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1. Introduction and main results

Let €2 be a bounded domain in R"™ satisfying the exterior sphere condition and Qp =
(0,T) x  with an arbitrary T € (0,00). We denote by « = (x1,...,2,) the points in
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) and by t the time variable that varies in the interval [0, T]. Consider the following
quasilinear parabolic equation

n

i=1

pium)ﬂﬁl in QTa (11)

coupled with the homogeneous Dirichlet boundary condition
u=0 on [0,T]x 9 (1.2)
and the initial condition
w(0,2) = ug(x) in Q, ug(x) € C*(Q) and ug(x) =0 on 0. (1.3)
Here p; > —1,i=1,...,n. Without loss of generality, we assume that the p; are ordered:
—1<p <p2 <. < py < Ho00.

Let =1 <p;<O0fori=1,....,mand p; >0fori=m+41,...,n where 0 < m < n.

This class of equations has received considerable attention in the last years and not
only, see, for example, [1-5,10-13,22,23] and the references therein. Concerning the dif-
ferent aspects of the stationary case, see, for example, [6,7,17,22,23]. From [13] it follows
that if ug € Leo(R2), then there exists a unique weak solution of problem (1.1)—(1.3)
which is defined as a function

u € Loo(Qr) NV (Qr)NC([0,T]; Ls(2)) Vs €[1,00), usr € V*(Qr),
satisfying the integral identity
/ (ud)t - Z |uxi|piuxi¢xi)dasdt = - /uod)(O,x)dz
Qr i=1 Q

for an arbitrary smooth function ¢(t, z) which is equal to zero for x € 9Q and for t =T
Here V*(Qr) is the adjoint space to V(1) = Ny Ly, +2(0,T;U;(Q)) where U; () is the
v, = |lullr, +|ua,l|L,, > (for more details

closure of CY,(2) with respect to the norm ||u]
see [13]).

The main goal of the present paper is to show that under the following assumption
on the initial data ug:

n
> max|(juoe, [Puoz, )z, | < +o0, (1.4)
i=1

the derivative of a solution with respect to t is an L., function. The proof is based on
the idea of introducing a new time variable inspired by the idea of introducing a new
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spatial variable. The last was proposed by Kruzhkov [8] in his investigations devoted
to the second order quasilinear parabolic equations with one spatial variable. Based on
this idea he obtained the estimate of the low order spatial derivative of a solution of
initial boundary value problems. Later the idea of introducing a new spatial variable
was modified and applied to a wide class of multidimensional quasilinear parabolic and
elliptic equations [14,15,17] (see also [16,18]).

It must be emphasized that the method we use does not require differentiation of
the equation and can be applied to more general operator (for more details see remarks
at the end of sections 2, 3). We restrict ourselves with equation (1.1) in order to avoid
complicated assumptions and to make the idea as simple as possible.

Definition 1. We say that a function u(t, z) is a weak solution of problem (1.1)—(1.3) if
u e LOO(QT), Uy, € Lpi+2(QT)7 U € Loo(QT)
and the following integral identity
n
/ (ut o+ Z [t [P U, (bwi)dxdt =0
G i=1

holds for an arbitrary smooth function ¢ which vanishes on (0,7") x 9. The initial
condition is satisfied in the classical sense. The boundary condition is satisfied in the
sense of the trace of function.

Theorem 1. Suppose that condition (1.4) is fulfilled and Q) satisfies the exterior sphere
condition. Then for an arbitrary T > 0, there exists a unique weak solution of problem
(1.1)=(1.3). Moreover

n
HutHLoo(QT) < CO = Zmélx |(|u011|p1u0931)11
i=1
Let us turn to the gradient estimates. The case
0 < min p; < max p; < min p; + ——,
i i i n+2

was considered in [3], where the existence result for the Cauchy—Dirichlet problem with
inhomogeneous initial-boundary data was proved under the above restriction on the
exponents p;. The obtained weak solution possess locally Lipschitz gradient with u; €
Lq%(O,T; I/V_l’q%l(ﬁ)7 where p = minp;, ¢ = maxp;. Moreover in [3] the following
regularity result was established: if

4
0 < min p; < max p; < min p; + —
1 2 (3 n
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then any weak solution u € LP(0,T;W"?(Q)) N LL _(0,T;W,5%(Q)) admits a locally
bounded spatial gradient Vu. Taking into account the fact that the equation under con-
sideration is nonuniformly parabolic, we can not expect the global L., gradient estimate
for arbitrary domains, but we show that for some classes of domains €2 the global gradient
estimate takes place for arbitrary p; > —1,i=1,...,n.

Concerning the additional restriction on 2 we suppose that either it is orthogonal

parallelepiped
0= (—ll,ll) X oo X (—ln,ln)

or it satisfies the following (A) condition

Q is convex and the parts of O lying in the half spaces x; < 0 and x; > 0 can be
expressed as

v, =F and z;=G;, i=1,...n, (4)
respectively, where the C?-functions F; and G; do not depend on variable x;.

For example

"ox2
Q:{xeR":Z%<1}, a; € R\ {0}, i=1,..n.

i=1 ¢

Theorem 2. Assume that condition (1.4) is fulfilled and Q satisfies assumption (A) or
Q= (=l1,l1) X ... x (=lp,1y). Then for an arbitrary T > 0, there exists a unique weak
solution of problem (1.1)—(1.3) such that u,, € Loo(Qr). Moreover

lutll Lo (r) < Coy Nt | Lo (@) < Ci = mgXIUOmiI, i=1,..,n.

(This implies that u is continuous and so conditions (1.2), (1.3) are satisfied in the
classical sense.)

If Q= (—l,l1) X ... x (=Ip, 1) and the equation is singular, i.e. p; € (—1,0) Vi, then
the solution of the Cauchy—Dirichlet problem is more regular than in Theorem 2.

Definition 2. We say that a Lipschitz continuous function u(t, ) is a strong solution of
problem (1.1)—(1.3) if uz,2; € La(Q2r), u(t, ) satisfies equation

n

Ut = Z(l +pi>|u$i‘piu$¢$i

=1

almost everywhere in (27 and the initial and boundary conditions are satisfied in the

classical sense.
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Theorem 3. Assume that condition (1.4) is fulfilled, Q = (=l1,11) X ... X (=lpn,1l,) and
—1<p <py<...<p, <0. Then for an arbitrary T > 0, there exists a unique strong
solution of problem (1.1)—(1.3). Moreover

uillLo @) < Cos Nw, Lo @) < Cis

1 . ..
||U.’I),L'IJ'H%2(QT) < WKECZ. i K= ||U0.r,;HL2(Q), ,j=1,..,n.

Now let us turn to the Cauchy problem: consider the equation

n

ur =Y (|tg,[P"ua,)e, in Ty = (0,T) x R", (1.5)
i=1
coupled with the initial condition
u(0,x) = up(x) in R™. (1.6)

Suppose that ug(x) has a compact support which we denote by .

Definition 3. We say that a globally Lipschitz continuous function u(t,x) is a weak
solution of problem (1.5), (1.6) if u(0,x) = uo(x) and the following integral identity

n
/ (ut o+ Z [t | P, d)xi)dxdt =0
i i=1
holds for an arbitrary smooth function ¢ with compact support.

Theorem 4. Suppose that condition (1.4) is satisfied. Then for an arbitrary T > 0, there
exists a unique weak solution of problem (1.5), (1.6). Moreover

e, || o) < Ci = max lwoz, |, 1=1,...,n,

n
el ooy < Co = D max|(Juog, [Puos,),, |
i=1

Definition 4. We say that a globally Lipschitz continuous function u(¢,z) is a strong
solution of problem (1.5), (1.6) if ug,2; € L2(Il7), u(0,2) = uo(z) and u(t, r) satisfies
equation

n

Uy = Z(l +pi)|uwi|piumixi

i=1

almost everywhere in Ilp.
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Theorem 5. Suppose that (1.4) is fulfilled and assume that —1 < p; < ps < ... < p, < 0.
Then for an arbitrary T > 0, there exists a unique strong solution of problem (1.5), (1.6).
Moreover

e Lo ) < Ciy el po (i) < Co
and

K?C-_pi, Ki = ||u0I1

?

2 .
HUwﬂj”LQ(HT) < 2(pi + 1‘) Lo(Q), LJ=1,..,n.

The paper is organized as follows. In sections 2, 3, 4 we prove Theorems 1, 2, 3
respectively, section 5 is devoted to Theorems 4, 5.

2. Proof of Theorem 1
2.1. Regularization

Regularize equation (1.1):

uer = ) (g, + )P/ ey ), in Qr, (2.1)

=1

where constant € € (0,e9], &g > 0 is an arbitrary fixed number and « € (0,1) is a
constant such that « = r/p with positive integers r and p, where r < p and r is even.
Note that for such «

(2l = 2P,

If 0 < m < n (i.e. there exists at least one negative p;) then we impose an additional
condition on a: « is small enough so that

—1<p;,—a for i=1,...,m. (2.2)

We will use this condition below in the proof of Lemma 2.1.
Introduce functions a;(z;)

aie(z) = (2 +) = (i + 1) +¢)-
Taking into account that

((u?xl + 6)171‘/04“6%)% = (u?xl + s)giil ((pi + 1)“?101 + 6)“'5907:96@"
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we rewrite equation (2.1) in the following form
n
Uet = Zais(umi)umm in Qp. (2.3)

i=1

Consider equation (2.3) coupled with conditions
ue =0 on [0,T] x 09, u(0,2)=up(z) in . (2.4)

The existence of a classical solution u. of problem (2.3), (2.4) follows from [13] (see
p. 3024).

2.2. A priori estimates

Our goal in this section is to obtain uniform with respect to € estimates of solutions
to (2.3), (2.4) which would enable us to pass to the limit as e — 0.
Denote by

n

> max| (g, +20)" *uos,), |
1=m-+1

m
Cleo) = Zm&x |(|u0xi|piU0zi)xi +
i=1

For simplicity in the proofs we will omit the subindex €.

Lemma 2.1. For every ¢ € (0,2¢] and (t,z) € Qp the following estimate
lue(t, ) —ug(x)] < C(eg)t

takes place.

Proof. First let us show that

C'(50) Z ‘Zaie(qui)UOIiazi . (25)
i=1

To this end consider |a;:(uog,; )Uoz;x;], ¢ = 1,...,n. We have
Pi_
|ai5(u0$i)u01i$i| = (ugx, + 5) a 1[(pi + 1)“811 + €]|u011$i| = f(E,.L").
By direct calculations we obtain

af(57 l‘) @ %_2
—— = (ube, +¢)

Di pit+1—«
<_ZE + piziung) |u01117
« «

. (2.6)
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is

Consequently 0f/de > 0 for p; > 0. Thus for p; > 0 the function |a;c(uos, )0z,
increasing with respect to e for arbitrary = and as a consequence maxg |a;c (4oz; ) U0z, z;

is increasing with respect to € as well. Hence

n

n
‘ Z aig(uom)uommi‘ < Z mgx | ((uglzI + E)Pi/auOmi)xJ
i=m+1 i=m+1

n

< Z mg%x|((u8:ci + Eo)pi/aqui)wJ_
i=m+1

From (2.6) we have that 0f/0e <0 for —1 < p; < 0 (see (2.2)). So we conclude that for
negative p; the function |a;c(%oz, )Uox;z; | is decreasing with respect to € for arbitrary
an as a consequence maxg |aies (Uoz, )Uox;z,; | is decreasing with respect to € as well. Thus

‘ iaie(uoazi)quiwi < izin;mgx | (U, + )7 uoa,) .| < imgx | (Juow, [P uoa,) .|
and (2.5) is proved.
Introduce the function
h(t) = (C(eo) + 0)t, te[0,T7,
where constant § > 0. Let us prove the following inequality
u(t, ) — ug(z) < h(t). (2.7)

Consider the linear parabolic operator

" 0? 0
L = Zaie(uoxi)@ — &
i=1 ?

Define the function ¢~ = u — [ug(z) + h(t)]. Obviously
Ld)_ = Zaie(uOmi)UIizi — U — [Zais(qui)UOzizi - hl(t)]
i=1 i=1

= Z Aie (UOmi)umimi — Ut — Z Aije (UOaci)an:imi + C(EO) +0
=1 =1

> Z @ie (Uoz, Uz, — Ug- (2.8)
=1

The last inequality is due to (2.5) and the positivity of §. Denote by 't the parabolic
boundary of Qr, i.e.
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I'r = BQT \ {(T,.’b) L X e Q}

Suppose that at some point N € Q7 \ I'r the function ¢~ attains its maximum, then at

this point we have

Vo~ =0 <& Vu=Vuy = ai(ts,) = aic(toy;) i1=1,....,n, =

n

= E Qi (Ug, VUg, 2, — U] = 0.
N £ 1 ( 7/) K k2 N
1=

n
Z Qe (Uoz; ) Uz, — Ut
i=1

Hence, from (2.8),

L¢“ >0,
N

which contradicts the assumption that ¢~ attains its maximum at N. Consider ¢~ on
FTS

for x € 0Q, t € [0,T] we have ¢~ = —h(t) <0;
for t =0, z € Q we have ¢~ = —h(0) = 0.

Thus ¢~ <0 and (2.7) is proved.
Let us show now that

u(t, z) —up(z) > —h(t). (2.9)

Introduce the function ¢+ = u — [ug(x) — h(t)]. Similarly to the previous case we ob-

tain

Lot = aic (o Yuaye, —we — [ Y Gic (0w, Uowi, + H'(1)]
i=1

i=1

n n
= Z ais(uOmi)umixi — Ut — Z ais(uOmi)uOmixi - 0(60) -0
1=1 =1
n
< Z e (Uog, ) Upyz; — Ut (2.10)
=1

Suppose that at some point N; € Qp \ 'z the function ¢ attains its minimum, then at

this point we have
Vot =0 & Vu=Vuy = ai(uos,)=ai(ug,), i=1,..,n =

n n

E Aje (UOrl)umm, - ut‘ = E aie(uaci)uzizi — Ut =0.
— Ny — Ny

1= 1=
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Hence, from (2.10),

Lot <o,
¢ .

which contradicts the assumption that ¢+ attains its minimum at N;. Consider ¢*
on I'r:

for z € 99, t € [0,T] we have ¢ = h(t) > 0;
for t =0, z € Q we have ¢T = h(0) = 0.

Thus ¢ > 0 and (2.9) is proved. From (2.7) and (2.9) we have
lu(t, ) — ug(z)| < h(t).
Passing to the limit as § — 0 we finish the prove of Lemma 2.1. O
Lemma 2.2. For every ¢ € (0,2¢] and (t,7) € Qp the inequality
luet| < C(eo)
holds.

Proof. Consider equation (2.3) at two different points (¢, z) and (7, x):

n

Z aie(uxi)uxixi —u =0, u=u(tz), (2.11)
1=1
Z aza(uzl)quwL —Ur = 07 U = U(T? .’IJ) (212)

Subtracting (2.12) from (2.11) for v(t, 7, z) = u(t,z) — u(7, z), since
V¢ = Ut(t, x)) Ur = _UT(Ta x)7 U{I)@in = Uxizi (ta Z‘) - ux,ixi (T7 x))

we obtain
Z Qe (Uz; (t, ) Vg2, — Ve — Vr

n
Z Aie(Ug, (T,7)) — ais(“ri(tvx))}uriri(ﬂx)
i=1
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Consider the function
w=v—Cle)(t —7) =u(t,z) —u(r,z) — C(eo)(t — )
in the domain
P={(t,1,2):t€(0,T),7€(0,T),z € Q,t >}

Obviously for w(t, 7, z) we have:
ZaiE(uri (t,2))Way, — Wt — Wy = Z [ais(uzi (1,2)) — aic (s, (tvx))]umlzl (1,2).
i=1 i=1

Introduce the function

w=we "

which satisfies in P the following linear ultraparabolic equation

n
Lw= Zaig(uxi (t, T))Waym; — Wt — Wr — W

i=1

- Z ie (g, (T, %)) — ic (g, (£, 7)) Ug,a, (T, T). (2.13)

Let
I, =0P\{(t,r,z):t=T,0<7<T,z €0}

Suppose that the function w attains its positive maximum at some point N € P\T',. At
this point it should be

n
= Zaig(umi (t,2)) w0, — Wt — Wy — W v < 0,

Lw‘
i=1

N

since wy,q; (N) <0, —w(N) <0, —w,(N) =0, —w(N) < 0. On the other hand at this
point

Vw=0 < Vu(t,z)=Vu(r,z)

and hence, from (2.13),
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From this contradiction we conclude that w can not attain its positive maximum in
P\T..
Consider w on I';:

for x € 9Q,t €[0,T], 7 € [0,T], t > 7 we have w = —C(g¢)(t — 7)e" ™ < 0;

fort =71, 2 €Q, t€0,T] we have w = 0;

for 7 = 0,t € [0,7T], z € Q we have w = u(t,z) — ug(z) — C(go)t < 0 due to
Lemma 2.1.

Consequently w < 0 in P, i.e.
u(t,z) —u(r,z) < Ceg)(t — 7). (2.14)
Now subtracting (2.11) from (2.12) for 9(¢, 7,x) = u(1, ) — u(t, x) we obtain
Zais(uzi (7,2)) 0,0, — V¢ — U7 = Z [aia(umi (t,2)) — e (Uz, (Tvx))}urlrl (t,x).
i=1 i=1
Obviously the function w = ¢ — C(g¢)(t — 7) satisfies in P the following relation

n n

Zais(uzi (7, 2))Waa, — We — Wr = Z [ais(u:ri (t,@)) — aie(uq, (7, x))]uzlrl (t, ).

i=1 i=1
Introduce the function @ = W e~7 which satisfies in P the following ultraparabolic equa-
tion

n

> i (e, (7, 2) )igy, — @r — 0r — @
i=1

=e’ Z [aiﬁ(uwi (t, 7)) — aie(uq, (7, x))]umlzl (t,x).

Similarly to the previous case we obtain that @ can not attain its positive maximum in

P\ T, and that ©@ < 0 on I';. The only difference is that for 7 = 0, t € [0,T], z € Q we

have & = ug(x) — u(t,z) — C(eo)t, which is also nonpositive, due to Lemma 2.1.
Consequently, @ < 0 in P, i.e.

u(t, ) —u(t,r) < C(eo)(t—7) in P. (2.15)
From (2.14) and (2.15) we conclude that

lu(t, ) — u(r,z)| < C(eo)(t —7) in P. (2.16)
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Taking into account the symmetry of the variables ¢t and 7, we similarly consider the
case t < 7 to obtain that

lu(T,2) — u(t,z)| < C(eo)(T —t) in Py, (2.17)

where
P ={(t,7,z):t€(0,T), 7€ (0,T),x € Q7 >t}
Note that here instead of I'; we should take
Iy=0P \{(t,r,z): 7=T,0<t<T,x € N}

From (2.16) and (2.17) we conclude that in

{(t,7,2):t€[0,T], 7 €[0,T),z € Q}
the inequality

lu(t, z) — u(r,z)| < C(eo)|t — 7|

holds. The last implies the required estimate. O

Remark 2.1. Concerning the linear and nonlinear ultraparabolic equations see [19,21]
and the references therein.

In order to pass to the limit in (2.3), (2.4) we also need the next estimates of the
spatial derivatives of a solution.

Lemma 2.3. There exists a constant C such that

Jey

Qr

Pit2pdt < C, i=1

PR

for every e € (0,0].

The proof of Lemma 2.3 follows from [13] p. 3016. The proof of the next lemma follows
from standard considerations based on the maximum principle.

Lemma 2.4. For every e € (0,&¢] the following estimate takes place
lue(z,t)] < max |wo ()]

Now we are ready to pass to the limit as e — 0.
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2.3. Passage to the limit

We will obtain a weak solution to problem (1.1)—(1.3) as a limit of the approximate
solutions u. constructed in Section 2.1.

Multiplying equation (2.1) by an arbitrary smooth function ¢, which vanishes on
(0,T) x 02 and integrating by parts, we obtain

/ Uey ¢ dadt + / D WL, + )P ey, o, dadt = 0. (2.18)
Qr =1

Qr

As it follows from Lemmas 2.2-2.4, there exists a sequence ¢ such that

te, = u *-weakly in Lo (27),
Uepz;, —> Uy, weakly in L, 12(Qr), ¢=1,...,n,

Ue,t — Up F-weakly in Lo ()

as € — 0. Thus, in order to pass to the limit in (2.18), we only have to prove that
n n
/ Z(ug‘k% + 6P Uy, Pu, dadt — / Z |t |P? U, o, ddt s e, — 0.
G =1 o i=1

This can be done exactly in the same way as in [13] (see [13] p. 3019 relation (2.25)).
Finally, passing to the limit as g — 0 we obtain the needed estimate

el 2o (27) < Co-

The uniqueness of the weak solution can be proved by standard considerations taking
into account the monotonicity of the elliptic part of the operator (see [13], p. 3019).
Theorem 1 is proved.

Remark 2.2. The a priori estimate on uc; can be obtained for more general case. Namely,
instead of equation (2.3) we can consider the following one

Uet = Zaig(x,VuE)umm + Zbi(x,Vua) + f(z,ue, Vue)

i=1 i=1

for a wide class of functions a;., b; and f under assumptions similar to the one dimen-
sional case [20]. The problem here is the passage to the limit which is an open question.
In some cases the passage to the limit is simple, for example if a;. are as in (2.3), b; are
linear with respect to Vu and f = f(x, u.) is a continuous non-increasing in u. function
such that f(0) = 0.
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3. Proof of Theorem 2

The proof of Theorem 2 is similar to the proof of Theorem 1. The only difference
is that we should prove the estimate ||uce, |/ (0r) < Ck, k = 1,...,n for a solution of
problem (2.3), (2.4) under the additional assumption (A) on the domain € or in the case
when (2 is orthogonal parallelepiped. We will do this in two steps: first we obtain the
boundary estimate and then the global estimate. As in the previous section we will omit
index € in u. in the proofs.

Lemma 3.1. For every ¢ € (0,&¢] the following inequalities hold:
(i) if Q satisfies assumption (A) then
lue(t, )| < Cp(Gr — k), |ue(t,z)| < Crlayp — Fr), k=1,...,n
(ii) if Q= (=11,11) X ... x (=Ip, 1) then
lue(t, )| < Cr(ly — z1), |ue(t,z)| < Cr(ly +2x), k=1,..,n.

Proof. (i) Assume that Q satisfies assumption (A). Let k = 1, the cases k = 2,3,...,n
are considered similarly. Introduce the function

U(t,(t) = u(t,x) - C'1 (Gl(x% 71'71) - xl)-

Obviously

n n
Z Qg (UL)'ULL — V= _Cl Z Qg (uz,)Glz7m77
=1

=2

and for ¥ = ve™?

Z aze(uzl)ﬁhh - T}t —v= _CvleiiE Z aia(ua:i)Glxiwi > 0, (31)
i=1

=2

the last inequality is due to the convexity of €2 which implies the inequality G142, < 0.
From (3.1) it follows that the function @ cannot attain its positive maximum in Q7 \ T'p
(I'r was defined in the proof of Lemma 2.1). On the parabolic boundary I'y we have

1. for zy = Gy, t € [0,T]: 0 = 0;
2. for x1 = Fl, t e [O,T}: U= €7t01(F1 — Gl) < 0;
3. fort=0,z€Q: 0=ug(x)—Cy (Gl(x27 ey L) —xl) < 0, because ug =0 and

wlzGl
‘UOwl | < C(1~
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Consequently
v<0in Qp & u< Cl(Gl(:EQ, vy Tpy) fxl) in Q.
Next we obtain a lower bound. Introduce the function

U)(t,iL’) = u(tvx) + Cl (Gl(x% 7wn) - £L’1).

t

Similarly to the previous case for w = we™" we obtain

n n
§ : ~ ~ - —t }:

Qe (ur,)wz7z7 — W W= C'l6 Qe (uzl)Glx“rl < 07
=1

=2

hence the function 1@ cannot attain its negative minimum in Q- \I'r. Taking into account
that on the parabolic boundary I'r we have w > 0 we conclude that

w>0in Qp & u>-C) (Gl(mg, ey Tpy) — xl) in Qr.
Thus
|u(t,x)| S Cl(G1 — 561).
The proof of the second inequality (i.e. the inequality |u(t, )| < Cy(xy1 — F1)) is similar.
Instead of v = u — C4 (Gl(xz, ey Tp) — xl) and w =u+ C4 (Gl(xg, ey L) — 1’1) we take
v=u—C4 (zl — Fy (a9, ,xn)) and w = u+Cy (:cl — Fi(xo, ..., zn)) respectively and use
the fact that the convexity of the domain €2 implies that Fi,,,, > 0.

(ii) Assume that Q = (—l1,{1) X ... X (=lpn,). The proof is similar to the previous
case. In the first estimate the only difference is that we take v; instead of v and w;
instead of w where

vy =u—C1(ly —x1) and wy; =u+ Ci(l; — 7).
In order to obtain the second estimate we take

U1 :u—Cl(ll—i—xl) and w; =u+01(ll +CC1). O

Lemma 3.2. If Q satisfies assumption (A) or Q = (=l1,11) X ... X (=1, 1), then for every
e € (0,e0] the following estimates take place

|U5zk(t,.’lﬁ)| S Ck, k= 1, ey N

Proof. 1). Suppose that Q satisfies assumption (A). We will prove the estimate for k = 1,
for k = 2,...,n the proof is similar. Consider the equations
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n
a1 (Ug, )Ugyq + Zaw(um)uww —uy =0, u=u(tx) (3.2)
i=2
and
n
alE(uf)u5€ + Z aiE(U/Ii)ua?i(Ei —u =0, u= u(t? j")a (33)
i=2

where © = (21, 22, ..., Tn), T = (§, Z2, ..., Tp). Subtracting (3.3) from (3.2), for

U(t,f,.’t) = U(t,.’[) - u(tvi) - Cl(xl - f)

we obtain

n

a1 (g, (6, 2)) V212, + Q1e (uf (t, j))fvff + Z ie (U, (1, @) Vg2, — vt
=2

I

||
N

[aia (uz; (L, T)) — aie(ua, (L, x))] Ugiz (E, T).

7

For ¢ = ve~! we have

alE(um (tv x))f)érwl + a1e (u§ (t7 i‘))ﬁﬁﬁ + Z Qie (uIi (t7 x))ﬁwlwl — U — 0
=2
— et Z [aic (g, (8, 2)) — e (g, (t, 7)) | Ugya, (L, T). (3.4)

Consider (3.4) in the domain
Pr={(t¢x):tc(0,T),& € (F1,G1),r1 € (F1,G1), 21 > &, (22,...,2n) € U1},

where 4 is a projection of 2 on the hyperplane x; = 0 (recall that Fy = F(za, ..., z,),
G1 = G1(za,...,x,)). Denote by T' the parabolic boundary of Pr i.e.

I'= 8PT \ {(T,f,.’l?) : € € (F17G1)7'r1 S (F]_,G]_)“’I}]_ > ga (.’L‘27...,$n) € Ql}

Suppose that at some point N € P \ ' the function ¥ attains its positive maximum.
On the one hand we have

n

alé(uﬂh (t> x))ﬁmwl + al&(uﬁ(tv '%))655 + Z a’iﬁ(uwi (t’ m))ﬁwlml — 0 —0 N <0,
=2

on the other
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Vil =0 o umi(t,x)—uxi(t@)‘ =0, i=2..,n =
N N

aif(um (t"r)) - aie(uwi (tyi'))‘N =0,

and thus, from (3.4) we obtain

n

Qle (u$1 (t7 I))ﬁxlxl +aie (uf (tv j))f)&g + Z Qie (uxi (t’ x))ﬁxzxz — 0 — 0 N
=2

=0.

Hence @ cannot attain its positive maximum in Pz \T. Consider I" which consists of four
parts:

1. £ =Fy, x1 € [F,Gy], (z2,...,1,) € Qp, t €[0,T7;

2. x1 =Gy, £ €[F, Gy, (x2,...,1,) € Q, t €[0,T7;

3. 11 =& € [Fy,Gy), (x2, ... 1) € Qy, t €[0,T);

4. t=0, z1, £ € [F1,G1], (w2, ...,7,) € Q1.

According to the previous lemma, on the first and second parts we have

U= eft(u(t,x) - Ci(x1 — Fl)) <0,
v=e"(—u(t,¥) - C1(G1 - €)) <0,

respectively. For 1 = £ we have ¥ = 0 and for ¢t = 0:
0= ’LLO(Z') - Uo(i') - Cl(.’El - f) § 0.

The last is due to the inequality |ugz,| < Ci. Thus we conclude that o < 0 in Pr and

consequently

u(t,r) —u(t,z) < Ci(z; — &) in Pr. (3.5)
Similarly, subtracting (3.2) from (3.3) and considering the function
0 = e (u(t, &) —u(t,x) — Ci(z1 = £)),
instead of ¥, we obtain
u(t, @) —u(t,r) < Ci(z; — &) in Pr.
From this inequality and inequality (3.5) we conclude that

lu(t,x) —u(t,#)| < Cy(zy — &) in Pr.
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Due to the symmetry of the variables 27 and £ the case x1 < £ can be considered in the
same way. Thus for

xr1 € [Fl,Gl], fG [Fl,Gl], (xg,...xn) € Ql, te [O,T]
the inequality
lu(t, z) — u(t,T)| < Ciley = ¢

holds, implying the needed estimate.
2). The case Q = (—ly,11) X ... X (=ly,l,) is treated similarly. The only difference is
in the construction of the domain Pr, here we should take

Pr={(t¢&x):t€(0,T),§ € (~l1,l1),z1 € (=1, 1), 21 > & |vg| < liyi=2,..,n)}. O

Remark 3.1. The a priori estimate on Vu, can be obtained for more general case. Namely,
instead of equation (2.3) we can take the following one

Uet = Z ais(tv vus)uszizi + Z bz (t, vus) + f(t, T, Ug, vue)

i=1 i=1

for a wide class of functions a;c, b; and f under assumptions similar to [14,16]. However
the passage to the limit in this case is an open question. In some cases the passage to
the limit is simple, for example if a;c are as in (2.3), b; are linear with respect to Vu and
f = f(t,u.) is a continuous non-increasing in u. function such that f(¢,0) = 0.

4. Proof of Theorem 3

In order to prove Theorem 3 we first obtain the estimates of ||tz o, ||£,(0,) (indepen-
dent of ) and second, pass to the limit in the nonlinear term a;c(uez, )Uex;z; -

In this section we assume that p; € (—1,0) for all ¢ and 2 is an orthogonal paral-
lelepiped.

Lemma 4.1. For every € € (0,&¢] the following estimates take place

0%u. \2 1
- tde < S ——< K7 (CF TP i =1, .., n.
/<6xiaxj) dtdz < 2(p;i +1) i (G +20) v b e
Qr

Proof. We restrict ourselves with ¢ = 1 (j = 1,...,n), the considerations for i = 2,....,n
are similar. Multiply equation (2.3) by u,,,, and integrate by parts with respect to 1
to obtain
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8 15 151
1
5&/“216&1 = /alg(uzl)uilxldxl

-l =l

Iy
- § / ajs(umj)uwjzjzluwldxl

j:2—l1

_Z/a}s(umj)uwﬂluzﬂjumldwh (4.1)

= 0 for j = 2,...,n and that u; = 0.
1=+l r1=%0
Integrate (4.1) by parts with respect to xs, ..., z, to obtain

we use here the fact that ug .,

10 3
*§E/u9261dx = /als(le)U?clxldIJrZ/aje(uij)uij%dz'
i=2¢

Q Q

We use here the fact that u,, =0forj=2,..n.

Tj= l]‘

Integrate the last relation with respect to ¢ to obtain
2 1 2 :
Qje (Us; Uz, 5, dxdl < 5 Upe, dz, j=1,..,n.
Qr Q

Taking into account that
P P P
aje(ua,) = (ug, +2) = " ((py + Dug, +¢) 2 (pj + D (g, +2) = > (p; +1)(C] +20) =

we obtain the needed estimates. O

Recall that for the solution of problem (2.3), (2.4) the estimates of the previous
sections hold as well. Thus we have that there exists a sequence ¢, such that

Ue,, — u uniformly,

%IZ’“ — g; *weakly in Loo(Qr), i=1,...,n,
Cen Ou *-weakly in Loo(Qr)
ot ot )

& ue, 0%u

weakly in Lo(Qp), i=1,..,n,

8xi(’)xj - 8.’)%8.’1%

as e, — 0.



A.S. Tersenov, A.S. Tersenov / Journal of Functional Analysis 272 (2017) 3965-3986 3985

Multiply equation (2.3) by an arbitrary smooth function ¢ and integrate to obtain
n
/ [uet - Z Qe (uewl)uewlzl]ﬁédxdt =0. (42)
O i=1
In order to pass to the limit in (4.2) we show that in some sense
ie (Ueya;) = aue,) = (14 pi)|ua, |7
To this end we will show that

Ou,, . ou

in LQ(QT), = 1, ey N (43)
In fact, consider
W ={u:uc€ Ly(0,T; H*(Q)), us € Lz(0,T; L2(Q))}

(actually u; € Loo(0,T; Loo(£2))). From the compactness lemma (see, for example, [10],
Ch. 1, Section 5) it follows that the embedding W C Lo(0,7; H'(£2)) is compact and
consequently (4.3) holds.

Thus we can pass to the limit in (4.2) and obtain strong solution (according to Defi-
nition 2).

The last step in the proof of Theorem 3 is to pass to the limit ¢g — 0 in order to
obtain the declared estimate ||y, H%Q(QT) < Q(Tlﬂ)KiQC;pi'

5. Proof of Theorems 4 and 5

In order to prove Theorems 4 and 5 consider the problem (1.1)—(1.3) taking Q = §; =
(=1,1)™ and choosing | > 0 so that the support of ug(x) lies in €2;. Denote the solution
of this problem by wu;. Note that all estimates obtained in the previous sections are
independent of the size of the domain €2 i.e. of [ in this case. The solution of the Cauchy
problem is obtained as a limit of a sequence of solutions w; of problem (1.1)—(1.3) under
an unlimited dilatation of the domain €; when [ — oo applying the diagonal process
(see, for example, [9]).
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