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It is known that a certain class of [, k] codes over GF(q) is related to the
diophantine equation y?=4g" +4g+ 1 (). In Parts I and II of this paper, two dif-
ferent, and in a certain sense complementary, methods of approach to (*) are dis-
cussed and some results concerning () are given as applications. A typical result is
that the only solutions to (x) are (y,n)=(51), (7,2), (11,3) when ¢=3 and
{(y,n})={2¢+1,2) when ¢g=3, /22, © 1986 Academic Press, Inc.

0. INTRODUCTION

In [6] R. Calderbank relates a certain class of [#, k] codes over GF(g),
where ¢#2 is a prime power, to the diophantine equation
y? =442+ 4q+ 1. In this paper, we restrict our attention to the case in
which « is even. Renotating, we have

Y=dg' 1 ag+1. (0.1)

Calderbank conjectured that his equation has only trivial solutions if ¢ #2,
3, or 4. Restricted to (0.1), his conjecture takes the following form:

ConJECTURE (R. Calderbank). If ¢ #3 is a prime power, then the only
solution to (0.1) is (xy,n)=(29+ 1, 2).

Throughout the paper we will refer to this as “Calderbank’s conjecture.”
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In general, let P[a] denote the greatest prime dividing the integer a.
Then, by Theorem 11 of Schinzel [7],

’2—
fim inf 2L —@a+ DI

p oo loglogy 02)

where ¢ =2/7 or 4/7 according as 49 + 1 is or is not a perfect square. This
means that if [¢] is bounded, then (0.1) has only a finite number of
solutions (y, n, ¢). However, (0.2) cannot furnish us a practical method for
finding the complete solution of (0.1), even in the case that g is a fixed
integer > 1.

A much more practical method is that of Beukers [1, 2]. Beukers’ ideas
are applied in Part T of this paper to prove that if ¢ > 200 is a power of a
prime >2, then (0.1) has at most one solution (y,n) with n>3
(Theorem 1.3). A more precise result is proved when g is a power of 3
(Theorem 1.4). This result combined with Theorem II.1 proves that Calder-
bank’s conjecture is true if ¢ is a power of 3 (Corollary 1(ii) to
Theorem IL.1).

We would like to emphasize the difference of the methods applied in
Parts I and I1. These methods are complementary and it seems that neither
of them alone could prove the validity of Calderbank’s conjecture for g a
power of 3.

We sketch briefly the method applied in Part I (Beukers’ method): There
are two key results. One of them is Theorem L1, which says that any two
solutions to (0.1) are widely separated. In particular, since we have the
solution (y, n)=(2g+ 1, 2), one finds that if n>3, then n must be fairly
large (n— oo with g; see the Corollary to Theorem L.1). The other key
result is Theorem 1.2, which says that if p”, n odd, is very close to a rational
square with small denominator, then one can bound effectively further
occurrences p” with n’' > n.

In Part II some results are proved for special values of ¢, which, as it
seems, cannot be proved by the method of PartI. For example, compare
Theorem 1.3 when g =307 with the Corollary to Theorem IL3. Note also
that although (0.1) is also interesting in the general case, in which ¢ is not
necessarily a prime power, the results of Partl do not give any infor-
mation. On the other hand, the ideas of Part II are applied irrespective of
whether g is or is not a prime power (but always for a specified value of ¢).
A non-trivial example is given for ¢ =21 (Theorem II.2 and its Corollary).

The method of Part II is that of [9] properly modified and extended. We
sketch it in brief: If ¢ is an integer > 1, not a perfect square, we put

g=dQ*  d square-free >1.
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In view of the Proposition at the end of this Introduction, we may suppose
n odd. On putting

n=4h+2j+1, je{0,1}, (0.3)

(0.1) is transformed into

y:—d(2d'Q)* (Q'g")* =4q + 1 (0.4)

which is a particular case of

y—dx’=s,  (x,y)=1 (0.5)

with s odd>1 and (d,s)=1. In Section]l we express x in (0.5) as
2°x=+w,, where 6=0 or 1, according as d=2, 3 or 1 (mod4) and
w,, reZ is a term of a second order recurrence sequence. Then, by (0.4)

201 BQ(Qg"Y = tw,. (0.6)

Working with various moduli and making use of some relations that are
proved in Section 2, we can show that a relation of the form

VL AIgX = +w, (0.7)

is either impossible, or that if X is divisible by a specified power of a prime
divisor of ¢, it must also be divisible by another prime, not dividing ¢. In
the first case (0.6) is impossible, while in the second case we get an upper
bound for # in (0.6) and then, by (0.3), an upper bound of ». In the exam-
ples of the application of this method presented in Section 3, the upper
bound of n is either 3 or 5. In various other examples (unpublished) the
upper bounds of n were of an analogous size.

Finally, for a general ¢, not necessarily a power of a prime, one can
easily prove the following useful

PROPOSITION.  (A) If either n is even or q is a square, then (0.1) has no
solution with n> 2.

(B) Suppose that at least one of the following conditions is satisfied.
(i) 49+ 1=0 (mod p) for some prime p=3 (mod 4).
(ii) g= —1 (mod p) for some prime p satisfying (p/7)= —1.
(iii) ¢=4 or 7 (mod9) and ¢>— ¢+ 1=0 (mod p) for some prime
p= +2 (mod 5).

Then (0.1) has no solution (y, n) with n odd.
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One proves (A) by factoring y°—4g”, and (B) by showing that
4" +4q + 1 is a quadratic non-residue modulo p. To prove (iii), first note
that if g=4 or 7mod 9 and n=1 or 3 mod 6, then 4¢” + 4g + 1 is divisible
by 3 but not by 9, so cannot be a square. Finally, if =5 mod 6, then
4g"+4g+1 is a quadratic non-residue modulo p. With the aid of this
Proposition, Calderbank’s conjecture can be verified when ¢ <307 (only
the values ¢ =27, 73, 127 are not covered by the Proposition; they can be
dealt with by individual congruence arguments). The case ¢=307, as
previously was noted, is settled by the Corollary to Theorem 11.3.

Remark. By Theorem 2 of [8], X in (0.7) is effectively bounded, which
means that, in view of (0.6}, » and # are effectively bounded. However, the
general method of [8] cannot, at present, offer a realistic method for
finding all solutions to (0.1).

PART I. BEUKERS'S METHOD APPLIED TO (0.1)
In what follows, by log we always mean natural logarithm.

LemMma 1. If d# 1 is a positive square-free integer =1 (mod 4) and

A+B-wﬂ_(p+q3-wﬂy

2 2
for some integers A, B, p, q, a, Bodd >0, a=2, then a=2 and |pg| = 1.

The proof is very simple, analogous to the proof of Lemma 7 of [1].

THEOREM L.1. Let p be a prime and D =1 (mod 4), D > 13 not a square,
relatively prime to p. If A>~D=4p", A>~D=4p" with n’>n>0 and
e=D/p" <1/9, then

n’>;—2 (log D) e~ '(1=3-¢"?).

More generally, the same inequality holds if p is replaced by p’.
Proof. Write D = B*d with d square-free (B>0). We have

A+B-d” A~B-d"?
2 2 7

where the two factors on the left are relatively prime because (D, p)=1. Let
F=Q(d"?). The relation 42— B2d=4p", n>0, implies that if p is an odd
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prime, then (d/p)=1 and if p=2 then d=1 mod 8. Thus, in F (p) splits
into two different prime ideals, so we have the ideal equation

A+ B4
() -w (11)

where P is an ideal of norm p. Let ¢ be the least positive integer such that
B¢ is a principal ideal of the order R=Z[1, B(1 +d"?)/2}. Put

12
v- (255 )= (12)

where «, § are relatively prime rational integers and B| . Clearly, e|n and
in view of (1.1) and (1.2)

A+B-d"?
+ - = 40 g™ (1.3)

where 8 is a fundamental unit in R and re Z. Considering the conjugate
relation of (1.3) and subtracting it from (1.3) gives
B-d\2 = (076" — - e
where ~ denotes conjugation. Now
10°0™| 2 3(14] — Bd"?) = 3[(4p" + D)'? = D] > p"(1 — L"),
Thus

gr G nje \ 4
- — 1l = 121 —r, —nle 1/2 2y o172
’<9> (0) 1’ Bd'?10" "¢ ") <& (1 +¢ y<3e

as £<1/9. Put x=(f/8)(6/c)". Since, in general, |6| <1/2 implies
[log(1 —d)] <|3](1+ |]), it follows that

g

= [log|x|| < &' *(1 +&'?) (1 +gs”2> <g(1436'2).  (1.4).

‘—rlog

0+n10
lTe vk

Now work with 4> — D = p”™ the same way to obtain

'—r’ log

0+n,lo
5l T 8

EH<£'1/2(1+3e’1/2)<£'/2(1+38”2) (1.5)
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where ¢’ = D/p" and r’ is some rational integer. Now put u = |log|6/8|| and
eliminate log|6/a| in (1.4) and (1.5) to get

’

2
|’ +rn| < 2L g12(1 4 36172), (1.6)
Uu

We claim that r/n # r'/n’. Indeed, the contrary implies r =ar,, nfe=an,fe
and ¥ = br,, n’'/fe=bn, /e, where (r|, n,/e)=1 and a, b are positive integers.
Thus

.12 4 .
ﬁ_ﬂz _+_(0r10-"1/£’)11 and iA+—Bdl/2
2 - 2

= +(0"0™ )" (1.7)
where B" = ((+ A4’ + Bd"/?)/2). This relation together with (1.1) and the
fact that n'>n shows that a#b. On the other hand, by Lemma I,
a,be {1, 2}, so that one among a4, b equals 1 and the other equals 2. Then,
by (1.7) and Lemma 1, either +4 or + A4’ is 1, clearly impossible. Hence
r/n#r'/n’ and so | —rn'+r'n| = 1. Then, by (1.6),

nf>§s*“2(1 +3g2) ! >§8”" (1 - 36'7). (1.8)

Now we get a lower bound for u = [log|8/8] | =2|log|f| | = 2/log|d|| (since
88 = +1). Let 8= ({+nd"?)/2 with B|n. We have 3(|{| + |n|d'?)=16]| or
18| according as {n is >0 or <O0. In either case

1 , D—4)24 D" 13
u=2-log<§(|C + |0} -d'/~)>>210g(—-—)7——>ﬁlogD,

<

since D >13. This, combined with (1.8), proves the inequality in the
statement of the theorem. Finally, if p is replaced by p’, the same proof
applies, with n and n’ replaced by fn and fn'. But f divides out in (1.6),
leading to the same inequality (1.8).

COROLLARY. Let q>200 be a power of a prime and suppose that
y:=4q"+4q + 1 with n odd = 3. Then

2 1/2
n> G q'*log4q.

In particular, n > 13.

Proof. Apply Theorem 1.1 with the two solutions

(2g+1)2=4¢>+D, y*=4¢"+D, D=4q+1.
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Here ¢ = (4g+ 1) ¢ 2 < 1/9; therefore

13 3
n>—2-—§(log4q)q(4q+ 1)_1/2[1—5(4q+ 1)1/2]

13/ ¢ \"/ 3
— (12 o 2 1)V2
(@ log4q)[28(4q+l> (1 g+ 1) )]

and the factor in the square brackets is >2/15. This completes the proof.

In what follows we need some properties of the hypergeometric
functions. A hypergeometric function F(a, B, 7, z) is defined by the series

ﬂz_*_wzz_}_

1
T T T 2a0+)

which converges for |z| <1 and for z=1 if y—a— f>0. The following
properties are needed (see [1]). Let #,, n, > 0 be integers with n, >n, and
put n=n;+n, Define G(z)=F(—-n,—1/2, —n,, —n, z), H(z)
=F(—n,+1/2, —n,, —n, z). Then

1. G(z), H(z) are polynomials of degrees n, and n,, respectively, and,
moreover, () G(4z), () H(4z) have integral coefficients.

2. |G(z)—H(z) (1 =)' <G(1)-|z|"*! for |z] < 1.

3. G()<G(z)<GO)=1for0<z<1.

4. (DG =TTn_, (1—-1/2m)<} (n,=1).

5. If G*(z) is the polynomial resulting from G(z) when n,, n, are

replaced by n, + 1, n,+ 1, respectively, and H*(z) is defined analogously,
then

G*(z)  H(z)— G(z)- H¥(z)=c- 2"+

for some non-zero constant c.
In the proof of Theorem 1.2 we shall refer to these properties.

THEOREM 1.2. Let p>0 be an integer, not a square (p does not have to
be prime). Assume x* + D =a*w, where w is an odd power of p and a is a
positive integer. Let r, s be positive integers such that

aZ’W> ID|2+s/r.41+s/r

and define v by

w” =9a*(81a’w/4)"".
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Let N>w be an odd power of p and y any integer. Then

y 8 8la*w\'" ..
’W—]{>2187a5w3“’/2< 3 ) A

Proof. Let H(z), G(z) be defined as before (n,, n, will be determined
later, so that n, >n,>0). Note that |D/a’*w| < 1. Define 4, B by

n D A n D B
(n1> G (72;) " @aPwy (n) H (“@> " @awyn

so that, by property 1, 4, Be Z.

By definition
A (ny+1/2\ (n\ (n\ !
A G [ A S
=2 (7)) = (19)

Now n=n, +n,>2n, implies (})> 2*("); therefore

n Kk m+1 k
car<d ("G <2 () (E)

=<1 +'_§'> . (1.10)

From (1.9) it is clear that G(z) >0 if z<0. If 0 < z < 1 then, by properties 3
and 4, G(z)>0. Thus 4>0. Applying now property 2 for z= D/a’*w and
multiplying by (/) we get

LD+ 4m
<= : :
2 A4 (dPw)ymt!

1 xB . 1
adAw'? (4a*w)rn—m

Let [—1+4 y/2N'?| =¢. Adding, we see that

y xB 1

‘ 1 . |D|n+1 ' 4n1
N2 a 4wl (4aPw)

<e+-=

3 Ty (D

s

Define the positive integer 4 by the relation

W/l-—l < (N/W)l/z < WA
(note that each term is a power of p with non-negative integral exponent).
Now we choose n, so that

r r 2s—1
—l<n1$—/1+
s s K

(1.12)
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and we set
ny=n;+A>ny, n=n,+n,=2n,+A

Note that (1.12) is satisfied by two (consecutive) values of n, and the
polynomials G and H corresponding to the greater value of n, are G* and
H*, respectively (cf. property S). If for both values of n, the corresponding
Ks in (1.11) are zero, then it 1is easy to see that
(G- H* — G*- HY(D/a’w) =0 and this contradicts property 5. Thus, we can
select n, so that K#0. Now adw'?(4a’w)? ™ =aAw'?(4a’w)*
= 2N integer, by the definition of . Hence K > (aAw'?)~'(4a*w) * and,
in view of (1.11),

1 <eadw' (4a*w)* + law'?|D|"*1 - 4™ (a’w) "~ L, (1.13)

The second term in the right-hand side is (|D]/2aw'?)-|D|?+*
4"+ 4(a’w)~™ and in view of (1.12) this is

IDI <|D12+s/r,4l+s/r)n1 |D|

~ ~
Daw!’? a*w 2aw'’?

by the hypotheses of the theorem. Also, aw'?> > 2| D), so the second term in
the right-hand side of (1.13) must be <1/4. Hence

> < cadw'(daPw) = eaw'(daPw)- ( i ) G (-?—)
4 ny aw

On the other hand, by (1.10)
n D . D ny+1 . 9 ny+ 1 1 9 n
— n— n— — S_ —_
(n)e (a2w> <2 (egm) < (5] (4)

so that we have
3 n 1/2 . 2n1+ 2
Z < eaw1/2(4a2W)"2 . 1 (2) o taw . (4azw)m + 4 <%>

2\4 2
1 9 (45— 2)/s 9 14+ 2r/s714
<§8awl/2(4a2w)(2sl)/s,<z) [(4a2w)1+r/s,<z> ]

in view of (1.12). The quantity in the square brackets is 9a°w-
w*(81a’/4)y"* =w'*", by the definition of v. So, 3 < eaw"*(81aw/4)— 1s.
W+ < eaw'(6561a*w?/16)(81a>w/4) ~V*(Nw)1 **72 by the definition of
A. Hence,

8 —5,.,—5/2 2 1/s (1 +v)/2
2187“ w7 (8la‘w/4) " < e(Nw) ,
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ie.,

8

which completes the proof of the theorem.

THEOREM 1.3.  Let p be a prime and q=p’>200. Then the diophantine
equation y>*=4¢"+4q+ 1, y>0, n>3 can have at most one solution.

Proof. By the Proposition of the Introduction we may suppose that f, n
are odd. Now we suppose that there are two solutions and derive a con-
tradiction.

Assume y3=4¢"+4g+1 and y3=4¢" +4g + 1 with n' >n (n’ odd). We
apply Theorem 1.2 with a =2, w=¢q", D= —(4q + 1); so |D| < 801¢/200, as
g > 200. By the Corollary to Theorem L1, n> (2/15) ¢'* log 4g and now a
simple calculation shows that on applying Theorem 1.2 we can take
(r,s)=1(1, 6), so that v<1/4 and, consequently, for N=¢" we have

21{/—21/2 -1 >%' 371903y, 7124 58, (1.14)

Now

d9+1 1( y, Y2 b))
8N =§<2N‘/2+1)(2N”2_1 >y

and this combined with (1.14) implies

801

i
N& <2 (31953, 7124 &2
<2 ( Y 2007

7. L+ 71024
<3'-q .

Hence

3, Jlogd | Tl _Tin S
8" “loggq 24 ~24 72

since g > 200. Thus

7n 20
n'<—9—"+—3—<9n (1.15)

since, by the Corollary to Theorem .1, n>13. But Theorem I.1 implies

that
13 qn 1/2 4q+ 1)1/2]
"> (log(4 1-
w55 lostdg+ 1) (g4) [ 1-3 (%4
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and the right-hand side, as is easily seen, is >3¢"~'”2 Thus, in view of
(1.15), 9n> 3¢~ 2, which is a contradiction.

THEOREM 14. Let q=3/. Then y*=4q"+4q+1 is impossible if f>9
and n= 3.

Proof. By the Proposition of the Introduction, we may suppose that f
and n are odd. Suppose that f>11 and let (y,n) be a solution of
y2=4-3Y4+4-3/4+1 with >0 and n>3. We have 37882—37=3"%
therefore we can apply Theorem 12 with a=1, w=3", D= -37,
(r, $)=(2, 3), so that v < 14/15 and, consequently, for N =3" we have

y 1 3 319\ 173
T N7 V> Em Sigg e <T : (1.16)

On the other hand

4-3+1_y*—4N_ y

_1
&N §N 2N

which combined with (1.16) implies N3 <3/+1523 je.,
(n—30)- f< 1520. (117)

Now, by the Corollary to Theorem I.1, n> (2/15) 3/ log(4 - 3/) and since
f> 11, this implies n— 30> 2f- 3/%/15, which contradicts (1.17).

PART II. AN ALTERNATIVE APPROACH TO (0.1)
1. ON THE SOLUTION OF y* —dx*=3s

Consider the diophantine equation
y—d’=s,  (xy)=1 (2.1)

where d> 1 is a square-free integer, s is odd >1 and (d, s)= 1. It is the pur-
pose of this section to express x as a term of a second order recurrence
sequence.

We put 6 =d"? and work in Q(8). For every a € Q(8) we denote by o’ its
algebraic conjugate. Let D be the discriminant of this field. It is well known
that D =d or 4d according as d=1 or 2, 3 (mod 4). In view of the restric-
tions on 4 and s, for every prime p dividing s we have (p, 2D)=1 and from
(2.1), (d/p)=1, so that [5, Chap. 3, Sect. 8, Theorem 1] in Q(8) p=PB, B>,
where B, # P, are prime ideals. These are called conjugate ideals.
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Now we write (2.1) as (¥ + 0x)(y — 0x) = s, where the factors in the left-
hand side are, clearly, relatively prime. Therefore, if s=p,:--p,, is the
decomposition of s into rational primes (the p;s are not necessarily dis-
tinct) and we put p;= B, B,,, then we have an ideal equation

(y+0x)=9, e (2.2)

where A is the set of all ideals of the form %P, ---P,, ., with
JissJm€{1,2}. But if We A4, then its conjugate, say A’, which results on
replacing the B;’s by their conjugates, is different from 2 and also belongs
to A. Therefore we can write 4=4,0UA,, where A, is a set of 2™ !
pairwise distinct and non-conjugate ideals % and A, is the set of the ideals
conjugate to those of A,. Since from (2.2) U is a principal ideal, it follows
that we can find an algebraic integer o € Q(8) such that U = (¢). Then, to
different W's correspond non-associate ¢’s and also W =(¢’). In con-
clusion, (2.2) is equivalent to

(y+6x)=(a)or(c’), oceS (2.3)

where S is a complete system of pairwise non-conjugate and non-associate
integers of Q(f) having norm equal to s.

Now consider { y + 6x)= (). If ¢ is the fundamental unit in Q(#), then
y+6x= +¢ -0, reZ and subtracting from this its conjugate relation gives

20x=4+(0-¢"—0a'-&'"), rel. (2.4)

If in (2.3) we consider ¢’ instead of o, then we get 20x= +(0'-¢"~0'¢"")
and since ¢ = +¢~ !, we find that x= +(ce~"—o'¢’ 7). Therefore, it suf-
fices to consider (2.3) with ¢ only.

DerINITION.  If (x, y) is a solution of (2.1) and (y + 0x) = (), where o is
as in (2.3), then we say that the solution (x, y) is generated by o. If we
replace o by any of its associates, then exactly the same solution (x, y) of
(2.1) will be generated.

Now we put
e+e'=E€clZ, ' =J=+1

and for every integer n,
u,=(E"—e"/(e—¢), v,=¢&"+¢&"
u,=0, u;=1, U,,,=Eu, —Ju,, u_,=—Ju,

(2.5)
UO=2’ UI=E, vn+2:Evn+1_Jvn’ v*nz‘]nvn'



THE EQUATION y?=4q"+4q+ 1

(A) Let d=2, 3 (mod 4). In this case we put

e=e+fU, o=a-+ bb, a,bye fel

so that

Then, from (2.4)

+{e—e)x/f=e(a+h8)—c"(a—bB)=a(c"—& )+ bb(e" +¢')

a I r
—Z(S-Hi Xe

.

ie.,

af + be
i«’C=Te'ur+1 g M-

E=2, 0=(c—¢)2f

2f

2f, 2e 2f

+Jaf——§)e

For every ne Z we put

_af+be af — be

+J

u

W, 2(,’ Uyt 2€ n—1

where, in view of (2.5),

w():b)

w, =af + be, Ww,,a=Ew,  —Jw,.

Thus, (2.6) is equivalent to

x=+w,, for some re Z.

—&")+ > (e—e')e +¢")

231

i+£) (8’+1-—6”+])+<i—£> J(g’“l_g"ml),
2e

(2.6)

(2.7)

(2.8)

(2.9)

(B) Letd=1 (mod 4). In this case the ring of integers in Q(6) is Z[w],
where w=(1+0)/2, ® =1—w and we put

e=e+fo, o =a+ bw, ab,e fel

so that

Then, from (2.4)

641/23/2-6

E=2e+], 0=(e~&")f
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F22e—&) x/f=¢(a+bw)—¢e"(a+ b )=als"—¢&") + blws" —w'e'")
=agle"— ")+ blo(e+ 26— Ru+w')e]

1+8
=a(£’—e")+b—%r—- (e"+2e")~ b3—;€

b r tr b r 113
—(Q-}'i)(f} - )+'2'9(8 +¢&")

2a+ (8+8 )(8 8[()+ ( /){ }’+ ’r)
- &E—& NE &
22 +f) f
af+be+bf 1 ol af — be
Y+ S ———
“e+ns "+ aeny
ie.,
af+be+bf af — be
+ 2= —-_— .
- 2 +f ur+l+J 28+fur-l
If for every ne Z we put
_af+bet+bf af — be

w,= T N .
2et+f 1 2e+f "1

we have

wo=2b, w; = af + be + bf, Wop2=Ew,
and (2.6') is equivalent to

2x=+w, forsomereZ.

2. SoMe USErFUL CONGRUENCES

From the identity

8n+2m_8m+2m=Jm(8n_£m)_+_(8n+m_,r_gm+m)(8m_-8rm)

we get u, , 2, =J"u, (mod u,,} and then, inductively,
Uyt =S U, (mod u,,).
The last relation together with (2.7) and (2.7’) implies

wn+2mt“‘J w, (mOd um)-

(Brwl __Errwl)

—Jw,,

L)

(2.6")

(2.7)

(2.8")

(2.9')

(2.10)



THE EQUATION y>=4q"+4q+ 1 233

Analogously, starting from the identity
8n+2m _8/n+2m o _Jm(sn__g/n) + (£n+m _£/n+m)(£m + 8/"!)
we get

Wop2me = (—1)T™w, (mod v,,). (2.11)

3. APPLICATIONS

THEOREM IL.1. Let s be an odd number >1, prime to 3. Consider the
diophantine equation

yP—4-3¥+1x'=5, je{0,1}, (x,y)=1. (2.12)

Keeping the notations of Section 1, we have the following results:

(i) For every o€ S there exists exactly one k=k(a)e [0, 17] such
that

be=au,+%v,=0  (mod 18).

(i) Let P,={517,53}, P,={13,37,73}. If there exists a
pe P,U P, such that p|b,, then every solution (x, y) of (2.12) generated by
a, such that 3| x, also satisfies p|x.

(iii) If there exists a pe P (resp. p € P,) such that b, #0 (mod p) and
((3b,/2)/p)= —1 (resp. ((be/2)/p)= —1), then no solution (x, y) of (2.12)
generated by o exists, such that 3| x.

Proof. Note that (2.12) is written y* —3(2-3/x?)?=s, which is of the
form (2.1). We refer to Section 1, case A. Now

d=13, e=2, f=1, E=4, J=1

In view of the relations (e—¢')u,=¢"—¢", v,=&"+¢", we have
e"=u,0+v,/2, so that

(a+b0) &" = (bav, + 3bu,) + (au, + 3bv,) 0
= (by definition) a,, + b,,6.

It is easily checked that the values of b, (mod 18) form a periodic sequence
with period 18 and the values of this period form a complete system of
residues mod 18. This proves (i).

Now, since ¢ and ¢, =a, + b, 0 are associates, it follows that in the dis-
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cussion of Section 1, case A, we can take o, instead of ¢ (cf the Definition
in Section 1). In view of (2.9),

2-3x%=+w, (2.13)

where, by (2.8), wo=>5;, w,=a,+2b,. As is easily seen, the values of w,
(mod 18) form a periodic sequence of order 18, and the values of the period
form a complete system of residues mod 18. Therefore, if 3{x, then by
(2.13), w,=0 (mod 18) and consequently r=0 (mod 18). But then from
(2.10) and {2.11) we get, respectively,

2:3x = +w, = twy=+b, {mod u,) (2.14)
2-3x’=+b, {mod vy). (2.149)

Since p|u, for every pe P, and p|o, for every pe P,, (2.14) and (2.14")
clearly imply (ii) and (iii), respectively.
This completes the proof.

CoroLLARY 1. (i) The only solutions to y*=4-3"+13 are
(iy’ n)z(sal)’ (7’ 2)5 (II’ 3)-
(ii) Calderbank’s conjecture is true for q=73.

Proof. By A of the Proposition in the Introduction and Theorem 1.4 it
suffices to consider only the values g=3, 3% 3% 37, 3° Since 3°= —1
(mod 61), 3°= —1 (mod 19) and (61/7)=(19/7)= —1 it follows by B(ii) of
the same Proposition that only the values ¢ =3, 3°, 37 have to be con-
sidered. In the notation of Theorem I1.1 we have the following table:

q a b k b =r, (mod p)
3 4 1 7 18 (mod 37)
3 28 15 3 2 (mod 13)
37 107 30 12 2 {mod 13}
101 22 2 6 {mod 13}

where a, b correspond to all possible o =a+b-32e S (cf (2.3)). Since
{re/p)= —1 in all cases above, (iii) of Theorem II.1 applies to show that
the diophantine equation

Y2 —4-39+1x'=4-3"4+1, e {0, 1}, me{1,3,7}
with (x, ) =1 and 3|x is impossible. Now the proof follows at once.

Remark. y*=4-3"+ 13 has been solved previously by A. Bremner and
P. Morton {3] and A. Bremner er al. [4]. Note that here we have, in fact,
proved a more general result, namely that each of the diophantine
equations y*> —12x*=13 and y* — 108x* = 13 is impossible if 3| x.
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Another example of an application of Theorem IL1, not related to
Calderbank’s conjecture, is given by the following result.

COROLLARY 2. The only  solutions of y*=4'3"+517 are
(£y,n)=(23,1), (25, 3), (29, 4).

Proof. 1If n is even, then it is easily seen that n=4. Therefore let
n=4N+2j+1, je {0, 1}, so that our equation becomes

Y —4-37+1 (3 =517

which is of the form (2.12). In the notation of Theorem II.1 we have
0=25+6-32 or 23 +2-3Y2 with k=12 or 10, respectively. Since 53|b,,
and 13|b,,, (ii) of this Theorem applies to show that N =0 and this com-
pletes the proof.

An interesting application of the method of Section 1 to (0.1) when g is
not a prime power is given by the following

THEOREM I1.2. The diophantine equation
y?—4-21%¥+1x* =85 (2.15)

is impossible if j=0 and x=0 (mod 9) or if j=1.

Proof. We write (2.15) in the form y?—21(2-21/x?)*=85, so that the
results of Section 1, case B, can be applied. Now

d=21, e=2, f=1, E=5 J=1

and the setS in (2.3) has the two elements 9+w, 1043w
(0= (1+21'2)/2). Therefore, by (2.8'), either

a=9, b=1, wo=1, w, =12 (2.16)
or
a=10, b=3, Wo =13, w, =19 (2.17)
and in both cases (cf. (2.9'))
21/2x)*= +w, forsomereZ. (2.18)

Consider first (2.16). If j=1, then w,=0 (mod 7). As is easily checked,
the residues mod 7 of the w,’s form a periodic sequence of order 14 and
w,=0 (mod 7) <> r=6, 13 (mod 14). Therefore, by (2.11) and (2.18),

212x) = +w,= +wg, T w3 (mod v,). (2.19)
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Now v,=5-11593. The first instance of (2.19) is impossible since
we= 31129 and ((£21-31129)/11593)= — 1. The second instance of (2.19)
is impossible since w;; =2 (mod 5). If j=0 and x=0 (mod 9) then, by
(2.18), w,=0 (mod 27). The residues mod 27 of the w,’s form a periodic
sequence of order 27 and w,=0 (mod 27)<>r=7 (mod 27). Therefore
r=7,34 (mod 54} and by (2.18) and (2.10)

(2x)?=+w,=+w;, +wy,  (mod uy). (2.20)

Now uy; =ug(vig+ 1), vig+1=0vi—1, vo— 1 =1330669 and, consequently,
(2.20) implies (2x)*= +w;, +w,, (mod 1330669). But an easy com-
putation shows that w3, = —w,=—-149148 (mod 1330669) and
(+149148/1330669) = — 1, so that (2.20) is impossible.

Next consider (2.17). If j= 1, then w,=0 (mod 7) and, as before, we find
r=3, 10 (mod 14). If r=3 (mod 14), then, by (2.18) and (2.10),
21(2x)*= +w,= +w,= +21? (mod u,) and this is impossible since 13 |u;,
and (+21/13)= —1. If r=10 (mod 14), then 21(2x)’= +w,, (mod v,),
which is impossible since 5|v, and w,,=2 (mod 5). Finally, we deal with
the case j=0 in (2.17) in the same way as the case j=0 in (2.16), and this
completes the proof.

COROLLARY.  The only solutions of y*=4-21"+85 are (+y,n)=(13, 1),
(43, 2).

Proof. 1If n is even, then clearly n=2. If n is odd, put n=4h+2j+ 1,
je{0,1} so that our equation becomes y>—4-21¥+'(21")*=85. By
Theorem I1.2, j=0and =0 or 1, i.e., n< 5 and a computation shows that
the only acceptable value is n= 1.

Finally, we verify Calderbank’s conjecture for g =307. In fact, we prove
more generally the following

THEOREM 11.3.  The diophantine equation

y2P—4-307741x*=1229, je{0,1}, (x,y)=1 (2.21)

is impossible.

Proof. We write (2.21) in the form y?—307(2-307/x%)?=1229 and we
apply the results of Section 1, case A. Now

¢=88529282,  f=5052633, E=177058564, J=1
a=1227, b=10, wo=70, w,=12396630431
2-307x2 = +w,. (2.22)
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Since w, is even r is even too. Now we note that 233| E, so that by (2.8), if
m=n (mod2), then w, = tw, (mod233). Therefore w,= +wy= +70
(mod 233) and, by (2.22), 307/x? = + 35 (mod 233). This relation, however,
is impossible, since (+307/233)= +1 and (35/233)= —

CoroLLARY. The only  solution to y*=4-307"4+1229 is
(+y, n)=(615,2).
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