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1 Introduction

In a recently published paper [ST], R.J. Stroeker and the author describe in detail — with
examples included — a general method for computing all integer solutions of a Weierstrass
equation, which defines over Q an elliptic curve. A little later, J.Gebel, A.Petho and
H.G.Zimmer worked independently on similar lines and solved a number of impressive
numerical examples (see [GPZ]); for some history of the main ideas underlying that method
see the Introduction in [ST]. The main advantage of the method, which combines the
Arithmetic of Elliptic Curves with the Theory of Linear Forms in Elliptic Logarithms , is
that it is very easily — almost mechanically — applicable, once one knows a Mordell-Weil
basis for the elliptic curve associated with the given equation. In this way, one can solve,
with reasonable effort, many elliptic diophantine equations that are “of the same type”;
see an interesting application in [Str], where fifty elliptic equations are solved. On the
other hand, the (theoretically) ineffective part of the method (i.e. the computation of a
Mordell-Weil basis), which may be very easy but also very difficult or, in exceptional cases,
even impossible, is well separated from the rest steps of the method, so that, if necessary,
one can turn for it to the specialists, without asking from them that they be involved in
anything else related to the specific equation he wants to solve, but the computation of
the Mordell-Weil basis.

In this paper we extend the aforementioned method to the class of quartic elliptic
equations , i.e. we describe a general practical method for computing explicitly all integral
solutions of equations of the form V2 = Q(U), where Q(U) € Z[U] is a quartic polynomial
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with non-zero discriminant. For such equations one can find in the litterature only sporadic
results; see Chapter XXII of [Di] and sections D24 of [V] and [G]. Very few of them are of
a general character and these deal with special types of quartic elliptic equations (like, for
example, 24— Dy? = 1). Most of the results consist in solving completely specific numerical
examples by clever but often very laborious ad hoc arguments; typical examples are the
papers [L1], [L2] and [L3] by W.Ljunggren or [B] by R.Bumby. It is worthnoticing that the
solution of these equations, as well as of some other difficult ones found in the litterature,
turned out to be very easy applications of the method of the present paper; see Section 6.
It is a remarkable fact that these “historic” examples are associated with elliptic curves
of rank 1 or 2 with an easily found Mordell-Weil basis. On the other hand, it is not the
purpose of this paper to check the limits of the method presented in it, but rather to
expose a method of a general character, which works smoothly in “reasonable” examples.
The best choice for such examples, we think, are equations already well known for the
difficulty and complexity of their solution. Such equations are found in examples 2 to 7
of Section 6; example 1 has been chosen by the author to illustrate in more detail the
method. In the near future we plan to solve equations associated with elliptic curves of
higher rank. Such quartic equations have been already constructed by J.Top [T2]; we
have good reasons to believe that apart from the much heavier computations that will be
involved in these examples, our method will be proven effective for these examples too.

2 Preliminaries

The basic aim of this section is the proof of Proposition 2.4, which is fundamental for the
purpose of this paper. At the beginning we introduce the necessary concepts and set up
the relevant notation.

We are interested in computing explicitly all solutions (U, V') € Z X Z of an equation
V2 = Q(U), where @ is a quartic polynomial with rational integer coefficients and non
zero discriminant. We suppose that this equation has at least one rational solution, which
implies that we may assume the constant term of () to be a perfect square. Thus, we have
to solve in integers an equation of the form

VZ=QU), QU)=aU"+bU°+cU?+dU +¢* (1)

a,b,c,d,e €Z, a,e >0, discr(Q) #0.

This equation defines an elliptic curve E/Q and the following birational transformation

(see [Cn])

4e2 X + de2c — d?

U = 2
2eY (2)

16e* X3 + (32e*c — 8d%e?) X2 + (d? — 4e%c)? X — 8e*Y? — 8de3 XY + (2d%e — 80de3) |

Vo= 8e3Y2 N



transforms (1) to the Weierstrass equation

4e?c — d?
e“C X

102 2 _4e?aX + ad® — 4e%ac

d
Y2+ —XY +2ebY = X? +
e
the inverse transformation being

X

_2eV+dU+2¢* 8V + 8¢t 4 4e%dU + (4e’c — d*)U?

U2 ’ 2eU3
Finally, the transformation

c d cd
X—a:—g, Y—ay—%x—i-&—eb, o€ {+1,—-1}

transforms (4) to
v’ =23+ Ar+ B,
2 3

1 1
A= —§c2 +bd—4e’a, B=-——c— ~bed — §e2ac—|— e*b? + ad® .

27 3
For any point P € E, we will denote its coordinates by

(U(P),V(P)), (X(P),Y(P)), (x(P),y(P))

depending on which model of £ among (1), (4) or (7) we refer to. We also denote the
roots of the polynomial z3 + Az + B by el, €2, e3, where el denotes the real root of this
cubic polynomial, if it has only one ; in case of three real roots we assume el > e2 > e3.

As usually, the coefficients of the Weierstrass equation (4) will be denoted by

al,a3,a2,a4,ab and on putting
1
Y = §(Y1 — alX — a3)

we transform (4) into
Y2 =4X3 + by X2 + 20, X + bg
by = 4dc, 2by = 4bd — 16€%a, bg = 4e%b? — 16eac + 4ad® .

We define the following functions :

4e?x + 4e?c — d?

Uz,y) = 5ey ;
c 1 1 1
U1($,y) = Z/{(.’E - §70y - ialx + galc - 5@3) )

fx) = U(x,V2?+ Az + B) .
Observe that, in view of (2) and (6),

U(P) = f(z(P)) if PEE.

(8)



We also define

F(X) = L{(X,—%X _ % + %\/4X3 4+ ba X2 + 204 X + bg)

462 X + 4de2c — d?
—dX —2e2b+ oe/AX3 + by X2 4+ 2b4 X + bg

and we observe that, if © — ¢/3 is not a zero of the denominator,

Flo—5) = () (10)
Finally, we put
y 2e+/Q(u) + du + 2€?
F (u) = w2 )
R(u) = beu® + 2ceu® + 3deu + 4e3 + (42 + du)/Q(u)
and we easily check that
Pl = ) ()
u’\/Q(u)

where the dash denotes derivative.

Lemma 2.1. i) At least one of the two quantities
dva+eb, 8e3a+ 4e’c — d?

18 non-zero.
ii) Put o = sgn(dy/a+eb) if dy/a+eb # 0 and o = sgn(8e®\/a+4e*c—d?) if dy/a+eb = 0.
If w is sufficiently large, then Q(u) > 0 and sgn(R(u)) =o.

Proof. (i) From dv/a + eb = 0 and 8e3\/a + 4e’c — d* = 0 it follows that b = —d\/a/e
and ¢ = —2e/a + d?/(4e?). Then, Q(u) = (vau?® — (d/2e)u — €)?, which contradicts the
hypothesis discr(Q) # 0.

(ii) Suppose first that dv/a + be # 0. Then lim, oo R(u)/u® = d\/a + be, which proves
our claim in this case. Next, let d\/a + be = 0. Then

43
R(;) :(be+d\/a+é+...)u+(206+462\/a+9+...)+%+%.
u u u u u

As u tends to infinity the right-hand side tends to bd/(2\/a) + (2ce+4e?\/a) +0+0, which,
in view of dy/a + be = 0, is equal to (8¢>y/a + 4e?c — d?)/(2e), hence of the same sign as
o. O

Lemma 2.2. Suppose that u is so large that the conclusion of Lemma 2.1 (ii) is satisfied.
Then F(F*(u)) = u.



Proof. For arbitrary u,v we have the formal identity (cf. (2) and (5))

2ev + du + 2e2

4e? 5 + 4e?c — d?
3 T 2 2,2 4 (12)
8e’v + 8e* + de“du + (4de*c — d*)u
w3
Now take u as large as in the announcement and v = 1/Q(u), so that (12) becomes
4e F*(u) + de’c — d? (13)
u= :

8e31/Q(u) + 8e* + 4e?du + (4ec — d?)u?

u3
On the other hand, by the definition of F,

F(F () = 4e?F*(u) + 4e?c — d? (14)
—dF*(u) — 2e2b + oe\/AF*(u)3 4 baF*(u)? + 204 F*(u) + bg

It remains to show that the denominators in the right-hand sides of (13) and (14) are
equal. We already know that if u,v satisfy v?> = Q(u), then, in view of (5), (8) and (9),
the X and Y7 given by

2ev + du + 2¢€2

X =
uZ
(15)
v, — 8edv + 8et + 4e2d1;+ (4e%c — d®)u? n gX A
eu e

satisfy

Y2 =4X3 + by X%+ 204X + bg . (16)
Taking u,v as above, we get from (16)

D d

where D denotes the denominator in the right-hand side of (13). Therefore, in view of
(16) and (17),

D 2

AF*(u)® + b F* (u)? + 204 F*(u) + bg = (< + g]—'*(u) + 2eb)? = (ﬁn(u))2

and, since sgn(R(u)) = o, the denominator in the right-hand side of (14) becomes

— du3 F* _9,2p,,3
—d}'*(u)—262b+i§72(u)—2€R(u) dqu-;(u) 2e“bu ,

which, as easily checked, is equal to the denominator in the right-hand side of (13). O



Now we observe that, in view of (11) and Lemma 2.1(ii), on the set
{u:u is as large as in Lemma 2.1}

F* is strictly monotonous ; moreover, lim, ,. F*(u) = 2ey/a. Note that 2e\/a is a root
of the denominator of F, the other possible roots being —2e+/a and (d? — 4e%c)/(4€?) ; in
view of the strict monotony of F*, if u is sufficiently large, the denominator of F does
not vanish in the open interval with endpoints 7*(u) and 2e4/a ;hence, in this interval F
is defined and Lemma 2.2 holds. From now on the parameter uy > 0 will be such that if
u > ug then, the conclusion of Lemma 2.1(ii) is satisfied and the interval with endpoints
F*(u) and 2er/a does not contain neither of the two numbers —2e/a and (d* —4e?c) /(4e?).
This situation is described in the figure below.

X = F*(u)
A
F*(uo)
oc=+1
2e\/a
oc=-1
F*(uo)
0 o W = F(X)

For every specific numerical example, one can esily determine by “experiments” an
appropriate value for ug ; nevertheless, in Appendix 2 we compute an explicit value for
this parameter (Proposition 8.4); one can write a simple program based on MapleV, so
that the computation of ug can be performed automatically by a PC, given a,b,c,d, e as
input data.

In the sequel, the following notation will be used : For any distinct real numbers
a, b, we denote by I(a,b) the open interval with endpoints a and b.

Lemma 2.3. i) The functions F* | (ug, +00) and F | I(F*(uop),2e\/a) are inverse to each
other.
i) For u > ug we put

INOEFAOFES



We also define

x0:2e\/a+§.

Then the functions f*|(ug,+00) and f|I(f*(up),xo) are inverse to each other.

Proof. (i) In view of the previous discussion, the function F* : (ug, +o00) — I(F*(ug), 2e\/a)
is a bijection. Let G be the inverse function. For any X € I(F*(ug),2e\/a) there exists
an u > ug such that F*(u) = X. Then G(X) = G(F*(u)) = u. On the other hand, by
Lemma 2.2, u = F(F*(u)), hence u = F(X), F(X) = G(X) and thus F is the inverse of
F*.

(ii) Let X € I(f*(uo),x0). Then, X —c/3 € I(F*(up), 2ey/a), hence, in view of (i)

and (10),
X —c¢/3=F(F(X —c¢/3)) =F*(f(z)), therefore, by the definition of f*, f*(f(X))

= X.
O

Now we prove the main result of this section.

Proposition 2.4. Let U > ug. Then

/+oo du /
=0
U \/(L‘3 +Az+ B

Proof. To the right-hand side integral we make the change of variable x = f*(u), u €
(ug, +00). Then, taking also (11) into account,

dx _ ' (u) du _ R(u) du
VAT A+ B TPt AP @B wQuay @+ AW + B
By the definition of f* and F* and in view of (5)-(7), we have f*(u)® + Af*(u) + B = y?,

where

(18)

8e3\/Q(u) + 8et + 4e?du + (4e?c — d?)u?

9% = 2eu3 +
E 2e4/Q) —|— du + 2e2 B % +eb
2@ 3 6e
R(u)
pr— uS 3

hence, by (18) and Lemma 2.1(ii),

dz L R(u) du _ —odu
= = = .
Now the proof follows from Lemma 2.3 (ii). O



3 The elliptic integral as a linear form in elliptic logarithms

Let U be any real number > ug. Here wug is as in Proposition 2.4; an explicit value for
this parameter is given in Proposition 8.4 of Appendix 2. In this section we express the

integral
T du

v V/Qu)’

as linear form in the ¢—values of certain fixed points on F. Here ¢ denotes the group
isomorphism

U > ug (19)

¢> : E()(R) —>R/Z7
where Eo(R) is the infinite component of the model y? = 23 + Az + B, defined in [Z],
p.429 or in the Introduction of [ST]. Put

q(z) =2° + Az + B

and denote by w the fundamental real period of the Weierstrass p function associated with
y? = q(z) (for the practical computation of w see Section 7). For any point P € Ey(R) we
have by [Z],

B oo at
wo(P) = :I:/Z(P) "0 (mod 1) .

Now we correspond to U the point P € E defined by
z(P)=f*U), y(P)=0.

Note that if both U and /Q(U) are rationals, then, by (1)-(6), P is a rational point. If P
is on Ep(R) (equivalently, if z(P) > e;) then, by [Z], p.429 or the Introduction of [ST], we
can take (by identifying R/Z with the interval [0, 1) equipped with the addition mod1).

oot
W(P):/m(P) q(t)

By Proposition 8.4 the integral in (19), which corresponds to the particular value U we
consider, is, up to sign, equal to the right-hand side of the last relation, hence equal, up to
sign, to wp(P). It may happen, however, that P does not belong to the infinite component
Eyp(R). In this case, there is not such a direct relation between the integrals in (19) and
¢(P). At this point, an important role is played by the position of x( relatively to the
roots e, e2, eg of g(x). We remind that zo = 2e\/a + ¢/3 ;also, e; is real and e; > es > e3
in case that all three e;’s are real.

Proposition 3.1. If d\/a + eb # 0, then either xy > e; or xg € (es,ea) (this interval
should be understood as the empty set if ea,e3 € R). If dy/a+ eb =0, then xg = ey or es,
depending on whether o = +1 (if ez, e3 € R this is always the case) or —1, respectively.



Proof. We have g(z¢) = (dv/a + eb)?. Therefore, in case that dy/a + eb # 0 our claim is
clear. In the opposite case, z¢ is a root of g(x), the other two roots being those of the
quadratic polynomial ¢(z)/(z — z0) = 2% + zox + A + 23 =: h(z). If e2,e3 ¢ R, then z
must coincide with the only real root of ¢(z), which is e;. Next, suppose that ey, e3 € R
and observe that h(z¢) = 323 + A = 8e%a + 4cey/a + bd. On replacing b by —d+/a/e, we
get h(zg) = v/a(8e3y/a+4e*c—d?) /e, hence h(xp) has the sign of 0. In case that o = +1,
this implies that ¢ is outside the interval having as endpoints the roots of h(z), hence xg
coincides with either e; or with e3. The second alternative must be excluded, however,
for, in that case, the parabola y = h(z), would cut the x—axis on ey and e; and, since
xo = e3 < ez < ey, we would have h/(zp) < 0 (the dash denoting derivative) i.e. 3z¢ < 0.
Then, by the definition of xg , ¢ < —6ey/a and 8¢3\/a + 4e?c — d*> < —16¢e*\/a — d* < 0,
which contradicts the fact that o = +1. We conclude therefore that, if o = +1 the g = e;.
In the case that o = —1, we have h(xg) < 0, which implies that x( is between the roots of
h(x) and this happens only if zy = es. O

Lemma 3.2. Let xg > e;. Put €] = ey if e1 — ¢/3 is not a root of the denominator of
F(see the remark below) and €] = e1+€, where the “small”positive number € can be chosen
arbitrarily, otherwise. Put

Up := max(ug, F(e] —¢/3)) .

and let U > Uy. Then, for the point P € E, which, according to the beginning of this
section, corresponds to U, we have x(P) > ej.

Proof. Note first that f*(U) is defined, since U > ug (cf. Lemma 2.3). By the definition
of P we have z(P) = f*(U) = F*(U) + ¢/3, so that the condition z(P) > e; is equivalent
to F*(U) > e; — ¢/3. Let first 0 = +1. Then, the function F* is strictly decreasing
for U > wp, with limiting value 2ey/a, as U — +oo (cf. the figure in Section 2), hence
F*(U) > 2ey/a = g — ¢/3 > e1 — ¢/3. Next, let 0 = —1. Then, the function F* is
strictly increasing, hence our assumption U > F(e} —¢/3) and Lemma 2.3 imply F*(U) >
el —c/3>e —c/3. O
Remark It is easy to see that, for any i = 1,2,3 ,e; — ¢/3 is a root of the denominator of
F iff de; = cd/3 — 2€2b.

Lemma 3.3. Let e; > e3 > e3. Let xg € [e3,ea]. Put €, = ey if ea — ¢/3 is not a root of
the denominator of Fand e, = es — €a, where ez is a ‘small”positive number, otherwise;
similarly, put e = e3 if e3 — ¢/3 is not a root of the denominator of Fand e = e3 + €3,
where €3 is a ‘small”positive number, otherwise. The €’s can be chosen arbitrarily, but in
such a way that e < eg < ey <eg. Let
/ C / C
U > Uy := max(ug, F(ey — g),}"(ez,) — g)) .

Then, for the point P € E, which, according to the beginning of this section, corresponds
to U, we have z(P) € (e3,€2).



Proof. Note first that f*(U) is defined, since U > ug (cf. Lemma 2.3). By the definition of
P we have x(P) = f*(U) = F*(U)+c/3, so that the condition z(P) € (es, e2) is equivalent
toes—c/3 < F*(U) < ea—c/3. If o = +1, then F* is, as already noted in the proof of the
previous lemma, strictly decreasing for U > wg, with limiting value 2ey/a, as U — +oo. It
follows that, on the one hand F*(U)+¢/3 > 2ey/a = xg—c¢/3 > e3—c¢/3 and, on the other
hand, in view also of the assumption U > F(e, — ¢/3), that F*(U) < 5 —¢/3 < e2 — ¢/3.
If 0 = —1, the proof is completely analogous. a

Lemma 3.4. Let e; > ey > e3. For every X € R, X # es put

(e1 —e2)(e2 —es)

X' =
es + o — X

If X € (e3,e2), then X' > ey and

/ 2 dx / T dx

X Va(z) © V(@)

Proof. Make the change of variable X — X’ in the left-hand side integral and then some
routine calculations. a

Let now U > Uy and denote by P the point on E which, acording to the beginning
of this section, corresponds to U.

First, suppose that eb + d\/a # 0. According to Proposition 3.1, either oy > ey or
eg,e3 € R&xg € (e3,e2). In the first case we have, in view of Lemma 3.2, z(P) > e, so

that we can write
z(P) 400 +o0
/ dx _ / dzx B / dzx (20)
20 q(z)  Jao q(z)  Jxp) Va(z)

and in the second case we have, in view of Lemma 3.3, x(P) € (es, e2), so that, on applying
Lemma 3.4, we can write

z(P)  dx €2 dx €2 dx
/xo @ / Vi@ Jur Va@) @)

- [ ifwféj; ol 22

0

Next, suppose that be + dv/a = 0. By Proposition 3.1, either 0 = +1& z¢p = €1 or
eg,e3 € R&o = —1& 1y = ez. In the first case we have, by Lemma 3.2, x(P) > ej, so

that we can write
z(P) “+o0 +o0
/ dzx _ / dx B / dx ; (23)
x0 Q(ZE) el Q(z) z(P) CI('T)

in the second case, by Lemma 3.3, 2(P) € (e3,e2) and, on applying Lemma 3.4, we can

write P ") N
/ dx _ / dx _ _/ dx . (24)
xo q(:L‘) ez Q(x) z(P) q(x)




Now we express the integrals in the left-hand sides of (20)-(24) in terms of ¢-values
and w. In case that eg,e3 € R, we denote by Q2 the point with z(Q2) = ez, y(Q2) = 0
and we put for any point IT € F
=11 —+ QQ .

Observe that
y(I') > 0 <= y(I1) > 0

and that
2(I') = z(T1)" .

The last relation permits to replace the lower limits 2(P)’ of the integrals in (22) and (24)
by z(P’). Observe also that, if (II) € (es, e2), then II" € Ey(R). Finally, we denote by P
the point with x(Py) = xo,y(FPy) = o(be + d/a).

Having in mind the definition of the function ¢ as defined by Zagier in page 429 of
[Z] (see also the Introduction of [ST]) and also that, by the definition of P, y(P) > 0, we
can write (20)- (24), respectively, as follows.

o If either es,e3 € R or eg,e3 € R& xg > €1 :

2(P) gy
/ W p(Py) — walP) . (25)

o(P) gy
/ W o(P) - wo(P') . (26)

o Ifes,eg e R and g =€ :

2(P)
/ o _ @9 e(p). (27)
xo q

e Ifes,e3 € Rand 2g = 6o :

/ " & _e(P) (25)
zo q(ff) a .

Now we apply Proposition 2.4. In view of (25)-(28) we have :
o If either es,es € R or eg,e3 € R& xg > €1 :
1

+o  Ju . P
A PRGN (20)




o If eg,e3 € R and zg € (e3,e2):

1 [t du , ,
Sy Rl CUIR ) (30)
o Ifes,e3 e R and zg =€ :
1 [T du 1
o] Tem e (31)
e Ifes,e3 € Rand zg = eo :
1 [T du
1 _ (P 32
2 o =) (52)

Consider now a basis Pi,..., P, for the free part of the group F(Q) and put for
everyt=1,...,7
R’—{ P, if P, € Ey(R)
‘| P/ otherwise

Note that R; € Eyp(R) (although, in general, R; € Ey(Q)), so that ¢(R;) is defined. More

precisely, R; € Ep(Q) and this fact plays an important role below.

Let U € Z, U > 0 be such that /Q(U) € Z and let P be the point which corresponds
to U, as explained at the beginning of this section. Since all such U in the interval [0, U]
can be easily found (with Up as in Lemma 3.3), we may assume that U > Uy. We write

P=mP +...+mP+T, (33)

where my, ..., m, are integers and 7T is a torsion point of E. In order to find all integers
U as above, it suffices to find a “small” upper bound for

M = max{|mi|,...,|m.|} .

It is important to note here that, the assumption U > 0 is not actually a restriction.
Indeed, for the solutions of (1) with negative U, it suffices to solve

V2 =aU' —bU3 + cU? —dU +€?, U >0 (34)

On replacing the coefficients a, b, ¢, d, e by a, —b, ¢, —d, e, respectively, there will be, proba-
bly, a change in the parameters uy, us, us, uq, ug and Uy (see Proposition 8.4 and Lemmas
3.2, 3.3), so we assume that our solution U exceeds the larger of the two values Uy. An-
other change is, in generally, caused by the above change of the coefficients a, ..., e to the
parameters c1g and cg (for their definition see at the beginning of the next section) but,
again, we simply take the larger of the two values for each of these parameters. Apart
from this, the solution of both (34) and (1) with U > 0, by means of the procedure that
we propose in this paper, leads to the same upper bound for M. Indeed, equation (34)

12



defines the same elliptic curve E as (1) and, on the other hand, as it will be clear below,
all constants or parameters that will finally lead to the bound of M are not affected if
we replace the coefficients a, b, ¢, d, e by a, —b, ¢, —d, e, respectively, except, possibly, for o
(and Uy, cg and cjp, as already noted). This, in turn, would only change the sign of the
right-hand sides of the relations (37)-(40) below, i.e. it would cause a change of sign to
the linear form ®(U), which we will consider in the following section. Since, however, the
bound that we will get in the next section depends on the absolute value of ®(U), our
claim follows.
In view of the definition of the R;’s and the relation 2 - Q2 = O, we can write (33)
as
P=mR+...+m:R.-+1Tp, (35)

where Ty = T or T'(= T + Q2) and, of course, Ty is a torsion point of E. If P € Ey(R),
then Ty € Ep(R). If P ¢ Ey(R), then, we add to both sides of (35) the point Q)2 and we
replace Ty + Q2 by Tp, so that we obtain the relation

P’:mlRl—i—...—i—err—l—To. (36)

According to our previous discussion, which concluded to relations (29)-(32), it is in case
of the relations (29) and (31) that (35) holds, while (36) holds in case of the relations (30)
and (32). In both cases, all the points P (resp.P’), Ry, ..., R;, Ty belong to Ey(R), so that
their ¢p—values are defined. Then, in view of (35) (resp. (36)) we have

¢(P)(resp. ¢(P')) = mi¢(R1) + ... +med(P,) + ¢(To) + mo ,

for some my € Z, which, in absolute value, does not exceed rM + 1, in view of the fact
that the ¢-values belong to the interval [0,1). Note that we can write

¢(T0):§, stel, 0<s<t,

where ¢ does not exceed the maximal order of the points of Eyyr5(Q), hence, in any case,
t <12 by Mazur’s Theorem. Now we go back to (29)-(32). By replacing, if necessary, the
m;’s by —m;’s for i = 0,1,...,r we are led to the following relations :

o If either es,es € R or eg,e3 € R& g > €1 :

g /U+OO Z;&u) = (mo - %) + Cb(PO) + m1¢(R1) + ...+ mr¢(Rr) (37)

o If eg,e3 € R and xy € (e3,e2) :

+o00 d
% /U leu) = (mo — ;) + ¢(Py) +mig(Ry) + ... +me¢(Ry) (38)
o Ifes,eg e R and zg =€ :
1 +o0 du s 1
w/U o] - Mo T M) A meg(B) (39)
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e Ifes,e3 € Rand zg = €9 :

1 [T du S
> /U S = o+ )+ g + () (40)

Let o denote the Weierstrass function associated with the equation 32 = ¢(z). By

the definition of the function ¢, we have, for any point II on Ey(R) , p(we(Il)) = =(II),
hence w¢(I1) is the elliptic logarithm of either II or of —II; also, w is the elliptic logarithm
of the point O. It follows that, on multiplying by w the relations (37)-(40), we express the
left-hand side integrals as non-zero linear forms in elliptic logarithms of points belonging
to Ep(Q).
Remark. In case of (37) (respectively, (38)), if ¢(Fy) (respectively ¢(P))) is linearly
dependent on ¢(Ry),...,¢(R,) over Q (see e.g.in Section 6 the examples 1, 2, 3 and 4 ),
the term ¢(Pp) (respectively ¢(F;)) can be removed, at the cost of a slight change of the
m;’s (for ¢ = 1,...,r and, probably, the appearance in some of the modified m;’s of small
(known) denominators. The important fact, however, is that, in such a case, we can find
an upper bound for the (unknown) nominators of the modified m;’s ¢ = 1,...,r, which is
of the form ¢}, M + ¢35 and ¢}, ¢} 5 is trivial to compute explicitly.

4 An upper bound of M

In this section we assume that U is an integer > Uy (with Up as in lemma 3.2 or 3.3) such
that \/Q(U) € Z and that P is the point on E that corresponds to U, as explained at
the begining of Section 3, therefore one out of the four relations (37)-(40) holds. In any
of these relations, we denote the linear form in the right-hand side by ®(U). We intend
to compute an upper and a lower bound of ®(U) in terms of M and of various explicitly
computable positive constants ¢; depending on () and Uy. Then, we will combine the two
bounds to obtain an upper bound of M.

Obviously, the integral in the left-hand side is positive and we can find for it an
upper bound of the form cg - U™!, hence

0<®U) < %9 Ul (41)

Now, consider any Weierstrass equation with rational integer coefficients defining
our elliptic curve E; say, W(X1,Y1) = 0. The coordinates X;(P) and X (P), for any point
P are related by an equation of the form X;(P) = a2X (P) + 3, for some rational numbers
« and B and since we have, by the definition of P,

C C (& 62
X(P) = (P) & = pr(u) - £ = XYL W2

it follows that a non-negative constant cio can be explicitly calculated !, such that,

hX1(P)) <cio+2logU if U is not “very small” . (42)

"We remind here that, for the actual calculation of cg and cio in a specific numerical example, one has
to take into account the comment after relation (34).
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Here h(-) denotes the Weil height (if m/n is a rational number in lowest terms, then
h(m/n) = logmax(jm|,|n|)) 2. On the other hand, if we denote by h(-) the Néron-Tate
hate, then, by applying Theorem 1.1 of J.Silverman [S3], we can easily calculate an explicit
positive constant cj1, such that

h(P) ~ Sh(X(P)) < en (43)

Note that the choice of the Weierstrass equation W (X1,Y7) = 0 is arbitrary (but, as
already noted, the coefficients must be rational integers); therefore what one does, when
he has to solve a particular numerical example, is to choose an equation which implies the
smallest possible value for c11. In the examples that we solve in Section 6, we choose the
minimal Weierstrass equation, computed by APECS (Laska’s algorithm)?; sometimes, it
turns out that this equation is (7). By Inequality 1, Section 3 of [ST], we have E(P) > ¢ M?
for some positive constant ¢; (the computation of ¢; is rather easy; actually, ¢; is the least
eigenvalue of the regulator matrix corresponding to the points Pi,..., P.; see at the end
of Section 2 of [ST]), therefore, by (43),

—%h(Xl(P)) S C11 — h(P) S C11 — 01M2
and now by (42) and (41)
1
lw - ®(U)| < cgexp(err + 5010) . exp(fcle) . (44)

Now we compute a lower bound of |®(U)| by applying Theorem 2.1 of S.David [Da],
as stated in Section 7. As we saw at the end of the previous section, w®(U) is a linear
form in elliptic logarithms, say,

no ni no ny
dow—l—dl u1—|—d2 U2+...+dl/ Uy -

Here, the u’s are either of the form w¢(R;) or wé(Fy), or wep(F}) ,v =r or r + 1 and the
fractions n;/d;, in lowest terms, are defined explicitly by means of the m;’s and they are
differing from them “very little”, if any at all. We define now

N = max{|ng|, |n1],...,[nu|} -

Since |mo| <rM +1and 0 <t <tp, 0 < s < tg, where ¢y is the maximal order of torsion
points, we easily find explicit constants cjo, c13 such that

N < ClgM +c13 . (45)
By David’s theorem (see Theorem 7.1), we have

w®(U)| > exp (—ca(log N + c5)(loglog N + c6)"2) (46)

*Here we use the fact that U is an integer; otherwise, in (42) we should have h(U) in place of logU.
3 Nowadays (2012), APECS is rather obsolete; the minimal Weierstrass equation can be computed by
various packages, like PARI, MAGMA, SAGE,....
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(the computation of the constants cy, c5, g is discussed in detail in Section 7). The com-
bination of (44) and (46) gives

1
i M? < logcg + 510 +e1n+ ca(log N + ¢5)(loglog N + cg)" 2.
In view of (45) and the fact that we may assume M > 16 this implies
1
M? < 01_1 <log cy + €10 + cu> + 01_104(10gM + ¢7)(loglog M + cg)" 2, (47)

where
C13

16012
and thus we have gotten the desired upper bound for M.

C
s =cg+ (logerg + ———
16012

cr = c5 + logeia +

)/loglﬁ

5 Reduction of the upper bound

In view of inequality (44) and the upper bound obtained from (47) we can write
|®| < Ky exp(—KoM?), M < K3, (48)

where we have put, for simplicity in the notation, ® instead of ®(U) and, of course,

Ky = Cﬁexp(011 + @) , Ko=a
w 2
and Ks is “very large”. We put
—; in case of (37), (38)
s 1
7= —? +5 in case of (39) , t'>0, ged(s,t)=1.

in case of (40)

| ®

We also put for simplicity in the notation

¢(RZ):pZ7Z:17"7r

and in case of (37) and (38) only,

[ #(P) in case of (37)
Fo = { #(P}) in case of (38)

We distinguish three cases :

e Case 1: One of the relations (39) or (40) holds In this case our linear form is

/

q):mlp1++mrpr+(m0+?)

16



e Case 2: One of the relations (37) or (38) holds and pg is linearly independent over

Q from pq,...,pr. In this case our linear form is
8/
‘bIpo+m1P1+...+mrpr+(mo+P). (49)
e Case 3. One of the relations (37) or (38) holds and pg is linearly dependent on
P1,---,pr over Q. In this case our linear form is
o ni Ny
p="04 ", 0 1,

here the n;’s are explicit (usually, very simple) linear combinations of the m;’s,
maxo<i<r |ni| < c12M + ¢13 and the d;’s are small integers (usually 1 or 2).

Next, we consider the (r + 1)—dimensional lattice I" generated by the columns of

the matrix
1 0 0
0 0 0
A= z
0 1 0
[Kop1] -+ [Kopr] Ko

(['] means rounding towards zero, i.e. [@] = |a] if @ > 0 and [a] = [«] if @ < 0). Here K
is a conveniently chosen integer, somewhat larger than (27/2t/K3v/r2 + r)"*t! (note that ¢/
is, at most, 2ty, where ¢ty < 12 is the maximal possible order for torsion points of E). We
compute an LLL-reduced basis (see [LLL]) by,...,b,11, using the “integral version” of
the LLL-algorithm (which avoids rounding off errors) due to de Weger (see Section 3.5 of
[dW]). The Propositions of this section imply a reduction of the large upper bound K3 to
something of the size of (K5 Hog Kg)l/ 2. In Case 1 we apply the following result, proved
in Section 5 of [ST].

Proposition 5.1. If [by| > 27/2t' K3\/r2 + r, then

M?* < Kyt <log(KgK1) — log(\/t’—QQ—’”|b1|2 —rK3 — rK3)> .

In Case 3, we apply the folowing result, the proof of which is essentially identical
to that of Proposition 5.1.

Proposition 5.2. Let

d =lem(dy,...,d.), max |n;| < oM +c)5
1<i<r

(note that iy < ci2 and c3 < c13 ; ¢f. (45)) and

d
Ky = APl (c1o K3 + chg) -
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If |by| > 272 K4\/r2 4 r, then

M? < K;* (log(dKoKl) - log(\/Q_”\b1]2 —rK} — T’K4>> .

Finally, in the “non-homogeneous” Case 2 we work as follows : We consider the

point

0

X = : ,
0
—t'[Kopo)
as a point of R™*! and we express it with respect to the reduced basis of I that we have
computed. The coordinates x1, ..., x,+1 of x with respect to this basis are given by
T
=B1'.x,
Tr41

where BB denotes the matrix with columns formed by the vectors of the reduced basis. De
Weger’s version of the LLL-algorithm computes at the same time matrices i and V = (vy;),
such that B = AU and V = U~'. In view of the simplicity of the shape of A, we can easily

compute the coordinates x1, ..., 2,41 ; indeed,
T1 V1r+1
t'[ K
_ VAflx — [ OPO] .
Ko
Tr+1 Ur4+1,r+1

On the other hand, we can compute a lower bound for the distance d(x,I") of the point x
from the lattice I' : By Lemma 3.5 of [dW] we have

d(x,T) = 272 |z, ||ba] (50)
where || - || denotes “distance from the nearest integer” and ig € {1,...,7+ 1} is so chosen
that ||x;,|| be minimal among ||z1||,...,||zr+1]|.- Next we consider the lattice point

t’m1 t"ml
y=A . =| - :
t'my t'm,
t'mg + s Ao

where \g = t/mq [Kop1] + ... + t/m,[Kop,] + ('mo + s')Ky. In view of (50) we have

22 iy |l[ba] < |y — x| = 2(mf + ...+ md) + N,
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where A = t/[Kopo] + Ao, hence, as it is easily seen,
AN — Kot'®| < t/(1+7rM) < t'(1 +rK3) .

In view of this and (50) we easily see that

Lt rKs + Kol®] = /27702, | 2b 2 — K2

which, combined with (48) gives

KoKy exp(—KaM?) > /27762, |2[ba 2 — rK3 —rE — 1.

If the right-hand side is a real positive number, we can take logarithms in both sides and
obtain thus the following result, which we apply in case that ® is given by (49):

Proposition 5.3. If ||z;,|/|b1]| > 27/2¢'\/(r2 + r)K2 + 2rK3 + 1, then

M? < K1 <log(K0K1) - log(\/15’*22*7"”3:2-0||2|b1\2 —rK2 —rKs— 1)> :
Note that, again, the upper bound obtained in this way is of the size of (K{1 log K3)/2.

6 Examples

In the examples of this section, the coordinates that we give for the various points II, are
always (x(IT),y(IT)), i.e. they refer to the model y?> = 2% + Ax + B, in the notation of
Section 2. Also, we do not make any special mentioning to the values of the parameters
ug and Up; these can be easily calculated and never, in these examples, exceed 12.

6.1 Example 1

Consider the equation
V2=QU):=U*-8U%*+8U +1 (51)

and denote by E the elliptic curve defined by means of (51). Here,

—76 1280
=1,b=0,c=-8,d=8,e=1; A=—,B=—— =+1
a ) ’C Y 76 ) 3 ) 27 70- +7
a1:8, (12:—24, a3:0, a4:—4, a6:96,
) 2 ) 10
es 3 V1T < xg 3< 3+\/ ez < el 3
2 27

= 2.133100331 ... ,wq = = 3.438877420... ,

W = B
T M(Ver —eser —e3) M(y/e1 — e3,/e1 — 2)
7=1.612149869...7, w= —ws.
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We apply Silverman’s Theorem 1.1 [S3] to the Weierstrass minimal model of E, which is
Ep: Y2 =X} 4+ X? - 25X, +39.

We have 438976
Ap, =2'2.17=-5296, jp, = jp = Tank

Then (cf. (43) c¢11 = 3.19241. Therefore, in order to find ¢19, we must find an upper
bound for X;(P). We have X;(P) = X(P) — 3, hence

h(X1(P)) < logmax{|2\/Q(U) — 3U? +8U + 2|, U*} = logU?,

provided that |U| > 4. But we have also to check the analogous inequality that results
if the coefficients b and d are replaced by —b and —d, respectively (see the comment just
after (34)). Again, X1(P) = X(P) — 3 and the above inequality becomes

h(X1(P)) < log max{[2y/U* — 8U2 — 8U + 1 — 3U? — 8U + 2|, U} < 2log U + 0.6366 ,
provided that U > 10. Also, if U > 15 then
oo du
v Vurt—8u2+8u+1

hence C10 = 0.6366 y Cg = 1.02.
A basis, found by Apecs (without assuming any of the standard conjectures) with
is given by

< 1.02U|7;

2 22 10

P=(—=,-8 Py=(—,16 T=(—,0

1 ( 3’ ) ) 2 ( 3 ) ) ( 3" ) )

where Py, Py are the free generators and 1 is the generator of the torsion subgroup, o{ order
2. Apecs calculated, using Silverman’s algorithm [S2], * h(P;) = 0.317137308... , h(P) =

0.480233071 ... and the least eigenvalue of the regulator matrix is ¢; = 0.237336274. . ..
Since P; belongs to the compact component of y?> = x3 + Az 4+ B, we replace it by

41 1 17 7
Ri=P+Q=(—— ﬁ,3—§ﬁ),

6 2
where Q2 = (v/17 —5/3,0). We put also Ry = P» and calculate
é(R1) = 0.700983196 ... , ¢(Rs) = 0.224621906. .. ,

Since xg € (e3, e2), we need also the point P (cf.(38)); we have

2
POZ(_g’S):_Plv Pi=Py+Qy=—-P —Qy=—Ry,

which immediately implies that

o(Py) = ¢(—R1) =1 — ¢(Ry)

4See footnote 3.
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and the right-hand side of (38), which we denoted by ®(U) in section 4, becomes

eU) = (mo+ f) + ¢(Py) + m1¢(Ry) + mag(Ry)

2
s
= (mo+1+ )+ (m1— 1)o(R1) + mag(Ra) .
From this we see that, in the notation of section 5,
ng 2mo+2+s ny 1 2
— = — =mq — — =m
d(] 92 3 dl 1 ) d2 2

and, since |mg| < 2M + 1 (see just before (45)),
61224, 61325, 0/1221, C/13=1.

For the application of David’s theorem we calcule:

4’16 3 727 17

A B —1 4
h ( ) =h <9 80> =1log(9-19), h(jg)=nh < 38976) =10g438976 , hg = log 438976 .

Also, the coordinates of points R1, Ry belong to a quadratic field, hence D = 2 and

3rw? 37|
= = 7.597078 Ao = hg = 12.9922001
Dlwi?Sr 2 0T ’
3rw?¢(R1)® _ 37|7|¢(R1)?
= = 3.733033 A1 =h
Dlw [2S7 2 LT
3rw?p(R2)?  3n|T|p(Ra)?
= = 0.383311 As=h
Dwr 237 2 e

and £ = 1.3077299¢. Finally,
ey =2.9-10% 418 .28 . 4573 . 1.2682977 . 2193.0479 = 6.6723 x 107
s = log(DE) = 1.96144 | ¢ = log(DE)+hp = 14.953641 , ¢ = 3.42586 , g = 15.482 .
Now (47) implies M < 2.15 x 10*! and by the definition of K, ..., K4 we have
K1 =99281, Ko=c;, K3=215x10", K;=2(Ks+1).

The hypothesis of Proposition 5.2 requires that |by| > 2v/6K 4, and this is satisfied if we
choose Ky = 10'2%.Then, Proposition 5.2 gives the new bound M < 29. We repeat the
process with K3 = 29 and Koy = 10® (of course, K; and K» remain the same) and get
M < 8. This bound cannot be essentially improved further, therefore we give all points

miPr +moPy, miPr+maPo+T

in the range |mi|,|ma| < 8, as an input to a simple program based on Ubasic, which
transforms the (z,y)-coordinates of each one into its (U, V')-coordinates and accepts only
those with U and V integers. The only accepted points turned out to be (U,V) =
(—=6,431),(0,+£1),(2,£1). For the computation of cg and cj9, we have assumed that
|U| > 15, therefore we had to check one by one all the values of U from -14 to 14 and this
search gave no further solution. We have thus proved that

The only integers satisfying (51) are (U,V) = (—6,+31),(0,£1), (2, £1).
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6.2 Example 2

Consider Fermat’s equation
V2= Q(U) = U +4U% + 10U + 20U + 1 (52)

(see [T1]) and denote by E the corresponding elliptic curve. Here

128 5312
3 o7 7=t

a1:20, a2:—90, (13:8, a4:—4, a6:360,

a=1,b=4,¢=10,d=20,e=1; A=

16
e1 = —3.556644723 ... < g = —

3 , €2,€3 ng
w1 =0 — s, wo=0+Q, Q7 =1502217471..., Qo =1.108711951... 4

7 =0.294734582 ...+ 0.955579157 ... -, w =20 .

The minimal Weierstrass model for the elliptic curve E is

1 1
By Y =X+ X7 +3X; +4, (Xl(P) = X(P)+ 2>

and
131072
331
Then, working as in Example 1, we calculate c;; = 2.629582, ¢10=0.96, c9=1.12,
the last two constants resulting from

AE1 — _24 . 331 — —5296 5 jEl = ]E =

h(X1(P)) = log max{\/U* £ 4U3 + 10U2 + 20U + 1+ U>£10U 41,202} < 2log U +0.96

and
+oo du

v VulE4ud 4 10u? £ 20u + 1
respectively, provided that U > 20. A basis is given by (see [T1]) P, = (4/3,—16), P, =
(16/3,24) ; no torsion point other than O exists. We replace this basis by P, — Py, P,

because to this new basis there corresponds a better for the reduction process (i.e. greater)
K5 = ¢;. Thus, we take as a basis

<1120t

8 16
Ry=(—2,8), Ry=(—,24
1 ( 3’ ) y 2 ( 3 ) ) )
h(Ry) = 0.176622454 ... , h(Rs) = 0.317960695 ... , ¢, = 0.173655878. .. .
d(Ry) = 0.428683280 ... , ¢(Ry) = 0.251223446. .. .

In this example, it is relation (37) that holds, hence we need the point Py, which, it is
straightforward to see, is equal to Ry and the right-hand side of (37) becomes

O(U) = mo +m1p(R1) + (ma + 1)d(Ra)
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We see then that c12 =2, c13=2, dy=1, d3=1.
For the application of David’s theorem we calculate hy = h(jg) = log 131072 . Also, the
coordinates of points R;, Ry are rational, hence D = 1 and

3mw?

D\wl |2%T

— 6 _ 955396654 .
€2

From this, we easily find that A9 = 25.5396654 , A1 = As =hg, E=c¢.
Finally,
cq =2.9-10% . 418. 4573 .3546.21 = 2.225 x 1073,

cs=1, cg=12.7835021, c;=1.7556472, cg= 13.056045 .
Now (47) implies M < 3.5 x 10%° ; also

K, =83547, Ky=c¢1, K3=35x10", Kj=Ks;+1.

The hypothesis of Proposition 5.2 requires that |by| > 2v/6Ky, and this is satisfied if we
choose Ko = 10'?°. Then this Proposition gives the new bound M < 33 and by repeating
the process with K3 = 33 and Ky = 10 we get the bound M < 9. Then, a direct search
in the computer, as in Example 1, shows that

The only integers satisfying (52) are (U,V) = (—4,%9),(—3,£2), (0, £1), (1,+£6), .

In the examples that follow, we only give briefly all information needed for their
solution. Bases for the Mordell-Weil groups of the corresponding curves have been easily
calculated with the aid of Apecs 3.2, unconditionally (i.e. without assuming any of the
standard conjectures). °

6.3 Example 3

Consider the equation 3V? = 2U4—20U? 43, solved by R.J. Stroeker and B.M.M. de Weger
[SW]. On multiplying by 3 and replacing 3V by V we get the equation

V2 =Q(U):=6U*—-6U%+9 (53)
and we denote by E the corresponding elliptic curve. Here

a=6,b=0,c=-6,d=0,e=3; A=-228, B=848,0=+1,be+d\/a=0,

219488
a1=0, a=-6, a3=0, as=-216, ag=1296, Ap=233"52=_-5296, jp= e

63:—6\/6—2<62:4<€1:6\/6—225130,
wy = 1.262713190...-%, wo = —1.535696208... , 7 =1.216187666...-1, w = —ws.

The minimal Weierstrass model for the elliptic curve E' is

Y =a+Ac+B, (z¢(P)=X(P)-2);

5See footnote 3.
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from this we find, as in the previous examples, ¢11 = 3.39514 , c19 = 2.54766 , co = 0.41 ,
provided that |U| > 15. A basis is given by P; = (2,20), P, = (—2,36) , with generator
of the torsion group the point 7' = (4,0). We replace this basis by

Ry =P +P,=(16,36), Ry=P,+T = (34,180)

in order to get a greater value for ¢1, which is ¢; = 0.187960977 ... . Also,

~ ~

h(R1) = 0.45320430 ..., h(Rz) = 0.21172057...; ¢(Ry) = 0.36241206..., ¢(Rz) = 0.22774550... .

In this example, it is relation (39) that holds, which is
s
o(U) = (mo + 5) +mid(R1) + mad(R2)

We see then that ci10 =4, c13=5.
For the application of David’s theorem we calculate hg = h(jg) = log 219488. Also,

3rw?
— =3 = 11.46229871
Dlw 237 7] ’
hence Ay = A1 = As = hg, £ =1.0358¢.

Finally,
ey =2.9-10% .48 . 4573 .1.03517477 - 1860.4372 = 9.163 x 1072 ,
cs =logl, cg=logE+hp, cyr=249962, cg=13.862405.
Now (47) implies M < 2.35 x 1040 ; also
K, =28457, Ko=c¢1, K3=235x10%.

The hypothesis of Proposition 5.1 requires that |bj| > 4v/6K3 and this is satisfied if we
choose K = 10'?°. Then this Proposition gives the new bound M < 32 and by repeating
the process with K3 = 32 and Ky = 10 we get the bound M < 10. Then, a direct search
in the computer, as in Example 1, shows that
The only integers satisfying (53) are given by

(1U],|V]) = (0,3),(1,3),(2,9),(3,21),(6,87),(91,20283) .

6.4 Example 4

Now we consider the equation 3u* — 2v? = 1, solved by R.T. Bumby in an ingenious but
complicated and quite ad hoc way (see [B]). We put w = U + 1, v = V/2, so it suffices to
solve in integers the equation

V2 =Q(U) := 6U* + 24U + 36U + 24U + 4 (54)
and we denote by E the corresponding elliptic curve. Here

a=6,b=24,c=36,d=24,e=2; A=48, B=0,0=+1,
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a1:12, CLQZO, a3:96, a4:—96, CLGZO,
61:O<x0:4\/6+12, 62,€3¢R,
Q1 =1.408792103..., Qo =Q1i, wi=Q—Q, wo=0+D, 7=1i, w=20.

The minimal Weierstrass model for the elliptic curve E is
1
Eq :Y12:Xf+3X1 , <X1(P) = 4X(P)—i—3>

and
Ap, = —1728, jp, = jp = 1728,

Then, ¢1; = 1.69123 , and for |U| > 20,c190 = 1.7927 , ¢9 = 0.4566 .
The rank of E'is 1 and R; = P, = (4,16) is a generator of infinite order; the point
T = (0,0) is a generator of the torsion group, which is of order 2. Also, ¢; = h(P}) =
0.250591196. .. and ¢(R1) = 0.301121610. .. In this example, it is relation (37) that holds,
so we need the point Py = (4v/6 + 12, 48 + 241/6) , for which we observe that 2Py = Ry,
hence (37) in our case becomes
] 1

o(U) = (mo + 5) + (m1 + §)¢(R1) .
Then c19 =2, c13 =5, ¢y =2, 3 = 1. For the application of David’s theorem we
calculate

3rw?

hg = h(jg) = log 1728 —_— =
E (JE) = log " D|wi[2ST

6r, Ag=6r, Ay=hg, E=ce¢.
Finally,
ey =2.9-10" .48 .3%83.140.52 = 5.01603 x 10* ,
cs=1, cg=1+hg, cy=18493972, cg=8.761075225

and now (47) implies M < 5 x 10%* ; also
K1 =2155, Ko=c¢1, K3=5x10**, K;=2Ks3+1.

The hypothesis of Proposition 5.2 requires that |b;| > 2K, and this is satisfied if we choose
Ky = 10°2. Then this Proposition gives the new bound M < 15 and by repeating the
process with K3 = 15 and Ky = 10° we get the bound M < 5. Then, a direct search in
the computer, as in Example 1, shows that

The only integers satisfying (54) are (U, V) = (—4,+22), (-2, £2), (0,£2), (2, £22) .
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6.5 Example 5

Now we consider the equation u* — 2u? 4+ 4 = 3v?, a very difficult solution of which has
been given by W. Ljunggren [L1]. We put u = U + 1, v = V/3, so it suffices to solve in
integers the equation

V2 =Q(U):=3U*+ 1203 + 1202 + 9 (55)
and we denote by E the corresponding elliptic curve. Here
a=3,b=12,¢c=12,d=0,e=3; A=-156, B=560, 0 =41,

35152
al=0, ay=12, a3=72, as=-108, ag=—1296, Ap=2143%, B =5
e3=—-ld<ey=4<e=10<z0=6V3+4,
wi = —1.376409401 ... -7, wy = 1.760787652... , 7 =1.279261571... i, w=uws.

The minimal Weierstrass model for the elliptic curve E is
v =23+ Az + B, (2(P)=X(P)+4).

Then, ¢;; = 4.34 , and for |U| > 20,¢19 = 2.7394 , cg = 0.6455. The rank of E is 1 and
Py = (2,16) is a free generator; since it belongs to the compact part of E(R), we replace
it by P, + Q2 = (2,16) + (4,0). Thus,

Ry = (58,432) , ¢ = h(Ry) =0.539636932... , ¢(Ry) =0.149818526. .. .

Torsion group is {O, (10,0), (4,0), (—14,0)}. Put 7" = (10,0). In this example, it is relation
(37) that holds, so we need also the point Py = (61/3 +4, 36) , for which we observe that
2Py + T = Ry, hence 2¢(P)) = ¢(R1) + 1/2 and (37) in our case becomes

_4Amo+2s+1  2my+1
B 4 T
Then, ci12 =4, ci3=11, ), =2, dj3=1.

For the application of David’s theorem we calculate

(V) ¢(R1) -

3mw?

hg = h(jg) = log 35152 —
E (jE) = log " D|wi[2ST

=3n|r|, Ao=3n7|, Ai=hg, E=e.
Finally,
ey =2.9-1018 . 4% . 3383 .126.2033344 = 4.505 x 10*3
cs=1, c=14+hg, c7=255817, cg=12.02943
and now (47) implies M < 4.54 x 10%* ; also
K, =110632, Ky=c¢;, K3=454x10*", K;=22K3+1).

The hypothesis of Proposition 5.2 requires that |b;| > 2K, and this is satisfied if we choose

Ko = 10°2. Then this Proposition gives the new bound M < 11 and one more reduction

step with K3 = 11 and Ky = 10° implies M < 4. Then, a direct search in the computer

shows that

The only integers satisfying (55) are (U, V) = (—14,+291), (-3, +6), (—2,£3), (0, £3), (1, £6), (12, +291) .
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6.6 Example 6

Next, we consider the rather well knowm equation 2u* — 1 = v?

. A very complicated

solution has been given by W. Ljunggren [L2]; recently, R.Steiner and the author [StT] gave
a conceptually much simpler solution, based on the Theory of linear forms in (ordinary)

logarithms. Here we offer one more solution.
We put u=U + 1, v =V, and solve the equation

V2=Q(U) :=2U"+8U% +12U% +8U +1
and we denote by E the corresponding elliptic curve. In this example

a=2,b=8,c=12,d=8,e=1; A=8,B=0,0=+1

(56)

a1 =8, a=-4, a3=16, ay=-8, ag=32, Ap=-2Y, jp=1728

61:0<1‘0:2\/§+4, eg,eggéR
01 =2.204878798..., Qo =i, w =%, wo =0+, 7=1,
Minimal Weierstrass model : y? = 2% + Az + B, (z(P) = X(P) + 4).

c11 = 2.557661 and for |U| > 20,c190 =2.01801, ¢9=0.791.

The rank of F is 1 and P; = (1, 3) is a free generator; thus,

w:291.

Ry=(1,3), c1=h(Ry)=00608709032... , ¢(Ry)=0.341556449. .. .

Generator of the torsion group : T' = (0,0), of order 2. We are in case (37) :

Py=(2V2+4,8V/2+8), 2Py =P .

2mog+s 2mi +1
= Ty e(R)

/ /
612:2, 613:5, 612:2, 613:1.

(V)

For the application of David’s theorem we calculate

2
hi = h(jg) = log 1728 D?’L

|W1’2%’T ™ 0> 1 E €
ca =2.9-10'% .48 .3383.140.518161 = 5.016 x 10*3 ,
cs=1, cg=1+hg, cr=18493972, cs=8.76108.

Relation (47) implies M < 3.5 x 1024

K1 =63496, Ko=c¢1, K3=35x10", Ki=2K3+1, Ky=10"

First reduction M < 10, second reduction M < 4.

The only integers satisfying (56) are (U,V) = (—14,+239), (—2,+1),(0,£1), (12,+239) .
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6.7 Example 7

Finally, we consider the equation u* 4+ 2u? — 1 = 2v? [L3]. We put u = U + 1, v = V/2,
and we solve the equation

V2 =Q(U) :=2U*+8U3 + 16U% 4 16U + 4 (57)

and we denote by E the corresponding elliptic curve. In this example

2 12
a:2,b:8,c:16,d:16,e:2;A:%,B:Tio,az—i—l,

ar =8, ay=0, a3=32, ag4=-32, ag=0,
61:—§<m0:4\f2+13—6, es,e3 € R
Q) = 2.018230827... , Qo =1.37367687...i, w =0-Qs, wo=W+Q, |r|=1,
Minimal Weierstrass model : By : Y2 = X7 + X7 + X1+ 1, (X1(P) = 1 X(P) +1).
Ap, =-2°, jp =jp=2",
c11 = 2.28301 and for |U| > 20,c;9 =1.0181, ¢9=0.7911.
The rank of F is 1 and P; = (4/3,8) is a free generator; thus

Ri=(3.8), o= h(Ry) = 0.2161655... , ¢(Ry) = 0.295679873 ... .

Generator of the torsion group : T' = (—8/3,0), of order 2. We are in case (37) :

16
P0:(4\/§+§,16\/§+16), 2Py = P .

2mog+s 2mq+1
= 02 + 12 P(R)

/ /
612:2, 613:5, 612:2, 613:1.

(V)

For the application of David’s theorem we calculate

3nw? 0
Dloi2ST ~ M| 0 T e ¢

hE = h(]E) = log 128 y

ca =2.9-10'% .48 . 3383 .134.37266 = 4.7966 x 10*3 ,
cs=1, cg=1+hg, c;=18494, c5=06.252312.
Relation (47) implies M < 3.8 x 10

K1 =31975, Ky=c¢1, K3=38x10", Ki=2K3+1, Ky,=10"

First reduction M < 17, second reduction M < 6.
The only integers satisfying (57) are (U, V) = (—4,+14), (—2,£2), (0,£2),(2,£14) .
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7 Appendix : Lower bound for the linear form in elliptic
logarithms

In this paper we need to know a non-trivial lower bound for a linear form of the shape

L= @w—l——ul—l— =g,
40 qa 4k
where w is the fundamental real period of the Weierstrass p function associated with the

eliptic curve
E:y?=qk)=2+Az+B, ABcQ

and the u;’s are elliptic logarithms of points II; € E(Q) (in our case u; = ¢(II;)w and the
II,’s are the basic points Ry, ..., R, and, probably Py or F} ); actually, these coordinates
belong to a number field of degree D < 3.

We view the numerators p; as unknown integers for the absolute value of which
we know a “very large” upper bound ; in contrast, the denominators g; are “very small”
explicitly known integers.

As always in this paper, let ej, e9, e3 be the (distinct) roots of ¢(z) = 0, with e; € R
and e; > ey > eg if all three are real.

First we give formulas for a pair of fundamental periods w1, ws of p. In general, for
any pair (z,y) of real numbers, let M (x,y) denote the arithmetic-geometric mean of x,y
(see [Cx]). Then (see the Appendix of [ST]%),

e If g(z) = 0 has three real roots, then we can take

T T

M(\/elfeg,\/elfeg) ’ wQ:M(\/el—eg,\/egfeg) ’

w1 =

e If g(x) = 0 has only one real root, then we can take
wr=M+Q, w=0-0,

where

0 =

2M< 361 ,2\/361—{-2\/361 )

Qy =

2M <\4/36% + A, %\/—361 +24/3€3 + A>

By making a linear unimodular transformation to (w1, ws), if necessary, we may always
assume that 7 := wy/w satisfies

1 1
|7/ >1, S7>0, —§<8‘ET§§ with R >0 if |7|=1.

In the corrected version of that paper found in my web page.
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From wi,ws we can also easily find the least real period w.

We define now the height of a rational n-tuple. Let, in general, (a1 /b1,...,a,/by), n >
1 be an n-tuple of rational numbers a;/b; in lowest terms (b; > 0) and let b > 0 be the
least common multiple of the b;’s. Then, we define

al an bla1] blay|
h{—,...,— | =1 b .
(b17 ) bn> Ogmax{ ) b1 M ) bn

(actually, this is the absolute logarithmic height of the point (1,a1/b1,...,an/by) €

P"(Q)).
Let jp = 283343/(4A3 + 27B?) be the j-invariant of E and define

hp = max{1, h(A/4, B/16), h(jg)} .

Finally, choose Ag, A1,..., A and & such that

2 25(11;)? R
AOZmax{hE, 377|w|}, Aizmax{hE, M, h(Hﬂ}iZl,...,k

D|w 23T D|wi |27

e <& <e-min M DAoST Jwr] . DA;iST 1 =1 k
- |w] 3 7 Jwle(Il;) Vo 3w A

The following theorem is a direct consequence of a result due to S. David (Théoreme 2.1
of [Da]). David’s theorem is the explicit version of a general (effective but not explicit)
result of N.Hirata-Kohno (Corollaire 2.16 of [HK]).

and

Theorem 7.1. Let N = maxo<;<k |pi|. If L # 0, then either
N < max{exp(eh), |q¢|, exp(A;/D), i=0,...,k},

or
|L| > exp (—04(10gN + ¢5)(loglog N + 06)k+2) ,

where
k
cq = 2.9 - 100KF1ZDAFALATD? () 4 9)2KTH13K4233 100 £) =23 TT 4,
=0

cs =log(DE), ¢g=1og(DE)+ hg .

8 Appendix 2

In this Appendix we compute explicit values of the parameter ug, which appear in Propo-
sition 2.4. Recall that ug is a positive number such that, for u > g, we have Q(u) >
0, sgn(R(u)) = o, and the open interval with endpoints F*(u) and 2ey/a does not con-
tain neither of the two numbers —2e\/a and (d? — 4e%c)/(4e?). We compute first such a
number uyg.
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Lemma 8.1. Let uy be the greatest positive root of the polynomial Q (if such a root exists;
otherwise, uy = 0 ). If dy/a = be, then F*(u) > —2e\/a for every u > uy. If dy/a # be,
then F*(u) > —2e\/a for every u > max(uq, (d*> + 8e3\/a — 4e?c) /(4be? — 4der/a)).

Proof. Consider the function H(u) = F*(u) 4 2e4/a defined in the interval (uy, +00). The
fact that lim,—, 4o H(u) = 4ey/a > 0 implies that, if in the interval (u;, +00) this function
does not have a root, then, in this interval it assumes only positive values, while, if it has
roots, then H(u) > 0 for every u exceeding the largest of them. On the other hand, any
root u of H must, in view of the definition of H and F*, satisfy

4e?Q(u) = (2ev/au® + du + 2¢%)? |

from which
de(dy/a — be)u + d* + 8e*/a — 4e*c =0 .

If dy/a = be, then d? + 8e3\/a — 4e?c # 0 (the proof is completely analogous to that of
Lemma 2.1(i)), hence H has no root in (u1, +00). If dy/a # be, then the only possible root
of H is (d? + 8e3\/a — 4e?c)/(4be? — 4der/a). O

Lemma 8.2. Let uy be as in Lemma 8.1 and let us be equal to the largest real root of the
polynomial

(ad® —b?e)t® + (bd* +8e?ad — 4e?be)t + (cd? +2e*bd + 16e*a — dc*e?)t+ (d° +8e*b — de*cd) |
(if such a root exists;otherwise ug = 0).Then, sgn(R(U)) = o for every U > max(u1, uz).

Proof. For u > uy , R(u) is a real-valued function and for all sufficiently large u, o R(u) > 0
(by Lemma 2.1(ii)). This means that, if R does not vanish in the interval (u;,+00)
then, in this interval, ¢’R assumes only positive values ; if, on the other hand, R has
zeros in (ug,+00), then oR(u) > 0 for every u greater than the largest of these zeros.
Now, by the definition of R we easily deduce that R(u) = 0 implies (4e? + du)?Q(u) =
(beu? + 2ceu? + 3deu + 4e3)? and after some easy calculations, we see that u must be a
root of the cubic polynomial appearing in the announcement. O

Lemma 8.3. Let uy be as in Lemma 8.1. i) If (d* — 4e?c)/(4€?) > 2e+/a, then 64eba —

(4e?c — d*)? # 0 and

d? — 4e%c
4e?

F*(u) <

2(462cd — 3 — et
Vu>max<8€(60d d’® — 8e*b) u1>

64eba — (4e2c — d2)2 '
ii) Let (d? — 4e%c)/(4€?) < 2ev/a. If 64eSa — (4e’c — d?)? # 0, then

d? — 4e3c
4e?

F*(u) >

242d_d3_ 4b
Vu>max<86(ec 8e ),u1>,

64eba — (4ec — d?)?

while, if 64e%a — (4e?c — d?)? = 0, then F*(u) > (d? — 4e%c)/(4€?) Yu > u.
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Proof. (i) Let (d? — 4e%c)/(4€?) > 2e/a, so that
8e3va +4e*c —d? < 0. (58)

If 64ePa — (4e%c — d?)? = 0, then, in view of (58), 8e3\/a — 4e?c + d?> = 0 ; if we add
this to relation (58) we get 16e3\/a < 0, a contradiction. Now we consider the function
H(u) = F*(u) — (d? — 4e%c)/(4€?), u € (u1,+00). We observe that lim, oo H(u) =
2ev/a + (4e%c — d?)/(4e?) < 0, in view of (58); therefore, if in the interval (ui,+oc) the
function H has no zero, then, in this interval it assumes only negative values, while if it
has zeros, then, for every u > u, greater than the largest of these roots, H(u) < 0. On
the other hand, if u is a zero of H, then

(8e3\/Q(u))* = ((4e*c — d*)u® + 4e*du + 8¢*)? |
which, after some easy computations becomes
(64e%a — (4e®c — d*)?) u = 8e*(de’cd — d* — 8e'D) , (59)
and now our assertion is clear.
(ii) Let now (d? — 4e2c)/(4€?) < 2ev/a, so that
8e3\/a+4e?c—d> > 0. (60)
We consider the same function H defined as in (i), for which we have now lim,,_, y oo H(u) >
0. Asin (i), either H has no zero in the interval (u;,+00), in which case H assumes only
positive values, or it has, in which case H(u) > 0, for every u > w1, greater than the largest
of these zeros. Searching for the possible zeros w of the function H, we are led, as in case
(i), to (59) and if the coefficient of u is non-zero our assertion is clear;if it is zero, then, in
view of (60), we conclude that 8e®\/a — 4e?c+ d? = 0 and also that the right-hand side of
(59) is non-zero (otherwise b = (4e?cd — d®)/(8¢e*) = dv/a/e and ¢ = (8¢3\/a + d?)/(4e?)
so that @ would be a square), which means that, in such a case, H has no root at all. O

Now we prove the main result of this Appendix.
Proposition 8.4. Let uy,us be as in Lemma 8.2 and define
d? + 8e3\/a — 4e’c
if be # d
us={ ( de(be —dva) “) Jhe 7 ave
uUq otherwise
8e?(4e%cd — d3 — 8e*b)
ma
64eba — (4e2c — d?)?

Uy otherwise

, u1> if 64e8a — (4e?c — d?)2 #£ 0
Ugqg =

Finally, choose a positive number

max(ug, ug) if o=1
ug > .
max(ug, us,ug) if o=—1

Then, for every U > ug, we have Q(U) > 0, sgn(R(U)) = o and the interval I(F*(u), 2e/a)
does not contain any of the two numbers —2e/a and (d* — 4e>c)/(4€?); hence, the param-
eter ug appearing in Proposition 2.4 can be taken as above.
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Proof. Let 0 = +1. By U > wui,us and the definition of u; and wueo it follows that
Q(U) > 0 and, in view of Lemma 8.2, sgn(R(U)) = o. Then, in view of (11), in the interval
(max(ug,ug),4+00), F* is strictly decreasing with lim,,_, y o F*(u) = 2e+/a (cf.the comment
and the figure following Lemma 2.2). It follows that F*(U) > 2ey/a and I(F*(U),2e/a)
is the interval (2ey/a, F*(U)), which, of course, does not include —2e+/a. Next we check
(d? — 4e2c) /(4€?). If it is < 2e/a then, of course, it does not belong to the above interval.
If it is greater than 2ey/a then, by Lemma 8.3(i) and the assumption U > ug, F*(U) <
(d% — 4e%c)/(4€?); hence in any case, (d? — 4e%c)/(4€?) g I(F*(U),2ev/a).
Let 0 = —1. From U > wuj,u2 and Lemma 8.2, it follows that Q(U) > 0 and
R(U) < 0. Now, in view of (11), F* is stictly increasing in the interval
(max(u1,ug), +00) with limy,_, 400 F*(u) = 2ey/a. We conclude that F*(U) < 2ey/a, so
that I(F*(U),2ev/a), is the interval (F*(U),2ey/a). On the other hand, in view of
U > u3 and Lemma 8.1, —2ey/a < F*(U); hence —2ev/a & (F*(U),2ey/a). Finally, we
check (d? — 4ec)/(4€?). If it is > 2e+/a then, trivially, it does not belong to the above
interval. If it is less than 2e\/a, then, since U > uy and Lemma 8.3(ii), it must be less
than F*(U) and thus, in any case, (d? — 4e%c)/(4e?) & I(F*(U),2e+/a). O
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