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Abstract

We consider the Dirichlet problem for a class of anisotropic degenerate elliptic equations. New a priori
estimates for solutions and for the gradient of solutions are established. Based on these estimates sufficient
conditions guaranteeing the solvability of the problem are formulated. The results are new even in the
semilinear case when the principal part is the Laplace operator.
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0. Introduction and main results

In the present paper we consider the following quasilinear degenerate elliptic equation
n
=3 wilug Puy) = c®g@) + fx) in 2 CR", (0.1)
i=1
coupled with homogeneous Dirichlet boundary condition

u=0 onds2. 0.2)
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Here constants p; > 0 and p; > 0. Without loss of generality we assume that
Cc{x =L <x; <L, i=1,...,n}.
Concerning the function g we suppose that
g(0) =0, g(z)>0 ifz>0 and |g(z)| < g(C) forlz] <C, (0.3)

where C is an arbitrary positive constant. For example, functions g(u) = In(ju| + 1) and
g(u) = u? with arbitrary g > 0 satisfy (0.3). In the case that g(u) = u? is defined only for u > 0
one can take its odd or even continuation of the form g(u) = [u|?'u, g(u) = |u|?. On the other
hand, it is obvious that (0.3) does not restrict us only to odd or even functions. For example
g(u) = e* — 1, which is neither odd nor even, satisfies condition (0.3).

For the equation

n
- ZI’L"U”X:‘ |piuxi)xi =f(x) in2cCR"
i=1

with condition (0.2) the existence of the unique generalized solution follows from [8]. In [8]
the initial boundary value problem for the related parabolic equation was considered, but the
method proposed there can be easily applied to the elliptic case. From [8] it follows that if
f e WhPo(2) (where po = maxi<;<a{p;}, 1/pi +1/p; = 1), then there exists a unique gen-
eralized solution such that u € L>(£2) and uy, € L, (£2).

The existence and nonexistence of positive solutions for equation

n
- ZM!’(WX,- |Pi Mx,-) =xu?, A>0isconstant,
Xi
i=1

coupled with boundary condition (0.2) was considered in [3]. The existence result was proved in
the subcritical case and nonexistence result in the at least critical case.
In [7] the regularity question for the equation

n
. pPi —
ZMZ (lu)(,' | lux,')xl_ - 09
i=1

was considered. It was proved that each component of the gradient is bounded in L -, norm under
the assumption that the solution is bounded.

Our goal is to obtain sufficient conditions for the solvability of problem (0.1), (0.2). The
results obtained in the present paper are new even for the semilinear case, i.e. for p; = py =
o= p,=0.

Assume that there exists a positive constant M such that

312 421
2

p+l
(Cog(M)+fo)< ) <u(p+HMPHL 0.4)

Here p = piy = max{pi. ... pu}. 1t = tig. | = lip, co = supg, |e(x)] and fo = supg, | F(X)].
Below we will give several examples concerning this condition.
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Remark 1. Instead of (0.4) we can take one of the following two assumptions.
1. Suppose that there exists a positive constant M such that

312 +21
2

p+1 i
(Cog(M)+f0)< ) <ji(p+DHMPH (0.41)

Here [ =1;, = min{ly, ..., s}, i = jtiy, p = pi-
2. Suppose that there exists a positive constant M such that

32 +20
2

p+1 R
(cog(M) + fo)( ) <a(p+HMPHL (0.42)

Here U = i, = max{u1, ... ), [ =liy, p= piy.
Definition 1. We say that function u(x) is a generalized solution of problem (0.1), (0.2) if u(x) €

Who°(£2), u(x) =0 for x € 982 and

/ Z;mux, P, b, (%) dx = / (cOgw) + FX)p(X)dx Vo€ W' (), 1 <r < +oc.

i=1 o
Theorem 1.

(i) Suppose that c(x) and f(x) are bounded in 2, g(u) is a Holder continuous function on
[—M, M] and conditions (0.3), (0.4) are fulfilled. If the domain 2 C R" is strictly convex,
then there exists a generalized solution of problem (0.1), (0.2) such that

Nl < Mo and luy,| <1+21)<7‘p° ) =1
Ul < Mo and  uy, |l L i=1,....n,
@) Tillboel2) S i (1+ pi)

where My = inf{M: M satisfies (0.4)} and

Dy = _ |C(X)g(u) + f(X)|
2x [—Mo

(i) If in addition c(x) < 0 and g(u) is a nondecreasing function then the solution is unique.

Example 1. Consider the following equation
n
=3 mi(Ju, ), = cx)ut+ f(x) in . 0.5)

Here p=1and g(u) = u*. Let co > 0, then inequality (0.4) takes the following form

4 8

2
Gy <0

coM™ —
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or for M = M?

_ SM _
M- —"" M 0. 0.6
0 G rapM th= ©6)
Obviously, M > 0 satisfying (0.6) exists if

2
fo< o

< ———- 0.7
co(31% + 21)* ©7

Thus if the function f(x) satisfies condition (0.7), then Theorem 1 guarantees the existence of a
generalized solution of problem (0.5), (0.2) satisfying inequalities

1

1
coMg + fo\? .
lullLo2) < Mo and  JluyllL2) <A +21i)<+> , i=1,...,n,

with

4u 1612 £\ ?
M=\Geer: \@arra o '
co(31= +2I) GBI +2D* <o

Example 2. If g(u) = u? (or g(u) = |u|9"'u or g(u) = |u|?) and p + 1 > ¢ then for arbitrary
bounded f(x) one can find a positive M satisfying condition (0.4) and as a consequence obtain
the existence of a generalized solution by Theorem 1.

Example 3. If ¢y = 0, then (as in the previous case) one can always find positive M satisfying
(0.4) and obtain the existence of a generalized solution for any bounded f(x). In this case

1

312421 5 Pl

lullr.2) < Mo = < f ) ,
2 up+1

iy, | <(1+21)( fo ) =1
Uy I Lo (2) < )| ————— , 1=1,...,n.
* @ Y\ i (14 p)

Consider now the semilinear equation (p; = 0 for all ). For simplicity suppose that u; = u
for all i:

—uAu =c(x)g(u) + f(x) in 2 CR". (0.8)
In this case the use of (0.41) is appropriate, for p; = 0 it takes the form

302420
2

(cog(M) + fo) <uM. 0.9)

In [9] it was shown that problem (0.8), (0.2) with f =0 and c(x) = const has a nontrivial solu-
tion. It is natural to expect that problem (0.8), (0.2) with arbitrary f may have no solution. Let us
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mention here that many papers have recently appeared (see [1,2,10] and the references there)
where for the problem

—Au=ul"'u+ f(x) i, u=0 onds,
different sufficient conditions on existence are formulated.

Theorem 2.

(i) Suppose that c(x), f(x) € C7 (), g(m) e CY([—M, M]), 052 € CcHr, y € (0, 1). {f 0.9)
is fulfilled then there exists a classical solution of problem (0.8), (0.2) u(x) € C 2ty (£2) such
that

mSglxlul < Mo,

where Moy = inf{M: M satisfies (0.9)}.
(ii) If in addition c(x) < 0 and g(u) is a nondecreasing function then the solution is unique.

Remark 2. In order to prove Theorem 1 we need to obtain a priori estimates for # and Vu. To
prove the estimate for Vi we will use the convexity of the domain. In order to prove Theorem 2
we need to obtain a priori estimates only for # where we do not need the convexity of the domain.
If the domain in Theorem 2 is strictly convex then we additionally have

Dy .
max uy | <(A+2)—, i=1,...,n.
2 5

Example 4. Consider the equation
—pAu=u>+ f(x), where A is constant. (0.10)

Condition (0.9) takes the form

M — —2H Mt <0
242 0T

From Theorem 2 we have that there exists a classical solution if

2

{—,
TSGR 120

and in this case

2 7
max |u| < Mo = —— ~—< L —ﬁ> .
2 [X(BI2 +21) A2@(BI2 4202 A

If the domain is strictly convex then in addition

AM2 +
max|uxi|<(1+21i)M, i=1,...,n.
2 n
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Example 5. Consider
—pAu = re. (0.11)
Here g(u) =e* — 1 and f = A. Condition (0.9) takes the form: there exists M > 0 such that
eM_cMm < 0,
where

Co_ 2
|A|(312 4 21)

This fact is equivalent to say that the minimum of the function ¢* — Cx must be negative, that is

2u

— = = > €. (012)
L] (312 +2)

From Theorem 2 we have that there exists a classical solution of (0.11), (0.2) if (0.12) is fulfilled
and for this solution we have

m§x|u| <My=InC. (0.13)

If the domain is strictly convex then in addition

Ale™C 21+ 25
max|uxi|<(l+21,-)| e _2dw2) oy (0.14)
Q 1 312 4 2]

Recall that in [4] for the problem
—Au=¢e" in2CR", ulpgo =0 (0.15)

it was shown that there exists a positive number x depending on the dimension n such that if
the diameter of §2 is less than « there exists (at least one) solution of problem (0.15). From
Example 5 it follows that there exists (at least one) solution of problem (0.15) if the size of the
domain £2 at least in one direction is small enough (independently of the dimension) namely

2
32 4+20 <=,
e

Finally let us mention that similarly to problem (0.11), (0.2) we can show that if (0.12) is
fulfilled then there exists a classical solution of the problem

wAu=xre" in $2, ulpgo =0

satisfying inequality (0.13) (and, if §2 is strictly convex, inequality (0.14)). Moreover from The-
orem 2 it follows that the solution is unique.

The paper consists of two sections. In the first section we obtain the a priori estimate for the
regularized problem and in the second based on these a priori estimates we prove Theorems 1, 2.
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1. A priori estimates for the regularized problem

Let us start from problem (0.1), (0.2). Consider the regularized equation

— Zui((u;‘i + S)pi/auxz')xi =c.(xX)gp () + fe(x). (1.1
i=1

Here the constant o € (0, 1) is such that (uj‘c‘i)l’f/"‘ = |uy,|P" (for example o = 2/3); con-
stant ¢ > 0, c.(X), f:(x) are Holder continuous functions such that

ce(X) > c(x) and f.(x) > f(x) in Ly norm, when e — 0,

where without loss of generality we assume that

max|c.(X)| =co,  max|f;(X)|=fo.  max|c.(X)gw) + fi| = Po:
and finally
2(2), for [z| < M,
gm(z)=1¢WM), forz> M, (1.2)

g(—=M), forz<-—-M.

Obviously from (0.3) we have —g(M) < gy (u) < g(M).
The first step is to obtain the estimate |u| < M for a solution of problem (1.1), (0.2). After this
in (1.1) instead of gps(u) we can take g(u) (due to (1.2)).

Lemma 1. If (0.3) and (0.4) are fulfilled, then for any classical solution of problem (1.1), (0.2)
the following estimate is valid

lux)| <M.

Proof. Without loss of generality we assume that ig = 1, i.e. p = p1, [ =11, u = 1. Rewrite
Eq. (1.1) in nondivergent form

=Y e (i, = Cc(X)gar () + f2(X), (1.3)

i=1
where
Pi _
ie(@) = (e +) £ (i D2+,

Define the function 4 (x1):

2 2

- (15— Xx]
h(x1)=M( ) +(1+1)(l+x1)>,
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where
- 2M
M=———.
312421
Obviously for
n
Lu=— Zaia(ux,-)ux,-x,-
i=1

we have

Lu=ce(x)gp(u) + fe (%) (1.4
and

n
Lh==Y"aie(hx)hyx; = —a1s (he Vs,
i=1

— (W4 &) ((p+ DR+ &) M > u(p + HMPH (15)

Here we use the fact that A’ (x;) > M, h"(x;) = —M and « < 1. One can easily see that if
-1 ((p+1Dh'e +&)M is anondecreasing

a € (0, 1) then for any p > 0 the expression wu(h'% +¢)«
with respect to ¢ function. For the function

v(X) =u(x) — h(xy)

we have

n n
Lu—Lh=— Zaie (ux Yt x;x; + Zais(hxi)hxixi
i=1 i=1

n
= - Zaié‘(uxi)vxixi + (als(hxl) - als(”xl))hxlxl .
i=1

On the other hand, due to (1.4), (1.5) we have
Lu— Lh=ce(X)gm ) + fe(x) — Lh < ce(®)gm () + fo(x) — n(p + HMPHL
Hence
n
- Zais(uxi)vx,-x,- g (als("t)q) - al&‘(h)(]))h)q)(]
i=1

+ e (X)gm () + fe(x) — u(p + HMPTL (1.6)
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Suppose that at the point N € £2 \ 852 the function v(x) attains its positive maximum. At this
point we have v > 0 and vy, =0 or u > h > 0 and u,, =h>M, uy, =0fori=2,...,n
(in particular ajz(uy,) — aie(hy,) = 0). Thus

= i )| < gm0 + £o0 = u(p+ DI
i=l1

N

< max|ce (x)|g(M) + max| fz ()| — w(p + HMPT!
2 p+1
=C08(M)+f0—,u(17+1)<312—+2[> . 1.7

Here we use the fact that for positive # we have 0 < gy (1) < g(M). Hence due to (0.4)

n
- Zais (uxi)vx;x; <0.
i=1

N

This contradicts the assumption that v(x) attains its positive maximum at N. Due to the homo-
geneous boundary conditions, on 952 we have v = —h < 0. Taking into account that v(x) cannot
attain its positive maximum in £2 \ 952 we conclude that

v(x) <0 or u(x)<h(x;) in$2.

Now let us obtain the estimate from the below.
For the function w(x) = u(x) + h(x1) we have

n n
Lu+ Lh=-— Zais(uxi)ux,-x,- - Zaie (hxi)hx,-x,-

i=1 i=1

n
= Zaié‘(uxi)wxixi - (als(hxl) - als(uxl))hxlxl .
i=1

On the other hand,

Lu+ Lh = ce(X)gum () + fe(X) + Lh > cc()gn W) + fo(x) + pu(p + HMPT.

Thus
n
- Zais(uxi)wx,‘xi > (ale(hxl) - ale(uxl))hxlxl +ce(X)gm (W) + fe(x) +u(p+ I)Mp+l .
i=1

Suppose that at the point N; € 2 \ 852 the function w(x) attains its negative minimum. At
this point we have w < 0 and wy, =0 or u < —h <0 and uy, = —hy, < —M, u,, =0 for
i =2,...,n. Therefore (due to the fact that a;,(z) = a;j¢(—2))
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n
Y 1
=D aie )Wy | > ce(®gm @) + o) +u(p+ DM
1
i=1

p+l
) . (1.8)

> —cog(M) — 1
cog(M) — fo+n(p+ )<312+2I

Here we use the inequality
ce(NDgm(u(N1)) = —cog(M).
If ¢, (N1) > 0, then the last inequality follows from the fact that g (1) > —g(M). If c.(N1) <O,

then the inequality follows from the fact that gy (#) < g(M). Hence from (1.8) (due to (0.4)) we
obtain

n

_E ais(ux,')wxixi > 0.
—1 Ny
i=

This contradicts the assumption that w(x) attains its (negative) minimum at Nj.
Due to the homogeneous boundary condition, on 952 we have w = h > 0. Taking into account
that w(x) cannot attain its negative minimum in 2 \ 952 we conclude that

wx) >0 or u(x)>—h(x;) in$2.

Consequently

—h(x1) Sux) <hxp). (1.9)

Now taking h(x1) = h(—x;) instead of h(x]) we obtain

—h(xD) <u®) <hx). (1.10)
This estimate can be easily established in the same way as (1.9) because WY > M* and
h" = —M. The first inequality (&' > M?*) follows from —h’ > M > 0 due to the choice of a
(¢ =2/3).

From (1.9) and (1.10) we conclude that

312 421

M=M. O
2

Ju(x)| < 1(0) = h(0) =

Remark 3. Represent M for a sufficiently small € as M = My + €, where My = inf{M:
M satisfies (0.4)}. Passing to the limit when € — 0 we obtain the estimate

|u(x)| < M.

Let us turn to the estimate of the derivatives. First in Lemma 2 we will obtain the auxiliary
result which actually is the boundary gradient estimate. Then in Lemma 3 we will obtain the
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global gradient estimate. We additionally suppose now that §2 is strictly convex and that the
parts of 92 lying in the half spaces x; < 0 and x; > 0 can be expressed as

xi=F and x;=G;, i=1,...,n,

respectively. Here the functions F; and G; depend on all variables except of x;. Due to the
convexity we have

Froy 20, Gryy <0, k=1,2,....n,i=1,2,....n.

Define the function hi (t) by the following

2
hy (7) = —ck% +[Ce( +20) +€]r, T el0, 2], (1.11)

where

wk(pr+1)

Recall that @y = Max g, s ar 1ce (X)) + fe(x)|. Obviously
hZ:—Ck, h;CZCk+E>Ck.

Lemma 2. If conditions (0.3), (0.4) are fulfilled and $2 is strictly convex then for any classical
solution of problem (1.1), (0.2) the following estimates are valid

lu)| < (G —x1),  |u®)| <k — Fr), k=1,...,n, in$2.

Proof. We will prove these estimates for k = 1, the other cases can be considered similarly. Let
us start from the first inequality. Introduce the function

v(X) =u(x) —h;(¢), wherel =G(x2,x3,...,Xx,) — X].

‘We have

n

Lu(®) ==Y aic () yy, = ce(X)g(W) + fo(x),

i=1

Lhi(©) ==Y aic(hix (©)hiy ()

i=1

= —ai(h{ ()N (@) = D aic (M (©)G1) (W ()G, + 0} ()G 1x,)-

i=2
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Due to the convexity of £2 we have G, <0 and taking into account that h{ <0, h} >0 we
conclude that

h{(©)GT,, + 0 ()G 1y <O

and hence
Lhi(§) > —a1e (W} ()] (©) = Craie (0] (). (1.12)
Thus
Lu(x) — Lhi(¢) < c: (g @) + fe(x) — Craie(hj (). (1.13)
On the other hand,

n

Lu(x) = Lhi () = = Y aie (e an; — Y [@ie () = e (D1, (0)) [, (0). (1.14)

i=1 i=1
Hence, from (1.13), (1.14) we obtain
n n
= aie (i) < Y _[ie () — e (D1 (0)) |1y ()
i=1 i=1

+ ce(®)g W) + fe(x) — Craie (W} (0)). (1.15)
Suppose that at the point N € 2 \ 852 the function v(x) attains its maximum. At this point we

have vy, = 0 or uy, (X) = hyy,(¢) (in particular a;.(uy,) — ais(hix,(¢)) =0,i =1,...,n) and
hence

n
- Zaié‘ (”x,-)vx,-x,-
i=1

y S (08 + fo(x) — Ciaie(h) (D)) |y

< (NN + fo(N) — i (pr + DM <.

This contradicts the assumption that v(x) attains its maximum at the internal point of the do-
main £2. Due to the fact that v = —h; < 0 on 92 we conclude that

v(x) <0 or u(x)<h;(G;—x;) inS2.

Next we obtain a lower bound. Introduce the function w(x) = u(x) +hj(¢). Similarly to (1.13)
and (1.14) we obtain

Lu(x) + Lhi () > c:(0)g @) + fe(X) + Craie (h} (£))

and

Lu(x) + Lhi(§) = = Y aie (e Wap; + Y _[aie () — e (15 () D1y ()

i=1 i=l1
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Hence

n

- Zais(uxi)wxixi = — Z[aié‘ (Mxi) — dj¢ (hlxi (g))]hlxixi (;)
i=1 ]

i=1
+ce (X)) + fe(x) + Craie (W) (D). (1.16)
Suppose that at the point N1 € £2 \ 92 the function w(x) attains its minimum. At this point we

have wy, = 0 or uy, (x) = hyy, (¢) (in particular a;¢(uy;) — aijc(h1;,(¢)) =0,i=1,...,n) and
hence

= 2 i) Wai | > (0800 + fo(0 + Crare (W),
i=1

> ce(N)g((N)) + fo(N) + 1 (pr + DM > 0.

This contradicts the assumption that w(x) attains its minimum at the internal point of the do-
main £2. Due to the fact that w =h; > 0 on 952 we conclude that

wx) >0 or u(x)>—-h(G;—x;) inf2.
Thus the estimate |u(x)| < h; (G| — x1) in £2 is proved.

Now introduce functions v(x) = u(x) — h;(n) and w(x) = u(x) + h;(n) where n = x| —
F1(x2,x3,...,x,). Similarly to (1.12) we obtain

Lhy(n) == aic(hix; () hig, ()

i=1

= —are (WMDY () = > aie (Wi () Fr, ) (0] () FLy, — B () F, )-
=2

Due to the convexity of £2 we have Fi,,,, > 0 and taking into account that h] <0, h} >0 we
conclude that

h/ll(g)Flzx, - h/l(C)leixi < 0
and hence

Lhy(n) > —aie(h} (n)hi (n) = Cra1e (b} (n)).
Furthermore similarly to (1.15) and (1.16) we obtain

n

- Zaie(uxi)ﬁxixi < Z[aie (ux,‘) - ais(hlx,' (ﬂ))]hlxixi (77)
i=1

i=1
+ ce(X)gu) + fo(x) — Crae(hi(n)
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and

n

=Y et Yy = — Y [aic () — e (D1, 1)) [ ()
i=1

i=1
+ce(x)gu) + fe(x) + Ciaie (h/l (’7))
Now in the same manner as in the previous case we obtain the estimate |u(x)| < hj(x; — F1)
in £2.
Lemma is proved. 0O

Lemma 3. If conditions (0.3), (0.4) are fulfilled and 2 is strictly convex, then for any classical
solution of problem (1.1), (0.2) the following estimates are valid

e, ()] < (1 +20) o A
uy(x)| < ; ) , i=1,...,n.

Proof. We will prove the estimate for i = 1, for i =2, ..., n the proof is similar. Consider the
equations

_ale(uxl (X))uxlxl (x) — Zais(uxi (X))ux,-x,- (x) =ce¢ (X)g(u (X)) + fe(x), (1.17)

i=2
_ale(ué(i))uéé (x) — Zais (ux; (i))ux,'x,- (X) =ce (i)g(“(i)) + fe (%), (1.18)
i=2

where x = (x1, x2,...,Xx,) and X = (§, x2, ..., x,). Subtracting Eq. (1.18) from (1.17) for

v(E,x) = u(x) —u(X)

we obtain

n

_ala(uxl (x))vxlxl - ala(ué (i)) Veg — Z[aia (Mxl- (x))uxixi (X) — aje (uxi (i))ux,-x,- (i)]

i=2

=ce()gu®) + fe(®) — c: g (u®) — fe®).
Rewrite this equation in the following form

n

_als(uxl (X))lexl —dale (ué (i))vSE - Zais (uxi (X))vx,-xl-

i=2

= Z[ais (ux,- (X)) — Uie (ux,- (i))]uxixi (%)

i=2

+ (g (X)) + fr(x) — X g(uX) — f(X). (1.19)
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Consider (1.19) in the domain

Q= {(ésx): E € (Flle)a xl € (Flle)’ xl >$1 (x27'--:xn) 691},

where £2 is a projection of §2 on the hyperplane x; = 0. For

w(§,x)=v(,x) —hy(x; —§)
we have

n

_alg(uxl (X))wxlxl - als(ué(i))wgé - Zais(ux,- (X))wxixi

i=2
= [aie (1x; ®) — are (10, ®)) |t (%)
i=2

+ce (X)g(u(x)) + fe(x) —ce (f()g(”(i)) = fe(X) + (als(”xl (X)) + als(“% (i)))h/{

<D aie (X)) = aie (1, ®)) Ju; (&) + 200 — C1 (@16 (105, (X)) + are (uz (%))
i=2

(1.20)

Suppose that at the point N € Q \ dQ the function w(£, X) attains its maximum. At this point we
have wg =w,, =0,i=1,...,n,0r

Uy, (X) =ug(X)=h} and uy (X)=uy(X) fori=2,...,n.
Hence from (1.20) we have
n

_als(uxl (X))wxm - als(“é (i))wéf - Zais (ux,- (X))wx,-x,- N

i=2

<2(®o — Ci(u1(h})” (p1 + 1)) |y < 2(Po — Do) =0.

This contradicts the assumption that w(&, X) attains its maximum at the internal point of the
domain Q.
Now consider w(£, x) on d Q. The boundary of Q consists of three parts (recall that x; > &):

(1) xi =& )
(2)%IFI,)C]E[Fl,G]],xz,...,anQI;
(3) xl:G19‘§€[F1’G1]’x27-"7xn GQI.

On the first part we obviously have w = —h;(0) = 0. On the second and the third parts, due
to Lemma 2, we have respectively

w=u(X)—h(x —F)<0
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and
w=—u(X) —hi(G; —§) <0.
Consequently w(§, x) < 0in Q which means
u(x) —u(® <hi(x —§) inQ.

Similarly, taking the function v = u(X) — u(x) instead of v, we obtain v > —h;(x; — &) in 0.

By the symmetry of the variables x| and &, we consider the case £ > x; in the same way.
As a result we obtain that for x| € [F1,G1], £ € [F1,G1], (x2,...,x,) € 21, |x1 —&| > 0 the
following inequality holds:

u(®) —u®| _ hi(lxi — &) —hi(0)
lxi —& lxi —&|

’

which in turn implies the estimate |u,, (X)| < h’1 (0) = (1 4+ 2[1)Cq + €. Passing to the limit when
€ — 0 we conclude that

1, (0] <(1+211)<L>W.
ui(pr+1)

The lemma is proved. O

Remark 4. When proving Lemma 3 we use the idea of S.N. Kruzhkov [6] of introducing a new
spatial variable for the one-dimensional quasilinear parabolic equations (see also [12] and the
references there). The extension of this method to a class of multidimensional elliptic equations
in convex domains was presented in [11,13]. In [11] (as well as in [6]) the right-hand side must
vanish at the points where the principal part becomes zero. Of course Eq. (0.1) does not satisfy
such restrictions. In [13] (as well as in [12]) it was shown that the a priori gradient estimate for
the degenerated equation can be established under specific restrictions on the right-hand side
which in our case look like

c(x)gu) + f(x) —c(x)g(v) + fF(X) <0 foru > v,

where x" = (x], x2, X3, ..., x,) with x| > x{, if we need the estimate of u,,; x" = (x1, x}, x3,
oy Xp) With xo > xé, if we need the estimate of u,, and so on. In the present paper we have
succeeded to obtain the needed estimate for (0.1) with arbitrary c(x)g(u) + f(x) due to the
specific form of the principal part. Note that in [6,11-13] the existence of classical solutions is
proved.

Let us turn now to problem (0.8), (0.2).
Consider the regularized equation

—Au = c(X)gm (W) + f(x). (1.21)

Recall that here we suppose that ¢ and f are Holder continuous functions. The proofs of the
following two lemmas are similar to the proofs of Lemmas 1 and 3.
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Lemma 4. If (0.3) and (0.4) are fulfilled, then for any classical solution of problem (1.21), (0.2)

the following estimate is valid

lux)| <M

Lemma 5. If conditions (0.3), (0.4) are fulfilled and $2 is strictly convex, then for any classical

solution of problem (1.21), (0.2) the following estimates are valid

iy (0] < (12— )iy
(x)| < N ——mmM , =1,...,n.
i P+ ) ’ "

2. Existence and uniqueness

Proof of Theorem 1. Consider equation
- Zm w4 e)" M uey) = ce®glue) + fo ().

The classical solvability of problem (2.1), (0.2) follows from [5].

2.1

Our goal is to pass to the limit (¢ — 0) in (2.1) based on the a priori estimates obtained in
previous section. Due to Lemmas 1 and 3 there exists a subsequence which we denote again by

u, such that
us(x) »> u(x) uniformly in Cyp norm
and
Ugy; (X) = Uy, (X) xweaklyin Loo(£2), i=1,2,...,n.

From (2.2) it immediately follows that

fe=c.(X)gue) + fe(xX) > f=c(x)g(u) + f(x) strongly in Lo norm.

Define A, (u.) and A(u) elements from W~15(£2) (linear functionals on vi)/l”(.Q), % +

by the following

N

(A (ue), v) Z/u, U +6) g dx Yo e W (),
z:lg

=

(A), v =Z/M,|uxl vy dX Vv e W (82).

(2.2)

(2.3)

1
s=D

From Lemma 3 it follows that u; (ug,, + s)pi/“um is bounded in L~ (£2) and hence in L, (£2)

for any s. Thus

A(ug) — x  weakly in W H5(£2).
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Our goal is to prove that
x =A).
One can easily see by direct calculations that
(Aue) — A(), us —v) 2 0.
Hence
(As(ute) — AW), up — v) = (Aeue) — Alug), us — ). 2.4)

Rewrite (2.4) as following

(Ac(ue), ue) = (Ac(ue), v) — (A(W), ug — v) > (A (ue) — Aue), ue — v). (2.5)

Multiplying (2.1) by u, and then integrating by part we obtain

n
<A8(u8),u8)=2/ui(ugxi +e)" 2, dx=/fsugdxz(fa,ua).
i=lg 2

Hence from (2.5) it follows that
(fe o) — {Aeue), v) = (AQV), e — v) > (Ae(e) — Aue), ue — v). (2.6)
Passing to the limit when & — 0 we obtain (see Remark 5 below)
(£ u) = (x, v) = {A@),u —v) > 0. 2.7)

Now multiplying (2.1) by u and integrating by parts we have

n
(As(us),bt):Z/Mi(ugxi +8)pi/augxiuxi dx=/f8udx=(fg,u).
i=lg 2

Passing to the limit when ¢ — 0 we obtain
(x,u) =& u).
Substituting this in (2.7) we have

(x,u) = (x,v) —(A@),u—v)>0 or (x—A@),u—v)>0. (2.8)

Select v = u — Aw, where A is a positive constant and w € V(Ell’oo(.Q). From (2.8) we conclude
that

A(X—A(M—Aw),w)>0 or (X—A(u—kw),w>20.
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Passing to the limit when A — O (this is possible due to the Lebesgue theorem) we obtain

(X =A@, w)>0 Ywe W > ().
Hence the functional x — A(u) is zero, i.e.
x = A(u).

Thus we can pass to the limit when ¢ — 0 in

(Ae(ue), ) = (cegue) + £, b) 2.9

to obtain

{A@), ¢) = (cg@) + f. ). (2.10)

Obviously (2.9) and (2.10) are equivalent to

[ o mitut ey s dx= [ (g + f)odx
Q i=1

2

and

[ S it g dx= [ (g + Fo0)ax,

2 =1 2

respectively.
The existence is proved.
Let us pass to the uniqueness. Suppose that there exist two solutions u1 and u. We have

(A1) — A@ua), ur —uz) = (c(®)g(u1) — c(X)guz), uy — uz). (2.11)

The left-hand side of (2.11) is nonnegative, hence

/C(X)(g(ul) —gu2))(uy —uz)dx >0.
2
Due to the assumptions of Theorem 1 concerning the uniqueness, the last inequality takes place

only if u; —up; =0.
Theorem 1 is proved. O

Remark 5. When passing to the limit in (2.6) we use the fact that w;(uz,, + &) / “Ugy; and
Wi (u‘;‘x’_)p"/“ugxi = Wi|Uex; |’ Uuex, have the same weak limit. In fact, suppose that

/

i (ugx,. +8)pi augxl. — x1  *weakly in Lo,

Wilthex; 1P ttex; = x2  * weakly in Loo.
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Let |ugy, | < C;. Define the function f; (£, ) = (§% + |n|)Pi/%€
fi:[-Ci,Ci] x[—1,1]— R.

For any ¢ € L1, we have

when ¢ — 0.

’/(fi (ex;» €) — fi(ex;» 0))p dx| — ‘/(m — X2)¢ dx
2 2

Since the function f; is continuous, for any o > 0 there exists §(o) such that | f;(&,n) —
fi(§,0)| < o for all £ € [-C;, C;], whenever |n| < §. Therefore, for arbitrary o > 0 and for

e < 6(0) we obtain
Uf|¢|dX.
Q

‘/(ﬁ(uexi’g) —f,-(ugxi,O))¢>dx g
2

Thus

'/(Xl — x2)pdx| =

/|¢|dX

= hm‘/(f,(u”, &) — fi(uex;» 0))pdx| <
2

Hence, x1 = x2.

Proof of Theorem 2. The existence follows from Lemma 4. In fact, from Lemma 4 we have
that @ (x) = c(x)g(u) + f(x) is a bounded function. This implies the a priori estimate of the
solution in C!'*# norm (for some B € (0, 1)) depending only on @¢ and n (see, for example, [5,
Section 3.4]). The a priori estimate in C!*# norm implies the existence of the required solution
(see, for example, [5]).

The uniqueness can be proved by standard arguments based on the maximum principle. O
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