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Weak Partial Di�erential Equations

(Homework 3)

Exercise 1 Let Ω be a bounded domain in R3 and u ∈ H1
0(Ω) is a weak solution

of
−∆u(x) = u2(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.

Establish that u ∈ C2(Ω).

Exercise 2 (Neumann Problem) Let Ω be a bounded domain in Rn with C1

boundary and f ∈ L2(Ω). Then u ∈ H1(Ω) is a weak solution of

−∆u(x) = f(x), x ∈ Ω

∂u(x)

∂ν
= 0, x ∈ ∂Ω,

if it satis�es ∫
Ω

∇u · ∇φ dx =

∫
Ω

fφ dx, ∀φ ∈ H1(Ω).

If the previous problem has a H1(Ω) weak solution, then the following should
hold true ∫

Ω

f(x) dx = 0. (?)

If f satis�es (?), then establish the existence of a weak solution to the Neumann
problem.

Suggestion: Consider suitably the subspace

A = {u ∈ H1(Ω),

∫
Ω

u(x) dx = 0.}

1



Exercise 3 Let Ω be a bounded domain in Rn with C1 boundary and f ∈ L2(Ω).
De�ne u ∈ H1(Ω) is a weak solution of

−∆u(x) = f(x), x ∈ Ω,

u(x) +
∂u(x)

∂ν
= 0, x ∈ ∂Ω,

if it satis�es∫
Ω

∇u · ∇φ dx+

∫
∂Ω

u(x)φ(x) dS =

∫
Ω

fφ dx, ∀ φ ∈ H1(Ω).

Establish the existence of a weak solution.

Suggestion: : Establish that the relation

||u||H =

(∫
Ω

|∇u|2 dx+

∫
∂Ω

|u|2 dS
)1/2

de�nes an equivalent to the usual H1(Ω) norm.
You may assume that the following trace inequality holds true(∫

∂Ω

|u|
2(n−1)
n−2 dS

)n−2
n−1

≤ c

(∫
Ω

|∇u|2 + |u|2 dx
)
, ∀ u ∈ H1(Ω),

and that we have the compactness

H1(Ω) ↪→↪→ Lp(∂Ω) if 1 ≤ p <
2(n− 1)

n− 2
.

Exercise 4 Let Ω be a bounded domain in Rn with C1 boundary. Suppose in
addition that the boundary ∂Ω consists of two C1 closed sets Γ1,Γ2, with

∂Ω = Γ1 ∪ Γ2 with Hn−1(Γ1) > 0, Hn−1(Γ2) > 0.

De�ne properly weak solution to the Dirichlet-Neumann problem:

−∆u(x) = f(x), x ∈ UΩ

u(x) = 0, x ∈ Γ1,

∂u(x)

∂ν
= 0, x ∈ Γ2.

Establish the existence of a H1(U) weak solution.

Exercise 5 (Helmholtz decomposition) Let Ω be a bounded domain inRn and the
vector �eld b ∈ (L2(Ω))n. Establish the existence of u ∈ H1

0(Ω) and v ∈ (L2(Ω))n

such that
b(x) = ∇u(x) + v(x)

with

∇ · v = 0 weakly in Ω and

∫
Ω

∇u(x) · v(x)dx = 0.

Is the decomposition unique?
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