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Exercise 1 Let  be a bounded domain in R?® and u € H}(QQ) is a weak solution
of
—Au(z) = u*(z), z€Q,

u(z) = 0, z €.
Establish that u € C*(Q).

Exercise 2 (Neumann Problem) Let 2 be a bounded domain in R™ with C!
boundary and f € L?(Q2). Then u € H'(Q2) is a weak solution of

—Au(z) = f(x), z€Q

Ju(x)
v

=0, xe€0d,

if it satisfies

/Vu-ngdx:/ foédx, Yo e HY(Q).
Q Q

If the previous problem has a H'(Q2) weak solution, then the following should
hold true

/Q fl@)de=0. (%)

If f satisfies (x), then establish the existence of a weak solution to the Neumann
problem.

Suggestion: Consider suitably the subspace

A= {ueH(Q), /u(x) dz = 0.)

Q



Exercise 3 Let ) be a bounded domain in R" with C! boundary and f € L*(Q).
Define u € H'(Q) is a weak solution of

—Au(z) = f(z), x€Q,
u(z) + 815/90)

=0, z €0,
if it satisfies

/ Vu-Ve¢dx +/ u(x)p(z) dS = / fodr, V¢ € H(Q).
Establis}i2 the existence of ZQweak solution. '

Suggestion: : Establish that the relation

1/2
l|ullg = (/ |Vl dx—l—/ |u|? dS)
Q o0

defines an equivalent to the usual H'(Q) norm.
You may assume that the following trace inequality holds true

2(n—1) :7:?
</ |u| n=2 dS) <c (/ (Vul? + |ul? dx>, Y u € HY(Q),
0N Q

and that we have the compactness

HY(Q) = LP(0Q) if 1 < p < 2<”—_21)
—

Exercise 4 Let ) be a bounded domain in R™ with C! boundary. Suppose in
addition that the boundary 0% consists of two C! closed sets 'y, 'y, with

0N =T, UTly with H*N(T}) >0, H"1(Ty) > 0.
Define properly weak solution to the Dirichlet-Neumann problem:
—Au(z) = f(zx), xe€UQ
u(z) = 0, zely,
oula)
ov
Establish the existence of a H(U) weak solution.

:O, CL'EFQ

Exercise 5 (Helmholtz decomposition) Let €2 be a bounded domain in R"™ and the
vector field b € (L?(2))". Establish the existence of u € H}(Q2) and v € (L*(Q2))"
such that
b(z) = Vu(z) + v(z)
with
Vv =0 weakly in Q2 and / Vu(z) - v(z)dx = 0.
Q

Is the decomposition unique?



