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Abstract. In this paper we consider the problem of imaging a fast moving small object. The imaging system
consists of a powerful emitter and several passive receivers located on the ground. Our aim is to
compare the well-known matched-filter imaging method with correlation-based imaging. Imaging
with correlations has the advantage of not requiring any knowledge about the probing pulse and
the emitter position, both assumed known with high accuracy in the case of matched-filter imaging.
But correlation-based imaging requires recording fully resolved signals without down-ramping while
matched-filer imaging does not. To account for the fast moving target’s velocity, Doppler compensa-
tion is necessary for both imaging methods. Our resolution analysis, from first principles, shows that
with the two methods we have similar resolution in the cross-range direction, for both the location
and the velocity of the moving target. In the range direction, matched-filter imaging has better res-
olution mainly because it benefits from the signal bandwidth, which is not true for correlation-based
imaging that relies on travel time differences. We also analyze the role of the number of receivers
and show that a small number of them sparsely distributed provides an image with resolution close
to the one obtained with a dense array of comparable overall size.
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1. Introduction. The study of imaging fast moving objects is motivated by the need to
detect, track, and image small energetic debris (1-10 cm) revolving around the earth at a low
orbit (200 km-2000 km) [18]. This is of interest because of the large amount of debris which
substantially increases the risk of satellite damage from collisions [16, 12]. There are roughly
700,000 pieces of debris of size larger than 1 cm in low earth orbit (LEO) and there is concern
that future collisions may have a chain reaction effect that would lead to an unacceptably
risky environment [22].

In this paper, we model the small fast moving debris as a pointlike reflector moving with
constant velocity, V. Debris are not necessarily in stable orbit but their motion follows
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Newton’s law and therefore we seek to reconstruct the six unknowns that characterize their
trajectories: the three components of the position and of the velocity. The imaging data are
the scattered signals from a train of incident pulses emitted by a powerful transmitter located
on the ground. The receivers are also assumed to be located on the ground and span an area of
diameter a, which defines the physical aperture of the imaging system. In synthetic aperture
radar (SAR), a single airborne transmit/receive element is moving and its trajectory defines
the synthetically created aperture of the imaging system [7, 8]. Analogously, the trajectory of
the moving target defines an inverse synthetic aperture (ISAR) of length Tio | V| with Tiot the
total recording time during the data gathering process. Other important parameters of the
imaging system are the central frequency, f,, and the bandwidth, B, which are determined
by the emitter. We consider here a system operating at high frequency with a relatively large
bandwidth, such as the X-Band (8-12 GHz) or the S-Band (2-4 GHz) regimes.

In this context, we study the well-established matched-filter imaging method [5, 19] and
compare its performance with a correlation-based imaging method. Correlation-based imaging
for fast moving objects has been considered in [2] where it was shown that two well-separated
airborne pairs of receivers are sufficient for determining the target’s location and velocity. We
adopt here a simpler configuration with the receivers located on the ground. Since the speed
of the airborne platforms is always small compared to the one of the object to be imaged, our
analysis can be easily extended to moving airborne receivers. Recent developments on passive
radar systems can be found in the special issue [1].

In matched-filter imaging the recorded signals are Doppler compensated as in [5, 17,
19] and synchronized with travel time delays so as to maximize the correlation with the
emitted pulse, which is assumed known. The synchronization requires knowledge of the emitter
location with high accuracy. Correlation-based imaging relies on cross correlations of signals
between pairs of receivers. The signals are also Doppler compensated and synchronized,
and must be recorded without down-ramping [1]. However, in this case the synchronization
does not require knowledge of the emitter location since only time differences matter. For
correlation-based imaging we do not need to know the pulse profile or the emission times but
we need to record the whole train of scattered pulses. In this paper we assume a sufficiently
high sampling rate so that the real-valued scattered signal can be recorded as in [2, 1].

Correlation-based imaging has been shown to be more robust to medium fluctuations such
as atmospheric lensing [13] and aberrations [15]. This would be true for receivers that are
not located on the ground but are flying above the turbulent atmosphere. Indeed, considering
airborne receivers transforms the passive correlation-based problem to a virtual source array
imaging problem that has been studied for stationary receiver arraysin [9, 10, 11]. The key idea
is that passive correlation-based imaging becomes equivalent to having a virtual active array at
the location of the passive receivers. By moving the receivers above the turbulent atmosphere,
the atmospheric fluctuation effects on imaging are minimized and imaging resolution is as if
we were in a homogeneous, fluctuation-free medium.

Correlation-based imaging is passive because it can be carried out using opportunistic,
unknown emitters. In the imaging setting considered in this paper, opportunistic sources
could be global navigation satellite systems (GNSS). This has been considered in [14] and
it is shown that the main challenge in this case is the low signal-to-noise ratio because the
scattered signal received at a terrestrial receiver is very weak. The approach proposed in [14]
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relies on matched filtering and careful signal processing that exploits the Doppler shift of the
reflected signal by the fast moving object.

We present in this paper a rigorous resolution analysis for both the matched-filter and
the correlation-based imaging methods. We study the corresponding point spread functions
and show that the two methods have similar resolution in cross range. Cross range is the
coordinate that is orthogonal to the direction of the receivers/scatterer that defines the range.
Note that it is the final resolution estimates that are comparable, while the computations
for image formation in each case are quite different. The cross-range resolution estimate is
AoHr /a with Hp being the altitude of the moving target and A, being the central wavelength.
This is the well-known Rayleigh resolution formula. In the direction of the target’s velocity,
the ISAR aperture plays a role when it is big enough and the resolution estimate becomes
/\O(%/\ ﬂ‘é]ﬁ) for the matched filter, the wedge symbol, A, means the minimum between the

two quantities. In the range direction we see the biggest difference between the two methods:
matched-filter resolution is 5% and relies on the bandwidth, while for the correlation-based
imaging we obtain AOIZ—Z%. In correlation-based imaging range resolution does not depend on the
bandwidth because the corresponding imaging function relies only on arrival-time differences.
The resolution estimates for the velocity are given by the corresponding ones for the location
divided by the recording time Tiot. This is not true for the velocity estimate along the range

direction provided by the matched filter for which we obtain the extremely precise estimate
Ao
2T¢ot
Our resolution estimates suggest that the moving object can be localized with very high

accuracy, of the order of the wavelength of the imaging system. The estimated resolutions
for the X-band and the S-band surveillance systems are given in Tables 4 and 5, respectively.
Our analytical resolution estimates are validated with detailed numerical simulations. More-
over, our numerical results suggest that around 10 receivers are enough so as to achieve the
theoretical resolution estimates with an aperture diameter of about 400 kilometers. This em-
pirical rule of the order of 10 receivers is furthermore proven to be correct theoretically when
considering a regular grid of receivers, both for the matched-filter and the correlation-based
imaging method.

The resolution analysis carried out in this paper concerns the case of a point reflector and,
consequently, it characterizes the behavior of the point spread function of the two imaging
methods analyzed. This is a basic step towards imaging extended objects but does not account
for many effects that could play an important role for general scatterers. Indeed, under
the assumption of the single scattering (Born) approximation, it is possible to predict the
image of an extended object by convolution of the object’s reflectivity with the point spread
function derived in this paper. However, the reflectivity function of an extended object may
be complicated in the sense that it may depend strongly on the illumination and observation
angles, as well as on the frequency. Therefore, it would be interesting to adapt the imaging
methodology and study the resolution that can be obtained for directional and frequency
dependent reflectivities of extended objects.

This paper is organized as follows. We begin with the data model and the problem setup
in section 2. The two imaging methods are presented in section 3 and the resolution analysis

is carried out in section 4. In section 5 we present numerical simulations that verify our
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Figure 1. Schematic of the imaging system’s geometry. The receivers Ri, Rz, ..., RNy are located on the

ground covering a domain of diameter a. The object to be imaged is moving with speed Vr at height Hr.

theoretical resolution estimates. We also investigate the role that the number of receivers
play in image resolution. Our results suggest that a small number of receivers of the order of
10 are sufficient so as to observe the theoretical resolution estimates. The theoretical analysis
of this surprising result is considered in section 6. We end with our conclusions in section 7.

2. Data model. We introduce in this section the configuration of our imaging system and
the model we use for the recorded data set.

2.1. Problem setup. We assume that a transmitter antenna is located on the ground at
location X . The probing pulse emitted by the transmitter is

(2.1) f(t) = F(Bt)e~ ! + F(Bt)e™°! = 2F(Bt) cos(wot),

where the bandwidth B is smaller than the central frequency w,, and the baseband pulse F
is real valued and compactly supported.

There is a network of distributed receivers on the ground, at positions Xp, R=1,..., N.
The network covers a region with diameter a. We consider the following two situations: a
regular grid of receiver locations or a random grid. In the first case, the receiver locations are
the abscissas of a quadrature integral approximation of the surface density function p(x/a). In
the second case, the receiver locations are random, independently and identically distributed
with the surface density function p(z/a)/a?® (with p such that [ p(z)dex =1). A schematic of
the system’s geometry is shown in Figure 1.
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The target to be imaged is taken to be pointlike and moving with constant velocity Vp
along the trajectory Xr(t) = Yr+ Vpt, t € (—Tiot/2, Tiot/2). The extension of the resolution
analysis that we present to a trajectory (Xr(t), Vr(t)), t € (—Tiot/2, Ttot/2), that can be
determined by a flow given the initial position and velocity, is straightforward.

With no loss of generality, we consider a reference frame such that (1) the origin is on the
ground and given by the orthogonal projection of the target position Y7 onto the ground and
(2) the target position Y7p is along the third axis of the reference frame. In other words, the
ground is horizontal and the position Y7 of the target at time 0 is vertical and of the form
Yr = (0,0, Hr), where Hr is the altitude of the target (see Figure 1). By denoting mx = %
and P% = I; — mx ‘mx, we have, for any space vector, X = (X1, X2, X3): X3 = my, - X,
and X| = (X1,X>,0) = P{,TX. Let us also denote (.,.); as the bilinear form associated
with Py, .

2.2. The direct and scattered waves. Let us assume that the transmitter at X g emits
a short pulse f(t) whose compact support is in (0,00). The total field u(¢,x) is the solution
of the wave equation
1 0%u

(2.2) mw — Au= f(t)d(x — Xg),

where the velocity model consists of a uniform background and a localized perturbation o
centered at Xp(t),
1

2w 61—2(1 + or(z — XT(t))>.

o

The scalar wave equation that we consider here is used quite often instead of the full Maxwell’s
equations as a model for radar applications since it captures the main features of the scattering
problem [6]. The scattered field, u(Y) (¢, ), is defined as the difference between the total field
u(t, ), solution of (2.2), and the incident field u(%) (¢, ) which is the solution of the wave
equation (2.2) in the absence of the target (o7 = 0),

1 9%

(23) 2 o

The incident field has the form
t
(2.4) uO(t.a) = [ drf(G(t - .2, Xp),
0

where G(t, X,Y) denotes the Green’s function, that is the response recorded at point X
when a Dirac pulse is sent from point Y at time zero. In a homogeneous medium, the Green’s
function is given by

1 X - Y|
2. XY)=— (e "7"1).
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Using this expression in (2.4) we obtain

(2.6) WOz = — L ¢ (t— |m_XE|>

4r |l — XEg| Co

From (2.2) and (2.3) we deduce that the scattered field u") (¢, z) = u(t,z) — uO(t,z) is a
solution of

1 92uM) 1 1 9% (u® + 4 M)
so that
82
(1)(75 x)=—— dT/dyG (t—T7,x,y)or(y — XT(T))j(u(O) +u(1))(7‘, Y).
c or

In the Born approximation, we can neglect u(!) on the right-hand side, so that

2
iit2) =~ [ ar [yl — .o erts - Xen) ).

In the pointlike approximation for the scatterer, we find that u(!) is given by

t 32
wt.w) =~ [ Gt - 7.2 X0(0) 5500 (7. 9) o
Cs Jo T

where p = [ or(z)dx is the reflectivity of the target. Substituting the expression for u©) and
integrating by parts twice, we obtain

t T
u(l)(t, x) = —cpg/o dT/O dr' f"(7"G(r — 7', Xr(7), Xg)G(t — 7, 2, X1 (7)).

Therefore the scattered field recorded by the receiver at @ = X has the form

t
14 1 1 ‘XT(T)_XE‘
rt)=-L [ a S it P e 21
s (1) cg/o T X () = Xal (T Co

1 | X — X7(7)]
i Xn— X ()] (t " o '
If we introduce v x v
(I)(T;t):t—T—‘ T ARTT T‘,
Co
then we have 5| 0]
T—T
S(ri)] =
PO B 00

with 7(¢) the unique zero of 7 — ®(7;¢) in (0,¢). Denoting

(2.7) D(t) = Yy — Xp + Vi,
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we write

o ¥Yr = Xp+7Vr|

O(r;t) =1t —
Co
_t_T_’YT_XR+tVT_(t_T>VT’
= .
D(t) —(t—
. IDO-(-nVil
Co

The unique zero of 7 — ®(7;t) in (0,¢), can be found as the root of the quadratic equation

2 (1 _ \VTP) roi_ Ve, DO _IDOE

c2 Co  Co c2

We find that 7(t) is given by

08—t DO ¢

(1= )

Vr

Co

We also have

|0, ®((t); )| = ‘1 Ve D) ‘

co |D(T(®))I]

Substituting into the expression for ug r(t) we obtain

of" (T(t) _ |XT(T(2)*XE|)

(4m)2c2| Xp(7(t)) — XE|| Xr — X7(7(1))] ‘1 + L Iggggg\

(29) US,R(t) -

This is the Born approximation for the scattered field. The forward model that we use to
compute the data is based on ug r(t) given by (2.9) since it is only the scattered field that is
used in imaging.

2.3. Doppler factors. To construct an imaging function it is important to identify the
Doppler factors that affect the measurements. Here we assume that the transmitter at Xg
emits the pulse f(- — s) around time s. We want to consider the structure of the received
signal at time t+ s for ¢ in a small time window with width AT. We denote by Hr the typical
altitude of the target.

Assuming |Vr| < ¢, |Vr|AT < Hp, and |V |2PAT? < )\, Hp, we can expand the distances
and neglect the quadratic terms in |Vr|/c, to obtain

Xr(s)— Xg
Xr(s+t)— Xg| = | X7p(s) — Xg|+tVpr- ,
[ X7(s+1t) — Xp| =~ [Xr(s) - Xp[+tVr X1(5) = Xyl
Xr(s)— Xgr
X t) — Xgr| = | X - X tVp - .
[ X7(s+1t) — Xp| =~ [ Xr(s) — Xp|+tVrp X1 (s) — Xnl
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1"

As the target position is X7(s) = Y7 4+ sV, and as [|f" [lee ~ W3||F|lwees ~ woll £ ||oos

we can approximate (2.9) as follows:

"'s+v(Xr(s), Vpr, Xp)t — ts(Xr(s), Vi, X "
(2.10) U&R(Ht):_pf(+v( 7(5), Vi, Xp)t — ts(Xr(s), Vr R)>+0<pr ”>

(4mco| X (s)])? 4w HZ
with
V [ X-Xp; X-Xp )
2.11 (X, V,Xp)=1— — - n
and
X-X X-X
(2.12) t(X,V,Xg) = | 5l | R‘fys(X,V,XR).

Co Co

From (2.10), we see that the scattered signal recorded at X is essentially a pulse received at
the sum of travel times from the transmitter to the target and from the target to the receiver,
up to some modification due to the Doppler effect which is characterized by the Doppler factor
~vs. We note that v is very close to one because the target velocity, while large, is still much
smaller than the velocity of light c,.

As we will see next, the expression (2.10) of the scattered signal is the key element used
to design our imaging function.

3. Imaging methods. In this section we describe two imaging methods, the matched-filter
one, which is the standard imaging method for this problem and a correlation-based imaging
approach. Let us first describe the data gathering process to gain some insight on how an
imaging function should process the available data.

During the observation time window (—Tiot/2, Tiot/2) the transmitter emits a large num-
ber Ng = [Tior/ATE] of pulses f(t—S;) around times S; = jATg, j = —Ng/2,...,Ng/2—1.
The N receivers record the scattered signals ugs g(S;+t), R =1,..., N, during a time interval
that is long enough to capture the scattered signals, but smaller than ATg. This is the input
data set that we use to image the moving target. Note that we consider here a transmitter
that emits a large number of short pulses f(t —.S;) whose support is of the order of 1/B with
B being the bandwidth. This is different than the chirped pulses which are usually used in
radar for achieving a good signal-to-noise ratio. In terms of resolution, however, the results
are the same whether a train of chirped pulses or a train of short pulses is used.

Specifically, we consider the regime in which

1/B < 2Hr/co < AT < Tiot

with 1/B the pulse duration, 2Hr/c, the round trip time from the ground to the target, ATg
the time spacing between two pulses, and Tt the total duration.
We also assume that
Ao L |Vp|Tior ~ a ~ | XEg| < Hr,

where Hr is the typical altitude of the target.

The specific assumptions under which our resolution analysis is carried out are summarized
in Hypothesis 1 (section 4.1) for the matched-filter and in Hypothesis 2 (section 4.2) for the
correlation-based imaging function.
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We can see from (2.10) that the received signals have the form of pulses, time delayed and
scaled by specific Doppler factors. A matched filter or a correlation-based imaging function
must compensate for these Doppler factors, as in [17, 19] or [20, 21]. Since the Doppler factors
depend on the receiver and target positions, they can be estimated locally and that is why
we will first introduce a small-aperture imaging function and then form an imaging function
from a sum of such terms.

3.1. The matched-filter imaging function. The idea behind the matched-filter imaging
function is that we want to match the received signal with the emitted pulse. The matching
process involves the assumed initial position and speed of the object (Y, V'), and this matching
can be shown to be maximal at the true position (Y7, V). The matching process takes into
account the Doppler compensation factor v5(X, V', Xg),

(3.1)
MY, V) ZZMF (Y +VS;,V),
1
(3.2) o
M (X, V) EN:/ <ys (X,V,Xg) ( ’X;XR‘> - |X;XE> ug p (S + t)dt.

This imaging function requires knowledge of the transmitter and receiver positions X g and
Xgr. We also need to know the pulse profile f. In practice, if one wants to image a region
around some point Y7, then the jth scattered signal needs only to be recorded during a short
time around 2|Y7r — Xg|/c,. The pulse profile could be different from one pulse emission to
another one, meaning that f may depend on j, but in that case, it is necessary to know all
the emitted pulses. An equivalent version of matched filter can be obtained with the following
change of variable t = |X — Xp|/co + (t +|X — XEg|/co)/7%(X,V, XR),

MF X — Xgp| | t+ 52
(3.3) IM(X,V) NZ/f usR<S+ P (XVXR) dt.

3.2. The correlation-based imaging function. The correlation-based imaging function
cross correlates the scattered signals recorded by pairs of receivers and migrates them with
the appropriate Doppler compensation factors,

Ng
1
CC CC
(3.4) I°°Y,V) = NE ZI (Y +VS;, V),
| X-Xg| XE\
X — XR| t+
I79(X,V) /u S; + |
( ;1 R ( Co ’YS(X V XR)
| X -Xg|
|X - XR" t+ c
. S o dt.

(3.5) X Us, R (S] + - + WXV, X)
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For the correlation-based imaging function, it is not necessary to know the pulse profile f
which could be different from one emission to another one. It is not necessary either to
know the emission times with accuracy but we need to record the whole train of scattered
signals. This is because the correlation-based imaging function is formed by migrating the
cross correlations of the scattered signals over all receiver pairs R — R’ as can be seen in (3.4)—
(3.5). Therefore the whole train of the scattered signals is needed to form the Z¢C image.
Moreover correlation-based imaging has been shown to be robust to medium fluctuations when
in a suitable imaging configuration [9, 11, 10].

The correlation-based imaging function does not depend on the transmitter position X g,
as can be seen by the change of variable t — ¢ — | X — Xpg|/co:

N
1 |X—XR] t
7°C(x V)= — E / S.
J ( ) ) NQRR,_I Us,R j + c +"}/S(X,V,XR)

X — Xp t
. S dt.
(3 6) X Us R <S] + o + ’YS(X, V, XR/)

Depending on our knowledge regarding the pulse train and the receiving system’s mem-
ory/computation capacity we may consider other correlation-based imaging functions. We
refer to Appendix A for some different choices of correlation-based imaging functions.

Remark 1. We do not use in this paper the analytic signal convention which is typically
used in radar. We consider instead a real compactly supported signal in time as in (2.1) and
keep both positive and negative frequencies. We find that following this convention, used in
geophysics and elsewhere, simplifies the presentation. If instead one uses the analytic signal,
the time domain signal is complex and therefore the cross-correlation should be defined with
one of the two signals being complex conjugated. The resolution estimates, however, are the
same independently of the convention used.

4. Resolution analysis. In this section we derive the resolution properties of both the
matched-filter and the correlation-based imaging functions. To determine the important scales
for our imaging problem we first recall the typical values for the different parameters appearing
in the imaging setup.

Parameter regime for the resolution analysis. We want to image the location and velocity of
a fast moving object, such as a satellite or a piece of debris, that moves at a low orbit around
the earth. A typical value for the height of the orbit is H7 = 5-10° m and the speed for such
objects is Vp = 7-10% m/s. The source that we use for imaging is located on the ground and is
emitting a train of pulses f with relatively large bandwidth B = 0.6 - 10° Hz at a high central
frequency f, = 10 - 10° Hz (X-band). We assume that the scattered field can be recorded
at a large number of receivers over an area on the ground of diameter @ = 1.7 - 10° m. The
time duration of the recordings is of order Tio,s = 11 s. Let us also recall the speed of light
co = 3 10% m/s. These values are given here as a specific case and it is easy to check that the
hypotheses we made so far are satisfied with this set of values. In the following, the theoretical
assumptions are always made explicit and are not tied to this particular set of parameters.
The orders of magnitude are only mentioned here to motivate our ordering hypotheses, and
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Table 1
Typical values of the parameters for our imaging configuration.

Vr | 7-10° m/s
Hr | 5-10° m

a 1.7-10° m
B 0.6 - 10° Hz
fo 10 - 10° Hz
Co 3.108 m/s
Tiot | 11s

to show that such hypotheses are indeed reasonable. The values of the parameters are also
summarized in Table 1.

4.1. The matched-filter imaging function. We use the expression (2.10) of the scattered
field and the following elementary formula,

f(oet—i—ﬁ):ﬁ Rf((;j)exp(—i <t+§>w> dw for a>0and g€ R

with fdenoting the Fourier transform defined as

= / f(t) exp(iwt)dt
R
to write the partial imaging function (3.2) in the Fourier domain as
k2p R =~ w ~ w
IMF(X V) = 0 / dw ( )
X = ey & L G v vz

w | X7 — XE| X — Xg| >)
X ex _ X Xl 1X — X |
p( <75(XT,VT,XR) (X, V,Xp) | X1 — Xg|—| Rl

Using that ﬂ@ = 0(1), we can approximate f(w) by f(w) in the expression above.
woHp \VT\

Co

Moreover, assuming that £2 < 1, then + e needs only to be expanded up to first order

inside the exponential and this leads to

IMP (X V) ~ d
i (X V) (47ryXT|227rNZ/ Wl flw

o

LW
X exp (lc(|XT — Xp|+ | X7 — Xg| - | X — Xp[ - |X - XR|>

Vi
X exp (lz}|XT - XE’07T .
0

o

W Vv X — Xg X - Xg
il x - X .
XexP( iGX Xy (|X—XR|+|X—XE1>>

(XT—XR XT—XE>>
| X7 — Xg| | Xr— Xg|

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/28/17 to 171.67.216.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2176 J. FOURNIER, J. GARNIER, C. PAPANICOLAOU, AND C. TSOGKA

If the number of receivers is large enough, we can replace % Zgzl by a% J2 dxgp(xR/a) in
the expression for I]MF(X , V). This effectively means that the data depend on 4 variables:
the slow time S;, the fast time ¢, and the surface of receivers zg. We assume further that
2B < w, and that the baseband pulse is symmetric and essentially supported in [—27, 27]

so that we can write
~ (W —wWw, =~ (W W
F F

and using a change of variables by recentering and rescaling w such that w = w, + Bw, @
being dimensionless, we get

2 1 2

B?

1
B?

W) =

)

1

|Flwo+ BO)P = I F@)P

Consequently, the expression for I]MF (X, V) becomes

k2p TR ~
MF(x =9 d ()/d~ F(@))?
i (X, V) 3273 X 7|2 Ba? /RQ TRP\7) | WIF@)]

W + Bw
X exp (loc(|XT — Xg|+ | X7 — Xg| - |X -~ Xp| —|X — Xgl)

Wo + Bw Vr X7 —XR Xr—Xg
Yo T PYW x x| 2L
Xexp<z Co X E|Co <|XT—XR!+|XT—XE\>>
X —Xgr . X — Xg ))
| X — Xg|  |X - XEg|

X exp <_sz+Bw’X _ XE\K . <
¢ Co

o

with Xp = (g, 0) and Xp = XT(S]') =Y+ VrS;.
In the expression of IJMF(X , V') above we write only the first term corresponding to

~

F(“7%%). The second term is the complex conjugate of the first one and it does not bring
any new information so it is omitted. We will follow this convention throughout the rest
of the paper and omit systematically the second complex conjugate term from the imaging
functions’ expressions. Remark that the term which is at twice the carrier frequency (2w,)
vanishes when the bandwidth of F is smaller than w, as is the case here.

We note that the partial imaging function, I]MF(X , V), tries to match the measured sum of
travel times | X7 — X g|+| X7 — Xg| by the candidate one | X — X g|+|X — Xg| corresponding
to the target starting from point X in the search domain at time 0 and traveling with speed
V.

Our first main result is the following expression that determines the resolution of the

matched-filter imaging function:
Tiot/2 N 1
/ ds/ d@|F(d))\22/ dzrp <@>
—Thot /2 R a R2 a

X exp <’L(@IMF + EIMF)<Y - YT7 VvV — VT-)XRy XE7 8)) ‘7

‘IMF(X V)‘ — kgp
’ 320 H2 BT oo

(4.1)
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where the phase ®7ur is given by

(4.2)
CI)IMF (Y — YT, VvV — VT, XR, 8)

wo +wB s
SRR V-Vi, Xp+X
Co HT < T, R + E>
(V) J_resolutlon
Tl <SVT,XR+XE> (Y —YT)?, + s (V— VT)3
H —_——— ~—_——
Y3 mixed aperture effect V3 mixed aperture effect
1
+ =Y -Yr,Xp+ Xg)1
Hrp
Y| physical aperture effect
2s 252
— 2s (V VT)3 —_ <Y YT, VT>J_ —_ <V VT, VT>
~——’> Hp Hr
V3 ISAR effect Y> ISAR effect Vo ISAR effect
wB
-2 (Y —Yr)s
Co N————

Y3 bandwidth effect

The derivation is presented in detail in Appendix B.2 and holds under the following hypotheses,
which are actually verified for the typical values of the parameters shown in Table 1, as
discussed below.

Hypothesis 1 (matched filter). Our resolution analysis for the matched filter imaging func-
tion is valid under the following assumptions:

° %;WT' = 0(1); for the values of Table 1 we have %;WT' ~ 0.5.
. |VT| < (%;‘VT‘) , which is true since 2.3 - 107° < 2.4-1071,
H2

° m < 1, indeed we have 3.1-107* <« 1.

o ﬁ < IG(M)‘l, which is verified as 6.2-107% < 9.1-107L.

. Fmally we assume that 5% < 0 o7

m, which is verified since 25 ¢cm < 50 cm.

Under the above hypothesis we have ezvr = o(®7ur). Our analysis is valid in the vicinity

Dol (~ 50 cm) and

of the true target location and velocity, that is, for | X — X| < TVl

Ao H _
for |VT - V| < m (N 1.110 2 m/s)
From (4.1), assuming B < w,, VrLYr, and Xr 1Yy, we can assume that our frame is

such that e3 = ‘g—;', ey = “‘%‘, and set e to be such that (e, e, e3) is a direct orthonormal
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Table 2
Resolution estimates for the matched-filter imaging function.

Yi AoHr 9 cm

a
Y, )\o<%/\ﬁ) 9cmA9.7cm=9cm
Ys Zc—;/\)\omvﬁ% 25 cm A 29 cm = 25 cm
Vi ZTZT 8.2-107% m/s

Ao Hr Hr —3 -3 -3

\% — N o 82-107°m/sA89-107" m/s =8.2-10"" m/s
2 Tiot ( a 2|VT|Ttot) / / /
Ao

Vs 2T 1o

1.4-107% m/s

basis of R?. Consequently, we obtain the resolution estimates summarized in Table 2. We
note an ISAR influence in the resolution of Y5 and V5 seen as the dependence of the resolution
on |Vp|Tiot, coming solely from the fact that the reflector is moving. We also note that
the resolution in Y; and Vi (and part of the resolution in Y3 and V2) depends only on the
physical aperture covered by the receivers, that is, the parameter a. As for Y3, the resolution
obtained stems mainly from the fact that our signal has a substantial bandwidth together with
a mixed ISAR /physical aperture effect. We call the mixed ISAR/physical aperture effect the
2

OQIVEIFHI%’ where both the physical aperture, a, and the ISAR aperture,
|Vr|Tiot, appear. They are indicated in the the phase ®7ur definition (4.2) by the term “mixed
aperture effect.” We see that a small bandwidth will lead to Y3 recovered only by the mixed
ISAR /physical aperture effect, while a large bandwidth would lead to a sharp point spread

function in (Y7)s determined by the term ¢,/(2B).

terms of the type A

Remark 2. If we relax our assumptions Vp LYy and X LYy, then we would obtain the
corresponding ISAR, and physical aperture terms in Y3 and V3 as well.

Remark 3. In (4.1), the Doppler compensation appears only in the term erur. This is
because in the matched-filter (MF) imaging function we have accounted for the Doppler effect
by dividing by the factor (X, V, Xr) as can be seen in (3.3). This is adequate compensation
since it cancels the corresponding factor appearing in (2.10) for X and V in the vicinity of
the true values Xr(s) and Vp. Therefore Doppler effects are mitigated and do not appear to
play any role in the resolution of the imaging function. We should note however that without
accounting and correcting for the Doppler effects the image would have been biased and not
focused at the correct target location. The same is true for the correlation-based imaging
function.
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4.2. The correlation-based imaging function. We use the expression (2.10) of the scat-
tered field and write the partial imaging function (3.5) in the Fourier domain

k3 p? (X,V,Xg)\ ~ X,V, Xp
I]CC(X,V): oP 4 5 Z /d f W’Ys R)>f<w’}’s( ) 9 R)>
(47T’XT‘ 27TN RR—=1 Vs XT7 VT, XR) ’YS(XTv VT7 XR')

oxp (122 (1 = Xl = X = Xal (X, V. X0

75(X7V7XR)
X —Xg|l—1Xr—X
*l 5l =Xz E"YS(XTvaaXR)

(0]

X exp ( — zc— <(|X Xp|— | X1 — Xp|)s(X,V, Xp)

X, V,Xp

¥s( X7, Vr, Xp)

with X7 defined as before by X¢r = X7(S;) = Yr + ViS;. It is immediate to see that
IJCC(X, V') reduces to

k4 p? uJ’y (X, V. Xp)\ o wys(X,V, Xpr)
ICC X,V — o /d S S ) 9
PV = e R%,:l (v xa T (v %)

(o]

LW
X exp (ZC(|X — Xg| - | X1 — Xgl)w(X, V,XR)>

W
X exp <—ZC(’X — XR" — ’XT — XR/‘)’)/S(X, V,XR/)>

Y WS(X7V7XR’) ’YS(X7V7XR) >>
xexp|i—| Xy —X — .
P ( Co‘ r 2] <’Ys(XT,VT7XR') vs(X7, Vi, XR)

Our second main result is the following expression which determines the resolution of the
correlation-based imaging function,

(4.3)

CC k4p2 Ttot/2 R 9
IV (X,V) = < ds | do|F(Q
(X V) (47T’XTD427TBQ4Tt0t /—Tmt/Q 8/ SIFE)

2

X / dxrp (%’%) exp (i(YPrec + ezcc (Y = Y7,V — Vp, Xp,s,0))|
RQ
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Table 3
Resolution estimates for the correlation-based imaging function.

Y, AoHr 9.2 cm
a
HZ 2HZ

Y- Ao | —— N ——— 27 A1.2m = 27

3 ( a2 "\ Vil cm m cm

AoHT _3
\ %8 T 8.2-107° m/s
Ao ((HE 2H7 —2 _1 —2

V- — N —— 2.5-10 A1.1-10 =25-10

3| T (a2 Vi Toon m/s m/s m/s

where the phase 17cc is defined by

l/JICC(Y — }/T7 V — VT, XR, S,(.:))

wo + Bo 1
= TP Ly v X
- I ( T, —XR)L
Y physical aperture effect
1 s
Y (Y —Y7)3 [ XpI:+ - (V= Vp,—Xp),
2H2 O T8 Hr
(44) Y3 physical aperture effect Vr ISAR effect
S
+—s (Y -Yr)s (Vr,Xpg)1
2H7 —_——
Y3 mixed aperture effect
2
V -V, Vr, X V -V, X
2H2 ( )3 (Vs XR) 1 2H2 ( )3 | Xrl
V3 mixed effect V3 mixed effect

The details of the derivation are given in Appendix B.3. As for the MF, we call the “physical
aperture effect” the terms where the physical aperture a appears, the “ISAR effect” the terms
where the synthetic ISAR aperture due to the movement of the object |Vp|Tiot appears, and
“mixed ISAR /physical aperture effect” the terms where the product |Vp|Tiota of the physical
aperture and the ISAR aperture appears. This expression is obtained under the following
hypotheses, which are verified for the typical values of the parameters shown in Table 1, as
discussed below.

Hypothesis 2 (correlation-based imaging). Our resolution analysis for the correlation-based
imaging function is valid under the following assumptions:

° %;'VT' = o(1), this is the same as for the MF imaging.
. |VT| < M, which is true since 2.3 -107° < 0.5.

Under the above assumptions, we get ezcc(Y — Y,V — Vp Xp,s,0) =
o(Yrec(Y =Y,V — Vp, Xp,s,0)). Similarly to the previous section, our analysis is Valid in
the vicinity of the true target location and velocity, that is, for | X — X| < 2\

Ao HZ
(N 40 Cm) and for |VT - V| < m
are summarized in Table 3.

2
( a+Ttot |VT| )

(~ 1.1-1072 m/s). Our resolution estimates
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As for the MF imaging function, the Doppler compensation does not play any role in our
resolution estimates because % is very small. Note also that the direction of Vp does not
appear in the resolution estimates as those terms always cancel out at first order due to the
antisymmetric roles played by X g and X g/. Because of this antisymmetry, the terms in (Y)gg
also cancel out. Similar cancellation effects occur for (V')3, which explains the difference in the
resolution estimates for this coordinate between the MF and the correlation-based imaging
function.

We note that in this case the ISAR aperture created by the moving scatterer plays a
role only in the range coordinate that is parallel to the direction from the scatterer to the
receivers/emitter. The cross-range resolution in position and velocity is similar to the one of
the MF imaging function. Only the range resolution in velocity is reduced compared to the
one provided by the MF imaging function.

Remark 4. The correlation-based imaging method cannot exploit the available bandwidth
since it relies on travel time differences. This is an important difference between MF and
correlation-based imaging which does not really penalize the correlation-based methodology
except for the resolution in Vj.

5. Numerical results.

5.1. Parameter regime for the numerical simulations. In the numerical simulations,
the target to be imaged is located at the reference slow time s = 0 at Yr = (0,0, Hr)
and it moves with constant speed Vp = (0,Vp,0). The target motion therefore defines a
synthetic aperture A = VpTio over the duration Tiot of the data gather. We have verified
the theoretical resolution estimates for both the matched field ZMF (Y, V'), defined by (3.1),
and the correlation-based imaging function ZCC(Y", V), defined by (3.4), using different values
for Hp, Vp, Tiot, and the aperture a covered by the receivers. Our numerical simulations are
carried out in the X-band regime. The results shown in this section correspond to the following
(realistic) values: The altitude of the moving target is Hy = 500 km. This height corresponds
to an LEO, which includes objects orbiting at an altitude between 160 km and 2,000 km. It is
well known that the altitude of an orbiting object is related to its speed by the second Kepler
law. At the altitude of Hp = 200 km the speed for maintaining a stable orbit is 7.79 km /s and
it decreases as the altitude of the orbit increases. In our numerical setup with Hp = 500 km
the velocity for a stable orbit is Vp = 7,610 km/s. The total duration of the recordings is
Tiot = 22.5 s which allows for a target synthetic aperture of A7 = 171 km.

The data for the scattered field are computed by a discretization of the theoretical expres-
sion (2.9). The probing pulse is (we consider that the Gaussian and, consequently, the pulse,
is zero for t > 3/B and t < —3/B)

f(t) = cos(2m fot) exp (—B;t2) ,

with the central frequency f, = 9.6 GHz and the bandwidth B = 622 MHz. This gives the
central wavelength A\, = 3 cm. The bandwidth is 6% of the central frequency and these values
for f, and B correspond to the operating Gotcha radar system [4]. The pulse repetition rate
is As = 0.015 s. The probing pulses are emitted from a transmitter on the ground, at position
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vs vi2 v 10

v

v2
v v3

-1 ve

Figure 2. Receiver distribution in a square with side a = 400 km. The blue triangles denote the receiver
locations and the labels correspond to each receiver’s number, an integer from 1 to 12. The units are in km.

Table 4
MF resolution estimates.

X-band S-band
Yi A"GHT 3.75 cm 18.75 cm
Yo | A (HT A M 3.75 cm A 4.4 cm = 3.75 cm 18.75 cm

a 2VrTiot
Co H%

Y- — Ao 2 . =5. 27.

3 2B/\ WoTima 3cm A 5.5 cm =5.5cm 7.5 cm
Wi % 0.17 cm/s 0.85 cm/s
Va 1::; (% A QVf;cot) 0.17 cm/s A 0.19 cm/s = 0.17 cm/s | 0.85 cm/s
1% a 0.07 cm/s 0.35 cm/s

° 2T ‘ '

Xg = (5,5,0) m. We have simulated data for the scattered field for 12 receivers, distributed
in a square with side a = 400 km as illustrated in Figure 2.

5.2. Resolution estimates for the numerical simulation setup. In Tables 4 and 5 we have
evaluated the resolution estimates corresponding to the parameters used in our numerical
simulations. We observe that for our numerical setup the two imaging functions provide
similar resolution except for V3, the velocity in the vertical direction, in which case the results
obtained by the MF imaging function are better. These conclusions are more general and do
not apply only to the selected values of parameters. Similar results have been obtained for a
range of realistic parameters for a € [100,400] km and T} € [10,30] s. The central frequency,
fo, will affect the results in an obvious way since all resolution estimates are proportional to the
wavelength \,. The bandwidth B appears only in the resolution estimate for Y3. However, we
should not forget that these expressions have been obtained under the assumption of relatively

2
large bandwidth assuming 5§ < ﬁ’% and 27 B < w,.
Our numerical simulations are in the X-band regime. The currently planned Space Surveil-
lance System [12] is in the S-band regime, with a central frequency of 2 GHz, which gives a

15 cm wavelength. The resolution limits in this section can be converted to the S-band sys-
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Table 5
Correlation-based imaging resolution estimates.
X-band S-band
oH
Y. A , r 3.75 cm 18.75 cm
2 2
Y3 Ao & A 2HT 4.7 cm A 22 cm = 4.7 cm 23.5 cm
a? aVrTio
Mo Hr
1 .
\ 4 T 0.17 cm/s 0.85 cm/s
o (H 207
V3 ;:Ot (CL—QT A aVTZZ;ot) 0.2cm/s A1l cm/s =0.2 cm/s 1cm/s

Figure 3. Cross section of the image in the plane (Y1, Y2): ZM¥ (Y, V) is shown on the left and Z°C (Y, V)
on the right. The origin corresponds to the true values, which are Y1 = 0 and Yo = 0. The abscissa is for Y1
and the ordinate for Ya. The units are in m.

1

Figure 4. Cross section of the image in the plane (Y1,Y3): ZMF (Y, V) is shown on the left and Z°C(Y, V)
on the right. The origin corresponds to the true values, which are Y1 =0 and Y3 = Hr. The abscissa is for Y1
and the ordinate for Ys. The units are in m.

tem by changing the 3 cm wavelength to 15 cm and the bandwidth from 622 MHz to around
125 MHz. In Tables 4 and 5 we summarize the resolution estimates for both X-band and
S-band systems.

5.3. Imaging results with twelve receivers. Let us focus now on the imaging results
obtained using the 12 receiver configuration shown in Figure 2. To reduce computational
cost and memory requirements instead of computing the six-dimensional imaging functions,
we have computed two-dimensional images by fixing four of the six unknowns to their true
values. Figures 3 to 5 concern the location variable, Y, while Figures 6 to 8 concern the
velocity, V', of the moving target.
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Figure 5. Cross section of the image in the plane (Ya, Ys): ZM¥ (Y, V) is shown on the left and Z°C (Y, V)
on the right. The origin corresponds to the true values, which are Yo =0 and Ys = Hr. The abscissa is for Yz
and the ordinate for Ys. The units are in m.

x10° x10°

Figure 6. Cross section of the image in the plane (Vi,Va): ZMF (Y, V) is shown on the left and I°C(Y, V)
on the right. The origin corresponds to the true values, which are Vi =0 and Vo = V. The abscissa is for Vi
and the ordinate for Va. The units are in m/s. The results on the top row are for Tior = 22.5 s while we have
considered Tior = 11.25 s for the images in the bottom row.

The MF and the correlation-based images in the plane (Y7,Y3) are shown in Figure 3.
Given the estimates of Tables 1 and 2 we expect a resolution of the order of \,Hr/a for
both Y7 and Y, which equals 3.75 cm. This is consistent with the results of Figure 3. The
resolution appears to be slightly better for the correlation-based imaging function. We believe
that this is due to the small number of receivers used and the fact that the MF image is
obtained by adding N images each corresponding to a single receiver, while for the cross-
correlation (CC) imaging function we add N? images each corresponding to a receiver couple
(R, R'). The numerical simulations suggest that the CC imaging function converges faster
to the theoretical resolution estimates, which are obtained for a dense network of receivers.
This is also visible in the images of Figure 4 where we observe that the MF image shown on
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Figure 7. Cross section of the image in the plane (Vi,V3): ZMF (Y, V) is shown on the left and I°C(Y, V)
on the right. The origin corresponds to the true values, which are Vi = 0 and V3 = 0. The abscissa is for Vi
and the ordinate for Vi. The units are in m/s.

x10° x10°

3 6
4

2

-2

4

g

-6 -4 -2 \9 2 4 6 -6 -4 -2 ‘9 2 4 6
2 x10° 2 x10°

Figure 8. Cross section of the image in the plane (Va, Va): ZMY (Y, V) is shown on the left and Z°C (Y, V)
on the right. The origin corresponds to the true values, which are Vo = Vr and V3 = 0. The abscissa is for Vi
and the ordinate for Va. The units are in m/s.

the left has persistent side lobes while the corresponding CC image shown on the right has
a resolution similar to MF but without any visible side lobes. We note that our theoretical
resolution analysis gives estimates that concern the main peak of the imaging function and
does not provide information about the side lobes.

2
The resolution in the Y3 direction is given by )\OQVfﬁ for the MF imaging function and

by )‘0%% for the CC which equals 5.5 cm and 4.7 cm, respectively. This is consistent with the
results of Figures 4 and 5, where Y3 is the ordinate. Again we observe that the quality of the
CC image is better with no observable side lobes in the imaging window.

The imaging results in the plane (V1, V3) are illustrated in Figure 6. The size of the focal
spot is in agreement with the theoretical resolution estimates given by /z\chrlif which equals
0.17 cm/s for both Vi and V, (for Tioy = 22.5 s). This is a remarkably precise estimate
recalling that the velocity of the moving target is large, 7610 m/s. As suggested by the
theory, resolution in the target’s velocity is inversely proportional to the duration of the data
gather Tio¢. This is nicely illustrated by the images in the bottom row of Figure 6 where we
observe a doubling in the size of the focal spot by reducing Tio¢ from 22.5 s to 11.25 s.

As can be observed in the images shown in Figures 7 and 8 the results for the variable

V3 are better for the MF imaging function. The resolution estimates are 72— for MF (Y, V)
Ao
t

i Z—? for Z°C(Y, V). This equals 0.07 cm/s and 0.2 cm/s, respectively. Although the

and
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Figure 9. Cross section of the image I (Y, V) in the plane (Y1,Y2) obtained using 4, 6, 9, and 12
receivers, respectively. The origin corresponds to the true values, which are Y1 = 0 and Yo = 0. The abscissa
is for Y1 and the ordinate for Ya. The units are in m.

resolution of 0.2 cm/s provided by Z¢C(Y", V) is similar to the one obtained for the variables
Vi and Va, the quality of the ZCC(Y, V) image is not as good in the direction V3 as seen by a
vertical large side lobe in the images. Other than this, the results obtained by the correlation-
based imaging function are very good, which suggests that correlation-based imaging can be
used for effective imaging of fast moving targets.

As already mentioned, the correlation-based imaging function does not require either
knowledge of the pulse or of the location of the source, which is an advantage. On the other
hand, Z°C(Y, V) is computationally more intensive than ZM¥F(Y, V') since the cost of the
imaging function is quadratic in the number of receivers instead of linear. A rather surprising
result is that we do not need a dense network of receivers in order to obtain good resolution.
This is true for both imaging functions although our numerical simulations suggest that the
side lobes decrease faster for correlation-based imaging. We show in the next section some
results obtained with a limited number of receivers.

5.4. Imaging results for a sparse receiver network. Our data are the same as before, that
is, we have computed the scattered field for the 12 receiver configuration shown in Figure 2.
We want to use part of these data corresponding to subsets of receivers with cardinality 4, 6,
9, and 12.

For each number of receivers used we selected the receiver set so that they span the whole
square aperture (see Figure 2) as best as possible given our initial set of 12 receivers. We
made the following choices: when using 4 receivers we selected the receivers with labels 5, 8,
10, and 11. Let us denote the receiver set S* = {5,8,10,11}. Then we increased the number
of receivers to 6 by adding receivers 7 and 12, so that S® = {5,7,8,10,11,12}. In the case of
9 receivers we took S? = {2,4,5,7,8,9,10,11,12} and S'2 is the set containing all available
receivers.

The images shown in Figures 9 and 10 are the ZM¥(Y, V) and ZC(Y, V) images in
the plane (Y7,Y3) obtained using the receiver sets S*, 8% S?, and S'2 from left to right,
respectively. The image obtained using the receiver set S* is not good and has important side
lobes for both the MF and the correlation-based imaging functions. However, the quality of
both ZMF(Y, V) and ZCC(Y, V) images increases rapidly with the number of receivers and
very good results are obtained using just 9 receivers. For all considered configurations, we
observed a faster side lobe decrease as the number of receivers increases in the case of the
correlation-based images compared to the MF images. We also observe that the resolution
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Figure 10. Cross section of the image Z°C(Y, V) in the plane (Y1,Ys) obtained using 4, 6, 9, and 12
receivers, respectively. The origin corresponds to the true values, which are Y1 = 0 and Yo = 0. The abscissa
is for Y1 and the ordinate for Ya. The units are in m.
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Figure 11. Cross section of the images in the direction Y1 obtained using 4, 6, 9, and 12 receivers,
respectively. On the left we plot the MF IMF(Y, V) and on the right the correlation-based imaging function
z¢¢ (Y, V). The origin corresponds to the true value, which is Y1 = 0. The abscissa is for Y1 (the units are in
m) and the ordinate is normalized by its max.
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Figure 12. Cross section of the image Z¥F (Y, V') in the plane (Y1,Y3) obtained using 4, 6, 9, and 12
recetvers, respectively. The origin corresponds to the true values, which are Y1 =0 and Y3 = Hr. The abscissa
is for Y1 and the ordinate for Ys. The units are in m.

of the images is stable and does not vary significantly with the number of receivers used. It
is mainly the side lobes that are affected by the number of receivers used. This is better
illustrated in Figure 11 where we plot the ZMF(Y, V) and Z%“(Y, V) images as a function
of Y] obtained using 4, 6, 9, and 12 receivers. On the left we plot the results for the MF and
on the right for the correlation-based imaging.

We presented here results only for the location variables in the planes (Y1, Y2) and (Y1,Y3)
(shown in Figures 12 and 13). However, similar results (not shown here) are obtained for the
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Figure 13. Cross section of the image ISC(Y, V) in the plane (Y1,Y3) obtained using 4, 6, 9, and 12
receivers, respectively. The origin corresponds to the true values, which are Y1 = 0 and Y3 = Hrp. The abscissa
is for Y1 and the ordinate for Ys. The units are in m.
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Figure 14. Schematic representation of a regular square grid of receivers.

velocity unknowns. A theoretical analysis that helps explain these rather surprising findings
is considered in the next section.

6. Theoretical analysis of the required number of receivers. The numerical simulation
results are surprising because they suggest that only a small number of receivers (around 10) is
sufficient to observe the point spread function of the two imaging methods. In this section, we
will analyze theoretically the role that the number of receivers plays on the imaging function.
We will show that, for a regular grid of receivers, indeed, around 10 receivers are enough to
observe a point spread function that is similar to the one that would have been obtained using
a very large number of receivers. This is our third main result of the paper.

By regular grid we mean a regular mesh for a square of size a such that the covering is
optimal for ||.||so. In this case, the asymptotic density of receivers p is the uniform distribution
on the square as illustrated in Figure 14.

Considering the summation formula in the imaging methods, it is natural to think about
the required number of receivers so as to approximate well an integral by a discretized sum.
Consequently, the strategy followed here consists in deriving approximation bounds on the
differences between the mean of the partial imaging functions f%F or f](\J,C, defined below, and
the asymptotic imaging functions ZMF or 7CC.
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Let us introduce the following notation for the MF imaging function at each receiver Xg,

| X —-Xg|
. ¢ t+ ——
R‘ + Co )>dt,

IMF(X,V, Xp) = / F(t)us (sj L X

Co (X, V, Xpg
1 X
Y.V, Xp) = 5= ) 1i(X(8)). V. Xn).
j=1

Recall that X and X still depend on the slow time. With calculations similar to the ones
carried out in section 4, by passing to the Fourier domain and doing some approximations we
get

k2p

IMX Vv X :0/d~F~ 2
J ( » Vo R) 327T3‘XT(SJ‘)|2 R w’ (w)|

LW
X exp (lc(’XT — Xg|+ | X1 — Xg| - |X(5)) — XE| - |X — Xg|
(o}

Vi ( Xr—Xrp @ Xr—Xg
X1 — Xp|+ | Xr — Xg| = -
1 Xr = Xl + 1 Xr - Xl <|XT—XRy X7 — Xg

Vv X-X X-X
_|X_XE|C,< R E>>

o |X — Xg| | X —Xg]

Assuming that the number of slow times Ng is big enough, we can approximate IMF by its
asymptotic version,

“MF Tior/2 kap B2
I Y V. Xg) = / ds 9 / dw|F (@
( R) —Ttot /2 327T3|XT(5)’2Ttot R | ( )|

LW
X exp <ZC(|XT — Xp|+ | Xr — Xg| - |X(s) - Xp| - | X — Xg|

Vr X1 —XR XT_XE>
+ Xy — Xp| + | Xp — Xp|— -
Xz el 1 Xr E’Co <|XT—XR\ | X1 — Xp|

Vv X —Xg X - Xg
X - Xn|l—.
| Bl (\X—XRMX—XEr))’

and in the Fourier domain, we obtain using the same calculations as for (4.1),

MY, V, XR)
(6.1)

Tiot/2 .
- c/ ds/ | F(@)? exp (i(cbIMF +epu)(Y — Yo,V — Vi, Xp, s,w)).
—Ttot/2 R

Now we want to show that

N
~ 1 ~
R=1
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has indeed a shape similar to its asymptotic version IMF Y.V) f dz ) )] [MF (Y, V,x),
at least for Y,V close to the true target location, in a vicinity that is of the order of the
resolution. Note that by Fubini’s theorem this definition of ZMF coincides with the one in
(3.1).

Following the same reasoning, we define the correlation-based imaging function, corre-
sponding to a couple of receivers located at Xgr,, Xg,,

IX Xp|
|X_XRl| t+ =
Co (X, V XRl)

IjCC(XavvalaXRz) - /us,Rl (S] +

| X —-Xg|
X-X t4 ==
X Us, Ry <SJ + | R2’ + = )) dt,

Co "YS(X7V7XR2

I°(Y,V,Xg,, Xg,) = ZICC ), V,Xr,, XRr,).

When Np is big, I°C can be approximated by
I°(X,V, XR,, Xr,)

Ttot/2
= C/ / dw|F( )‘ exp (i(Yrur + exvr)(Y =Y,V — Vi, Xg,, s,w))
not/2

X exp (—Z(\I/IMF + GIMF)(Y -Yr, V-V, Xg,, s,w)) .

We also define the average quantity

V)= L 3 S Y X X
R1=1Ro=1

which is to converge to ZCC(Y, V) as N — oo. ) .
We next study in which sense the discrete versions IJI\\/,[F and I]%C are good approximations
of their continuous analogues ZMF and Z7CC.

6.1. MF resolution for a regular grid of receivers. We will assume in the following that
we have a square grid of receivers, each side containing M receivers (hence N = M?). However,
the results can be easily adapted to any bounded regular configuration of receivers.

The key idea is to notice that both f%F and ZMF admit their maximum at the true target
location and velocity (Y7, Vr), and that for a number of receivers sufficiently small, we can
bound [INF(Y, V) —IMF(Y, V)| by an envelope function for (Y, V) in the resolution set (see
definition below).

Definition 6.1 (resolution set). Given a siz-dimensional vector v = (ri,...,7¢) of positive
coordinates called hereafter the reference width vector, we define the resolution set Ry vi q.r
as

where x stands for the Cartesian product of intervals.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/28/17 to 171.67.216.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

IMAGING FAST MOVING OBJECTS WITH SPARSE NETWORKS 2191

The width vector r will be equal in each dimension to the corresponding resolution esti-
mates of the imaging method under investigation. For the MF, we have

>\0HT )\OHT
r = ) Ty = ;
a a,—rtot
H H
(6.2) TFAO(TAT), poo No (Hr Hr )
a  2|Vp|1Tiot Tit \ a  2|Vp| i Tiot
H? A
r3 = Co JAND. P— re = ——

" 2B T2 Vy| Tiwa’ 2Thot

In other words, the resolution set is a subspace of R® centered at (Y7, V7), and for which
the width in each dimension corresponds to a fixed proportion ¢ of the resolution in this
dimension. As we focus mainly on two-dimensional images, allowing only 2 coordinates of the
(Y, V) vector to vary, we need to introduce the notion of a two-dimensional partial image
which we call a 2-sliced image.

Definition 6.2 (2-sliced resolution set). Given the reference width vector r = (r1,...,7r6) of

positive coordinates, we define the 2-sliced resolution set RYT as

Vr,qr
Yr
(VT> +ql—rj,rilej + ql—rk, ri]ex

with (€;)i=1,..6 the canonical base of RS,

Let us denote Cgr the square centered at X and of size \/Lﬁ (recall M = +N). The
difference between the discrete and the continuous MF imaging function can be written as

™YY, V) - NF (Y, V)

— - Z/ da IMF Y, V,z) - fMF(Y,ijR))
a

1 _
- Z /C 12 5, (Y V. Xp) - (z — Xp)

1t N
- 2/ dt (x — Xp) - Vi, (Y, V,(1-t)Xp +tz) (x — Xg).
0

The first integral

/ dxV x . M (Y,V,Xg) - (x — Xg) =0
Cr

because of symmetry since Xpg is the center of each square Cr. Thus, expressing
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V%(RfMF(Y,V,XR) as an integral, and computing upper bounds inside this integral, we

have ultimately that for (Y,V) € RI;;
presented in Appendix C.1),

Vipgr With ¢ = O(1), (the calculation details are

(63) |V V)- (Y, V)

<N o (

with the envelope functions H} (Y, V) and H2(Y, V') defined by

H)(Y,V

e Y - Y, (Y — Y Y —Yr)2P
) 0 IO = Yl o §/| Dl (Y — V),
3

(6.4)

+2

T6

(V= Vi)l | o (/w Vour (Y — Vil

for p < oo and

(Y, V) (def) 2I(Y — Y7)s3 i (!(Y —Y7)1| N (Y — YT)2|>
(6 5) TS r1 9
)V = Vi)sl (’(V ~Vrnl (V- VT)2!>
6 T4 5
for p = oo, and
(def) 2
(6.6) w2y, v) 'Y (mhv,v))

Here p and p* are such that % + ]% = 1. Futhermore o(1) here means a small quantity with

respect to 1 according to Hypothesis 1 (section 4.1), (Y,V) € R';,:lr Vpgr and ¢ =0(1). A
simple corollary could be stated in the following terms.

Theorem 6.3. For any 2-sliced resolution R]}’,%VT’%T, we have

\IMF(Y,V)—i%F(Y,V)|< 1642 8q
[ZMF]| VN AW

ik
for all (Y, V) € Ry, v, o0

This result is a direct consequence of inequality (6.3) with p* = oo and p = 1. Note

. . . . . 1,2
that better bounds can be obtained in some specific cases, for instance, with R}}T Vg OF
4’5 b b )

RYT,VT, g W would have a bound in Vg A 5. Depending on the 2-sliced resolution
alioers ar1 @Tiot|Vr|iTs tot\VT\NG

> Hp> H% ’ HT ’

considered and the particular values of the the ratios

tighter bounds could be obtained.
To give a specific example, let us consider the (Y7,Y3) slice and N = 4. Assuming

IMF(Y, V) = o(|ZMY| &) for (Y,V) € 87%;}?"/%%1,, we can apply the previous bound
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1.5 ‘
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Figure 15. Schematic illustration of the envelope functions.

(VEGA 22 for ¢ = 1 and obtain IMF(Y, V) = |ZMF| o (L + 0(1)) for (Y, V) € ORY. v g
3,6

Achieving the same result on the resolution set Ry v qr (the worst case) would require
N =16.

In Figure 15 we illustrate with a schematic how the envelope functions can be used to
qualitatively explain the good imaging results obtained with a limited number of receivers in
our numerical simulations. The blue curve would be the continuous imaging function obtained
with an infinite number of receivers while the green curve would correspond to the discrete
imaging function obtained with a limited number of receivers. The red dashed curves denote
the envelope functions which are our bounds on the error, that is the difference between the
continuous and the discrete imaging functions. Both functions admit their maximum at the
correct target location. The error between them is zero at this location and remains a small
fraction of the maximal value for points inside the resolution set.

6.2. Correlation-based imaging resolution for a regular grid of receivers. Here we follow
the same steps as for the MF. We also use the resolution set and 2-sliced resolution set
definitions but with a different reference width vector, r, defined by the resolution estimates
of the correlation-based imaging function

r >\oHT r )‘OHT
1= a ’ - aﬂot )

. /\oHT o )\oHT

(6.7) r2= Ty = T,

r3 = A <H% A 72‘]{% ) re = Ao <H% A 72}[% )
= Ao 5 = .
a?  a|Vp|i Tiot Tiot \ a®  a|Vr|1 Tior
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Mutatis mutandis, we obtain the following results (see Appendix C.2 for calculation details),

(6.8)
1 2
IZ°9(Y, V) — IgE(Y, V)| < 2|7 (GP(ZLVV) A Gpgv’v) + %0(1)G§(Y, V))
with

Gy, v) @y <4(Y_YT)3| + 2 (/KY —YrhlP (Y = Yr)olt [(V = Vi)

for p < oo, and

6Ly v) L <4!(Y_YT)3\ 49 <\(Y_YT)1\ N \(Y—YT)2]> OV = Vi)
R T3 s 79 e
(V =Veh" (V= Vi)
+2( T4 4 5 >>

for p = 0o, and

— Y - Y,
T6 T3

2 (def
Gp(Y, V) =

for p, p* such that % + ]% = 1 and p,p* € [1,00]. Here also o(1) means a small quantity

with respect to 1 according to Hypothesis 2 (section 4.2), (Y, V) € RI;,; Vg and ¢ = O(1).
Thus, we have the following theorem.

Theorem 6.4. For any 2-sliced resolution ngl; we have

VTqu"

I7°C(Y, V) - IC(Y, V)| o [26 128¢% + 2¢

179 o =V N1 N

fOT’ Gll (Yv V) € R{}I;,VT,QJ"

This bound seems really pessimistic compared to the results obtained in the simulations.
However, this large number is only due to the vertical direction that concerns the Y3 and
V3 estimation. For the MF, we could retrieve the third coordinate of the position using the
bandwidth while the bandwidth is not helping us in the CC case. Also, for the MF we were
able to retrieve the third coordinate of the speed by the ISAR effect, that is, the synthetic
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aperture created by the moving object, while in CC the ISAR effects cancel out, and only terms
involving X r remain. Thus we have a factor 8 because of the two mized effects that appear
. . . . . .. 1,2 4,5

in the range direction. However, if we consider partial images Ry} v ar and Ry vy we

will obtain a bound of \/%q A % which is tighter.

The derived upper bounds suggest that more receivers could be required for correlation-
based imaging compared to MF. For example, to achieve the same precision in the horizontal
components (Y1, Yz, V1, Vo), then the CC image would require 4 times more receivers than the
MF. However, we should not forget that these are just upper bounds and therefore they should
not be mistaken for necessary conditions. Moreover, our numerical simulations indicate that
correlation-based imaging converges more rapidly than MF to the asymptotic point spread
function since the side lobes decrease faster as the number of receivers increases.

q7r ’

Remark 5. As shown in section 4, the resolution for both imaging methods depends on
the carrier frequency but our analysis shows that a small number of receivers is needed to
obtain the theoretical imaging results established in the limit of a continuous distribution of
receivers. The error bound between the continuous and the discrete function is obtained in an
area that is proportional to the resolution gx[—r;, r;] with r; the resolution estimate in variable
j=1,...,6. Because the area depends on the resolution a fixed number of receivers is needed
independent of the carrier frequency. If however the area is fixed and is not proportional to
the resolution, more receivers will be needed as the carrier frequency increases.

7. Conclusions. In this paper we consider methods for imaging a fast moving object
orbiting the earth and analyze their resolutions. Our imaging system consists of a passive
network of receivers and one powerful emitter located on the ground. We carry out a detailed
resolution analysis from first principles for two imaging methods: the well-established MF
and a correlation-based imaging method. For simplicity we assume that the receivers are
also located on the ground. It would be more interesting for the correlation-based imaging
method to have high-flying airborne receivers. Since, however, the speed of the receivers is
low, and much lower than that of a satellite in LEO, we expect our theory to generalize to
this case. Airborne receivers are of interest because they can fly above the turbulent atmo-
sphere, in which case we expect the correlation-based imaging method to be robust relative
to atmospheric turbulence effects. Robustness of correlation-based imaging to propagation
medium fluctuations was shown in [9, 10, 11] for stationary receiver arrays. We also expect
correlation-based imaging to be robust to additive measurement noise since we cross-correlate
signals recorded at different receivers. For both imaging methods, we obtain nearly opti-
mal resolution results that are of the order of the wavelength, which is 3 cm for the X-band
surveillance system. Our analysis shows that even for a fast moving object such as a low-orbit
satellite (Vp ~ 7000 m/s), the Doppler correction does not affect the resolution but needs
to be taken into consideration in the imaging functions. We also show that a sparse config-
uration of about 10 uniformly distributed receivers over an area of diameter 400 kilometers
is sufficient so as to have a point spread function with a similar shape (same maximum lo-
cated at the same point and same decreasing width, which means same resolution) to the one
obtained with a dense set of receivers. Extensive numerical simulations clearly support and
confirm the theory developed in this paper. Our resolution analysis can be used for assessing
the performance of MF and correlation-based imaging in the case of well-separated pointlike
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scatterers. For extended objects and/or nearby reflectors a careful analysis of the side lobes
of the point spread function presented here should be carried out.

Appendix A. Other imaging functions for CC. If the pulse emission profile remains the
same throughout the experiment, one could also think about cross correlating and migrating
signals corresponding to different pairs of receivers and different pulses. This would require
sending the signals to a base station and then cross correlating at a later time the NNg
recordings (us r(Sj +1t)), 7 =1,...,Ng, R=1,...,N. This is indeed possible if we know
the relative emission times, ATg, and the emitter location, X g, by considering the following
imaging function,

(A1) IV, V) Z LH(Y + VS, Y +VS;, V),
JJ*
| X —Xpg|
ZcC , |X Xg
iy (X, XLV RRZJ““*( o (XVXR>>
| X'—Xg|

X' - Xp| , T+
A2 | Sy ° dt.
( ) et (S] i Co 'VS(X/’VaXR/)

In the same setting, we can consider another imaging function,

(A.3) %Y, V) Z IES(Y + VS, Y + VS, V),
’j,_l
| X—XE|
o 1 ’X _XR| t+
I99(X, X'\ V) = — /u S; + - o
57 ( ) NRZ::1 ’R(] Co %(X,V, Xg)
| X'~ X5
|X,_XR| t+ c
A4 s . ° dt.
(A.4) X Ug R (S] + - +75(X’,V,XR)

In this case processing can be carried out by each receiver, and then the images are stacked,

N
~ 1 ~
CC _ CC
(A.5) Y. V) = 5 D_TRE(Y. V),
R=1
1 &
(A.6) I9(Y, V) = — IS p(Y + VS, Y + VS, V),
Ejj=1
|X*XE|
X — Xp =
TG p(X, X' V) = | ug | R
XX V) = [ (SJ PREn: o XR>>

X'~ Xal , t+ BRE N
Co (X", V, XR) '

(A7) X Us R <Sj/ +
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This latter imaging functional cross correlates the scattered signals recorded at each receiver
separately and corresponding to different emission times. Therefore, less communication
with the base station is required since each receiver can store and process the Ng signals
(us,r(Sj+t))t, 7 =1,..., Ng, that it records. The individual receiver contributions igC(Y, V)
should be send to the base station where the averaging over all receivers as in (A.5) would be
performed.

Appendix B. Resolution analysis.

B.1. Preliminary considerations. In general we have the following Taylor expansion,

Px s 1, /"
|X 46| =|X|+mx - 6+ 5’X‘25 6‘X’36( X 5)+O<\Xy3>

Thus, especially with X = Y7, we get,

1[5, ( (5)3> < ol* >
Yr + 6| = |Yz| + (8)s + = 1- +0 .

We also have the Taylor expansion,

o 1

53
mX—HS:mX‘FPJXW—W(mX (5PX5>—|—2(mX 5)P 5)—1—0(‘ ‘ >

| X[?
which for X = Y7 reduces to

5. 1 16]3
mrss =+ 1587 = g v oL+ 200002) +0 1)

B.2. Matched filter case. For the matched filter resolution analysis, we want to use these
expansions for the difference | X7 — Xg| + | X7 — Xg| — | X — Xg| — | X — Xg|. Expand-
ing first with respect to | X — Xp|, and then with respect to Xr and Xp, and using that
| X7 — X[ + | Xg| + [XE| + Tiot| Vr| < [ X7, we get

| X7 — Xg|+ | X7 — Xg|— | X — Xg| — | X — Xg]

X — Xp|?
=(X-Xrp)- (—mXTfXR — mXfoE) + O <’ 7 | >
T
PJ_
=(X - X7)- (—2mYT ‘YYT‘ (Xr+ Xp—25;Vr)
T

1
+ m(mw 19,V — X2 +2(S;V — Xr)s(S; Ve — Xp).1

+my, SV — Xgl? +2(5,Vr — Xg)3(S;Vr — X))

S; V3 + | Xr|>+ | XE|? X — X2
Lo |S;Vr|® + | ?f%\ + | X gl 40 \ 7|
H Hrp
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1
=-2(X - Xr)s+ H7<X — X7, Xp+ Xg — 2SjVT>J_
T
1
oz (X — X7)3 (21S;VrlL — 2(S; Vi, Xp + Xg)1 + | Xgl1 + |1 Xe[1)
T
1
+ ﬁ<X — X7, (S;Vr — XEg)3(S;Vr — Xg) + (S;Vr — XRr)3(S;Vr — XR)) 1L
T
(a4 Tiot| Vr])? |X — X7
O —M———|X-X —_
o (S - ).

where in the second equality, we have also differentiated some terms with respect to S;Vr.
Moreover,

X —-Xg

X - XV o 2E

=(Vr-V) - (Xr - Xg)+Vr (Xr - X) +O(| Xy — X|[|Vr - V|)
= HT(VT — V)3 + VT . (XT — X) +O(’XT — XHVT — V’ + (a—l—Ttot]VT])|VT — V|)

We also have

Xr— Xp X — Xg
Xr—Xg|Vp+ ——r— — | X - XV —oru—
(X7~ XplVr | X7 — Xg| | | X — X5
:‘XT—XEKVT—V)‘mTR‘i‘mTE'(XT_X)VT‘mTR
Py | X1 — XP||Vr|
Xr— Xpl'Vp —IB __(Xp - X
+ | X E’VT‘XT_XR|( T )—i—O( T, )
:HT(VT—V)3+VT~(XT—X)
Xr— X2V, + Tiot | V7
+0 ’ T ‘ H T“i‘a tOt’ T’|VTHXT_X|
Hp Hp

+ |V — V|(a + Tiot| V1)

[ X7 — X[+ a+ Tiot| V2|
Hr '

To neglect the O() expressions in the phase terms we need
3 _ 2
e for the first expansion, that %%|X — X7|=0(1) and % = o(1);
wol Xy —X||[Vp-V| _
c2 -

e for the second expansion that ‘g—g‘)(a + Tiot| V) |V — V| = o(1) and
o(1);
o for the third expansion that % “ eIl (Hp [V — V| + [Vi|| Xr — X|) = o(1), that

_ 2 _
el Xr XPIVEl = o(1), and %[V — V|(a+ Tior| Vip|) KX TalVel — oq),

o
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More precisely, let us assume that

Tiot| V4 1% Tiot|Vir| \ 2
a + Tiot| V1| — o(1), l<< <a+ tot | T‘) 7
Hr Co Hrp
H2 A Toot |V \*
T <<1’ o < 16 <a+t0t|T|> ,
cola + Tiot| V) Tiot Hy Hy
and
4\, H? Ao HZ A\, H?
X7 — X| < o T Vi — V| o1 S o1

PR’ A < A s’ A—
(a + Tior |V |)? Tiot(a + Tiot|Vr|)? 2B (a+ Tiot|Vr|)?

Then it follows that 22| Xy — X|(“HgVrl)3 < o(1) and % (a + Tiot| V)| Vi = V|

H3. wo| X7 —X |?
Co(a+Ttot|VT|)Ttot coHr
fied. Consequently, all the expressions in O() can be neglected in the phase terms. Moreover,

our assumptions also imply that

= o(1). Moreover, < 1, and the other requirement are also satis-

2 2
2 d | X X
Ban| T — ‘<<|V|B

Vi -V« i

Or, equivalently, Ve=V| . 1d |XT X| <<AV \BH ~4.3%). This allows us to keep only

V|
the travel time terms in the centered bandw1 th 1ntegral

o AN HZ . .
The condition 5§ < m is only needed so as to have a consistent and simple

reasoning. We can remove this assumption using higher order expansions. For a general B,

P 1 _Yo
we would need to assume that | Xp — X| < /\O% with p > Og(gﬁg") , this means

log( a+Tiot |Vl
doing p-order expansions of travel times. Under these assumptions we obtain

MF
M (X, V)

kap TR
" 327 H2Ba? / dzrp(~7)
X exp (ﬁi( C (X — Xp)s 4+ —— (X — X, Xp + Xp — 25V}
Co Hy
1
2H2 (X = X7)32|S; Vel = 2(S;Vr, Xg + Xg)1 + | XglT + | Xp7)

+ —<X X7, (S;Vi — Xg)3(S; Vi — Xg) + (S, Ve — Xr)s(S; Vi — XR))L»

+

B 1
/ |F(@ eXP ( —2(X — X7)3 + F<X X7, Xr+ Xp —2S;Vr) 1
T

+ (X — X7)3 (2\5 Vil = 2(S;Vr, Xp+ Xg) 1 + | Xg1 +1XE6[3)

2H2

H2 (X — X, (S;Vi — Xp)3(S; Vi — Xg) + (S;Vi — Xg)s(S;Vir — X@)Q)d@}

X exp (i%(HT(VT —V)3+Vr- (X — X)))

o

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/28/17 to 171.67.216.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2200 J. FOURNIER, J. GARNIER, C. PAPANICOLAOU, AND C. TSOGKA

with X = (xR, 0). Consequently, summing up over slow time, we get

™MY(X, V)

_ 2 TR
- 327r3H2BNE Z/ Ao F@)P /Rz dme( a >

+Bw

1
: (— 2X — X1)3 + —(X — X, Xp+ Xp — 2S;Vi)1
(o}

Hr
(X — X7)3(2|1S; V|3 — 2(S;Vr, Xp+ Xg)1 + | Xg* + | XE|7)

X exp (z
1
2H2

1;2 (X — X7,(S;Vr — Xg)3(S;Vr — Xg) + (S; Ve — XRg)3(S;Vir — XR)>J_)>

X exp( 23 (HT(VT—V)3+VT.(XT—X)))7

which becomes

™MY(X,V)

TR

do|F@)P= [ d (—)

?,2773)15{21}%\@Z / GIF( / TrP\ 7,

e <iwo+wB( —25;
X

P Co HT

<S Vr, Xr+ XE'> ((Y — YT)g + Sj(V — VT)g)

LV -V, Xr+ Xg)1

H2

H2 (Y Yr+5;(Vr = V), (Xg + Xg)3(Vr) + (Vr)3(Xe + XR)) L
| XR|? + |XE|¢
H2 H

1
Y Y. X X
o (HT< 7, Xr+XE) L

(Y — Y7, (Xpg)s(XE) + (Xr)3(XR)) L

+85(Vr = V)s 2V = Vi, (X)s(Xe) + (Xr)s(Xr))L))

W, +wB
X exp (zi

H2

+(Yr—-Y)3

| Xr|* + \XE!i))
o3

we +wB —28S. —
=2 (-2 LY - Y,

( SHV = Vi)s + ¢ v Vi)t

52|VT|¢(Y Yr)3 + S} Vr|3 (V = Vr)s
H2
2 VT

H2 (¥ =Y + S5V = Vi), (S;Vi)s(S; Vi) + Sy- - (Vi = V) ) )

(Y Y7)3 )

2
J

X exp ( <V — VT, VT)J_

xexp(

X exp <Z%(_ 2(Y —Yr)s + PCIT(VT —V)s+ Vi (Yr — Y)))

0 Co
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Some comments on the terms in the last equality:

The first exponential contains cross terms with dependence in X and S; and @.
The second exponential contains terms with dependence only in Xz and ©.

The third exponential contains terms with dependence only in S; and @.

The fourth exponential contains terms with dependence only in @.

The sixth exponential contains terms independent from all the summation integrations
indices. Therefore, it can be taken out of the summations and has no effect on the
modulus of the imaging function.

Taking the modulus of this expression, and approximating NLE E 1 by Ttot T}‘):{ 32 ds, we
obtain
‘IMF(X,V)‘
k2p Thor/2 - 9 1 xR
=—2 d do|F(0)|"—= d —
3213 HEBTior /Tmt/2 S/R GIF@)] a? /Rz pr( a )
wo +wB
xexp( 07<HT<V VTaXR+XE>
2
H2 (sVr, Xp+ Xg)1 (Y = Yr)s+s(V — Vp)3)
+ ?<Y —Yr+ S(VT — V), (XE + XR)g(VT) + (VT)g(XE + XR)>J_
T
X2 +|X
+s(Vp — V)3 | Xg| H2\ Eh H2 (V — Vi, (Xg)3(XE) + (XR)g(XR»L))
wo+wB /1
j—————— Y -Yr, X X
X exp (z - <HT< T, Xr+ XE) L
H2 (Y — Y1, (Xp)s(XE) + (Xr)s(Xr)) L
[ Xr* + [ Xp7
+ (YT — Y)g
z))
Wo +wB —2s —252
X exp (ZT< —2s5(V = Vp)s + H7<Y - Y, Vi), + o, (V—-Vp, Vi),
2|VT|L(Y Yr)s + s* | Vr[3 (V — Vr)s
H2
Vr
H2 (Y = Yr +5(V = V), (sVi)s(sVi)) o + s~ (Vi = V)))
xexp(— B (Y—YT)3>’.

We can show that
]{32

MY X,V ’ T S
‘ )| = oo 2 BTiot

Tiot/2 R 1
/ ds/da)]F(d))\QZ/ dzrp (ﬁ)
—Ttot/2 R a R2 a

X exp (i(‘I)IMF + EIMF)(Y -Yr, V-V, Xp, S,(IJ)) ,

(B.1)
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with the phases defined as

(I)IMF(Y — YT, V — VT, XR, 8,(:))

wo +wB S 1
=2 (V Vo Xpt+ Xe)o+ g (¥ — Vi Xp + X)y
Co HT Hr
(Vr) L resolution Y, physical aperture effect
2
H2 <SVT,XR+XE> (Y—YT)?, + s (V— VT)3
—_—— ——
Y3 mixed aperture effect V3 mixed aperture effect

g2
(V—-Vp, Vp),
N—

-9 _
— 2s (V—VT)3 +7S<Y—YT,VT>L+
———— Hr ~e—o  —— =

Hrp
V3 ISAR effect Ys ISAR effect Vo ISAR effect
wB
-2 (Y —Yr)3 ,
Co N’

Y3 bandwidth effect

and

€ETMF (Y - YT, V — VT,XR, 8,(:})

== i = [;2 (Y = Yr +5(Vr = V), (Xp + Xg)s(Vr) + (Vi)s(Xp + Xr)).
2 2

sV — V), XH ;%'XE' 2V = Vi (Xe)s(Xe) + (Xn)s X))
2 2

1;2 (Y = Y7, (XEg)s(XE) + (XRr)3(XR) L + (Y7 — Y)3‘XR| ;JXEM

T
Q‘VT‘J_(Y Yr)s + s*| Vo3 (V = V)3
H2
H2 (Y YT + S(V VT) (SVT)g(SVT)>J_
+ S? . (VT — V)

stems from the Doppler compensation

Furthermore, under our assumptions we have ezur = o(®Pzmr).

B.3. Correlation-based imaging function. If the number of receivers is large enough,
then we can approximate the partial imaging function by its continuum approximation in
space and replace Z%R,:l by a% Jrewgz dxrderp(xR/0)p(TR /a). Then we find
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ce
;7 (X,V)

k§p2 R TR
= (4n|Xr|)*2rBat /Rg dxrp (7) /Rg dep ( a )

LW,
X exp ( (IX — X&| — |X — Xp| — | Xr — Xg| +| X1 — XRI|>>
(0]

. B _ -
X [/ ]F(w)|2exp (zcw(|X—XR| — X — Xp/| — |XT—XR]—|—|XT—XR/|)) dw]
R

o

.Wo v X_XR X_XE
(| Xr — Xg| - |X — Xg|)— -
><eXP(Zco(| 7~ Xzl -] RD% < X“XF|+LX_“Xm)>
.Wo \ %4 X_XR/ X_XE
—i—(| X7 — Xp| — | X — Xp/|)— -
><exp< lCO(| T r| = R|)CO <\X—XR/|+\X—XE’>>
) Vv X_XR X_XR/
xexp<Z|XT—XE|'<|X_XR|_|X—XR’|>)
o VT XT_XR XT_XRI
—i— | X7y — Xg|— - -
xexp< { O’ T El ) <\XT—XR| |XT—XR’|>>

with X = (xg,0). Forcing Vp = Vp + V — Vp we have
79X, V)

k‘4 2 y
= ol / dxrp (mR)/ dxpp (mR>
7| XT|)4 27w Ba 2 a 2 a
(47| X7|)*27 Ba* Jg R

.Wo
X exp <Zc (|IX = Xg| —|X — Xp/| — | X7 — Xg| + \XT—XR/|)>

o

A B -
X [/ ]F(w)\2exp (zw(\X—XR] — X - Xp/| — |XT—XR]+]XT—XR/])> dw]
R

Co

< exp <¢"J;’(|XT — Xl - |X —XR>V_OVT | <é:§§| " é:i;))
X exp <ZLCUZ(|XT — Xg| =X - XR)‘C/OT ' <|§ : §Z| + |§ : §§|>>
X exp (_Z:O(‘XT - Xp|—|X —XR’DV _OVT ' <|§:§Z| + |§:§;>>
X exp <—i°(j:(\XT - Xp|-|X —XRf|>‘c/OT' <é:§Z| " é:g!»
_ X-X X - Xpr
X exp <ZO|XTXE|V OVT ‘ <|X_X£| X —X§/|>>

VT <XTXR XT*XR’ XXR+XXR/>)
| X1t — Xrl | Xr—Xp| | X—-Xgl |X-Xgl|/))

(] (e}

If we assume that “¢| X7 — X |x |V —V| = o(1) (which is proven to be true under assumptions
stated further), we have
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CC
;7 (X,V)
k4 p? TR TR

_ 0 donp (B2) [ dag
(47| Xr|) 27 Ba? /R2 w7, )/RQ zrp (27

.Wo
X exp <ZC (|IX — Xg| —|X — Xp/| — | X7 — Xg| + |XT—XR/|)>

- B -
X [/ ]F(w)| exp <zcw(|X—XR]—|X—XR,]—|XT—XR]+]XT—XR/])> dw]

X-Xrp X-Xp
xt—x))
Vi [ X—Xp X-—Xg
o (0220 = Xl X - X 7L (= =)
V-Vr [ X-Xr X-Xp
< '<|X—XR| |X—XR/|>)
Xr—Xp Xr—-Xp X-Xp X-Xp
X e e X))
up to +cc. Note that this formula shows that the imaging function tries basically to match
the measured differences of travel times | Xp — Xg| — | X7 — Xg/| with the candidate ones
| X — Xg| - X - Xpl.
We want now to expand the differences | X — Xg| —|X — Xp/|— | X7 — Xg|+ | X7 — Xpg/|-
Using
L 0 1 15 Px Px 9°
mitss = mx-+Ph g~ g (mx 0780+ 2mx - 0738) +0 (g ).
and expanding first with respect to | X — X[, and then with respect to Xz and X (using
that |XT — X| + |XR| + ’XR/| + |XE‘ + T};Ot|VT| < |YT‘), and knowing that Xgr, Xp LY
we have

| X — Xg|—|X - XR’| — [ X7 — Xg| + | X7 — Xp/|
= (X - X7)- mXT Xp — mXfoR/) +0 (1X — X7]?)

XXT<

V;
XeXP< (| X1 — Xg| — |X—XR\)7T' <
(o}

x exp [ i—| X7 — Xg|

o

X exp (—iCO’XT — XE‘? . <

m
~ XR) — ok (18;Vr — X2 — SV — Xp|?)

2H2
1
Tm ((S;Vr — XR)3(S;Vr — Xg) 1 — (S;Vr — Xr)3(S; Vi — XR’)J.)
X — X7* | (a+ |Vp|Tier)? )
+ O ( + X - X
Hr H3 | 7|
1
= E<X — X7, Xp — Xg)1 — oY) (X — X1)3 (S(Vr, Xp — Xg)1 + | Xk — | Xr|D)
S.
+ Hijg(VT)3<X — X7, Xp — Xpg)1 — H2 (X — X7, —(Xp)3Xr + (XRgr)3XRr) L
T
X — Xr|* | (a+|Vr|Tiot)?
X -X .
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For the fourth term in the expression of IJCC (X,V) we have

V-V [ X-Xp X-Xp
X;— X . _
e xel (e k)
Hr| 1 1
T WV Ve Xy — XR) 1 — ——(V = Vi) (S;(Ve, X — X
- [HT< T, XR R)L 2H%( T)3<Sj< T, XR R)L
2 2 Sj
+1XRR — Xwl) + 25 (Vi)a(Xr — X
T
1
- W<X — X7, —(Xp)sXpr + (XRr)sXRr) 1L
T
1
+(S;Vr — Xg)3 (V-Vr,Xr —Xg)1.
coHr

For the second term in the expression of IjCC (X,V) we have

V- X - X X - X
(X7 — Xnl - X - Xa) 2. ( R z )

+
| X — Xg|  |X - Xg|

o

\% V;
= [(X7 = X) mx, x5 (mx_x, + mx x;)+ 0 ( [Vl
Co coHt

Xr —X|2) ,

and the same stands, replacing R by R’.
Consequently, neglecting the O(), and using the calculation of mx, x, — mx,;—x,,
already done previously and the fact that in a second order tensor space, we have

(u+a,v+a)—(u+bv+b)=(a—bv)+ (u,a —b)+(a,a)— (b)),

and applying this with @ = mx,_x, — my,, b = mx,_x,, — my;, a = mx,_x, +
mXT—XE_QmYTa b, = mXT—XR/ +mXT—XE_2mYT7 a,_b/ = a_b = mXT—XR_mXT—XR/
and u = my, and v = 2my,,, and using this algebraic formula with the bilinear form
my,my € (R?)? = (X7 — X) - ml% -y we ultimately get

V;
(| X7 — Xpg| - |X — XR|)?T : <

o

X - Xgr +X—XE>
|X — Xgr| | X —Xg|
— (X7 — Xp| - | X - Xp|)— -

o

V;
= (Xr = X) - [mx,-xp) - (mx,-x, + mxp-x,) = (X7 = X)

Vr
: [mxT—XR,]? (mxp-x, T MmMx,-xp)
(0]
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1

T
1

_ QH% (X — X7)3 (Sj(Vr, Xpr — Xg) 1 + | Xg|2 — | Xr7)
1 (Vr)s

— =5 (X — X1, ~(XRr)3Xr + (XR)SXR>J_]

Co

111
—I—(XT—X) [ <VT,XR/ XR>L
Co HT

2;12 (V)3 (S;(Vr, Xr — Xg)1 + | Xg|1 — | Xr|1)
H2 (Vr, +(Xr)3 Xr — (XR)3XR)L]
+ 2001 %<X — X7, Xr)1(Vr, XR)1 — 2- 721<X — X7, Xp) (Vi Xr) L
L0 ((a+ H;;mot)? Hch\ X XT‘> |
T 0

For the last term in the expression of I]CC (X,V),

V; Xr—-X X7t — Xp X-X X — Xp
!XT—XE\CT-< r— Xg r—Xg R R>

- - -
(X7 — Xg| | Xr—Xp| |X-Xg| |X-Xgl
1

Vi | Px,-x,, Px,_x | X — Xqp|?
= | X7 — Xp| L. o X Xe | (x _xpy o0 2210
’ ‘CO [’XT_XR’ ’XT_XR‘ ( ) HT
l T7—Xpr PJX -X .
A second order expansion of i XT < :’, il XTT XR| would be rather horrible. However, let us
just mention the terms up to order | X — Xp ]%ﬂf‘m (as we assumed that |‘C/—OT| < 71

we will see thereafter that indeed, we do not need to do more calculations),

Xr-Xp  Xr-Xp X-Xp X—XR,>
X7 — Xn| | Xr—Xp| |X-Xg  |X-Xgp|

\%
| X1 — XE\C*T : (
H
_ T (Vr,Xp — Xr)1 (X — X7)3+ (Xr — Xp, X — X7) 1 (V)3

Co

+ (X — X7, V1)1 (Xr — Xpr)3)

Vr(a + Tyot|Vr|)?
coH? '

+0 (\X—XT]2+\X—XT]

Now let us assume that

a+ﬂot|VT| :O(l) ﬁ < a"‘Ttot‘VT‘ 2
HT ’ Co HT ’
H?2 A Tiot| V| \
T <1, 2o <<16<a+ fot| T‘) :
cola + Tiot| V) Tiot Hr Hr
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and

40 H?2 NoH?2
—_— Vr—V]| < .
@ Tovinz VT VIS Tt Tval?

‘XT*X|<

Then, under these assumptions, the O() terms will be negligible in the expansions above. We

can see in all the expansions that Xz and X play an antisymmetric role in the sense that

each time there is a term with X g in the phase, the opposite term is present with Xpr.
Consequently,

79X, V)
k2 p? A T
- (47| Xr|)*27w Ba* {/ db|F(@)F ’ /Rz dep(f)
X exp < WO—ZO‘BW(HT <X XT, XR>J_ 2;[2 (X XT) (Sj<VT, —XR>J_ + ‘XRG_)
1‘;2 (V)s(X — X7, Xp) 1 H2 (X — X1, (XR)sXr) 1L ))
X exp < O( [HT <X X, XR>J_ 2H2 (X XT) (Sj<VT, —XR>J_ + ‘XR|2L)
H2 (X — X1, (XRr)sXpr)L } (‘ZTO)
X0 = Xy [ (Vi X = X1 = g (VIs(S) (Vi X1+ Xl
Hg (Vr, — (XR)SXR>J_}
+2 H2 (Vr, XRg)1 <VT,XR>L>)

Hy
coup (12 (2
Co

2 (Ve)s(Xn) ] -

V —Vr,—Xg)1 — (V = Vp)s(S;(Vr, = Xg) 1 + | Xg|7)

{HT< 2H2

(X — X7, (XR)3XRr)1

H2 H2
(S Ve = Xp)y (V= Vi~ X))
W (—Hr
X exp <Z7< c ((VT, XR)J_(X — XT)g + <XR, X — XT>J_(VT)3

Vr(a + Tiot| Vr|)? 2
+ (X = X7, Vi) 1 (Xn— Xn)s) + O(1X - Xql r(a & T Vi) Nt
coH7
and replacing X7 (S;) by Yr + S;Vp and X (S;) by Y 4+ 5;V (done only in the travel time
difference because we can see that all the other remaining terms would be negligible due to
‘C/—Z small), we get
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79X, V)
- (47T’X/;§|1)pj27r3a4 /Rd@ip(@)iQ ‘ /]R2 dwRP(%)
X exp (Z%—;BJJG;T (Y —=Yr,—XRg) | ) (Y — Y7)3| Xg|2
- Hi%(Y - Yr, (XR)3XR>J_))
X exp (ZCLJO—;’%D(;T (V.- Vp,— >i))
X exp (i“""zm’(;ﬁ (Y = Yi)s(Vie, Xp) 1 + H22 (V = Vi)s (Vip, Xp) L
ool (V= VXl + S (VEY — Y2 X+ 2 (Viu(V Vi X))

W 1
X exp zc—<2[H—T<X X, —Xg)l — (X — X1)3(S;(Vir, —XR) 1 + \XRﬁ)

2H2
(Vr)s

Co

1
H2

(X = Xr. (Xp)aXr).|

171
+ (X7 — X)SZ [E(VT7 —XRr)1 —

o

77 (V55 (Vi ~X )+ | Xl
~ g (Ve - (Xn)s X

1
+ cH%<X X7, XR)1 <VT>XR>J_>>

X exp (zi: (HT iHT<V Vi, —Xg)1 — 2H2 (V = Vp)3(S;(Vp,—Xg)1 + |XR]2l)
V(X n} 20X~ X, (XX

-+ (SjVT — XE);J, HT <V - Vr, —XR>J_>)

Co

X exp (i%<_HT (<VT, XR>L(X — XT)3 + <XR, X — XT)L(VT)S

Co

+(X = X7, Vr) 1 (XR)s) + O(IX — X7 (a+o]1}10%t’VT’) D)H

As usual, summing the partial imaging functions over j can be handled by replacing S;

L Ttot/Q
by ) and Ng Z Ttot Ttot/2
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I°°(X,V)
4.2 Thot /2 A
- (4w]XT|I;Z§WBa4Tt0t / /2 ds[ /RdC”'F (5’)‘2‘ /W dzrp (%R)
><exp< WOJCFOBW(HT(Y Yr,—Xg)1 — 202 (Y — Y7)3| Xg|2
;2 Y — YT,(XR)3XR>)
o (B i)
X exp (i‘”" ZB‘:’ (22H2 (Y — Yr)3(Vir, Xg) 1 + 2;; (V = Vi)s(Vir, X)L
5V = Vil Xl 4 (Vis(Y  ¥i X+ S (VY — Vi X))
o (17 (2 g (X = X1, ~Xn) — 5 (X = Xe)s(s(Ve, =X+ Xl
;2 (X — X1, (XR)3XR)L }(‘g)
(X = X0 [ Ve~ Xn) 1 = g (VOs(a(Ve, ~ X1+ Xl
H2 (Vr, — (XR)3XR>J_}
+2 22 (X — X7, XR)1 <VT7XR>J_>)
T
o (120 (L [V Vi X = g (V = VstV = Xa) 1+ Xl
+ g7 (Vs X) | - ;2 (X — Xr,(Xp)sXp)1
+(sVr — X5)s3 coHT<V Vi, — h))

X exp (iwo <_HT <<VT, XR>J_(X — XT)3 + <XR,X — XT>J_(VT)3

o (e}

2
+ (X = X7, Vi) L (X — XRr)3) + O(| X — XT’VT(G J; ]I:;(;’VTW))) ' ] .
ol

Ultimately, the result can be expressed in the following form,

cc k2 p? Tiot /2 N
V(X = 9 d dw|F (&
( 5 V) (47T|XT|)427rBa4Ttot /_th/2 S/IR W‘ (w)|

2
’ [ doiw (%2) exp i(ree + erec)(¥ = Vi,V = Vi Xn,5,2)
R2
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with the phase terms defined by

wzcc (Y — YT, V — VT,XR, 8,@)

wo + Bw 1 1 9
=TI (Y - Yy, X - Y - Y, X
- I ( T R)L 2H2 ( )3 | Xr[T
Y physical aperture effect Y3 physical apperture effect
S
+—(V—-Vp,—Xg)1 + V - Vr)3 | Xg
I ( T,—XR)L 2H2 ( T)3 | XR[1
Vr ISAR effect V3 mixed effect
s 2
+ o (Y - Y7)3 VI, XR)L + w75 (V—=Vr)3 (Vr, XRg)1L
2HT —_—— HT —_———
Y3 mixed apperture effect V3 mixed effect

and

ercc(Y =Y,V — VT,XR,S W)

we + Bw
= Co< H2 (Y = Y7,(XRg)3XRg)1L + Hg (Vr)s(Y =Y, XR) 1
§2
1
+ oo (Vr)3(V =V, XRg) 1 T (Y = Y7, (XR)3XR)1L
T
S
- ﬁ(v Vr, (XR)SXR>J_>
T
Yool Lix - Xp —Xn)y — — (X - Xp) (s(Vp, —Xg)1 + | Xg[%)
- T 7,—XR) L 2HZ T T, —XR) 1 Rl
1 (Vr)s
— —(X — X7,(Xp)sX
72X = X (X Xn) | O
(Xr—X)3[ 1 (Vr)s
— - X — X X
- I (Vr, —XR) 212 (s(Vp, = XR)1 + | XR|1)
1
—ﬁ<VT, (XR)?;XR)J_]
T
+20 2<X XT,XR)J_<VT,XR>J_>
oty
Wo HT 1 1 2
(i Xp) — — (V — ~X X
Co < Co |:HT <V VT’ R>J~ 2H,121 (V VT)?) (S<VT3 R>l + ‘ R|J_)
S 1
+ m(VT)?)(XR)L] ﬁ<X X1, (XR)3XR) 1L
T T
+ (SVT — XE)chHT <V - Vr, _XR>L)
wo [ —H
c( E L (Vi Xp) (X — X1)3+ (Xp, X — X1) 1 (Vi)s + (X — X, VT>l(XR)3>.
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Note that under the above assumptions, we have ezcc(Y — Yp,V — Vp, Xg,s,0) =
O(TbIcc (Y - YT, V — VT, XR, S,(IJ)).

Appendix C. Bounds calculations.

C.1. MF case. To ease notation we will denote ¢(Y,V,Xgr) = (Ppur + ezur)(Y —
Y7,V — Vp, Xp,s,0). Indeed, for Y,V € Ry, v, qr, we can show that (under certain
assumptions allowing us to change the order of [ and Vx,),

Ttot/2 R
Vx, M (Y, V, Xp) = C/ /dwyF(a;)Fexp (z’gzb(Y,V,XR))
Tiot/2 R
X ZVXR¢(Y, V,XR)
Ttot/2 .
Vi, MYV, Xp) = C/ /d&)]F(J})|2exp (z’gb(Y,V,XR))
R

Tiot/2
% (V3 0¥, V. Xp) = V6V x, (Y, V, Xp) ).

As we have (x — X )3 = 0 (but all the results can be also proven under the weaker condition
( — Xg)3 = o(||lz — Xgl)) then,

Vxp0(Y,V,Xg) (x - Xg) = ”"tiBw <HT (V -Vp), %((Y —Yr)s
o T
+s(V = Vp)3) + W) (x — XR)

+o([Vol[[ Xk — ).

The above term will be shown to be negligible in the following for || Xr — x| < ﬁ and
(Y.V) € RYL v ., Actually, assuming (Y, V) € Ry, . (for ¢ = O(1)), only the

dominant terms of V¢ (the one related to a differentiation of the underbraced terms in (4.1))
will appear in the differentiation. For the Hessian of ¢, we have

Wo + Bw

t(m - XR)V2XR¢(Y7 Vv XR)(m - XR) = COH%

(s(V = Vi)s + (¥ = ¥2)s ) I X5 — 3

If we further assume that || Xp — x| < \/N’ we have (using a Holder inequality with p, p* €

[1,00] and % + 1% = 1 and using the fact that € — X lives in a two dimensional space [3]),

’vXR¢(YaV7XR) ( )‘
wo+Bw a 1 (Tio HY_YT|lP
< 27" V -Vr —
=~ Co \/N P < || || L.p + HT
(C.1) 2ot || V5 002%
+ VL2 3 Yl + Til(V - Vi) )
T
1
< —=(Hy(Y,V) +o()Hy(Y, V).

VN
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Here o(1) means a small quantity with respect to 1 according to Hypothesis 1 (section 4.1),

(Y, V) eRY v, ., and g = O(1) with
e Y - Y, (Y — Y Y —-Yr)P
i, v) DI Yl §/| P, LY = Yoo
3 2

+2

(V= Vi)l o (/w Vour (V= Vil

T6

for p < oo and

(Y, V) (def) 2I(Y—YT):J)I ) (!(Y —Y7)1| N (Y _YT)2|>
(C 2) TS r1 9
Lol = Vsl <’(V—VT)1! N !(V—VT)2!>
76 T4 5
for p = oo.

Note that H;(Y, V) is a distance between (Y, V') and (Y7, Vp) and, therefore, for any
0 >0, Hzl, (Yr +0AY , Vi + 6AV) = (5H}%(YT + AY,Vr + AV),

‘t(m ~ Xg) (¢v§R¢(Y, V,Xn) - Vx,0'Vx,0(Y,V, XR)> (@ — XR))

(C.3) < % (W;;/T)?";T + |(YT3YT)3H +HAY, V)2 + (H;(Y,V)2)>
< % (HX(Y,V)+o(1) (HX(Y,V)+ Hy(Y,V)))
with
w2y, v) "D gy, vy

As [|TMF || oo = TMF (Yo, Vi) = C [ ds [ do|F (@)%, we ultimately have

||I lo

MF _ FMF

(HX(Y,V)+o(1) (HXY,V)+ Hy(Y,V))).

However, the same reasoning could be made without using the barycenter trick (that is, having
only a first order Taylor expansion to bound). In this case, we would obtain,

MF |17 oo 171
MY (Y, V) - INT(Y,V)| < TN ——"H,(Y,V).

Consequently, we have

MY, V) - INF (Y, V)|
HYY,V) HXY,V 1
<z (BTN ) L
VN 2N 2N

o(1) (HX(Y,V)+ H)\(Y, V))) .
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C.2. CC case. To ease notation we will denote ¥(Y,V,Xgr) = (Your + ezur)(Y —
YT; \ VT7XR7$7GJ);

(Y, V) — ~CC(Y V)

N
1
SLSS [ e [ OV ) - YV, X X
ch CRI

R1=1 R2=1
1 N x X
= — dwl/ dxaVx, x fCC(Y,V,XR,XR)-( = Rl)
1
t x — Xp 2 7CC
+A dt <:L'2 —XR;> vXRlyXRQI (Y,V, (1 —t)XRl

- X
+ tiIZl, (1 — t)XRQ + t$2) <z; B X;1> .
2

Denote dx = <gi;) € RS | §x1, 6y € R? an arbitrary vector. Essentially, éx,, would stand

for ¢, — Xg,, (m =1,2). We thus have

Vi X, IC(Y .V, Xp,, Xp,) 0

— C/TM/2 /dw|F( )| exp (i(ﬂ)(YaV,XRl) —¢(Y,V,Xg,) ) )

Tiot/2

w, + B
X i———(Vx,0(Y,V, XRg,) - 021 — Vx,0(Y,V, Xg,) - 622)

Co

and

tawvgﬁ? X, I°(Y,V, Xg,, Xg,)0x

_¢ /T“’” ’ ds [ sl F@) exp (i(0(Y. V. Xr) = Y. V. X)) )

Tiot/2
( i(10a V, (Y, V, Xp, )0m1 — 529V, 0(Y, V, Xp,)05)

— (Vxp(Y,V, Xg,) - 621 — V(Y V, Xp,) - 622)° )

Let (Y,V) € R];}l Vo oo then only the curly bracket terms in (4.4) will matter for the
7, Vr,q,7
first order derivative (the other terms being negligible). Thus,

VXRw(Ya Va XRm) : 5$m

wo + Bw 1 s
=—| ——(Y - Y; —Xr (Y -Yr)s— —(V -V,
- < HT( T)L T Ron )3 = g T)L
S 32
— (V1 Y -Y, Vi V —Vr)s+ —(X V -V,
g (VL (¥ = Yl + e (Vi) (V= Vi + 55 (X, ) (V = Vi )
0L,
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and
‘VXRw(Yv V7 XRm) ' 5wm|

1
< | _
< (3 au<Y Ye)Lly

oozl oy (| OV = Vi,
P a

T6

n ‘ (Y —Yr)3

r3

)

v - vmupuawmup)<1+o<1>>.

H )\
As we have (x — Xpg)s = 0 (but all the results can be also proven under the weaker condition
(x — XR)s = o(|]lx — Xg||)) and that dx; and dx2 are located in a square of radius T’ then

60, i 9V V. X o | < o (1T Il

T6 r3
and
v Y.V, Xp )6 L G(Y.V)
VoY,V X, b | < 5=
Hence
‘ i(16a Vi, (Y, V, X )ow1 — 5aoV% (Y, V, Xp,)0s)
— (Vxp (Y, V, Xp,) - 021 — V(Y. V, Xp,) - 625)° ‘
1
< FGAY.V)
with
— p
Gy v) <4|<Y Yol | ot </|Y Yo | (Y~ Y),
)
V-V, (V — V P (V= Vi)l
Vvl (/| il pm)j
6 s
and
e — Y
Te T3

for p < oo and

al (v, vy 2<4I(Y —Yr)s| (I(Y — Yol (Y = Yi)

—_—

T3 ™ r2
_ _ p _

AV = Vi) Lo (l(V Vil |V = Vi) ) )
T6 T4 s
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for p = co. Consequently, all things put together, we get
1 2
G,(Y,V) N GL(Y,V) +_4}4
VN 2N 2N

Indeed the reader could show by the same calculus that a first order expansion for approxi-

1
mation would have led to the bound HIMFHOO% Here also o(1) means a small quantity

29y, V) - IS, V)| < 2|7V o(1) (G2(Y, V)

with respect to 1 according to Hypothesis 2 (section 4.2), (Y, V) € 72’;,; Vi g a0d ¢ = O(1).
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