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Viscosity solutions of the p-Laplace equation with nonlinear source
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Abstract. In the present paper we consider the Dirichlet problem in a convex
domain for the multidimensional p-Laplace equation with nonlinear source.
We prove the existence of the unique continuous viscosity solution under quite
general assumptions on the structure of the source.
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0. Introduction. Consider the p-Laplace equation
(0.1) —div(|Vu[P2Vu) + g(x,u, Vu) + f(x) =0 in QCR", p>2,
coupled with the Dirichlet boundary condition
(0.2) u=0 for xe€ 09,
where we suppose that {2 is a strictly convex domain lying in the parallelepiped
QcCc{x=(r1,...,zn): L <a; <l;, i=1,..,n}.
We assume that the parts of 02 lying in the half-spaces 1 < 0 and ;1 > 0 can
be expressed as
21 = F(xo, 23, ..., ), x1 = G(x2,23,...,2Tp)
respectively.

In this paper we focus our attention on the problem of construction of contin-
uous viscosity sub and supersolutions for equation (0.1) that satisfy the boundary
condition (0.2). Let us recall the precise meaning of the notion of continuous
viscosity solution of (0.1), (0.2). According to [7], u(x) is a continuous viscosity
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subsolution of (0.1), (0.2), if u(x) is upper semicontinuous function on € and for
every ¢(x) € C?(Q) and local maximum point X €  of u — ¢, one has

O (%, u(%), Dg(%), D*¢(%)) < 0,
where
(0.3)

¢(X7 4q, X) = _|q‘P—2T,r(X) - (p - 2)|q|p_4TI'((q 02y q)X) + g(X, T, q) + f(X)

The notion of a continuous viscosity supersolution of (0.1), (0.2) arises replacing
“upper semicontinuous” by “lower semicontinuous”, “max” by “min” and reversing
the inequality to

®(%, u(%), Dp(x), D*¢(x)) > 0.
Continuous viscosity solution of (0.1), (0.2) is a function which is simultaneously
a continuous viscosity subsolution and a continuous viscosity supersolution. The
boundary condition is interpreted in the strict sense.

Viscosity solutions were introduced by M.G. Crandall and P.L. Lions [3] in the
case of Hamilton-Jacobi equations and were extended to the case of second order
elliptic equations by H. Ishii and P. L. Lions [7] and L. Caffarelli, M. Crandall,
M. Kocan and A. Swiech [1]. The theory of viscosity solutions applies to certain
partial differential equations that are proper in the sense of [5]. In the case of the
p-Laplace equation (0.1) it means that the function g(x,u,q) is nondecreasing
with respect to u.

It is well known that the extension of the classical maximum principle to the
case of semicontinuous functions (see for example [2], [4], [6]-[14]) plays the key
role in the theory of viscosity solutions. The maximum principle for semicontinuous
functions gives us the comparison principle for viscosity subsolutions and superso-
lutions of problem (0.1), (0.2). When the comparison principle for any subsolutions
and supersolutions holds one can use Ishii’s implementation of Perron’s method
[5], [6] in order to prove the existence of continuous viscosity solution for (0.1),
(0.2).

In order to use the Ishii-Perron method [5, Theorem 4.1] one has to produce a
subsolution and a supersolution that vanish on the boundary. The mentioned above
Theorem leaves open the question when such a subsolution and supersolution can
be found. Concerning the parabolic analogue of (0.1) without the nonlinear source,
we want to mention [14], where viscosity subsolutions and supersolutions were
constructed for the initial problem. To the best of our knowledge there are no
such results concerning the boundary value problems for p-Laplace equations with
nonlinear source.

In this paper we present a new method of constructing subsolutions and super-
solutions for the problem (0.1), (0.2), that one can use for a wider class of degen-
erate and nonuniformly elliptic equations. These subsolutions and supersolutions
are solutions of certain ordinary differential equations, where the function which
describes the boundary of the domain €2 plays the role of independent variable. It
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is worth mentioning that the subsolutions and supersolutions are given explicitly

and can be used to provide modulus of continuity estimates on solutions of (0.1),
(0.2).

In order to use the Ishii-Perron method one has to assume that the strong
comparison result holds, which means that if w, is a subsolution and u* is a
supersolution of ® = 0, where u, and —u* are upper semicontinuous functions,
then from w, < u* on 9N follows that u, < u* in €. To assert that comparison
holds via theorems of [5, conditions 3.13 and 3.14] one must impose structure
condition on ®(x,r,q, X). In the case the of p-Laplace equation, according to [5]
we have that if there exists v > 0 such that

(0.4) v(r—s) <g(x,r,q) —g(x,s,q) for s<r, (x,q)€QxR"
and there is a function w : [0, 00] — [0, o] that satisfies w(0+) = 0 such that
(0.5)
9y, B(x =) = 9(x,7, B(x —y)) + f(y) = F(x) Sw(Bx —y[* + |x —y])
whenever
X,y €2, reEeR,
then the comparison principle holds. Here 8 > 0 is a parameter that satisfies
Bli—g)lo Blx —y|*=0.
One may produce examples of proper ® satisfying (0.4), (0.5) assuming, for exam-
ple, that
9(x,7,q) = g1(r, ) +vr,

where ¢y is a nondecreasing function of r and f(x) is a continuous function (with
w the modulus of continuity for f).

In order to formulate the main result of the present paper we will make some as-

sumptions concerning the nonlinear source of (0.1). Denote by & = (x2, 3, ..., Zy).
Suppose that there exist positive constants Cy and Cy such that for p > Cj

(06) *g(X,O, =P pVG(i.)) S Cl (p - 1)/017717

(0.7) 9(x,0,p, —pVG(Z)) < Ci(p—1)pP 1,

(0.8) —9(x,0,p,—pVF (%)) < Ci(p — 1)|p|" ",

(0.9) 9(x,0,—p,pVF (%)) < Ci(p — 1)pP .

Examples of nonlinearities g which satisfy these conditions are given at the end of
the paper.
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Let us formulate now the main result of the present paper.

Theorem. Let 2 C R™ be a bounded strictly convex domain with 9Q € C?,
P € C(Q xR x R™ x S(n)). Suppose that the conditions (0.4)—(0.9) are fulfilled,
then there exists a unique continuous viscosity solution for the problem (0.1), (0.2).

The proof of the existence theorem is based on the Ishii-Perron method [5].
The necessary subsolutions and supersolutions of (0.1) that satisfy the boundary
condition are constructed in the next section.

1. Construction of subsolutions and supersolutions. Put

1
(1.1) Co = (pJE)1> >0, where max|f(x)| = fo.
Suppose that the conditions (0.6)—(0.9) are fulfilled. Introduce the function h(§)
by
Co (14+C1 [ scvy -6

he) = Cl( e G )-¢).
One can easily see that h(£) satisfies the equation
(1.2) " +Cih' +Co=0

and boundary conditions

Co (1+C
h(0) =0, h(2h)= 0(1) (a L2l ) —2zl>.

Obviously
(&) >Cy for & €]0,2l],
thus we have that h(£) > 0 when £ € [0, 2[4].
Define the operator L by
Lu = —div(|Vul[P~2Vu) + g(x,u, Vu) + f(x).

For £ = G(&) — x1 we have (recall that & = (z2,23,...,2p))

V(&) = (hay (&), hay(§), - s ha, (§)) = (—1'(€), B (§) Gy (), - .., W (€) G, (),

IVR(E)[P2 = KPT2(€)(1 + [VG(@)?) 7.

Hence we have

Lh(§) = - (—h’“ (1+ |va<a~c>2)p22)m
znj (h"’ L1+ VG@E)R) T G%)zm

m=2
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+g(x,h, Vh) + f(x) = —(p— DR 20" (1+[VG@)?) T
(1.3) P (14 |VG(5c)\2)pT72 A G(#)

—(p=2)"""" (1 +|VG() i <mef:ststxm>

=2 s=2

— (= DI TR (14 [VG@)) T ZGL”—i—g x, h, Vh) + f(x).

Denote by D2G(Z) the matrix of second derivatives of G(Z). Then we can represent

the term
Z (G:vm Z Gws sta:m>
m=2 s=2

in the following way

(1.4) Z ( m ZG%G%M> = VG(2)D*G(7)(VG ()",

m=2

where (VG(%))”T means the gradient vector column of G. It is well-known that
(1.4) as a bilinear quadratic form is negatively defined if and only if the matrix
D?G(%) is negatively defined. And this is the case because 1 = G(Z) defines the
part of 92 which is convex. Furthermore, due to the convexity of the domain 2
we have AG(Z) < 0. So from (1.3) we obtain the following inequality (recall that
R’ <0)

Lh(€) > —(p— D" 20" (14 |VG(@)2) 7 -

(1.5) (p— DAP2R" (14 |VG(3) Z G2+ g(x,h, Vh) + f(x)

m=2
—(p— DN (14 |VG<56)\2)”*52 (1+ [VG(@)) + glx, b, VR) + f(x) =
—(p— DR (14 [VG@)2)? + g(x, h, V) + f(x) >
—(p = D" 2K + g(x, h, Vh) + f(x).
From (1.2) we have that h"" = —C1h’ — Cy. Therefore (1.5) implies
Lh(g) > (p— DO+ (p— 1)Coh™ " + g(x, h, Vh) + f(x)
> (p— 1) + (p— 1)Coh™ ™ + g(x,0,Vh) + f(x),

where the last inequality follows from the fact that & > 0 and (0.4). Using the
inequality A’ > Cy we immediately conclude

(1.6) Lh(€) > (p = DCE(Cr +1) +9(x,0,Vh) + [(x).
Suppose now that g(x,0, Vh) # 0. From (1.1) and (0.6) we obtain that
Lh(€) = (p = D)CF(Cr +1) + g(,0, = (€), 1 ()G s W (€) G, ) + f(x) 2 0
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If g(x,0,Vh) = 0 then due to (1.1)

(p—1)CEH(C1+1) = fo(CL +1) = fo,
and

Lh(€) = (p = 1O (CL+1) + f(x) =
Consider now h(() = h(xz; — F(Z)). We have

Vh(C) = (h ( ) C)v . wn )) = (h/(C)a _h/(C)Fw2<~)v ) _h/(C)Fw7L(j)>7

IVR(Q)[P~2 = KP72(C) (1 + [VF(2)]?) 2

Hence we have

Lh(¢) = — <h"’1 (1+ |VF(;z)|2)p22> |

+§n: (h"’ L1+ |VF@)| )pfom)T

m=2 T

p—2

+ g(x,h, Vh) + f(x) = —( — DR (14 [VE(@)) T

I+ [VE@)P) T A F()
+(p =20 (1+|VF(#) an <FWZFFm>
(1.7) — (= DR (1L |VE@)) T Z F2 4 g(x,h, Vh) + f(x).

m=2

Denote by D?F (&) the matrix of second derivatives of F/(Z). Then we can represent

the term . .
> (Fxm > FF)

m=2 s=2
in the following way

(1.8) Z ( - ZFze mm) = VF(2)D*F(z)(VF ().
m=2

Thus one can easily see that (1.8) as a bilinear quadratic form is positively defined

due to the fact that the matrix D? F (%) as a matrix of second derivatives of concave

F(z) is positively defined. Moreover, due to the convexity of the domain € we have

AF(Z) > 0. So from (1.7) we obtain the following inequality

Lh(Q) = ~(p — D21 (14 [VE@)?) T ~

(1.9) (p— DR 20" (14 |VF(2) Z F2 4 g(x,h,Vh) + f(x)

m=2

—(p— DR (14 [VF@)?) T (14 |VF@)P) + g(x, h, VA) + f(x) =
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—(p— DR (1 + [VE@)?)? + g(x, h, Vh) + f(x) >
—(p— DWW + g(x,h, Vh) + f(x).
From (1.2) we have that h” = —C1h’ — Cy. Therefore (1.9) implies
Lh(¢) > (p— 1)C1W™ ™" + (p — 1)Col/* ™ + g(x, h, Vh) + f(x)
> (p— DCR™ ™+ (p = DGl + g(x,0, Vh) + f(x),

where the last inequality follows from the fact that » > 0 and (0.4). Using the
inequality A’ > Cy we immediately conclude that

Lh(Q) = (p = 1)CE(Cr +1) + 9(x,0,Vh) + f(x).
Suppose now that g(x,0,Vh) # 0. From (1.1) and (0.8) we obtain that
Lh(¢) = (p—=1)CFH(Cr+1) + g(x,0,h (), =h'(Q) Fig ey =h'(() i) + f (%) > 0
If g(x,0, Vh) = 0 then then due to (1.1), we have
(p=DCE(Cr+1) = o

and

Lh(¢) = (p—1)C1h™ ™ 4 (p— 1O + f(x) > 0

Define h*(x) by

h*(x) = hMG(Z) —x1), for x3 > M
h(zy — F(7)), for x < w

Function h*(x) is the viscosity supersolution of (0.1) and h*(x) = 0 on 9. In fact,
each of the functions h(G(Z) — x1), h(z1 — F(Z)) are classical supersolutions of
(0.1). So the function h*(x) is also a classical supersolution of (0.1) in the domains

F(z)+G(@) F(z)+ G(:E)}
2 2 '

On the line z; = w the function h*(x) is only continuous. From the def-
inition of a viscosity supersolution and due to the continuity of the elliptic oper-
ator (0.1) h*(x) will be a viscosity supersolution of (0.1), (0.2). This fact follows
easily from h’ > Cj, which implies that there does not exist any C2? function
whose graph touches the graph of h* from below at a point belonging to the set

{reQ:x; = 71;(&);6;(%) }.

Now let us show that function h,(x) = —h*(x) is a subsolution of (0.1), (0.2).
Obviously h.(x) = 0 on 9Q. For hy(§) = —h(§) = —h(G(Z) — 1) we have

h(¢
L(h1(8)) = L(=h(G(2)—21)) = —div([V(=R)[P"*V (=h))+g(x, —=h, V(=) +[ (x)

(1.10) div(|VA|[P72Vh) + g(x, —h, V(=h)) + f(x) <

{x:xeQuz > }and {x:x€Qx <

div(|[VAP~*Vh) + g(x,0,V(=h)) + fo,
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where the last inequality is the consequence of the fact that —h < 0. From (1.6)
we have that

(L.11) Lh(€) > (p— 1)CFH(Ch + 1) + g(x,0,Vh) + f(x) > 0.
Thus (0.1) and (1.11) imply
(1.12) div(|Vh|P=2Vh) < —(p — 1)CE~H(Cy + 1).

Finally, from (1.10), (1.12) we obtain that
L(h1(€)) <div(|[VAIP=2Vh) + g(x,0,V(=h)) + fo

Now using (1.1) and (0.7) we conclude that L(hq(£)) < 0. Similarly, using (1.1) and
(0.9), one can prove that for hy(¢) = —h(x; — F(Z)) the inequality L(hi(¢)) <0
holds. So due to the continuity of the elliptic operator (0.1) the function

—h(G(Z) - FE)1C()
h*(x):{ hG(E) —z1), for x>

puiy _ 2 .
—h(z; — F(F)), for x; < FOIEE,
is a viscosity subsolution of (0.1), (0.2).

Thus we have constructed a supersolution h*(x) and a subsolution h.(x) of
(0.1), (0.2). Since the comparison principle holds we may invoke the Ishii-Perron
method to obtain the existence and uniqueness of the viscosity solution of (0.1),
(0.2).

Finally let us give several examples.
Example 1. Obviously if g(x,u,q) + f(x) is a continuous function that satisfies
conditions (0.4), (0.5) and

9(x,0,q) =0,
then conditions of the Theorem are fulfilled.

Example 2. If g = alu,, [P~! + ¢(u), where a is a constant, then conditions (0.6) -
(0.9) are fulfilled with
1 ¢(0)]
Ci=——|a+ .
T p-1 ( crt

l9(x,0,1pD)] < lallpP~" +[6(0)| < C1(p —1)p"~".
Hence, conditions of the Theorem are fulfilled if f(x), ¢(u) are continuous functions
on Q and [~ max h*, max h*] respectively and ¢ is strictly increasing.

In fact,

Example 3. Suppose now that g = g(x,u). In that case (0.6)—(0.9) are fulfilled
with
_ maxg |g(x,0)|

o p-neyt
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Thus conditions of the Theorem are fulfilled if g(x,u), f(x) are continuous func-
tions on X [— max h*, max h*] and € respectively and g is strictly increasing with
respect to u.

Here existence and uniqueness would also follow from the observation that this
is an Euler equation of a strictly convex functional. Therefore a weak solution
exists, and weak solutions are often viscosity solutions according to [13].

Example 4. Consider for simplicity the two dimensional case. Suppose that €2 is a
domain in R? with 92 consisting of two parabolas, 1 = G(z2) = 1—23 for z; > 0
and z1 = F(x9) = 23 — 1 for 2y < 0. If
9= aVul'~! + ¢(u),
then conditions (0.6)—(0.9) are fulfilled with
1 (-1/2_ |6(0)]
= (ak? 7>
C1 p—l(ao +Cgfl ,

where ko = max{1 +maxG2_,1+ max F } = 5. In fact,

19(x,0, |pl, |pGa,])| < lalp? (14 G2,)P~D/2 4 16(0) < Ci(p — 1)p" "
19,0, |pl; [pFe, )| < lallplP~ (1 4+ F2,)P~D72 4 6(0)] < Cr(p— 1)p" "

Thus we conclude that conditions of the Theorem are fulfilled if f, ¢ are continu-
ous functions on 2 and [— max h*, max h*| respectively and ¢ is strictly increasing.
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