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Weak Partial Differential Equations
(Homework 1)

Exercise 1 a) (n = 1)Let u € C![0,1] and v € C'[1,2] and define the function

| u(z), =xe€]0,1],
w(z) = { v(z), xe€(1,2].

Establish that w weakly differentiable in [0, 2] if and only if w is continous at 1.

b) (n = 2)Let u € C1([0,1] x [-1,1]) and v € C'([1,2] x [-1,1]) and define the function

1
w(®,y) = { o(z,y), ze (1,2, yel-1,1]

Establish that w weakly differentiable in [0, 2] x [—1,1] if and only if w is continous at

(1) x [-1,1].

Exercise 2 a) Let Q2 C R™ be open and connected and u € Wlloi(Q) satisfies
Vu(x) =0, a.e.in Q.

Establish that there exists ¢ € R such that u(z) = ¢, a.e. in Q.

b) Suppose Q C R? is open and connected. Find all functions v € Wlloi(Q), that satisfy
v
5, (@Y) = 2wy +yt, ae (vy) €9,

0
8—;(;3,3/) = 22422y, ae. (z,y) €.

Notation for the next Exercise. Denote

Cho([0,1]x[~1,1]) the set of C! functions u that in addition satisfy u(0,y) =0, y € [~1,1],



Wébl([(), 1]x[~1,1]) the completion of C&,([0,1]x[~1,1]) functions under the Wh1([0,1]x[~1,1]) norm.
Similarly denote

Cly([1,2]x[—1,1]) the set of C! functions u that in addition satisfy w(2,y) =0, y € [-1,1],

Wy ([1,2]%[—1,1]) the completion of Ciy([1,2]x[—1,1]) functions under the Wh([1,2]x[~1,1]) norm.

Cl([0,2]x[~1,1]) the set of C! functions u that in addition satisfy u(0,y) = u(2,y) =0, y € [~1,1],

Wy ([0,2]x[~1,1]) the completion of Cly([0,2]x[—1,1]) functions under the W ([0, 2]x[~1,1]) norm.

Exercise 3 a) Let u € W(l]bl([o, 1] x [~1,1]). Establish the existence of L! trace at
{1} x[~1,1] by establishing the existence of a positive constant ¢ such that W ([0, 1] x
[—1,1]) there holds

/1 Iu(17y)!dy§6/01/11 [|u(w,y)|+\/U%(w,y)+u§(m,y) dy da.
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b) Let u € Wiy ([0,1] x [~1,1]), v € Wiy ([1,2] x [~1,1]). Define

_ u(xay>v S [07 1]7 ye [_171]a
w(@,y) = { v(z,y), z€(1,2], ye[-1

Establish that w € Wy (0,2] x [~1,1]) if and only if

tru(l,y) =trv(l,y), aeye[-1,1].

Exercise 4 Let p > 1. a) If u € C}([0, 1]), establish the inequality

1

1 1 p
ule) — ()] < |o -y ( | wor dt) Caye o,

b) Let v € Wé’p ([0,1]). Establish the existence of a Hélder continuous function w with
w=v a.e. in WyP([0,1]) that satisfies

1

1 1 P
(z) — wly)| < |z -y ( | war dt) Caeyelo.
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Exercise 5 a) Let 1 < p < n, 2 <n. Find exponent ¢ that supports the existence of a
positive constant ¢ = ¢, ;, such that the following inequality holds true:

([ o d$f>‘? < ( i

Next establish the inequality for your choise in q.

1
p
|VulP d:c) , VueCXR").

n
+

b) For u € Dé’p(R”), establish that Tr u € LY(R"!) and actually the following
inequality holds true:

1
- p
(/ | Tr u(z’,0)]? dac’) "<e (/ |Vul? da;) , YueDy?(RY),
Rn—1 R”

+

|=

for your choise in gq.



