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Weak Partial Di�erential Equations

(Homework 1)

Exercise 1 a) (n = 1)Let u ∈ C1[0, 1] and v ∈ C1[1, 2] and de�ne the function

w(x) =

{
u(x), x ∈ [0, 1],
v(x), x ∈ (1, 2].

Establish that w weakly di�erentiable in [0, 2] if and only if w is continous at 1.

b) (n = 2)Let u ∈ C1([0, 1]× [−1, 1]) and v ∈ C1([1, 2]× [−1, 1]) and de�ne the function

w(x, y) =

{
u(x, y), x ∈ [0, 1], y ∈ [−1, 1],
v(x, y), x ∈ (1, 2], y ∈ [−1, 1].

Establish that w weakly di�erentiable in [0, 2]× [−1, 1] if and only if w is continous at

{1} × [−1, 1].

Exercise 2 a) Let Ω ⊂ Rn be open and connected and u ∈W1,1
loc(Ω) satis�es

∇u(x) = 0, a.e. in Ω.

Establish that there exists c ∈ R such that u(x) = c, a.e. in Ω.

b) Suppose Ω ⊆ R2 is open and connected. Find all functions v ∈W1,1
loc(Ω), that satisfy

∂v

∂x
(x, y) = 2xy + y2, a.e. (x, y) ∈ Ω,

∂v

∂y
(x, y) = x2 + 2xy, a.e. (x, y) ∈ Ω.

Notation for the next Exercise. Denote

C1
00([0, 1]×[−1, 1]) the set of C1 functions u that in addition satisfy u(0, y) = 0, y ∈ [−1, 1],
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W1,1
00 ([0, 1]×[−1, 1]) the completion of C1

00([0, 1]×[−1, 1]) functions under the W1,1([0, 1]×[−1, 1]) norm.

Similarly denote

C1
22([1, 2]×[−1, 1]) the set of C1 functions u that in addition satisfy u(2, y) = 0, y ∈ [−1, 1],

W1,1
22 ([1, 2]×[−1, 1]) the completion of C1

22([1, 2]×[−1, 1]) functions under the W1,1([1, 2]×[−1, 1]) norm.

C1
02([0, 2]×[−1, 1]) the set of C1 functions u that in addition satisfy u(0, y) = u(2, y) = 0, y ∈ [−1, 1],

W1,1
02 ([0, 2]×[−1, 1]) the completion of C1

02([0, 2]×[−1, 1]) functions under the W1,1([0, 2]×[−1, 1]) norm.

Exercise 3 a) Let u ∈ W1,1
00 ([0, 1] × [−1, 1]). Establish the existence of L1 trace at

{1}× [−1, 1] by establishing the existence of a positive constant c such that W1,1
00 ([0, 1]×

[−1, 1]) there holds∫ 1

−1
|u(1, y)| dy ≤ c

∫ 1

0

∫ 1

−1

[
|u(x, y)|+

√
u2x(x, y) + u2y(x, y)

]
dy dx.

b) Let u ∈W1,1
00 ([0, 1]× [−1, 1]), v ∈W1,1

22 ([1, 2]× [−1, 1]). De�ne

w(x, y) =

{
u(x, y), x ∈ [0, 1], y ∈ [−1, 1],
v(x, y), x ∈ (1, 2], y ∈ [−1, 1].

Establish that w ∈W1,1
02 ([0, 2]× [−1, 1]) if and only if

tr u(1, y) = tr v(1, y), a.e.y ∈ [−1, 1].

Exercise 4 Let p > 1. a) If u ∈ C1
0([0, 1]), establish the inequality

|u(x)− u(y)| ≤ |x− y|1−
1
p

(∫ 1

0
|u′(t)|p dt

) 1
p

, x, y ∈ [0, 1].

b) Let v ∈ W1,p
0 ([0, 1]). Establish the existence of a Hölder continuous function w with

w = v a.e. in W1,p
0 ([0, 1]) that satis�es

|w(x)− w(y)| ≤ |x− y|1−
1
p

(∫ 1

0
|w′(t)|p dt

) 1
p

, x, y ∈ [0, 1].
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Exercise 5 a) Let 1 ≤ p < n, 2 ≤ n. Find exponent q that supports the existence of a

positive constant c = cn,p such that the following inequality holds true:

(∫
Rn−1

|u(x′, 0)|q dx′
) 1

q

≤ c

(∫
Rn
+

|∇u|p dx

) 1
p

, ∀ u ∈ C∞c (Rn).

Next establish the inequality for your choise in q.

b) For u ∈ D1,p
0 (Rn), establish that Tr u ∈ Lq(Rn−1) and actually the following

inequality holds true:

(∫
Rn−1

|Tr u(x′, 0)|q dx′
) 1

q

≤ c

(∫
Rn
+

|∇u|p dx

) 1
p

, ∀ u ∈ D1,p
0 (Rn),

for your choise in q.
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