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On the Bernstein-Nagumo’s condition in the
theory of nonlinear parabolic equations

By Alkis Tersenov and Aris Tersenov at Heraklion

Abstract. The present paper is concerned with the Bernstein-Nagumo’s condition
for nonlinear and quasilinear parabolic equations. We show that Bernstein-Nagumo’s
condition can be substituted by a less restrictive one. We prove the existence theorems for
the boundary value problems and discuss several examples of gradient blow-up in order to
show the optimality of the new condition.

Introduction
In the present paper we consider the nonlinear equation
(0.1) u, = F(t,x,u,uy,uy) in Qr = (=1,1)x(0,T),

coupled with one of the boundary conditions

(0.2) uc(t,—1) = uy(t,1) = 0,
(03) Ux+0'1(t, X, u)|x:71 = ux+0-2<t7 X, u)lx:l - 07
(0.4) u(t,~1) = u(1,1) = 0,

and the initial condition
(0.5) u(0, x) = up(x).

We suppose that F(z, x,u, p,r) is continuously differentiable with respect to r function sat-
isfying the parabolicity condition, i.e.

(0.6) Fi(t,x,u, p,r) >0 for (t,x,u,p,r) € Oy x [-M, M] x R
Let us write equation (0.1) in the following form:

(0.7 uy = Fo(t, x,u,uy, Aty )iy + F (2, x,u,u,,0),  L€(0,1],
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using the mean value theorem. The well known Bernstein-Nagumo’s condition [5], [6], [25]
(see also [7], [19]-[21], [23], [24], [26]) for equation (0.7) appears as

|[F(t,x,u, p,0)|

(0.8) F(tx.u p.r)

< ¢(lpl) for (t,x,u,p,r) € Op x [-M, M] x R?,
where ¢(p) is nondecreasing positive function such that
+ 5
| LA a—
¢(p)

Condition (0.8) guarantees the global a priori estimate of the gradient of the bounded so-
lution. This a priori estimate plays a key role in proving the existence theorems. There are
examples showing that a violation of the Bernstein-Nagumo’s condition can imply the
gradient blow up on the boundary as well as at interior points of the domain (see [1], [2],
[9]-12], [22], [27], [32]), i.e. there exists a ¢* such that |u, (¢, x¢)| — 400 when ¢ — * at least
for some xj € [—/, /] while the solution itself remains bounded.

The goal of this paper is to substitute condition (0.8) by a less restrictive one which
allows an arbitrary growth of F(z, x,u, p,0) with respect to p. Of course the examples men-
tioned above do not satisfy this new condition. There are several papers on this subject for
the quasilinear equations [28]—[31]. We want to mention here that the results of the present
paper are new for quasilinear equations as well.

Let us formulate the main results. Suppose that the right hand side of equation (0.7)
can be represented in the following way:

(09) F<t7 X, U,p,O) = ﬁ(t7x7uap) +f2(ta X, u»[’),
where function f, satisfies the next restrictions

(010) fi(tv yvulvp) _f2(t7 X, u27p) = 07

(011) ﬁ(t7xau17_p)_ﬁ(t7y7u23_p>20

for te0,T], -ISy<x=Il, —M Su; <uy <M, p=0. For the Dirichlet boundary
value problem we additionally suppose that

(0.12) ufr(t,x,u, p) <0,
for (t,x) € Of, |u| £ M and arbitrary p.
For the function f; we assume that
(0.13) /12, x,u, p)| = Fo(2,x,u, p,r)Y(|pl)
for (¢,x) € O, |u| £ M and arbitrary (p,r), where y(p) € C'(0,+0) is a nondecreasing

nonnegative function. Suppose that i satisfies the next condition: there exist py and p; such
that 0 < pp < p; < 400 and
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Pt pd
(0.14) J Pap osc(u) = maxu — minu.

20 W(P)

Introduce function A(7) as a solution of the following problem:
K +y(h') =0, h(0)=0, h(zg) = osc(u),

where 7 will be specified below. Represent the solution of the equation 2” + y(|#'|) = 0 in

d d
parametrical form (using the standard substitution /'(7) = ¢(h), d—z = qﬁ):
q1 pdp q1 dp
hg) = | —~, (q)=]-——.
D=Toer 0= 1)

The parameter ¢ varies in the interval [go,q1] and we select ¢o,q1 such that
0 < qo < q1 <+, h(qy) = osc(u) (this is possible due to (0.14)). Put 79 = 7(go). Suppose
that the initial function satisfies the assumption

(0.15) luo(x) — uo(¥)] = A(lx — y])-

If conditions (0.14), (0.15) as well as conditions (0.10), (0.11) are fulfilled then the
gradient of a bounded solution of problem (0.1), (0.2), (0.5) is bounded by a constant
depending only on , osc(u). In the case of problem (0.1), (0.3), (0.5) we need additional
assumption on py in terms of functions g; (see Lemma 2). For problem (0.1), (0.4), (0.5)
assumptions (0.10)—(0.12), (0.14), (0.15) guarantee the gradient estimate of a bounded solu-
tion of this problem depending only on  and osc(u).

Note that (0.15) is a smallness restriction on the osc(ug). If uo(x) is an arbitrary Lip-
schitz continuous function, then in condition (0.14) and in the parametrical representation
of h(t) we must take py = K and ¢y = K respectively, where |ug(x) — up(y)| < K|x — y|
and we do not need restriction (0.15) (strictly speaking this restriction will be automatically
fulfilled (see proof of Lemma 1)). Thus for an arbitrary Lipschitz continuous function u(x)
conditions (0.14), (0.15) are equivalent to the following one: there exists p; > K such that

" pdp
0.16 —— = osc(u
(016) Lutp) = o5
The global gradient a priori estimate
luc(t,x)| = C

holds with C depending only on ¥/, K, osc(u).

If fi(z,x,u, p) =0, then for a solution of problems (0.1), (0.2), (0.5) and (0.1), (0.4),
(0.5) we have:

(0.17) man|ux(t,x)| =K.
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If fi(¢, x,u, p) is an arbitrary function satisfying the Bernstein-Nagumo’s condition (0.8),
then for a classical solution of problems (0.1), (0.2), (0.5) and (0.1), (0.4), (0.5) holds:

(0.18) r%ax|ux(t,x)| =C,

where the constant C depends only on ¢, K and osc(u).

Note that if f; satisfies (0.8) then for an arbitrary Lipschitz continuous function u(x)
the gradient estimate (0.18), (0.17) holds and condition (0.16) is automatically fulfilled for
any K.

One can easily construct function f; satisfying conditions (0.10), (0.11) or (0.10)—
(0.12) and having an arbitrary growth with respect to p (see Section 2). Note that condi-
tions on f, are independent of the principal part of equation (0.7) (i.e. of F}).

In the case when f; =0 condition (0.16) first appears in [15], [16] for quasilinear
equation and in [3] for fully nonlinear equation.

In order to prove the existence theorems additional assumptions are needed. Specifi-
cally we require conditions (2.1)—(2.3) (see Section 2) to be fulfilled. Conditions (2.1), (2.2)
guarantee the a priori estimate of max|u|, while (2.3) is an assumption on the smoothness of
the function F(¢, x,u, p,r). Now let us formulate the existence theorems.

Theorem 1. Suppose that conditions (0.6), (0.9)—(0.13), (0.16), (2.1), (2.3) hold and
uo(x) € CA([—=1,1)), where ug(+1) = 0. Then for any T € (0, ) there exists a solution of
problem (0.1), (0.4), (0.5) which belongs to CHV/Z *(0r) N C77(Qr) for some y e (0,1).

Theorem 2. Suppose that conditions (0.6), (0.9)—(0.11), (0.13), (0.16), (2.1), (2.3)
hold and uo(x) € C""P([=1,1)). In addition assume that u\(—1) = u}(l) = 0. Then for any
T € (0, c0) there exists a solution of problem (0.1), (0.2), (0.5) which belongs to

CLP(Qr) A CIY(0F)  for some y € (0, 1),

Theorem 3. Suppose that conditions (0.6), (0.9)—(0.11), (0.13), (0.16), (2.1)—(2.3) hold
and uo(x) € CYP([—1,1)). In addition assume that

uy(—1) + a1 (0, =1, u(0,—1)) = uy(l) + 62(0,1,u(0,1)) =

Then for any T € (0, c0) there exists a solution of problem (0.1), (0.3), (0.5) which belongs to
€127 (Qr) A €L (Qp) for some y € (0,1).

Theorem 4. Suppose that conditions (0.6), (0.9)—(0.11), (0.13), (0.16), (2.1), (2.3) hold
and uy(x) e C""P([=1,1)) for any |l| < +o0 and vanishes with its first derivative when

|x| — oo. Then for any T € (0, o) there exists a solution of problem (0.1), (0.5) which belongs
to C1 /> *7(Iy) A C)7(I1y) for some fi € (0,1). Here Iy = (0,T) x R.

Note that in Theorems 1-4 instead of condition (0.16) one can require the fulfilment
of conditions (0.14), (0.15).
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In Section 1 we obtain the a priori estimate of the gradient of a bounded solution. In
Section 2, based on the estimate of the gradient, we prove the existence theorems. In Sec-
tion 3 we apply the results of Section 1 to quasilinear equations as well as to Hamilton-
Jacobi equations. We give also several examples (including the equation of curvature evo-
lution for capillary surfaces and KPZ equation) where we show that in some sense the
results of the present paper are optimal.

Before we pass to the next section let us recall that historically restrictions on the
growth of the right side with respect to the gradient for nonlinear equations was first for-
mulated in [5]. Specifically in [5] the boundary value problems for the ordinary differential
equation y”(x) = g(x, y(x), y'(x)) were considered. Under the assumption

(0.19) lg(x, y, p)| < A(x, y)p* + B(x, y)

the gradient ()’(x)) estimate was obtained, here 4 and B are bounded for bounded x and
». Based on this estimate and on the estimate of | y(x)| the existence of a classical solution
was proved. In [25] condition (0.19) was substituted by the less restrictive one

(0.20) 9(x, 3, p)] < 611, T”(—f,’; — too.

In [14] (0.20) was improved, it was shown that instead of (0.20) g must satisfy:

0.21) oy <D, T 2% 5 2maxy).
0 (P)

Condition (0.16) is actually the analogue of condition (0.21) for parabolic partial differen-
tial equations.

§1. The gradient estimates

In this section we will obtain gradient a priori estimates of classical solutions for
boundary value problems for equation (0.1). Recall that a classical solution is a function

belonging to C:2(Qr) N C1y(O7) in the case of problem (0.1), (0.2), (0.5) or (0.1), (0.3),
(0.5) and to C;:2(Qr) N C°(O7) for problem (0.1), (0.4), (0.5). We use here the Kruzhkov’s
idea of introducing a new spatial variable [19], [20].

Assume that the function F(z,x,u, p,r) is defined for (¢,x) € Or, u € [-M, M] and
arbitrary (p,r) and is bounded on every compact set in Q7 x [~M, M] x R?. Suppose that
F is differentiable with respect to r and satisfies (0.6). Consider problem (0.1), (0.2), (0.5).

Lemma 1. Let u(t,x) be a classical solution of problem (0.1), (0.2), (0.5). Suppose
that conditions (0.6), (0.9)—(0.11), (0.13)—(0.15) are fulfilled. Then in Qr the inequality

ux(1, )] = G

holds, where the constant Cy depends only on osc(u) and .
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Proof. Consider equation (0.1) in the form (0.7) at two different points (z,x) and
(2, y):

(1.1) uy = Fo(t, X, u, e, Ay )y + F (2, x,u,uy,0),  A€]0,1], u=u(t,x),

(1.2) uy = Fo(t, y,u, uy, puyy )uy, + F(8, y,u,u,,0),  pe0,1], u=u(t,y).
Introduce the function v(z, x, y) = u(t,x) — u(t, y). In
Q={(t,x,y):0<t<T,0<x—y, x| <Ly <}
the function v(z, x, y) satisfies the following equation:

(1.3)
—v; +Fr(t, X, u(t, x), ux(t,X), Auyy (2, x))vxx +F,,(l, you(t, y), uy(t, y), puyy(t, y))vyy

= F(l, you(t,y),u(t, y),O) — F(t, x,u(t, x), u(t,x), 0).
Put
FY = F,(t,x,u(t, x), vy, A (£,%)),  F) = Fo(t, y,u(t, y), —vy, (1, y)),
obviously u,(t,x) = vy, u,(t, y) = —v,. Define the operator
L(®) = v, + FOoe + (o] + FO oy + w(loy )]

From (0.9), (0.13) it follows that

(1.4) L(v) = fo(t, y,u(t, y),uy(t,y)) — fo(t,x, u(t, x), ux(t,x)).
Let the function /(7) be a solution of the following ordinary differential equation:

(1.5) ' () + ¢ (Jh'(2)]) =0
on the interval [0, 79| and satisfies conditions

(1.6) h(0) =0, h(zg) =osc(u), h' >0 forzel0, 7).

Represent the solution of (1.5), (1.6) in parametrical form:

mw=fﬁg,dm=fﬁ%.

(1.7) hgo) = | % — osc(u).
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Put

70 = 7(q0) = T%

Consider the function w(z, x, y) = v(t,x, y) — h(x — y) in
P={(t,x,y):0<t<T,0<x—y<r10lx| <l |y <I}.

Due to the fact that h(r) satisfies (1.5) we have L(h(x — y)) = 0. Hence, using (1.4) we
obtain

L(w) = L(v) — L(h) = —w, 4+ FO Iy + aywy] + EX[wy, + o]
g fi(l7 Vs u(t> y)7 ”y(zv y)) - f‘z(lv X, ll(t, X), ux<[7 X))

Where |o;| < 400, i = 1,2, by virtue of the mean value theorem and of the fact that y is a
smooth function and u is a classical solution of (0.1), (0.2), (0.5). Let w = we™", then

(1.8)  Li(W) = = + FY oy + aqiny] + EV [y + o] — w
> e*’[ 2(1, you(t, y),u(t, y)) —fz(t, X, u(t, x), ux(t, x))]
Denote by I' the parabolic boundary of P
(le. T=0P\{(t,x,y): t=T,0< x—y <710, |x| <, |y <I}).

Suppose that the function w attains its positive maximum at some point (71, X1, y1) € P\T.
Obviously it should be Li(W)],, ,, ,,) < 0. On the other hand, at this point we have

<0, W=y =0, Wy <0, W, <0, —w =0,
ie.
w(ty, x1, y1) = e u(ty, x1) —u(ty, y1) — h(x; — y1)] > 0,
Wi(t, x1, y1) = e 'ux(t1, x1) = h'(x1 = y1)] =0,
wy(t1, X1, y1) = e '[=uy(t1, y1) + ' (x1 — y1)] = 0
and as a consequence
(1.9) u(ty,xi) > u(ty, 1), ux(ti,x1) = uy(t1, y1) =h'(x; — y1) > 0.

Hence, from (1.8), (1.9), (0.10) it follows that L (W(ll,xl, yl)) = 0. From this contradiction
we conclude that w cannot attain its positive maximum in P\I.

Now let us show that w|. < 0. Consider two possible cases: 79 < 2/ and 7y = 2/. First
let 79 < 2[. For t = 0:

w(0,x, p) = ™" (uo(x) — uo(y) —h(x —)) £0
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due to (0.15). Obviously w(s,x,p)[,_, =0 and when x-—y=17y we have
w=e"(u(t,x) — u(t,y) — h(zo)) < 0 due to (1.6). Denote by

O1={(t,x):0<t<T,~I<x<—l+71,y=—1},
O, ={(t,y):0<t<T,l—tg<y<lx=1}

Estimate the normal derivative of w on Q; and Q, using boundary conditions (0.2) and the
fact that i/ = g9 > 0

iyt —) = e (w6, 1) — W (x4 1)) = —e W (x+ 1) <0,
wi(t, 1, y) = e (uc(t,1) = h'(I — y)) = —e 'h'(I - y) <0.

Thus the function w(¢, x, y) cannot attain its positive maximum neither on Q; nor on
0> since —d/dy and 0/0x are here outward normal derivatives with respect to P. Conse-
quently, w|- < 0 and hence w(¢,x, y) < 0in P.

The case when 7y = 2/ can be treated similarly. The only difference is the absence of
the boundary x — y = 7. We put

Ql:{(z,x):0<t§T,—l<x§l,y:_1},
QZ:{([7y>30<[§T,—l<y<[7x:l}

(note that the line x =1/, y = —I belongs to Q). Consequently, w|- <0 and hence
w(t, x,y) <0 in P. It means that

(1.10) u(t,x) —u(t,y) £h(x—y) inP.

Treating similarly the function o(z,x,y) = u(¢,y) —u(t,x) one can easily see that for
wi(t,x,y) = e '(8(t,x,y) — h(x — y)) we have

Li(wi) = e[ o(t,x,u(t,x),ux(t,x)) — fo(t, y,u(t, y),uy(t,y))] inP.

Suppose that the function ) attains its positive maximum at (¢, X1, ;) € P\T'. On the one
hand it should be Li(w1)] 7 5, 5,) < 0. On the other hand, we have

u(ty, yy) > u(fy, x1), ux(ty, X1) = uy(fy, ;) = —h'(X1 — y;) <O0.

Using inequality (0.11) we obtain that l;l (w1) = 0. From this contradiction it follows that
W) cannot attain positive maximum in P\I".

Consider w; on I'. One can easily see that all considerations concerning the estimate
of the function w on the boundary I' can be done without any changes in estimate of the
function wy. Thus we have that

(1.11) u(t, y) —u(t,x) £h(x—y) inP.
Combining (1.11) with (1.10) we get

lu(t,x) —u(t,y)| < h(x—y) inP.
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In view of the symmetry of the variables x, y in the same manner we examine the case
y > x. As a result we have that for

OétéTa |X|§l, |y|§la 0<|X—J/|§TO

the inequality

u(t, x) — u(t, y)‘ < h(lx = yl) = h(0)
X—y - |x — |

holds implying
ux(t,x)] S h'(0) = q1 = Ci.
Lemma is proved.

Corollary 1.1. Suppose that uy is an arbitrary Lipschitz continuous function
lug(x) — uo(y)| < K|x — y| and suppose that conditions (0.6), (0.9)—(0.11), (0.13) and (0.16)
are fulfilled. Then for any classical solution of problem (0.1), (0.2), (0.5) we have

Jux(t,x)| < G,
where Cy depends only on osc(u),\, and K.
The proof of this statement is a slight modification of the proof of Lemma 1. The first

difference is in (1.7). Here we select ¢o = K instead of go > 0. The second difference is in the
proof of the inequality w(0, x, y) < 0. Here we have

W(0,x,y) = e ((uo(x) — uo(»)) — (h(x — y) = h(0))) S e”"(K(x — y) = h'(z")(x — »)) 0
since i’ =g = ¢y = K.
Let us pass to problem (0.1), (0.3), (0.5).

Lemma 2. Let u(t,x) be a classical solution of (0.1), (0.3), (0.5) and all conditions of
Lemma 1 are fulfilled. Then in Q¢ the inequality
uc(t, x)| < G

holds, where the constant C, depends only on osc(u), Ny, N and , where N; = sup|ao;| (the
supremum is taken over the set [0, T| x [-M, M]).

Proof.  The proof of Lemma 2 differs from the proof of the previous one only in
the selection of ¢y and in analysing the behaviour of ¥(z, x, y) on the bounds Q; (Q;) and
0> (Q,). We select the quantity g so that

(1.12) q0 >max{N1,N2}.

Taking into account (1.12) and boundary conditions (0.3) we obtain that
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(1.13) =Wyl = = (—uy(t, =) + W' (x + 1))
=e'(—a —h'(x+1) Se'(Ny — q) <O,
Wilg, = e (ux(t,1) = h'(I - y))
=e (o —Nh'(I—y)) e (N2 —qo) <0;
(1.14) nylg, = —¢ ! (uy(t, =) + W (x + 1)
=e¢ (o1 —h'(x+1)) e (N1 — q0) <0,
Wixlg, = € (—ux(t,1) = h'(1 = ¥))

=e (o —h'(I—y)) e (N2 —qo) <0.

Inequalities (1.13), (1.14) imply that neither w nor W can attain positive maximum on Q;
(0Q)) and O (Q,). By using a similar arguments as in Lemma 1 we complete the proof.

Corollary 1.2. Suppose that uy is an arbitrary Lipschitz continuous function
lup(x) — uo(y)| < K|x — y| and suppose that conditions (0.6), (0.9)—(0.11), (0.13) and (0.16)
are fulfilled. Then for any classical solution of problem (0.1), (0.3), (0.5) we have

Jux(2, x)| £ G,

where Cy depends only on osc(u),\y, N\, N> and K.

In order to prove this statement we follow the proof of Corollary 1.1, where we take
qo > max{K, N;, N> }.

Consider now problem (0.1), (0.4), (0.5). In that case we additionally suppose that for
|u| < M the function f, satisfies condition

(1.15) uf (t,x,u,p) =0 forx e [—I,— 4+ min{y,2/}] U [/ — min{zy, 2/},/].
Lemma 3. Let u(t,x) be a classical solution of (0.1), (0.4), (0.5) and all conditions of
Lemma 1 are fulfilled. Suppose in addition that condition (1.15) is fulfilled and uo(+1) = 0.
Then in Qr the following inequality
|ux(zv x)’ =G

holds, where the constant Cs depends only on osc(u) and .

Proof.  The proof of Lemma 3 differs from the proof of Lemma 1 only in analysing
the behaviour of w(t, x, y) on Q; (Q,) and Q> (Q,).

Let us show that w(z, x, ) <0 on Q,. When x = /, we have

Define the following linear operator Ly(u) = —u, + F Uy, obviously
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L()(M) = _fl(ta Y, U, “y) _f2(ta VU, “y)
and

Lo(h(I = y)) = Fhyy = —=F (1)),

r

For wy = u(t, y) + h(l — y) we have

Lo(w2) = =fi(t, y,u,uy) = fo(t, y,u,uy) = FOU(R')).
Let us show that w»(z, y) = 0 on Q,. For w, = wae™' we have
Lo(W2) = =W, + F gy — W02 = e [—£i(t, you,uy) — fo(t, you,uy) — FOU(|R))].
If the function W, (¢, y) attains its negative minimum at some point (¢, y;) € Q> then at this

point it should be Lo(#,) > 0. At the same time due to (0.13) and taking into account that
uy(t1, y1) = h'(I — y1) (because wy,(t1, y1) = 0) we have

/it yru(tn, o) 1) = FP (') 0.
On the other hand by virtue of the fact that
wa(t1, ¥1) <0 and hence u(ty, y1) < —h(l—y1) £0,
using inequality (1.15) we obtain
—f2 (11, yr,u(ty, y1), B’ (1= y1)) 0.
As a consequence
Lol ) £ 0.
From this contradiction we conclude that w, cannot attain its negative minimum on Q,.
Let us show that w, = 0 on parabolic boundary of 0,. As in Lemma 1 we will consider two
cases. First we suppose that 7y < 2/. One can easily see that condition (0.15) together with
up(£!l) =0 give us
(1.16) luo(»)| < h(l = p).
Due to (1.16) we have
(0, p) = e "[uo(y) +h(l = y)] 2 0.

For y =1 — 19 we have w(,] — 79) = e (u(t,] — 79) + h(t9)) = 0 (recall that h(zy) = oscu
and osc(u) = max|u| because u(t,/) = 0). For y =/ we have

(8, 1) = e (u(t, 1) + h(0)) =0

due to (0.4) and (1.6). The case when 7, > 2/ can be treated similarly. The only difference
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which makes the things simpler is the substitution of the boundary y =/ — 179 by y = —/.
Hence w(t,/, ) <0 on Q,.

Consider the function w; =u(t,y) —u(t,x) —h(x—y). For x=1[ we have

wi = u(t,y) — h(l — y). Let us show that w3 = u(t, y) — h(l — y) £0 on Q,. For ws(t, y)
we have

LO(W3) - _ﬁ(tv y,u, ”y) _fZ(ta Y, U, uy) +Fr(})l//(|h/|)7

and for w3 = wse~! we have
Z‘O(w_’)) = _w3t + F;gy)w?ayy - w?’ = e_t[_fl (ta Yy, u, uy) - fz(ta Yy, u, uy) + Fr(y)lp(vlll)]

If w3(¢, y) attains its positive maximum at some point (72, y2) € Oz, then it should be
Lo(W3)l, 5,y < 0. From the other hand

u(tar, y2) > h(l = y2) 20, uy(ta, y2) = —h'(l — y2)

and hence due to (0.13), (1.15) we conclude

~fi(12, y2,u(tz, y2), =h' (1 = y2)) + EPW (10 (1 = p2))
o fz(tz’ Y2, u(lz, yZ)a _hl(l - y2)) é 0.

Thus we obtain that i()(ﬁ/:;)‘(tz‘ ) = 0, which in turn contradicts the assumption that ws
attains its positive maximum. One can easily obtain that w3 < 0 on the parabolic boundary

of Q. Whence it immediately follows that wi(z,/, ) < 0 on Q,. Note that here we use the
fact that |ug(x)| < h(x + [), which is the consequence of (0.15) and uo(£/) = 0.

Let us show now that w(z, x, ) <0 and wi(¢,x,y) < 0 on Q,. When y = —/ we have

w(t, x, 1) = u(t,x) —u(t, =l) = h(x + 1) = u(t,x) — h(x + 1).
Wl(t) X, _l) = u([a _l) - M([, X) - h(x + l) = _u(t, X) - h(x + 1)
Using the same arguments when proving that w3(z, ) <0 on Q, one can obtain that
wa(t,x) = w(t,x,—I) <0 on Q. And finally using the same arguments when proving that

wy(t,x) = 0 on O, one can obtain that ws(¢,x) = —w;(t,x,—[) = 0 on Q,. By using similar
arguments as in Lemma 1, we complete the proof.

Corollary 1.3. Suppose that uy is an arbitrary Lipschitz continuous function

lup(x) —uo(y)| < K|x — y| and suppose that conditions (0.6), (0.9)—(0.13) and (0.16) are
Sulfilled. Then for any classical solution of problem (0.1), (0.2), (0.5) we have

lu (1, x)| £ G,

where Cs depends only on osc(u),\, and K.

The proof is similar to the proof of Corollary 1.1.
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Corollary 1.4.  Suppose that all conditions of Lemma 3 except condition (1.15) are ful-
filled. If Ty < [ and the function f, is independent of u, suppose that (instead of (1.15)) f5 sat-
isfies conditions

(1.17) ph(t,x,p) £0 for xe[-1,—1+ 1),
(1.18) ph(t,x,p) =0 forxe[l -1l
Then in Qp the following inequality
jux(t,x)| = C5
holds, where the constant C; depends only on osc(u) and .

Proof.  Consider the function w = u(¢, x) — u(t, y) — h(x — y). Following the proof
of Lemma 3 we obtain

sz(WZ) = _WZI + F'r(y)ﬁ}Zyy - wZ = eit[_fil(tv y,u, uy) - F;(y)l//(|h/|) - fZ(tv Y, uy)]-

If the function w;(#, ) attains its negative minimum at some point (1, y1) € Q», then at this
point Lo(w;) > 0. On the other hand, by virtue of the fact that

uy(tr, y1) = h'(l = y1) >0,
using inequality (1.18) and condition (0.13) we obtain
ity (= y1)) = EPW (IR (= y)l) = £t b/ (= 1)) £0.
As a consequence
Lo()l,. ) £ 0.

From this contradiction we conclude that w, cannot attain its negatize minimum on Q».
Similarly to the proof of Lemma 3 we conclude that w(z,/, y) <0 on Q,.

Consider the function w; = u(t, y) — u(t,x) — h(x — y). Following the proof of
Lemma 3 we obtain

ZJO(‘X}?’) = _W3r +Fr<y)w3yy - W3 = e_[[_fl([a y,u, “y) + Fr(}7)¢(|h/|) - ﬁ(la Y, ”y)]

If w3(¢, y) attains its positive maximum at some point (f, y2) € Q> then at this point
L;(W3) < 0. On the other hand

uy (12, y2) = —h'(l = y2) <0,
and hence due to (0.13), (1.18)
Lo(#3)](1,,1,) Z 0.

This contradicts the assumption that ws attains its positive maximum. Following the proof
of Lemma 3 we conclude that w;(#,/, ) <0 on Q,.
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Using inequality (1.17) we similarly obtain that w(z, x, y) £ 0, wi(t,x,y) <0 on Q,
and complete the proof.

Remark 1. Note that if the function f; satisfies the Bernstein-Nagumo’s condition
(0.8) then we can always select 7( to be less or equal to /.

In fact, select py = osc(u)/~! then

2dp < 1 % pdp  osc(u)

i b R

lIA

Remark 2. Our assumptions on the functions fi(¢, x,u, p) and f>(z, x,u, p) appear-
ing in Lemmas 1, 2, 3, can be somehow weakened. One can easily see that in order to
prove the above mentioned lemmas those assumptions must be fulfilled only for p from

[=p1, —Po] Y [po, P1].

Consider the case F(z,x,u, p,0) = f2(¢,x,u, p) where the gradient estimates take a
very simple form.

Suppose that all the assumptions of Lemma 1 are fulfilled and in addition f; = 0.
Then for the classical solution of problem (0.1), (0.2), (0.5) we have

(1.19) luc(t,x)] < K,
where K is a Lipschitz constant of uy(x) (i.e. |uo(x) — uo(»)| < K|x — y|). In fact, when
/1 = 0 we can take i = 0. So the barrier function is the solution of the equation 2" = 0 i.e.
h = Kr. It is not difficult to show that |u(z,x) — u(t, y)| < K|x — y| in

P={(t,x,9):0=t<T,0=<x—y x| SL|y =1}
and |u,| < h'(0) = K.

Suppose that all the assumptions of Lemma 2 are fulfilled and in addition f; = 0. In
the same way as in the previous example we obtain that for a classical solution of problem
(0.1), (0.3), (0.5) we have

(1.20) lu(t,x)| < max{K, N, N>}.

Now suppose that all the assumptions of Lemma 3 are fulfilled and in addition
f1 = 0. Analogously to the previous examples we obtain that for a classical solution of

problem (0.1), (0.4), (0.5) we have

(1.21) luy(1, )| < K.

§2. The existence theorems

In the previous section the a priori estimate of |u,| was carried out under the condi-
tion that u is a bounded solution of boundary value problems. Now let us formulate suffi-
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cient conditions that guarantee the boundedness of u. Consider problem (0.1), (0.4), (0.5).
The fulfilment of the condition

+o0 dZ

(2.1) uF (,x,u,0,0) < [ul®(|u]), f@

= —i—w’

for (t,x) € Q7 and |u| = M, where M is some positive constant and ®(z) is a nonde-
creasing positive function of z = 0, guarantees the global a priori estimate of |u| for prob-
lem (0.1), (0.4), (0.5) (see [20]). The same condition guarantees the boundedness of the solu-
tion of problem (0.1), (0.2), (0.5) ([20]). Consider problem (0.1), (0.3), (0.5). If F(¢, x,u, p,r)
satisfies condition (2.1) together with

(2.2) uoi(t,x,u)|,__; <0, wuor(t,x,u)|,_, >0 forlu > M,

then we have a global a priori estimate of |u| for the given problem. Concerning the oblique
derivative problems one can find condition (2.2) in general form in [24], theorem 13.1. Let
us formulate the assumption on F which will be necessary for the proof of the existence
theorems. Suppose that

(2.31) |F(t1, x1,u1, pr,1) — F(t2, X2, u2, p2,7)|
< C(|t1 — 6]+ |x1 = xa| + s — wa| + |p1 — p2)P(by + balr)),

(232) |Fr(t7 X, U, p, 7'1) - E‘(Zv xX,u, p, }"2)| é C|V1 - V2|ﬁa
where C, by, b, are positive constants and constant f € (0, 1).

In order to prove the existence Theorems 1-4 (see Introduction) we follow the well-
known technique based on the a priori estimates of the solution and the fixed point theo-
rem ([24]). Condition (2.1) gives us an a priori estimate of |u| in the case of the first and
the second boundary value problems. Condition (2.1) together with (2.2) give us an a priori
estimate of |u| in the case of the third boundary value problem. The a priori estimate of |u,|
was obtained in Section 1. The next step is the deriving of a Holder estimate of u,. Note
that the function w = u, can be treated as a weak solution of the equation

Wy = (FrM}x +F([7 X, u7ux’0))x’

now based on the well known results of Nash-De Giorgi we obtain the Holder estimate of
w and as a consequence of u, (for more details see [24], theorems 12.2, 12.10). Having all
these a priori estimates the dependence of F(z, x,u, p,r) on variables u and p is no longer
important and we can consider the equation (0.1) in the form u, = F(¢, x, uy,). The exis-
tence follows now from [24], Theorem 14.10 (for more details see also Ch. 14, §7). Note
that in order to prove the existence theorem for the Cauchy problem we obtain the solution
(0.1), (0.5) as a limit of a sequence of solutions of the second boundary problem under an
unlimited dilatation of the domain Q; (see for example [31]).

Let us mention here that according to Corollary 1.4, if f; is independent of u then in
Theorem 1 condition (0.12) can be substituted by conditions (1.17), (1.18).
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§3. Application to quasilinear equations and to Hamilton-Jacobi equation
Consider the quasilinear parabolic equation
(F(t, x,u, p,r) = a(t,x,u, p)r+ f(t,x,u, p))

(3.1) uy = a(t, x,u,uy)uy, + f(¢,x,u,u,) in Qp
coupled with one of boundary conditions (0.2), (0.3), (0.4) and initial condition (0.5).

Condition (0.6) takes the form

a(t,x,u,p) >0 for (t,x,u,p) e Qr x [-M, M] x R.
Obviously
F(t,x,u, p,0) = f(t,x,u, p) = fi(t,x,u,p) + fo(t,x,u, p).

Note that the existence theorems for all boundary value problems for equation (3.1) imme-
diately follow from Theorems 1-3.

Let us point out the novelty of the obtained results concerning the quasilinear case.
Conditions (0.10), (0.11) on the term f; first appear in [30] and [31]. In [31] the existence of
a classical solution of Cauchy problem (3.1), (0.5) was proved under the assumptions that
/1 satisfies condition (0.8) and f; satisfies (0.10), (0.11). In [30] the existence of a classical
solution for the second and the third boundary value problems was obtained under similar
restrictions. In the present paper we suppose that f; satisfies the weaker than (0.8) restric-
tion. Namely f; satisfies (0.13), (0.14) and u, satisfies (0.15) (or f; satisfies (0.13), (0.16)) for
arbitrary Lipschiz continuous function.

In [28] the first boundary value problem was considered. The function f was repre-
sented as a sum of f; and f,, where f| satisfies the classical Bernstein-Nagumo’s condition
(0.8) and f>(¢, x, u, p) satisfies conditions similar to (0.13), (0.14) and (0.10), (0.11). Both f;
and f; satisfy condition |f;| < ayy. The novelty of the present paper is that we do not need
restriction | f3| < ay but supplementary we want condition (1.15) to be fulfilled.

In [29] conditions (0.10), (0.11) appear when proving the existence of a radially—
symmetric solution of the boundary value problems in multidimensional case for the
equation

u,=eNu+ fi(t,|x|,u, |Vu|) + (¢, |x|, u, |Vul).
The function f; satisfies here condition (0.8) (as in [30] and [31]).

Now let us discuss several examples in order to show that the results obtained in the
present paper are in some sense optimal.

Consider the following problem:
(3.2) U= tyy — (x+1/2)(uy + U)3 in (—1/2,1/2) x (0, 7),
u(0,x) = up(x) for |x| <1/2, up(x1/2)=0,
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where U is an arbitrary constant, with boundary conditions
(3.3) u(t, £1/2) = 0.

Let us take fi =0, f5 = —(x 4 1/2)(u, + U)°. In this case (f; = 0) from Remark 1 it fol-
oscl(u) and hence 79 < . For p = py = max{|U l, oscl(u)} the
function f» = —(x + 1/2)(u, + U)’ satisfies conditions (0.10), (0.11) and condition (1.17).
From Remarks 1, 2 and Corollary 1.4 it follows that the gradient blow-up cannot occur
neither in the interior of the domain nor on the left side (x = —1/2) of the parabolic
boundary. So we can guarantee that if the gradient blow-up takes place it may occur only
on the right side of the parabolic boundary (i.e. x = 1/2). In [32] it was shown that for
U = 7/2 and for arbitrary initial function uo(x) max|u.(¢,1/2)] — 400 as ¢ goes to the
proper value ¢*.

lows that we can select py =

On the other hand, we also can represent the right hand side as a sum of
fi=—=(x+1/2)(ux + U)* and £, = 0. Then from the results of Section 1 it follows that if

400 ,de y
(3.4) g 7(/)_}_ |U|)3 > osc(u),

i.e. (2]U])™" > osc(u) = max]|u| (because there exists a point where u = 0), then we have the
global estimate of the gradient. Condition (3.4) gives us some values of U in order to obtain
the global a priori estimate of u,. Note that if U = n/2, then for arbitrary initial function
up(x) condition (3.4) fails. In fact, for U = /2 we have

+o0 /)dp _1

o (pr|Up’ m

and max|u| > % (see [32]).

Consider now the following problem:
(3.5) Uy = e + g(u)ue]™ uy in (0,T) x (—=1,1),
(3.6) u(0,x) =up(x), wu(t,+1)=A4, wuo(£l)= A4,

where A,,A_ are some constants, m > 2. Here ug(u) >0 when |u| >0, g'(u) >0 for
0 < |u| < e and g e C!(R). In [1] it was shown that if A, satisfy the relation

A y 1/(m-2)
(3.7) I=| [(m =2)[g(s) ds} dy > 2,
A 0

then the gradient of the bounded solution blows-up in the interior of the domain in finite
time for any initial compatible data. Note that according to [1] the relation / < 2 does not
guarantee the boundedness of the gradient. In order to simplify calculations we will con-
sider the case when g(u) = u, Ay = +A4, ug(x) = Ax, where 4 = 0. Hence (3.7) gives us
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A

= | [(m _ 2)Jysds

—A

1/(m-2)
| e

_ (1(T 2—/?}11/2_)2_)7 A2 m=2) _ (_ gy142/m2)

Thus (3.7) takes the form
(W Dﬂﬁz

It is clear that when m — oo, then 4 — 1 from above. Thus we obtain that the sufficient
condition for the existence of blow-up of the gradient for arbitrary mis 4 > 1.

m—1

One can easily see that f, = g(u)|uy|™ u, does not satisfy conditions (0.10), (0.11),
so we can not guarantee that the blow-up of the gradient will not occur in the interior of the
domain. For the function v = u — Ax problem (3.5), (3.6) takes the form

(3.8) U = Ve + (0 + AX)|vx + A|" oy + A),
(3.9) v(0,x) =o(t,£1) = 0.

Consider now the representation f; = (v 4 Ax)[vx + A|™ '(vx + A), f> = 0. One can easily
obtain the estimate |u| < A. It is clear that

(04 Ax)|ox + A" (00 + A)] < A(los] + 4)".

Note that if in (0.14) we will take as (p) = A(Jvx| + 4)™, then the global a priori estimate
of |vy| and hence of u, will take place if

+00 ,de 0
/ =]
0 0

o0
A(p+A4)" p+A)’”1 arp+A

Al m Alm 1
Tm—2 m-—1 (m—2)(m—1)

Y= =24 = osc(v).

So we have the global gradient estimate of a bounded solution of problem (3.5), (3.6) in the
case g(u) = u, up(x) = Ax when

1

A b
2(m — 2)(m — 1)]"/"

lIA

where 4 — 1 from below when m — co.

Consider the generalized KPZ (Kardar-Parisi-Zhang [17]) equation (see [4], [13], [18])
which arises in the evolution of the profile of growing interfaces
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_ B
ut—uxx+/1|ux| s ﬂg 1,

where / is an arbitrary constant. From Lemmas 1, 2 it follows that the second and the third
boundary value problems for the KPZ equation are solvable in the classical sense for any
Bz0.

Consider now the equation of curvature evolution for capillary surfaces

Uy 1/2
(3.10) ut:TML&%—ku(l +u?)'?,

where u(z,x) is a liquid surface and the constant k is positive or negative according to
whether the gravitation field is acting upward or downward. Obviously the Bernstein-
Nagumo’s condition is violated because

1

21/2) <
-+ 7)< s

W(|pl)  where y(p) = [k max|ul(1 + p*)*/*.

From Lemmas 1-3 it immediately follows that if & < 0, then we have global gradient
estimates for all boundary value problems. In fact, f, = ku(1 + 1)2)3 /? satisfies conditions
(0.10)—(0.12). Moreover if ug,(x) = 0, then u,(z,x) = 0 (see (1.19), (1.21)).

In [2] it was shown that if k is positive constant then for problem (3.10), (0.4), (0.5)
the interior blow-up is possible to occur. Represent the right hand side as a sum of
f1 =ku(l + u§)3/ 2 and f» = 0. Then from the results of Section 1 it follows that if

+o0 pdp +0 pdp
= > osc(u),
oj ¥(p) (J; k max|u|(1 + p2)/? )

i.e. (kM)™' > osc(u), then we have a global estimate of the gradient. Here M = max|u|. If
M = osc(u), then this condition takes form kM? < 1. Note that max|u| stays bounded for
any constant k.

Finally let us consider the Hamilton-Jacobi equation

(311) ut:fi(taxvua Mx),

where f; satisfies conditions (0.10), (0.11) and (0.12). In order to obtain the viscosity solu-
tion of the Dirichlet problem for (3.11) (see [8]) consider the regularized problem:

(3.12) u; = eul, + fo(t, x,u’,ug).

For the solution of problem (3.12), (0.4), (0.5) the following estimates hold:
lué] < K = max|uj(x)| (see (1.21)) and |u°| < max|ug|. These estimates imply the Holder
continuity of u* with respect to #:

ju(01,%) = (12, %)| < Cln = ]2,



216 Tersenov and Tersenov, Bernstein-Nagumo’s condition

where the constant C does not depend on & (see [19]). Hence there exists a subsequence
&, — 0 such that u® converges uniformly to u. Passing to the limit when ¢, — 0 in equation
(3.12) we obtain a viscosity solution. Moreover u — u, *weakly in L.,(Qr) and, from
equation (3.12), u;" — u, *weakly in L, (Qr). Hence the obtained viscosity solution is
Lipschitz continuous function and satisfies (3.11) almost everywhere. The other boundary
value problems can be considered similarly.
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