,u) < f(t,u) for u>0, rel0,T]

which will be used below in the boundary gradient estimates (see Lemma 2.2).
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Definition 2 We say that a nonnegative Holder continuous function u(¢, x) is a strong solu-
tion of problem (1.12), (1.13) if uy, € L*°(Q7), u; € L?(Q7) and for an arbitrary smooth
¢ (¢, x) the following identity is satisfied

/ u;pdrdx +/ Kk (t, u)uypdrdx +/ f(t, u)¢pdrdx = 0.
or Or Or
Theorem 3 (global existence) Assume that conditions (1.4), (1.5), (1.14), (1.15) are fulfilled,

then for any T > O there exists a strong solution u(t, x) of problem (1.12), (1.13). Moreover

O<u=<M V(t,x)e Qr, lux(t, x)lL=r < K.

Example 2 (but not Example 1) can be extended to the Dirichlet problem by obvious way
(see also Example 3 in Sect. 2.4).

Let us consider the Dirichlet problem for the standard porous medium equation with
m >3

we=w") ., m=3in Qr, (1.16)

coupled with conditions (1.13).

Theorem 4 (local existence) Assume that condition (1.14) is fulfilled, then for some T* > 0
there exists a strong solution u(t, x) of problem (1.16), (1.13). Moreover

O0<u<MV(@tx)e Or, |uxt,x)lr=m) <K*

where Qp+ = (0, T*) x (=1, 1), T* depends only on m, K>, M™™3 and K* depends only
on K, T*.

As in Theorem 2, constants 7* and K* will be find explicitly (see proof of this theorem
in Sect. 2).

Note that the regularized effect of the low order term for the Burgers equation was demon-
strated in [ 14] and was based on the modification of conditions (0.10)—(0.11) from [13]. In the
present paper we actually apply similar approach giving another modification of conditions
(0.10)—(0.11) from [13].

Different aspects of degenerate equations with absorption were investigatedin [4,7,12, 15].

The paper is organized as follows. We start with the Dirichlet problem in Sect. 2 and in
Sect. 3 we consider the Cauchy problem.

2 The Dirichlet problem
2.1 Regularization

Rewrite Eq. (1.12) in the nondivergent form and consider the regularized equation
U = (K(t,u)—f—s)u”—i—lcu(t,u)u)z{ — f(t,u), 2.1)

where ¢ is an arbitrary positive constant.
First consider the auxiliary equation

up = (Rt u) + &)xy + Ky (1, w)uy — F(t, 1) 2.2)
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Smoothing effect of absorption for degenerate parabolic... 1941

coupled with initial and boundary conditions (1.13), here

k(t,z), for z>0

_ _ f(t,z), for z>0
K(t,2) = {O, for z <0 0,

for z<0°

ft,2)= {

The existence of classical solution u, of problem (2.2), (1.13) under the smoothness
assumptions (1.4) follows from [13].

2.2 A priori estimates

For simplicity in the proofs of lemmas below we omit the subindex ¢.

Lemma 2.1 For a classical solution u(t, x) of problem (2.2), (1.11) the estimate
0<ugt,x) <M,
holds in Q.

Proof Forv=u 7% § > 0 constant, we have
vy — (E(t, u) + e)vxx — Ky (1, u)vfe‘” + v = —?(t, u)e_‘s’. 2.3)
Denote by ' the parabolic boundary of Qr, i.e.
Fr=007r\{t=T,|x| <lI}.

Suppose that the function v attains its negative minimum at the point N € Q7 \ I'z, then at
this point the left-hand side of (2.3) is strictly negative and the right-hand side is zero (since
v < Oimplies u < Oimplies (¢, u) = 0). From this contradiction we conclude that v cannot
attain its negative minimum at the internal points and hence, taking into account the initial
and the boundary conditions, we conclude that v(¢, x) > 0.

Assume now that the function v attains its positive maximum at the point Ny € Q7 \ I'7,
then at this point the left-hand side of (2.3) is strictly positive and the right-hand side is
nonpositive (since v > 0 implies ¥ > 0 implies f (¢, u) > 0). Hence v cannot attain its
positive maximum at the internal points and taking into account the boundary conditions we
conclude that v(z, x) < M and thus

0<u(t,x) < S
Passing to the limit as § — 0 we obtain the needed estimate. O

From the above estimate it immediately follows that Eq. (2.2) coincides with Eq. (2.1),
so, instead of problem (2.2), (1.13) we will consider problem (2.1), (1.13).

Lemma 2.2 For a classical solution u,(t, x) of problem (2.1), (1.13) the estimates
ug(t,x) < K(x+10), ue(t,x) =K({—x)
hold in Q7.
Proof Let
u(t, x) = (u(t,x) — K(x +1))e .
By direct calculations we obtain that

v+ 80 — (K, u) 4 &) vgy = e i, (¢, wyu® — f(t, u)). (2.4)
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Suppose that at the point N € Q7 \ I'r the function v attains its positive maximum, we have
v +8v — (k(t,u) + &)vyy N > 0, 2.5)
on the other hand at this point
v>0, v, =0 & u>0, u, =K

and hence, due to (1.5), (1.15)
e iy (1, 1wy — £, u)]]N = Ml (K = ftw]| <0,

This contradicts (2.5); thus, v cannot attain its positive maximum at the internal points of
Q7. Consider v on the parabolic boundary of Q7 :
for t = 0 we have

(0, x) = (uo(x) — K(x +1))e™ <0,

for x = £/ we have

v(t, £ = (— K +D)e™ <0.
Hence

v(t,x) <0 for (t,x) € Or

and consequently

u(t,x) < K(x +1) for (t,x) € Qr.

Similarly, for

w(t, x) = (u(t,x) — K( —x))e™™

we obtain that
wy + 8w — (k(1, 1) + &)wyy = e [k, (8, wu? — f(1,u)] (2.6)

Suppose that at the point N; € Q7 \ I'r the function w attains its positive maximum, then
at this point the left-hand side of (2.6) is strictly positive, on the other hand at this point

u>0, uy=-K

and hence, due to (1.5), (1.15) the right-hand side of (2.6) is less or equal zero. From this
contradiction we conclude that w cannot attain its positive maximum at the internal points
of Q7. Consider w on the parabolic boundary of Q7 :

w(0,x) = (ug(x) — K(I —x))e™ <0, w(t,£) =(—KIFD)e ™ <0.
Hence
w(t, x) <0 for (t,x) € Or
and consequently

u(t,x) < K( —x) for (t,x) € Or.
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Lemma 2.3 For a classical solution of problem (2.1), (1.13) the estimate
luex(t, x)| = K

holds in Q.
Proof Consider Eq. (2.1) at two different points (¢, x), (t, y), x > y:

Uy = (k(t,u) + &uyy + Ky, (¢, u)u)zc — f(t,u), u=ult,x), 2.7

ur = (k(t, u) + &)uyy + iy (2, u)ui — ft,u), u=ult,y). (2.8)
Subtracting (2.8) from (2.7) for

w(t, x, y) =u(t,x) —ut,y) — K(x —y)
we obtain
wy — (K, u(t, x)) + )Wy — (kK (t, u(t,y)) +&)wyy
= ke (£, ut, XUl (6, x) — f(t,u(t, X)) =k (6, ult, Y)uy(t, y) + f (¢, u(t, y))

and for w = we™" we have

Lw

wy +w — (k(t, ut, x)) + &)wyx — (k(t, ult,y)) + e)wyy
I:Ku(l‘, w(t, )3t x) — £t u(t, x)

et wle, R Y) + F ) e 2.9)

Consider Eq. (2.9) in the domain

P={(t,x,y):te0,T),x e (—1,1),ye (-1, x>y}
Denote by I" the parabolic boundary of P, i.e.
'=0P\{tr=T,xe(-L1]),ye(-1),x >y}

Suppose that the function w attains its positive maximum at the point N € P \ T, then at
this point we have

u(t,x) > u(t,y) and u,(t,x) =uy(t,y) =K,
hence due to condition (1.5)
Lw| <0
N
which is impossible. Consequently w cannot attain its positive maximum at the internal points
of P. Consider the parabolic boundary of the domain P:

1. fort =0 we have w(0, x, y) = ug(x) —uo(y) — K(x —y) <0;
2. forx = y we have w = 0;
3. forx =1,y € [-],1], since —u(t, y) <0, we have

w(t,l,y)=(—ut,y)—Kl—y)e " <0

and finally
4. fory = —I, x € [-],[], due to Lemma 2.2, we have

w(t, x, =) = (u(t,x) — K(x +D)e”" <0.
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Thus we obtain that for x > y
ut,x) —u(t,y) < K(x —y).

Similarly, subtracting (2.7) from (2.8) for
o2, y) = (ut, ) = u(t,x) = K(x = y)e™
we obtain
Lo = [l I y) = [, y)
— ke, (2, u(t, x))uz (t, x)+ f(t, u(t, x))]e_'. (2.10)

Consider Eq. (2.10) in the domain P. Suppose that the function v attains its positive maximum
at the point N € P \ T, then at this point we have

w(t, y) > u(t,x) and uy(t, y) = ux(t,x) = =K,
hence due to condition (1.5)

Lv| <O
N

which is impossible. Thus v cannot attain its positive maximum at the internal points of P.
Consider the parabolic boundary of the domain P:

1. fort = 0 we have v(0, x, y) = ug(y) — up(x) — K(x —y) < 0;
2. forx = y we have v = 0;
3. forx =1,y € [, 1] due to Lemma 2.2, we have

U([7lv )’) = (L{([, y) - K(l — y))e_t < O’

and finally
4. fory = —I, x € [, ] we have

v(t,x, =) = (—u(t,x) — K(x+1)e " <0
since —u(t, y) < 0.
Thus we obtain that for x > y
lu(t, x) —u(t, y)| < K(x —y).

In view of the symmetry of the variables x, y we conclude that for t € [0, T], |x| <,
|y] <1 we have

lu(t, x) —u(t, y)| < K|x —y|

which implies the required estimate. O

Lemma 2.4 For a classical solution of problem (2.1), (1.13) the estimate
/ u?,(t, x)drdx < C
Or

holds, where the constant C do not depend on ¢.
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Proof Rewrite Eq. (2.1) in divergent form

ey = (ke (t, up) + o), — [t 1e). @.11)

Multiplying (2.11) by u; and integrating by parts with respect to x we obtain

l 1 ! !
/ u,zdx i / (k + s)(ui)ldx - / Sfudx.
-1 —1 —1

Now integrating by parts with respect to ¢ we obtain

1 !
/ utzdtdx = —f/ (k + s)uz
Or 2

1
—i—f/ Kuutuidtdx — fu,dtdx.
2 or or

t=T 1 5
dx + f/. kiuydrdx
t=0 2 or

Applying the Holder and Young inequalities we conclude
l
/ u?drdx + 2/ (ke (T, u(T, x)) + &)u> (T, x)dx)
or -l

!
< 2/ (i (0, up(x)) + &)u(x)dx +2/ lic; [udrdx
=l or
+ / cutdedx +2 | f2dedx,
or or

from where the assertion of the Lemma follows. ]

2.3 Proof of Theorem 3

We have constructed functions u.-classical solutions of (2.1), (1.2). Multiplying (2.11) by
an arbitrary smooth ¢ and integrating by part we obtain

/ ugpdrdx + / (ke (t, ug) + €)ugxprdrdx + f(t, ug)pdrdx
or or Oor

x=l

dr. 2.12)

Note that the for u, the following estimate (see [5,9]) takes place:
lue (11, ) = e (12, V)| < Clty = 1o]'/? (2.13)

with constant C depending only on M, K and max («x + €), max k,, max f (maximum is
taken over the set [0, T'] x [0, M]). The above estimate and Lemmas 2.1, 2.3, 2.4 guarantee
the existence of subsequence ¢, such that

ug, — u uniformly,
Ug,x — Uy *weakly in Loo(Q7),

ug,r — u; *weakly in Lo(Qr)

asn — oo (g, — 0). Based on these we can pass to the limit in the identity (2.12) and by
this prove the existence.
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2.4 Proof of Theorem 4

For the function v = ue ™, ju > 0 the problem (1.16), (1.13) takes the form

vp = (k(t, V)vx)x — pv, m =3, (2.19)
v(0,x) = uo(x) =0, vz, %) =0, (2.15)

with
K(t, v) = metm=Diym=1,

Condition (1.15) in this case can be written as follows

m(m — DKoy ™2 — o] < pne 7 vy — 1], v > v >0 (2.16)
or
1 % vy — Vg
t < In .
wm —1)  \mm — HKZ =2 _yn=2
The last is fulfilled if

1 % 1
t < In )
w(m —1) (m(m —1DK? (m — 2)M’"‘3>

where M = max v = max u. Define T* > 0 by the following

T* = ! i
= sup In s
w m(m—1) m@m — 1)(m — 2)K2Mm—3

here supremum is taking for u > m(m — 1)(m — 2)K 2M™=3. Thus Theorem 3 guarantees
the existence of a strong solution of problem (2.14), (2.15) on the interval (0, 7*) and the
estimate

lvxllzeoo, %) = K = max [vx (0, x)| = max |ugx (x)].
Returning to problem (1.16), (1.13) we finish the proof of the existence. Obviously
luxllLoo,1+) < KeM < K* = KetT™
Example 3 Consider equation
up= (), —iu, A>6K*in Qr, (2.17)

One can easily see that (1.15) is fulfilled and thus Theorem 3 guarantees the global solvability
of problem (2.17), (1.13).

Now consider equation

uy = (), in Qr, (2.18)

For v = ue ™ we obtain

Condition (2.16) takes the form

1
6K> < pe™™ & 1< —1In—o.
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Supremum of 1/2 In(u/6K?) (with respect to 1 under restriction 1 > 6K?) is obtained

foru=-e 6K 2, hence for
1
tel0, ——
12¢K?

et Dl <K & ug( x| < KK < K* = K e,

we have

Thus we conclude that Theorem 4 guarantees the existence of a strong solution to the
problem (2.18), (1.13) on the interval

1
T 12eK?’

te(0, T, T*

3 The Cauchy problem
3.1 Regularized problem

Consider the following regularized problem
up = (k(t,u) + &)urx + ke (t, wu? — f(t,u) in QF =0, T)x (=1,1)  (3.1)
coupled with initial and boundary conditions
u(0,x) = hy(x), uy(t,=£l) £8u(,£l) =0, (3.2)
where
0<hx)<M, |hx|<K, ¥xel[-L1]

and hy, (£l)£8ho(£l) = 0, here ¢ and [ are arbitrary positive constants and positive constant
8 is such that

Mé§ < K

(we will use the last inequality in the proof of Lemma 3.2).
First consider the following auxiliary equation

up = (Rt u) + &)xx + Ky (t, w)us — F(t,u) in Qf 3.3)

where functions ¥ (¢, u), f (¢, u) where defined in the previous section.
The existence of classical solution of problem (3.3), (3.2) under the smoothness assump-
tions (1.4) follows from [13].

3.2 A priori estimates

Lemma 3.1 For a classical solution u,(t, x) of problem (3.3), (3.2) the estimate
0<uc(t,x) <M,

holds in Qr.
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Proof The proof is similar to the proof of Lemma 2.1. The only difference is on the lateral
boundary of the domain, i.e. x = &/, t € [0, T'] where for v = ue= %" we have

vy (t, £I) £ 6v(r, £1) = 0.

Hence on the lateral boundary the function v cannot attain positive maximum or negative
minimum. Thus, similarly to the proof of Lemma 2.1 we conclude that the function v attains
its positive maximum and negative minimum at the initial moment and consequently

O<u<M.
O

From the above estimate it immediately follows that equation (3.3) coincides with equation
(3.1), so, instead of problem (3.3), (3.2) we will consider problem (3.1), (3.2).

Lemma 3.2 For a classical solution of problem (3.1), (3.2) the estimate
[uex (t, x)| < K

holds in Q.

Proof The proof is similar to the proof of Lemma 2.3. The only difference is on the lateral
boundary of the domain P.

Consider the function w(?, x, y) (see the proof of Lemma 2.3) on the lateral boundary of
the domain P:

1. for x = y we have w = 0;
2. forx =1,y € [, 1] we have

wy(t, 1, y) = (ux(t,1) — K)e™" = (= dut,) —K)e™" <0

and thus the function w cannot attain its positive maximum on this part of the lateral
boundary;
3. fory = —I, x € [—1,]] we have

wy(t,x, =) = (—uy(t, =)+ K)e™" = (=dut, =)+ K)e™" >0

and the function w cannot attain its positive maximum on this part of the lateral boundary
as well (recall that K > 6 M and note that on this part of the boundary the derivative with
respect to y is inward derivative).

Thus similarly to Lemma 2.3 we conclude that for x > y
u(t,x) —u(t,y) < Kx—y).

Now consider the function v(¢, x, y) on the lateral boundary of the domain P:

[a—

for x = y we have v = 0;
2. forx =1,y € [-],]] we have

ve(t, 1, y) = (—ux(t, 1) — K)e™" = (Su(r,1) — K) <0,
3. fory = —I, x € [, 1] we have
vy(t, x, =1) = (uy(t, =1) + K)e™" = (Su(t, =) + K)e™" >0

and hence the function v cannot attain its positive maximum on part 2. and 3. of the
lateral boundary.
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Thus we obtain that for x > y

u(r, x) —u(t, y)| < K(x —y).

In view of the symmetry of the variables x y we conclude that for ¢ € [0, T'], |x| < [,
|y] <1 we have

lu(t, x) —u(t, y)| < K|x — y|
which implies the required estimate. O

3.3 Proof of Theorems 1 and 2

We have constructed functions u.-classical solutions of (3.1), (3.2). Note that the estimates
of ug, ug, as well as the estimate

lue(t1, X) — ue(t2, x)| < Clty — 1|2 (3.4)

are independent of § (and of €). From Schauder estimates we conclude that forsome y € (0, 1)

the Ct1 ;ry/ 2247 horm of u ¢ is bounded by a constant independent of § (but of course depending

on ¢). Thus we can pass to the limit as § — 0 and obtain the classical solution of the
homogeneous Neumann problem:

wer = (K (1, e) + &) uery + K (t, uu?, — f(t,u) in Qf, 3.5
u(0,x) = hj(x), ux(,xl) =0, (3.6)

where hj, (£l) = 0.
Obviously the estimates of Lemma 3.1 and 3.2 as well as the estimate (3.4) hold for the
solution of problem (3.5), (3.6). Let us obtain the needed integral estimates.

Lemma 3.3 For a classical solution of problem (3.5), (3.6) the estimate

f ul,drdx < C
or

holds, where the constant C do not depend on ¢.
The proof is similar to the proof of Lemma 2.4.

Lemma 3.4 For a classical solution of problem (3.5), (3.6) the estimate

1 1
/ ugdx+2/ K(t,ug)ugxdxdtff ud (x)dx
-1 or -1

holds Vt € (0, T), where the constant C do not depend on ¢.

Proof Multiplying (3.5) by u and integrating by parts we obtain

1d 1 ) 1 5 1
—— u“dx + (K(t,u)—l—s)uxdx = — fudx <0.
2de J4 -1 -1

Integrating with respect to ¢ we obtain the required estimate. O

Let us extend h;(x) by zero for |x| > [. Now we approach the initial function uo by
(extended) functions /; and obtain the (classical) solution of the Cauchy problem

wer = (K (1, ue) + &) ey + K (t, ueIu?, — f(t,ue) in Ty, 3.7)
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u(0, x) = uo(x), (3.8)

passing to the limit as / — oo and applying the standard diagonal process ( [10]). Note that
the a priori estimates obtained above are independent of / and hence are valid for the problem
(3.7), (3.8) as well.

Thus there exists a subsequence ¢, such that

ug, — u uniformly,

Ug,x — Uy *weakly in Loo(Tl7),

ug, — u; *weakly in Lo(Tl7)

asn — 0o (¢, — 0). Based on these we can pass to the limit in the identity

/ ugrpdrdx + / (k(t, ug) + €)ugyprdrdx + ft, ug)pdrdx =0
Ir Ir My

with an arbitrary smooth ¢ (¢, x) vanishing for large | x|. By this we finish the proof of Theorem

1.

The proof of Theorem 2 is similar to the proof of Theorem 4.
Note that Example 3 by obvious way can be extended to the Cauchy problem.
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