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1. Introduction. In this paper we deal with the efficient solution of a
certain interesting class of quartic Thue equations. In recent years general
powerful methods have been developed for the explicit solution of Thue
equations; see e.g. [TW], [PS] and the references given there. As these
methods depend on rather heavy numerical computations, we think that
methods for the solution of special classes of Thue equations which, on the
one hand, depend as little as possible on such heavy computations and, on
the other hand, are as elementary as possible, have always a theoretical as
well as a practical interest.

The Thue equations with which we deal in this paper are those equations

(1) flz,y) =m,
f(z,y) = apx® + da12%y + 6a22°y* + dazzy® + auy® € Zlz,y], a0 >0,

whose corresponding quartic field K is Galois and non-cyclic. This condi-
tion on K is equivalent with K having three quadratic subfields (see [N],
at the beginning of no. 6), which in turn happens exactly when the cubic
resolvent of the quartic Thue equation has three distinct rational roots ([N],
Theorem 1). If K is totally complex, then elementary estimates imply small
upper bounds for |z| and |y|; thus, the efficient solution in this case is easy
and, as a consequence, we may assume that K is not totally complex. Then,
by the classification of Nagell (Table in page 351 of [N]), K is totally real; in
fact, it is the compositum of two real quadratic fields and it contains exactly
three quadratic subfields, all of which are real.

In §§2—4 we prove that solving (1), under the above assumptions on K,
reduces to solving a system of two Pellian equations having one common
unknown. Such a reduction has certain advantages:

e Dealing with Pellian equations, the only algebraic-arithmetic data
needed are units and factorization in orders Z[/m], m > 0, and this sort of
data is easily accessible.



272 N. Tzanakis

e It is not unusual that a system of Pellian equations can be solved by
completely elementary means; see §85 and 6, where examples are given.

e If an elementary method does not work for the solution of a system
as above, there is a highly promising method of R. G. E. Pinch [P] which,
though based on the theory of linear forms in logarithms of algebraic num-
bers, does not require high precision computations with algebraic numbers
and their logarithms, nor does it require any sort of a reduction process, like
those usually following the application of that theory, for reducing the very
large theoretical upper bounds (!); examples are given in §7.

e Even if the aforementioned methods do not work, another one, based
again on the theory of linear forms in logarithms, is always possible; this is
due to A. Baker and H. Davenport [BD] and is also described as “Method 1”
in D. Zagier’s paper [Z]. This method leads, in general, to a linear form in
three logarithms and two unknown integral coefficients, whereas any direct
attack on the problem of solving (1) by applying the known general methods
would, in general, lead to a linear form in four logarithms and three unknown
integral coefficients.

In §§5—7 we discuss methods of solution of systems of two Pellian equa-
tions and give applications to various numerical examples.

2. Instead of the cubic resolvent of the quartic equation f(x,1) =0, it
is more convenient to consider the cubic equation
(2) 0’ —g20—93=0
with roots opposite to those of the cubic resolvent; here g, and g3 are the
invariants of the form:

apg a1 a2
2
g2 = apag —4ayaz +3a3, gs=|a1 az ag|,
a2 a3 Q4

and, as mentioned in §1, in the case that we study, (2) has three distinct
rational roots, which we denote by ¢; (i = 1,2,3). According to no. 2 of
Nagell’s [N] (some symbolic computations are needed) the typical root of
f(z,1) =0 is of the form

a 3 a\® a + 0
1 1 2 i
3 -—— + <> - ’
( ) ag ; ag ap

where the symbol /(-) denotes one of the two square roots of the quantity
under it (not known a priori which of the two). It is easy to see, however,

(1) Such reduction processes are usually based on continued fractions techniques or
on the LLL basis reduction algorithm.
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that a number of the form (3) can be real only if all three quantities under
the square root symbol are non-negative; for the proof of this it is important
to notice that the three quadratic fields Q(,/0;) (i = 1,2, 3) are distinct (see
no. 2 in [N]). Thus, the Thue equations we will deal with in this paper are
characterized by the fact that the cubic equation (2) corresponding to f has
three distinct rational roots o1, 02, 03 and

2

a
< —ay > max{ 01, 02,03} -
ago

3. We have

€ L 7 S L Z
g2 127 gs 139

Let H(z,y) and G(z,y) be the quartic and sextic covariants of f(x,y),
respectively (see Chapter 25 of Mordell’s book [M*]), i.e.

o s
1 | 022  0z0y

H(xay):_m 82f agf )
oydr  Oy?
of of
110z 0y
G(xay) - g aiﬂ 67[{
or 0Oy
We have
1 1
H(:v,y) € 4782['%'73/]7 G(l’,y) € %Z[xvy]
and
(5) 4H® — g Hf? — g3f° = G?

(Theorem 1, Chapter 25 of [M*]).
PROPOSITION 1. f and H are relatively prime in Qlz,y].

Proof. If not then, since f and H are of the same degree and f is
irreducible in Q[z, y], we would have

(6) H=r-f, reQ.
Then, by the definition of G (see (4)), G = 0; hence, by (5) and (6)
(7) 4r® — gor — g3 = 0

and it follows that r € {g1, 02, 03}. Let now ¢}, g5 be the invariants of the
quartic form H. It is easy to check that

1 2\’ ()
;P -2 [ 72 _ j
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and, on the other hand, in view of H = r - f, it follows that

/2 .3
go =T *4g2, gs =T -3g3,

therefore

3 2
(8) r.g :ng o g3 = Z) (2
27 197 3 6 2 )

If go = 0, then g3 # 0 (because (2) has distinct roots) and the second
relation in (8) implies g3 = —473; by (7) and go = 0 it follows that g3 = 4r3,
hence g3 = 0, a contradiction. Thus, g» # 0 and the first relation in (8)
implies go = 12r%; then, by (7), g3 = —8r® and equation (2) becomes
0% — 3r2p + 2r® = 0; this equation has ¢ = r as a double root, which is a
contradiction (see the end of §2); this completes the proof.

4. Now we show how the solution of (1) reduces to the solution of a
system of two Pellian equations. We put

1 1 1
H=—H = — i — T57 ':1a25 ;
48 05 G 96G07 0 127" (Z 3)

H07G0€Z[xay]7 T €EZ (2217273)
Then, in view of (5),
(H() — 47’1f)(H0 - 47’2f)(H0 — 4T'3f) = ?)G%

and the three factors in the left-hand side are pairwise relatively prime in
Z[z,y], by Proposition 1. Then there exist non-zero, square-free integers
k1, ko, k3 and quadratic forms G; € Z[z,y|, i = 1,2, 3, such that

(9) HO - 47’1‘]0 = kZGZ27 1= 17 27 37
and
(10) k1koks(G1G2G3)? = 3G%.

Then, if (x,y) € Z x Z is a solution of (1), we get from (9),
(11) kQG% — k‘lG% = 4(7’1 — TQ)m, k’gG% — le% = 4(7"1 — Tg)m .

Clearly, if ki1ko or ki1ks is a square of an integer, then the first or the sec-
ond equation, respectively, is trivially soluble (with a finite number of so-
lutions (z,y), which can be explicitly found), therefore we will assume that
both k1ko and kik3 are not squares of an integer. Moreover, we show that
k1, ko, k3 are positive and thus we see that (11) is indeed a system of Pellian
equations with one common unknown.

From (10), either exactly one of the k;’s or all three of them are positive.
We exclude the first alternative: If this were the case, we could suppose
without loss of generality that k; > 0 and ko, k3 < 0. Then, by (9), we
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would have the polynomial identity
4(7’1 - T‘g)f == sz% - k‘lG%

and the right-hand side would be negative for every real pair (z,y), which
contradicts the fact that the equation f(x,1) = 0 has real solutions.

EXAMPLES

5. Congruence considerations and quadratic reciprocity. We
consider the Thue equation

(12)  flzy)=p, flzy)=a"—42’y+8zy® —y*, p==£1.
Here

1 3
=7 — _3. -1 _ 1 __9,
92 ’ g3 ) 01 ) 02 27 03 9 )
H(z,y) = z* — 423y + 52%y? — 2293 + 49*,
(13) 1. 1
H—f=5yx-y)*, H-5f=g0"=2wy+3y°)7,

H—i—gf: g(m2—2xy—y2)2.
Let (z,y) be a solution of (12). On putting
U=2a2>-2zy+3y>, V=2a>-20y—y?, Z=ylz—y)
we get, in view of (13),
(14) U? —5V%=—4p, U?-10Z%>=p.

This is a system of two Pellian equations with one common unknown and
can be solved by Pinch’s method; see Section 7, where, after Proposition 5
we solve system (14). An alternative approach, which sometimes might be
proven successful, is to replace the system of the Pellian equations by one
in which the first equation results from the elimination of the constant term
in the right-hand sides. In our example we replace (14) by

Viy2022)2=U% U?-1072%=u.
The first equation implies
+V=m?-2n%, Z=mn, U=m>+2n% (m,2n)=1,
and substitution in the second gives
(15) m* —6m?n? +4n* = pu, ie.  (m?—3n%)2 —5nt =p.

A number of general, ready-to-apply results on diophantine equations of the
form

(16) X2 —d-Yi=k
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due to J. H. E. Cohn [C1]-[C5] might prove useful at this point; it is in-
teresting to note that the proofs of these results are based only on some
elementary theory of quadratic number fields, congruence arguments and
quadratic reciprocity. By Section 4 of [C1], the only integral solutions of
(16) when d = 5 are given by Y2 = 0 or 4 if k = 1, and by Y? = 1 if
k = —1. From this we see that the only solutions to (15) are given by
(m?,n?) = (1,0) if u = 1, and by (m?,n?) = (1,1) if p = —1, and then,
by the definition of U,V and Z, we easily conclude that the following result
holds:

PROPOSITION 2. The only solutions to (12) are

(r,y) =£(1,0) if u=1, and (x,y)==x(0,1),£(2,1) if p=-1.

6. The Mohanty—Ramasamy method. This method for solving a
system of Pellian equations

(17) U?-D-V®*=N, Z?°-¢g-V?=h

is due to S. P. Mohanty and A. M. S. Ramasamy [MR]. We describe it now,
by making the following assumptions:

e (a,b) is the least positive solution of A2 — DB? = 1.

e (u,v) is the fundamental solution of the first equation (17), which
belongs to a certain class of solutions. Note that more than one classes may
exist, but since their number is always finite, we have a finite number of
choices for (u,v); see e.g. [N*].

e (U,)rez is the recurrence sequence defined by
Up=u, Ui =au+Dbv, Upys=2aU,41—U,.
e (a;) and (by), t =1,2,..., are the sequences defined by
a1 =a, Q1= 2(1? —1; by =0b, b1 =2a:b;.
Next, choose a modulus m, which has one of the forms
2%.6, 210, 2*-30; a>0.
If the system (17) is solvable, then there exists an integer n such that both
D-V24+N, ¢g-Vi+h
are perfect squares; here V,, is a term of the recurrence sequence defined by
(18) Vo=v, Vi=av+bu, Viio=2aV,y1—V,.

Let M be a complete system of residues modulo m. If n = ¢ (mod m),
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i € M and n # i put
n=i+3-2"2 x+1), t>1 ifm=2"6,
n=i+5-2"2\+1), t>1 ifm=2% 10,
n=i+15-2'2X+1), t>1 ifm=2-30.

ProPOSITION 3 [MR]. Consider the following Jacobi symbols:

2 2 _
(gUi Dh>’ <gUZ Dh) P

a? + Db? 4Db7, , +1
gU? — Dh ,
i = 2. 10,
(16D2b§+1 +12Db2, | + 1 ifm
gU? — Dh ,
: —2%.30.
(2561)4b§+1 +576D3L8, | + 416D%b%, | + 96Db?,, + 1 ifm

If, for each t > 1: in the first case, at least one of the first two symbols equals
—1 and, in the second or third case, the third or fourth symbol, respectively,
equals —1, then the system (17) has no solution with V.=V, and n = i
(mod m), except possibly V- =V;.

Now we show by an example how this proposition is applied in practice.
Consider the Thue equation

(19) flx,y) =—4, flz,y) = o 4x3y — 3ar2y2 + 14xy3 — 4y4 .

In this example

43 21 3 1 T
92_47 g3 = 8’ 91—27 Q2_4) 03 = 4a
3 65 1 5
H_2f=2 )2 H—~f=2(42_9 242
5f = =yl o) = @ = 2wy 4 3y7)°,
7 13
H+1fzz(a:2—2a:y—y2)2.
Eliminating H and putting f = —4, we obtain
(20) U? -5V2=—4, Z?-13V?=—4,

where U = 22 — 22y — 3%, V = y(z — ), Z = 2® — 2xy + 3y%. With the
previous notations we have D =5, g =13, N =h = —4,a =9, b = 4,
u = v = 1 (only one class of solutions exists for the first equation). In
(19) the cases x =y =0 (mod 2) and x = 1, y = 0 (mod 2) are trivially
excluded. Also, if x =y =1 (mod 2), then, on putting x =2X+Y,y=Y
we transform (19) into 4X* —9X?Y?+Y* = —1, which is impossible mod 4.
Therefore, z =0, y =1 (mod 2), hence V is odd. We take m = 6. We will
show that V' = V,, with n = 0 (mod 6) is the only possibility, i.e., in the
notations preceding Proposition 3, ¢ = 0. If n is odd, then it is easy to see, in
view of (19), that V,, = £4 (mod 9), hence, from the second equation (20),
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Z% = -3 (mod 9), which is impossible, concluding thus that n is even. Let
n =2 (mod 6). Then, in view of (18),
(21) Vn = —19 (mod 107)

and the second equation (20) implies Z? = 13-19? — 4 = —19 (mod 107),
which is impossible. Also, if n =4 (mod 6), then, by (18),

(22) V,, = —6 (mod 19)

and the second equation (20) is impossible mod 19. We conclude that n = 0
(mod 6) (i = 0) is the only possibility.

A remark should be made about (21) and (22), which did not come
out as arbitrarily as it seems at first glance; indeed, in [MR] the following
recurrence sequences are considered:

AO = 17 Al = a, AT+2 =2a- A’I‘+1 - AT )

BO == 0, Bl == b, BT+2 =2a - BT+1 - BT,
and a number of useful equalities and congruences relating terms of the
sequences (A,), (B;), (Uy), and (V;.) are displayed in Section 2. Among them
are Vigos = =V, (mod A;) and V1o, =V, (mod By), hence Voigr = — V5
(mod Asy) and Vyyer = Vi (mod Bsy). Another pair of relation says that
A3 ‘ Agk and Bg ‘ ng. Since A3 =2889=0 (mod 107) and B3 =1292=0
(mod 19), we obtain (21) and (22).

Now we consider the number g - U? — D - h = 13U¢ — 5(—4) = 33 and
the Jacobi symbol

2002 1
* — 20041 +1 . t>1.
4-5-07,,+1 33

We compute the sequences (at), (b;) (mod 33):
a :9,—4,-2,7,-2,7,-2,7,... (mod 33),
by : 4,6,-15,—6,15,6,—15,—6,15,... (mod 33).

Thus, the Jacobi symbol under consideration is equal to either (g—;’) or (%)
and both are equal to —1. By Proposition 3 we conclude that V = £V = +1

is the only possible solution. Since V' = y(x — y), we have proved:

PROPOSITION 4. The only solutions to (19) are £(z,y) = (2,1),(0,1).

7. Application of a method of R. G. E. Pinch. In this section
we describe a method of R. G. E. Pinch [P] for solving simultaneous Pellian
equations
(23) (x+f)P?—ay*=b, (z—f)>*—c*=d,

and we apply it for solving quartic Thue equations belonging to the class
under discussion. The advantage of Pinch’s method is that it is general, in
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the sense that it is almost independent of ad hoc properties of each particular
instance of the system (23) and, although there is no theoretical guarantee
that it always works, the experience shows that it is very unlikely to be
proved unsuccessful in a certain particular instance. Another important
feature of the method is that, although it is based on the theory of linear
forms in logarithms of algebraic numbers, it does not demand any multi-
length computations like those which are usually needed in the practical
applications of this theory.

Now we sketch the method. The system (23) leads to a finite number
of problems of the sort: Given two second-order linear recurrence sequences
(X4), (Yin), whose recursive relations are respectively

Xn+l =sX, — Xn—ly Ym+l =tYm — Y )
prove that the only non-negative indices m and n satisfying
(24) X,=Yn+g,

with g a prescribed integer, are m = 0, n = 0. The first step is to compute
an upper bound B of max{m,n}, for those pairs (m,n) satisfying (24);
this is accomplished by Theorem 2.6 of [P]. Then an algorithm is applied
(Section 3 of [P]) which does the following: It finds arbitrarily large moduli
M and N such that

(25) Xn=Yn+9=N|n&k M|m.

Starting from the initial values M = N = 1, it adds prime factors to M and
N (which ones are “added” each time in M and N depends, of course, on
g and the particular recurrences appearing in (24)), until min{M, N} > B.
Then, the combination of the three relations

(26) max{m,n} < B; M|m& N|n; min{M,N}> B,

implies m = n = 0. For a description of the algorithm we refer the reader to
Section 3 of [P]; in Section 4 of the same paper, some examples are given.
We have implemented Pinch’s algorithm independently on a PC (80386,
but even on a PC 80286 the program runs very well) using Fortran (Pinch’s
implementation uses Algol-68C on an IBM 3081) and, as a first example,
we apply it for solving a “random” equation of the class we study, namely
(27)  flz,y) =—23, f(z,y) = 4z* — 2423y — 162%y% + 60zy> + 25y* .
In this example

22361 235201 1 26 37
g2 = 3 y 93 = 27 ) Q1_37 Q2_37 03 = 37
3H —11f = 6[2(22% + 5y2)]2, 3H —26f = [3(22% + 10zy — 53°))?,

3H + 37f = 2[6(22* — 4xy — 53°)]?.
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On putting

X =3(22% + 102y — 5y?), Y =2(22? 4+ 5y?), Z =6(22% — dzy — 5y%)
we are led to the simultaneous Pellian equations

(28) X?-6Y?*=3.5-23, X*-272=32.7-23.

By standard arguments (see also Section 1 of [P]), we are led to the following
problems: Find n,m such that z, = y,,, where (z,,)n>0, (Ym)m>0 are the
recurrence sequences with

Tn4+1 = 10z, — Tn—1, Ym+1 = Gym — Ym—1
and initial values
(xo, $1) € {(197 183)7 (9a 77)7 (137 121)a (77 51)} )

(29) (yo,y1) € {(31,173),(17,83),(19,97), (13,47)} .

If z,, = y,, for a pair (n,m) of non-negative integers, then +X = 3x,, sat-
isfies both equations (28) and conversely: if X is a solution to the system
of equations (28), then there exists a pair of nonnegative integers (m,n)
such that x, = y,, and +X = 3z,. From (29) we see that we have 16
pairs of recurrences (z,)n>0 and (¥m)m>0 to consider. However, it is easy
to see that the set of values x_1,z_o,... corresponding to the initial values
(zo,z1) = (13,121), coincides with the set of values x1,xs,... correspond-
ing to the initial values (z¢,z1) = (9,77) and similarly for the remaining
sequences, which correspond to the initial values (19,183) and (7,51). It
suffices therefore to consider only the two sequences (z,) with initial values
(19,183) and (13,121), but with n ranging over all integers. Analogously,
we consider only the two sequences (Y, )mez corresponding to the initial
values (19,97) and (13,47).

Let (zo,z1) = (19,183) and (yo,y1) = (13,47). The sequence (x,)
(mod 11) is periodic with period —3,—4,—4. Since y,, (mod 11) never
takes the value —4, we conclude that n =0 (mod 3). Next we work modulo
17 : (z,,) has a period of length 18 and since we already know that 3 |n,
we are interested in the values g, x3, g, X9, 12,215 (mod 17), which are
2,-8,7,—2,8,—7, respectively. It is easy to check that y,, (mod 17) never
takes any of these values, hence an equality x, = y,, can never occur and
the case we consider is thus impossible.

Once we had implemented Pinch’s algorithm, it was easy to modify it
so that it was able to detect impossibilities of equations of the form (24)
by automatic application of arguments of the above type. In this way, the
computer found the right moduli 11 and 17 and working modulo 11 and 17
it showed the impossibility of the case above, as well as the impossibility of
the case (zg,z1) = (13,121) & (yo,y1) = (19,97).
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We are left with the two cases
(zo, 1) = (13,121) & (yo, y1) = (13,47);
(zo,21) = (19,183) & (yo,y1) = (19,97).
We feed Pinch’s algorithm with a set consisting of the first 35 primes 2,3, ...
..., 149 (this is the set P in the notation of Section 3 of [P]; the “auxiliary”
set () of that section in our present application includes the primes from 3

to 547). In the first case, the values of M and N (cf. (25)) which result out
of this set P after the application of Pinch’s algorithm are

M =2°.3%.5%.7.11-13-17-19-23-29-31-37-41-43-53-61-71-73-101,

N =25.33.52.72.11-13-17-19-23-29-31-37-43-47-59-61-67-79-103-107 ,
from which it follows that M > 9.56 x 10*® and N > 1.58 x 103!. On the
other hand, by Theorem 2-6 of [P], we have max{m,n} < 10?® in the case
we study. Thus, in the notation of (26), B = 10?8, and we conclude that
m =n = 0 in this case, which implies that the system (28) is possible only
if X = 3xg = 3y = 39, from which Y = +14, Z = +6. In the second case
we work in a completely analogous way (with the same sets P and @)); now

M =20.3%.5%.7.11-13-17-19-23-29-31-37-41-43-53-61-71-73-83-101-113,

N =25.3%3.52.7%.11-13-17-19-23-29-31-37-43-47-59-61-67-79-97-103-107 ,
so that M > 8.97 x 1032 and N > 1.539 x 1033, while Theorem 2-6 of [P]
implies max{m,n} < 10%®; again we conclude that m = n = 0 is the only
possibility and thus, in this case, + X = 3zg = 3yo = 57 is the only solution
to the system (28) and this implies Y = +22, Z = £+30. By the defini-
tion of X,Y, Z it is now an easy task to find all possible values pairs (z,y),
which in our case turn out to be £(z,y) = (5,2), (10, 3), (1,—1), (3, —4) and
we check that only the pairs (x,y) = +(1,—1) satisfy (27). We have thus
proved

PROPOSITION 5. The only integers satisfying (27) are (x,y) = £(1,—1).

As another application of the above method we give an alternative proof
of Proposition 2. By (14) and the definition of U, we have to prove that the
only solutions with positive U are those with U =1 if p = +1 and U = 3 if
@ = —1. In the notations of (23) we have

z—U, y<V, z+—2,
f=0, a=5 b=—-4u, c=10, d=pu.

By standard arguments (cf. Section 1 of [P]), we have to consider the fol-
lowing couples of recurrence sequences:

p=+1lwg=1, w1 =4, xpy1 =32, —Tp_1;

yo=1, yv1 =19 Ym+1 =38Ym — Ym-1,
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p=-1:120=2, x =3, Tpy1l = 3Tp — Tp—1;
yo=3, y1 =117, Ymi1 = 38Ym — Ym—1
and prove that x,, = y,, is possible only if n =m =0 in case y =1, and
only if (n,m) = (—1,0),(1,0) in case p = —1. In both cases, Theorem 2-6
of [P] implies that
Tp =Ym = max{m,n} < 1.206 x 10*7.

We run Pinch’s algorithm exactly as before, but now with somewhat larger
sets P and @; now P is the set of 40 primes from 2 to 173 and @ is the set
of 145 primes from 3 to 997. When p = +1 we find

M =2°.3.5%.72.11%.13%.17%.19-23-29-31-37-41-43-47-53-59-61- 67
71-73-79-83-97-103-107-113-137-173,
N=20.30.5%.72.11-13%.17%-19-23-29-31-37-41-43-53
59-61-67-71-73-79-89-97-103,
so that min{ M, N} > 2.03 x 10*? and by (26) we conclude that m = n = 0 is

the only possibility, as claimed. When p = —1 we replace the sequence (z,,)
by its three “disjoint” subsequences (xﬁf)), 1= —1,0,1, where 2l = T3ni-

Then, we have to show that the relation z') = Ym is true only for (n,m) =
(0,0) if + = £+1; and it is impossible if # = 0. This is accomplished exactly
as before, applying Pinch’s algorithm with the same sets P and Q. Our
program checked automatically the impossibility of %(10) = Y, (mod 61);
for ¢ = £1 it run and found the following values for M and N:

M=2.3.52.72.112.13%.17-19-23-29-31-37-41-43-47-53- 59
-61-71-73-79-83-107-113-157-173,
N=20.3.5%.72.11-132-17-19-23-29-31-37-41-43 - 47
-53-61-67-71-73-79-97,

hence M > 2.7 x 10*, N > 3.466 x 10%6. By (26), it follows now that
(m,n) = (0,0) is the only possibility in each case, as claimed.
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